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BBEAOEHUE

Baxueiieii 0COOEHHOCTBIO COBPEMEHHOI'O 3Tala HAyYHO TEXHHYECKOIO
nporpecca fBISETCS CTPEMUTENBHO Bo3pacTaromas posib OBM Bo Bcex 00-
JacTSIX HMHKEHEPHOM JAESITENbHOCTH - OT CHCTEM aBTOMATH3UPOBAHHOIO IIPO-
EKTUPOBAHUS W YIPABJICHUS A0 KOHTPOJA TEXHOJOTHMYECKUMM IporeccaMu. B
HacTosmee Bpemss OBM cramum HeoOxogumbiM obopynoBanuem HUUM, konct-
PYKTOpCKUX OIOpO, 3aBOJOB. OTO MO3BOJMAIO OT MPOCTEUIIUX PpACUETOB H
OLICHOK pPAa3JIMYHbIX KOHCTPYKLMH WIM MPOLECCOB IMEPEUTH K HOBOMY YpOB-
HIO WHXCHEPHOW JAEATEIbHOCTH - JETaJbHOMY MATEMaTUYECKOMY MOJEIHPO-
BAHUIO (BBIYMCIHUTEIBLHOMY AKCHEPUMEHTY), KOTOPOE CYIIECTBEHHO COKpamaeT
NOTPeOHOCTh B HATYPHBIX JKCIHEPUMEHTaX, a B PAAE CIy4aeB MOXKET UX 3a-
MEHUTh. B CBA3M C 3THM COBPEMEHHBIN CHELHAIUCT C BBICHIMM OOpa3oBaHU-
€M JOJDKEH 00JaJaThb HE TOJbKO BBICOKMM YPOBHEM IOJTOTOBKH IO Mpodu-
JH0 CBOEW CHEUUAJIbHOCTH, HO M XOpOUIO 3HAaThb MaTeMaTU4YECKHE METOJbI
pelieHusT MHXEHEPHBIX 3a7a4, OPUEHTHUPOBATHCA HAa HCIOJIb30BAHHME BBIYMCIIH-
TEJIbHOW TEXHUKH, MPAKTUYECKH OCBOMTH NPHUHIUIBLI padoThl Ha DBM.

1.UENb KYPCOBOW PAEOTbI

Llenbto JaHHOW KYypCOBOW pabOThI ABISETCS BbIpaOOTKA y CTYA€HTOB HAaBBIKU
akTUBHOro mpuMeHeHuss OBM B coBpeMeHHBbIX WH()OPMAIIMOHHBIX Mpolieccax,
U3YyYEHUs TEXHUYECKUX U MPOTrPaMMHBIX CPEACTB peaau3aluu UHPOpMaIMOHHBIX
IIPOLIECCOB, PU NPOEKTUPOBAHUYN U UCCIEAOBAHUU COBPEMEHHBIX M3ACIUN U TEX-
HOJIOTMH, OBJIAJICHUS OCHOBHBIMU METOJAaMHM ITOCTAHOBKH 3a7a4 IPOECKTUPOBAHUS
JIA ¢ nomompro OBM, npoBeeHNE BBIYMCIUTENIBHBIX SKCIIEPUMEHTOB, TPUHATHE
pELIEHUH U OTOOPAKEHUs pe3yIbTaTOB, YCBOCHHE OCHOBHBIX IPUHLUIIOB U METO-
VK WCIOJIb30BAaHUS U CO3JaHUs COBPEMEHHBIX BBIUYHCIUTEIBHBIX KOMILIEKCOB.
MOBBIILIEHHE YPOBHS (hyHAAMEHTAIBHOU MOATOTOBKU B 00JACTH BBIYMCIUTEIbHBIX
METOJ0B U MPOTrPaMMMPOBAHUSA, PA3BUTHS y CTYIEHTOB JOTHUYECKOTO U AJITOPUT-
MHYECKOTO MBILIJIEHUS.

VY cTynenTa BbIpabaThIBa€TCA OPUEHTALIMS HA pELIeHHE MPoOieM MPOEeKTHPO-
Banus JIA ¢ nmomompro DBM, HaBeIKH HCTOJIB30BaHUs DBM mnpu pemeHnu npu-
KJIQJHBIX 3a/1a4.

CTyAeHT D0JKEH YMETh MPAaBWIBHO M PAllMOHANIBHO BBIOpATh METOJ pelie-
HUS 3a7a4d, COCTABUTh AJITOPUTM €€ PELIEHUS] C yUeTOM OCOOEHHOCTENW KOHKpET-
HOM 3aJ]a4¥ U BO3MO>KHOCTEN HUMEIOIIUXCA B €r0 pacnopsukeHun 9BM, cocTtaBuTh
JITOPUTM M IIPOrpaMMy Ha aJITOPUTMUYECKOM S3BIKE IPOrpaMMHUPOBAHUS, OTJIa-
JIUTh €€ W NPABUIBHO MHTEPIPETUPOBATH IMOJIYYECHHBIE pe3ynbTaThl. g 3TOrO
HEOOXOMMO 3HAaHHME OCHOB ycTpoicTBa DBM M BBIUHMCIUTENBHBIX CUCTEM, TEX-
HUYECKUX U MPOTPAMMHBIX CPEJCTB peanu3aluy WH(OOPMAIIMOHHBIX MPOIECCOB,
AITOPUTMHUYECKUX S3BIKOB MPOrPaMMHUPOBAHMS, YHUCIECHHBIX METOJOB PELICHHUS
MaTeMaTHYeCKHX 3aja4, 0a3 JaHHBIX, KOMIIBIOTEPHOU rpaduKy.



Brinonnenue kypcoBoii paboThl HaMpaBiIeHO HA OBIAJCHUE MPAKTUYECKUMHU
HaBBIKAMHU HCMOJIb30BaHUs DOBM Jj1 4HMCIEHHOTO penieHusi OObBIKHOBEHHBIX
mudpepeHIaIbHBIX YPaBHEHUN U UX cUCTeM, AudepeHIInaTbHbIX YpaBHEHUH B
YACTHBIX MPOU3BOJAHBIX, TPOBEAECHNUE BEIYUCIUTEILHBIX SKCIIEPUMEHTOB 10 pelie-
HUIO MPAKTHUYECKUX 3a]1a4.

2.0CHOBBI TEOPUH

2.1.00b1kHOBEHHBIC U] depeHITnaTbHbIC YPABHEHUS

OpuuM u3 HamboJee pacnpoOCTPaHEHHBIX METOJOB pPelIeHUs OOBIKHOBEHHBIX
mudpepeHIabHBIX YPABHEHUH SIBISIETCS METOJ KOHEUHBIX pazHocted (MKP).
PaccmoTrpum npumenenne MKP miist unicinenHoro pemenns Ha 9BM npocreitiiero
mudepeHIaIbHOTO YpaBHEHUS [IEPBOTO MOPSIKA:

i—z =f(x,Y),

C HaYaJbHBIMU YCIIOBUSIMH Xg, Y(Xg) =Y.

Pemenne Oynem uckaTh B MHTEpBane [x,, b/ u Oymem mojaraTh, 4TO
(GyHKUMS HA JTAHHOM MHTEpBaJe YIOBJIETBOPSAET YCIOBUSIM ITIaIKOCTH.

B memooe Jiinepa KOHEUHO-PA3HOCTHOE BBIPAKEHUE MEPBOM MPOU3BOIHOU
IPEACTABIISIETCS B BUJIE

Y., —-Y
' _ +1
Y'(x)=—""—,
AX
Otrciona Yy =Y, + Vx*{(x;, Y;). Beruucisis mocienoBaTebHO OT HavyalbHO-
ro 3HaueHus Y, 3HadeHus Y, Yo, Y3, ..,Yi IO JaHHOU hopMyIe, HaXOquM

HMCKOMOE PEIICHUE.

VYBennueHnue TOYHOCTH PEMIEHUS IIPU YKPYITHEHHBIX IIarax MHTETPUPOBAHUS
obOecnieunBatoT MeToabl PyHre-Kyrra. YTOouHeHue mocturaercst 3a cuer Crelu-
ATHHOTO TIOI00pa KOOPAMHAT MPOMEKYTOUHBIX Ha I1are MHTETPUPOBAHUS TOUYEK, B
KOTOPBIX BBIUHCISIETCS MEpBas MPOU3BOJAHAsA. BMECTO 3HAUEHUS MEPBOU MPOU3-
BOJHOM B Hayayie 11ara MHTErPUPOBAHUS, HUCIOJIB3YEMOM B MeTO/E Diliepa, Bbl-
YUCIISIETCA YCPEAHEHHAs Ha 1Iare MHTETpUpOBaHuUs nepBas mpousBoaHas. Dopmy-
Jla YUCIIEHHOTO MHTETPUPOBAHUS PUOOPETAET BU/:

Yii =Y+ Ax* f 5
rne T - YCpEIHEHHAs Ha I1are MHTETpUPOBAHUS TIepBas mpon3BoaHas. Huxe

npuBeaeHbl popMyibl MeToaa Pynre-KyTra pa3nuuHoro mopsiaka:

1. Meron 2-ro nopsinka, €= 107 :
- ICPBBIN BapUAHT Yi =Y+ K,,

rae Ky =Ax*f(xi+Ax/2,Y+K,/2),
K= AX*f(Xi,Xi) 3
- BTOpoM BapuaHT Y= Y;+ 12 (K +K,),



rae Ky =Ax*f(xi, Yi),
K2=AX*f(Xi+AX,Yi+ Kl) .

2. Merox 3-ro mopsinka, €= 10" :
- mIepBbIi BapuaHT Yy = Y;+ 1/4K, + 3/4K; ,
rie K =Ax*f(x;, Y;),
Ky =Ax*f(x;+ 1/3Ax, Y;+ 1/3Ky) ,
K3 = Ax*f(x; +2/3Ax , Y; +2/3K,) ;
- BTOpoi BapuaHT Y= Y;+ 1/6 (K ;+4K;,+Kj),
rne  K;=Ax*f(x;, Y;),
K, = AxX*f( x;+ 1/2Ax, Y;+ 1/2K; ),
K; = AX*f( x;+ Ax, Y — K+ 2K;3) ;
3. Meron 4-ro mopsinka, €= 10" :
- epBBId Bapuant Yiy = Y;+ 1/6 (K, +4K5+ Ky),
rie K =Ax*f(x;, Y;),
K, = AX*f( x; + 1/4Ax ,Y;+ 1/4K, ),
K;= AxX*f( x; + 112Ax, Y;+ 1/2K,) ,
Ky= AxX*f( x;+ Ax, Y+ K| — 2K, + 2K3) ;
- Bropo# BapuaHT Y= Y;+ 1/6 (K;+ 2K, +2K3+ K,),
rie K= Ax*f(x;,Y;),
K, = Ax*f( x;+ 12Ax, Y;+ 1/2K,),
K= Ax*f( x;+ 12Ax, Y;+ 1/2K,;),
Ky= Ax*f( x;+ AX, Y+ K3) .

B npaktuueckux pacuérax UHTErpupoBaHue auddepeHInanbHbIX YpaBHe-
HUI OCYIIECTBIISETCA C aBTOMAaTHYECKUM BBIOOpPOM Iiiara, obecreynBaroliee mo-
JIyYEHUE PE3yJIbTaTa C 3aJaHHON NOTPEIIHOCTHIO PEIIEHU.

[Ipu wHTETpUpPOBAaHWUU C aBTOMATHYECKHUM BBIOOPOM IIara pPeKOMEHIYEeTCS
WCIIOJIB30BaTh CIEAYIOIIUE MTpaBuiia BRIOOpa 11ara .

B y3ne xo B3sTb AX = AXg, AX( — 3aJaHHBIA HaYaJIbHBIN 11ar, HAUTU PUOIIU-

KEHHBIC 3HAYCHUS peIIeHus] YU Y ¢ maramu AX U Ax/2 COOTBETCTBEHHO. 3a
a0COJIIOTHYIO TOTPEUTHOCTh MPUOJIMKEHHOTO pelleHus ( B KayeCcTBE KOTOPOTo ec-

TECTBEHHO B3Th Y Kak 0ojiee TOYHOE ), BBIYUCIEHHOTro 1o Metonay Pynre-Kyrra
n-ro mnopsaka (meroxa JDiiiepa siBiseTcs MetojioM Pynre-Kyrra nepBoro mopsj-
Ka), TPUHUMAETCA

Y-Y
2" —1

2

Ecnu 6 > ¢, To mar AX ymeHbIIIaeTcsi B 1Ba pa3a U BbIUMCICHHS TTOBTOPSIOT-
csl, UICXOAsl U3 y3J1a X( . Kak TonbKko Ha ouepeHOM MPpUOIMKEHUH OyIeT OJIy4YEHO



0<g , CUMTACTCS, YTO Y M SIBIIIETCS] PELICHUEM B Yy3J€ X|=X( + AX, MOJy4YEHHBIM C
3aJJaHHOM TOYHOCTBIO HAa 3TOM IIIare .

Pewienue B cienyromeM y3ie X, , MCXOJA U3 y37a X; , OJy4aeTcs aHAJIOTHY-
HbIM 00Opa3oMm. [Ipu 3ToM HavanpHBIN MIar BRIOMpaeTcs mo mary AX , ¢ KOTOPbIM
OBLIO TIOYYEHO PEIICHUE B y3JI€ X, B 3aBUCUMOCTH OT MOTPEIIHOCTH O: €Cu d < €
/2 ™' | To mpembIAyIIHil mAar yABaHBACTCS; B IPOTUBHOM CIydae IIar He M3MEHS-
€TCs. AHAJIOTUYHO HAXOJIUTCS PEIICHUE U B MOCIEAYIOIUX TOUYKAaX .

[Ipu BeIXOAE K TOUYKE X = b cleayeT MposBIATh OCTOPOKHOCTb, T.K. TIPHU
3Ha4YeHUAX X > b mpaBas yacth f(X,Y) auddepeHnranbHOTO ypaBHEHHUS MOXKET
OBITH HE OTpeNeNieHa W TIPU PEIICHUH 3a1auu Ha DBM MOXeT Mpou30iTH mpepbl-
BaHUeE, B PE3yJIbTAaTE YEro 3ajaya OyJIeT CHATA CO cuéra .

Bo u3bexxanne Takoil CUTyallii HEOOXOIUMO Ha KaKJIOM Iare WHTErPHUPO-
BaHUsI TIPOBEPSITH YCIOBUE BBIXOJAA 3a Mpelesibl MHTEpBaia uHTerpupoBanus. Ha
miare BbIXOJa 332 TOUKY X = b MNPUHATH MOCJEAHEeEe 3HaueHue AX TakuM, 4TOObI
TOYHO BBIMTH Ha TOYKY b.

JIist oTnagku mporpaMMbl MOKHO B34Th IPOCTEMIlIee ypaBHEHHUE U HEOOJIb-
10N OTPE30K UHTErPUPOBAHUS.

[Ipu unTerpupoBanuu audpdepeHIuaIbHbIX YPAaBHEHUM BBICHIUX MOPSIIKOB
MO>XHO HCIIOJIb30BaTh JBa Moaxoja. Bo-nepBoiX, auddepeHnnanbHoe ypaBHEHHE
MOJKET OBITh HETOCPEICTBEHHO MPEOOpPa30BaHO B KOHEUHO-PA3HOCTHYIO (Hopmy
IyTEM NPEACTABICHHUS BCEX €ro MPOU3BOJHBIX COOTBETCTBYIOIIMMH KOHEYHO-
Pa3HOCTHBIMU BbIpaxkeHusiMu. Hanpumep, ypaBHeHUE najieHUs Teaa

d*Y
=-G(Y),Y(t=0)=h, V({t=0)=V_,

2

rae Y - Beicota, t - Bpems, G(Y) - yckopeHue nanenus, h, V, - HauanpHas
BBICOTA U CKOPOCTh, MOXET OBITh YHCICHHO PEIICHO C IMOMOIIbI0 KOHEYHO-
Pa3HOCTHOT'O YpaBHEHUS

Y.

i =2, =Y+ (At)® -G(Y),
B KOTOPOM TOYKH Yo U Y| HAxXOHATCS U3 HAYAJIbHBIX YCIOBUM:
Y,=h, Y, =Y,+V, -At.

Bo-BTophiX, AuddepeHnnaibHoe ypaBHEHHE BBICILIETO MOPSIIKA MOXKET ObITh
NpeACTaBIeHO B  ¢GopMme cucTeMbl au(QepeHIraIbHbIX YpPaBHEHUN MEPBOTO
NOpsIZIKA, KOTOpPBIE pEHaroTCs IOCIEA0BATENIbHO PACCMOTPEHHBIMH — PAaHEE
MeToaamu. Hanpumep, HanvcaHHOE BbILIE YpaBHEHUE NAJCHUS TEJIa MOXKET OBbITh

MPEAICTABICHO CUCTEMOM

(dY

— =V(1),

m ()

dv

— =—-G(Y
m (Y)




PemeHne naHHON cHCTEMBI METOAOM OWepa JaeT CHCTEMY KOHEYHO-
Pa3HOCTHBIX YpPaBHEHUI

v

i+1

=V, +At(=G((Y,)),

Vi + Vi+1
Vi =Y+ AL,

rae Vo=V,.Y, =h. Anamoruuno Moxer ObITH NPUMEHEH MeETOHA PyHre-

Kyrra.

Hughgpepenyuanvnvie ypagnenun ¢ 4acmHuvix nPoU3600HbIX

BosBIIMHCTBO TPOLECCOB, BCTPEYAKOIIMXCS B NPAKTUKE HWH)KEHEpA, 3aHU-
MArOIIErocsi NPOEKTUPOBAHUEM M COBEPLICHCTBOBAHMUEM JABUTATENSA, — 3TO MPO-
LIECChI, B KOTOPBIX B3aMMOCBS3aHbI MHOXKECTBO Pa3JIMYHBIX [1apaMETPOB, 3aBUCH-
IIMX OT HECKOJBKUX HE3aBUCUMBIX MEPEMEHHBIX. Takue IpoLEeCcChl Yalle BCEro
OMUCHIBAIOTCA AU(PGEepEeHIINATbHBIMI YPAaBHEHUSIMA B YAaCTHBIX MPOU3BOIHBIX C
3aJJaHHBIMU KpaeBbIMU YCI0BUAMU. [IpumepaMu MOTYT CILy’KUTh YpaBHEHHUs ra3o-
BOM JTMHAMUKH, HECTALIMOHAPHOM TETIONPOBOIHOCTH, MEXaHUKU JehOpMUPYyEMO-
ro tena u apyrue. HesaBUCUMBIMU NEpEMEHHBIMU B TAKHX 3aJayax 4alle BCETo
SIBJISIFOTCSL BPEMSI M IPOCTPAHCTBEHHBIE KOOPIWHATHI.

JuddepeHnmanbible ypaBHEHUS! B YACTHBIX IIPOM3BOJHBIX COCTABIISAIOT B Ha-
CTOSILEE BPEMS OJIHY U3 HauOoJjee pa3BUBAIOLINXCS OTPACIIE YHCIEHHOIO aHAJIN-
3a. Bo3aMoxHOCTH COBpeMeHHBIX DBM IO3BOJISAIOT CTABUTh HA MOBECTKY JHS Ta-
KM€ 3aJ]a4M, PEIICHHE KOTOPBIX MPOCTO HEMBICIUMO O€3 HCIOJIb30BAHUS BBIUHC-
JIMTEJIBHBIX MAIIVH.

PaccmoTpuM 00mmili moAaxo K pelIeHHI0 TAaKUX YPaBHEHH M MPOAHAIU3H-
PYEM HEKOTOPBIE YMCIECHHBIE METOJbl U COOTBETCTBYIOLUIME UM IPOrPAMMBI pac-
4yeTa, KOTOPBIE YacTO MCIIOJb3YIOTCS B MHKEHEPHOU NPAKTUKE U MOTYT OKAa3aTbCs
II0JIE3HBIMU BO MHOTHX CIIy4asiX.

[Ipu nmepexoae OT OTHOM K HECKOJIBKUM IEPEMEHHBIM Pa3HOOOPa3He U CIIOXK-
HOCTb 3aJau pe3ko Bo3pacraeT. Hamie paccMoTpeHne OyaeT OrpaHUyeHO JIMHEH-
HbIMU U depeHIHNaTbHBIMU YPaBHEHUSMH BTOPOTO MOPSIKA C JBYMs HE3aBUCHU-
MBIMHU TIEPEMEHHBIMU. DTH YPAaBHEHHSI B OOLIEM BUJI€ MOXKHO 3aUCATh:

2 2 2
A8 U+B o'y +Ca U—DaU—EaU+FU=G
oX? ~oXoY oY < oX oY

rie A, B, C, D, E, F, G saBusroTcs GyHKIUIMH TOJIBKO OT HE3aBHCHUMBIX
nepeMeHHbIX X 1 Y.

Kax u B cimyyae 0ObIKHOBEHHOTO AU(HEepEeHIINaTBFHOTO YPaBHEHUS, I OThI-
CKaHUs €MHCTBEHHOI'0 PEILCHMS, OTBEYAIOIIET0 PeaIbHOMY MpoIeccy, He00XO0-
JUMO 100aBUTH KpaeBbie (IpaHUYHbIC, HAYAJIbHbBIE) YCIOBUSI.

Juddepenunanbabie ypaBHEHUS! B YaCTHBIX MPOU3BOIHBIX BTOPOTO MOPSIAKA
pa3AeNstoTCs Ha TP TUNA!

1. YpaBHEHHE SIITUNITHYECKOTO TUIIA, €CIIH B> - 4AC<0.

2
2. YpaBHeHue napabonuueckoro tuna, ecnu B°—4AC = 0.




3. VpaBHeHue rumepbommueckoro trna, ecan B> — 4AC > 0.

VYpaBHEHUS Pa3IMyalOTCs B CBSI3U C CYIIECTBEHHBIM OTJIMYMEM XapaKTepa Ux
pelIeHUs ISl KaXKJ0r0 U3 YKa3aHHBIX THUIIOB. YPaBHEHUS SJUIUINTHUYECKOTO THUIIA
BCTPEUAIOTCS B pacueTax HANpPsSKEHUU MPU YIPYTOM KPYUEHUHU JJIMHHOTO LIWJIMH-
JPUYECKOTO CTEPKHS, JI03BYKOBOI'O TEUEHMSI ra30BOTO IMOTOKA, CTAIIMOHAPHOTO
TEMIIEPATYPHOIO MOJIA B 3JIEMEHTAX KOHCTPYKIIM, HAIIPUMED:

o’U  0°U
+ =G
oxX*> oY’

DTO ypaBHEHHE HOCUT Ha3zBaHue ypaBHeHHus Ilyaccona. Fro dacto 3amuchl-
BAIOT B BUJIE

AU=G
nJin
V:U=0G.
YacTHBIM ciiydaeM 3TOr0 ypaBHEHUS sIBJIsAETCs ypaBHeHue Jlamnaca
o0°’U o°uU
> t—=52 =0.
oX?® oY

XapakTepHbIM MPUMEPOM THNEPOOTHUYECKOTO YPAaBHEHHS SIBISIETCS ypaBHE-
HUE KOoJeOaHus YyIPyroi HUTH, HA3bIBAEMOE BOJIHOBBIM YPaBHEHUEM:
’U L, 8°U
> —4a > =0
oX ot
K runepbonanyeckuM ypaBHEHHSM MPUBOJATCS TAKKE 3aJaud CBEPX3BYKO-
BOI'0 TCUCHMSA I'a3da, NUHAMHWYCCKHC 3aJa49U YIIPYT'OCTH U TCILJIOIIPOBOJIHOCTH.
[TapaGonuyeckuMu ypaBHEHUSIMU ONMKUCHIBAIOTCS MPOLIECCHl HECTAIIMOHAPHOM
TEIJIONIPOBOAHOCTH B JABUTATENe, TUDPYy3Un:

ou _ . o*U
ot oxX?

s MOCTpOEHUs YNCIEHHOTO METOJa PELIEHUS pacCMaTPUBAEMBIX 3a7ay
3aMEHSIOT 00J1aCTh HEMPEPHIBHOTO U3MEHEHHS apryMEeHTOB X, Y pacueTHOU ceT-
KOM — IMCKPETHBIM MHOKECTBOM TOUYEK C KOOpAMHAaTaMu X; , Y; (puc. 1).

B paccmotpenue BBomsTca nBa mapamerpa: AX, AY - maru ceTku 1o Koop-
nuHatam X 1 Y cooTBeTcTBeHHO. BMecto pynkuuu U( X, Y ) paccmaTpuBaroT ce-
TOUHYIO (PYHKIMIO, COOTBETCTBYIOIIYIO TOUKaM CETKU X; , Y; . Jlanee 3ameHstor
YaCTHbBIEC MPOU3BOAHBIC, BXOAsIIME B IU(depeHIInaIbHbIe YpaBHEHUS, Pa3HOCT-
HBIMHU COOTHOIIECHUSIMHU, MMOJTYYEHHBIMU paHee MPU PaCCMOTPEHUN OOBIKHOBEHHBIX
muppepeHInaTbHBIX YPABHEHUI:

a) JJIs IEPBOM MPOU3BOIHOM

ou Ui,j — Ui—l,j

%
OX AX

ou Ui+1,j _Ui,j
%
ox Ay

- JICBAs1 Pa3HOCTD,

- IpaBasi pa3HOCTb;
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ou N Ui+l,j _Ui—l,j
OX 2AX
0) 11 BTOPO¥ TTPOU3BOTHOM
o°U N Ui+1,j _2Ui,j + Ui—l,j

- OCHTpaJIbHasA pa3HOCTDb,

ox* (Ax)?
Y,j A
j=
j=3

Ay Us,»
j=2
AX

i=1 : =

i=1 i=2 i=3 i=4 i=5 X, i

Puc. 1.Cxema AUCKPCTU3 AN 001aCTH U3MEHCHUS APrymMCHTOB

B pesynbrare 3aMeHbl YaCTHBIX MPOU3BOAHBIX B MU depeHIuaNbHbIX ypaB-
HEHUSX Pa3HOCTHBIMH BBIPAKEHUSMHU TMOTY4YalOT pa3HOCTHOE ypaBHeHHE. Pazyme-
eTcsi, cnoco0oB 3amMeHbl AU(PPEPEHIINAaTPHOTO YPAaBHEHUS Pa3HOCTHBIMU — MHO-
xecTBo. [lodydaemble pa3HOCTHBIE YpaBHEHHS OyIyT OTJIMYAThCS TOYHOCTBIO,
CKOPOCTBIO CXOJIMMOCTH, YCTOMYMBOCTBIO W JAPYIMMHU CBOMCTBAMH. Y Ka3aHHBIC
BOIPOCHI UCCIIEIYIOTCS B TEOPUH YUCIEHHBIX METO0B [1].

PaccMoTprM HEKOTOpBIE OCOOEHHOCTH YHUCICHHOTO peuieHus auddepeHiu-
QJIBHOTO ypaBHEHHs MapaboJUYecKOro TUIA Ha MpPUMEpPe OJHOMEPHOTO ypaBHeE-

HUA TGHJ’IOHpOBOI[HOCTI/I
oTr  0°T
—=a 5.
ot OXx
B mpocreiiiieM BapuaHTE KOHEYHO-PA3HOCTHOE YPABHEHHUE, COOTBETCTBYIO-
niee JaHHOMY AU(depeHInaTbHOMY YPABHEHUIO, MOXKHO MPECTABUTh B BUJIE

Ti,k+1 - Ti,k _a Ti+l,k B 2Ti,k + Ti—l,k

At (Ax)’
B nanHOM ciyuae HEM3BECTHBIM SIBIsIeTCS 3Ha4YeHUE Ty, , 1 OHO SIBHO BBI-
paxkaeTcs 4epe3 M3BECTHBIE Y3JIOBbIE 3HAYEHUs TEMIIEpaTypbl HAa IPEIbIAyIIEM
BpEMEHHOM cioe K’

aAt aAt
Ti,k+1 = {1 -2 W}Ti,k + m (Ti+1,k + Ti—l,k) .
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B coOTBETCTBHM C 3TUM Takas cXeMa HOCUT HAa3BAHUE SIBHOUM Pa3HOCT-
HOI cXeMBbl, €€ 111a0JIOH MPEACTaBIeH Ha puc. 2.
T

\, k+1
X

-1,k 1,k 1+l,k
Puc. 2. 111abnoH sIBHOW pa3HOCTHON CXEMBbI

SIBHas pa3HOCTHas CXeMa MMEET IEPBBIA MOPSAOK TOYHOCTH 110 BPEMEHHU U
BTOPOH MOPSAIOK - MO MPOCTPAaHCTBEHHOM KoopauHaTe. Ee morpenHocTs OLeHu-
BacTcs BeanunHou O( At + AX?) .

SIBHas cxeMa oOjanaeT YCIOBHOM YCTOMYMBOCTBIO, YCIOBUE YCTOMYMBOCTH
MMEET BUJ

aAt

0<1-2-——<1
(Ax)

JlaHHO€ yCJIOBHE NPUBOAUT K HEOOXOJAMMOCTH 3a/1aBaTh B IMPAKTUUYECKUX

pacderax OYEHb MaJICHbKHE BEJIMYMHBI IArOB MHTETPUPOBAHUS 110 BPEMEHHU (Cy-
IIECTBEHHO MEHbIIIE, YEM TOr0 TPEOYET YCIOBUE TOYHOCTH PEIIEHUS ), a 3TO IpH-
BOJUT K YBEJIMYECHHUIO BPEMEHM PELICHUs 3aaui Ha DOBM 1 HapacTaHHIO Orpell-
HOCTH OKPYTJICHUSI YHCETL.

B cBs3M ¢ OTMEYEHHBIM HIMPOKOE PACIPOCTPAHEHUE IOJYUYMIM HESIBHbIE
CXEMbl pacuera, IMO3BOJIAIOINIME CMATYUTH YCIOBHE YCTOMYMBOCTH. CeMeicTBO
JBYXCJIOMHBIX HESIBHBIX CXEM I yPAaBHEHUs TEIUIONPOBOAHOCTHU 3aAIUIIEM B BH-

Jc

Lor

E i G(Ti—l,k-H - 2Ti,k+1 + Ti+l,k+l ) +

a
(ax)?
a

(AX)

IJI€ G - TIOCTOSIHHBIN KO3 (PUITUEHT, 3aJaI01TUi THTT Pa3HOCTHOM CX EMBI.

[Ipu 6=0 cxema nepexoIUT B paCCMOTPEHHYIO SIBHYIO.

[Ipu 6=1 3Ta cxeMa CTaHOBUTCSA YUCTO HESIBHOM cXeMoM, obOnagaromieit 6e3-
YCJIOBHOM ycTOMUMBOCTHIO. [11aG0H 4YMCTO HESBHOW CXEMbl MPEJCTABICH Ha
puc.3. CreryeT OTMETHUTb, UTO PacyeT 10 HeSIBHOM cxeMe TpeOyeT Ha KaKI0M Ia-
re UHTETPUPOBAHUS 110 BPEMEHH PEIICHUS] CUCTEMBI aJire0panyecKux ypaBHEHUH,

CBA3BIBAIOIINX HCHU3BCCTHBIC TCMIICPATYPBI Y3JIOBBIX TOYCK BPCMCHHOI'O CJIOA
K+1.

K+l i,k) =

+

> (I- G)(Ti—l,k - 2Ti,k + Ti+1,k)
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‘]

Tkt LK+l 4l kel

1.k
Puc.3 111a0y0H HEABHOU CXEMBI

K runep6osvyeckum ypaBHEHHUSIM IPUBOJST 3374 JIBIKEHUS COKUMAEMOTO
rasa, 3a/1auu Koyue0aHuil ynpyrux 3JIeMEHTOB U MHOTHE JpYTHE.

TuUnuuHBIM IPUMEPOM OJTHOMEPHOM 3aJjauM SIBJSIETCS 3a7jaua MaJlblX KojeOa-
HUW HATSHYTOU CTPYHBI C PaCIIPEAEICHHOM 110 JUIMHE HArpy3KOou f(x,7):

2 2
0 y:cza y+f(x,1:),0<x<a,0<r£1:k

ot? ox’
y(x,0) = pl(x),# =u,(x)0<x<a

y(0,7) =p;y(@,t)=p,0<t<1,

“

ITO XKe YPaBHCHHUEC OIIMCBHIBACT IINIOCKUC aKYCTUUCCKHUEC BOJIHBI B I'a3C IIPH HaA-

JIMYMW BHEITHETO CHIJIOBOTO 1MoJIs f .
B otnmume ot mapabonmdeckoil 3amaum, rUnepOoIMYecKas 3amada TpeOyeT
MIOCTAaHOBKH JBYX HAYaJbHBIX YCIOBUI: HE TOJHKO HAYAILHOTO CMEIIEHUS OT I0-
oy

JIOKCHUA PAaBHOBCCHUA, HO U HavyaIbHOM CKOPOCTHU CMCIICHUA E

SIBHAs TpexclioifHas pa3HOCTHAS CXeMa MOXKET OBITh 3alrcaHa B BUJIE :
1
AT’
C TPAaHUYHBIMH YCJIOBUSMH :
Yo = H3(0)y, = 1y (7).
ITo dhopme mabnona (puc.4.) 3Ty cXemy Ha3bIBaIOT “KpecT”
JlanHas cxeMa UMeeT BTOPOH MOPSIOK alpPOKCUMAIIUK KaK 110 BpPEMEHH, TaK

C
(Yi,k+1 - 2Yi,k + Vi) = E (yi+1,k - ZYi,k + Yifl,k) +1

o 2 2
¥ TI0 IPOCTpaHCcTBEHHOM Koopaunate O(A7™ +Ax ™).
Drta cxema yCIoBHO ycToiunBas. HeoOX0AUMBIM U JOCTATOYHBIM YCIOBHEM

sBiseTcs ycinoBue Kypanra:
CAT < AX.
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?i, k+1
O O—— @ >
1k i,k i+l k
®
1, k-1

Puc.4. PaznoctHas cxema “KpecT .

Tak Kak pacCMOTpEHHas siBHasi Pa3HOCTHasi CXe€Ma YCJIOBHO yCTOMYMBA, TO
city4aitHoe HeOOJbIIOe HAPYIICHUE YCTOMYMBOCTA MOXKET MPHUBECTH K OBICTPOMY
HapACTaHUIO MTOTPENIHOCTEM, BIJIOTh A0 “aBOCTOB”. [[03TOMY BO MHOTHX CITy4asix
MPEANOYTEHNE OTHAI0T O€3yCIIOBHO YCTOWYMBBIM SIBHBIM cxemaMm. B oOmem
Clly4yae HEesIBHYIO PA3HOCTHYIO CXEMY MOXHO 3aIlMCaTh B BUJIE

1

F(Yi,k+1 =2Yi T Yixa) = A[G' Yika T (I-20)-y;, +o" Yika ]+ fi,k’

2
c
Ay = E(YHLk —2Yi Y-
JlanHas cxema Oe3yciIoBHO ycToWuuBa mpu 1/2 > c>1/4 u umeer nops-
ok ammpokeuManun 0(AT> + Ax?) . Ilpu 6 < 1/4 3ra cxema ycIOBHO yCTO4MBA
1
nmpu AT<A- (1 - 40)_5 )

I[Ipu o =0 cxema mpeBpalaeTcss B pacCCMOTPEHHYIO BBILIE SBHYIO CXEMY.
[[Ta6sioH HESIBHOM CXEMBI MTPEJICTABIICH Ha PUC. 5.

[
-1, k+1 1, k+1 1+1, k+1
. . X
i-1, k i, k i+1, k

1-1, k-1 1, k-1 1+1, k-1
Puc. 5. 111a010H HEABHOUN CXEMBI.

B HesBHOI cxeme pa3HOCTHasi (opMyJia UCIIOJIB3YET HE MATh TOUEK 11abJIoHa,
KaK cxema “Kpect”’, a JeBSTh TOYEK .
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3. OCHOBHBIE TPEBOBAHUSA K KYPCOBOUM PABOTE

3.1 3amanue Ha KypcOBYIO paboTy

CryneHTy, BBINOJHAOIIEMY KypCOBYIO paboTy, (opmyiupyercs 3agaHue
CIEAYIOUIETO BUAA!

- pa3paboTaTh YUCICHHYIO MOJIelb, aJTOPUTM U MPOTpaMMy pacuera Io 3a-
JJAHHOM MaTEeMaTUYECKOW MOJENU. BBINOMHUTE TecTupoBaHue nporpammsel. [Ipo-
BECTH BBIYMCIUTENBHBIE JKCIIEPUMEHTBI M HUCCIENOBATh BIIMSHUE IapaMeETPOB
Pa3HOCTHOM CXEMBbI HA TOYHOCTb U YCTOWYHUBOCTD PEILICHUS.

B 3amanun Ha KypcoByrO pabOTy YKa3bIBaeTCSl €€ TeMa U CPOKU BBIMOJIHE-
HUS.

3.2 ConepxaHue MOSICHUTEIBHON 3alTUCKU

[TosicHUTETBbHAS 3aTMCKa COCTOUT M3 CIICIYIONINX Pa3IelioB.

e AHHOTaLUS

B anHOTanmm narTcs KpaTkas XxapakTepucTUKa pabOoThl, OIICHKA UCIIOIb3Ye-
MBIX METOJIOB ¥ TMOJy4aeMbIX pe3yIbTaTOB. AHHOTAIHSI COJEPIKHUT TAKKe CBEIC-
HUs 00 00BemMe pabOThI, KOJTUYECTBE UILTIOCTPALINM, TaOIHI], KOJIUYECTBE UCIIONb-
3yEMbIX HCTOYHHKOB.

e BeeneHue

Bo BBenmeHMM noikHA OBITH M3JIOKEHA 11€Jb Pad0Thl, 000OCHOBAHA HAYYHO-
TEXHUYECKas IeJIeco00pa3HOCTh MPOBOAMMOro HccienoBaHus. B stom pasnene
JOJDKHBI OBITh OTPa)KEHBI OCHOBHBIC HAYYHO-TEXHUYCCKUE WJICH, TIOJOKCHHBIC B
OCHOBY JIaHHOU pa0OoThl. BBeneHue 3apepiiaercs nepeurcieHueM pasiesioB pabo-
ThI C KPAaTKOM XapaKTEPUCTUKON COJEPIKaHMS KaXKIOTO U3 HUX.

e [JocTaHoBKa 3ajaun

B nanHoM pazjiene mpuBOAUTCS KpaTKas XapaKTepUCTHUKa 001Iei mpodiaema-
THUKH, K KOTOPON OTHOCHUTCS JaHHasi padoTa. J[aeTcst moiHOe U JeTaabHOe omnuca-
HHE KOHKPETHOM 3aJla4M C WCIOJIb30BAaHUEM TEPMHHOJIOTMH, IPUHATON B JTAHHOU
obsiactu TexHuku. [IpuBoaUTCS 0O0OCHOBAHME 11€J1€COO00PA3HOCTH BHIOPAHHBIX Me-
TOJIOB PEMICHUS TTOCTAaBJIICHHOW 3a]a4u.

e MareMaTruyeckasi IOCTaHOBKA 3a]1a4u

B nanHOM pa3znene npenctaBisieTcs MaTeMaTH4ecKash MOJEIb UCXOJHOM 3a-
Jayu, B TEpPMUHAX KOTOpPOH 3agada (GOpMyIHpPyeTCsl KaK YUCTO MaTeMaTHU4ecKas.
[TpuBOoaMTCS TOAPOOHBIN aHAIN3 KCTOYHUKOB HEYCTPAHUMBIX MOTPEITHOCTEH:

- aHAJIN3 JIETAJIEH WCXOJHOM 3aJ]a4M, HE YYTCHHBIX MAaTEMAaTHYECKON MOJIe-
JIBIO;

- aHaju3 OoMmuOOK, CBI3aHHBIX C HETOYHBIM 3aJ]aHUEM UCXOIHBIX TAHHBIX.

e MeToj pelieHus 3a1a9u
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B sTtom pas3aciic l'IOI[pO6HO n3j1aracrcs BBI6p3HHLII>i MCTOJ PCIICHUA 3a1a4H,
AHAJIMBUPYIOTCA MCTOYHHUKH IMOTPCITHOCTU MCTOAA, ITYTH UX YMCHBIICHUA U BO3-
HHUKAImue 1mpu 3ToOM TpyYAHOCTH.

3.3 OdopmiieHHE TOSCHUTEIIHHON 3aMICKA

[TosicHuTenpHas 3amrcka K KypcoBoi paboTe UMEET CIEeIYIONIYIO CTPYKTYPY:

- TUTYJIBHBIM JIUCT;

- 3a/laHHe Ha KypCOBYIO padoTy;

- AHHOTALUIO;

- coJepkaHue (C yKa3aHMEM Ha3BaHWI pa3esioB U COOTBETCTBYIOIIUX HOME-
POB CTpaHMII);

- pa3zenbl MOSCHUTEIBbHOM 3alUCKU (B COOTBETCTBHUHM C ITYHKTOM 3.3);

- CIIMCOK HCIIOJIb30BAHHOU JIUTEPATYPBHI.

[TosicHuTenpHas 3anucka 10JKHA ObITh HAMMCAHA aKKYypPaTHBIM pa300pUYUBBIM
MOYEPKOM Ha JBYX CTOpOHAax JIMCTOB Oeyod mnucue Oymaru ¢opmata A4
(210 x 297 mmM). 3anucka AoixkHA OBITH 0()OPMIIEHA B COOTBETCTBHH CO CTaHJIap-
TOM M MOJIIKACAHA CTYACHTOM Ha MOCIEAHEN CTPAHMUIIE.

C neBoii CTOPOHBI JIUCTa HEOOXOAUMO OCTABUTH TOJIE, IMMUPUHON 25 MM, CITy-
JKalee Ui CIIMBKM JIMCTOB, a ¢ mpaBoil - mupuHou 10-15 mm. Bee cTtpanunbl
TEKCTa JIOJKHBI ObITh MPOHyMEpoBaHbl. Kaxablil pUCYHOK, Tabiulla JIOJKHBI
UMETH MOPSIAKOBBII HOMEP U Ha3BaHUE.

Pucynok (Tabiuua) moMeniaercs B 3alMCKE Ha JIMCTE, UMEIOLUIEM HOMED.
IPUYEM HE paHee TOW CTpaHUIbl, HA KOTOPOM Ha HEro CJeJlaHa CChLIKA B TEKCTE.
B 3anucke He JOMKHO OBITh PUCYHKOB M TaOJIML, HA KOTOpPbIE HET cChUIOK. Kax-
JbI pUCYHOK M TabJIMLA JOJIKHBI UMETh Ha3BaHUE.

@opMyIIbl, YpaBHEHHUS U JIPYyTrU€ MATEMATHUYECKUE BBIPAXKCHUS MOTYT IOs-
BUTBHCSI B TEKCTE TOJIBKO MOCJIE COOTBETCTBYIOILETO IMOSCHEHMUS.

3anucka B 1I€JIOM JIOJKHA IIPENCTABIATh COOOM CBSI3HBIM TEKCT, JOCTYIHbBIN
JUIS TIOHUMaHUs 0€3 TOTOJHUTENbHBIX YCTHBIX MOSICHEHUH.

[Ipy HCHOAB30BAHUM JUTEPATYPHBIX HCTOYHUKOB O00S3aTE€NIBHO JeiaeTcs
CChLJIKa Ha UCTOYHUK. [Ipy 3TOM B KBaJpaTHBIX CKOOKax yKa3bIBa€TCsl €ro Mopsii-
KOBBII HOMEP B CIIMCKE MCIOJb30BAHHOW JINTEPATypbl U HOMEpP CTpPaHULbl WIA
pucyHka, Hanpumep [7, c.15], [10, ¢.203, puc.2.15].

3aroyoBKM pa3fesioB MUIIYTCS KPYMHBIMA OYKBaMM WJIU BBIAEISIOTCS TMOJI-
YEPKHUBAHUEM.

4. IOPSJTOK BBITIOJTHEHUS KYPCOBOM PABOTHI

Ha BbInoiHeHue 1 3a1UTy KypCcoOBOil pabOThl OTBOAUTCS JECATh HEJENb.

BrlnonHeHne HaUMHAETCs C aHAJIW3a 3aJJaHus U 0030pa JTUTEPATYPHI.

B nporuiecce paboThl CTYACHT MOKET MOJIb30BaThCs KOHCYIbTanusMu. Kypco-
Basi paboTa BBIMONHSIETCS 10 TpaduKy, KOTOPBIM JOBOAUTCS 0 CBEIACHUS CTY/ICH-
TOB OJHOBPEMEHHO C BbIIa4€il 3a/1aHMUS.
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B cepenune cemectpa kadeapa mpoBOIUT CMOTP TOTOBHOCTH KYPCOBBIX pa-
00T, COCTaBJISIET U JOBOJUT JIO CBEJICHUS CTYACHTOB rpaduK 3alUThl UMH PadbOT
nepes; KOMUCCHEH.

5. IPEJACTABJIEHUE PABOTbBI K 3AIIIUTE

[lepen 3ammTOl K yKa3aHHOMY CPOKY CTYIEHT MPEACTABIISIET BHIMOIHEHHYIO
KypPCOBYIO pa0OTy Ha 3aKJIFOUEHHE PYKOBOJIUTENIO. PyKOBOAMTENH OTMEYAET OT-
CTYIUIEHUS OT 3aJaHusd U TPeOOBaHUI K OPOPMIIEHUIO MPOEKTa. 3a JBa JHS A0
CpOKa 3aIlUThl PYKOBOJMTENb 00s3aH BO3BPATUTH MOSCHUTEIHHYIO 3aITUCKY CTY-
JEHTY JUIsl aHAJIM3a 3aMEYaHui U MOATOTOBKH K 3alUTE.

B cmydae, ecim pyKoBOAWTENb CIETAET BHIBOJ O HEBO3MOXKHOCTH JIOTyCKa
CTYJIEHTa K 3alIUTe KypCcOBOW pabOThl, OC/eIHUN 00s3aH nepepadoTath MaTepu-
aJ B COOTBETCTBUH C 3aMEYaHUSIMU U BHOBb MPEJCTABUTh €r0 Ha 3aKITI0YCHUE.

Jnst 3amuTel paboThl CTYAEHT COCTAaBISIET JIOKJIAJ, PAcCUMTAHHBIA Ha
5...10 muH. B noknane nomKHBI OBITH U3JI05KEHBI OCHOBHBIE BOTPOCHI BHITIOJTHEH-
HO paOOTHI.

3amura paboThl MPOBOAMUTCS TMEpe]] KOMUCCUEH, COCTaB KOTOPOW Ha3HAYaAET-
cs kadenpoil. Ilocne moknaga CTyneHT OTBEYaeT Ha BOIMPOCHI YJIEHOB KOMHCCUU
0 COJIEPIKAHUIO PAOOTHI M OOIIETEOPETUIECKOMY MaTepUally.

CryneHT, He CyMEBIIUM 3allIUTUTh CBOIO PabOTy Mepe]l KOMUCCUEH, TOTy4YaeT
HEYJIOBJIETBOPUTENIbHYIO OLICHKY. [Ipy 3TOM KOMHCCHS M3JIaraeT MOTHBBI CBOETO
penieHuss U NpeasioKeHus], Kacaloluecs A0pa00TKU BBINOJHEHHOTO 00beMa WIIU
BbIJIa4M HOBOTO 3a1aHus. K MOBTOPHOM 3alllUTe CTYIEHT JOMYCKAETCs JIUIIb MOCIIe
TOpabOTKA KypCOBOW pabOTHI (BBITTOJIHEHUS HOBOW KypCOBOUM pabOTHI), HOBOTO
3aKJIIOYEHUS] PYKOBOJUTENS M TPU HAJIMYWU HAIIPABIICHUS JIeKaHAaTa.
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