MHNHOBPHAYKHN POCCHUA

®denepanabHOE TOCYJAPCTBEHHOE OIOIKETHOE
o0pa3oBaTeIbHOE YUPEKIECHUE BBICIIET0 00pa3oBaHus
«TynbCKHAM TOCYJapCTBEHHBI YHUBEPCUTET»

NHCTUTYT NPUKIATHOW MATEMATUKU U KOMITBIOTEPHBIX HAYK
Kadenpa BeraucuTensHON MEXaHUKN U MAaTEMATHKH

VYTBepkIeHO Ha 3aceaHnU Kadenpsl
«BpruncnurenbHas MEXaHUKA M MaTEMaTHUKa
« 14 » suBaps 2020 r., mpotoxos Ne 5

3aBenytouuid kadenpoit

B.B. I'marones

METOJINYECKHUE YKA3AHUA
K CAMOCTOSITEJIbHO padoTe CTyIeHTOB
1o AUCHHUIIAHE (MOIYJII0)
«MaremaTuka»

OCHOBHOM npodeccnoHaIbLHON 00pa30BaTe/IbHOM MPOrPaMMbI
BbICIIET0 00Pa30BaHUA — IPOrpaMMbl 0aKaJIaBpUATA

10 HAINIPaBJICHUIO TOATOTOBKHU
38.03.01 DxoHOMHKA

C HapPaBJICHHOCTHIO (TPOPHUIIEM)
DUHAHCHI U KPEAUT

dopma oOydeHuUs: OUHas

NnentudukanuonHsiii Homep oopazoBaTenbHo mporpammsel: 380301-02-20

Tyna 2020 ron



2

Pa3paboTuyuK MeTOMYECKUX YKAZAHU I

Jynuua HO.B., nomeHr, K.T.H.

(®UO, noKHOCTD, yUCHAs CTENIEHb, YICHOE 3BaHHE) (moamuce)



IlepBolii cemecTp

3anauva 1.

Teopemuueckue ceedeHus.
B npsimoyronbHO# nekapToBoil cucteme koopauHaT OXYZ TOJOKEHUE 000U TOYKHU

3a1a€TCsl TPEMS YHUCIIAMU — KOOPOUHAMAMU A(X A YarZ A) (pucyHok 1).

7

,AI(XA,YA,ZA)

1

1

& » y
» »

Pucynok 1.

Paccrosuue Mexay nByms Toukamu A (X, Y;,2;) 1 Ay(X,,Y5,2,) ompenensercs mo

dbopmye

d =0 —19)? + (v, — y)* + (22 - 2)°. @
[Tpu perieHMy 3a7a4 aHAJTUTHYECKOH TEOMETPUM Ha IUIOCKOCTH HEOOXOIUMBI
CJICYIOIIMUE CBEAEHUS O NPSIMOU JINHUU:
1) ecau Touka M(X; y) nenut otpe3ok MiMy (Mi(x1, yvi) u Ma(xz, y2)) B OTHOIICHUU A,
TO KOOPJAMHATHI 3TOM TOUKH BhIpAXKAIOTCs (opMyIaMu

X:xl+ﬂ,x2 | y:y1+ly2 | 2)
1+ 4 1+ 4

ecin ke Touka M(X; Y) - cepeauna otpeska MiMa, To

x=atX ’ y:)’1+Y2; 3)

2 2



4
2) ypaBHEHHE TPSIMOM, MPOXOAasIed depe3 Touky Mi(Xi; Y1) ¥ MMEIOIIEH JTaHHBIHI
yIII0BOM KO3 GUIMEHT K, 3aITMChIBacTCS B BHJIE
Y=y =k(x=x); (4)
3) ypaBHEHHE MPSAMOU, POXOISIIEH Yepe3 ABe JaHHbIe TOUKU Mi(X1; Y1) 1 Ma(X2; Y2),
MMEET BU

X— Xl — y— yl , IIPH 9TOM Kk = y2 yl (5)
X% Yo— V%1 Xy X1

4) OCTpBIA YroJ MEXAy IABYMs NPSMBIMH C YriIoBbIMH Koddduimentamu Ki u Kz

ompenenseTcs mo Gopmyiie

ko =k

6
1+kik, |’ ©)

tgp =

Opd  OSTOM YCIOBHE TMapajUIeIbHOCTH TMpsAMBIX wMeeT Bua Ki=k;, a ycioBue

HepHeHUKYIApHOCTH Ky = _ki (7)
2

A
5) ecau mpsiMasi Ha IUIOCKOCTH 3a/iaHa oowum ypastenuem Ax+By+C=0, To K, = "B

- €€ YIII0BOM KO3 DUIIUEHT;
6) ecau B OOIIEM ypaBHEHUM MPAMON MoAenuTh Bce wieHsl Ha C # 0, momaydum
ypaBHEHUE MPSIMON B OTPE3KaX:

X Yy C C.
24ty a=——,b=—"; 8
a b A= B (®)

7) Touka nepeceueHust AByX NpsAMbIX A1x+B1y+C1=0 u Aox+Byy+Co=0 onpenensercs

Y3 PELIEHUS] CUCTEMBI YPABHEHU M

Vpasnenue oxpyscnocmu c¢ uentpom B Touke E(a,b) m pagmycom R wmmeer BuA
(x—a)* +(y—b)* =R?. (10)

Ilpumep evinonnenus 3a0anus.

Jlaubl Bepiuabl Tpeyroasauka ABC: A(—4;8), B(5;—-4), C(10;6).
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Haiitu: 1) nnmuny ctoponsl AB; 2) ypaBHeHus cTopoH AB u AC B 00111eM BHJIE U X
yraoBbie KOAPGUIMEHTHI; 3) BHYTPEHHUH yroi 4 B pajinaHax ¢ TOYHOCTBIO 10
0,01; 4) ypaBHenue BwricoThl CD B 00mem Buae M €€ IJIWHY; S5) ypaBHEHHUE

OKpPY>KHOCTH, JUIsl KoTopoil Bbicota CD ecth auamerp.

Pewenue:
1) Paccrosaue d Mexy IByMsI TOYKaMU Ha TUIOCKOCTH ompenesnsercs o gopmyse (1), B

KOTOPYIO TIOJICTaBJICHBI 3HAUYEHUS KOOPJUHAT To4Yek A u B (monoxum Z; =z, =0), Torna

AB=+/(5—(-4)) +(~4—8)? =/81+144 =15.

2) YpaBHeHHE IpSIMOH, MPOXOASIIEH yepe3 ABe 3aAaHHbIe TOUKH uMmeeT Buf (5):

[ToncraBuB B (9) KOOpAUHATHI TOYEK A U B, NOIy4YuM ypaBHEHHE NpAMOn AB:
x-(-4) y-8 X+4 y-8 Xx+4 y-8

5-(-4) -4-8" 9  -12 3 -4
3y—24=-4x-16, wm 4x+3y—-8=0 (4B).

Jlnsg HaxoXAeHus yrioBoro koddduimeHta Kag mpsMoil 4B paspeuiM MOJyYCHHOES
8 4
YpaBHEHHUE OTHOCUTEIIBHO Y: Y = 3 X+ 3 Orcrona Kag = 3 [ToacraBus B hopmyay (5)

x—(4) _y-8
10-(-4) 6-8'

koopauHatel Touek A u C, HaligeM ypaBHeHue  mpsmoud AC:

x+4 y-8 x+4 y-8
14 -2 7 -1

7y-56=—x-4 wm Xx+7y-52=0 (AC).

Orcroma Kpc =—%.

3) Yrom Mexay AByMs MPSMBIMH, YIJIOBble KOX()(MUIIMEHTHI KOTOPBIX paBHBI K; U Ky,
onpenensiercs 1o dopmyie (6). Yrom A, oOpasoBanubiii npsiMbiMu AB u AC, HalaeM 110

dopmye (6), moncraBus B Hee K; =Kag = —g, Ko =Kac = —%.



/A =arctgl=45" ~ 0,79 pan.

4) Tak xak Bbicota CD nepnenaukyispHa cTopoHe AB, TO yriaoBbie KO3(D(PHUIIMEHTHI 3THX

MPSIMBIX CBSI3aHBI COOTHOIIICHUEM (7), TOITOMY

1 1
kAB _ﬂ
3

YpaBHEHHE TIPAMOM, NPOXOIAIIEH dYepe3 3aJaHHYIO TOYKY B 3aJaHHOM YIJIOBBIM

ko3 dunrenTom K Hanpasnenuu, umeeT Buj (4). [loacraBuB B (4) KOOPAMHATHI TOYKH

Cu Kep = % , TOJIy4”M ypaBHEHUE BbICOThI CD:

y—G:E(X—HD, 4y—-24=3x-30, 3x-4y-6=0 (CD).

Jlns mHaxoxxnenus el CD onpeaenuM KoopAuHAThI Touku D, pemmB cucremy
ypaBHeHwUi (AB) u (CD):
4x+3y—-8=0
, orkyma x=2,y=0, rmoects D (2;0).
3Xx-4y—-6=0

[ToncraBus B popmyny (1) koopaunate! Touek C u D, Haxoaum:

CD =+/(10-2)% + (6-0)% =/64+36 =10.

5) Tak kak CD sBjsieTcst AMAaMETPOM HCKOMOW OKPY)KHOCTH, TO €€ LIEHTP £ eCTh cepeauHa
otpe3ka CD. Bocnosib3zoBarmuck Gpopmyioit (3) aeseHus: oTpe3ka Morosiam, MoayunuM:

Xc + X 10+2 + 6+0
2 2 2 2

CnenoBatenbHo, E (6, 3) u R:%:%:S. Ucnonp3ys popmyny (10), momygaem

ypaBHEHHE HCKOMOM OKPYXKHOCTH: (x — 6)*+(y — 3)?= 25,



3ajaua 2.

Teopemuqecmte ceeoenus.

Ecmu wm3BecTHnl Hauano Bektopa M;(X;,¥;,2;) u komenm My(X,,Y,,2,), TO

ﬁ
KOOpAMHATHI BekTopa d = M;M, HaxozmsTcs no ¢popmyiam

X=Xy =X, Y=Y =Y, £=125 = 1y, (11)

a €TI0 AJIMHa OIIPCACIICTCA BBIPAKCHUCM

\é\:\/x2+y2+22. (12)

BCKTOP ac KooOpaAnHaTaMHu (X, y, Z) MOKET 6I)ITI> MMpCaACTABJICH PA3JIOKCHUCM II0 OpTaM B
BHUIC

a=Xi +Vyj+2K. (13)

Econ a, B, Y — YI'JIbL, KOTOPBIC BCKTOP a 06pa3yeT C ITOJIOKUTCIIbHBIMU HAIIPpaBJICHUAMHA

OCeil KOOpAUHAT, TO COSA, COS[}, COSY Ha3bIBAKOTCS HANPABAAIOWUMU KOCUHYCAMU BEKTOPA

a (pucynok 2). Toraga UMEIOT MECTO COOTHOIIEHUS

x=|d-cosa,y=|a-cosB, z=a-cosy, cos’a+cos’p+cos’y=L1.

—

I[HH BCKTOPOB a= (Xl’ yl’ Zl) u b= (Xz, y2, 22) BBOIATCA OIICpalluN ClodMCeHUsA N
YMHOIMCEHUA HA ucio TaKue, qTo
aib:(xliXZ,yliyz,ZliZZ) n Aa:(ﬂle,/’iyl,lzl),

rae A — JIro00€e 4ucIo.

Q1

h--l
~.ly
v
<

PucyHnok 2.
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Cransipvlm npouszeéedenuem IByX BEKTOpoB & u b (é . b) Ha3bIBAETCA YKCIIO, PABHOE

IMPOU3BCIACHHIO JJIUH ITHUX BCKTOPOB Ha KOCHMHYC YyIjla @ MCKJ/IY HHUMHU,

ab :\é\-‘b‘-COS(o WM, €CTM BEKTOPHl 3aJaHbl CBOMMH KOOPIMHATAMH, TO

—

a-b=xX+Y1Y2 +742;. (14)
BeKTOpBI, JIeKamue Ha OI[HOﬁ WM  11apajluICJIbHbIX  IIPSAMBIX, Ha3bIBAKOT

—

Koiiuneapuoimu.  [IpU3HaK  KOJUIMHEAPHOCTH BEKTOPOB a ®W D sBiseTcs

IMPOIMOPHUOHAJIBHOCTb UX KOOPAWHAT:

A _oNh_4a (15)

Eciu BeKTOpEL & 1 b B3aMMHO [epICHIUKYISPHBL, TO X Xo + V1Y, +2;Z, =0.  VYrox

MEXly BeKTopamMu a 1 b ompenensercs COOTHOLICHHEM:

Q|
(=N

_ X1 Xo + V1Yo + 2125 (16)
B R R R R

COSQp = —
al

S

VYpaBHEHUE IJIOCKOCTH, MPOXOIAIIEH YEpe3 TOUYKY MO(XO,yO,ZO) MEPIECHIUKYIISIPHO

sektopy N =(A,B,C), umeer Bun
A(X—Xo)+B(y—Yo) +C(z—-25) =0. (17)

Ilpumep evinonnenus 3a0anus.
Janbl koopauHaThl Tpex Touek: A(3; 0; -5), B(6; 2; 1), C(12;-12; 3).

- -
TpeOyetcs: 1) 3anucars Bektopsl AB u AC B cucteme opT U HAUTH MOJYJIA 3TUX

- -
BEKTOPOB; 2) HailTh yroa Mexay Bektopamu AB u AC; 3) cocTaBuTh ypaBHEHUE

%
MJIOCKOCTH, TIPOXO Isiiei uepe3 Touky C neprneHauKysipHo Bektopy AB.

Pewenue:
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%
1) Haiinem koopaunatel Bektopa AB, moncrasus B popmyiy (11) koopauHATh TOYEK A U

B, v 3anuiiieM pasioxeHue 3Toro Bekropa mno opram (13):
- - N R .
AB=(6-3)i +(2-0)] + (1 +5k =3i +2] +6k.
[Tomo6HBIM 06pa3zom

N L
AC =(12-3)i +(-12-0)] + (3+5)k =97 —12] +8k .

- -
Monynu BektopoB AB u AC HaiineM, moacTaBiisist UX KOOpAUHATHI B hopmymy (12):

- —
‘AB‘: 32 422,62 =7, ‘Ac‘z\/92+(—12)2+82 ~17.

- -
2) Haiinem xocuHyc yria ¢ mexay Bektopamu AB u AC. [Ijis 3TOro BBIYKCIAM HX

CKaJIsIpHOE Mpou3BeaeHue no popmysne (14):

-> -
AB-AC=3-9+2-(-12) +6-8=51.

Torna o popmye (16)

COSQ = 7517 ~0,4286, ¢ = 6437 =1,13 pan.

3) Ilo ycnoBui0 3amayvi MCKOMas IJIOCKOCTh MPOXOAuT uepe3 Touky C(12; —12; 3)

5
nepreHauKyysaspHo Bektopy AB=(3,2,6). Iloacrasmsst B (17) A= 3, B= 2, C= 6,

Xo= 12, yo=—12, 2,= 3, moay4uM:
3x—12) +2 (y +12) + 6(z—3) =0,

uwm 3x + 2y + 62 — 30 = 0 — nckomoe ypaBHEHHE TUIOCKOCTH.

3ajaua 3.

TeopemuquKue ceeoenusl.
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BGKTOpLI Ha3bIBAKOTCA KOMILJIAHAPHBIMU, CCJIX OHH JICKAT B OI[HOﬁ IINTIOCKOCTH HJIN B

MapasIIeTbHBIX TIIOCKOCTAX. YCIOBHEM KOMILTAHAPHOCTH TPeX BeKTopos & =(Xq,VY,Z),

a, = (XZ, Yo, 22), g = (Xg, V3,23 )HBJISIGTCH PAaBEHCTBO HYNIIO HX  CMEOIAHHOTO
HpOI/I3BeI[CHI/I5{:
XX Y1 7
(8,,d,,85)=[x, Y, 2,/=0. (18)
X3 Y3 I3

Tpu BekTOpa 00pa3yrOT Oa3uc B TOM CIIydae, €ClId OHU HeKOMNIAHAPHBL.
Ecnu nns BEekTOpoB @;,d,,d3 BBINOJHACTCS YCIOBHE (él, a,, 53) #0, To oHM 00pa3yroT
0a3uc, u 1000 YETBEPTHIN BEKTOP b = (bl, b,, b3) MOXKET OBITh IIPEICTABJICH Pa3I0KECHHEM
1o 3TOMy 0a3HCy B BUJIE

b =@, + fa, + yas, (19)
rie a, f, y — KOOpAUHATHI BEKTOpa b B Gasuce, 00pa30BaHHOM BEKTOpaMH d;,d,,as.

KOOp,ZII/IHaTBI a, IB y ¥ HAXOJATCA U3 CUCTCMBI ypaBHeHHﬁI

axy + Xy + X3 =by
Y+ By, + 3 =b,. (20)
0521+,322 +7/23:b3

Ilpumep evinonnenus 3a0anus.

[Tokasate, uto BekTopsl §;(3; 1; 4), a,(2; 1; -1), d;(1; —1; 5) obpasyror Ga3m

(@]

TpeXMepHOro npocTtpanctsa. Haiitu koopaunatel BekTopa b (5; 0; 3) B aTOM Oasuce.

Pewenue:
BeluncinnM cMelIaHHOe POU3BEICHUE BEKTOPOB dy,d,,d;:
3 1 4

(8,,d,,85)=2 1 -1=-11=0.
1 -1 5
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Tak kak cMelIaHHOE MMPOU3BCACHHUC OTIIMYHO OT HYJIAA, TO BCKTOPbI HCKOMILIAHAPHBI U

—

obpasyror 6asuc. Koopaunatel Bektopa b B 3TOM 0Gasuce Haiinem, pasjioXuB €ro Io

BEKTOpam dj,d,,a; CIeIyIOIUM 00pa3oMm:

—

a KOOpAMHATHI BeKTopa b B HOBOM Oasuce HaiijieM u3 cucTeMsl ypaBHeHHi (20)

a-3+p-2+y-1=5 3a+20+y=5
a-1+p-1+y-(-1)=0 WIH a+p-y=0
a-4+p-(-)+y-5=3 4o — f+5y=3

Pemmm 3Ty cuctemy miid 3aaHHBIX BEKTOPOB MeTooM [aycca.

IIomeHnsieM MecTamu IICPBOC U BTOPOC YPABHCHUA

a+pf-y=0
3a+20+y=5.
4o — f+5y=3

[Tocie 3Toro yMHOKHUM MEPBOE ypaBHEHHE HA (—3) U CJI0KUM CO BTOPBIM. Jlaniee yMHOKUM

nepBoe ypaBHeHue Ha (—4) U ciioxkuM ¢ TpeTbuM. [lomyumnm:

a+p-y=0
- p+4y=5.
-56+9y=3

3aTeM yMHOXaeM BTOpPOE ypaBHEHUE HA (—5) U CKJIQJbIBAEM C TPETHUM:

a+p-y=0
- p+4y=5.
—11y =-22

N3 nocnennero ypapHeHust umeeM y= 2. [loacrasiisieM 3T0 3HaU€HUE BO BTOPOE YPaBHEHHUE,

noyiyqaem = 3 1, HaKOHEIl, U3 IEPBOTO YpaBHEHUS HaxoauM a= —1.
Takum oOpazom, mojctaBuB B ypaBaenue (19) koopauHaTsl BekTopa b , momy4nm
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3ajaua 4.

Teopemuqecmte ceeoenus.
Heonnopoanas cuctema Tpex ypaBHEHH C TpeMsI HEU3BECTHBIMU B OOIIEM CIIy4ae UMEET
BH/
11Xy + appXy + 83Xz =My
81X + @)Xy + B3X3 =y
831X| + 8y X, + 8g3X3 =
M MOJKET OBITh 3allCaHa B MATPHYHOM BHUJIE
AX=H, (21)
91 adpp 93
rne A=|ay,; a,, a3 |-Marpuna Ko3QpQHUIUEHTOB IPU HEU3BECTHBIX,
d3; dzp A3
X

X =| X, | - MaTpuLa-cTOJOE1] HEN3BECTHBIX,

H =| h, | maTpuna-cronben cBOOOTHBIX YICHOB.

Ecnu matpunia A — neswiposicoenHas, TO €CTh UMEET ONpPENEIUTENb, OTIMYHBIA OT
HyJs, TO cymiecTByeT marpuna Al obpatHas k A, Tak uto A1-A=E (E - enunuuHas
MaTpuna). YMHOKUM 06e yacTu ypaBHeHus (22) Ha A 1 nomyuum

ALA-X=AlH,
WIH
X=AlH, (23)
nockonbky A-A-X=E-X=X.
PaBeHcTBO (23) ABisieTCs pelieHueM CUCTEMbI ypaBHEeHUM (22).

Martpuiia, oOpatHasi K HEBBIPOKIACHHOW MaTpUIle A, HAXOIUTCS TI0 popmyIie
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. Al An An
A_1:K Ay Ap Agp |, (24)
Az Ay Agg

rne A; (1 =1, 2,3; j=1,2, 3) — anreOpanyeckoe JOMOIHEHHE JJIEMEHTA djj, KOTOPOE
SBJSIETCA TPOU3BEICHUEM (-1)  ma muHOp (OIpeneNuTenh) BTOPOrO IOPAIKA,
MOJIyYEHHBIH BbIUEPKHUBAEM I-ii CTPOKH U J-TO CTOJIOIA B ONpPEACIMTEIC MATPHUIIBI A; A —

ONIPENEIIUTENIb MAaTPULIBI A.

Ilpumep evinonnenus 3adanus.

JlaHHy10 cuCTeMy ypaBHEHUH 3amucaTb B MaTpUYHOM (opMe M pemmTh ee ¢
MOMOUIbIO OOPATHON MAaTPUIIBL:
2%y +3Xy — X3 =8

Pewenue:
Beimuimem 1151 1TaHHOM CUCTEMBl YpaBHEHUN MaTpHIy KOA()(PHUIIMEHTOB IIPH HEU3BECTHBIX

A u crosioerr cBOOOMHBIX wieHOB H:

1 -2 1 1
1 -1 2 -1

Beruncnum onpenenurens A v anredpandeckue JOMOIHEHUS A, 3IEMEHTOB MaTPHILIbI

A:
1 -2 1
A=|2 3 -1=10=%0,
1 -1 2

CIIe0BATENLHO, MaTpuLa A uMeeT obpatHyro MaTpuiy AL,

| 3 - 142 2 -1 43 2 3
Au =) -1 2:5’ Ap=(1""  o=-5 Au=(1) '1 =-9,
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L2 1 L ho-2
AZl = (_1)2 ' ) _1 2‘ = 3’ AZZ = (_1)2 ? : 1 2‘ :11 A23 = (_1)2 ’ . 1 _1‘ = _1’
-2 1 1 -2
A31 — (_1)3+1 . — _1’ A32 — (_1)3+2 . 1 1 — 3’ A33 — (_1)3+3 . 5 3 —7
3 - 2 _

Torna nmo dopmyne (24) oOpaTHas MaTpHIla paBHa

. 5 3 -1
A‘lzE -5 1 3]
-5 -1 7

ITo dhopmyne (23) HaXoauUM pelieHrne JaHHOW CHCTEMbl YPaBHCHHU B MaTpUUYHOMN

dbopwme:
. 5 3 -1|] 1 5.1+3-8+(-1)-(-1) 30 3
X=AlH=2.-5 1 3|| g/=1. ~5-141-8+3-(-1) Lo le] ol
10 10 10
-5 -1 7||-1 -5-1-1-8+7-(-1) ~20| |-2

Otcrona x1= 3, xo= 0, x3= —2.
3agaua S.
Teopemuueckue ceedeHus.
Yucino A HaswiBaOT npeaeaoM yskiuu Y=f(X) B Touke a , eciau 3Ta (QYHKIHS
OTpeiesieHa B HEKOTOPOH OKPECTHOCTH TOUKHM & , 32 UCKIIOYEHUEM, ObITh MOXKET, CaMOM

TOYKHU & , 1 s Kakjaoro &0 Haitnercs takoe 0>0, 4To /Uit BceX X, YIOBICTBOPSIOIINX

yenosuto 0 <|x —a| <&, BHIIOIHSETCS HEPABEHCTBO | f (x)- A<e:

lim f(x)=4, ectu V& >0 E|§>0:‘v’x:0<‘x—a‘<5:>‘f(x)—A‘<5.

xX—>a

Brruucnenue IIPEEIIOB apu(PMETUIECKUX  BBIPAKEHUUN J1 (x)/ o (x),

f1(x)- f>(x), f1(x)= f>(x) mo npenenam ¢ymxumii f7(x) u f5(x), U3 KoTOpHIX OHE
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COCTaBJICHHI, HE BCCrAa BO3MOXHO. B »stux Cly4dadax TOBOpAT, YTO BO3HHUKAKOT
HCOIIPCACIICHHOCTHU CICAYIOININX BUJIOB!:

(2). (2] 0:0). o) 7).

00
JIist HaXOKACHUS TPEAENIOB TAKUX HEOMPEICIIEHHBIX BBIPAXKEHUN HYKHO
YUUTBIBaTh KOHKPETHBIN BUJ QYHKLIUU [ (x) u fr (x) Hanpumep,

lim < —0: (25)

X—w X

0, ecau n>m

. n (x ) 0 ay )
TIpe/IeNT OTHOIMICHUS IBYX MHOTOWICHOB lim =|—|=9-,ecu n=m ;
x—o ¥n (x ) m
0,ecmu n<m.

. . . sinx (O
NepPBEIN 3aMevarebHblil npenen lim —— =| — [=1; (26)
x—=>0 X 0
N 3 : 1\ _ oy
BTOPO#i 3aMeuaTensHbIil mpenen lim |1+~ | =(1)” =e. (27)
X—>00 X

Bennuuna o(X) Ha3wsiBaeTcs 6eckoneuno manou ipu X —a, ecim lim a(x)=0. /Ise
X—a

OECKOHEUHO MaJIbI€ BEJIMYMHBI Ha3bIBAIOTCS IKeUBAIeHNHbIMU, CCIIU IPEACIT UX OTHOLICHUA

paser 1, 1o ecte a(X)~ B(X), ecmm lim () _

x—a [(X)

(%):1. [Tox 3nakoMm mpenena Jrobast

OECKOHEYHO Maliasg BEJIMYMHA MOXKET ObITh 3aMEHEHA Ha PKBHBAJICHTHYIO ei. [IpuBenem
Ta6J'II/II_Iy OKBUBAJICHTHBIX 6CCKOH6‘IHO MaJIbIX HpI/I X—> 0 BCIINYUH:
sinX ~ X, arcsinx ~ X, a*-1~x-Ina e” —-1~Xx,

2
tgx ~ X, arctgx ~ x, 1—cosx~x—. (28)

Ilpumep evinonnenusn 3a0anus.

Beruucnute npenensr:

2
lim X FLx=3 6) lim (\/x2+3x—x),

x>-33x% +10X + 3’ X—>o0
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2X _(2x—3\"*°
B) lim r) lim :
x—0 arctg5x x—o\ 2X+1

Peuwenue:

a) [loncranoBKa MpeebHOTO 3HAUYEHHUS apTyMeHTa Xx=-3 MPUBOJUT K HEOIPEICICHHOMY

BBIPAXXCHHUIO B A (%j .

Jlyis ycTpaHeHus 3TON HEOoIpeIeICHHOCTH Pa3IoKUM YUCIIUTENb U 3HAMEHATEN b IpOo0u Ha
MHOXKHUTEIIA M COKpaTUM JPoOb Ha MHOKHTEIb (x+3). Takoe cokpalieHue 31eCh BO3MOXKHO,

TaK KaK MHOXHUTENb (X+3) OTIMYEH OT HyJs Ipu x— —3:

lim

4x* +11x -3 4-(-3)* +11-(-3)-3 _(gj_
x>-33x% +10x+3 3-(-3)? +10-(-3)+3

0

B (4x-1D(x+3) _ im 4x-1_4-(3)-1_13
x>-3(BX+1)(x+3) x>-33x+1 3-(-3)+1 8

6) IIpu x— o BBIpakeHHE VX’ +3X —X JaeT HeopeAeleHHOCTh Biaa (oo — oo). s ee

YCTpAaHCHUA YMHOXKHUM U pa3aCcIuM 3TO BBIPAXKCHUC HA V X2 +3X + X , HOCJIC YCT'O pa3aCiInM

YUCJIUTEIb U 3HAMEHATEIb MOTYYEHHOM IpoOu Ha x , yuuThiBas hopmyiy (25):

im VxZ + 3x — x )= (00 — o0) = lim (\/x2+3x—xX\/x2 +\3x+x)
i (3 o) i (m+x)

X% 4 3% — X2 3
= lim = lim ——

\/X F3X4+X ¥R X2 43X+ X X0 /1+ +1

B) [Ipn X — 0 momyunm HEoNpeaeIeHHOCTh (%) . O603naunmM arctgox =y. Torma Sx=tgy

u y— 0npu x — 0. [Ipumensis cBoiicTBa npeaenoB u hopmyiy (26), umeem:

2(1tgyj
lim L:(sznm A5 )2y Sy ey 24,2
y—0 Y 5y-»0 y y-0c0osy 5 5

x—oarctgsx \0 )
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3Ty 3a/lady MOXKHO PCHUINTb, HCIIOJIb3YSA 3KBHBAJICHTHBIC 3aMCHBI OECKOHEYHO MaJIbIX

BenuuuH (28). [lockonbky npu X — 0 SKkBUBaJIEHTHBI arctgSX ~ 5X, MOXKHO 3anucaTh

) 2X 0 . 2X 2
Im ——=| = |=lm =—==
x—oarctgdox \0/) x-05Xx 5
2X—3
2x+1

4x+5
F) HpH X —> 00 BBIpAKCHHE ( j ABJIACTCA HCONIPCACICHHOCTBIO BHIA (100 ) I[JIH

yCTpaHEHUS 3TOM HEOINPEIeIeHHOCTH MPEACTaBUM OCHOBAHUE CTENICHH B BUJIE CYMMBI | 1
OECKOHEYHO MaJloi (MpU X — 00) BEJIMYHHBI; MOCJIE Yero MPUMEHUM (QOpMYITy BTOPOTO

3aMeuaTeNbHOro npesaena (27):

_ 2% _3 4x+5 _ ox+1—4 4x+5 _ _4 4x+5
lim = lim | ——— = lim |1+ -
x—oo\ 2X+1 x—o\  2X+1 X—>00 2X+1

2x+1 -4
( 4 j(—4j.(2x+1j(4x+5) 4 s —_16x-20

= lim e2x+1 =lime 21 =
X—>0 X—>0

-16

) — ) _ 1
— lim e 2 :hmea8:7;
X—>0 X—>0 e
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Bropoii cemecTp

[TPUMEPHI PEHTIEHUA 3AJJIAY

3anava 1.

Teopemuqecmte c6eoeHsl.

IIpouseoonou ot ¢ynkiuu Yy = f(X) mo aprymeHTy X Ha3bIBaeTCs IMpEaes OTHOIICHHUS

npupaienus GyHKuuu Ay K IpUparieHuto apryMmeHTa Ax, Korjia mocjieHee CTpeMUTCS K

HYJIIO:

[TpousBoaHas €CTh CKOPOCTh UBMEHEHUS! (YHKIUU B TOUKE X.

OTpIickaHue TPOU3BOIHOM Ha3bIBaeTcs qudpepeHmrpoBanueM QyHKIIHH.
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OcHosHble npasunia oughghepeHyuposanus:
1. (C)'=0, rme C=Const.

2. (x)' =1

(U(X) V(X)) =u'(x)£V'(x)

4. (U)-v(X) =u'(x)-v()+u(x)-vi(x),  (C-u(x))'=C-u'(x)

w

4

(u(x)j _U'() V() —u()-v'(x) [ C J' _—-C-V'() (u(x))' _u'()
“Lv(x) Vz(x) " Lv(x) V2(X) ’ C C

 Fu() = K -u'(x)

o1

»

Tabnuya npouszeoouvix snemenmapusix gyurxyutl (U =U(X)):

1. (u")Y =n-u"t.u, 4. (sinu)’ =cosu-u’
2. (") =a"-Ina-u’, (e")=e" U, 5. (cosu)’ =—sinu-u’
3. (log,u)' = -, 6. (tgu)' =———-U’, 7. (ctgu) =- _12 -u’,
u-lna cos“u sin“u
8. (arcsinu)’' = ! -u’, (arccosu)' =-— -u’
1-u? 1-u?
9. (arctgu)’ = L -u’, (arcctqu) =- L -u’
' 1+u? 1+u?

Ecnu B Tabmuie momoxuth U(X) = X, To U' =1,

Ilpumep evinonnenus 3a0anust.

Haiinute npous3BogHbIE PYHKIIHIA:

a) y=In(2+sin3x);  6) y=(3"9* +1)* ) cos(xy?)-3y2 +4x=0.

Pewenue:
a) TOCJEAOBATENbHO MPUMEHAS NpaBwia AUPPEPEHIIUPOBAHUS  CIOXKHON (YHKLUH,

npaBuia u popmyibl audhepeHIuPOBaHNS, IMEEM:
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y' =(In(2+5sin 3x))' = # -(24+5sin3x)' = ; (2" +(sin3x)") =
2 +Sin 3X 2 +Sin 3X
b cosax.(3xy = SCOSX.
2 +Sin 3X 2 +Sin 3X

6) y, _ ((Sarctgﬁ _|_1)4)r _ 4(3arctgﬁ _|_1)3 . (3arctgﬁ +1)r =

— 4(3et9VX | )3 .39V 1 3. (arctg/X) =

:4(3arctgﬁ +1)° .garctgx | 3 (XY =

\/_ 2

1 1 2In3 Jx JX 3
_4 3arctgﬁ +1)3 .3arctgﬁ 3. _ _ . garcgx _cqarctgx | q
( ) (0% 29% @ ( )

B) B JaHHOM CJIy4ac Q)YHKHHOHaHLHaH 3aBUCUMOCTBb 3aJlaHa B HeA6HOM BHUAC. I[JIH

HaXO0KJICHUS TIPOU3BOIHON Y HYKHO MpoandGpepeHIIMPOBaTh IO IEPEMEHHOM X 00€ J4acTH

ypaBHEHUSI, CYUTAS IIPU 3TOM ¥ PYHKIIMEH OT X, a 3aTEM MOJTYyYEHHOE YpaBHEHUE Pa3pEIIUTh

OTHOCHUTEJIBHO Y':
—sin(xy?) - (xy?)' =3-2yy' +4=0;
—sin(xy?) - (X'y? +x(y*)) —6yy' +4=0;
—sin(xy?) - (y% + 2xyy') —6yy' + 4=0;
— yZsin(xy?) — 2xyy'sin(xy?) —6yy' + 4=0;
W3 mocnenHero ypaBHeHus: Haxoaum Y’

2yy'(xsin(>q12) + 3): 4—y?sin(xy?):

,_ 4—y?sin(xy?)
Zy(xsin(xyz) +3)'

3agaua 2.

Teopemuueckue ceedenus. ViccnenoBanue (yHKIUMU OJHOW HE3aBHCUMOM MepeMEeHHOU
OyaeM MPOBOIUTH MO CIEAYIONIEH cXeMe:
1. Haiinem obGnacTh onpenenenus GyHKITUU.

2. Uccnenyem (QpyHKIMIO HA HEMPEPHIBHOCTD.
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3. YcraHoBUM, SIBISETCS JM JaHHas (PyHKUMS YETHOM, HEYETHOM WM (PyHKIHEH
oOuiero Bua.
4. Haiinem uHTEpBajbl BO3pacTaHus U yObIBaHUS (DYHKIIMU, TOUKU SKCTPEMYMa.
5. Haiinem nHTEpBaIBI BHITYKIOCTH U BOTHYTOCTH KPUBOM, TOUKH €€ Ieperuoa.

6. Haiinem acuMOTOTHI KPUBOIA.

Ilpumep evinonnenus 3a0anus.
2x -1
(x=D*

HccnenoBath GyHKIHIO Y = U TIOCTPOUTH €€ rpaduK.

Pewenue.

PeanusyeM npuBeneHHYIO CXeMyY UcCIeq0BaHUS (DYHKIIMH:

1. ®ynkuusa onpezeneHa Npy BceX 3HAUCHUAX apryMeHTa x, kpome x=1.

2. Jlannast QyHKIMS SABISETCS SIEMEHTApHOMU, TOATOMY OHA HEMPEphIBHA Ha CBOEH 001IacTH
oIpeesieHus, TO €CTh Ha HHTepBaiax (—oo;l) u (1+00).

B touke x=1 QyHKIIUSA TEPIUT pa3phIB.

3. Jns ycTaHOBIEHMS] YETHOCTH WJIM HEYETHOCTH (YHKIUHU MPOBEPUM BBINOJIHUMOCTb

paBeHctB f(—x)= f(X) (torma f(X) — dernas ¢yukums) wam f(—x)=—F(x) (s

HEYeTHOHM DyHKIMN) IS TFOOBIX X U3 o0actu onpeaencuus pyukuun: f(—X) = —(_ 2X I)Jé
_X J—
(0= _2X_‘12 |
(x-1)

CnenosarenbHo, f(—X)# f(X) u f(—X)=—"f(X), To ecTb naHHast PYHKIHS SBIICTCS

dbyHKUIMEN 0011ero BUA.

4. Jlnsa uccienoBanusi GyHKIIMU HAa SKCTPEMYM HalJIeM €€ MEePBYI0 IPOU3BOIHYIO:

y— 2(x—1)* —(2x=1)-2(x-1) _  2x

(x-1)* (x-1)°
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Omnpenenum kputnueckue Touku Gyakmnuu: Y =0 npu X=0, Y’ He cymecTByeT npu X =1
. Tem cambiM nmeeM niBe kputuueckue Touku: x=0, x=1. Ho Touka x=1 He mpuHAAIEKUT
oOnactu onpezeneHus: GyHKIUHU, SKCTPEMYMa B HEMl ObITh HE MOXKET.

Pazo0nem uncioByro och Ha Tpu nHTepBasia (—0;0), (01), (L+x).

min n _

\0/ 1\x

v

B mepBoM wu TpeTrkeM WHTEpBaNax IMepBas MPOU3BOJHAS  OTpPHIIATEIIbHA,
CJIEIOBATENIbHO, 3/1eCh (PYHKIIMS yObIBae€T, BO BTOPOM HHTEpBaJIe — IOJOXKUTENIbHA, U
nanHast GyHKIUs Bo3pacTaet. [Ipu mepexose uepes Touky X=0 mepBasi mponu3BOIHAS MEHSET
CBOHl 3HAaK C MHHyCa Ha IUIIOC, MOJ3TOMY B OTOM TOYKE (PYHKIHS WMEET MHUHUMYM:
Ymin = Y(0) =—1. 3naunt, A(0;—1) sBIIIETCS TOYKOW MHHUMYMA.

5. lng ompeneneHus Touek meperunda rpaduka QyHKUUMHM U MHTEPBAIOB BBITYKIOCTH U

BOTHYTOCTH KPHMBOU HalJIeM BTOPYIO MPOU3BOIHYIO:

] (x-1)% - x-3(x-1)? 2X +1
—_2. _p. XF2
g (x-1)° (x-1)°

Jns Bropoit nmpoussoanoit Y'=0 mpu X=-0,5 u y" He cymectByer nmpu x=1. Pazodbem

YHCIIOBYIO OCh Ha TpH uHTepBaia (—0;—0,5), (-0,51), (L+x).

eperud

v

/\ -0,5 N4 1 N\ X

Ha nepBoM mHTEpBajie BTopasi IPOM3BOAHAs Y" OTpHIATEIbHA M Jyra HCCIIEAyeMOit

KPHBO# BBIMyKJIa; HA BTOPOM U TpeTheM HHTepBaiax Y’ >0, mosTomy rpaduk sBiseTcs
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BOrHyThIM. [Ipu nepexoae yepe3 Touky X =-0,5 BTOpas npou3BoJHAasI MEHSET CBOU 3HAK,

. 8
MOJTOMY B 9TOH TOYKE KpUBas uMeeT neperud: y,,, = y(-0,5)=——.

9

CrnenoBatenbHO, B(— %;—5) — Touka neperuda rpaduka GyHKIUH.
. 2x-1
6. B touke X=1 ¢ynkuust tepnur paspsis, npuieM [im —— =. Ilpsmas x=1
x—1(X—1)

SBJIIETCSI BEPTUKAIBHOM acUMNTOTON rpaduka QyHkiuu. s ompeneneHus ypaBHEHUS

HAKJIOHHOW acuMnToThl Y =KX+ b Bocmosbs3yemcest hopmynamu:

. f(x i
K= 1lim Q, b= lim (f(X)—kX)-
x> X X—>00
2x -1 2x -1
Torma k= [|im ———=0, b=Jjm —= =0.
x—o0 (X —1)% X x—o0 (X —1)°

[Tpu HailineHHbIX 3HaueHUSX K u b mpsimas Yy =0 ecTh TOpH30HTAIbHAS ACUMIITOTA

rpaduka ucciaenyeMon (hyHKINHN, IIPEACTABICHHOIO Ha PUCYHKE 1.
9

-0,5

B

A

Pucynok 1. I'paduk uccinenyemoit GpyHKuuU.

3anaua 3.
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Ilpumep evinonnenus 3a0anus.

PesepByap, umeromuii bopmy OTKPBITOTO  CBEpPXY MPSMOYTOJIBLHOIO
napaijiesienuneia ¢ KBaApaTHBIM THOM, HY>KHO BBUTYIUTh BHYTpH 0JI0BOM. KakoBbI
JIOJKHBI OBITH Pa3sMephl pe3epByapa pu ero eMxoctd 108 0amd, uTo6sl 3aTpaTsl Ha

€ro Jy)XeHre ObLTH HAUMEHBITUMU ?

Pewenue. 3atpatbl Ha TOKpBITHE pe3epByapa OJIOBOM OyAyT HAaWMMEHBIIMMH, €CIU MPHU
JAHHOW BMECTUMOCTH IUIONIA/Ib €T0 MOBEPXHOCTH Oy1€T MUHUMAJILHOM.

O0o03HaunM uepe3 a (Om) — cTopoHy ocHoBanus, b (0m) — BeICcOTY pe3epByapa. Torna
IUTOIIAZb €r0 MOBEPXHOCTH S =a’ +4ab, a o6vem V =a’b, wm, cornacHo YCIIOBHSI,
108 =a’b. Tosromy

b=" n S:a2+4-a-¥:a2+ﬁ.
a a a

[lomydyeHHOE COOTHOIICHHWE YCTAaHABIMBACT 3aBUCHMOCTh MEXIY IUIOIIAIBIO
MOBEPXHOCTH pe3epByapa S (QyHKIMSI) U CTOPOHOM ocHOBaHusA a (apryment). O6nactb
onpeneneHus 3Toi PyHkuu a >0, Tak Kak a — CTopoHa ocHoBaHus. Mccienyem QpyHKIuio
S Ha s3kcTpemyM. Haiimem mepByro mpou3BOAHYIO S’, MPUpaBHSAEM €€ K HYJIO U PELINM

MOJIyYEeHHOE YpaBHEHHE:

432 2a°-432

a’ a’

S'=2a 0.

Orcioga a=6. IlpousBoauas S'(a) He cymectByer nmpu a=0, HO 3TO 3HAYEHHUE
apryMeHTa He MIPHHAMICKNT o0macTu onpenenenus pyuakuuu. [Ipu 0 < a <6 mpousBogHast
S'(a)<0, mpu a>6 S'(a)>0. CnemoBarenbHo, ipu a=06 (yHKIHS S UMEET MHHUMYM.

Ecnmu a=6, 10 b=3. Takum 006pa3om, 3aTpaThl Ha JIy’)KEHUE pe3epByapa eMKOCThI0 108 1

OyyT HAUMEHBIITUMU, €CJTU OH UMEET pa3sMephl  6(dm) x 6(dm) x 3(om) .

3anaua 4.

Teopemuqecmte c8e0eHUs.
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[TepeMeHHast BeTMUMHA Z Ha3BIBACTCS (hyHKYUell 08YX NepeMeHHbIX X U Y, €CITH KaxI0H
nape 3HadyeHud (X,y) W3 JaHHOW OOJIACTH COOTBETCTBYET CIUHCTBCHHOE OIPEICIICHHOC

3Hauenue z= f(X,y).
Hnst byuxkuuun Z= f(X,y) BBOAATCA MOHATHS YACMHBIX NPOU3BOOHBIX TIEPBOTO

mopsaaKa, KOTOPBIC OIIPCACIIAIOTCS BBIPAKCHUAMM:
az_l_ f(X+Ax,y)— f(X,y) oz f(x,y+Ay)—T(x,y)

— = = lim
OX  Ax—0 AX Y Ax—0 Ay

U 4aCMHbBIX NPOU3B0OHBIX BTOPOTO TIOPSIKA:

a_zz_g(@j P2 2 _ofa _g(@) Pz_ofa
ox2 ox\ox) oxay oyox ox\ay) oy\ox) oy? oy\ay)

Oyakuust z= f(X,y) umeer B Touke My(Xy,Yo) Maxcumym (munumym), ecnu
3Ha4YeHue 3ToH pyHKuuU B Touke M Goble (MeHble), 4yeM 3HaueHUs QYHKINU B JTH000i
TOYKE U3 OKPECTHOCTU Touku M.

HeoOxoaumbiMKu  YCTIOBUSIMUA ~ CYIIECTBOBaHUSL 9kcmpemyma (MakCUMyma WIH
MUHEMYyMa) auddeperippyemoit GyHkiun z = f(X,y) sBIsfeTCS paBEHCTBO HYIIO €€

YAaCTHBIX IIPOMU3BOJHLIX IICPBOI'O ITOPAIKA:

% _g
OX
% _g
oy

Touku, B KOTOPBIX YaCTHBIE MPOU3BOJHBIE OOpAIAIOTCS B HOJNb, HA3BIBAIOTCSA
cmayuonaprvimu mouxamu Qyakuuu z = f(X,y). s Toro 4roOsl cTarmoHapHas TOYKa
SBJISIIACH SKCTPEMYMOM, B HEM JOJKHBI BBIOIHATHCSA 0ocmamouHvle yciosus. O003HauuM

ox2

A =— 5
M, axayMO oy M,

. A=AC - B?.

Ecmu B cratmonapsoii Touke M (Xg, Vo)
A>0,A>0,10 M| ecTb TOUKAa MUHUMYMa;
A>0,A<0,1T0 M| ecTb TOuKa MAaKCUMyMa;

A <0, 10 BTOUKE M HET 3KCTpEeMyMa;
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A =0, To TpedyeTcsl JONOTHUTEIbHOE HCCIIET0BaHNE.

Ilpumep évinonnenus 3ad0anus.

HccnenoBaTh Ha SKCTpeMyM QYHKIUIO Z =2X + 4y — X2 — y2 +6.

Pewenue.
1. Haiinem yacTHbIE MPOU3BOAHBIE 33JAHHON (QYHKIIHH

QE:Z—Z& QE:4—2y
OX oy

2. 3anuiieM HCO6XOI[I/IMBI€ YCI0OBHA CYHICCTBOBAHUA SKCTPEMYyMa
N ,
4-2y=0 y=2
3Ha4yuT Touka M (1;,2) sBisieTcs cTalMOHAPHON TOYKOW (DYHKIIHH.

3. IIpoBepuM BBINIOJTHEHHUE B TOUYKE M JOCTATOYHOIO yCIOBHUs. sl 9TOro HaiiieM BTOphIE

YaCTHBIC IPOU3BOIHBIEC ()YHKIIMH
2 2 2
i, P 7,
ox? OX0y
B Touke M(L2) A=-2B=0,C=-2 u A=(-2)-(-2)—0=4. TIlockombKy

A=4>0,A=-2<0, touka M (1;2) sBrseTcss TOUKOM MakcuMyMa. 3HaueHUue (DYHKIUH B

s10i Touke 7|, =2-1+4-2-1° —2° +6=11.

3agaua 5.

TeopemuquKue cBe0eHUsl.

OyHKIKMS IBYX HE3aBHCHUMBIX IepeMeHHbiXx Z = f(X,Yy) npuHuMaeT HanboIblice H
HauMCHbIIIee 3HadeHust B obmact D, orpanumdyennoi mmuumenr @(X,y)=0, aubo B

CTAIlMOHAPHBIX TOYKaX, PACIOJIOKCHHBIX BHYTpH oOyiactu D, mubo Ha TpaHuUIle 3TOH
o0JacTy.

3anada 00 OTHICKAHMH HAMOOJIBIIIETO U HAUMEHbIIero 3HaueHui Gpyakun Z = f (X, Y)

B 3a71aHHOM obOsactu D pemaercs mo ciaeayronieMy miaHy:
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1. OnpenensieM cTanioHapHbIE TOUKH (YHKIIMH, PACHONIOKEHHBIE BHYTpH oOnactu D, u
BBIUKCIISIEM 3HAUYCHUS (YHKIIUU B 3TUX TOUKAaX.
2. Haxomum cramuoHapHble TOYKH (QyHKIMHM Ha rpanuie ¢@(X,Yy)=0 oOmactu wiu Ha
OTJIENbHBIX €€ Y4acCTKax, 3aJaHHbIX Pa3jIMYHbIMH YPABHEHHUSIMH, U BBIYUCIISIEM 3HAUCHMS

(GYHKIIUH B 3TUX TOYKaX.

3. M3 BceX BBIYMCIICHHBIX 3HAUYCHUI q)YHKHI/II/I BI>I6I/Ipa€M HanOOJIbIIICE U HAUMEHBIIICE.

Ilpumep evinonnenus 3a0anus.

Haiitin HanbonpIiiee ¥ HauMEHbIIIee 3HAYCHUS! PYHKIMUA Z = X2 + 2Xy —4X—Yy B

TPEYTOJIbHUKE, OTPAHUYEHHOM MpsiMbIMU X =0, Y=2, y=X.

Pewenue.

1. Halinem cranmoHapHble€ TOYKM (PYHKIIMU M3 YCJIOBHH pPAaBEHCTBA HYJIO YaCTHBIX

IPOU3BOIHBIX (PYHKIIUU

A az

y - = — =
o 2X+2y—-4=0 {X:O,S
% _2x-1=0 y=15

Cramonapnas touka M (0,515) nexur BHyTpH

3aganHou oonactu OAB.

3HadeHne PyHKIMKU B TOUKe M paBHO

=05°+2-05-1,5-4-05-15=-175.

[
>

X

7]\,
2. Uccnenyem noBeaeHre PyHKIMU HA TpaHUIIAX 00JIACTH:

a) Ha rpaaune O4 y=X, 0<x<2, Z=X?+2X-X—4-X—X mm Z=23x? —5X;

7’=6x-5, 2'=0 npu ng,TOFJ_Ia y:g (Tak KaK y=x).

2
5  5__25
6 12

55
B touke C| —;— | 3HaueHne pyHKIUU paBHO Z|. =3 —
(6 6) (yHKIAM p R (6
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Brraucnaum 3naueHust GyHKIIMHA B KpaHUX TOYKax oTpe3ka OA.
B touke O(0;0) Z‘ o =0, B TOuKe A(2;2) 3nauenne GyHKIMH paBHO
7, =3-2°-5-2=2.
0) Ha rpanune BA y=2, 0<x<2, Z2=X?+2X-2—4X—2 w1 7=X>—2;
2'=2x,2'=0 mpu x=0,a y=2 corjacHo ypaBHEHHUIO MPsIMOii BA.
B touke B(O;Z) 3Ha4Y€HHUE (PYHKIIUU paBHO Z‘B =3.0°-2=-2.
B) Ha rpanuiie OB x=0, 0<y<2, z=-y;
2’=-1+#0 npu  BceX Y€ [0;2], CJIEIOBATENIbHO, CTAI[MOHAPHBIX TOYCK Ha

muauu OB HeT.

3. W3 Bcex BBIYMCIICHHBIX 3HAYEHUM 3aJaHHON (YHKUMU BbIOMpaeM HauOoJblliee U

HauMEHbUIEE:
Z‘ A= 2 — HauOoJibliee 3HaueHue PpyHkuu B odnactu OAB
25
Z‘ c= T — HauMeHbIIee 3HaueHue PyHKIuu B obnactu OAB
3anaua 6.

Teopemuqecmze cBe0eHUsl.

Ilepsoobpasnou ¢ynxyuen s yaxkuun f(X) HaswsiBaercs Takas ¢yHkius F(X),
gro F'(x) = f(X).
Heonpeoenennvim unmeepanom ot ¢yakmun  f(X) HaseiBaercs ee  oOras
nepBooOpazHas
[f(x)dx=F(x)+C .
®dyukums  f(X) HaspiBaeTcs moablHTErpanbHOM (ynkmmer, F(X) — pesymbraTt

uHTerpupoBanus, C — NPOU3BOJIbHAS ITOCTOSTHHAS.

Ceoticmea HeonpeOenenH020 unmezpad.

1. [(u(x) +v(x))dx = [u(x)dx + [v(x)dx.
2. [A- f(x)dx=A-[ f(x)dx, rae 4 — nocrosHHasL.
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3. Ecin [ f(X)dx=F(x)+C u u=¢(x), to [ f(u)du=F(u)+C.

Tabauya npocmetiuiux UHMeSpanos:

1. [dx=x+C. 7. =tgx+C.
j jcoszx
n+1
2. jx”dx:X +C,(n=-1). 8. | _d>2< =—ctgx + C.
n+1 Sin® X
dx X
3. |—=Injx+C. 9. _arcsm +C.
(%= IJ—
X aX X 1 X
4. [a"dx=——+C, [e"dx=e*+C. 10.[5——="arctg—+C.
Ina x>+a’ a a
5. [sin xdx =—cosx+C. 11. | o :—I XZa,c (a#0).
x> —a? 2a x+a
6. [cosxdx =sinx+C. 12.[\/7 ‘x+\/x N ‘+C(A¢O).
X“+ A

OcHoHble MemoObl UHMESPUPOBAHUSL.
1. ITonBenenue noa 3Hak nuddepennmana:
a) kK GyHKOMM, CTOSMIeH moj 3HakoMm auddepeHimana, MOXKHO MPUOABIATh WIH

BbIUMTATH JIIOOYI0 moctostHayio: df (X)=d(f(X) = A);

0) mnon 3Hak auddepeHnranta MOXKHO TMOJBOJIUTH TMOCTOSHHBIM MHOXXHUTEINb:
1
df (X):Kd(A- f(x));

B) o1 3HaK auddepeninana moaBoautes Gyukims mo npasury: f'(x)dx =df (x).
2. laTerpupoBaHue Mo 4acTsIM C UCIIOIb30BaHUEM (DOPMYIIBI:

fudv=uv—[vdu, rze u=u(x),v=v(x).
C MOMOIIIBIO 3TOTO METO/Ia BBIYMCIISIOTCS CIICIYIOIINE HHTEIPAITbI

a) [a* - B, (x)dx, u=P,(x), dv =a’dx.

6) [sinax-P,(x)dx, u=PR,(x), dv=sinaxdx.
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B) [cosax- P,(x)dx, u=P,(x), dv=cosaxdx,

r) [Inax- B, (x)dx, u=Inax, dv=P,(x)dx,

m) [arcsinax- B, (x)dx, u=arcsinax, dv=P,(x)dx,
e) [arctgax - P, (x)dx, u=arctgax, dv=P,(x)dx,
rae P, (X)— MHOro4sIeH n-0i CTEneHu.

3. NHTerpupoBanre MEeTOI0M 3aMEHBI IEPEMEHHOM 110 (hopmyie

[T )dx=[f(p(t))de(t) =] f (p())¢'®)dt, rae x=p(t).

Ilpumep evinonnenusn 3ad0anus.

Haiitn HEOnpeneIeHHbIE NHTETPAIBL:

N2 3
a) [N Xy 6) jzx—ﬂdx; B) [(3x+4)e¥dx.

J1—x2 X®—4x+3

Pewenue.

a) UCTOJIb3YsSI OCHOBHBIC CBOMCTBA HEOMPEICICHHOTO WHTETPajia U BBITIOIHSS ITOABEICHUE
dbynkuuii nox 3Hak qudepennnana, HailieMm HHTerpal

j(arcsinx)2+x dx I(arcsmx) dx + X dx
V1-x? V1-x? \/1—x2

1
= [(arcsinx)?d (arcsinx) + [(L— x?) 2d (X—;) =

1
= [(arcsinx)®d (arcsinx) + (— %jj(l— x?) 2d(1-x?)=

1

—x2y2
=%(arcsinx)3 —%-¥+C :%(arcsinx)3 —V1-x%+C.

2

[TpoBepum pe3ynbTaT HHTETpUpOBaHUs TU(hEepeHITMPOBAHUEM

!

(%(arcsinx)3 —1-x? +Cj =
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1 1 -
=3 3(arcsinx)? - (arcsinx)’ _5(1_ x?) 2(1-x%) +C'=

_(arcsinx)®  —2x L0 (arcsinx)? + x

V1-x? _2\/1—x2 NI

YTO COBMAAACT C MOABIHTETpaIbHON (HYHKITHEH.

0) monpIHTErpanbHas (QYHKIUS MPENCTaBIseT COOOM HENpaBUIBHYIO PpallMOHATBHYIO
npo0Os. IIpenctaBum 3Ty ApoOh B BHJIE CyMMBI MHOTOWICHA W MPAaBWIbHOW npobu. J[ims
HTOTO BBIMIOJIHUM JEJIE€HNE MHOTOWICHA HA MHOTOYJICH:

x3 —17 ‘xz —4x+3

x3 — 4x% + 3x x+4

4x% —3x—17
4x% 16X +12
13x-29
Torma
3 J—
j—x 17 dx = j( 4+—%3X 29 jdx jxdx+j4dx j—i?’x 29 dx =
X% —4x+3 X°—4x+3 —4x+3
2 J—
=X—+4x+j—i3x 29 dx.
2 X —4x+3

Jlis Toro 4ToOBl HANTH MOCIEAHUIM WHTErpall, MPeJACTaBUM IMPaBUIbHYIO ApoOb B BUJE
CYMMBI IpocTEeHIIMX ApoOei. [ 3Toro pasznokum Ha MHOXKHUTEIM 3HaMEHATeNb po0u
X2 —4x+3=(x-1)(x-3) u pa3jIokuM JIpo0b Ha MPOCTEUIIIHE

13x —29 A N B A(x-3)+B(x-1)

(x-D(x-3) x-1 x-3  (x=1)(x-23)
3HaunT 13x—29=A(Xx-3)+B(x-1).

[Mpu x=3 umeem 13-3-29=B(3-1), otkyna B=5;
npu X=1 umeem 13-1-29=A(1-3), orkyna A=8.

IHomyuaem 13x =29 = 8 + 5 U UHTETPUPYEM
7 (x-D)(x-3) x-1 x-3 TpHpY

13x-29 q I 8

d(x 1) d(x 3)

dx+jx =8|

j(x—l)(x—3) x—1 +9f
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=8In|x -1 +5Injx-3+C

N OKOHYATCJIbHO I10JIYy4acM

3 2
jzx;ﬂdx:x—+4x+8ln\x—ﬂ+In\x—3\+C.
XS —4x+3 2

[TpoBepum pesynbrat AudhepeHInPOBAHUEM:

!

2
(%+4x+8ln\x—u+ln\x—3\+cj :2—2)(+4+i+

o
x-1 x-3
(D -D(x-3) +8(x~3) +5(x~1) _ x* 17

YTO COBNAJAET C MOABIHTETPATILHON (DyHKITUEH.
3ameuanue.
WuTerpan oT NpaBWIbHOW pPAIlMOHAIBHON NIpoOU CBOJUTCS K CYMME HHTETPAJOB OT

npocTeimmx apodeit. Hanbosiee yacto BCTpeuaroTCsl CASAYIONNE HHTETPAIbI:

A _ A A k+l .
IWdX——(_kﬂ)(x a) "' +C, (k=23..).

B) IIPUMCHUM MCTOIOM MHTCIPHUPOBAHUA 110 HACTAM.

jidx=Aln\x—a\+C;
X—a

Mpumvem U=3x+4, dv=e¥dx, torma  du=3dx, V= %63)( . Tlo dopmyne

HHTCTPUPOBAHMA 110 YAaCTAM I1OJTydacM

[(3x +4)e¥dx = (3x + 4)%e3x - j%eg’x -3dx = 3X—;4e3x ~ [e¥dx =

3X+4
3

3X + 4—1e3X

eSX—%e3X+C: +C=e*(x+1)+C.

[TpoBepum pesynbTaT nuddepeHIpoBaHEM
€ (x+1) +C) =3 (x +1) + e =e>*(3(x +1) +1) =¥ (3x + 4),

YTO COBNAJAET C MOABIHTETPAIbHON (DyHKITUEH.

3agava /.

Teopemuueckue ceedeHus.
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y Ecnu na mnockoctu Oxy 3aaana ¢urypa,
_y=/) OIpaHUYECHHAST JIBYMS HEINPEPBIBHBIMU
maamsva - Y= f(X), y=f,(X) wu

S . y=hH(x)

BEePTHKAIBHBIMU TPSAMBIMH X=a, X=D,

T % TO TUJIOMIA/Ib S TaKOUW (GUTYPBI MOXKET OBITh

BBIYHCIICHA o dbopmye

S= ?(fz(x) — f,(x))dx, rme f,(x)> f,(x) Ha orpesxe [a,b].

Ilpumep evinonnenus 3a0anust.

Boruucnuts miomanp GUrypsl, OrpaHU4€HHON JTUHUSAMU Y = X2 + 4x, y=X+4.

Pewenue.
3ajaHHbIC JTMHUM OTPAHMYMBAIOT Ha IIOCKOCTH OXy KPUBOJMHEHHYIO Tpameluio,

M300paXKEHHYIO Ha PUCYHKE.

A
y

y=x2+4x
y=x+4

Y

Halinem koopauHaThl TOYEK IEPECECUCHUS 3aJaHHBIX JMHUW, JJISI 3TOTO PEUIUM
CHUCTEMY YpPaBHEHUU
y=X>+4x 2
, X“+4X=Xx+4, X +3x—4=0, orkyna X, =—4, X, =1.
y=x+4

Torna uckomast TIOaAh BEIUYKCISAETCS TI0 PopMyIie:
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1

x> X3
S= I(X+4 x? —4x)dx = [ (4 - 3x — x?)dx = 1
4
:4_§_1+16 —48——64—20 (k8. €0.).
2 3 2 3

3ajaua 8.

Teopemuueckue ceederus.
OO0beMbl Tesl, 00pa30BaHHBIX BpAIIEHUEM IUIOCKON (Urypbl, OTpaHUYEHHOW KpPUBOM

y=1(x)>0, ocsro Ox u mpsimeiMH X =a, X=Db,

1) Boxpyr ocu Ox, BEIMHCIAIOTCS 10 popmyrne V, = 7rj f2(x)dx;
a
b

2) Bokpyr ocu Oy, BeMUCISIOTCS 110 hopmyie V= 27zj xf (x)dx.
a

Ilpumep evinonnenusn 3ad0anus.

Beraucnute o0beMbl Tell, 00Opa3oBaHHBIX BpalieHHeM BOKpyr oceii Ox u Oy
KPUBOJIMHEMHOTO TPEYrOJIbHUKA, OIPAaHUYECHHOTO KPUBOU y:3 X, ocbto Ox u

npsmoit X =1.

Pewenue.
A
y | / y=3/x 1)  o0Obem Tena, MOIy4EHHOrO BPALCHHUEM
BOKpYT ocu Ox, paBeH
1
5
) %
X 3
I(%/_) dx = s =7 (ky6. €0.)
> 0 5
0 1 3

2) o0BeM Tena, OJTY4YeHHOT0 BpallieHueM BOKpyr ocu Oy, paBeH
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Tpernii cemecTp

[TPUMEPHI PEHTIEHUA 3AJJAY

3ajaua 1.

Teopemuueckue ceedeHus.
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Huddepenunanbiaple ypaBHEHHSA, B KOTOPBIX IEpEMEHHbIE MOXKHO pa3ieliuTh
NOCPEJICTBOM YMHOXEHHUsI OO€HMX YacTell YpaBHEHHMS HAa OJHO M TO JK€ BBIPAKEHHUE,

Ha3bIBAIOT TU(PhHEepEeHINATPHBIMU YPABHEHUSAMHU C pa30esa0WUMUCT NepeMeHHbIMU.

dy _ fa(x) _
v () — fi(y)dy = fo(x)dx, (1)
uiu B quddepennnanbHoi popme
fi(x)- fo(y)dx+ f3(x) f4(y)dy=0. (2)

Pasnennm o6Ge dactn ypaBuenus (2) Ha nponssenenne dyukimii f,(y) f3(x)

f(%) g, fa¥) 4, -
f3(x)d f2(y)dy 0 (2"

U, TIOCJIE UHTETPUPOBAHUS, TIOJTYYUM OO MHTErpall (00111ee pelIeHne) YpaBHEHUS:

o]

IIpu nenenun Ha fz(y) f3(x) MOXET MPOU30UTU TMOTEPS HEKOTOPBIX YACTHBIX

fa(y), _
fz(y)dy_C.

pemenuii. Ilycts, Hanmpumep, mpu Y=Y, UMeeM fz(yo)zo, Toraa (QyHKIMS Y=Y,
sSBIsIeTCS pemeHneM ypaBHeHHs (2'), T.k. dy =dyy=0. Pemennem moxer Taxxe OBITH

dyHKIHS X = Xg, ecn f3(Xy)=0.

Ilpumep evinonnenus 3a0anust.

Haiitu oOwmmii uaTerpan nudepeHmanbHoro ypaBHEH!s IEPBOro Nopsaka

x(y+1)dx—(x2 +1)ydy:0.

Pewenue:

JNannoe auddepeHraabHOe ypaBHEHUE SBSCTCS YPaBHEHHEM C Pa3ICiISIFOIIAMUCS
nepemenubiMy, npuueM f;(X) =X, fo(y)=y+1L f3(x)= X2 +1; f,(y)=-y. Paznenum

00e yacTu ypaBHECHHUsI Ha POU3BEIICHUE

fo(y) f3(x) = (y+1)(* +1)
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" IOJy4YrM

xdx  ydy
x2+1 y+1

[IpounTerpupyeM nocienHee paBeHCTBO

xdx 1
Ixz +1_I[1_y—+1jdyzc’

WCIIOJIB3Y4 MOJIBEICHUE 101 3HaK TuddepeHnmana

1
d(x2+1) d 1
.[2 x> +1 —jdy+J. (yy++l):C’

NOJIyYMM OO HHTETpan TudPpepeHInaTbHOr0 ypaBHEHUS
%In‘x2 +]4— y+Inly+1=C.

[Ipu nenennn Ha f, ( y) =Y +1 norepsiHO yacTHOE pemieHue: Yy =—1.
3agaua 2.

TQOPQMMUBCKMG CBeO0eHs.

HuddepenunanbHoe ypaBHEHHUE NIEPBOTO MOPsIJIKa
y'+p(x)y=0a(x), &)

JMHENHOE OTHOCUTENILHO UCKOMOM (YHKIIMU U €€ TIPOU3BOIHOM, HA3bIBACTCS JIUHEUHBIM.
VYpaBaenue (3) CBOAUTCS K ABYM YpPaBHEHUSIM C PA3JEISIOMIMMUCA MEPEMEHHBIMU

cenyromuM odpa3oM. 3anuiieM UckoMyr (GyHknuioo Y(X) B BHIE MPOM3BEACHHS IABYX
GbyHKIIHIA: y:u(x)-v(x). Ogna w3 9TUx QYyHKIUA MOXKET OBITh a0COIIOTHO

MPOU3BOJILHOM, a BTOpas OMpPEACNISIETCS B 3aBUCHMOCTH OT TEPBOM TakK, YTOOBI HX
MPOU3BEICHUE YIOBIETBOPSIIO YPABHEHUIO (3).

W13 paBerctBa Y =U-V HaxoguMm Y =U"-v+U-V'. Torma B cootBercTBHE C (3) nMeeM
UV+u' + p(x)uv=q(x) mm uv+u(v'+p(x)v)=q(x). BeiGepem B kauccrse V(X)

Kakoe-HUOY/Ib YaCTHOE PEIlIEHNUE YPaBHEHUS
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V'+ p(x)v=0, (4)
TOT/Ia JUTsE OTBICKAaHUS U(X) TOJTyYnM ypaBHCHHE
u'v=q(x). (5)
Haiinem V(X), pa3aeinss nepeMeHHbIC B (4):
dv__ p(x)dx, orkyna Inv = —I p(X)dx m v = e POy
\Y

3nas V(X), Hariaem U(X) u3 ypaBHeHUS (5):

j—iv:q(x) — du=é IO(X)dxq(x)dx, Torga U :jq(x)eJ PGy 1

Oob11ee perieHne JMHEHHOTO ypaBHEHUS (3) UMEeT BUJT

y=uy=e | PIX UQ(X)EI POy 4 C} .

Ilpumep evinonnenusn 3adanus.

Haiitu oOmee pemenue aud@epeHInanbHOr0 ypaBHEHUS

nepBoro nopsiaka y' —2y =1.

Pewenue.
3amnuiireM UCKoMyto GyHKIH0 Y(X) B BUIE MPOU3BEACHUS IBYX (DYHKIIHH:
y=u(x)-v(x), rorma y'=u"-v+u-Vv',
H II0ACTAaBUM IIOJIYYCHHBIC BBIPAKCHHA B 3aJaHHOC YPABHCHUC
uv+uv' —2uv=1,
BrireceMm 3a ckoOku U(X)
uv+u(v'-2v)=1
W, TIpUpaBHUBAasS K HYJIIO BBIpOKEHHWE B CKOOKaX, TMOJIYyYUM H pEIIUM JBa

mudpepeHIrnanbHbIX YpaBHEHUS C Pa3ACISIONIMMUCS IEPEMEHHBIMMU:



vV -2v=0 uv=1

N _ M g2x g
V dx

Inv = 2x du = e 2*dx
v=e”* u=[edx,

1, _ 1 _
u :——je 2Xd(=2x) =— =X+ C
2 2
3anuiieM ob1iee penieHue 3aaHHoro 1udepeHmanibHOro ypaBHEHUS B BUJIE

y:uv:(—%e‘zx +Cj-e2x, ITH y:—%+Ce2X.

3agaua 3.

Teopemuqecmte CBEOeHUS.

HuddepennnanbHoe ypaBHEHHE BUIA

y'+ay +ay = f(x) (6)
Ha3bIBACTCA HEOJHOPOJHBIM JIMHEHHBIM YPaBHEHHEM BTOPOIO MOPSAKA C MOCTOSHHBIMHU
ko3 dunrenTamu & 1 a,.

OOliee pelieHde 5TOro ypaBHeHuss Y=Y+Y, r1me Y— oOlee pelecHue

COOTBETCTBYIOILETO OJHOPOIHOIO ypaBHEHHUS; Y — YacTHOE pelleHhe ypaBHeHHs (6).
Huddepennuansuoe ypaBHEHHE

y'+ay +ay=0 (7)
SIBJISICTCSI OJTHOPOJTHBIM M Ha3bIBACTCSI COOTBETCTBYIOIINM HEOTHOPOTHOMY YpaBHEHHIO (6).

Ob1ee perieHrne OAHOPOTHOTO YpaBHEHHUS (7) HAXOAT MO KOPHSIM XapaKTePUCTUUECKOTO

ypaBHEHUS
r?+ar+a,=0.
XapakTepUCTUYECKOE YPABHEHNE MOYKET UMETh TPH CIIydasi IJIsi KOpHEH I U I, !
1) kopHu xapaxmepucmuuecko2o ypasHeHus oeticmsumenvhvle u pasiuunvle: [ #1,. B
9TOM ciy4dae oOmiee pemieHue ypaBHeHust (7) 3amuChIBaeTCs B BHJE

¥ =Ce" +Ce"*, rne C,, C, —npou3BOIBLHEIE MOCTOSHHBIE;
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2) KOpHU Xapaxmepucmuyeckoz2o ypagHeHus oOelicmseumenvhvle u pasuuie. I =r,. B
3TOM ciy4yae oOmiee pemieHue ypaBHeHus (7) 3amuchiBaeTcss B BUJC
y =e"¥ (Cl +C2x), rne C,, C, —npou3BojbHbIE TOCTOSHHEIE,

3) KOPpHU XApaKkmepucmu4veckoeco YpasHEeHUsAd — KOMNJIEKCHble CONPANCEHHble YUCIA

ho=ax -1, f#0. B srom ciydae obuiee peuienue ypaBHeHus (7) 3alUCHIBAETCSA

B Buze Y =e””(C,cos Bx+C,sin fBx), rae C;, C, —Ipou3BOIBHBIC IOCTOSHHBIE.

YacTHOe pemicHue Y  HEOJHOPOJHOTO ypaBHEHHs (6) MOXET OBbITh HANICHO METOIOM

HEOIPe/IeIICHHBIX K03()(PHUIIMEHTOB B 3aBUCUMOCTH OT BHJIa ITPaBoi YyacTu ypaBHeHus f (X)

Iepeuuii cyuaii. Tlpasast uacts ypasrenws (6) umeer Bun f (X)=P(x)e™, rae P(x) —

MHoro4ieH. Toraa ypaBHeHue (6) UMeeT YaCTHOE PEIlICHUE B
y* =xQ(x)e™, ®)

rae Q(X) — MOJHBINA MHOTOUIEH TOl 3Ke CTENEHH OT X, 4To i P(X), HO ¢ HeompeAeIeHHBIME
kodpdunreHTamu;

k=0, eciii 4ncI0 M HE SABJISICTCSA KOPHEM XapaKTEPUCTHUECKOTO YPaBHEHHUS,

k=1, ecti 4nciI0 M SABIACTCS MPOCTHIM KOPHEM XapaKTEPUCTHUECKOTO YPABHEHHUS,

k=2, ecitu yuCII0O M SBJISIETCS IBYKPATHBIM KOPHEM XapaKTEPUCTUUYECKOTO YPaBHEHHUS.

[TpaBuso coxpansieT cBoro cuity U mpu M = 0, koraa f(X)=P(X) — MHOTOuIEH.

Heomnpenenenupie kodphUMEeHTs B MHOTOYJICHE Q(X) ONPENETSAIOT MOJICTAHOBKOM

byukiuu (8) U ee MPOU3BOAHBIX B ypaBHEHHE (6) C MOCIEAYIOIIUM MPUPaABHUBAHUEM

KO3(PGUIIMEHTOB IIPH OJIMHAKOBBIX CTEIEHAX X B 00CHUX YaCTSAX ypaBHEHUS.

Ilpumep évinonnenus 3ad0anus.

Haiitu yacTHOe pemenne nudepeHnaibHOr0 ypaBHEHUS BTOPOTO MOPSIIKA,

YAOBJICTBOPAOIICC 3aJaHHBIM HaYaJIbHBIM YCIIOBUSM:

y' =3y —4y=4x-1 y| =2, Y| _,=3
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Pewenue. XapakTepucTuueckoe ypaBHEHHUE r2-3r—4=0 wumeer JIBa Pa3IUYHbBIX
JIEUCTBUTENBHBIX KOpHA I =—1, I, =4, cienoBarenbHo, Y = Cle_x + Cze4x. IIpaBas yacThb
ypaBHeHUs umeeT Buna f (X) =4x-1= (4X —l) e tne m=0 u He sBiIAETCH KOpHEM

XapaKTePUCTHUECKOTo ypaBHeHUs. Torma vactHoe pemrenne npu K =0 wmem B BuIe

y =x° (Ax + B) ™ = Ax + B, (y* ), =A (y* )” =0. ITocine [TOJACTAHOBKH B

mudepeHnransHoe ypaBHEHUE MOTydacM
0-3A-4(Ax+B)=4x-1
—3A-4AXx-4B=4x-1;
—4A-x+(-3A-4B)=4-x+(-1);
X' —4A=4; A=-1
x°: -3A—4B=-1, -4B=-1+3A=-4, B=1
YacTHeIM pereHneM  sBistetcss pyHkmus Y = AX+B=-1-x+1=1-X. OOGmum
peruenneM ssercs Qyrkmusa Y=Y +Yy =Ce * + Cze4x —Xx+1.
Haiinem 3nHauenue xoHcTaHT C;,C, M3 HauanbHBIX ycinoBuM. [l aToro ompenenum
y' =—Cie ¥ +4C,e* 1.
Torma y‘x=0 =C, +C,+1=2, {Cl =0,
y| _,=-C +4C,-1=3 (C2=1.

W ckoMbIM 4aCTHBIM perIeHUEeM SBIsieTCs QyHKIMS Y = e —x+1.

Ilpumep evinonnenusn 3ad0anus.

Haiitu yacTHOe pemenue nudpepeHIaibHOro ypaBHEHUSI BTOPOIO MOPSIIKa,

YAOBJICTBOPAOIICC 3aJaHHBIM HaAYaJIbHBIM YCIIOBUAM:

yﬂ_4yr+4y :ezx, y‘XZO — 2, yr

0 =3

Pewenue. Xapakrepuctuueckoe ypaBHEHUE r?> —4r +4=0 umeer JIBYKPATHBIA KOPEHb

=2, cleaoBaTeIbHO, Vzezx(C1+C2X). [IpaBas dyacThb ypaBHEHUS HMMEET BHJ
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f (X) =e®, m=2 sBngerca mBYKpaTHEIM (K=2) KOpHeM XapaKTepHCTHUYECKOTO
ypaBHEHUS, TOTa YaCTHOE PEILICHUE UIIIEM B BUJIE

y*=x2- Ae®, (y*)' =x%.2Ae?* +2x- Ae?* = 2Ae2"(x2 + x),

n

(y*) :4Ae2"(x2 + x)+ 2Ae** (2x+1) = Aezx(4x2 +8X+ 2).

*
[Tocne mojicTaHOBKK Y U €€ MPOU3BOHBIX B UCXOHOE AU(depeHIInaTbHOE YpaBHEHHE
NoJIy4aem

Aezx(4x2 +8x + 2)—4-2Ae2x(x2 + x)+4Ae2X X2 =e?X

Aezx(pz%{+78x+278%‘(>8x+}l«/[)=e2x,

2Ae2X — eZX,

2A=1, Azl.
2

* 1 2X 2
YacTHbIM penieHueM siBisieTcst GyHKIuUs Y :Ee - X, OOImMM perieHueM SIBISETCS

bynkuus y =y +y* =e**(C, +Cyx)+ %ezx X2,

Haiinem 3nauenune xoHcTanT C;,C, u3 HauvanpHBIX ycnoBui. [l storo ompenennm
IIPOU3BOIHYIO
1 A2X 2X [ 2
y'=e"(2C, +2C,x+Cy )+ (X" + X,
Y TIOJIyYHM CHCTEMY YPaBHEHUH IS OIPEAEICHUS 3HAYCHNUN ITPOU3BOJIBHBIX KOHCTaHT
—a0.c = _
yl,_,=¢-Ci=2 C=2
| _a0 _ _
yl,_o=€¢(2C;+Cy)=3, Cp,=-1

_ 1
VIcKoMBIM perenneM spsetcst Gyrkims y =Y + Yy =™ (2-x)+ Eezx X2,

Bmopoii ciyuai. TlpaBas yacth ypaBHenus (6) umeer By f (X) =acosnx +bsinnx.
Ecnu uncna +in He ABISIOTCS KOPHIMHU XapaKTEPUCTHUYCCKOTO YPaBHEHHUS, TO

y* = Acosnx + Bsinnx.
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Ecnu uncna £in ABIAIOTCS KOPHSIMH XapaKTEPUCTHUECKOTO YpaBHEHHS, TO YAaCTHOE

pPEIICHUC NMCCT BUI
y" =(Acosnx + Bsinnx)- x.
B uactHBIX ClIydasax, Koraa a uiIm b PaBHO HYJIIO, pCHICHUC BCE PaBHO HaaO HCKATb B

yKa3aHHOM O0IIIeM BU/IE.

Ilpumep évinonnenus 3a0anus.

Haiitu yactHoe perienue nuddepeHInaibHOro ypaBHEHUSI BTOPOTO MOPSIIKa,
YAOBJIETBOPSIONIEE 3aJJaHHBIM HaYaJbHBIM YCIOBUSIM:

1

!

y"+4y'+13y =5sin3x, y| = X =0

gl

y

Pewenue. XapakrepucTuueckoe ypaBHEHUE r? +4r +13=0 umeer KOpHHU

A 42-4-13 4+V-36 _—4%6i _ 2+ 3i
12 = B - S
: 2 2 2

Torna ¥ =e 2 (Cycos3x +C,sin3x).
Yucna +3i He SBISIOTCS KOPHAMHU XapaKTEPUCTHIECKOTO YPaBHEHHS, TOITOMY

y" = Asin3x + Bcos3x,

(y*)' =3Acos3x —3Bsin3x,

(v')

HOI[CTaBJ'IﬂeM y* " €C IIPOU3BOAHBIC B HCXOOAHOC YPABHCHHC U I10JIy4aCM

l

' —9Asin3x —9Bcos3x.

—9Asin3x —9Bcos3x +4(3Acos3x —3Bsin3x) +13( Asin3x + Bcos3x) =C,
(4A-12B)sin3x+ (4B +12A)cos3x =5-sin3x+ 0-cos3x;

3(

B=->
8

1
sin3x: 4A—12B=5 A=§
=
cos3x: 4B+12A=0

Ob6miee perieHNe YpaBHEHUSI UMEET BUJT

y =& ¥ (C,cos3x+C,sin3x) + %sin 3x —%cosBx.
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Haiinem 3nHauenune koHcTanT C;,C, M3 HauanbHbIX ycinoBuH. [l aToro onpenenum
IPOU3BOIHYIO
y' =-2e"%*(C, cos3x +C,sin3x) +e ¥ (=3C;sin3x + 3C, cos3x) +

+§c033x+gsin3x
8 8

" 3allMIICM CUCTEMY ypaBHeHI/Iﬁ IJIs1 OIIPEACIICHU S 3HAYCHUMN IMPONU3BOJIbHBIX KOHCTAHT

3 1
y\X:O:eO(C1+C2-O)—§:§,
' 3 1
y‘x:O:_260(C1+C2'0)+60(C1-0+3C2)+§:E,
¢ 1,31
8 8 2
1

szl( +§):§.
3\2 8) 8

HIcKOMBIM pelIeHHEeM sIBISIETCS (QyHKLIUS

y =g X (ECOS3X + §sin3xj +Lsinax— 3 cosax.
2 8 8 8

3anaua 4.

Teopemuueckue ceeoenusi.
Cmenennbim psi0om HA3bIBAIOT Psij BUIA
2 n - n
ag+a(x—a)+ay(x—a) +...+a,(x-a) +...= > _a,(x-a), (9)
n=0

PACTIONIOKEHHBIH MO CTEMeHsAM AByunena (x —a).
B cootBercTBUH ¢ TeopeMoii AGens psix (9) cxoxutest Ha unTepBane X €(a—R,a+R),

a I BCeX X, JEKAIIMX BHE OTOr0 HMHTEpBaiia, psn pacxomutcs. Yucimo R HazbBaroT
paouycom cxooumocmu CTereHHoro psna. Ha xoHnax wHTepBana (mpu X=a—R u npu
X=a+R) Bompoc o0 cXOOMMOCTM U pACXOAUMOCTH JAHHOTO psAlla PpelIaeTcs
WHIMBUAYAIBHO JUIS KaXJIOTO KOHKPETHOTO psija. Y HEKOTOPBIX PsJJIOB HWHTEpBAI
cXoauMocCTH BeIpoxaaeTcs B Touky (R =0), y npyrux oxsartbiBaet Bcto ock Ox (R=o0).

Cornacno npusHaky Jlanmambepa pagnyc CXOAUMOCTH ONIPENEIISIOT 10 (hopMyIie
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R=lim |20, (10)

N—o0 an+l

Ecnu Bocnonbs3oBatbes npusHakoM Komm, To

R lim_L_.

n—oo N a,

Ilpumep évinonnenus 3a0anus.

Haittn HHTCPBAJI CXOOUMOCTH pPAAa W HCCICAOBATL Cro

o0 n

CXO0AMMOCTDB Ha KpasdX MHTCPBaAJad m
n=1N-10

Pewenue.

Pamnyc cxogumocTu onpenenum o popmyse (10):

n+1
R = lim |22 | = [im (D107 15 jim P+ . Iim(1+1J=10.

n—ow|d,,q| N n-10"1 n—ow N n—o n

e 0]
Ha xonmax wnTepBana: npu X =-—10 mosydum 4uCIOBON psif Z(
n

10)" _ i -1"
1n-10" o |

KOTOPBIHN ABJISIETCS] 3HAKOUEPEAYIOMUMCS U CXOIUTCS TIo Teopeme JIeiOHuIa, Tak Kak ero

. 1 1 .1
YieHbl YOBIBAIOT MO a0COJIOTHOW BeauMuuHe 1> > > 3 >... u lim==0. IIpu x=10
n—o N

0
MOJIYYUM TapMOHUYECKUMN Pl Z—, KOTOpBIN pacxoautcd. Takum o0pa3oMm, JaHHBIMI
n=1

cTerneHHou psa cxomutes mpu X € [—10;10).

3ajaua 5.

TeopemuquKue ceeoenusl.
OcHOBHBIC QJICMCHTAPHLBIC (bYHKHI/II/I HMCIOT IIPOCTBIC PA3JIOKCHHUA 110 CTCIICHAM X, KOTOPLIC

MpEACTaBJICHbI HUXKC:

2 3 n
eX=1+§+—+X—+...+X—+... vXe(—oo,oo),
1 21 3! n!



X< x* x° X nil X
COSX:l—E m—ﬁ a— (—1) (2n)|+ \V/XE(—O0,00),
(1+x) =1+mx+m(m_l)x2+ +m(m_1)'"(m_n+l)x”+...VXe(—1,1),
2! n!
2 3 4 5 n
In(1+x):x—x—+%—XT+X€—...+(—1)”_1XF+... VXe(—l,l),
3 05 7 2n-1
arctgx=x—X—+X——X—+...+(—1)n_1X +... vXe(—l,l].
3 5 7 2n-1

[Tpu npuOIMKEHHBIX BHIYUCICHUSIX OMPEIETICHHBIX HHTErPAJIOB TPEOYETCsS Pa3IoKUTh
MOABIHTETPAIbHYI0 (YHKIMIO B CTENEHHOW psii, KOTOPBIM B Mpejaeliax HHTepBaja
CXOJIMMOCTH MOKET OBITh MOWICHHO MpouHTerpupoBaH. Mcnonb3ys dopmyny HetoTtona —
JleliOHuIIa, OonIpeeICHHBIN MHTETPal BBIYUCIAIOT KaK YACTUUHYIO0 CYMMY MOJTYYaloIIerocs
yuciaoBoro psga. Eciaum psa  3HaKOYEpEAYIOIIMICA, TO TOYHOCTh MPUOIMIKEHHBIX
BBIYHCIICHUN HE MTPEBOCXOIUT MEPBOTO U3 OTOPOIICHHBIX YJICHOB.

Ilpumep evinonnenus 3a0anusi.

Brruncnuth onpeaeneHHbii uHTerpan ¢ ToyHocThio 10 0,001 mytem paznoxeHus

MOABIHTErPATbHON (QYHKIIMK B PSJ U MOWICHHOTO MHTETPUPOBAHUS ATOTO Psijia:

——dx
X

05 .
J‘ SIn X
0

Pewenue.

Hcnonb3yem pasnoxkeHue B psit A1t GYHKIHUU SIN X W TIOJICTABUM €T0 B IMOJIBIHTETPATBHOES

BBIpAXKECHUE
) ) 3 5 2n-1
de :Il X X ()"t i —
) x ) x|” 3 s (2n-1)!
0,5 2 4 2n-2
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0,5
X3 X5 el X2n—1
=| X———+—+...+(-1) +o.| =
313 515 (2n-1)(2n-1)
S S +(—1)n+1 1 +...&
2 2%313 2515 2" t(2n-1)Y(2n-1)

~0,5-0,0069 +0,00005~0,5—-0,0069 = 0,4931~ 0,493.

B BBIYMCIIEHMSIX IPUBEACHBI IIEPBBIC TPU WICHA Psi/ia C COXPAHEHUEM YETBIPEX 3HAKOB
IIOCJE 3aIsITOM, TaK Kak 3afgaHHas To4yHOCTh cocrtaBipieTr 0,001. Tpermin unen psga

OTOpOIIICH, TaK KaK OH MO BEJIMYMHE MEHBIIIE 3aJaHHON TOYHOCTHU (0,00005) <0,001. B

OKOHYATCJIBbHOM PE3YJILTATC IMMPOBCACHO OKPYTJICHUEC O TPEX 3HAKOB ITOCJIC 3aMsaToM.

BUBJIUOIPA®UYECKHNI CITMCOK
1 OcHoBHas JuTepaTypa

1. bexnemumies /[.B. Kypc ananutudeckoil reoMeTpuu U JIMHEHHOUW anreOpbl : Y4ueOHUK 1Uisi BY30B /
J.B.bexnemunieB .— 9-e uzn., ucrp. — M.: @usmatiur, 2007 .— 312c.

2. 3. Knerenuk JI.B. COopHUK 33124 110 aHAIUTUYECKONH F€OMETPHH: yuyeOHOe MOcoOue Al BTY30B / MO
pen. H.B.EbumoBa .— 17-e uzn., crep. — CIIG. : IIpodeccus, 2006 .— 200c.

4. KysnenoB JI.A. COopHuK 3aaHuii 10 BeIcLIel MaTeMaTHKe: TUIOBbIE pacueTsl : yuel. nocodue / JI. A.
KysnenoB .— 9-e m3a., crep .— CII6. [u ap.] : Jlanb, 2007 .— 240 c.

5. bepmantr A.®. Kparkuii Kypc MareMaTHUeCKOro aHaiausa : y4ye0. mocobue it By30B / A. O.
bepmant, U. I'. ApamanoBuu .— 14-e uzg., crep. — CII6. ; M. ; Kpacuonap : Jlans, 2008 .— 736 c.
6. IIuckynos H.C. /ludpdepenipranbHoe 1 HHTErpaabHOE UCUUCICHUS : y4eO. mocodue i BTY30B.

B2 7., T.1 /H.C.ITuckynoB .— Uza.crep. — M. : Unterpan-Ilpecc, 2007 .— 416¢

7. Iuckynos H.C. JluddepenpanpsHoe 1 UHTETpaIbHOE HCUUCICHHS : yueO. mocobue /i BTY30B.

B2 1., T.2 / H.C.ITuckynoB .— Mza.crep. — M.: Unrerpan-Ilpecc, 2006 .— 544c.

8. COopHUK 3a7au 10 MaTeMaTuke Juis BTy30B : B 4 4. U.1 / A.B.Epumos [u ap.]; mox pen.A.B.Epu-mona,
A.C.Ilocrienosa .— M. : @usmarnut, 2004 .— 288c.

9. CoopHUK 3a/1au 10 MaTeMaTHKe JiIst BTy30B : B 4 4. U.2 / A.B.E¢umos [u np.];non pea. A.B.E¢pu-mosa,
A.C.IlocnenoBa .— 4-e wu3a., mnepepad. m gom. — M. : @wmmartour, 2004 .— 432c.

2. JlonoiaHUTENbHAS JINTepaTypa

1. ABepun B.B. Marematuka: xkypc Jnekumii: yue6. nmocodue/ B.B. Apepun, M.}O. Cokososa,
J.B.Xpuctuu: Tynl'Y — Tyna: U3a. Tyal'V, 2010, Y.1- 254c.

2. Aepun B.B. Maremartuka: xkypc nekuuii: yue6. nmocodue/ B.B. ABepun, M.}O. Cokososa,
J.B.Xpuctnu: Tynl'Y — Tyna: U3a. Tyal'V, 2010, Y.2- 275c¢.
WNneun B.A., AHanuTryeckas reoMeTpus : yaeOHuK 1i1s By30B / B.A.Wbun, O.1".I1o3Hs1k .— 6-¢ U3, crep.
— M. : ®dusmatiur, 2003 .— 240c.

YerBepThlil ceMecTp

ITPUMEPHBI PEILIEHM A 3ATIAY

3agava 1.
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Teopemuuecmte C6€0€Hu}l.
HpI/I KIIACCUYCCKOM OHpCI[GJIeHI/II/I 8EPOAMHOCMb CO6blmu}Z OHpCI{CJ’IHCTCﬂ paBCHCTBOM
P(A)=m/n,
race m — 4ucClio BHeMeHTapHBIX HNCXO0J0B HCHBITaHHﬁ, 6HaFOHpI/I$ITCTBYIOH_[I/IX ITOSABJICHUIO
CO6BITI/I$I A, n— O6HI€G YHUCJIO 3JICMCHTAPHBIX HCXOJ0B UCIIBITAHUA.
Yucnom couemanun w3 | snemMeHToB mo K Ha3BIBAIOT KOJIMYECTBO KOMOHWHALIWIA,
COCTABJICHHBIX U3 | 3JICMCHTOB IIO k R KOTOpBIe OTJINYAKOTCA XOTA 61:1 OJHHUM DJICMCHTOM.

Yuciio coueTanuit

Cfi=r—r.
kil —k)!

Ilpumep evinonnenus 3a0anusi.

B smuke umeetcs 15 geraneit, u3z koropsix 10 okpamieHHbIx. COOpIIUK
HayJady U3BJIEKaeT TpH AeTaiu. HailTu BeposSTHOCTh TOTO, YTO U3BJICUCHHBIC

ACTAJIN OKAXYTCA OKpAIlICHHBIMU.

Pewenue:

a) o0I11ee YuciIo BO3MOKHBIX JIEMEHTAPHBIX UCXO/I0B UCTIBITAHUS PABHO YHCIIY CITIOCOOOB,
KOTOPBIMH MOYKHO W3BJICUb TPH JICTATU U3 MATHAIATH, TO €CTh N = C135;

0) YKCIO MCXOJI0B, OJIATOTPUSTCTBYIOIIMX WHTEPECYIONIEMY HAaC COOBITUIO, PABHO YHCIY
Croco00B, KOTOPHIMHU MOKHO BBIOpATh TPH OKpalIeHHBIX AeTanu u3 10, To ecth M= Cl?’o;

B) HCKOMass BCPOATHOCTb paBHAa OTHOIICHUIO O6HI€FO qucila HCXOJ0B K YHCITY
6HaFOHpI/IHTHBIX HCXO0A0B

10!
m C3 a.;1 100121 7.8.9.10-121 24
P(R)=—="0 == = =
n c I 71150 A.121.13.14-15 91

31121

0,26.

Ilpumep evinonnenusn 3adanus.
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B naptuu u3 10 neraneit umeercs 7 cranaaptHbix. Haynauy oroGpaHs! 5
netanei. OnpeaenuTh BEpOSTHOCTh TOTO, YTO CPEIH OTOOPAHHBIX JeTalleh

POBHO TPpHU CTAHAAPTHBIX.

Pewenue:

a) 0611166 YUCJIO BO3MOKHBIX 3JICMCHTAPHBIX HCXOJ0B UCIIBITAHUA PABHO YHUCITY CHOCO6OB,
KOTOPBIMHA MOKHO HU3BJICYD IISITh I[CTaHCﬁ U3 JIECITU, TO €CTh N = C]_SO ;

0) HaliieM YUCIIO UCXO0B, OJIATONMPHUATCTBYIONIUX UHTEPECYIOLIEMY HAaC COOBITHIO (Cpeau

OTOOpaHHBIX IIATH JI€Tajel POBHO TPHU CTaHJAPTHBIC): TPU CTAHIAAPTHBIC JETATH MOXKHO
BBIOpATh U3 7 CTaHJAPTHBIX JIeTaei C? croco0aMu; TPy 3TOM OcTaibHbIe (5—3=2) neranu
JOJDKHBI OBITh HECTAHIAPTHBIMH, KOTOPBIE MOKHO BBIOpaTh U3 (10—7=3) HecTaHAapTHBIX
Aeranedf, WMEBIIMXCA B IapTuwy, ng cnocobamu. CrnenoBarenbHO, YHUCIO
GraronpusTCTByROmEX HexogoB M=C3-CE;

B) HCKOMass BCPOATHOCTb paBHAa OTHOIICHUIO O6IH€FO quciia HCXOJ0B K YHCITY

Onar OIIPUATHBIX HCXOJ0B

71 3l
3.C2 311 oLu1 7.5L5I .M .5.51 !
P(A):m:C7 5C3:3!.4! '2!.1!:7.5.5.: - M.5.5 __ 9 =§:O,375
n o Cy 10! 2+4+100 2.40.71.8.9.10 4.8.10 8
515!

Teopemuqecmte c6eoeHsl.
BepOHTHOCTB cOoOBITHS A, KOTOPOC MOXKET HACTYIIUTD JIMIIB ITPU MMOABJICHUHU OJHOI'O M3

HECOBMECTHBIX coObITHH (THnOTE3) Hy, H,,...,H, , 00pa3yromux nonxyo rpymimy, paBHa

CyMME€ NPOU3BEACHUN BEPOSITHOCTEHN KaXK/IOM U3 TUIIOTE3 HA COOTBETCTBYIONIYIO YCIOBHYIO

BEPOSITHOCTb COOBITUS A:

P(A)=P(H,)- Py (A +P(H,)- Py (A)+...+P(H,)-By (A),
rne P(Hy)+P(H,)+....+P(H,)=1.

[IpuBeneHHyo GopMyITy Ha3bIBAIOT OPMYIOU NOJIHOU BEPOSIMHOCTIU.

Ilpumep évinonnenus 3ad0anus.
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Nmerotcsa Tpu naptuu aeraneit no 20 neraneit B KaxxaoM. YMciao cTaHIapTHBIX
JieTaje B IEPBOW, BTOPON U TPEThEN MAPTUAX COOTBETCTBEHHO paBHO 20, 15,
10. N3 naymady BeIOpaHHOM NapTUX HayAady U3BJIeUYeHa aeTanb. Haltu

BCPOATHOCTDL TOI'O, YTO OHA OKAKCTCA 6paKOBaHHOﬁ.

Pewenue:
a) 0603HauuM 4epe3 4 coObITHE — B3sTas ACTalb ABJsETCS OpakoBaHHOW. MOXHO clienaTh

TPHU MPENNOI0XKEeHH (runoTessl): H; — nerans BeiOpana u3 nepsoit naptuu; H, — nerans
BbIOpaHa U3 BTOpoil maptuu; H; — nerans BeIOpaHa u3 TpeTheil napTuu. ITockoiabky dyucio
JeTaNe BO BCEX TPEX MapTHIX PaBHO, BEPOSTHOCTH THITOTE3 PaBHBI
1
P(Hy) = P(H,)=P(Hy) =
3
0) ycIIOBHasI BEPOSATHOCTD TOTO, UTO JICTAIb OyIeT OpaKOBaHHOM, €CJIM OHA B3STa U3 IICPBOM

napuu, By (A) =0; ycioBHast BEpOATHOCTB TOTO, YTO JIETaIb OyeT OpaKOBaHHOM, €CJTH OHA

. 5 1
B3sITa U3 BTOPOit mapuu, By (A) = 20 = Z; YCIIOBHAsI BEPOATHOCTh TOTO, YTO AETallb OyAeT
. . 10 1
OpaKoBAaHHOM, €CIIM OHA B3sTA U3 TPETheil mapuu, Py (A) = 20 =3

B) MCKOMasi BEPOSTHOCTh TOTO, YTO BbIOpaHHAs HayJauyy JeTajb SBISAETCS OpaKOBaHHOM,

HAXOJUTCS 1O GOPMYJI€ MOTHONU BEPOSTHOCTH

1
P(A)==-0+=-—+
3 34
Teopemuqecmze c6e0eHUs.
BepOSITHOCTB TOr'0, 4TO B HC3aBHUCHUMBIX MCIBITAHUAX, B KaAXKIOM HU3 KOTOPBIX

BEPOSATHOCTH MOsBJIeHUs coObIThs paBHa p (0 < p < 1), cOOBITHE HACTYIUT POBHO K pa3

(6e3pa3nuuHO B KaKOM MOCJIEA0BATEILHOCTH), ONpeienseTcs no gopmyne bepuyniiu
k ~k Nk
Pn (k) = Cn p q ’

rae =1—p — BEpOATHOCTH TOTO, YTO COOBITHE B KAXKJIOM M3 UCIIBITAHUA HE TOSIBUTCS.
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Ilpumep evinonnenus 3a0anus.

BepOHTHOCTL BCXOXKCCTHU CCMIH IIIICHUIBI paBHA 0,9 KaxkoBa BCPOATHOCTD

TOI'0, 4TO U3 YCTBIPCX MOCCAHHBIX CCMSH BSOﬁHYT HC MCHCC TPCX.

Pewenue:

a) MycTh coObITHE A — 13 4 CeMsIH B30HIYT HE MEHee TpeX CeMsiH; coObITHE B — 13 4 ceMsH
B30MAYT 3 ceMeHu; coobitue C — u3 4 cemsH B30oiayT 4 cemenu. [lo Teopeme croxeHUs
BEPOSITHOCTEN

P(A)=P(B)+P(C).

0) BeposiTHOCTH coObITHIT B 1 C onpeenum 1o Gpopmysie bepHyiu:

. 41
P(B)=P,(3)=C;p°q*> =m-0,93-(1—0,9)=0,2916,

P(C)=P,(4)=C;p*q*"*=0,9*=0,6561.
B) rckomas BepositHocTh P(A)=0,2916 +0,6561=0,9477.

3anaua 2.

Teopemuueckue ceedeHusl.
Ecau 4ucio MOBTOPSAIONIMXCS MCHBITAHUN BEIUKO, TO OMNPEIEICHHE BEPOSATHOCTHU IIO
dbopmyrne bepHyIM 3aTpylHEHO H3-3a TPOMO3JKOCTH BbIUMCIECHUUA. B 3TOM ciyuae

MPUMEHSIOT PUOIIKEHHYIO (DOPMYITy, BRIPAXKAIOILYIO IOKAIbHYI0 meopem) Jlannaca:

L@(X)
Jog

P (k) =

3nadyeHus GyHKIHUA @(X) OMPEAEISIOTCS U3 TaOIHUIIbI, MPUBEIACHHON B MPUIIOKEHUH 1.
[lpn wmanbIx 3Ha4YeHWsX BeposiTHocTH p aius  BerameneHus P (K)  mpumensior

ACUMITOTHUYECKYIO hopmyny [lyaccona
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k
P. (k) z%-e—ﬂ, rae e=2,7182...; A=np.

Ota popmyna ucnoisbzyercs npu A <10, npuyem yem MeHbIIIE p U OOJIBIIIE 7, TEM PE3YJIbTAT

TOYHCECC.

Ilpumep evinonnenus 3a0anus.

BeposatHocTh BCXxokecTH ceMsH nuieHunsl pasHa 0,9. Hantu
BEPOSTHOCTH TOro, 4yTo M3 400 mocesHHBIX ceMsiH B3oMayT 350

CCMH.

Pewenue.
a) us3 YCIIOBUS 3a/1a4u p=0,9,g=1-0,9=0,1;, n=400; k =350. Tornma

,_350-40009 10 .

J400-0,9-0,1 6

0) u3 Tabmuiel B mpritokennu 1 Haxoaum @(—1,67) = p(1,67) =0,0989;

B) HCKOMasi BEPOSATHOCTh paBHA

P, (350) ~ .0,0989 ~ 0,0165.
i00(350) 400-0.9-0,1

Ilpumep evinonnenusn 3ad0anus.

Cpenu cemstH menuipl 0,02% copusikoB. KakoBa BEpOSITHOCTh
TOro, 4Yto mpu ciydaitHom otoope 10000 cemsn Oyner

0OHapyXeHO 6 CEMSIH COPHSKOB?

Pewenue.
W3 ycnosus 3amaun P =0,0002; n=10000;k =6. Torma A =10000-0,0002=2.
Hckomast BEpOSITHOCTh paBHA

6
Prooco (6) = % e’ = % -0,1353~0,012.
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3ajaua 3.
Teopemuueckue ceedenus.
Ecnu BeposTHOCTh HACTyIUICHUS COOBITUS 4 B KaXKJIOM W3 7 UCIIBITAHUN MOCTOSTHHA U

paBHa p, To BepostHOCTh P, (K; <k <k,) Toro, uro coOwbiTe 4 B TaKuX HCIBITAHHSIX
HACTYNUT He MeHee K; pa3 u He Gonee K, pas, ompenessieTcs: o0 MHTErPalIbHOI Teopeme

Jlanmaca popmysoii:

XZ

1 4 X
Pl <k <k,)—=-Je 2dx,

2z

k,—np K, —np
rae o = uf=—=——,q=1-p.
\npq \Npg

2
x t
- j e 2dt naseiBaeTcs ¢ynkimein Jlamiaca. B npumoxenun 2
0

1
Oyukuug O(X) = —

27
nanbl 3HaueHwst dTod QyHkmuu a1 0<x<5. Ilpu x>5 dynkuus D®(x)=0,5. Ilpu
OTPHUIATEIILHBIX 3HAYCHHUSX X B CHIIy HeueTHocTH ¢yHKImu Jlammaca P(—X)=-D(X).

Wcnone3ys ¢pyskuuto Jlamnaca, nMeeM

P, (ki <k <k,) = D(S) - P().

Ilpumep evinonnenus 3a0anus.

LIEHT BCX TH CEMSIH MIIIEHUILI PaBEH o. HaliT BepOSITHOCTH TOTO, YT
ITpome CXOJKECTH Ce e aBeH 90%. Ha €pOSITHOCTBH TOT'O, UTO

n3 500 nocesHHBIX cemsiH B30MAYyT OT 400 no 440 cemsH.

Pewenue.
a) n3 ycnosust 3aiaun P=0,9;,9=1-0,9=0,1; n=>500; k; =400; k, =440.

400-500-0,9
Torma o = ~
J/500-0,9-0,1

_ 440-500-0,9

= ~-1,49.
/500-0,9-0,1

—7,45; B

0) 13 TaONMITHI B IPHIIOKSHUH 2 HaXOIUM
d(-1,49) =—D(1,49) ~—0,4319; D(-7,45)=—-D(7,45) ~-0,5.

B) HCKOMasi BEPOSTHOCTh paBHa
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P,y (400 < k < 440) ~ d(—1,49) — d(7,45) =—0,4312+0,5=0,0681.

3anaua 4.

Teopemuueckue ceedeHus.

Jluckpemnoii Ha3bIBAIOT CAYYAUHYIO 6EIUYUHY, BO3MOKHBIC 3HAYCHUSI KOTOPOU €CTh
OTZEJIbHBIE U30JIMPOBAHHBIE YHCIIA, KOTOPBIE 3TA BEJINYMHA IPUHUMAET C ONPECIICHHBIMU
BO3MOXKHOCTSIMU. 3aKOHOM pacnpeoenierus TUCKPETHON ClIy4aiiHON BEJIMYUHBI Ha3bIBAKOT
nepeyeHb €€ BO3MOKHBIX 3HAYEHUM M COOTBETCTBYIOIIMX UM BEPOATHOCTEW. DTOT 3aKOH

MOJKET OBITh 3aJaH B BHUIAC Ta6JII/II_II>I, InepBasd CTPOKa KOTOpOﬁ COACPKUT BO3MOKHBIC

n
3HAYCHHS X;, @ BTOPas — BEPOATHOCTU [;, IPUUEM Z p; =1:
i=1

X X5 . Xi

P Py P2 ... Pn

XapakTepUCTUKON  CPEOHEr0  3HAYEHUA  CIIYYaWHOM  BEJIMYHUHBI  CIYXKHUT
MaTeMaTu4yecKkoe OxupaHue. Mamemamuueckum odcudanuem JIHUCKPETHOW CIIydaitHOU
BEJIMUMHBI HA3bIBAIOT CYMMY IIPOM3BEACHUN BCeX €€ BO3MOXXHBIX 3HAUCHHM Ha UX
BEPOSTHOCTHU:

n
M(X):X1p1+x2p2+'"+xnpn:ZXipi' (1)
i=1

CBoiicTBa MaTEeMaTHYECKOTO OKUJAHUA

1) MaTEMaTUYECKOE OXHUIAHUE TOCTOSSHHOW BEJIWYMHBI PAaBHO  CaMOM
MMOCTOSIHHOM;
2) MOCTOSIHHBIM MHOX>KMTEIb MOXHO BBIHOCHUTH 3a 3HAK MaTE€MaTHYECKOTO

0KMJIaHMUS;
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3) MAaTEMATUYECKOE  OXHUJAHHE IPOU3BEICHUS B3aUMHO  HE3aBHUCUMBIX
CIIyYallHbIX BEJIMYWH PABHO NPOU3BEICHUI0O MATEMATUYECKUX OKHUIAHUU
COMHOXHUTEJICH;

4) MAaTEMATUYECKOE OXHUJAHUE CYMMbI CIyYalHBIX BEJIUYMH PABHO CYMME
MaTeMaTUYECKUX OXKUJIAHUH CllaraeMBbIX.

Jlucnepcueri C1y4ailHOM BEJIMYMHBI HA3bIBAIOT MATEMATUYECKOE OXKUIAHUE KBajpaTa

OTKJIOHCHUA CJ'Iy‘—I&fIHOfI BCJIMYHUHBI OT €€ MATCMATHYCCKOI'O O KUIaHUA .
D(X)=M[X - M (X)]*. 2)
Jlucriepcuio y100HO BBEIYUCIIATE IO hopMmyJie
D(X)=M(X?)-[M(X)F. (3)
CBoicTBa IUCTIEPCHUM:
1) nucriepcus MOCTOSTHHOM BEJIMYUHBI PaBHA HYIIIO,
2) HOCTO;IHHI:II71 MHOXHUTCJIb MO>XHO BBIHOCUTLHL 3a 3HAK IIHCHepCI/II/I, BO3BOJA €10 B
KBagpar,
3) amcriepcusi CyMMbI HE3aBUCHMBIX CIYYalHBIX BEJIMUYUH paBHA CyMME JMCIICPCHI
cJilaracMbIX.

Cpednum keadpamuyeckum OMKIOHeHUeM CIIydallHOW BEJIWYWMHBI  Ha3bIBAIOT

KBaJIpaTHBIM KOPEHb U3 TUCIIEPCUM:

o(X) =D(X). (4)

CpenHee KBagpaTUUYECKOE OTKJIOHEHHUE CIIyYallHOM BEJIMYMHBI XapaKTEpU3YET PaccesHUE

BO3MOYKHBIX 3HAYEHHUM CIIy4YalHOM BEJIMYMHBI BOKPYT €€ CPEAHErO 3HAUYCHUS.

Ilpumep evinonnenusn 3ad0anus.

3azaH 3aKOH PAaCHpeNesICHUs] TUCKPETHOM CIy4aiiHOM BEJIIMYHHBI
X. Halitn ee matreMaTuyeCcKoe OKUJAHUE, TUCIIEPCUI0 U CPEIHEE

KBaAPaTHICCKOC OTKIIOHCHHUC.

X 40 42 41 44
P 01 03 02 04

Pewenue.
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a) BpluncnuM MarteMaThyeckoe OXXHIAHUE 10 33JaHHOMY 3aKOHY pacIpeleieHHs
JUCKPETHOM CITydallHOM BETMYHHBI, MOJIB3YsICh popmyroii (1):
M(X)=40-0,1+42-0,3+41-0,2+44-0,4=42,4;
0) BBIYHCIIMM JTUCIIEPCUIO, BOCIIONB30BaBIINCH (hopMmystoi (3). [Ijst 3TOro cocTaBUM 3aKOH
pacrpeneneHus KBaapara CiIy4alHOW BEJIUYNHBI:

X2 407 422 412 442

P 01 03 02 04

Torma M (X?)=407-0,1+42%.0,3+41%-0,2 + 44%.0,4=1799,8;
D(X)=1799,8—42,4> =2,04.

B) CpeaHee KBaapaTHIECKOe OTKIIOHEHHUE BBIUUCIUM 110 opmyiie (4):
o(X)=4/2,04 ~1,43.

3agaua 5.

Teopemuueckue ceedeHus.
Dyukyueu pacnpedenenus (AHTETpAIbHOM (DyHKIMEH pacnpeneseHusi) Ha3bIBAIOT

¢ynkuuto F(X), ompemensioniyro uisi KaxJIOTO 3HAYCHHS X BEPOSATHOCTh TOTO, YTO
CilydaifHas Benu4ynHa X MpUMET 3Ha4eHHEe, MEHBIIIEE X, TO €CTh

F(X)=P(X <X).

CpolicTBa MHTETpAIbHOU (DYHKIIMH pacIpeiesICHUS

1) 3HaveHUs PyHKIUU pacTpeeCHUs TPUHAIISHKAT OTPE3KY [O;l];

2) GyHKIHS pacipeesieHus €CTh HeyObIBaroIast QyHKIHS,

3) BEpOSTHOCTH TOTO, YTO CIy4aliHasi BEJIMYMHA X MPHUMET 3HAUCHUE, 3aKIIOYCHHOC B
untepBane (a;b), paBHa npupaiieHHIO (YHKUMM pPacCHpEfCHCHHS Ha 3TOM
unteppane: P(a< X <b)=F(b)-F(a);

4) BEpOSITHOCTh TOTO, YTO CIy4aiiHas BeduuMHa X TpPUMET OJHO OIPEIEIICHHOS
3Ha4YEHUE, HallpUMep, X;, paBHA HYJIIO;

5) eciu Bce BO3MOYKHBIC 3HAUCHUS CIIYyYallHOW BETMYMHBI X MPUHAIIC)KAT HHTECPBATY

(a;b), To
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F(x)=0 Vvx<a; F(x)=1 Vvx>b.

Huppepenyuanvnoni  ¢ynxyueii pacnpedenenus f(X) HenmpepbIBHON ciydaiHON
BEJIMYMHBI Ha3bIBAIO TICPBYIO MPOU3BOIHYIO OT (DYHKIIMH PACIIPEICIICHUS:

f(x)=F'(x). (5)

Ecnu 3agana muddepennnansias GyHkuus pacrnpeneneaus f (X), BEposTHOCTH TOTO,

4TO ClydaliHas BelMYnHA X TPUMET 3HaYCHHe, 3aKII0YeHHOe B HHTepBane (a;b), paBHa
b

P(a< X <b)=jf(x)dx.
a

Mamemamuueckoe odxcudanue HETPEPHIBHOW CIydyalHON BENMMYMHBI X, BO3MOKHBIC

3HAYEHUS KOTOPOU MPUHAJIEKAT BCEH YUCIOBOM OCH, ONPENEAETCS PAaBEHCTBOM

M(X):Txf (x)dx.

—00
Ecnu Bce BO3MOXKHBIE 3HAUCHUS CIIyYaWHOW BEIMYMHBI X MPUHAIJIEKAT UHTECPBALY

(a;b), To
b
M (X) =jxf (X)dX. (6)

Jlucnepcuet Henpepvl8HOU CHY4aUHOU 6enuyuHbl X, BO3MOKHBIE 3HAUYEHUS KOTOPOU

MPUHAJIEKAT BCEN YMCIIOBOW OCH, OTIPEIEIISIETCS PABEHCTBOM
+00 +00
D(X)= [ [x-M )] f(Qdx mwm D(X)= [ X*f (x)dx~[M X)T.

Ecnm Bce BO3MOXHBIE 3HAYEHUs CIYYaWHOW BEIMYWHBI X INPUHAIJIEKAT HUHTEPBAILY

(a;b), To

b b
D(X)=[[x-MX)] f(x)dx  wm  D(X)=[x*f(x)dx-[M(X)]. (7)

Ilpumep évinonnenus 3ad0anus.



58

HenpepriBHast cnydaiiHas BenuunHa X 3ajJaHa  MHTETpadbHOM  (yHKIUEH
0ide x<0,

pacrpenenenns F(x)=4x> 188 0< x <1,
17 0e x >1.

Tpebyercs HalTH nuddepeHINaTBEHYIO byHKIIIO pacrnpeneneHus

MATEMATHYCCKOC O KUAAHNUC U TUCIICPCHULO.

Pewenue.
a) ITo onpenenenuto (5) Harigem quddepeHnmransuyo Gyuknuo pacnpeaeneuus f(X) kak
MPOU3BOIHYIO OT 33JJaHHON UHTETPaIbHOU (PYHKIIUU pacrpeeICHHUS:
07de x<0,
f(x)=43x?78e 0<x<1,
0ide x>1.
0) MaTeMaTHYECKOe OXKUIaHUE BHIYUCIUM 10 dopmyse (6). Tak kak ¢pynkuus f ()

npu X<0 u X>1 paBHa HyI0, TO UMEEM

h r 3xt[
'Vl(X)=.[xf(x)dx:jx-3x2dx=T
0 0

_3
, 4

B) BBIUKCIIUM Jucniepcuto 1o dhopmyiie (7)

i 3)° ,.2 (4 33,9 ,
D(X):j X——| -3X dx:3j X" —=x"+—Xx° |dx=
n 4 5 2 16

1
x> 3x* 3x° 1 3 3 3
—3. 222 2% | 322 2= 2
5 8 16 | 5 8 16| 80

3ajaua 6.

TeopemuquKue ceeoenusl.

Ecnu 3amana nuddepenimansias yukius pacnpeaencaus f(X), BeposTHOCTH TOTO,

4TO ClydaiiHas BeauunHa X IPUMET 3HAYCHHE, 3aKII0UCHHOE B HHTepBane (a;h), paBHa
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b
P(a< X <b):J'f(x)dx. (8)

BeposTHOCTh BBITIOJHEHUST CTPOTMX HEPABEHCTB a< X <b ompexpernsercs TOH ke
bopMyIIoH.
Hopmanvuvim HaA3bIBAIOT PACIPEACIEHUE BEPOSTHOCTEW HEMPEPBIBHOW CIIYYaMHOU

BenuuuHbl X, AauddepeHnnansHas (QyHKIUS paclpeneieHus] KOTOpPOro  UMEET BHJ

_(x—a)2
2
f(x)=——¢ 20° | e a — MaTeMaTU4ecKoe OKUIaHNuEe, O — CpEeIHEE KBAIPATUUECKOE
o\2r
OoTKJIOHEHUE X.

Ecan cnyqaﬁHa;I BCJINYHHA XpacnpezxeneHa 110 HOpMAJIBHOMY 3aKOHY, TO BEPOATHOCTDH

TOI'o, 4TO XHpI/IMCT 3HAYCHHUC, 3aKIIIOYCHHOC B HHTCPBAJIC (a,ﬂ) , paBHa

P(a<X<ﬂ)=®[ﬂ;aj—®(“—_a), 9)

o)

1 b
rae (X)) =——- J'e 2dt — ¢pynxuums Jlamnaca (IpuBeieHa B IPHIOKEHUH 2).
\N2rx 3
BeposiTHOCT TOTO, 4TO a0CONIIOTHAS BEJTMYMHA OTKJIOHEHHS MEHBIIIE TTOJIOKUTEIBHOTO

yucina o , onpeaensercs no popmye

P(X —a[<5) :zq{éj. (10)

o)

Ilpumep evinonnenusn 3ad0anus.

JlnuHa AeTanu MpeaCcTaBisieT COOOM HOPMaJIbHO paclpeeieHHYIO CIydaiHyro
BEJIMYMHY C MareMaThuyeckum oxuganuemM 40 MM U CpeIHHM KBaJIpaTHUYECKUM
oTKJIOHEHHEM 3 MM. HailTu BEpOATHOCTH TOTO, YTO JJIMHA MPOU3BOJIBHO B3SITOMN
netanu Oyner 6ombiie 34 Mmm 1 MeHblle 43 MM. OnpeeuTh BEpOSITHOCTh TOTO,
YTO JIIMHA TN OTKJIOHUTCS OT €€ MaTeMaTH4ecKoro OKuAaHus He GoJiee yeM

1,5 mm.

Pewenue.
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a) I1o ycrmosuto 3agaun a =40, a =34, f =43, o0 =3. Torna o ¢popmye (9)

P(34< X <43)= @(‘13—;34) - @(@) =P(1) - D(-2) =

=d(1)+ P(2) ~0,3413+0,4772 ~0,8185.
0) BEpOATHOCTh TOTO, 4TO0 a—o< X <a-+o, rne a=40,0=15, BeaucIuM 1O

dbopmyie (10):

P(|X —40\<1,5):2-@(%):2@(0,5)z2.0,1915z0,383.

3agava /.

Teopemuueckue ceedenus.
Komnnexcrnvim wuciom Ha3pIBae€TCs BEIPAXKEHUE BUIA
Z=X+iy, (11)
r7e X, Y - BEIIECTBEHHbIE (eHCTBUTEBHBIC) YHCIIA,
i =+/—1 - MHEMas equHHLA.
Yuciio X Ha3bIBAIOT Oelicm8UmebHOU Yacmpio KOMIUIEKCHOTO YKciia Z U 0003HaYal0T

x=Rez, auucnoy - muumoi yacmoio yncna z: y = Imz . MHUMas eMHALA | IPECTABIISACT

c000i KOpeHb KBaJAPAaTHOTO YPaBHEHUS 2241=0 , TO €CTh i2 =—1. 3amuch KOMIUIEKCHOTO
yucia B popme (11) Ha3wIBAIOT aneedpauueckum npeocmasienuem KOMIUIEKCHOTO YKCTA.

Yucno Z = X —1y Ha3bIBAIOT COMPSHKEHHBIM KOMIUIEKCHOMY uuciy (11).

2 2
Mooynem KOMIUIEKCHOTO 4YHCJIa HA3bIBAIOT BEJIIMYUHY |Z|:\/X +Y°, apeymenmom

KOMIIJICKCHOI'O qucia Ha3bIBAKOT BCIIMUUHY @Q=argz TaKy1oO, qTO

_ X wina y . _ _ y .

COSp=————; sinp=—=——= @=argz=arctg-, rie yroa ¢, OTCUHTEBACMEIi
JXe+y JX2+y? X

IIPpOTHUB 4acoOBOU CTPCJIKH, CUHTACTCA II0JOXUTCIbHBIM, B IIPOTHBHOM ClIydac —

OTpHUIATCIbHBIM. KommnnekcHoe quCIo z=x++ ly MOXKHO npcacTaBUuTb B

MPUSOHOMemMpPUYecKol ghopme

z=|z|cosg +i|z|sin p =|z|(cosg +isinp) . (12)
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O6o3Haunm €'Y =CcoS@ +iSing, Torga MOXHO NEPEHTH OT TPUTOHOMETPUYECKOM

dbopMBI TIpeICTaBIICHUS] KOMIUIEKCHOTO uncia (12) k nokazamenvhoii ghopme:
z= ‘z‘ei(p . (13)
PaccmoTpuM OCHOBHBIE anreOpawdecKue Orepanuyd HajJg KOMIUIECHBIMH YHCITIaMHU
=X +Iy] 1 Zy =Xy +1Y5.
1. Cnoxenne: z;+2, =(X + % )+i(yp+2).
2. Boranranue: ;-2 =(% —Xo ) +i(Y1—Y2).

3. YMHOXeHHuE: Zl . 22 = (Xl + |y1) . (X2 + |y2 ) = (X1X2 — ylyz ) + | (X1y2 + X2y1) .

437 XX+t WY +i(y1Xo — X Y2)

4. [lenenue: 5
22 22 . 22 X2 + y2

5. Bo3BeaeHne KOMIUIEKCHOTO 4YHWCIa B CTENEHb: B OSTOM Ciy4ae yI00HO OT
anreOpanueckoid (HOpMbI TPEJICTABIICHUS YHCIIA z =X+ iy TNEpPelTH K IOKa3aTeJIbHOU
dopme: z = ‘z‘ei(”. Torma z"" = \z\nei”(p, U, 3aMKChIBasl Pe3yabTaT B TPUTOHOMETPHUECKOMN
dbopme, MoTydnM Tak Ha3bIBaeMyto gopmyny Myaspa:

2" =|7|" (cosng +isinng). (14)

6. 3Bneuenune KOpHs U3 KOMIUIEKCHOTO YMCIa: KOPHEM N-Oi CTENEHU U3 KOMIIEKCHOTO
YHClia Z HA3bIBACTCSI TAKOE KOMIUIEKCHOE YMCIIO W, UTO TIPY BO3BEACHHUHU €TO B N-YIO CTETICHb

nomyunm Z: ¥z =w, ecrm w" = z.

JI71d Ka)10ro KOMIUIEKCHOTO YMCJIa MOYKHO HAWTH N 3HAYEHUH KOPHS N-OM CTEIECHU I10

bopmyie

('Q/E) =1/ COSM—HSMM, k=0,12,..,n-1. (15)
k+1 n n

Ilpumep svinonnenusn 3ao0anus.

3ajmaHbl KOMIUIEKCHbIE uyucia. TpeOyeTcss a) BBINOJHUTH JIEWCTBHUS HaJ
KOMITJIEKCHBIMU YHCIIAaMU B anreOpandeckoit hopme; 0) HaWTH BCe 3HAYCHUSI KOPHS

Y TIPEJICTaBUTh OTBET B alreOpandeckoit popme:
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Pewenue.

{wlzi-(l):(%i)zn:ui,

1-(-1)

B npeoOpazoBaHUsIX UCMIONAB30BAIU TOT (DAKT, UYTO i2=-1.

6) [ BBIYMCICHHS I—i NPEACTABAM 4YHCIO —i B TPUTOHOMETPUYECKOI (opMe.
[TockonbKy ‘—i‘ =1, cos¢ :%: 0, sin(p:_T1 =-1,¢=270°, To —1=c0s270°+1sin270°.
Haitzem ¥Y—i o dbopmyiie (15):

(Q/__l)k :%[Coszm +360°k . 270°+360 k} (01234

+1
(¥41) :1-(cos(54°+72°k)+isin(54°+72°k)), k=012,3,4,
k+1

npu k=0 ({’/—_1)1 =c0s54° +isin54°,

_1)2
(Y1),
mpu k=3 (Y1),
(

(&2

npu K =1 ( c0s126° +isin126°,

N

npu kK =2 c0s198° +isin198°,

N

c0s270° +isin270°,

(&2

npu K =4 —1) = C0s342° +isin342°,

5
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