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3aganue k KP.

I[To 3amanHO# QyHKIMKH KOMIUIEKCHOU niepeMenHnoii f = f(z) onpenenurs:

1) moJie CKOpOCTEl U BUXPEBOE MOJIC;

2) KOOPJAMHATHI TOYCK, CKOPOCTh TEUCHHMS B KOTOPBIX paBHA HYIIO (KPUTHYECKHE
TOYKH);

3) ypaBHEHHsS JWHUNA TOKa W ypaBHEHHE OOTEKaeMOro KOHTYypa; H300pa3uTh
00TeKaeMblil KOHTYpP U JIMHUU TOKA,;

4) pacmpenencHHe IaBJICHUS IO O0O0TEKaeMOMYy KOHTYpY (IIOCTPOHUTH 3IIOPY
JABIICHUH); HApaBJICHUEC W BEJIMYMHY TJIABHOI'O BEKTOPA CHII JAaBICHHS, ACHCTBYIOIINX

Ha 00TEKAaeMbI KOHTYP.

[Tpumepsr Gpynkimii f = f(z):
1) f(z)=az" (n> %) — o0TeKaHue yria o = %;

2) f(z)=v,(z-iy2pz) — oOTekanue mapadoJIbL;

Z+a
3) f(2)=az+ 94 1nZ*2 _ 6rexanmue osana.

2 z-a
IIpumep pelieHusi BapuaHTa 3aJaHUA.

JIB>KEHHE UICAbHOM HEC)KUMAEMOM >KUIKOCTH OIMCHIBAETCS YPABHEHUEM B

dhopme ['pomexu-JIrmba cienyroriero Buaa:



vp+p0%+%ﬁv2_povxa=poﬁ, )

re P — JaBJeHUE, V(X,t) — MoJie CKOPOCTEU, p, — MOCTOSTHHAS TNIOTHOCTh, ® = VXV —

= = i O
BEKTOD BUXPs, F — INIOTHOCTh MACCOBBIX CUJl, V =€' — — onepaTtop ['amuibpToHAa.

VYpaBHeHUEe HEPa3pBIBHOCTH MPUHUMAET (HOpMy
V-V=0. (2)
Teuenne Ha3pIBaeTCSl OE3BUXPEBBIM, €CIIM BBITIOJIHAETCS YCIOBHE
®=VxV=0. (3)
PaccmoTpum 11ockoe MOTEHIMANbHOE Te4eHHe B MIIOCKOCTH OXiXp. Torma V=0 u
yCIIOBUE HEC)KUMaeMocTu (2) OyneT yJOBJIETBOPEHO, €CIIM BBECTH (YHKIHIO TOKa
Y(X,, X,) TaKyo, 4YTO
V=Vx(E,V¥). (4)
JeiicTBuTenbHO, U3 (2) u (4) cnegyer, 4To
V-V=V-(Vx(E¥))=0.

N3 hopmynsl (4) momydaem claeayronue BEIPAXKEHUS I€KaPTOBBIX KOMIIOHEHT MOJIS

CKOPOCTEM:
oY oY
V1=a—, Vo=—7—"- (5)
X, OX,
N3 (5) Haxoaum 1mosie BEKTOpa BUXPS B CIEAYIOLIEM BUE:
2 2
- = = g b 4 _
co=V><v:—e3(a 0 )=—€,A¥ . (6)

ESE
Otcroza crenyer, 4to B ciaydae O€3BUXPEBOrO IBWIKEHUA (YHKIHS TOKA SIBISETCS
FapMOHHUYECKOM.
be3BuxpeBOMy IUIOCKOMY TEUCHHIO CTaBAT B COOTBETCTBHE AHAIUTHYCCKYIO
GbyHKIIHIO KOMIUTIEKCHOM nepeMenHo# f(z) cnenyromero Bua:
f(2)=0(x,y) +i¥(x,y). (7)
[To ompenencHWIo aHAIUTHYECKOW (PYHKIMU, €€ JeHCTBHUTENbHAS ¢(X,y) W MHUMAas

W(X,y) 4acTu €cTh rapMOHUYecKue GyHKINU, CBsI3aHHbIe yciaoBusiMu Komu-Prumana:



Op_0¥ oW _ e

ox oy ox oy

N3 ycnoBuii (8) u BbIpakeHU# (5) moiayyaeM MpeCTaBICHUE BEKTOPa CKOPOCTH Yepe3

(8)

MOTEHIIUAI CKOPOCTEN @ B popme

V=Vg. 9)
OTmeTHnM, 4TO ceMeicTBa KpUBbIX W =C U ¢=C B3aUMHO OPTOTOHAIBHBL. Ilpu 3TOM
TuHUK W =C  COBNAQJAIOT C JIMHUAMH ToKa. JIeHCTBUTENbHO, Tak KaK HOpPMald K
ceMeucTBy W =C COBIAAAIOT C V¥, ak ¢=C ¢ ﬁ(p, TO JIETKO MOKa3aThb, YTO

VY - V=V¥.(VxEW¥)=0.

[TommyueHHOe yCOBHE O3HA4YaeT, YTO BEKTOP CKOPOCTH OPTOTOHAJIEH HOpPMald K
TUTIOCKON KpHWBOW W =C, CJelI0BaTeIbHO, OH HANpPaBJICH BIOJIb KacaTelIbHOW K HEH, U
JaHHAs JTUHUS €CTh JIMHHS TOKA.

YroObl yCTaHOBUTH, OOTEKAaHWUIO KAKOTO KOHTYpa COOTBETCTBYET 3aJaHHAS
byukus f(z), HEOOXOAMMO yUecThb, YTO ATOT KOHTYpP JOJKCH COBIANaTh C JIMHUCH TOKA,
HAa KOTOPOW HMMEIOTCS TOYKH C HYJIEBOH CKOPOCTBIO (KpUTHYECKHE TOYKH). [lpu
OTIpeICIICHUN CKOPOCTH yIOOHO BOCIIONH30BATHCS BHIPAKCHUEM

df . , df df
—=v,—iv,, Vi=— —, 10
dz *+ dz dz (10)
B kauecTBe mnpuMepa pelieHHS OOpaTHOM 3agadyd OIPEACIICHHS I1apaMeTpOB

TEUYCHHMsI, COOTBETCTBYIOIIIETO 3aIaHHON (PYHKIIUU, pacCMOTPUM (YHKITUIO BUA
f(z):vw(z+£)+ilnz, (11)
z 2mi
1€ Voo — BEJIMYMHA CKOPOCTH HAOETaloIero moToka Ha 0ECKOHCYHOCTH,
a — MOJIOKHUTENIbHAS ITOCTOSHHAS,
I' — BemmuumHaa TUPKYIAUU (pu [>0 OUPKyIAIMOHHAS COCTABIISIOIIAS TCUCHUS

HalpaBJIeHa IMPOTUB 4YacoBOW crTpenku, npu ['<O0 — mo uvacoBoil crpenke, npu [=0

oOTeKkaHue sIBIsETCS OeCUMPKYIAIUOHHBIM). B paccMmarpuBaemoit 3aiaue npunsito [>0.

1) Onpenenenue noisi CKOPOCTEN U BUXPEBOTO MOJIS



[IpeaBaputenbHO HaWeM NOTEHIHAIbHYIO (QYHKIUIO ¢ U (QyHKUOUO TokKa P,
BBIJICIISS ICHCTBUTEIbHYIO U MHUMYIO YacTH ¢yHkimu f(z), 3amannoii B Bume (11). s
ATOrO MepeiaeM K MOJIAPHBIM KOOpAMHATaM I, © U BOCHOJB3yeMCSl MPECTaBICHUEM
KOMIUJIEKCHOM TIepeMeHHO B popMme Ditnepa

z=re"® =r(cos0 +isin®).
B pesynbrate dynkius (11) npuHUMaeT clieayromui BU/I;

2 2 2 A2\ei
.(r +a)cose+£9+i(vw.(r a)smO_Llnr).
2 r 27

f(2)=v,

U3 JAaHHOI'O  BBIpaXKCHHUA B COOTBCTCTBHU C (7) Imoj1ydyacM IIpCACTABICHUA

MOTEHIUATBHOU (PYHKIIMU U PYHKIMU TOKA

2 2 2 A2y
(P:Vw.(r +a )cose+£e’ wsz_(r a )sme—ilnr. (12)
r 2n r 2T

Ucnonw3ys dopmyny (9) u mnpencraBieHue omnepatopa ['aMUIIbTOHA B TMOJISIPHBIX

KoopauHaTax

vog L1510,
or r o0

HaXOJIUM I0JI€ CKOPOCTEH Jisl MOTEeHIMaa, 3aJaHHoro B Buae (12),
2 2 H
1, T v, (r°+a“)sin0

1 0. a’ _
+=. 8 =v. (1-2)c0os0-6 +—-(—
r o0 ° - rz) "oy (21: r

<P

et )6o. (13)

V:§¢:

B cootBeTcTBUU ¢ hopmyTioii (6) HAXOAUM BUXPEBOE TIOJIE,

R Y
x(\v.e +Vv,e,)=—=¢€,6 —
) (r r ee) ar z

oV, .V,
z+_
00 r

B=VxV=(E —+8&- g, =

= |k

0
r 09

2

1 a°, . r
+V_ (=——)sin@+
°°(r r3) 2

I 2v,a’sin®
+
I,.2

r3

2
v, + 2 )sine)E, =0
r r



oe, O€,
(mpu auddepeHInpOBaHUH HAJI0 YIYUTHIBATh, YTO o €, U —>

=-€,). Takum o6pazom,
00

TCUCHUC SABJISACTCS 663BI/IXpeBBIM B 00JIaCTH C MCKIIOYECHHBIM HaYajJoM KOOpAWHAT.

2) OnpeneneHre KPUTHYECKUX TOUEK
Haxoaum KoopuHaThl KPUTHYECKUX TOUYEK M3 YCJIOBHS PAaBEHCTBA HYJIO CKOPOCTU
TedueHus: B HUX. M3 BblpaxeHus ckopoctH (13), mpupaBHUBas KOMIIOHEHTHI BEKTOpPa

CKOPOCTH K HYJIIO, IOJYYHM:

2
v, (1-2)cos6 =0,
r

1, v, (r*+a®)sin®

r 2mn r

(14)
)=0.

Cucrema (14) HMCCT PA3JIMYHBIC PCIICHHUA B 3aBUCUMOCTH OT BCIMYHMHBLI HUPKYIISAINHA.

PaCCMOTpI/IM CJICAYIOMKUE BO3SMOKHBIC BAPUAHTHI PACIIOJIIOKCHUA KPUTUUICCKUX TOYCK!

a) ecniu ['=0 (OecuupKyISIIIMOHHOE OOTEKAaHUE), TO CYIIECTBYIOT JBE KPUTUUECKUE
TOYKH ¢ koopaunatamu (r=a; 0=0) u (r=a; 6=mn);

0) eciiu ['<4nv.a, TO CYyIIECTBYIOT JIB€ KPUTUUECKHE TOYKH ¢ KOOPAMHATAMH

); (15)

(r=a; @ =arcsin )u (r=a; 0 =m—arcsin

4nv_a 4nv_a

o0

B) eciii [ =4mV,a, TO CyIIEeCTBYET OJIHa KPUTHUYECKAsl TOUKa ¢ KoopJAuHaTaMu (I=a;

r) eciu [>47nv,a, TO CyIIECTBYET OJHa KPUTHYECKas TOYKA C KOOpAMHATAMHU

T +,T? - (4nv,a)? | -
(r= 2 ; OZE)’ pacroyiokeHHasi B 00JlacTH I>a U, CIeA0BaTEIbHO HE
v

o0

JIeKalas Ha OKPYKHOCTH I=a.

Crydaii B) SIBISIETCS IPEEIBHBIM JIJISl CITy4daeB 0) U T).

3) Onpenenenue ypaBHEHUN JTMHUN TOKA U ypaBHEHUS 00TEKaeMOro KOHTypa



Kak ykaspiBasioCh BBIIIE, HAa JUHUSIX TOKa (PYHKIHS TOKa HE m3MeHsarca. [loatomy
U3 BBIpAXECHHS MOTEHIUAIbHOW (yHKIMHU B Bue (12) HaxoauM ypaBHEHHs JTUHHUM TOKa
B CIJIEIYIOLIEM BUJIE:

.(rz -a’)sin@ T
r 2T

0

Inr=C, (16)

rae C — mocTossHHAs Ha TaHHOW JIMHUH TOKA BEJIMYMHA.

Tak kak MBI paccMaTpuBaeM OE30TPHIBHOE TEUYCHHE, TO JUHUHU TOKA, TPOXOISIINE
yepe3 KPUTUYECKHUE TOYKH, JOJDKHBI 00pa3oBbIBATH OOTEKAaeMbId KOHTYp. YCIOBHUE
PACIIOJIOKEHUSI KPUTUUECKUX TOYEK Ha OOTEKaeMOM KOHTYpE IMO3BOJIIET OMPEACIUTH
3HaueHHe TMOCTOSSHHOM C, COOTBETCTBYyIOIEE «KPUTUUYECKUM» JIMHUSM TOKa, a
CJIeIOBAaTE€IbHO, M YypaBHEHHE oOTekaemMoro KoHTypa. IloacTaBisii KOOpAMHATHI
KPUTHUYECKUX TOYEK H3 BbIpaxkeHuid (15) B ypaBHenue (16), HaXoauMm 3HAYCHUS

noctostHHOM C HJIA Pa3/IMYHBIX BEJIMYHWH HUPKYJIALIMA:

a) ['=0: C=0, Torma ypaBHeHHE 00TEKaeMOro KOHTypa moiiydaem, nosaras B (16)
C=0. lanHoe ypaBHEHUE UMEET BU/T

2 2 H
r-—ac)sin®
(P —ah)sing

r
unmu r=a. Takum o00pa3oM, OOTEKaEMbIM KOHTYpPOM B JaHHOM Cily4yae SBJISETCS
OKPY)KHOCTh pajauyca a. PacmpenesieHue JIMHUM TOKa JUISL 3TOrO ClIydas MOKAa3aHO Ha

pucyHnke 1. TedeHre CMMMETPUYHO OTHOCUTENBHO TuIocKoCcTH Y=0;



'

o

=
= x

Puc.1 — JIuaum Toka npu ['=0

r
0) '<d4nv.a: C = o Ina. [ToxacraBnsas nanHoe 3HaueHue B (16), HaxXoaUM
T

2 A2y
w_(r a)sme+L|n§:0.
r 2n r

Orcrona cnegyer, 4ro F=a ¥ OOTEKAEMBbIM KOHTYPOM TAaKXKE SIBISETCA OKPY>KHOCTb.
Pacnipenenenne JIMHAK TOKA JUI 3TOrO Cilydasl IIOKa3aHO HAa pUCyHKe 2. B oTimuune ot
cllydyas a) JaHHOE€ TEYEHHWE HECUMMETPUYHO OTHOCHUTENIbHO IuIockocTd Y=0.
«Kputnueckas» nuHUSA TOKa (IIOMEYEHa CTpEIKaMu) BHE OOTEKaeMOro KOHTypa He

ABJCTCA HpﬁIMOI?I;

I:l,lll.

| =

Puc.2 — JIunuu Toka npu ['<4nv..a

r
B) ['=4nv.a: C:—2—Ina. IIpy >TOM yCnOBHM [BE KPUTHUYECKUE TOYKM Ha
T

o0TekaeMoil OKPY>KHOCTH CIIMBAIOTCS B OJHY. Pacnpenenenue muHui TOKa MOKa3aHO Ha

pUCYHKE 3;



S\
N\ :

Puc.3 — JIunuu Toka npu ['=4nv.a

_(C+yI?—(4nv,a)?)? —(4nv,a)° T T+ JT? = (4nv a)?

r)[>4nv.a: C
An(T + T'? - (4nv,8)°) 2m 4mv,,

B naHHOM ciiydae oOTeKaeMblii KOHTYp HE SIBISIETCS OKPYXKHOCTbIO. Pacmpenenenue

JIMHUM TOKA MOKA3aHO Ha PUCYHKE 4.

2"

Puc.4 — JIunuu Toka npu [>4nv.a

10



4) Onpenenenue pacnpeesieHus JaBIeHUs Ha 00TEeKaeMblil KOHTYP, HallpaBICHUS

Y BEJIMYMHBI TJIABHOTO BEKTOPA CUJT JABJICHUS
JInst HaXOXKACHUS 3aKOHA pPAacIpeesieHUs] NaBlIeHUs Ha OOTeKaeMblii KOHTYp (B
HAIlIEM ClIydae OKPY>KHOCTb) BOCIIOJIb3yeMcsl uHTerpaioMm bepuymiu. [Ipu oTcyTcTBUUM
MacCOBBIX CHJI M3MEHEHHUE JaBJIEHUS BIOJb JHMHUM TOKA CBA3aHO C H3MEHEHHEM

CKOpPOCTH CIICAYIOIIHUM BBIPAKCHUCM:
p+—2—=C, (17)

rac p, — IJIOTHOCTb HEC)KUMaeMOM CpcAanl.

PaccMoTpuM ciyuaill oOTekaHMsl OKPYXHOCTHM paauyca a, koraa ['<4nv.a.
[Ipumenum ¢opmyny (17) BIONb «KPUTHYECKOI» JIMHMM TOKA, PACIOJIOKEHHOW Ha
okpyxkHocTH. [lonaras B ¢popmyne pacnpenenenus: ckopocteit (13) r=a, HaxoauM 3aK0H

HN3MCHCHHUA CKOPOCTH IIO 06T€KaCMOMy KOHTYPY:

v| :L—va sin@. (18)
= 2na

[Toactasmnss (18) B (17), HAXOAMM 3aKOH pacIpe/esieHus JaBJICHUS M0 OKPY>KHOCTU B

CICOYIOICM BHUAC!
00)=C - P (L _2y_sine)’. (19)
2 2ma

Omnpenenum noctossHHyto C uepe3 AaBiIeHHE P, B JICBOM KPUTUUYECKOW TOYKE, TIIE,

cornacHo (15), =0, =arcsin . [loacrasnsis 3Hauenue 0, B (19), momyuum

4dntv_a

p(9)|e:eo = pO :C " (20)
Takum oOpaszom, pacmpenenceHue MaBlieHUs ¢ ydeTroMm ycioBus (20) mpuHUMaeT
BU/I:

_p P U5 sing)?
p(d) = p, 5 (Zna 2v_ sin@)?. (21)

Ecnu uupkymnsinust orcyretByet (I'=0), To pacnpenenenue naBieHUs CUMMETPUYHO
OTHOCUTENBHO IockocTed X=0 u y=0. [loaToOMy B JaHHOM Cily4yae TIJIaBHBIM BEKTOP

BHEIITHUX CHWJI, ICHCTBYIOIINX HA 00TEKaeMbIii KOHTYP, paBeH HYJIIO.

11



Ha pucynke 5 moka3ana smropa OTHOLIEHHS JABJICHUS B MNPOHW3BOJIBHOM TOYKE

KOHTYypa K JAaBJICHHIO B KPUTUYECKOU TOUYKE i, korna ['#0. Dmropa moctpoeHa st

Po
CACAYIOIMX 3HAYEHUH IapaMeTpoB MHOTOKa: V.=20M/c, a=1lm, I=60m wm?%/c?,

Po=30000001Ta, po=1000xr/m>.

N

Puc.5 — Dmropa naBnenuii

['maBHBIE BEKTOp CWJI JAaBlCHUS, JACHCTBYIOIIMX Ha OOTEKaeMbld KOHTYD,

BBIYHCIICTCA KaK HMHTETpall OT SHCMCHTapHOﬁ CHUJIbI JAaBJICHUA 110 3aMKHYTOMY

00TeKaeMOMy KOHTYpY R = —§ pid/ . OnpenenuM KOMIIOHEHTHI BEKTOpa R B JIEKapTOBBIX

KoopauHaTax:

2n 2n
Po I iy 2
R, =—| pacos9df =-a ——=(———=2v_sin®)°)cos0de =
L J (o =5 (g = 2025 0)")

2 2
__Po? I( P cose—(zi] cos O + 21V, sin@cosO — 4v’ sin® 8 cos0)dd =
na na

2n

2P, . 2 . .
:_p_oa( Po sme—(L] sm9+rv°° smze—ﬂvismm) =0,
2 2na a 3

0

12



2n 2n
. po, I S o
R =—| pasin0dd=-a ——=(———=2v_sin0)°)sin 6d0 =
y !p !(po 2(2na - )7)

2 on a 2V, . .
:_ﬂaf(ﬂsme—(L] Sing + == sin® @ —4v’sin®0)do =
2 % Po 2ma ma

2n 2 2
__Po? I(ﬁsine—(L} 5in@ + V= (1— cos 20) — 4v? (1 - cos® 0)sin 8)dO =
2 5 Po 2ma na

2n

P.a . 2P, r\’ Iv, 1. , 1,
=———(———c0s0+| ——| cosO+ (0—=sin20) +4v_ (cos® —=cos” B))| =-p,Iv,.
2 Po 2na na 2 3

0

Takum 00pa3om, TJIaBHBIA BEKTOP CHJI JAaBJICHUS, EUCTBYIOIIUX Ha OOTEKaeMbIH
KOHTYp, HaNpaBJIeH BAOJb OCH Y, MEPIEHIUKYISIPHON K HAIIPABIECHUIO CKOPOCTHU MOTOKA
Ha 0ECKOHEYHOCTH (PUCYHOK 0),

R=-p,IV,E,. (22)
®opmyina (22) sBISE€TCS YaCTHBIM CllydaeM 0011el Teopembl JKyKOBCKOTO O TTOIbEMHOM
cuje, IEUCTBYIOIEH Ha 00TeKaeMbli KOHTYp. JTa Teopema ChpaBejinBa sl J1I000ro
0o0TeKaeMoro KOHTYypa.

['1aBHBIII BEKTOp CHUJ JAaBJICHUA OTJIMYEH OT HyJs, TaK KakK JaBJICHHE Haj
OKPYXHOCTBIO OOJIbIlI€ JABJIEHUS MOJ HEM. DTO OOBICHSAETCS TEM, YTO MOJ KOHTYpOM
CKOPOCTH OECIMPKYJISIUOHHOTO OOTEKaHUS M YHCTO IHUPKYJSIMOHHOTO IOTOKa
CKJIQJBIBAIOTCSA, a HaJ UUIUHAPOM BbIUMTaOTCS. ClieqoBaTENbHO, MOJ OKPYXHOCTHIO

CKopocTu OoJibllie, a JaBJICHUS, COTJIACHO WHTerpaly bepHymnu, MeHbIe, Haj

I:l,lll.

~_ | =

13




OKpPY>KHOCTBIO CKOPOCTM MEHbIIE, a JaBieHus Ooisbiie. [lpm OecuupkyIsnnoOHHOM
OOTEKaHWU TJABHBIM BEKTOpP CHJI JABJICHHUS paBeH HYI0. JTOT 3(dexT HazbpiBaeTcs
napanokcom [lamambepa. Eciau I'#0, To Ha o0TeKkaeMblii KOHTYp OEHCTBYET MOJbEMHAs
cua.

Puc.6 — I'maBHBII BEKTOP CUJI IaBJICHUS
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