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1. MOAYJb AEMCTBUTEJBHOI'O UMCJIA. YPABHEHUS U HEPA-
BEHCTBA, COAEPKAIIUE MOJIYJIb

Onpez[e.ﬂeHHe M CBOJICTBa MOaYyJIsd AEHCTBUTEIBHOI0 YMCJIA.

OmnpeneneHre: MOAYJIEM YHUCIA X HA3bIBACTCSA PAcCTOSIHUE (B CIUHHYHBIX
OTpe3Kax) OT Havaja KOOPAUHAT IO TOYKH X. Moay/b AeiiCTBUTEILHOI0 YHCIIA -
9TO a0COJIIOTHAS BEIMYMHA 3TOTO YUCIIA.

[TorpocTy TOBOpsI, MPHU B3ATHH MOJIYJIS HY’KHO OTOPOCHTH OT YHCJIa €r0 3HaK.
Moayis uucna a obo3Hauyaercs |a]. OOpaTuTe BHUMAaHHUE: MOJYJb YHCIA BCerna
HeoTpuuaTeneH: |aj> 0.

6] =6, |-3| = 3, |-10,45| = 10,45

OnpeneneHue MOyl

X, X=0;
X =
- X, Xx<0.
CBoiicTBa MOJTYJIS
1. Moaynu MpOTUBOIIOIOKHBIX YUCE PABHBI ‘a‘ = ‘_ a‘
2. KBagpar Moaysist 9nciia paBeH KBaJpaTy 3TOT0 Yucia ‘ a‘z —a?

3. KBajparHblii KOpEHb U3 KBaJpaTa 4ucCja €CTh MOIYJb | /52 :‘a‘

9TOr'o 4ucja
2n/a2n — ‘ a‘
4, MOI[yJIB 4qucia €CTb YMCJI0 HCOTPHULATCIIbHOC \a\ > O

5. TIoCTOSHHBIN TIOJIOKUTEIBHBIM MHOXKUTEIb MOXKHO ‘c . x\:c-\x\

BBIHOCHUTB 32 3HAK MOJYJIA >0

6. Eciu ‘a‘ = ‘b‘ TO a=tb

7. Monynb mpousBenenus IByX (u Goree) wmcen paseH | [a-b|=|al- o]




MIPOU3BEICHUIO UX MOJTYJICH

Pemenue ypaBHeHnﬁ H HEPABCHCTB, CoACp KauX MOAYJb.

YpaBHEHHUS, COACPKAIINE MOIYb.

1. YpaBaenus Buaa |f (X)) = A, AeR pewmarorcs ciexyromum odpasom.

Ecmn A< 0, To KOpHEH HeT.

Eciim A=0, To ypaBHEHHIO ‘ f (X)‘ = A cootBercTByeT ypaBHenue f(x)=0.

Eciu A >0, To ypaBHEHHIO ‘ f (X)‘ = A COOTBETCTBYET PaBHOCUJIbHASI COBOKYTI-

{umzA
HOCTBb .
f(X)=—A

2. Ypasuenust Buaa | f (X)| = g(X) pemarorcs ciegyomum o6pasom.

YpaBHEHUIO ‘ f (X)‘ = g(X) COOTBETCTBYET paBHOCHIIbHAS COBOKYITHOCTH CH-

g(x)>0
{f(X)=9(X)
g(x)>0

{— f(x)=9(x)

CTCM

3. Ypasuenus Buaa | f (X)| =|g(X)| pemarorcs crexyommum odpasom.

Cnoco0 Nel

YpaBHCHHIO ‘ f (X)‘ = ‘g (X)‘ COOTBETCTBYET PAaBHOCHJILHOE ypaBHECHUE

f2(x)=g%(x)
Croco0 Ne2

YpaBHEHHUIO ‘ f (X)‘ = ‘g (X)‘ COOTBETCTBYET PaBHOCHJIbHAS COBOKYITHOCTD

{f(X)=9(X)
F)=-9(x)

4. Ypaenennst Buaa | f (X)) =—f(x) u |f(x)|= f(X) pemarorcs caexyrommm

o0pa3om.




YpaBHEHHIO ‘ f (X)‘ =—f (X) coorBeTcTBYeT paBHOCHIBHOE HepaBeHCTBO f(X) <O0.

Ypasuenuto | f (X)| = f(X) coorercTByeT paBHOCHIBHOE HepaBeHcTBO f(X) >0.

HepaBeHcTBa, coAepkalye MOAYJIb.

OCHOBHOH METOJI MPH PEIICHUU HEPABEHCTB, COACPIKAIIUX 3HAK MOJTYJIA,
3aKimrodacTcs B caenyromeM. OJ13 HepaBeHCTBa pa30MBAIOT HA YaCTH, HA KaXIou
U3 KOTOPBIX BBIPKEHHUS, CTOSIIUC ITOJ 3HAKOM MOJIYJIS, COXpaHsOT 3Hak. Ha
KKI0W TaKOW YacCTH PeHIaloT HEPaBEHCTBO M TMOJYUYCHHBIC PEIICHHUS 00bCIUHSIOT
B MHOXXCCTBO PEIICHUI UCXOHOTO HEPABCHCTBA.

. HepaBenctBo BHIa ‘ f (X){ < g(x), rae f(X) 51 g(X) — HEKOTOpbIe (PYHKITUH, MOYKHO
pelaTh OCHOBHBIM METOJOM WJIM CBEJICHHEM K PaBHOCHIIBHOMY €My JIBOWHOMY
HEPAaBCHCTBY:

[f(x) < g(x) = —g(x)< f(x)<g(x).

. HepaBenctBO BHIa \f(x){ > g(x) MOKHO peIllaTh OCHOBHBIM METOJIOM HIJIM 3aMe-

HOM Ha PAaBHOCHIIBHYIO €My COBOKYIIHOCTb JBYX HEpPABEHCTB: \f(x){ > g(x)<:>

[f(x)> 9(x),
f(x)<—g(x).

. Hepagenctsa suna |f(x)>|g(x)] u |[f,(x)+|f,(x)+...+|f,(x) > 9(x) pematores
METOJIOM MHTEPBAJIOB (METOJ| ONIUCAH B MyHKTe 3.3) 10 TOii e CXEeMe, UTO U aHa-
noruunbie ypasuenns. HekoTopsie nepasenctsa Bua | f (x) > |g(x) unenecoopas-
HO pelaTh, TIepeii/id K paBHOCHIBHOMY HepaBeHCTBY T %(X)> g?(x).

3amauu 19 penieHns:

Bapuant Nel.

(1-4) Pemmre ypaBHEHUS.



D|x*-5
2).2|X +2|- BX - 3 =5
3)[3- X +1] =4

4).3- 2X =} 3+2X|

e

(5-6) Pemnre HepaBeHCTBA.

5)WX2- 6X +9 <5
6)J5- 3X| =5

(7) HaliguTe 4ncno LenbIX pelIeHrii HEpaBeHCTBA, PUHAJICKAIIUX TPOMEKYTKY.
2X - 3> X +2;X € 45]

(8-9) Haiinure nmpousBeieHUe KOPHEH YpaBHCHHS.

8).21X +1+3X - 1|- |X +3 =4

9).X°% +|X| =2

(10) Haitnure cpennee apudmernueckoe KOpHEH ypaBHEHHUS.

X7 - 2X|+|X7-3X +2]+

+[x?- 5% +6/ =0

(11) Haitnure cymMy 1eNbIX pEIICHUN YpaBHEHHUS, TPUHAIJICKAIINX OTPE3KY.

|X]- 6
|X +ﬂ- 5

=1L X e[- 6;1]

Bapuant Ne2.

(1-4) Pemmre ypaBHEHUS.



D2X -6/ =[x +§
2)]X|-|X +1 =1
3)2+|X - 2| =5
4).3+8X =[3+8X|

(5-6) Pemmre HepaBeHCTBA.

5)A/X?- 16X +64 <4
6)/8- 2X| =3

(7) Haitnute 4nciio UeabIX pelieHruid HepaBeHCTBA, MPUHAJICKAIUX TPOMEKYTKY.
2X - 3> X +4,X |- 45

(8-9) Haiinure nmpousBeneHne KOpHEH YpaBHCHHUS.

8).2|X +1+3X - 1|- |X +2 =3

9).X%- 2|X| =8

(10) Haiinute cpennee apudmeTnyeckoe KOpHEH ypaBHEHUS.

X7 - 4X|+|X7- 7X +12]+

+|X?-2X - 8/ =0

(11) Halimute cymMMy LI€JIbIX pEIICHUN YpaBHEHUS, IPUHAJJICKAIITUX OTPE3KY.

X -2
X +1]- 3

=1 X E{- 5;3]



2. IEACTBUA CO CTENEHSMMU U PAJTUKAJIAMU. TOXKJIECTBEH-
HBIE IPEOBPA3OBAHMUS AJITEFPAMYECKUX BBIPAKEHUI

JleficTBHSI CO CTENIEHIMM U PAJIUKAJIAMM. YIPOILEeHHE BbIPAKEHHU M.

d
OOBIKHOBEHHAS I[D06I> — YUCJIO BHUJA —,; d — LEJIOC YUCIIO, b - HaTypaJIbHOC
b

yucno. J[Be apobu %:% paBHbL, eclid a-d =b-c. OcHOBHOE CBOWCTBO ApoOei

C .
=——,raeC— J1000€ OTIUYHOE OT HYJIS1 JCUCTBUTCIIBHOC YHUCIIO.

a.
b-c

OcHOBHOE CBOMCTBO Ipomnopiuu: a-d =b-¢ (B BEpHOU NpONOPIUU TPOU3-

a
b

BCICHUC KpaﬁHHX YJICHOB PAaBHO ITPOU3BCACHUIO CPCAHUX tIJ'ICHOB).

JleficTBUS C IPOOAMU:

Cnoxxenue Brruntanue YMHOXKEHHE Jlenenue
a c_ad+cb | a_c_ad-ch | ac_ac | ac_ad
b d b-d b d b-d b d b-d b d b-c

IIepecTaHoBKA YJI€HOB OPOIOPIIUH.

a_c. d_c a_b. d_b

b d b a c d cC a

IIpon3BOIHBEIE TPOTTOPIINH.

Jlana niponopius % = % CITPABEIUBBI CIICIYIOIIUE MPOIIOPLINHN:

<
d




DopMyIbl COKPAIICHHOTO YMHOKCHUS

at =a“t2-a-b+b ath)' =a’+3-a“-b+3-a-b“xh
( b)Z 2 2 ( )3 3 2 2 3

a’-b*=(a-b)-(a+b) aSibS:(aib)~(a2$a-b+b2)

DopMyJIbl KOPHEN KBAJIPATHOTO YPABHCHMS

a-x>+b-x+c=0, IMCKpUMUHAHT D=b? —4.a-¢C

D>0 D=0 D<0
_b++D y -b Cpenu neliCTBUTENBHBIX
=T 4 o 12 =5 .
b2 2-a 2-a YHCeNT KOPHEH HeT

Ecnu 3a1aH0 KBaIpaTHOE ypaBHEHHE B OOIIEM BHIE: a- X2 +b-X+c=0, TO

b
ACJICHUCM YPAaBHCHHUA Ha a+0 MOXHO CBCCTH K HPHUBCACHHOMY, I'IC p = —,

CDODMVJ'IBI KODHGIZ IIPUBCACHHOI'O KBAAPATHOI'O YPABHCHUA

2

X2 + p-X+q=0, IMCKpUMHHAHT D, :pT_q
DO >0 DO =0 Do <0
P / P Cpenu IeCTBUTEIBHBIX
X2 == +yDo X2 ==5 .
2 qrces KOPHEH HeT

Teopema Buera. B npuBeieHHOM KBaJIpaTHOM yPaBHEHUU X% + p-x+q=0

CyMMa KOpHEW paBHA KOA(POUIIUEHTY TPU X , B3ITOMY C MIPOTHUBOMOJIOKHBIM 3HA-
KOM, a UX MPOM3BEJCHHE — CBOOOHOMY YIICHY:
{xl +X, =—P;
X, - X, = 0.

O6parHas Teopema. Ecnu uncna t; u t, takoBel, 4ro t, +t, =—p, tit, =,

TO OHM SABJIAIOTCA KOPHAMM KBAaJpaTHOTO ypaBHEHHS X° + pX+(Q=0.
9



PaznoxxeHne KBaApaTHOTO TPEXWICHA HA JIMHCHMHBIC MHOXKHUTEIIHU. €CIIN X, 1 X

KOpPHH KBaJpaTHOI'0 YpaBHEHUS, TO ax? +bx+c = a(x - X )(X — X, )
JleicTBUS CO CTENEHSAMU:
(a-b-c)”:a”-b”-c” am_an:am+n am)n:am.n
a n an am 1 aO
—_ - —n:am_n —n:—n:a_n
b b" a a a

JlelicTBUS ¢ KOpHSAMU (KOPHH MPEIOIaraloTcs apudMeTHaecKumMu):

mE:% a =a

Va" = m\p/a”'p (m a" )p _mgne man . p ad = m'p/an-p+m-q _

Wab = | ([Wa) -a (az0) “¥-a--"%a, (az0)

CBoOMCTBA YHCIOBBLIX HCPAaBCHCTB

a>b < b<a, a>pbub>2c = a=>c,

a>b < a+c>b+c, a22b2<:>‘a‘2‘b‘,

nyctb ¢>0, Torma a>b< a-c>b-c,
nyctb c< 0, Torma a>b<~a-c<b-c,

nyctb a >0b >0, Toraa a2b<=>ls%.
a

ToxknecTBeHHbIE IPeodpa3oBaHus ajaredpanyecKuX BbIPaKEHUI.

10



AHFC6DaI/I‘IeCKI/IM BBIPAXKCHUEM HA3bIBACTCA BBIPAXKCHHE, B KOTOPOM 4YHCJid

U OYKBBI COCIMHEHBI ICHCTBUSAMH CIIOKEHHSI, BBIYMTAHUS, YMHOXKCHHUS, JIEICHUS,
BO3BE/ICHUS B CTCIICHb MJIM M3BJICYCHUS apU(METHUECKOTO KOPHSI.

PaBeHcTBO, 00€ YacTH KOTOPOTrO NMPUHUMAIOT OJMHAKOBBIC YMCIIOBBIC 3Ha-
YCHUS TIPH JIFOOBIX JIOMyCTUMBIX 3HAYCHUSX BXOJSIIMX B HETO OYKB, HAa3bIBACTCS
TOXKIECCTBOM.

Hanpumep, xaxxnas u3 (GopMysl COKpAIICHHOTO YMHOXEHHUS MpPEACTaBIseT
co00# TOXKIECTBO, MO0 JIeBask M MpaBasi YaCTU KaKJI0TO U3 PABEHCTB:

(a+h)’ =a?+2-a-b+b? (a+b)’=a*+3-a’-b+3-a-b?+b°

a’-b*=(a-b)-(a+b) a3ib3:(aib)-(a2$a-b+b2)
paBHBI JPYT IPYTy TpH JIFOOBIX 3HAYCHUSX g U b. [Ipu 3TOM 0IHO BBIpakeHUE
npeoOpas3yercs B Ipyroe — eMy TOXKIESCTBEHHO PaBHOE.

[Ipy BBIMOJIHEHUH TOXXICCTBEHHBIX MPEOOPa3OBaHUK aareOpandecKux BbI-
pakeHUIl HeOOXOIMMO 3HATH MOPSIIOK BHIMIOJHEHUS JCHCTBUM, IEUCTBUS C JpOOs-
MU H CTETICHHBIMU BBIPQXKECHUSIMH, (DOPMYJITBI COKPAIIICHHOTO YMHOKEHUS U JIp.

Crnemyer UMETh B BHIY, YTO MPH TOXIESCTBEHHBIX MPEOOPA30BAHHIX OCTa-
IOTCS] HEU3MEHHBIMU:

BEJIMYMHA JIOMTYCTUMBIX H3MCHEHUH OyKBEHHBIX BEJIMUUH;
00JIaCTh TOIMyCTUMBIX 3HAYEHUH KaXK0W N3 OYKBEHHBIX BEJUYMH.

[TepBoe u3 3THX TpeOOBaHUH SBISETCS 00S3aTEIBLHBIM MPH BCEX MPeodpa3o-
BaHUSX, UMCIOIINX IICIBI0 YIIPOIICHHE BHIPAKEHHS WM MPUBEICHUE €0 K HYX-

HOMY Buay. Eciaum Hano, Hampumep, HONOJHHUTh KBAJAPaTHBIA TPEXWIEH

X% +6-X—7 10 MOJHOIO KBajapara, TO, NpUOaBUB K HEMY YMCIIO 9, HEOOXOIUMO

TaKO€ K€ YHUCJIO U BbIUCCTD, T.C.
2
X>+6-X—7=x*+6-x+9-9-7=(x+3)" -16.
ToxxaecTBeHHbIE TPeoOpa3oBaHUsl IMOCIEAHETO BBIPAKEHUS MOXHO MpO-

JOJIKUTH U IPUBCCTHU NCXOJHOC BBIPAKCHHUC K ITPOU3BCACHUIO IBYYJICHOB!

(x+3)* =16 = (x +3+4)-(x +3-4) = (x+7)-(x-1)

11



Bropoe TpeboBaHne — HEU3MEHHOCTh 00JAaCTel TOMYCTUMBIX 3HaYEHUH, HE

BCCT'1a BBIIIOJIHACTCA IIPU O0OBIYHO MMPpUMCHACMBIX HAMH Hp606pa3OBaHI/ISIX. COKpa-

2

TUB, Hampumep, ApoOb Ha Pa3HOCTh g—1 M HamucaB paBEHCTBO

2

=—a-+1, MBI 3aMeyaeM, YTO HapyLIEHO BTOpPOe TpeOOBaHUE, KOTOPOMY
a-1

JOJDKHO YJIOBJIETBOPATHh TOXKIECTBEHHOE NpeoOpa3oBaHME: MpaBas 4acTh PABEH-
CTBAa UMEET CMBIC MPH JIIOOBIX 3HAYEHUSX g, a JieBasi TOJIbLKO MPHU yCIOBUH, YTO
a#1, T.e. IPOU3OIILIO U3MEHEHUE O0JACTH JIOMYCTUMBIX 3HAYCHUN BEIMYUHBI g .
CrnepnoBatelibHO, IPEOOpPa30BaHUE B JAHHOM CIIy4ae HE SABIIAETCS TOXKAECTBEHHBIM.

OpnHako 9TO HE 3HAYMUT, YTO HYXKHO OTKa3bIBaThCS OT TaKUX MpeoOpa3oBa-
HUM, KOTOpPbIE U3MEHSIIOT 00JIaCTH JOIMYCTUMBIX 3HaUE€HUU BeanuuH. Hajgo Toibko
MpU KaXJAO0M TaKoM NpeoOpa3oBaHUU YyKaszaTh, KaK MU3MEHWIHCH O0JAacTH JOMy-
CTUMBIX 3HAUCHUN OYKBEHHBIX BEJIMYHH.

[lopsimOK BBITTOJTHEHUS] NEVUCTBUM

JICUCTBHUS C OJJHOUJICHAMM,
JICUCTBUS B CKOOKAaX;
YMHOXEHUE WU JieJieHHe (B MOPsIKE TOSBICHUS ),
CJIOKEHUE WK BBIYUTAHUE (B TIOPAJIKE TTOSBIICHUS ).
[Ipu necTBUsSX C paguKaiamu clieyeT UMETh B BUIY, YTO MpaBUiia, Mo KO-

TOPBIM OHH BBIINIOJHAKOTCA, 6C3OFOBOp0‘IHO BCPHbI JIMIIb IJIA apI/I(i)MCTI/I‘leCKI/IX

kopHeii. ITo onpeieneHno KopeHb Va Ha3pBaeTcs apH(pMETHIECKAM JHIIb B TOM
Clly4dae, €CIIM YMCJIO a IOJIOKUTEIBHO WIM HYJb, @ TAKXE IOJOKHUTEIbHA WIIN

paBHa HYJIO U BCJINMYNHA CaMOI'O KOPH:I. Ecnu storo He YYUTBIBATB, TO MOKHO 10-

nyctuth omubky. Hampumep, paBeHctBo §/x? =3/x BepHO UL IIPU yCIOBHH,

uro x > 0. [Ipu x < 0 HYXHO mHcaTh Tak: 3/ x% =3/—X.

12



AHAJIOTHYHO PaBEHCTBO §/ (a_b)2 = 3/ia—b§ BEPHO JIMIIIb B ClIy4ae, €CJIH
a>b. [Ipu a<b OHO HEBEPHO U HYKHO IHCATh 6,/(a_b)2 = 3/ib_a}. O6a ciy-

Yyasi MOJKHO OXBaTUTh TaKOU 3aIMCHIO: 61,(a — b)2 = 3[‘& - b‘ .

Boimomnrs apudsverndeckue nelicTaus:

- (1)
342

2— (1)
35+2,5 4,6—23 0,056  _ _

2. - r ) 5.2 —=—=+5.7).
2,5—13 4,6+23 =—0,125

3. (4V27—V/32) — (V108 +3V48).

(39- 1 2.10L,

) [T
. 5
[ )
22. U_ ::_ —+/ab :(a—b)—l—{_—fh
va+vb va+vb
11
YIzI —
23' y 2 + y:’: 1
yi—z  y+tyiae
A E 2
25b3 —4 -
24. Y20~ Y5
\,5534—2

‘-\'IIII_')UCTHTL BLIDAZKENHH W BLIYUCIHTEL HX 3HAYEHHA TP 338 TAHIOM 3HAYEeHH I1apaMeT-

poB:
2,1 1,2
) — ) 1
28. = n_z m_gn ——(mn'+2+m 'n)"! npu m=0,003; n=0,007.
m—2—n m
abe+4 be 4
29. +44/ — | :(Vabe+2) upu a=0,04.
a i
3 3 2 q—7
5 +b_ —2 3 b
30. —— 2.2 2 L\/a — npu a=1,2; b=0,6.
(a2 —ab)3 a/a—bVb
o J=
31. VI . _VITT npu x=0,5.

l—zyz z+4+/z+1
32. (a—i—;r%)_% —(a—x%)_% npu r=4a—4, 1<a<2.

13



1)

2)

3.CTEIIEHHBIE ®YHKIINHU. KBAJIPATHBIE YPABHEHUSA. PALINO-
HAJIBHBIE YPABHEHUSA U HEPABEHCTBA

Omnpenesienue u cBoMcTBa cTeneHHbIX pyHkuuii. [locTtpoenue rpagukos cre-

NMEeHHBIX PYHKIUM.

dynknun Y=X, y=x?, y=x3, y=1/X u T. 1. ABIAIOTCA YACTHBEIMH CIIy49asiMU CTe-
neHHou (QyHKIUH, T. €. QyHKIHIH Y= XP, rae p - 3a1aHHOe JEHCTBUTEILHOE YUCIIO.

CaoiicTBa 1 rpaduK CTEEHHON (DYHKIIMH CYIIECTBEHHO 3aBUCHUT OT TOTO, PU
KaKUX 3HaYEHUSAX X U P UMEET CMBICT cTeneHb Y=XP. [lepeinem k mogoOHOMY pac-
CMOTPEHUIO Pa3ITUYHBIX cily4aeB B 3aBUCUMOCTH oT
TIOKa3aTels CTETICHH .

[TokazaTenb P=2N - 4eTHOE HATypaJIbHOE YHCIIO. B 3TOM ciydae cTeneHHas
QyHKIUA Y=X?", 7€ N - HATypaJbHOE YHMCIIO, OOIANAET
CHEAYIOINMHU CBOMCTBAMM:
00J1aCTh OTIPEACIICHUS - BCE ICUCTBUTEIIbHBIC YHCTIA, T.

€. MHOXeCTBO R;

MHO>XECTBO 3HAUYCHHUU - HCOTPHULATCIIBHBIC 4YHUCJIa, T. €.

) o ~10 -5 0 5 10
y Gobie uiu paBHo 0; Pruc. 3.1

gyskmsa y=X>"ueTHas, Tak Kak X2"=(-X)?"
byHKIUs sBisieTcs yObiBaromiei Ha nmpoMexxyTke X<O u Bo3pacTaromieil Ha mpo-
mexyTke X>0.

I'papux Qynxuum y=x*" mMmeer Takol *ke BHH, KaK
Hanpumep rpaduk Gpyrkiuu y=x* (Puc. 3.1) <10

[Tokazatrens P=2n-1 - HeYeTHOE HaTypalbHOE

X2n-1 ’

yucio. B atom cnyuae crenennas GyHkims y= rae

HaTypaJbHOE YMCJIO, 00JIalaeT CIEayIOIUMHI CBONCTBA-

MMU.
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3)

4)

00JIaCTh OTPEIEICHHS - MHOXECTBO R;

MHO’KECTBO 3HAUEHHUH - MHOKECTBO R;

(bYHKHI/IE[ y:in-l HEUYETHas, TaK KaK (_X)Zn-1:X2n-l;

(GyHKITUS SBJISIETCS BO3paCTaIOIIe Ha BCel IeHCTBUTEILHON OCH.

I'paduk pynxmun y=x>"! umeer Takoi e BUJ, KaK, HaIpUMep, rpapux GyHKIUN

y=x3 (Puc. 3.2)

[TokazaTtenb p= -2N, Te N - HATYpaIbHOE YHUCIIO. B 3TOM ciydae cTeneHHas

Gyrkms y=X "=1/X?" 06nagaeT cleyIOMMUMH CBOHCTBAMM:
00JacTh onpeeneHus - MHOXeCTBO R, kpome X=0;
MHOYKECTBO 3HAYCHUH - TTOJIOKUTEIIbHBIC uncia y>0;

gynkuus y=1/x*" yetnas, Tak kak ~ 1/(-X)?"=1/x?";

GYHKIUS SBIISIETCS BO3pacTaromieid Ha mpoMexyTke X<0 u yObIBaromieii Ha mpom
KyTke X>0. ot Y
I'paduk Qpynkiuu Y=1/X*" umeer Takoii ke BUJ, KaK, olet
Hanpumep, rpadux pyakuun y=1/x* (Puc. 3.3). P!

[Tokazatens p=-(2n-1), rme N - HaTypaibHOE 5
uycno. B oToM ciydae creneHHas QyHkuus y=x "1 T — 1};
obJaaeT caeayoIMi CBOHCTBAMU: Puc.3.3
o0JacTh onpeaeneHus - MHOXeCTBO R, kpome x=0; ol ¥
MHOKECTBO 3HAYEHUH - MHOXeCTBO R, kpome y=0; odd

c-

pynkuus y=x?"Y) geuernas, tak kak (-x) " =-x--D; ,

L=}
[ N

byHKIUS sBIsEeTCs yObIBarONIeH Ha mpoMexyTkax X<0 u

x>0.

Ipapuk Qykuun y=x"Y pmeer Takoii ke BUA, Kak,

Hanpumep, rpadux pynkuu y=1/x3 (Puc. 3.4)

KBaaparHbie ypaBHeHnusi. PanmonajibHble ypaBHeHUS
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Ecnu BeIpaskeHus1, CTOSIIIUE B JIEBOM M MPAaBOM YaCTSIX ypaBHEHHsSI, COCTaB-
JICHBI JIUIIH C MOMOIIBIO OTIEpAIMid CIOKEHUS, BHIYUTAHUS, YMHOXKEHUS, JICIICHUS
¥ BO3BECHHUS B LIETYIO CTEIIEHb, TO YPAaBHEHUE HA3bIBACTCS PALIMOHAIBHBIM.

ParmonanbHoe ypaBHEHHE HA3bIBACTCS LeJbIM, UM ajJaredpanyeckKuM, ec-
JM B HEM HET JICJICHUS Ha BhIpaXEHHE, cojepxailiee nepeMennyo. K mensim ypas-
HEHUEM OTHOCATCSA, HAIIPUMED, TUHEIHbIE U KBAJPaTHBIC YPaBHEHUS.

Pemienuem, uiu KOpHeM yYpaBHeHHUsl, HA3bIBACTCS BCAKOE 3HAYCHHUE HEU3-
BECTHOTO X, IIPH MOJACTaHOBKE KOTOPOTO B 00€ YacTH ypaBHEHUS MOJy4aeTCs UC-
TUHHOE YMCJIOBOE PaBEHCTBO. PelINTh ypaBHeHMe - 3HAUUT HATU BCE €ro KOPHU
WIN J0Ka3aTh, YTO KOpHEW HeT. Pemast ypaBHeHHE, Mbl IPUMEHSIEM K HEMY HEKO-
Topble npeodpazoBanus. Eciau ucxonHoe u mpeoOpa3oBaHHOE YpPaBHEHUS UMEIOT
OJIHU U T€ )K€ KOPHHU, TO OHHM Ha3bIBAIOTCS PABHOCWIBHBIMH. B yacTHOCTH, ypaB-
HEHUS, KOTOPbIE HE UMEIOT KOPHEM, TaKXKe CYUTAIOTCS PaBHOCHIIbHBIMH.

OcHOBHBIE TEOpPEMBI TPEOOPA30BAHMS YPABHEHHS B PABHOCUIILHOE EMY:

Eciu kakoif-mu0o dYaeH ypaBHEHHS MEPEHECTH M3 OJHOH YacTH ypaBHCHHS B
JIPYTYIO C IPOTHBOIOIOKHBIM 3HAKOM, TO MOJYYUTCS YpPaBHEHHE, PaBHOCHUIBHOEC
JTAHHOMY.
Ecimu 06e yacTu ypaBHEHHS YMHOXHTD WM Pa3ICIUTh HA OJHO U TO K€ OTIHUYHOE
OT HYJISl YKCIT0, TO TOJIYYUTCS ypaBHEHHE, PABHOCUIBHOE TaHHOMY.
Ecnu 06e yactu ypaBHenus f(X)=g(X) yMHOXHUTh Ha OJJHO M TO YK€ BHIPAKCHHE
h(x), koTopoe:
a) UMEeT CMBICI BCIOY B 00J1aCTH ompe/iesieHus (B 001aCTH TOMYCTHUMBIX 3HaYe-
Huit) ypaBaenus f(X)=g(x);
0) Hurae B 3Tol obsactu He oOparnaercs B 0, TO MOTyYUTCS YpaBHEHUE
f(x)-h(x)=g(x)-h(x), paBHOCHIILHOE TaHHOMY.
Keaopammnwie ypasnuenus.

ax’> +bx+c=0, a=0.

Oynknus | (X) =ax®+bx+c, rme a=0, HassBaercs KBaJpaTUIHOM

bynkuueit. I'paduk >Toit PyHkImu — napadona, KOOPAUHATH BEPIIMHBI KOTOPOU
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b 4ac-b?

aBHBI: X, =——,
P 0 2a Yo 4a

[Ipu a>0 BerBM mMmapaboJibl HaANPABICHbI

BBEpX, a pH a <0 - BHM3. HaxoxneHwe KopHel ypaBHeHms ax’ +bx+c =0,
a # 0 moapoOHO M3NokeHo B myHKTe 2.1.
Ilenvte payuonansvhole ypagnenus.

MsorowieHoM N- oif crereHu (NeZ,n>0) oT nmepeMeHHONH X Ha3bIBACTCS BHI-

paXkeHne

P,(x)=a,x" +a,x" " +...+a,,x+a

n oo
rae  a,,d,...,4, — 3aJaHHbIC JCHUCTBUTEIbHBIC 4YHCIA, npudeM a, #0.
MHorouneHaMy HyJIEBOI CTENEHU SABIIAIOTCS OTJIMYHBIE OT HYJISI JEHCTBUTEIbHBIC
yyciaa. Yucno 0 €JUHCTBEHHBI MHOIOWIEH, CTEIIEHb KOTOPOIO HE OIPEIEsICHA.

Vpasrenue P,(x)=0, rae P,(x) — MHOrOunen n-oit cremenn, n>1, Ha3piBaet-

csl anredpanvyecKuM ypaBHEHHEM N -0 CTENEHHU.

Ecmu x, — kopers Muorodnena P, (x), T.e. P,(X,)=0, To P,(x) 6e3 ocrarka je-
autes Ha (X — X,):

P (X) = (X — Xo )Pn—l (X)’
rae P, ,(x)— muorounen crenmenu n—1. Muorounen P, ;(X) MoxHO Haiith mm60
JieNieHneM «yroikom» MHEorodnena P,(x) Ha (x —x,), 60 TPYMIUPOBKOI crara-
€MBIX MHOTOWIEHA P,(X) ¥ BBIIEJIEHUEM U3 HUX MHOXKHUTENSA X — X,. OCHOBHBIMU
METOJAMH PEIICHHUS ypaBHEHHS P, (X)=0, rae P, (x) — MHOI'OWIEH CTENEeHU N
(n>2), ABAAIOTCS METOJ PA3JIOKCHHS JICBOM YaCTH YpaBHEHHUS Ha MHOXHUTCIH U
METO]I BBEJICHUS HOBOM MTEPEMEHHOM.
MHO0XECTBO pallMOHAIBHBIX YPABHEHHI 32 TUTIOM U METOAOM PELICHUS

MO’KHO pa3JIeMTh Ha CIIETYOIINE:
1. PemieHue ¢ moMombr MOACTAHOBKH. [Ipy pemieHnn HEKOTOPBIX palMOHAIb-
HBIX YpaBHEHUN MMEET CMBICI BBECTH HOBYIO MEPEMEHHYIO, 3AMEHHUB €10 HEKOe
panuoHanbHoe BhIpaxeHnue. Hampumep, B ypasaenun aP?(x) + bP(x) + ¢ = 0, rue

P(X) - MHOrouscH, BBeJeM HOBYIO mepemeHHyio Y = P(X). Pemraem kBagpaTHOe

17



ypaBHenue ay’ + by + ¢ = 0 OTHOCHMTENBHO Y M BO3BpAlIacMCs K PEHICHUIO ypaB-
Henuit P(X) =i, rae Vi - peleHus: ypaBHEHHSI.
2. Pacnanaiomeecsi ypapHeHHe. PainoHanbHOC ypaBHEHHE Ha3bIBA€TCS paciia-
JAIOIUMCS, €ClIi ero MoxkHO npeacTaBuTh B Buae P(X)Q(X) = 0, rae P(X) u Q(X) -
IeNIbIe palioHa bHbIC (yHKIUH. [ pelleHnss TaKuX ypaBHEHUH HY)KHO Ipe.-
CTaBUTh  YpaBHCHHUE P(X)Q(x) = 0O B BHAE  COBOKYIHOCTH:
P.(x)=0,
{Qn (x)=0.
3. OxHopoanoe ypaBHeHHe BTOporo mopsiaka aP?(x) + bP(x)Q(x) + cQ?(x) = 0.
Jlnst ero pemieHus: paccMOTpuM jiBa cirydas. [lepseriii - Q(X) = 0, Torna ypaBHeHUe
CBOJUTCS K penieHuto ypaBHenus P(X) = 0. Bropoii cinyuyait - Q(X) # 0, Toraa uc-
XOJHOE ypaBHeHHE MOXkHO mnozeanTh Ha Q3(X) m momyumts a(P(X)/Q(X))? +
bP(x)/Q(x) + ¢ = 0. BBoaum 3ameny P(X)/Q(X) = t u moiy4aem KBajapaTHOE ypaB-
Henue at? + bt + ¢ = 0. B oTBeT BKII0OYaeM peleHust 000MX CIIydaeB.
4. BuxBagpaTHoe ypasHenne ax* + bx? + ¢ = 0. Jlng pelenus Takoro ypaBHEHHs
nenaercs 3amena X? = t, x* = t2. [lociie HoICTaHOBKM HOBOM MEPEMEHHOM MOJTy4aeM
KBaJpaTHOe ypaBHeHue at’ + bt + ¢ = 0. Pemus ero, npuxoauM K ypaBHEHUIO X° =
ti, rae tj - KopHU ypaBHEHUS.
5. CUMMeTPHYHOE YpaBHEHHe TpeThero mopsiaka ax® + bx? + bx + a = 0. Jlns
€ro pelIeHus MPOBEIEM ClieAyIomue mpeodpasosanus: ax® + bx? + bx + a = a(x® +
1)+ bx(x + 1) =a(x + )(x* - x + 1) + bx(x + 1) = (x + 1)(ax? + (b - a)x + a). B uro-

Ire IIoJIiydacM pacimagaromcececs YPaBHCHHUC, peuracMm COBOKYITHOCTbB:

X+1=0,
ax’ +(b—-a)x+a=0.
6. CHMMeTpHUYeCKoe YpaBHEHHe YeTBepToro mopsaka ax* + bx3 + cx? + bx + a

=0. CrpynnupyeM ciaaraeMsle U paszieauM obe yactu Ha X2, [loayuum

a(x? + 1/x?) + b(x + 1/x)+ ¢ = 0.
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CrenaeM noAcTaHOBKY X + 1/X = t, Torga X2 + 1/x2 = t2 - 2. Tlony4yaeM KBaJpaTHOE
ypaBHeHn#ue at? + bt + (¢ - 2a) = 0. [Tociie ero pemeHns BO3BpamaeMcs K HCXOIHOM
MIEPEMEHHOM X.

7. Bo3BpaTHoe ypaBHenue. YpasHeHue Bujia ax* + bx® + ex? + dx + e =0, rue a #
0, b # 0 u e/a = (d/b)?, Ha3bIBAaETCS BO3BPATHBIM YPABHEHHEM YETBEPTOTO MOPSIKA.
JIst €ro penreHus AenMM ypaBHEHHE Ha X2 U BBOAMM IepeMeHHyro t = bx + d/X,
nocJjie Yero nojyyaeM KBajapaTHoe ypasHeHue at?/b? + t + ¢ - 2ad/b = 0. Pemmus
€r0, BO3BpAlaeMcCsl K UCXOHOU IEPEMEHHOM.

8. YpaBHenusi Buaa (X + a)(x + b)(x + c)(x + d) =m, 2coe a + b = ¢ + d. B nannom
cilydae BBOJUM HOBYIO HepeMeHHyIo t = X2 + (a + b)X u momyuaem KBajgpaTHOE
ypaBHenue (t + ab)(t + cd) = m. PemmuB ero, Bo3BparaeMcs K HCXOJHOU IMEPEMEH-
HOM.

/Ipobno-payuonanvhsie ypasHenus.

YpaBHeHue BUaa gm EX; =0, rae P,(x) u Q,(x) MHOrOUNeHEI, Ha3bIBACTCS
X
n
P.(x)=0,
panyoHaNIbHBIM. JTO YPaBHEHUE PABHOCUIIBHO CUCTEME
Q,(x)#0.

OO0mMx MeToAO0B peleHus: IpOoOHO-pallMOHAIBHBIX YPaBHEHUI, TEM HE Me-
HEE, HE CYIIECTBYET. Pelienne oueHb MHOTMX M3 HUX OCHOBAHO HAa YJIAa4HOM Ipym-
MMPOBKE U MOCJIEAYIONIEM NPUBEACHUN CTPYNIUPOBAHHBIX CJIAraéMbIX K O0IIeMy
3HaMeHaTeno. B Oosiee MpocThIX ciayyasx IpyNnmnupoBKa He TpeOyeTcs, a MHOrAa
YPaBHEHHME MOKHO YIPOCTUTH, BBESA HOBYIO IlepeMeHHy0. [Ipu pemenun panuo-
HaJIbHBIX YPAaBHEHHUM BO3HHMKAET ONACHOCTH ITOJYYEHHS ITOCTOPOHHUX PELICHM,
KOTOpasi KynmupyeTcs JIMO0 MPOBEPKOM, JTMOO HAXOKIEHUEM O0JIACTH JTOMYCTUMBIX
3HAYEHUH, MO0 MPOCTO yKa3aHUEM COOTBETCTBYIOIIMX OTPAHUYEHUUN U JalbHEU-
LIEH NPOBEPKOU UX BBITIOJIHEHUS.

Pemenuie npoOHO-pallOHATBHOTO YPABHEHHSI CBOJUTCS B KOHEYHOM MTOTE
K 3aMEHE MCXOQHOTO YPAaBHEHUS LIENbIM YPABHEHHUEM, KOTOPOE PaBHOCUIIBHO HC-

XO0AHOMY YPAaBHCHUIO UJIH ABJIICTCA €TO CIICACTBUCM.
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[Tpu pemiennn apoOHOTO ypaBHEHHsI 11€JIECO00pPa3HO MOCTYIAThH CIEAYIOIUM 00-
pasom:
OTIpENETUTh 00JIaCTh AOMYCTUMBIX 3HaUeHul nepemenHoi x (O/13);
HaWTH HAMMEHBIIIUM O0NTUI 3HAMEHAaTelb Ipo0e, BXOAIIUX B YpPaBHCHHUE;
YMHOXHUTh 00€¢ YacTH ypaBHECHWsS Ha OOINWH 3HAMEHATENIb W TPUBECTH
I10JTOOHBIE;
PEIINTH MOTyYHBIIIEECS IIEJI0C YPABHCHHE.
Pemnierre HEKOTOPBIX BUAOB JPOOHO-PAMOHAIBHBIX YPaBHEHUH:

YpaBuenue Buaa P(X)/Q(X) = 0. Pemaem ypaBuenue P(x) = 0. IIpoBepsiem,
yeMy paBHO 3HaueHue Q(X;), rae Xi - kopuu ypaBuenus P(x) = 0. Ecim Q(x) # 0,
3HAYUT OHH SIBJISIFOTCS pelieHrueM ucxoanoro ypaBHenus. Ecmu Q(X;) = 0 - xopeHb
BBITIA/IaCT U3 OOJACTH OIpPENIEICHHsI HCXOIHOTO YPaBHEHUS U €r0 HY)KHO HCKIIO-
YUTh U3 OTBETA.

Ypasuenue Buaa aP(x)/Q(x) + bQ(X)/P(x) + ¢ = 0. BBoaum HOBYIO mepemMeH-
Hyto t = P(X)/Q(X) u monydaem cienyroiiee ypaBuenue: at + b/t + ¢ = 0. Wim no-
cie nomuoxenus Ha t (t # 0) momyuaem kBagpaTtHoe ypasHeHue at? + ct + b = 0.
PemuB ero, Bo3BpaiaemMcs K HICXOJHOU EPEMEHHOM.

YpaBHeHue cocrosiiee U3 CymMmbl Apodeid. OIMH U3 METOAOB COCTOUT B TOM,
YTO HY)KHO IEPCHECTH BCE YICHBI YPABHCHHS B OJHY YacTh M CBECTH ypaBHEHHUE K
suay P(x)/Q(x) = 0.

Paunonanbﬂme HEPpaBCHCTBA

ITycth dyHKIMN f(X) 1 @(x) onpeaeneHbl HA HEKOTOPOM MHOXECTBE A.
[TocTaBuM 3amauy: HAUTH MHOXKECTBO X , HA KOTOPOM 3HAUYEHUS OJAHOU U3 (PyHK-
uui Oosbllle (MEHbINE) 3HAYEHUI JpYrol M3 HHUX, IPYTMMHU CIIOBaMM, HATH Bce
3HAYCHUS X, JUIsI KOTOPBIX BhINoOHsETCs HepaBeHCTBO: T (X)>@(X) ((X)<@(X)).

[Ipu Takoii MOCTAaHOBKE KaXKJI0€ U3 ITUX HEPABEHCTB HA3bIBACTCS aJireOpan-

YCCKUM HCPABCHCTBOM C HCU3BCCTHLIM X .

Kak npu pemenun ypaBHEHUs, TaK U IPU PEILIEHUH HEPABEHCTBA TpeOyeTcs

HAWTU BCE T€ 3HAUCHUS HEU3BECTHOM BCJIMYMUHBI, IJISI KAXKAOI0 U3 KOTOPBIX YKa-
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3aHHOE COOTHOIIIEHUE OKa3bIBA€TCsI BEPHBIM. [10ATOMY €CTECTBEHHO W IJisi HEpa-
BEHCTB BBECTH MOHSTHS, aHAJOTUYHBIE TE€M, KOTOpbIEe ObLIIN BBEICHBI JIsl YpaBHE-
HUU.

MHOX€eCTBO A HAa3bIBACTCSI MHOXXECTBOM (O6J'IaCTI>I0) JOITYCTHUMBIX 3HA4YC-

HHUM HEU3BECTHOI'O AJI1 TaHHOT'O HCPAaBCHCTBA.

MHOX€eCTBO X HAa3bIBACTCI MHOKECTBOM DCHIGHI/Iﬁ AaHHOTI'O HCPAaBCHCTBA.

Pemuts HCPABCHCTBO — 3HAYUT HAWTH MHO>XECTBO BCEX X, IJd KOTOPBIX
JAaHHOC HCPABCHCTBO BBIIIOJIHACTCA.

I[Ba HCPAaBCHCTBA HA3bIBAIOTCA PABHOCHIIBHBIMHU, CCIIM MHOKCCTBA pGIHCHI/If/’I

HUX COBIIaAarOT, T.C. CCJIHN BCAKOC PCIHICHHUC KAaKIO0I'0 M3 HHUX ABJLICTCA PCHICHUCM

JPYTOTO.

3HaYeHHE HEU3BECTHOT'O Ha3hIBACTCS JAOIIYCTHUMBIM JII HCPABCHCTBA, CCIIH
IIpHU 3TOM 3HAYCHHUU 00e yacTu HCPAaBCHCTBA MMCIOT CMBICII. COBOKYHHOCTB BCECX

AO0ITyCTUMBIX 3HAYCHUH HEU3BECTHOI'O HA3BIBACTCS 00JACTHIO ONnpcaACIICHUA HCPA-

BCHCTBA.

OcCHOBHBIE TEOpPEMBI IIPE0OPA30BaHUS HEPABEHCTBA B PABHOCUILHOE EMY:

Kakoe-HuOyab ciiaraeMoe MOXHO TMEPEHECTH M3 OJHOW 4acTu Hepa-
BEHCTBA B JIPYTYIO C IPOTHUBOIOJIOKHBIM 3HAKOM;

OGe 4acTu HepaBEHCTBA MOYKHO YMHOKHTH UM Pa3AenuTh HA OJHO U
TO OTIMYHOE OT HYJIS HOJIOKUTENILHOE YUCIIO; €CIIH 9TO YMCIIO OTPULIATENILHOE, TO
3HAK HEPABEHCTBA MEHAETCS HA MPOTUBOIOJIOKHBIA;

Ecnu  mepaBenctBo umeer Bun  f(x)-g(x)>p(x)-g(x) wnm
f(x)- g(x) < (p(x)- g(x), TO JeneHne o0erx ero yacteit Ha g(x), KaK MpaBuiIo, He-
JIOITYCTHMO, TIOCKOJIBKY MOKET IIPUBECTH K MOTEPE PeleHui.

Mesk1y pelleHUsAME HEPaBEHCTB U YpaBHEHHI MHOro o0mero. OTiuume xe

COCTOMT B TOM, U4TO PELICHHEM HEPABEHCTB Yallle BCETO SBISIOTCS OECKOHEUHBIE

MHOXKECCTBA.
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3Ha‘H/IT, CACJIaTh IMOJHYIO IIPOBCPKY OTBCTA, KaK 3TO ACIACTCA AJISA YPpaBHC-

HHﬁ, HCJIIB3. HOBTOMY OYCHBb BAKHO ITPpHU PCHICHHWHN HCPABCHCTB IICPCXOAUTH TOJIb-

KO K paBHOCHJIBHBIM HCPABCHCTBAM.

K PaBHOCHUJIbBHBIM HCPABCHCTBAM IIPUBOIAT TOKICCTBCHHBLIC Hpeo6pa3OBa-

HUA, HC U3MCHAIOIIUC 00J1aCTh A0IMyCTHUMBIX 3HAUCHUM.

CBoiicTBa YHCTIOBBIX HEPABEHCTB MPUBEICHBI B MyHKTE 2.1.

Pemenrne HEpaBEHCTB, COACPKAIIMX KBAJIPATHBIM TPEXUJICH

a-x>+b-x+c. IIycts D = b’>—-4.a-c - JUCKPUMHHAHT KBaJApPaTHOI'O TpeX4Jie-

Ha.
Bu HepaBeHcTBa D<0 D>0 D=0
a>0 \/ \V/ * l
> Il Ig X I[} X
2 X €
a-x“+b-x+c>0 :
X € (—o0;00) (—o0; %, ] U [X,;0) X € (~o0;00)
a-x>+b-x+c>0 _ Xe Xe
Xe(00) | (=00 ) U (Xpi0) | (=003%0) U (Xp00)

a-x>+b-x+c<0

pelIeHni HeT X e (X;; Xy) peleHni HeT
a-x>+b-x+c<0 . b
= V| perieHui HeT X e[X: X, ] Xog =———
2-a
" X
X x 0,
a<0 Il Lo X AX
a-x>+b-x+c>0 y : b
Pemenuii Her X €[X;%,] Xo=—7=
2-a
a-x2+b-x+c>0 | Pemenuii Her X € (X} X,) Pemenuii et
: : 11 X2
a-x>+b-x+c<0 Xe Xe

X € (—o0;0)

(= 005 %, ) U (X, 50)

(=001 %p ) U (Xg;0)
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a-x>+b-x+¢<0 X €

) (o] Ulgic0) X & (i)

Pewienue yenvix payuoHanbHbvlX HEPACEHCME
€CJIM B HEPABEHCTBE f (x)< (p(x) GyHkmun f (x) u (p(x) 3a/1aHbI 1EJIBIMU PALHO-

HaJIbHBIMH BBIPAKCHUAMM, TO CI'O HA3BIBAIOT LCJIBbIM PAITHOHAJIBHBIM HCPABCH-

CTBOM.
Ecnu HepaBeHcTBO f(x)< ¢(x) mpusectn k paBHOCHIBHOMY f(X)— (X)< 0
¥ pa3loKUTh JIEBYIO YacTh HA JMHEHHBIE MHOMKHTEIH, TO TAKOE HEPABEHCTBO

MOJHO pCIINTb MCTOZIOM MHTCPBAJIOB.

CyTb 3TOr0o METOJJa UHTEPBAJIOB B CIEAYIOIIEM:

Omnpenenuth 06sacTh 3HaueHus nepemennou (O/13);

IlepeHecTu Bce B JIEBYIO 4acTh M PELINTh YPAaBHEHME, IPUPABHAB BbIpa-
KEHHE B JIEBOM YacTU K HyJIO. Pa3noXKuTh Ha MHOXHUTENH, CKOOKM COKpaulaTh
HEJb34;

HalinenHple KOpHM YpaBHEHHsI HAHECTH Ha YUCIIOBYIO OCb. Eciu KOopHU
BxoaaT B OJI3, oHM pUCYIOTCS 3aKpallleHHBIMH, €CJTH HE BXOJST, TO BHIOUTHL. DTH
KOPHU pa30MBaIOT YUCIOBYIO OCh Ha MPOMEKYTKH, Ha KaXJIOM U3 KOTOPBIX BbIpa-
YKEHUE, CTOSILEE B JIEBOM YaCTH, COXPAHSET 3HAK;

BbiOpath B KaXXOM U3 IPOMEKYTKOB KaKoe-HUOYIb 3Hau€Hue («mpo0-
HYI0» TOUYKY) U OIIPENEIINTD 3HAK BBIPAKEHUSI B 3TOM TOUKE;

Br10paTh IpoMeEXyTKH, B KOTOPBIX BBIpaKEHUE UMEET TpeOyeMblil 3HaK
Y 3aMACATh OTBET, B35IB UX 0ObEIUHEHHS.

Ecnu HepaBEHCTBO HECTPOTOE HYKHO YUYECTh KOpHH, Bxoasume B O/[3 n

MPUBOJSIINE YPABHEHUE K HYJIIO.

Pewenue 0pooHO-payuonanbHbIX HEPAGEHCME
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JIPOOHO parMoOHAIbHBIC HEPAaBEHCTBA @ > (0 MOXKHO IIPUBECTHU K PaBHO-
Q(x

P(x)-Q(x)=0

CUJIBHOMY HEPaBEHCTBY 3 P (X) =0, TOraa METOJ MHTCPBAJIOB NPUMCHUM U
Qu(x)=0

JUJISL pelieHus: JpOOHO-PalMOHATBLHBIX HEPABEHCTB.

1. PewnTb HepaBeHCTBA
1) x* +2x-3>0. 3) x*-2x+1>0;
2) —2x* +x+3>0; 4) —x* +4x-5>0.

2. PewunTb HepaBeHCTBA MeTO40M MHTEPBAJIOB:

1) W<O; 2) WEO;
x—5 x—5

3) (x—3)(x+2)20; 4) (x—3)(x+22)2 <0
x-5 (x=5)

5 & i)_(; +2) o

3. PewuTb ypaBHEHMUE
1) x* —10x*> +9=0; 2) x* —3x° +2x* —6x=0;
3) (3x2 —x—1) ~18x% +6x+6=0; 4) x° —4x? +2x+1=0;

4. PelwnTb ypaBHEHMUA:
1) x* —-7x—6=0; 2) (x+2)x+4)x+6)x+8)=105

3) 3x® -13x* +13x—3=0; 4) x* —5x% +4x? +5x+1=0.



[

Pemmre ypapuenns:
4 1

I
) m@+&ﬁ—7=u

1412 L 49
16—x2 r—4 x+4
2 4

=1.
213 217
2 -3z Tr—2 _o5
r—2 2-3z
w649
ir—16 4 7
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4. BEKTOPBI U UX TEOMETPUYECKUE ITPUJIOKEHUSA

I'eomeTpuyeckuii BEeKTOP MPEJCTaBICH B JIBYMEPHOM

B U TPEXMEPHOM NPOCTPAHCTBE B BUIE HANPABIEHHO20
. ompeska, T.€. OTPE3Ka, Y KOTOPOro pasjiMyaroT HA4yaJio

A a/’ H KOHEII.
Puc. 4.1 Ecnu A - nawano Bektopa, a B - ero konen, To BEeKTOp

0003Ha4YaeTCsi CHMBOJIOM WJIM OJIHOM CTPOYHOU OyKBOM
d. B muteparype dacto BekTOop oOo3HauyaeTcs xKupHbIM mpudTom AB mwmm a. Ha
pPHUCYHKE KOHEIT BEKTOpa yKa3biBaeTcs crpenkoi (Puc. 4.1).
@Ou3nyecKUMH MPUMEPAMH BEKTOPHBIX BEJIIMYUH MOTYT CIY>KUThH MEepeMelIeHUe
MaTepUaTbHOW TOYKH, JBUTAIOIICHCS B TMPOCTPAHCTBE, CKOPOCTh M YCKOPCHHE
ATOM TOYKH, a TAK)KE JEHUCTBYIOIIAS HA HEE CUJIa.
JIuHOM (MM MOJIyJIeM) FeOMETPUIECKOT0 BEKTOpa Ha3bIBACTCS JJIMHA ITOPOIK-
JAIOLIETO €ro OTpe3Ka U 0bo3HavaeTcs | AB|.
Konnuneapnwie, pagnvie, KomnianapHnsie 6eKmopbl.

Onpenenenue. BekTopsl, nexalue Ha OJHON Mps-

MOW WM Ha MapaulelbHBIX MPSMBIX Ha3bIBAIOTCS B Bi M
Al / HH"‘LN
KOJTMHECAPHBIMH. A //
L /‘c
Oo6o3navator: AB || AB,, AB || CD, «
AB He || MN (Puc. 4.2) Puc. 4.2
Omnpenencure. BekTopsl Ha3bIBAIOTCS PABHBIMM, €CITH OHU:
B C
1) KommnaeapHsr,
2) HmeroT paBHBIE MOTYJIH;
3) OMHAKOBO HATPABJICHBI. A D
Puc. 4.3

uuryt: AB = CD, Ho AB = AC (Puc. 4.3)
B ¢usuke 4yacto paccMaTpUBAIOTCHS 3aKPEILIEHHbIE BEKTOPBI, 3aJaHHBIE

TOYKOM MPUJIOKEHUS, JJIMHOW U HAIIPaBJIEHUEM. ECIM TOUKA MPUIIOKEHUS BEKTOPA
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1)
2)
3)

HE UMEET 3HAYEHHUS, TO €r0 MOKHO NIEPEHOCUTD, COXPaHsA JIJIMHY U HalpaBJEHUE B
T00yI0 TOYKY HpPOCTpaHCTBAa. B 3TOM ciydyae BEKTOp Ha3bIBAE€TCS CBOOOIHBIM.

Bynem paccmaTtpuBaTh TOJIBKO CBOOOIHBIE BEKTOPHI.

OHDGI[GJICHI/IC: TpI/I BCKTOpPAa HA3bIBAKOTCA KOMILIA-

HAPHBIMU, €CJIM OHH JICKAT B HEKOTOPOM OJHOM IIOCKOCTH _E,.
WUTH TTapaJljIeNIbHbI KaKOW-TO 0 HOM TuTockocTH (Purc. 4.4). : !
[IpuMepomM HEKOMIUTITAHAPHOW TPOWKHA BEKTOPOB MO-
TYT CIy>)KUThb HampaBieHHbIE p&Opa Kyba, MCXOIALIUE W3 Puc.4.4
OJIHOM BEPIINHBI.
Jluneiinvie onepayuu Hao 6eKmopamu.
Han BexkTOpamMu mpoOM3BOJAAT pa3iMyHbIE AEHCTBUA (Omeparuu). Y MHOXKE-
HUE BEKTOpa Ha CKajsip (YHMCIIO) M CJIOKEHHE BEKTOPOB HA3bIBAIOT JIMHEWHBIMU
ONEPALTUAMH.

VYMHOXKEHNE BEKTOPA HA YHUCJIO.

Omnpenencuue: Ilpon3BeeHneM BEKTOpa d Ha CKalsgp A Ha3bIBaeTCs BEKTOp D,

KOTOPBIM:
umeet moxyib |b =] 4 |-|d];
KOJUJIMHEAPEH BEKTOPY a;
HaIpaBJIeH TakK ke Kak BeKTop a npu A >0 u mpOTUBOIOIOKEHO BEKTOpPY a MpH A
<0.

O6o3HavaeTcs mponssenenne b = 4 &. B wactHocTH, pu A = -1 umeeM (-
1)- @. Bektop -3 Ha3bIBaeTCs MPOTUBOIOJIOKEHHBIM BEKTO-

py a (Puc. 4.5). X
Ecin a=0 wau A =0, To 4 -a=0 — HyIEeBON BEKTOP.

-

-4

Puc. 4.5

EMy HC MPUITMCBIBACTCA HHUKAKOI'0O OIPCACIICHHOI'O HaIllpaB-
JICHUA, HA4aJIO U KOHECI COBIIAJarOT.

['eoMeTpUYECKU CMBICI OTIepallii YMHOXKEHHs BEKTOpa & Ha YMCio A Co-

cTOUT B "pacTsbkeHun" BekTopa a B A pas, (eciu | 4 |[>1, TO 3TO JCHCTBUTEIEHO
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pactsbkeHue, a npu | 4 [<1, — 3To c)kaTHe) ¢ BO3MOKHBIM U3MEHCHHUEM HarpasJie-
HUSL.

Ecimm |€|=1, To BexkTop € Ha3bIBacTCAd CAMHHYHBIM BEKTOPOM (OpPTOM).

Bekrop a=a°-|d|, ecnmu d° equHUYHBIA BEKTOp (OPT) BEKTOpa a .

Ecmu nBa Bektopa du b komnmmHeapHsl, TO OMUH W3 HHUX JIMHEHHO BBIpa-

aeTcs yepes apyroii: d=Ab (wmm b =1a). OueBumno A== &|/|b |.

"+" ecim @ u b HampaBiIeHBI OJIMHAKOBO;

CCJIM IIPOTHUBOIIOJIOKCHO.

Cl10XeH1E BEKTOPOB.

Onpenenenue: CymMMOW BEKTOPOB &, d,,...,d, Ha3bIBaeTCs BEKTOpP R,

3aMBIKa}OIl[I/Iﬁ JIOMAaHYIO JIMHHIO, ITOCTPOCHHYIO M3 HUX IMMAapaJUICIIbHBIM IICPCHO-

COM, KOraa KOHCLH IPCAbIAYHICTO BCKTOpPA ABJIACTCA Ha4da-

-
JIOM CIIEAYIOUIETO, PUYEeM Hadajo €ro B Hayaje BEKTOpa b
d,, KOHelm B KOHIE BekTopa d,. OOosHauaror: ZF/ »%
R=&a +4a,+..+4d,
-
N3 storo obmiero mpaBuia JIETKO CleAyeT yao0HOoe b
Puc. 4.6

OPAaBUJIO HapaJuICJorpaMmMa J1JjI1 HaAXOXIACHHUSA CYMMbI IBYX

BEKTOPOB: CyMMa JIByX BEKTOpPOB d U D , mpuBeAéHHBIX K ogHOMY Hadaiay O, ecTbh

BEKTOp—IMAroOHaJb MapajuieiorpaMma, MoCTPOSHHO-

ro Ha BekTopax d u b kak Ha croponax (Puc. 4.6)

e
¥/
N3 pucynka 4.6 BHIHO, YTO BEKTOP— ) iﬁ

JMaroHaiab R=4+b sBisiercss 3aMbIKAHUEM JIO-

MaHOM M3 BEKTOPOB d M D, 4TO coryacyercs ¢ 00-

Puc. 4.7

UM IIPpaBUJIOM CJIOKCHHA.

3 O6H16FO JKC IMpaBujia CICAYET U MPABUJIO MApPAJUICICTIMIICAd HAaXOXKIC-

HUS CyMMBI TPEX BEKTOPOB, NPUBEACHHBIX B
onHo Hayasio O (M HE KOMIUIAHAPHBIX): 3TO

C€CTb BCKTOp—AHAaroHaljlb IapalJICIICIIMIICA,




MIOCTPOCHHOTO Ha JAHHBIX BEKTOpax, Kak Ha cropoHax (Puc. 4.7).
Omneparysi BBIMUTaHUS BEKTOpOB d U b (00o3Havaercs a-b ) moHumaercs

KaK CII0)KECHHE BEKTOpa & C BEKTOPOM -0 , MPOTHBOIOJIOKEHHBIM BEKTOPY D .

Ha npaktuke mo Bektopam a8 u b , npuBenéuusim B oxHo Havano O, cpa3y

ctpost Bektop BA=4a-b, kak maymmii u3 KoHIIa BEIYUTAEMOr0 BeKTOpa b B KO-
Hell yMeHbIaeMoro Bektopa a. (Puc. 4.8)

CBONCTBA TUHEWHBIX OIIEPAITHIL.

OTMeTHM BOCEMb OCHOBHBIX CBOWMCTB JIMHEHHBIX ONEpalnii HaJ BEKTOPAMHU:

1) d+b=b+d (KOMMYTaTHBHOCTP CIOKCHHUS WV IEPEMECTUTEIHHOCTD)

2) d+ (b +c)=(a+b)+c(accolMaTUBHOCTh CJIOKEHUSI WJIM COUETATEIbHOCTD)
3) a+0=a (CylllecTBOBaHME HYJIEBOTO BEKTOPA)

4) Jlist 11060T0 BEKTOpa @ CYIIECTBYET €My MPOTHUBOMOIOKEHHBIA BEKTOP

—&, takuro 4+ (—-d) =0

5) l-a=a (CylIecTBOBaHUE BEKTOPA PAaBHOTO JaHHOMY)
6) a(fa)=(ap)a, (acconMaTUBHOCTH YMHOXKCHHS Ha CKaJIAP)
7) M@ +b)=d + Ab; (pacnpenenuTenbHbIE CBOMCTBA OTHOCH-
8) (a+ pP)a=caa+ fa. TEJTHHO YMHOXCHHS Ha CKaJIsp)

[IpocTpaHCcTBO, B KOTOPOM OMpPENECICHBI JAHHBIC JTUHEUHBIE ONEpaluu Hal
BEKTOPaMH, Ha3bIBAOT JJUHEUHBIM.

lIpoexyus eexmopa

[Ipoekuueii Bektopa M;M, Ha 3agaHHYyIO M,

och | HasbIBaeTCs YHCIIEHHOE 3HAYECHHE BCKTOpa

N:N2 na ocu | (Puc. 4.10a). IIpoekiueii Bek-

Topa d Ha BEKTOP D Ha3bIBacTCs MPOCKIUS BEK-

TOpa @ Ha 0Ch, UMEIOIIYIO C BEKTOpOM D ou-

HakoBoe Hamnpasienue (Puc. 4.100).
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2)

npga = \a\ COS« , T/€ 0- yTOJl M€Ky BEKTOPOM 8 U

ockio | .
a

Ceoticmeo npoexyuu: L
1) IIpoexuusi CyMMBI BEKTOPOB Ha OCh PaBHA CyMMe

HpOCKHHﬁ 9THUX BCKTOPOB, T.C. 1]
Hp|(a'+5):Hp|a’+ leﬁ’ Puc. 4.106
IMPOCKIUA IIPOU3BCIACHUA BEKTOPA é: Ha 9UCJI0 j, paBHa IIPOU3BCACHUTIO

yucia Ha MPOoeKInio BekTopa a, 1.€. [Ipy A-a=Allpia.

Paznoocenue eexkmopa no dazucy.

IlycTe 3amaHbl BEKTOPHI &;,4d,,...,d, U YACIA O, Oy,...,,. COCTABUM KOM-

6I/IHaI_II/IIO M3 3TUX BCKTOPOB, MCIIOJIB3YyS TOJIBKO BBCIACHHLIC JINHEHBIE KOMOMHA-
MU CJIOXKCHHA B YMHOXCHHA BCKTOpa Ha 4YHUCIIO. B camom O6IHCM ClIydac OHa

uMeeT BUI: oyd, + a,a, + ...+ «,a,. Takue KOMOMHALIMKA HA3bIBAOTCS JIMHEWHBIMU
KOMOMHALUAMH BEKTOpPOBd,, d,,...,d,, & YACHA &, Ay,..., A KOIPPUIIEHTaMU -

HEWHOW KOMOWHAIINH.
Ecnu BekTop mpejicTaBiieH Kak JUHEHHAs KOMOWHAIMS HEKOTOPHIX BEKTO-
POB, TO TOBOPST, YTO OH PA3JIOKEH MO ITUM BEKTOpPAM.

Teopema 1. IlycTe naH HeHyJieBOM BekTOpd . JIF0OOW KOJUIMHEApHBINA emy

—

BEKTOp b mpeactaBieH B Buae b = odenun-

B C
CTBEHHBIM 00pa30oM. -
Teopema 2. J[r060# BEeKTOp 8 Ha IUIOCKO- )
CTU MOXeET OBITh Pa3JIoKeH MO JIBYyM HEKOJUIMHE- ?2
apHbBIM BEKTOpaM €, M €, E€IMHCTBEHHbIM o0pa- O f A
3OM. 1 Puc. 4.11

a=a]§] +a252.
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HekonnuHeapHble BEKTOpPBl €; U €, B3AThIE B OIpPENEICHHOM IMOPSIKE,

Ha3bIBAIOTCS 0a3nMcoM Ha IINIOCKOCTH, a KOB(i)(bI/IHI/IGHTBI JIMHEHHOU KOM6I/IH3.HI/II/I

KOOpAMHATaMHU BEKTOpa d B Oa3uce €; U €.
Teopema 3. Ecnu é€;, é,, €;Tpu HEKOMIUJIAHAPHBIE BEKTOPA, TO BCSIKUN YETBEPTHIN
BEKTOpP & PACKIAIBIBACTCS MO HUM M 3TO PA3JIOKEHHUE €IUHCTBEHHO.

ad=o€ + a,6, + as8;.

Onpenenenue:  JoOble [1Ba HEKOJUIMHEAPHBIX YHOPAJOYECHHBIX (B3SATHIX B

OIIPpCACICHHOM l'IOp}II[KC) BCKTOpPa Ha IINIOCKOCTH HA3bIBAIOTCA 0a3ucoM Ha JTOH

m10ckocTd. JItoOble Tpu HEKOMIUIaHApHbBIE YIOPSAJOUYEHHBIE BEKTOpPAa B MPOCTPAH-

CTBE HA3bIBAIOTCS 0a3MCcOM B IIPOCTPAHCTBEC.

Takum oOpa3oM, B HPOCTPaHCTBE C BBIOPAHHBIM 0azucoOM é€;,€,,€3 HaM

YAAJIOCh KAKIAOMY BCKTOPY IIOCTABUTH B COOTBCTCTBHC TpOﬁKy qUCCII - €TI0 KOOp-
JUHAT. Tenepb IIPHU BBIIIOJIHCHUH BBCJICHHBIX onepauﬂﬁ Haa BCKTOpaMH MOXHO

3aMCHHUTDb I'COMCTPUYCCKHUC ITIOCTPOCHUA aHAIIUTHYCCKUMH BBIPAKCHUAMMU.

IlycTh @ = €, + 0,8, + 38,0 = B8, + .6, + Subs,

Torna a+b = (o + B8 + (o, + 5,)8, + (a5 + B5)8E;

u Ad = (ﬂ,a])é] + (10{2)52 + (/1053)63.

Takum oOpa3zoM, MPU YMHOKEHUH BEKTOpa HA YUCJIO BCE €ro KOOPAMHATHI
YMHOJKAIOTCA Ha 3TO 4YHCJIO, a IIPHU CIIOKCHUN BCKTOPOB CKIIAABIBAIOTCA HMX COOT-
BCTCTBYIOIIUC KOOPAHWHATBI, CCJIM OHU OIIPCACICHBI OTHOCHTCIBHO OOAHOI'O U TOI'O
ke Oasuca.

lexapmoswl npsimoy2o1bHble KOOPOUHAMbL

OHDGI[GJ'IGHI/IG: HeKapTOBOﬁ CUCTEMOH KOOPpAWHAT HAa3bIBAKOTCA COBOKYII-

HOCTbh TOukHu M 0azuca. Touka O - Havyano koopauHat, OX,0y,0z - koopIUHATHBIE
ocu, Oxy,0yz, OXZ -koopAUHATHBIE TIJIOCKOCTH.
Ocp OX Ha3BIBAIOT OCKIO abcyucc, ock OY - ocbio opournam u ock OZ - 0ChIO
annaukam.
YacTo ucnonb3yeTcs B JEKapTOBOM CHCTEME KOOPANHAT, 0a3MCHBIE BEKTO-

PbL KOTOpOfI B3aMMHO NEPHCHAUKYISAPHBI U UMCIOT CAMHUYHBIC AJINMHBI:
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iLjLk, m:m:‘ﬂzl.
Pa3noxuM mpou3BOJIBHBINA BEKTOp @ Tpexmep- 3

HOT'O IIPOCTpAHCTBA IIO OpTaM. I[J'IH 9TOI0 IIO-

ctpouM BekTopOM , paBHBIII BekTOpYy @

(Puc.4.12). Torma d=xi +Vj+zk, wuHaue

BGKTOp é MOKHO 3aliucaTb B BHUC:
a=(xYy,2).

3 CANHCTBCHHOCTH PA3JIOKCHHUA BEKTOpPaA a 1o opTaM, CJICAyCT, 4TO CCIN

Puc.4.12

KOOP/IMHATBI JOOBIX JIBYX BEKTOPOB &(X,,Y,,Z,) ¥ D(X,,Yp,2Z,) PaBHbL T.e.
Xa=Xp, Ya=Yb ; Za=Zp, TO 3TH BEKTOPbI TOXKE PABHBI.

BekTop OM, uAynmi ot Havana Touku O K touke M (X,Y,Z) Ha3piBaeTCs
paouyc - 6eKmopom TOW TOYKH, U €r0 KOOPIMHATHI
OM (X,Y,Z) COBHAAIOT C COOTBETCTBYIOIIUMHU KOOP-
JTMHATaMHU TOYKU M.

[Iycts AB - BEKTOp, KOOpIMHATHI Hayaja M KOHIA

KOTOPOTO U3BECTHEI A(Xa, Y1, Z1) u

B(X2, Y2,Z2). Torma xoopamHaTel BekTopa AB X Puc. 4.13
BbIpaxatoTcs o popmynam: X =X, — %,Y =Y, —V,,Z =2, — 7.
13 puc. 4.13 BugHO, ut0 AB =T, +T,.
Vcronk3ys coiicTa mpoekuuit, umeem: X = I1p, AB = IIp,, (Tz - fl)= Xy — X, U
aHAJIOTMYHBIM OOpa3zom HaxomuMY =Y, —V;,Z =Z, — Z;.
Pasnoxenne BexTopa AB 1o opTam OyeT UMeTh Cleay oIyl B
AB = (%, —x,)I +(y, = y1)i +(z, —z, k.
ITepeMHOXKEHHE BEKTOPOB M CBOWCTBAa HE3aBHUCHUMOCTH BEKTOPOB MOAPOOHO

paccMaTpruBarOTCs B KypPCC BBICIICH MaTEMaTHUKHU.

3agaum

1. JlaHBI BEKTOPBI §=2i—4j+R U 5:—i+]+3E. Haiitn nme.
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2. Halitm xocuHyc yria, 00pa30BaHHOTO BEKTOPOM b=10i — 2/2 -]—GR U

ocero OZ.

3. JlaHbI BEeKTOpHI @ = 5] +k u b= i+ 4] + 3K . Haiitu KOCHHYC yTJia MEXIY

JMarOHASIMH TTapajlIeIorpaMMa, TIOCTPOCHHOTO Ha BEKTOpax d u b.
4. Jlauol BeKTOpl d=-6 1 —5K u b{5; J3; 6}. Brerauciuth HpB(a + b).

5. Haiitm kocuHyC yriia, 0Opa30BaHHOTO BEKTOPOM @ =3i- 2]+E U OCHIO
oYV.
6. Jlansl Bextopsl a=1{3; 1, -1} u b=-2i+ 3] + 4K . Haiitu KOCHHYC YTJIa,

00pa30BaHHOTO BEKTOpoM d + b m ockio OX.

7. JlaHbl BEKTOPBI AB=i- 3] +k U AC=2i+ 4] +k. Haiitu
up,_(AB + 2AC).

8. Brmumcnnts mpoeknuio BekTopa a=51+2]+5K  Ha ock BekTOpa
b=2i- j+2k.

9. OmnpenenuTh yroy MEXIy JUArOHAISME Mapajuie/iorpaMmma, MOoCTPOSHHOTO
Ha Bektopax d=31+4 ]J+5K nu b=4i+5j-3k.

10. Ompenenuth, MpU KAaKOM 3HAYCHMHM M BEKTOppl d=Mi+ ] u

b=3i- 3] + 4k NEPICHAUKYISIPHBI.

11. Onpenenuth, MpU KAKOM 3HAYCHUHM O BEKTOPHI é:ai—3j+_k> u
5{1; o, 2} B3aMMHO NEPIECHIUKYJIISPHBI.

12. JlaHb1 BEPIIVHBI TPEYTOJIbHUKA:
A(-1 —2; 4),B(-4; -2, 0),C(3; —2; 1). OnpenenuTs BHYTPEHHH yrom TIpH
BeplvHe B.

13. JlaHbl BepIIMHBI TPEYrOJbHUKA: A(3; 2; —3), B(5; 1 —1), C(l; - 2; 1).

OrnpenenuTs BHYTPEHHUM YToJl IPYU BEpIIMHE A.
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14. Haiftu BekTOop X, KOJUIMHEAPHBIA BEKTOPY a{2; 1; —l} U YJOBJICTBOPSIO-

M ycsioBuio X -a =3.

15. JlaHbl IB€ TOYKHU I\/I(— 5 7 — 6) u N(7; -9 9). Bprauciauth npoexuuto

BEKTOpa ﬁ{ 1, -3, 1} Ha och BekTopa MN.

—_

16. JlaHbl BEKTOPHI: & = 2i— 4] +k u b=—i+ ] + 3K . BeIuncIuTS mp_ . b.

17. HaiiTu oCcTphIii yroa Mexay AuaroHaasiMu mapajuiesorpaMmma, IOCTPOEH-

HOT'O0 Ha BEKTOpax 5{2; 1 0}, b= —j + R

18. Jlanbl Tpu BEeKTOpA: 5{3; -6, — 1}, 6{1; 4, — 5}, c=3i- 4] +12K . Haiitn
p, (é + B)

19. Jlanel Tpu BekTopa: a{l —3; 4}, b{3, —4;2}, C= —i+ j+4Kk. Haitn
1p b+¢ a.

20. HaliTi ocTpBIN yroa MeXay JUaroHaIsIMHU IapajuiejiorpaMMa, TOCTPOSHHO-
ro Ha BEKTOpax 5{2; 1; 0} u b= —2] +k.

21. Jlansl Tpu BexTopa: a{3;— 6;—1}, 5{1; 4, -5}, T= 3i- 4] +12K . Borartc-
JUTh TP, (6 + C).

—

22. HaiiTit BEKTOp X, 3Hasi, YTO OH NMEPICHINKYIISIpEH BekTopamM da=21—-K u
b=3]j
Y YIOBJICTBOPSIET YCIOBUIO X - (2i —j+ k): —B.

23. Haiitu BexTop X, KOJUTMHEApHBIN BekTopy 8 =21+ j—K u ymoBmeTBopsi-
IOIIHUK YCIIOBUIO X - b=6.

24. JlaHbl BEPILUMHBI TPEyroJIbHUKA!
A(—l; -2; 4), B(— 4, —2; O), C(3; - 2; 1). OnpenenuTe BHEMIHUN Yroa Mpu
BEpIIUHE A.

25. JlaHbl BEpUIMHBI TPEYTrOJIbHUKA: A(3; 2; —3), B(5; 1; —1), C(l; - 2; 1).

OnpenenuTs BHEIIHUI Yroa Opy BEPIIMHE A.
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26. Jlan BeKTOp §=31+2]—E Y TOYKHU M(3; -1 2) 5 N(4; - 2; l). Haiitu
mp_.a.
27. B TpeyroibHUKE C BepIIHHAMH A(2; -1 3), B;L 1, C(; 0; 5).

OnpenenuTs BHYTPEHHHI YroJl IpH BEpIIUHE A.

28. lansr BekTopsl a{l; —1; 2} m Db{2; —2; 1}. Haiitu mpoexumio BekTOpa

— —

€ =3d — b na nanpasnenue BexkTopa D.
29. lanbl Bepumnsl Tpeyroisauka: A(4; 1, 0), B(2; 2; 1), C(6; 3; 1) Haiitu

IIPOCKIHNIO BCKTOPA KB Ha CTOPOHY K

i+4i—5§, 6:3i+4j+2ﬁ.

30. JlaHbl BEKTOpHI  d = 30— 6] - E, b

Haiiti mpoexmuto Bektopa &+ C Ha Bektop b+ C.
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5. IOKA3ATEJ/IbHAS ®YHKIUS. IOKA3SATEJIBHBIE YPABHEHMUS
N HEPABEHCTBA

OmnpenesieHue ¥ cBOMCTBA NOKa3aTeJbHOM QyHKkUuM. ['paduk nokaszaresinb-

HOM (PYHKIIUH.

Oynkruio Buaa y = 8, rae a > 0 u a # 1, Ha3bIBAIOT noxkasamenbHoU GyHKyuel.

OcHOBHBIE CBOMCTBA MOKa3aTeIbHON QyHKIMHU Y = a%:

CBolicTBO a>1 O<ax<l1
ObnacTh omnpeneacHHs D(f) = (-o0; +00) D(f) = (-o0; +o0)
OO0acTb 3HAYCHHM E(f) = (0; +o0) E(f) = (0; +0)
MOHOTOHHOCTB Bospacraer Yo6niBaeT
HenpepbiBHOCTB HenpepriBras HenpeppiBHas

I'paduk noxkazarenbHOM PyHKIUMN

['padrixom nokazarenbHON PYHKIMU SBISAETCS 9KCHOHEHMA.

-

Y ¥
X X
y=4a y=4a
a=1 D<a<1
1 X I X
_-=..|-"" . |I|l""""'=-— *
0 0

Puc. 5.1. I'paduku nokazarenbHbIX (PYHKITHI (3KCTIOHEHTHI)

Pa3ziniuuHblie crioco0bl peleHnsi MOKa3aTeJbHbIX YPABHEHU U HEPABEHCTB.

IloxazamenvHbimu Ha3bIBAIOTCS YPaBHCHHA U HEPABCHCTBA, B KOTOPBIX HCU3BCCT-
Hadg IICPCMCHHAA HAaXOJAUTCA TOJIBKO B ITOKA3aTCIIAX KaKUX-JI100 CTEIIEHEH.
Pewenue noxkazamenvnvix ypa(meuuﬁ
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Teopema 1. ITokazarensHoe ypaBHenue a ' ® =a9® (rne a >0, a # 1) paBHOCKITB-
Ho ypaBHenuo f(x) = g(x).

OcHoBHBIE POPMYITBI U ICUCTBUS CO CTCTICHSIMHU:

a>0,b>0:
k
a’=1,1%=1; aH:r{/?(keZ,neN); a‘xz—x, a*-a¥=a""";
a
a_X:ax—y. (ax)y:axy. ax.bx:(ab)x. a_x:(gjx
a’ ’ ’ " b* \b)

OcHOBHBIE MeTO/IbI pPellIeHUsI MOKA3aTeJbHbIX YPABHEHHUI
Meron npuBeeHUs CTENEHENW K OJJUHAKOBOMY OCHOBAHHIO.
BriHecenne 00111ero MHOKUTEINS 3a CKOOKH.
Merton BBe1eHUS HOBOM ITIEPEMEHHOM.
MeTox OWIEHHOTO JEJICHHUS.
['padprueckuii meTo.
|. YpaBnenus Buga a’™=1. (MeToa npuBeJeHHsi cTelleHell K OJMHAKOBOMY
OCHOBAaHMIO).
Il. YpaBnenns Buga a’™=q* (MeToa NpuBeIeHHs CTeNeHeil K 0HHAKOBOMY
OCHOBAaHMIO).
I11. YpaBuenus Buga Aoa™* o + A1a™* +42a™; +  +A4na™* =M. (Bbinece-
HHe 001ero MHOKHMTEJIA 32 CKOOKH).
[IpuBeném oOLIMIT aNrOPUTM METO/Aa BBIHECEHMs OOILIEro MHOXKHUTENS 3a
cKOOKHU Ha TipumMepe ypaBHeHus Aoa™ Ky + A1a™H +4,a™H) + | +A4,a™ K =M:
BBIHECEM OOIIMI MHOXKHUTENb 3a CKOOKH: a™ (doa*s + A1a"y +A42a% + .
+A4na")=M;
0003HAaUNM BBIpaKeHHE B CKOOKax Aoako + A1a"y +A42a% +  +And . =N;
MOJICTaBUM 3aMEHY B U3HauajabHOe ypaBHeHue a™ N =M;
TIOJIYYHMM IPOCTeHIee mokasarensHoe ypaBHenue a™=M/N;
HAXOJIUM PEIICHUE ITOTO YpaBHEHUs Npu yciaoBuu, uto eciu M/N<0, To

YPAaBHEHHUE PEIICHUN HE UMEET.
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IV. Ypasuenus Buna Aoa> + Ara* +A42 =0. (MeTox BBeJeHHsI HOBOJ MepeMeH-
HOI).

[TpuBeném 00U aNropuT™M METOAA BBEJCHUSI HOBOW NMEPEMEHHON Ha MpH-
mepe ypaBHeHus Aoa™ + A1a* +A4, =0,

Ecnu B nmoka3arenbHOM ypaBHEHHUM BCE OCHOBAaHMS OJMHAKOBBI, a MOKa3aTe-
JIM CTENIEHEW — pa3HbIE, TO:

MPUBEINTE K OAHOMY IMOKA3aTENI CTEINEHU U IOJYYUTE YPaBHEHHE C
OJIMHAKOBBIMH OCHOBAHUSMU U OJJMHAKOBBIMU MMOKA3aTEIISIMU CTETICHEHN, HallpUMeEp
Ao (ax)2 + A1a* +A4, =0;

cleliaiiTe 3aMeHy MepeMEHHOM, Hanpumep a*=y;

peINTe YpaBHEHHUE OTHOCHTEIHLHO TON HOBOM mepeMeHHOM (Ao )? + A1y
+4, =0);

caenaiite oOpaTHYI0 3aMEHY IEPEMEHHON W TOJIy4YUTE COBOKYIHOCTH
IIPOCTENIINX MOKA3aTENbHBIX YPAaBHEHUM.

V. YpaBHenus Buaa Aoa* + A1a?0? +420*=0. (MeToa no4ieHHOr o JejieHusl).

OnHOpPOIHBIE YpaBHEHUSI BTOPOU CTETIEHU B OOIIIEM BUJI€ MOXKHO 3alMCaTh TaK:
AOaZf(x) i Aiaf(x)bf(x) 4 A2b2f(x) ~0

rie Ao, A1, A2, @ u b — HekoTophIe uKcia, MpuuéM a i b — MOI0KHUTEIbHBI U OT-

JINYHBI OT SIAWHUIIE.

UToOBI MPUNATH K TAKOMY BHUIY, IIOYTH BCET/1a ypaBHEHUE TpeOyeTcs peiBapu-

TeJIBHO TpeobpaszoBark. Yalle BCero ypaBHEHHUE 3alMCHIBAIOT B BUJIE
f
AOaZf(x) n Al(ab) (x) + Azbe(X) =0
3anumem IMPHU3HAKH, KOTOPBIC ITO3BOJIAT OTIMYUTL OJHOPOJHOC YPAaBHCHUC OT

YPaBHEHUN IPyroro BUAA.

[Ipu3HaKy OJJHOPOJHOTO MOKA3aTEJIbHOIO YPAaBHEHHUSI BTOPON CTEIIEHU

YpaBHEHHE COJICPIKUT POBHO TPU CTEIEHU C Pa3HBIMU OCHOBAHUSMU;
MOKa3aTeNld JByX CTEICHEW POBHO B JiBa pa3a OOJbIINe MOKa3aTeNsl TpeThen

CTEIICHU,
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OCHOBAaHHME ATOW TPEThCH CTEIEHH PaBHO MPOM3BEICHHUIO OCHOBAHUH JIBYX
JIPYTUX CTCIICHCH.
[TpuBeném OOIMI aNTOPUTM METOAa IOYWICHHOTO JICIICHUS Ha IMPUMEpPE
ypaBHenus Aoa* + A1a¥? b ¥ +4,b* =0,
Eciii B oka3aTeIbHOM YpaBHCHHM BCTPEUAIOTCS JBA PAa3HBIX OCHOBAHHUS CTE-
TICHEH ¢ pa3HBIMH ITOKA3aTeIISIMH, TO:
IMPUBEAUTE K OJUHAKOBBIM IIOKA3aTelIsIM CTEIECHEH W IMOJIyYUTe YpaBHE-
HUE C JIByMs pa3HBIMH OCHOBAaHUSMHU M OJIMHAKOBBIMH (MUIM KPATHBIMH) TIOKa3aTe-
JISIMU CTEIICHEH;
paszieauTe BCe YpaBHEHHUE MOWICHHO HAa MCHBIIIEE OCHOBAHUEC B CTCIICHH
ypaBHeHus (Harmpumep Ha b* ; 0). IIpeoOpa3yiite ApoOH C MOMOIILIO TOXICCTBA
CTCIICHU JAPOOM U IMOJIYYUTE MOKa3aTeIbHOE YpaBHCHHE C OJIMHAKOBBIMH OCHOBA-
HUSIMHU U OJMHAKOBBIMHM TIOKa3aTeNsMu creneneil (Ao(a/b)* + A1(a/b)”? +A4,=0);
caenaiite 3ameHny nepemennoit ((a/b)"*=y);
peIINTe ypaBHEHHE OTHOCHTENBHO 3TOi HOBOI mepemenHOM (Ag)? + A1y
+A4> =O);
caenaiite OoOpaTHYHO 3aMEHY IIEPEMCHHOM M IOJIYYUTE COBOKYITHOCTh
MPOCTEUIINX MOKA3aTEIIbHBIX YPABHCHUH.

V1. Ypasuenus Buaa a’™=f(x). (F'paduuecknii cnocod).

Pewienue noxkazamenvnvix Hepaeencmse.

OHDCHCHGHHGI HYCTB ad- JJAaHHOC MOJIOXKHUTCIbHOC, HC PaBHOC CAMHUILIC YUC-

no u b- manHoe nelicTBuTENBHOE uMcno. Torga HepaBeHcTBa a” >b (ax Zb) u

a*<b (ax < b) Ha3BIBAIOTCS NPOCMEUUUMY NOKA3AMENbHbIMU HEPABEHCMBAMU.
PemeHneM HepaBeHCTBA C HEM3BECTHBIM X HAa3bIBAIOT YUCIIO X,, IPH MOJ-

CTaHOBKE KOTOPOTO B HEPABEHCTBO IOJIy4aeTcs BEPHOE YUCIOBOE HEPABEHCTBO.
PeliTh HepaBeHCTBO - 3HAYUT, HANTH BCE €ro PeIleHHs MU I0Ka3aTh, UTO UX HeET.
Teopema 2. Eciu a > 1, To nepasenctso a '™ > a 9 ® papnocunsHo HepaBeHCTBY

toro xe cMmbicia: f(X) > g(x). Eciu 0 < a < 1, To nokazareabHOE HEPABEHCTBO
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a '™ >a 9% paprocubHO HEpaBEHCTBY MPOTUBONONOKHOTO cMblcha: f(X) < g(X).

Memoowl peutenua nokazameibHblX HEPABEHCHIE.
1. Iloka3aTejibHble HEPABEHCTBA, CBOASIIIUECS K MPOCTEHIIIUM.
2. MeToa BBeJleHUsI HOBOIi NepeMeHHOA.

MeToa BLIHECEHHS 00IIEro MHOKUTEJISA 32 CKOOKH.

MeToa MOYJIEHHOI 0 AeJICHHS.

MeToa pauuoHaJIU3aAIMH.

MeTo parMoHaIu3aIuy 3aKII09acTCs B 3aMEHE CIIOKHOTO BhIpaxeHus F(X)
Ha Oosiee mpoctoe BeipakeHue G(X), mpu kotopoit HepaBeHcTBO G(X)VO paBHO-
ciwibHO HepaBeHCTBY F(X)VO B oOmactu onpenenenus Beipaxenus F(X). [lox 3Ha-

KOM V IOJIpa3yMeBaeTcst OAUH U3 3HAKOB >,<,>,<.

u, -u, -...-u
JIr060€e HepaBeHCTBO NPUBOIUMO K BHIY ———2 v,
Vl * V2 Caant Vk
rae Ui,...,Un,V1,...,.Vk — HEKOTOpbIC (YHKIHMH. JOBOJIBHO YaCTO KaXKAyl0 M3 HHX

MO’KHO 3aMEHHTDH Ha APYTYIO 3HAKOCOBMAIAIONTYI0 (DYHKIIMIO HA 00JACTH Ompe/e-
nenus. [IpuBenéM OCHOBHBIE THIBI BBIPAXKEHUH, TSI KOTOPHIX MOXKHO HCIIOJIB30-
BaTh METO/] pallMOHATN3AIIH.

B niepBom crounbiie Tabmuibl — dyskius F(X), KoTopyro Mbl palluoHaTH3H-
pyeM. Bo Bropom cronbiie — dyukuus G(X) — 3HakocoBmagaroias ¢ QyHKIueh
F(x) na obnactu e€ onpenenenus. [Ipu 3TOM, HCIIONTB3YST METOT pallMOHAIM3AIINY,
HEJb3s 3a0bIBaTh MPO 001acTh onpeaenenus QyHkiui. [1pu pemenun 3aga4un uc-
XOJTHOE HEPABEHCTBO MPE0Opa3yeTcs B CHCTEMY: pallMOHATM3UPOBAHHOE HEPABEH-

ctBO 1 OJI3 nCX0AHOTO HEPABEHCTRA.

Boipa:kenue F Boipa:kenue G o013
h(x)™—h(x)?® (hGO—1)-(f(x)—-9(x)) h(x)>0
h(x)™-1 (h(x)—1)-f(x) h(x)>0
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F()"*—g(x)" (f()-9(x))-h(x) f(x)>0,9(x)>0

Teopema 3. ITokasarensHoe HepasenctBo a(x)' ™ >a(x)?™ pasrocuisHO Ccite-

a(x) >0,

TYIOIICH CHCTEME HepaBeHCTB: < a(X) #1,

23.

24.
25.
26.
27.
28.

29.

30.
31.
32.
33.

34.

35.
36.

(@(x) =(f (x) - g(x)) 2 0.

Fa
Pemmrn IMOKA34TEILHLIE VDABHCHHUA!
Y1ord—92z i)
V12582 = .

32—.3 — 6. 32.3 i 32.r+1_
2.6 +3.6"73=325.3"1,
4971 +55. 771 —56=0.
32:1'+5 _ 22.r+7 4 32.r+-4 _ 22.1:+=1 —().
4. 32.1: o 22:1'—1 o 32.1:+1 o 22:1' =)
3—=x
5 ]- T3
6v—2 — (g) +36°3 =66.

(27 — 22 42)" " = (22 — 22 +2)1*~6,
3.2% + 67 —2.3% =0.
H* —1=/6+42-5%.
x— 4|V 5 = | 4|2,
3
Haiiru npoussenenne kopueil ypasnenuns 710822 :I.
Haiitu cymmy xopueil ypasnenns /x — 1, 5(? +8.27% —6) =0.

2 b -
Haiitu cymmy xopreil ypasnems 27 2% 73 277+l =7, 95046
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HailTn HAMMEHDBIIHE [E/IbIE T, VIOBAETBOPAIONINE HEPABEHCTBAM:
24, 5*tl_3=+2-9.52__9.3=—1
25. 7:+2 . 8:+2 <6- Tz+l —7. 8.r+1_
26. 22* 3.2+ 2<0.
27. Qrtl_3z+3 -3z _3

9 2 4dx 8 x+2
28, [ = — )
5) (=)

b6 — 5
1
29. (0,2)3—=x {(E) :
30. 5Ye2551-Ve2oy
31. (z—3)"9>1.
32. (z+1)"*>1.

P(—L"H_[HTL IIEIJELBEIICTEEL!
33, 3Vetltl _9g4 32-vatl -

34. (z+1)=%<1.
6-4°  3.47 3
35. <

A2 1 “4e—1 47+1

=W
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JJOI'TAPUOMHUNYECKASA ®YHKIMUSA. TOTAPUOMHNYECKHUE YPAB-
HEHUA U HEPABEHCTBA

Omnpenenenue u cBoiicTBa Jjorapupmudeckoi pynkuuu. I'padux jgorapudg-

Mu4yeckoil pynkumu. Jlorapupmuueckas pyuxuus. Jlorapugmel.

Omnpenenenne: JlorapupmMoM MONOKUTEIBHOTO YHCcIa D Mo ocHoBaHUIO 4,

rae a > 0, a#l , Ha3pIBaeTCs MOKAa3aTelb CTETIEHH, B KOTOPYIO HAJI0 BO3BECTH YHC-
J10 @, 9TOOBI MOJYUYHUTH b.

1

1
Hanpumep: 10928 = 3, Tak xak 23 = 8; log 3 9 =2 rakkak32=9:
log;7 = 1, Tak kak 7* = 7.

|
°9:® — b, D0 paBencTBo crpa-

Omnpenenenue noraprupma MOKHO 3aMHCATh TAK: &
BeanuBo mpu a > 0, b > 0, a#1. Ero 00bIYHO Ha3bIBAIOT OCHOBHBIM JIOTapupMHu-
YEeCKHMM TOKAECTBOM.

JlelicTBre HaxOXIeHUs JoraprudmMa 4ucia Ha3pIBaIOT JOrapu(pMupoBaHuEM.
JleficTBHE HAXOXKIEHUS YUCIIA 110 €T0 JIorapu(pmMy Ha3bIBAIOT MOTEHIIUPOBAHNEM.
CaoiicTBa orapuMos.

[Ipu BeIMOTHEHUHU TTPEOOPa30BaHU BRIPAKEHHM, COAEpKANTUX JTOTapu (MBI, IPH
BBIUHCIICHUAX U MPH PEIIEHUHA YPABHEHHUIN YaCTO UCIIOJIb3YIOTCS Pa3IMYHbIE CBOM-
cTBa JorapugmoB. PacCMOTpUM OCHOBHBIE U3 HUX.

ITycts a >0, a#1 , b >0, ¢ >0, r — moboe aeiicTBuTenbHOE YKciao. Torma crpa-

BEJIJTUBBI (POPMYIJIbL:

lo E—Io b—log,C
gac_ Ya Ya log,b" =rlog, b

log, (bc)=1log, b+ log, ¢

JlecsaTUYHBIC U HATypaTIbHBIE JIOTAPU(PMBI.
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Jnst morapudMOB 4KCeN COCTaBJIEHBI CEIUaIbHbIE Ta0IUIIbI (Ta0aUIIbI Jorapud-
MOB). Jlorapru(dMbI BEIYUCISIOT TaK)Ke C TIOMOIIBIO MUKPOKAIBKYIATOpa. M B TOM
U B IPYTOM CITydae HaXOJATCS TOJBKO JIECITHYHBIE WM HATypaJIbHbBIC Jorapud-
MBI

Omnpenenenue: JlecaTHyHBIM JIOTapuMOM YHCIIa HA3BIBAIOT Jorapudm 3T0-

ro gucia no ocaoBanuto 10 u mumryT Ig b BMecto logieb.

Omnpenenenue: HarypanbHbiM JorapudMoM yuciaa Ha3bIBaIOT JoTapudm

9TOTO YHMCJIAa IO OCHOBAHHUIO €, IJIc € — HPPAUOHAIBHOE YHUCIIO, MPUOIMKEHHO
paBHoe 2,7. ITpu atom nmumyT In b BMecTo l0geh
HppanroHaibHOE YHCIIO0 € UTPAeT BAKHYIO POJIb B MATEMAaTHKE U €€ PUII0KCHHU-

sx. Uucio € MoKHO NpCACTaBUTh KaK CYMMY:

1 1 1 1
e=1+-+—+—-—+.. +———+... 1
1 1.2 1.2-3 1.2-3n yme=S1
e~2,7182818284.
I[OCT&TO‘-IHO 3HAThb 3HAYCHUA TOJIBKO ACCATUYHBIX HUJIN TOJIBKO HaTypaHBHBIX Jiora-

pudMOB umucesd, 4TOObl HAXOJIUTH JIOTApU(MBI YUCEN IO JHOOOMY OCHOBAHUIO.

Jns1 aTOro ucnosnap3yercs (popMyJia 3aMeHbl OCHOBAHUA JIorapugma:

log, b = log b w Tak log, b-log,a=1log. b,
log, a

rneb>0,a>0,a#l,c>0, c#l

CaeacrBust u3 GpopMyJibl 3aMeHbI OCHOBAHUA JIOrapudma.
[Tpu ¢ = 10 u C = e momy4aroTcst GopMyIIbl Iepexoa K ASCATUIHBIM U HATypaslb-

HBIM JIoTapudmam:

Igb

log,b=—"—, lo _Inb
Iga

b=—.
Ina

a

Jlorapudmuueckas pyHKIMs, €€ CBONCTBA U Tpaduk
B maremartuke U €€ NpuiI0oKEHUAX 4acTO BCTpeUaeTcs Jorapupmuyeckas QpyHk-

mus Y = 10ga X , rae a - 3apanHoe yucio, a > 0, a£l.
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Jlorapugmuueckas pyHKuus 00J1a1aeT CBOMCTBAMM:
1) O6usacTh onpeaeacHus JOrapupMUIECKON (YHKIIUH — MHOMXKECTBO BCEX MOJI0-

KUTCIBbHBIX YUCCII.

2) MHOXeCTBO 3HaYCHUH JIoTapu(PMUIecKor (PYHKIIMU — MHOKECTBO BCEX JICH-

CTBHUTCJIbBHBIX YHCCII.

3) Jlorapupmudeckas GyHKIUSA HE SBIISICTCS OTPAaHHYCHHOM.

4) Jlorapudmuyeckast pyukims Yy = 10ga X ABISICTCS BO3pacTaroIiel Ha MPOMEKYT-

ke (0;+o0) , ecir a > 1, m yoOwsBaromei, ecmm 0 < a < 1.

5) Eciu a > 1, To pyHkmwms Y = 10ga X MpUHUMAET MOJIOKHUTEIbHBIC 3HAYCHUS TIPU X
> 1, orpunatenbhbie mpu 0 < X < 1. Ecim 0 < a < 1, To ¢pyHkius Y = 10ga X npuHH-
MaeT MoJiokuTeNbHbIe 3HaueHus npu 0 < x < 1, orpuniarenabHsie npu x > 1.

Ocb Oy sBisieTcst BEpTUKAIBHON acuMITOTON Tpaduka yHKuu Y = 10ga X

vl y=log _x y
a1 y=log _x
1 1 O0<a=<l
1 1
a X d %
1 a - a 1
-1 -1

Puc. 6.1

OtmeTtum, uTo Tpaduk 000 orapudmudeckoii pyHkuu Yy = 10ga X mpoxoaut
yepe3 Touky (1; 0).

IIpu peuieHuy ypaBHEHHUM 4aCTO UCIIOIb3YETCs CIEAYIOIIAs TEOpEMA:

Teopema. Eciu 10ga X1 = 1002 X2, Tme a > 0, a#1 , X3 > 0, X2 > 0, T0 X1 = Xo.
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Jlorapudmuueckas pynkims Y = 10ga X 1 okazaTenbHas QyHkimsa y = a¥, rae a >
0, a#1 , B3auMHO 0OpAaTHBI.
PaziimyHbIe cl10CcO0bI pelieHus J0rapupMuyecKux ypaBHeHUl U Hepa-

BCHCTB.

OcCHOBHBIEC METO/IbI pPelIeHUsI JIOTapU(PMHUYECKNX YPABHEHMIA:
Ha ocHoBaHuM onpeneneHus Jorapudma.
Merton noTeHUMpPOBaHUSL.
MeTox MOCTaHOBKH.
Meton norapupmMupoBaHusi.
OcHoBHBIE IPaBUJIA:
. HyxHo Haiitu obnacte qomyctumbix 3uadenuit (O/13).
. C moMouipl0 OCHOBHBIX JIOrapupMUyYecKux (HOopMyJsl MPUBECTH B YPABHEHUU K
jgorapupMam ¢ OJMHAKOBBIM OCHOBAHHMEM CJIEBA U CIIpaBa OT 3HAKA PABEHCTBA.

. Ecin ITYHKT 2 HCBO3MOJXXCH, TO BBOAUTCA ITIOACTAHOBKA.

Pewenue nozapugpmuueckux nepagencme.
[Ipu pemennu norapuMUUECKUX HEPABEHCTB HEOOXOIMMO YUUTHIBATh, UTO

1.ecma >0, a #1, 10 loga f(x) > b <=> f(x)>a - O_f(x)_a.
a>1 O<a<1l

< <a® > gP
2.ecia > 0,a# 1, to logaf(x) <b <=> O_f(x)_a m f(x)_a .
a>1 O<axl

g(x)zh(x)  [h(x)=g(x)
3. 109 5% 9(X) > log 1 h(x) <=> h(X)> 0 154 g(X)> 0
f(x)>1 0< f(x)<1

g(x)<h(x)  [h(x)<g(x)
4. 109 19 9(X) <log 1o h(X) <=> {g(x)>0 u <h(x)>0
f(x)>1 0< f(x)<1
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5. 10g,(,) f(X)>0 = log, f(x)>log,)1 <=> {8<(p(x)<1 u {¢(X)>1.
<f(x)<1 [f(x)>1
MmeeTcs He MeHee 4 IPUHIMITHAILHO Pa3IMYHBIX THIIOB ITOIX0/1a K PEIICHUIO
Jorapu(pMHIECKUX HEPABEHCTB:
1. mepebop cimydaeB «OCHOBaHHUE OOJIBINE €IUHULIB, «KOCHOBAHHE MEHBIIIE €TNHU-
IBD»;
2. Iepexo]T K paBHOCHJIBHBIM COBOKYITHOCTSIM CHCTEM HEPaBEHCTB, HE COCpkKa-
KX JIOTapru(MOB, METO] pAIlIOHAIN3AIINY,
3. 00001ICHHBIA METOJ HUHTEPBAJIOB;
4. rpaduyeckuii METOA.
MeToa pauuoHAIU3aANMM.
Hamomuum, B mepBoM cToJ01e Tadauibl — (yHkiusa F(X), koTopyro MbI pa-
uoHam3upyeM. Bo Bropom cronbdue — dyHkims G(X) — 3HaKOCOBMAIaroOImas ¢
¢dyukuueit F(X) Ha obmactu e€ onpenenenus. [Ipu 3TOM, UCTIOIB3YsT METOJT PaIHO-

HaJIU3allU, HEIb34 3a0bIBATh PO 00JIACTh ONpeAeieHNus (PYHKIUIA.

Boipakenue F Boipaxkenune G o3
f(x)>0,0(x)>0,h(x)>0,
10gnf(X)—Tognxg (x) (h()—1)-(f(x)~g(x)) 20709602009
h(x)£1
loghpf(x)—1 (h()—1)-(f(x)—h(x)) f(x)>0,h(x)>0,h(x)#1
10hf(¥) (h(o—1)-(F0-1) f(X)>0,n(x)>0,n(x)#1
h(x)>0, f(x)>0,f(x)#1,
10g1nh(X)~loggh(X)|(fF(x)—1)-(9(x)~1)-(h(x)~1)-(9g(x)—f(x))
9()>0,g(0#1

Teopema 1. JIorapudmuieckoe HepaBEHCTBO
IOga(x) f(X) 2 IOga(x) g(x)
PaBHOCWJIHHO CIEAYIONIECH CUCTEME HEPABEHCTB:
a(x)>0,
a(x) =1,
f(x) >0,
g(x) >0,
(a(x) -D(f (x) - g(x)) = 0.
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Hepasenctsy log,,,) f (x)- 109, (x) y(x)<0

)

)
COOTBCTCTBYCT PABHOCUJIbHAA CUCTCMaA y(X) >0

)

)

Pewenue noxazamenvno-nozapugpmuueckux HepaseHcme

PaccmarpuBasi mokazaTenbHO-TOTapu(pMUYECKUE YpPABHEHUS, Mbl OTMETHIIH,
YTO JJI UX PEIIEHUS HUCIOJb3yeTCsl METOA JorapugMHupoBaHUs O0EUX dYacTen
YPaBHEHHMS M0 OJHOMY M TOMY K€ OCHOBAHHUIO. DTOT METOJ INPUMEHSETCS U JJIA

PCLICHUS nOKa3ameabHo-102apudpmuueckux nepasencms. 3nech takxke f(x) >0
u g(x)>0 wu mnepexomum ot HepaBeHctBa T (X)>Qg(X)k HepaBeHCTBY
log, f(x)>log, g(x), eciu a > 1 u k HepaBenctBy log, f(x)<log, g(x), ecimu

O<axl.
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PEH_[HTIJ }’[Jﬂ.EIIEIIHH:

log,(2x+1) —log, z=log, 64.

logs x —log, = — 2=0.

4log, r? =logs(—z)+16.

log, 44=log, 5log, 11 —2log,(x —2).

lng%[.'}(?:r. +1)]+log 5 3=logy(2r+1)>.

Al L

19
6. log;;r+loggr+log, r= 12

1 . 1 1
7. 5 logy z2 +3log, V/x _nglﬂgg 8 —log, 16

8. lngg(:c—l—l}—log%(:c—B):lcgg 12.
2(3:+l}_3
2r—3

9. log,[(z+1)(2z—3)]+log,

Hailrn nanbonnmme kopun ypasnenuii:
11. log2z—log, Ji_ 3=2loe:3
12. log, x+log, 9= L.
13. lg?z2—1gz®+1=0.
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Haittu nanbobime nespie x, yI0BIETBOPSIONINE HEPABEHCTBAM:
8. lg5%** —1g25>1g5%* 2 +1g5.
9. (z+1)log,,3—logg,27=0.
10. logg(x?—x)<1.
11. 5198:Ce=b <7
12. log,log z(z—1)<1.
PE.T_L[HTI_: HepaBelcTBa.:

14. log,(2z+4) +logy(x+1) <logy(4—z).
15. logq(2x+18)—logq (z+5)<logq (6 —x).

2 2
Hafitn nanmennime MEJILIE T, VIOBJIETBOPAIONINE HEPABEHCTBAM:

3
16. logq(r+2)—logy(z+2)=> ~3

3
17. log, {(b—xz)>1.
18. log,, {(3—2z)<1.
19. log, 5(2x—9)<1.
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7. TPUTOHOMETPUYECKHUE ®YHKIUU. YPABHEHUSA U HEPA-
BEHCTBA, COAEPKAIIME TPUTOHOMETPUYECKHUE ®YHKIIUN

IHocTpoenue rpagukoB TPUTOHOMETPHYECKUX (PYHKIUIA.

Cunycom octporo yriia ¢ Ha3bIBaeTCsl OTHOILIEHUE JJIMHBI KaTeTa, MPOTUBOJIE-
KaIIero yriay ¢, K JJIMHE TUIIOTEHY3bl MPSIMOYTOIBHOTO TPEYrOJbHUKA C OCTPBHIM
yrjaoM @, 1 0003Ha4daroT Sing. OTHOIICHUE JJTMHBI MIPUJICIKAIIECTO K YIIIy ¢ KaTreTa
K TUIIOTEHY3€ Ha3bIBACTCS KOCUHYcom Yyria ¢, obo3HayaioT COS@. Tanzencom
OCTPOrO YIja ¢p Ha3bIBAE€TCSI OTHOILLICHHUE JJIMHBI KaTE€Ta, MPOTHUBOJIECKAILIETO K YTy
¢, ¥ KareTa, Ipuiiexkamniero Kk atomy yriy (tge). O0paTHOE OTHOIIEHUE JJIMH KaTe-
Ta, MPUJIEKAILETO K YIIIy ¢, U KaTeTa MPOTUBOJIEKAIIETO, Ha3bIBACTCS KOMAH2EH-

com (ctgo).

KpOMe CHUHYyCa, KOCHUHYCA, TAHI'CHCA M KOTAHI'CHCA HCIIOJB3YIOT CHIC CEeKaHC

seco =

U KocekaHnc CoSecp = ——.
CoS @ sing

BripaxkeHue, B KOTOPOM TEpEeMEHHas COACPKUTCS O]l 3HAKOM TPUTOHOMETPHUY-
CKUX (YHKIIUN, HA3BIBACTCS] MPUSOHOMEMPUYECKUM.
Cornacno teopeme IIudaropa uz pucynkka (Puc.7.1) cnemnyer:

— BEpILIMHA yIJia ¢ NPAMOYTOJIBHOIO TPEYTrOJIbHUKA

A
COBMEILIEHA C Ha4YaJIOM KOOPAVHAT, ¥ 1
: I—

— IANOTEHY3a TPEYTOJIbHUKA, ABIISIOIaica Takke 1 5111 .;1'5
paguycoM OKPY>KHOCTH, paBHA eAMHULE, I = 1, 1;25
— KOCHUHYC SABJIAETCS MPOCKUMUEN PaNyCca Ha OCh -

cosgp X
a0cruce,

Puc. 7.1

— CHHYC SIBJII€TCSI MPOEKLIUEN paJnyca Ha OCh Op-

JIMHAT.
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Bcé at10 I[MpaBHUJIBHO, HO IIOKa TOJIBKO IJIsI OCTPBIX YIJIOB, KOr'la paauycC-

TUIIOTCHY3a HAXOIUTCS B HepBOﬁ YCTBCPTH.

3HaKkoBas XapaKTepUCTHKA TPUTOHOMETPHYECCKUX PYHKIIUIA.

¥4 V4 V4
I I I
AN AR AR
NPANDASNNIPA
" I " I " I

sin oL COS QL tga,ctga

Hauoosee BaskHble cBOMCTBA M rPAQUKH TPUTOHOMETPUYECKUX (PYHKIIHI

®yuk- | Ob6aacre |O0Ogactb|YéTHOCTD, | [lepu- | I'padpuxku pynkumii
HUd  [onpeaejeHus| 3HaYe- HEYeT- o, T
HUM HOCThb
y = sinx (—o00, o) [-1, 1] | neuérHas

y = COSX (—o0, o0) [-1, 1] yéTHaA

y=tgx | (-0, o)3a | (-0, ) | HEuéTHAsA
UCKJTIOYCHH-

€M TOYCK

N + /2,

371€Ch N IEJI0E

y=ctgx | (-o0,0)3a | (—0, ) | HeuCTHas
UCKITIOYCHH-

€M TOYeK 7,

3JCCh N 1eynoe
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O06o01IeHne cuTyaluu Ha ciydaid JioOBIX yT- /}L— T
JIOB OYEBHUJIHBIM 00Opa3zoM cieayet u3 pucynka (Puc. , . sin ¢ =(
7.2), a IMEHHO, IS JIIOOBIX YIJIOB KOCHHYC, — IIPO- { cos o _{D‘\gj "‘X
CKIMS SJIMHUYHOTO paamyca Ha och aodcmuce (OX), \
CUHYC — TIPOCKITUS €IMHUYHOTO paguyca Ha OCh Op- =ﬁ_/
nuHat (Oy), npuyéM B TeX Cilydasx, KOraa MPOSKIIHs Puc. 7.2

MIOTIA1aeT B OTPHUIIATEIBHYIO 00JIACTh KOOPJIMHATHBIX OCeH, (PyHKIUSM MPUTIHCHI-
BAeTCsI 3HAK MUHYC.

Oyuxkius f(X) HaspiBaeTes uétHoi, ecm f(—x) = f(X), u HeuérHou, ecmn f(—
X) = —f(X). I'paduk "étHOU PyHKIIMM CUMMETpHUYEH OTHOCHTEIBHO OCH OPJIUHAT
(Oy), a rpaduk He4€THOIN (QYHKINU CUMMETPUYEH OTHOCUTEIHHO Hadaia KOOp/Iu-
HaT. 13 rpadmKOB BUIAHO, YTO KOCUHYC SIBJISIETCS YETHOW (PyHKIMEH, a CUHYC, TaH-

T'€HC M KOTAHI'€HC — HCYETHEIE.

T
Teopema 1. 1 Eciiu T - ocHoBHo# nepuon ¢ynkiuu f(X), To yucio M

SIBIIICTCSI OCHOBHBIM TteprojioM pyukmun f (kx +Db).

Ilepuonpr ¢yukmuit T, u T, Ha3pIBalOTCS COU3MEPUMBIMH, €CIU
CYILLECTBYIOT HaTypaJIbHbIE Yiciia M u N, yto mT, =nT, =T .

Teopema 2. 2 Ecim mepuoamueckue ¢yakmun f,(x) u f,(X), umeror
cousmepumbie T, u T,, TO OHU UMEIOT OOImMI mepuog mT, =nT, =T, KOTOPbIA
sBisiercst mepuoaom ¢ynkmmit f(x)+ f,(x), f,(x)— f,(x), f,(x)- f,(X).

B Teopeme roBoputcs 0 TOM, uUTO | SBISIETCS MEPUOAOM (DYHKIIMU
LX)+ f,(x), f,(x)-f,(x), f(x)-f,(X), u He o0s13aTeNbHO SBISETCS
OCHOBHBIM TteproioM. HammpumMep, ocHOBHOM niepro1 GyHKIKHA COSX u SIiNX - 27,

a OCHOBHOM NIEPUOJ UX ITPOU3BEACHUSA - 7T .
B oTnunuue ot TpuroHoMeTpudeckux GyHKUUNA 00paTHbIE TPUTOHOMETpUYE-

CKHC (bYHKHHH HC ABJIAIOTCA IICPUOIUICCKUMHU.
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Haub6oJ1ee BaskHbIe CBOMCTBA U rPaUKN 00PATHHIX TPUTOHOMETPHYECKUX

pyHKuuin
®yukuusa | OdgacTb Oobaacre | YéTHOCTD, I'papuxn pyHkumi
onpeaesieHus1 3HAYCHUN [HEYETHOCTD
=arcsin x| Xel|-11 7 || HeuérHas 2 £
g = ye [— 5 ; ) ' : \/ -
2 140 1 2
R
y =arccos x| xe|[-11] ye [0;z] |o6mero Bu- =
ma  arc- ~L
cos(-a) = z- 1 0 1
arccos a
- : " =
y=arctg x | xe (— oo,oo) ( T nj HEYETHAS | I |
Ye|l—55 i
2 2 4] 2| o2 4
-1 0
—_ . . T
y = arcctg x| xe (— oo,oo) ye (O, 7z) o0111ero BU- BN
o
ma arcctg(- :
\\M__h
a)= r- 1 ) ) ) TR
arcctg a

IIpeoOpa3oBaHue TPUTOHOMETPUUYECKHUX BhIPAKEHUIA.

OCHOBHBIC TPUTOHOMET

pu4yeckue popmMybl:
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sin x+cos? x =1 tgx - ctgx =1

sin X COS X
tgx=—— ctgx =——
COS X sin X
1
2 2
1+t9°x=— 1+ctg xX=—
COS“ X sin” x

ITone3nsl Takxke popMyJibl IPUBEIEHHUs, KOTOPHIE MO3BOJISIIOT BBIPA3UTh 3HA-
YeHHs] TPUTOHOMETPHUUECKUX (QYHKIUI 17151 TI0OBIX YTJIOB Yepe3 3HAUCHUS TPUTO-
HOMETPHUYECKHX (DYHKIUI YTJIOB IEPBOM YETBEPTH.

Hanpumep: cos(180°+ ) = cos 180°- cosa — sin180°- sina =

(1) - cosa — 0 - sina = — cosa.

Uto6b! n36€XaTh HEOOXOIUMOCTH IOJIB30BATHCS MTOTI0OHBIMU pacyETaMu, IPUMeE-

HSFOT MHEMOHHMYECKOE ITPABUJIO:

1. Eciiu BeIUMCIIsIeTCsl TpUroHOMeTpruieckue GpyHkuuu yriioB 90° + a unum 270° + o

, TO CHHYC MEHSETCSl HA KOCUHYC, KOCUHYC Ha CHHYC, TAHI'€HC Ha KOTaHI'€HC, KO-

TaHreHC Ha TaHreHc. B cioydae yrnoB 180° + a wim 360° + a pyHKIMU ocTaroTcs

HEU3MEHHBIMH, T.€. CHHYC OCTaETCSl CHHYCOM U T.II.

2. 3HaK pe3ysbTaTa TaKOM ke, KaK Y UCXOIHOM (YHKIIUU B TOM YE€TBEPTHU, B KOTO-

PYIO MONAgaeT UCXOIHBIA YTOJI.

Hanpumep: cos(180°— a) = — cosa.

Kocunyc ocraérest kocunycom, moromy uro 180°. Mcxomaubiit yromn (180°— a) Bo

BTOPOM YETBEPTH, II€ KOCUHYC, UCXOHAsA (DYHKIIMS, OTpULATENIbHA, IOATOMY 3HAK

MUHYC.

IlepeBoa rpaaycHoii Mephbl yrja B paAuaHHYI0 U 00paTHO.

[Tyctb oo — rpanycHast Mepa yria, f — pajuaHHas, TOr/ia ClIpaBeaIuBbl popmy-
7o . 180

el B = B :Tﬁ’ rae 1pao~57°, 1° = 0,017 paod, = =180°,

7 =3141592653589793238462643383279%.

(I)OpMy.]'lbI CJIOKCHUSA U BHIYUTAHUA aprMeHTOB:
sin(x+ y)=sinxcosy xsinycosx ) tgx = tgy
cos(x + y)=cosxcosy Fsinxsiny 1F tgxtgy
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IIpeoOpa3zoBanue cymMMbl (PA3HOCTH) TPUTOHOMETPUYECKUX (PYHKIHUI B MPO-

u3BeaeHue:
: : . X*E XF
sinxxsiny=2sin Zycos 2y X+y . X—Y
COS X —COS Y =—28in sin :
X+y  X—y 2 2
COSX + COSY = 2C0S 5 cos >

IIpeoOpa3oBanue npou3BeIeHUsi TPUTOHOMETPHYECKUX (PYHKIMHA B CYMMY:

. 1
sinxsiny = =(cos(x — y) — cos(x + y)) 1
21 sin xcosyza(sin(x+ y) +sin(x - y)).
COSXCOSY = E(cos(x —y) +cos(x +Y))

®opMyJibl IBOMHOIO ApryMeHTa:

SiN2X = 2Sin XCOS X a2 2tgx
_ _ g2x = .
c0s2X =052 X —sin® x =1—2sin? x = 2cos? x —1 1—tg?x

q)OpMyJ'lbI INOHMKCHUA CTCIICHU:

_— 1-cos2x 5 1+ cos2x 5 1-—cos2x
sin“ x=——— COS“" X=——— tgX="-—-—-.
1+ cos2x

®opMyJIbI MOJOBHHHOIO yIJja:

. Xy, |1—=cos(Xx). Xy, [1+cos(X).
Sm(E)_i‘/—z ,cos(z)—i‘/—2 ;

X, , [1—cos(X). Xy _ . |L+cos(X),
tg(E)_i\/hcos(x)’ Ctg(2)_i\/1—cos(x)'

X, 1-cos(x) sin(x) . X, sin(x) 1+ cos(x)

9= sin(x)  1+cos(x)’ Ctg(E)_l—COS(X)_ sin(x)

3amMeHa YCpe3 TAHI'CHC IMOJIOBUHHOTO yIJIa:
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1.

29(2) 20tg(,) 1-19°(0)

sin(@) =—=—;  sin(@)=—~%—; cos(a) =—=;
2, X 2, o O
1+1tg (E) 1+ ctg (E) 1+1g (E)
ctg?(7) -1 2tg(%) 2ctg(7)
cos(@) = ——2—; tg(@)=——2 —; tg(@)=—2—;
2 2 2
ctg (§)+1 1-1tg (E) ctg (5)—1
1-19%(7) ctg?(7) -1
ctg(a) = —2; ctg(a) = —2;
29(2) 20tg(,)

CooTHoLICHUA 11 OOPATHBIX TPMTOHOMETPHYECKHUX (PYHKIIUM:
cos(arccosx)=x; arccos(cosx)=x; sin(arcsin x)=x; arcsin(sin x)= x;
tg(arctgx)=x; arctg(tgx)=x; ctg(arcctgx)=x; arcctg(ctgx)= x;
T

: T
arcsin X + arccos X = 5 ; arctgx+ arcctgx = E;

sin(arccos x) = cos(arcsinx)=~+1-x?; tg(arcctgx) = ctg(arctgx)=

X | =

Jlost perieHus 3a1a49 Ha YIPOIIEHWE TPUTOHOMETPUICCKUX BBIPAKEHUHN TpeOyeTcs
JIOCTaTOYHO XOPOIIO 3HATh MpaBHiia MPeoOpa3oBaHUs AITreOpandecKuX BbIpaXKe-
HUW U TpUTOHOMETpUUYeckre GopMybl (YyMETh IPUMEHSATh UX KaK IO OJIHOM, TaK U
B KOMILJIEKCE).

IIpocreiiimue TPUroHOMETPUYECKHE YPABHEHHS M HEPABEHCTBA.
Tpuzonomempuueckue ypasrnenus.

Cnoco0bl penieHUsi TPUTOHOMETPUYECKHUX YPABHEHUI:

Pemenne npocreiiinx TPMrOHOMETPUYECKUX YPABHEHUH
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sinx=a; =  x=(-1)arcsina+ zk;

COSX = a; = X =z+arccosa + 27K;

rae keZ.
tgx = a; = X = arctgx + zk;
ctgx = a; = X = arcctgx + zk;

Oco60 OTMCTHUM HCKOTOPBIC YaCTHBIC ClIydyan QJICMCHTPAHBIX

TPUTOHOMCTPHUUICCKHUX ypaBHCHHﬁ, Koraa pCmcHHUC MOKCT OBITH 3aImMcaHo 0Oe3

pUMEHEHUs 00mux GopMyI:

sinx=0= X =7k, sinle:x:%+2nk, sinx:—1:>x:—£+27zk,

cossz:xz%wzk, COSX=1=>x=27K, cosx=-1= X=rx+ 27K,
T T

tgx=0= x = 7K, tgx:1:>xzz+7zk, tgx:—1:>x:—z+7zk,

ctgsz:xz%wzk, Cth:1:>X:%+7zk, Cth:—l:X:—%+7zk,

rne keZ.
2. Ecnm ypaBHeHUE B pe3ysbTaTe CBOAUTCS K BHAY SiN'Y =Sin Z, audo COSY =C0SzZ,

Jaubo tgy =tgz, qmbdo ctgy =ctgz, rue y

sin
U Z - BRIpQKEHUS OT HEM3BECTHOTO X.

z y y
U3 sToOTO CIeayer, 4to fﬁ /‘ ‘7\
siny=sinz < {yzz+2”k’ Q_j Q’y

y=1—17+27K. z
Puc. 7.3 Puc. 7.4

Cos

COSYy=C0SZ < Yy==z+27K. _
! ctg

tgy=tgz < y=z+k /\}if /'7;\
5

ctigy=ctgz < y=z+ k. }<G /0
z / Z, . ../

T'nekeZ. g
3 Puc. 7

pHMMeHeHHe CBOMCTB TPUTOHOMETPHYECKUX PYHKIUIA.

Ecnu ypaBaenue umeet Bun f(t)=g(t), f u g — cocraBiieHsl U3 TpuroHOMeT-

PUYECKUX BBIpAXKEHUU. PelieHre MOXKHO HalTH cpean TeX t, KOTOpbIE YIOBIETBO-
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pstot ypaBuenusam f(t)=a; g(t)=a, rae a — neHcTBUTEIBHOE YNCIIO, PUHAIICHKA-
iee odnactsam 3unadenuit f(t) u g(t).

Pa3noxeHne Ha MHOXXUTeNun.

MCTOI[ PaA3J0KCHHUA Ha MHOXKCTCIN 3aKIII0YacTCsa B CICAYIOOICM: CCJIIU

f(x)= f,(X)f,(x)... T, (X),T0 Bcsixkoe pemenue ypaBHenus f(X) = OsBusercs
pemienue copokynHoctu ypasuenuit f (x) =0, f,(x)=0, ..., f (x)=0.

OOpatHOe yTBEp:KIEHHE, BOOOIIE TOBOPS HEBEPHO: HE BCSIKOE PEIICHHE
COBOKYIMHOCTU SIBJIIETCSI PELICHUEM YpaBHEHUS. OJTO OOBICHAETCS TEM, 4YTO
pelIeHUs] OTICNIbHBIX YpPaBHEHUH MOIYT HE BXOAMTH B O0JIaCTh OIpENEICHMUS
byakmun f (X).

P
elIeHHEe TPUIOHOMETPHYECKHX YPABHEHMI ¢ MOMOIIBLIO PAa3HOOOPA3HBIX TPH-
rOHOMeTpHYeCKuX (popmy.I.

[Ipy  pemieHun  psga  ypaBHEHUU MPUMEHSIOTCS BCEBO3MOKHBIE
TpUTrOHOMeTpUUYecKkre GopMyIibl. PaccMOTpUM HEKOTOPBIE U3 HUX.
a) IlpuMeHeHre TPUTOHOMETPHUYECKHX (POpPMYJ Npeodpa3oBaHUA CYyMMbI H
PA3HOCTH TPUTOHOMETPHYECKUX (PYHKIMH B IPOU3BE/ICHHE.
0) Pemenue ypaBHeHU peoOpa3zoBaHUEM TPOU3BEICHUSI TPUTOHOMETPUUECKHIX
(GyHKLHIA B CyMMY.
MeTtox BBeleHUsI HOBBIX IepeMeHHBbIX.

Merton BBeieHHSI HOBBIX MEPEMEHHBIX MO3BOJIAET MPEoOpPa30BaTh UCXOIHOE
TPUTOHOMETPUYECKOE YPABHEHUE B IPYTOM TUI ypaBHEHUU. [Ipu 3TOM BakeH BBI-
OOp OCHOBHOTO BBIPa)KEHUS, YEPE3 KOTOPOE BHIPAKAIOTCS OCTAIbHBIC YACTH ypaB-
HeHus. Yao0Hee CBOAUTH K BHUJY, KOTJA TakKe 3aBUCUMOCTH SIBISIIOTCS Palyo-
HaIbHBEIMU. B wacTHOCTH 0003HaunM uepe3 R(COSX, SINX) paroHaIbHOE BhIpaXe-
HHUE OTHOCHTEIBHO COSX U SINX, TO €CTh BBIpaXKCHNUE, MOJTydaromieecs u3 COSX u Sinx
Y MOCTOSTHHBIX C IMOMOIIbIO OTEepaluil CI0KEeHHs, YMHOKEeHUsS U aesieHus. Koneu-
HO, TpeOyeTcs KOHTPOJIb 3a 00JIACTHIO OMPECIICHUS U MHOXECTBOM PEILICHUH.

a) Paccmorpum ypasnenue Buaa R(cosx, sin?" x)=0 u R(cos?" x, sin x)=0.
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B HEKOTOPHIX CIIyYasxX yJaeTCs CBECTU TAKOE yPABHEHUE K PALMOHAIBHOMY
YPaBHEHHIO OTHOCHTENIBHO SiNX mimu COSX. MHorma ymoOHO pYKOBOICTBOBATHCS
CJIEIYIOIUM IIPaBUIOM BBIOOPA MOJACTAHOBKM. ECIM COSX BXOAUT B YPaBHCHHE B
YETHBIX CTEIEHSX, TO 3aMEHss BCIOLY COS?X Ha 1-Sin?X, MOIydMM palMOHAIBHOE
ypaBHEHHE OTHOCUTENBHO SiNX. Ecim sxe SiNX BXOAWUT B ypaBHEHHUE JIUIIb B YETHBIX
CTEINEHsX, TO 3aMeHa SiN?X Ha 1-COS?X MPUBOIUT YpaBHEHUE K PALMOHAILHOMY BH-
1y OTHOCHTEIILHO COSX.

0) Paccmorpum ypasuenune Buaa R(tg x, cos 2M, sin?" x)=0.

Eciu B ypaBHEHUM BCTPEYAKOTCS TOIBKO tQ X, YETHBIE CTENEHU CHHYCOB U

KOCHHYCOB, CHHYCBHI U KOCHHYCHI JBOMHBIX YIJIOB, TO MOXKHO IIPEHTH K palyo-

HAJILHOMY YPaBHEHHIO C TIOMOIIIBIO TIOJICTAHOBKHU: Y = tgX.
B) YpaBuenue Buaa R (Sinx£Cosx; sinxcosx)=0.
Pemaercst cnemyromeii 3ameHoit SINX+COSX =Y, (Sin X + cos x)2 =y z
1+ 2sin xcosx = y?, +£2sin xcosx = y* —1.
r) YHuBepcajbHasi TPUTOHOMETpHYECKasl MOJICTAHOBKA.

X
Ot1o0 nmoacTaHoBKa t =1( Py OHa Mo3BOJISIET CBECTH K PAllMOHATILHOMY ypaBHE-

HUI0 JTI000¢e ypaBHeHue R(SinX, cosx)=0. Ecnu x#7+2 7k, K €Z, TO CripaBeIJIMBBI

TOXKIIECTBA
X ) X
SInNX = X: 7 COSX = X: 5 -
1+tg22 1+t 1+t922 1+t

[Tocne pemeHns HaI0 MPOBEPUTH OTACIBHO SBISAIOTCS U X=7+2 TK, KEZ,
pELIEHUAMHU UCXOTHOT'O YPABHEHHUS.
a) OaHOpOAHBbIE TPUTOHOMETPHYECCKHE YPABHEHHUS.

OnHOpoHOE ypaBHEHHE — 3TO YPAaBHEHHME, B KOTOPOM KaXKJO€ CllaraeMoe

HMCCT OJIHY U TYXKC CTCIICHDb.

a,sin" x + a,sin"' xcosx + a, sin""? xcos® X + ...+ a,_; sin xcos" " x + a, cos" x =0,
TIe 8,;8,;8,;...;8, - JCUCTBUTEIbHBIC YMCIA. N - TIOKA3aTelb OJHOPOJIHOCTH.
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ScHo, uro ecnu a, = 0, TO ypaBHEHHE TPUMET BU/L:
cos x(alsin "X +a,sin"?X-cos'X +...+a, ;Sin X-cos" X +a, cos”’lX)= 0,
PEIICHUSAMHA KOTOPOT'O SABJIAIOTCA 3HAYCHWA X, ITPpHU KOTOPBIX COSX = 0, T. €. yucjia

T
X = E+7zn, NeZ. Bropoe ypaBHEHHE, 3alIMCAHHOE B CKOOKax TakKXe SIBIISETCA

OIHOPOAHBIM, HO CTCIICHHW HaA 1 amxe. Ecim xe ao F 0, TO OTH 4YHCJIa HE ABJIAIOTCA

KOPHSIMHU ypaBHEHHUS.
T i
N waobopoT, pu X = 5 + /M momyyuM: COSX =0, SINX =1 u B UCXOIHOM
ypaBHeHUH a, =0.

V2
Urak, mpu a, #0, X# 5 + 7N, cleA0BaTENbHO, COSX # 0, IOITOMY MOKHO

paszenuTh 00€e yacTH ypaBHeHHs Ha COS" X. B pesyibrare mojyyaeM ypaBHEHHUE:
atg"x +atg" X+ atg" ix+...+a. .tgx+a. =0
otd 119 219 -+ T ap410 n =
KOTOPOE, MOACTAHOBKON tQX = Y JIETKO CBOJUTCS K aarebpanyecKoMy:

a,y" +a,y"+a,y"?+...+a,,y+a, =0.

OO0HOpOoOHbLIM mpucoHomMempuyeckum ypasHenuem 1-oii cmenenu Ha3bIBaeT-
csl ypaBHEeHHe BHja: a-Sinx+h-cosx=0.

[Tyctp, Hanpumep, a#0. Torna ypaBHEHHIO HE yIOBIETBOPSIOT T€ X, IS KO-
Topbix COSX=0. IlomenuB Ha COSX 00€ 4YAacTH YpaBHEHHsI TOJYYUM YypaBHEHHE
a-tgx+b=0.

O0HOPOOHBIM YpaBHeHUeM 2-01i cmeneny Ha3bIBaeTCsl ypaBHEHHUE BUIA!
a-sin’x+b-sinx-cosx+c-cosx=0.

Ecim a#0, torma pazgenum o0Oe yacTd ypaBHEHHUS Ha cos’ X, MOJTy4YUM

ypaBHeHHEe a’tgx+btgx+Cc=0, KoTopoe MOICTAHOBKOH tgX=Y  JErKko

IPUBOIMTCS K KBagpaTHOMY: ay> +by +¢ = 0.
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7.

PenieHne TPUrOHOMETPHYECKHX YPaBHEHHIl ¢ MOMOIILI0O BBEAEHHS BCIO-
MOraTeJbHOro0 apryMmeHTa.
PaccmoTpuM ypaBHEeHHE BUaa: aCcosSX+bsinx =c,

1) ecntu ¢ =0, TO ypaBHEHHE OJHOPOIHOE.

2) ecu € #0 u a® +b? # 0(to ecTh X0Ts ObI OJHO M3 UKCed & WK b He paBHO

0), To pa3jenuM 06e YacTH ypaBHeHHs Ha \a’ +b? | momyunm

b .
COS X + ——=SinXx =

a c
va? +b? va? +b? va? +b?

2 2
a b a b
T. k. —— < ——|<1lu|—| +| ———| =1, 10 cyme-
va® +b? Va® +b? va® +b® va® +b°
. a : b
CTBYCT TAKOM YI'OJ1 @, UTO —(—— = SIn QO —F—= COS(D, TOTAa
Va® +b? a’ +b®
: : c : c
SiN ¢ COS X + COS PSiN X = ————, sin(x+¢)=

a’® +b? va? +b?
c
va? +b?

C

Va2 +b?

1) ecnn, >1T.e. a® +b® <c?, To KOpHe# Her.

2) eciu, <lT.e a?+b?>c? rorma

X+ ¢ =(-1) arcsin%wzk,kez.
a“+b

: a , c
X = —arcsin ———— + (- 1) arcsin ——— + 7k,k € Z

vJa? +b? a® +b?

Tpuzonomempuueckue nepagencmaea.
-Pelienne TpuroHOMETpUYECKUX HEPABEHCTB C IMTOMOILBIO €IMHUYHON
OKPYXHOCTH.

[Tpu pemiennn TpuroHoMeTpudeckux HepaseHcTs Buga f(X) >0, roe f(X) -

OflHA M3  TPUTOHOMETPUYECKMX  (yHKUMH,  yIOOHO  HCIOJIb30BATh

TPUTOHOMETPUUECKYIO OKPYXXHOCTh JUJII TOTO, 4YTOOBI HauOoyiee HarsaHO
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IPEJICTaBUTh PELIEHUS] HEPaBEHCTBA U 3amucarth OTBET. OCHOBHBIM METOAOM
peILIeHNs] TPUTOHOMETPUYECKUX HEPABEHCTB SIBJISIETCS CBE/ICHUE MX K IPOCTEHIIINM
HepaBeHCTBaM THma SiNX>a. Pa3depém Ha mnpumepe, Kak pemiath TaKue
HEPaBEHCTBA.

JUist pelieHnsi HepaBEHCTB C TAHTEHCOM U KOTAHT'€HCOM IOJIE3HO MOHSTHE O

JIMHUU TAQHT'€HCOB U KOTAHI'€HCOB. TaKOBBIMHU SIBIISIFOTCS IpsAMBIC X = 1lm y= 1

(Puc. 7.8), xacaronuecss TPHTOHOMETPUYICCKOW OKPYKHOCTH. JIETKO 3aMETUTh, YTO
€CIIM TIOCTPOMTD JIyd C HAyaJoM B Hadaje KOOPJMHAT, COCTABJISIONIUN Yroid o ¢

MIOJIO’KUTEIBPHBIM HaIpaBJICHUEM OCH a0CIHCC, TO JUTMHA oTpe3ka oT Touku (1;0)

0 TOYKM TIE€PECEUEHHUs ASTOro Jiydya C JIMHHUEW TaHM€HCOB B TOYHOCTH paBHA
TAHT'€HCY yIja, KOTOPbIA COCTABJIAET 3TOT Jyd C OChbIO abcuucc. AHAJIOTMYHOE
HaOJII0JIEHUE UMEET MECTO U JJI1 KOTaHT€HCa.

-HepaBeHcTBa ¢ 0OpaTHBIMH TPUTOHOMETPUUYECKUMH (PYHKIUSAMU YyIOOHO
pelaTh ¢ UCMOIb30BaHUEM IpaUKOB OOPATHBIX TPUTOHOMETPUUECKUX (DYHKIUH.

[TokaxkeM, Kak 3TO AeslaeTcsa Ha IPUMEPE.

1. HcnoJb3ys MeTol HHTEPBAJIOB.
OO6mas cxema:

1) C moMoIIbi0 TPUTOHOMETPUIECKUX (POPMYIT PA3JIOKUTh HA MHOYKHUTEIIH.

2) HaliTi Touku pa3pbiBa ¥ HYJIM (DYHKIIMH, [TOCTABUTh UX HA OKPY>KHOCTb.

3) B3saTh
mo0yto Touky K (HO He HaliJIeHHYI0 paHee) U BhISICHUTh 3HAK MpousBeaeHus. Eciu
MPOM3BEICHUE TTOJ0KUTEIBHO, TO MTOCTABUTh TOUKY 33 €IMHUYHOM OKPY>KHOCTBIO
Ha JIy4ye, COOTBETCTBYIOLIEMY yIi1y. IHaue TOUKy NOCTaBUTh BHYTPHU OKPYKHOCTH.

4) Ecnu
HEKOTOPBIE TOYKHU PA3HBIX CEPHIl COBMAJIAIOT, TO UX HA3bIBAIOT KPaTHBIMU. TOYKH,
KOTOpBIE TOBTOPSIOTCS B YETHOM YHCIIE CEPUI, Ha3bIBAKOT TOUKAMHU YETHOU KpaT-
HOCTH, & T€, YTO MOBTOPAIOTCS B HEUETHOM YHUCIIE CEPUM,— TOYKAMU HEUETHOM

kpaTHocTu. IIpoBecTu nyru cnenyrommm oOpa3oM: HauaTh ¢ Touku K, eciu cre-
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AyIOIass TOYKa HEYETHOM KPAaTHOCTH, TO Ayra IEPEeCceKaeT OKPYKHOCTb B ITOU
TOYKE, €CIIU YK€ TOUYKA YETHON KPATHOCTHU, TO HE IIEPECEKACT.

5) lyru 3a OKPY>KHOCTBIO — TIOJIOKHUTEIbHBIE MPOMEXKYTKH; BHYTPU OKPYKHOCTH —
OTPULIATENILHBIE IIPOMEKYTKHU.
Pemenue TpUroHOMETPUYECKUX HEPABEHCTB I'PaPUUECKUM METOI0M

3amernm, uto ecmu f(X) - mepuoamdeckas (QpyHKIUS, TO IUISL PEIICHUS
HepaBeHcTBa f(X) >a (f(x) <a) HeoOXomuMO HAWTH €ro penicHHs Ha OTPe3Ke,
JuIMHA KOTOporo pasHa mepuony ¢ynkmum f(x). Bce pemenuss mcxomHoro

HEpaBEHCTBAa OyJyT COCTOSATh M3 HAWIEHHBIX 3HAYEHHWHA X, a TaKXKe BCeX X,

OTJIMYAIOIINXCS OT HAHJICHHBIX Ha JIF000€ 11enoe yuciio nepuoaoB ¢pynknun f (X).

AHaJIOTUYHO pEIIaloTcs HepaBeHCTBa SINX < a, COSX > a, U T.II.
4, CBeneHne K OJHOMY HJIM HECKOJIb-
KHM HepaBeHCTBaM.
B GonbmHCTBE Cily4yaeB pellieHue TPUTOHOMETPUUECKUX HEPABEHCTB MOXK-
HO CBOJIUTH MPU MOMOIIM TOXKJIECTBEHHBIX TPUTOHOMETPUUECKUX MTPeoOpa3oBaHUMA
Y BBEICHHUSA BCIIOMOTATCIIbHBIX HEU3BECTHBIX K PEIICHUIO OJHOT'0 MJIM HECKOJIBbKUX

HEpPaBEHCTB.
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20.

21.

22.

23.

24,

25.

26.

27.

VIIPOCTUTD BbIPAKEHHUS:

tga+ctg o+
1
cos(m /2 —2a)
2c082a—1
2etg (— —a) sin? (1 —a) '
sin 2o — 2 sin av g
- - g —.
sin 2a—+ 2 sin a 2

sin ch

3 3 2
in | 2a——m | 2aa——m —m+2a |.
5111( ot 5 )—I—ED&( ol 3 )-I—EDE: (3 + a)

1 —2cos? o
2tg(a—m/4) sin®(a47/4)

COS 5 (5111 a4+ sin 5)

in 2 . o . AN
sin 3 cos J (l—l—coaa—l—cnb 2)

sin® (37 +a) sin?(—a)
Ctgg(ﬂf — 2??} (3tg2 (a- — %qr) .
2cos’a—1 COS cx — SIn a 4tg

1—-2sinacosar  cosa+sina 1—tga’
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PE.LLT.HTL }’[J&BIIEIIHHZ
14. sinx sin 3z 4+ sin 4x sin 8x=0.
15. sin’x—2sinrcosr=3cos?r.
16. sin? 2z +sin? 3z +sin® 4z +sin? fr =2.
17. 2cos2x+2tg?z=5.

m

18. sin (sx—g) _sin .

2

19. sin®z+ JeostT=7 sin 2.

I
20. sin:::—kcc}s-.r.—lzctgg(cnsx—l).
21. 3sin’xz—2v/3sinzrcosr+5cos?r=2.
22. 14+cosr—+sinx=0.

1 1
23. — + =2./2.
_SInx CcOoszx

Pemmrn HEPABEHCTBA Ha 3aJlaHNLIX HTPOMEHY TKAX!

1
42. cosz < 5 Ha [—2, 0].

3
43. smx}i ua [r/2,37/2].

44. 51112‘3:#—25111;}0 na [0, 27].
45. (l—COSI)(tgﬁ—\/g){ﬂlla (—m/2,7/2).
46. /5—2sinr=sinxr—1 na (—m,0).

47. HaiiTu nanmensiiee HATYPAJILHOE PEIIeHHe HePaBeHCTBA

cos |cf:1
I —-.
2

66



8. MIPOU3BO/IHAS. HCCJEJOBAHUE ® YHKIIUHN C TOMOIIBIO
MPOU3BOJIHOM

HaxoxaeHue npou3BOAHOM (PYHKIMM.

Onpeoenenue: Tlyctb 3anana pynkuus y= f(X) , onpeneneHnas B HEKOTOPOM HH-
tepBaie. [Ipy kaxIoM 3HAaYeHUH apryMeHTa X B 3ToM uHTepBaiie pynkims y= f(X)
MMEET OnpeeseHHOe 3HaueHne. Ecian apryMeHT X mosydw npupariesue Ax, To u
byHKIMSA HoJTy4dunia HEKOTOpOe OIpEeIeNICHHOE npuparie-
mue Ay = f(x + Ax)— f(x). Ecnu cyuiecTByeT npeaen oTHONMIEHHUS

fx+Ax)- f(x)
Ax

mpu Ax —0

TO OH Ha3bIBaeTCs Mpou3BogHON (yHKImHU f(X)B Touke X 1 0003HaUYaeTCS:

Y (6)= tim L8010

Ax—>0 Ax

Onepanysi BBIYUCIICHUS TPOU3BOIHON Ha3bIBaeTcs ¢ epeHIpoBaHuEM

byHKIMH.
I'eomMeTpuUecKHii CMBICJ MPOU3BOAHOI QyHKINK y=F(X) B TOUKE X0 - 3TO TaH-
T'EHC yTJia HaKJIOHA MEXIYy OChIO aOCIIUCC U KacaTeabHOU K rpaduky 3Toi PyHK-
IIUH, IPOXOJIAIIEH Yepe3 TOUKY ¢ abCIMCCOoM Xp.

Ecnu yron HakJIOHa KacaTeabHOW OCTPbIN, TO TAHTEHC MOJOKUTEIbHBIN, a
3HAYUT, MPOU3BOIHAS MTOJ0KHUTEIbHA.

Ecnu yron HakJIOHa KacaTeabHOW TYIIOW, TO TAHT€HC OTPULIATENBHBIM, a
3HAYUT, IPOM3BOJIHAS OTPULIATEIIHHA.

Ecnu yron HakjioHa KacaTeIbHOM paBeH HYJIIO, TO TAHTE€HC PAaBEH HYJIIO, a
3HAYUT, IPOU3BOJAHAS PAaBHA HYJIIO.

Ecnu yron HakJioHa IpsIMOM, TO TAHT€HC HE CYILIECTBYET, a 3HAUUT, IPOU3-
BOJIHAS HE CYILIECTBYET.

IIpuBeaem Tabd/Muy NPpOU3BOAHBIX JJIEMEHTAPHBIX QYHKIMM:
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1) (C)=0 , C=Const
2) (x”) —nx"! , neR, x>0

3) (ax):axlna ,a>0,a#1,x>0; (ex)zex , x>0

4) (logax)':x.fna, a>0,a#1, x>0

!

(Inx) 1! , x>0
x

!

5) (sinx) =cosx , xeR

4

6) (cosx) =—sinx, xeR

!

7) (tgx) = ]2 , x;t%—wm,neZ

8) (ctgx) = - 12 , X#=m,ne’z
sin” x
Y 1
9) (arcsinx) = ,
1-x°
' 1
10) (arccosx) =— ,
1-x?

x‘<1

x‘<l

11) (arctgx)'z ! 7> XER
I+x

12) (arcctgx)’ __ 1 , XER .

1+x2

IpaBujia BLIYHC/IEHHE TIPOU3BOTHBIX.

[TpousBoaHas cyMMbl AByX pyHkmmit: (U + v)=u'+ V/,
I[Tpou3sBoHas Ipou3BeaeHUs NocToAHHON U pynkiuu: (Cu)'=Cu’.
[TpousBoaHas npousseaeHus AByX Gpynkuuii: (Uv)'=u’ v+uv/,

/
o . Py Y _u'v—viu
POM3BOJHAs HACTHOTO ABYX PYHKUMI| — | =—

[poussoanas cnoxnoit Gpynximu y=Ff(g(x)):f’ (9(x))=f' (9)-¢’ (X).
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[TpousBoanas ¢pyukiuu Buaa y=Ff(ax+b):

y' = f/ (ax+b)= f/ (ax+b)-(ax+b)'=a- f/ (ax+b).

HccnenoBanue pyHKuum Ha IKcTpeMyM. UHTEepBasibl Bo3pacTaHus, yObIBa-
HHSl, BBINIYKJIOCTH, BOTHYTOCTH. ACUMIITOTHKA.

OO0uas XapakTepuCTUKA (PYHKIIUU.

Ecnn xaxx1oMy 3HaYE€HHIO TNEPEMEHHOM X U3 MHOKECTBA X 10 HEKOTOPOMY
IIPaBUIIY MOCTABJICHO B COOTBETCTBUE €JUHCTBEHHOE BIIOJHE ONPENEICHHOE 3HA-
YeHHe Y, TO NEPEMEHHYK Y Ha3blBalOT ¢yHKyuer OT X. 3alHuChIBAIOT

y=f(X),xeX,yeYum f:X —>Y. [oBopsr emeé, uyto PyHKIUs OTOOpakaet

MHOkKECTBO X Ha MHOKECTBO Y .
MHoxecTBO X Ha3bIBaeTCs 00JIACThIO OompeaesicHus PyHKIMH U 0003HaYa-

ercs D(f). MuoxecTBO Bcex Y €Y Ha3bplBaeTCsl MHOXECTBOM 3HA4CHUH (DyHK-
muu U obosHavaercss E(f). x — HezaBucumas mepeMeHHasi BEJIMYMHA WIN apry-

MEHT, Y — CI)YHKI_[I/IH HJIK 3aBUCHUMas IICPpCMCHHAA.

Oyukius Y = f(X), onpenenenHas Ha MHOXecTBe D HaswiBaeTcs uemnotl,
eciu g moboro X € D Bemomnasiercs yenosue —Xe D u f(—x) = f(X); nevem-
Hotl, eciu Jutst moboro X € D BeimonHsercs yenoue — X e D u f(—x) =—1(X).

I'padux yeTHOM PyHKIIMM CUMMETPUYEH OTHOCUTENIHLHO ocu (Y, HEUETHON —
OTHOCHUTEJIbHO Hayaja KOOpJAUHAT.

@yukius Yy = f(X) HaszbBaercs nepuoduueckou Ha MHOXKecTBe D, ecnu cy-
IIECTBYET Takoe 4ucio 7>(), uro mpu kaxaom 3HadeHun XeD (X+7)eD wu
f(x+T)= f(x). [Ipu aTom unciao 7 Ha3BIBACTCS nNepuoooM (QYHKYUU.

BospacTranue u yobiBanue pyHKUMH.

Oyukiusa Yy = f(X)Ha3siBaeTcs gospacmaioweri B uaTepBane (a;b), ecnu
JUIsl TFOOBIX JIBYX TOUEK X; M X, M3 YKa3aHHOTO WHTEPBaJa, YJIOBJICTBOPSIOIIMX
HEPaBEHCTBY X, > X,, BbINONHAEeTCA HepaBeHCTBO  f(X,)> f(x,), ecmu

f(X,) = f(X,), pyHkuus Ha3bIBaeTCs HeyObI8aIOWEU.
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WHpIME crTOBaMU — 3HaUSHHS BO3pacTarolneil (QyHKIUY yBETHYHBAIOTCS OJI-
HOBPEMEHHO CO 3HAYCHUEM apryMeHTa.

@Oyukius Y = f(X) HaspBaercs yowvigarowei B uaTepBane (a;b), ecom mis
TFOOBIX JIBYX TOUEK X; U X, M3 YKa3aHHOT'O MHTEPBAJIA, YIOBJICTBOPSIONINX HEpa-
BEHCTBY X, > X;, BBINOJNHAETCA HepaBeHCTBO f(X,)< f(X,), ecmu f(X,)< f(x,),

(YHKITUS] HA3BIBACTCS HEBO3PACMAIOUE.

Bospacraroniue, HeBo3pacTaroliye, yObIBalOIUe U HEYObIBAIOIIHE (PYHKIIUU
Ha3bIBAIOTCS MOHOMOHHbIMU. A BO3PACTAIONINE U YOBIBAIOIINE — CHIPO2O MOHO-
MOHHBIMU.

[Tycts 3amana ¢yuknus f(X). Bo3sMem nBe Touku Ha nmpoMexyTke [a,b] x1 u
X2 TIPU YCIIOBUM, YTO X2 > X1. Torjaa ¢yHKIMS HA3bIBAETCS BO3pACTAIONIEH HA MPO-
mexyTke [a,b], eciu f(X2) > f(x1). @yHkuMsa Ha3pIBacTCs yOBIBAIOIICH HA MPOMe-
xyTke [a,b], ecim f(X2) < f(X1).

Eciu ¢ynkums auddepeHuupyema Ha onpeneIeHHOM MPOMEXYTKE U Mpo-
U3BO/IHASA (DYHKIIMHM B TOYKE X = ¢ IMOJIOKUTEIIbHA, TO Ha 3TOM MPOMEKYTKE OHa
BO3pACTaeT.

Jle#icTBUTEIBHO, cortacHo Teopeme Jlarpamka, eciau x2 > X u f '(c) > 0, To

¢byukuus Bo3pacraet (Puc. 8.1).

f(c)=" (ij): ;(Xl) ’ }F
F(e)0x, = %)= fx,) = f(x),
f(x,)> f(x),
T.€. €C/IU JieBasg 4acTh PABEHCTBA MOJOKHUTENbHA, - X, € Xzb X
rae x1 < € < X m f'(C) > 0, To f(x2) > f(xy). Puc. 8.1
[Ipy yObIBaHMM (PYHKIMH MOXHO CAENaTh aHa- Y| "‘*\ £(x)
JIOTUYHBIN BBIBO/I. N

Ecmu dynkuus aguddepennmpyema Ha ompene-

JIEHHOM MIPOMEKYTKE U IPOU3BOIHAS (DYHKIIMH B




TOYKE X = ¢ OTpHUIATe]IbHA, TO HAa 3TOM MPOMEKyTKe oHa yOwiBaeT (Puc. 8.2).
Omsth ke, corsiacHo TeopeMe Jlarpanxka, ecimm x1 < € < Xp u f'(C) < 0, To dpyHKIMSA

yOBIBaeT.

F/(ehx, —x)=f(x2)— fx),
f(x,)< f(x,).
IKeTpeMyM (PYHKIUM.
Ecmn ynkmus f(X) ompenenena Ha onpeneacHHOM IMPOMEKYTKE M CyIIe-
CTBYET Takas TOYKa A Ha 3TOM IPOMEXKYTKE,

gro f(X) < f(A) Bo BceX TOUKAX OKPECTHOCTH -

TOYKHM A, TO JJaHHAs TOYKA HA3bIBA€TCS TOYKOM A max
makcumymMa (Puc. 8.3).
f(x)
Ecnmu  ¢ynkums f(X) ompenenena Ha
OMPEICICHHOM MPOMEKYTKE U CYILIECTBYET Ta- B min
Kas Touka B Ha 3ToM mpomexytke, uro f(x) > }:

Puc. 8.3
f(B) Bo Bcex TOYKax OKPECTHOCTH TOYKH B, To

JaHHasl TOYKa Ha3bIBaeTCs Toukol MmuaumyMma (Puc. 8.3).

Toukn MakcuMyMa U MUHUMYMa Ha3bIBalOTCS TOUKAMH SKCmpemMymd, a 3Ha-
yeHUs (QYHKIMK B OTUX TOUKAX — IKCMPeMyMamu (pyHKyuu.

KacarenpHas k rpaduky QyHKIMH B JaHHBIX TOYKAX IapajuienbHa ocu OX.

Teopema (Depma — Heobxooumoe yciosue skcmpemyma). Ecmm X, - Touka
akcTpemyMma Uit pyHkmmuu Y = f(X), To B 3TOM Touke mpous3BoHAs QYHKIIMU JTU-
60 paBHa Hymo (f'(Xx,) =0), 1ubo He cymecTByeT.

Touku obsactu onpenenenust GyHkuuu f (X), B KOTOPBIX €€ MPOU3BOIHAS

HE CYIIECTBYET HJIM PaBHA HYIIIO, HA3BIBAOTCS KPUMUYECKUMU MOYKAMU (PYHKITHN.

3/ech Hy»HO OTMETHTh, YTO HE BO BCEX KPUTHUYCCKUX TOUYKAX (YHKIIHS
nMeeT dKcTpemyM. Hampumep GpyHkuus y = X° He HMeET SKCTPEMyMa, T.K. HE BbI-
nonusiercss ycnosue f(x) <(>) f(Xo), T.e. B OKpECTHOCTH TOUYKHU Xo 3HaYCHHE (DYHK-

IIUU JJOJKHO OBITH OOJIbITIE (MEHBINE) 3HAUCHUS (DYHKIIMHA B TOUKE Xo. Takum oOpa-
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3oM, QyHKIMS Yy = X2 WUMeeT KPHUTHYECKYI TO4ky npu  x=0
(t.x. f'(0)=0), HO 3KCTpEeMyMa B 3TOI TOUKE HET.

B cuny teopembr depma sKCTpeMyMbl PYHKIIMH HAXOMATCS CPEIH €€ KpH-
THYECKHX TOYEK.

Ilepsoe 0ocmamounoe ycnosue sxcmpemyma. Ecnu npu nepexone (cieBa

HAIpaBo) yepe3 KPUTHUECKYIO0 TOUKy X, mpomsBoaHas f’'(x) menser 3Hak ¢ (+) Ha
(), TO TOUKa X, ABIAETCS TOUKOW MakcUMyMa; eciu ¢ (-) Ha (+), TO TOUKOH MHUHU-

MyMa; €CJIi 3HaKa He MCHSICT, TO SKCTPEeMyMa HeT.

Bmopoe oocmamounoe ycnosue sxcmpemyma. IlycTb B TOUKE X, MPOU3BOJ-
Has paBHa Hymo f'(X,)=0, a Bropas mpousBomnas f"(X,)=0. Torma, eciu
f"(xg) >0, T0 X, - Touka MmuauMyma; eciu f"(X,) <0, TO X, - TOUYKAa MaKCUMY-
Ma.
Beinykiaocts rpagpuka pynkuuu. Touku nepernoda.

[Tycts 3amana ¢ynkuus y = f(X). [Ipennonoxum, uro ¢pyukuus f(X) audde-
pCHIIMpyeMa Ha ONPEICIICHHOM MTPOMEXYTKE [X1;X3].

Bo3bmem npomexxyTok [Xi; Xo]. Torna, ec-

¥,
JU TIpH JIF0OOM 3HAQYEHHH X TaKOM, 4TO X1<X<Xy, TOYKA Nepernta
3HaUeHHE (DYHKIIMU MEHBIIC 3HAUYCHHS KacaTellb- B A
HOM B TOYKE X, A
T.e. f5(X) < f(X), To dyHKUMSA BhIMyKIa BBEpX
(Puc. 8.4). I'padmk GyHKIIMM HA3BIBACTCS BBIMYK- . . o
JBIM Ha MPOMEXKYTKE [X1; X2], €ciu oH pacmoJio- *1 PHCE 8.4 3

JKEH HIKE KacaTeJIbHOM, MPOBEACHHOUN B JIFOOOI
TOYKE 3TOT0 MHTEPBAJA.

BosbMem mpomexyTok [X2; X3]. Torma, ecnu mpu jr000M 3HAYEHHH X Ta-
KOM, 4TO Xp<X<X3, 3HaucHHE (YHKIHNU OOJbIIE 3HAYECHHUS KACATCIILHOM B TOUYKE X,
T.¢. T5(X) > fi(X), To Qpynkwms Beimykia Buu3 (Puc. 8.4). I'paduk GyHKIMM Ha3bIBA-
eTCs BOTHYTBIM Ha MPOMEXKYTKE [X2; X3], €CJIM OH PACIONOKEH BBIIIE KacaTeIbHOM,

IPOBEJICHHOM B JIFOO0M TOYKE 3TOr0 MHTEpPBAJa.
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Ecnu QyHKIMS BIMyKJIa BBEPX, TO BTOpasi MPOU3BOAHAS (QYHKIIMHA MEHBIIIC HYJIS,
t.e. f"(X) <O.
Ecnu yHKIus BBIMyKIIa BHH3, TO BTOpas MPOU3BOAHAS (DYHKIMH OOJIbIIE HYJIS,

t.e. f"(X) > 0.

Ilepsoe oocmamounoe ycnosue mouku nepeeuda. Ilycts dynxmms f(X)
MMEET TEPBYIO MPOU3BOJHYIO B TOUKE X, W BTOPYIO MPOHM3BOJHYIO B HEKOTOPOM

OKPECTHOCTH 3TOM TOUYKU (KpOMe, OBITh MOKET caMOi TOUkH). Toraa ecnu npu me-
pexoze uepe3 TOUKy X, BTOpasi HPOM3BOAHAS MEHSET 3HAK, TO X, - TOUKA Iepert-
oa.

Bmopoe oocmamounoe ycnosue mouku nepecuda. Ilycts B Touke X, QyHK-
mus f(X) mmeer mpousBOJHBIE 0 TPETHEro MOPsIKa BKIOUYMTEIbHO. Torma ec-
m f"(X,)=0,af"(x,)#0, T0 X, — Touka neperuda 3Toi HyHKIHH.

AcuMITOTHI rpaduka QyHKIUM.

[Tpsimast muHUS M HasbiBaeTcs acumnmomot rpaduka ¢pyHkmun Y = f(X),
ecin paccrostare d oT Toukm M, Jiexarield Ha 3ToM rpaduke, 10 IPSIMOH M cTpe-
MUTCS K HYJTIO TIPH HEOTPAaHUYCHHOM YIJICHUU 3TON TOYKHU 10 TpaduKy OT Havaia
KOOpJMHAT B OECKOHEUHOCTb.

AcuMnTOTHI OBIBAIOT TPEX BHJIOB: BEPTHKAJbHBIC, HAKJIOHHBIC M TOPHU30H-

TaJbHBIC.

IIpsimast X = X, Ha3bIBAETCS GepPMUKANb- ¥

nou acumnmomou (Puc. 8.5) rpaduka dpyHkimm

f(X), ecnmu x0T OBl OJUH M3 OJHOCTOPOHHHUX

npeaeno  lim f(x) u lim f(x) paBen Gec-
0 X—>Xp—0

e
X—=>Xp+
»
KOHCYHOCTH.
XD X
OOBIYHO BEPTHKAIBHBIMH ACHUMITOTAMH Pric. 8.5

SIBJISFOTCS TIPSIMBIE B TOYKAX pa3pbiBa 2-TO poja.

[TosTOMy 1Sl OTBICKAHHSI BEPTUKAJIBHBIX ACUMITOT ONPENEIISIOT TOYKH 8,,a,,...a,
OCCKOHEUHOTo pa3phiBa (QyHKIMH. Torma ypaBHEHHE BEPTHUKAIbHBIX ACHMIITOT
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X=2a;,X=4a,,...,X=a,. BepTHKaJbHbIC aCHMITOTHI MOTYT OBITh M Ha TpaHHIle 00-
nactu onpenenenus Gpynknuu. Hanmpumep, kak y pynknuu y =Inx,

[Mpsimast y = kx + b HazwIBaeTcst naxnonnou acumnmomot (Puc. 8.6) rpaduka
¢yskmuu  f(X) mpu X —>+4oo (MpU X —>—00), €CIH

lim (f(x) — (kx+Db))=0 (COOTBETCTBEHHO,
XIirp (f(x)—(kx+b))=0).

VYpaBHeHUE HAKIOHHOW aCUMIITOTHI K rpaduky

¢ynkuun Yy = f (X) umem Buge y=kx+Db, roe

Puc. 8.6

k= lim %) b= lim (F(x) = kx)

x>t X X—>Fo0

Ecmu xots Ob1 otuH 13 mipenenoB K u b He cymecTByeT uiam paBeH OecKo-

HEYHOCTH, TO KpuBas Y= f(X) HakJIOHHOW acCHMOTOTBI HE MMEET. ACHMIITOTHI
rpaduka pyakmun y = f(X) mpu X —+oom X —>—o0
MOTYT OBITh pa3HbIMH. [103TOMY IpH HaxOXaAeHUH ¥

npenenoB K u b ciaenyer oTAebHO paccMaTpUBaTh y=b

[

Cly4au, Korjga X —>+o0 M Korjga X — —0.

YacTHbIM cCllydaeM HAKJIOHHOM aCHMIITOTHI

(mpu k =0) sBHIsETCA 20puU30HMANIBHASL ACUMNIMO- 17 >

[Mpsimass Yy =b sBHsIETCS TOPU3OHTAIBHOW aCUMNTOTOW Tpaduka (QyHKIUU

f (X) mpu X — 400 (mpu X —>—00) TOT/AA U TOJBKO Toraa, korma lim f(x)=b (co-
X—>+0

orBercTBeHHO, lim f(x)=b).
X—>—00

HHosnoe ucciaenosanne pynkuuu. Iocrpoenue rpagpuka pyHkuum.

[Topsimok uccienoBaHus

|. O0mras xapakTepuctuka GyHKIIUU.
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1.1. O6nacte onpeneneHust GyHKIUH.

1.2. [ToBenenre GyHKIMHU B OKPECTHOCTSAX TOYEK Pa3phIBa.

1.3. Touku nepecedeHus rpaguka ¢ OCIMU KOOPAUHAT.
1.4. Cummetpus rpaduka.
1.5. IlepuoanunocTh rpaduka.
I1. MaTepBaibl MOHOTOHHOCTH M 3KCTPEMYMBI (DYHKITUH.
2.1. HaxoxxieHue nepBoi Mpou3BOIHON (DYHKIIHH.
2.2. OmnpeneneHne KPUTUYECKUX TOUEK.
2.3. HaxoxaeHue nHTepBaJloB MOHOTOHHOCTH.
2.4. OmnpeneneHune SKCTpEMyMOB (DyHKLIUU.
I11. MHTEepBabl BHITYKIOCTH U BOTHYTOCTH.
3.1. Beruucnenue BTOpor MpOU3BOAHON (DYHKITUH.

3.2. OmnpeneneHune To4YeK nepernoa.

3.3. HaxoxaeHne nHTEpBaJIOB BHITYKIOCTH U BOTHYTOCTH.

IV. Haknonnble acHMIITOTHI Tpaduka QyHKIIUH.

V. I'paduk pyHKIHN.

HB.IUITH IMPOU3BOAHLIE 38 1aHHBLIX (b}-’IIKL[.I'Iﬁ y:y(.{] IIPH 3aJaHHLIX 3Ha4YCHAAX apry-

2

MEHTa Tp:
In z
3= . Jif(]:l.
;1'—|-Ql'
2. y=3"——2:%-3, 5p=2
Y 3 r oy
3. y=—-x —\,-"T+311'1;r. rp=1
2—3x
4, Y= I_, l‘[):2
2T
5. Y= v J:..'J.'ﬂ:]..
2—x
6. y=sinz(z? —2z+3), 2o=0.
7 V2 1
. Y= , To=
y \.__,—33..2_1_ 0
1 T
8. = —, I'p——
ctg®a 4
9. y=(z*—3z+1)e*, 1o=0
10. y=sin’2z+1, rﬂzi.
2ctg 3r T T
11. y=————+cos—, 1p=—.
y 0 12

r
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oL iu 1L
12. B kaxoli Touke Kpusoii y = — 242 kacarebHas HePHeHIHKY/IAPHa IpaMoil ©—y+1=

07

13. HaiiTn cyMMy KOODJIMHAT TOYKH ¢ OTPHIATeNLHON aberecoll, KacaTe/lbHas B KOTO-
poit k rpaduxy byukmun f(z) =22+ 2z +4 HpoXoaUT Yepes HAYAIO KOODIHIAT.

14. Ecom npamas y =3 — bz apaseTcsa KacaTesasnoil K napabone y=1x2+br+¢ B Touke ¢
abcruccoit (0, To wemy pasna cymma b+c?

15. Haiitu suadenne r, npu KotopoMm Kacareasbnas K rpadbuxy dyaxumu f(xr)=8.27"3 ¢
yrioseiM ko3 dunmentom k=2In2 nepecekaer ocn abenuce.

16. Yepes Touky (2, —5) upoxoudar ase kacareabusle K rpaduxy Gyukuun f(r)=—3/+
1. Haittu cymmy abenmee ToUex Kacamnms.

17. Hanmcars ypasnenmne kacarensnoli k kpusoil y=In(z — 1), napamrensnoil npamoi
y=2r—1.

18. Haittu yrox ¢ oceio abenuce kacare/suoit K kpusoil y=x In o, nposegennoii B Touxe
nepecedennd 3Toll KpuBoil ¢ ocwio abeuuce.

19. Ilpn kakux sHadenusx mapaMeTrpa a npsMas y=ar — 2 Kacaercd rpaduka QyHKipn
y=1+Inz?

20. Halitu koopauuarsl Todek nepecedenus ¢ ochbio OJr Tex kacaTelbHbiX K rpaduky

byuxmmn
_x+1

-3

Y

-
KOTOpLIE 00pa3yioT ¢ oceio Oz yromu T

Haftru snadenns ynkiumil B TOYKaX MaKCHMYyMa:

1
24. y=2$3—§I2—I+§.

1 1 13
25. y=—a°——z®+T71—.
26. y=§x4—§:1:3—§1:2+5.

27. Haittn Touxy mummmyma bynkmmn f(x) = —92° 4+ 90x* — 1802 — 30.
Haftru nanbonbimee u nanmensinee spadenns GhyHximil Ha 3a1aHHBIX OTPE3KAX:
28. y=r'—6z?+1 ma[-1,2].
29. y=sinz-sin 2z #a moamnoM nepuoie.
30. Haiitu 3nagenne puipaxkenud m —3M, ecsm m u M — naumenbinee n HanboOIbLIIEE
snauenus Gynkunu f(r)=—2x* —32%+ 122 — 16 na orpesxe [—1,2].
31. Hailtn naubosbinee n nanMenbinee sHadenus (DyHKIHH

y=—r>+3|zr| -2

ua orpeske [—2,0].
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