MHWHOBPHAYKHN POCCHUHU

®denepanbHOE TOCYIAPCTBEHHOE OIOIKETHOE
o0pa3oBaTeIbHOE YUPEKACHUE BBICIIEr0 00pa30BaHus
«TynbCKHM TOCYHapCTBEHHBIA YHUBEPCUTET»

NuctutyTt EcTEeCTBEHHOHAYYHBIN
Kadenpa «Duzuka»

VY TBepkKAEHO Ha 3acelaHnu Kadeapsl
«Du3uKay

«30 » aBrycra 2019 r., nporokon Ne 1

3aBenyromuii kadenpoit

—

P - e —

P.H. PoctoBnen

METOANYECKHUE YKA3ZAHUA
10 NMPOBEAEHUIO NMPAKTHYECKUX (CEMUHAPCKMX) 3aHATHI
N0 JUCHMILUIHHE (MOIYJII0)
«BBenenue B pusuky»

OCHOBHOM NPO(eCCHOHATBHOI 00pa30BaTe/IbHON POrPaMMBbI
BbICIIETr0 00pa30BaHus — MPOrpamMMbl 0aKajiaBpuara

10 HAIPaBJICHUIO MOJTOTOBKHU
08.03.01 CrpouTenbCcTBO

C HampaBJIEHHOCTHIO (MIPOuIEM)
TensorazocHadoxeHne 1 BeHTUJISALIUSA
®opma o0yueHus: oUHast

Nnentudukamonusiii Homep odpaszoBarenbHoM nporpammbl: 080301-06-20

Tymna 2020 rop



Pa3zpaboTunku MeTOMUYECKUX YKAZAHU I

JKuryuos B.B., npodeccop, a.1T.H., mpodeccop

(®UO, momxHOCTH, YICHAS CTETICHb, yY€HOE 3BaHNE)

JKurvaoB K.B., 1011eHT, K.T.H., TOIIEHT
(®UO, momxHOCTH, YICHAS CTETICHb, yY€HOE 3BaHNE)

P

(TIommmCH)

ﬁ'g\; Y

;&Sﬂ

(TommmCH)



3ansarTue 1.

1. 2JIEMEHTHI BBICHIE MATEMATUKH

1.1.0cHOBBI BeKTOpPHOI1 aJredpbl

@u3nyecKre BEIUUYMHBI, Ul 3aJJaHUsl KOTOPBIX HE00XO-
JMMO 3HAHUE X YMCIEHHOIO 3HAUEHUsS U HalpaBJICHUs B MPO-
CTPaHCTBE, Ha3bIBAIOT BEKTOpamH. UMCIEHHOE 3HAYEHHUE BEK-
TOpa Ha3bIBAIOT €r0 MOJYJIEM.

PaccmoTtpum npaBuiia Cil0KeHuUs1, BBIYUTAHUS U YMHOXKE-
HUS BEKTOPOB.

-

Yro6sl Haiitn BekTop C=a+D | Heo6xommmo BexTop D
MIEPEHECTH MapajiieIbHO caMoMy cebe Tak, YTOObI ero Havyajo

COBIIAJIO C KOHIIOM BCKTOpa a . Ecmu COCMHUTD Ha4YaJlIO BEKTOpa
—

d c xonnoM BekTopa D, MBI mOMydnM BekTOp C .

o'l
ol
(=2

a =
a

- —
-

PaznocTs 1ByX BektopoB 0 =a—D moxuO npencrasuts,
KaK pe3y/bTaT CIHOXKEHMS BEKTOpa a C
BektopoM —D | paBHBIM 1O MOZYIIO Bek-

-

Topy D M mpoTHBOIONOXKHBIM eMmy 1O

HanpasieHuto. YToObl HalWTH BEKTOp

d=a-b, meobxommumo BekTOp (—b) MEPEHECTH MapajuIebHO



2

caMOMy cebe Tak, YTOOBI €TI0 HAa4aJIo0 COBIAJIO C KOHIIOM BEKTOpPa

a . Ecmm COCIMHUTD Ha4YaJI0 BEKTOpPa d C KOHIIOM BEKTOpa (—b) ,

-

MBI TIoTyunM Bextop d .

VMHOXkeHHE BEKTOpa a Ha cKajldp m JaéT BEKTOp, MO-
Jlylb KOTOPOrO B M pa3 OTIMYAETCS OT MOy BEKTOpa a , u
KOTOpBI HAIpaBlieH B Ty e CTOPOHY, YTO U & , eciu m > 0, U B

IIPOTUBOIONOXKHYIO, eciii m < 0.

CKB,JI?[DHI)IM IMPOU3BCACHUCM JIBYX BCKTOPOB 5 u b

Ha3bIBarOT YUCJIO0 ( CKB.J'IHD) C, OHpeI[eJ'IHCMHﬁ BBIPAXCHHUCM

c= |§| ‘b‘ oS a,

IJI€ 0L — HAUMEHBIIHNN YTOJI MEXAY BEKTO-

pavmu @ u b.
CHMBOJIMYECKH CKAIAPHOE MpPO-

HU3BCACHUC 3alIMCBIBAIOT OAHHUM M3 CJIC-

JYIOIIUX CTIOCOOOB:

c=3b I/IJ'II/IC:(a,B).

BGKTODHI)IM MPON3BCACHUEM [IBYX BCKTOPOB é: n b

Ha3BIBAIOT BEKTOP C , MOy KOTOPOTO paBeH
|C'| = |§| ‘b‘ sina,
—

TIe o — Yroa MexkIy BekTopamu d u D . Bektop C meprenu-

KyIIApeH ¥ BEKTOpY 4 , M BekTopy D , 1 HampasieH Tak, uto ecim

CMOTPECTh U3 €TI0 KOHIIA, TO IMTOBOPOT Ha HanMMEHBIINH yroia ot



TIEPBOTO COMHOXHTENs (BeKTOopa a ) kKo BTopoMy (BekTopy D)
OyZeT BHJIEH COBEPUIAIOIIMCS MPOTUB YACOBOM CTPEIIKH.

CHUMBOHYECKH BEKTOPHOE MPOU3BEICHUE 3aIMCHIBAIOT
OJTHUM U3 CIJIEAYIOIIHUX CIIOCOOOB:

¢=3axb wm 6:[5,6]
Onepanus JeneHns BEKTOpa Ha BEKTOP OTCYTCTBYET.
[IpoeKius BEKTOpa Ha OCh PaBHa IIPOM3BEICHUIO MOLYJIs
BEKTOpA Ha KOCUHYC YIJla My HAal[PaBICHHEM OCH U HaNpaB-
nenueM BekTopa. Hanmpumep, mpoekius Bektopa V. Ha 0Chb X
paBHa V, =V COSOl, Ijle 0. — Yrojl Mexk1y BEKTopoM V H

OCBIO X.

EI[I/IHI/ILIHI)IM BCKTOPOM Ha3bIBAIOT BCKTOP, MOAYJIb KOTO-
poro paBCH CAHUHUIIC. EI[I/IHI/ILIHI)IC BCKTOPbI, HAIIPaBJICHHBLIC
B10JIb KOOPAWHATHBIX OCCfI, Ha3bIBAIOT OpTAMU.

EnunuynbIi BEKTOp, HAMpaBJIEHHBIN BIOJIL OCH X, 000-

—

3HAYalT KaKk i HWIH eX , €IMHUYHBIN BCKTOD, HaHpaBﬂeHHLII;’I

BJIOJIb OCH Y, 0003HAYAI0T KaK ] Mimn €y, a eIMHAYHBIA BEKTOP,

—

HaIpaBJIeHHBINA BJIOJIb OCH Z, 0003Ha4YaroT kKak K wim €, .

3Hast MPOEKIMU BEKTOpa a Ha KOOPJIMHATHBIE OCH, €0
MOYHO IIPEACTABUTH B BUJE
d=a,i+ayj+ak.
UToOBbI HANTH MOIYTH BEKTOPA, HAJIO M3BJIEYh KBAJpaT-
HbI KOPEHBb U3 CYMMBI KBAJIPATOB €r0 MPOEKIUN:

a=,faZ+al+al.
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—

Ilpu croxenny BekTopos d+b=C, mie d=a,i+a, j+ak u
b=b,i+byj+b,K, CKIaBIBAIOTCA UX TIPOCKIIHH:

¢=(ay +bX)T+(ay+by)T+(aZ +b,)k.

VA
7 U Y .
b e
— y C b :
b Cy \ A
A :
a - ' :
y a ! :
- \ A : >
/ & ax & bx X
) PRSI

Ecimu 3aZIaHbl IIPOCKIINHU HAa KOOPANHATHBIC OCHU BEKTOPOB

-

5 u b , CKQJIIPHOC IMPOU3BCACHUC 3TUX BEKTOPOB MOKHO 3aIln-
CaThb B BUAC:

c=a-b=ayb, +ayby +a,b, .
BekropHoe npousBeeHre 3TUX JBYX BEKTOPOB PaBHO:
¢=[ab|=(ayb, ~a,b,)7 —(a,b, —a,b,)J+(asb, —a b, )k =
= (a,b, —a,b,)i +(a,b, —a.b,) j+(a,b, —a,b, k.

Oty hopMyny MOKHO 3amucarh B OoJee y1oOHO# 1715 3a11oMu-
HaHUs (OpME C TOMOIIBIO OTIPEACTUTENS:

i ]k
Ez[é,B]z a, a, a,
by b, b



Ecnu paznokuTh 3TOT onpeaenuTeb 0 3IeMEHTaM Iep-
BOIl CTPOKH, MOJIy4aeM BbIILICIPUBENEHHYIO (HOPMYITY sl BEK-
TOPHOTO MPOU3BEICHUS.

Pangunyc-BeKTOpOM TOYKM HA3bIBAIOT BEKTOP, HAYalI0 KO-
TOpPOTO COBIIAJIAET C HAYAJIOM CHCTEMbI KOOPJUHAT, a KOHEI[ — C
naHHOU Toukoi. [Ipoekiuu pagnyc-BeKTOpPOB TOUEK SIBIISIFOTCS
KOOPJIMHATaMH 3TUX TOYEK, TO3TOMY PaIiyC-BEKTOP TOUKHU C KO-
OpAMHATAMU (X, Y, Z) OTPEACISAETCS BRIPAKEHUEM

F=xi+yj+zk.

3ansTue 2.
1.2. OcHoBbI AU depeHINATBHOTO HCHHCTECHUS

OU3NYECKYI0 BEIMYUHY, IPUHUMAIOILYIO BCETIa OJTHO U
TO 7K€ YMCJICHHOE 3HaY€HUE, Ha3bIBAIOT NOCTOsHHOU. Eciu du-
3UuecKas BeJIMYMHA MOXET IPUHUMATh pa3InyHbIE YHCIECHHBIE
3HA4YEHMUsI, €€ Ha3bIBAIOT IEPEMEHHOM.

W3meHenne oqHON MEpEMEHHOM BEIIMYNUHBI MOXKET IPHU-
BOJIUTH K U3MEHEHHMIO JIpyroil BennuuHbl. [lepeMeHHyIo y Ha3bI-
BalOT @yHKyueli HE3aBUCUMOW MEpPEeMEHHOH (aprymeHra) X,
€CJIM KaXKJIOMy 3HA4ECHUIO X 10 OINpPEJeIIEHHOMY 3aKOHY CTa-
BUTCS B COOTBETCTBUE HEKOTOPOE 3HAYEHHE NIEPEMEHHOM :

y=1(x).

BBeném nonstue npenena GpyHkuuu B Touke. Yucno A
Ha3bIBaIOT MpeaesioM GyHkuu Yy =f(X) B Touke X = a, eclu Jyis

T000T0 MOJOKUTEIBHOTO CKOJIb YTOAHO MAJIOTO YHCia € CyIle-
CTBYET TAaKO€ MOJIOXKUTEIbHOE YUCIIO O =J(€), UTO IS BCEX X,

OTJIMYHBIX OT a U YIOBJIETBOPSIOIINX HEPABEHCTBY |x—a| <9,
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OyZeT BBIMIOJHATHCS HEPABEHCTBO |f (x)— A| < &. YTBepxaeHHe

0 TOM, UTO 4uCIIO A sBisiercs npenenom ¢pynkuuu y = f(X) npu

X, CTpEMAILIEMYCA K a, 3alIMCBIBAIOT B BUJIC:!
Gimf(x)=A.

X—a

[Tycth X; U X, — HEKOTOPbIC 3HAYCHHSI HE3aBUCHMOM TIe-
pemenHoit x, a Y, =f(X;) u y, =f(X,) — coorBercTBytomue
3HadeHus GyHkuuu y. Toraa BenmuuuHy AX = X, — X; Ha3bIBAIOT

IIpUpalIcHUEM HE3aBUCUMOM IepeMESHHOM (aDFVMCHTa), a BCJIN-

yuHy AY =Y, —Y; Ha3pIBalOT IpHUpaneHneM QYHKIUH.

ITycts X; =X, a X, =X+ AX. B 3ToM citydae npupare-
HUE paccMaTpuBaeMoil pyHKIMU OyleT paBHO:

Ay =y(X+AX) = y(X) -

[Tpenen, Kk KOTOPOMY CTPEMHTCS OTHOLLIEHHME IpUpalle-
HUS (QYHKIMM K DPUPALICHUIO HE3aBUCUMON MEPEeMEHHOM Mpu
CTPEMJIEHUM K HYJIIO IPUPAIIECHUS HE3aBHCUMOM NEPEMEHHOM,
UMeeT ClIeualbHOE Ha3BaHUE: NPOU3B00HAs (YHKYUU, WITH, CO-
KpaI&HHO, MPOCTO NPOU3BOOHASL:

y'= lim YEEA)ZYC) _ iy &Y
AX—0 AX Ax—0 AX

[Tpupamienne He3aBUCUMOM NEpeMEHHOM 0003HauyaroT
kak 0X ¥ HaseIBAIOT Oughepenyuanrom apeymenma x. Jughgpe-
PeHyuanom @GynKyuu Ha3bIBAIOT JUHEHHYIO OTHOCUTENIBHO AX
yacTh npupamienus Gynkuuu y(x). Auddepenunan pynkumun y
o0o3HavaroT kak dy .

MosxHO moka3 aTb, 4TO



7

= (im Ay dy
Ax—0 AX dX

dy

B ¢usuke npuHATO MpoU3BOAHYI0 0003HAYATH KaKd— .
X

d
[IpousBoanas d_y — 3TO CKOPOCTh U3MEHEHHS (PYHKITUH
X
y P U3MEHEHUU apryMeHTa X.
Jise HaXxoXAEeHUSI MPOM3BOAHBIX HEOOXOAMMO, TPEXIE
BCEr0, 3allOMHUTH TaOJUIly MPOU3BOJHBIX, KOTOpas B Cilydae
MpOCTeHINX (PYHKIUI UMEET BUJI:

Taobauya npouseoonvix

1. diX(C):O, C =const 8. dix(cosx):—sinx

2. ;—X(xa):a-xa‘l, 0 i(tgx): 12

a - moGoe THero o cos X

3 ;—X(Iogax)=§logae lo.dd—x(ctgx)zSin .

4, dix(lnx) )1( 11. %(arcsinx):\/:7
5. ;—X(ax):axlna 12. %(arccosx): 1__1)(2
6. Oli(ex)=eX 13. %(arctgx):l:x2

7. dix(smx) COSX 14, dix(arCCth):1+x2




B 0osee ciioKHBIX ClIydasx 3aaada HaXOXACHUS ITPOU3-
BOJHBIX pE€HIACTCA MMOCICA0BATCIIBHBIM IIPUMCHCHHUEM IIpaBUIl,

MEPCUNCICHHBIX HHUXKE!

dy _ a dfy(x) +b df, (x)

y = afi(x) £ bhHh(x) =>

dx dx dx =~
rae a u b — const.;
dy dfy(x df, (x
y=nieobe = Y Ig g g 0 B,

df, (x df, (x

000 dy (- M)

Th()  dx 2(x) ’
_ _. dy_dy do
y=y(p(x)) => ix o dx

Ecnu npousBognas ¢yukuuu f — ato nuddepennupye-

Masi QYHKIIHSI, TO MOXHO HalTh mpou3BoaHyto u Juist Heé. [lo-

JTy4eHHYIO (YHKIIHIO Ha3bIBAIOT BTOPOIl MPOM3BOAHOMN (PyHKIIUU
d’f

f(x) n 06o3HauarT Kak — . Bropas npou3BoaHas — 3TO CKO-
X

pocTh U3MeHeHHUsl npou3BoAHON (yHkMHU. Ecnu nmpousBogHas



ix XapakTepu3yeT CKOpocTh n3MeHeHus pynkuuu f(x), To BTO-
X

past IpOM3BO/IHAS XapaKTEPU3yeT CKOPOCTb U3MEHEHUS! CKOPO-
CTH.

Ecimu ¢dyukuuonanshas 3aBucumocts Y =T(X) mpexn-

CTaBlieHa B BUJE IpaduKa, TO F€OMETPHIECKUH CMBICI ITPOM3-
BOJHO 3aKIIOYaeTcs B TOM, YTO OHA paBHA TAHIEHCY yIiia
HaKJIOHA KaCaTelbHOM K OCH X B TOM TOUKe rpaduka, B KOTOPOit
onpeeneHa Npou3BomHas. [Ipy 3TOM MpearonaraeTcs, 4ro
y =f(X) u X UMEIOT OIMHAKOBYIO PAa3MEPHOCTH M IS HUX TIPU

MIOCTPOEHUH rpaduka BbIOpaH OIMHAKOBBIN MacIlTa0.

BblunicnuB 1poM3BOAHYIO, MOYKHO IPOBECTH AaHAIU3
CBOMCTB COOTBETCTBYIOIIEH el ()yHKIIUH.

Ecin ¢ poctom aprymentra (yHKUMsl pacTéT, TO YIVIbI
HaKJIOHA KacaTeJIbHOH K rpaduKy 3Toi (pyHKIMH OCTpHIE U TaH-
TeHC yIIa HAaKJIOHA KacaTelIbHOW IIOJIOKUTENBHBIN, OITOMY
MPOM3BOAHAS (PYHKIIMU TOJIOKHUTEIbHA.

Taxkum 00pa3omM, eciii Ha HEKOTOPOM MHTEpBAJle 3Ha4e-
HUN apryMeHTa NpOHM3BOJHAS (DYHKIUU MOJIOKUTEIbHA, 3TO
O3HAYaeT, YTO B 3TOM MHTEPBAJIe 3HAUEHUH apryMeHTa IPH €ro
yBenuueHun ¢(yHkuus pactér. Ecnu mpousBonHas oTpuia-
TeJbHA, TO (PYHKIIUS IPU POCTE 3HAUEHUIN apryMeHTa yObIBaeT.
B Toukax MakcuMyma 1 MUHMMYMa TaHT€HC yITla HaKJIOHa Kaca-
TEJIBHOU K OCH X PaBeH HYJIIO, 3HAUUT B 3TUX TOYKAaX IMPOU3BOJI-
Hasi paBHa Hymto. [[pyrumu ciioBamu, B TOUYKax MakCUMyMa U
MuHuMyMa pyHkuun y = f(x), npoussoanas gynkuuu f(x) paBHa
Hymo. B Toukax, rae GyHKIUS HOCTUTaeT MaKCUMyMa, BTOpast
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IIPOMU3BOAHAA OTPHULATCIIbHA, 4 B TOUKAaX MUMHUMYMa BTOpas Impo-
MU3BOJHAs IIOJIOKUTCIIbHA.
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3ansaTue 3.
1.3. Heonpene1éHHbII 1 onpeieIéHHbIH HHTErPaJibl

1.3.1. HeonpeneJiéHHBIN HHTETPaJI
[Tycts Teno aBMKETCS BIOJNB OCH Z. 3ajmada o0 ompene-

JICHHH CKOPOCTH JIBIDKEHHUS V(t) MO 3alaHHON 3aBUCUMOCTH KO-
OpIMHATHI Z TeJla OT BpeMeHu z = z(t) (mpsimasi 3a/1a4a) IPUBOJIUT

. dz(t
K IOHATUIO POM3BOAHOM: V() = ﬁ OG6parHas 3aj1a4a 3a-

dt
KJIFOUAeTCs B ONpENEJICHUN TOJIOKEHUs Tena z = z(t), eciu
MT'HOBEHHAsI CKOPOCTh V(t) 3a7ana kak (yHKUus BpeMeHH. Pe-
IIeHre 0OpaTHOM 3a7a49¥ MPUBOIUT K TIOHATHIO HHTETpaIA.

Eciu % =f(x), ro F(X) masbiBaroT nepsooOpaszHoii

Gynkuueit s npoussonuoit ¢yukumu f(X). Ormernm, uTo
dynxius F(X) £ C, rne C — npou3BosibHas KOHCTAHTA, TAKKE AB-
asercs nepBooOpasHoi mus Gynkiuu T(X), mosromy mMoxHO

TOBOPUTH O ceMeicTBe nepBooOpa3Hbix. CeMencTBO 1mepBo0o-

pasubix F(X)+C ¢ynxuuu f(X) HaseiBaror reonpedenénnvim

unmezpanom ¢ynxyuu T(X) u 0603Ha9ar0T CUMBOIOM j f(x)dx

jf(x)dx = F(x)+C,

e .[ — 3nak uHrerpaia; f(X)dX — momeHTErpansHOE BHIpa-

xenue; f(X) — mompinTerpanbHas GpyHKIMS; X — MepeMeEHHAs

HHTCTPpHUPOBAHUAA.
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Brrancnenue HeOHpe,Z[eJ'IéHHOFO HHTCTpajia OOBIYHO CBO-
JUTCA K TAKOMY HpCO6p330BaHI/IIO IMOABIHTCTPAJIBHOT'O BBIpAXKE-
HUHAA, YTOOBI MOKHO OBIIO BOCITOIB30BaTHCS Ta6J'II/IHeI71 HEOIIpEC-
JIEIEHHbBIX HHTErpaaioB.

Tabauya ocnosHblx HeonpeoeeHHbIX UHMESPAlos

jo-dx=c;

jA-dx:A-x+C, A =const ;

Xa+l

IX“dX= +C, a=#-1;
o+l

jd—X=|n|x|+c;

X

X

J.aXdX=ﬁ—+C (O<a=#1), BuacTHOCTH Iexdx:eX+C;
na

jsinxdx =—C0SX+C;
Icosxdx =sinx+C;

jtgxdx =—(n|cosx|+C;

I d); :tgx+C(x¢£+nn, rien=0,%1,...);
COS“ X 2

I _d>2< =—Ctgx+C (X=#nm, roe n=0,%1,...);
sin“ x

j%:arcsinx+c;
1-x
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j%zln‘x+\/x2+A‘+C.

K ocHOBHBIM MeTOaM MHTETPUPOBAHUS OTHOCST:
- UHTETPUPOBAHUE 3aMEHOM NMEPEMEHHOM;
- HHTErPUPOBAHUE IO YACTSAM.
B merone uHTErpupoBaHUsS 3aMEHON NMEPEMEHHOM it

oTbickanus uaTerpana or ¢ynkumu f(X) Bomar ¢ynxuumio
dx
X =X(t). Torma dx = Edt' ®opMyna 3aMeHbl IEPEMEHHON B

HWHTEeTrpaJie MpuodpeTaeT BUI
dx
f(x)dx = | f(x(t)) -—dt.
Jf0aax =[x

IIpuéM MHTETPUPOBAHMS IIyTEM 3aMEHBI IEPEMEHHOU
IIPUMEHSIIOT B TOM CJ1y4ae, Korja HoAbIHTerpaibHast QyHKIIHS BO
BTOPOM MHTErpajie IpoIle, YeM B HCXOJHOM.

IIpy MHTETPUPOBAHUHM I10 YACTSAM HCIIOJIB3YIOT CIEAYIO-

1yt Gopmyny
judv=uv—fvdu.

1.3.2. OnpenenéHHbIN HHTErpas

3anazum Ha otpeske [a,b] (a u b — KOHedHbIe UnCa) He-
OTpHUIaTENbHYI0 HenpepbiBHYIO (Gyrkiuio f(X) . Haiiném mio-
maas GUryphl, OrpaHUYEHHOM OTpe3koM [a,b] Ha ocu X, Tps-
MBIMH X = a M X = b u rpadurom kpusoii (X). Dty purypy

Ha3bIBAIOT KPUBOJIIMHEWHOMN Tpanernuei.
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[IpoBeném pazbuenue orpeska [a,b] Ha N 4YacTeu ToY-
KaMH a =X <X; <...<X, =b. Beibepem Ha Kaxa0M U3 HOIYy-
YEHHBIX OTPE3KOB [Xi_1,X;| (1 =1, ..., n) IPOM3BOIBHYIO TOUKY
& €[Xi_1,X;] n, onpenenus 3HaueHust GyHKLUMK B 9TUX TOUKAxX
f(§;), cocraum npoussenenus f(&;)AX;, kaxmoe u3 KOTOPBIX
B IIEPBOM MPUOJIVDKEHHU paBHO TUIomaau nox kpusoi f(X) ma

COOTBETCTBYIOIIEM ydacTke AX;, rae AX; =X;.—X;. Torma
n

cymma S, = Zf (&)AX;, Ha3plBaeMas MHTErPaJbHOH CyMMOIi,
i=1

Oyner mpuOIMKEHHO paBHA IUIOMAAN KPUBOJIUHEHHOW Tparie-
LIUH.

YerpemuM Bce AX; K Hymaro. Eciau npu 3ToM HHTErpaib-

Hasa CyMMa CTPEMUTCA K NIPCACITY, HE 3aBUCALIEMY OT CIoco0oB

pa3dueHus U BEIOOpa ToueK &;, TO €ro Ha3bIBAIOT 0NpPedeléHHbIM

unmezpanom ot Gyaxuuu f(X) Ha orpeske [a,b] u o6o3nauaror

CHMMBOJIOM

b n
! fdx= XluArQ%;f(g)Axi.
N—o0



f(&)

0O a Ti-1 f,' Z; b z

[Tpu 5TOM umcia a ¥ b Ha3BIBAIOT COOTBETCTBEHHO HUJIC-
HUM U BEPXHUM Npedeamu UHMe2PUpOBaHusl.

WTak, ecinu mompIHTErpasibHas QYHKIUS YKa3bIBaeT Op-
IUHAThl Touek rpaduka y = f(x), To onpenenéHHblii UHTErpaj

b
.[ f(x)dx pasen momany GUrypel, OrpaHHYEHHOI rpaduKOM
a
¢byHkun y = f(X), OCbI0 X U BEPTUKAJISIMU X =a U X = b:
b
S=[f(xdx.
a

Jlis BBIUMCIIEHUS ONpPENENEHHOTO HMHTErpajga HCIOJIb-
3y1oT dopmyny HeroToHa-JleliOHMIIa, HAa3bIBAEMYyIO TaKKe OC-
HOBHOI (pOpPMYIOil HHTETPATILHOTO UCUUCIICHHUS

Tf(x)dx =F(x), =F(b)~F(a),

rae f(x) — gyHkuus, HempepbiBHas Ha oTpeske [a,b], a F(x) —
OJIHa U3 MEPBOOOPA3HBIX PYHKLUN HA 3TOM OTPE3KE.
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3aunsaTusn 4, 5.
3. KHHEMATHKA MATEPUAJIbHOM TOYKH

[IpeameToM M3y4eHHUs] KIIACCUUECKOW MEXAHWKHU SIBIIS-
eTCsl MexaHuyeckoe 0gudicenue Tel, IPeCcTaBIIfolIee co00i ux
IepeMenIeHUe B IPOCTPAHCTBE C TEYEHUEM BPEMEHMU.

[TonoxeHue ABMXKYLIErOCs Tejla ONPENENsOT OTHOCH-
TEJIBHO HEKOTOPOro JPYyroro Tejla, Ha3bIBA€MOIO TEJIOM OT-
cuéra. C TemoM OTCYETa CBS3BIBAIOT CUCTEMY KOOpJMUHAT
(00BIYHO — TPAMOYTONBHYIO). [ OTCuéTa BpeMEHU HCHOJb-
3YIOT 4achl TOrO WJIA UHOrO TUIa. COBOKYIHOCTh CUCTEMBI KO-
OpAMHAT, CBSI3aHHOM ¢ TeOM O0TcuéTra, U Habopa CUHXPOHU3H-
POBaHHBIX YacOB, PACHOJ0KEHHBIX B Pa3HbIX TOYKAX MPOCTPAH-
CTBa, 00pa3zyeT CUCTeMY OTCYETA.

Onucarth IBWKEHUE B MEXAHUKE — 3TO 3HAYMUT 3a]aTh
ypaBHEHHUE, 103BOJISIOLIEE ONPEIEINTh MOJI0KEHUE TeJla 110 OT-
HOILICHHUIO K BBIOpaHHOW cUcTeMe OTCYéTa B JHOOOH MOMEHT
BPEMEHH.

B knaccuueckoil MexaHHMKE JUIsl YNPOILEHUS ONUCaHUS
JBUKEHMSI PEANIBHBIX TEJl BMECTO HUX PacCMaTPUBAIOT JBUXKE-
HUS UJIeaJIN3UPOBAHHBIX O0BEKTOB: MAaTEPUAIbHONW TOYKHU U a0-
COJIFOTHO TBEPIOTO TeENA.

MarepuanbHas TO4YKa — 3T0 OOBEKT OECKOHEYHO MasbIX

pa3mepoB, oOnagaromuil Maccoil. AGCOIIOTHO TBEPJOE TEIO —

3TO COBOKYITHOCTh MAaTEpPHUAJIbHBIX TOYEK, PACCTOSHUS MEXKIY
KOTOPBIMU IIPU JIBUKEHUU HE U3MEHSIOTCS.
Ilepeiii€M K ONTMCaHUIO ABUKEHHS MATEPUAIBHOM TOUKH.
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3.1. KunemaTuueckue ypaBHeHUsl IBUKEHHUS
MAaTepHATbHOI TOYKH

JIBm>keHne MaTepHaIbHOM TOYKH MOYKET OBITh OMHUCAHO
TpeMsi CocoO0aMu: BEKTOPHBIM, KOOPJIWHATHBIM M €CTECTBCH-
HBIM. DTHM TPEM CI1oco0aM OMMCaHusl COOTBETCTBYIOT TPU BUIA
KHHEMAaTUYCCKUX YPAaBHCHUN JABVKCHUS:

— KUHEMAaTUYECKOE YPaBHEHUE JIBHXKCHHSI B BEKTOPHOM
dhopwme:

r=T7(t),

rie T — paanyc-BeKTOp MaTepUaIbHON TOUKU;
— KMHEMaTH4eCKUe ypaBHE-
HUS JBWOKCHHS B KOOPIH-
HaTHOH (opme; B HEIo-
JIBUKHOM JIEKApTOBOW CH-
cTeMe  KOOpAMHAT  OHH

HUMEIOT BUI:
x =X(t)
=Vy(t).
Puc. 3.1 y=y()
X z=2(%)

EctecTBeHHBII cnocoO oOnMucaHus JBUKEHHUS IpUMeE-
HAIOT B TOM CJIy4ae, Korja 3aaH0 YpaBHEHUE TPACKTOPUHU Ma-
TepraibHOM Touku. Ha TpaekTopuu BEIOMparOT HaYano0 OTCUéTa.
Paccrosinue, n3MepeHHOE BI0/Ib TPACKTOPUM OT Hayalla OTCYETa
J10 TIOJI0KEHHUS, 3aHUMAeMOr0 MaTEpPUAIIBHON TOUKOU B HEKOTO-
PBIi MOMEHT BPEMEHH, HA3BIBAIOT MPONICHHBIM MYTEéM S (pHC.
3.1). Kunemarnueckoe ypaBHEHHE JBH)KEHUSI IIPU TaKOM CIIO-
co0e omucaHusi OpH 3aJaHHOM YPABHEHHM TPAaeKTOpUU OyAeT

HUMCTHb BU!:
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S=5(1).
3.2. CkopocTh U YCKOPeHHEe MATEePHAIBLHON TOUYKHU
CKOpPOCTB — 3TO BEKTOPHAs BEJIMUUHA, KOTOPAs XapaKTe-
pHU3yeT OBICTPOTY U3MEHEHUS MOJIOKEHUSI MATEPUATIbHON TOUKU
B IIPOCTPAHCTBE W HAIIPABJICHUE €€ JABUKCHUS B KaKIbId MO-
MEHT BPEMEHH:
L AT dF
V=/_>(Im—=—.
A0 At dt
Panuyc-BekTop MaTepualbHONW TOUYKH MOKHO 3aIMCATh B BUJIE
r=ix+ jy+kz. (3.1)
Torma ns CKOPOCTH MOJITyHaeM:
_ dx>» dy- dz-
V=—I+—yj+—k, (3.2)
dt dt dt
dx dy dz
i Vy ="V, =—.
dt dt dt
Mopaynb CKOPOCTH MOXKET OBITH TOT/1a OIIPEIENEH KaK:

()] +(&)

[Ipu ecTecTBEHHOM CIIOCOOE OMHMCAHUS ABUKCHUS
. AS dS
V=/_(IMm—=—.
At—0 At dt

TO €CTh V, =

C yu€ToM TOro, 4To CKOPOCTh HalpaBiIeHa M0 KacaTelb-

HOM K TPACKTOPHH B KAXKIOU €€ TOUKe, OyJeM UMETh

rac '_C' — BCKTOpP, MOAYJIb KOTOPOTO paBCH CIUHHUILIC, 1 KOTOpBIfI

HaITpaBJIEH N0 KacaTEeJIbHOU K TPAEKTOPUH B KaXKJI0M €€ TOUKE.
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YckopeHue — 3TO BEeKTOpHAas BEIMYMHA, KOTOpasi Xapak-
TEepPHU3yeT OBICTPOTY U3MEHEHUSI CKOPOCTH:

_ lim AV _dv
A%OA'[ Tdt
C yuérom (3.1) u (3.2) MOXKHO 3amucaTh:;
o |V 2y - d%z-
g= W My g Mgy g =90, dzy,+d§k.
dt dt dt dt dt dt

Monynb yCKOpEeHUsl HAMAEM U3 BBIPAKECHUS:
2 2 2
ao [9vx), dvy |, (dv,
dt dt dt

a2 ) d’y 2 (g%
2 + 2 + 2
dt dt dt

nin

[Tpu ecrecTBeHHOM criocOo0€ ONMMCAHUS IBUKEHUS YCKO-
peHHe NPECTABIAIOT KaK CyMMY TaHI€HIIMAIILHOTO YCKOPEHUS

§t , HAITPABJICHHOI'O 110 KacaTellbHOM

K TpaCKTOpUH ABUKCHHA B JTaHHOH

TOYKE, 1 HOPMAILHOTO (IIEHTPOCTpE-
MUTENBHOTO)  yCKOpeHHs &,

HaIpaBJIEHHOIO0 M0 HOPMalM K KacaTelbHOM K LIEHTPY KpH-

BHU3HBI TPACKTOPUH B JAHHOM TOUKE:
a=a,+a,, (3.3)

2 2
a=,/a;+ay,
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TaHFeHHI/IaHBHOG }’CKOpeHI/Ie onpez[enﬂeTc;I BbIpaXeC-
- dv .,
HHUCM ar = ET , U3 KOTOpOI‘O cne):[yeT, qTO MO[[y.HB TaHT'CHOU-
QJILHOTO YCKOPEHHSI XapaKTepH3yeT OBICTPOTY U3MEHEHHS Be-
dv - .
JMYHHBI CKOpocTH (8, = E) BekTtop T B KaxI0M TOUYKE Tpa-

€KTOPHH HaIIpaBJIEH 110 KacaTeIbHOU K HEH, a ero MOAYJIb PaBEH
E€INHHUILIE.
HopMmanbHoe yckopeHue OoIpenessieTcsi BbIpaKEHUEM

2
a, :Eﬁ’ rae R — paauyc KpUBHM3HBI TPAEKTOPHU B TOM €€

TOYKC, B KOTOpOﬁ OIIPECACIIIIOT HOPMAJIBHOC YCKOPCHHUC. BGKTOp

N HampaBIeH MO HOPMAIM K KACATEIbHON K IIEHTPY KPHBHU3HbI
TPAEKTOPUU B KaXI0M €€ TOYKE, a €r0 MOAYJb PABEH €AUHULIE.
Monysib HOpMaJIbHOTO YCKOPEHUSI XapaKTEPU3YET OBICTPOTY U3-
MEHEHHSI HAIPABJICHUS CKOPOCTH.
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3AJIAHUSA 1151 AVIMTOPHOM U JOMAIITHEN
PABOTBI 110 PA3JIEJTY 3
"KUHEMATHUKA MATEPHUAJIBHOM TOYKHU"
3.1. lllapuk aBmxeTcs 6€3 TpeHHUs Yepe3 XOJIM U BHajuHy. B

Vi_dv,

t| dt

KaKOM TOYKE CIIpaBCAJIMBO COOTHOIICHUE

a) TaKOW TOYKH HET

0) B HavaJe MoabEéMa B TOUKEe A

B) B TOYKE HAaWBBICIIETO NOoAbEMa B

I') B TOYKE Mepexoja xoiama Bo Bnaauny C

1) B CaMO¥ HU3KOHM TOYKE BHaguHBI D

) B Touke E B KOHIIE TogpeMa

3.2. Paguyc-BeKTOp YaCTHUIIbI U3MEHSIETCS] BO BPEMEHH 10 3a-

N - 4 e i =2
KOHYy =-2-1+3t"-j, tne I u ] — opThI 5 4ﬂ\3
oceii OX n Oy. B MmomenT Bpemenu t = 1 cya- [
CTHIIa OKa3alach B Touke A. BwiGepurte mpa- [ 1] NT ] i

BUJIBHOC HAIPABJICHHUC CKOPOCTH 4YaCTHULbLI B

9TOT MOMCHT BPCMCHHU.
a)l 62 B3 14 15

3.3. U3 TOYKM C paauyCOM-BEKTOPOM ?6=18-T—81-]
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(1 m j —oprtsl oceit OX u Oy) Hayana cBOE IBM)KEHUE YaCTHUIIA.

E& cropocTb H3MeHsieTest 1o 3aKkoHy V =2t3-i +9t?- j. Yepes

CKOJIBKO CEKYH]I YacTHia nepecedér ocs Ox?
a) HUKoraa He nepecedér ocb Ox  6)9c¢ B)3c T1)2¢

3.4. HauasnbHast CKOpPOCTh YacTHIlbl paBHa Vo =54-1—-16- |

Vo = 541-16], a yCKOpeHHWE MEHSETCSI BO  BPEMCHH
5:—6t2-7+4t3-_j',rne iu ] — optel oceit OX u Oya =
-6t2 T+ 4t3-7a=-6t2-T+4t3-]. Uepes CKOIbKO CEKyH]
CKOPOCTb YaCTHUIIBI OKaXKeTCsl mapaienbHoi ocu Oy?

a)2c 0)3c B)27c r)HHKOrAa He Oyner napamwienbHoi Oy

3.5. CKopoCTh YaCTHIIbI K3MEHSETCSI BO BPEMEHH 110 3aKOHY
\7:5t-7+12t-T (i un j — oprol oceit OX u Oy)V = 5t-T+
12t - 7. Uemy paBHa BeJIMYMHA TAHTCHIIMAIHLHOTO YCKOPEHUS Ya-
CTHUIIbI B MOMEHT BpeMeHu t; = 1 ¢t = 1¢?

a) 26 m/c*m/c?  6) 13 m/c*m/c?  B) 17 Mm/c*M/c? 1) 34

m/c*M/ c?
3.6. Eciu @, W @, — TaHTeHIMaIbHAs U HOPMAJIbHAs COCTaB-

JSIOIUE YCKOPEHUS ABIKYILEHCS MaTepUalbHON TOUKH, TO CO-
OTHOILIEHUS: ar = const, an = 0 cipaBeIMBBI AJIA ... .

a) paBHOMEPHOTO ABUKEHUS IO OKPYKHOCTHU

0) IpSMOJIMHENHOTO PABHONIEPEMEHHOTO JABMKEHUS

B) IPSIMOJIMHEWHOTO PAaBHOMEPHOTO JBUKECHHUS

') pABHOMEPHOT'O KPUBOJIMHEHHOTO ABMKEHUS

3.7. MarepuanbHas Touka M cBoOOIHO 0€3 TPEHUS CKOJIb3UT
B TOJ€ CHJIbI TSDKECTU MO IAJAKUM CTEHKaM
CUMMETPUYHON SIMBI U B pacCMaTpUBaeMbIi A 20| Bra

M
1
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MOMEHT BPEMEHU JBUXKETCS BBEPX 110 HAIPABJICHUIO K Touke B
(A u B — HauBbICHIME TOYKHU MOIBEMA). YKAKUTE MPaBUIBLHOE
HaIpaBJIEHUE BEKTOPA MOJIHOTO YCKOpeHHs Touku M (cM. puc.).
ayl ©0)2 B3 n4

3.8. Ilpu nBWKEHUM 1O OKPYXKHOCTHU IPONIECHHBIA TOUKOU
IyTh ONKCHIBAeTCA ypaBHeHHeM S = 2t (S — n3mepsiercs B MeT-
pax, t — B CeKyHJax). YT0Jl MEX]y BEKTOpaMH IOJIHOI0 yCKope-
HUS U CKOPOCTHU C TEYEHUEM BPEMEHH ... .

a) YMEHbIIIAeTCs 0) yBEJTMUMBACTCS  B) HE U3MEHSETCA

I') CHayajla yMEHbILAETCs, 3aTEM YBEIMUUBACTCS

3.9. Kamenb Opocuiy 1o yriioM K FTOPU30HTY CO CKOPOCTBIO
VoV = 5t-T+ 12t-J.vy Ero Tpaekropust B g
Yo

OJTHOPOJTHOM TIOJI€ CHWUJIBI TSKECTH H300pa- B B
A E

’KeHa Ha pucyHke. COnpoTUBIIEHUS BO3AyXa
HeT. Ha yuactke A-B-C ... .

a) MOAYJIb HOPMaJbHOTO YCKOPEHHSI YMEHBIIAETCsI, MOAY/b
TaHT€HIIMATILHOTO YCKOPEHHUS YBEJIIMUMBACTCS

0) MOy b HOPMAJILHOTO YCKOPEHUS YBEJINUUBAETCS, MOYIIb
TaHT€HIIMAJILHOTO YCKOPEHUSI YMEHBIIAETCS

B) MOAYIM HOPMAJIbHOTO M TAHI'€HLUHUAIBHOTO YCKOPEHHM
YBEJINYUBAOTCS

I) MOAYIM HOPMAJIbHOTO W TaHTEHIHAJIBHOIO YCKOPEHMMH
YMEHBIIAKOTCS

3.10. Touka A nBMXKETCS BIOJIb CIIMPAJINM B HAaIPaBJICHUM,
YKa3aHHOM CTPENKOH, C IMTOCTOSSHHOM MO BEJu-
YiHE CKOpOCThIO. [Ipy 3TOM BenuunHa €€ 1moi-
HOT'O YCKOPEHHs IIPH IBHKEHUH K Touke O ... .

a) MOCTOAHHA U paBHA HYIIIO
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0) MocTOsIHHA ¥ HE paBHA HYIIIO
B) YBEIMYHUBACTCS
') YMEHBIIAETCS
3.11. MarepuanbHas TOYKa JBHXKETCS TaK, YTO C TEUCHHEM
BpeMEHH e¢ KOOPAMHATHI HU3MEHSIOTCS TI0  3aKOHaM:
X =2t + 6t — 4%, y = 5t>—4t>+1,5t* u z = 4 + 8t — 2t>. Briuucnure
MOJYJIb CKOPOCTH MaTepHaIbHOM TOYKHM B MOMEHT BPEMECHH
t=6c.
OtBeT: 991,06 m/c
3.12. MarepuanbHas TOYKa ABUXKETCS TaK, YTO C TEYCHHEM
BPEMEHH eé KOOPAMHATHI H3MEHSIOTCS 10 3aKOHaM: X = 2t* — 3,
y=4+1t2+ 5t uz=9t+7t* + 3t*. Haiigure Moxyb ycKopeHus
MaTepHAIbHOW TOYKM B MOMEHT BpEMEHH t = 2 C.
Otsert: 169,92 m/c?
3.13. Paguyc-BekTop yacTHIlbl B HayaJdbHBIH MOMEHT Bpe-

MEHH paBeH [ z(i + j)-C, rae C = 8 m. Cnyctss HEKOTOPBIN
MIPOMEKYTOK BPEMEHU MOJYJIb CKOPOCTH YaCTHUILIbI, KOTOpast U3-
St 4
Mmensiercst o 3akony V=K| A——B| — | |, oka3saicst paBHBIM
T T

Hymo. OnpeneanTb Ha KaKOM pacCTOSTHUU OT Hayaja KOOpIAWHAT

OKa3ajach 4acTHUIIa B paccMaTpUBaeMbli MOMEHT BPEMEHH,
eciimi A=16m/c, B=2wm/c,t=2c.

Otset: 40,03 M

3.14. Pagnyc-BeKTOp 4acTHUIBI 3aBUCUT OT BPEMEHM IO 3a-
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xony F(t)=i- CGT—BGT +]-DG)7+R-EGJ. UYe-

Pe3 CKOJIBKO CEKYH]I CKOPOCTh YaCTUIIBI OKaXETCsl IePIEHAUKY-

napHor ocu Ox, eciut =3¢, B=5M, C=3 M, D=6wM,
E=1m?

OtBeT: 4 ¢

3.15. B HauvanbHBII MOMEHT BPEMEHHM CKOPOCTh YacCTHUIIbI

paBHa HYNIO, a €€ YCKOpPEHHE 3aBUCHUT OT BPEMEHH IO 3aKOHY

5 3
~ > t ~ t
a(t) =1 C(;j + j-D(;J . Uepes CKOJIIBKO CEKYH]I CKOPOCTh

JacTUIlpl OyneT HampasiieHa rmoj yrioMm 45° x ocu Ox, eciu
1=2¢,C=27Mm, D=8 M?

OtBet: 1,3 ¢

3.16. YacTuua Havana JABUKEHHUE U3 TOUYKU C KOOPJUHATAMU

X0 =2 M; Yo =4 M; zo = 6 M C HyJI€BOW Ha4aJIbHON CKOPOCTHIO.

E€ ckopocTh  3aBUCMT OT  BpEMEHM IO  3aKOHY

v(t) = i-At* +] -Bt® + k- Ct2. Haittu paccTosTHUE OT Havyasa Ko-

OpJIMHAT JI0 TOYKH, B KOTOPOM OKa3zalach 4acTULA Yyepes3 S ¢ Mmo-

cIle Havana ABWDKeHH, eci A =4 m/c’, B=2 m/c*, C =12 m/c’.

Ortsert: 2572,2 M

3.17. Yactuua Hayana cBO€ JBMKEHHUE U3 Ha4Yajla KOOpJIUHAT

C Ha4yaJbHOU CKOPOCTBIO Vy =K-A U ¢ yCKOpEHHEM, KOTOpoe

3aBHCHT OT BpeMeHH 10 3axkoHy a(t)=i-Ct?+ j-Bt®. Haiitu
MOJIY/JIb CKOPOCTH YacTHI[Bl B MOMEHT BpeMeHH t = 4 ¢, eciu
A=2wm/c; C=3wm/c"; B=4wm/c>?

Ortsert: 263,89 M/c
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3.18. YacTuiia Hayasia IBUKEHUE U3 HaYasla KOOPJIMHAT, U €€
CKOpPOCTh 3aBUCHUT oT BpEMEHHU o 3aKOHY
t
T

V(t):(T-A+]-B+R-C)(

4
j . Kako#t myts mpoiia€T yactuna

3aBpemsit=3c,t=2c,ecmu A=2wm/c; B=3wm/c; C=4wm/c?
Ortsert: 16,36 M
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3.19. CxkopoCTh YaCTHUIIbI U3MEHSIETCSI CO BPEMEHEM 10 3aKOHY
V= ?ACOS(O(,tz)-‘r ]Asin (at2)+ kBt?, rme A =2 m/c, B=3 wm/c,

o =2 ¢ 2. Ha kaKkyIo BeJIM4MHY YBETUYUTCA MOLY/Ih YCKOPEHHS
YacTHUILIbI 32 IPOMEKYTOK BpeMEHM OT t1 = 1 ¢ 10 t2 =3 ¢?
Orser: 20 m/c?

3.20. CxkopoCTbh YacTULIbI U3MEHSETCS CO BPEMEHEM II0 3a-
KOHY V:(D—ZBt)], e D = 4 m/c, B =2 m/c’>. B MOMEHT

t = 0 xoopauHara y, = 0. Halitu myTh, poiIeHHBIN YacTHIIEH
3a MPOMEXYTOK BPEMEHH, [0 UCTEYEHUH KOTOPOTO OHAa Bep-
HETCA B UCXONHYIO TOUKY.
OtBet: 4 M
3.21. Teno HaYMHAET JBMKEHHE BIOJIb OCH X U3 TOYKU
Xo = 1 M Tak, YTO €ro CKOpPOCTb 3aBUCUT OT KOOPJUHATHI 110 3a-
koHY Vx = 0,4 x. HaifTu ckopocTh Te€s1a B MOMEHT BPEMEHHU S C.
OTBeT: 2,96 M/c
3.22. Yactuiia HaYMHAET JABUTATHCS BIOJb OCH X W3 TOYKU
Xo = 1 M Tak, 4TO €€ CKOPOCTb 3aBHCHUT OT KOOPJMHATHI 110 3a-
KOHY Vx = Bx, rie B = 0,5 ¢ !. HaiiTu yckopeHue 4acTHIIbI B MO-
MEHT BpeMeHu t = 3 c.
Orser:1,12 m/c?
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3auarTusn 6, 7.
4. KHHEMATUKA JBUKEHUS TBEPJIOI'O TEJIA
[TpocrelimmMu BUaMH IBUXKEHUS TBEPAOIO Tesa sBIS-
IOTCS TIOCTYNATeNbHOE JBH)KEHUE U €0 BpallleHHe BOKPYI He-
NOABWKHOM ocH. ClI0XKHbIE JBUKEHHUSI TBEPAOIO TEla MOYKHO
paccMaTpuBaTh Kak CYNEpHO3HLIHIO (HaJIOKEHHE) BpallaTesb-
HOT'O U IIOCTYNATEIbHOTO IBUKEHUH.
4.1. IlocTtynarebHOe ABUKeHHE TBEPAOTO Te1a
[TocTynaTenpHbIM Ha3bIBAIOT TAKOE JIBUXKEHHUE, ITPH KO-

TOpPOM JIt00ast mpsAMasi, ’KECTKO CBA3aHHAs C TEJIOM, OCTaETCs Ma-
pajuienbHON camoii cebe. CKOPOCTH U YCKOPEHHUS! BCEX TOYEK
TeJa, ABMXKYILETrocst HOCTYHNaTeIbHO, OIMHAKOBBI, @ TPACKTOPHHU
UX JBUKEHMS COBMEILAIOTCA IPU NapasuieabHOM nepeHoce. OT-
Clofia CJIEelyeT, 4TO JUIsi KHHEMAaTUYEeCKOr0 ONMCAHUS MOCTYIa-
TCJIBHOI'O IBHMXXCHUA TCJIa JOCTATOYHO OIIMCAaTh ABHUKCHHC JIIO-
0011 ero TOUKu.
4.2. Bpamenue TBEpAOro Tes1a BOKPYT HENMOABUH/KHOM O0CH
BpaimarenabHbIM ABM)KEHUEM TBEPIOTO TENa BOKPYT He-

IIOABUYKHOM OCH HA3bIBAIOT TAKOE €T0 ABUKEHUE, IIPU KOTOPOM
TOYKHU TeJa, HaXOMAILMeCcss Ha 3TOM OCH, OCTAIOTCS B IIpoLEcce
JBIDKEHUS HENOABM)KHBIMU, & OCTaJbHBIE €r0 TOYKH OIUCBHI-
BAaIOT OKPY’KHOCTH, JIEXKAILHUE B IJIOCKOCTAX, MEPIICHIAUKYIIAP-
HBIX OCH BpalICHU, a UX LIEHTPBI HAXOAATCS Ha 3TON OCH.

IIpn BpameHnu TBEPAOrO Telaa BOKPYI HENOIBUXKHOMU
OCH BCE €r0 TOYKHU 3a OAMHAKOBOE BPEMs IIOBOPAYMBAIOTCS HA

OJIMH M TOT K€ yrosa @, Ha3bIBACMBIM YTJIOM ITOBOPOTA, TIO3TOMY

JJIL O CAaHUWs BpallCHUA BCCI'O TCJIa BOKPYT HEIIOIBMXKHOM OCH
AOCTATOYHO YKa3aThb YI'oJI IOBOPOTA KakK (bYHKL[I/IIO BPCMCHHU.
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e=0(t).
BeicTpOTy M3MEHEHHMsI yriia TMOBOPOTa XapaKTEPU3YIOT
3a1aHUEM er'IOBOﬁ CKOpOCTI/IZ

5=2¢
dt
VrioBas CKOPOCTh TBEPIOTO Tela () OJWHAKOBA JJIs
BCEX TOYEK TeJa. YTIII0Bas CKOPOCTh MpeICTaBIIsAeT co00M akcu-
QJIbHBINA BEKTOP, HE UMEIOIINN TOUKH IPUIIOKEHHUS, HAIIPABIICH-
HBIH BJIOJIb OCH BpAILIEHUS B CTOPOHY, CBSI3aHHYIO C HaIlpaBJie-
HUEM BpallleHHsl IPaBUJIOM IIPaBOTO BUHTA.
AKCHabHBIH BEKTOP YIJIOBOTO YCKOPEHHsSl € XapakTe-
pHU3YeET OBICTPOTY U3MEHEHMSI BEKTOpA YIJIOBOM CKOPOCTHU:
S Ao do
e=(lIM—=—.
A0 At dt
OH HanpaBieH B/0JIb OCH BPALICHUS B Ty K€ CTOPOHY,
YTO U YIJI0Basi CKOPOCTh, €CIIU JIBU)KEHNE YCKOPEHHOE, U B IIPO-
TUBOIIOJIOKHYIO — €CIIHM 3aMEJIEHHOE.

4.3. CBs13b MexK1Y JHHEHHBIMHU H YIVIOBBIMH BeJIMYUHAMH

IIpexne Bcero BeISIBUM CBSI3b MEXAY JIMHEWHOU U YIJIO-
BOW CKOPOCTSIMH JIBUKCHUS:
dr| Rd
V=|—=-—2-Ro.
dt dt
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Tak kak R =rsIin0 (puc. 4.1), To v =o-rsin6. B to xke

Bpems U3 puc. 4.1 cienyer, 4To BekTOp V IEpIEHIUMKYJISPEH U
BEKTOPY ©, ¥ BeKTOpy T . COIIaCHO OIpE/IeIEHHIO BEKTOP, PaB-
HBIM BEKTOPHOMY IPOM3BEIEHUIO JBYX BEKTOPOB, 110 BEIUUHHE
paBeH NIPOU3BEACHUIO UX MOJYJIEN Ha CUHYC YIJIa MEXKy HUMU,
a [0 HaIIPaBJICHUIO MEPIEHIUKYIAPEH KAKIOMY U3 HUX. ITO
O3HA4yaeT, 4TO BEKTOp JIMHEWHOU
CKOPOCTH HEKOTOpPOM TOYKH TBEP-
JIOTO Tejla PaBeH BEKTOPHOMY IpO-
W3BEJICHUIO BEKTOpa YIJIOBOM CKO-
pOCTH JBHXKEHHS Tejla Ha pajauyc-

BEKTOp 3ToM Touku. [lopsnox 3a-
nu« Puc. 4.1 -€Jieil onpeaesieTcss IpaBrUiioM MPaBOro BUHTA.
VY4uThIBast 3T0, MOKHO 3anucarh (cM. puc. 4.1):

V=[a7]
Mopaynp TaHT€HIMAIBHOIO YCKOPEHHUs NPEICTaBUM B
BUAC!
dv_d do i
a,=—=—(0R)=R—=¢R=¢-r-sin@
dt dt dt
WJIN B BEKTOPHOH opme:
d =[],
rae T — paguyc-BEKTOD JaHHOM TOUKH.
st MOyIist HOpMaJIBHOTO YCKOPEHHSI UMEEM
2 2p2
Ve oR
a, =—= ~oR.
R R




31

3AJIAHUSA 1151 AYIMTOPHOM U JOMAIITHEN
PABOTDI 110 PA3JIEJTY 4
"KMHEMATHUKA JIBUKEHUSA TBEPJIOI'O TEJIA"
4.1. Touka IBMXKETCS MO OKPY)KHOCTU C YIVIOBBIM YCKOpE-
Huem € ~ t. [Ipu t = 0 ymoBast ckopocth ® = 0. Moayinbs HOp-
MaJbHOTO YCKOPEHUS TOUKH an ~ t". 3HaueHue n paBHoO ... .
a)4 06)3 B2 1l mno
4.2.Ecin at 51 an — TaHI€HIMAJIbHAsl 1 HOPMaJibHas COCTAB-

JSIOMIAE YCKOPEHHsI, TO JJIsI PaBHOMEPHOTO JIBHIKECHHUS I10
OKPYXHOCTH CIIPaBEUIMBbI COOTHOIICHUS ... .

a) a; = 0, a, = const 0)a;=0,a,=0

B) a; = const, a, = 0 I') a; = const, an # const

4.3. BpamarenbHoe IBUKEHHE Tejla BOKPYI HEINOJBHUKHOU
OCH OIHUCHIBAeTCA ypaBHeHHEM @ = 2t — 4t° (¢ — B pajuaHax,
t — B cexkyHJax). Bpamenue HaunHaeTcs B MOMEHT BPEMEHHU
t = 0. [ToToXXUTENBbHBIE YTIIBI IIOBOPOTA OTCYUTHIBAIOTCS TIO Ya-
coBoii ctpesnke. B MomenT Bpemenu t=0,5c¢ ... .

a) TeJ0 MOBOPAUYMBAETCS [0 YACOBOM CTPEJIKE, YCKOPSACH

0) TeI0 OCTaHOBUJIOCH

B) TEJIO IOBOPAYMBAETCS 110 YaCOBOM CTpEIIKe, 3aMeIsIsICh

T') TEJIO MMOBOPAYMBAETCS IPOTHB YaCOBOW CTPEIIKH

4.4. JTuck KatuTcs paBHOMEPHO 10 TOPU30HTAILHON OBEPX-

HOCTH CO CKOpOCThIO V() 0€3 MpOCKaIb3bl-

A

BaHMH. BCKTOp CKOPOCTHU B TOUKC A, JCXKa- 1

11eil Ha OOKOBOM MOBEPXHOCTHU JAUCKA, OPH- 3 2
E€HTHPOBAH B HANIPABJICHUH ... .
a)l 06)2 B3 n4
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4.5. YacTHia IBHKETCS BJOJIb OKPYKHOCTH C paguycoMm 1 M
B COOTBETCTBUH C ypaBHeHueM @(t)=2m(t>—4t+6)@(t) =
2m(t?- 4t + 6), TIe @ — yron B paguaHax, t — BpeMs B CEKyH-
nax. OTHOIIEHUE BEIMYMHBI €€ HOPMAJILHOTO YCKOPEHHS K Be-
JIMYUHE TAHTEHIIUAIBHOTO (KacaTeIbHOTO K TPACKTOPUHU) YCKO-
peHus an/a:a, /a; B MOMEHT BpeMeHn  t =2 ¢t = 2c paBHoO ...

a)0 0)4n B)8m 1) l6m
4.6. JIérkuit nuck paauyca R HaumHaeT Bpauiarbes B ropu-

30HTaJIbHOM IJIOCKOCTU BOKPYT OCH Z, . pan
MPOXOAAIIEH NEPIEHAUKYISIPHO €ro )
0
TIOCKOCTH 4epe3 ero HEeHTp. 3aBUCH- | — 214 N0 (8104t ¢
-2 1 I
l |

[ 11 \

MOCTb yIVIa [IOBOPOTa OT BPEMEHH I10-
KazaHa Ha rpaduke. Bo CKOIBKO pa3 OTIMYAIOTCS BETMYMHBI
HOpPMaJIbHBIX YCKOPEHUH TOUKH Ha KParo JUCKa B MOMEHTHI Bpe-
MeHH t1 =5cutr =8 c?

a) B 2 pasza

0) B 4 paza

B) HE OTJIMYAIOTCS, TaK KaK paBHbI HYIIIO B 000UX CIydasx

T') paBHBI JPYT IPYTY U OTIMYHBI OT HYJIS

4.7. YacTtuia 1BUKETCS BAOJIb OKPYKHOCTH paanycoM 1 M B
COOTBETCTBHHU C ypaBHeHHeM ¢(t) = 2m(t? — 6t + 12), e ¢ — yron
B paJiMaHax, t — BpeMsl B CEKyH/1ax. YIIIOBOE YCKOPEHHUE YaCTULIbI
yepes 3 ¢ MocIie Havasla JABMKEHHUs PaBHO ... C 2.

a)dn 06)2n B)0 T)6T
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4.8. JTuck BpaiaeTcsi BOKpYT CBOEU 0CH, U3MEHSSI TPOEKITUIO

CBOCH YITIOBOM CKOPOCTH TaK, Kak , ®,0 A

MOKa3aHoO Ha puCyHKe. Ha kakux R
0

y4acTKax TIpauKa 3aBUCHMOCTH t

0At)w,(t) BekTOp YIIOBOH CKOPO- C

CTH G U BEKTOP YIJIOBOTO YCKOPEHHMs € HANpPaBICHBI B OJHY
CTOpOHY?

a)0-AuA-B 6)0-AuB-C

B) B-C u C-D 1) Bcerna HanpaBieHbl B OHY CTOPOHY

4.9. TBépnoe Teno HAYMHAET BpaIlaTbCs BOKPYT ocu Z ¢ yr-

JIOBOM CKOpPOCTHIO, MPOEKIHS KOTOPOH ®z, pan/c
A

HU3MCHACTCA BO BpEMCHHU, KAK ITOKa3aHO

[

Ha rpaduke. Ha kakoit yrom oTHOcHU- N

TCJIBHO Ha4YaJbHOI'O IIOJOXCHHA OKa- 2—-

1o
]
|
&
T
o)
—~
1)

XKeTcsl TOBEPHYTHIM Teso yepe3 10 ce-
KyHA?
a)12pan 0)16pan B)8pam Tr1)32pan
4.10. TBépmoe Teno u3 COCTOSHUS TT0-

KOSl HAUMHAET BPAIIATHCS BOKPYT ocH Z  A°% pan/c? :

C YIJIOBBIM YCKOPEHHMEM, IPOEKIHS KO- z 1o
TOPOTO HM3MEHSACTCH BO BPCMEHHM, KakK T 71 418 P e
noKa3aHo Ha rpaduke. B xakoil MOMeHT sl

BPEMEHU YIJIOBAasi CKOPOCTh BPAILLICHUS
TeJla JOCTUTHET MAaKCUMAJIbHOU BEJIUUNHEL?
a)2c 06)3c B)5c T1)l0c
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4.11. Muck paguyca R Bpaiaercst BOKpyr
BEPTUKAJIBHONH OCH PABHOYCKOPEHHO C 3a-
JAHHBIM HAaIlpaBJIEHUEM BEKTOPa YIJIOBOI'O
YCKOPEHHS €. YKaKHUTEC HAIPABICHUE BEK-
TOpa JTMHEHHON cKopocTh V .

a)2 06)1 B4 13
4.12. MarepuanbpHasi TOUYKa JABHXKETCS BJIOJb IIJIOCKON KpH-

BOM, oOpasyromie cunycouny y = sin(kx), y, A
e k = const (cM. pECYHOK) B HaIIpaBICHUN H
NG

BO3pacCTaHuA KOOPAHWHATLI X C MMOCTOSIHHOM X

110 BEJIMYMHE CKOpocThio. [Ipu aTOM Bemm-
YHHA MOJHOTO YCKOPEHUs MaTrepHallbHON TOYKU OyneT MHHH-
MaJbHOMU B CJIEAYIONIEH TOUKE TPACKTOPHH ... .
a)A 06)b BB 1)l
4.13. Teno Bpamaercss BOKpYr HEMOJABM>XHOU ocu. M3mene-
HUE yIJIa TOBOPOTA CO BPEMEHEM OIPEACNIACTCS ypaBHECHHEM
o =At> - Bt* + Ct5, rne A =7 pan/c®, B =5 pan/c®, C =2 pan/c’.
Haiitu MOmysib TaHTEHITMATEHOTO YCKOPEHUS TOYKU TeJia, HaXo-
nsuieiics Ha pacctossHUM R = 0,2 M 0T ocH BpalieHus, B MOMEHT
BpeMeEHH t =2 C.
Ortser: 50,4 m/c?
4.14. Teno Bpamaercs BOKPYI HENOABHKHON ocu. M3meHe-
HUE yIJIa TOBOPOTA CO BPEMEHEM OIPEACNIICTCS ypaBHECHHEM
¢ = At + Bt? — Ct, tne A = 2 pan/c, B = 2,5 paw/c?,
C = 0,2 pan/c’. HaifTu MOy b HOPMANBHOTO YCKOPEHHUS TOUKH
Tela, Haxosmencs Ha pacctosiHud R = 0,5 M oT ocu BpaiieHus,
B MOMEHT BpeMeHu t = 3 c.
OtBet: 67,28 m/c?
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4.15. Teno BpamaeTcss BOKpYr HEMoABWXHOU ocu. M3meHe-
HHE JIMTHEHHON CKOPOCTH T€JIa OT BPEMEHU OIPEAENSAETCS ypaB-
HenueM v = A — Bt, rie A = 0,7 m/c, B=0,5 m/c?. Haiiti Mmoayib
IIOJIHOTO YCKOPEHUsl TOYKH Teja, HaXOJAIIelcs Ha pacCTOSTHUU
R =0,1 m ot ocu BpalieHus, B MOMEHT BpeMeHu t = 4 c.

Ortger: 16,91 m/c?

4.16. Touka IBHXKETCS IO Iyre OKPY)KHOCTU TaK, YTO YIoJl
MOBOPOTa 3aBUCUT OT BPEMEHHU 110 3aKOHY ¢ = At + Bt?, rne
A =0,2pan/c, B=0,01 pan/c’. HaiiTu TaHreHc yria Mexk1y Bek-
TOpaMH CKOPOCTH U MOJIHOTO YCKOPEHHsSI TOUKH B MOMEHT Bpe-
MeHu t =4 c.

Ortser: 3,92

4.17. Jluck paguycom 2 M BpalaeTcst Tak, 4YTO 3aBUCUMOCTh
OT BPEMEHU JINHEHHOM CKOPOCTU HEKOTOpOo ToukH C, siexalien
Ha 000je AWCcKa, 3ajaeTcs ypaBHeHueM v = At® + Bt rie
A =4 m/c*, B =2 m/c’. OnpenenuTs TaHIeHC yIia MEXKLy BeK-
TOPOM TIOJIHOTO ycKopeHHs Touku C U paguycoMm J1cKa, IpoBe-
NEHHBIM B 3TY TOUKY, yepe3 3 ¢ mocie Havyaia ABM)KEHHUS.

OtseT: 0,015

4.18. Touka nBUKETCS MO OKPYKHOCTH paguycoM R = 0,5 m
Tak, 4yTo €€ nyrosas KoopAauHara L, oTrcuuThIBaeMas BIOJb
OKPY>KHOCTH OT HEKOTOPOH Ha4aJIbHOM TOUKH, JIEXKALICH HA ITOU
OKPY)KHOCTH, M3MEHSAETCA C TEYEHHEM BPEMEHH IO 3aKOHY
L = At — Bt’, e A = 15 m/c, B = 2 m/c’. Haiitu HOpManbHOe
YCKOPEHHE TOYKH B MOMEHT BpeMeHH t = 1,5 c.

Otger: 4,5 mM/c?

4.19. Touka nBHKETCA IO OKPYKHOCTH paanycoM R = 10 m
TaK, YTO IPOXOJUMBIN €10 ITyTh 3aBUCUT OT BPEMEHU 110 3aKOHY

S=At?+ Bt?’, e A =2 m/c?, B = 1,5 m/c’. Haiitu oTHOIICHNE
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HOPMaJIbHOTO YCKOPEHHSI TOUKH K €€ TAaHT€HIIMAJIbHOMY YCKOpe-
HUIO B MOMEHT BpeMeHH t = 2 C.

Ortser: 3,07

4.20. MarepuanbHasi TOYKa IBUKETCA 110 OKPY>KHOCTH paju-

ycoM R =1 M. 3akoH e€ IBM)KEHUS BBIPAXKACTCS ypaBHEHUEM

S= Bt3, me B=6wm/c? as— npoiIeHHbIH yTh. Halitu Mo-
MEHT BPEMEHH t, B KOTOPBIH TAHICHI[HAIIBHOE YCKOPEHNUE TOYKH
a: = 9 m/c®. OTBET 3amKcarh ¢ TOYHOCTHIO 10 COTHIX.

Ortser: 0,25 ¢
4.21. Touka 1BUKETCS 10 OKPYKHOCTH TaK, YTO IPOXOIUMBIi
€10 MyThb 3aBHCUT OT BpPEMEHH [0 3aKOHYy S= Bt®, e
B = 0,5 m/c’>. B MOMeHT BpeMeHH t = 2 ¢ IIOJIHOE yYCKOPEHUE
Touku Oyaer paBHo 10 m/c?. HaiiTi paguyc OKpyKHOCTH.
OtBer: 4,5 M
4.22. Jluck Bpamiaercs BOKPYT HEIOJIBHUKHOW OCH TaK, YTO
3aBHCHMOCTH YIVIa TIOBOPOTa pajuyca JUcKa OT BPEMEHHU 3aja-
€Tcs ypaBHEHUEM (p:At2 ,Tme A = 0,1 paz[/cz. Onpenenuthb
MIOJIHOE YCKOPEHHE TOUKH Ha 00071€ AMCKa K KOHILy BTOPOH ce-
KYH/IbI [10CJI€ Hayaja ABUKEHHUS, €CIIN JINHEHHAsi CKOPOCTh 3TOM

TOYKH B 3TOT MOMEHT V = 0,4 m/c. OTBET 3anucarh ¢ TOYHOCTHIO
JIO COTHIX.
Otser: 0,26 m/c?
4.23. OgHOPOIHBIN JUCK HAYMHAET BpAIICHUE U3 COCTOSHUS
MTOKOSI BOKPYT HETIOABMYKHOW OCH, TIEPTICHANKYISIPHON TIJIOCKO-
CTH JIMCKa U MPOXOMSIICH Yepe3 ero reoMeTpuIeCcKuil EeHTp, ¢
YITIOBBIM ycKopeHueM € = Pt, rae B = 3 pan/c®. Haiitu yrox mo-
BOPOTa JUCKa 3a Bpems t =4 c.
Otser: 32 pan
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4.24. OnHOPOAHBIN AUCK HAUUHAET BPAILICHUE U3 COCTOSHUS
MTOKOSI BOKPYT HETIOJABMYKHOM OCH, IEPIICHANKYIISIPHON TIOCKO-
CTH JIUCKA M TIPOXOSAIICH Yepe3 ero reOMETPUUCCKUI EHTP, C
YIJIOBEIM ycKopeHneM € = A—Bt, rie A=12 pan/c?, B =4 pan/c’.
Haiitu yron moBopoTta AmcKa 3a TO BpeMs, ITOKa JIUCK HE OCTa-
HOBUTCSL.

Otsert: 72 pan
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3ansitue 8 - KOHTPOJIBHAS PABOTA Nel
IIpumep KOHTPOJILHOIO 3aaHUSs

1. Yactuna aBuxercs Tak, 4YTo €€ paguyc-BEKTOpP 3aBUCHUT OT
4

3

= - (t = = [t
BPEMEHH II0 3aKOHY r(t) = IA(—j + B+ kC(—j , TIme

T T
A, B, C — [OCTOSIHHBIE BE/IUUHHEL |, ], K — equHu4HbIC OpTHI
B JIEKapTOBOM cucteme koopauHat. Haiiure Moaynb cKopocTu
B MOMeHT BpemeHu t =1 c,ecnmu t1=1 ¢, A=5m, B=4 M, C=3 m.

a)17,2m/c 06)182wm/c B)19,2Mm/c T)20,2M/c

2. HaganbHas cKOpOCTb YacTUIbl paBHA V, =161 —-6], a ycko-

pEeHHE MEHSETCSI BO BPEMCHHU IO 3aKOHY a = —6t2-i+4t> -k .
Yepes CKOIBKO CEKYH/]I CKOPOCTb YAaCTULIbI OKAXKETCs TIEpIIeH U~
KyasipHoit ocu OX?

a)1,33¢c 06)2c¢ B)4c

I') HUKora He OyneT neprneHAauKynspHoit OX

3. Pamuyc-BekTop yacTHIIBI U3MEHSETCS BO 17

BPEMEHH 110 3akoHy T =—21i +3t*- j. B Mo-
MEHT BpeMeHHU t = 1 ¢ yacTuIa oka3zanach B
Touke A. BeiOepere npaBuibHOE HampasJie- 1
HUE CKOPOCTHU YaCTHUILbI B 9TOT MOMEHT Bpe-
MEHHU.

ayl 0)2 B3 n4 mns

4. CKOpOCTh 4YaCTHIIBI M3MEHSETCS BO BPEMEHH 110 3aKOHY
\7=5tT+12t]\7 = 5t-1+ 12t-]. Uemy paBHa BeTWMYMHA TaH-
TEHIMALHOTO YCKOPEHHS YaCTHUIIBI B MOMEHT BpeMmeHu t1 = 1
ct = 1c?

a) 26 m/c®m/c®  6) 13 m/c®M/c?  B) 17 m/c®Mm/c?
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r) 34 M/c®M/ c?

5. TBépaoe Teslo HaUMHAET BpalaThCs
BOKpYT ocH Z C yIJI0BOH CKOPOCTHIO,
MPOEKIHsT KOTOPOH H3MEHSIETCSI BO
BpPEMEHH, KaK IOKa3aHO Ha Tpaduke.
Ha xakoii MakcuMasbHBIN yrojl OTHO-
CHTEJIbHO HAYaJlbHOTO  IIOJIOKECHUS 2
CMOXET TIOBEPHYThCS TENO 3a BCE
BpeMs BpalleHus?

a)8pax ©0)4pan B)24pax T1)12pan

(’029 Paﬂ/c

!
()
|

L
iy
!
o
-~
L]

-

6. MaTepHaanaﬂ Touka M JBMKETCS 11O OKPYKHOCTH CO CKOPO-

—

creio V. Ha puc.l mokazan rpaduk 3aBHCHUMOCTH TPOEKIIHU
CKOPOCTH V; OT BpeMeHH (T — eMHUYHbBINA BEKTOP MOJIOKHUTENb-

HOTO HampaBieHusi, V. — nmpoekuus V Ha 3TO HalpaBJCHHUE).
IIpu 3TOM BEKTOp MOJIHOTO YCKOPEHHs Ha pUC.2 UMEET Halpas-
JICHUE ... .

Vet M

—

3
»

Pue. i ! Prie. 2
a)2 0)1 B3 n4
7. CKOpOCTh MaTepUalibHOW TOYKU MPHU PA3IUYHBIX CHOCO0aX
OITMCAHUA ITOJIOKCHUST MaTepHaHBHOﬁ TOYKMU.
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3anarus 9 — 12
5. IMTHAMUKA MATEPUAJIBHOM TOYKH U
CUCTEMBbI MATEPUAJIBHBIX TOUEK
5.1. luHaMuKAa IBHKEHUSI MATEPHAJIbHOU TOYKMH.
3akonbsl HeroTOHA
B nuHamuke paccMaTpuBalOT B3aUMOICHCTBHS MEXKIY
TeJlaMH, KOTOPBIE SIBISIFOTCS MPUYMHON W3MEHEHUS JIBUKCHUS
9THX Tell.
BeKkTOpHYIO BEIMYMHY, SBISIOUIYIOCS KOJIMYECTBEHHOM

MEPOU JEHUCTBU TEI APYT HA APYra, Ha3bIBAIOT CHJIOMN.

OnBIT MOKa3hIBaE€T, YTO OAWHAKOBOE CHJIOBOE BO3JICH-
CTBUE, OKa3bIBAEMOE Ha pa3HbIe Tela, IPUBOAUT K TOMY, UTO OHU
B 00111eM ciry4yae OyIyT IBUTaThbCs C PA3IMYHBIMU YCKOPEHHUSIMH.
CnocoOHOCTH Tena mpHoOpeTaTh ONpeAeIEHHOE YCKOPEHUE O]
JNEHCTBUEM CHJIbI HA3bIBAIOT HMHEPTHOCTHIO. KonmmdecTBeHHOMN
XapaKTEepPUCTUKON HMHEPTHOCTH SIBISETCS BEIMYMHA, Ha3bIBae-
Masi MacCoM.

s XapaKTepuCTUKU JBUKEHUS TeJ1a BBOASAT BEKTOPHYIO
BEIMYKMHY, HA3BIBAEMYIO MMIOYALCOM P =MV .

B 0CHOBY Ki1acCMY€CKOM MEXAHHUKH IOJIOKEHBI TPH I10-
CTyJIaTa, Ha3blBaeMble 3aKOHaMH HproToHA.
ComacHo nepBoMy 3akoHy HbroToHA:

Cywecmeyrom makxue cucmemvl omcuéma, Hazvlédae-
Mble UHEPUUATbHBIMU, HO OMHOUIEHUI0 K KOMOPbIM C80000-
HAA MAMeEPUATbHAA MOYKA NOKOUMCA UJTU OBUNHCEMCA PAGHO-
MEPHO U NPAMOTUHEIHO.

CB000/1HOH HAa3bLIBAIOT MAaTEpHUAIbHYIO TOYKY, Ha KOTO-

pvio 00 CWIBI HE JEHCTBVIOT, JUOO WX BEKTOPHAS CYMMa
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paBHA HYJIIO.
ComracHo BTOpoMy 3akoHy HeroTOHA:

B unepuuaﬂbnbtx cucmemax omcué'ma CKOPOCmb Uu3z-
MEHECHUA llMl’llebca Mamepuaﬂbnoﬁ mouxKku nponopuuo-
HaIbHa cuie, 0eliCmeyouweli Ha Iy MmoUKy:

B =
ar_z (5.1)
dt

n
e F= Z F , To ecTh mpeanonaraercs, 4YTo COBOKYIIHOCTh He-
i

CKOJIbBKHX CHJI, OOAHOBPEMCHHO ﬂeﬁCTBYIOHlHX Ha Marcpualib-
HYIKO TOYKY, BBI3BIBACT TOT KC 3(1)(1)6KT, 4qToO U ﬂeﬁCTBHC OI[HOI71

cunbl F, paBHOH BekTOpHOH cymme 3Tux cui. Cuny F Haswbl-

=

BAIOT pe3y/IbTUPYIOLIEH cucTeMsl cui F;.
Ecmu wmacca wmarepuaibHOM TOYKHM HE HW3MEHSCTCS
(m=const), To, Tak Kak p=mV , u3 (5.1) caenyer:

dav -

—~=F wm F=mi. (5.2)
dt
®opmyny (5.2) MOXKHO IPEACTaBUTh B BUJE:
d°f =
m—-=F, 5.3
pre (5.3)
WIN B IPOEKIMAX Ha KOOPJMHATHBIE OCH:
2 2
g S P

a2 g e
VYpasuenue (5.3) u cucremy ypaBHeHUi (5.4) Ha3bIBAIOT

AUHAMHUYCCKHUMHU  VPABHCHUIAMHU  ABHKXCHUSA MaTeDI/IaHBHOﬁ

TOYKH.
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B cooTBercTBUM ¢ TpeTbUM 3akOoHOM HpIoTOHA:

B unepuyuanvnoii cucmeme omcuéma cunvlt, ¢ KOmo-
puimu oeiicmeyrom opy2 Ha Opy2a 06e MamepuaIbHbIX MO4UKU,
PABHbL NO 8eNUYUHE, HANPABICHBL 8 RPOMUBONOI0NHCHBLE CHLO-
POHbBL U UMEIOm 0OULYI0 TUHUIO 0elICIMBUL.

Ecnu B3auMoeiCTBYIOT MarepuaibHble TOUKU C HOMeE-
pamu 1 4 j, TO B COOTBETCTBHH C TPEThbUM 3aKoHOM HproToHa

R =—Fii
5.2. YpaBHeHue JBHKEHHs] CHCTEMbI MATEPHAIbHBIX TOYEK

HYCTB MCXaHHUYCCKaA CUCTEMA COCTOUT U3 N MATCPpHAJIb-
HBIX TOYCK, KaXXIasA U3 KOTOPBIX MOKCT B3aI/IMOﬂeI>’ICTBOBaTB C
JIr000H ﬂperﬁ CUJIaMH, KOTOPBIC HA3bIBAIOT BHYTPCHHHMM.
KpOMe TOIr'0, Ha MaTCpUAJIbHBIC TOYKHU CUCTEMbBI MOT'YT ﬂeﬁCTBO—
BaThb CUJIBI CO CTOPOHBI TECJI, HC BXOIAMIUX B pACCMATPUBACMYHO
CUCTCMY. OTH CHJIbI HA3bIBAIOT BHEIIHHUMU. 3aKOH JBHXXCHUA
JJIA k-oit MaTepHaHbHOﬁ TOYKHU IIPUHUMACT BUA:

m _ '_:'(BHyTp) n '_:‘(Bﬂem)
dt k k ’

e IzlgBHyTp) — pEe3yIBTHPYIOIas BCEX BHYTPEHHHUX CHII, Jei-

. p(mmeur)
CTBYIOIIUX Ha k-yI0 MaTepHanbHyIo TouKy; F — pe3ynbTH-

pyrolas Bcex BHEIIHUX CHJI, JeMCTByrOIIMX Ha k-yio marepu-
AIbHYIO TOYKY.

B pesynbrare CyMMHpOBaHUS 110 BCEM MaTepHalIbHBIM
TOYKAM IOJTYyYUM:

n

d_. AN, BHELI
Z% 3R (5.5)
k=1 k=1

B (5.5) yureHo, 4TO B COOTBETCTBUU C TPETHUM 3aKOHOM
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—

n
Herorona ZFlEBHyTp) =0. Onepamun auddepeHuupoBaHus U
k=1

CYMMHUPOBaHUSI MOXXHO MOMEHATH MECTaMH, [OATOMY JIEBYIO
4yacTh ypaBHEHUs (5.5) MOXKHO 3amucarb B BUJE

n n
rme P= Zf)'k = kavk — Ha3bIBAIOT UMOVILCOM MeXaHW4de-
k=1 k=1

ckoii cucteMsl. [IpaByto yacTe ypaBHeHus (5.5) 0003HaYUM Kak:
n — —
Z FIEBHeIH) — FBHem )
k=1

Torna u3 (5.5) nony4yaem ypaBHEHUE TBUKCHHS CUCTEMBbI

MaTCpHuaJIbHBIX TOYCK:

E __ CBHem
dt

TO €CTb CKOpOCHIb U3MEHEHUA UMN)1bCA MEXAHU uyeckou cu-

, (5.6)

cmembl pagHa 6eKMOPHOIU CyMMe 6HEUIHUX CUIl, el CEYIo-
WX Ha MamepuanbHvle MoUKU, COCIABIAIOUUE CUCHIEMY .

BektopHomy ypaBHeHHIO (5.6) COOTBETCTBYIOT TPHU CKa-
TISIPHBIX YPaBHEHUS:

dP,

b, FBHEH.I;
dt

d& — BHECIII .
da Y

d& — FZBHCHI
dt
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5.3. lleHTp Macc MeXaHNYECKOIl CHCTEMBbI.
YpaBHeHue IBHKEHUS LIEHTPa Mace

Jlis ynpolieHrs OnucaHusl IBUKEHUS! CUCTEMBI MOJIb3Y-
I0TCS 3aKOHAMHU, TTO3BOJISIFOIIUMHU CYIUTh O €€ IBIKEHUH B 11e-
oM. IMeHHO ¢ 3T0i1 11e7TbI0 BBOAST MOHATHE LIEHTPA Macc (MU
LEHTPA UHEPLIHH).

Llenmpom macc cucmempl, cocmoauieil u3 n mamepu-
AIbHBIX MOYEK, HA3bIEAION 260MEeMPUUECKYIO MOYUKY, PAOUYC-
6€Kmop KOMOopOoii Onpedensienmcs cedyiouuUM eblpaxdceHuem:

n
kark
L= (5.7)
my

k=1
n
rac ka =M — Macca BCeH CHCTEMHEI.
k=1

[Tocne muddepenumponanus Beipaxenus (5.7) mo Bpe-
MEHH T0JTy4daeM:

HIJIIN

—

- I
rac VC =—° CKOPOCThb ABUXKCHU LICHTpPA MacCC.

dt

[Tocne moBTOpHOTO AMdQEepeHIupoBaHUs € YYETOM
ypaBHeHus (5.6) Oyaem uMeTh:

dv. =
M —& = B 5.8
at (5.8)
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VYpaBuenue (5.8) Ha3bpIBAIOT YPABHECHUEM JIBH)KCHHUSI I1CH-

Tpa MacCc MEXaHUYECKON CHCTEMEL.

CormacHo 9TOMY YPAaBHCHUIO HCHTP MACC MEXaHNYSCKOU

CUCTEMBI ABMIKCTCA TaK, KaK IBUIaJiIaChb OBbI MaTrcpHraJlbHaid TOYKa

C Maccoii, paBHOM Macce BCEU CUCTEMBL, IO IEHCTBUEM BEKTOD-

HOM CYMMBI BHEITHUX CHJI, ACHCTBYIOIIMX HA BCE MaTepHUAILHEIC

TOYKH, COCTABJIAIONINEC CUCTCMY.

Takoit crnoco0 omnucaHue IBUKEHHUS CHUCTEMbI IpHUMeE-
HUM, €CITU JIOMYCTHUMa MOTeps MHPOpPMALMKU O ABUKEHUU OT-
JIENIbHBIX MaTepUATbHBIX TOYEK CUCTEMBI.

5.4. iBuikeHuUe TeJia ¢ IepeMeHHOo Maccoil

HmeeTcst MHOTO clTydaeB, KOTZia Macca Tena U3MEHseTCs
B Mpoliecce ABUKEHUS 32 CUET HEMPEPHIBHOTO OTICIICHUS WIIH
MPUCOCANHEHNUS BellecTBa (pakeTa, pPEeaKTUBHBIA CaMoOJIeT,
wiardgopMa, Harpykaemasl Ha Xony, u T. 1.). PaccmoTpum onu-
CaHue TaKOTO JABWKEHUS sl MaTepuaIbHON TOUKHU, Ha3bIBas €€
JUTSL KpaTKOCTH TesoM. [lyCTh B HEKOTOpPBII MOMEHT BpEMEHHU t

vV — CKOPOCTH T€JIa, M — €ro Macca, \70 — CKOpPOCTB OTACTIACMOTIO

HJIN IIPUCOCINHACMOI'0 BEIIECTBA OTHOCUTECJIBbHO PACCMATPHUBA-

eMoro Tena, dm — npuparienue Maccel Tena (dm 6epércs co 3Ha-

koM "+" B cilydyae nprucOeqUHEHNUs BEIIeCTBa U CO 3HAaKoM "—" B

ciydae ero otnesneHus). VM3MeHeHue WMITylnbca CHCTEMBI 3a

Bpems dt (cirydait oTensieMoi Macchl) paBHO:

dP =P(t+dt)—P(t)=(m—dm)(V+dv)+dm(V,+V)—mv=
= —dmV + mdv —dmdv +dmv, +dmv =madv+ Vv dm

nim



. P -

OTCIOZIa C YYCTOM TOTO, YTO I =F, oy » AMEEM

mdv - dm _
dt = BHCIII - dt VO *

O060011as ciry4an TPUCOSAMHECHUS U OTJICIICHHUS MacCCHhI,
MOJTyJaeM:

x 5.9

Vo (5.9)

Ypaeuenue osusicenus mena nepemennoi maccol
(ypasuenue Mewiepckozo)

= dm _
[Tocnennee cinaraemoe B ypaBHeHuu (5.9) R=——V

0
dt
HA3bIBAIOT peakmueHoil cuou. Eciu mMacca MpUCOEIUHACTCS,
m — _
TO E >0 u R coBmagaer o HampaBJIeHHIO C V .
IIpu F

- ey = 0, CIIPOEKTHPOBAB Ha HAIPaBICHUE JIBUKE-

HUS, TONyYnM U depeHalIbHOe YpaBHEHNE C pa3elIatoy-
MUCS IEPEMEHHBIMHU:

dv dm dm dv \Y;
m—=-v,—; —=—-— = Inm+—=const
dt dt m \Y

0 VO
Jlis onpenieneHus KOHCTaHThI MpUMeM, 4To ipu v =0, m=m,,

TOoTJIa CONnst = In mo H OKOHYATCJIbHO MOJTYYHM:
m
v=v,In—=

( )
(Dopmyﬂa HMOJIKOBCKOZO
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3AJAHUSA JUIS AVIATOPHOM W JOMAIITHE
PABOTBI IO PA3JIEJTY 5
"TMHAMUKA MATEPUAJILHOM TOYKHA 1
CHCTEMBI MATEPHAJILHBIX TOYEK"

5.1. mnynbe Tena P; PpU3MEHMIICS TIOJ JAEHCTBUEM KOPOT-

KOT'0 yJapa B CKOPOCTbh TeJla cTajia paBHOU | 3
\ ]

N A2 1
a [N B
I

ol

V, V3, KaK I0Ka3aHo Ha pUCyHKe. B kakom

B

o | A—

1

HarpaBJICHUH MOTJIA IeHCTBOBATh CHIa?
a)tonpko 3 6)3,4 B)2,3,4 1) TONbKO |

5.2. Ha TEeHHHCHBIN M54, KOTOPBIi JIETEN ¢ UMITYIILCOM Pj Pq,

Ha kopoTkoe BpeMsa At = 0,1 cAt = 0,1c nmogel- . i1xwe

o o S A
CTBOBAJI IOPBIB BETpa ¢ NOCTOsIHHOU cuitolt F =40 I3 ﬁ |
A aik

H, 1 MMITy;IbC MsiYa CTajl paBHBIM P, P3 (MacmTad

U HallpaBJICHUE YKa3aHbl Ha pucyHke). Bennunna umnynbsca pi

pi= ... KT"M/cC.
a)0,5 0)43+xr-m/c B)S xkr-m/cr) 8,5 Ommoka!
Oxupanacs uudpa. 1) 3 KT -
M/c
5.3. Marepuansnas Touka M\ "RESM, A0 Puc2

NBHXKeTCA 1o mapabone (puc. 1) B 432 DL
HaIlpaBI€HUH, YKA3aHHOM CTPEI- pyc.1 oy 104 tlz ts
kamu. I'padux wu3MeHeHus Benu-

YUHBI (MOAYJs) €€ CKOPOCTH MpHuBeAEH Ha puc. 2. Ha puc. 1 no-
Ka3aHO IOJIOKEHUE TOUKM M B MOMEHT BPEMEHH t1. YKaKUTE Ha
ATOM PHUCYHKE HalpaBJI€HUE CUJIbI, IEUCTBYIONIEH HAa TOUKY M B
MOMEHT BpeMeHH tit;.
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a)l 06)2 B3 n4
5.4. MarepuanbHasi Touka M ABUKETCS

TI0 OKPY>KHOCTH €O CKOpocThio V V. Ha puc.

1 moka3aH rpaduk 3aBUCUMOCTH MPOECKIIUU
CKOPOCTH ViV; Ha OpPT T T, HaNpaBIeHHbI
=
BlIOJIb cKopocTH VV. Ha puc. 2 ykaxure
HallpaBJICHUE CWJIbI, JEHCTBYIOLICH Ha
TO4YKY M B MOMEHT BPEMEHU 7.
ayl ©6)2 B3 n4
5.5. MarepuanbHasi Touka M CKOIB3UT 0€3 TpEeHUs 10 Tyaj-

Kol c(hepryecKoil TOBEPXHOCTH, COBEp- ]
11as He3aTyXarolue KoueOaHus, U HaXxo- 2

T M
JUTCS B BEPXHEM TOYKE CBOEH TPAEKTO- 3 3

puH (CM. PUCYHOK). YKa)XUTE HampasJie-
HUE CUJIbL, JEUCTBYIOIIEH HA TOUKY M B 9TOM TOUKeE.
ayl ©0)2 B3 n4
5.6. mniynsc MaTepraibHOM TOUKH U3MEHSETCS TI0 3aKOHY
|3=10t-T+3t2 ] Monynb cuibl, AEHCTBYIOIIEH Ha TOYKY B
MOMEHT BpeMeHHU t = 4 ¢, paBeH ... H.
a)34 06)26 B)22 12 nl75
5.7. Cuctema coctour M3 TPEX YACTUL, MacChl KOTOPBIX
m; =0,1 , my=0,2 1, m3 = 0,3 . [lepBast yacTuIa HaXOAUTCS B
Touke ¢ koopauHatamu (1,2,0), Bropas — B Touke (0,2,1), TpeTbs
— B Touke (1,0,1) (koopauHaTel JaHbl B canTUMeTpax). Toraa yc
— KOOpJIMHATa [IEHTPa Macc, paBHa ... CM.
ayl 6)2 B3 14
5.8. Ha pucynke npuBefiéH rpaduk 3aBUCUMOCTH CKOPOCTH
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Tena v ot Bpemenu t. Eciim macca tena 2 Kr, To cuiia, 1eiCTBYIO-
11as Ha TeNo, paBHa ... H.

v, W4
4,0
35
30
2,5
2,0
15
10
05

0 1 2 3 4 5 6tc
a)l 06)2 B)4/3 T)HeT NpaBWIBHOIO OTBETA
5.9. Bnosib ocu OX HaBCTpeuy APYT APYTy JABHKYTCS JBE 4ya-

CTHIBI C MaccaMd mi=2 T, N Vi N
0 p_— p\_— v
my=6 I, U CKOPOCTSIMH m my

v1=9 M/c, v2 = 3 M/c COOTBETCTBEHHO. [IpOoeKIMsI CKOPOCTH LIEH-
Tpa mMacc Ha ocb OX paBHa ... M/C.
a)0 06)45 B6 1)75
5.10. MarepuanbHas TOUYKa JBUKETCS IO
KPUBOJIMHEWHON TpaekTtopuu AB mop nen-
CTBMEM HEKOTOpoi cuiibl. Bo Bcex Toukax
TpaekTopuu V # 0. Kakue HanpaBieHus CUiIbl

HEBO3MOKHBI?
a)l1,23 6)1,246 812 1)1,245,6
J1) BO3MO>KHBI BCE HaIllpaBJI€HUS
5.11. JIBuxeHue MarepuaibHON TOUKHU 33/1aHO YPABHEHUSIMU
x = ot’, y = Bt. Cuna, feiicTByIOIIas Ha MaTepHAIbLHYIO TOUKY ...
a) U3MEHSIETCS TOJBKO IO HAIIPABIICHUIO
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0) U3MEHSETCS TOJIBKO IO MOIYITIO

B) U3MEHSETCS U 110 MOJYIIO, U MO HAIIPABICHUIO

') HE U3MEHSETCS HU 110 MOAYJIIO, HU 110 HalpaBICHHUIO

5.12. Teno maccoit m = 2 Kr JABHXKETCSI TPSIMOJIMHEHHO 110 3a-
xony S(t) = A(1—e®Y), rie A =12 M, B =0,5 ¢’!. Onpenenurs
MPOEKINIO JACHCTBYIOIIEH CHUJIbI HA HAaIlpaBJICHUE IBUKCHUS
TeJa B MOMEHT BpeMeHHu t =2 c.

Otset: — 2,21 H
5.13. Ha yactuiry maccoit 1 Kr neicTByeT cuia, 3aBUCALLIAs
B
F = —3
OT BPEMEHU IO 3aKOHY t° e B = 5 H-¢*. Haiitn MyTh,

IIPOMICHHBIN YacTUILEH 3a IEpBBIE IIATh CEKyHA. HadanbHyro
CKOPOCTH NMPHUHSTH PaBHOM 2 M/C.
Ortser: 10,5 M

5.14. YacTtuua ABMKETCS B INIOCKOCTH TaK, YTO €€ MMITYITbC
~ e 4 2 .
3aBUCHT OT BpeMeHH 1o 3akoHy P(t)=1i-At"+ j-Bt". Haiitn

YIOJI MEXY OCBIO Y M BEKTOPOM CHIIbI, IEUCTBYIOIIEH HA 4a-
CTUIly B MOMEHT BpeMenu t = 2 ¢, ecnmu A = 0,5 kxr-m/c,
B =4 kr-m/c.
Ortser: 45°
5.15. HeGounp1oii mapuk Maccsl m = 1 KI JIETUT CO CKOPO-
cThIO Vi = 5 M/c ot yriiom o = 30° Kk ro- O% v,
pusoHTaIbHON MIockocTu. llocne He-

YIIPYTOro yAapa OH OTCKaKUBAET CO CKO-
pocThio V2 = 4 M/c o yriiom 3 = 45° x mockocT. Bpems co-
yaapenus t = 0,2 ¢. Haiitu Moxynpe cpenHel CHIIbl TpEHHUs 11a-
pHKa O IJIOCKOCTh, IEHCTBOBABILEH BO BpeMs ynapa.
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Otset: 7,5 H
5.16. HeGoupimoi mapuk Maccel m = 1 Kr JICTHT CO CKOPO-
CThIO Vi = 5 M/c o yriiom o = 30° K ro-
pU30OHTaNBHOM mnockocTu. Ilocie He- v, O/' V2

YIPYToro yJapa oH OTCKaKHMBaeT CO CKO- X AP
R L

pocThio V2 = 4 M/c on yriom 3 = 45°
miockoct. Bpemsa coynapenus T = 0,2 ¢. Ha ckoiabko Momyiib
CpPEeIHEH CWJIBI HOPMAJIBHOW PEAKLUU OIOPBI, AEHCTBOBABIIEH
BO BpeMsl yaapa, OOJbIIe CUIIBI TSKECTH?
Ortser: 26,6 H
5.17. IapamtoTuct, Macca KoToporo pasHa 80 Kr, coBepIaer
3aTSDKHOM MPBDKOK. CUnTAast, 4TO CHIIa COTIPOTHBIICHHS BO3IyXa
MPONOPIIMOHAIIEHA CKOPOCTH, OTIPENIEIINTH, Yepe3 KaKoi mpome-
KYTOK BPEMEHH CKOPOCTh IBW)KEHHUS MapalroTucra Oyaer
paBHa 0,9 oT ckopocTH ycTaHOBHBIIErocs aBkeHUSI. Koaddu-
nueHt conpotuBienus r = 10 kr/c. HaganpHas ckopocTh napa-
IIFOTHCTA paBHA HYIIO.
OtseT: 18,4 ¢
5.18. HayanbHas ckopocts mynu paBHa 800 m/c. [Tpu nBuxe-
HUU B Bo3ayxe 3a BpeMsa 0,8 ¢ e€ CKOpoCcTh YMEHBIIMIACh J0
200 m/c. Macca nynu paBHa 10 . Cuntast cuily CONpOTHBIEHUS
BO3/IyXa MPOIOPIUOHATBHON KBaIpaTy CKOPOCTH, OTPEICIUTh
K09()(UITMEHT COMPOTUBIICHUS BO31Iyxa. JleHCTBHEM CHIIBI Ts-
KECTH MpeHeOpeyb.
OtBer: 47-10°° Ll
M
5.19. Jlonka nox napycom JBHXKETCS IO 03€py CO CKOPOCTHIO
Vo = 3 M/c. HaiiTu ckopoCTh ABMKEHHSI 3TOH JIOAKH 4Yepes3 JiBe
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MHUHYTBI TI0CJI€ TOrO Kak ObL1 yOpaH mapyc, €Ciiy COIpOTHBIIE-
HUE BOJbI IBUKEHUIO JIOAKU IPONOPLHMOHAIBHO KBapaTry CKO-
poctu. Macca ok m = 100 kr, K03 HUIIHMEHT COMPOTUBICHUS
r=0,5 kr/™m.
OtseT: 1,07 M
v
5.20. Macca pakeTbl B Ha4aJbHBIII MOMEHT BpPEMEHH ObLIa
pasna 0,3 kxr. Pacxon roprouero 0,1 kr/c, CKOPOCTh MPOAYKTOB
cropanust OTHOCUTENBHO pakeThl 200 M/c. [Ipenebperas compo-
THUBJICHUEM BO3]lyXa U BHELIHEM CHUJIOBBIM I10JIEM, ONPEAEIUTD,
3a KaKkoi NMPOMEXYTOK BPEMEHU CKOPOCTb PAKETHI CTAHET PaB-
Hoii 50 m/c.
OtBerT: 0,66 ¢
5.21. Pakera nepen craprom umena maccy 120 kr. Kakyro cko-
pocTh OyzeT UMeTh pakera 4epes 15 ¢ mocie Havyana paboThl e€
neurarenei? Cuutarbh pacxoll TOTUIMBA W = 4 KI/C U CKOPOCTh
HCTEUEHUs Ta30B OTHOCUTENBHO pakeThl u = 1000 M/c mocTosH-
HBIMH. 3a/lauy pelInTh, IpeHeOperas MojaeM TATOTCHUS 3eMIIH.
Orser: 693 —
c
5.22. Ha kpato cTosa JIeKUT BepEBKa Maccol m = 1 Kr u uim-
Hoil { = 1 M. BepéBka ynepkuBaeTcs BHEUIHEW CUIION B I1OJIO-
KEHHH, KOT/1a OZIHA U3 €€ ITOJIOBUH CBELIMBACTCS. 3aTEM BEPEBKY
OTIIYCKAalOT U OHA HAYMHAET COCKajb3bIBaTh. HailTw ckopocThb
BEpEBKH B MOMEHT €€ oTpbIBa OT cTona. Koagpuiuent tpenus
p=0,1.

Otser: 2,69 2
C
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3ansaTus 13 - 16
6. IMHAMMUKA BPAIIATEJIBHOI'O IBUKEHUSA
TBEPIOI'O TEJIA
6.1. MOMeHT UMIYJILCA MATEPHATbHONH TOYKH 1 MOMEHT
CUJIbI OTHOCUTEJIbHO IIeHTPa. YpaBHeHHEe MOMEHTOB
Jl1s TMHAMHYECKOro OINMCAHUS JBHXKEHUS MaTepuallb-
HOM TOYKHM M CUCTEM MATEpUAIbHBIX TOUEK OTHOCUTEJIBHO He-
KOTOpPOTO LIEHTPa BBOJAST BEIMYMHBI, HA3bIBAEMbIE MOMEHTOM
CHJIBI © MOMEHTOM UMITYJIbCA.
Momenmom cuibl OMHOCUMENbHO HEKOMOPO20 UeH-
mpa O nHazviearom 6eKmMopHoe nPou3eedeHue paouyc-6eKmopa
MOYKU NPUNOHCEHUA CUIbl, NPOBEOEéHH020 u3 yenmpa O, na

amy cuny.
M=[TF].
VuursiBas, uto T =Xi+Yy]+2K, a ﬁ=FXT+ FyT+ FZR, OIy-
qaeMm:
i ]k
M=|x y z =T(yFZ—sz)+j(zFX—xFZ)+E(xFy—yFX)
F,F, R



57

MomeHTOM cuJl, IeHCTBYIOIKUX Ha CUCTEMY, Ha3bIBAIOT
BEKTOPHYI0O CYMMY MOMEHTOB
CWJI, TPUJIOKEHHBIX K MaTepH-
aJIbHBIM TOYKaM cuctemsl. [lpu

5TOM U MOMCHT CHII, I[CI\/'ICTBYIO-
mux Ha CUCTEMY, H Ka)K,Z[I:Iﬁ u3

MOMCHTOB CHII, HeﬁCTBYIOMHX

Puc. 6.1 Ha MAaTcpUuaIbHBIC TOYKH, CO-
CTABJIAIOIIUE CUCTEMY, OIIPECACIIAIOT OTHOCUTCIIBHO LNCHTPA O:

M= M =Z[ﬁ"ﬂ-
i i
Momenmom umnynvca mamepuanvnoit mouku A om-

Hocumenvno yenmpa O Ha3vieaiom 6eKmMopHoe npou3sedeHue
paouyc-eekmopa mouku A Ha 6eKmMOp eé umMnyvca:

ik
_é:[?,b'] WIN (=[x y z
Px Py P

MomMeHT HUMITYyJIbCA CUCTEMbI MATCPUAIbHBIX TOYCK OT-

HOCUTEJIBHO HEKOTOporo meHtpa O paBeH BEKTOPHOU cymMme
MOMEHTOB MMITYJIbCa BCEX TOUYEK CHCTEMBI, ONPEACIEHHBIX OT-
HOCHTEJIBHOT'O TOTO e LEHTpa!

BbisicHUM, Kakas MeXaHWYeckas BeJIMYWHA OTBET-
CTBEHHa 3a W3MEHEHHE MOMEHTa HMITyJIbca MaTepHaTbHOU
TOYKH B JAaHHOM cucTeMe OTcuéTa, JJig 4ero npoauddepeHum-
pyeM 10 BpeMEeHH BBIpaKECHHUE JIJISl MOMEHTA UMITYJIbCA!



de oo [dF ] [ dP
—:— P+ T — |
gt ~ar P P

r . - -
Bekrop P V U BEKTOp P =MV HanpaslIeHbl OJUHA-

—

dr
KOBO, odToMy | —,p | = 0.
dt
Y4uTeiBas, 4TO B COOTBETCTBHH CO BTOPHIM 3aKOHOM
& = LA et o
Herorona —=F, umeem | r,— =[r,F]= M. Torma moiy-
dt dt
YaeM, 4TO
de -
—=M.
dt
Ypasnuenue momenmos ona mamepuanvHoit mouxku

(6.1)

6.2. lmHaMUKA BpPalaTeIbHOI0 IBUKEHH
CHCTEMBbI MAaTePHAJIBHBIX TOYEK OTHOCUTEILHO LIEHTPA
Beolisicnum, kakas (u3nueckas BEIUUYUHA ONPEeNseT U3-
MEHEHHE MOMEHTAa UMITYJIbCa CUCTEMBL. J[J1s1 3TOro Hal1EM CKO-

pOCTb NU3MCHCHUA BO BpeMeHI/I MOMCHTA I/IMH}U’IBC& CUCTCMBI.
dL_d O z
dt dt

TaK Kak %:Mi,To %—::M,rne |\7I:ZI\7Ii.

Ha yacTuisl cucTeMul B 06H_[eM cjIydac ﬂeﬁCTBYIOT KakK
BHYTPCHHUC, TaK 1 BHCITHUC CUJIbI, IOOTOMY MOMCHT M PaBCH

— —

CYMMC MOMCHTOB BHYTPCHHUX M M BHemHUX M

BHYTp prem CHIL-
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N3 tpethero 3akona HeroTOHA ciemyer, 4TO CyMMapHBIH MO-
MEHT BCE€X BHYTPEHHHX CHJI OTHOCUTEIIBHO 000 TOYKH paBeH
nymto. Toraa

dL -~

E = Vlghem -

(6.2)

3T0 YpaBHCHHUE HA3bIBAlOT YPABHCHUEM MOMCHTOB JJIA

CHUCTEMbI MATECPUAJTIBHBIX TOYCK:

CKOPOCI”b U3BMEHECHUA MOMEHMA UMN)ibca Mexanuve-
CKOll cucmemeol, onpeOeﬂé'Hnozo OMHOCUMEIIbHO Hekomopoﬁ
mouKu 0, pasHa Momenmy 6HewnHux Cuj, Oeﬁcmeylomux Ha
cucmemy, onpedeﬂé'uuomy OMHOCUMEIbHO MOIL Jice MOYKUL.

6.3. MomenT nnepuuu. Teopema IlTeiinepa. OcHoBHOE
ypaBHeHHe TUHAMUKYI BPalaTeIbHOI0 ABUKEHUSI
TBEPAOro TeJIa OTHOCUTEIbHO HEMOABUKHOM OCH

Paccmotpum BpaieHue TBEPAOTO Telna BOKPYT HEMO-
IBUKHOU ocH. BBenéM MOHATHS MOMEHTOB MMITYJIbCA U CHJIBI
OTHOCHUTEIILHO OCH BpAICHUS. 7

Momenmom cunoet M, om-

HOCUmMENIbHO OCU 6pAULeHUA Z
Ha3bvléarom NPOEKUUIO HaA Imy 0Cb
ROJIH020 MOMmeHma cui, Oeﬁcmeylo-
uwux Ha mesno, onpedeﬂé'uuozo om-

HOCUMEIbHO NPOU3EOIbHOU MOUKU
O oannou ocu. Pric. 6.2
Momenmom umnyibca MamepuaibHoOU mMouKu OmHo-
CUMENbHO OCU HA3bIBAIOM NPOEKUUIO HA INY OCb MOMEHMA
UMRYIbCA OAHHOU MAMEPUAIbHOU MOYKU, ONPEOeNéHHO20
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OMHOCUMENbHO NPOU360bHoil mouku O, nexcawieil Ha ocu
epawenus (puc 6.2):

—

N
(i =minv;sin| TV, |=mny; = mirfo,

rac mi ri2 — MOMCHT MHCPpIHH 1-of MaTCpHaHBHOfI TOYKH OTHO-

CUTEIILHO OCH Z.

Momenmom umnyjioca meia Lz OMHOCUMEIbBHO OCU

epawienusn Z HA3b16AI0M NPOEKUUIO HA INY 0Cb NOJIHO20 MO-
MeHma uMnyivbca mena, OnpeoenéHHo20 OMHOCUmMeIbHo npo-
u3zeo01bHou mouxu O oannoil ocu.

MoMEHT wuMITylbCa Tejla OTHOCUTEIIBHO OCH pPaBEH

CyMME MOMCHTOB MMIIYJIbCa BCECX DJICMCHTOB M; TEjIa OTHOCH-

TEJILHO 3TOH OCH:
) 2 _
LZ = Z€ZI = (,Ozml I‘I = \]Z(D,
i i

rae J, :Zmiriz — MOMEHT MHEPUUH TBEPJOrO TENa OTHOCH-
i

TeTBbHO OcH Z (IpH AUCKPETHOM pacIpeIe/ICHUH MacChl Tela).

Ecnu pacnipenenenne Maccel 3a1at0T yKa3aHUEM TUIOTHO-
CTH KaK HeNpepbIBHOM (YHKIIMU KOOPAMHAT, MOMEHT MHEPIUU
MOJKET OBITh paCCUUTaH MO (opMyIIe:

1) =jr2dm :jprzdv,

rae dm u dV — Macca 1 00bEM DIIEMEHTA Tejla, HAXOISIIErOcs
Ha PacCTOSHHUM I' OT OCH BpAIEHHsI, p — IUIOTHOCTH TeJa B JaH-
HOHM TOYKE.

PaccMOTpUM MOMEHTHI HHEPIUK OJHOPOIHBIX TEJ IIPO-
CTOH TeoMeTpUYECKO POpMBI.
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MoOMEHT MHEPIMH TMCKa Maccol M u paauycom R oTHO-

CUTCJIBbHO OCH, NECPHCHAUKYIISA HOﬁ K
C 5 s P Y. Ij
C IINIOCKOCTHU JHUCKAa U HpOXOI[HH_[eI/I qepGS
| | I €ro I_[eHTp Macc, paBeHZ
mR?
J=
2

MOMCHT HHCPLOHUHU TOHKOI'O KOJIbIa MaCCOﬁ mu paany-

COM R OTHOCHUTCJIIbHO OCH, IICPIICHIU-

KynﬂpHOﬁ K IINIOCKOCTH KOJIbIlda U ITIPO-

< ¢ "@ XOJIAIIEH Yepe3 ero EeHTP MacC, PABEH:
2
J=mR~".

MowmenT HHCPLHHUHU TOHKOI'O

| >

C

CTEpHS Maccoi M u uiHoM £ oT-

HOCHUTCJIBHO OCH, NCPHCHAUKYIIAP-

~
Y

HOM CTEp)KHIO M IPOXOoIsAuIleH ue-
pe3 ero LEHTP Macc, PaBeH:
m(?
J=—0.
12
MoMeHT uHepuuH Lapa MacCou M u
panuycoM R OTHOCHTENBHO OCH, TPOXOASIIEH
4yepes €ro LEHTP MAcC, PaBEH:
2
J=-mR?.
5 Z
Beluncnenne MOMEHTa WHEPIUHU
TBEPJOTO T€JIAa OTHOCUTEIIBHO MPOU3BOJIb- 1C
HOM OCH B HEKOTOPBIX CIIy4asX MOXHO

A
Y

YIOPOCTUTh, BOCIIOJB30BABIINCH TEOPE- d
moii llretinepa: Puc. 6.3
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Momenm unepyuu mena OmHOCUMENbHO RPOU3BOIbHOU
ocu pageH MOMeHmy UHepyuu mena OmHOCUmMenbHo ocu, na-
PANENbHOU OAHHOU U RPOXOOAULEIl Yepe3 YeHmp macc meJd,
CILOICEHHOMY C RPOU3BE0EHUEM MACCHl mejld Ha Keadpam pac-
cmosnus d mexncoy ocamu:

J, =3, +md?
MOMEHT MHEepLUUU — BEJIMYMHA aJJUTUBHAA. JTO O3Ha-
YaeT, YTO €CJIU TEJIO COCTOUT U3 HECKOJIbKUX YacTei, TO MOMEHT
WHEpLUU TeJa OTHOCUTEIBHO HEKOTOPOM OCH paBEH CyMMeE MO-
MEHTOB MHEPLMU YaCTEl 3TOr0 TeJa OTHOCUTEIBHO TOM ke OCH.
MOMEHT UHEpLUH TeJia SIBASETCS MEPOU €ro MHEPTHOCTH

IOIpHu BpalliaTCJIAbHOM JIBHMXCHHH.

B npoekiuu Ha och BpauieHus Z ypaBHEHHE MOMCHTOB
(6.2) 3anUCBHIBAIOT B BHJIC:

dL,
= M7 6.3
el (6.3)
VuaursiBast, uto L, =J,®, ypaBHenue (6.3) 3anuiiem B Buze
d(J
400) _y
dt

MomeHT uHepM TBEPAOro Tena Jz MpH €ro BpalieHUH
BOKPYT HENOJBM)KHOM ocu Z HE U3MEHSIETCs, CIeI0BaTeIbHO J;
MO>KHO BBIHECTH 3a 3HaK IIPOU3BOJHOMN

do
J,—=M
Zdt z
WU
J,e=M,.

Ocnoenoe ypaenenue OUHAMUKU spawiamesibHo2o OGUIICCHUA
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meépoozo mena
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3ATAHUA JUISA AVANTOPHOM U JOMAIIHE
PABOTBI IO PA3JIEJTY 6
"TMHAMMKA BPAIIIATEJIbHOT'O ABVKEHMS
TBEPIOTO TEJIA"

6.1. /luck paBHOMEpPHO BpallaeTCsl BOKPYT BEPTUKAIbHOU
OCH B HAIlPaBJICHUHU, YKa3aHHOM
Ha puUCyHKe Oemnoil crpenkoil. B
HEKOTOPBII MOMEHT BPEMEHH K
o0ony nucka Oblga MpUIIOKEHA

cuJia, HalpaBJIEHHAs 110 KacaTellb-

Ho#. [Ipu 3TOM TIpaBUIBLHO OTOO-

paXkaeT HalpaBJICHUE YIIIOBOI'O YCKOPEHUS JUCKA BEKTOP ... .
a)l 06)2 B3 n4

6.2. Jluck MOXET BpalaTbCsi BOKPYT Fy

"

OCH, TEpIEeHIUKYIIPHON IUIOCKOCTH
JIUCKA U MTPOXOJSILIEN Yepe3 ero HeHTp.
B Touke A mpuKIaAbIBAIOT OHY U3 CHII

- k., K, kK, F, nexamux B miocko-

CTH JHUCKa. BepHHM COOTHOILICHUEM
MCKAY MOMCHTAaMHU 3THUX CUJI, OTHOCHU-
TCJIBHO paCCManHBaeMOﬁ OCH, SBJIA-
CTCA ... .

A M =Ma=M3, Ms=0

0) Mi <My <M3 <My

B) M1 >M;>M;j3, My =0

r)M; <My <M;, Ms=0
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6.3. Jluck HauMHAET BpAIAThCS BOKPYT [, A
HEMOJBUHON OCH C TIOCTOSIHHBIM YIJIOBBIM {

=

YCKOPCHHUEM. 3aBHCUMOCTH MOMEHTA HM-

—__\
= Y

IIyJbCa JUCKa OT BPEMCHU IIPEACTABIICHA Ha

PUCYHKE JIUHUEH ... . t
a)A 06)B B)C 1D n)E
6.4. PaccmarpuBaroTcs Tpu Telna: AMCK, TOHKOCTEHHAs TpyOa
Y TOHKOCTEHHOE KOJIbLI0, TPUUEM Macchl m U paauychl R ux 60-
KOBBIX IMOBEPXHOCTEW OIMHAKOBBL. BEpHBIM COOTHOIIIEHUEM IS
MOMEHTOB MHEPLIUU PAaCCMaTPUBAEMBbIX T€ OTHOCUTEIHHO yKa-
3aHHBIX OCEH SABISETCS ... .
1 o f 3
Duck Tpyta Ronbyo
a)s<Ji<l  0)Ii<)=J;  B)Ii<ds<J2 1) )i=l<):
6.5. MoMeHT uMITylbca Tela OTHOCHUTENHbHO HEMOJABUKHON
OCH M3MEHsIeTCs M0 3aKoHy L = at, e o — mocTossHHAs BeJH-
YiHa. YKaXuTe Trpaduk, MPaBUIBHO OTPAXKAIOMIMA 3aBUCH-

MOCTb OT BPpEMCHU BCJIIMYMHBI MOMCHTA CHUJI, ﬂeﬁCTBYMHlHX Ha
TCIIO.

a) MA 0) MI/ B) MI r) MI
% ' % t t
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6.6. 3aBHCUMOCTH
YIJIOBOW CKOPOCTH Bpaliaro-
IIEroCs Teja MpeCcTaBiIcHa
Ha pucyHke. Bpamarouiuii
MOMEHT, JCUCTBYIOIIUN Ha

TEJI0, paBE€H HYJIIO B MOMCHT

BPEMCHH ... .
a)tiuts 0)t1 B)t2 )3

6.7. CHapsz BbUIETEN U3 CTBOJIA MYIIKH C YIJIIOBOM CKO-
poctbio @ = 100 ¢ mox yrinom o = 60° k ropu3oHTy. MOMeHT
UHEPLUMHM CHapsia OTHOCUTEIBHO €ro IIPOJOJIBHOM OCH
J = 10 xr-M?, paccTosHHe MeXay Konécamu mymku { = 2 M,
BpeMs IBMKeHMs cHapsaa B croine t = 1072 ¢. Cunbl JaBjieHus
3eMJIM, JEMCTBYIOLIME Ha Koj€ca MYIIKH BO BPEMS BBICTpEIa,
oTau4arTes Ha ... KH.

a)50 6)35 B)25 1)l0

6.8. 113 >xecTy BbIpe3aJId TPU OIMHAKOBBIE JETANIN B BUAE

umnca. JIe neranu paspesanu:

OOHY — IIONOJIaM BJIOJIb OCH CHUM- o f"] [
METPUH, a BTOPYIO — Ha YETBIpPE L.
OIWHAKOBEIE YACTH. 3aTeM BCe 4Ya- ’T D
CTH OTOJBUHYIIA oT a Ha

oA Y Apyr OT Apyr ol = !'s

3

OJIMHAKOBOE PACCTOsIHHUE U paccTa- 1
BUJIU  CHUMMETPHUYHO  OTHOCHU-
tenbHO ocu OO' (cm. puc.). Beibepure mpaBUIILHOE COOTHOIIIE-
HUE MEXJTy MOMEHTaMU MHEPIUH ITHX JeTanel OTHOCUTEIHHO
ocu OO'".

a)i<h=Il 0)li<h<lz Blh=hk<Js; Dh>lh>];
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6.9. TeepabIit OMHOPOAHBIN TOHKHUI TUCK BpAIla€TCsl OTHOCH-
TEILHO OCH, TMIEPIICHINKYIIIPHOMN €0 MIOCKOCTH U IIPOXOsIIeH
yepe3 meHTp macc. [Ipu 3Tom Touka, jexarias Ha OOKOBOM I0-
BEPXHOCTH JHUCKA, JBIKETCS C HOPMAJIbHBIM YCKOPEHHEM
an ~ t*. B aToM CJly4yae MOMEHT CHUJIbI, JICMCTBYIOIIMI Ha JUCK
OTHOCHUTEIILHO OCH BpaIlCHUs, 3aBUCUT OT BPEMEHH TI0 3aKOHY
M ~ t". 3HayeHue n paBHO ... .

a)l 06)2 B3 n4

6.10. TBepabIii OHOPOIHBIA TOHKUNA AUCK BpalIaeTCsl OTHO-
CUTENIbHO OCH, MEPHEHIUKYIIPHON €ro INIOCKOCTH U MPOXOsi-
el yepes neHTp macc. [Ipu aTom Touka, nexarias Ha OOKOBOM
MOBEPXHOCTU JHUCKA, BHKETCS C HOPMaJbHBIM YCKOPEHHUEM
an ~ t*. B 9TOM cllydae MOMEHT HMITY/IbCA JUCKA OTHOCUTEIBHO
OCH BpallleHHs 3aBHCUT OT BpeMEHH 10 3akoHy L ~ tX. 3nauenue
k paBHO ... .

a)l ©6)2 B3 14

6.11. MoMeHT MHEpIMU OJHOPOAHOTO TBEPJOTO TEJa 3aBH-
CHUT:

1) oOT MOMEHTa IPUIIOKEHHBIX K TNy CHJI TIPU 3aJJaHHOU OCH;

2) ot BBIOOpa OCH;

3) ot GopmsI Tena;

4) oT Macchl Tena;

5) OT yIJIOBOTO YCKOpEHUs Tela.

W3 mpuBeneHHBIX YTBEPKIEHUI HEOOXOTUMO BHIOpaTh Bce
MIpaBUIbHBIE.

a)l,2us5 6)2,4us5 B)2,3u4 71)3,4u5
6.12. B kakux ciydasx CIpaBeIMBO BBIPAXKEHHUE JJISI MO-
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MEHTa uHepuuu J = mR?? Heo6xoaumo BBIOpATh BCE MPABUIIb-
HBIE OTBETHI.

1) nns MarepualbHOW TOYKM MAaccoll m, HaxoJsiencs Ha
paccrosHuu R o1 ocu BpauieHus;

2) nus OHOPOJIHOTO IIapa Macco m U paauycoM R, meHTp
Macc KOTOPOrO HaXOJUTCs Ha pacCTOSIHUM R 10 ocu BpaleHus;

3) [ TOHKOTO KoJjblla Maccoi m U paguycom R, eciau ock
[IPOXOJUT 4Yepe3 LEHTP MacC KOJblLA MNEPHEHIUKYISIPHO €ro
IJIOCKOCTH;

4) nid TOHKOTO JMCKa Maccod m u paguycoM R, ecnu och
IIPOXOIUT Yepe3 LIEHTP MacC AUCKA MEPIEHAUKYIISPHO €T0 IJI0C-
KOCTH.

a)lud4 6)2u3 B)1u3d r)3u4

6.13. OgHopoaHblil JUCK Maccod m M paguycoMm R Bpaia-
€TCsl 1O JEHCTBUEM ITOCTOSSHHOTO MOMEHTA CUJI OTHOCUTEIBHO
OCH, MPOXOASILEH Yepe3 ero IeHTP Macc U MEePHeHIUKYIIpHON
IUIOCKOCTH aucKa. Ecny mpu HEM3MEHHOM MOMEHTE CHJI OCh
BpallleHUs IEPEHECTH MapajlieIbHO Ha Kpai JucKa, TO AJIs MO-
MEHTa MHEePLUH J U yIIIOBOrO YCKOPEHHUS € AUCKA CIIPaBEIIUBBI
COOTHOLICHHUS ... .

a) J,>J;,65<8  0)Jy>J,8,>¢
B) J,<J,e,<g 1) Jy<E,>8

6.14. HaiiTu MOMEHT MHEPLIMY PAaBHOCTOPOHHETO MPOBOJIOY-
HOTO TpeyroJibHUKa co cTopoHoit b = 0,5 M u maccoi, paBHO-
MEPHO pacupeaeiIEHHOM 10 IEPUMETPY TPEYTOJIBHUKA M PABHOM
0,4 Kr, OTHOCUTEIBHO OCH, JIEXKaIIEH B IJIOCKOCTH TPEYIojb-
HUKa 1 IPOXOJISIIEN uepes3 ero BEpIIMHY MapajljieIbHO CTOPOHE,
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MPOTUBOIIOJIO0KHOM 3TOM BepirHe. ToNIIMHON TPOBOJIOKH MIpe-
HeOpeyb.
Orser: 0,042 xr-m*
6.15. HaifTu MOMEHT MHEPIIMU PaBHOCTOPOHHETO MTPOBOJIOY-
HOTO TPEYroJIbHUKa cO CTOpoHOU b = 0,5 M M Maccoii, paBHO-
MEPHO pacHpeesIEHHOM 0 IEPUMETPY TPEYTOJIbHUKA U PaBHOM
0,4 KT, OTHOCUTEJIBHO OCH, IEPIICHIUKYIISIPHOIN MIIOCKOCTH Tpe-
YTOJIbHUKA U MPOXOASILEH uepe3 ero BepinHy. TonmuHoi mpo-
BOJIOKU TIPEHEOpEYb.
Otsert: 0,05 kr-m?
6.16. [uck paguycom R = 0,5 M u tonmmuoi h = 0,01 M us3-
TOTOBJIEH W3 MarepHala, MJIOTHOCTh KOTOPOTO U3MEHSETCS C
PACcCTOSTHUEM T OT OCH JJUCKA, TPOXOIAIICH Yepes ero reoMeTpu-
YeCKUU LIEHTP NEPIECHIUKYISIPHO TUIOCKOCTH JMCKA, 110 3aKOHY
p=a+br+cr®, me a = 10° ko/™M’, b = 510° kr/m?,
¢ = 6:10° kr/M°. BpIUMCIUTE MOMEHT UHEPIUH JUCKA OTHOCH-
TeNbHO 3TOM ocu. OTBET 3amucarh ¢ TOYHOCTHIO JIO0 IECATHIX.
Orser: 3,9 kr-M?
6.17. HaiiTu MOMEHT MHEPLIUH TOHKOTO OJTHOPOJIHOTO JHUCKA
OTHOCUTEIIbHO OCH, COBIIQJIAIOLIEH C €ro aumamerpom. Macca
nucka 0,3 kr, paguyc 0,4 m.
Orser: 0,012 xr-m*
6.18. YacTtuue Maccoit m = 2 Kr coo0IIeHa HayalibHas CKO-
pocTeb Vo = 60 m/c, Hampas-
JeHHas nox ynioM o =30° k v
ropu3oHTy. Tpaekropus mo-

JNéTra 4YacTHLbl JIGKUT B No

XY
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wiockocTH Xy. [IpeneOperas conpoTUBIEHUEM BO3lyXa, HANTH
MOJIylb MOMEHTa CHUJIbl, JEHCTBYIOLIEH Ha YacTHIly, OTHOCH-

M
TEJNBHO TOYKHM OpPOCaHus B MOMEHT BpeMenu t =2 ¢. §=9,8—.
c

Otser: 2034,5 H'm
6.19. Yactuue maccoi m = 3 Kr cooOlieHa HayajIbHas CKO-

pocTh Vo =30 M/C mof yriaom
y

a = 60° k ropuzonTty. Tpaek-
TOpUs I10JETA YACTHULIBI JIe-

KUT B IUIOCKoCcTH XYy. IIpe-

XY

HeOperasi CONPOTUBICHUEM
BO34YyXa, HalTH MOOYJb MO-

MEHTa MMITYJIbCA YaCTHUI[l OTHOCHTEIIBHO TOYKH OpOCaHHUs B
M

MOMEHT Bpemenn t =2 c¢. g =9,81—.
c

2

Orser: 882,9 ~L M
C

6.20. OgHopoanbIi map Maccoil m = 0,2 Kr Bpamaercsi Bo-
KpYT OCH, IPOXOZSILEN Yepe3 €ro LEHTP MACC TaK, YTO YroJl Mo-
BOPOTA CO BPEMEHEM MEHSETCS 110 3aKOHY @ = at® +Bt+y, roe
o= 2 pan/c’, =4 pan/c, y = 10 pan. HaiiTu MOMEHT CHJI OTHO-
CUTEJIbHO OCH BPALLEHUS, KOTOPBIN 1eHCTBYET Ha TEJIO B MOMEHT
Bpemenu t = 10 ¢, ecnu paguyc mapa R =10 cm.

Ortgert: 0,096 H'-m

6.21. OgHopoaHBIi 1UCK Maccol 2 Kr u paguycom 0,5 m Bpa-
[aeTcss OTHOCUTENBHO OCHU Z, MEPHEHAUKYISIPHONU IIOCKOCTH
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JUCKa U MPOXOJSIIEH Yepe3 LUEHTP Macc, MojA ACHCTBUEM MO-
MeHTa cunt M, = A t2, rie A = 5 kr-m%/c°. Haiitu yrioByro cko-
POCTh AMCKa Yepe3 2 ¢ Mocie Hayasa JIBHKCHHUS.
Otser: 80 pan/c
6.22. B HayanbHBII MOMEHT BPEMEHU HA ITOKOMBIIUICS OJI-
HOPOJIHBINA TUCK MACCOM 2 KI' U paInyCOM 2 M, KOTOPBIM MOXKET
Bpalarhcs 0e3 TPeHHs BOKPYT HETIOABMKHOM OCH Z, TepIeH U~
KYJIIPHOM TUIOCKOCTH JUCKa U TPOXOMSIIEH Yepe3 €ro IEHTP
Macc, HaYMHAeT JAECUCTBOBATh MOMEHT CHJI, MU3MEHSFOIIHUHICS CO

4
t

BpeMeHeM 1o 3akony M, =M, (—] , tme Mg, =3 Hwmg
T

T =5 c. OnpenenuTh CpeIHIO BEJINYMHY YIJIOBOH CKOPOCTH
JICKa 3a MHTepBaji BpeMeHu ot t1 =1 c ot =4 c.

Ortgert: 0,055 pan/c

6.23. MoMeHT MMITyIIbCa YaCTHIIBI OTHOCUTEIBHO Havaja OT-

CdeTa MEHSIETCS C TEUCHHEM BPEMEHH 10 3akoHy L = ia+ jbt?,
2 2
KT M KT M
mea=12 ——,b=3 ——
c c

. HailiTu MOMEHT CuJIBI, JCH-

CTBYIOIHGfl Ha 9acTuny, OTHOCUTCIIbHO Ha4Yajia KOOpANHAT B MO-

MEHT BPEMEHH, KOIza yroia Mexay Bektopamu L u M craHo-
BUTCS paBHBIM 45°.
Otset: 12 H'm
6.24. OnHOPOAHBI TOPU3OHTANBHBIM  JUCK  Maccoi
m; = 0,5 xr u paguycom 0,6 M MOXKET Bpamarscs 0€3 TPEeHHs
BOKpYT' HENOJBUKHON
BEPTUKAJIIBHON OCH, IIpO- -
XOISILIEH Yepes ero HeHTp.  m, QD\F,
Ha kparo nucka 3akpenunm m,
HEOONBIION Tpy3 Maccoit
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m2 = 0,1 k. [lepBoHauanbHO AMCK OKOMIICA. 3aT€M HUTh, HAMO-
TaHHYIO Ha 0007 MCKa, HAYMHAIOT TAHYTh B TOPU30HTAILHOM
HanpasieHuu ¢ cuwior F = 2 H. 3a kakoe BpeMs t TUCK TOBEp-
Hércs Ha yron ¢ = 2,4 pan?

OtBeT: 0,71 ¢
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3ansaTue 17 - KOHTPOJIbHAS PABOTA Ne2
IIpumep KOHTPOJIBLHOIO 3a1aAHUS

1. I‘IEICTI/II_[a, JABHKETCA B IINIOCKOCTH TaK, YTO eé HMITYJIIBC

3
3aBUCUT OT BPEMEHH IO 3aKOHY f)(t) :T-A£+ ] B(ij >, THE
T T

[—

A, B — IOCTOSIHHBIE BEIMYMHBL, |, | — €JMHUYHBIC OPTHI B Jie-

KapTOBOU cucreMe KoopauHar. Haiitu Moysb CHIIBI, JEHCTBYIO-
e Ha yactuiy B MOMEHT BpeMeHu t = 1 ¢, ecnu t = 1 c.
A =1kr-m/c, B=1kr-wm/c.

2. JIBa oMHAKOBBIX AMCKa Maccoi m u paanycoM R kax-
JIbIH TIOJIO’KUJIM HA IUIOCKOCTh U IIPUBAPUIIN
Ipyr K apyry. Halitu MOMEHT uHepuuu mno- O
JIyYUBIIEWUCS JETAIA OTHOCUTEIBHO OCH,
MIPOXOASAIIEH NEPIEHAUKYIISIPHO IIIOCKOCTH JUCKOB Yepe3 TOUKY

O(cem. puc.). R=1M, m=1kr.

3. Teno BparaeTcst BOKpYT 3aKpeIJIEHHON OCH C YTJIOBOU
onhet CKOpPOCTBIO, 3aBUCUMOCThL OT BPEMCHHU KO-
O ™ - Topoii 3afaercst rpadukoM. MOMEHT HHep-
MU Tejla OTHOCUTEIBHO OCHU BpallleHUs

, t¢ paseH . Ha ckonbKko OTIIMYArOTCS MOIYIU

L MOMEHTOB CHWJI, IEUCTBYIOIMX Ha TEJO B

MOMEHTHI BpeMeHu t; = 1 c u t2 = 3 c.

®max = 1 Cil, I=1 Kl"’M2
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4. MarepuanbHas Touka M nBHXKeTcs 1o mapabose

(puc.1) B HampaBieHWH, yKa3aH- HanpaeneHue

ABUXKEHUA

HOM cTpeikamu. ['paduk nzmene-

HUS BEITUYUHBI (MOIYJIsI) €€ CKO-
Puc. "\t 1 0ttt

pHucC. 1 moka3zaHO ITOJIOJKEHHE TOYKM M B MOMEHT BpEMCHHU t1.

poctu mpuBenéH Ha puc. 2. Ha

VYKakuTe Ha ’TOM PUCYHKE HalpaBJICHHE CHIIbI, IEHCTBYOIIEH

Ha TOYKYy M B 3TOT MOMEHT BpeMeEHH tit;.
a)l ©06)2 B3 n4

5. Jaiite onpenenenue nouatus "ueHTp unepuun’. Kak
HaWTHU TIOJIOKEHHE LIeHTpa uHepuuu? Yemy paBHA CKOPOCTH
JBUKEHUs LeHTpa uHepuuu? [lomyunte ypaBHEHHE JBUKECHUS
LEHTpa uHepuuu. B 4ém oTnmune 3Toro ypaBHeHUsI OT TMHAMU-

YCCKOI'o ypaBHCHUA IBUKCHHA CUCTCMbI MaTCpHaJIbHbIX TOYEK?

6. Uto Takoe "MOMEHT UMITyJIbCa MaTepruaIbHOU TOUKH"?
JlaiiTe onpezeeHre MOMEHTA CUJIbL, JENCTBYIOIIEH Ha MaTepu-
anbHyl0 Touky. [lomyunTe ypaBHEHHE MOMEHTOB I Marepu-

aJIbHOM TOYKH. 3aHI/IIHI/ITe, KaK OHO 4YUTacTCA.



75

IIpumep 3a1aHusI IPOMEKYTOYHOM aTTECTALMHU

1. Yactuna qBuxeTcs Tak, YTo €€ CKOPOCTh 3aBUCUT OT BPEMEHU

2
10 3aKOHY \7(t) =T~A£+]~B(£j , rme A, B — nmocrosHHEIE
T T

- -

BCJINYHHBI, i ) J — €AUHHUYHBIC OPThI B ,I[eKapTOBOP'I CUCTEME KO-

opauHat. Yemy cTaHeT paBHA BEIMYMHA MTOJIHOTO YCKOPEHHUS Ya-
CTUIIBI B MOMEHT BpemeHu t=1 ¢, ecmu t=1 c¢. 4 = 3 wm/c,
B=5wm/c.

a) 8,4m/c’> 6) 10,4m/c? B) 12,4m/c? 1) 14.4m/c? 1) 16,4m/c?
2. Yactuma Havana CBOE JBWIKEHHE M3 Hayajla KOOPAHMHAT C

Ha4aJIbHOI CKOPOCTBIO Vy =—j-A U C yCKOpeHHEeM, KOTOpoe 3a-

BHUCHUT OT BPEMEHH I10 3aKOHY é(t) =1-B—, me A, B —nocro-

A |~

SHHAS BeJIMYMHA, |, ] — CIMHUYHBIC OPTHI B JICKAPTOBOM CH-
cTemMe kKoopauHar. KakoB MOIyIb CKOPOCTH YaCTHIIEI B MOMCHT
Bpemenn t=1 c, ecnu 1=1 c? A =2 wm/c, B=23 m/c?.
a)1,5m/c 6)2,0m/c B)2,5M/c 1)3,0M/c n)3,5wm/c
3. CKopoCTh YacCTHIIBl M3MEHSETCS BO BpPEMEHHU IO 3aKOHY
V=5t-i+12t- j YeMy paBHA BeIMYMHA TAHTCHIMAIHHOTO
YCKOPEHHSI YaCTHIIBI B MOMEHT BpeMeHu ¢ = 1 ¢?
a)26 M/c>  6) 13 m/c®  B) 17 M/c® 1) 34 m/c?

4. Yactuiia IBUKETCS BIOIb OKPYKHOCTH C painycoM | M B co-

OTBETCTBUU ¢ ypaBHenuem ¢(t) = 2n(t2 -6t +12) , TIe (@ —yrol

B paguaHax, t—Bpems B cekyHaax. B momenT t =3 ¢ BennuuHa
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TaHTeHIMATBHOTO (KacaTeabHOro K TPACKTOPUU) YCKOPEHHS Ya-

CTHIIBI (B M/c2 ), paBHa ... .

a)0 0)4n B)6M T1)2m
S. Yactuna u3 COCTOSHUSA IOKOS Hadajla JBUIaTbCs IO AYre
OKpYXHOCTH paamyca R =1 M Tak, 4To yron moBopora 3aBUCUT

6
OT BPEMEHU II0 3aKOHY (p:A-(?j . Halitu TanreHumanbHoe

yCKOpeHHMe uacTullbl depe3 Bpemss t=1c, ecom t=1 c.
A =2 pan.
a) 20 m/c> 6) 40 m/c? B) 60 M/c? 1) 80 M/c®  nm) 90 m/c?

6. HeGonpuioll mapuk Maccsl m JIETUT CO CKOPOCTbIO V; 1oA

ynioM o =30° K TOPU30HTAIBHOM IIOCKO-

i 3
2 cru. Ilocie Heynpyroro yaapa oH OTCKa-
oL/~ N p

KHBaeT €O CKOPOCThIO V, TOX YyIIIOM

B =60° x mockocTu. Bpemst coynapenus t. Haittu Mmomyns cpen-
HEl CHITBI TPeHUs apuKa o miockocts. V; = 10 m/c, V, =6 m/c,
1=0,0l c,m=4xkr

a)64H 06)164H B)264H 1)2264H n)1264H
7. MarepuansHast Touka M IBHXKETCA 1O
OKPY)KHOCTH coO ckopocThio V. Ha puc.1

Puc.1
MoKa3zaH rpaduk 3aBHCUMOCTH TPOCKIUH
- o 0
CKOPOCTH V. Ha OpT T, HalpaBlICHHBIN btz ts
- M1T
BIOJIb ckopoctn V. Ha puc.2 ykaxure 4
Puc.2 3% 2

HAMpaBJIICHUE CWJIbL, JEHCTBYIOIIEH Ha
TOYKY M B MOMEHT BPEMEHU 13.
a)l 6)2 B3 n4
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8. /IBa oaMHAKOBBIX IIapa MAccoll m M paanycoM R KaKIbli

npuBapwiIn JIpyr K Apyry. Kacarembnas k

O mapy ocb O TPOXOIUT MEPHEHAMKYISIPHO

JIMHUH, TTPOXOSIIEH Yepe3 IIEHTPHI IIapoB.

Haiitu MOMEHT MHEpLIUM TTOJTYYHUBIICHCS IETAT OTHOCHUTEIBHO
ocu O.R=2 M, m=3 KI.

a)130 kr-m? 6)230 kr-m? B)330 kr-m? 1)430 kr-M?  1)530 Kr-M?

9. V3 >xectu BbIpe3aJid TPU OJMHAKOBBIC JETAIU B BHUJE dJI-

nurica. JIBe getanu pazpesanu: oJHy — ION0JaM BI0JIb OCU CUM-

METPHUH, a BTOPYIO — Ha YETBIPE OJUHA-

[3 ﬁ D KOBBIE YaCTH. 3aT€M BCE YacTH OTO/BH-
j Q D HYIIM JPYT OT Apyra Ha OIMHAKOBOE pac-
CTOSIHUE W PACCTaBUIM CUMMETPUYHO

I I3
! otHocuTenbHo ock OO' (cm. puc.). Bol-

OepuTe MPaBUIHLHOE COOTHOINECHUE MEXKIYy MOMEHTAMH WHEp-

MY 3THX JieTajel oTHocuTelnbHo ocu OO'.

a) li<l,=13 0) l1<l,<ly B) L=<l 1) l>1,>I4

10. Tonkast omHOpPONHAs MPSIMOYTOJIbHASA TUIACTHHA CO CTOPO-
a HamMu b M a MOXeT Bpaiarbes 6e3 Tpe-

,,,,;&C

pe3 HCHTP MacC C. MomeHT HWHCPUHNH INTIACTHUHBI OTHOCUTCIILHO

h HHA B BepTHKaHBHOﬁ IJIOCKOCTHU BOKPYT

l"OpPI3OHTELTIBHOI>i ocCHu, npoxozmmeﬁ qc-

ocu C pases 1. K cepejiiiHe CTOPOHBI TIACTHHBI IPHKIEHIN Ma-
JNIEHBKHI TPY3HK MACCHI 71 M OTIYCTHIIN 0€3 Tomuka. B Hauamb-
HBII MOMEHT CTOpOHA ITIACTHHEI OblIa BepTHKadbHA. Haiimure
YITIOBOE YCKOpPEHHUE TOTyuHBIIeHcs (Uryphl B HAYadbHBIH MO-
MEHT BpeMeHU. m = 2 KT, [ = 3 KF-MZ, b=4M,a=6m.

a)2,86pan/c? 6)3,86pam/c’ B)4,86pam/c’ 1)5,86pan/c’ 1)6,86pan/c>
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OTBETHI K TECTAM
Pa3znen 3
Ne
31415 81910
3aJaHUusA
BapHaHT B 6 6 6 6 r
oTBETAa
Pa3nen 4
oo 45|67 10|11 |12
3aJaHUusA
BAPUAHT
a 0|a|0|a r 0 B
oTBETAa
Pa3nen 5
N 4|56 91011
3aJaHUA
Bapl/laHT
o0|B|O al a 0
oTBETa
Pa3znen 6
Moo, 567 10|11 |12 | 13
3aJaHUusA
papuant B|la|0|0|a|B|B|B|a
oTBETAa
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HNPUJIOKEHUSA

JECATUYHBIE IPUCTABKHU

HaumenoBaHue Oo6o3naueHue MHuoxurenb
IKCca €} 108
nera I1 10"
Tepa T 10"
rura r 10°
Mera M 10°
KHWJIO K 10°
TEKTO r 10?
Jiexa na 10
lenu it 107!

CaHTH c 1072
MUJUTA M 1073
MHKPO MK 10°°
HaHO H 107
ITHKO 1| 10712
bemTO 1071
arTo a 10718




81

HEKOTOPBIE CBEAEHUS N3
SJIEMEHTAPHON MATEMATHUKHA

IIpaBuia geiicTBUSA €O CTENEHAMU

aX . ay — a(X+y) i _ a_x a

X.b*=(a-b)" (ax)y —aY o g )m
b b

..

ToxnecTBa COKpPAIIEHHOTO YMHOKEHUSI

KBajpar 1By4ieHa (a+b)® =a?+2ab+b?

Ky6 nByunena (a+b)® =a®+3a%b+3ab? + b°
Pa3HOCTH KBaJpATOB a?-p?= (a—b)(a+b)
PaszHocTh Ky6OB a®-b%= (a—b) (a2 +ab+ b2)
Cymma ky60B a®+b%= (a+ b)( —ab+ b2)

OcHoBHBIE cBOIICTBa JOrapugmMoB
X
log, (xy) = log,x +log,y log, (;j = log,x —log,y

DopmyJibl KOPHEH KBAPATHBLIX YPaBHEHUH

ax? +bx+c=0 x> +px+q=0

—b++/b%-4ac p p)
X12=—5% Y

X =
12 2a ‘2
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Teopema KocMHYCOB

a® =c® +b* —2ch-cos o B \a
Teopema cuHycoB a . i
a b C

sina sinB siny

3HayeHHUs] TPUTOHOMETPHYECKUX PYyHKUMI
HEKOTOPBIX yIVIOB

Q, 0 0° 30° 45° 60° 90° 180°
o, pa, 0 T 2 k2 2 T
> Pad 6 4 3 2
1
sin 0 — ﬁ ﬁ 1 0
2 2 2
1
cos o 1 ﬁ Q — 0 -1
2 2 2
tg a 0 g 1 J§ 00 0
J3
ctg o 00 \/§ 1 3 0 —00

OcHOBHOE TPHTOHOMETPHYECKOE TOKAECTBO
sina+cos’ o =1
Tpuronomerpudeckne pyHKIUUM JBOHHOIO ApryMeHTa

sin 2a. = 2-sin a'cos o
cos 20, = cos’ o — sin’ a

JJouHa okpy:xkHocTu paguycoM R (muamerpom D)
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L=2nR=nD
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ILi1omaaps TpeyrojJbHUKA

a C
g b @
2

Iomans Tpanenun a
g_a+th, /0
2 b

Ilinomans noBepxHoctu cdepsl paauycoM R (nuamerpom D)

S = 47R? = 1tD?

Iliiomwaaes kpyra paguycom R (auamerpom D)

D2
S=mnR?=""
4
O0bém mapa paauycom R (amamerpom D)
V= 4 nR3 = 1 nD3
3 6

O0BbEM IpSIMOro Kpyrosoro HuJInHApa Beicoroit H
¢ paauycom ocHoBaHus R

V =nR’H
O0bém konyca BoicoToil H ¢ paguycom ocHoBanusi R

V=1aR?H
3
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T'PEYECKHWI AJI®ABUT
I'peueckan oykea | Pycckoe nazeanue Oyxewt

Aa anbda
BB Oeta
'y ramma
Ao JIeNbTa
E¢ SIICUJIOH
VAS a3era
Hn aTa
00 TeTa

I nora
Kk Kamra
A A mamMoOna
Mp MIO
Nv HIO
EE KCH
Oo OMMKPOH
= I
Pp po
Yo CATrMa
Tz Tay
Yo UIICUJIOH
(O N0 ¢bu
X7 XU
Y vy cu
Qo omera
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JJATUHCKHHA AJI®ABUT
Jlamunckan oyxkea Pycckoe nazeanue oykent
Aa a
Bb 03
Cc i )
Dd i )
Ee e
Ff 3¢
Gg p )
Hh anr
I u
J] KU
K k Ka
LI 3I1b
Mm M
N n SH
Oo 0
Pp i)
Qq Ky
Rr ap
Ss aC
Tt §KC)
Uu y
Vv B3
W w JyOITb-B2
X X HKC
Yy UTpeK
Zz 3eq




