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2-0i1 ceMecTp

BBenenue B MaTeMaTHYeCKHU aHAJIN3
1. IIpeneasnl

[TycTh KakIOMy HaTypalbHOMY 4HMCay #n =1, 2, ... TpPHUBEICHO B COOT-
BETCTBUE B CHIIy HEKOTOPOI'O 3aKOHA YHMCIO U,. Torma roBopsr, 4To ompene-
JIEHa TOCENOBATENbHOCTh YHCEN U, Uy, Uz, ... HIH, KOpOYE, IOCIIEI0Ba-

TCIBbHOCTD {Un } . OTI[GJ'IBHI)IC qucia U, Ha3bIBAKOTCA €€ 3JICMCHTAMMU.

Onpenenenne 1.1. YUumcno a Ha3bIBaeTCA MPENEIOM IOCIEAOBATEIBHOCTH
{un}, ecJId JJIs J1I000T0 MOJIOKUTENBHOIO YhCiia € HaWAeTcs 3aBHUCSILEe OT

HETo HaTypaslbHOE uncio /N Takoe, 4To JAJisl BCeX HATypalbHBIX yucen #n> N

BBINOJIHAETCS. HEPABEHCTBO: | u,—a |< . Ilpustom mumyt: [im u, = a.
n— oo

Ompenenenne 1.2. ToBopst, uro ¢pyHkuus f (x) cTpemutcs kA

( f (x)—) A) pU CTPEMJICHHHU K d (x — a), rne A W a —4uucia, Win

lim f (x) = A, ecnu g moboro € >0 cymectByer O = 8(8) >0 Takoe,
xX—>a

qTO |f(x)—A|<8 npu |x—al<3$.
Amnanoruuno, [im f(x):A, eciu |f(x)—A|<8 npu |x|> N(s) U
X—> 0
limf(x):oo, eciiu |f(x)|>M npu |x—a|<8(M), rone M — npowus-
XxX—>a

BOJIBHOC ITOJIOXKHTCIIBHOC YHCJIO.

[Ipy BBIYMCIICHUH TIPE/IETIOB MOXKHO HCIIOIB30BATh CIIEAYIOIINE TEOPEMBI.
1. Ecim cymectsyior koneunsie lim fi(x), lim f5(x), o
xX—>a xX—>a

a) lim| fi(x) % f5(x) |= lim fi(x) lim f5(x)
6) lim| fi(x)- f2(x) |= lim fy(x)- lim f3(x),

lim fl(x)
. fl(x) _ x—a .
R lim f5(x) (xlinf ()7 0)'

2. Ecnu [im f(x) =A=#0, I[limf, (x) =0 (4 —xoHe4HO), TO
xX—>a

. fl(x)
[
xl—’Z/zlzfz(x)

= 0
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ecmn  [im f(x) =A, [limf, (x) =0 (4 — xoneuHo), To
xX—>a Xx—>a

lim M =0.
x—a fz(x)

DTH yTBEP)KACHHS CIPABEUTUBBI, €CIIM BMECTO ABYX QYHKIHMH f (x) u

f2 (X) B34ATb COOTBCTCTBCHHO ABEC ITOCJIICAOBATCIIbHOCTH: {un} )41 {Vn } .

B mpocrenmux cirydasx HaXO0KJIEHHUE Ipezena CBOAUTCA K MOJACTaHOBKE
B JJaHHOE€ BBIPAXXEHUE MPEIEIBHOIO 3HAYCHMS apIryMEHTa, 4acTo, OJJHAKO, IIPH-
XOJIUTCS, IPEXKIEC YeM MEePENTH K Mpeely, MPOBOIUTh MPeoOpa3oBaHKe TaHHO-
IO BBIPAKEHHs. DTO CIEAYeT AENaTh B TEX CIIy4asX, KOIZla UMEIT MECTO TaK

.0, o . . 0. 1. .0
Ha3bIBaeMbIe HeonpeaeneHHocTn: —; —; 0-.00; co—o0; 07; 17; oo,
o0

[Ipumep 1.1. HpI/I OTBICKAaHHUHU IIPCACIIa OTHOMICHUA ABYX LCIbIX MHOTI'OYJICHOB
OTHOCUTCJIBHO X IHIpU X —>C0 HJIHM A1 NIPH 1N —> 0 JJI INOCICIAOBATCIBHO-

00
cTedl (HeompeAaeIeHHOCT, —) o00a WieHa COOTHOIISHMS IOJIe3HO IpeaBapH-
00

TeJILHO Pas3[eNuTh HA X WU, COOTBETCTBEHHO, 1’ IJle /M — HauBbICIIAs
CTETICHb ATUX MHOTOYJICHOB.

AHAOTUYHBIA TIPUEM BO MHOTHX CIydasX MOXHO NPUMEHUTh U IS
npo0eil, coliepKalluX UPPaMOHATIBHOCTH.

4 2 1) 2 1
x| 3+——— 34—
] 3xd +2x% —1 00 i ( x2 x* . x2 x*

a) lim 2 =|—|= lim = lim =
x—>o S5x7 +3x+2 o0 x—)oox4(5+i+ij x—>005+i3+34
x> x* x> x

2 1
lim 3+ lim — — lim —
xﬁﬁ XZZXZ XZZX4 3+0+0 3
_ 3 5 :5 O+O=§’ crapiiasi cternens m =4,
lim 5+ lim — + lim — *

X—>00 X—> 0 x3 X—> 00 x4

4
JCJIUTCSI HA X .

5 lim Wont — 21’ + 2+ 4Y8n* +21

—o Yp* Z 31240t +9n




3. \/n4 9——+—j+4 3;13(8+2

= [im
" 4n4(1—— 12 n4(4+%)
n
3n 2-\/ 9——+— +4n-3 8+2—31j
= lim
" 1—— 125 i)

3
3 \/(9" )J 3\/(8+2_31j _3:49-0+0+0-38+0 _
1\/1_7_ \/7 - ‘\‘/—+2\/—

(HCOHpeI[CJ'IeHHOCTB —, CTapuiasi CTCIIeHb M = 2, JCIIUTCSA HA 1 ).
o0

2
4

6) lim(3x+1) \/x2+4x+5—\/x2+4x+7]=[oo-(oo—oo)]:

X—> 0
(3x+1) \/x2+4x+5—\/x2+4x—7 . \/x2+4x+5+\/x2+4x—7]
= lim =
X V2t dx+5+x2 1 dx—7

(Br+1)(x +dx+5-x" —4x+7)
= lim =
>0 Jx2 a5 yx? 1 dx—7

(3x+l)-12 (:xj
= [lim Z =
x_’w\/x +4x+5+\/x +4x -7
12(3+l) 12-3
X—> 0 4 5 4 7 I+1
I+ —+—=+ I+———
X Xx X Xx

[Tpumep 1.2. Ecmu P(x) 51 (x) — [eJIble MHOTOWIEHBI X, P(a) #0 wm

Q(a) # (0, To mpezen panMoHaIBHON Apobu P/ O mnpum X —>a HaXOAUTCS
HernocpenacTBeHHo. Ecnu ke P(a) = Q(a) =0 (HeompeaeIeHHOCTh 6), TO

apobs P/ (Q pexoMeHayeTcsi COKPaTUTh OJIMH MM HECKOJBKO pa3 Ha (x — a).



x3—3x+2_(0)_lim (x=1)(x* +x-2) x4 x—2

li — =i =
xl—}zilx —4x+3 \O x—>1(x—1)(x3+x2+x—3) xl—lzfllx3+x2+x 3
=(9j=lim (x—1)(x+2) g X*2 %2 3 1

0 x—)l(x_l)(x2+2x+3) x—)lx +2x+3 1+2+3 6 2

[Tpumep 1.3. OnHUM U3 IPUMEPOB HAXOXKICHUS TIpeieia OT UPPALMOHATIBHOTO
BBIPAXXEHUSI SIBIIACTCS MEPEBOJI UPPALMOHATBHOCTU U3 YHUCIUTENS B 3HAMEHa-

0

TEeJIb WJIK HA000POT (HEONpeIeJICHHOCTh 0 ).
~J5+x (0 (3—\/5+x)(3+\/5+x)
a) llm (—jz im =
=a1-Y5-x N0/ woa(1-Y5-x)(3+ 5+ x)
. 9-5—x B
‘fﬂ(l_ys_—x)(sﬂ/u—x)‘

= lim4—x lim ———= lim 4-x

1
x>d1—35—x x—>43+\/5+x T ia1-Y5-x 6
. (4—x)(1+ 5-x+1 (S—x)]

. 6““(1—%)(1+%/ﬁ+§/@)
o 1 507

=— [im =
6 x—4 1-5+x

L im A (i LJZ:‘m(lﬁ/ﬁﬁ/@):

6 x—4 x—4 6 x—>4

——%(1+1+l):—%

i o (%/}—2)(%/x7+2%/2+4)
? xll_l;léx —Tx— 8_(6)th_l;}é(xz—7x—8)(%/x72+2§/;+4)=
x—8 1

= lim = lim

8 8)(x+1)(r+2f+4) Hg(x+1)(\/7+2\/—+4)



IIpumep 1.4. Ilpu BeIYKCIEHUN NPEIEIOB BO MHOTIMX CIIy4asX HMCIOJB3YIOT
«TEPBBIN 3aMeYaTEIbHbIN IPENEI):

. osinx
lim =1,
x—0 X
CJICICTBUEM KOTOPOTO SIBJISIFOTCS MPEISTb:
tox . arcsinx . arxtex
lim =— & =1, lim ——— =1, lim gx _ 1.
x—0 Xx x—0 X x—0 X

D) 2 tg2 Ax - arcsin® x
a) lim|ctg”3x —ctg Sx]- =

x—0 _x2
2 ) 2
tgdx > [ arcsinx 2
(5 e ()
 lim cos” 3x _cos S5x 4x X B
x>0 sin®3x  sin’ Sx x2

2 2 2 NG
— Jim 16x2 .|:COS 3x cos Sx}. lim(tg4xj .h,m(arcsmx) _

x—0 Sil’lz 3x Sinz S5x | x—0 4x x—0 X
2 2 2 2
_ Iim| €98 3x 216x _cos 5x2 16x FERLE
x—0 / ;
(Sll’l 3x) .0y (Sm ij 95,2
'\ 3x Sx )
= lim Ecos3x——cos S5x } 1=@.
x—>0 9 225

2
(thx) 4x? N 2sin® 2x

( arcsin 3xj N
shditdiad I P9
3x

2
6 lim tg 22x J1-cos4x ( 9)
x=>0  x°.arcsin3dx 0

, tg2xj (sin 2x)
z (_ 43 2
x% 2x A2 sin2x ) 2x o 8/2
= Aim —— = lim = )
lim arcsin3x x—o0 3x x—0 3x 3
x—0 3x

[Ipumep 1.5. Ilpu BeIUKCIEHUH TIPEAENA BBIPAKEHUS, COAEPKAIIETO TPUTOHO-
MmeTpuueckue QyHKIuuU, korna x —>a u a # (0, pexoMeHayeTcs mpenBapu-

TCJIbHO IIPOBECTU 3aMCHY X —d = ).



T-X

cos—— g
lim 6 2(—):()6—3:)/,)/—)0 mpu x —>3) =
x—3 x—-3 0
w-(y+3 :
ros =W *3) o L2
= lim 6 = lim —-cos(—y +—j = lim —% 6 _
y—0 y y—>0y 6 2 y—0 Ty
6
SinH - -
- Tim—6 Ty T
6y>0 Ty 6 6
6
: o(x) _
[pumep 1.6. Tlpu BeIMHUCICHHH MpEAEioB Buxa [im [ f (x)] = ¢ HeobXo-
X—>a

AUMO UMCTb B BUY, YTO

1) ecnu CyIIeCTBYIOT KOHEUHbIC ipeaeianl A = [im f (x) B=lim (p(x),
Xx—>a xX—>a

10 c= A® (A>O);

2)ecmu lim f(x)=A#1, lim @(x)= 00, To BOIPOC O HAXOKAEHUH
X—>a X—>a

mpeneNa ¢ PEIaeTesi HEMOCPEACTBEHHO;
3)ecn [lim f (x) =1, [lim (p(x) = 00, TO CJIeAYeT BOCIOIb30BATHCS
Xx—>a Xx—>a

1

«BTOPBIM 3aMeYaTeabHBIM IpeaeIom»: [im (l + g(x)) g(x) = e, rae
X—>a

g(x)—)O npu x >a u e=2718....

x2

2 oy o0
a) lim (M} - (g) = ! =0, T.x
x>0\ 2x° +x+1 2 3

3

o 3xr-x+1 3 o x?
lim ————— = —, lim —— = —o0.
x> x4 x+1 2 x—o x — 1
sindx 3 sindx sindx
0) lim( ) =43 = 64, t.x. lim = lim( j 4 =4,

x—0 X x>0 X x>0\ 4x

lim (x + 3) =3.

x—0

2x 2x
6) lim(3x+lj =(1°°)= Zim(1+ ! j -
x—oo\3x —1 X—>00 3x—6



14x

lim
3x—6 7 3x—6 x—)oo3x—6

. 2x
=lim(1+ / ) 7o lim(l—lr / ) ’ — %3,

X—> o0 3x—6 X—>0 3X—6

3 3
A lim(7=2x)=3 =(17) = lim[1+ (6~ 2x)]x-3 =
(6-2x)3 186
1 ) 3 lim—2
= lim [1+(6—2x)]6—2x =P X3 =0,
x—3

2. beckoHeuHo Masbie U 6€CKOHEUHO OONbIITUE (PYHKITHH

Ompenencane 2.1. Ecmu [lim f (x)z 0, To pyukius f (x) Ha3bIBaeTCs Oec-
XxX—>a

KOHEYHO MaJIOl B OKPECTHOCTH TOYKA X =a (IIpu X —> a).

CYMMa " IIPOU3BCACHUC KOHCYHOI'O YHCJIa OECKOHEUHO MAaJIbIX q)YHKI_IHﬁ
opu X —> d €CTh TaKXKe OECKOHEYHO MaJiast npu x —> a.

Ompenencanie 2.2. Ecmu f (x) " g(x) — OECKOHEYHO MaJlble IPU X —> a U
- f(x)
lim ——=c¢, TOe ¢ — HEKOTOPOE YHUCIIO, OTIMYHOE OT HYJH, TO (DYHKIHH
x—>a g(x)
f (x) " g(x) HA3BIBAIOTCS O€CKOHEYHO MAaJIbIMM OJHOTO TOpsAKa TpH
x—>a, eciu c¢=0, 1O rosopsrt, uro f (x) — OECKOHEYHO MaJjiasi BBICIIIETO
MOPsJIKA [0 CPABHEHUIO C g(x) npu x —>da.
Bbeckoneuno mamas f (x) Ha3bIBaeTCsI OCCKOHEUHO MaJIOM IMopsaKa 7

10 CPaBHEHUIO C g(x) opu X — d, eclu
limﬂzc, 0<|c|<+oo.
xX—>a gn(x)

Mpumep 2.1. Tlpu x—>0 omnpeaenuTs MOPSIOK MAJIOCTH (QYHKIHH
{gx — SINX OTHOCUTEIBHO X.

) 1
, ] Smx( — ) (1 )
. X —Sinx . COS X . Sinx\1—cosx
lim X Smx lim = [im =
x—>0 x" x—0 x" x—0 x" cosx
. ] X . 3X X .12 X X

2sinx-sin’ = Asin® = cos= sin° = CcoS—

= lim 2=lim 2 2=4Zim - lim 2 _

x>0 x"cosx =0  x" cosx x>0 x"  x>0cosx



3 X .3 X .3 X

sin~ — sin~ — 4 sin~ —

=4 [im 2-1:4lim—2=—-lim )

=0 x" x—)O(fjn.zn 2" x—0 (fj”
2 2

OtoT npeaen Oyaet paBeH kKoHctaHTe ¢ # (0 mpu n=3, cremoBareib-
HO, QyHKIHMS QX — SINX UWMEET MOPAJOK MAIOCTH 71 =3 OTHOCHTEIBHO X
npu x —> 0.

CyMma IByx OECKOHEYHO MaJbIX Pa3JIMYHBIX TOPSIKOB pPaBHOCHIIbHA
TOMY U3 CJIaraeMbIX, MOPSIOK KOTOPOTO HUXKE.

[Mpumep 2.2. Omnpenenuth MOPSAAOK MAIOCTH OTHOCHTENIbHO X mpu X —> 0
CYMMBI Vx? +x3 .

3[ 2 2
CﬂaraeMoe X NUMECT HOpHI[OK MaAaJIOCTHU —

OTHOCHUTEJIPHO X, a

[.3
ciaracMoc X — IOPAOOK E , CJICOOBATCIIbHO, CyMMa NMCCT IMOPAA0K MaJIO-

2

CTH 3 oTHocuTenpbHO X mpu x — 0.

Onpenencuane 2.3. Ecmu  [im /)
x—>a g(x)

g(x) Ha3bIBAIOTCS SKBUBAJICHTHBIMU TIPU X —> a . f (x) ~ g(x).

=1, 10 OGeckoHeuHO Majbie [ (x) u

Hanpumep, mpu x — 0 Oyaem umeTh:
sinx ~x, Igx~X, arcsinx~ Xx,arctgx ~ Xx,
2
X
ln(l+x)~x, COSX ~ 1—7, et —1~x, a*—1~x-lna (ai 1).

Hp@I{@J’I OTHOIICHUA ABYX OECKOHEYHO MAJIBIX HE HU3MCECHHUTCA, €CIIN YJICHBI
OTHOIICHHNA 3aMCHUTDb OKBUBAJICHTHBIMHW UM BCIMYHUMHAMM.

Ipumep 2.3.
34tg2x _ 53arcsin2 3x (34tg2x — 1) _ (53arcsin2x _ 1)
a) lim 3 = lim - . _
x=>03s5in” 4x + Tarctg”™x x>0 3. (4x) LT (x)
. 41g’x-In3-3arcsin® 3x-In5 _ 4ln3-x2—31nS'(3x)2
= [lim 3 = lim : _
x—>0 55x x—>0 55x

B 4In3-271In5
55 '

10



In(1+3x) 3x

A NT o 3
) lim(4arcsm 2xj x lim(4-2xj x (lj _ i
x—0 3tg8x x—>0\ 3-8 3 27

(3= 5x) = In(3+ 7x) ’”Hl‘g’“ﬂ‘ l"H”%xﬂ

6) lim = lim =
x—0 2sinx x—0 2x
ln3+ln(l—§xj—Zn3—ln(l+ng _EX_ZX
= lim = [im 3 3 _ 2.
x—0 2x x—0 2x

Ompenencavie 2.4. Ecmu [im f (x) =00, TO0 QyHKIHS [ (x) HA3bIBACTCS
xX—>a

OECKOHEYHO OOJIBILION IpH X —> ..

[TonobHO TOMY, KaKk .TO CIEJIaHO JJisi OECKOHEYHO MaJjblX, BBOJUTCS IO-
HATHE OECKOHEYHO OOMBIIMX PA3IUYHBIX TOPSIKOB.

[Ipumep 2.4. Ilyctb x —> oo. Onpenenuth NOPSA0K OCCKOHEUHO OOJBIION
5

X
f (x) = 2 110 CPAaBHEHHUIO C X .

+
5 5 5 5
. X ) X . X . X
lim x" = lim —— = lim 1 = [lim 1 =1
x>0 X+ 2 x—)oox”(x+2) x>0 x™ L x". ) x>0
npu n=4.

Onpenenenue 2.5.
1) Mycts byukius | (x) — 0OeckoHeYHO 0oJibllasi WK OECKOHEYHO Ma-

)
JassOpu X —> o0 u  lim
x—)OOc.xO(‘

=1, rie ¢ U O — KOHCTaHThI, TOTAa PYHK-

mus  y=cx” HasbIBaeTCA aCMMITOTHKOM MM ACMMITOTHYECKU SKBUBAICHT-
HOU pyHKIMH [ (x) pu X —> 0.,
2) Ilycts Gyukius | (x) — OeckoHeYHO 0oJibllasi WM OECKOHEYHO Ma-

/(%)

== I, rte ¢ ¥ O — KOHCTAaHTHI, TOrAa

mas apu X —>a u lim
x—)OOC.(x_a)

(04 o
(bYHKHHﬂ y= C(.Xf - Cl) Ha3bpIBACTCA aCUMIITOTUKON HUJIM aCUMIITOTHYCCKH JK-

BUBAJICHTHOW QyHKIUU | (x) npu x —>da.

11



[Ipumep 2.5.
Q) Haiitn acuMnToTHKy (aCHMOTOTHYECKOE TMpeJcTaBiIeHUEe) (QYHKIIUM

Jx+1-x npu X — o0,
m_\/;:<\/xT—\/;)(\/m+\/¥)_ rtlex

\/x+1+\/¥ _\/x+l+\/;_
1 1 1

_\/x+1+\/; 2\/;_2-x1/2,

CIIeIOBATEIbHO, ACUMITOTUKOW QYHKIMUA (x) =Jx+1-+x npu X —> o0

1 12 1 1
aBiseTcs QyHKIUS —x 7, Cc=—; O=——.
by 2 2 2
6) Haiitu acumMnToTuKy QyHKIMH [ (x) - npu x —> 1.
3 1— x3
I[lpu x—>1 obyuxkuuun [ (x) =1 smusercs GecKOHEUHO GOb-
3 1— x3
x X 1 1

11000)% B = ~ =

Y1-x3 3\/(1—x)(1+x+x2) 3/3(1-x) §/§(l_x)1/3’

y 1 ~1/3
ACHMITTOTUKOW B IAHHOM CJIy4ae sIBJsieTcsS QYHKIUS ) = %(1 — x) :
¢) Haiitn acumntoTuky GyHKuuu f (x) =x>—3x+2 npu x —> 1.

B nannom ciyuae mpu x —> 1 dyskuus  f (x) SIBIISICTCSI OECKOHEUHO
MaJou; f(x) = x> —3x+2= (x— 1)2(x+2) ~ 3(x— 1)2

2; 3 a=2.

[TosyyaeM acUMITOTHKY V = 3(x — 1) c

3. HenpepoiBHOCTH (DyHKITUN.

Ompenenenne 3.1. Eciu x<a u x—a, 10 ycnoBHo numyt X —> a— 0,
aHAJOTMYHO, eCIi X >a X—>a, 1o x—>a+0. Yucna

f (a — O) = [lim f (x) u f (a + O) = lim f (x) Ha3bIBAIOT COOTBETCTBEHHO
x—>a—0 x—a+0

npenesioM cieBa GyHKiuu f (x) B TOUKE @ W IpPEAesoM crpaBa (GyHKIUU
f (x) B TOYKE @ (€CJIM 3T YHCla CYIIECTBYIOT).
Jlnst cynecTBoBaHuUs nipezena GyHKIUH | (x) opu X —>a Heobxoau-

MO | JOCTATOYHO, YTOOBI HUMETIO0 MECTO PABEHCTBO: [ (a - O) =f (a + O).

12



Omnpenenenne 3.2. Oyukius y = f (x) Ha3bIBACTC HENPEPBIBHOU B TOYKE
a, eciu

1) oHa ompezeneHa B TOU TOUKE;
2) lim f(x) = [im f(x) = [im f(x) = f(a).
x—>a—0 x—>a+0 x—>a

Touku, B KOTOpPBIX HapylIaeTcs yCIOBUE HENMPEPBIBHOCTH, HA3BIBAIOTCS TOUKA-
MU pa3phiBa.

[Tpumep 3.1.

1

a) Haiitu Touku paspeiBa GpyHkmum y =327%, mpenensl cleBa W CIpaBa B

O9THX TOYKaX, CACIaTb CXEMaTHUYECCKHUU YCPTCIK.
1

®ynkuus y = 327X uMeeT pa3phlB B TOYKE X = 2, T.K. OHA B OTOM TOY-

Ya | Ke He onpeneneHa. [Ipu atom:
1 1
| - =
| lim 32% =3+0 =3** = joo;
I x—2-0
! 1 1
| . % 20 _ A= 1 1
| lim 3% =379 =3"" = =—=0.
A : x  x—>2+0 3t 400
0 2 ’

0) HaliTu TOukM pa3pbiBa U BEIMYMHY CKAaYKa B 3TUX TOUYKAX (DYHKIUU
1

2x+3 4 4x -8
V= 1
243 4 4
Touxkoii pa3pbiBa TaHHOW (YHKIIMU SBISICTCS TOYKAa X = —3, T.K. B HEH
(GyHKUHS HE OlpeeNeHa.

2V3) L4y -8 27" -12-8 0-20

lim = =
x—>-3-0  olx+3) | 4 27 4+ 4 0+4

lim =1, tx.mpu x —> —3+0 umeem:
x—>-3+0  lx+3) L 4

21/(x+3) L4y —8 ~ 21/(x+3) .

b

5

21/(x+3) L4~ 21/(x+3)

Benmuunna ckauka A =1-— (— 5) = 6.
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6) HaiiTu Touku pa3pbiBa, BEIMUUHY CKauka A U MOCTPOUTH rpapuk QyHK-
— 3x, x<0

. T
i y =< 4sinx, 0<x£5

T
x2+1, — < X.
L 2

Jlannast QyHKIMS HEMpEepbIBHA ISl X € (— 00; O) U(O; g) U(g; + oo).

s
Uccnenyem Tonbko Toukn x; =0 n x, = by T.K. B HUX MEHACTCS aHAJIUTH-

YECKOE BBIPAXKEHUE (PYHKIIUU.

lin_aof(x) = lin_1 (— 3x) = 0; lim f(x) = lim (4Sinx) =0;

—-0 x—>+0 x—>+0
f (0) =—3x 0= 0, cnenoBsatenbHO, B Touke x =0 ¢ynkuus f (x) Herpe-
xX=

pHIBHA.

lim f(x) = [im (4Sinx) =4; f(zj — dsin” = 4;

I 0 x>0 2 2

Tl:2
lim f(x)=lim (x*+1)= o r1=3467,

x40 x40
2 2

T
CJIICAOBATCIBbHO, TOYKa X = 5 — TOYKa pas-

pbiBa. BennunHa ckauka
2 2

A=4—| 2 11]=3-2~0533.
4 4

v

JAuddepenunanbroe ucuuciaeHue GyHKIUU OAHON NepPeMEHHOMI

1. SKCTPEMYMbI ®YHKIIMA OJHOW NMEPEMEHHOM
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Oyuknus y = f (x) Ha3bIBaeTCs Bo3pacTaromei (yObIBarolet) Ha He-
KOTOPOM MHTEPBAJIE (OTPE3KE), €CIHU JUIA JIIOOBIX TOYEK X{, X,, NPHHAJIJIEKA-
KX JAHHOMY MHTEpBaJe (OTPE3KY), U3 HEPABEHCTBA X| < X, CIEIYeT Hepa-

BEHCTBO f (xl) <f (xz) ( f (xl) > f (x2 )) Ecmm f (x) HENpepbIBHA HA OT-
peske [a; b] u f'(x) >0 (f'(x) < 0) opu a<x<b, to f(x) BO3pac-
TaeT (yObIBaeT) Ha OTPE3Ke [a; b] :

B npocreiitmmx ciy4asx 006J1acTh CyliecTBOBaHus QyHKIUU | (x) MOX-

HO pa30UTh HA KOHEYHOE YUCJIO MTPOMEXKYTKOB BO3pACTaHUS U YObIBaHUS (DYyHK-
U (IPOMEKYTKOB MOHOTOHHOCTH ). DTU IPOMEKYTKH OIPAaHUYEHBI KpUTHUY E-

% CKUMHU ToYKamMu X (tme f '(x) =0 wum xe

!
y=f(x,) f (x) HE CYIIECTBYET).
Ecnu cymiecTByeT Takasi 1ByCTOPOHHSIS
OKpPECTHOCTh TOUKU X ,, UTO ISl BCSIKOU

TOYKH X # X0 3TOM OKPCCTHOCTHU UMCCT MC-

CTO HEPABEHCTBO [ (x) > f (xo), TO TOYKA

X, Ha3bIBACTCS TOYKOW MUHHMYyMa (pyHKIUH
yv=f (x) ,auucino f (xo) — MHHUMYMOM
byukiun Yy = f (x) AHanoOrnyHoO, €civ JUIsl BCIKOW TOUKH X # X| HEKOTOPOU
OKPECTHOCTH TOUKH X| BBINOJHSACTCS HEPABEHCTBO f (x) <f (xl) , TO X

Ha3BIBACTCS TOYKON MakcuMyMa QyHKIMH Y = f (x) ,a f (xl) — MaKCHUMYy-

MoM (GyHKUMH. Touka MUHUMyMa WM MakCUMyMa (DYHKIIMHM Ha3bIBAETCSA €€
TOUKON HKCTPEMYyMa, @ MUHUMYM HJIM MaKCUMyM (PYHKIIMH — 3KCTPEMYMOM

¢ynkuuu. Ecnu x, — Touka skctpemyma GyHKIMHA | (x), 0 f '(xo) =0
Wi ke [ '(xo) HE CYLIECTBYET (HeoOxo0umoe yciogue cyujecmeo8anus 3Kc-
mpenyma). OGpaTHOE yTBEPIK/AEHNE HE BEPHO: TOUKM, B KoTopbx [ '(x,) =0
Wi f '(x 0) HE CYILIECTBYET (Kpumuueckue moyxu), He 0053aTeNbHO SIBISIOT-
cs1 TouKamu skcTpemyma Qynkuun [ (x).

Llocmamounwiil npusHax cywecmeosanus 1 OTCYTCTBUS DKCTPEMyMa He-
npepeIBHOM QyHKIUH [ (x) CJICIYIOILIHUM: €CIIU CYILLIECTBYET TaKasi OKPECT-

Hocts (x, — 8, x, +8) Kkputuueckoii Toukn x,, yro f'(x)>0 mpu
x,—8<x<x, u f'(x)<0 mpu x, <x<x,+8, T0 X, — TouKa MaKcu-
MyMa (QYHKIHN f(x); CCIIH JKe f’(x) <0 mpm x,—d0<x<Xx, u

f'(x) >0 mpu x, <x<Xx,+0, TO X, — TOUKa MUHUMyMa (QyHKIIH f(x)
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Ecnu, HakoHell, Hai1eTCs TaKoe MOI0KHUTEIbHOE YUCIO O, YTO [ '(x) co-
XpaHsAeT HeU3MEHHBIN 3HaK IpH X, —O < X < X, +0O, TO TOYKAa X, HE SIBIA-
eTCsl TOYKO# dKcTpeMyma QyHKIUH | (x) .

Haumenvuwee (naubonviuee) snauenue nenpepbiBHON QyHKIMN [ (x) Ha
JTAaHHOM OTpPE3KE [a; b] JOCTUTAETCS WM B KPUTHUECKUX TOUKAX (QyHKIIHH,

HJIX Ha KOHIOAaX OTPC3Ka [a, b] .

[pumep 1.1. HaiiTi 3KCTpeMyMbl B HHTEPBAJIbI MOHOTOHHOCTH (PYHKIIUU
y=Xx-+—5x.
O6mnacts cymiectBoBanust: —5x >0 = x<0.
4+Y  Haxoaum KpUTHYECKHE TOUKH:
X 1 5
A y'=-5x+x- (=5)=~-5x - r -
2+—5x 2+/—5x
~10x-5x —15x 3-(-5x) 3 Nar
2J-5x  2J-5x  2J-5x 2

IMpu x <0 ¢yHKIMS Beeraa Bo3pactaeT U MPUHUMACT HAKOOJIbINICe 3HAUCHHUE
B KpuTHUeCcKor Touke X = 0: y(O) =0.

[Tpumep 1.2. HaiiTu s3KCTpeMyMbl U HHTEPBAJIbI MOHOTOHHOCTH (DYHKITUU

y=Yx+1)2-x)7,

O06nacTh CyIIECTBOBAHUS: X € (— w©; + oo) :

Haxoaum kpuTHYE€CKHE TOUKH:

, (2-x)—2(2-x)(x+1) (2-x)(2-x-2x-2) —x

et 3’20 Yard2-a)
y'=0 = x; =0,
»' He cymectByeT = X, =—1; X3 =2. Iloiydmsiu TpH KPUTHIECKHE TOUKH.

)

x [(o =) -1 |(=1 0) 0 (0; 2) 2 [(z +x)

y' + HE CYIII. + 0 — HE CYIIL. +

Yo~ 7 max | min /'

lim y’(x)z lim 1 =+o0; [lim 7 = —c0.

x— 240 x—>2+0 %/(x+l)2(2—X) x—>2-0 %/(x+l)2(2—X)
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2y lim y'(x) = lim y'(x) = +00.

: x—>1-0 x> 140
: Tak xak y'(x) =k, rme k — yrioBoii Ko-
: s GHUIMEHT KacaTeaIbHON, TO Ip X =—1 u
X =2 KacarenbHas K TpaduKy QyHKIHH
neprneHauKysipaa ocu  Ox.

W(=-1)=0; »0)=%4; y(2)=0.

—1

O

[Ipumep 1.3. Haiitu rmyOuHy OTKpBITOro 6acceiiHa ¢ KBaJIpaTHBIM JTHOM M

3
o0beMoM 256 M~ Takoro, 4ToObl Ha OOJUIIOBKY €0 CTEH U JIHA MO0
HavMEHbBIIIee KOJIMUYEeCTBO MaTepHuaa.
[lycth a — cTopoHa KBajpaTta OCHOBaHUs, /1 — riayOuHa OacceiiHa;

a’h=256 = azzﬁ, azﬁ, h>0;
h Vh

S=S. +8,.  =4ah+a’ :4-%-“2—26: 64\/Z+%:F(h);
_ 64 25632 256 _32hY%-256 _ 2(%13/2 _8)_
N/ SNV & h> h? ’
T~ L F'(h) =0 = h¥?=8;, h=4. Tlpu h=4 penuuuna
~~ 41 7 T F (h) =S OyneT HaMMEHbIIEH.

F'(h)

IIpumep 1.4. JIBe mpsmble Xkene3Hble foporu A4, u BB nepneHauxynsp-

HBI IpYT K apyry u nepecekarotcs B mynkre C, npudem AC =800 kM u
BC =700 xm. I3 nyuktoB A u B 1o HanpaBieHuio K C OJTHOBPEMEHHO
BBIXOJIST JIBA MTOE3/a CO CKOPOCTAMHU COOTBETCTBeHHO 80 kM/4 M 60 km/4.
Yepes CKOIBKO YacOB MOC/IC OTIPABICHUS PACCTOSIHEE MKy I0€31aMu OyaeT
HaNMMEHBIITUM ? y
OTMETHUM IOJI0KEHNE TI0E3/I0B B MOMEHT 4 I

1

t>0 toukamu K u M.
AK =80¢t; BM =60 b =80 K/
CK = AC— AK = 800— 80t Ade¢ M
CM = CB — BM =700—60¢; I
2 2 2 v, =60 KM/4
(KM)" =(CK)" +(CM)" = 2
— 2 2. & & *r—> X
=(800—80¢)" +(700—60¢)"; KM mu-  C % P e

HUMAJIbHO, €CJIN MUHHMAaJIbHA BCINYNHA

(KM)? = F(£) = (300 80¢) +(700— 60¢)°;

17



F(t) = 2(800 — 80t) : (— 80) + 2(700 — 60t) : (— 60) =
= —128000 + 128007 — 840007 + 7200¢ = 20000z — 212000 = 0; ¢ =10,6;
T~/ !~= 10,6 — Touka MunumMyma pyuaknun F (t) Yepes 10,6

\ 10' 6/, 49acCoB IIOCJIC OTIIPAaBJICHUA PACCTOAHUEC MCKIY ITOC31aMU 6y—
’ JACT HAMMCHBIIINM.

2. ACUMIITOTBI

Ecnu Touka (x; y) HETPEPHIBHO MEPEMEIIAeTCs 0 KPUBOH y = f (x)
TaK, 4TO XOTs ObI OJJHA U3 KOOPAUHAT TOUKH CTPEMUTCS K OECKOHEUHOCTH, U
IIPU 3TOM PACCTOSIHUE TOYKH OT HEKOTOPOU MPSMON CTPEMUTCS K HYJIIO, TO 3Ta
npsiMasi Ha3bIBACTCS ACUMNIMOMOU KPUBOM.

Ecnu cymecTByer uncino a Takoe, 9ro lim f (x) = 00, TO IpsIMast
xX—>a

X =a SBISICTCS aCUMIITOTOH (8epmuUKAIbHAsL ACUMNIMOMA).

- S(x)
Ecmmn CYHICCTBYIOT KOHCUYHBIC ITPCACIIbI llm
X—>4+0 X

:kll/l

lim [ f (x) — klx] = b, Tonpamas y = k;x + b, Oyner acumnroroil (npasas
X—>+00

HAKJIOHHAA acwwnmoma).

flx
Eciu cyIiecTByIOT KOHEUHBIE TIpeAeinl  [im ( ) =k, u
X>—0 X

lim [ f(x)- kzx] = by, Tonpsamas y = k,x+b, Oyner acuMnToroii (esas
x—>-2

HAKIOHHASL ACUMNMOMA).
I'paduk pyakuun y = f (x) HE MOXXET UMETh 00Jiee OJTHOM MpaBol U

0oJ1ee OJTHOM JIEBOU aCUMITTOTEI.

[Tpumep 2.1. HaiiTu acuMOTOTHI U MOCTPOUTH rpaduK GyHKIIUH
3 cos(x - 1)
y=2x+——-=.
x—1
OO0nacTh CyliecTBOBaHuS: X # 1.
Niem BepTUKAIBHBIE ACUMIITOTBHI.

OyHKINS UMEeT pa3phiB B TOUke X =1, T.K. B Hel QyHKIUS HE OnpeaecHa.

3 —1 .
i @Lj o3
x—=1-0 x—1 -

3 —1 .
lim [QLJ 03
x—>1+0 x—1 +0

CIIeIOBATENbHO, X =1 — BepTHKaIbHas aCHMIITOTA.
WiieM HaKJIOHHBIC aCUMIITOTHI B BUuje ) = kx + b.
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Ay / _
:\/ P 1) . 1(2”%):
| / x—>too X xX—>too X x—1
I\ /7
'// =2+0=2; b=xﬁni¢w[f(x)_;a]=

/ _ lim {2M2}

O |/ R x—>*o0 x—1
1 X B
_ lim 3cos(x 1)200

xX—>Fo0 x—1
CreioBatelbHO, P X —> 100 CYIIECTBYET aCHMII-
TOTa ) =2X.

f—_—— e —— — - — =T — —

2x2 -9

x2 -1

[lpumep 2.2. HaliTu acHMNTOTHI ¥ MOCTPOUTH rpaduK GyHKIUUA Y =

OO05acTh CyIIECTBOBAHHUS x2-1> 0; xZ> I, x>1 n x<-1

_ 227 -9 2(-x) -9 2x2-9 S = y(- ),

: )= —
y="=—=; (=¥ = N
x° -1 (— x) —1 x° -1
CIIeZIOBATENIbHO, JaHHAsl (YHKIIHS YETHAsI, 1 MOXKHO TIOCTPOHTH €€ rpaduk
TOJILKO MPH X > |, a 3aTeM OTpa3uTh €ro CAMMETPHUYHO OTHOCHTEIBHO ocu Oy.

lim = ——n = x=1-
x—140,/,2 1 +0

BepTUKaJIbHAs acumnrora mpu x — 1+ 0.
[Mycts x — 1+ 0.

o S 2P -9
ey i
> ) 0
5 _Z
= lim 2x” -9 = [im x’ =2.
X405 1 X—>+00 1
X 1—— ——2
X X
2
b= lim |f(x)—kx]= lim {2’6 ‘9_2x}:
X—>+00 X—>+00 x2_1
2 2 2(.2
2x2_9_2.X° /x2_1 (2)(,' —9) —4x (.x _1)
= [lim = [im =

X0 x2 -1 x40 [ 2 1(2x2 94 2xxZ = 1)
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2
_ lim 32x° +81 o

X—>+o 4 f 1 9 f 1
X - 1——2(2——24‘2 1——2j
X X X

[lpu x —+o0 momydaem acumnrTory y = 2x. I'paduk nanHoi ¢pyHKuuU me-

pecekaet ocb Ox Tipu 2x2-9=0, T.e. BTOUKAX X =+——.
J2
[Mpumep 2.3. HaiiTu acUMITOTHI ¥ TOCTPOUTH TpaduK GYHKIIHH
x> =2x%=3x+2
4—x?
O0acTh CYIIECTBOBAHHUS: 4—x*#20 = x#2u x£-2.

y:

B toukax x; =-2 u X, =+2 (QyHKUUSA TEPHUT Pa3pbIB, T.K. B HUX OHA HE

orpe/eicHa.
Coxt—2x?-3x+42 —8-8+6+2
lim = = +00;
x—>—2-0 4 — 2 -0
Cox?-2x? -3x+2 —8-8+6+2
lim = = —o0;
Xx—>—2+0 4 — x?2 +0
I PN X =—2 — BepTUKaJIbHAs aCUMIITOTA.
|
| | X -2x?—3x+2  8-8-6+2
AU | lim = = —o0;
A | x—2-0 4 — x2 +0
N\
N | _ox’-2x"-3x+2 8-8-6+2
AN | lim 3 = = +o0;
I \\2 I x—>2-0 4—-x -0
I h ] -9 _
iy /\\\ | . X =2 — BepTHKAJbHAS aCHUMIITOTA.
, N > HakioHHBIE aCHMITOTHI IPH X —>+£ 00 HIIEM
: :2\ B BUge: y=kx+b.
: | J)\\\\\\ f(x) x> —2x? —3x+2
| : BN k= lim = lim =
: [ x>t X X—> %00 x(4 _ x2)
|
2 3 2
=2-=+5
= lim X ——=-1, b= lim|[f(x)-k]=
X—>too i 1 -1 X—>+00
X2

) x2 - ox? —3x+2 ) x4 x42
= lim +x|= lim =2.

Xx—>to0 4—X2 X—>to0 4—X2

[lpy x —>* o0 monydaeM aCUMITOTY y = —X + 2.
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3. HAIIPABJIEHUE BOI'HYTOCTHU. TOYKHU IIEPEI'MBA

ToBopst, uto rpaduk guddepeHuupyemoit pynkuuu y = f (x) B02HYM
6HU3 HA UHTEpBAJe (a; b) (602Hym seepx Ha MHTEpBAIIC (al; bl)), €CIId TIpH

a <X < b nyra xpuBoii pacronoxeHa HIKe (I COOTBETCTBEHHO HPH
1y a, < x < b; BbIIIe) KacaTeIbHOH, IIPOBE-

JIEHHOM B JIFOOOM TOUKE MHTEpBaJia (a; b)

(unu uHTEpBaa (al; bl)). JlocTaTouHBIM

=f(x) ycnoBUEM BOTHYTOCTH BHH3 (BBEPX) I'Pa-
puka y = f (x) SBJISIETCS BBIIIOJIHEHHE Ha

| |

: : COOTBETCTBYIOIIIEM HHTEPBAJIC HEPABEHCTBA
| | ' '
Xo ) b, f (x)<0 (f (x)>0).

Touka (xo, f (xo )) , B KOTOPOI N3MEHSIET-

@ L — — —— — —

Csl HalpaBJIEHUE BOTHYTOCTH rpaduka QyHKIMH, Ha3bIBAETCS MOUKOU nepeuba.
Jlnst aberpicesl TOUky eperunba x, rpaduka GyHKumun y = f (x) BTOpas
npousBogHas f "(xo) =0 wm f ”(xo) He cymecTByeT. TOUKH, B KOTOPBIX
f "(x) =0 wm f "(x) HE CYIIECTBYET, HA3bIBAIOTCS KPUMUYECKUMU MOYKA-
mu 2-20 poda. Kputnueckas Touka 2-ro poja X, SBJseTCs aOCHUCCON TOUKU
nepern6a, ecnu  f "(x) COXpaHsIeT MOCTOSHHBIC 3HAKA B HHTEPBAIax

X,—0<x<Xx, u xX,<x<X,+0, ric 0 — HEKOTOPOE MOJIOKHTEIBHOE
YHCII0, IPUYEM ITH 3HAKH IMPOTHBOIOJIOXKHEI, U HE SIBIIICTCS TOYKOU Iepernoa,
€CIM 3HaKu [ "(x) B YKa3aHHBIX BBIIIE HHTEPBAIaX OJUHAKOBEI.

H[ZI/IMCQ OHpCI[@J'II/ITB HHTCPBAJIbl BOTHYTOCTH M BBIITYKJIOCTH, a TaKKE TOUKHN

x2

neperuda KpuBo y =e

2 2
- 2 -
Umeem: y' =-2xe " ; "= (4x — 2)6 * . TlpupaBHSB BTOPYIO POM3-
BOJIHYIO K HYJIIO, HaliieM KPUTHUECKUE TOUKU BTOPOro poja:
1 1
Xy =——F—=, X, =——=. OTH TOYKH pa30UBaIOT BCIO 00JACTb CYLIECTBOBAHUS

J2

byHKIIUN (— ©; + oo) Ha TPU MHTEpBaJIA.

1 1 1 1

=g w s F| B |l
0

y” + O _

y v neperud M neperuo -
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1
[Tomyunnu: KpuBasi BOTHYTa BBEPX MPU  x e (_ w0; — L) U Xe€ (_ + oo)

V2 V2'

1 1
Y BOTHYTa BBEpX IPH x e( j Touku (i—; _j — TOYKH Ieperuoa.
22 V2 e

4. IOCTPOEHUE TPA®UKOB ®YHKIUI IO
XAPAKTEPHBIM TOYKAM

[Tpu nocTpoenuu rpaduka GyHKINU CIETYET, IPEKIE BCET0, HAUTH 00-
JaCTh CYIIECTBOBAHMS 3TOH ()YHKIIMH M BBISCHUTH TIOBEACHUE (QYHKIIUN HA Tpa-
HUIIE ee 00J1acTh cymecTBoBaHus. [1of1e3HO Takke MpeBapuTEIHLHO OTMETHUTD
HEKOTOpbIe 0COOCHHOCTH (DYHKITUHU (€CIT OHU UMEIOTCS): YeTHOCTD, IIEPHUO N Y-
HOCTB H T.J.

Jlanee Hy>XHO HAWTH TOYKH pa3pbiBa, aCUMIITOTHI, TOUKH IKCTpeMyMa
byHKIIMA, TOYKW Tiepernda u T.1. HaliieHHbIe 2IeMEeHTHI TTO3BOJISIOT BHISICHHUTH
oOuuit xapakrep rpaduka GyHKIUH.

IIpumep 4.1. IlpoBecTu MOIHOE UCCIIENOBAHUE U TOCTPOUTH rpauk QyHKIUH
2
y=x-3 (x + 2)

OO6nacTh CylIECTBOBAHUS: X € (— ©; + oo).

y(x) * y(— x) = (¢yHKuuUsA o0LIero BUAA.
Tak xak ¢pyHKIMA onpeaeseHa IPU BCeX X, MY Hee HET TOUeK pa3pbiBa, TO
BEPTHUKAIbHBIX ACUMIITOT HET. HakJIOHHbBIE ACUMIITOTHI IPU X —> 1 00 HIIEM B

Bujge: Y =kx+b.

\/ x + 2
= Ilim = [im \/ x+2 = +00, CJEI0BAaTEIbHO, HAKIIOHHBIX

xX—>too x—> oo

ACHUMIITOT TAKXKe HET.
HccnenyeM pyHKIMIO IO MEPBOM MPOU3BOIHOM.

: 2 vy 2 3 3(x+2)+2x 5x+6
y:[xﬂ(ﬁz)}:(ﬁz) R

=0 = 5x+6=0, x=-12;
y' mecymecteyer = x+2=0, x=-2.

X (— 00; — 2) -2 (— 2, — ],2) -12 (— L2, + oo)

y' + HE CYILI. — 0 +




Yy max min

Vonax = y(— 2) = ( (kacateybHas B 3TOM TOUKE MEpIEHANKY/IsIpHA ocu  Ox ).
I Ya Ymin = y(_ 1’2) = _1’2 ' 3“ 0’6 ~ _1’06
: (kxacartesibHasi B 3TOM TOYKE MapaJiyieib-
| Ha ocu Ox).
: UccnenyeM GyHKIHIO IO BTOPOI TIPO-
| U3BOJIHOM.

—21 -12 O X 6
24 | i w | Sx+ _
L =17 1.06 Y _[ 22/3]_
| ~1.30 (x+2)
|
1

! 5-3x+2—(5x+6)-

33 (x+2)2

3,/()6 + 2)2

_ 15(x+2)—(5x+6) _ 10x+24

3(x+2)/x+2 N 3,3/(x+2)4'

y"=0 npu x=-24; " me cymectByeT npu x = —2.

X (— 00; — 2,4) -24 (— 24; - 2) -2 (— 2; + oo)
y" - 0 + HE CyLIECT. +
y M eperuo U J

Vnepecusa = V(= 24)=-24-3(-24)" = -130;  »(0)=0.

[Tpumep 4.2. IIpoBecTu MOJHOE UCCIENOBAHKUE U MOCTPOUTH rpaduK GyHKIUU
_(2x+lj2

a x+2/)

OO0nacTh CylIecTBOBaHUS: X # —2.

y(x) % y(— x) = (yHKuMA 001IeTr0 BUIA.
X =—2 — TOYKa pa3pbIBa, T.K. B HEH (PYHKIIUS HE ONpe/IeiicHa.

(241N (4+1)? C(2x+1)? (4+1)?
lim =|——| =+4ox0; lim =| ——| =4
x—=2-0\ x + 2 -0 x—2+0\ x + 2 +0

= x=2 — BCpTHKAJIbHAA aCHUMIITOTA.

HakJioHHBbIC aCUMIITOTHI TIPU X —>+ 00 wWIeM B Bume: y = kx + b.
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2
k= lim M: lim l(ﬂj =0;

x>+t X x=>toox \x+2

2

2x+1

b= lim|f(x)—kx|= lim( j =4,

x—)ioo[f( ) ] x—>+oo\ X + 2
[lpu x —>* o0 momydaem acumnrory y = 4.
HccnemyeM QyHKIHIO IO IEPBOI TPOU3BOTHOM.
, 2x+1) 2(x+2)—(2x+1) 6(2x+1)

x+2 (x + 2) (x + 2)

y'=0 = 2x+1=0, x=-05;

y' He cymectByer = x=-2.

X (— 00; — 2) (— 2, - 0,5) -05 (— 05 + oo)
y' + - 0 +
[ Y
I
I
I
|
______ H S
|
I
I ,44/‘
—21 | X
] -0,5[ 0,25 -
y min

Ymin = ¥(=05)=0.
Hccnenyem (pyHKINIO 110 BTOPOI MPOU3BOIHOM.
”_6;xx+@3—xx+2f42x+0_
YT (x+ 2)6 -
2(x+2)-3(2x+1)  6(1-4x)

(x+2)"  (x+2)*
y'=0 = 1-4x=0; x=0.25

"

y" He cymectByer = x=-2.

X 0,25




(o3 =2) | (=2 025) (025; +o)

y" + + 0 -

y v v neperuo M

2
L5 4
et =(029)=(355] =504

[Mpumep 4.3. IIpoBecTu MOJHOE UCCIAEAOBAHNUE U TIOCTPOUTD Ipaduk PyHKIHH

ex—3

x—3

O0nactb cymiectBoBanus: x —3=#0; x# 3.

y(x) #* y(— x) — (QyHKUUA 001IEro BUAA.

B Touke x =3 (yHKIMS TEpUUT pa3peiB, T.K. B HEHl OHA HE ONpejIesicHa.

y:

. ex—3
lim = —00,
x—>3-0x—3
; > = X =3 — BepTUKaJbHas aCHMIITOTA.
e’
lim = +00
x—>3+0x—3 )
Hak/toHHBbIC aCUMIITOTHI MIIIeM B BUje: ) = kx + b.
1) x — +oo,
[
-3
-3 er x—3
o flx e . ( ) e
k= Ilim L: lim ——= lim —————= [lim ——=
x—>+0o X x>+ x< — 3y x>+ x—+0 2x — 3
(x — 3x)
!
= lim ——= lim = +00, CJIE0BATEIBHO, IPH X —> +00

X—> 400 (2x _ 3) X—>+00

HAKJIOHHBIX aCUMIITOT HCT.

2) x = —0,
x—3
k= lim S) _ im ¢ =9 _y.
x—>—-w X x—>—wo x“ —3x + o0
ex—3
b= li . )
Jim [ J()~kx] = lim =0,

npu X —> —o0 noiy4aeM acumnrory ) = 0.
Hccnenyem QpyHKIHIO 11O IEPBON TPOU3BOIHOM.
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_ -3 -3

y,zﬂex 3) ze’C -(x—3)2—ex =ex_3-x_3_21=ex_3- x—42,
x—3 (x—3) (x—3) (x—3)

V=0 = x—4=0, x=4; y' He cymectByer = x =23,

x | (=3 3) | (3 4) 4 (4 +o)

y' - - 0 +

y ~ ~ min /

Vonin = y(4) =ex2,72.
HccnenyeM QpyHKIMIO 11O BTOPOM TPOU3BOIHOM.

Vs x—4 5 (x=3) —(x—4)-2(x-3)

y ' =e - +e - =
(r-3) (r-3)
-3 2
&3 X2 Ix+12-x+5 € -(x —8x+17) "
= 5 = 3 ;YO
(x-3) X3 (x-3)
/\y | "
: y" He cymectByer = x =3.
|
|
| X (=005 3) (3; +o)
err—— :— - R " - +
, >
T : 4 oy M U
|
| 5
! _¢ _
y(0) = = — ~—,02.
| ) -3 3¢>
[Tpumep 4.4. IlpoBecTu MOJHOE UCCIIEIOBAHKUE U MIOCTPOUTH rpaduK HyHKIIUH
xX+6
y=In -1
X
+6
OO0acTh CyIIeCTBOBAHUS: s > ().
X
x>0, x<—6. = — +

DyHKIMS 0011IeTo BU/IA.
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_ x+6
lim |In —1|=—-0 = x=-06 — BepTHKaIbHAas aCUMIITOTA.
x—>—6-0 X

_ x+6
lim | In —1|=40 = x=-0 — BepTHKaIbHAas aCHMIITOTA.
x—>—+0 X

HakJioHHBIC aCUMITOTHI HIIIeM B BUjae: ) = kx + b.
x+6

In -1
k= lim ﬂz lim —*—— =0;
Xx—>too X X—> too X
b= lim |f(x)-kx|= lim [lnx+6—1}:_1_
x—>too X—>to0 X

[lpu x —>* o0 momydaem acumnrory y = —l.
HccnenyeM QyHKIHIO TIO MEPBOIA MPOU3BOTHOM.

x | (-0 —6) (0; +oo) o xexo6 P
' Yy = : = # 0.

Y - - x+6 32 x(x + 6)

y ™~ ™~ DKCTPEMYMOB y ()YHKIIUH HET.

HccnenyeM QpyHKIMIO IO BTOPOM TPOU3BOIHOM.

. 6 —(x+6+x) 6(2x+6) 12(x+3)
y =-0 = = :
xz(x+6)2 xz(x+6)2 xz(x+6)2

y"=0 = x+3=0; x=-3 — He BXOAHUT B 00JIACTh CyIIECTBOBAHHSI.

Va

| x | (= =6 | (0; +oo)

|

: yff _ +

| y M N

6 O X
________ _|_________¥-_
-1 Touek neperuba HeT.
+6
w2 120 = x=

|

|

| 6
: X e—1'
[

|

|



HNuTerpanbHoe ucuuciaeHue GyHKIUUU OAHOU NMEPEeMEHHOU
1. HeonpenejieHHbIM HHTErPaJI

Ilepsoobpasnoi pynxyuenu s ¢yaxiuu f(X) HaspBaeTcs Takas (QyHKIHS
F(X), uro F'(x)= f(x).

Heonpeoenennvim unmeepanom or pynkmuu f(X) HaspiBaercs ee oOmias
nepBooOpa3zHas

[f(x)dx=F(x)+C .

Oyuknus f(X) Ha3pIBaeTcs MOABIHTErpalbHOW GyHKIMEH, F(X) — pe3ymbrart

HHTCTPHUPOBAHUA, C - IIPONU3BOJIbHAA ITIOCTOSHHAA.

Cesoticmea HeonpeoeleHHo20 UHmezpaa.

L. [(u(x)+v(x))dx= [u(x)dx + [v(x)dx.

2. IA- f(x)dx=A- j f (X)dx, rme A — nocTosiHHAS.

3. Ecim [ f(X)dx=F(x)+C mu=¢(x), 1o [ f(u)du=F(u)+C.

Tabnuya npocmetuux uHMe2panos:

1. [dx=x+C. 7. -2 _tgx+cC.
COS” X
n+1
2.jx”dx=X +C,(n=-1). 8. | 'd>2< =—ctgx + C.
n+1 SIn“ X
dx X
3. [—=Ih|x+C. 9. _arcsm—+C
1% =iy et
X
4, jaxdx_a—+C [e*dx=e* +C. 10. | 2dx 2:Earctg§+C.
Ina X +a a a
5. [sinxdx=—cosx+C. 11.
[ 1 X228, ¢ ax0).

x2_3% 2a Xx+a
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X + X2 +A‘+C,(A¢0).

: dx
6. [cosxdx=sinx+C. 12. j—:ln‘
VX2 + A

OcHosHble MemoObl UHMeZPUPOBAHUSL
1. ITonBenenue nox 3Hak quddepenimana:
a) K QyHKIIMH, CTOsIIEH 1Mo 3HakoM JauddepeHnnaia, MOKHO MPUOaBIATh

WIH BBIYHUTATH TI00yI0 mocrosiauyo: df (X) =d(f (X) £ A);

0) mox 3Hak muddepeHIata MOKHO TTOIBOJIUTH MOCTOSTHHBIA MHOYKHUTEIb:
df (x) = %d(A- f(x));
B) mnoj 3Hak JguddepeHnurana MNOABOAUTCA (YHKIHUS MO MPaBUILY:
f'(x)dx = df (x).
2. aTerpupoBaHue Mo 4acTsAM C UCII0JIb30BAHUEM (DOPMYIIBI:
fudv=uv—[vdu, rze u=u(x),v=v(x).
C TIOMOIIIBIO ATOTO METO/1a BEIUUCIISIFOTCS CIICTYIONUE HHTETPAITBI
a) [a* - B, (x)dx, u=PR,(x), dv =a*dx.
6) [sinax-P,(x)dx, u=P,(x), dv=sinaxdx.
B) [cosax- P, (x)dx, u=P,(x), dv=cosaxdx,
r) [Inax-PR,(x)dx, u=Inax, dv=P,(x)dx,
) [arcsinax- P, (x)dx, u=arcsinax, dv="P,(x)dx,
e) arctgax- P, (x)dx, u=arctgax, dv=P,(x)dx,
rne P, (X) — MHOTOUJIEH n-0if CTETICHH.

3. NHTerpupoBanmne METOI0M 3aMEHBI TIEpEMEHHOH 110 popmyiie

[T ()dx=] f(p®)de(t) = f (1))@ (t)dt, rne X=0(t).

Ilpumep évinonnenus 3adanus.

Haiitn HeonpeiesieHHbIe UHTETPaJIbI:
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Y 3
a) j(arcsm X) + de; 0) jz)(—ﬂdX; B) j(3x+4)esxdx.
VJ1—x2 X“—4x+3
Pewenue.

a) HCIIOJIB3YysT OCHOBHBIC CBOMCTBA HCOIIPCACICHHOTIO MHTCTPAJIa WU BBIITOJIHASA

noaBeAcHUEe QYHKINUNA O] 3HaK nuddepeHiana, HaiaeM HHTerpal

(arcsin x)% + x (arcsin x)? X
dX = | ——=—dx +
/ V1-x? j V1-x? j 1-x?

1
= [ (arcsin x)*d (arcsin x) + [ (1 - Xz)_zd(g) =

dx =

1
= [ (arcsin x)d (arcsin x) + (— %jj(l— x?) 2d(1-x%) =

1

—x2y2
:%(arcsin X)* —%-¥+C :%(arcsin x)> —V1-x? +C.

2

[IpoBepum pe3yabTaT HHTErpUPOBaHUS TU(DPEpEHIIMPOBAHUEM:

4

(%(arcsin X)® — 1 x? +Cj =

1
:%-B(arcsin x)? - (arcsin x)’ —%(1— x2) 2(L-x?)' +C'=

_(arcsinx)®  —2x , o (arcsin X)% + X

R N N
YTO COBIIAJIa€T C TOJABIHTETPATILHON (DYHKITHEH.
0) moxsHTETpanbHas (QYHKIHS TPEACTABISICT COOON HEMPaBWIBHYIO paIyo-
HaJbHYIO 1poOb. [IpencTtaBum 3Ty npoOb B BHJIE CyMMbl MHOTOYJIEHA U TIpa-

BUJILHOU I[p06I/I. I[JIH 9TOT'O BBIIIOJTHHUM ACJIICHHUC MHOI'OYJICHA HA MHOT'OYJICH:
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x3 —17 ‘x2—4x+3

x> —4x*+3x  |x+4

4x% —3x —17
4% —16X +12
13x-29
Torma
3 J—
j—x dx = j( —i3x 29 ]d = [ xdx + [4dx + j—i?’x 29 dx =
X2 —4x+3 X°—4x+3 X —4Xx+3
2 —
:X—+4x+ji3X—29dx.
2 X —4x+3

I[JI?I TOT'O YTOOBI HAWTHU HOCJIG,ZIHI/Iﬁ HHTCTpAll, IpCACTABUM IIPABUIIBHYIO I[pO6I>

B BHJIC CYMMBI MPOCTEHIIHNX ApoOei. [l 3TOro pa3iokuM Ha MHOXKHTEIIN 3Ha-
MeHaTenb Apoou X2 —4x+3=(Xx—-1)(x—3) u pasnoxum Apo6b Ha MPOCTEii-

e

13x — 29 A B _Ax-3)+B(x-1)

(x-D(x-3) x-1 x-3  (x=1)(x-3)
sHaunT 13X —29=A(x—-3)+B(x-1).

ITpu x=3 mumeem 13-3—-29=B(3-1), otkyna B=5;
npu X =1 umeem 13-1-29=A(1-3), otkyna A=8.

ITomygaem 13x-29 _ 8 + 1 UHTETPUPYEM
7 (x-)(x-3) x-1 x-3 PPy
I 13x - 29 dX=j 8 dx+j jd(X 1) jd(x 3)
(x=1(x-3) x—1 X—

:8In\x—ﬂ+5ln\x—3\+C

H OKOHYATCJIbHO IOJIy4acM

J

[TpoBepum pesynbsTaT audhepeHIUPOBAHUEM:

3 2
;(;ﬂdx:x—+4x+8ln\x—ﬂ+In\x—3\+C.
X —4X+3
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!

2
[X—+4x+8ln\x—ﬂ+ln\x—3\+C] :ﬁ+4+i+i:
2 2 x-1 x-3

(XA -D(x-3) +8(x~3) +5(x~1) _ x> -17
(x-1)(x+3) 2 4% 13’

YTO COBMNAJAET C MOJABIHTEIPATIBHON (PyHKIIHECH.
3ameuanue.
WHTerpan oT npaBUIbHON PallMOHAIBHOM IPOOU CBOJIUTCS K CyMME HHTETPaJIOB

oT mpocredmux Apodei. Hanbosee yacto BcTpevaroTcs Cleayrolue WHTerpa-

JIBI:

A A —k+1
——dx=Alnx— C; dx= — C,
Ix—a x=Aln|x —a| + J(x—a)k X (_k+1)(x a)
(k=23..).

B) IPUMEHUM METOIOM MHTEIPUPOBAHUS 110 YACTSM.
1
Ipumem U=3x+4, dv=e>*dx, torna du=3dx, v= §e3x . Tlo popmyie

HHTCTPUPOBAHUA 110 HaCTAM I1OJTydacM

3X+4e3x _J-

[@x+ 4)e¥dx=(3x + 4)%e3X _ j%e3X 3dx= e dx =

3X+4
3

3x+4-1 g

e3x—%e3X+C: +C=e¥(x+1)+C.

[IpoBepum pe3ynbpTaT 1uddhepeHunpoBaHuEM
e (x+1)+C) =3 (x+1) + ¥ =e>*(3(x +1) +1)=e*(3x + 4),

YTO COBMAJAET C MOJABIHTEIPATIBHON (PyHKIIMEH.

2. OnpenesieHHbIN HHTErPaJ

AV Ecnu Ha mmockoctu Oxy 3ajaHa
_y=1,(x) durypa, orpaHWuYEHHas IBYMs

HETIPEPHIBHBIMU JTMHUASIMA

S - Y= hx) y="f(x), y=1f,(x) n Bepru-

A b ”




KaJbHBIMH TPSAMBIMA X=a, X=Db, To tiomans S Takoit GUrypsl MoKeT ObITh

BBIYHCIICHA 110 (hopMyJie

S =[(f,(x)- fl(X))dX roe f,(X)> f;(X) Ha oTpe3ke [a b]

QJ'—»O'

Ilpumep 2.1 Boruucnuth miomans  GUrypel, OTpaHUYEHHON JUHUSMHU

y=X°+4xX, y=x+4.

Pewenue.
3ajlaHHbIC JIMHUM OTPAHHWYMBAIOT HA TUIOCKOCTH OXy KPUBOJUHEHHYIO

TpaliCuuro, I/1306pa)K€HHy10 Ha PUCYHKC.

y = X2 +4x
y=x+4

Y
=

Halinem koopauHaThl TOYEK IEPECEUCHUS 3aAHHBIX JIMHUM, I 3TOTO
pELINM CUCTEMY YPABHEHUN

{y:x2+4x

, X2 +4x=x+4, x*+3x—4=0, orkyna X =—4, X, =1.
y=x+4

Torma rckoMast TLIOIIAb BEIYUCIAETCS 110 GopMyIIe:
1
1 2 3
S_j(x+4—x2—4xym_j(4—3x—xﬁdx_[4x—§§—_%;] -
4 »

:4_§_1+16 E—%_ZO (ks. €0.).

2 3 2 3
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OObeMbl Ten, 00pa30BaHHBIX BpalICHHUEM IUIOCKON (DUTYpBI, OrpaHUYEHHOU
kpuBoi Yy = f(X) >0, ockto Ox u ipsiMbIMU X =a, X =D,
b

1) Bokpyr ocu Ox, Beruncisitores 1o gopmyie V, =7 | f 2(x)dx ;
a

b
2) Bokpyr ocu Oy, Beraucisores no popmyne Vy =27 [ xf (x)dx.

a

Ilpumep.2.2 Beraucnutb 00BbeMBbI T€J, 0Opa30BaHHBIX BpAICHHEM BOKPYT OCEi

Ox 1 Oy KPUBONMHEHHOTO TPEyTroNbHIKA, OTPAHHYEHHOTO KPUBOi Y = 3/X , 0CBIO

Ox n ipsimont X =1.

Pewenue.
y 1 3
y= 3/x 1) oObeM Tena, MOJYYCHHOTO BpallleHHEeM
BOKpYT ocu Ox, paBeH
1
5
1 %
2 X 3
V, :ﬂf(%) dx=r-| =% (k6. ea.)
> X 0 5 5
0 1 3 .
2) 00beM Tena, MOJIy4eHHOTO BpalieHrueM BoKpyr ocu (Jy, paBeH
2
x/3

1 67
vy :27ZIX~§/;dX:27Z =7(Ky6. €d.).
0

V
3o
DOYyHKIHMHU HECKOJIbKHUX NepPeMEeHHbIX

[TepeMeHHast BeMYMHA Z HA3BIBACTCS (DYHKYUEU 08YX NepeMeHHbx X U Y,
eCIIM KaKJI0W mape 3HavyeHui (X,y) U3 JaHHOH 00JaCTH COOTBETCTBYET CIMH-

CTBEHHOE onpeeneHHoe 3Hauenne Z = f(X,y).
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st pynkiun z = f(X,y) BBOISATCS MOHATHUS YACHHBIX NPOU3BOOHBIX TIEP-

BOI'O HOpﬂI[Ka, KOTOpBIe OHpeI[eJ'DHOTCH BBIpa)KeHI/IﬂMI/I:
@fwnan+AKW—fﬂd) Qe_mnfudeW—fwy)
X Ax—0 AX LY a0 Ay ’

U 4acmHblx I’lpOMS’@O()Hle BTOPOTO IOpPsAAKA:

a_zz_g(@j o2 _o_ofa _g(@j 8_"‘2_3@
ox? ox\ox) oxoy oyox ox\ay) eylox) ay? oylay)

@Oynkuusa z = f(x,y) umeer B Touke My(Xg,Yo) Makcumym (munumym),
€clIi 3HaueHue Tol QyHkuuu B Touke M Oosbie (MeHbIIE), YeM 3HAUCHHUS
(GyHKIMY B JI000H TOUKE U3 OKPECTHOCTH TOUKU M.

HeoOxoauMbIMu  yCIOBUSIMU CYILIECTBOBAHMS 2dKcmpemyma (MakCUMyMma

win MuHUMyMa) nuddeperuupyemoit Gpynkinuu z = f(X,y) sBusercs paBeH-

CTBO HYJIO €€ YaCTHBIX IIPOU3BOJHLIX IICPBOI'O IMOPSAAKA:

% _g
OX
a_,
oy

TO‘-IKI/I, B KOTOPBIX YaCTHBIC ITPOHU3BOJAHLIC 06paHJ;aIOTC$I B HOJIb, Ha3bIBa-

10TC cmayuonapuvimu mouxamu Gyakmoun z = f(x,y). Jlug Toro 4rodsl cTa-

OUOHApHasA TO4YKa SABJIAJIACH 3KCTPEMYMOM, B HEH JOJIDKHBI BBIIIOJIHATBHCA 00-

0%z 0%z 0%z
cmamouHvle ycnosus. O003HauuM A= — B= 6— , C= —
OX M, X0y M, oy M,

A=AC - B2
Ecnu B cranmonaproit Touke My (Xg, Yo)
A>0,A>0,T0 M, ecTb TOUKa MUHUMYMa;
A>0,A<0,T0 M{, ecTb TOUKa MAKCUMYMA;

A <0, 1o BTOUuke M HET 3IKCTpEMYyMa;

A =0, To TpebyeTcs JOMOJHUTEIHHOE UCCIIEIOBAHUE.
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Ilpumep. UccnenoBath Ha AKCTPEMYM byHKIMIO

Z=2X+4y—x*—y® +6.

Pewenue.
1. Haitnem gacTHbIe TPOM3BOAHBIC 3aJaHHON (PYHKITUM

@:2_2)(’ Q:4—2y
OX oy

2. 3anuieM HeoOXOIMMBbIE YCIIOBUS CYILIECTBOBAHUS SKCTpEMyMa
2-2x=0 x=1
< )
4-2y=0 y=2
3HauynT Touka M (1,2) sBnsieTcs cTalMoHapHON TOUYKON (QYHKIIUH.

3. IIpoBepuM BBINIOJHEHHE B TOYKE M OOCTATOYHOrO YyciuoBus. st 3TOro

HalJIeM BTOPbIE€ YaCTHBIE MPOU3BOIHBIE (PYHKIIUU

i, Fi_ P

—2.

ox? ’ oxoy oy
B Touke M(2) A=-2B=0,C=-2 u A=(-2)-(-2)—-0=4. ITockoibky
A=4>0,A=-2<0, touka M(L2) sBisgercs TOYKOW MakCMMyma. 3HAUYCHHE

¢GbyHKuMU B 3T0M TOUKE Z|,, =2-1+4- 2-12-2% +6=11.
M

OyHKIKMS JABYX HE3aBUCHMBIX MepeMeHHBIX Zz= f(X,y) mpuHHMaer
HanOoJIbllice ¥ HaMMEHbIIee 3HAUCHHs B 00jactu D, orpaHnveHHOU JTHHUEH
o(X,y) =0, 1100 B CTallMOHAPHBIX TOYKAX, PACIOJIOKECHHBIX BHYTPH 00JIacTH
D, nu6o Ha rpaHuIe 3Toi 00J1acTH.

3anaya 00 OTHICKAHWU HAWOOJIBIIET0 U HAUMEHBIIEro 3HaYeHUN (QYyHKIIUU
z= f(X,y) B 3amanHo# obnactu D peraercs o ciieayromemMy riaHy:

1. OnpenenseM cTaMOHapHbIE TOYKH (DYHKIIMHU, PacnoyioKeHHbIE BHYTpH 00-

JJaCTHu D, H BBIYHCJIACM 3HAUYCHUA (bYHKHI/II/I B OTHUX TOYKax.
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2. Haxomum cranmoHapHbie TOYKH (pyHKIMM Ha rpanune @(X,y)=0 obmactu

WM Ha OTIEIBHBIX €€ y4aCTKax, 3aJaHHbIX PAa3JIM4YHBIMU YPABHEHUSIMU, U BbI-
YHCIIAeM 3HaUYeHUs! (QYHKIIUU B 3TUX TOUKAX.
3. U3 Bcex BBIYUCICHHBIX 3HAYCHWM (QYHKIMH BbIOMpaeM HauOoJbIIee |

HAaWMMCHBIICC.

Ilpumep. Haittu Haubonpliee W  HaUMEHbIIEE 3HaYeHUA  (DYHKIUMHU
Z=X*+2Xy —4X—Y B TPeyrojbHHKE, OrPAHHYCHHOM HpsMbIME X =0, y=2,

y=X.

Peuwenue.

1. Haiinem cranmoHapHble TOYKM (PYHKIIMHM U3 YCIOBUW pPaBEHCTBA HYIIO

YAaCTHBIX ITPOU3BOAHBIX (IJYHKLII/II/I

A az
y —_—= —_ =
™ 2X+2y—-4=0 x=05
oz “ y=15
—=2x-1=0 y=4
oy

Crammonapnas touka M (0,51,5) nexut

BHYTpH 3a7aHHOU oOnactu OAB.

3HaueHue PyHKIUU B TOUKE M paBHO

v

=05°+2-05-1,5-4-05-15=-175.

7\,
2. Uccnenyem noBeaeHue (PyHKIMK Ha TPaHULIAX 00JIacTu:

a) Ha rpannne O4 y=X, 0<X<2, 2=x2+2X-X—4-X— X wm Z =3x? —5X;
: : 5 5
z2'=6x-5,2'=0 mpu X:E,Torna yzg (Tak KaK y=x).

2
55 5 5 25
B touke C| —:;— | 3HaueHue aBHo z|. =3 —| -5 —=——.
TOYK (6 6) HaueHue (PyHKIUH paBH ‘c (6) 5 0

Boruncnum 3HadeHust PyHKIMH B KpaHUX TOYKax oTpe3ka OA.
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B touke O(0;0) Z‘ o =0, B TOUKE A(2;2) 3Ha4YeHUE (PYHKIIUHM PABHO
2|, =3-2°-5-2=2.
0) Ha rpanune B4 y=2, 0<x<2, Z=X>+2X-2—4X—2 umu Z=X° -2
2'=2x,7'=0 npu Xx=0,a y=2 coriacHo ypaBHCHHIO IpsiMOii BA.
B touke B(O;Z) 3HauYe€HHE (PYHKIUU PABHO Z‘B =3.0°-2=-2.
B) Ha rpanune OB X=0, 0<y<2, z=-y;
2'=-1#0 npu Bcex Y €[0;2], cnenopatensHo, cTaMOHAPHEIX TOYEK Ha

nuHnu OB HeT.
3. W3 Bcex BBIYMCICHHBIX 3HAYEHUI 3aJaHHOW (YHKLIHMH BBIOMpPAeM HauOOJIb-

mec 1 HAMMCHBIICC:

Z‘ A=2 — HauOoJIblee 3HaUeHUE (PYHKIIMU B 00JIacTU
OAB
25

Z‘ c= 12 — HauMeHbIlee 3HaueHue GyHKuuu B oonactu OAB.

3-mii cemecTp

BexkTopHas ajareopa

HexkoTopbie CBEACHUS U3 TCOPUU

BekTop — HanpaBIIEHHBIN OTPE30K.
PasenctBo

a= (x, v, Z) (1)
03HAYaerT, YTO X, ), Z — MPOEKIMU BEKTOPA Ha OCH KOOPAMHAT UIIH €T0 JeKap-

TOBBI KOOPJAVHATHI.
dopmyiia

|Zz|:\/x2+y2+z2 (2)
IIO3BOJIACT I10 KOOp,Z[I/IHaTaM BeKTOpa OHpejleJII/ITL cro MOlIy.TIB.
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42 Eciu o, B, Y — yriiel, KOTOpbIe BEKTOp 00pa3yeT

Sl

14 C MOJIOKUTENBHLIM HAIIPABJICHUEM OCEN KOOPAMHAT, TO
B CcOSQ.,, CoS[, cosy Ha3BIBAIOTCS HAMPABISIONIMMH KO-

a CHHYyCaMH BEKTOpa d .
0O >y x=|d|cosa, y=|d|cosB, z=|d|cosy, (3)

cos” o+ cos’ B+ cos® v =1 4)

x
Ecnu n3BecTHbl Hauasno BekTopa M 1(x1, Y1 Zl)

u koHen M, (x2 , Vo, 22) , TO KOOPJAWHATHI BEKTOpa HAX0oATCs 1o hopMyiam

X=Xy =Xy, YV=Vo—=V, 2=2p — 7. ()
Eenn d =(xy, y,2) u b=(x,5, y5,2,),T0

n od = (o), oy, 0z;), Tae O — 1060e YHCIO.
BCKTOPBI, JICKaIue Ha OI[HOﬁ WJIA TapaJUICJIBHBIX IIPAMBIX, HA3bIBAKOTCA
KOJUTMHEapHbIMH. [Ipr3HaK KOJUTMHEAPHOCTH BEKTOPOB d U b !
X, oy z
il B4 Sl )

Xo Vo Zp

- —

k wHaspIBaercs KOOpAWHATHBIM 0a3zucom:

7]=17]=]k|=1

Tpolika BEKTOpPOB 1,

- - -

BekToper i, j, k HampasieHsl o ocsm cootBerctBeHHO Ox, Oy, Oz B
TIOJIOKUTEILHYIO CTOPOHY.
JTro0oii BEKTOp a = (x, v, Z) MOY€T OBbITh TPEICTABIICH B BUIE

a=xi+yj +zk. (8)

CKansgpHBIM IIPOU3BEIECHUEM BEKTOPOB = (xl, Vi Zl) u

b= (x2 , Vo, 22) Ha3bIBACTCSI UUCIIO, PABHOE MPOU3BEICHUIO MOTYJIEH 3THX

BEKTOPOB Ha KOCUHYC yTIJIa MEXY HUMM.

c?-l;=|c7|-‘l;‘-coscp, 9)
a l;=|c_i| npal;=‘l; ‘np;a, (10)
i-a=a’=|al’, (11)

T.€. CKaJIAPHBIN KBaJpaT BEKTOPA PaBeH KBAaApaTy ero MoayJIs.
a-b=xxy+ Y1)y +22. (12)
Ecin ZlLl;, TO
XXy +V1Vy +2125 = 0. (13)
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XXy + V1V 2125 (14)
\/x12 +y12 +212 ‘\/x22 +)’22 +Zz2

Ecnu Bektop F m300paxkaer cuily, TOUKa IPUIIOKEHUS KOTOPOH mepe-

cosQ =

MCIHIACTCA M3 Ha4YaJlda B KOHCI] BCKTOpPAa S , TO pa60Ta 3TOW CHJIBI OIIPCACIIACTCA
W=F-S. (15)

BekTOpHBIM IPOU3BEACHUEM BCKTOpa C_i Ha b Ha3BIBAETCS TaKOH BEK-

TOp C = a %X b, KOTOPKI YIOBIETBOPAET CIIEAYIOLIUM TPEM YCIOBUAM:

—

1.|¢|=

2.cla u clb;

3. BEKTOp ¢ 00pa3yeT ¢ BEKTOpaMH d W b «IpaByro» TPOWKY.
BektopHoe mpou3BeAeHNE 3aBUCUT OT MOPSAIKA COMHOKUATEIIEH

axb=-bxa. (16)
Moyib BEKTOPHOIO IPOM3BEAEHUS PABEH IUIOLIAAU MapajlIeorpaMma, mo-

Zz|-‘b‘-sin(p, rIe ¢ — YroJl MeXIy BEKTopaMu d W b

CTPOEHHOTO Ha BEKTOpPax d W b

S=|ixb)| (17)
1. -
SA:—‘axb‘ (18)
2
Ecmu BexTopel @ u b KommmHeapHsl, 10 d X b = 0, B wactHOCTH,
axa=0.
Eciiu BeKTOpHI 3a1aHbl KOOPIAUHATAMH d = (xl, Vi, zl),
b = (xZ, y2, Zz), TO
R
Zi X b = xl yl Zl . (19)
X2 V2 2

Ecmu Bektop F m300paxaer cuily, MPUIIOKEHHYIO B KAaKOH-HUOYIb
Touke M, a BEKTOp @ WuIET U3 HEKOTOpoi Toukn (O B TOYKy M , TO BEKTOp

a x F' npencrasnser coboii MOMeHT cuitbl F oTHOCHTENBHO Toukn O
mF=axF. (20)

CMeIIaHHBIM IPOU3BEIEHUEM TPEX BEKTOPOB d, b, ¢ Ha3bIBAa€TCA YHC-

JI0, pABHOE BEKTOPHOMY HNPOU3BEACHHIO d X b, yMHOKEHHOMY CKAJISIPHO HA
BEKTOp C, T.€.

555=(5x5)-5=5-(5x5). (1)

CMelanHoe pouM3BeeHne abc paBHO 00bEMY MapailleenmIea, moCTpo-
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—_

€HHOI'0 Ha BEKTOpax d, b, ¢, B3ITOMY CO 3HAKOM «ILIIOCY, ECIIA TPOMKA

—

a, b, ¢ npasas, co 3HAKOM «MHHYC», €CJIM 3Ta TPOMKA JIeBasl.

V =+abc. (22)
Ecnu BeKTOpbI KOMILTAHAPHBI (JI€KaT B OJTHOM TUIOCKOCTH), TO
abc =0. (23)

Jnst BexTopoB d = (X1, ¥1,21), b =(xy, ¥5,25), ¢ =(x3, ¥3,23) cMeman-
HOE TIPOM3BEJIEHUE OMpeenseTcs: HopmyIIoi

I 0 B 4 B
abc=\x, Yy, Zz,| (24)
X3 V3 Z3

3anaya 1. Ha maTepuanbHyo TOUKY JEHCTBYIOT CUJIBL:
F=(2-11), F=(-1,22), F=(1-2).
Haiitu paboTy paBHOJEHCTBYIOIIEH 3TUX CHII R IIpY IIEPEMEILIEHUN TOYKHU U3
[IOJIOKEHUS A(2, -1, O) B IIOJIOJKEHUE B(4, 1, — 1).
Pemienue. Haliem paBHOIEHCTBYIOIIYIO
R=F+F,+F=(2-1+1,-1+2+1,1+2-2)=(2,2,1).
BexTop nepemenienus o popmyne (5)

- —>
S= AB =(4-2,1+1,-1-0)=(2,2,-1).
Hckomyto paboty HaxoauM o popmyne (15)
W=R-S=2-2+2-2+1-(-1)=7.
3agauya 2. Jlana cuna F= (3, 4, —2) Y TOYKA €€ MPUIIOKEHUS

A(Z, -1, 3). Halitu MOMEHT CHJIBI OTHOCHUTEIBHO Havajia KOOPJAUHAT U YIJIbI,

COCTaBJIAAICMBIC UM C KOOPAWMHATHBIMU OCAMM.

—

Perrenue. ITo popmyiie (20) moﬁ =7xF. Bekrop 7 = OA mo dop-

r
myiie (5) MMEET KOOPAMHATEL F = (2, —1, 3), o ¢popmyne (19)
R
rxF=2 -1 3
3 4 =2

=-10i +13] +11k.

Wtak, moﬁ' = (— 10, 13, 11). Moyiib MOMeHTa HaxouM 1o popmysie (2):
| m.F|= J(=10)% +(13)2 +(11)% = /390 ~ 19,748,

Hanpagnstomue kocunycel o ¢popmyie (3):

coso. = _—10 =—0,506, cosP} = i = 0,658, cosy = 1—1 =0,557,
19,748 19,748 19,748

a yriibl, COCTAaBJIICEMbBIC MOMCHTOM CHJIbI C KOOPAHMHATHBIMHU OCAMM, CIICAYIOIHEC
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a=12024", B=4851, y=569.

KoHTposb: 10IKHO OBITH cos” oL+ cos” B+ cos” v =1 V¥ Hac:
2 2 2
(—0,506)" +(0,658)" +(0,557)" = 0,999.
3asaua 3. Hamucath pasjioKeHUe BEKTOpa X = (5, 16, 2) 0 BEKTOpaM
]3:(2, L, 0), é:(O, -2, O), 17:(—1, 5, 2).
Peuienue.
1. Pasnoxenue BekTopa X 10 0asucy p, ¢, 7 HWMEET BHJ
WM B KOOPJIWHATHOH hopme
Xy =0 P+ Qg 037
Xy = 0Py +0pgy + 037
X3 =0y p3 +0og3 + 0373,
2. C y4eTOM YHUCIIOBBIX 3HAYEHHI KOOPAUHAT BEKTOPOB P, ¢, ' U X

HOJIy4UM CUCTEMY YPABHEHUN OTHOCHTEILHO HEM3BECTHBIX OL, Oly, OL3:

2-001+0-0y—1-005=5 2000 =5+ 03

O8] =3
1(},1_2(124‘5(13:16 = 20(2=OL1+5()L3—16 — (122—4
O-OLI+0-OLZ+2OL3=2 (13:1 (X3=1.

3. PasnoxeHue BEKTOpa X IO BEKTOpaM p, ¢, ¥ UMEET BUJI:

x=3p—4q+r.
Otser: X =3p—4q+7.

—

3amaga 4. B mapawrenenunene ABCDA;B|C\D; Bexropel AB = p,
—_— — — =
AD =q, AA; =r obpa3ytot 6a3uc. Paznoxuts Bektopet AG, AP,
— >

AN, 1o BeIOpaHHOMY 0a3ucy, ecnu Touka G genut pedbpo DD, B oTHOMIE-

Huu 1:2; Touka P — Touka nepecedenus auaronaneii rpann DD, C|C; Touka
N, — cepenuna pedpa B;C;.
Pemmenue.

[Toctpoum yeprex. HemocpenctBeHHO U3 uepTexa Ciaeayer:
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AG = AD+ DG qg+-=r,

C, 3
1. . 1.
AP = AP1+AP2+P2P—5p q+5r,
> 1. -
C ANf‘AB+BN+AWi p+§q+r
Otser: AG = +2 AP 1“+”+1F
TBET: — =— —r,
q 3 5 pPTq >
- 1. .
AN, =p+—q+r.
2
AHaJIMTH4YeCKAasi TeOMETPHUS HA IUIOCKOCTH
IIpsimas auHus. Ee ypaBHeHue
Ax+By+C=0 — (38)
o0111ee ypaBHEHUE MTPSMOM.
X=X, _Y—=Yo _ (39)

m n
ypaBHEHHE MPSIMOH, MPOXOIAIIeH yepe3 Touky M, (xo, Ve ) a= (m n) -
BEKTOD, MAPAJIIETbHBIN MTPSIMOM.

A(x—xo)+B(y—yo)=O — (40)
ypaBHEHUE TPSIMO, IPOXOAIIeH uepe3 Touky M, (xo , yo) C IIEpIIEHAUKY-
JIIPHBIM BEKTOPOM 1 = (A, B) .

X=X _VY=n _ (41)
Xop =X Vo=
ypaBHEHHE MPSIMO MpoXoadiIeil yepes a8e Touku M (xl, yl) u M, (x2 , y2) :

X Yy
—+==1 - 42
Y (42)

ypaBHEHHUE MPSIMOM B «OTpE3Kax», ryie d, b — BEJIMUYMHBI OTPE3KOB, OTCEKae-
MBIX IIPSMOM HAa OCAX KOOPJMHAT.

y=kx+b — (43)
ypaBHEHHUE MPSIMOii ¢ YriIoBbIM KodduiimeHrom k = £gp u oTpe3koM b —
otcekaeMbiM Ha ocu Oy .
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y=y, =k(x-x,) - (44)

ypaBHEHHE MIPSIMO, IPOXOIAIIEH Yepe3 Touky M (xo , yo) C YTIIOBBIM KO3 (-
burnuenTom £ .

d:|AxO+ByO+C| B

(45)
VA* +B?
paccTosinue ot Touku M, (xo , yo) no npsmoit Ax + By +C=0.

8_Axo—eryo—er B

(45a)
VA? + B?

OTKJIOHEHHE TOUYKHU Mo(xo, yo) OT MPSAMOH.

A
k=—— — 46
Z (46)
yriioBo# ko3¢ dunmeHt npsmoit Ax + By +C=0.
kl = k2 — (47)
YCJIOBHUE MAPaLICILHOCTH IPSIMBIX.
1
ky=—— — 48
I (48)
YCJIOBHUE MEPIIECHAUKYIIPHOCTH TPSMBIX.
k2 B kl
gp =|—— 49
T T kk, “9

YTOJI MEXLy JBYMS HPSIMBIMU C YIJIOBBIMH Koo dunuenramu k; u k.
3agauya 6. JlaHbl cepeaHBI CTOPOH TPEYTOJIbHUKA

P(l, 2), Q(S, 1), R(— 4, 3). CocTaBHTh ypaBHEHHUS €r0 CTOPOH.

B(x:,¥,) 1 crioco6. Tak kak Toukn P, O, R sBustorcs ce-
penunamu otpeskoB AB, AC, BC, To
P 0 x1+X2=L X2+X3=5, x1+X3=_4,
2 2 2
A, 3) R C (s, ) y1+—y2:2’ J}ZTWZ_L %:3
PemaeM z1Be cucteMbl ypaBHEHUN
X1+X2:2 y1+y2:4
XZ+X3:10 y2 +y3:—2
xl+X3:—8, y1+y3:6,
MoJy4yaem
xp=-8 y1=6
X, =0 v, =0 A(— 8, 6), B(lO, — 2), C(O, O).
.X3 = 10, y3 = —2,
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Teneps cocTaBisieM ypaBHEHUS CTOPOH TPEYTOJIBHUKA, KaK TPSIMBIX, TIPOXO/ISI-
IIUX Yepe3 ABe TOUYKH, 1o popmyre (41).
VYpapHenune AB:

X8 _ =0 49— mn
10+8 —-2-6

VYpauenue BC':
x—10=y+2’ X+ 5y = 0.
0-10 0+2

VYpasaeane AC':
X*+8_y=O o a0,
0+8 0-6

2 coco6. He ompenenss koopauuat Touek A, B, C, cocTaBUM ypaBHEHHUE

Ka)XJ01 U3 cTOpoH Tpeyroiibhuka ABC, Kak IPsSMOM, TPOXOISIICH Yepe3 0J1-
HY U3 BEpIIUH TpeyrosibHuka POR mapaiienbHo MPOTUBOJISKAIICH CTOPOHE.

Ypasaenne AB: npsmasi AB npoxoaut depe3 TOUKy P mapanienbHO BeK-

—

Topy QR = (— 9, 4). Hcnonbszyem ypaBHenue (39).
x—1 y-2
-9 4

VYpaBuenue BC: npsmas BC mnpoxoaut depe3 Touky () mapajieabHO BEK-

=  4x+9y-22=0.

—
Topy PR = (— 5 l).
x—5:y+1

-5 1
VYpaBuenue AC: npsmas AC mpoxomuT yepe3 TOUKy R mapaiebHO BEK-

= x+5y=0.

—
Topy PQ = (4, — 3).
x+4 y-3
4 -3
OtBer: 4x+9y—-22=0, x+5y=0, 3x+4y=0.
3agaya 7. CocTaBUTH YpaBHEHUS KaTETOB MPSMOYTOJIBHOTO PaBHOOE/I-
PEHHOTO TPEYTOJIbHUKA, 3HAsl ypaBHEHUE TUNIOTeHY3bl 2X + 3y —5=0 wu Bep-

= 3x+4y=0.

HIMHY TPSIMOTO yTiia (2, — 1).

b N AB = BC (uo ycnosumw), nostromy LABC = ZACB =45,
o 2
45 kgc = -3 ( mo popmyne (46)). YpaBHeHus katetoB AB u

45° AN
AQ. A ¢ BC cocrasisem o hopmyine (44): y+1= k(x — 2).
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k+z

1g45° = —23 , (49)
1-—k

3

k+2

—> =l

1-—k

3
Pemiast 5Tu ypaBHEeHUs, IOTYy4NM:
k:%, y+1:%(x—2), Sy+5=x-2, x—=5y-T7=0.

k=-5, y+1=—5(x—2), y+1=-5x+10, 5x+y—-9=0.
Oter: x—5y—-7=0, S5x+y—-9=0.
3amaua 8. B TpeyroibHUKE C BEpUIMHAMU
A(3, — 2), B(— 1, 1), C(S, — 7) HalTH OnccekTpucy BHyTpeHHero yria ZABC.

B__x 1) CocraBum ypaBHeHHsI cTopoH yriia LABC,
BOCIIOJIb30BaBIIUCH hopmyion (41).
3102 Cropona BA:
+1 -1
TS 3x—4p+l=0.
3+1 —-2-1
Cropona BC:
x+1  y-1
= , —8x—-6y-2=0.
4 ¢ 541 —-4-1 d
\ N 2) Touku OMCCEKTPUCHI PABHOYAAJICHBI OT CTOPOH

yria. [IpupaBHsieM pacCcTOAHUSA OT MPOU3BOJILHON
TOYKH OuccekTpucel M (x, y) no cropoH yrna BA w BC, BEIYUCHSASA UX T10
dbopmyne (45).
|-3x—4y+1| |-8-6y-2| |-3x—4y+1| |-8x—6y-2|
V3% + 42 V82 i6? 5 10
W3 nocienHero paBeHCTBA MOJIydaeM CIIEAYIOIINE JIBa:
2(— 3x—4y+ 1) =8x—6y—2 mu 2(—3x—4y+1) = —(—8x—6y—2).
[Tocie mpeoOpa3oBaHus MOJTy4aeM YPABHECHUS ABYX MPSIMbBIX, KOTOPBIC SBIISFOT-

st OMCCeKTpUCaMH BHYTPEHHETO U BHEIIIHETO YIJIOB IPU BepiinHe B Tpe-
yronsauka ABC':

x—y+3=0 (a)
u x+y=0. (0)
Jlyst OUCCEKTPUCHI BHYTPEHHETO yIila TpeyrodbHuka BN OTKIOHEHUS BEpIITUH

tpeyroiabHuka A u (C HMMEIOT pa3HbIC 3HAKH, a JIJIs1 OMCCEKTPUCHI BHEIITHETO
yrnma BK — 3HaKu OTKJIOHEHUH OJIMHAKOBHI.
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Haiinem otknonenus touek 4 u C ot npsmoi (a) mo dopmyre
(40,a):

8A=3 (-2)+2_ 7 .0 _5 (7)+2:14>0’
V22 V2 VP2 V2

clieJIoBaTeNbHO, ypaBHEeHUE (a) — 3To ypaBHeHue npsimoit BK. Toraa ypaBHe-

HUE OMCCEKTPUCHI BHYTPEHHETO yria Tpeyronbiuka ABC mnpu BepmuHe B

x+y=0.

e

Otset: x+y = 0.

JIMHUHM BTOPOro NOpsiaKa

OKpY»KHOCTb. YpaBHEHUE
(x—a)2 +(y—b)2 = R? (50)

OTIpeIeIIAET OKPYXKHOCTh pagnyca R C meHTpoM C(a, b) . Ecin uentp

OKPY>KHOCTH COBITIaJ[aeT C HAYaJIOM KoopauHar, T.e. a =b =0, To ypaBHECHHUE
OKPY>KHOCTH IIPUMET BU]I

x? +y% =R (51)
O61ee anreOpanyeckoe ypaBHEHUE BTOPOU CTENIEHU
Ax® +2Bxy+ Cy? +2Dx+2Ey+F =0
ecTh ypaBHeHHE OKpykHOocTH, eciit A =C#0, B=0, T.c.

Ax* + Ay* +2Dx +2Ey+ F =0. (52)
DJLIuIIC.
2 2
x° oyt
—+t—==1- (53)
a” b
ypaBHEHHE UIUICA (KAHOHUYECKUN BU]).
b =a® -2, a>b. (54)
B sTom citydae GpoKycChl anIca UMEIOT KOOPIUHATHI
Fi(—¢, 0) u F(c 0). (55)

Hauano koopaunat O — LEHTP CUMMETPHUH JUTHIICA, & OCH KOOPAUHAT — OCH
cuMMeTpuu Autnmca. Touku Al(— a, O), A, (a, 0), BI(O, —b), B, (0, b)
Ha3bIBAIOTCS BEPUIMHAMHE dJUTHIICA, @ W b — Oonblias u Manas mojixyocu. Be-

JJNYHUHa

=<1 (56)
a

Ha3bIBACTCA SKCHCHTPUCHUTCTOM J3JIIIMIICA. 3KCH€HTpI/ICI/IT€T XapaKTCPU3ycCT BhbI-
TAHYTOCTD OJIJIMIICA, T.K. BRIPAXKACTCA YEPE3 OTHOUMICHUC €TI0 HOHYOCGﬁ
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gzﬁzgfjﬁi:]fﬂgz_ (57)

a a
OKpy)HOCTbh MOYKHO CUYMTATh YACTHBIM CIIy4aeM 3JUIUICA, Y KOTOPOTO
a=b,te. £€=0.

x=t— — (58)

Y ES)

YpaBHEHUS JUPEKTPUC.
Ecnu gokycsl ammrica pacnosoxensl Ha ocu Oy, TO ypaBHEHUE 3JI-

aurca uMeet ToT ke Bua (58), Ho b > a. Dokychl HIMEIOT KOOPAHHATHI:
FI(O, — C) u (0, c). YpaBHEHHUS TUPEKTPHUC

y= ig. (59)
['unep6ouia.
2 2
X ye o
a—2 — b_2 = 1 - (60)

KaHOHUYECKOE YpaBHEHHE THUIIEPOOIIBI.

bP=c*-a% a<ec (61)
®OKyChl UMEIOT KOOPAUHATHI Fl(— c, O) u (c, O). Ocu KOOpIMHAT SIBJIS-
I0TCSl OCSIMH CHMMETPHH TUIIepOoItsl, a Touka O — neHTtp cumMerpuu. ['unep-
OoJa mepecekaeT och abcuuce B TOUkax A (— a, 0), A4, (a, O), KOTOpBIC
Ha3bIBAIOTCS ¢ JCHCTBUTEILHBIMU BEPIINHAMH, a BEIMYMHA d — JCHCTBU-
TeJbHOM nostyockto runep6ost. Toukn By (0, —b) u B, (O, b) HAa3bIBAIOTCS

MHHMBIMHA BCPIIMHAMH, a b — MHUMasd IMOJIYOCh. HpHMOYFOHBHI/IK C ICHTPOM B

Ha4daJIC KOOPpAHWHAT U CO CTOpOHAMH, IIapaJlJICIIbHBIMHU KOOPAHWHATHBIM OCAM H
MMPpOXOAAIIMMU YCPE3 BEPIIUHBI I‘I/IHCp6OHBI, HAa3bIBACTCA OCHOBHBIM IIPAMO-
YTOJIbHUKOM FI/IHep6OJ'II)I. Ero JuaroHajJin

b
y=t—x (62)
a
SIBJISFOTCSI aCUMITTOTaMU TUIIEPOOJIBI, T.C. MPSIMBIMU, K KOTOPHIM HEOTPaHUICH-
HO MPUOTMKAIOTCS BETBU TUIIEPOOITHI.

DKCUEHTPUCUTET TUIIEPOOIIBI

e=S>1. (63)
a
[2 .2 2
gzﬁza—_"b: H{é} . (64)
a a a
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Ecmu a = b, runep6ona Ha3bIBaeTCs PaBHOCTOPOHHEH. B 3TOM cityuae ocHOB-
HOH MPSIMOYTOJIBHUK MPEBPAIIAeTCs B KBaIPaT, a SKCIEHTPUCHUTET PaBeH 2.
a
x=*— — (65)
€

JTUPEKTPUCHI TUIIEPOOJIBI.
Ecnu ypaBHeHHe runepO0Ibl HIMEeT BUJL

2 2
~To+ 2o =1, (66)
a b
TO ACUMIITOTHI FI/IHep6OJIBII
b
x=t—y, (67)
a
(hOoKyCHBI FI(O, - c), Fz(O, c).
b
y=+— - (68)
€
YPAaBHEHUS JUPEKTPHUC.
[TapaGoua.
KanoHuueckoe ypaBHEHHE apadoIIbl
yi=2px (p>0), (69)

IZIe€ p — paccTosHUE OT (POKyca 10 AUPEKTPUCHL. Y paBHEHHUE JUPEKTPUCHI
X = —g, KoopauHaTHl hokyca F (% O) . Hauano xoopauHar siBisieTcsi Bep-

IIMHOM Mapaboibl, 2 OCh a0CIUCC — €€ OChI0 CUMMETPUHU. DKCLIEHTPUCUTET Ta-
pabonbr € =1.
B psine cnyyaeB paccMaTpuBarOT mapadoIIbL:

a) y2 =-2px, F (— g 0) —dokyc, x = § —ypaBaenue qupektpuchl;  (70)
2 _ P __P :
0) x“ =2py, F (0, E) —oxkyc, y = BN ypaBHeHue aupektpucel;  (71)

B) x2=-2 py, F (O,—gj —oxkyc, y = g — YpaBHEHHUE JTUPCKTPHUCHI. (72)

Jist Bcex ciyuaeB p > (.
3amaua 9. Cpeau npsmbIX MapauieabHbIX MpsiMon 2x + y = 0, Bbize-

2 2
JIMTH KacaTellbHbIE K OKPY)KHOCTH X~ + p~ = 1.

Pemienue. YpaBHeHUE BCAKOU MPSIMOU, MapalIeIbHOM JTaHHOM, MOYKHO
3amucaTh B BUJIE
2x+y+c=0.
KacarenbHast K OKpY>KHOCTH UMEET C HEH TOJIBKO OJIHY OOIIYI0 TOUKY, TTOITOMY
COBMECTHOE PEIICHUE YPABHEHUW MPSIMOM U OKPY>KHOCTH JOJKHO UMETh TOJIb-
KO OZIUH OTBET.
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W3 ypaBHeHHs psIMONt ) = —2Xx — C.

y=-2x—c

x2+y2:1, x2+(—2x—c)2:1, Sx2+4ex+c2—1=0.
KBagpatHoe ypaBHEHHE UMEET TOJBKO OJHO PEIICHHE, KOTJa TUCKPUMHUHAHT
PaBEH HYJIIO: (40)2 —-4. 5-(02 — l) =0, oTkyna ¢ = +4/5.

I/ITaK, HCKOMBIC KaCaTCIbHbIC NMCIOT YPABHCHUA

2x+y++/5=0, 2x+y—+/5=0.
3amaga 10. Jlau smmurc Ox? + 25y2 = 225. Haiitu: 1) ero nmomyocu;

2) dokychl; 3) sKcUEHTpHUCHUTET; 4) ypaBHEHUS JUPEKTPUC.

Pewienne. [lenum Ha 225, monyyaeM

2 2
X
s

25 9
Orcroma ciaeayer mo popmyne (53),uto a=>5, b= 3. U3 hopmynsr (54):

¢’ =a*—b*=25-9=16, c=14.
ITo popmyne (55): Fl(— 4, 0), F2(4, O).

4
Okcuentpucurer (56): € = €. —.
a 5
VYpaBHe e c cornacHo (58): x== +25
BHEHUS JUPEKTPUC COTJIACH P X=t——=1t—.
P perip 4/5 4

Omer: a=5, b=3; F(~4,0), F(4,0); g:%; x:i?

3agauya 11. CocTraBuTh KAHOHMYECKOE YPABHEHUE AJUIMIICA, Y KOTOPOTO
Manast Hoiyock 2+/ 6, a paccrosHue Mmexnay poxycamu FF, =8.

Pemenne. b =26, FF, =2¢=8, c=4.

2
ITo popmyne (54): a’=b>+c%, a* = (2\/6) +4% =40, a =40 =210.

2 2
Y

—+=—=1
40 24
3amava 12. AcumnrToThl runep0osisl uMeroT ypaBHenuss 4y +3x =0, a

paccrosiHre Mexy pokycamu paBao 20. HammcaTh €€ KaHOHHUYECKOE ypaBHE-
HUE.

VYpaBHeHue siurica coryiacio (53):

Pemienue. YpaBHeHUs: aCUMITOT y = izx, coryiacHo opmyne (62):

. Kpome toro FF5, =2¢=20, ¢=10. Ilo popmyne (61):

_ 2 2 o
=a” +b”, nomyyaeM CUCTeMy ypaBHEHUIt
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b_3
a 4
a’ +b> =100.

Pemras ee, monyuaem a =8, b= 6. CnenoBaTelbHO, KAHOHUYECKOE ypaBHE-

2 2
HUE TUNEPOOIIBI: r X :
64 36
x2 y2
3amauya 13. Jlana runepbona —— — T = —1. Haiitu koopauHathl o-

KYyCOB Y BEpILMH, SKCLICHTPUCUTET, YPABHEHUS ACUMIITOT U AUPEKTPHUC.
Penrenne. ®oOKyChl JaHHOU THIIEPOOITBI pACIONIOXKEeHBI Ha ocu Oy

a=1 b=3, c=va’>+b> =J9+1=410.

(61)
3HauMT POKYCHl UMEIOT KOOPAUHATHI FI(O, — \/E), FZ(O, \/E) BepmHb

AI(O, — 1), Az(O, l), Bl(— 3 O), 32(3, 0). DKCHEHTPUCHUTET 110 popmyite (64):

V10
8=£=—, e =+10.
a 3
b
VYpaBHEHHS aCUMITOT: X =*—) = Xx ==x3y.
a

b 3
VYpaBHeHus qupekTpuc: y=t— = y= +T0.

3agauya 14. Ilapabona c BeplIMHON B Hayane KOOPAUHAT IPOXOIUT Ye-

pe3 TOUKY A( I, - 2) ¥ CUMMeTpHYHa OTHOcuTeNbHO ocu  (Oy. Hamucats ee
ypaBHeHue. Haiitu ¢pokyc u 1upeKTpucy.

Pemienue. YpaBHeHnue uckoMmoit napabomsi no popmyne (72) uMeer Bua
2
2 =

= —2py. Touka A( I, - 2) NexuT Ha napabose. [loxcraBnsem KoopanHa-

1
ThI TOUKH A B ypaBHEeHHe: |= -2 p-(— 2) — p=—. CnegoBarenbHO, UC-

> 1 )
KOMO€ ypaBHEHHUE OyaeT X - y wm y=-2x".

1
®doxky napaboser: F (O, - g) . YpaBHeHue qupeKkTpuckl cormmacuo (72): y =

8
2 o

3agaya 15. Ha mapabone )~ =4x HalTH TOUKH, PaCCTOSHHUS KOTOPBIX
OT AUPEKTPUCHI PaBHO 5.

Pemienue. YpaBHeHUE AUPEKTPUCHI JaHHOW Mapaboabl X = ——,

2p=4, p=2, x =—1. Torma paccrosiiue ot ocu (Jy 10 UCKOMOK
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(=4-P -5 1= 4rouku uoro PacCTOsTHUE OMPEICTUT KOOPJAUHATY X

naHHoi Toukd, T.e. x =4. Koopnunaty y Haiinem u3 ypaBHEHHs mapadOJIbL:
y2=4x, y*=4.-4=16, y=14.
Urak, M,(4.4), M,(4, —4).

AneMeHTbl JIMHEMHOU anrebpbl
OenctBua Hag maTpuuamu. PaHr maTpuubl
OnpeneneHHe 1. Cuctema m-n qUCCJI, PACIIOJIOKCHHBIX B IIPAMOYIOJIb-
HOU TaOJuUIle U3 m CTPOK U 1 CTOJIOIOB,

a4y 43 a,
a a a a
21 22 23 .-+ yy
A = ] (1)
aml am2 am3 amn

HazbiBaeTcst MaTpuleid. CTpOKH M CTOJIONBI HAa3bIBAIOTCS psAaMHU MaTpu-
LB

Yucna a (i=12,...m; j=1,2,...,n), COCTABIIAIOIIAE MATPHILY, HA3BIBAIOT-
Csl €€ DJIEMEHTaMU. 31eCh NIEPBbIM UHIEKC i 03HAa4aeT HOMEP CTPOKH DJIEMEHTA,
a BTOPOM j — HOMEp ero cToJona.

Hus marpunbsl (1) ynorpeOnsroT U COKpALCHHYIO 3aluch A= (aj)

(i=1,2,....m;j=1,2,...,n) Wwin A:(aij)mxn' [Ipy 3TOM TOBOpPAT, YTO MaTpuua A

UMEET TUIl mxn.
Ecmn m=n, TO MaTpuLia Ha3bIBa€TCS KBAJAPATHOM IOPSALKA 7, €CIIA KE

m#n, TO  MaTpula  Ha3bpIBAaC€TCsI  NOPSIMOYroiapHOoM.  Omnpenenurens
a a, ... 4
Ay Qpay - Ay

HAa3bIBACTCS OMNPENEIIUTENIEM KBaApAaTHOM Marpuubl 4. B wacTtHOCTH,
MaTpHUIIa MOXKET COCTOATH U3 OJHOIO YKCIa, 570 Marpuna tuna 1x1: A(10), Mo-
JKET COCTOATDH U3 OJTHOU CTPOKH MIIM OJIHOTO CTONIOIA:

A=|ay, |u B=(b, b, .. b,).
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Nx tumel nx1 u 1xm coorBeTcTBEeHHO. KBaapaTHas marpuua Buaa

a 0 0 .. O
0 a0 0 .. O
A={0 0 a; .. O
0 0 O 0
0O 0 0 .. a

n

Ha3bIBAETCS TUArOHAILHOM U 0003HAYAETCS KPaTtko A=(a,,a,,...a,). Eciau
BCE ¢, =1 B IMArOHAILHOM MATPHIIE, TO OHA HA3LIBAETCH €JUMHUYHON M 0003Ha-

1 0 0 .. O
01 0 .. 0
yaeTcs OykBoit £. Utak, E=|{0 0 1 .. 0
0 0 0 .. 1

KBaznpaTHas MaTpuma Has3bplBaeTCd CHUMMETPUYECKOM, €CIU DIIEMEHTHI
MaTpHULbl, CAMMETPUYHO PACIIOJIOKEHHBIE OTHOCUTEIBHO TJIABHOW JHATrOHAM,
paBHBI MeXxay coboi. MaTpuna, Bce 3JIeMEeHTbl KOTOpoi paBHbI 0, Ha3bIBAETCS
HYJIEBOM MaTpulel u 06o3HavaeTcst OykBoil O. Eciiv Hy)KHO OIYEPKHYTH THII,
TO MUyt O,,,,, .

PaccmoTpuM naeicTBrs Hal MaTpULAMU.

Onpenenenne 2. Marpuust A=(q; ) u B=(p,) cauTarorcst paBHbIMH, €Ci1H
OHHM OJHOIO THUIIA, ¥ COOTBETCTBYIOLIME DJIEMEHTHI WX DaBHbI, T.€. a; =b;
(i=12,...m j=12,..,n).

Omnpenenenue 3. Cymmoit (pa3HOCTBIO) MATPUIL A4 = (al-j) U B= (by) OJINHa-
KOBOT'O THIIa Ha3bIBAETCA MaTpULA Cz(c[]-) TOTO € THUIIA, JIEMEHThl KOTOPOU
paBHBI CyMMaM (pa3HOCTSIM) COOTBETCTBYIOIIUX 3IEMEHTOB MaTpUll 4 U B, T.€.
¢y =ay £b;.

[Tpumep.

I 2 0 3 1 5
0 1(+|1 4|=/1 5
5 4 25 7 9

O4eBHUIHO BBINIOJIHEHHE CBOMCTB:

1) A+B=B+ 4,

2) A+(B+C)=(4+B)+C,

3) A+0=4.

Onpenenenue 4. [Iponssenenne Matpuubl A=(a; ) Ha uncno )\ (nim, BCE
PaBHO, YKMCla A Ha MAaTpUIly A ) HasbiBaeTcst Matpuua C=(i-a;), T.c. Bee due-

MEHTBI KOTOPOU IOJYyYE€Hbl U3 COOTBETCTBYIOIINX JJIEMEHTOB YMHOXEHHEM Ha
YUCIO0 A.
IIpumep.
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(1 2 3}2_(2 4 6]

56 7 10 12 14

N3 onpenenenns 04eBUIHBI CBOKWCTBA:!

1) 1-4=4,

2) 0-4=0,

3) A-(u-A4)=ud,

4) (A+p)d=2r4+pd,

5) MA+B)=A4+)B.

OnpenenuM yMHOXEHUE IBYX MaTpull. IIycTh JaHbl MaTpHIIbI A:(al.j)

mn

151 B=(bl.j )pq. [Ipuyem, mycTh YKCIO CTOJOIOB MaTpULbl 4 PaBHO YUCIY CTPOK

MaTpulbl B, Te. n=p.

ayp ap Ay by by, .. blq
a A, ... a b,y by, .. b
A= 21 22 2n U B= q
) Ann bpl bP2 bP‘I
Onpenenenne 5. [IponsBeneHneM mMaTpull 4 U B Ha3bIBAC€TCS MaTpULA
cll c12 cee clq
021 C22 cee C2q
C= (c,.j):
Cui Cma - Cmyg

TUTIA m x q , KAKIBIA JIIEMEHT KOTOPOH MOJIydaeTcsi Kak cymma Mpou3Be-
JICHUI AJIEMEHTOB i -OM CTPOKH MAaTpHIbl 4 Ha COOTBETCTBYIOIIUE 3JIEMEHTHI
j-0ro cToJsbia MaTpUIIbI B: c;=ayb; +anb,; +..+a,b,
(i=12,...,mj=12,..4q).

W3 onpenenenus cienyeT, YTO KBaJAPAaTHBIE MATPULIbI MOKHO MEPEMHO-
YKaTh JIMILIB OJHOTO MOPSIKA.

[Tpumep.
2 —1
3 2 81 1 -3
A= . B= . C=A-B?
1 -4 0 3 0 1
301
oo 3:2+2-1+8:0+1:3 —-3-1-6+8+1) (11 0
a 2-4+0+9 ~1+12+0+3 ) |7 14)

CropaBe1yiMBbI CBOMCTBA:
1) 4-(B-C)=(4-B)-C,
2) A-(4-B)=(1-4)-B,
3) (4+B)-C=4C+BC,
4) C(4+B)=CA+CB.

[IpousBenenue IByX MaTpull HE 00JIaJlaeT MEPEMECTUTEIbHBIM CBOM-
CTBOM, T.€. A-B#B-A4.
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IIpumep.
1 2 5 6
A= y B= .
RN
19 22 23 34
B= y B-A= .A-B#B-A4.
(43 50} (31 46}

bonee TOro, MOXXCT 6I>ITI>, 4TO IIPOU3BCACHUC A4 - B CYLICCTBYCT, 4 B-A HE
HUMECCT AaXXE CMBbICJIA.

[Tpumep.
1 00
1 2 3 1 2 3
o2 afo 1oLl 22)
0 0 1

B- A HE CyNIECTBYET, TaK KaK YHMCIIO CTOJIONOB B B OOJBIIE YUCIA CTPOK
B A.

Ecnmu 4-B=B-A4, TO MaTpullbl 4 U B Ha3bIBAIOTCS MIEPECTAHOBOYHBIMU
WM KOMMYTaTUBHbIMH. Hampumep, equHUYHAass MaTpulla E TMEPECTAaHOBOYHA C
100011 KBaJpaTHOW MATPUIIEH TOTO K€ MopsiiKa. 4-E=E-A=A, T.e. E UTpaeT
POJIb €AMHULIBI TP YMHOKEHUH.

Omnpenenenue 6. OOpaTHON MaTpHUIICH 110 OTHOIIIEHUIO K JaHHON Ha3bIBa-
eTCsl MaTpulla, KoTopas OyJIy4d YMHOXXEHHOM cIipaBa (WM CJ€Ba) Ha JIAHHYIO
MaTpHuily, Ja€T EAUHUYHYIO MaTPUILY.

Marpuity, 0OpaTHYIO K MaTpuile 4, 06o3Ha4daroT 4~ . [lo ompeneneHuro
A4-A"=4"-A=E.

Omnpenenenue 7. Martpuiia Ha3bIBaeTCsl HEOCOOCHHOM, ecnu: 1) oHa KBa-
paTHasi; 2) ee ONpeaeanuTeNb OTIIMYEH OT HYJIS.

CnpaBennuBa teopema. Beskas HeocoOeHHasi MaTpuila UMEET 0OpaTHYIO
MaTpuIry (03 J0Ka3aTelbCTBa).

[IpakTuuecku, eciiv JaHa HEOCOOEHHAsl MaTpULIA

a, 4an ... a, a, ... 4ap
) Ay an Ay
ﬂ A21 Anl
A A A
) A12 A22 An2
A=A A A ]
Aln A2n Ann
A A A

rae A; (i j=1,2..n) ecTh anredpandecKue JOTMOIHEHH (MHHODPBI CO 3Ha-
KaMH) COOTBETCTBYIOIIUX 3IEMEHTOB a;. CIelyeT 3aMeTUTh, YTO IIPH COCTAB-

JIEHUW MATpUIBl A~ ajareOpandyecKue JOIMOJIHEHHUS Ul dJEMEHTOB i -0 CTpO-
KU MATPHILI 4 3alMCHIBAIOTCA B i -OM CTOJOLE MAaTpHibl 4~ (TpaHCIIOHHPY-
I0TCS).

[Tpumep.

55



1 2 3
Jlnst MaTpuiel A=|2 4 5| Haittu oOpaTHyO 4.

3 56

3
Onpenenurens A,=2 4 5/=-1#0, T.C. A HEOCOOEHHAas.
-1 3 =2
-1 -1 -1| (1 -3 2
/S (U R R U O

:5 _11 - 2 -1 0
oo !

Oka3bpIBalOTCs CPaBEIMBBI CBOWCTBA!
1) Onpenenurens 0OpaTHOM MaTPHIBI paBEH OOpATHOM BEIUYMHE OIpe-
JETUTENS NCXOAHON MaTPULIBIL.

2) OOpaTHasi MaTpWIla MPOU3BEACHHS paBHA IPOW3BEICHUIO OOpPATHBIX
MaTpHUIl COMHOXKHUTEIJICH, B3ITOMY B OOPATHOM ITOPSIJIKE.

(4-B) ' =B 4

Panr maTpuiist

[Tycth nana npsitMoyroJibHas MaTpuUIla

Ecnu B Hell BLIOPATh MPOM3BOJILHO k CTONOIOB U k ¢TPOK (k < min(m,n)),
TO DJEMEHTHI, CTOSAIIME Ha MEPECCUYCHUH ITHX CTPOK M CTOJIOIIOB, 0Opa3yroT
KBaJpaTHYIO MaTpHIly Hopsaka k. OmnpeaenuTens dTOW MaTpPUIbl HAa3bIBACTCS
MHHOPOM K-ro TIOpsiika MaTpHIIbl A .

Onpenenenne 1. Panrom Matpunbl 4 Ha3bIBAETCS MAKCHUMAJBHBIN MOPSI-
JOK MUHOpA MaTPHIIbI, OTIIMYHOTO OT HYJISL, T.€. 4 UMEET PaHT r , €CIU

1) HalieTcs XOTh OJJMH MUHOP B A TIOPSAKA 7, OTJIMYHBIA OT HYJIS;

2) Bce MUHOpBI Topsiika  +1 ¥ Bbiie paBHbl 0. CUMBOJIHYECKU 0003HA-
4alT R,. MUHOp nopsijka r Ha3bIBaeTCs 0A3MCHBIM MUHOPOM MaTpuIbl. Mart-

pHIla MOKET UMETh M HECKOJIBKO 0a3MCHBIX MUHOPOB, HO OHU BCE UMEIOT OJIH-
HAKOBBIU MOPSI/IOK 7 =R, 4.

IIpakTHYECKU BBIUMCIISIIOT MUHOPBI C NIEPBOIO MOPSAAKA U BBILIE II0 IIO-
panxky. Eciu HaliieH MUHOD -0ro mopsiika HEpaBHbBIM HYJIIO, TO OKa3bIBACTCS
JIOCTaTOYHO BBIYMCIIUTH JIMIIb MUHOPBI r+1 NOpPsAKa, coaepxamue ero. Eciau
OHU PAaBHBI HYJIIO BCE, TO PAHI MaTpULbl paBeH r. ECiau XOTh OAMH HE paBeH
HYJII0, TO OIIEPALUIO IPUMEHSIOT K HEMY.

[Tpumep.
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A=

S O =
S Dn DN
S N W
S N b

Ectp MuHOpSHI 1-0T0 M 2-0T0 MOPSAIKOB HEPABHbBIE HYJIO. A BCE TPETHETO
— paBHBI HYJIIO, TaK KaK COJEPKAT CTPOKY U3 HyJeH. 3HAYHT, r, =2.

OpnHako npsiMoe BBIYMCICHUE MUHOPOB MaTpPHIIbl OUYeHb Tpyaoemko. [1o-
TOMY MATPHILy MIPEeABAPUTEIHHO IPEOOPa3yIoT.

Omnpenenenue 2. [loa anemeHTapHbIM IPeO0Opa30BaHUEM MATPUIILI TOHU-
MAIOT CJIEYIOIINE OTepalliu:

1) yMHOKEHHE KaKOW-I100 CTPOKH (CTOJIOIa) MATPUIIBI HA YHCIIO HEpaB-
HO€ HYJIIO;

2) mpubaBJicHUE K AJIEMEHTaM KaKOW-THO0 CTPOKH (CTOJIOIA) MATPHUIIBI
COOTBETCTBYIOIIMX 3JIEMEHTOB JPYroil CTPOKH (CTOJI0IA), YMHOKEHHBIX Ha OJI-
HO U TO € YUCJIO;

3) mepecTaHOBKa JBYX CTPOK (JABYX CTOJIOIIOB) MaTPHIIBI.

CrnpasemyiuBa teopema. [Ipu aneMeHTapHOM MpeoOpa3oBaHUM PaHT MaT-
PHIIBI HE MEHSIETCS.

OTy TeopeMy MCHONb3YIOT AJI MPAKTUYECKOTO BBIYMCIICHUSI paHra MaT-
punpl. CraparoTcsi cHavyajia mpeoOpa3oBaTh MATPUIY TaK, YTOOBI B HEH OBLIO
noOoJIbllIe HyJEH, a 3aTeM yXKe ONpPEAEIAIOT PaHr.

JIOBOJIBHO YacTO TPU STOM MaTpHIla 4 TPUBOJIUTCS K BUILY
I ¢, ¢35 . . . q

0 1 ¢y .. o

o o0 .. 0 O .. 0
OTa MaTpula Ha3bIBAECTCS TPAIICLIMEBUIHOM.
Hanpuwmep.

1 2 3 4
A=0 1 2 3
0 0 0O

Ectb TpaneuueBuanas. Kak BuauMm, €€ paHr JErkKo BIUUCISETCS r=2.
TpeyrosibHas MaTpuLa

l a b ¢
0 1 d el YaCTHBIM Clly4ad TpaneLUueBUIHOM. (1 a b cj TOXE
00 1 f 01 d e
0 0 0 1
TpalneureByIHasl.

OxkasbiBaeTcs 00YI0 MaTpUIly 4 TPHU MMOMOIIHM AJIEMEHTapHbBIX Tpeoldpa-
30BaHUN HAJ| CTPOUYKAMHU M MEPECTAaHOBOK CTOJIOIIOB MOXKHO CJI€JIaTh Tpameue-
BHUJTHOM.
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IIpumep.
1 2 3 1 2 3 1 2 3 1
2 4 5|0 0 -1|—>(0 0 -1|—>

2 3
01—
3 5 4 0 -1 -5 0 -1 0 1 0

[ R
S = W
—_ O N
~N
Il
W

0
0

MaTpunyHbIN MeTOA peLleHUs CUCTEM JIMHEUHbIX YPaBHEHUN.
MeTtop Naycca peweHus cuctem
MaTpu4dHbIA METOJT PEIIEHHUS CUCTEM JIMHEUHBIX YPaBHEHUHN
IlycTh naHa cucteMa n JTMHEHWHBIX YPABHEHHUM C n HEU3BECTHBIMU.
a; X, +a;,x, +...+a;,x, =b

ay X, + ayoXy +...+ay,x, =b,

(1)
A, X, +a,,x, +..+a,,x, =b,
an Ay ... 4y,
O6oznaumm A=| 2“2 7 | \arpumny w3 kosddummenToB, Yepes
a, 4a,, .. a,,
b, X
= | b I )
b= MaTpHIly-CTON0CIl CBOOOAHBIX HWICHOB, Yepe3 x= MaTpHILy-
bn xn
cTOJIOEl U3 HeU3BECTHBIX. Torna cucrema (1) KpaTKo MOKET OBbITh 3alMCaHa B
BHJIE MATPUYHOTO YpaBHEHUS Ax=b . (2)
a, .. a
[Tycts MaTpunia 4 HeocoOeHHas, T.e. A, =|.. .. ..|#0. Torma cyme-

a, .. nn

CTByeT 0OpaTHas MaTpuma 4~ .
VMHOKUM 00€ 4acTH ypaBHEHUs (2) clieBa Ha MaTpUIly A, IOIyduM

A Ax=A""b wmm x=A4"-b 3),
YTO U JaeT pelieHre cucteMsl (1).
[Tpumep.

Pemuth cucremy ypaBHEHUM:
3x, —x, =5
—2x, +x, +x3=0
2x; —x, +4x, =15
Pemenne.
3anuinem cucteMy B MaTpu4yHOU opme.
-3 -1 0\ (x) (5
-2 1 1||x,|=|0
2 -1 4)\x,) Us
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Onpenenurens

-3 -1 0
A=-2 1 1|=5#0
2 -1 4
41
5
BelunciuM — oOpatHyro Mmarpuiy A7': A7 =|2 % -5 | orciona
o L 1
6 5
41
" o3[
5 5
X, 0 11 15 3
5 5

3HAUUT: x, =2, x, =1, x3 =3,

3ameuanue. HetpyaHo BuaeTh, 4To MarpuyHas Gopmyina (3) MOKeET ObITh

Axl sz Axn
3anucaHa B BUe n Gopmyn x, = AT T M= ®opmynbl Kpame-
pa. 3mech Ax, TOJy4aercs U3 A 3aMeHO# K-ro crondia cToiadioM cBOOOIHBIX
bl
b2
YJICHOB .
b

n
Merton ["aycca pemenus cucrem
Pemienne cucteM JIMHEWHBIX YpaBHEHUW METOJAOM OOpaTHON MAaTpHULIbI

wim 1o popmynam Kpamepa yn00HO npu HanMuuu HEOOJBIIIOTO YUCa ypaBHE-

HUM, ¥ KOT/Ia YMCJIO YPABHEHUIN U HEU3BECTHBIX COBMAIAcT. Ecnu ke ux MHOTO,

WA KOJWYECTBA HE COBMNAIANOT, HY)KHO CUMTATh MHOTO ONPENECIUTENIEN, YTO

TPYJOEMKO. YJI00HEe OKa3bIBAETCS METO[ IMOCJIEAO0BATENIBHOIO HCKIIOUYEHUS

HEU3BECTHBIX.

IIycts naHa nmpou3BOJIbHASA CUCTEMA m JIMHEWHBIX YPAaBHEHUM C n HEU3-

BECTHBIMU:

a, X, +a;x, +...+a,x, =b,
Ay X+ AypXy +...+ay,%, =D,

1)

Ay X, + Ao Xy +...4a,,,x, =b,

a  ap ay,
a a
21 22 2n
Marpuna 4= ,
aml amZ amn
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COCTaBJICHHAas U3 KO3(PPUIIMEHTOB MPU HEU3BECTHBIX, HA3BIBACTCS MaT-
putieit cuctemsl (1).

a, a, .. a, b

Ay, Ay ... Gy, b
Marpuua B = " .

A, Ay -y, b,

HoJTyyaromasics u3 4 J00aBJIE€HUEM CTOJOLa CBOOOJIHBIX YWIEHOB, Ha3bl-
BAETCSl paCUIMPEHHON MaTpuilel cuctemsl (1).

Matpuua B, 04€BHIHO, BIIOJIHE onpeneiseT cucremy (1).

Omnpenenenne 1. [lox snemeHTapHBIMU TTPEOOPA3OBAHUSIMHU CUCTEMBI JIH-
HEIHBIX YpaBHEHUI OHUMAIOTCS CIIEAYIOLINE ONEPaLUU:

1) yMHOXEHHE KaKoro-11u00 YpaBHEHHS CHUCTEMbI Ha YHCIIO HEPaBHOE HY-
JIO;

2) mpubaBIieHUE K OJHOMY YPaBHEHHIO JPYrOro YpaBHEHUS, YMHOKEHHO-
ro Ha MPOU3BOJILHOE YHCIIO;

3) nepeMeHa MecTaMH JIByX YPaBHCHUU B CHCTEME.

Jlenasi aneMeHTapHoe ImpeoOpa3oBaHUE B CUCTEME, TIOJy4yaeM HOBYIO CH-
cremy. [Ipu aTOM KaxgOoMy mpeoOpa30BaHUIO0 CUCTEMBI COOTBETCTBYET TaKOE XKe
npeoOpa3oBaHME HaJ CTPOYKAMU PACHIMPEHHONM MaTpuilbl B U, OYEBHUJHO,
Hao00OPOT.

Pemennem cuctemsl (1) Ha3biBaeTcs J1t00asi COBOKYIHOCTh 3HAYEHUI He-
M3BECTHBIX (x,,X,,...,x, ), KOTOpas YAOBJETBOPAECT KaXKIOMY YPaBHEHHUIO CHUCTE-

MBI.

Onpenenenne 2. J[B€ CHCTEMBI JTUHEWHBIX YPABHEHUN OT OJJTHUX U TEX KeE
HEU3BECTHBIX HA3BIBAIOTCS PABHOCWIBHBIMU (IPKBUBAJICHTHBIMM),ECITU KaX0€
pElIeHNE OJJHOM U3 HUX SIBIISIETCA PEUIEHUEM APYTror U HA00OPOT.

Ecnu 3HaeM pelieHusi OOHOM W3 PAaBHOCHIIBHBIX CHCTEM, TO MBI 3HAEM
petenue u apyroi. [loaromy pemarot Ty, 4to npoie. OCHOBOM MPAKTUUECKOTO
pELIEHNs CUCTEM SABIISIETCA TEOPEMA.

Teopema. Ilpu anemeHTapHBIX MPeoOpa3oBaHUSIX CUCTEMA MEPEXOIUT B
PAaBHOCWIBHYIO CUCTEMY.

[Ipy mnomolM 3JIEMEHTApHBIX MPEeOOpPa30BaHUN MOXKHO 3HAUUTEIBHO
YOPOCTUTH 3aJaHHYIO CUCTEMY. PElIMB yNpOIIEHHYIO, MBI, COIVIACHO TEOPEME,
HalJIeM pEIICHUS UCXOAHOW. YTpOIIeHUs JOOMBAIOTCA Pa3HBIMHU CIIOCOOaMHU.
Hau6Gonee pacnpocrpanen meton ["aycca. [Ipu momMoru snemMeHTapHbIX Mpeoo-
pa30BaHMUIl CUCTEMY CBOJST K TaKOMY BHJY, YTOOBI ee MaTpuia KoshduiueH-
TOB OKa3aJlaCh TpamnerMeBUIHON WM OMU3KOM K TakoBOoW. MHOrma mmis 3TOro
MIPUXOJUTCS MEHSTh HyMEPALMIO HEU3BECTHBIX, T.€. B MAaTpPHUIIE MEPECTABIATH
cTonO1el. Kora ke maTpuiia CUCTeMbl CTajia TPanelueBUIHON, YKE HETPYIHO
pELNTh BONPOC O COBMECTHOCTH CHUCTEMBI, O YMCIIE PEIICHUN W HAWTH CaMU
pemieHus. Tak Kak KaXI0My 3JIEMEHTapHOMY MPEoOPa30BaHUIO CUCTEMBI COOT-
BETCTBYET 3JIEMEHTApHOE NpeoOpa3oBaHKe HAJl CTPOUYKAMU PACIIMPEHHON MaT-
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PHIIBI 3TOM CUCTEMBI M1 HA0OOPOT, TO MOKHO BMECTO CaMOil CUCTEMBI ONEPUPO-
BaTh C PACIIMPEHHOU MATPULIEH CUCTEMBI.
ITpumep.
Peuuts cucremy
X +2xy +3x3—2x, =1
2x; =Xy —2x3=3x, =2
3 +2x, —x;+2x, =5
2x, = 3x, +2x3+x, =11
CocTaBUM pacIIMPEHHYI0 MATPUILy U AJIEMEHTapHbBIMU MPeoOpa3oBaHus-
MH HaJl CTPOYKaMHU YIIPOCTUM €€.

I 2 3 -2 1 1 2 3 -2 1 I 2 3 -2 1
2 -1 -2 -3 2 0 -5 -8 1 0 o 1 -2 7 -8
— -

3 2 -1 2 =5 0 -4 -10 8 -8 0 -4 -10 8 -8
2 -3 2 I 11 0 -7 -4 5 9 0 -7 -4 5 9
1 2 3 =2 1 1 2 3 =2 1

o1 -2 7 =8 o1 -2 7 =8
— -

0 0 —-18 36 -40 0 0 —-18 36 -40

0 0 —18 54 -—-47 0 0 0 18 =7

N3 3-eit CTPOYKH BBIYTCM 4-}7[0 N N3MCHHM 3HAK Ha HpOTHBOHOHO)KHBIﬁ.
3amaHHas cUCTEMa paBHOCHIIbHA, TAKMM 00pa3oM, CUCTEME

X +2xy +3x;—2x, =1

Xy —2xy+7x4 =8

—18x; +36x, =—40

Ortcroza yxe Jerko HauJiem
o’ 9 187 3

Ncnonb3yst MaTpuiibl 4 1 B CUCTEMBI, HETPYAHO 1aTh YCIOBUE COBMECT-
HOCTHU CHUCTEMBI, T.€. TOTO ClIydasi, KOTrjia CUCTEMa UMEET peIleHue.

Teopema Kponekepa-Komemau. [[ns Toro, 4roObl cucTemMa JTUHEHHBIX
ypaBHEHHI HMena penieHue (Oblia COBMECTHA), HEOOXOAUMO M JOCTAaTOYHO,
yTOOBI PaHT MATPHUIIBI ATOM CHCTEMBI ObUT PABEH PAHTy €€ pacIIupeHHON MaT-
pULBL, T.€. YTOOBI 1, =ry.

O KonMuecTBe pelIeHUH MTPU ’TOM TOBOPHUT JIpyTasi TEOpema.

Teopema (o uucne pemeHuit). IlycTb cucrema JTUHEWHBIX YpaBHEHUU
COBMECTHA, TOT/Ia, €CJIM PaHl MATPHUIbl CUCTEMbl PABEH YHUCIY HEU3BECTHBIX
(r,=n), TO cucTeMa MMEET SIMHCTBCHHOE PEUICHHE, €CIIM PAaHT MaTPHIIbl CHU-
CTeMbl MEHbIIE YKCIa HEM3BECTHBIX (7, <n), TO CUCTEMa MMEET OECKOHEUHO
MHOT'O pELIEHUH, a UMEHHO: HEKOTOPBIM 7 —r, HEU3BECTHBIM MOXHO MPHUAAThH
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IIPOU3BOJIBHBIC 3HAYCHUA, TOI'Jd OCTABIIHCCS r, HCU3BCCTHBIX OIPCACIIAIOTCIA
YK€ CAMHCTBCHHBIM O6p330M.

4-plii cemecTp

JAuddepeHunaibHbie YPABHCHUS

HuddepeHnnanbubie ypaBHEHUS, B KOTOPBIX MEPEMEHHBIE MOXHO pasjie-
JIUTh MOCPEACTBOM YMHOKEHHS 00€MX YacTeil ypaBHEHUS HA OJTHO U TO K€ BbI-

pakeHHe, Ha3bIBAIOT U] PepeHInaIbHbIMUA YPABHEHUSMU C Pa30eaaiouuMucs

nepemMeHHbIMU:
dy _ fa(x)
—=——<— f(y)dy = fy(x)dx, (1)
dX f1(Y) 1( ) 2( )
win B tuddepeHmansHoi popme
fi(x)- fo(y)dx+ f3(x) f4(y)dy=0. (2)

Paznenum 06e yactu ypaBHeHus (2) Ha nmpou3BeeHNE QyHKIIAN
f2(y) f3(x)

f(x) dx + f4(y)dy:O (2"

f3(x)  fa(y)

U, MI0CJI€ UHTErPUPOBAHUS, TOJy4YUM OOLIMI UHTErpan (oluiee perieHne) ypas-

HCHMUA:

jfl(x)dx+j:48)dy=c.

fa(x) )

[Tpu nenennu Ha fz(y) f3(X) MOJKET TIPOU30UTH TIOTEPS HEKOTOPHIX YaCT-
HbIX pemenuil. I[lycTs, Hapumep, npu Yy =Y, UMeeM fz(YO) =0, Torna ¢pyHK-
st Y =Yg sBIsieTcs pemenneM ypaBHeHus (2'), T.x. dy =dyy =0. Pemenunem

MOJKeT TaKxKe ObITh QyHKLUs X = Xg, ecin f3(Xg)=0.
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Ilpumep. Haittu 061muit uaTerpan auddepeHnaibHOr0 YpaBHEHUS IEPBOTO

opsiIKa x(y+1)dx—(x2 +1) ydy =0.

Pewenue:
Jannoe nuddepeHnnanbHOe ypaBHEHUE SBISETCS YpPaBHEHHEM C pa3feisiio-

HIUMUCS IIEPEMCHHBIMH, IpUIeM fi(X)=%x; fL(y)=y+1

f3(x) = X2 +1; f,(y) =—y. Pa3nenum obe yacTu ypaBHEHHS Ha IPOU3BEICHUE

fo(y) f3(x)=(y+1)(x2 +l)

H IIOJIy4YUM

xdx  ydy
5~ =0.
x“+1 y+1

[IpounHTerpupyem nociaeaHee paBeHCTBO

xadx
J‘xz +1_I[1_y—ﬂjdy <

WCIIOJIB3YS MOJIBEACHUE 101 3HAK nud depeHImana

d(x +1)

J‘ 2

1
_Idy+j yy++1 =C,

NOJIy4rM 00U uHTEerpain AuddepeHnanbHOr0 ypaBHEHUS
Lo1y2
EIn‘x +1‘— y+Inly+1=

I1pu nenennu Ha f, (y) =Y +1 norepsiHo yacTHoOe peuieHue: Y =—1.

HuddepenunanbHoe ypaBHEHUE TIEPBOTO MOPsJIKa

y'+p(x)y=0a(x), 3)
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JUHEMHOE OTHOCUTENIbHO MCKOMOW (PYHKUMU W €€ MPOU3BOAHOM, HA3BIBACTCS
JIUHEUHBIM.

VYpaBHeHue (3) CBOAUTCS K JIBYM YPAaBHEHUSAM C pa3JeiIAIOMIMMUCS Iepe-
MEHHBIMH CJICIYIOIIUM 00pa3oM. 3amuiieM UCKOMyo ¢yHKmutoo Y(X) B BUie
MPOU3BEACHUS ABYX (PYHKIHM: Y = u(x)-v(x). OnHa u3 3TUX QYHKIHA MOXKET

ObITh aOCOJIOTHO MPOU3BOJIBHOM, a BTOpasi OMpPENEIseTCs] B 3aBUCHUMOCTH OT
MIEPBOH TaK, YTOOBI UX MTPOU3BEICHNUE YAOBIECTBOPSIIO ypaBHEHUIO (3).

W3 paBencTBa Y =U-V HaxoauMm Y =U'-V+U-V'. Toraa B COOTBETCTBHUE C
(3) mmeem UV+UV' + p(x)uv=0q(x) wm uv+u(V + p(x)v)=q(x). Beibepem

B KadecTBe V(X) KaKoe-HUOY/b YaCTHOE PEIICHUE YPaBHECHUS

V'+ p(x)v=0, (4)
TOrAa IJId OTbICKaHUA U(X) IMIOJIyYUM YpPaBHCHHC
u'v=q(x). (5)
Haiinem V(X), pasznensisi mepeMeHHbIC B (4):
dv_ —p(x)dx, orkyza Inv = —j p(x)dx u v :e_I P(X)gix .
v

3nas V(X), Haiigem U(X) u3 ypaBHeHus (5):

%v:q(x) = du:ejp(x)dxq(x)dx,mmau:jq(x)ejp(x)dxdx+c.

OO1iee pernieHue JIMHEHHOTO YpaBHEeHHS (3) UMEET BUJT

y=uv= eI PO Uq (X)eI POy C} :

Ilpumep. Haiitu obmiee pemenue audhepeHnaaIbHOTO ypaB-

HEHMsI TiepBoOro mopsiaka y' —2y=1.
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Pewenue.
3anunieM uCKoMyto GyHKIH0 Y(X) B BUIIE IPOU3BEACHUS ABYX (PYHKITHIL:
y=u(x)-v(x), torma y'=u"-v+u-v,
H IOACTAaBUM ITIOJTYYCHHBIC BBIPAKCHUS B 3a/ITaHHOC YPABHCHUC
u'v+uv'—2uv=1.
Brraecem 3a ckoOku U(X)
uv+u(v —2v)=1
Y, IPUPABHUBASA K HYJIIO BBIPAKEHHUE B CKOOKAax, MOJYYMM M PELIUM JIBa IUP-

(dbepeHIaNbHBIX YPAaBHEHUS C PA3ICIISIONIMMUCS TEPEMEHHBIMU:

vV —2v=0 uv=1

du
N _ —e=1
\Vi dx
Inv = 2x du = e ?Xdx
v =e2X u :_[e‘zxdx,

1 -2X 1 —-2X
u=-=|e**d(-2x)=—=e ¥ +C
2I 20=-73

3anuiieM oOliee pemeHue 3aAaHHoro auddepeHnuanbHOro ypaBHEHUS B

BUJIE

y:uv=(—%e‘zx +CJ-92X, win Y = —%+Ce2x.

JuddepennmranbHoe ypaBHEHUE BUIA
y'+agy +ayy="f(x) (6)
Ha3bIBAETCSI HEOJHOPOJHBIM JIMHEHHBIM ypaBHEHHUEM BTOPOrO MOpsAJKa C MO-

CTOSIHHBIMH KO3 PUIIMEHTAMU &) U 3, .
OGimee perreHre 3TOro ypaBHeHuss Y=Y+ Y, rae Y— obliiee penieHue co-

OTBETCTBYIOILIETO OJHOPOJHOTO YPaBHEHHS; Y — YACTHOE PEIICHHE YpaBHEHHS

(6). AudbdepennnanbHoe ypaBHEHUE

y'+ay' +ay=0 (7)
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SBJIIETCSI OJHOPOJTHBIM ¥ HA3bIBAETCS COOTBETCTBYIOIIMM HEOIHOPOTHOMY
ypaBHeHHto (6). OOlee penieHue OJHOPOAHOrO ypaBHeHHUs (7) HAXOHAST MO

KOPHSIM XapaKTEepUCTUYECKOTO YPaBHEHHUS
r2+a1r+a2 =0.
XapaKkTepucTHIECKOE YPaBHEHUE MOKET UMETh TPU CIIydasi Ul KOpHEH [ U I !
1) xopnu xapaxmepucmuuecko2o ypasHenus Oeucmeumenvuvie U pasiuy-
Hole: I #I,. B aToM citydae obuiee pemieHue ypaBHeHus (7) 3aluchiBa-
ercs B Bue y =Ce" +C,e?*, rne C,, C, —npou3BOBHEIE MOCTOSH-
HBIE;
2) KOpHU Xapakmepucmuuecko2o ypasHeHus: O0eliCmeumenvHvie U pasHble.
I =r,. B 3TOM cnydae obuiee pemeHue ypaBHeHus (7) 3alMChIBAETCS B
Buzie y =€ (C,+Cyx), rae C,, C, —Ipon3BOIBHBIC IOCTOSHHBIC;

3) KOPHU XAPAKMEPUCMUUECKO2O YPABHEHUA — KOMNIEKCHble CONPAIICEHHblE

uucna f,=ax fB-i, f#0. B otom ciyuae obuiee penieHne ypaBHEHHUs
(7) sammceBaercs B Buge Y =e%(C cosfx+C,sinBx), rme
C,, C, —1pou3BOJIbHBIE TOCTOSIHHBIE.

YacTHOE peleHre Y HEOIHOPOIHOIo ypaBHEHHs (6) MOXeT ObITh HaiIeHO

METOJZIOM HEOIPEICICHHBIX KO3()(PHUIIMEHTOB B 3aBUCHMOCTH OT BHA MPaBOM
yactu ypaBaenus T (X).

epeuuii ciyuaii. Tpasast uacts ypasaenus (6) umeer Bug f (x)=P(x)e™,

rjae P(X) — MHorowieH. Toraa ypaBHeHue (6) MeeT YaCTHOE pellieHrue BUaa
* k mx
y" =x"Q(x)e™, (8)
rae Q(X) — MOJIHBIM MHOTOWICH TOM K€ CTENEHU OT X, YTO P(X), HO C He-

ornpeeIeHHBIMU KodhpuimeHTamu;
k =0, ectu 9uciio M He SABISIETCA KOPHEM XapaKTEPUCTHUYECKOTO ypaBHE-

HUS;
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k = 1, eciu 4ucimo M sBISETCS MPOCTHIM KOPHEM XapaKTEPHUCTUYECKOTO
ypaBHEHUS;

K =2, ecu 9riciio M sIBIIIETCS TBYKPATHBIM KOPHEM XapaKTEPUCTUIECKOTO
ypaBHEHHUS.

[TpaBuno coxpanset cBoto cwry u ipu M = 0, koraa f(X)=P(X) — mHOTOUIIEH.

Heonpenenennsie k03(pPUIIMEHTH B MHOTOYJICHE Q(X) ONpENEAI0T NOA-
cTaHOBKOW (hyHKIHH (8) ¥ ee MPOU3BOAHBIX B ypaBHEHHE (6) ¢ TOCIEAYIOMNUM

NPUPABHUBAHUEM KO3((PUUMEHTOB NPU OAMHAKOBBIX CTEMEHAX X B 00eux ya-

CTAX YPaBHCHUS.

Ilpumep Haiitu yactHoe perienne nudhepeHuaibHOT0 YpaBHEHUS! BTOPOTO

IMopAAKa, YAOBJICTBOPAOIICC 3a1dHHBIM HaYaJIbHBIM YCJIOBUAM:

Y'=3y' =4y =4x-1 ¥, ,=2 V|, ,=3

Pewenue. XapaktepucTuueckoe ypaBHEHUE r2—3r—4=0 umeer 1Ba pas-

JINYHBIX e CTBUTEIBbHBIX KOPHSA n=-1r=4, CJICJIOBATEIILHO,

y=Ce *+ C2e4x. [TpaBas 9acTh ypaBHEHUS uMeeT BH/]I
f(x)=4x-1=(4x-1)-e™, rae M=0 u He ABILETCS KOPHEM XAPAKTEPHCTH-

4eckoro ypaBHeHms. Torma dvactHoe pemienne npu K=0 wmem B Bujie

"

y =x° (Ax+ B)-eo'X = Ax+ B, (y*), = A, (y*) =0. Tlocie TOICTAaHOBKH B
nuddepeHnaibHOe ypaBHEHUE TIOJTydaeM
0-3A—-4(Ax+B)=4x-1,
-3A-4Ax-4B=4x-1,
—4A-x+(-3A-4B)=4-x+(-1);
X' —4A=4; A=-1
x’: 3A-4B=-1 -4B=-1+3A=-4, B=1
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YactHbIM pemieHueM siBisercs Qyukmus Y = AX+B=-1-x+1=1-x. O6-

UM penteHueM sBasercs Gynkuus Y=y +Yy =Ce " + Cze4x —Xx+1.
Haiinem 3nauenune koHctaHT C;,C, W3 HayanbHbIX yclioBUH. [l 3TOTO
r_ —X 4x
onpeznenuM Yy =-Ce " +4Ce™" —1.
TOFI[a y‘X=0 :C1+C2 +1= 2, {Cl :0,
yl,_g=—Ci1+4C,-1=3, C,=1

W cKOMBIM YaCTHBIM pELIEHUEM ABIISIETCS QYHKUIUS Y = e —x+1.

Ilpumep Haiitu yactHoe perienne nudhepeHnaibHOT0 ypaBHEHUS BTOPOTO

IMopAAKa, YAOBJICTBOPAOIICC 3a1dHHBIM HaYaJIbHBIM YCJIOBUAM:

y” _4yr+4y :eZX’ y‘xzo — 2’ y/‘x=0 :3.

Pewenue. XapakTepucTUIeCKOe ypaBHEHUE r>—4r+4=0 nmeer JIBYKpaT-

HBIIl KOpeHb I} =2, CIIe0BATENIbHO, Y = e (Cl + CZX). [IpaBas yacTth ypaBHe-

Hus umeet Bug f (X) =e”, m=2 sBugercs nBykpaTHBIM (K =2) KopHEM Xxa-

PAKTCPUCTHUYCCKOI'O YPABHCHHUA, TOT' Jd YaCTHOC PCIICHUC UIIICM B BUJIC

!

v =x2- Ae?¥, (y*) =x?-2Ae?* +2x- Ae®* = 2Ae2"(x2 + x),
(y*)” = 4 Ae® (x2 + x) +2Ae™ (2x +1) = Ae* (4x2 +8X+ 2).

I[Tociie MOACTAaHOBKM Y ¥ ee NPOM3BOJHBIX B McXopHoe AuddepeHnuans-

HOC YPAaBHCHUC ITIOJTydacM

Aezx(4x2 +8X+ 2)—4-2Ae2x(x2 + x)+4Ae2X X2 =g,

Aezx(}l«%{+78x+278f‘(>8x+}|«%{):ezx,

2A62X — e2X,

2A=1, A:l.
2
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1
YacTHBIM pelieHHeM SBISeTCS PyHKIHA Y = Eezx X2,

OO61mum pelIeHneEM ABJISIETCS byHKIUA

y=y+Vy* :eZX(C1+C2x)+%e2X X2,

Haiinem 3nHauenue koHcTaHT C;,C, W3 HavyanbHBIX yclIOBUH. [l 3TOrO
OIIpEAEIIUM IIPOU3BOIHYIO
1 A2X 2X (2
y'=e“"(2C, +2Cox+Cy )+ (X" + x|,
U IOJIyYUM CHUCTEMY YPABHCHMM I OIPEICIICHHs 3HAYCHWN IPOM3BOJIBHBIX
KOHCTaHT
| =€e’.C;=2, C/=2
Yixz0=¢ *~1=4 W=
| _ a0 _ _
y ‘X:O =e’(2C,+C,)=3, C,=-1

. 1
VIcKOMBIM pelnerueM sisteTcs bynkms Y =Y +y* =e”(2-x)+ Eezx X2,

Teopust BeposiTHOCTEH

[Ipu kmaccuyeckoMm ONPENCIICHUU BepOsiMHOCHIb COOblmuUs ONPENEseTCs
PaBEHCTBOM

P(A)=m/n,
IJI€ M — YUCJIO0 DJIEMEHTAPHBIX UCXOJI0B UCIIBITAHUN, OJaronpUsSTCTBYIOIINX MO-
SIBJICHUIO COOBITUS A, n — 00IIee YUCIIO DJIEMEHTAPHBIX UCXO/I0B UCTIBITAHUS.
Yucnom couemanuii n3 | 2m1eMeHTOB 10 K HaA3BIBAIOT KOJIMYECTBO KOMOMHALINIA,
CoCTaBJICHHBIX M3 | 31eMeHTOB Mo K, KOTOpbIE OTIMYAIOTCS XOTS OBl OJHHM

yjieMeHTOM. UHnciio coueTanuim

cl=— "
(Y
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Ilpumep. B smuke umeercs 15 geraneit, uz kotopbix 10 okpameHHbsix. Coop-
MK HayJa4dy U3BJEKaeT Tpu AeTanu. HalTu BeposSTHOCTh TOT0, YTO U3BJICUYCH-

HBIC JCTAJIM OKAXYTCS OKPAIICHHBIMHU.

Pewenue:

a) 00IIIee YHCIIO BO3MOYKHBIX 3JIEMEHTAPHBIX MCXOJIOB UCIIBITAHUS PABHO YHUCITY
CIIOCOOOB, KOTOPBIMH MOXXHO H3BJIEUb TPU JETalu U3 ISATHAIIATH, TO €CTh
n=Cf;

0) YHCIIO HMCXOJOB, OJIArONMPHUSATCTBYIOIIUX HHTEPECYIONMIEMY HAc COOBITHIO,
pPaBHO YHCIIY CIIOCOOOB, KOTOPHIMHU MOKHO BBIOpATh TPU OKPAIICHHBIX JIETAIH
u3 10, To ectp M= C130;

B) MCKOMasl BEPOSTHOCTh paBHA OTHOIIEHUIO OOIIETrO YKCiIa UCXOJOB K YUCITY

6HaFOHpI/ISITHBIX HCXO0I40B

10!

m C) 3171 100121 71.8.9.10-121 24
p(A)=" =70 - BETL _ —27+0.26.
n c I 71150 A.121.13.14-15 91

312!

Ilpumep. B naptuu u3 10 geraneit umeercs 7 cranaapTHeix. Haynauy otobpa-
HBI 5 fetaneit. OnpenenuTs BEPOITHOCTh TOTO, YTO CPeIr OTOOpAHHBIX JIeTaei

POBHO TPH CTaHIAPTHBIX.

Pewenue:

a) o011ee 4uciI0 BO3MOKHBIX 3JIEMEHTAPHBIX UCXOI0B HCIBITAHUS PABHO YHUCITY
CHOCOO0B, KOTOPBIMH MOXXHO W3BJI€Yb MATh JeTaliel M3 JAECSITH, TO €CTb
n=Cp;

0) HaiiJIeM YUCII0 UCXO0/I0B, OIaronpUATCTBYIOIMIMX UHTEPECYIOLEMY Hac COObI-
TUIO (cpeau OTOOpaHHBIX MATH JETajeil POBHO TPU CTaHIAPTHHIE): TPU CTaH-
JIApTHBIE IETATH MOYXHO BHIOPATh M3 7 CTaHIApTHBIX jetaneii C5 crocobamu;

IpU 3TOM OCTajibHble (5—3=2) neranu NOTKHBI ObITh HECTAaHAAPTHBIMHU, KOTO-
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pble MOKHO BBIOpaTh U3 (10—7=3) HecTaHAApPTHBIX AeTaliel, MMEBIINXCS B Map-

TUH, Cf criocobamu. CreaoBaTeIbHO, YUCIO OJIArONPUATCTBYIONIUX HMCXO0B
_ 3 2.

m= C7 ° C3 )

B) UCKOMasi BEPOSATHOCTh PAaBHA OTHOLIEHWIO OOIIEro YMCia UCXOAOB K YHCITY

6J'IaI‘0HpI/I$ITHBIX HCXoa0B

73
m C3.-C5 31a1 2ty 7V5!5! A4 .5.51 51 3
n  Cch ! 2+4+10! 2.40-71.8.9.10 4.8:10 8

515!

BGPO}ITHOCTB COOBITHSA A, KOTOPOC MOKCT HACTYIIUTD JIWIIb IIPU ITOABJICHUU

OJJHOTO M3 HECOBMECTHBIX coObITMH (rumore3) Hi, H,,...,H,, obpa3syromux
IOJIHYIO TPYIIY, paBHA CyMM€ IIPOU3BEJCHUI BEPOATHOCTEH Ka)KIOW U3 TUIIO-
TE€3 Ha COOTBETCTBYIOIIYIO YCIIOBHYIO BEPOATHOCTb COOBITUS A

P(A)=P(Hy)- By (A +P(Hy) Py (A +....+P(H,)- By (A),
rne P(H,)+P(H,)+...+P(H,)=1.

[IpuBeneHnyto Gopmyy Ha3bIBAIOT OPMYN0U NOIHOU 8EPOSIMHOCHIU.

Ilpumep. Nmerorces Tpu naptuu aetaneit no 20 geranei B kaxaoun. Yucno
CTAaHJAPTHBIX JIETAIEN B IEPBOW, BTOPOM U TPETHEU MAPTHUAX COOTBETCTBEHHO
paBHo 20, 15, 10. I3 Haygady BbIOpaHHON MapTUU Hay/layy U3BJEUYEHA JI€Tallb.

HaiiTu BEpOosSITHOCTB TOT0, YTO OHA OKaXKETCA OpaKOBaHHOM.

Pewenue:
a) 0003HauuM uepe3 4 coObITHE — B3ATas JeTallb SIBIsSETCS OpakoBaHHOM. Moxk-

HO CJIeJaTh TPU MPEANOJIoKeHus (runoressl): H; — nerans BeiOpaHa U3 nepBoil
naptuu; H, — ngerans BbIOpaHa u3 BTOpoW maptuu; Hy — nerans BelOpaHa w3

TpeTber nmapTuu. I10CKONBKY 4KCIIO IeTaner BO BCEX TpexX MapTUsAX paBHO, Be-

POATHOCTHU T'MIIOTE3 paBHBI
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1
P(H1) =P(H2) =P(Hz) ==
0) yclioBHasi BEpOSITHOCTh TOT'O, YTO JICTalb Oy/eT OpaKOBaHHOM, €CIIM OHA B3S-

Ta u3 nepsoii napuu, By (A)=0; ycioBHas BepOSTHOCTb TOTO, YTO JeTalb Oy-

. . 5 1
zieT OpPaKOBaHHOM, ©CIIM OHA B3sTa U3 BTOPOH mapuu, By (A) =20 :Z; YCIIOB-

Hasg BCPOATHOCTL TOT'O, YTO ACTAJIb 6y,Z[€T 6paKOBaHHOI>'I, CCJIM OHa B34Ta U3 TPC-

. 10 1
Thell mapuu, Py (A)=—=—.
’ 20 2
B) UCKOMas BEPOSATHOCTh TOr0, YTO BhIOpaHHAs HayjAady JAeTalb sBIseTca Opa-
KOBAHHOM, HAXOAUTCS MO (pOpMyJie MTOJTHOKW BEPOSATHOCTH

11 11 1

P(A)=1-0+—-—+—-— :
3 34 32 4

BeposTHOCTH TOTO, YTO B HE3aBUCUMBIX HCIBITAHUSIX, B KOKIOM U3 KOTO-
PBIX BEPOSTHOCTH TosiBIieHUs coObiThs paBHa p (0 < p < 1), coObITHE HACTYIHT
poBHO K pa3 (0e3pa3nuyHO B KaKOH MMOCIIEOBATEIBHOCTH), OMPEICIISICTCS 110
gopmyne bepnynnu

P (k)=Cqp“a™™,
rie q=1—p — BEpOATHOCTH TOTO, YTO COOBITHE B KaKJIOM M3 HCTBITAHUN HE

ITOABHTCA.

Ilpumep. BeposTHOCTh BCXOXKECTH ceMsiH nuieHubl paBHa 0,9. KakoBa Bepo-

ATHOCTB TOT'O, YTO M3 YCTBIPEX MOCCAHHBIX CCMAH B30fI)1yT HC MCHEC TPCX.

Pewenue:
a) mycTh coObITHE A — U3 4 CeMsiH B30IAYT HE MEHEe TPeX CEeMsH; cOObITHE B —
u3 4 ceMsiH B3ouayT 3 ceMenu; coobiTue C — U3 4 ceMsiH B3oUayT 4 cemenu. [lo

TEOPEME CIIOKCHUA BGpOHTHOCTCﬁ

72




P(A)=P(B)+P(C).

0) BepositHOCTH coObITHIA B 11 C onpeaenum 1o ¢opmyie bepaymmu:

_ 4
P(B)=P,(3)=C}p°*q*™ =m-o,93 .(1-0,9)=0,2916,

P(C)=P,(4)=C;p*q**=0,9*=0,6561.
B) ickomas BepositHocTh P(A) =0,2916 +0,6561=0,9477 .

Eciau 4uciao noBTOPSIIOMIUXCS UCIBITAHUN BEJIUKO, TO ONPEACICHUE BEPOATHO-
ctu 1o ¢opmysie bepHyM 3aTpyIHEHO M3-3a TPOMO3JKOCTH BBIYMCIICHHUI. B
ATOM ClIy4ae IPUMEHSIOT MPUOTHUKEHHYIO (DOPMYITY, BBIPAKAIOIILYIO JIOKANbHYIO

meopemy Jlannaca:.

1

m '¢(X),

P (k) =

1
—-e 2 uX=

rae o(X) = Tor \/@ :

3naueHus QyHKIUH @(X) ONMPEACSIOTCS U3 TAOJIUIBI, PUBEACHHON B MIPHUIIO-

KEeHMH 1.
[Ipm manmeIx 3HAYEHUSIX BEPOSATHOCTH p s Beraucnenus P,(K) mpumenstort

ACUMIITOTHYECKYIO ghopmyny Ilyaccona

k
P. (k) z%-e—ﬂ, rae e=2,7182...; A=np.

Ota gopmyna ucnonbdyercs npu A <10, npudyem yeMm MeHbIE p U OOJbIIe 7,

TEM pe3yJbTaT TOUHEE.

Ilpumep. BeposTHOCTb BCXOKECTH CEMSIH MIIEHUIIbI paBHa (,9.
Haiitu BeposiTHOCTH TOrO, 4yTO M3 400 MOCEIHHBIX CEMSIH B30-

ayT 350 ceMsiH.

Pewenue.
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a) w3 ycmoBus 3amaunm  P=0,9,9=1-0,9=0,1,n=400;k =350. Torma

350-400:09 10 ..

~J400-09-01 6

0) u3 Tabmuiel B mprtoxeHnu 1 Haxoaum ¢(—1,67) = ¢(1,67) =0,0989;

B) HCKOMasi BEPOSITHOCTh PaBHA

P, (350) ~ .0,0989 ~ 0,0165.
i00(350) 400-0.9-0,1

Ilpumep. Cpenu cemsan nmeHunbl 0,02% copuskoB. KakoBa
BEPOSITHOCTh TOr0, YTO Mpu ciydaiiHoM oToope 10000 cemsH

Oyner oOHapyKeHO 6 CeMsIH COPHSIKOB?

Pewenue.
W3 ycnosus 3agaun P =0,0002; n=10000; k =6. Torma A =10000-0,0002=2.
Hckomast BEpOsITHOCTh paBHA

6
z e’ ﬁ01353 0,012.

6
Foooo (6) = 720

Ecan BCPOATHOCTDb HACTYIIJICHUA cOOBITHS A B Ka>XJ10M U3 7 HCIIBITAHUH T10-

CTOSIHHA U paBHa p, To BeposTHOCTh P, (K, <k <Kk,) toro, uto cobwitne 4 B Ta-
KUX MCTIBITAaHUSX HACTYNHUT He MeHee K; pa3 u He Oosee K, pas, onpexnemnsercs

1o WHTETpaabHOU Teopeme Jlamnaca hopmynoit:

X
P.(k <k <k,) j 24
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N

Oyukuus O(X) = e 2dt HasbBaercs ¢dyukiueit Jlammaca. B npuio-

O ey X

1
NV
eHuu 2 naHpl 3HadYeHHs 3Tod QyHkmuu aags 0<X<5. [Ipu X>5 dyHKIHS

®(x)=0,5. [Ipu oTpUIATENHHBIX 3HAYEHUSIX X B CHJIY HEYETHOCTH (DYHKIIMH

Jlanmaca ®(—X) = —D(X). Ucnonw3ys byukiuio Jlamnaca, nMeeM

P.(k <k <k,) ~ D(f) - D(ax).

Ilpumep IlpouieHT BCXOkeCTU ceMsH nueHusl paseH 90%. Haittu Beposit-

HOCTB TOTO, 4TO M3 500 nmocessHHbIX ceMsiH B30MayT OT 400 10 440 cemsH.

Pewenue.
a) m3 ycnmous 3apaun P=0,9;9=1-0,9=0,1; n=500; k; =400; k, =440.

Torna a:400_500'0’9 745" ,3—440_500'0’9~

J500-0,9-01 . /500-0,9-0,1

0) 13 Ta0IUIBI B NPUIIOKEHUH 2 HAXOIUM

®(~1,49) = —D(1,49) ~ —0,4319; d(~7,45) =—D(7,45) ~-0,5.

-1,49.

B) HCKOMasi BEPOSITHOCTh PaBHA

P,y (400 < k < 440) ~ ®(—1,49) — d(~7,45) =—0,4312+0,5=0,0681.

DMCerTHaﬂ Cﬂy‘-laﬁHaﬂ Benu4ynHa. 3aKoH pacnpeneneHus.
MaTemaTnyeckoe oxungaHue u Aaucnepcusa, X BblvncrnieHne m
cBOMCTBaA.
Onpenenenue 1. CiyyailHOM BEJIMYMHOW HA3bIBACTCS BEJIIMYMHA, NPUHU-
Maromiasi B pe3yJibTaTe OMbITa OJTHO M3 CBOMX BO3MOKHBIX 3HAYEHHM, IpUUYEM
3apaHee HEM3BECTHO, KAaKO€ UMEHHO.

Onpenenenue 2. CnydailHas BeIWYMHA HA3bIBACTCSA JIUCKPETHOM, €CIU
OHAa MPUHUMAET OT/AEJIbHBIC, U30JIMPOBAHHBIC BO3MOXHBIEC 3HAUEHUS C OIpe/Ie-
JICHHBIMU BEPOSITHOCTSIMH.

Onpenenenne 3.CnydaiiHash BEJIMYMHA HA3bIBACTCS HEMPEPBIBHOMW, €CIIA

MHOKECTBO €€ BO3MOXHBIX 3HAYCHUH LEJIMKOM 3aIlOJHIET HEKOTOPBIA KOHEU-
HBIN WU OECKOHEUHBIM MPOMEXKYTOK.

75




JIMCKpeTHBIE CITy4YaliHbIC BEJTUYUHBI.

JIns 3amaHus TUCKPETHOW CIIy4alHOM BEJIMYMHBI HY’KHO 3HATh €€ BO3-
MO>KHBIE€ 3HAUECHUS U BEPOSTHOCTH, C KOTOPBIMU IIPUHUMAIOTCS 3TH 3HAYECHUS.
CooTBeTCTBHE MEXIYy HUMH HA3bIBAECTCS 3aKOHOM paCHpENENICHHS CIy4alHOU
BeIMYMHBI. OH MOKET UMETh BUJ TaOJINLIbI, (POPMYJIBbI MM rpaduKa.

Tabnuma, B KOTOpPOIl MepeyurciieHbl BO3MOKHBIC 3HAUCHUS! JUCKPETHOU
CIIy4ailHOW BEJIMYMHBI U COOTBETCTBYIOIINE UM BEPOSTHOCTH, HA3BIBACTCS Ps-
JIOM pacIpeieineHus:

Xi X1 X2 Xn

Pi P1 P2 Pn

3aM€TI/IM, qTo CO6I>ITI/I€, 3aKJIIOYaromecccs B TOM, 4TO cnyqaﬁHa;I BCIINYU-
Ha IMMPUMCT OAHO M3 CBOUX BO3MOIKHBIX 3H3‘-I€HHI>1, ABJIACTCS JOCTOBCPHBIM, I10-

n(x)

sToMy Y. p; =1.
i=1

IIpumep. [IBa cTpeska nenaroT 10 OJHOMY BBICTpEIy 10 MUIIEHHU. Bepo-
ATHOCTHU UX NONAJAHUs TP OAHOM BBICTpENE paBHBI COOTBETCTBEHHO 0,6 1 0,7.
CocTaBUTH P pacHpeAciICHHs CIydYallHOM BEIMYMHBI X — YHCJIA MOIAJaHuN
MIOCJIE€ IBYX BBICTPEJIOB.

Pemienne. OueBunHo, yTo X MOXKET OpUHUMATH Tpu 3HaueHus: 0, 1 u 2.
WX BEpOSITHOCTU HaiiJIEHbl B MIPUMEPE, paCCMOTPEHHOM B jekuuu 3. CinenoBa-
TEJBHO, PSAJ PACIPEIEICHUS UMEET BUIL:

i [,12 |.,46 |,42

I'paduuecku 3akoH pacrpeneneHusl JUCKPETHON ClydailHOW BETUYUHBI
MOYKHO NPEACTABUTH B BUJIE MHOTOYTOJIbHUKA PACIpPENCIICHUs — JOMaHOU, CO-
eIUHSIONIEN TOUKH INIOCKOCTH ¢ KOOpAUHATaMH (X;, Pi).

A

X1 X2 X3 Xy Xs
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OyHKIMS pacupencIeHusl.

Onpenenenne 4. Oynxiueit pacnpenenenus F(X) ciydaiiHON BeIMYHUHBI
X Ha3bIBACTCSI BEPOSITHOCTh TOTO, YTO ClIydalHas BEJIMYHMHA IPUMET 3HAYCHHUE,
MEHBIIIEE X:

F(x)=p(X<Xx) (1)

CaoiicTBa GyHKIIUU paCIIpPEICIICHHUS.

1) 0 < F(X) < 1. JleficTBUTENBHO, TaK KaK (PYHKIHS pacrlpec/ICHuUs
MIPEACTABISIET COOOH BEPOSITHOCTH, OHA MOKET MPUHUMATh TOJBKO T€ 3HAUCHHSI,
KOTOpbIE€ TPUHUMAET BEPOSITHOCTb.

2) OyHKIUSA paclipeeNieHus ABIseTcs HeyObIBaroel QyHKIueH, To
ectb F(X2) > F(X1) mpu X2 > X1. D10 cieayeT u3 Toro, utoF(X2) = p(X < X2) = p(X
<X1) + p(X1 < X < X2) > F(Xy).

3) x"f_]oo F(x) =0, leo F(x)=1. B 4acTHOCTH, €CJIM BCE BO3MOKHBIC 3HA-

yeHus X Jiexart Ha uHTepBaiie [a, b], To F(X) = 0 npu x <a u F(X) = 1 pu x > D.
JeiictBuTensHo, X < 8 — coOBITHE HEBO3MOXKHOE, a X < b — mocToBepHoe.

4) BeposiTHOCTB TOTO, YTO CiTy4aiiHas BEJIMYUHA IPUMET 3HAUCHHUE U3
uHTEepBaia [a, b], paBHa pa3HOCTH 3HaYeHUH (DYHKIIMH pacIlpeaeiicHUus] Ha KOH-
1ax UHTEpBaJa:

p(a<X<b)=F(b)-F@).

CripaBeiTuBOCTb 3TOTO YTBEPHKICHUS CIEAYET U3 onpeaeiaeHus: QyHKIuu
pacripeneneHust (CM. CBOHCTBO 2).

JInst AMCKpETHOW Cy4aiiHOM BeNWYMHBI 3HaueHue F(X) B kaxmaol Touke
MIPEACTABISIET COOON CyMMY BEPOSTHOCTEH T€X €€ BO3MOJKHBIX 3HAYCHHH, KO-
TOpPbIE MEHBIIIE apryMeHTa (YYHKIIUH.

[Tpumep. Haitnem F(X) mist mpeaplayIero npuMepa:

0, x<0

012, 0<x<1
012+0,46=0,58, 1<x<2

0,58+0,42=1 x>2

CooTBeTCTBEHHO Tpaduk (YHKIIMU paclpe/iesieHUs] UMEET CTyleHYaThIN

F(x)=

BH]I:
A
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bunommansHOE PacpCaACIICHUC

BepHeMcs k cxeMe He3aBUCUMBIX UCIIBITAHUN M HAIEM 3aKOH pacipee-
JICHHsI CIIy4alHOM BeMMYMHBI X — YUCNA MOSBICHUN COOBITHA A B CepUH U3 I

ucneiTaHuil. Bo3amoxknsie 3HaueHus A: 0, 1, ..., m. CoOTBETCTBYIOIIUE UM BEPO-
SATHOCTH MO>KHO BBIYUCIHTH 1O (popmyiie beprymu:
k ~k —k
p(X =k)=Cfp“q" )

(P — BEpOSTHOCTDH MOSIBIICHUSI A B Ka)KJIOM UCTIBITAHHH).

Takoil 3akOH pacnpeleneHHs] Ha3blBalOT OMHOMMAIBHBIM, ITOCKOJIBKY
IPaByIO0 YacTh paBEHCTBA (2) MOXKHO paccMaTpuBaTh Kak OOIIMN YJieH pasiio-
xeHust ounoma Herotona:

(p+q)" =Crp"+C'p g +..+C,p“q" " +..+CJq".

[Ipumep. CocraBuM psl pacupeneneHus CIydaiHON BEIUYUHBI X — YUC-
Ja monajaHuil mpu 5 BBICTpENax, €Clii BEPOSITHOCTh MOMAIaHus IPU OJHOM BbI-
ctpene pasHa 0,8.

p(X=0) = 1-(0,2)°> = 0,00032; p(X=1) = 5:0,8:(0,2)* = 0,0064; p(X=2) =
10:(0,8)%:(0,2)® = 0,0512; p(X=3) = 10:(0,8)*(0,2)> = 0,2048; p(X=4) =
5:(0,8)*0,2 = 0,4096; p(X=5) = 1:(0,8)° = 0,32768. Taxum ob6pa3om, ps pac-
NpeesICHUs] UMEET BUJ:

x|0 1 2 3 4 5

p | 0.00032 | 0.0064 | 0.0512 | 0.2048 | 0.4096 | 0.32728

Pacnpenenenue Ilyaccona.

PaccmMoTpuM AUCKpETHYIO CIly4allHYX BENMYMHY X, NPUHHAMAIOLIYIO
TOJBKO IeNble HeoTpumaTeabHbie 3HadeHus (0, 1, 2,..., T,...), ociea0BaTeIb-
HOCTh KOTOPBIX HE OTpaHH4YeHa. Takas ciiydaiiHas BeJIMYMHA Ha3bIBACTCS pac-
npeaeiaeHHon no 3akony IlyaccoHa, eciii BEpOATHOCTh TOTO, YTO OHA IMPUMET
3Ha4YE€HUE T, BbIpaxkaeTcs PopMyJIo:

m

pX =m)="=c" (3)
m.

IZIe & — HEKOTOpas MOJIOKUTEIbHAS BEJIMYMHA, Ha3bIBacMas [apameTpoM
3akoHa IlyaccoHa.
[TokaxxeM, 4TO cyMMa BCEX BEPOSATHOCTEN paBHa |:

0 m

ip(X=m)=e’”za =e“-e" =1
m=0 ml

m=0 -

(vcmmosib30BaHO pasiiokenue B psaj Teiopa GyHkmu ).

PaccMoTpuM TunMuHYIO 3a7ady, IPUBOJAIIYIO0 K pactupenenenuto [lyac-
cona. Ilycts Ha ocu alcuucc ciayyailHBIM 00pa3oM pacHpeessIFOTCs TOYKH,
pUYEeM UX pacrpeesicHHE yIOBIET-BOPSET CICIYIOIUM YCIOBUSIM:
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1)  BeposATHOCTH MOMAJaHUS HEKOTOPOTO KOJIMYECTBA TOYEK HA OTpe-
30K JUTMHBI | 3aBUCHT TOJBKO OT JUTMHBI OTPE3Ka U HE 3aBUCHUT OT €r0 Pacroio-
YKEHUs Ha OCH (TO €CTh TOYKHM PaclpeaesieHbl C OJMHAKOBOM CpeJHEel IIOTHO-
CTBIO);

2)  TOYKH pacIpeAesSIOTCs HE3aBHCHMO JPYT OT JApyra (BepOsSTHOCTh
NIOTIaJIaHUsl KaKOT0-JIN0O Yncia TOYEK Ha JaHHBIA OTPE30K HE 3aBUCUT OT KOJIH-
YECTBa TOYEK, MOIMABIIMKI Ha JIIOO0H APYron OTPE30K);

3)  mpakTHYecKas HEBO3MOXKHOCTh COBIAJICHHS IIBYX HWIIM Ooiiee To-
YeK.

Torma ciaydaiiHas BenuuuMHa X — YHCIIO TOYEK, MONAJAIOMINX HA OTPE30K
nmuHbl | — pacnipe-nenena no 3akony [lyaccoHa, riie a — cpeHee YUCIIO TOYCK,
NPUXOJISIIeecs Ha OTPE30K JITUHBI |.

3ameuanue. B neknuu 3 roBopuiiocs o ToM, uto ¢opmyna Ilyaccona BbI-
paxkaeT OMHOMHAJIBLHOE pachpeaesieHue Mpyu OOJIBIIIOM YKCIIE ONBITOB U Majou
BepOoATHOCTH coObITUs. [loaToMy 3akoH IlyaccoHa yacTo Ha3bIBaIOT 3aKOHOM
PEIKUX SBJICHUM.

Henpepb|BHa;| cnyqaﬁHaﬂ BeJIn4unHa.
q)yHKLI,VIFI pacnpeneneHus. MnotHoCTbL pacnpeneneHus. Yucno-
Bble Xxapaktepuctuku. HopmanbHoe pacnpegeneHne HenpepbiBHOM
Crny4YauHON BerIMYUHbI

Omnpenenenre U CBOMCTBA (DYHKIIMHU PACIIPEAECICHUS] COXPAHSIIOTCS U IS
HEIMPEPHIBHOW CITy4ailHOM BEJIMYWHBI, JUIsl KOTOPOW (DYHKIIMIO pacmnpenerncHus
MO>KHO CYMTATh OJIHMM M3 BUIOB 3aJaHuA 3aKOoHa pacnpenenenus. Ho nis He-
MPEPHIBHON CIIy4aWHOM BEJIMYWHBI BEPOSITHOCTH Ka)JOr0 OTAECIBHOIO €€ 3Ha-
yeHust paBHa 0. I1o cienyer u3 cBoricTBa 4 GyHKIMU pacnpeneneHus:p(X = a)
= F(a) — F(a) = 0. [TosToMy /11 TaKO# CITydaiiHOW BEIMYMHBI UMEET CMBICI TO-
BOPHUTH TOJBKO O BEPOSTHOCTHU €€ MOMaJaHus B HEKOTOPBINA HHTEPBAJL.

Btopeim criocoboM 3aaHus 3aKoHa pacrpeiesieHusi HEeMPEPhIBHOM CITy-
yallHOW BEJIMYMHBI SBISETCS TaK Ha3blBaeMmasi IUIOTHOCTh pacIpeieieHus
(TIIOTHOCTH BEPOATHOCTH, AU hepeHnnanbaas GyHKIus).

Onpenenenue 1. @ynkuus f(X), Ha3pIBaeMas MIIOTHOCTBIO pacmpeiere-
HUS HETIPEPBIBHOW CITy4aiiHOW BEJTMYUHBI, ONIpeeNsaeTcs mo hopmyre:

f(x)=F(Xx) )

TO €CTh SIBJISICTCS] TPOU3BOAHON (PYHKITUU pacTpeIeTICHUSI.

CBOHCTBA INIOTHOCTH PACIIPEICIICHHUS.

1)  f(X) > 0, tak kak (GYHKIHS pacHpee/CHHUs SBISCTCS HEYObIBaIO-
iei.

2) F(x) = jf(t)dt, 4TO CIEAYET U3 OIPEACIICHUS INIOTHOCTH paclpe-

—00

JIEJIEHUS.
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3) BeposiTHOCTD TIOMaiaHus CIIy9aiiHON BEJIMYWHBI B MHTEpBAI (a, b)
b

OIpeesACTCA dbopmyoit pla< X <b)= j f (x)dx. JIeCTBUTENBHO,
a

pla< X <b)=F(b)-F(a) = j f (x)dx — j f (x)dx :T f(x)dx.

a

4) If(x)dx =1 (ycnoBue HOpMHUPOBKH). Ero cripaBeinBOCTh clieyer

—00

U3 TOTO, UTO If(x)dx: F(+x), a lim F(x)=1.

5) lim f(x)=0, Tak Kak F(x) — const mMpu X — *oo.

X—>to0

[Ipumep 1. [moTHOCTE pacnpeneneHus HENPEPBIBHOW CIy4aliHOW BEJH-
YHMHBI 337]aHa PopMyJIoi

C

f(x)= , —00 < X < 400,

) 1+ x?
Haiitu: a) 3Hauenue koHctanTbl C; 0) BUA (PYHKUIUU pacupeiesieHus; B)

p(-1<x<1).
Pemenue. a) 3Haduenre koHcTanThl C HaliiIeM 13 CBOMCTBA 4:
- + 00
_[ ¢ > X = Carctg =C(£+£j=Cﬂ' =1, otkyzna C :1.
cl+x 2 2 T
1¢ 1 1 § 1 1 1

0) F(x)=— dt=—arctg tf =—|arct x+1]=—arct X+=.

) F9 7[[01+t2 p/a : 7[( J 2) =& J 2

—

1
B) p(—l<x<1)=£f 1 dx:larctgx :E(EJFZJ:O,S.
71 4

o1+ x? ps L7 4

[Ipumep 2. @yHKIMSA pacnpeeieHnss HENPEPBIBHON CIIyYalHOW BEJINYH-
HbI UMEET BUJ!

0, x<2
F(x) = %2 2<x<4
1, x>4.
Haittu muiotHOCTS pacnpeneneHus.
Pemenne.
0, x<2
5 ' 0, x<2
f(x) = (%)  2<x<4=105 2<x<4
1 x>4 0, x>4.
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Onpenenenne 1. HenpepbiBHast ciaydaiiHas BeIUYMHA Ha3bIBA€TCS pac-
IIPEAEICHHON 10 HOPMAJIBHOMY 3aKOHY, €CJIIM €€ IJIOTHOCTb PACIpeleICHUs
MMEET BUL:

1

f(x) oy

3ameuanne. Takum 00pa3oM, HOPMAIBHOE paCTIpeIeTICHUE ONPEACISICTCS
JIBYMsI IapaMeTpaMHu: a v G.

I'padpuk MIOTHOCTH HOPMAIBLHOTO PACIPEACIICHHS HA3BIBAIOT HOPMAJIb-
HOM kpuBoH (kpuBoi ['aycca). BeisscCHUM, Kako¥ BUJT UMEET 3Ta KpUBas, JJjIs de-
ro uccienyem GyHkimio (1).

1) Oo6nacTe onpeaeneHus 3Tol GyHKIUU: (-00, +0).

2) f(X) > 0 mpu moboM X (ciemoBaTeIbHO, BECh IPa(HK PaCIOIOKEH
BhIIEe ocu OXx).

3) im f(x)=0, To ecTb 0Ch OX CIIy’)KUT TOPU30HTATBLHOW ACUMIITOTON

|X|4)oo

_(x-a)’

e 2, 1)

rpaduKa Ipu X — oo,
_(x-a)?

2° =0 nmpu x =a; f'(x)>0 mpu X > a, f'(x)<0

X—a e
o2

npu X < a. Crie1oBaTebHo, (

4) t'X=-

1
a,—~— | - TOYKa MaKCUMyMa.
o 27[}
5) F(x — a) = f(a — X), To ecTb rpad)uk CUMMETPUYCH OTHOCUTEIHHO
MPSIMOU X = a.

1
——F€
o*\2rx

j SIBJISIFOTCS] TOUKAMHU meperunoda.

_(X—a)z (X _ a)Z
20° (1——2) =0 NIpU X=a*o, TO €CTh TOYKH
(o}

6) f'()=-

1
ato,——
{ o~2re

[TpumepHsIil BuA kpuBoil I'aycca nzobpaxkexn Ha puc.l.

&

B
-

£

Puc. 1
Hatinem Bun GyHKIMm pactnpeneneHus 1jisi HOpMaabHOTO 3aKOHA:
X x _(t-a)?
1 B 2
F(x)= | f(t)dt= e 2o dt. (2)
‘[O o\ 2rx J;

[Tepen HamMu Tak Ha3bIBa€MbI «HEOSPYIIUUCS» MHTETPa, KOTOPHINA He-
BO3MOKHO BBIpa3UTh 4epe3 dJieMeHTapHble QpyHKUMHU. [loaTOMY 17151 BRIUMCIIE-

81



HUs 3HadeHWi F(X) mpuxomutcs moib3oBaThes Tabmunamu. OHH COCTaBIICHBI
I ciyvas, kornraa=0,ac = 1.

Onpenenenue 2. HopmanbHoe pacnpezeneHue ¢ napamerpamu a = 0, 6 =
1 Ha3bIBaE€TCS HOPMHUPOBAHHBIM, a €r0 (DYHKIUS paclpeIeICHHUS

D(x) = e_%dt (3)

ol
27w
- dbyukiuent Jlamnaca.

3ameuanne. OyHKIUIO paclpeleeHus i1 MPOU3BOIbHBIX NapaMeTPOB
X—a

MOJKHO BBIpa3uTh uepes QpyHkuuto Jlamraca, eciu caenars 3aMeHy: t = ——, TO-
(o}
ﬁ
1 e}
— e
N2 7,
Haiinem BepOSATHOCTH IOINAaJaHKWsl HOPMAJIBHO PACIPEIEICHHONW CIydai-
HOU BEJIMYMHBI HA 33/IaHHBIA UHTEPBA:

p(a<x<ﬂ):F(ﬂ)—F(a):Q(’B;aj—db(a_a} (4)

O

t2
roa F(x) = 2dt.

[Tpumep. CnydaitHasi BeauunHa X MUMEET HOPMAJbHOE PACHPEACICHUE C
napamerpamu a = 3, ¢ = 2. HaiiTu BEpOSITHOCTH TOT0, 4YTO OHA TPUMET 3HAUEHHUE
u3 uHTEpBaia (4, 8).

Pemenne.

p(4<x<8)=F(8) - F(4) = @[8%3} - @(?J. = (2,5) - ®(0,5) = 0,9938 — 0,6915 = 0,3023.

[IpaBuiio «Tpex curm».

Haitnem BepOATHOCTH TOTO, YTO HOPMAJIbHO paclpeleiieHHas CllydyahHas
BeJIMUMHA NPUMET 3HaYeHue U3 uHTepBaia (a - 3o, a + 30):

p(a—30 < X < a+30) = D(3)—d(-3)=0,9986 —0,0014 = 0.9973.

CrnenoBarenbHO, BEPOATHOCTh TOTO, YTO 3HAYEHUE CIYyYalHOW BEJIIMYUHBI
OKaXXeTCd BHE 3TOoro mHrepBaia, paBHa 0,0027, to ectb cocraBisier 0,27% u
MOKET CUUTATHCS MPEHEOpeKUMOo Masioid. Takum o0pa3oM, Ha MIPAKTUKE MOXKHO
CYUTaTh, YTO BCE BO3MOKHBIC 3HAUCHUS HOPMAJIbHO PACHPENCICHHOM CIydau-
HOM BEJIMYMHBI JI)KAaT B UHTEpBaJie (a - 36,a + 30).

[TonyueHHBI pe3yabTaT MO3BOJISIET CHOPMYIMPOBATH MPABUIO «TPEX
CUTM»: €CIU cllydaiiHas BEeJTMYMHA pacnpeielieHa HOpMaabHO, TO MOAYJIb €€ OT-
KJIOHEHUSI OT X = @ HE MPEBOCXOIUT 3G.

OCHOBHbIe NOHATUA MaTeMaTU4YeCKOMN CTaTUCTUKM
MaTeMaTI/I‘leCKa}I CTaTUuCTHUKA - HaYI(a, 3aHUMArOIIaACs onpeﬂeneHHeM 10

OMBITHBIM JAHHBIM (ITOJIyYEHHBIM Ha OCHOBE HAOJIOAEHUI) BEPOATHOCTEN dIie-
MEHTApHBIX COOBITHI M WX XapaKTEPUCTUKH, KOTOPbIE B TEOPUU BEPOATHOCTEH
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MPEINOJIArAINCh 3aJaHHBIMU. Yale, BipoueM, IPUXOAUTCS ONMPEAENIsTh Ha OC-
HOBE HaOJIIOICHUH HaJl CITyYaiiHOM BETMYMHOMN €€ 3aKOH pacIpe/iesICHHs.
MeToabl MaTEMaTUYECKOW CTATUCTUKU PA3JICNISIOTCS Ha:
1. mapameTpudeckue METOAbI
2. HeMapaMeTPUIECKUE METOIbI

B nanpHelilieM paccMaTpuUBAarOTCS TOJIBKO HENMPEPBIBHBIE U JTUCKPETHBIC
BenuuuHbl. [lox 3akoHoM pacnpenenenuss CB. MoHMMaeTrcs COOTHOIICHHE,
YCTaHABJIMBAIOIIECE CBSI3b MEXKAY BO3MOKHBIMM MHOXECTBAMU 3HAYEHUW CIIy-
YalHOM BEJIMYMHBI U COOTBETCTBYIOIIUM UM BEPOSTHOCTSIMH.

I'eHepanbHON COBOKYITHOCTBIO - HAa3bIBAE€TCSI COBOKYIHOCTH, BKJIIOYAIO-
mas B ce0s1 Bce BO3MOXKHBIC 3HaUCHMs MaHHbIX CB, a ee 4ncIoBbIe XapaKTepH-
CTUKHU T€HEPAIbHBIMU. Takyl0 COBOKYNHOCTh MPAKTUYECKH TPYIAHO CO31aTh B
CUJTy O€CKOHEYHOTO ee 00beMa, MOITOMY Yallle BCETO CTaTUCTHKA ONEPUPYET C
HEKOTOPOW YaCThbIO T€HEPATIbHON COBOKYITHOCTH, KOTOpasi Ha3bIBA€TCA - BHIOOP-
KOM. a €€ YMCIIOBbIE XAPAKTEPUCTUKU BHIOOPOYHBIMH, MOJCUYNTAHHBIMU HA OC-
HOBE pealiu3aIui BEIOOPKH.

[lox ciyvaitHOW MOBTOPHON BBIOOPKOW 00OBbEMa N MOHUMAIOT COBOKYII-
HOCTb CIy4YalHbIX BEJIMYUH X ,....X,, HE 3aBUCUMBIX MEXy COOOM.

[TycTh B pe3ynbTaTe 1O0CTATOYHO OOJIBIIOTO YUCIa HaOMI0ICHUN 3a UTPOM
C IOMOIIBIO OJJHOM U TOM K€ KOCTHU MbI IMOJTYYUIIN CIEAYIOLINE TaHHbIE:

['panu 1 2 3 4 3) 6 Toro
Ha6monenns (140 80 200 400 100 80 1000

[TogoOnyto Tabnuiry HabmoaeHuit 3a CB yacTo Ha3bpIBalOT BRIOOPOUYHBIM
pacrpesieieHueM, a COOTBETCTBYIOIIYIO €l KapTUHKY (IuarpamMmy) — THUCTO-
rpaMMOoi.

Kakyto xe nHbopManuio HeceT Takas TaOJWYKa WU COOTBETCTBYIOIIAS
el ructorpamma’?

[Ipexxne Bcero, BCIO, — TaK KaK WHOT/A M TaKUX JAHHBIX O 3HAUCHUSIX
CIIy4ailHOM BEIMYMHBI HET U UX MPUXOJIUTCA MO0 NOOBIBaTH (IKCIEPUMEHT,
MOJICIIUPOBAHNE), TUOO0 CYUTATh MCXOJBI TAKOTO CIIOXKHOTO COOBITHS paBHOBE-
POSITHBIMHM — 110 1/6 Ha JT1000# U3 UCXOJI0B.

450 - Puc. 1 C npy-
400 4 rol CTOPOHBI — OYEHb
350 4 Majo, 0cobeHHO B 1UGpo-
300 1 BOM, YHCIICHHOM OIMCa-
150 T Hun CB. Kak, Hanpumep,
200+ 08 OTBETHUTH Ha BOIIPOC: — a,
BT CKOJIbKO B CpPEIHEM MBI
1:2 1| 140 " - - " BBIMTPBIBACM 3a OJHO Opo-
o : ; . . . CaHUE KOCTH, €CJI BBIUT-
PBIII COOTBETCTBYET BbI-

NaBIlIEMY YHUCITy Ha TpaHu?
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OMnupuyeckas GyHKIHS pacrpeeeHus
OMmmupuueckass (QyHKIHS pacrpene-
JICHUS OTIPEeJIETISIeTCS CIASAYIOIUM 00pa3om

F

e

— 0, mpux <x,

Fo (X)=1k/n,npux, <x<x,,,

Ha pucynke mpuBeleH XapaKTepHBIN
£y Xg X3 Xy X 5 BUJ SMIIUPUUECKON (PYHKIMH pacrpeiene-
HHUSI
MaTemaTtuyeckue metoabl NPOBEpPKN runoTes

L J

1.Xu-kBagpar pacnpeneneHue ( ;(3 -pacripejieieHle) — paclpeesieHHe

CYMMBI IT HE3aBUCHUMBIX CTAHJAAPTHBIX HOPMAJIBHO PaCIIpCaACIICHHBIX CJ'Iy‘—IElfIHBIX

2 2 y2

BENMIMH 7 =X : ) +..+X 2 [TapameTp m Ha3bIBAaETCA YHUCIOM CTENEHEU

cBoOOABI - pacmpeneneHus. He-

0.06 ||
! TPYIHO OPOBEPUTH, YTO M ;(5= 1,

TaK Kak M)(12= I, a D;55=2 m C
POCTOM IT — YHCJIa CTeTIeHeH CBOOO-
bl Y - pacupeneieHus yMEHbIIa-
€TCS aCHMMETpPHS, 1 HOPMHPOBAH-

22 -n
D | | Hasi BeJIMYHHA Ton C pocTom
i} an :.:2” 40 1] }lﬂﬂ an 100
—  NOTHOCTS X-KBATPAT PACTIPEAETEHIA n— o0 MpUOJIMKAETCS MO pacmpe-
T HGOKIUIE TRAMMITE A0 & PHTSLHOND HHTEPEAA JEJCHUIO CTaHJAPTHOMY HOpPMAaJlb-
L e HOMY 3aKoHy. B Tabmumax ¢ nByms

2

BXOJaMH II 1 Y MPHUBOAATCSA 3HAYCHHA OJHOCTOPOHHHX KBaHTUJICH Zn

- pac_

npeaeneHusa. Ha puc mpuBeneHa mior- .,

HOCTb ;(’3 - pacmpenesieHuss U NPUBEACH

JIOBEPUTEIIbHBIN WHTEpBaJ t
2 2 2
P(Zn <X, <th):720995a OIIpCALTIAC- ;- .
MBIH ¢ MOMOIIbIO OJHOCTOPOHHHMX KBaH-
THJIEN.
2. Pacnpenenenue CthrofieHTa SIB-

JBICTCA CIICAYIOINUM 110 BAKHOCTH ITOCJIC 0 — _ 0 5 4
o) — IMIOTHOCTE CTAHZAPTHOTO HOPMATEHOTD PACIIp e el e HELT
. JI HNHAasA BCJIIMYHUH n HMCCT — ImoTHOCTE fpacIlpefele i - TERIeHTA

" Crayuaiina e a T ee pacTp c

pacpeacicHuc CTI)I'OI[CHTa, €CJIM OHa paBHAa OTHOLICHHUIO CTaHHapTHOﬁ HOP-
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MaJIbHO PaCNpeNeICHHON U KOPHS KBAaJpPaTHOIO U3 CIIy4YalHOW BEJIMYMHBI BUJA,
2

X X-/n
1M re., Th=

n )
X
n
K HOpMaJIbHOMY
JIByCTOPOHHUHN KBAHTHJIb ty/2 (n-1) OOJBILIE COOTBETCTBYIOIIETO KBAHTHJISA
Uy2 CTaHIAPTHOTO HOPMAJILHOTO 3aKOHA (CM.pHC).
1 | | | | Pacnpenenenne Oumepa Fy -
- (IucnepcuoHHOE OTHOIIICHHE)
MMEET ClydaifHasi BeJIWYMHA paBHA
a ;(2 m
OTHOIIEHUIO —L _ nByX Ciy4au-
n .
ll/l
HBIX BEJIMYMH HMEIOIIUX pacrpe-

| ,ZIGJICHI/IG}(%, IIpu4Yc™M Kaxaasa H3

. C poctom mapameTpa 1. t, -pacupeeneHue npuoImKaeTcs

0gr-

IHIOTHO CTE F-paciop e gemesro
04—

q

|
Fi, g1,y 1 2 3 4 5

HUX OEJWATCSI Ha YHCJIO CBOUX CTeE-
neneit ceoboasl. KBantumu F

n,m.,y
HaxXosATCs U3 Tabmuu ¢ TpeMsa Bxogamu. Kpome Toro, pacnpenenenust CTbro-
2 2om
JIEHTa 7”1/1 ®dumepa F, —— ¢ poctom nm unu T pacnpezenenne duriepa
npuOIKAaeTCd K HOPMAJIBbHOMY, MO3TOMY KBAaHTWJIM B TaOIMIAX MPUBEICHBI
JUIsL He OOJIBIIMX 3HAYEHHUM cTereHel CcBOOOAb, a MPU UX 3HAUYUTENIbHBIX 3Haye-
HUSAX OHU 3aMEHSIOTCS COOTBETCTBYIOUIMMM KBAaHTWJISIMU CTaHJIApTHOTO HOP-
MaJIbHOTO 3aKOHa
AcHMIOTOTHYECKHUE YTBEPKACHUS TEOPUH BEPOSTHOCTEH,
PUMEHSEMbIE B MATEMATHYECKON CTATUCTUKE

VY ca0BUS MUPOKOTO NPUMEHEHUSI HOPMAJIBHOTO PACIPEACIIEHUS CBA3aHbI
C LIEHTPaJIbHOM MpenenbHoil TeopeMoil UeObleBa, KOTOpas yTBEPKAAET, YTO
pacnpesenenrue, Kakoro—inbo npusHaka (mapaMmerpa) MpH JEeWCTBUM Ha HETO
OOJBIIOrO YKCIIa HE3aBUCUMBIX MPUYUH CBOJUTCS K HOPMaJIbHOMY HE3aBUCHUMO
OT BHJIa UCXOQHOrO pacrpeaeneHus. CoriacHo HepaBeHCTBY YeObiieBa mpu
T000M THME pactipesesneHus He MeHee 88% ero 3HaueHuil OyIyT B Iuara3oHe
+\- 3o.

BonbmnHCTBO BakKHBIX 3ajad, KOrja umMmeeTrcss OenHas ampuopHas (10
MPOBEACHUS OMbITa) MH(GOpPMALUs O 3aKOHE paclpeiesieHus Habo1aeMon
CJIy4aifHOW BEJIMYUHBI, CBSI3aHO C OOJIBIIUMH 00beMaMu BBIOOPKHU N, 9TO MaTe-
MaTHYECKH (OpMaTU3yeTCsl KaK N—> 00 U PEIIAIOTCs HA OCHOBE 3aKOHA OOJIBIINX
YUCeJl U LICHTPAIIBHOMN IIPEIEIIBHON TEOPEMBI
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3akoH Oompmux uncen. [log 3akoHOM OONBIIMX YUCET TOHUMAIOT PSif
TeopeM, OOBEIUHEHHBIX HJCEH YCTOWYMBOCTU CPEIHUX pE3YyJIbTaTOB IMpPHU
O0JBIIOM YHCIIE HAOIIOICHHM.

Teopema YeObimeBa. [lycTh momapHO He3aBUCUMBIE CIyYaHbIC BEIMYH-
HBI X

(i=1,2,...) DXi< C - HexkoTopas KoHCTaHTa. Torjaa mpu n— o UMEET MECTO
CXOAUMOCTh o BEPOSATHOCTH BBIOOPOYHBIX CpeaHUX Xn

1 n P 1 n

=—> X,———)_ MX;, T.e. 111 T00Oro J0CTATOYHO Manoro >0
n- n-

i=1 i=1

n n
Tim P %EX,-—I;M(X,.) <g|=1,£>0
[locnenHee yTBepKIE€HHE CIEAYET U3 HEpaBeHCTBA YeOkbliena:
Ecnu cinywarinas BennunHa X umeer koHeunsle MX n DX, 1o cripaBen-
JIMBBI OLIEHKHU ISl BEPOATHOCTEW MOMAMAHUS CIYyYallHOM BEJIWYMHBI X HA XBO-

CThI pACPEICIICHUS U B € ~-OKPECTHOCTh MATEMATUYECKOTO OKUIaHUS
DX DX
P(|X - MX|>8)<8—2H P(|X - MX|< 8)>1- 8—2
Teopema MapkoBa. Ciyuaiinble BenmnuuHbl X (1=1,2,...) yAOBIETBOPSIOT

1 n
YCJIOBHIO —ZD(ZX,. — 0 mpu n—>oo. Torga g nroboro €>0 umMeeT MecTo
n i=1

n n
CXOIMMOCTb 110 BEPOATHOCTH lim P{ 1D X, - > M(X;)|<e|=1,&>0
n—% i=l

i=1

Kpome cxoammMoCcTi mo BEpOSATHOCTH B NMPHUIIOKEHUSIX BCTPEUYAETCS CXO-
JAMOCTb B CPEIHE KBAJPATUYECKOM, T.C. CPEIHUN KBAAPAT OTKIOHEHUU CIIy-
JaliHOM TMoclenoBaTeIbHOCTH  lim  M( Xn - M X, )2 = 0, xopoue

n—>0

1 z C.K
~ 2 (X; ~MX;)—"0,
iz

IlenTpanpHas npenebHas TeopemMa

n
HopmupoBanHas u neHTpupoBaHHas cymma Z, = ﬁ;(X ; —a) IoIapHOo
i

HE3aBUCHUMBIX OJIMHAKOBO PACHPENECICHHBIX CIIYYalHBIX BEJIMYHUH X C MaTema-
THYECKUM OxuaaHueM Mx; = a u aucnepcuerd DX = o? pacrnpeeseHa aCumII-
TOTMYECKU HOPMabHO cO cpenHuM 0 u nucnepcuen 1

Zy~N (0;1) mpu m — o0

OmMnupuyeckas (QYHKIUS pacrpefieieHuss urpaeT (yHIaMeHTaIbHYIO
pOJIb B MAaTEMATUYECKOM CTaTUCTUKE. BaxkHeuee ee CBOMCTBO COCTOUT B TOM,
YTO MPHU YBETUUYECHUH YUCIIa HAOIIOACHHUI HaJl Cly4ailHOW BeMUYMHON X mpouc-
XOJUT COJMMKEHUE ATON (PYHKIHMH ¢ TeopeThuuecKoi. CMBICT 3TOro yTBEpKjie-
HUS PACKPBIBACT CIIEAYIOIIAs TEOpEMa
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Teopema 1. Ilycts F, (X) - amnoupuueckas GyHKIuUs pacrpeneacHus, mno-
cTpoeHHas 1o Beioopke X=(X1, X2, ..., X;) 1 F(X) - cooTBeTCTBYIOIIIAsA TEOPETH-
yeckas (yHKuMs pacnpeaenenus. Torga s moboro x €R u moboro nocra-
TO4YHO Majioro >0

lim P(|F, (x) - F(x)|<&) =1

[To cBoemy ompeneneHuto smnuprueckas GyHkuus pacnpenenenus Fy (x) cmy-
yaiiHas BEIMYMHA M B HEH COJEPKUTCA BCS CTAaTHCTHUYECKash WHQPpOpMAIHs O
HaOmogaemMoin ciydaiinoit Benmmuune X. J{ms moboro x €R 3nauenume Fy (X) -
cilydaiiHas BelIMYMHA, pealu3aluu KoTopoi asisiorcs uucna 0, Yy, 2/y,...,0™/,
"/ =1, nmpu 3toM P(Fy, (X) =%/ ) = P (u . (x) = k). Ho u3 onpenenenus ciydaii-
Has BeMYMHA W ; (X) pacnpeneneHa no OMHOMuaabHOMY 3akoHy Bi( 1, p), rae
p=P (X< x) = F(x), noatomy P(F, (x) =%/, ) = C,]; F(x)* (1 - F(x))"*, u oTHOCH-

TenbHas yactoTa Fy (X) =X/, Ipu 1—> 00 cx0auTCs B CHITy 3aKOHA GOJIBIIMX YUCET
(B cuity TeopeMbl bepHyiuin) mo BeposTHOCTH K F(X).

[IpenenbHble TEeOpeMbl ISl AMIOUPUYECKON (YHKLUMU pacupeeiaeHUs
CrnpaBennuB cineyromuii ropa3o 0osiee CUIIbHBINA PE3yNbTaT, IPUHAICKALANA
B.U. I'nusenko (1933)

Teopema 2. B ycnoBusix teopemsr 1.1
P( lim sup|F,(x) - F(x)|=0) =1

n—% vy cR
JIpyruMu CII0BaMU YTBEPKIEHHUE TEOPEMBI, 03HAUAET, YTO OTKIIOHEHHE
Dn = Dn (X) = sup| F, (x) - F(x)|

xeR
AMIIMPUYECKON (DYHKIIMHU paclpeiesieHus OT TEOPETHUECKON Ha BCell oceld ¢ Be-
pPOSITHOCTBIO 1 Oy/AET CKOJIBKO YrOJHO Majio TIPH JOCTATOYHO OOJIBIIOM 00beMe
BBIOOPKH.

IIpuBenem eme oguH pe3ynbTaT, npuHamiexkamuii A.H.KomnmoropoBy
(1933), koTOpBIN TO3BOJIAECT MPU OONBIIMX I OIEHUBATH BEPOATHOCTH 3aJaH-
HBIX OTKJIOHEHUW CIIy4YaliHOM BeJIMYUHBI Dy 0T HyJIA

Teopema 3. (Konmoroposa) Ecnu @yukuus Fn(x) HenmpepbiBHA, TO Npu
1t000M uKcupoBaHHOM t >0

) . 242

lim P(\nD, <1)=K(t)= Y (-1)/ e

n—>0 .
J=—o

[Ipu sToM npenenbHyto GyHKUMIO pacnpeneiaeHuss K(t) MoxxHO ¢ Xopo-
UM NpUOTMKEHUEM UCIIOJIb30BaTh JIsl MPAKTUYECKUX PACUETOB YK€ MPH I >
20. YpoBeHb 3HAYMMOCTH 0L TPUHUMAaeTcs yaiie Bcero B npeaenax 0,10 — 0,20

Teopemy KonmoropoBa 0OBIYHO MPUMEHSIOT AJIE TOTO, YTOOBI Ompee-
JUTH TPaHUIbl, B KOTOPBIX C 3aJaHHON BEPOATHOCTHIO HAXOJUTCS TEOpETHUYE-
ckas pynkuus pacnpenenenus F(x), ecnu ona HeusBecTHa. [lycTs A 3ananHo-
ro ko3¢ dunmenta gosepus y<(0;1) uncmno t, (Ha3pIBaeMOe KBAaHTHIJIEM) OTpee-
asiercst ypaBueHueM K(t,) = y. Torma u3 yrBepkaenus TeopeMbl Koamoroposa
umeeM P(A=+/n Dn< ty) =P(F, (X) — t,/+/n < F(x) < Fy (X) + t,/~/n ans Bcex x)—

87



K(t,) = y npu n—o. YuutsiBasg cBoiicTtBO 0 < F(x) < 1 HEepaBEeHCTBO MOKHO
YTOYHHTH ceayromuM oopazom: max(0, Fy (x) — t,/v/n )< F(x) < min( Fu(x) + t,
[/n,1). O6nacTs, onpesensgeMas STUMH HHKHEH M BepXHeH IpaHHMIIbl, HA3bIBa-
eTCsl aCUMIITOTUYECKOH - TOBEPUTEIBHOM 30HOM I TEOPETHUECKOU (PYHKITHH.
JInst onpeienIeHnss YUCIOBbIX 3HAYEHUN ty IPU Pa3JIMYHBIX Y MOKHO BOCIIOJIb30-
BaThCsl TAOYJIMPOBAHHBIMU 3HaAUCHUAMU QyHKIUU K(t).
y 10,50 |060 0,70 {080 |[0,90 |[0,95 0,98 [0,99 |0,999
ty 1082 (0895|097 |1,073}122 1358|151 |1,627 1,950
8 4 4 0

Chopmynupyem elie OAUH BaXHBIM pe3yibTaT BBIOOPOYHOUN TeOpuH,
npuHaanexamuii H.B.CMmupraoBy (1944), KOTOpBIiI OOBIYHO MCHONB3YIOT JJISI
MIPOBEPKHU MPEANOIOKEHHS (TUTIOTE3bI) O TOM, YTO JIB€ BHIOOPKHU TOJIYYECHBI U3
OJIHOTO U TOTO K€ paclpeeIeHus

Teopema 4. (CmupnoBa) ITycth Fin(X) u Fom(X) - aBe smmupuyeckue
(GyHKUMM paclpeeNieHus, TOCTPOEHHbIE HAa OCHOBE JIBYX HE3aBHCHMBIX BBIOO-
POK 00BbEMa I1 U T U3 OJJHOTO U TOTO )K€ paclpeeeHUs U

Dus= swp |F, (1)-F, (¥)]

xeR

Torga, ecnu TeopeTnyeckasi IUIOTHOCTh pactpenaenenust F(X) HenpephiB-

Ha, TO MpH JIIOOOM (PUKCHpOBaHHOM t >0

P(,/:J;H;Dn’m <t) = K(t), rae ¢pynkuus K(t) onpenenena B Teopeme Koi-

MOTOpOBa.

Br16opouHbIie XapaKTepHUCTUKH

Bri6opounbie MomeHThI. [Tycth X=(X1, X3 ,..., Xi) - BBIOOpKa U3 pacmpe-
nenenus ¢ F(x) u Fy(X) - Teopernueckoit 1 sMnupudeckor GyHKIMEH pacrpe-
nenenusi. Kak F(x) ctaBar B coorBeTcTBUE Fyi(X), 110001 TEeOpeTHUECKON Xapak-
tepuctrke g= [g(x)dF(X) MOXHO IIOCTABUTH B COOTBETCTBHE €€ CTATHCTHICCKHIA
G=G(X), BpIuncsieMblil IO popMyIIe

G= Ig0)dF. (09 =Y a(X,).

Cnyvaitnyto BenmnunHy G Ha3bIBalOT AMIMPUYECKON WM BBIOOPOUYHOMU
XapaKTEPUCTUKOM, OTBETCTBYIOLIEH TEOPETUUYECKOW XapaKTepucTuke g. Takum
o0pa3om, BBIOOpOYHAsl XapaKTEPUCTHKA - ATO cpeiHee apu(METHIECKOE 3HaUe-
Hue QyHKIHH g(X) IS 2IEMEHTOB BHIOOPKHU X.

Eciu g(x) = x¥, o G - BEIGOpOUHBI MOMEHT K-ro mopsaka, KoTopslii Oy-

1 n
neM 0603Ha4ath Ax: Ak=ArX) ==Y X}
iz
IIpu k =1 BennuuHy Ak Ha3bIBaIOT BHIOOPOYHBIM CPEIHUM U 0003HAYAIOT
CUMBOJIOM:
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3HaueHus ciay4yailHbIX BeIUYMH Ax 1 X JUIsl 3aJJaHHOW peanu3aliu U Bbl-
oopku X Oyaem 0003HA4YaTh COOTBETCTBYIOIIMMHU CTPOYHBIMH OyKBaMH ax H
ar— X.

AHaJIOrMYHO, LEHTPAIbHBIM BBIOOPOYHBIM MOMEHTOM K-ro mnopsjaka

Ha3bIBAIOT CIyYaliHyto Bennauny My = Mi(X) = =D (X; - X )k
e

ITpu k =2 BenuumHy Mg Ha3bIBalOT BBIOOPOYHOU JuUcTiepcuer U 0003Ha-
Yar0T CUMBOJIOM
"
S2=87(X):S2=M= ~3'(X, - X)’
n i=1

3HaueHUs CIOydalHBIX BeJIUYMH My 1 S? 1714 3aJaHHOM peanu3aluy BbI-
6opku X 0603HAYAIOTCSA CTPOUHBIMU OYKBAMU My M My = S2.

Me:x iy BBIOOPOYHBIMU M EHTPAJIBHBIMH BEIOOPOYHBIMA MOMEHTaMH CO-
XPaHAIOTCS T€ K€ COOTHOMIEHHE, YTO U MEXLY TEOPETHUECKUMH Ok = MX K iy =
M(X — o) ¥. B wactrocTi G; M= Az —3X A 242 X3M 4= As— 4X A 346
AX?%- X

MoMeHTBbI BBIOOPOYHOTO CPEIHETO U BBIOOPOYHOU aucnepcuu. BriOo-
pouYHas xapakTepucTuka G sABISETCA CIy4alHOW BEIMYHMHOMW, TOATOMY MOYKHO
TOBOPUTH O €€ paclpeAesIeHHH, KOTOPO€ Ha3bIBAIOT BRIOOPOUYHBIM pacipe/ene-
HUEM, U pacCMaTpUBATh XapaKTEPUCTUKH 3TOT0 pacnpeneneHus. OcTaHOBUMCS
Ha HEKOTOPHIX XapaKTEPHCTHKAX CpeaHero X M mucrepcuu Beoopkr S 2. Tax
KaK JUIsl HOBTOPHOM BBIOOPKH X HE3aBUCUMbIE U OJMHAKOBO PACIpEIENICHbI TaK
Ke, Kak HabJro1aemas ciiydaiiHasi BeTMIrHa X, TO

_ 1 - L | o2

M X=-> MX;=MX=a,;D X=—) DX=—DX=—

= i=1 n n

Tak kak LEeHTpajdbHbIE MOMEHTBHI My HE 3aBUCHUT OT Hadaja OTCYETa Ha
[IKaje 3HAYEHUM CilydailHOW BennyuHbl X, TO 0€3 orpaHMyeHus OOLIHOCTH C
CaMoOro Hayajga MOXHO CUMTaTh, 4To o= MX = 0 (B mpOTHUBHOM mepeiiaeM K
LHEHTPUPOBAHHOM ciydaiiHOM BenuunHe X  =X— ol1). C y4eTOM 3TOro Moxy4um

MS2=MA,-M X2=¢c2—

L
n?

i_ (n— l)cs2
n n '

IIpencrasum S? B BUzE

n—1

2
1 & 1 [ z 2

2 — 2 2

S° = ;ZXi —n—z(ZXij =3 > X; ——22X,~Xj. IIpuaumas BO BHU-
i=1 i=1 i=1 i<j

Manre MX = (0 BBIYUCIIUM MOMEHTBI BEIOOPOYHOM JUCTICPCUU

n-1*Z 20n-1)7 +4 (n—1)* (n—-1)7%+2
MS? =M n—42X14+n—42Xi2X]2' =T Mt 3 u3
i=1

i<j

~1)? -3
Orcrona nomygaem DS 2=M(S 2 )2— (MS 2)?= (nn3) (g - EZ —13 H%)

OHCHKI/I napaMETpOB 3aKOHOB pacCHpCACICHUA HOAPA3ACIIAOTCSA Ha TO-
YCYHBIC 1 UHTCPBAJIbLHBIC.
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ToueyHast olleHKa HEU3BECTHOIO MapaMmeTpa O onpenensieTcs OJJHUM YKnC-
oM 6 (X1, X2 ..., Xn),

MHTepBaIbHAs - NByMsI urciaamMu 6 1(X1, X2 ,..., Xn) 1 6 2(X1, X2 ,..., Xn) KO-
TOPBIC SIBISIIOTCSL CIy4YalHBIMM KOHIIAMH JIOBEPUTEIBHOTO MHTEpPBaia, HAKPHI-
BAIOIIIETO OIICHHWBAEMBIA TapameTp O ¢ 3aJaHHOW TOBEPUTEIHLHON BEPOSTHO-
CThIO P (HEKOTOPBIX yueOHMKAX 3Ta BEPOSATHOCTH 0003HAYASTCS KaK 1-o HiTH ).
HHTepBanbHbIE OLIEHKU KaK IPABUIIO CTPOSITCSA HA OCHOBE TOUYCUYHBIX.

CBoiicTBa TOUEUYHBIX OLICHOK

1. Hecmemennocts: 6 (X1, X2 ..., Xn) KaK cllydaiiHas BeJIMYMHA UMEET

Mart. O)KHaHUe PaBHOE HCTHHHOMY 3Ha4eHHUIO mapamerpa —->M 6O ( X1, X2 ,..., Xn)
=0.
2.COoCTOSTENBHOCTD: IPHA BO3PACTAHUHU HlimP(]é(xl,..., x,) —6?‘ < g)zl , €20.
n—>0

Eciu ouenkad 6 (X1, X2 ,..., Xn) MIMEET BHJ CPEIHETO IO BHIOOPKU HEKOTOPOM
GbyHKIIUKM HAOMIOJCHUS, TO CBOWCTBO COCTOSTEIBHOCTH CJEAYEeT M3 3aKOHa
OOJIBIINX YHCEIL.

3.9dbdexTuBHOCTE: ECin MeeTCs 1BE OIICHKH 0 1(X1, X2 ury Xn) ® 0 2(X1,
X2 y..ry Xn), TO OIICHKA 0 1(X1, X2 ,..., Xn) 3P peKTUBHEE, YeM éz(xl, X2 yeery Xn), €C-
mu pucnepeun D (9 1) < D(é 2). HuxHIOI0 TpaHuIly JJIs JUCHEPCHH TOUYEYHON
OILICHKH TapameTpa Jaet HepaBeHcTBo Pao - Kpamepa.

Haunbonee npuMeHsieMbIMU METOAAMHU MOJYYCHUSI TOYCUHBIX OLIEHOK SIB-
JISTFOTCSI METOJIBI: 1) MaKCUMaIbHOTO MPABAONO00US U 2) MOMEHTOB.

Hwxuss rpanuna qucnepun TOYEYHOW OLIEHKHU MMapaMeTpa

HepaBeHcTBa Pao-Kpamepa

B npeanonoxxeHuu, 4To OLECHKA 0 (X1, X2 ..., Xn) HECMEIIICHAS, T.€. M(é
(X1, X2 ,..., Xn)) = 0, ee kadecTBO Xapakrepusyemoe ee gucnepcueit D(6 (X1, Xo
;- Xn )) IMEET HWIKHIOIO TPaHUILy, OnpeaessieMyto HepaBecTBoM Pao-Kpamepa

S YT S
D(8) = M(6 (X1, X2 ..., Xn))- 0) 70 - @'

Jln f(x]|0)
2
HOM HaOoeHNH Haxa ¢.B.X 0 mapamerpe 0. B cuny agautuBHOCTH MH(DOpMa-
s duiepa o mapameTpe O comeprkaiasicsi B TOBTOPHOU BBIOOpKE 0O0beMa I
paBHa J(0,m) = m J(0). Jlnsa onerkn MHOTOMEpHOTO Mapamerpa (01...0s) ucmomns-
3yIOT BEKTOPHYIO CIydaiHyI0 BeTHunny (61, ..., 6s) XapaKTepHCTUKOH Kade-
CTBa SBJIETCS KOBapHALMOHHAs (mucnepcronHas)Matpuia Cov(6 ) ¢ dIeMeH-
Tamu cij( 6 i; 0 j) BeIpaxarolue KO BapHaluu MexIy napamerpamu 0i u 0j. J(0)
- uH(popMaIoHHas MaTpuIia C AJIIeMEHTaMU

2
rae J(9)=M[ j - unpopmanus duiiepa, coaepxramascsa B of-
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Jij(6)=M . HepaBeHCTBO Pao - Kpamepa npuHumaer

Slnf(x|6) Jlnf(x|6)
30 0.

i J
MaTpuuHbIii Bug D(6) > % J~40)

Crnenyer OTMETHUTB, YTO JOKa3aTeIhLCTBO HepaBeHCTBa Pao - Kpamepa oc-
HOBAHO Ha MPEJINOJI0KEHUN TOCTATOYHON TTIaJKON 3aBUCHUMOCTH IJIOTHOCTH OT
napameTpa, 9To0bl MOKHO ObUTO MU dEepeHITUPOBATH 0T 3HAKOM MaTeMaTHde-
CKOT'O OXHUJAHUS MO BXOJSIIEMY MapaMeTpy, €CIM 3TU MPEINOIOKEHU HAPY-
ar0TCs, TO HepaBeHCTBO Pao — Kpamepa nepecraet ObITh BEPHBIM, KaK HAIIPH-
Mep B Ciy4yae napameTpa, KOTOPBIM OIpeiesseT HOCUTENb paclpeliesieHus, B
ATOM CJIy4ae MOTYT BO3HUKaTh, TaK Ha3bIBaeMbIe Cyrepd(PEeKTUBHBIC OIEHKH.
HepasenctBo Pao — Kpamepa HeTpyiHO 0000ITUTE HA CITydail HAIMYUS CMEIIle-
HUS Y paCCMaTPHUBACMBIX OIICHOK.

MeToa MakCHUMalIbHOTO MPaBIONOI00us

Meroa MakCMMaJIbHOTO MPAaBAONOA00HSI OCHOBAH Ha MOHATUU (PYHKIIUU
npaBonoaooust BeiOOpKku L(X1, X2,...,.Xn; 0), KoTOpas paBHa Jiorapudmy COB-
MECTHOTO 3aKOHa pacrpeesieHus: B JTUCKPETHOM ciry4ae
In{P(X1=x1/|0)-P(X2=x2/0)- ... - P(Xy;=X4|0)} ¥ B HempepbIBHOM ciy4ae paBHa
IN{f(X1|0)-f(X2|0)-...-f(Xs|0)}. B kauecTBe OIICHKH MpPH 3aJaHHBIX PE3yJbTaTax
HaOIIOICHUSIX X1, X2,...,Xn IPUHUMAETCS TO 3HAYCHUE 0 (X1, X2,...,Xn) TIPH KOTO-
pBIX QYHKIUS MPaBIONoA00us MPUHUMAET Haubomblee 3HaueHue. Mcnomab3o-
BaHue Jjorapudma COBMECTHOTO 3aKOHA pacipeaeseHus: 00yCIOBICHO €ro Mo-
HOTOHHOCTBIO U BBIMYKJIOCTHIO U YTOOCTBOM B3SITHSI YaCTHBIX MPOU3BOHBIX OT

L(0), koTopsle, IpHpaBHUBAs K HYIIO, HAXOJUM KpUTHUecKoe 3Hadenue O (Xi,
X2,...,Xn)— OLIEHKY MaKCHMaJIbHOTO TIpaBaomoao0us . Kak nmpaBuiio oreHKn Mak-
CUMaJILHOTO MPaBIonoa00us dp(HEeKTUBHBI TaK KaK JJIs UX MMOJYyYEHUS UCIIOJIb-
3yeTcsl Bes MHpOpManus 0 mapameTpe, COCPEIOTOUCHHAs B JAHHOUW BBIOOPKE C
JTAHHBIM 3aKOHOM pacIpeIesICHUs]

MeToa MOMEHTOB.

B cuny 3akoHa OoybIIMX YWCeN BBIOOPOYHBIE MOMEHTHI MPUHUMAIOT
ONMM3KHe K 3HAYCHHSIM TEOPETUYCCKUX MOMEHTOB. [IpupaBHMBas 3T OMM3KHE

3HaYEHHs MOJyYaeM ypaBHEHHUE JUIA HaxoxaeHus onenku 6 (X1, Xz,...,Xn) HEU3-
BECTHOTO TlapameTpa 0.

EcTecTBEHHO, YTO NpPH MOCTPOEHUU OLEHOK MO METOJY MOMEHTOB HC-
MOJIb3yeTCs UL Ta MH(OpMaALUS O MapaMeTpe, COCPeAOTOYeHHas! B TaHHOU
BBIOOPKE, KOTOpasi COACPKUTCS B HCIOJIb3yEeMOM BBIOOPOYHOM MOMEHTE, IO-
TOMY OLIEHKH METOJ[a MOMEHTOB He Bcernia 3(h(peKTUBHBI.

[TosicHIM NpUMEHEHHE 3THX METOJOB Ha NPUMEPE HOPMAJIBHOTO 3aKOHA
pacrpeziesieHusl ¢ IByXIapamMeTpUueCKOu MIOTHOCThIO

2
2 1 (x—a)

(x|a,07)=—F—=—exp| ———5—

Sl ) o271 P 202

oxunanue MX = a u gucnepcusa DX = G2

, ipu ro6om X. Ilpudem maremaruueckoe
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[Tycth (X1, X2,...,Xn) HE3aBUCUMBIE HAOIIOICHUS, UMEIOINE HOPMAILHOE
pacnpesieficHHe CIy4aiHON BEJIMYMHBI C HEU3BECTHBIMH MAaTEMaTHYCCKHM
OXHMJaHHEM a M G2 . HalijieM ToueUHbIe OLIEHKHU IapaMeTPOB a U G2 110 METOAY
MaKCHUMAaJIbHOTO TPABIOMOM00MS M METOJAY MOMEHTOB Ha OCHOBE BBIOOPKH
00bEeMa N U ¢ MaTEMAaTUYCCKOE OXKUIaHNUE.

®yukuus npaspononodus pasHa L(a, 2) = In{f(xy)-f(x2)-....f(xn)}

1 n
—%ann —%lncsz——2 > (xl,—a)z. €e 4YacTHasg IIpOM3BOAHAA 1O  a:
o’ .
1=
L 1 n _
— > (x.—a)=0m a=; > xl,= X
c”i=1 =

N3 cBoiicTBa MaTeMaTHYEeCKOTO OXKHJIAHHWS W TOBTOPHOCTH BBIOOPKHU
M(Xx) = a, T.e. X - HECMEIIICHHAs OlICHKa T'eHepaibHOro cpennero M(X) = a.
Haiinem, ucnomnns3ys CBOMCTBA JUCIIEPCUH U MMOBTOPHOCTH BHIOOPKU TUCIIEPCHUIO

_ 1 2
D(x) =7, O, T.e. gucnepcus BHIOOPOYHOI'O CPETHETO B I pa3 MCHBIIE JIHC-
IIEPCUU OJTHOTO HAOJIIOJICHUS H, CJICIOBATEIBHO, B CHITY 3aKOHA OOJIBIINX YUCEIT
COCTOSITEIbHA.

Jist HaxOXKIEHHS OLEHKH ITapaMeTpa o~ HaXxOJMM YacTHYIO HPOM3BOJI-
HYIO

L(a, 6®) no o’: =0

1—1 202

_ 2 1 _
¥ 3aMCHSIS  Ha OLICHKY X IIOJIyYHM OLIGHKY IapameTpa o’ O =—) (x, —X)’

Hcnonb3ys cBOMCTBAa MATEMaTUYECKOTO OKUJIAHUS U TUCIIEPCUMN HE3aBU-
CHUMBIX OJIMHAKOBO PACIpPENEICHHBIX BEIUYUH X1, X2 ,..., Xy MOKHO MOKA3aTh,
n—1

~2 ~2 2
qT0 O - CMEIICHHAas OIlCHKa M(G ) = -G, HO 3TO CMEIIICHUE aCUMIITOTH-

YCCKH MaJIo.

[IpencraBus s g BUJIC S’ % Z (x —a) n()_c—a)2 150301
i=1
2
2 ol oo

c :7 > i, Z il b rI¢ yi - HE3aBUCUMBIE€ CTaHJAPTHBIC HOPMaIbHO
i=1 i=1

pacripesieNieHHbIe CIydaiHble BEMMUMHBI, HAX0AuM M( O 2) = 62(n—1)/n. Teneps
HaxonuMm M(G2)? = o*n— 2{3n+n(n-1)-2(3+(n-1))+3}=c’n — 2(n> -1) u D(5‘2)
— M(62)?~ M2 (6%) =26%(n-1)/ 2.

Ot cMmemnieHnss MOXXHO HM30aBUTCSl paccMaTpuBasi MCIPABICHHYIO BBIOO-

1 n
POUYHYIO JUCIEPCUIO §° =—— X, —X)", pH 3ToM M s’=c’u Ds?=2c*/(n-
Y P

11—1
1).
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[TokaxeM TaKKe HEKOPPEIUPYEMOCTh OLEHOK X U S2, T.€. UX KOO uIu-
€HT KOppeJsluH (BTOPON UEHTpaIbHBIM CMEIIaHHBI MOMEHT) paBeH HYJIIO
R(x, s?) ==M ( x-a)(s*-c?)

n
Ll M(x-a)| T (, —a)? —nx-a)?|=0
i=1

[IpupaBHUBast MO METOY MOMEHTOB BBIOOPOYHBIE U TEOPETHUECKHUE MO-
MEHTHI TIOJyYHMM T€ K€ OLEHKH IS a U G2. DTO COBIAJACHUE OOSICHAECTCSA TEM ,
YTO JJIi HOPMAJIBHOTO pacrpezesieHuss nHGopMalus 0 MaTeMaTHYeCKOM 0KH-
JTAHUY a TIOJTHOCTHIO COJAECPIKUTCSA B BRIOOPOYHOM CpeHEM X, @ HHPOPMAIHS O
G? TIOJHOCTBIO COCPENOTOYEHA BO BTOPOM IIEHTPAIBHOM BBEIOOPOYHOM MOMEH-
Te. B MoI0OHBIX ciydasx MOKHO TOBOPUTH O IOCTATOYHOW BHIOOPOYHOM CTaTH-
CTHKE JIJIsl JAHHOTO MlapaMeTpa

IIycte O (X1, Xa2,..., Xn) TOUEUHas OIEHKA HEM3BECTHOTO TapameTrpa 0
HaliJ[eHHAas 10 BBIOOpKE 00beMa N, 4yeM MeHbIIe CiydaiiHas pasHocTh |6 —0 |,
TeM JIydllle KadecTBO OIeHKH. 3Has pacnpenencane CB 6 n 3aqaBIINCh HEKO-
TOPBIM TOJIOKUTEIIbHBIM YHCIIOM € MOXKHO HAaWTH BEPOSITHOCTH BBHITIOJHEHUS
HepaBeHcTBa P(|0 —0 |<€)=y, KOTOpPYIO HAa3bIBAIOT JOBEPUTEIHHON BEPOATHO-
CTBIO.

HuTepBasibHbIE OIEHKH MTapaMeTPOB

JIOBEpUTENBHBIM HHTEPBAJIOM ISl HEM3BECTHOTO MapameTpa O Ha3bIBaeT-
Csl MIHTEPBAJI CO CIIyYallHBIMU TPAHUIIAMU, 3aBUCSIIMMU OT PE3yJIbTaTOB BHIOOP-
KM, KOTOPBIN HaKpBIBACT UCTUHHOE 3HAUCHUE MapaMeTpa 0 ¢ 3a7aHHOI BEpOsIT-
HOCTBIO (moBepwusi). Ilpu mocTpoeHuM MOBEPUTETHHOTO WHTEpBajia Ui Tapa-
MeTpa 0 3amaroT 3apaHee JOBEPUTEIbHYIO BEPOSITHOCTh Y=1—o (MOXHO 3aja-
BaTh BEPOSITHOCTH O MPOTHBOIIOJIOXKHOTO COOBITHS - YPOBEHb 3HAYUMOCTU O=
0,1; 0,05; 0,01) 1 Mo He¥l HAXOASAT TOYHOCTh € WJIU TMOJOBUHY JJIMHBI IOBEPHU-
TEJILHOTO MHTEpBaIa

0 (X1, X2 10y Xn)—€ < O <O (X1, X2 1.0, Xn)FE
HAKPBIBAIOIIETO HEW3BECTHBIH HEM3BECTHBIM MapaMmeTrp O ¢ BEpOATHOCTHIO
Y=1—a.. Takum 00pa3oM 00BEM BBIOOPKH N, JJIMHA UHTEpBaia 2€ U J1OBEPUTEIb-
Hasi BEPOATHOCTh 1—0l CBSI3aHBI ¢ APYT IPYrOM M 33/1aB JOOYIO Mapy BETUYHH
MOKHO HAaWUTH TPETHIO.

ITycTh X1, X2 ,..., Xn HE3aBUCHMBIC CITyYalHbIC BEIIMUYNHBI UMEIONINE HOP-
MaJIbHOE Paclpe/ieicHue ¢ M3BECTHOM IUCIEPCHEl G° M HEM3BECTHBIM Iapa-
MeTpoM a. [lockosbKy TodeuHas OIleHKAa ¢ = X MMEET HOPMaJIbHBIN 3aKOH pac-
npenenenus N(a; 6%/n), TO IPU IOCTPOECHUH JOBEPUTEILHOTO HHTEPBAIA I a
HCIIONIB3yeM CTAaHJAapTHYK HopManbHO pacmpeneneanyio CB U =V n(x-a)lo
pacnpeneneHnylo 1mo HopMmainbHOMY 3akoHy N(0;1), MIOTHOCTH KOTOPOTO

1

o(u)= N

dbyakuus pacnpeneneHuss F(u) BeIpakaeTcss 4epe3 HEUETHYI0 WHTETPAIbHYIO

R = M(x —a)s?=

n—

exp(—%uz) - Ha3pIBaeTCs JIOKambHOW (QyHkImen Jlammaca, a ee
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u
dynkmuio Jlamraca ®(u)= [@(x)dx F(u)=0,5+ ®(u), 3Hauenus ¢pynkuii Jlama-
0
ca MpUBEJEHBI B TaONMUIAaX (KaK MPaBUJIO B MPHJIOKECHUAX) JIO00T0 yueOHHKA
0 TEOPHUH BEPOSTHOCTEH M MATEMATUYECKOW CTATHUCTHKU TOJBKO JJIS TIOJIOKH-
TEBHBIX 3HAUCHUN apTyMEHTA C yYETOM WX YETHOCTH U HEYETHOCTH.
[Tockonbky BeposiTHOCTH momnaganus oo CB X pacnpeaeneHHo# 1o
3akoHy N(a;c°) B uHTepBan (o) BEIpaXkaeTcs 4epe3 3HAUCHUS UHTErPaIbHOM
dbyukiuu Jlamnaca,

Ha<x<m:®(ﬂ;a)—®@““)

(o}

TO BBEJEM IOHITUE JBYCTOPOHHETO KBAHTHUJIS Uy HOPMAJBHOIO 3aKOHA OIpe-

nensieMoro no taonuue GyHkuun O(u) Kak 3HaYEHUE CTaHIAPTHON HOPMAIbHO

pacnpenenennoit CB U = Uy, Takoe, 9To P(-Uy2 < U < Uyn)=2D(uy2 ) =y
CrnienoBarenbHO JOBEPUTEIbHBIA UHTEPBAI JIJIs MapaMeTpa a IpHu U3BECT-

The gz e

Jn Jn
METp a C JOBEPUTEIBLHOW BEPOSTHOCTHIO Y =1—o. TOYHOCTH MHTEPBAIBLHOU
o-u

y/2
Jn

B ciyuae Hen3BeCTHOM qUCHIEpCHH CPEAHEE KBAIPATUUECKOE OTKIOHEHUE

HOU JAUCIICPCHUHA 02 UMEET BUT X — N HAKPBIBACT I1apa-

OIICHKH (TIOJIOBUHA JITMHBI MHTEPBAJIa) paBHA €=

G 3aMEHAETCA HA OLEHKY S s U MPU MTOCTPOEHUU JOBEPUTEIHLHOIO UHTEPBa-
Jla UCIOJIB3YETCs IBYCTOPOHHHUM KBAaHTHIIb typ (h.1) pacnpenencHus CTbrofeHTa,
OTpenesieMOro U3 TaOIUIlbl MMEIOIICH JBa BXOJA: JOBEPUTEIBHYIO BEPOST-
HOCTh y=1-0a, uucino creneHei cBobOoabl k=n—1. [lomoBUHA IJIWHBI JTOBEPH-
TEILHOTO  WHTEpBajga JJisg CpPEeAHEro TMpPU  HEU3BECTHOW  AUCIEPCUH

St
y/2,(n—1) . .
e= 7, IIPU TOM K€ YUCJIe HAOII0IeHUH n OOJIbIIe YeM MPU U3BECTHOM
n
JIACTICPCHH. Cam JIOBEPUTEIIbHBIN UHTEpBAJI UMEET BUJT
v S ty/Z,(n—l) <a<x+ S t;//Z,(n—l)

S ca<y e

JloBepUTENBHBIN UHTEPBAJ ISl UCIIEPCUU 331a€TCS HEPABEHCTBOM:

2, 20 _
; (n-1) <o < 2S (n—1) ,TIIE ;502[ (n-1) KBAHTUIIM Y2 pacrpe-
2y 12,(n-1) Xl—y/2,(n-1)

JIeJIeHUS], OTPEEIIEMOT0 U3 TabIUIIbI C ABYMS BXOJaMU: JTOBEPUTEIbHON BEpPO-
ATHOCTBIO OL M YMCJIOM cTeneHel cBoOoabl k = n —1. M3Bnekas kopHU KBaapaTt-
HbIE MOJYYUM MHTEPBAIbHYIO OLIEHKY C TeM ke KoadduireHTom gosepus 1—o
JUISL CPEAHErO KBAIPATHYECKOTO OTKIOHEHUS G.
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