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1. MOAYJb AEMCTBUTEJBHOI'O UMCJIA. YPABHEHUS U HEPA-
BEHCTBA, COAEPKAILIUE MOJIY.JIb

1.1. Onpenesienne U CBOiCTBA MOYJIsl A€MCTBUTEIBHOIO YHCJIA.

OHDCI[GHCHI/ICI MOJAYJIEM 4YHCJIa X HA3bIBACTCA PACCTOAHHC (B CANHUYHBIX

OTpe3Kax) OT Havaja KOOPAUHAT IO TOYKH X. Moay/Ib AeiiCTBUTEIHHOI0 YHCJIA -
9TO a0COJIIOTHAS BEIMYKMHA 3TOTO YUCIIA.

[TorpocTy TOBOps, MPH B3ATHH MOIYJISA HYXKHO OTOPOCHTH OT YHCJIa €r0 3HaK.
Moaynes uncna a obo3Hayaercs |a]. OOpaTuTe BHUMAaHHUE: MOJYJb YMCIA BCErna
HeoTpuuateneH: |aj> 0.

6] =6, |-3| = 3, |-10,45| = 10,45

OnpeneneHue MOy

X, X=>0;
X/=
—X, x<0.
CBoiicTBa MOJTYJIS
1. Moynu MpOTHBOTOIOKHBIX YACEIT PaBHBI ‘a‘ = ‘_ a‘
2. KBajpat Moaysist uncia paBeH KBapary 3TOT0 Yucia ‘ a‘Z _ g2

3. KBajparHelii KOPEeHb U3 KBAJpaTa YUCIa €CTh MOAYIb | /42 :‘a‘

3TOTO YKCIa
2n/ a2n _ ‘ a‘
4. MoyJib 9nClia €CTh YKCIIO HEOTPHUIATEIBHOE al>0

5. TIOCTOSHHBIM TMOJOXHUTEIbHBIA MHOXHUTEIb MOMXHO \c-x\zc-\x\

BBIHOCUTb 32 3HAK MOAYJIA >0

6. Ecin ‘a‘ = ‘b‘ TO a=tb

7. Monaynb mpousBefcHHus ABYX (M Oosiee) yucesl paBeH ‘a-b‘ :‘aHb‘

MPOU3BECHUIO UX MOAYJIEN




Paccmotpum nipocteiiiee ypaBHeHue |X| = 3. Mbl BUAMM, 9TO HA YHCIOBOW Tps-
MO €CTh JBE TOYKH, PACCTOSHAE OT KOTOPBIX /10 HYJIS PaBHO TPEM. ITO TOUKH 3 U
-3. 3HauuT, y ypaBHeHus |X| = 3 ecTh 1Ba pemieHus: X =3 u X = -3.

Ipumep 1. Pernts ypaBHeHue [X — 3| = 4.

DTO ypaBHEHHE MOXKHO MPOYUTATh TaK: PACCTOSHUE OT TOYKU X 0 TOYKH 3 PaBHO
4. C noMol1bi0 rpa@uueckoro MeToja MOXHO ONPE/IETUTh, YTO YpaBHEHUE UMEET

JBa pemeHus: -1 u 7.

=1 3 7
Ipumep 2. Pemnm HepaBeHCTBO: X + 7| < 4.
MOXHO MPOYHMTATh KaK: PACCTOSHUE OT TOYKH X JIO TOYKH -/ MECHBIIIE YCTHIPEX.
Ortger: (-11; -3).
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Ipumep 3. Peminm HepaBeHcTBo: |10 — X| > 7.
Paccrostane ot Touku 10 10 TOUKHM X OOJIBINE WM PABHO CEMH.
Ortser: (-o0; 3] [17, +o0)
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I'paduk pynxouun y = |X|

Jlst x> 0 mumeem Y = X. Jlna X < 0 umeem y = -X.

y=|z

Puc. 1.1 I'padpux pynkmm y = |X|

1.2. PemmieHue ypaBHeHHil 1 HEPABEHCTB, COAEPKAMMUX MOAYJIb.



YpaBHEHHS, COIEPIKAITNE MOIVIID.

1. Ypaenenns Buaa |f (x) = A, AeR pemarorcs ciaeayromum o6pasom.

Ecomu A< O, To KopHel Her.

Eciu A=0, To ypaBHEHHIO ‘ f (X)‘ = A cootBercTtByeT ypaBHenue f(x)=0.

Ecimu A >0, To ypaBHEHHIO ‘ f (X)‘ = A COOTBETCTBYET paBHOCUJIbHAS COBOKYII-

{umzA
HOCTb .
f(x)=—A

2. Ypasuennst Buaa | f (X)| = g(x) pemarorcs caexyromum oGpasom.

YpaBHEHUIO ‘ f (X)‘ = g(X) COOTBETCTBYET paBHOCHIIbHAS COBOKYITHOCTh CHCTEM

g(x)>0
{f(X)=9(X)
g(x)=>0

{— f(x)=9(x)

3. Ypasuennst Buaa | f (X)| =|g(X)| pemarorcs ciaexyrommum o6pasom.

Cmioco0 Nel

YpaBHECHHIO ‘ f (X)‘ = ‘g (X)‘ COOTBETCTBYET PaBHOCHUJILHOE ypaBHEHHUE

f2(x) =g%(x)
Crioco0 Ne2

YpaBHEHUIO ‘ f (X)‘ = ‘g (X)‘ COOTBETCTBYET PaBHOCHJIbHAS COBOKYITHOCTD

{ fF(x)=9(x)

f(x)=-9(x)

4. YpaBHeHHUs] BHIA ‘ f (X)‘ =—f(X) m ‘ f (X)‘ = f(X) pemawTcs cieaylmmum
oOpa3om.

YpaBHEHHIO ‘ f (X)‘ = —f (X) cooTBeTcTBYET paBHOCHIbHOE HepaBeHcTBO T (X) <0.

YpaBHEHHIO ‘ f (X)‘ = f(X) cooTBeTCcTBYET paBHOCHIbHOE HepaBeHCTBO T (X) > 0.

I[Ipumep 4. Penth ypaBHEHUE ‘XZ —1‘ + ‘XZ — 4‘ =3



Pewenne. Halinem Hynu BbIpakeHUM, CTOSIIIUX MO 3HAKOM MOJYJIb.

Xx=%1 X=12
X< -2 —-2<x<-1 -1<x<1
1) ) ) [1) ) )
X2 —1+x2-4=3 X“=1-x“+4=3 —X“+1-x“+4=3
-2<x<-1 -1<x<1
X==2 3=3,6epHo Xx==%1
(— 2; —1) - IPOMEKYTOK X==1
l<x<?2 X=>2
V) 2 2
X2 -1-x>+4=3 X°=1+x°-4=3
l<x<?2 X>2
3=3,6epHo X =12
(1 2 - IPOMEXKYTOK X=2

Otser: [-2;-1]U[1;2]
IIpumep 5. Haiitu cymmy KopHel ypaBHEHUS ‘ x+1+ ‘— x— 3‘ ‘ -6=x.

PemeHue. I[aHHOC YPaBHCHHUC PABHOCHUJIbBHO COBOKYITHOCTH IBYX CUCTCM:

-x—-32>0, -x—-3<0,
x4le(ex=3)-6=x = |r+l-(-x-3)-6=x, =
| (-x-3) | (-x-3)

X< _3, X> _31
X=-4, ‘2x+4‘—6:x.
PemenneM mepBoit CHCTEMBI COBOKYITHOCTH SIBJISIETCSI YHCIIO X =—4.

BTOpaH CUCTCMaA COBOKYITHOCTHU paBHOCHJIbHA COBOKYIIHOCTH JABYX CJIICAYIOIINX

CHCTEM:
x>_3, X>_3a
2X+4>0, 2X+4<0, T.C.
2X+4-6=X, —(2x+4)-6=x,



X>—3, X> -3,
X>-2, X< =2,
X=2, 3x=-10.

Pemenuem nepBoil cucTeMbl COBOKYITHOCTH SIBIISIETCSA YUCIIO X =2, a BTOpas CU-
cTeMa pelIeHni He uMmeeT. MicxonHoe ypaBHEHUE UMEET 1BA KOpHS: —4; 2.

OrtBerT: 2.

HepaBeHcTBa, cojeprkalme MOAYIb.

OCHOBHOW METOJ MpU PEUICHHWH HEPABEHCTB, COJEPKAIIUX 3HAK MOMIYJIS,
3akirouaercs B crenyronieM. OJ13 HepaBeHCTBA pa30MBAIOT HA YaCTH, HA KaXJIOu
U3 KOTOPBIX BBIPAKEHUS, CTOSIIIME TOJ 3HAKOM MOJYJs, COXpaHsSIOT 3Hak. Ha
KQKJI0M TaKOW 4acTh penialoT HEPABEHCTBO U MOJYYCHHBIC PEIICHUs OOBEANHSIOT
B MHOKECTBO PEIIICHHUI UCXOIHOTO HEPABEHCTRA.

. HepaBenctBo Buaa \f(x){ < g(x), rje f(x) u g(x) — HEKOTOpbI€ (PYHKIIMH, MOKHO
pelarb OCHOBHBIM METOJOM WJIM CBEACHUEM K PAaBHOCHIBHOMY €My ABOMHOMY

HCPAaBCHCTBY:
| (x) < g(x)=—g(x)< f(x)<g(x).
. Hepasenctso Buaa |f(Xx) > g(X) MoxkHO pemath OCHOBHBIM METOZOM HIH 3aMe-

HOM Ha PaBHOCWIBHYIO €My COBOKYIHOCTb JBYX HEPAaBEHCTB: \f(x){ > g(X)<:>

{f(x)> g(x),
f(x)<—g(x).

. Hepasenctea suna |f(x)>|g(x) u [f,(x)+|f,(x)+...+|f,(x) > 9(x) pemarorcs
METOJIOM MHTEpPBaJoB (METOJ OIMCaH B MyHKTe 3.3) IO TOM e cCXeMe, 4TO U aHa-

JIOTUYHbIE YpaBHEHUs. HekoTophle HEpaBeHCTBA BUIA \f(x){ > \g(x){ 1esnecooopas-

HO pelIaTh, TIepPei s K pABHOCHIIBHOMY HEpaBeHCTBY f ° (X) > g2 (X)

Ipumep 6. HaifTi 9rCII0 HeIbIX PELICHHIT HepaBeHCTBA: X° + 4X — S‘x + 2‘ <2.

Pemenne. OJI3 HepaBeHcTBa: x € (— 00;+ o0).



HepaBeHCTBO PaBHOCHUIIBHO COBOKYITHOCTH IBYX CUCTCM:

x+22>0 x=>-2
1, <9, <
x*+4x-5(x+2)<2  |[x*—x-12<0

x>-2 x>-2

& & & -2<x<4,
(x—4)x+3)<0 -3<x<4
x+2<0 x< -2

2) 4, = &
x> +4x+5(x+2)<2  (x*+9x+8<0
x< -2 x<-2

et Rt & -8<x<-2.
(x+1)x+8)<0 " |-8<x<-1

MHOKeCTBOM pEIlIeHU HEPAaBEHCTBA SIBJIAETCS 00bEIMHEHUE MHOXKECTB

—-8<X<—2wu—-2<x<4,T1.e. 0Tpe30ok —8 < x < 4. DTOT OTpE30K cCOnEePKUT 13
HneeIx unucel: —8,—7;—6;,-5,—4,—3,—2;—1:0;1;2;3;4.
Ortger: 13.

IIpumep /. HaiiTu nnuHy MHTEpBaJia peICHU HEPAaBEHCTBA! ‘XZ — X‘ <2.

Pewenue. /[aHHOE HEPABEHCTBO PABHOCWIBHO IBOMHOMY HEPABEHCTBY

e

X2 —x+2>0

X2 —x<2, x? —x-2<0,
o
X2 —X>-2

—2<x?-x<2, Te. CI/ICTGMG{

- {(x +1)x-2)<0,

X? —X+2>0.
Hepasenctso (X+1)x—2)<0 Bemonnserca npu X e€(—12), a HepaBeHCTBO
X*> —X+2 >0 BBINONHAECTCS TPH JMO60M X (T.K. Ko3HIMEHT pn x° Goble
aymiu D=1-8=-7<0).

TakuM 00pazoM, MHOXKECTBO PELIEHUN HCXOAHOTO HEPAaBEHCTBA €CTh UH-
teppan (—1;2). InuHa sToro uuTeppana: | =3.

Ortser: 3.
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2. IEUCTBUA CO CTENNEHSAMHU U PATUKAJIAMHA. TOKJIECTBEH-
HBIE IPEOBPA3OBAHMUS AJITEFPAMYECKUX BBIPAKEHU

2.1. leficTBHS €O CTeNeHAMH U PaJMKaJIaMHu. YIpolleHHe BbIPaKeHHUid.

a
OOBIKHOBEHHAS IPOOb — YHCIIO BHJIA B; a — IeJoe 4ncio, b — HaTypaibHOe

yucio. /Be npoobu %:% paBHBL, eclid a-d =b-c. OcHOBHOE CBOWCTBO ApoOei

a-c o
=——,TaeC— JIF000€ OTIIMYHOE OT HYJISI ACUCTBUTCIIBHOC YUCIIO.

E .
b b-c

OcHOBHOE CBOMCTBO mpomnopiuu: a-d =b-¢ (B BEpHOH MPOMOPIIUU MPOU3-

BCICHUC KpaﬁHHX YJICHOB PAaBHO ITPOU3BCACHUIO CPCAHUX tIJ'ICHOB).

JleficTBUS C IPOOSAMU:

CnoxxeHnue Brruntanue YMHOXKEHUE Jlenenue
a c_ad+chb | a c_ad-cb| ac_ac | ac_ad
b d b-d b d b-d bd b-d b'd b-c

IIepecTaHoBKA YJI€HOB OPOIOPIIUH.

a_c. a_c a_b. d b

b d’ b a’ c d cC a

IIpou3BOIHEIE TPOITOPIINH.

Jlana nponopuus % = % , COIPABEJIMBBI CIEAYIOLINE MTPOTIOPIIUH:

atb c+d. atc _a
a C b+d b

c
d

11



DopMyIbl COKPAIICHHOTO YMHOKCHUS

(a+h)’ =a*+2-a-b+b? (a+b)’=a®*+3-a%-b+3-a-b*+b°

a’—-b*=(a—b)-(a+b) a3ib3:(aib)-(a2$a-b+b2)

DopMyabl KOPHEN KBAAPATHOT'O YPDABHEHUSI

a-x>+b-x+c=0, MMCKpuMHUHAHT D=b? —4.a-C

D>0 D=0 D<0
—b++D y b Cpenu IeiCTBUTEIBHBIX
Xjp =—F7 12 =~ 4
L2 2-a 2-a qrce KOpHEH HeT

Ecau 3a1aH0 KBagpaTHOe ypaBHEHHE B 00IIEM BHIE: a- X2 +b-X+C=0, TO

b
ACJIICHUCM YPAaBHCHHUA Ha a+0 MOXHO CBCCTH K IHPHUBCACHHOMY, I'IC p = —,

CDODMVJIBI KODHGIZ IIPUBCACHHOI'O KBAAPATHOI'O YPABHCHUA

2
X2 + p- X+ =0, IMCKpUMHHAHT D, :pT_q

D, >0 D, =0 D, <0
p P Cpenu neiCTBUTEIBHBIX
X12 :_Ei\/Do X2 =75 .
YHUCeN KOpHEH HET

Teopema Bueta. B npuBeiecHHOM KBaJpaTHOM ypaBHEHHH X’ + p-x+qg=0

CyMMa KOpHeW paBHA KOA(P(GUIUEHTY MPU X , B3ITOMY C MPOTHBOIMOJIOKHBIM 3Ha-
KOM, a UX MPOM3BEICHUE — CBOOOTHOMY YICHY:
{xl +X, =—P;
Xl ' X2 = q.

Oo6patHas Teopema. Ecnau uncna t, u t, takossl, uro t +t, =—p, tit, =q,

TO OHM SABJIAIOTCA KOPHAMM KBAaJpaTHOTO ypaBHEHHA X + pX+(0=0.

12



PaznoxxeHne KBaJpaTHOrO TPEX4IEHA HA JMHEHHBIC MHOXKHUTEIU. €CIU X; U X,

KODHM  KBaJpaTHOTO  ypaBHeHHs, To  ax” +bx+c=a(x—x Xx—X,).

JleicTBUS CO CTENEHSIMU:

(&-b-C)nZan-bn°Cn am.a" = gmm am)n:am,n
a " a" a" m-n 1 aO -n
b b a a a

JleicTBUS ¢ KOpHSAMU (KOPHH MPEIOIaraloTcs apudMeTHuecKuMu):

Ya-b-c=Ya b -Ye $_% oo o
E_% a =a

m/an _ m'P/an-p (m an )P _m an,p m an b aq _ m‘P/an-erm‘q —

2fa? = a| Wa) =a (a2  "¥-a=—""a, (a=0)

CBoOMCTBA YHCIOBBIX HCPAaBCHCTB

a>b < b<a, a>pbub>c = a=>c,

a>2b < a+c>2b+c, a?*>p? & \a\z\b\,
nycte ¢>0,Torma a>b< a-c>b-c,
nyctb ¢ <0, Torma a>b<a-c<b-c,

nyctb a>0b >0, Toraa aszESE.

a b

2.2. ToxnecTBeHHbIE IPe00pa30BaHMs AJITeOPaNyeCKUX BbIPaKEeHU.

13



AHFG6DaI/I‘-IeCKI/IM BBIPAKCHUCM HA3bIBACTCA BBIPAKCHHEC, B KOTOPOM YHCJId

U OYKBBI COCIMHEHBI JCHCTBUSMHU CIOXKECHHS, BRIYUTAHUS, YMHOXKCHUS, JICICHUS,
BO3BEJICHUS B CTEIIECHb WM U3BJICUEHUS apu(PMETUUECKOTO KOPHSI.

PaBeHcTBO, 00€ 4acTM KOTOPOrO0 MPUHUMAIOT OJMHAKOBBIE YMCIOBBIE 3HA-
YEHUsI NPU JIFOOBIX JTOMYCTUMBIX 3HAYEHUSIX BXOJSIIMX B HETO OYKB, Ha3bIBAETCSA
TOXIECTBOM.

Hampumep, kaxnas u3 GopMys COKpaIEHHOTO YMHOXEHHUS NPEICTaBIIAET

co0oit TOXKIACCTBO, n0o jJeBas u ImpaBas 9aCTU KaKJA0T'0 U3 paBCHCTB:
(a+b)’ =a’+2-a-b+b? (a+b)’=a®+3-a’-b+3-a-b”+h’

a’-b*=(a—b)-(a+b) a3ib3:(aib)-(a2$a-b+b2)
paBHBI JAPYT JIPYyTy HpH JOOBIX 3HAYEHUSIX g M b. IIpu 3TOM OJIHO BBIpaKEHHE
npeodpazyeTcst B Ipyroe — €My TOXKJIECTBEHHO PaBHOE.

[Ipy BBIMOJHEHUHM TOXKJIECTBEHHBIX MpeoOpa3oBaHUN alreOpanvecKUX BbI-
paxeHU! HeOOXOMMO 3HATH MOPSAAOK BBHIMOJHEHUS IEUCTBUMN, NEUCTBUS C APOOS-
MU U CTETICHHBIMU BBIpaXEHUSIMHU, (DOPMYJIBI COKPAILIEHHOTO YMHOXKECHHS U .

CrnenmyeT UMETh B BHIY, YTO IIPH TOXISCTBEHHBIX IPeoOpa3oBaHUAX OCTa-
FOTCSI HEU3MEHHBIMU:

BEJIMYMHA JIOMYCTUMBIX U3MEHEHNH OYKBEHHBIX BEJIUYMH;
00J1aCTh JIOMYCTUMBIX 3HAUCHUHN KaK/I0M U3 OYKBEHHBIX BEJIMYUH.

[TepBoe u3 3TUX TpeOoBaHUM sIBIsIETCS 00sI3aTEIbLHBIM IIPU BCEX MPeoOpa3o-
BaHUAX, UMECIOIIUX IEJIbI0 YIIPOUICHUE BBIPAKEHUS WJIN MPUBEICHUE €TO K HYX-

HOMy Buay. Ecmm Hago, Hampumep, JOONOJHHUTH KBaIpaTHBIA TPEXUIICH

X% +6-X—7 10 MOJHOIO KBajapara, TO, NpuOaBUB K HEMY YHCIO 9, HEOOXOAUMO

TaKO€ K€ 4YHUCJIO U BBIYCCTH, T.C.

2
X +6-X—7=X*+6-Xx+9-9-7=(x+3)" -16.
TO)KI[eCTBeHHLIe Hpeo6p330BaHI/I$I IMOCJICAHCI'O BBIPAKCHHA MOMKHO IIPO-

AOJIDKUTHb U IPUBCCTHU NCXOJHOC BBIPAKCHHUC K ITPOU3BCACHUIO IBYYJICHOB!

(x+3)° 16 =(x+3+4)-(x+3-4)=(x+7)-(x—1)
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Bropoe TpeboBaHne — HEU3MEHHOCTh 00JACTEeH TOMYyCTUMBIX 3HAYCHUU, HE

BCET/1a BBIMOJHSIETCS MPU OOBIYHO MPUMEHSAEMBIX HaMu npeoOpazoBanusx. Cokpa-

2

TUB, Hampumep, ApoOb Ha pPa3HOCTh g—1 M HaNucaB pPaBEHCTBO

2

—a+1, MBI 3aMeyaeM, YTO HaApYLIEHO BTOpPOe TpeOOBaHUE, KOTOPOMY
a-1

JIOJDKHO YJIOBJIETBOPSTH TOXKJIECTBEHHOE IMpeoOpa3oBaHME: IMpaBas 4acTh PaBEH-
CTBa UMEET CMBICJI IIPH JIFOOBIX 3HAYEHUSX &, a JieBas TOJBKO IMPH YCIOBHUH, YTO
a#1, T.c. MPOU3OILIO U3MEHEHNE 00JACTH TOMyCTUMBIX 3HAYCHUN BEIIMYUHBI g .
CrnemoBartenbHO, ITPpe0Opa30BaHKUE B JAHHOM CJIydae HE SIBISETCS TOXKISCTBEHHBIM.

OnHako 3TO HE 3HAYUT, YTO HYKHO OTKa3bIBATHCS OT TAKUX MpeoOdpa3zoBa-
HUM, KOTOPbIC U3MEHSIOT 00JIaCTH JOMYCTUMBIX 3HaUYE€HUM BelnuuH. Hamo Toabko
IpU KaXJI0M TaKoM IpeoOpa3oBaHUM yKazaTh, KaK M3MEHWJIMCH OOJAcCTH JIOIY-
CTUMBIX 3HaUYC€HU OYKBEHHBIX BEJIMYHH.

[Hopsa1ok BEINOJHEHUS JIEHCTBUIA.

JIIEUCTBHS C OJJHOUYJICHAMM,
JIEHCTBUA B CKOOKAX;
YMHOXEHHE WM JIeJIeHHe (B MOPSIKE TOSBICHUS ),
CJIO’K€HHE WM BRIUUTAHUE (B TIOPSIAKE MOSBICHUS).
[Ipu nelcTBUSIX ¢ paguKalaMu CIEAyeT UMETh B BUY, YTO MpaBUiia, Mo KO-

TOPBHIM OHHU BBITIOJHSIOTCS, O€30rOBOPOYHO BEPHBI JIMIIL NI apu(PMETHIECKUX

xopHeii. ITo onpeieeHno KOpeHb V/a Has3pBaeTcs apH(pMETHUIECKAM JUIIb B TOM
Cy4dae, €CIId YMCIO a IIOJOKHUTEJIbHO WM HYJIb, 4 TAKXKE ITOJOKUTEIbHA WIIH

paBHa HYJIIO U BCJIMYMHA CaMOI'0 KOPH:I. Ecnu storo ne YUYUTBIBATh, TO MOKHO J10-

nyctuth ommOKy. Hampumep, paBeHcTBO §/x? =3/x BEpHO JHMIIL NPU YCIOBUH,

uro x > 0. [Ipu x < 0 HY»HO mHcaTh Tak: 3/ x% =3/—X.
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AHaJIOTMYHO PABEHCTBO f’,/(a_b)2 :3,/ia_bj BEPHO JIMIIL B ClIy4yae, €CJIU

a>b. I[Ipu a <b OHO HEBEPHO U HYKHO IMHCATh §/(a_b)2 = 3/{b_aj. Oba ciy-

Yyasi MOJKHO OXBAaTUTh TAKOU 3aIHCHIO: 6,/(a — b)2 =3/ ‘a — b‘ .

47 17 }
60 45

IIpumep 1. Beruncaurs: — 3,25 (— 5%) +6,75- [— -2—-165

Pemenue. Yka3aHnnelie HCﬁCTBHH HaJl0 BBIIIOJHHUTDL, HE IIOJb3YyACh MUKPOKAJIbKYJIA-
TOPOM, HC Acjad OprrJIGHI/Iﬁ )41 HpI/I6J'II/I)KeHHI)IX BI)I‘II/ICJIGHI/If/’I, TaK KakK IIpCAIIoJia-
racTcsi, 4To BCC 3aJaHHBIC YN CJIa ABJIAIOTCA TOUYHBIMU.

BYI[GM BBIITOJIHATH BBIYHMCJIICHUS 110 I[GIZCTBHHMZ

1)—3,25:[—5%j:—33:(—51j=§:§:_13‘5:5.

4 5) 4°5 4.26 8
2) 47 _,17 g5 47 _107 165 47 107 33 47-3-107-4-33-9
60 45 60 45 100 60 45 20 180
141-428-297 584 146
180 180 45

3 675( 146):65(_@}:_2.146:_3-73:_219:_21’9.
45) "4\ 45 4 45 210 10

4) g —21,9=0,625-21,9 =-20,275.

Takum obpazom, — 3,25: (— 51] +6,75- [ﬂ — 2E -1 65} =—20,275.
5 60 45

Ortser: -20,275.

IIpumep 2. YOpocTHTh BBIpaXEHHE: S :\/X+1+\/X_1, opu X = 1(E bj

Ix+1-+/x-1 b a

azbuab>0.
P@HI@HI/IC. HOKa)KeM Hpemae, qTO HpI/I 34 IaHHOM YCJ'IOBI/II/I BCC HOI[KOpeHHBIe BbI-

PaAXKCHUSA IMOJIOKUTCIbHBI:
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X-1=—
2

1(a 9)_1_a2+b2—2ab_(a—bf
5 - -

—+
a 2ab 2ab

mockoIbKy a—b =0, 10 (a—b)” > 0; ab >0 mo ycnoswuio.
2
(a—b)
CnenoBatenbHO, IpoOb ~— . TMOJOXHUTENbHA, T.6. X—1>0, a 3HAYUT, U
2ab
X+1>0.
Tenepp nepeieM K YIPOUIEHUIO 33IaHHOTO BbIpakeHUs1. OcBoOOIUMCS OT

HPPadrOHAJIbHOCTH B 3HAMCHATCIIC!

S__Jx+1+Jx—1: (Jx+1+Jx—lf

Cx+1-Ux-1 (Jx+1—Jx—ﬂ(Jx+1+Jx—ﬂ
X +1+ 24/ x? —1+x—1:X+\/X2—_L

X+1-x+1

I 1(a b) a?+b?
OJACTAaBJIsIAI BHAYCHUE X = —| — 4+ — | = ) HOJ'Iy‘-II/IM
2\b a 2ab

“a?+b®  [[@2+b?) | a’+b®  [(@®-b’) a’+b? hz_bﬂ
S = + -1= + = +

2ab 4a%b’ 2ab 4a°b® 2ab  2-|ab|
a2 + b2 +‘a2 _bz‘

2ab

ITo ycnoButo ab > 0, 3HA4MT,

ab‘ =ab, mo3ToMy S =

PaccmoTpum 00a BOBMOXKHBIX CTyYast:

a -

1) ecmm a2 > b?, T.. eciu ‘a‘ >‘b‘,TO ‘az —bz‘ —a2-_p%us-=

b
2) eciu a° <b?, 1.e. ecam ‘a‘ <‘b‘, TO ‘az _bz‘ ——a’+bh%usS==,
a
2
X°—=5x+4

IMpumep 3. CoxpaTuth ApoOH: 5 :
x> —x—4x* +4

Pemienue. Pa3noxxuM ynuciauTeslb M1 3HaMEHATE)Ib Ha MHOXKUTENU. KopHU ynciauTe-
) ) . U2
ns: x, =1 X, =4, HO3TOMY, HMeeM: X° —5X +4 = (X _1). (X—4)-

YTtoOBI Pas3JIOKUTh 3HAMCHATCJIb HA MHOKHWUTCIIN, IPUMCHHUM MCTOI I'PYIIIIN-

POBKH:
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X2 —X—4x* +4= (x3 —x)—(4x2 —4): x(x2 —1)—4(x2 —1): (x2 —1Xx—4)=

=(x—1)x+1)x—4).

Tormampu x #1, X # -1, X # 4, OyJIeM UMETb:

x*-5x+4 _ (x-1)x-4) 1
X3 —x—4x?+4 (x-1)x+1)x-4) x+1
2,2
Ipumep 4: [Tonb3ysck Teopemoii Buerta, Borancnuts: ~1- + =2, rae x, U X,- Kop-
X2 X

HH ypaBHEHUS 2X% +6X+1=0.

XX X5 X24x
Permrenne. ITpeoOpasyeM HCXOQHOE BBIPAKCHHE B IpoOh —+ + -2 =L ~2

Xy X X1 X5

. Yuc-

JIMTEIh JAHHOTO BBIPAXKECHMS MOXKET OBITH Pa3IOXeH, KaKk CyMMa KyOOB JBYX BBbI-
pPaXEHUI: x> + X5 = (x + X )(x2 — XX, + XZ) ITpoBeaeM TOXIECTBEHHBIE MPEOO-
=X Xy =X A X NX X Xy X )

Pa30BaHUAg:

2 2 2 2

(4 +%, )((Xl +%,)° - 3)(1)(2)'
Bocnone3yemcst Teopemoit Buera. [ Havama yoeguMcsi, 4TO JTUCKPUMU-
HAHT KBaJPaTHOTO TPEeXwIieHa 2x2 + 6X +1 OOJbIe HyJIs.
HeticTBuTenbH0: D =62-4.2.1=36-8=28>0. CienoBareibHo, Yy
YpPaBHCHUSA 2x2 +6X+1=0 UMEITCA IBa JIEUCTBUTEILHBIX KOpHs, U TeOpeMa Bu-

€Ta MOXET OBITh IMPUMCHCHA.

Takum oOpasom, x, + X, = —g =-3,1 X, - X, = % IToaromy, numeem:
1
—3).| (=3)? _3.j
X_12+X_22:(X1+X2)((X1+X2)2_3X1X2):( ) (( ) 2 :(_6)'(9_§j:_45
X, X X X, 1 2
2
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1)

2)

3.CTEIIEHHBIE ®YHKIINHU. KBAJIIPATHBIE YPABHEHUS. PALIMO-
HAJIBHBIE YPABHEHUA U HEPABEHCTBA

3.1. Onpenesienne u cBoiicTBa creneHHbIX pynkumii. [locTpoenne rpaguxon

CTEeNECHHbIX PYHKIIUH.

®dyuknun Y=X, y=x?, y=x3, y=1/X u T. 1. ABIAIOTCA YACTHBEIMH CIIy4asiMU CTe-
neHHou QyHKIWY, T. €. QyHKImMH Y= XP, rae p - 3aaHHOe JESHCTBUTEILHOE YUCIIO.
CpoiicTBa 1 rpadMK CTETICHHON (DYHKIIMH CYIIIECTBEHHO 3aBHCHUT OT TOTO, MPH
KaKUX 3HaYEHUSAX X U P UMEET CMBICI cTereHb Y=XP. [lepeitnem k mogoObHOMY pac-
CMOTPEHUIO Pa3ITUYHBIX cily4aeB B 3aBUCUMOCTH oT
TIOKAa3aTelIs CTETIeHH .
[TokazaTtenb P=2n - 4eTHOE HAaTypaJibHOE Yncio0. B aToM cnydae creneHHas QpyHK-

us Y=x2", e N - HaTypaJbHOE YUCII0, 00NAJaeT Clle-
100}
30t
601

JTYIOIUMHA CBOMCTBAMU:
00JIaCTh OMpeeNieHUs - BCE JICUCTBUTEIBHBIC YHCIIA, T.

€. MHOXeCTBO R; 407

MHO>KECTBO 3HAUCHHH - HCOTPHULATCIIBHBIC YKCJia, T. €.

y Gosbiie uiu pasHo O; Puc. 3.1
ynkmsa y=X>"uerHas, Tak Kak X2"=(-X)*"

byHKIMS sBiseTcs yObIBaromiei Ha mpoMexyTke X<O u Bo3pacTaromieil Ha mpo-
MexyTke X>0.

I'papux (ynxuum y=x*" uMeeT TaKoOW >Xe BMI, Kak
Hanpumep rpaduk Gpynxmun y=x> (Puc. 3.1) 1107

[Tokazarens p=2n-1 - HeyeTHOE HATypaJbHOE YUCIO. B

5TOM ciydae creneHHas QyHkuus Y=x>"!  rne mary-

pajbHOE YUCII0, 001a1aeT CICAYIOIMIMMHU CBOUCTBAMU:

00J1aCTh OIpeeICHUS - MHOXECTBO R;

MHO>KECTBO 3HA4YECHUI - MHOXECTBO R;
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3)

4)

XZn-l

dynKumEs y= HEUYETHAasl, TaK KaK (-x)?"1=x2n-1,

(bYHKIUS SBIsIETCS. BO3pACTAIOIICH Ha BCEH IEWCTBUTEIBHON OCH.

x?"1 umeer Takoit ke B, Kak, HanpuMmep, rpadpuk QyHKIMHU

['paduk GpyHxmm y=

y=x3 (Puc. 3.2)

[TokazaTenb p= -2Nn, TA€ N - HaTypaJbHOE YUCi0. B 3TOM ciiydae creneHHas QpyHK-
—y -2N— 1 / 2n o v .

s y=X “"=1/x" obyamaet cieayomuMi CBOHCTBaMU:

o0J1acTh ornpesiereHus - MHOXecTBo R, kpome X=0;

MHOKECTBO 3HAUCHUH - TTOJIOKUTEIIbHBIC uncia y>0;

gynkms y=1/x*" yeTHas, TaK KaK 1/(-x)?"=1/x2";

byHKIUS SBIsSETCA Bo3pacTaroiel Ha mpoMexkyTke X<0 u yObIiBarolieit Ha mpome-

xKyTKe X>0. ot Y

I'paduk Gpynkuum y=1/x*" uMmeeT Takoi *ke BUJ, KaK, ol
Hanpumep, rpadux pynkuun y=1/x? (Puc. 3.3). A
[MTokazatens p=-(2n-1), rae N - HaTypaibHOE YKciio. B B

3TOM ciydae cTeneHHas Qynkuus y=x"1 obnagaer = 1};
CIEAYIOLINMU CBOMCTBAMU: Puc.3.3
o0JacTh onpeaeneHus - MHOXeCTBO R, kpome X=0; o ¥
MHOECTBO 3HAUCHUI - MHOXecTBO R, kpome y=0; D;

Qynxuus y=x?"Y geyernas, tak kak (-x) "D =-x-n-D; ,

h
[

byHKIUS sBIsIETCs yObIBarONIeH Ha mpoMexyTkax X<0 u

x>0.

Ipaduk Qpyrkuun y=x"Y pmeer Takoii ke BUI, Kak,

Hanpumep, rpadpux pynxuun y=1/x3 (Puc. 3.4)

3.2. KBagpaTHble ypaBHeHus. PaninonajibHble ypaBHeHUS

Ecnu BbIpaxkeHus, CTosIIME B JIEBOW U MPABOM YacCTIX YPABHEHUs, COCTaB-
JICHBI JIMIIb C TIOMOIIBIO ONEPALUN CIIOKEHUsI, BBIYUTAHNS, YMHOXKCHUSA, ACIICHUS

1 BO3BCACHH:A B LICJIYIO CTCIICHDB, TO YPABHCHHEC HA3LIBACTCA pPAllHOHAJIbHBIM.
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PannoHanbHOE ypaBHEHUE HA3bIBAECTCS HEJIBIM, WK aJaredpanvecKum, ec-
JIM B HEM HET JICJICHUS Ha BBIpAKEHUE, coAeprkaliee nepemMeHnyro. K nenbm ypas-
HEHUEM OTHOCSTCSI, HAIPUMED, JINHEWHbBIE U KBAaJIpATHBIC YPABHEHUSI.

PemenneM, Wiv KOpHeM YpaBHEHMs, Ha3bIBAE€TCS BCAKOE 3HAYEHUE HEH3-
BECTHOTI'O X, IIPU MOJICTAHOBKE KOTOPOTO B 00€ YaCTH ypaBHEHHS MOJIy4aeTcs UC-
TUHHOE YUCJIOBOE PABEHCTBO. PelIuTh ypaBHeHUe - 3HAYUT HAWTU BCE €ro KOPHU
WIM JTI0Ka3aTh, YTO KOpHEN HeT. Pemras ypaBHEeHUE, Mbl IPUMEHSIEM K HEMY HEKO-
Topble npeodpazoBanusi. Eciau ucxonHoe u mpeoOpa3oBaHHOE YpaBHEHUS UMEIOT
OJIHU U T€ K€ KOPHH, TO OHH Ha3bIBAIOTCS PAaBHOCWIBHBIMH. B yacTHOCTH, ypaB-
HEHUs1, KOTOPbIE HE UMEIOT KOPHEH, TAKKE CUUTAIOTCS PABHOCHIIbHBIMHU.

OcHOBHBIC TCOPCMEI Hp606pa3OBaHI/I}I YpPaBHCHUA B PABHOCHIIBHOC CMY:

Ecin kako#-mu00 wieH ypaBHCHHs IEPEHECTH W3 OJHOM YacTH YpaBHCHHS B
JIPYTYIO C MPOTHBOIIOJIOKHBIM 3HAKOM, TO IMOJIYUYHUTCS YPaBHCHHE, PAaBHOCHIBLHOEC
JTaHHOMY.
Ecin 00e yacTu ypaBHEHHST YMHOXKHTD WJIM Pa3/ICIUTh HA OJTHO M TO )K€ OTIIMYHOE
OT HYJISl YHCII0, TO MOJIYYUTCS YpaBHEHHE, pABHOCHIIBHOC JIAHHOMY.
Ecnu 06e yactu ypaBHenus f(X)=g(X) yMHOXHUTh Ha OJJHO M TO YK€ BBIPAKCHHE
h(x), koTopoe:
a) UMEET CMBICI BCIOY B 00J1aCTH ompe/iesieHus (B 001aCTH TOMYCTHMBIX 3HaYe-
uuit) ypasaenus f(x)=g(x);
0) Hurae B 3ToM oOnacTu He oOparmmaercs B 0, TO MOTYYUTCS ypaBHCHHE
f(x)-h(x)=g(x)-h(x), paBHOCHIIEHOE TaHHOMY.
Keaopammuwie ypasnuenus.
ax® +bx+c=0, a=0.
Oynkrusa | (X) =ax®+bx+c, rme a=0, HassBaercs KBaJIpaTUYHOU

bynkuueit. I'paduk 310l PpyHKIIMU — napabona, KOOPAUHATHI BEPIIUHBI KOTOPOU

b 4ac-b°

paBHBL: X, =——,
07 2g’ 7" Aa

[Ipu a>0 BeTBM mapaboOIBl HAMPABIICHBI
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BBEpX, a mpu a <0 - BHM3. HaxoxneHne KopHeH ypaBHeHHs ax’ +bx+c=0,
a # 0 moapo6HO M3M0KeHO B MyHKTE 2.1,
Ienvte pauuonanvhole ypasHeHnus.

MuorowieHoM N- oi crenenu (NeZ,n>0) oT mepeMeHHONH X Ha3bIBACTCS BbI-
paxeHue

P

 (X)=ax" +ax" +...+a,,x+a

n
rie  a,,ay,...,a, — 3aJaHHBIC JEHUCTBUTCIIbHbIE 4YHCIA, IpudyeM a, #0.
MHorouneHaMu HyJIEBOW CTENIEHU SABJISIOTCS OTIWYHBIE OT HYJIS JEHCTBUTEIIBHBIC
yuciaa. Yucno 0 €IUHCTBEHHBIM MHOTOWIEH, CTEIIEHbh KOTOPOTO HE OIPEIEJICHA.

Vpasnenue P,(x)=0, rae P,(x) — mHOrounen n-oif crenenu, n>1, HasbiBaet-

Csl aNreOpanueckuM ypaBHEHUEM N -0 CTEIECHH.

Ecmn x, — kopeHb MHorounena P, (x), T.e. P,(X,)=0, To P,(x) 6e3 ocrarka je-

muates Ha (X — X,):

P (%) = (x =% )P 1 (%),

rae P, ,(x)— muorounen crenenn n—1. Muorounen P, ;(X) MoxHO Haiftn 1160

n

JCJIICHUEM «YTOJIKOM» MHOTO4iIeHa P, (x) Ha (x —Xx,), MO0 IPYNIHUPOBKOH cllara-
eMbIX MHOTOUJIEHa P,(X) U BBIJEJIEHUEM M3 HUX MHOKHTENS X —X,. OCHOBHBIMU
METOJlaMU PEIIEHUsI ypaBHEHHs P, (X): 0, rne P, (X) — MHOTOWIEH cTerneHu N (
N> 2), ABJISIOTCS METOJ PAa3JIOKEHHS JICBOH YAaCTH YpaBHEHHS Ha MHOXHTEIU U

METOJI BBEJICHUSI HOBOM ITIEPEMEHHOM.
MHOX€eCTBO pallMOHAILHBIX YPABHEHUH 3@ TUIIOM U METOJIOM PEIICHUS

MOJKHO Pa3JICINTh Ha CJICIYOIIHE:

1. Pemienne ¢ mMoMOIbIO MOACTAHOBKHU. [Ipy pelieHrr HEKOTOPBIX paI[HOHAIb-
HBIX YpaBHEHHH HMEET CMBICJ BBECTH HOBYIO IEPEMEHHYIO, 3aMEHHB €0 HEKOE
panmoHansHOe BEIpaxkenue. Hanpumep, B ypasaenuu aP?(X) + bP(x) + ¢ = 0, rue
P(X) - MHOroujcH, BBeJeM HOBYIO nepemenHyio Yy = P(X). Pemraem kBaapaTHOe
YpaBHCHHUEC ay2 + by + ¢ = 0 OTHOCHTEIBHO Y ¥ BO3BpAIIACMCS K PEIICHHIO YPaB-

HeHuit P(X) =i, rae Y - pelieHus ypaBHEHHS.
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2. Pacnanammeecs ypaBHeHue. PammoHansHOE ypaBHEHHE Ha3bIBAe€TCS pacria-
JAIONIMMCSI, €CJIM ero MoKHO TipeacTaBuTh B Buae P(X)Q(X) = 0, rme P(X) u Q(X) -
IeNIbIC palMoHabHbIC (QyHKIUK. [ pelieHus: Takux ypaBHEHUI HYKHO Tpe.-
CTaBUTh  YpaBHCHHUE P(x)Q(x) = 0O B BHAE  COBOKYIHOCTH:
P.(x)=0,
{Qn (x)=0.
3. OgHopoaHoe ypaBHeHHe BTOporo nmopsiaka aP?(x) + bP(x)Q(x) + cQ?(x) = 0.
Jl7is1 ero perieHus: paccMOTpHUM jiBa ciydas. [lepseiid - Q(X) = 0, Torna ypaBHEeHUE
cBOIUTCA K perieHuto ypaBHenus P(X) = 0. Bropoi cimyyqait - Q(X) # 0, Toraa uc-
XOJHOE ypaBHeHHE MOXkHO nozeanTh Ha Q(X) m momyumts a(P(X)/Q(X))? +
bP(x)/Q(x) + ¢ = 0. Beoaum 3ameny P(X)/Q(X) = t u mony4aem KBajapaTHOE ypaB-
Henue at? + bt + ¢ = 0. B oTBeT BKIIOYaeM penieHust 000MX CIIydaes.
4. BuxkBagpaTHoe ypaBHenue ax* + bx? + ¢ = 0. Jlns pelenus Takoro ypaBHeH s
nenaercs 3amena X° = t, X* = t2. Tlociie HoCTaHOBKM HOBOM NMEPEMEHHOM MOJTy4aeM
KBajpaTHOE ypaBHeHHe at? + bt + ¢ = 0. Pemus ero, NIpuxoauM K ypaBHEHHUIO X° =
ti, rae tj - KopHU ypaBHEHUS.
5. CuMMeTpHYHOE YpaBHEeHHe TpeThero mopsiaka ax® + bx? + bx + a = 0. /s
€ro pelIeHus MPOBEIEM ClieAyIomue mpeodpasosanus: ax® + bx? + bx + a = a(x® +
1)+ bx(x + 1) =a(x + 1)(x* - x + 1) + bx(x + 1) = (x + 1)(ax® + (b - a)x + a). B uro-

re ojydyacm pacmagaromieccs YpaBHCHHC, peuracm COBOKYITHOCTB:

X+1=0,
{ax2 +(b-a)x+a=0.
6. CHMMeTpHYeCKOe yPaBHEHHE YeTBepToro mopsaaka ax* + bx3 + cx? + bx + a
=0. CrpynnupyeM cjaraeMble U paszieauM obe yact Ha X2, [loxyuum
a(x? + 1/x?) + b(x + 1/x)+ ¢ = 0.
CrenaeM moacTaHoBKy X + 1/X = t, Torga X2 + 1/x2 = 2 - 2. Tloy4aeM KBagpaTHOE
ypasHeHue at? + bt + (¢ - 2a) = 0. ITocne ero penreHns BO3BpaILAaeMcs K HCXOIHOM

MIEPEMEHHOM X.
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7. BozBpaTHoe ypaBHenue. YpasHenue uaa ax* + bx3 + cx? + dx + e = 0, rne a #
0, b # 0 u e/a = (d/b)?, Ha3bIBAaETCS BO3BPATHBIM YPABHEHHEM YETBEPTOTO MOPSIKA.
Jlist ero pelleHus JelMM ypaBHEHHE Ha X2 U BBOAUM IlepeMeHHYyIo t = bx + d/X,
mocJIe Yero mojydaeM KsajapatHoe ypasHenue at?/b? + t + ¢ - 2ad/b = 0. Pemus
€ro, BO3BpAIacMcsl K UCXOAHOHN MepeMEHHOM.

8. YpaBHenusi Buaa (X + a)(x + b)(x + c)(x + d) =m, 2coe a + b = ¢ + d. B nannom
clydae BBOIUM HOBYIO mepeMeHHyro t = X% + (a + b)X u momyuaem kBagpaTHOE
ypaBuenue (t + ab)(t + cd) = m. PemuB ero, Bo3BpariaeMcs K HCXOIHON ITePEMEH-
HOM.

Ipumep 1. Pemuts ypaBrenne X* + 4x? - 21 = 0.

Pemenue. ITycTs X2 = Y, nolyuuM KBaipaTHoe ypaBHenue y>+ 4y - 21 = 0, oTkyna
HaxomuM Yy; = -7, Y, = 3. Teneps 3a1a4a CBOAMTCS K PELNICHUIO yPaBHEHUH X2 = -7,

x? = 3. IlepBoe ypaBHEHUE HE UMEET JEHCTBUTENLHBIX KOPHEH, M3 BTOPOTO HAXO-
IUM X, = —J3 u X5 =+/3 KOTOpBIE SIBISIOTCS KOPHSAMH 33[aHHOTO OHKBAIPATHOTO
YpaBHEHHUSL.

OtBer: X, =3 U X, =/3.

Ipumep 2. Pemuts ypaBHerue x° —x° +2 =0.

Pemenwe. Ilepenuiem ypaBHeHue B BHae x° +1— (x2 —1): 0. Ho

x* +1=(x +1)(X2 - X +1) u x* —1=(x—1)x+1). ostomy momyuaem:

(x +1)\x* —x+1)—(x—1)(x+1)=0<:>
X+1=0, {x_—l,

< (x+1)X? —2x+2)=0<= <
( )( ) {x2—2x+2:0 x* —2x+2=0.

KBajpaTHOe ypaBHeHHE X —2X + 2 = 0 kopHeii He nMeeT (T.K. D = —4 < 0). Cie-
JIOBATEIHHO, UCXOTHOMY YPaBHEHHUIO YIOBIETBOPSET TOJBKO 3HAUeHUE X = —1.
Otsert: — 1.

IIpumep 3. Haiitu cymmy KOpHEH ypaBHEHHUS: (x + 1)(x + 2)(x + 3)(x + 4) =24.
Pemtenne. Tak kak (x +1)(x + 2)(x + 3)(x + 4) =

= [ +1)x+4)]- [(x+2)(x+3)]= (x2 +5x + 4Xx2 +5x + 6), TO UCXOJHOE ypaBHe-
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HHUC IIPUHUMACT BUI:
(x2 +5x+4)x? +5x+6)=24.

O6o3HaunM x° +5x +4 = y. Toraa ypaBHeHHe IPHHIMAET BHI

-6
Wy+2)=24c 2 +2y-24=0 Y .
y=4.
HcxoTHOE ypaBHEHHE PAaBHOCHUILHO COBOKYITHOCTH YPABHCHHIA:
X2 +5x+4 =4, x2 +5x =0,
=

X2 +5X+4=—-6 x? +5x+10=0.
IlepBoe ypaBHeHHEe umeeT KopHU X; =0, X, =—5, a BTOpoe ypaBHEHUE KOPHEN

e umeer ( D=-15<0). S=0-5=-5.

OtBert: 5.
/Ipobno-payuonanvhvie ypasHenus.
P (%)
YpaBHeHuE BUIa =0, roe P, (X) u Q, (X) MHOT'OYJIEHBI, HA3bIBAECTCS
Qu(x)
P.(x)=0,
palMOHAIBHBIM. DTO YPAaBHEHUE PABHOCUIILHO CUCTEME
Q. (x)=0.

OOmMx MeToAOB peleHus: IpOoOHO-pallMOHANIBHBIX YPAaBHEHUI, TEM HE Me-
HEe, HE CyIIEeCTBYET. Perenne o4eHb MHOTHX U3 HUX OCHOBAHO HA YJIa4yHOM IpyT-
MUPOBKE U MOCIEAYIOLEM NMPUBEIECHUHU CTPYIIIMPOBAHHBIX CJIaraéMblX K o01emMy
3HaMeHaTeno. B 0osee mpocThIX ciiydasx TpylnnupoBKa He TpeOyeTcs, a MHOrAa
YPaBHEHHUE MOKHO YNPOCTUTH, BBEA HOBYIO IlepeMeHHYy10. [Ipu pemennn panuo-
HAJIbHBIX YPAaBHEHHUM BO3HMKAET OIACHOCTH ITOJIYYEHHMs ITOCTOPOHHMX PELICHUH,
KOTOpasi Kynupyertcst MO0 MPOBEPKOM, JTMOO HAXOKIECHUEM 00JIACTH JOMYCTUMBIX
3HAYEHUM, JTUOO MPOCTO yKa3aHUEM COOTBETCTBYIOIIMX OTPAHUYEHUN U JalbHEH-
LIEH NPOBEPKOU UX BBITIOJIHEHUS.

Pemenne n1poOHO-pallMOHAIBHOTO YPaBHEHUS! CBOJUTCS B KOHEYHOM HMTOTE
K 3aMEHE MCXOQHOTO YPaBHEHUS LIEJIbIM YPaBHEHHEM, KOTOPOE PaBHOCUIIBHO HC-

XO0OAHOMY YPAaBHCHHUIO UJIH ABJIACTCA €T0 CIICACTBUCM.
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A W o

[Ipu pemennu apoOHOTO ypaBHEHHs LI€JIeCO00pa3HO MOCTYIATh CIEAYIOIUM 00-
pazoMm:

OTPEJEUTh 00J1aCTh IOMYCTUMBIX 3HaueHui nepemenHoi x (O13);

HaWTH HAMMEHBIIUN 00U 3HaMEHAaTelb Ipo0eil, BXOAIIUX B YPaBHEHUE;
YMHOHTh 00€ 4acTU ypaBHEHUS Ha OOIIUI 3HaAMEHATEelb U IPUBECTHU MOI00HBIE;
PELINTh MOTYYUBUIEECS LIEJIOE YPABHEHHUE.

Pemenne HEKOTOPBIX BUIOB IPOOHO-PAIMOHATBHBIX YPABHCHUI:

. YpaBHenue Buaa P(x)/Q(x) = 0. Pemaem ypaBHenue P(X) = 0. [IpoBepsiem, uemy

paBHo 3HaueHue Q(X;), rae X; - kopau ypaBHerus P(X) = 0. Ecim Q(X;) # 0, 3nauwmt
OHH SIBJISIIOTCS peliCHHEeM McXxoaHoro ypaBHeHus. Ecmu Q(X;) = O - kopeHb BbIma-
JaeT u3 00JacTH OIpeIeTICHHsI UICXOHOTO YPAaBHEHUS U €T0 HYXXHO HCKIIFOUUTH U3

OTBCTA.

. YpaBuenne Buaa aP(x)/Q(x) + bQ(x)/P(x) + ¢ = 0. BBogum HOBYIO IepeMeH-

Hyto t = P(X)/Q(X) u monydaem cienyroinee ypaBuenue: at + b/t + ¢ = 0. Mim no-
cie nomHoxenus Ha t (t # 0) momyuaem KBagpaTtHoe ypasHeHue at? + ct + b = 0.

PemuB ero, Bo3BpaiaemMcsi K MICXOJHOW NTEPEMEHHOM.

. YpaBHeHHe cocTosiiee U3 cyMMbl apodei. OMH U3 METOJOB COCTOUT B TOM,

YTO HYXKHO MEPEHECTH BCE YICHBI YPaBHEHHUS B OJHY YacTh U CBECTH YpaBHEHHUE K
suay P(x)/Q(x) = 0.

X 1 6x -3
+ = .
X—1 X+2 x24+x-2

IMpumep 4. Peruth ypaBHEHUE

Pernenne. KBanparaslii Tpexuien X° + X —2 o6pamaercs B HylIb IpH X = —2 U
X =1; mosromy X* +x—2=(x—-1)x+2).
X 1 6x—3 X 1 3(2x-1) X 1 3(2x-1)

+ = =3 + = = + — =
x—1 x+2 x?+x-2 x-1 x+2 (x=1)x+2) ~x-1 x+2 (x=1)x+2)
2

x(x+2)+(x—1)—3(2x—1):O<:> X =3x+2 _o
(x—1)Yx+2) (x—1)x+2)
) x=1,
{x ~3x+2=0,
=

X=2, =>X=2.
(x—1)(x+2)=0 21

OtBerT: 2.
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IIpumep 5. Haiitu cymmy KOpHEH ypaBHEHUS

2 —x%-17x+30 B
x—2

2x—3.

Pemenne. O/13 ypaBHeHuUs: x # 2.

[Ipu x = 2 yucnurTens ApodU, CTOSIICH B JICBOW YAaCTH YpaBHEHMUsI, 0Opalaercs

B0: 28-22-17.2+30=0. CrnenoBaTeiIbHO, MHOTOWIEH x2 —x? —17x+30 Ges

OCTaTKa JEJIATCA HA X — 2

)is_xz —-17x+30 | x-2

X2 —2x? 24+ x-15
x?—17x+30
;Z—Zx
—15x+ 30
—15x +30
0

22 —x?-17x+30= (x—2)(x2 +x—15).

(x — 2)(x2 + X —15)

=2x—-3.Ilpu x#2
x—2

YpaBHEHHE MOXKHO NPEICTABUTH B BUJE:

9TO ypaBHEHHE PABHOCHIBHO YPAaBHEHHUIO x> +x —15=2x -3 < x? —x—12=0.
Kopuu nocnennero ypasuenus: x; =4, x, =-3. S=4-3=1.

Ortser: 1.
3.3. PaumoHajibHble HEPABEHCTBA

ITycte Gynkuun f(x) U ¢(X) ONPENENEHbI HA HEKOTOPOM MHOXECTBE A.

[TocTaBuM 3aauy: HAUTHU MHOXKECTBO X , HA KOTOPOM 3HAY€HUS OAHOU U3 (PyHK-
1ui OoJbilie (MEHBINE) 3HAYCHUI JPYrol M3 HHUX, IPYTUMU CIIOBaMH, HAWUTH BCE

3HAYCHUS X, U1 KOTOPBIX BhIMOJHsAeTCsA HepaBeHCTBO: f (X)>p(X) (f(X)<e(X)).
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HpI/I TaKOM MOCTAaHOBKE KaXXJ10€ U3 9TUX HCPABCHCTB HA3bIBACTCSA anre6pan—

YCCKHMM HCPABCHCTBOM C HCU3BECCTHBIM X.

Kak nipu periennn ypaBHEHUsI, TaK U TIPU PEIICHUHA HEPABEHCTBA TpeOyeTcs
HAWTU BCE T€ 3HAYCHUS HEU3BECTHOW BEIIMYMHBI, JJI KAXKIOTO U3 KOTOPBIX YKa-
3aHHOE COOTHOIIIEHHUE OKa3bIBA€TCsI BEPHBIM. [10ATOMY €CTECTBEHHO W IJisl HEpa-
BEHCTB BBECTH MOHSTHS, aHAJOTUYHBIE TE€M, KOTOpbIEe ObLIIN BBEICHBI ISl YpaBHE-
HUM.

MHOk€eCTBO A Ha3bIBACTCS MHOXKECTBOM (O6J'IaCTI>I0) JOIMYCTHUMBIX 3HA4YC-

HUM HEU3BECTHOI'O IJI1 TaHHOT'O HCPAaBCHCTBA.

MHoOkecTBO X Ha3bIBACTCSI MHOKECTBOM DCIHGHI/Iﬁ AaHHOI'O HCPAaBCHCTBA.

Pemuts HCPABCHCTBO — 3HAYUT HAWTH MHOXECTBO BCEX X, IJ1I KOTOPBIX
JaHHOC HCPABCHCTBO BBIIIOJIHACTCA.

I[Ba HCPAaBCHCTBA HA3bIBAIOTCA PABHOCHJIBHBIMHU, CCJIIM MHOKCCTBA peIHCHI/If/'I

HUX COBIIaAar0OT, T.C. CCJIHN BCAKOC PCIICHHUC KAaKIO0I'0 M3 HHUX ABJLICTCA PCHICHUCM

JPYyTOroO.

3HaYeHHUE HEU3BECTHOT'O Ha3hIBACTCS JAOIIYCTHUMBIM JII HCPABCHCTBA, CCIIHU

IIpHU 3TOM 3HAYCHHUHU 00e yacTu HCPAaBCHCTBA MMCIOT CMBICII. COBOKYHHOCTB BCECX

AOIIYCTHUMBIX 3HAYEHUH HEM3BECTHOI'O Ha3bIBaeTCs 00JIACTHIO onnpcacICHUA HEpPaA-

BCHCTBA.

OcHOBHBIE TEOpEMBI TPE0OPa30BAHKS HEPABEHCTBA B PABHOCUIIBHOE EMY:
Kakoe-uuOyap ciaraemMoe MOXKHO TEpEHECTH W3 OJHOM 4YacTH HEpaBeHCTBa B
JIPYTYIO C MPOTUBOMOJIOKHBIM 3HAKOM;

O0e JyacT HEpaBEHCTBA MOKHO YMHOXUTh WM Pa3/iesIuTh HA OJHO U TO OTIUYHOE
OT HYJISl MOJOKUTEIBbHOE YHMCIIO; €CJIM 3TO YUCIO OTPHUIATENbHOE, TO 3HAK Hepa-

BEHCTBA MEHSETCS Ha TPOTHBOIIOJIOKHBIMH;
Ecnu mepaBencTso umeet BuI f(x)- g(x)> @(x)- g(x) mm f(x)- g(x) < o(x)- g(x)
, TO JIeNleHne 00eHX ero yacrell Ha g(x), KaK IPaBHIIO, HEIOMYCTUMO, TIOCKOJIBKY

MOYET IPUBECTH K MTOTEPE PELICHUM.
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Mexny pelieHusMA HEpaBEHCTB U ypaBHEHUN MHOTO obmiero. Otiandue xe

COCTOUT B TOM, 4YTO PCHICHHUCM HCPABCHCTB 4YaIllC BCCTO SBJIAIOTCA OeCKOHEUHBIC

MHOKCCTBA.

3HAuUT, CAENATh MOJHYIO MPOBEPKY OTBETA, KAK 3TO JIE€TAETCS JJI1 ypaBHeE-

HHﬁ, HCJIIB3. H03TOMy OYCHb BAKHO ITpU PCIICHHUH HCPABCHCTB IICPCXOINUTH TOJIb-

KO K paBHOCHJIBHBIM HCPABCHCTBAM.

K paBHOCWJIBHBIM HEpAaBEHCTBaM MPUBOJAT TOKIECTBEHHbIE NpeoOpa3oBa-

HUA, HC U3MCHAIOINC 001acTh AOITYCTHUMBIX 3HAYCHUM.

CBoiicTBa YHCTIOBBIX HEPABEHCTB MPUBEICHBI B MyHKTE 2.1.

Pemenue HCPABCHCTB, COACPKAIITNX KBaI[DaTHBIﬁ TPCXYJICH.

a-x°+b-x+c.Iycts D=b? —4.a-C - AUCKPMMHHAHT KBaJPATHOTO TpeX4JIe-

Ha.
Bun HepaBeHcTBa D<0 D>0 D=0
a>0 \/ g LL»
» .1 2 T[} X
X
a-x>+b-x+c>0 X e (—ooj0) | X€(=00%]U[X,;0) X € (—o0}00)
, _ _ X e
a-x“+b-x+c>0 Xe(—oo;oo) XE(—OO,X]_)U(XZ,OO) (—OO;XO)U(XO;OO)
a-x2+b-x+c<0 | peueHuil HeT X e (X Xy) peIIeHHIA HEeT
2 v : b
a-x2+b-x+c<0 | peueHuii HeT X e[X;; %] Xo:—ﬁ
. X
3; X J »
2 . . b
a-Xx“+b-x+c=0 Pemrenuii et X e[X;%,] XOZ_Z—a
a-x2+b-x+c>0 | Pemennit ner X e (X Xy) Pemennii Her

a-x>+b-x+c<0

X € (—00;0)

X & (=00, % ) U (X, 0)

X e
(_OO;XO)U(XO;OO)
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a-X2+b-x+c<0 X € (—00;0) X € (—o0; X ] W [X,;0) X € (—00;0)

Pewenue yenblx payuonaibHbvlx HePaAGeHCME
eciu B HepaBeHCTBE f(X)< @(x) QyHKIIH f(X) M @(X) 33aHBI HETBIMA PaIHO-

HaJIbHBIMH BBIPAKCHUAMMU, TO €I'0 HA3BIBAIOT LCJIbIM PAIIMOHAJIbHBIM HCPABCH-

CTBOM.
Ecnu nepaBeHcTBo f (x) < (/)(X) IPUBECTH K PABHOCHILHOMY f (x) - ¢(x) <0
¥ DPa3IOXKWUTh JIEBYI0 4YaCTh HA JIMHEHHBIC MHOKHMTEIHM, TO TaKOE€ HEPaBEHCTBO

MOJXHO pCIINTb MCTOZIOM MHTCPBAJIOB.

CyTb 3TOro METOJ]a UHTEPBAJIOB B CIEIYIOIIEM:
Omnpenenuts 06sacTh 3HaUeHus nepemennoi (O13);
[lepeHecTn Bce B JIEBYIO YacTh U PEUINTh YpaBHEHHUE, NPUPABHIB BBIPAKEHUE B
JIEBOM YaCTH K HYJIO0. Pa3lioKUTh HA MHOKUTEHU, CKOOKM COKpAIllaTh HEIb3S,
HaiienHble KOpHU YpaBHEHUSI HAHECTU HA YUCIOBYIO OCh. ECIM KOpHU BXOZST B
O/13, oHu puCyrOTCSl 3aKpalleHHbIMH, €CIM HE BXOJAT, TO BBIOMTBHL. DTHU KOPHU
pa30MBAIOT YHCIOBYIO OCh Ha MPOMEXYTKH, HA KaXKIOM M3 KOTOPBIX BbIpaKEHHE,
CTOSIILIEE B JIEBOM YACTH, COXPAHSET 3HAK;
Bri6path B KaXI0M U3 MPOMEKYTKOB Kakoe-HUOY/Ib 3HaueHue («IpoOHYI0» TOY-
KY) U ONPEAEIIUTh 3HaK BHIPAXKECHUS B 3TOM TOUKE;
BbIOpaTh MpOMEXYTKH, B KOTOPBIX BBIPAKEHHE MMEET TpeOyeMblid 3HAK U 3amu-
caThb OTBET, B35B UX 00bETUHEHMUS.
Ecnam HepaBeHCTBO HECTPOroe HYKHO y4eCTh KOpHHM, Bxomsmume B O/[3 m npuso-

JSIIMAE YPAaBHEHUE K HYIIIO.

Mpumep 6. Pewnts HepaseHCTBO: (X +6)- (X +3)- X - (X —4)>0.

Pemenne. Vpasuenne (X+6)-(X+3)-X-(x—4)=0 umeer uersipe KOpHs {—6};

{~3};{0} u {4}. OTi uncna pa3GMUBAIOT YHCIOBYIO OCh Ha NATH HPOMEXKYTKOB!
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Br16paB B KaKJOM MPOMEXKYTKE KOHTPOJIBHYIO TOUKY, OTPEACIUM 3HAK (PYHKIIHH,

CTOSIHIGﬁ CJICBA HAIICTO HCPABCHCTBA. HepaBeHCTBO BBITIOJIHACTCA B IIPOMCIKYT-

Kax: (—o0;—6)U (- 3;,0)U (4;0).

Pewenue OpooHO-payuoHanbHbIX HEPABGEHCM G

P(x
JIPOOHO palMOHaJbHbIE HEPABEHCTBA Q > (0 MOXHO IIPUBECTH K paBHO-

Q(x)
P(x)-Q(x)=0
cunbHOMY HepaseHCTBY 4 P, (X)=0,  Torjga MeTon MHTEPBAJOB MPUMEHUM U
Q,(x)=0

A1 pCIICHUA I[pO6HO-paI_[I/IOHaJ'IBHI>IX HCPABCHCTB.

x* —3x° + 2x°
IIpumep 7. pemuTh HEPABEHCTBO: <0.
3 2
X* —9X
Penenme. pa3ziaras 9Y¥CIUTEIb U 3HAMEHATEIb HA MHOYKUTEIIH, TICPEITUIIICM JIaH-
x*(x—1)-(x—2)
x*(x - 5)

PaBHOCWJIBHOE MOCJIETHEMY HEPaBEHCTBY OYJIET Cleaylolee:

(x=1)-(x-2)
(x-5)

C noMo1pio «IpoOHBIX» TOUEK HAHJEM 3HAK BBIPAXKEHUS B KOXKIOM IIPO-

HOE€ HEPABEHCTBO B BUJIE: <0, x=0 He BXOaUT B 0113, TOATOMY

<0 mpu x=0.

MEXYTKE, KOTOpbIE ObLIN MOJYYEHbI, KOTJa Mbl HAHECTU Ha YHUCIIOBYIO OCh YHCIIO
0, Tak xak oHo He BxoauT B OJ[3, v uncna 1, 2 u 5, mpu KOTOPHIX YUCTUTENH U

3HaMeHaTellb 00paIlaloTCs B HYJIb.
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Brimuniem HHTCPBAJIbI, I'/IC BBIIIOJIHACTCA HCPABCHCTBO.

Ortget: (—o0;0)U(0:1)U(2;5).
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4. BEKTOPBI U UX TEOMETPUYECKUE TPUJIOXEHUA

I'eomeTpuyeckuii BEeKTOP MpEJCTaBIEH B ABYMEPHOM

B U TPEXMEPHOM TPOCTPAHCTBE B BUJE HANPABIEHHO2O
~ ompesKa, T.e. 0OTpe3Ka, y KOTOPOTO pa3inyaloT Hayajo

A a/’ H KOHEII.
Puc. 4.1 Ecau A - nawano Bekropa, a B - ero xoner, To BEeKTOp

0003HaYaeTCs CHMBOJIOM MJIM OJHOM CTpOYHON OYKBOM
a. B muteparype gacto BekTop o0o3HauaeTcs xKupHbIM mpudTom AB wm a. Ha
pPUCYHKE KOHEIT BEKTOpa yKa3biBaeTcs crpenkoi (Puc. 4.1).
DOu3n4eCKUMH NMPUMEPAMM BEKTOPHBIX BEJIMYUH MOTYT CIIYXKHUTh MEPEMEUICHUE
MaTepUalIbHOW TOYKH, JIBUTAIOIICHCS B IMPOCTPAHCTBE, CKOPOCTh M YCKOPEHHE
ATOI TOUKH, a TAaK)KEe JEUCTBYIOIIAsl Ha HEE CHIIA.
JuHO# (MM MO/IyJIeM) FeOMETPUIECKOT0 BEKTOpa Ha3bIBACTCS JJIMHA ITOPOIK-
JAOILETo ero OTpe3ka u o6o3HavaeTcs | AB.
Konnuneapnwie, pagnvie, KomnianapHnsie 6eKmaopbl.

Onpenenenue. BekTopsl, nexamue Ha OJHOW Mps-

MOW WJIM Ha MapayIeJbHBIX MPSIMbIX HA3BIBAIOTCS B Bi
AI / '."‘“—REN
KOJUIMHCAPHBIMH. A //
_ _ _ _ / C
O6o3navaror: AB || AB,, AB || CD, -
AB me || MN (Puc. 4.2) Puc. 4.2
OmnpeneneHre. BeKTOpbI HA3bIBAIOTCS PABHBIMHU, €CJIH OHU:
B C
1) KonnuHeapHsr;
2) NmeroT paBHBIC MOJYIIH;
3) OauHaKOBO HAIPaBJICHBHI. A D
Puc. 4.3

[Mumyt: AB = CD, Ho AB # AC (Puc. 4.3)
B ¢usmke wacTto paccMarpuBaroTcs 3aKpeliéHHble BeKTOPbI, 3aJlaHHBIC
TOYKOM MPUJIOKEHUS, JJIMHOW U HAIIPaBJIEHUEM. ECIM TOUKA MPUIIOKEHUS BEKTOPA

HC UMCCT 3HAYCHUA, TO €TO MOKHO IICPCHOCUTDL, COXPAaHAA JJIMHY 1 HAIIPABJICHUC B
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1)
2)
3)

J100YI0 TOYKY MPOCTPAHCTBA. B 3TOM ciiyyae BEKTOp Ha3bIBaeTCs CBOOOTHBIM.
Byaem paccmaTtpuBath TOJIBKO CBOOOIHBIE BEKTOPHI.

OHDGI{GHCHI/IC: TpI/I BCKTOpPA HA3BIBAKOTCA KOMILIA-

HAPHBIMH, €CJIM OHH JICKAT B HEKOTOPOM OJHOM IIOCKOCTH _E,.
WK NapaijIe/IbHbl KaKoH-T0 oaHOM mtockocTH (Puc. 4.4). : :
[Ipumepom HEKOMIUIITAHAPHOM TPOWKHA BEKTOPOB MO-
TYyT CIYXUTh HampaBjeHHbIC pEOpa Kyba, MCXOIAIINE W3 Puc.d.4
OIHOMW BEPILIHUHBI.
Jluneitnvle onepayuu Hao 6eKMopamu.
Han BexkTopamMu mpoOM3BOJAAT pa3iMyHbIE AEHCTBUA (Omeparuu). Y MHOXKE-
HUE BEKTOpa Ha CKajsip (YKMCIIO) M CJIOKEHHWE BEKTOPOB HA3bIBAIOT JIMHEWHBIMU
OTEpalHsIMH.

YMHOXXEHHE BEKTOpa Ha YMCIIO.

OHDCIIGJIGHHG: HpOI/IBBeIICHI/IGM BCKTOpa ad Ha CKaJIIp A Ha3pIBacTCH BCKTOP b )

KOTOPBIM:
uMeeT Moayis | b |=| 4 |-|d];
KOJUJIMHEAPEH BEKTOPY & ;
HaIpaBJICH Tak ke Kak BeKTop a mpu A >0 u mpOTUBOIIOIOKEHO BEKTOpPY a IpH A
<0.

O6o3HavaeTcs mponssenenne b = 4 &. B wactHocTn, npu A = -1 umeeM (-
1)- . Bektop -d Ha3bIBaeTCS MPOTHUBOIOJIOKEHHBIM BEKTO-

py & (Puc. 4.5). x
Ecimt a=0 wmm A =0, to A -d=0 — HYJIEBOH BEKTOD.

-

-a
Puc. 4.5

EMy HC IIPUITUCBIBACTCA HHUKAKOI'O OIIPCACICHHOI'O HaIlpaB-
JICHUA, HA4aJI0 U KOHCL COBIIaJarOT.

['eoMeTpUyYeCKU CMBICI OTIEpallii YMHOXEHHS BEKTOpa & Ha Yucio A Co-

cTouT B "pacTsbkeHun" BekTopa a8 B A pas, (eciu | 4 |[>1, TO 3TO JCHCTBUTEIEHO
pactspkeHue, a npu | 4 [<1, — 370 ckaTHe) ¢ BO3MOXKHBIM U3MCHECHHEM HaIpaBiic-

HMU:.
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Ecim |€|=1, To Bexktop € Ha3bIBacTCAd SAMHUYHBIM BEKTOpPOM (OpTOM).

Bekrop a=48°-|a|, ecmu d° equHUYHBIA BEKTOp (OPT) BEeKTOpa a .

Ecrmu nBa Bektopa @u b komnmuHeapHsl, TO OMUH W3 HHUX JIMHEHHO BBIpa-

aeTcs yepes apyroii: d=Ab (wmm b =1a). OueBumno A== |/|b |.

n n ~
+"ecmaub HaIIpaBJICHBI OAMHAKOBO,

— CCJIM ITPOTHUBOIIOJIOKCHO.

Cnoxenue BCKTOPOB.

Onpenenenne: CyMMOW BEKTOpPOB &, d,,...,d,Ha3bIBacTCs BEKTOp R,

3aMBIKAIOIIUN JIOMaHyIO JIMHUIO, MOCTPOSHHYIO M3 HUX TapauleIbHbIM IEpPeHO-
COM, KOI/Ia KOHEIl MPEIbIAYIIEro BEKTOpa SBJISIETCS Haua-
-
JIOM CJIEIYIOIIEro, IPUYEM HAa4ajlo €ro B HayaJle BEKTopa g, b
_ = - {:l
, KOHeIl B KOHIIe BekTopa &,. Obo3Hauaror: R= a,/ =
a, +a, +...+3a,

N3 sToro obimiero npasuia JETKO CleAyeT YI00HOe b

Puc. 4.6
OpaBWIO HapajuiejorpaMMma JJjIs1 HaAXOXXICHUS CYMMbI JIBYX

BEKTOPOB: CyMMa JIByX BEKTOPOB & W D , mpuBeAEHHBIX K oHOMY Hadaiy O, ecTb

BEKTOp—IMAroHaJb MapajuieiorpaMma, MoCTPOSHHO-

ro Ha BekTopax a u b kak Ha ctopoHax (Puc. 4.6)

N3 pucynka 4.6 BHIHO, 4YTO BEKTOp—

JIMaroHaab R=da+b saBisgercsa 3aMbIKaHUEM JIO-

MaHOM M3 BEKTOPOB & M D, 4TO coryacyercs ¢ 00-

MM ITPAaBUJIIOM CJIOKCHHA. Pue. 4.7

U3 O6HICFO JKC IIpaBUJIa CIICAYCT W IPABHUIO IAPAJJICIICIIMIICA HAXO0XKIC-

HUS CyMMBI TP€X BEKTOPOB, IPUBEIACHHBIX B
onHo Hayasio O (M HE KOMIUIAHAPHBIX): 3TO
€CTh BEKTOp—IUaroHajab MapajulelIeNuIe]a,
MOCTPOEHHOTO Ha JAHHBIX BEKTOpax, Kak Ha

croponax (Puc. 4.7).




1)
2)

4)

6)

7)
8)

Onepanys BeIMUTaHHUS BEKTOpoB d u b (00o3Hauaetcst a-b ) mormmaercs

KaK CII0)KECHHE BEKTOpa @ C BEKTOPOM -0 , MPOTHBOIOJIOKEHHBIM BEKTOPY b .

Ha mpakTtuke mo Bektopam d u b, mpuBenéHasiM B oHO Hadano O, cpa3y

cTposT BekTop BA=8-b , kak uaymmii u3 KOHIIA BRIYMTAEMOTO BEKTOpa D B KO-
HEI[ yMeHbIlaeMoro Bekropa a. (Puc. 4.8)

CBOHCTBA TUHENHBIX OHEPALIU.

OTMeTHM BOCEMb OCHOBHBIX CBOWMCTB JIMHEHHBIX ONEpalnii HaJ BEKTOPAMHU:

d+b=b+a (KOMMYTAaTHBHOCTH CJIOKCHHS WIIH TTEPEMECTUTEITHLHOCTD )
a+(b+c)=(a+b)+c (accoIMaTUBHOCTH CJIIOKECHHS UJIM COYETATCIIbHOCTh)
3) a+0=a (CylIecTBOBaHUE HYJIEBOTO BEKTOPA)

Jlst mro6oro BeKTOpa @ CYHIECTBYET €My IMPOTHUBOIIOJIOXKEHHBIM BEKTOp —a, Tak

aro d + (—d) =0

5) 1-d=a (CyIIeCTBOBaHUE BEKTOpPA PABHOTO JAHHOMY)
a(fa)=(ap)a, (accoIMaTUBHOCTh YMHOXKEHUS HA CKaJISP)
Ala + b )=Aa + Ab; (pacnpenenuTenbHbIe CBOMCTBA OTHOCH-
(ax+ pPa=aa+ [a. TEJILHO YMHOKEHHUS Ha CKaJIsp)

[TpocTpaHCTBO, B KOTOPOM OIpEEIICHbI TaHHBIE JTHMHEHHBIE OTepaIlii HaJ
BEKTOpaMH, Ha3bIBAIOT JTMHEHHBIM.
IIpumep 1. YOpocTuTh BhIpaKEHHE: 2(33 - 46)+ 3(6 — 2§)+ 43 .
Pemenue: 2(3d —4b )+3(p — 2a)+ 43 =62 — 85 + 35 —6a + 4a =44 -5 .

Mpumep 2. Bextopsr AC=4a u BD=b ciyxar guaroHansMu mapanienorpamMma

ABCD (puc. 4.9). Beipasuts yepes d u b Bexroper AB, BC, CD u DA, sBisio-

B C 1UECs CTOpOHAMU 3TOIO IIapaJuiCjiorpaMmma.

Pemenue. Touka nepecedyeHus AuaroHajiey napasie-
JorpaMma JEJIAT KXy AuaroHayb nomnojam. [nu-

Hbl HICKOMBIX BCKTOPOB HAXOJUM JIN0O0 KAaK ITOJIOBUHBI

Puc. 4.9 CYMM BEKTOPOB, OOpa3ylOLIMX C MCKOMBIMH Tpe-

YTOJBHUK, JTU00 KaK MOJIOBUHBI pa3HOCTEH (B 3aBUCMMOCTH OT HAIlPaBJIEHUS BEK-
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3)

TOpa, CIYXKaIIero IUaroHaibio), 1100, KaK B MOCIETHEM CIy4yae, MOJOBUHBI CyM-

MBI, B3SITOM CO 3HAKOM MHHYC. HTaK, HCKOMBIC BCKTOPBI PABHBI:

a+b 5 _b-a oi_—@+h)
2 2 2

O

a-—

AB = . BC =

N |

lIpoexyusn eexmopa

IIpoexuueii Bektopa MM, Ha 3amaHHyIO

och | HaspIBaeTCs YMCIIEHHOE 3HAYEHUE BCKTOpa

N:N2 na ocu | (Puc. 4.10a). IIpoekiueii Bek-

Topa @ Ha BEeKTOp b Ha3pIBaeTCS MPOCKIUS BEK-

TOpa 4 Ha OCh, UMEIOIIYIO C BEKTOPOM D oxu- Puc. 4.10a
HakoBoe Hampasienue (Puc. 4.100).

nppa = ‘a‘COSa , TJI€ G- YTOJI MEK1y BEKTOPOM 8 U

ockio | .
a

. .. ; R
Ceoiicmeo npoexyuii: YT

1) [Ipoekiusi CcyMMBI BEKTOPOB Ha OCh PaBHA CyMMe

IIPOEKILIMM 3TUX BEKTOPOB, T.€. )
Hp|(§+6):Hp|§+ le61 Puc. 4.1006
IPOEKIIMS MPOU3BEICHUS BEKTOpa d Ha YKCIIO A paBHA MPOU3BEACHUIO YUCIIA Ha

MpoeKnio BekTopa a, 1.e. [Ipy A-a=Allp,a.

Paznoocenue eekmopa no dazucy.

IlycTh 3amaHbl BEKTOpHI &,d,,...,8, U YACIA 4, Xy,...,c,. COCTAaBUM KOM-

6I/IHaLII/IIO M3 3TUX BCKTOPOB, MCIIOJIB3Yys TOJBKO BBCIACHHLIC JINHEHHBIE KOMOWHA-
U CJIOKCHHA M YMHOXXCHHA BCKTOpa Ha 4YHUCIIO. B camom O6IIIGM ClIydyac OHa

uMmeeT BUL: o8, + a,d, +...+ a,d,. Takue KOMOMHAIK Ha3bIBAIOTCS JIMHEHHBIMU
KOMOMHALIUAMH BEKTOPOBd,, d,,...,d,, & YACHA &y, Xy,...,0  KOIPPULIIEHTaMU -
HEWHOM KOMOHWHAIIVH.

Ecmu BCKTOp HNPCACTABJICH KakK JIMHEHHAas KOM6I/IHaLII/I$I HCKOTOPBIX BEKTO-

POB, TO T'OBOPAT, YTO OH PA3JIOKCH 110 3TUM BCKTOpPAM.
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Teopema 1. Ilycth nan HeHyJeBoOW BekTopd . JIt0OOW KOTMHEApHBI emy

—

BEKTOp b mpejacTaBlieH B Buie b =adenun-

B C
CTBEHHBIM 00pa30M. -
Teopema 2. JIro60i1 BeKTOp @ Ha MIOCKO- :
CTH MOXET OBITh PA3JIOKEH 10 JIBYM HEKOJUIMHE- ?2
apHBIM BEKTOpaM € M €, E€IUHCTBEHHBIM 00pa- O -e":' A
30M. 1 Puc. 4.11

Ez’:aléj +0{2§2.
HCKOHHI/IHCapHI)IG BCKTOPBbI é] u 52, B3ATBIC B OIIPCACIICHHOM IIOPAIKE,

Ha3bIBAIOTCI 0a3nMcoM Ha IINIOCKOCTH, a K03(1)(1)I/I]_II/I€HTI)I JIMHECHHOM KOM6I/IHaI_[I/II/I

KOOpAMHATAMHU BEKTOpa d B 0asuce €;u é€;.
Teopema 3. Eciu €;, é€,, €;Tpu HEKOMILTaHAPHbIE BEKTOPA, TO BCSIKUH Y€TBEPTHII

BCKTOp a PacKiIaabIBACTCA 110 HUM M 3TO Pa3JIOKCHUEC CAUMHCTBCHHO.

a=o,6 +a,6, +ak;.

Onpenenenue:  JoOble [1Ba HEKOJUIMHEAPHBIX YIOPSATOYECHHBIX (B3SATHIX B

OIIpCACICHHOM l'IOp}IIIKC) BCKTOpPa Ha IINIOCKOCTH HA3bIBAIOTCA 0a3ucoM Ha JTOH

10ckocTh. JItoOble Tpu HEKOMILIaHAPHBIE YHOPSAJ0UYECHHBIE BEKTOpPA B MPOCTpaH-

CTBE Ha3BIBAIOTCS 0Aa3MCOM B IIPOCTPAHCTBC.

Takum o0Opa3oM, B NPOCTPAaHCTBE C BBIOPAaHHBIM 0a3UCOM €;,€,,63 HaM

YAQIOCHh KaXJOMY BEKTOPY IOCTABUTH B COOTBETCTBUE TPOMKY UMCEIN - Er0 KOOP-
nuHAtT. Tenepb NMpH BBINOJHEHUM BBEIAEHHBIX OINEpPAlMi HAJ BEKTOPAMH MOXKHO

3aMCHUTH FeOMeTpI/ILIeCKI/Ie HOCTpOGHI/IH AHAJIUTUYCCKUMHAU BI)IpaH(eHI/IﬂMI/I.
IycTh 8 = €, + 0,8, + 63,0 = BE + L6, + B:Es,
Torna d+b = (g + B8, + (at, + 5,6, + (a5 + 3,)8,
U Ad= (ﬂ.al)é] + (/10(2)52 + (ﬂOl_g)é_g.
Takum o0pa3zoM, NMpU YMHOKEHUU BEKTOpPA Ha YKCJIO BCE €r0 KOOPIAUHATHI

YMHOJKAIOTCA Ha 3TO 4YHCJIO, a IIPHU CIO0KCHHUN BCKTOPOB CKIIAABIBAIOTCA MX COOT-
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BETCTBYIOIINE KOOPIWHATHI, €CIIM OHH OMPEIETICHb OTHOCUTEIIEHO OJTHOTO M TOTO
ke Oasuca.
Iexapmoswl npsimoy2oibHble KOOPOUHAMbL

OnpeneneHue: AEKapTOBOW CUCTEMOM KOOPIMHAT HA3bIBAIOTCS COBOKYII-

HOCTb TOukHu M 0azuca. Touka O - Havano koopauHat, OX,0y,0z - KoopIUHATHBIE
ocu, Oxy,0Oyz, OXZ -koopAMHATHBIE TIJIOCKOCTH.
Ocp OX Ha3BIBAIOT OCBIO abcyucce, ock OY - ockto opouram u ock OZ - 0ChIO

annauKkam.

YacTo UCnoJIb3yeTCs B IEKAPTOBOM CUCTEME KOOPIMHAT, 0a3UCHBIE BEKTO-
pPBI KOTOPOH B3aUMHO TIEPIICHIUKYJISIPHBI K UMCIOT ¢ TMHUYHBIC JITHHBIL:

i L]LK, \i”\:\ﬂ:\l?\:l.

Pa3noxxum mpou3BOIBHBIN BEKTOp a Tpexmep- 3

HOTr'O IIPOCTpaHcTBa no opram. g 3TOro mo-

ctpouM BekTopOM , paBHBIIi BekTOpYy @

(Puc.4.12). Torma &d=Xi +Yj+2zK, wnnaue

BeKTOp a MOKHO 3alIucaThb B BUJIC:
a=(xy,2z).

N3 enMHCTBEHHOCTH Pa3IOKEHUs BEKTOpa & IO OpTaM, CIEIYET, UTO €ClIU

Puc.4.12

KOOPJMHATHI MOOBIX BYX BEKTOPOB &(X,,Y,,Z,) ¥ D(X,,Yp,2Z,) PaBHEL T.e.
Xa=Xb, Ya=Yb , Za=Zp, TO ITH BEKTOPHI TOKE PABHEI.

BexktopOM , maymmii ot Hauana Toukn O k Touke M (X,Y,Z) HasbIBaeTcs
paouyc - 6eKmMopom dTOW TOYKH, H €r0 KOOPIUHATHI
OM (X, Y,Z) COBHAAIOT C COOTBETCTBYIOLIMMH KOOP-
JUHaTaMM TOYKU M.

[Tycts AB - BekTOp, KOOpJAMHATH Hayala M KOHIA

KOTOPOTO M3BECTHEI A(X1, Y1, Z1) u

B(Xz2, Y2,Z2). Torma xoopamHatsl BekTopa AB X Puc. 4.13
BeIpakaroTcs o popmynam: X =X, —%,Y =Y, —V,,Z =2, — Z;.
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U3 puc. 4.13 Buzno, uto AB =T, +T,.
Hcnons3ys cBoiicTBa mpoekiuii, umeem: X = IIp,, AB = Ilp,, (F, —F,)=X, — X, 1
aHAJIOTMYHBIM 00pa3oM HaxomumyY =Y, —V,,Z =2, — Z,.
Paznoxenue Bektopa AB 1o opram GyIeT UMETh CIELYIOMH BU:
AB = (%, =3 )T + (¥, = y1)] +(z, -z, k.
[lepeMHOX€HHE BEKTOPOB M CBOWCTBA HE3aBUCHMOCTU BEKTOPOB HOAPOOHO

paccMaTpUBAOTCA B KypCe BBICIIEM MATEMATUKH.
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5. HOKA3SATEJIBHAA ®YHKLIMUS. IOKA3ATEJIBHBIE YPABHEHUSA
N HEPABEHCTBA

5.1. Onpenenenue U CBOMCTBA NMOKa3aTelbHOH pyHKkunu. I'paduk nokasa-

TEJbHOU PyHKIIMH.

Oyukruto Buaa y = 8%, rae a > 0 u a # 1, Ha3bIBAIOT noxkasameibHoU GyHKyuel.

OcHOBHBIE CBOMCTBA MOKa3aTeIbHON QyHKIIMHU Y = a%:

CBoiicTBO a>1 O<ax<l1
OObnacTh ompeneIcHHs D(f) = (-o0; +00) D(f) = (-o0; +o0)
OO6nacTh 3HaYCHUH E(f) = (0; +o0) E(f) = (0; +o0)
MOHOTOHHOCTB Bospacraer Yo6niBaeT
HenpepbpiBHOCTB HenpepriBras HenpepriBHas

I'paduk nokazarenbHOM PyHKIUM

['padrxom nokazatenbHON PYHKIUU SBIAECTCI 9KCHOHEHMA.

& }i" }i"
X X
y=2a y=2a
a=1 0=a=<1
1 X ! X
" . |
0 0

Puc. 5.1. I'paduku nokazarenbHbIX (PYHKITHI (9KCTIOHEHTHI)

5.2. PaznuyHble crioco0bl pelieHns MOKa3aTeJILHbIX YPABHEHUH U Hepa-

BCHCTB.

TlokazamenvHblmu Ha3BIBAIOTCS YPaBHCHHA U HCPABCHCTBA, B KOTOPbIX HCU3BCCT-
Has IIEPEMCHHAsA HAXOAUTCA TOJIBKO B ITOKA3aTCIIAX KaKHUX-JIH0O CTEICHEN.
Pewienue noxkazamenvrnvix ypaeuenuﬁ
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AR

Teopema 1. ITokasarensHoe ypaBHenue a ' ® =a9® (rpe a > 0, a # 1) paBHOCHIIL-
HO ypaBHeHHIO f(X) = g(X).
OcHoBHbIE QOPMyYJIBI U AEHCTBHS CO CTENEHAMU:

a>0,b>0:

k

a’=1,1%=1; aH:W(keZ,neN); a‘xzix; a*-a’=a"";
a

a—y:ax‘y; (@) =a¥; a*-b*=(ab)"; a—xz(éjx .
a b* \b
OcHOBHBIC METOAbI PELICHUS OKA3ATEJIbHbIX YPABHEHUH

Merton npuBeieHUsI CTENEHEN K OJJTUHAKOBOMY OCHOBAHUIO.

Brinecenue 00111€ero0 MHOXKHUTENS 38 CKOOKH.

Merton BBeieHUS HOBOM ITIEPEMEHHOM.

MeTto NOYJIEHHOTO JIETICHUS.

['padpuueckuit meTo.

|. YpaBnenus Buga a’®=1. (Meroa npuBeJeHHsi cTeleHeil K 0MHAKOBOMY
OCHOBAaHMIO).

ITpumep 1. Pemuts ypaBHeHHE X Bri6 1

2
5x+6 _
Pemenne, 2° X =20-

10 OIIPENIEIICHUIO CTEIIEHH C HYJIEBBIM ITIOKA3aTENIEM.
ITo Teopeme 1, momyduM KBaapaTHOE ypaBHeHHE: x2-5x+6=0.

Ero pemenusiMu SBistoTcs x1=2; x2=3.

OTBet: x1=2; x2=3.

Il. YpaBnenus Buga a”®=q* (MeTox NpUBeIeHNs CTeNeHell K 0IMHAKOBOMY

OCHOBAaHMIO).

2 5

Ipumep 2. Pemuts ypaBHEHHE 5 7 =1/25.

xszX 2

Pemienne. ITo cBOWCTBY cTeneHel monydnm 5 7 = 57,

TOrza 1o TeopeMe 1, monmydyum KBajgpaTtHoe ypaBHeHue: x>- 5/7x- 2/7=0.
Ero pemieHusiMu SIBISIOTCS X1= - 2/7, x,=1.

OrtBer: x1=- 2/7, xo=1.
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AR R A

I11. YpaBnenus Buga Aoa™ %y + A1a™™* +4a™%; + | +4,a™ =M. (Bbinece-
HHe 001Iero MHOKHMTEJIA 32 CKOOKH).

[TpuBenémM oOMmIUI aNrOpUTM METOJA BBIHECCHHUS OOIIErO0 MHOXHTEIS 3a
ckOOKH Ha ripumMepe ypaBHeHus Aoa™ Ky + A1a™H +A4,a™H) + | +A4,a™ K =M:
BBIHECEM OOIIIMA MHOKHUTEID 3a CKOOKH: a™ (Aoako + A1a* +Ad +  +AndX, )=M;
0003Ha4YMM BBIpaKEHHE B CKOOKax Aoa®o + A1a*y +A4d% +  +Ana%, =N
MOJICTaBUM 3aMeHy B U3HauajabHOoe ypaBHeHue a™ N =M;

IOJIy4HM IIPOCTEiiiee moka3atenbHoe ypaBaeHue a™=M/N;
HAXOJWM PEIICHHE 3TOro ypaBHEHHS MpH yciaoBuH, 4To ecim M/N<0, To ypaBHe-

HUE PEUICHNN HE UMEET.

Ipumep 3. Pemmts ypasrenne 5°* —2 .51 —3.5%72 =300,

Pemenne. Boinecem 5% 3a ckoOKy ¥ HONy4HM ypaBHEHHE 5° (1 = % - 235) =300.

BrIpaxkeHHe B CKOOKaxX paBHO umciy: 5 % =300, Torga ypaBHEHUE MPEABITY-

mwero Buza 53=625. [lpusenem k oguHakoBoMy ocHoBanmio 5¥=5% Tlo Teopeme 1,
nosyuynuM 3x=4, cienoBareibHo, x=4/3.
Otser: x=4/3.
IV. Ypasuenns Buna Aoa> + Ara* +A42 =0. (MeTox BBeJeHUsI HOBOi mepeMeH-
HOI1).

[IpuBeném oOUIMil anrOpUT™M METOJa BBEAECHUSI HOBOW NIEPEMEHHOW Ha MpH-
mepe ypasHeHus Aopa> + Aja* +A4, =0.

Ecnu B mokazarensHOM ypaBHEHUU BCE OCHOBAHUS OJMHAKOBHI, a MOKa3aTe-
JIM CTETIEHEW — pa3HbIE, TO:
MPUBEIUTE K OJHOMY IMOKA3aTEII0 CTETICHH U MOJYyYUTE YpaBHEHUE C OJMHAKOBBI-
MH OCHOBAHMSAMHM M OJMHAKOBBEIMH MOKA3aTEISIMH CTeneHel, Hanpumep Ao (a*)? +
Ar1a* +A4, =0;
cleNaiiTe 3aMeHy MepeMEeHHOM, Hanpumep a*=y;

peIINTE ypaBHEHHE OTHOCUTENBLHO 3TOM HOBOM nepeMeHHol (Ao V> + A1y +A4, =0);
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clelaiiTe 0OpaTHYIO 3aMEHY TIEPEMEHHOW M TIOJIYYUTE COBOKYITHOCTD MPOCTEHIIIIX

ITOKA3aTEJIbHBIX YPABHEHUMN.

Ipumep 4. Pemmts ypasrenne 2% —50-27* =896.

Pemenue. Cnenaem 3amMeny: 2=y,

TOT/Ia MOJy4nM KBajpaTHoe ypaBHeHue: »?-50)-896=0,

€T0 PEIICHUSIMH SBISIOTCS V1=64, y,= -14.

CrenaeM oOpaTHYIO 3aMeHy 22=64, cnenoBaTensHo, 22=2°,

Torma 2x=6, x=3.

A 1714 BTOporo kopHs 22'= -14 — peniennii Her.

OtBert: x=3.

V. Ypasuenus Buaa Aoa* + A1’ +420*=0. (MeToa no4jieHHOro JejieHust).

OI[HOpOI[HBIe YpaBHCHUA BTOpOﬁ CTCIICHU B O6H_IGM BHUAC MOKHO 3aIlMCaThb TakK:
AOaZf(x) i Alaf(x)bf(x) n A2b2f(x) —0

rae Ao, A1, Az, @ 1 b — HEKOTOpBIE YuCIIa, MPUUEM A U D — [OJI0KUTEIBHBL U OT-

JIMYHBI OT €ANHUIIBI.

YToOBl IPUNTH K TAKOMY BUIY, TIOUYTH BCETJla ypaBHEHUE TpeOyeTcs NpeIBapu-

TEIJIIBHO HpeO6pa3OBaTI>. ‘—Iame BCCTO YPABHCHHUC 3aAIIMCBIBAIOT B BUIC
f
A% ™ + A (a-b) ™ 4+ AD2 M =0
3anuiiem IMPHU3HAKH, KOTOPBIC ITO3BOJIAT OTIMYUTL OJHOPOJHOC YPAaBHCHHUC OT

YPaBHEHUN APYyroro BUAA.

HDI/I3HaKI/I OJHOPOAHOI'O ITOKA3aTCJIIBHOI'O YPABHCHU S BTODOﬁ CTCIICHU

YPaBHEHHUE COJNEPKUT POBHO TPU CTEIIEHU C Pa3HBIMU OCHOBAHUSIMU;
MOKa3aTesy JABYX CTENEHEeW POBHO B JBa pa3a OOJIblle TOKa3aTeNsl TPEThel crerne-
HU;
OCHOBAHMUE ITOM TPEThEU CTENEHU PABHO MPOU3BEICHUIO OCHOBAHHUM JIBYX APYTHUX
CTEIICHEMN.

[IpuBeném oOIMUI aIrOpPUTM METOJa TOYISHHOTO JCICHUS Ha IpPUMEpE

ypaBHenus Aoa* + A1a¥? b ¥ +4,b* =0.
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Eciii B moka3aTeIbHOM YpaBHEHHH BCTPEUAIOTCS JBA PAa3HBIX OCHOBAHUS CTeE-
TICHEH ¢ pa3HBIMH ITOKA3aTeISIMH, TO:
NPUBEIUTE K OJUHAKOBBIM ITOKA3aTesM CTEICHEH M TMOJIyYHTe ypaBHEHHUE C
JIBYMsI pPa3HBIMH OCHOBAHHSMH W OJMHAKOBBIMU (HMJIM KPATHBIMH) MOKA3aTEIISIMH
CTEIICHEH;
paszennuTe Bce ypaBHEHHE MOYWICHHO HAa MECHbBIIIEE OCHOBAHWE B CTEIICHH YpaBHE-
Hus (Hanpumep Ha b* . 0). [IpeoOpa3yiiTe qpodu ¢ MOMOIIBIO TOKAECCTBA CTCIICHH
IpoOW M TOJyYWTEe TIOKA3aTEIbHOE YpPaBHEHHE C OJWHAKOBBHIMH OCHOBAHHSMH H
OJIMHAKOBBIMH MOKa3zaTelsiMu creneneil (Ao(a/b)* + A1(a/b)”? +4,=0);
caenaiite 3ameny nepemennoi ((a/b)"*=y);
pelnTe ypaBHEHHE OTHOCUTENILHO 9TOH HOBOM nepeMenHoi (Agy? + A1y +A4, =0);
cenaiTe 0OpaTHyIO 3aMEHYy MEPEMEHHOM U MOJIYYUTE COBOKYITHOCTh MPOCTEUIIINX

II0Ka3aTENbHBIX YPABHEHUM.
Ipumep 5. Pemuts ypaBuenne 227 —5.6% + 3% =0,

Pemenue, ITo cBolicTBam cremeneii: 2-22% —5.2%.3% +3.32 =0.

2X X
Pasznennm nanHoe ypaBHeHUE Ha 37X, momrydnm 2 - (é) -5. (%j +3=0.

X
Cnemaem 3aMeHy y:(gj , W ypaBHEHHME TpeBpallaeTCcd B KBaJpaTHOE

2.y? —5.y+3=0, KOPHAMHI KOTOPOTO ABIAIOTCS y1=1, 1,=3/2.

AN

X
(%) =1, caenoBarenbHo, x=0.

5
— | =—, ciegoBaTenbHO, x= -1.
3 3
Otsert: x=0, x= -1.

1
V1. Ypasuenus Buga a’¥=f(x). (F'pajuueckuii cmo- /

€00). B

Ilpumep 6. Pemuts ypaBuenne 4 =5-X.
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Pemenue. Pemennem ypaBHeHus siBIsieTCsl abciycca TOUKH TMepecedeHus rpadu-
KoB Qyukimii Yy =4" u y=5— X (cMm. puc. 5.2).
I[Tposepka: 4'=5-1, cnenoBarensho, 4=4 (BepHO).

Otser: 1.

Pewenue noxkazamenvhvix Heéepaesencma.

OHDCI[CHCHI/ICI HYCTB d - JaHHOC ITOJIOXKHUTCIBHOC, HC paBHOC CAMHUILIC YNC-

n0 u b- mannoe neiicrBuTenbHOe umcio. Torma HepaBeHcTBa a” >b (ax Zb) U

a*<b (ax < b) Ha3bIBAOTCS NPOCMeEUUMU NOKA3AMENbHLIMU HEPABEHCEAMU.
Pemenrem HepaBEeHCTBA C HEM3BECTHBIM X HA3BIBAIOT YHUCIIO X,, IIPU MOJ-

CTaHOBKE KOTOPOTO B HEPABEHCTBO MOJy4YaeTCs BEPHOE YHCIOBOE HEPABEHCTBO.
PemmTh HEPAaBEHCTBO - 3HAYWT, HAMTH BCE €r0 PEIICHUS WK MTOKa3aTh, YTO UX HET.
Teopema 2. Eciu a > 1, To HepasencTso a ' ® > a 9 ¥ papnocunsHo HepaBeHCTBY
toro xe cMmbicia: f(X) > g(x). Eciiu 0 < a < 1, To nmokazareabHOE HEPABCHCTBO

a'® > a 9™ papHocunbHO HEpaBEHCTBY NPOTUBONONOKHOTO cMbicha: f(X) < g(X).

Memoowl peutenusn noxazameibHblX HEPABEHCME.

1. Iloka3aTe/ibHbIE HEPABEHCTBA, CBOASAIIMECH K MPOCTEH MM,

x+1

Ipumep 7. Pemurs HEPaBEeHCTBO 22 > 4.

x+1 x+1

Pemenme. 2*2 >4, 252 > 27 tak kak (a=2>1) ¢pyHKuus Bo3pacTaeT Ha Beeii

X+1 y N
00JIaCTH OTpECNICHHs U 110 TeopeMe 2, moiayuuM —— > 2. [Ipunecém BcE B 0JIHY

X+1 X—5
CTOPOHY ;2 —22>0, npuBeaeM k o01IeMy 3HaM€HaTCJIIO—2 <0. 1o mpaBuy
X — X —

WHTEPBAJIOB MOTYYHM 2 < X <5,

Otser: (2;5].
ITpumep 8. Pemuts HepaBeHcTBO — 4 < 321 _5<y4,

Pemenne: —4<3° 21 _5<4
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1<321<g

3x2—2x—1 >1 3x2—2x—1 > 30
- B ’ Y= 3t (3 > 1) BO3PaCTaCT HaA BCEN o0J1acTu orpcac-

3x2—2x—1 <O 3x2—2x—1 <32
JICHU
[(—1<x<3,
-1<x<3,
X2 —2x-1>0, xsl—JE, —13x§1—d§,
, xSl—JZ
X2 —2x—1<2; ~1<x<3, |1+4/2<x<3
x21+JZ
_x21+Jz

OtBeT: [— 11— \/E]U [1+ \/5;3].
2. MeToa BBeJleHUsI HOBOIi NepeMeHHOA.
Ipumep 9. Pemuts HepaBeHcTBO 22X +2 > 3. 2%,

Pemenne. 2°* +2 >3- 2%, mepeneceM Bce B J1eBy0 yacTh 2% —3-2% +2>0.

t >0,
t <1,
» t?—3t+2>0, t<l |0<t<],
[Tycts 2" =t,t >0 Torma t>2,
t>0; t>0, [t>2.
t>0;
t>2;
) 0<2" <], )
Bepuémcs kK nepeMeHHON X ! ) Tak kak 2° >0 npu X e R, T0 cucrema
27> 2.

2% <1, 2x < 2° :
= . OyHKIUA Y =2 (2 > 1) BO3PaCTaeT pHU

npuoOpeTaeT BU:
2" > 2; 2" >2

x<0,
BCEX X U3 00JIaCTU OTpeeIeHus { 1
X >1.

OtBer: (— oo;O) U (1; oo) .
MeTo1 BLIHECEHHU 00Iero MHOKHUTEJIA 32 CKOOKH.

1 X 1 X—2
IMpumep 10. Pemmts HepaBeHCTBO (Ej + (Ej >5.
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X X—2
1 .
Pemienue: (Ej + (E > 5, BeIHECEM OOIIMNA MHOYXKUTEID 32 CKOOKH:

X—2

V(1) 1
— — | +1|>5. B ckoOkax moIy4yuM YUCIIO (—) —>5, =
2 2 2 4

(%)X_Z >4, (Z)Z_X > 2%, y=2'(2>1) Bo3pacraer Ha Bceif 06TACTH OTpEIENEeHAS
2—x>2, x<0.

Otser: (—o0;0).

Ipumep 11. Penmts HepasenctBo 372 +7% < 4.7 +34.3°1,

Pemrenne: 32 +7* <4-7*1+34.3" nepenecem cliaraeMble, COIEpPKAILME
pasHBIE OCHOBAHHS B IPOTUBOIIONOKHBIE CTOPOHBI 3°*2 —34.3*1 < 4.7%1 7%,

BriHeceM 0OIIMEe MHOKHMTENN ¢ Kaxmoi u3 cropon 35132 —34)<7*Y4-7), B
p

CKOOKaX BBIPAKEHHs MPENCTaBIMOT coboit umema 3°(—7)< 7% (-3). Ilepene-

CCM TpOP'IKy U CCMCPKY B COOTBCTCTBYIOIIINMC CTOPOHBI, 3aIIMIICM BBIPAKCHUC, YIN-

ThIBasl CBOMCTBA CTGHCHefI, 3HAK HCPABCHCTBA IMOMCHACTCA, TaK KaK pasaCIMM €10

Ha MUHYyC enuHMIy 3%2 > 7%, Pasnennm HepaBeHcTBo Ha 72 >0, npu X € R,

3 X—2 3 X—2 3 0 3 t 3
TOTr1a 3HAaK HE MEHSETCA. | — >1l=| = >l=|,Yy=|=||0<=<1|, cne-
7 7 7 7 7

JIOBATEJIbHO, yOBIBa€T Ha BCEW 00JIaCTH OmpeneNieHus, Toraa Mo Teopeme 2:
X-2<0, x<2.

OrtBeT: (— oo;2).

MeToa MOYIEHHOTO AeJIeHHS.

Ipumep 12. Pemnts HepaBencTBo 3-4* +2-9* —5.6% <0.

Pemenue. 3-4* +2-9% —5-6* <0, 3T0 0HOPOIHOE HEPABEHCTBO BTOPOTO IOPSII-
Ka 3-2% -5.(2-3)*+2-3% <0 = 3-2% —5.2%.3" +2.3% <0. Tak Kax

3% >0, npu X € R, To pa3enum HepaBeHCTBO HA 3%, IIpH STOM 3HAK He H3Me-

2X XX 2X 2% X
HUTCS 322)( —52 3 +23X<0 = 3(%) —5(%) +2>0.

32X 32
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2
X 2 _ —<t<],
[Tycth (E) =t,t >0 rorma St —st+2>0, 3 g<t<1.
3 t>0; >0

) L2 (2) 2 (2) (2)0
Bepuémcs k nepemeHHon X: —<| — | <1, = —<| = | <|—=| ,TaK Kak
3 3 3 3 3

r
y= (%) [O < % < 1) yOBIBaeT Ha Bcek obacTu onpeaeneHus , o 0 < x <1.

OrTBer: (O;l) .
MeTtoa panuoHaJIM3aANUH.

MeTo parMoHaIu3aIuy 3aKII0YacTCsl B 3aMEHE CIIOKHOTO BhIpaxkeHus F(X)
Ha Oosiee mpocroe BeIpakeHue G(X), mpu kotopoit HepaBeHcTBO G(X)VO paBHO-
ciiibHO HepaBeHCTBY F(X)VO B oOnactu onpenenenus Boipaxkenus F(X). [Tox 3Ha-

KOM V II0JIpa3yMeBaeTCsl OAUH U3 3HAKOB >,<,>,<.

u,-u, -...-u
JIro60e HepaBeHCTBO MPUBONMO K BHIY ———2 v,
Vy oV eV
rae Ui,...,Un,V1,...,Vk — HEKOTOpble (GyHKIHH. JIOBOJBHO YACTO KAXKIYIO U3 HHX

MO’KHO 3aMEHHTbH Ha APYTYIO0 3HAKOCOBMAAIONTYI0 (DYHKIIMIO HA 00JIACTH Ompee-
nenusi. [IpuBenémM OCHOBHBIE THIIBI BBIPAXKEHHM, JIJIs1 KOTOPBIX MOKHO HCHOJIb30-
BaTh METO/] pallMOHATIN3ALIUY.

B niepBom crounbiie Tabmuibl — dyHkius F(X), KoTopyro Mbl paluoHATH3H-
pyeM. Bo Bropom cronbiie — dyukuus G(X) — 3HakocoBmagaroias ¢ QyHKInueH
F(x) na obnactu e€ onpenenenus. [Ipu 3TOM, HCIIONB3YsI METOT pallMOHAIM3AIINY,
HeJb34 3a0bIBATh NMPO 001acTh onpeaeneHus QyHkuui. [lpu pemenun 3agaun uc-
XOJTHOE HEPABEHCTBO MPEeoOpa3yeTcsl B CUCTEMY: pallMOHAIM3UPOBAHHOE HEPABEH-

ctBO 1 OJ3 nCcXoAHOTO HEPABEHCTRA.

Boipakenue F Boipa:kenue G o113
h(x)"®—h(x)e® (hG)—1)-(F)—9(x)) h(x)>0
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h(x)®—1 (h)—-1)(x) h(x)>0
f(x)"®—g(x)"™ (f)—9(x))-h(x) f(x)>0,9(x)>0

Teopema 3. Iokasarensroe HepaenctBo a(x)' ™ >a(x)?™ pasHocHIBHO clte-

a(x) >0,
JyIOIel CUCTeMe HepaBeHCTR: < a(X) # 1,

(@(x) -(f (x) - g9(x)) = 0.

Mpumep 13. Pemnts HepaBeHCTBO (X2 — X — 2) @ —x) 5 (x? —x— 2)(9_)(2) :
Pemenne. CocTaBUM CUCTEMY HEPABEHCTB, aHAJTOTHUHYIO CHCTEME U3 TEOPEMBI 3!
X2 —x-2>0,
X2 —x—2#1,
(x* —x—2) -1 ((2x* —=x-1) — (9 - x?)) > 0.
PemnB nBa nepBbIX HepaBeHCTBa, HanaeM O/[3 ncxoqHOTo MoKa3aTenbHOTO HEpa-
BEHCTBA:

X<—1wum X> 2,

1+413

X # .
2
Otkyna O/13: X € (—oo,l_;/ﬁ) U (1_;/1_3 —1) u(2,1+;/E) u(le;/E ,+00).

Jlanee paccMOTpUM OCHOBHOE HEPaBEHCTBO
((X* =x—=2) =D((2x* —x—1)—(9—x?)) > 0, KOTOpOE YIPOIIAETCS K BULY:

(x? —x—-3)(3x? —x—10) > 0.

1+ 13
KopHu 1mepBoro MHOKHUTEJISE 3TOT0 HEPABCHCTBA MbI HAIILIA PAHEE: X , = >
1++121 )
KopHH BTOPOro MHOKUTEINS PABHBL: X5, = 6 Xg = 3 X, = 2. Ynopsno-

ynM KopHH. Tak kak 3< 13 <4, 10 X3 < X; < X, < X, . [I[puMeHuB MeTOx MHTEP-
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BaJIOB, IMOJYYHM CJICAYIOHICC PCHICHUC OCHOBHOI'O HCPABCHCTBA!

1—;/E,2)U(1+2JE

X e (—oo,—g) U ( ,+00).

VYuutsiBas HaiineHHyt0 panee OJ13, monyyaeM OKOHYATEIbHBIN OTBET:

—1)u(

,+00) .

5. 1-413 1++/13
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6. JOTAPUOMHUNYECKASA ®YHKIUA. JOTAPUOMHUNYECKHUE
YPABHEHUSA U HEPABEHCTBA

6.1. Onpenesnenne u cBoiicTBa Jorapupmmuyeckoii pynkuuu. I'padpuk jora-

pupmuyeckoin pynkuuu. JJorapupmmuueckas pynkuus. JJorapugmaol.

Omnpenenenne: JlorapumMoM THOJOKHUTEIBHOTO YMCIa D Mo ocHOBaHUIO @,

rae a > 0, a#l , Ha3pIBaeTCs MOKa3aTesb CTENEHH, B KOTOPYIO HaJ0 BO3BECTH YHC-

J10 &, 9YTOOBI TTOTYyYHuTH D.

1

1
Hanpumep: 10928 = 3, Tak xak 23 = 8; log 3 9 =2 rakkak32=9:

log;7 =1, Tak kak 7* = 7.

Ormpenerennue norapudMa MOKHO 3aIHcaTh Tak: a *=° =b. D10 paBeHCTBO Crpa-
BeanuBo mpu a > 0, b > 0, a#1. Ero 0o0bIYHO Ha3bIBAIOT OCHOBHBIM JIOTapupMHu-
YEeCKUM TOXKIAECTBOM.

JlelicTBre HaxOX/IeHUs JoraprudmMa 4ucia Ha3pIBalOT JOrapu(pMupoBaHNEM.
JleficTBUE HAXOXKICHHS YKCIIa MO ero JiorapudMy Ha3bIBAIOT MOTEHIIUPOBAHHEM.
CaoiicTBa orapuMos.

[Tpu BeIMOTHEHUHU TTPEOOPa30BaHU BRIPAKEHHM, COAEpKANTUX JTOTapU (MBI, TIPH
BBIUHCIICHUAX U MPU PEIIEHUHA YPABHEHHUIN YaCTO UCMOJIb3YIOTCS PAa3JIUYHbIE CBOM-
cTBa JjorapupmoB. PaccMOTpUM OCHOBHBIEC U3 HUX.

IMycts a > 0, a#1 ,b >0, ¢ > 0, r — moboe mericTBUTENBHOE unciao. Torma crpa-

BEJIJTUBBI (POPMYJIbIL:

Iogagzlogab—logac

log, (bc)=log, b +log, c log,b" =rlog,b

JlecsaTUYHBIC U HATYypATIbHBIE JIOTAPU(PMBI.
J{nst morapudMoB YKCeN COCTABJIEHBI CEIUATbHbBIE TAOIUIII (Ta0auIIbI Jorapud-

MOB). Jlorapr(mpl BEIYUCIISIOT TaKKe C TTOMOIIBI0 MUKPOKAIbKYJsiTopa. Y B ToM
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U B IPYTOM CITyyae HaXOJAATCA TOJBKO JAECATUYHBIC WM HAaTypalbHbIE JOorapud-
MBI.

OHDGHGHCHHC: I[€CHTI/I‘IHI)IM JIOl“apI/I(I)MOM qucjia Ha3bIBarOT JIOl"apI/I(i)M 9TO-

ro gucia no ocaoBanuto 10 u mumryT Ig b BMecto logieb.

Onpenenenue: HarypanbHbiM JorapudMoM yuciaa Ha3bIBaIOT JoTapudm

3TOr0 YHCJIa M0 OCHOBAaHHIO €, TJIc € — HPPALUOHATBHOE YUCIIO, MPHOIMKEHHO
pasHoe 2,7. [Ipu atom mumryt In b Bmecto logeb

HppalioHaIbHOE YKCIIO € UTPAeT BAKHYIO POJIb B MATEMATUKE U €€ TPUIIOKCHH-
sX. HUCIIO € MOKHO TIPE/ICTABUTH KaK CYMMY:

1 1 1 1
e=1+-+—+ +.t—+... 1
1'2 123 1'2‘3'...‘” HHI/Ie_ —_

ex2,7182818284.
JlocTaTo4HO 3HATh 3HAYEHUS TOJIBKO JIECSITHUYHBIX WIHA TOJIBKO HATyPAJIbHBIX JIOTa-
pu(dMOB yuced, 4TOObl HAaXOIWUTh JIOTapU(Mbl YUCEN IO JHOOOMY OCHOBAHUIO.

Jns aTOro ucnonb3zyercs (popmyJia 3aMeHbl OCHOBaHUs Jiorapugma:

b— log b

log
log, a

a wm tak log,b-log.,a=log b,

rneb>0,a>0,a#l,c>0, c#l

CaencrBust u3 GopmyJibl 3aMeHbl OCHOBaHNs Jiorapudgma.
[Tpu ¢ = 10 u C = e momyyaroTcst popMyIIbl Iepexoa K ASCATUIHBIM U HATypaslb-

HBIM JIoTapudmam:

lgb

log,b=—, Iogab—M
lga

" Ina’

Jlorapudmuueckas pyHkus, €€ CBONCTBA U Ipaduk

B marematuke U €€ NpuiI0KEHUAX YacTO BCTpeUdaeTcs Jorapupmudeckas QpyHk-
uus Y = l0ga X , rae a - 3amanHoe yucio, a > 0, a£l.

Jlorapupmuueckas pyHkuus 00;1a1aeT CBOMCTBAMHU:

1) O6acTh onpezaencHus JorapupMUIecKoil PyHKIIMH — MHOYKECTBO BCEX IMOJIO-
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KUTCIbHBIX YUCCII.

2) MHOXeCTBO 3HaUCHHI JIorapru(pMUIecKor (HYHKIIUH — MHOXECTBO BCEX JICH-

CTBHUTCJIbBHBIX YHCCII.

3) Jlorapudmudeckast GyHKIUS HE SBISICTCSA OTPaHUYCHHOM.

4) Jlorapudmuyeckas GpyHkius Yy = 10ga X ABJISICTCS BO3pACTArOIICH Ha TPOMEKYT-

ke (0;+o0) , ecniu a > 1, u yOwiBatomei, ecmm 0 < a < 1.

5) Ecn a > 1, to pyHkIus Yy = 10ga X IpUHUMAET HOJ0XKHUTEIbHBIC 3HAUCHHSI TIPH X
> 1, orpunatenshbie pu 0 < X < 1. Ecmu 0 < a < 1, o ¢pyakus y = 10ga X npuHu-
MaeT MoJiokuTeNbHbIe 3HaueHus npu 0 < x < 1, orpuniarenabHsie npu x > 1.

Ocb Oy siByisieTcsl BEpTUKAIBHOM acHMITOTOM Tpaduka GyHKIUH Y = 10ga X

vl y=log _x 4
a1 y=log _x
1 1 O<a=1
1 1
a X a X
1 a j a 1
-1 -1

Puc. 6.1
OtmeTtuMm, 4To Tpaduk 000 orapudmudeckoit GyHKuu Y = 10ga X MpoXoauT
gepe3 Touky (1; 0).

[Ipu pemieHnn ypaBHEHHI 4acTO UCIIOJB3YETCS CIEAYIONIas TeOpeEMa:

Teopema. Eciu 10ga X1 = 1002 Xz, tme a > 0, a#1 , X3 > 0, X2 > 0, T0 X1 = Xo.
Jlorapudmuueckas ¢pyukuus Y = 10ga X 1 mokaszarenpHas GyHkius y = a¥, riae a >

0, a#1 , B3auMHO 0OpAaTHBL.

54



6.2. PazinuHble cnoco0bl penieHus: Jorapupmuyeckux ypaBHeHHil 1 Hepa-

BCHCTB.

OCHOBHBIEC METO/IbI pelIeHNUs JIOTapU(PMHUYECKNX YPABHEHMIA:

Ha ocHoBaHuM onpeneneHus Jorapudma.

MeToa noTeHIMpOBaHUS.

MeTton noCcTaHOBKH.

Merton norapupmMupoBaHusi.

OcHoBHBIE IPaBUJIA:

. HyxHo Haiitu 0o6sacte qonyctumMbix 3Hadenuit (O/13).

C nmomouipbl0 OCHOBHBIX JIOrapu(pMUUYECKUX (POpMyJ MPUBECTH B ypPaBHEHUU K
jgorapupMam ¢ OJMHAKOBBIM OCHOBAHHEM CJIEBA U CIIpaBa OT 3HAKA PABEHCTBA.

. Ecnn ITYHKT 2 HCBO3MOJXXCH, TO BBOAUTCA ITIOACTAHOBKA.

Pemienue jgorapupmmuyecKkux ypaBHeHHMH HA OCHOBAHHUM OIpeAe/ICHUs] JIOra-
pudma.
ITo onpenenenuto norapudma log, f(x)=c= f(x)=a’npusrom f(x) >0,a>0, a
#1.
IMpumep 1. Pernth ypaBHeHue 10gz(x+1) + loga(x+3) = 3.
Pemenne. O/13: x > -1.
ITo cBoticTBY norapudma BepHo paBeHcTBO 10g2((X+1)(X+3)) = 3.
W3 sTOro paBeHCTBa MO onpeaeieHuIo joraprudma noaydaem (X+1)(x+3) = 8,
x2+4x+3=8,T.e. x?+4x-5=0, otkyzna Xy = 1, x, = -5.
Tak kak x = -5 < -1, To manHOoe 3HaueHune He BXoauT B O/13, T.e. x = -5 He ABIgCTCA
KOPHEM 3TOTO YpPaBHEHUSI.
OtBert: X = 1.
MeToa MOTEeHUPOBAHMSL.

[Tox moTeHIIMpOBaHUEM TTOHUMAETCS IEPEXO OT PABEHCTBA, COJIEPIKAIIETO

jorapudMsbl, K paBEHCTBY, HE COIEPKALIEMY UX.
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log, f(x)=log, g(x)= f(x)=g(x), rme f(x) >0, g(x) >0,a>0, a # 1.
Ipumep 2. Pemuts ypasuenue Ig(2x2 - 4x + 12) = Ig x + Ig(x+3) .

Perenue. Beipakenue 2X? - 4x + 12 Bceraa nonosxkurensHoe, Toraa OJ13 x > 0. ITo
cBolictBy norapumos 1g(2x% - 4x + 12) = lg(x? + 3x),

oTKyna 2X% - 4X + 12 = X2 + 3X =X? - 7x + 12 = 0. KopHAMHU KBaPaTHOTO ypaBHe-
HUS SIBISIOTCA X1 = 3, X2 = 4. O6a kopHs Bxoqat B OJ13.

OTBeT: X1 =3, x2 = 4.

MeToa NOJICTAHOBKH.

Mpumep 3. Pemuum ypasuerue logZ x + logs X +1=
lo —
Jo,2 X

Pemenune. OJ13 x > 0. Cravasa mepeiiieM K OCHOBaHHIO 5:

5
log s — X
log,, — = X =—log; —=log; —=log; x—1, Torga ypaBHEHHUE IPHUMET BU]
“ X log50,2 X 5
2 7 2 !
logs Xx+logs X +1=—+—— [lonoxum log; X =u, Torga U +u+1=——, ne-

log; x -1 u-1
peHOCs BCE B JIEBYIO CTOPOHY, IOJNyuMM ypaBHeHue U° —8=0. Pemas 310 ypas-
HEeHue, nonyuuM U = 2, otkyaa logg X =2 u x = 25 — kopeHb UCXOJHOTO ypaBHe-
HUSL.

OTBerT: x = 25.
Metoxa 1orapugmMupoBaHus.
JlaHHbI MeTon sIBAsieTCS “00paTHBIM™ METOAY MOTEHUUPOBAHUS, T. €. MbI OT

ypaBHEHUs 0e3 JTorapu(MoB TIEPEXOIUM K YPaBHEHUIO, UX COJICPIKAIIEMY.
f(x)=g(x)= log , f(x)=log " g(x), rme f(x) > 0, g(x) > 0, h(x) > 0, h(x) # 1.
9T0T MCTO/, 00BIYHO HCIIOJB3YCTCA, €CIIM B YpPAaBHCHHH CCTb ITIOKAa3aTCJIbHBLIC
dyHKIMH, JorapudMbl — B IToKaszaresie. PaccMOTpyUM 3TOT METO Ha TIpUMeEpe.

Ipumep 4. Pemunts ypasuerne X' °%* =0,25.
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Pemenne. OGnacth ompeneneHust ypaBHeHuss X > 0, B 3ToMm ciiydae o0e 4actu

YPaBHEHUS TMOJOXKHUTEIbHBI, TIOATOMY X MOXHO MPOJOTapu(PMHUPOBATH MO OCHO-

1-log, x

BAHUIO 2, B pe3yJbTaTe NoJIlyduM ypaBHeHHe l0g, X =log, 0,25, paBHOCHIIB-

Hoe naHHoMy. [lanmee mo cBoiicTBam sorapudma umeeM (1—log, x)log, x =-2.
[Tonoxwum, log, x=u, Torna (1—Uu)u=-2, KOpHIMH JaHHOTO YpaBHEHHS OyIyT
Ut = =1 u u; = 2. BosBpamascb K nepeMeHHoW x, moiyuuM log, X =-1u
log, x =2 u toraa x1 = 0,5 1 x2 = 4 ABIAIOTCSA KOPHAMU ypaBHEHMUS.

Otser: x1 = 0,5 ux, = 4.

log, x

IIpumep 5. Pemnts ypaBuenue log, (3x +4)=2log, X.

Pemenue. O/I3 X > 0. Boconbs3yemcst onpeneneHneM joraprudma, IpUBEACM HC-

2logy x

XOIHOE YPaBHEHHE K BHIY X = 3x'°%% 4 4. Tonoxum X'°%* =u, Torna mno-

nyunM ypaBHeHne U° —3u—4=0, kopHH KoToporo U; = —1 u Up = 4. Teneps 3a-

Jlaua CBOJUTCS K PELICHUIO COBOKYITHOCTH ypaBHeHHH X'°%* =—1 m x'°%* =4,

log, x

T.x. X >0, To mepBoe ypaBHEHHUE pelieHus: He umeeT. Bo3bmeM norapudmMbl

log, x

10 OCHOBaHUIO 4 0T 00enx yacTeil BTOporo ypaBHeHus log, X =log, 4, T.e.

1
Iogi Xx=1, torga log, X =41, otkyna X, =4, X, = Z KOPHHM HCXOJHOTO ypaBHE-

HHA.

1
OtBet: X, =4, X, :Z.

Pewenue nozapugpmuueckux nepagencme.

[Tpu pemenuu norapuMUUECKUX HEPABEHCTB HEOOXOIMMO YUYUTHIBATh, YTO

l.ecmna>0,a#1, 10 logaf(x) > b <=> f(x)=a m 0—“@—3_
a>1 O<a<l
< <aP S ab
2.ecmua >0, a #1, to logaf(x) <b <=> O_f(x)_a m f(x)_a .
a>1 O<a<l
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g(x)=h(x)  [h(x)=g(x)
3. 109 109 9(X) > log s h(x) <=> <h(x)>0  m<g(x)>0
f(x)>1 0< f(x)<1

g(x)<h(x)  [h(x)<g(x)
4.109 1 9(X) <log g h(x) <=> {g(x)>0 u <h(x)>0

f(x)>1 0< f(x)<1
__[0<p(x)<1  [p(x)>1
5. 109 ,() 1(x)>0 = log ;) F(x)>log ;1 <=> {0< f(x)<1 " {f(x)>1'

HmeeTcs He MeHee 4 MPUHIMITHAIBLHO Pa3IMYHBIX THIIOB ITOIX0/1a K PEIICHUIO
Jorapu(pMHUECKUX HEPABEHCTB:
1. mepebop ciydaeB «OCHOBaHHE OOJIBIIIEC STUHUIIBD, KOCHOBAHUE MCHBIIIC €HMHHU-
1bD»;
2. Iepexo/T K paBHOCHJIBHBIM COBOKYITHOCTSIM CHCTEM HEPaBEHCTB, HE COZCpkKa-
KX JIOrapu(hMOB, METO/I paIlMOHATH3AIIH;
3. 00001ICHHBIA METO HHTEPBAJIOB;
4. rpadudecKuil METOI.
PaccMoTpuM npuMepsl peiieHus JIOrapuhMUIECKUX HEPABCHCTB.
1. ITepebop ciayuaeB «0CHOBaHHE 00JbIle eTMHUIbDY, KOCHOBAHNE MEHbIIIe
eTMHUIIBD».

IIpumep 6. Pemnts HepaBenctso log, ,(2x—3)>log, ,(24 —6X)

Pemenue. J1y1st TOro 4to0b! OT JOrapru(pMUYECKOrO HEPABEHCTBA NIEPEUTH K paruo-
HAJIbHOMY, HEOOXOJMMO 3HATh OTHOCHTEIIBHO OCHOBaHHs jorapudma (x — 2)
oonbuie oHo 1 wnu mensie. [losTomy 3aauya cBOAUTCA K PEIICHUIO COBOKYITHO-
CTH JIByX CUCTEM:

X—2>1 O<x-2<1
2x-3>0 2x—-3>0

24 —-6x>0 ! 24 -6x>0

2X —3> 24 - 6X 2Xx —3< 24 -6X

58



. 27 .
W3 nepBoii cucTeMbl TOJIyd4aem ry <X<4, u3 BTOpoil 2 < X <3 U pelieHuem

JTAHHOT'O HEPAaBEHCTBA sABJsieTes X € (2; 3) U (% ;4).

Otser: Xe(2; 3) U (2_87 ;4)

. MeToa pauuoHaIM3alUM.

HamomuuMm, B riepBoM ctoidie Tabmumbl — QyHKus F(X), KoTopyro MBI pa-
roHanm3upyemM. Bo Bropom cronbie — dynkuus G(X) — 3HaKocoBmagaromast ¢
dynkiueii F(X) Ha obnactu e€ onpexneneHus. [Ipu 3ToM, UCTIONB3YsI METOT PAITUO-

HaJIU3allU, HEIb34 3a0bIBATH PO 00IACTh ONpeAeieHNs (PYHKIUIA.

Boipaskenue F Broipa:kenue G on3
10100039 (G~ 1)-(1()-9(0) L((XX); Ol’g(x)>0’h(x)>o’
loghf(x)—1 (h()—1)-(FC)—h(x)) f(x)>0,h(x)>0,h(x)#1
lognef(x) (h()—1)-(F()—1) f(x)>0,h(x)>0,h(x)#1
h(x)>0, f(x)>0,f(X)%1,

logo()-1ogau ) (1001 (@(0-1) (00 D@-T0) ' o

Teopema 1. JIorapudmudeckoe HepaBEHCTBO
10 5,y f(X) 2109 5y 9(X)
PaBHOCHIJIBHO CIEAYIOIICH CHCTEME HEPAaBEHCTB:
a(x) >0,
a(x) =1,

f(x)>0,
g(x) >0,

(@() =D(f (x) = g(x)) = 0.
Hepasenctsy log () f (x)-log (%) y(x)<0
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)

)
COOTBETCTBYET PAaBHOCHUJIbHASI CUCTEMA y(x) >0

)

)

(f (x) = Lfe(x) - Uy (x) - L (x) - 1)> 0

Mpumep 7. Permuts Hepasenctso log,_, (x> —1) > log,_, (2x* + X —3).

Pemenue. Bocrnonb3yemcs TeopeMoit 1, momyyum ciemyroulylo CUCTEMY Hepa-

BCHCTB.:
X—2>0,
X—2=#1,
x?—-1>0,

2x% +x—3>0,
(x—2)-D((x* -1) — (2x* +x—3)) > 0.

Pemrast mepBeie yeThIpe HEPABEHCTBA, NMpakTUYecku HaxoauM O/13 mcxomHoro He-
paBEHCTBA:

X> 2,
X # 3,
X<—=1wum X >1,

3
X<—EWZL{X>1.

Otkyna: X € (2,3) U (3, +x).
PermMm Temepp msATOE HEPABEHCTBO cHCTeMBI. [locie ameMeHTapHBIX peoo-

paSOBaHHi/'I IMMOJIYYHMM HCPABCHCTBO
(x—3)(-x* —x+2)>0.
YMHOXUM BTOpOﬁ COMHOXUTCIIb HA lu IMTOMCHSICM 3HAaK HCPABCHCTBA:

(x—=3)(x* +x—-2) <0.
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HeTpyaHO 3aMeTHTh, 9TO KOPHSIMH BTOPOTO MHOXKHTENSI B 3TOM HEPAaBEHCTBE SIB-
nstorest yncia 1 u -2. [loatomy, packia-

JbIBasi BTOPOY MHOXUTEIb Ha OJHOYJICHBI W N
o i =
-2 1 3 X

ICPBOIo mopsaka, rmojrydacm:

(x=3)(x-D(x+2)<0.
DTO HEPaBEHCTBO JICTKO PEIIMTh METOAOM HHTepBajoB: X € (—o0,—2) U (L, 3). C

ydeToM HaijeHHoro panee O/13, mogyyaeM OKOHYATENIbHBIN OTBET.

OtBer: X€(2,3).

3. O0001eHHBIH MeTOI HHTEPBAJIOB.

Ipumep 8. Pemnts HepaBeHcTBO: 10005, (0,25x% - 1,25x +1,5) < 1.

Pemenne. ®yukius f(x) = logos, (0,25x? - 1,25x + 1,5) - 1 onpenencHa u Henpe-
peiBHA TIpH X € (0; 2) m (3; +0).

Haiinem ee mymu: 10gos.(0,25%2 - 1,25x + 1,5) = 1, cnenosarensHo, 10gos.(0,25x%2 -
1,25x + 1,5) = logo s, 0,5x .

[Monyunm kBagpaTtHoe ypasaenue 0,25(x? - 7x + 6) = 0, kopau KoToporo x; = 1, x;
= 6.

Onpenensem 3Haku Gynxuuu f(x) = logos, (0,25x2 - 1,25x + 1,5) — 1 no merony

MHTEPBAJIOB:

=
0

b2 (]
L (]

1
Otser: X € (0; 1] U (3; 6].

I'papuuecknii meron.

Pemenne. Pemmmm mpumep 8 BTopbiM ciocoboM. Halinem Toukm mepeceueHus rpa-
¢uxos y1 = 0,5x u y, = 0,25x* — 1,25x + 1,5. [IpupaBHsiem naHHbIe (yHKIUH
0,25x% - 1,25x + 1,5 = 0,5x,

0,25(x*-7x+6)=0,x1 =1, x, = 6.

[lepBsiii rpaduk — npsimasi, BTopoit rpaduk — napadosia, BETBU BBEPX.
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Ecin 0 < y1 <1, 1o log, y, <1 <=>

Y2>Yy1<=>0<x<l.

Ecin y1 > 1, 10 log,, ¥y, <1 <=>0 <

V2 <y1<=>3<x<06.

Puc. 6.2

3naunt, log, y, <1<=> xe (0]

U(3;6].
Otset: X € (0; 1] U (3; 6].

Pewenue nokazamenvno-nozapugpmuueckux HepageHcme

PaccmarpuBasi mokazaTenbHO-TOTapU(PMUYECKUE YpPABHEHUS, Mbl OTMETHIIH,
4TO JJI UX PEIIEHUs HUCIOJb3yeTCsl METOA JorapuMHupoBaHHUs 00EUX dYacTel
YPAaBHEHHMS M0 OJHOMY M TOMY K€ OCHOBAHHUIO. DTOT METOJ NPUMEHSAECTCS U JJIA

pCIICHUS HOKa3amenbHo-102apumuieckux Hepasencme. 3nech Take f(x) >0
u g(xX)>0 wu mnepexomum ot HepaBeHctBa T (X)>Qg(X)k HepaBEeHCTBY
log, f(x)>log, g(x), ectu a > 1 u k HepaBenctBy log, f(x)<log, g(x), ecnu
O<ax<l.

Mpumep 9. Pemnts HepaBercTBO X °%5* > 0,5.

Pemenne. O0e yacTH 3TOr0 HepaBEHCTBA MPUHUMAIOT JIMIIb MOJIOKHUTEIbHBIC 3HA-

yeHusi. BosbMem oT 006eux vacreii morapudmel o ocHoBanwuio 0,5, mosy4yum Hepa-

logy 5 X
BEHCTBO 10g g X 2

<logy5 0,5 paBHocunbHOe nanHomy. IMocie nmpeobpasosa-
HUs noaydum log 3,5 x <1, otkyna —1<log 05 X<1, Torma X €(0,5; 2) sBasercs

PEIICHUEM NCXOJHOI'O HCPABCHCTBA.

Otser: X €(0,5; 2).
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7. TPUHTOHOMETPUYECKHUE ®YHKIIUU. YPABHEHUS U HEPA-
BEHCTBA, COAEP KAIIIME TPUTOHOMETPUYECKHUE ®YHKIIUNU

7.1. IlocTpoeHue rpagMKOB TPUTOHOMETPUYECKHUX QyHKIIHIA.

Cumnycom ocTporo yria ¢ Ha3bIBae€TCsl OTHOILIEHHUE UIMHBI KaTeTa, MPOTHUBOJIE-
KaIIero yriy ¢, K JJIMHE TUIIOTEHY3bl NMPSIMOYTOIBHOTO TPEYrOJbHUKA C OCTPHIM
yrJIoM @, 1 0003Ha4daroT Sing. OTHOIIIEHUE JTMHBI MIPUJICKAIIECTO K YTy ¢ KareTa
K TUIIOTEHY3€ Ha3bIBAECTCS KOCUHYcom yria ¢, o0o3HayaroT COS¢. Tawnzencom
OCTpOTO yria ¢ Ha3bIBAE€TCS OTHOIICHHE JUIMHBI KaTeTa, MPOTHBOJIEKAIIETO K YTy
@, ¥ KaTeTa, mpujiekamiero K atomy yriy (tge). O6parHoe OTHOIICHUE JJIUH KaTe-
Ta, IPWIEKAILETO K YIIIy ¢, U KaTeTa MPOTUBOJIEKAILETO, HA3bIBAECTCSI KOMAH2EH-

com (Ctg o).

KpOMe CHUHYCa, KOCHUHYCA, TAHI'CHCA M KOTAHI'CHCA HCIIOJB3YIOT CHIC CEeKaHC

Seco = U KoceKanc CoSecp =——.

COSg sing

BripakeHune, B KOTOPOM IMEpEeMEHHas COACPKUTCS O] 3HAKOM TPUTOHOMETPHUY-
CKUX (PYHKIIMIA, HA3bIBACTCS MPULOHOMEMPUUECKUM.

Cornacno teopeme ITudaropa u3 pucynkka (Puc.7.1) cienyer:

— BEpILIMHA yIJIa ¢ MPAMOYTOJIBHOIO TPEYTIOJIbHUKA

L
COBMEIIIEHA C HAYAJIOM KOOPJIMHAT, y ]
: I—=
— TUIIOTEHY3a TPEYrOJIbHUKA, ABJISIOIIAsACS Takke n - 5111 .;Efr
paguycoM OKPY>KHOCTHU, paBHA eAUHUIE, I = 1, Q‘j
— KOCHHYC SBJISIETCS TPOEKIMEN paaryca Ha OCh :::
COs @
a0cruce,
Puc. 7.1

— CHHYC SIBJIIETCA MPOCKIMEN paguyca Ha OCh Op-
JIMHAT.
Bcé 310 mpaBuibHO, HO MOKa TOJBKO I OCTPBIX YIJIOB, KOrJa paanyc-

THIIOTCHY3a HAXOJUTC B nepBoﬁ YCTBCPTH.
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3HaKoBasi XapaKTePUCTHKA TPUTOHOMETPUYEeCKHUX (PyHKIIUIA.

Hauoosee Baskuble cBOMCTBA M rPaUKH TPUTOHOMETPHUYECKUX (PYyHKIMI

an

V4

an!

Y

K

™

NN

sin oL

COsCL

NS

P

tgo, ctga

®ynk- | Obaacts |O0OgacTs | YéTHOCTh, | [lepu- | I'paduxu pyHxumii
HUs  (onpeaesieHUus| 3Ha4e- HeY€eT- on, T
HU HOCTH
y = sinx (—o0, o) [-1, 1] | neuérHas
y=C0osX | (—o0, ) [-1, 1] yETHAS
y=1tgx | (oo, o0)3a | (-0, ) | HeuéTHAs
UCKJIFOYEHU-
€M TOYEK
N + /2,
371ech N 11e5oe
y =Ctgx | (—oo, ) 3a | (—o0, 00) | HeuéTHas
WCKJIFOYEHU-

€M TOo4YeK 7N,

37€Ch N IEI0E

O06001IeHre cuTyaly Ha Ciiydaid JroObIX yT-

JIOB OYEBMJIHBIM 00pa3zoM cneayer u3 pucyHka (Puc.
7.2), a IMEHHO, JJIs1 JIIOOBIX YIJIOB KOCHHYC, — IIPO-

CKIMSl €AMHUYHOTO pamuyca Ha ock adcuucc (OX),




CHHYC — TPOCKIHs eIMHUYHOTO paamyca Ha ock opauHar (Oy), mpuuém B Tex
ClTydasiX, KOTJa MPOCKIHS IOMagacT B OTPHUIATEIbHYIO 00J7acTh KOOPIWHATHBIX
ocell, QyHKIUSIM MPUITUCHIBACTCS 3HAK MUHYC.

Oynuknms f(X) HassiBaercs uéthoit, ecim f(—x) = f(X), u Heuérnoit, ecom f(—
X) = —f(x). I'padux y€THON PYHKIMH CHUMMETPUYCH OTHOCHUTEIHLHO OCH OpIHHAT
(Oy), a rpaduk HeYETHOM HYHKIIMA CUMMETPUYCH OTHOCUTEIHHO Havyasla KOOPIH-
HaT. 13 rpadmkoB BUIHO, YTO KOCUHYC SIBIsSIeTCA Y€THOU (pyHKIIMEH, a CHHYC, TaH-

I'CHC U KOTAHT€HC — HEYETHBIC.

Teopema 1. 1 Eciu T - ocHoBHO#l mepuoa pyukuuu f(X), To umcio E

SBIISICTCS OCHOBHBIM TiepuoioM ¢pyukimu f (kKx+b).

[Tepuonel ¢ynkuuit T, u T, Ha3pBalOTCd COM3MEPUMBIMHU, €CIH
CYILLECTBYIOT HAaTypallbHbIE YkclIia M 1 N, yto M, =nT, =T.

Teopema 2. 2 Ecmu nepuommyeckue ¢yHkuun f(X) u f,(X), umeror
cousMepumbie T, U T,, To OHM HMMeOT oOmMi mepuox mMT, =nT, =T, KOTOPBIA
asisiercd nepuonoM pynkmuit f(x)+ f,(x), f,(x)— f,(x), f,(x)- f,(X).

B Teopeme roBOpHTCS O TOM, UYTO | SBISICTCS MEPUOIOM (DYHKIIMH
LX)+ f,(x), f,(x)-f,(x), f(X)-f,(X), m He oOs3arenbHO sBIsAETCA
OCHOBHBIM TeproioM. Hammpumep, ocHOBHOM Tiepro1 GyHKIKHA COSX u SiN X - 27,
a OCHOBHOM NEPUOJ UX TPOU3BEICHUS - 7T .

B oTtnnuue ot TpuroHoMeTpudyeckux GyHKLIHUA 0OpaTHBIE TPUTOHOMETpUYE-

CKHC (I)YHKI_II/II/I HC ABJIAIOTCA IICPUOIUICCKUMU.
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Hawuo6oJ1ee BaskHbIe CBOMCTBA U rPa@UKH 00OPATHBIX TPUTOHOMETPUYECKHUX

pyHKumit
®yukuus | ObaacTb Obaacre | YéTHOCTD, I'padpuxu pynkuumii
omnpeae/eHUus] 3HAYEHUN |HEYETHOCTD
y=arcsinx| xe[-11] 7 || HeuéTHas %
ye|- %2 3
2 2
2 10 1 2
y=arccos x| xe[-11] | ye|0;z] |obmero Bu- )
aa  arc- L
cos(-a) = n- 1 0 1
arccos a
- ) " —
y = arctg x Xe(—oo,oo) ( T 71-) HeuEéTHas | I |
YE|l -5 5 e
2 2 4 2 o2 4
-1 0
—_ . . T
y =arcctg x| xe(—oo;0) | ye(0;7) |obuero Bu- =
T
ma arcctg(- 2
\\-—-r_.__,_
a)=r- 40 2l ol 21 1 i
arcctg a

7.2. IlpeoOpa3oBaHue TPUTOHOMETPHUUYECKUX BbIPAKEHH .

OcHOBHBIE TPUTOHOMETPUYECKHE (POPMYJIbI:

sin®x+cos® x=1 tgx - ctgx =1

sin X COSX
tgx = —— Ctgx = ——

COSX sin x

1

2 2

1+t9°x=— 1+ctg X =—
sin? x

COS™ X



[Tone3Hsl Takxe (pOPMYJIbl NPUBEAEHHUS, KOTOPBIE ITO3BOJISIOT BBIPA3UTh 3HA-
YeHHs] TPUTOHOMETPUUECKUX (QYHKIUI 7151 TI0OBIX YTJIOB Yepe3 3HAUEHUsI TPUTO-
HOMETPUYECKUX (PYHKIUI YIJIOB IEPBOM YETBEPTH.

Hampumep: cos(180°+ a) = cos 180°- cosa — sin180°- sina =

(1) - cosa — 0 - sina = — cosa.

Yto6b! n36€KaTh HEOOXOUMOCTH I0JIB30BATHCS MTOT0OHBIMU pacyETaMU, IPUMeE-
HSIOT MHEMOHHYECKOE MTPABUJIO:

1. Ecim BeIYMCseTCs TpUroHoMeTpruaeckue GyHKuuu yrioB 90° £+ a unm 270° + a
, TO CHHYC MEHSETCSl HA KOCHHYC, KOCUHYC Ha CHHYC, TAHT'€HC Ha KOTaHI'€HC, KO-
TaHreHC Ha TaHreHc. B cioyuae yrinos 180° + a wim 360° + a pyHKIMM ocTaroTcs
HEU3MEHHBIMH, T.€. CHHYC OCTAETCSI CHHYCOM H T.II.

2. 3HaK pe3ynbTara TaKkoi ke, KaKk y UCXOTHOW (PYHKIIMU B TOW YETBEPTH, B KOTO-
PYIO IONAaIaeT UCXOIHBIN YTOJL.

Hanpumep: cos(180°— a) = — cosa.

Kocunyc ocraércst kocunycom, moromy uro 180°. Mcxomusrit yron (180°— a) Bo
BTOPOI1 UETBEPTH, I'/I€ KOCUHYC, UICXO/HAsA (PYHKIUS, OTPUIATEIbHA, I0ATOMY 3HAK
MUHYC.

IlepeBoa rpagycHoii Mephbl yIiia B paAHAHHYI0 U 00paTHO.

[Tycth oo — rpanycHasi Mepa yria, f — paanaHHasi, TOr/ia CIipaBelIuBbl popmy-
n-oi" e _180"-p
180 Vs

7 =31415926535897932384626433832795.

JbL: f = , e 1pao ~57°, 1° ~ 0,017 pao, 7 =180,

DopMyJIbl CI05KEHUA U BLIYUTAHUSA APTYMEHTOB
sin(x £ y)=sin Xxcosy £sin ycosx tgx + tgy
i vein 0 QXEY) =
Ccos(x £ y)=cosxcosy Fsin xsiny 1F tgxtgy
IIpeoOpa3zoBanue cymMbl (Pa3HOCTH) TPUTOHOMETPHYECKUX (PYHKUMH B NPO-

H3BEACHUC:
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: . . X+ XF
sin X £siny = 2sin Zycos 2y X
COSX —COSYy =—2sin sin

cosx+cosy=2cosXJ2rycosX;y 2 2

IIpeoOpa3zoBanue NMpou3BeeHUsI TPUTOHOMETPUYECKHUX (PYHKIUI B CYMMY:
sinxsiny = %(cos(x —y)—cos(x +Y))
COSXCOSY = %(cos(x —y) +cos(x +Y))

®opMyJIbI IBOMHOIO apryMeHTa:

sin 2x = 2sin XxCosX 2 2tgx
_ _ 02X = .
c0s2X =C0s? X —sin® x=1-2sin? x=2co0s’ x —1 1-tg?x

q)OpMyJIbI INOHMKCHUA CTCIICHU:

1—cos2x 2 1+ cos2x 1—cos2x
_— COS"  X=——— =——

sin? x = .
1+ cos2x

tg?x

®opMyJIbI MOJJOBUHHOIO yIJjia:

. X, [1-cos(x), Xy, [1+cos(X).
sm(E)_J_r‘/—2 ; cos(z)—J_rW/—2 :

X, , [1—cos(X). Xy, [+cos(x),
tg(E)_i\/Hcos(x)’ Ctg(Z)_J_r\ll—cos(x)’

X :1—cos(x): sin(x) . X, sin(x) _1+cos(x)

tg(E) sin(x)  1+cos(x)’ Ctg(E)_l—CQ'*?(X)_ sin(x)

3ameHa 4Cpe3 TAHI'CHC ITIOJIOBHUHHOI'O yrIJla:

+Yy . X—Yy

sin Xxcosy =l sin(x+ y) +sin(x—y)).
2

68



29(7) 2ctg (") 1-19°(0)

sin(a) =—=—; sin(@)=—~%—; cosl@) =—=;
1+19%() 1+otg®(7) 1+19°())
ctg®(7) -1 29(2) 20tg(,)

cos(a) = E— tgla)=—-+=— 19(a)= R
ctgz(2)+1 1-t9°(,) Ctgz(z)—l
1-19%() ctg?(7) -1

ctg(@) =——=2-; ctgla) =—=—;

2tg (E) 2ctg (E)

CoOTHOIIEHHSI 111 00PATHBIX TPUTOHOMETPHYECKHUX QYyHKIIHIA:
cos(arccosx)=x; arccogcosx)=x; sin(arcsinx)=x; arcsin(sin x)= x;
tg(arctgx)=x; arctg(tgx)=x; ctg(arcctgx)=x; arcctg(ctgx)= X;
T

: T
arcsinXx + arCcosx = 5 ; arctgx + arcctgx = E;

2

sin(arccosx)=cos(arcsinx)=+1-x?; tg(arcctgx )= ctg(arctgx )=

X |~

Jlist perieHus 3a1a49 Ha YIPOIIEHUE TPUTOHOMETPUYCCKUX BBIpAXKCHUHN TpeOyeTcs
JOCTaTOYHO XOPOINO 3HATh MpaBuja MpeoOpa3oBaHMs alreOpandecKuX BbIpaxe-
HUN ¥ TPUTOHOMETPUYECKHE (GOPMYJIbI (YMETh MPUMEHATH UX KaK IO OJJHOM, TaK U
B KOMILJIEKCE).

CcoS7a —c0S8a —cos9«x + cos10ax
sin 7a —sin 8a —sin 9 +sin10a

IMpumep 1. YopocTuTs:

Pemenue. VMcnonb3yem (opmyibl mpeoOpa3zoBaHusi pa3HOCTH TPUTOHOMETpPUYE-

CKUX (DYHKLHI B MPOU3BEICHUE:
cos7a —Ccos8a = 25sin 15TO{sin %, c0s10a — cos9a =-2sin 19TOCSin %,

sin 7a —sin8a = -2sin %0031570[, sin10¢ —sin 9a = 2sin %coslgTa,
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23|n(3|n15a—3|n Mj sinm—a—sinm—a
2 2 2

2 2
MOJIyYMM: =—
15 19
—ZSln(Coslsza—coslgzaj COSa—COSZa

U ellle pa3, MPUMEHSS T€ e camble (OPMYIIbI, UMEEM:

2sin(- a)cosﬂ—a cost?
2 2 17

T Ta . 11g W
23|n75|na sm7

Cc0s68°c0s8° + c0s82°c0s22°
c0553°¢0523° + c0S67°c0s37°

IIpumep 2. BerauciauTs:

Pemienue. Mcnonb3yst popMyIibl TpuBEeHUS ITpeoOpasyem:
C0s68° = c0s(90° — 22°)=sin 22°, €0s82° =c0s(90° —8°)=sin8°,
c0s53° = 05(90° —37°)=sin37°, €0s67° =c0s(90° — 23°)=sin 23°,

sin 22°c0s8° +sin8°c0s22°  sin(22°+8°) sin30° % 1
$in 37°C0523° + sin 23°c0s37°  sin(37°+23°) sin60° 3 /

IIOJIy4HM:

OtBeT: —.
V3
3 . ) )
IMpumep 3. tgaz—z, E<a<7z. Haiitu Sina, cosa, ctga, Sin2a, cos2a, tg2a,
ctg2a.
. 1 4 2
Pemenne. Cpasy HaiineM Clga =——=—_ u T.K. t§°a¢+1=———, TO BbIpasus
tgo 3 cos” a
1 .
COSa, noinyyum COSax = > . W, mOCKONBKY, 0 SIBISIETCS YIJIOM BTOPOM
tg°a +1
1 4
4eTBepTH, TO COSar < 0, cimemoBarenbHO COSOr=— |— =——. BbIpazum
tg°a+1 5

) 3
SIina=tgo-CoSa = —.
5
Hanee BocnonbzyeMcs (hopMysiaMu ABOHHOTO YIJia, MOJTYYUM:
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sin2a = 2sina-coso = —ﬁ, C0S2¢ = COS%a — Sina = l,
25 25

sin 2a 24 1 7
tg2a = =—— u CgQ2a=—=——.
COoS2x 7 tg2a 24

Ipumep 4. Beruucauts cos(4arctg 5).
Pemenue. Ilycte a = arctgS, torna tg o = 5. Tpebyercs Halitu C0S4a. Berancium

BHa4aJIC COSZOC, HCIIOJIb3YS YHUBCPCAJIBHYIO IIOACTAHOBKY:

1-tg°a _1-25_ 12

COS2cx = = =,
1+tg’a 1+25 13
Torna, UCITIONIb3YS bopmymy MTOHWKEHHUS nopsiaKa, MOJTy4aeM:
cosda = 2¢0s° 2a —1:2~% —1:2-% —1:g.
169 169 169
OTBeT: & )
169

7.3. IIpocTeiilme TpUroHOMeTpHYECKHEe YPABHEHUSI U HEPABEHCTBA.

Tpuzonomempuueckue ypagHeHus.
Cnoco0bl penieHusi TPUTOHOMETPUYECKUX YPABHEHUIM:

. Pelienue nmpocreiuX TPUrOHOMETPHUYECKUX YPABHEHHU I

sinx=a; =  x=(-1)arcsina+ k;
COSX =a; = X =zarccosa + 27K;
rne keZ.
tgx =a,; = X = arctgx + 7k
ctgx =a; = X = arcctgx + zk;

Ocob0  OTMETUM  HEKOTOpbI€  YacTHblE  CiIy4aul  3JIEMEHTPaHbIX
TPUTOHOMETPUUYECKUX YpPaBHEHUHM, KOTJa pELIEHUE MOXKET ObITh 3amucaHo 0e3

pUMEHEHUsT 001UX GOpMYII:

sinXx=0= X = 7K, sinle:x:%+2nk, sinx=—1:>x=—%+27zk,

cosx=0:>x=%+7zk, COSX=1=>X=27K, COSX=-1= X=rx+ 27K,
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tgx =0= x = 7K, tgx:1:>x:%+7zk, tgx:—ljx:—%wzk,

ctgx=0:>x=%+7zk, ctgx=1:>x=%+7zk, ctgx=—1:>x=—z+7zk,

rne keZ.

Ipumep 5. Pemnts ypaBHeHue Sin mx =-1.

1
Pemenue. 7[\/_2—%+27ZH,HEZ,TOFI[3 \/;=—5+2n,neZ.

[To onpeneneHuto apuPpMETHIECKOTO KBAPATHOTO KOPHS MeperieM K paBHOCHIIb-

HOM CHUCTEME YPAaBHEHUN:

{g(x) >0 , IPUMEHSAA K HalIEMy CIIy4aro
)=9°(x)

[Tomyunm

1 2
OTBCTZXI(—E+2I’]] ,neN

nzl,nez
4

1 2 '
x:(—§+2nj .neN

—%+2n20,nez

1 ? '
x:[——+2n) nNeZ
2

. Ecnu ypaBHeHue B pe3ynbraTe CBOAUTCS K BHAY SiNYy =Sinz, aubo COSY =CO0Sz,

aubo tgy =tgz, qiubdo ctgy =ctgz, raoe Yy
U Z - BBIPAKEHUS OT HEU3BECTHOTO X.

N3 sToro cnenyer, 4to

_ _ {y:z+27zk,
siny=sinz <

Yy =71 -7+ 27K.
COSYy=C0SZ < Yy=zz+27K.
tgy=tgz < y=z+k.
ctgy=ctgz < y=z+k.

TnekeZ.

0

A
)

Puc. 7.3

-\,2’,;

-\
Q’Jz/ cos

Puc. 7.4

/
v CTg

-

Pu

-
N

c. 7.5
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IIpumep 6. 3 Peruts ypaBHenue Sin 5x = sin 3x.

5X —3x = 27,

Pemrenue. Sin5x = sin3x < =|. _
SX+3x =7 +2m. |X=

T 7
OtBer: X, =7, X, = —+—.
8 4

3. [IpumeHeHurEe CBOMCTB TPUTOHOMETPUYECKUX (DYHKIIMIA.
Ecim ypaBHenune umeet Bun f(t)=g(t), f u g — cocraBnens! u3 TpuroHoMer-
PUYECKUX BBIpAXKEHUN. PelieHre MOXHO HalTH cpeain TeX t, KOTOphIE yIOBIETBO-
pstot ypaBuenusam f(t)=a; g(t)=a, rae a — AeHCTBUTEIBHOE YNCIIO, IPUHAICKA-

niee odnactsam 3HadeHui f(t) u g(t).

Ipumep 6. Pemuts ypasHeHue: sin’ 4X +cos? X = 2sin 4xcos” x.

Pewenue. 3anuiiemM ypaBHEHHE B BUE:
. 2 . 4 2

SIn“ 4X—2sIn4Xcos™ X =—C0s” X.

JI06aBHB K 06EHM YacTsM COS® X , TONYYnM
) . 4 8. 8 2
SIn“4x —2sIN4XCc0S” X+ COS” X =C0S X —CO0S” X,
I
. 2
(sm 4x — cos” x) = —cos® x(L—cos® X).

JleBast yacTh HEOTpUIIATENbHA, A TTPaBasi — HEMOJOXKUTENbHA. ClieI0BaTeNbHO, pa-

BCHCTBO MMECT MCCTO TOJIBKO ITPH YCIIOBUHU

—cos” X(1—cos® x) = 0;
(sindx —cos* x)? =0.

Toraa umeem cinydau:
1) cos? X =0 wam cosx = 0. Otkyna X:%+7zn, neZ.
HOHyT—IeHHBIe SHAYCHUA YAOBJICTBOPSAIOT H BTOPOMY YPABHCHUIO:
. T .
sm(4(§ + ﬂn)j =sin(2z +4m) =0,
2) 1—cos® x=0 wm cosx ==+1. Otkyma X=7m, neZ.
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IloncTaBuB 3TH 3HAYEHUS X BO BTOPOE YPABHEHUE, ITOIYYNUM

(sin4zn—cos* 7n)? =0, mmm (0—1)? =0, 9T0 HEBEPHO.
/4
OrTBer: X:E+7m’ nel.

Ipumep 7. 4 Peuuts ypaBHeHHe SIN5X —2C0S2X = 3.
Pemenwe. [Tockonmpky SiN5x <1, —c0S2X <1, To JieBast 4acTh HE IPEBOCXOIUT 3 H

sin5x =1,

paBHa 3, ecin
cos2x = —1.

]_IJ'ISI HaXO0XACHHU 3HAYCHUH X, YIOBJICTBOPSAIOIIHX o0ouM YPAaBHCHUAM,
IMOCTYIIMM CJICAYIOIIHUM 06p330M. Pemum OJHO M3 HHX, 3aTCM CpCIAH HaﬁIIGHHLIX

3HAYEHUN 0TOEpEM T€, KOTOPHIE yIOBIETBOPSIOT U JPYTrOMY.

Haunem co BrOporo: €0S2X = -1, = %+ 7K. Torma bx = 577Z + 57K ,

$in5x = Sin(gﬂ +52K) = sin(7 + 7).
[TousiTHO, YTO JUIIG It YeTHBIX K Oymer Sin5x =1.
OtBer: X = %—i— 27m.

Pa3fioxKeHne Ha MHOXKUTENN.

Meton pas3ioKeHHsT Ha MHOXKETEIHM 3aKI04aeTCs B CICAYIOMIEM: €CIH
f(x)=f,(xX)f,(x)... f,(X),To Bcsikoe pemenue ypaBHenus f(X) = OsBmsercs
pewenue copokynHoctu ypasHenut f,(x) =0, f,(x) =0, ..., f (x)=0.

OOpaTHOe yTBEpXKAEHHE, BOOOIIE TOBOPS HEBEPHO: HE BCSKOE pEIICHUE
COBOKYITHOCTH SIBJISICTCS PEIICHHEM YypaBHEHHSA. IJTO OOBACHAETCA TEM, 4YTO

pellieHHUsT OTACIbHBIX YpPaBHCHHH MOTYT HE BXOJWTh B 00JacCTh OMpPEICICHHS
byukiun f(X).

Ipumep 8. 5 Pemnuts ypaBuenue (2sin X —cosx)(1+ Cosx) =sin?X.

Pemrenne. Mcmons3yss OCHOBHOE TPHTOHOMETPHUECKOE TOXKIECTBO, YpaBHEHHE

npejcTaBuM B Bue (2Sin X —cosx)(1+cosx) =1—cos? X,
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(2sin x —cosx)(1+ cosx) = (1—cosx)(1+ cosx),
(1+cosx)(2sinx—1) =0.
OtBet: X = 7 +27K; X = (-1)* %+7zk.

. PelieHHe TPUIOHOMETPHYECKMX YPABHEHHIl € NOMOILIBI0 Pa3HO00Pa3HBIX
TPUTOHOMeTPUYeCKHuX Gopmy.I.

[Ipuy  pemieHun  psiga  ypaBHEHUH IPUMEHSIOTCS BCEBO3MOKHBIE
TpUTrOHOMETpHUUecKkre GopMybl. PaccMOTpUM HEKOTOpBIE U3 HUX.

a) Ilpumenenue TpuroHomerpudeckux ¢GopmMmys npeodpasoBaHusi CyMMbI U

PAa3HOCTU TPUTOHOMETPUIECCKUX (l)yHKIII/Iﬁ B ITPOU3BECACHUC.

1
IMpumep 9. Pemuth ypaBHEHUE: 5 + COSX + C0OS2X + C0S3X + c0s4x =0.

. X
Pemienue. YMHOXHUM M pa3aeianuM Ha 2SIn > U Ipeodpaszyem:

COSX + COS2X + COS3X + C0S4X =

= i(2cosxsin X +2Cc0s2XxSsin g + 2c033xsin§+ 2C0s4xsin gj =

. X
sin —
2
1 . 3 . X . 5 .3 7 . 5 . 9 7
=——|sin—=X—-SiIN—+SiN—X—-SiIN—X+SIN—X—-SIN—X+SiN—X—-SIN—X |=
. X 2 2 2 2 2
sin —
2
singx
1 .9 . X E 1
= X SII’]—X—SII’]E = X—E.
2sin — 2sin —
2 2

3HaMmeHatenb oOpalmaercss B HOJIb ipu X =27n, NeZ. Ho »Tu uncna He

ABJISIIOTCS. KOPHSAMH HCXOOHOTO ypaBHEHHs. [103TOMy McXoaHOE ypaBHEHUE DKBH-

BAJIEHTHO: SingX:O. OTtkyna X=§7Zk, keZ.Ho X# 2z, 10 ecThb %sz

,wm K #9n.

OrtBerT: X=§7Zk, k#9n, neZ.
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0) Pemenne ypaBHeHu mpeoOpa3oBaHrueM MPOU3BEICHUS TPUTOHOMETPUIECKUX
byHKIHI B cymMMy.

Ipumep 10. 6 Pemnts ypaBHeHHe COS3X + SIN Xsin 2x = 0.

Pemenue. [IpumeHuB bopmyy npeobpazoBaHus IPOU3BEIACHUS

TPUTOHOMETPUUECKUX (PYHKIUN B CyMMY, MOJTYYUM PaBHOCHIBHOE YpaBHEHUE:

cosx+%cosx—%c033x =0 c%cos3x+%cosx =0<«cos2xcosx =0

T 7K V4
OrBeT: X=—+—, X=—+ 7.
4 2 2

B) Pemenne ypapHeHuii ¢ npuMeHeHreM (popMyJl HOHMKEHHS CTENEHH.

Ipumep 11. 7 Pemuts ypaBHeHHE sin X + sin’2X —sin?3X —sin?4x =0.

Pemenue. IlpuMensis (opMysly THOHMKEHHS HOPSJKA, HOIYYHM PAaBHOCHIIBLHOE
ypaBHEHHUE.

1-cos2x N 1-cos4x 1-cosbx 1-cos8x _
2 2 2 2
< (c0os8x —c0s2X) + (CO0S6X — C0S4X) <=

0 <

< —2sIn3xsin5x —2sin Xsin5x =0 «<

< -2sin5x(sin 3x +sin x) = 0 <= —4sin 5xsin 2xcosx = 0.
OrtBer: xzﬂ; x=" 4 K.
5 2

MeToa BBeIeHUSI HOBBIX NePeMEHHbIX.

Meton BBeICHUSI HOBBIX MEPEMEHHBIX MO3BOJISET MPeoOpa3oBaTh UCXOAHOE
TPUTOHOMETPUYECKOE YPABHEHUE B ApYrou Tvn ypaBHeHHUU. [Ipu 3TOM BaxkeH BbI-
OOp OCHOBHOTO BBIPAXKEHUS, U€PE3 KOTOPOE BHIPAKAIOTCS OCTAJILHBIC YaCTH YpaB-
HeHUs. Y100Hee CBOAMTH K BHUAY, KOTJa TaKKE€ 3aBUCUMOCTHU SIBJISIIOTCS paluo-
HaIBHBEIMU. B wacTHOCTH 0003HaunM uepe3 R(COSX, SINX) paroHaIbHOE BhIpaXe-
HHUE OTHOCHTEIBHO COSX H SiNX, TO €CTh BhIPAXKCHHE, MOJTydaroeecss U3 COSX u Sinx
Y TIOCTOSIHHBIX C TTIOMOIIBIO ONEpaldil CIIOXKEHUS, YMHOXKEHHS U neneHus. Koneu-
HO, TpeOyeTCs KOHTPOJIb 32 001aCThIO OTIPEICTICHUS M MHOKECTBOM PEIICHHM.

a) Paccmorpum ypasuenne Buaa R(cosx, sin?" x)=0 u R(cos?" x, sin x)=0.
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B HEKOTOPBIX CIIy4asX yJaeTcs CBECTH TAKOE yPABHEHHE K PALMOHAILHOMY
YPAaBHEHHIO OTHOCHMTENLHO SiNX mim COSX. MHorma ymoGHO PyKOBOACTBOBATHCA
CJIEYIOMUM IPAaBHIOM BHIOOPA MOACTAHOBKH. Ecm COSX BXOIUT B ypaBHEHHUE B
YETHBIX CTEINEHSAX, TO 3aMeHss BCIOAY COS2X Ha 1-Sin?X, moIyuuM palMOHAIbLHOE
yPaBHEHHE OTHOCUTEIEHO SinX. Ecim ke SiNX BXOAWT B ypaBHEHHUE JIUIIb B YETHBIX
CTeNeHsX, TO 3aMeHa SinX Ha 1-COS?X MPHMBOAUT ypaBHEHHE K PALMOHAILHOMY BH-

Ay OTHOCUTECIIBHO COSX.

Mpumep 12. Pemmts ypasuerue Sin® X +cos? x — 2sin 2x + 2Sin 22x=0.

Pemenne. 1— %sin2 2X — 2sin 2X + %sin2 2x=0

4—2sin? 2x —8sin 2x+3sin?2x =0
sin? 2x—8sin2x+4=0

IycTs SiN2X =Yy, Torma y? —8y+4=0

Y, =4+ 2:/3

sin2x =4—24/3 17001 sin2x =4+24/3

2x = (—1)" arcsin(4— 2\/§)+ K. keZ T.k. sin2x/ <1

X = %(—1)k arcsin(4 — 2\/§)+ %, keZ npu X € R, To KopHe#t HeT.

Otger: X = %(—1)k arcsin(4— 23 )+ % kez.

0) Paccmorpum ypasuenune suaa R(tg x, cos 2™, sin®" x)=0.
Eciii B ypaBHEHUM BCTPEYAIOTCS TOIBKO tQ X, YETHBIE CTENEHU CHHYCOB U
KOCHHYCOB, CHHYCBHI U KOCHHYCHI JBOMHBIX YIJIOB, TO MOXHO IPEHTH K paIuo-

HaJIbHOMY YPaBHCHHUIO C IIOMOIIBIO IIOJCTAHOBKHU: Y = th

Ipumep 13. Pemuts ypaBuenwue: (1—tgx)(@L+sin 2x) =1+ tgx —Ccos2X.

T
Perrenue. Yncna X = > + 7K, K € Z ne sBustrores pemenreM. [ToatoMy paccMoT-

T
PUM HCXOJITHOC YPAaBHCHHE HA MHOYKECTBE YHCETI, T/Ie X # > +7Kk, keZ.
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1)

Toraa nmo popmynam ams ciiydas apryMeHTa 2x U, IOJIOKUB Y = tgX:

2g(ax) 2y
1+t9%(ar) 1+Yy?

1-tg°(a) 1-y?

sin(2a) = = ,
(22) 1+tg%(a) 1+y?

;  CosRa) =

MOJIYYHM aJIre0pandeckoe ypaBHEHUE

2
a-y 142 |c1ey-2Y
1+y 1+y

[Tocne npeobpazosanuii, nomyuum (1+y)?(1-2y)=0.

1
Kopnu 3toro ypasuenus y, =-1, Yy, = >
1
CrnenoBaTenbHO, MOTY4YUM JIBa ypaBHeHus tgX=—1 u tgx = >

1
OtsBer: x=—%+7zn, x=arctg§+7zn, neZ.

B) YpaBnenue Buaa R (Sinx£cosx; sinxcosx)=0.

Pemmaercst cnmemyromieii 3aMeHoit SN X+ COSX =Y, (Sin X+ CO0S X)2 = y2,

1+2sinxcosx = y?, +2sinxcosx = y? —1.
Mpumep 14. Pemuts ypaBHenne 2(Sin X +cosx)+sin2x+1=0,xR.
Pemenue. 2(Sin X +COSX)+ 2sin XxCosx +1=0,
IycTh sin X+Ccosx =Y, (sin x+cosx)’ = y?, 1+ 2sin xcosx = y?,
2sin xcosx = y? —1, mony4nuM KBagpaTHOE ypaBHEHHUE:
y2+2y—-1+1=0, y*+2y=0, y(y+ 2): 0. KopHsiMu €ro SIBJISIOTCS
y=0 WJIn y=-2.
Cnenaem oOpaTHYIO 3aMEHY:
sinx+cosx=0.

Tak kKak CMHYC U KOCUHYC OJHOBPEMEHHO HE MOTYT ObITh paBHBI HYJIIO, TO pa3ie-

JuM Ha COSX # 0, mosrydum

\/Esin(x+%j = —2 , clenoBaTenbHO 19X =—1, oTcroga X :—% +k,keZ.
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2) sinX+Ccosx=-2, Toraga sin(x + %) = —i .

V2

Tak kak

. T .
Sln(x+zj‘ <1, mpu X € R, TO KOpHEii HeT.

Vs
OtmBer: X=——+7K,keZ
— 4
r) YHuBepcajbHasi TPUTOHOMEeTpHYeCKasi MOJACTAHOBKA.
X
D10 noacraHoBka t =tg > OnHa 103BOJISCT CBECTH K PAIlMOHAIBHOMY YpaBHE-

HUIO JTI000¢e ypaBHeHue R(SinX, cosx)=0. Ecnu x#7+2 7k, k€2, TO ClipaBeIINBBI

TOXKICCTBA
X » X
. 95 1-19°7 1 ¢
sin x = =g COSX= =T
1+tg22 1+t 1+t922 1+t

[Tocne pemeHus HagO MPOBEPUTH OTACIBHO SBISIOTCS JIH X=7+2 TK, KEZ,
PELICHUSIMU UCXOJHOI'O YPABHEHMUS.

Ipumep 15. Pemute ypaBHeHwue: Sin X +7C0SX+7 =0.

. . X
Pemienue. [Ipu yHuBepcanbHOM TPUTOHOMETPUYECKOM MOICTaHOBKE tQ > =1 mo-

X , X
| N 1-9°> ¢
JTy49uM, 9TO Sin X = =13 C0SX= T
1+tg2 >~ 1+t 1+tg2 > 1+t
2 2
2t 7(1-t?)
HcxogHoe ypaBHEHUE CBEIETCS K YPABHEHUIO >+ —+7=0.
1+t 1+t

X
Torma t=—7, 10 ecTh 1Q 2 =—7. CnenoBareibHo, X = 27K — 2arctg7, k e Z.

Opnnako, 3/ech HMMeEeTcsl OmuOKa, TaKk Kak (OPMYJIbl OINPEACIICHBI IS
X#rx+2K,keZ. To ecth o001acTe ONpEACICHHUS HMCXOJHOTO YpPaBHCHUS
yMeHbIIIIach. [103TOMy HEOOXOAMMO MPOBEPUTh HMEHHO T€ YHCJIa, KOTOPBIC HE
BOIIUTH B 00JIACTH OIPEIEIICHUS BHIPAYKEHHIA
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X=rm+27K,ke”Z.

[Tpu 3Tux 3HaueHusAX SiN X =0 u COSX =—1, TO €CTh HCXOJTHOE YPABHCHHE
IIPEBPAILAETCS B TOXKIAECTBO.

OtBeT: X=-2arctg7 +27K; X=x+27K, keZ.

a) OnHOpPOAHBbIE TPUTOHOMETPUYECKHE YPABHCHUS.
OnHOpoHOE ypaBHEHHE — 3TO YPaBHEHHE, B KOTOPOM KaKJO€ CIIaracMoe

HMCECT OJJHY U TYKC CTCIICHb.

a,sin" X+ a sin" xcosx + a, sin"? xcos” X +...+a, , sin xcos" ' x + a, cos” x =0,
rac ao;al;az;...;an - ﬂeﬁCTBHTeHBHBIC quciaa. N - mIoKa3areiib OJHOPOIHOCTH.

ﬂCHO, YTO €CJIN ao = O, TO YPABHCHHC IIPUMCT BHU!:
cosx(alsin”‘lx +a,sin"?X-cos X +...+a,,SiNX-cos"?X+a, cos”‘lx)z 0,
PCIICHUSIMH KOTOPOTO SABJIAKOTCA 3HAYCHUS X, IIPHU KOTOPBIX COSX = O, T. €. YUcCJia

T
= E+7Zn, neZ. BTOpOG YPaBHCHHUC, 3aIlIMCAHHOC B CKOOKaX TaK)Ke SIBJISICTCS

OJHOPOIHBIM, HO CTCIICHHU Ha 1 mmxke. Ecim xe ao F* O, TO OTH 4YHCJIa HC SABJIAIOTCA

KOPHSIMU ypaBHEHHUS.
V4 i
N naobopoT, npu X = 5 + 7n nomyuuM: COSX =0, SIn X = +1 u B ucxoaHOM
ypaBHeHUHU a, =0.

T
Wrak, mpu a, #0, X# E + 7N, cnenoBaTenbHO, COSX # 0, MOATOMY MOKHO

pa3zenuTh 00e YacTH ypaBHEHUS Ha cos" x. B pe3yabpTarTe nojay4yacM ypaBHCHHE:
n n-1 n-2 —
atg X+atg x+a,tg X+...+a,4tgx+a, =0,
KOTOPOE, MOJICTAHOBKOM tgX = Y JIETKO CBOJMUTCS K alireOpandecKoMy:

a,y" +ay"t+a,y"?+...+a,,y+a, =0.

O0HOPOOHBIM mMpUcOHOMempudecKuM ypasuenuem 1-oii cmenenu Ha3bIBACT-
csl ypaBHeHHe BHa: a-Sinx+h-cosx=0.

[TycTs, Hammpumep, a#0. Torna ypaBHEHHIO HE YAOBIETBOPSIOT T€ X, ISl KO-
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Topbix CO0SX=0. IlogenuB Ha COSX 0Oe 4YacTW ypaBHEHHUS MOJYYMM YpaBHEHHE
a-tgx+b=0.
Ipumep 16. 8 Pemute ypaBuenue 2sin X +3cosx =0,

Pemenue. 910 ypaBHeHHE OJHOPOIHOE MepBoi cTeneHu COSX # 0. Paznenum obe

ero 4acTu Ha COSX moayumm: 2tgx+3=0, th:—g, x:—g+7zn, ne’.

Ortser: X:—g+7zn, ne’/.

O0HopoOHbIM YpasHeHUueM 2-01i cmeneny Ha3bIBaeTCsl ypaBHEHHUE BUIA!
a-sin®x+b-sinx-cosx+c-cosx=0.
Ecmu a#0, torma pazgenum o0e yacTh ypaBHEHHUS Ha cOsZ X, MOJTy4YuM

ypaBHeHHEe a’tgx+btgx+c=0, KoTopoe MOICTAHOBKONH tgX=Yy  JIETKO
TIPHBOJNTCA K KBajzpaTHOMYy: ay” +by+c¢ =0.

Ipumep 17. 3sinX+4cosx=5XeZ

. X X
Pemenwne. 3sin 25 + 4C0$2§ =5-1, 3ameanm 1 Ha PopMyITy OCHOBHOTO TPHUTOHO-
METPUYECKOTO TOXKIECTBA:

6sin > cos> +4cos? > — 4sin? > =5sin? X +5cos? =
2 2 2 2 2

X
2

. X . X X X

9sin® = —6sin =cos=+cos* = =0
2 2 2 2
X . X
Ecmm COSE =0, To u sIn > =0, 9YTO IPOTHBOPEYUT OCHOBHOMY TPHUTOHOMETPHYE-
X » X

CKOMY TOXIECTBY, 3HAYUT COSE # 0. Paznenum obOe yactu Ha COS > # 0, mony-

2
yum  9tg 2 g — 6tg g +1=0,cienoBareibHO (Btg g — 1) =0, Torma tg

N | X
Wk

g:arctg%wzn,nez, x:2arctg%+27zn,nez.

OtBer: X = 2arctg % +2m,ne’.
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. PellleHne TPUrOHOMETPHYECKUX YPAaBHEHMii ¢ MOMOIIbIO BBeJIE€HHSI BCIOMO-
raTeJIbHOro apryMmeHTa.
Paccmotpum ypaBHeHHe BHaa: acosX +bsinx=c,

1) ecmu ¢ =0, To ypaBHEHHE OAHOPOTHOE.

2) ecu €#0 n a®+b? % 0(To ecTh XOTs GBI OJHO M3 UKMCEN & WIM b He paBHO

0), To pa3aennM 06e YacTH ypaBHEHHS Ha /a” +b? , momydnm

a b ) C
% COSX+——SiNX=——
vJa? +b? Ja? +b? vJa? +b?

2 2

a b
+| ———==| =1, 10 cyme-

b a
— | <l}———<1u | ————
va® +b? va® +b? va? +b? va? +b?

T. k.

CTBYET TaKOM Yroia ¢, 4To = sin ¢; = COS¢, Toraa

a b
va? +b? va? +b?

: : C : C
SiN @COSX +COSPSIN X = ————, SiN(X+¢)= ——=
a’ +Db? Va? +b?

C
Va® +b?

C

vaZ? +b?

1) ecim, >1T.e. a’ +b? <c?, To KOpHeil HeT.

2) eciy, <1rt.e a’®+b%>c?, torma

X+ ¢ =(-1) arcsin%wzk,kez.
a“+b

x = —arcsin——o— + (1) arcsin———— + 7k, k € Z
Va® +b? a’+b’
ITpumep 18. 3sinx+4cosx=5xeZ

Pemenne. Tak kak 3% +4% >5%, To KopHH ecThb. Pa3aennm obe 4acTH ypaBHEHHS

Ha V3% +4% =5, noayuum gsin x+gcosx =1.
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<1
5

32 (1) )
<lmu E + g =1, TO cymiecTByeT TaKOW yrojl ¢, 4TO

Tak kak

3 : 4 i :
COSQ = o a Sing= 3 TOTJa MOJXYYHM COS@SIN X+SIN@COSX =1, mpumeHss
dbopMyITy CIIOKEHHUS apTyMEHTOB SiN (X + (p) =1, cinenoBarenbHO

x+go:%+27zk,kez, = X:—(p+%+27zk,keZ,
.4
X=—-arcsin—+—=+27k. ke Z.
5 2

OtBeT: X = —arcsing+%+27zk,k e’

Tpuzonomempuueckue nepagencmaa.
-Pelienne TpuroHOMETpUYECKUX HEPABEHCTB C ITIOMOIIBIO €IMHUYHON
OKPYKHOCTH.

[Tpu pemiernu TpuroHoMeTpudeckux HepaBeHcTB Buga f(X) >0, roe f(X) -

OJ1Ha u3 TPUTOHOMETPUUECKUX byHKIMIA, y100HO VCII0JIb30BaTh
TPUTOHOMETPUUECKYIO OKPYXHOCTh JJII TOTO, 4YTOOBI HauOoyiee HarjsaHO
MPEJICTABUTh PEIICHUST HEPABEHCTBA M 3amucarb OTBET. OCHOBHBIM METOJOM
pELICHUS] TPUTOHOMETPUYECKUX HEPABEHCTB SIBJSIETCSI CBEICHUE UX K ITPOCTEUILINM

HepaBeHCTBaM THma SinX>a. Pa30epém Ha mnpumepe, Kak peliath TaKHe

HEPaBECHCTBA.
. 1 .}ir n
IMpumep 19. 9 Pemmute HEpaBeHCTBO SIN X > > /.—-
1
Pemenue. Hapucyem TPUTOHOMETPUUECKYIO 2
y 57/6 /6 |1
OKPY>KHOCTb M OTMETHUM Ha HEH TOYKH, JJIT KOTOPBIX 0 -
X
OpJMHATA MPEBOCXOAUT % Jns X €[0;27] pemennem
T o1
JAHHOTO HEpaBEHCTBa OyAyT Xe& [E;?]. ScuHo Puc. 7.7

TaKXe, YTO €CIIM HEKOTOPOE YMCIO X OyIEeT OTIWYaThCsl OT KaKOro-HUOY/b Yucia
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i 1
W3 YKa3aHHOTO WHTEpBaJia Ha 27N, To SINX Takxke Oyner HE MEHBIIe >

CrnenoBaTellbHO, K KOHIAM HAWJEHHOTO OTpE3Ka pEHIEHUs HYKHO MPOCTO

n00aBuTh  27M. OKOHYATENIBbHO, MOJYyYaeM, YTO PEIICHUSAMH HCXOJHOIO
V2 T
HEPaBEHCTBA OYIyT BCE X € [E + 27, r +2mn].

OTBert: X € [% + Zm;% +2m].

]_IJ'ISI PCIICHUA HCPABCHCTB C TAHTCHCOM U KOTAHT'CHCOM IIOJIC3HO ITOHATHC O

JIMHUM TAHTCHCOB U KOTAHTEHCOB. TaKOBBIMHU SIBIISIOTCS mpsiMbie X =1 u y =1
(Puc. 7.8), kacarommecss TPHTOHOMETPHUYECKOW OKPYKHOCTH. JIeTKO 3aMeTHTh, 4TO

CCJIM IIOCTPOUTH JIyd € Ha4YaJIOM B Ha4dalic

KOOpOWHAT, COCTaBJI}II-OHII/Iﬁ yIoi a C

ITOJOXUTCIIbHBIM HaIpaBJICHUCM ocHu 1

abcuucc, To prHa otpe3ka oT Touku (1;0) mo

TOYKH IICPCCCUCHUA OJOTOro Jiyda C JIMHUEHN

TAHI'CHCOB B TOYHOCTH PaBHA TAHI'CHCY YyTIJia,

. x=1
KOTOpBII/I COCTABJILICT OTOT J'Iyq C OCBIO

abcrucc. AHAJIOTHYHOE HAOIIIOIEHHUE HMEET

MECTO U IJI1 KOTaHI'CHCA.

X
IMpumep 20. 10 Pemure HepaBeHCcTBO Qg (7‘[ + gj +1>0.
X
Pemenue. OO0o3naunm t= tg(ﬁ + gj , TOrJAa HEPAaBEHCTBO IIPUMET BHJ

. T " o
npocreimero: t>-1. Paccmorpum wunTepBan te (_E ; E) JUIMHOW, paBHOMN
HaMMEHbBIIIEMY TIOJIOKUTCILHOMY IEpUoay TaHreHca. Ha a3TroM oTpeske c

T
MIOMOIIBK) JIMHUM TAHT€HCOB YCTAHABIIUBAEM, YTO te[—Z;E). Bcecnomunaem
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Tenepb, YTO  HEOOXOAUMO  J00aBUTH 7M1,  TOCKOJBbKY  HaWMEHBIIHA

. T T
TIOJIOKUTENbHBIN Tieproa Gyukuun X T = 7. Urak, t € [_Z + ﬂn;E + 7m).

o X T T
Bo3sBpaiasch k IepeMeHHON X, oJIy4aeM, UTo 77 + 3 € [_Z + m;E +m) =

X V4 V4 X o T

—e[-——-7+m,=——-7+m)= —e[-—+m—-—+m)=

3 4 2 3 4 2
Xe[—JET”+37zn;—377T+37Zﬂ).

OTBeT: X € [—1577[ + 37zn;—377[ +3m).

-HepaBencTBa ¢ 0OpaTHBIMM TPUTOHOMETPUYECKUMH (PYHKIUSAMU yIOOHO
pelaTh ¢ UCMOIb30BaHUEM Ipa(UKOB OOPAaTHBIX TPUTOHOMETPUUECKUX (DYHKIIUH.

[TokaxkeM, Kak 3TO AejlaeTcsa Ha IpUMEPE.

1. Ucnmosib3ysi MeTOl HHTEPBAJIOB.
OoOmas cxema:

1) C noMoIIp0 TPHTOHOMETPUYECKUX (POPMYJT PA3TI0KHUTh HA MHOKUTEITH.

2) Haiity TOYKM pa3pbiBa ¥ HYJU (YHKIIUH, IOCTABUTH UX HA OKPYKHOCTb.

3) Basith 1r00yt0 Touky K (HO He HaliJIcHHYIO paHee) W BBISICHUTH 3HAK MPOU3BEIe-
HusA. Ecnu mpousBeneHHe MOJOKUTENIBHO, TO IOCTaBUTh TOYKY 3a €AMHUYHON
OKPYHOCTBIO Ha JTyde, COOTBETCTBYIOIIEMY yri1y. IHaue TOUKy MOCTaBUTh BHYT-
PHU OKPYKHOCTH.

4) Eciiu HEeKOTOpbIe TOYKU PA3HBIX CEPHil COBMAJAIOT, TO UX HA3BIBAIOT KPATHBIMH.
ToukM, KOTOpBIE MOBTOPSIOTCS B YETHOM YHCIIE CEPHil, HA3bIBAIOT TOYKAMHU YET-
HOU KpaTHOCTH, a T€, YTO MOBTOPSIIOTCS B HEUETHOM YHUCIIE CEPUl,— TOUKAMHU He-
4yeTHOW KpaTHOcTH. [IpoBecTu nyru cieayromum odOpa3oM: HayaTh ¢ TOUkU K, ec-
JM CIIeAyrolas TOYKa HEYETHOW KPAaTHOCTH, TO Jyra IEepeceKaeT OKPYKHOCThb B
ATOM TOYKE, €CIIH K€ TOYKA YETHON KPaTHOCTH, TO HE MIEPECEKAET.

5) lyru 3a OKPY>KHOCTBIO — TIOJIOXKHUTEIbHBIC MPOMEKYTKH; BHYTPH OKPYKHOCTH —

OTPULATCIIbHBIC ITPOMCIKYTKH.
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IIpumep 21. Pemruth HEpaBeHCTBO: COS3X + COSX > 0.

Pemenue. [Ipumensis popmyity nepexona oT cyM-

MBI K TMPOU3BEACHUIO TOIYy4YnM 2C0S2XCOSX >0. Ynzl -
T 3n 4
=—4+— 4
Torna 0 e
COSX = x:%+ﬂk,keZ QM};
5—1; Lkl
N . 3r St In 3T 4
Touku nepBou cepuu: —, —, ——, —— >
4 4 4 4
Puc. 7.9
. n 3
Touku BTOpo# cepuu: 2

Kamnaﬂ TOYKa BCTPEHACTCA HCUCTHOC YUCIIO pa3, TO €CTh BCC TOUYKHU HEUYCTHOM

KpPaTHOCTH.
Brisicuum 3Hak nipousBenenus mpu x=0: 2cos2xcosx > 0.

OTMeTuM BCE TOYKM Ha SAMHUYIHOUN OKpYyx)HOCTH (Puc.7.9):

Ortser: %+27zn<x<37ﬁ+27zn, neZz, 577[+27zk<x<3?ﬁ+27zk, keZ,

—£+27z|<x<£+27z|, leZ.
4 4

sin xsin 3x

IMpumep 22. Pemure nepaBenctBo ——  — > 0.
COSXSin 2X
X=m, nel
sinx=0 =™ ez
sin3x=0 3
cosx=0 x:%wzl, leZz
sin2x=0
zm
X=—, meZ
2
[lepBas cepusi: 0; 7.
Bropas cepus: O; z, 2—7[ T, 4—” 5—”
3 3 3 3
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r 3r
Tpetps cepus: P

2
r 3
Yerpepras cepus: 0, —, —.
2 2
. r 3
TO4YKM YETHON KPATHOCTH: PR
S 4
. SN —Sin—
[Ipu x =—, Torma 2 >0.
T .
COS—SIn —
6 3

Bemonaum pucynok (puc.7.10).

OTBeT:%+27zn<x<7z+27zn, neZ; 4?7[+27zk<x<377[+27zk, keZ:;

3m/24+2mm <x <5w/3 4+ 2mm,meZ; 2nj <x < w/3 4+ 2nj,jeZ

Pemenue TPUT'OHOMCTPHUYCCKHUX HCPABCHCTB I’pa(i)H‘-IGCKI/IM MCTOJOM

3amerum, uyto ecnu f(X) - mepmommyeckass QyHKIUS, TO IJIsI PEIICHUS
HepaBeHcTBa f(X) >a (f(X) <a) HeoOXOmUMO HaWTH €ro pelieHus Ha OTPE3Ke,
JuIMHA KOTOoporo pasHa mnepuony ¢ynkmum f(X). Bce perienuss mcxomHoro

HEpPaBEHCTBAa OYIyT COCTOATh W3 HAWJCHHBIX 3HAUYEHHH X, a TaKke BCeX X,

OTJIMYAIOIINXCS OT HAlICHHBIX Ha JIF000€ 11emoe yuciio nepuoaoB ¢pyukuun f(X).

Ipumep 23. Pemure HepaBeHcTBO SINX >a (a€R).
Pemenre. TTockombky |SINX[<1, To mpu a>1 HepaBEHCTBO PELICHUI HE HMEET.
Ecmu a < -1, To MHOXXECTBO pelIeHUi HepaBEeHCTBA SIN X >a - MHOXKECTBO BCEX
JNEWCTBUTEIBHBIX YHCEIL.

[Tycts —1<a<1. OyHkuus CUHYC UMEET HAUMEHBIIUN TMOJOKUTEIbHBIN
1(50)5 (O 27, MO3TOMY

y
HEepaBEeHCTBO SINX>a MOXHO I]

J’J’!i.fh
pEelINTh CHa4Yajla Ha OTPE3KE 7‘£
2

2T -T

JUIMHOW 27, Hampumep, Ha . 3T T

2 2 2 2
Puc. 7.11
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OTpe3Ke [— % , 37”} . Ctpoum rpaduku pyakmmii y =sinXx u y=a (—-1<a<1l).

T :
Ha otpeske [_55} GbyHKIMS CHHYC BO3pacTaeT, U ypaBHeHuEe SINX = a,

) T 37
rae |al<l, umeer omuH KopeHb X, =arcsina. Ha orpeske 57 byHKIHS

cuHyc yOBIBaeT, W ypaBHeHHE SINX>a HUMeeT KOpeHb X, =z —arcsina. Ha
YHCIIOBOM TPOMEXYTKE (X;;X,) Tpaduk (GYHKIUH Y =SiN X pacrojoXeH BhIIIe
rpaduka ¢yskmuun Yy =a. llostomy is Bcex X W3 TIPOMEXKYTKa
(arcsina; 7 —arcsina) HepaBeHCTBO SIN X > a BwIMoJHACTCA, eciii —1<a<1. B

CWIy  TEPUOJAMYHOCTH  (YHKIMHM CHHYC BCE  pCIICHHS  HEpPaBEHCTBA
sinx>a(-1<a<l) 3aJIaf0TCs HEPaBEHCTBAMH BHJIA:
arcsina+2zn < x < z —arcsina + 2zn.
OtBert: arcsina+2zn < X < 7 —arcsina+ 2zn.

AHaJIIOTMYHO peImarTCsa HEPAaBCHCTBA sinx<a, COSX>a, u T.IL.

Ipumep 24. 11 Pemwure HEPaBEHCTBO

T
arctg x<—.
: 6

Pemenune.  Hapucyem  rpaduxk  QpyHKUMH

y = arctg X. HaiinéM TOuKy nepeceyeHus: 3TOro 6

rpaduka ¢ rOpU30HTAILHON MPSAMOUN Y = Jt10

T
5

E
B §|._. \M::I

. 1
TOYKa ¢ a0CIucco X = Nk ITo rpaduxy BUIHO,

V3 Puc. 7.12
1
4TO JJIsl BCEX X < —3 rpaduk QyHKIUHA JIEKUT
. T
HUKE TPSIMON Y = 5 CrnenoBaTenbHO, 3TH X U COCTAaBJISIOT:

OtBeT: X< —.
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4. CseneHue K OAHOMY MJIHM HECKOJBbKHM HePaBEHCTBaM.
B GonpmmHCTBE CllydaeB pelieHHe TPUTOHOMETPUUECKUX HEPaBEHCTB MOXK-
HO CBOJUTH IPU IMOMOIIY TOKIECTBEHHBIX TPUTOHOMETPUUECKHUX NTPEOOPa30BaHUM
Y BBEJICHUS BCIIOMOTATEJIbHBIX HEM3BECTHBIX K PEIIEHUIO OJJHOTO MU HECKOJBKHX

HCPAaBCHCTB.

Ipumep 25. Pemuth HEPaBEHCTBO: %Sin 2 X+ %Sin 22X > C0S2X.

Pemenne. ITpeo6pasyem 5(1— cos2x) + 2(1—cos® 2X) > 8cos2x.
Torma 2cos® 2x +13c0s2x —7 < 0. Tonoxus Yy = C0S2X, IOJIy4uM

2y? +13y -7 <0.

1
Pemenue 3Toro KBaJpaTHOro HEPABEHCTBA — MHTEpBATI — / < Y < >

1
Torma umeeM — 7 < COS2X < E HepaBeHcTBO — 7 < COS2X BBIMOJIHSACTCS TIPH JIFO-
OOM Xx.

Pemrast HepaBeHCTBO COS2X < % , TTIOJTy4YUM %—F 2/ < 2X < 272' +2/mM, nel.

4 5
OrTBer: E+7zn<x<67z+7m, neZ.
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8. MPOU3BOIHAS. HCCJEJOBAHUE ®YHKIIMHN C IOMOIIBIO
MPOU3BOJIHOM

8.1 Haxo:xneHue mMpou3BOIHON (PYHKIMH.

Onpeoenenue: Tlyctb 3anana pynkuus y= f(X) , onpeneneHnas B HEKOTOPOM HH-
tepaie. [Ipy kaxIoM 3HaYeHUHW apryMeHTa X B 3ToM uHTepBaiie GyHkus y= f(X)
UMeeT oIpeiesieHHoe 3HaueHne. Eciiu apryMeHT X mosry4yut mpupaiieHiue Ax, To u

GYHKIHS TTOJTyYHIa HEKOTOPOE OMpeIesieHHOe MpupaiieHue Ay = f (x + Ax) —f (x)

. Ecnu cymiecTByeT npeien OTHOLIEHUS

S(x+Ax) - f(x)
Ax

mpu Ax —0

TO OH Ha3bIBaeTCs Mpou3BogHON (yHKImHU f(X)B Touke X 1 0003HaUYaeTCS:

v e S+ ax)- f(x)
y(x)_Alfgo o -

Ornepanyisi BBIYUCIICHUS MPOU3BOIHON Ha3bIBaeTcs AudepeHimpoBaHueM
byHKIHU.
I'eomeTpuueckmii cMbICJ MPOU3BOAHOI QyHKIMHU y=Ff(X) B TOUKE X0 - 3TO TaH-
T'EHC yTJia HaKJIOHA MEXIY OChIO aOCIIUCC U KacaTelbHOM K rpaduKy 3Tor (PyHK-
IIUH, TIPOXOIAIICH Yepe3 TOUKY ¢ aOCIHCCOM Xo.
. Eciin yron HaknoHa KacaTelibHOM OCTPBIi, TO TAHT€HC MOJIOKUTENbHBIN, a 3HAYHUT,
MIPOU3BOIHAS TTOJIOKUTEIbHA.
. Ecnu yromn HakJIOHa KacaTeJabHOW TyIOW, TO TAHTCHC OTPULIATEIIbHBIN, a 3HAUYUT,
MPOM3BOHAS OTPUIATEIIbHA.
. Eciin yron HakioHa KacaTeJIbHOM paBeH HYJIIO, TO TAHT€HC PaBEH HYJIIO, a 3HAUYUT,
MPOM3BOJIHASI paBHA HYIIIO.
. Eciin yron HakjioHa mpsiMoii, TO TAHTE€HC HE CYIIIECTBYET, a 3HAUYUT, TPOU3BOAHAS
HE CYILECTBYET.
IIpuBeneM TadJIMIly IPOU3BOAHBIX JJIEMEHTAPHBIX PYHKIMIA:

1) (C)=0 , C= Const
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2) (xn) —nx"! , neR, x>0

3) (ax) =a"lna,a>0,a#1, x>0; (ex) =e* , x>0

!

4)(10gax): ,a>0,a#1, x>0
x-Ina
v ]
(lnx) =—,x>0
X

5) (sinx), =CcosXx , X€R

6) (cosx)' =—sinx, xeR

7) (tgx),z ! ,x¢%+7m,neZ

8) (ctgx) =— , X#m,ne’Z

9) (arcsinx) = ——,

10) (arccosx)' =— = >

11) (arctgx), =
I+x

12) (arcctgx), __ 1 , XeER .

l+x2

IpaBu/ia BLIYHC/IEHHE POU3BOIHBIX.
[TpousBoaHas cyMMbl 1ByX (yHkmit: (U + v)'=u'+ v/,
I[Tpou3BoaHas NpoU3BeIeHHs NOCTOAHHOM 1 pyHkuu: (Cu)=Cu’.

[TpousBoaHas npousseaeHus AByX Gpynkuuii: (Uv)'=u’ v+uv/,

/ / /
TIponsBoaHas yactHoro AByx dymkumii:| - | =1V
p yx by )=

I[Ipoussouas cnoxuoil pyukuu Y=F(g(x)):f’ (g(x))=f' (g)-g’ (X).

[Mpoussoanas Gpyukuuu Buaa y=f(ax+b):
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y' =/ (ax+b)= f/ (ax+b)-(ax+b)'=a- f/ (ax+h).
8.2 UccaenoBanue GpyHKIUM HA IKcTPpeMyM. MHTepBajibl BO3pacTaHusi, yObI-
BAHUS, BBINIYKJIOCTH, BOTHYTOCTH. ACUMIITOTHKA.

OO0mas xapakTepucTUKA (PYHKIIUH.

Ecnn xaxIoMy 3HaYEHHIO TEPEMEHHOM X M3 MHOKECTBA X 10 HEKOTOPOMY
IIPaBUIIYy MOCTABJICHO B COOTBETCTBUE €JUHCTBEHHOE BIIOJHE ONPENEICHHOE 3HA-
YeHre Y, TO TEPEeMEHHYI0 Y Ha3bIBAIOT @yHKyueti OT X. 3amUCHIBAIOT

y=f(X),xeX,yeYum f:X —>Y. ['oBopsr emeé, 4yTo PyHKIUS OTOOpa)kaert

MHOkKECTBO X Ha MHOKECTBO Y .
MHoxecTBO X Ha3bIBaeTCs 00JIACThIO ompenesicHus PyHKIMH U 0003HaYa-

ercss D(f). MHokecTBO Bcex Y €Y Ha3pIBaeTCs MHOXKCECTBOM 3HAYCHUH (PyHK-
muu U obosHavaercs E(f). x — HesaBucuMas mepeMeHHas BeIMUYWMHA WIH apry-

MEHT, Y — CI)YHKL[I/IH HJIK 3aBUCHUMas IICpCMCHHaAsI.

Oyukius Y = f(X), onpenenenHas Ha MHOXKecTBe D HaswIBaeTcs uemmotl,
ecau i 1ro0oro X € D BemosHsiercs yenoue —Xe D u f(—x) = f(X); neuem-
Hou, eciu st moooro X € D Beimonasercs yenosue —Xe D u f(—Xx)=—1(X).

I'padux yeTHOM PYyHKIIMM CUMMETPUYEH OTHOCUTENHLHO ocu (Y, HEUETHON —
OTHOCHUTEJIBHO Ha4aJla KOOPAUHAT.

Oyukuus Y = f(X) HaswpIBaeTcs nepuoduueckor Ha MHOXKecTBe D, eciu cy-
IIECTBYET Takoe 4uciao 7>(, uro mpH KaxaoMm 3HadyeHud XeD (X+7)eD mu
f(x+T)= f(x). [Ipu aTom uncno 7 Ha3BIBACTCS nNepuooom QyHKYUU.

Bo3pacranue u yobiBaHue pyHKUMH.

Oyukius Yy = f (X)HasbiBaeTcs so3pacmaiowei B uHTepBane (a;b), eciu
IUISL JTIOOBIX JBYX TOYEK X, M X, W3 yKa3aHHOTO MHTEpBaJa, yIOBJIECTBOPSIOLINX
HEpaBEHCTBY X, >X;, BbIIOJHAETCS HepaBeHCTBO  f(X,)> f(X), ecau

f(x,) = f(x,), bynkuus Ha3biBaeTCs HeyObISAIOWEI.
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WNupiMu c1OBaMU — 3HAUYEHUS BO3pacTarouiell (PyHKIMHM yBETUYUBAIOTCS O-
HOBPEMEHHO CO 3HAYEHUEM apryMEHTA.

Oyukuus Y = f(X) HaswbiBaeTcs yowisarower B uatepsaie (a;b), eciau mis
MOOBIX JIBYX TOUEK X; M X, M3 YKAa3aHHOI'O MHTEpBala, YAOBJIETBOPSIONIMX Hepa-
BEHCTBY X, > X;, BBINOJNHsAETCS HepaBeHCTBO f(X,) < f(X,), ecmm f(X,) < f(X,),

(YHKIIHS Ha3bIBACTCS HEBO3PACMAIOWell.

Bospacraromume, HeBo3pacTaromiye, yoblBaoe U HeyobIBaomue pyHKIuu
Ha3bIBAIOTCS MOHOMOHHbIMU. A BO3pACTAIONIUNE U YOBIBAIOIIUE — CMPO2O MOHO-
MOHHBIMU.

[Tycthb 3amgana ¢pyakus f(X). BozbMeM J1Be TOUKM Ha MpoMexyTke [a,0] x1 u
X2 TIPH YCJIOBUH, YTO X2 > Xi. Torga GpyHKIMS Ha3bIBacTCsS BO3pacTaroIIel Ha Mpo-
mexyTke [a,b], ecimm f(x2) > f(X1). @yHKIMSA Ha3bIBaeTCs yOBIBAIOIIEH HA MpPOME-
xytke [a,b], ecimm f(X2) < f(X1).

Ecim pynkums muddepenimpyema Ha OMPESIICHHOM POMEXYTKE U TPO-
U3BO/IHAST (DYHKIIMH B TOYKE X = ¢ IMOJIOKUTEIbHA, TO Ha 3TOM IPOMEKYTKE OHA
BO3pAacCTaerT.

JlelicTBUTENBHO, coriacHo Teopeme Jlarpanxka, eciu x; > X1 u f'(c) > 0, to

¢dynkuus Bo3pacraet (Puc. 8.1).

(o) T0)= ) X
X2 =%

Fe)x, —x)= f(x2)— f(x),

f06)> 1(x).
T.€. €CIM JI€Bas 4acThb PaBEHCTBA IIOJOXKHUTEJbHA, a X'l ¢ X,b X
rae x1 <C<Xyuf'(c) >0, o f(x2) > f(xy). Puc. 8.1

IIpn yObIBaHMM (YHKIMM MOXKHO clienath aHa- Y| ‘\\ £ (Klj
JIOTUYHBIN BBIBOJ. ]

Ecmu pynkuus nuddepenuupyema Ha omnpee-

JICHHOM IIPOMCIKYTKC U ITPOU3BOIHAA (bYHKHHH B




TOYKE X = ¢ OTpHIIATENbHA, TO HAa ITOM NPOMEKYTKe oHa yObiBaeT (Puc. 8.2).
OmnsThb ke, cornacHo TeopeMe Jlarpamka, eciau x1 < € < X u f '(C) < 0, To dyHKIMA

yObIBaeT.
fe)x, —x)=fx)— f(x),
f (%)< f(x).
IKCTpeMyM (PYHKIMHU.
Ecmu ¢ynkuus f(X) onpeneneHa Ha ONpeneeHHOM MPOMEXKYTKE M CyIIle-
CTBYET Takas TOYKa A Ha ITOM IMPOMEXKYTKE,

yto f(X) < f(A) Bo Bcex Toukax OKpecTHOCTH

TOYKU A, TO JaHHAsl TOYKA HA3BIBAETCSI TOYKOM A max
makcumyma (Puc. 8.3).
f(x)
Ecmu  ¢yskums f(X) ompenmenena Ha
OIpEICIICHHOM TPOMEKYTKE U CYIIECTBYET Ta- B min
Kasi Touka B Ha 3TOM mpomexytke, uro f(x) > }:

Puc. 8.
f(B) BO Bcex TOYKaxX OKPECTHOCTH TOYKH B, To 3

JIaHHAs TOYKA Ha3bIBaeTCs TOukoil MunumymMma (Puc. 8.3).

Toukn MakcHMyMa 1 MUHUMYyMa Ha3bIBAIOTCS TOUKAMH dKCHpemMyma, a 3Ha-
YeHUs PYHKLNU B 3TUX TOUKAX — IKCMPEMYMaMu YHKYUU.

KacarenbHas k rpaduky pyHKIUU B JaHHBIX TOUKax napamieiabHa ocu OX.

Teopema (Depma — nHeobxooumoe ycrosue sxkcmpemyma). Ecim X, - Touka
skcTpemyMa it ¢pyHknun Y = f(X), To B 3TO# Touke mpousBoHast GYHKIIMU JIU-
00 pasna Hymo (f'(x,)=0), b0 HEe CyIIecTBYyeT.

Touku obsactu onpezeneHust GyHkuuu f(X), B KOTOPBIX €€ MPOU3BOIHAS

HE CYIIECTBYET WJIM paBHA HYJIIO, HA3bIBAIOTCS KPUMUYECKUMU MOYKamy PYHKITUH.

31ech HYXKHO OTMETHTh, YTO HE BO BCEX KPUTHUYCCKUX TOUYKAX (YHKIIHS
uMeeT >kcTpemyM. Hanpumep QyHKIms Y = X° He UMEET SKCTPEMyMa, T.K. HE BbI-
noausiercs yeaosue f(X) <(>) f(Xo), T.e. B OKpECTHOCTH TOYKHU Xo 3HaYCHHE (YHK-

MU JOJKHO OBITh OOJIbIIE (MEHBIIE) 3HAUCHUS (DYHKIIMU B TOUKE Xo. Takum oOpa-
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oM, OGyHKmMa Yy = X° UMeeT KPHTHYECKYK0 TO4Ky npu  x=0
(t.x. f'(0)=0), HO 3KCTpEeMyMa B ITOH TOUYKE HET.

B cuny teopembr @epma d3KCTpeMyMbl (PYHKIIUU HaXOIATCS CPEIH €€ Kpu-
TUYECKUX TOYEK.

Ilepsoe docmamounoe ycnosue skcmpemyma. Ecnu mpu nepexoje (ciesa

HAaIpaBo) 4epe3 KPUTUYECKYIO TOUKY X, mpou3BogHas f'(X) meHser 3Hak ¢ (+) Ha
(-), To TOuKa X, SABIAETCS TOUKOW MakcuMyMma; ecii ¢ (-) Ha (+), TO TOUKOH MHUHH-

MyMa, €CJIM 3HaKa HC MCHACT, TO 3KCTPCMYyMa HCT.

Bmopoe 0ocmamounoe ycnosue sxcmpemyma. IlycTs B TOuke X, MPOH3BOA-
Has paBHa Hymo f'(X,)=0, a Bropas npousBognas f"(X,)=0. Torma, eciu
f"(Xy) >0, T0 X, - Touka MuHuMyMa; eciu f"(x,) <0, To X, - Touka MakcuUMy-
Ma.
BeinykiocTs rpadpuka pynkuuu. Toukn nepernoa.

[Tycts 3amana ¢pynknus y = f(X). [Ipennonoxum, uro ¢pynkuus f(X) mudde-
pPCHIIMpYEeMa Ha ONPeAeIICHHOM IMTPOMEKYTKE [X1;X3].

BosbMem mpomexyTok [Xi1; Xo]. Torna, ec-

¥y
JIU TIpU JII0OOM 3HAYEHUU X TAKOM, YTO X1<X<Xz, ToYKa Nepernba
3Ha4YeHHEe (YHKIIMA MEHbBIIE 3HAYCHUS KacaTellb- B
HOU B TOYKE X, A
T.e. f5(X) < fu(X), To dyHkumsa Beimykia BBEpX
(Puc. 8.4). I'paduk GyHKIINK HA3BIBACTCS BBIMYK- o
JIBIM Ha TPOMEKXYTKE [X1] X2], €ciM OH pacroso- % P:CE S 4 *3

JKEH HIDKE KacaTeJIbHOM, MPOBEEHHON B JIt000H
TOYKE 3TOTO MHTEpBAJA.

BosbMem mpomexxyTok [Xz; Xs]. Torma, ecnu mpu jar000M 3HAYCHUU X Ta-
KOM, 9TO Xp<X<Xs, 3HaueHHE (YHKIHU OOJIbIIC 3HAYCHUS KACATEIILHOW B TOUKE X,
T.€. f3(X) > fu(X), To pyHkms Bemmykina BHu3 (Puc. 8.4). I'paduk dpyHKIMM Ha3bIBa-
eTCsl BOTHYTBIM Ha MPOMEXKYTKE [X2; X3], €CII OH PACIONIOKEH BBIIIE KAacaTeIbHOM,

MIPOBEICHHOM B JIIO00M TOYKE ATOTO MHTEpBAJIA.
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Ecnu ¢yHkuus Bblykiia BBEpX, TO BTOpas MPOU3BOAHASA (PYHKIIUK MEHBIIE HYJI,
T.e. f"(x) <O0.
Ecnu QyHKIMA BBINYKIa BHH3, TO BTOpas MPOU3BOIAHAS (DYHKIIUM OOJIBIIE HYIIS,

T.e. f"(x) > 0.

Ilepsoe oocmamounoe ycnosue mouku nepecuba. Ilycts dynkuus f(X)
MIMEeT TEePBYI0 MPOU3BOAHYIO B TOUKE X, M BTOPYIO IPOU3BOJAHYIO B HEKOTOPOU

OKPECTHOCTH 3TOM TOUKH (KpoMe, ObITh MOKET caMoi Touku). Toraa eciu npu re-

pexozie 4epe3 TOUKy X, BTOpas IPOW3BOJHAS MEHSET 3HAK, TO X, - TOYKa Meperu-
oOa.

Bmopoe docmamounoe ycnosue mouku nepezuba. Ilycte B Touke X, QyHK-
s f (X) uMeeT mpou3BOMHBIC 10 TPETHETO MOPSAKA BKIFOYUTEIHHO. Torma eciu
f"(X,)=0,af"(x,)#0, T0 X, — Touka nepernda 3Toi GyHKIUN.

AcMMITOTHI rpauka QyHKIHUM.

[Mpsimast muHUs M Ha3biBaeTcst acumnmomot rpaduka ¢pynkuuu Y= f(X),

eciu paccrostare d oT Touku M, Jtexareir Ha >ToM rpaduke, 10 IPIMOH M cTpe-
MUTCSI K HYJIIO TP HEOTPAaHUYEHHOM yAAJICHUHU 3TOM TOUKH MO rpaduKy OT Hadasia
KOOpAMHAT B OECKOHEUYHOCTb.

AcUMITOTHI OBIBAIOT TPEX BHUAOB: BEPTHUKAIbHBIC, HAKIIOHHBIC M TOPHU30H-
TaJbHBIE.

Hp}IMaﬂ X=X, Ha3bIBACTCA 6epmuKdib- Y

nou acumnmomou (Puc. 8.5) rpaduka ¢pyHkimm

f(X), ecau XOTst ObI OJUH M3 OJHOCTOPOHHHUX

npeaenoB  lim f(x) m lim f(Xx) paBen Oec-
X—>Xp—0

X—>Xg+0 -
»
KOHCYHOCTH.
XD X
OObBI4HO BCPTHKAJIbHBIMH aACHMIITOTAaMU Puc. 8.5

SBJIIOTCS MIPSIMBIE B TOYKAX pa3pbiBa 2-ro poja.

[TosTOMY [UIs OTBICKAHUS BEPTUKAJIBHBIX ACUMIITOT OIPEACIAIOT TOYKU ay,d,,.. 4,
OECKOHEYHOT0 pa3pbiBa (QYHKIMU. Toria ypaBHEHHE BEPTHKAIHHBIX ACHUMIITOT
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X=a,,X=2a,,...,X=4a,. BepTUKambHble aCHMITOTHI MOTYT OBITh U HA TPAHUIE 00-
Jactu onpeneienus GpyHkiuu. Hanmpumep, kak y pyHkmu Yy =In X.

[Tpsmas Y = kx+ b HaseBaeTcs naknonnou acumnmomou (Puc. 8.6) rpaduka
¢ynkmun  f(X) mpu X —>+o0o (mpu X —>—o0), eciu

lim (f(x)—(kx+b))=0 (COOTBETCTBEHHO,
Xlin_1 (f(x)— (kx+b))=0).

VYpaBHEHUE HAKIOHHON aCUMIITOTHI K rpauKy

¢ynkun Yy = f (X)mmem Buge Yy =kx+b, roe

Puc. 5.6

k= 1im % b tim (F (%) — k).

X—to X X—>F00
Ecnu xots Obl oxuH u3 mpeneiaoB K u b He cymecTByer nian paBeH Oecko-

HEYHOCTH, TO KpuBass Yy = f(X) HaKIOHHOW aCHMMNTOTHI HE UMEET. ACHMIITOTHI
rpaduka pynkmum Yy = f(X)mpu X — +oou X — —o0

MOTYT OBITh pa3HbIMH. [l0o3TOMYy Npu HaxoXaeHun ¥

npezenoB K u b cieayeT oTAeIbHO paccMaTpUBATh y=b

CIIy4ai, Korga X — 400 ¥ Korja X — —oo. e S -
YacTHBIM ClIydaeM HAKJIOHHOH aCHMIITOTHI

(mpu Kk =0) sBIACTCS 20pU3OHMANLHASL ACUMNIMO- 17 Klr

ma (Puc. 8.7). Prc. 8.7

[Mpsimass Yy =b sBAsICTCS TOPU3OHTAIBHOM aCUMMTOTON Tpaduka (QyHKIHU

f (X) mpu X — 400 (Ipu X —> —o0) TorAa U ToJIbKO Toraa, koraa lim f(x)=b (co-
X

—>+00

otBeTcTBeHHO, lim f(X)=Db).
X—>—00

8.3 Iloanoe ucciaenopanue pyukuun. [locrpoenue rpadpuka pynkuuu.

[Topsimok ucciienoBaHus

|. OOuas xapakTepucTuka QyHKIUU.
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1.1. OGnacTh onpeaeneHus GyHKITUN.
1.2. IloBenenne GyHKIIMN B OKPECTHOCTSIX TOUEK pa3phiBa.
1.3. Touku nepecedeHus rpaduka ¢ OCIMUA KOOPIUHAT.
1.4. Cummetpus rpaduka.
1.5. IlepuoanunocTh rpaduka.
I1. NuTepBaibl MOHOTOHHOCTH U AKCTPEMYMBI (DYHKITUH.
2.1. HaxoxaeHue mepBoi MpOU3BOAHON (DYHKITHH.
2.2. OnpeneneHue KPUTHIECKUX TOYEK.
2.3. HaxoxaeHne nHTepBaIOB MOHOTOHHOCTH.
2.4. OnpeneneHue d3KCTPEMYMOB (DYHKITHH.
I11. MaTepBasbl BHITYKIOCTH U BOTHYTOCTH.
3.1. Brrunciienue BTOpOM MPOU3BOIHON (PYHKIIHH.
3.2. OnpeneneHue Touek neperuoa.
3.3. HaxoxeHne nHTEpBaJIOB BBIITYKJIOCTH U BOTHYTOCTH.
IV. HaknoHnHble acuMIITOTHI Fpaduka QyHKIUH.

V. I'padux dpyHKIMM.

IMpumep 1. VccnenoBats GyHKIHIO Y = U TIOCTPOUTH €€ rpaduk.

Pemienue.
|. O0Omas xapakTepucTuka QyHKUIUU.
1.1. dyukus He onpeneneHa, ecian X —1=0, (x=1)
O6nacTh onpenenenus: X € (—oo; 1)U (L o).
1.2. T.x. X=1- Touka pa3pbiBa QyHKIMHN UCCIEAyeM MOBeAeHNE HYHKIIUA B ITOU

TOYKC CJICBA U CIIpaBa

3

l (X hl 2) > =+,
x—>1-0 4(X - 1)
3

jim 2

x—1+0 4(X _ 1)2

T.x. mpenensl paBHbI co3HAYUT X =1 TOUka pa3pbiBa BTOPOro poja.
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1.5.

CrnenoBarenbHO, nipsiMasi X =1- BepTUKaIbHAsA aCUMIITOTA.

1.3. Haiimem Touku nepecedenus rpaduka PyHKIIUN C OCIMH KOOPAUHAT
¢ OX: y=0 nipu x= -2,

c OY: x=0 mpu y=2.

Haiinem nmpoMexyTKu 3HAKOMOCTOSIHCTBA (DYHKIIUU

3
y<0 :>(X+—2)2<O:>X+2<OZ>X€(—00;—2);
4(x-1)
3
y>0 :>(X+—2)2>o — X 4+250 = X e (=2:1) U (L + o)
4(x-1)

1.4. IlIpoBepuM QYHKIMIO Ha YETHOCTh, HEYETHOCTb.

F(Cx)= (-x+2)° o (x—2)°

A-x-17%  4(x+1)>

@OyHK1MA HE ABISAETCS HU YETHOM, HU HEYETHOM, T.€. OOIIEro BUJIA.
@yHKIMS HE ABISIETCS IEPUOANIECKON.
I1. MuTepBasbl MOHOTOHHOCTH U 3KCTPEMYMBI (DYHKIIMH.

2.1. Haitnem Touku skcTpeMyma GyHKIUH U TPOMEXKYTKH MOHOTOHHOCTH.

, 3(x+2P(x-1F -2(x-1)x+2)° (x+ 2)2(x—7).

4(x-1)" 4(x -1y
2.2. Haiinem Bce ToukH U3 obsacTu onpenenenus Gynkuuu Yy = f(X), B KoTopbix
npou3BoHas Yy’ oOpaiaeTcs B HOJIb WM HE CYIIECTBYET.
y'=0 mpu x=-2, X, =7,
y' He cyIecTByeT mpu X=1

2.3. CocTaBuM Ta0IHUIy

X | (o05-2) | -2 | (-21) 1 L7 | 7| (7 4o

y’ + 0 + HE CYILECTBYET - 0 +

y /' 0 /' HE CYIIECTBYET \ =5 /'
BO3pac- BO3pac- yObIBa- | Min | Bo3pacraer
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TacT TacT €T

2.4. ®dyHkuus Bo3pacTaeT Ha uHTepBanax (-0; -2) , (—2; 1), (7; +) u yonIBaeT Ha

unarepsaiie (1; 7). Touka X =7 ecth Touka MUHUMYMA Y, = Y(7) = %

I11. MHuTepBaibl BRITYKIOCTA U BOTHYTOCTH.
3.1. Haiinem Touku mepernda U MPOMEKYTKH BBIMYKJIOCTH U BOTHYTOCTH (DyHK-

JA05 051

v |2(x+ 2)(x=7)+(x+2Y kx—l)3 —3(x—1)(x+ 2/ (x=7) _ 54(x +2) _27(x+2)
4(x—1f ax-1"  2(x-1)°

3.2. Haiinem Bce Toukm u3 oOyiactu onpezaenenus Gynkuuu Y = f(X), B KoTO-
PBIX MPOM3BOIHASA Y' oOpaIaeTcs B HOJIb MIIM HE CYIIECTBYET.
y” =0 mpu X=-2
y" He cymiecTByeT npu X=1.

3.3. CocraBum TabAHILYy

X | (0;-2) |2 | (-21) 1 L +)
y’ - 0 + HE CYILECTBYET +
y A 0 U HE CYILIECTBYET U

Touxka (—2; 0)- Touka neperuda.

IV. HaknonHble acuMOTOTHI Tpaduika (QyHKIIHMH.

Haiinem HakimoHHBIC acUMITOTEL Y = KX+ D, e

= tim O b im [ (9 k.

X—>too X X—>to0

k= lim M:[f}:l-
oo Ax(x—1F oo 4

b= lim {M 1X}:[oo—oo]:llim (x+2)° ~x(x-1)° _

Ax-17 4 hiowo  (x—1)2

X—>+00
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. X°+6X° +12x+8-x +2x* =X [ )
4 x—>+xo (X — ]_)2 0 '
y= n X+ 2 - HaKJIOHHAs! aCHMIITOTA.
st X — —oo K 1 b BBIUKCIIAIOTCS aHAIOTMYHO.
V. I'padux GpyHKIUN.
}T F
3
(x+2)
4(x-1)°
729 j - I
144 / ///;;_[x+z
-8 Y
0 1 7 X
Puc. 8.8
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