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PEIIIEHUE 3AJTAYM CBSI3AHHOM TEPMOYIIPYT'OCTH JIJISI CTEPXKHSI

Cucrema JIMHeapU30BAHHBIX TEPMOMEXaHUYECKUX YPABHEHHU I
PaCCMOTpI/IM MCXAaHHUYCCKOC M TCILIOBOC MABHIXCHHUC CpCIAbl B OKPCCTHOCTHU
HCHAIIPAKCHHOT'O PABHOBECHOI'O COCTOAHUA, 4 TCMIICpATypa OJHOPOAHA.
§=S®O=0,T=T,. (1)

[Tonaraem, 4YTO OTKJIOHEHHE TEPMOMEXAaHMYECKUX XapAaKTEPUCTUK OT 3STOTO
COCTOSIHUSI MaJibl, IO3TOMY KOMIIOHEHTaMH I'paJMEHTa MepPeMEIIeHUH 0 CPAaBHEHHIO C
eMHULICH MOXKHO TIpeHeOpeyb, Toraa

—— 1 —_ —
¢=LE+Vu=EL, £=E(Vu+u,V). 2
[lepBpiii WHBapHaHT TeH30pa Aedopmaluii paBeH OTHOCUTEIBHOMY H3MEHEHHIO
obwvema Iy (s) =V-u=0.

Temneparypusie oTkIOHeHUs Takxke Mansl: | = To(1+ 9) = T,

rae U = — OTHOCUTEIBbHOE U3MEHEHUE TEMITEPATYPHI.

o
HpI/I 3alluChn  CUCTCMbBI TCPMOMCXAHUYCCKUX ypaBHCHI/Iﬁ B JIAI'PAHKCBBIX

KoopauHaTax IOoJy4uM:

—

1) ypaBHCHHE ABHIKCHHUSI V-S+ pﬁ' = p%, (3)

2) ypaBHEHHUE HEPa3pPBIBHOCTH L = Py,
3) 3aKOH U3MEHEHHS BHYTPCHHEH SHEPTUU

aV_« .Y 1.9 daQ
p=S5-e+V-(A4-VT) +p—, (4)
4) 3aKOH W3MEHEHHS SHTPOIUN
as_pde_1g-
dr ~ Tydt T, va, (5)
5) 3akon terutonpooanoct dypre g = —A - VT. (6)

B 3akone tenonpoBogHocTy Oyphe
g — BEKTOP TEIIOBOTO MOTOKA, XapaKTEPU3YIOLIMI BO3ACHCTBIE OKPYKAIOIIEH Cpe/Ibl Ha
paccMaTpuBaeMbIil 00BEM B €IMHUILY BPEMEHH Yepe3 eIMHUYHYIO TIOBEPXHOCTD;
A — TeH30p TEIIONPOBOAHOCTH, JUlsl H30TponHOro Marepuana 4 = AE.

~

[IpuTok Temia K paccMaTpuBaeMOMy OOBEMY CIUIOIIHOW CpeAbl CKIaIbIBA€TCAd W3
MPUTOKA Yepe3 MOBEPXHOCTh, OTPAHUYMBAIONTYI0 00bEM, U MacCOBBIN MpUTOK. [IpuTox

t
TEIIa Yyepe3 MoBepxHocth AQy = — f f q - ndsdt:
Zo
to

CKOPOCTh NPHUTOKA TeIUla K €OUHUIIE MAacChl Cpeabl Lm _ TaK 4YTO TEIJIOBOE
dt m»>

t .
MaccoBO€ BO3JICHCTBHE MpeacTaBisieTcs B Buae AQ,, = — J; fv pQ dvde,
0



Omnpenensironye COOTHOIEHHU AJIsl IUHEHHO YIIPYTroil H30TPOIHOM cpelbl

CBO6OI[Ha}I OHCPIUA KOHKPCTU3UPYCTCA COOTHOIICHHUCM
po(e,t) = 510% + Ge - & — poTo(Sy9 + 702 + piﬁbe) ,

rae A, G — xoabdunuents ynpyroctu Jlame;

__1oy
So=— T. 30 lgey — HAUAIBHAS SHTPOTIHS;
1 9%y )
T .92 lgo, ~ YACTIbHAs TEIUIOEMKOCTB;
b=V — TEH30p KO3(h(UIIMEHTOB TEMIEPATYPHBIX HANPSKEHUM; IS
~ T, 330 ’

_S=0,19=0

H30TPOIHOTO MaTepuana b = bE.

d
Uepes cBOOOAHYIO SHEPTUIO OMPEALIsieM HaMpsKeHUsT S = p a—f:

S = A0E + 2Ge — 9T,bE , @)
1 BoIpaxaeM u3 (7) nehopmauuu B BUE
£ =S —~1,(S)E + ToaE, (8)

rne E, v —wmonyns FOura n koadduiment [lyaccona cOOTBETCTBEHHO;

@ — KOd(PPUIMEHT TeMIepaTypHBIX PACHIMPEHUM, CBA3AHHBIA ¢ KOIPPUIIMEHTOM
TEMIIEPATyPHBIX HANPsDKEHUH cooTHotnenneMm b = (31 + 26)a,
1 DHTPOTIHIO

__%__19 _ 1
S =—57 =739 = So+c0+=bo. (9)

HavanbHble U TpPaHUYHBbIE YCJIOBHS VISl YPABHEHUH TEPMOYIIPYrOCTH

B xauecTBe HaYaIBHBIX YCIIOBUH OyJIeM MCIIOJIB30BaTh yCaoBus (1).
['paHnyHbIC yCIOBUS 3a4a UM Il MEXaHUYECKUX BO3JACHCTBHIM:

P (%,t) = P*(%,1) Vi€ L, (10)
UM (%,t) = u (1) VXEJZ,.
['pannuHbIEC YCI0BUA 1715 TEIUIOBBIX BO3ACHCTBUM:
Ha YaCTH MOBEPXHOCTHU 27 3aJaH 3aKOH U3MEHEHUS TeMIIEPATyPhI

T=T"(xt) Vxelr, (11)
Ha YaCTH IIOBEPXHOCTH X, 3a/1aH 3aKOH NU3MEHEHUS TEMIOBOIO MOTOKA
qg=q(x1t) VXxEZ,
Ha YaCcTH TIOBEPXHOCTH 2 3a/1aH 3aKOH TEIUIO0OMEHA C OKPYIKaIOIIeH cpeion
i-A-VT+ag(T—T) =0 VIEZ,
rae @, — koapduuueHT TersiooOMeHa. J[is M30TpOmHOro Marepuanga 3TO YCIOBHE
MPUHUMAET BU]T Ag—z +a,(T—-T;) =0.

Iosepxnoctu 2p u 2y; 27, Xy M 2 — HE epeceKaroTcs.



KBa3ucranuonapHas 3ajaya TepMOYNPYTroCTH I TOHKOT0 MPAMOJIHHEHHOT0
CTepP:KHS

A
A 4

Pucynoxk — PacueTHas cxema

PaccMOTpuM TOHKHI NPSIMOJMHEHHBIA CTEp)KeHb JUIMHOW |, OOKOBas MOBEPXHOCTH
KOTOpOro aauabaThuyecku u3oiaupoBaHa. [Ipu Takux mNpeanosokeHusx (MornepevyHoe
CEYEHUE MaJ0) BCE TEPMOMEXAHUYECKHE XapaKTEPUCTHUKU MOKHO CUHUTaTh TOJBKO
(dyHKIIMENH KOOpAMHATHI X, HANpaBJICHHOW BIOJb OCH CTEPXKHS, U MEIJICHHBIMU

—

¢byHKIHMAMUA BpeMeHH. CuHMTaeM TakkKe, YTO OTCYTCTBYIOT MaccoBbie cwibl ' =0 wu
MaccoBbI€ TepMUUeckue Bo3aercTBus () = 0, nHEpUMOHHBIM YJIEHOM IpeHeOperaem.
Ha crepxeHp aedcTByeT oceBas cwia P, MeaIeHHO MEHSIOMmAsics CO BPEMEHEM.

TeH30p HAIPSHKEHHS CYMTAEM 331aHHBIM:
S =o(t)e,é;, npuuem P = fEJdZ . (12)

B navasbHbii MoMeHT Bpemenu o(0) = 0, (13)
nput >0 o(t) =at, ¢ = const.

Temmneparypa B crepsxkne T = T(x, t).

B HavaapHBII MOMEHT BpEMEHH OTHOCUTEIHLHOE U3MECHEHHE TEMIIEPATYPhI

9="==0, (9(x0)=0). (14)
Ha xoHmax cTepkHs noaIepKuBaeTcs IOCTOsIHHAs TeEMIIeparypa
9(0,t) =9, 9(,t) = 0,. (15)

TpeOyeTcsi ompenenuTh MEepeMeNIeHus] TOYEK CTEepkKHS Kak (YyHKIUNA BPEMEHH M
koopauHaT: u(x,t), u,(x,y,t), u,(x,z,t), npuuem OyaeM CUMTaTh, YTO JEBBIH TOpeI]
cTepkHs X=0 3aKpEIUICH OT IEPEMEIIICHHIA:

u(0,t) = u,(0,t) = u,(0,t) = 0.
[To 3amanHomMy TeH30py HampstkeHui (12) ompenenum negopManuu 1Mo 3aKOHY
I'yka (8):

= 1 :EI— v05151 _%J( 8,8, + 626, + 6383) + aTy0( 8,8, + 626, + 6585).
Otkyna
ey =22 =2+ alyd, (16)
522=533=%=%=—£J+QT019.

WNurterpupoBanue BeipaxeHuit 1yist aedopmaiuii (16) BO3MOKHO MOCTE ONpeIeTIeHUs
byukun 9(x, t):



u=2Zx+aT, [} 0(x,t)dx, (17)
u, = (—%O’ +aT )y, u, = (—%0’ + aTy0)z .

OtHOCUTENBHOE H3MEHeHue TemrepaTypbl U(x,t) OymeM HCKaTh W3 ypaBHEHHUS
TEIUIONPOBOAHOCTH. M3 3akoHa wu3MeHeHHs OSHTpornuu (5) C  yderoM 3akoHa
TerIonpoBoAHOCTH Dypbe (6) IsT OAHOPOJHOTO HM3OTPOIMHOTO CTEPXKHSA 3aAMUIIEM
ypaBHEHUE:

as
T{]p{]a= AVZT , (18)
U, IEPEXOsl K BEIMYNHE OTHOCUTEIHHOTO U3MEHEHHUS TEMIIEPATYPHhI, TOTyUYUM
T=Ty+ Ty, T,=const,
32T _ 3%(To+To9 329
per = 2L = 2 0othd) _ p 08
dx? ax? dx?2
C yueroM npeacraBieHus i SHTponuu (9), HaliieM MPOU3BOJIHYIO OT SHTPOIHUU
110 BPEMEHHU:

S _¢d +1 58,
at Pa

Torna ypaBuenue (18) npuHUMaeT BUA:
SRR %9
T0p0(619+gbl9) = AT{]@. a7)

N3 Beipaxenuit nns aepopmanmii (16) oTHOCUTENbHOE H3MEHEHHE O0OBEMa MOKHO
BBIYUCIIUTD 10 (hopMyIie

9 = 811 + 822 + 833 = 1;‘212'0_ + 3aT019.
Torna
6 = —+3aTyd . (18)

[Toacrasnss (18) B ypaBuenue (17), momydum
pocd + b (% + BQTOS) =A
[IpoBenem npeoOpazoBaHus B OCIEIHEM YPAaBHEHUU:
3 d%9 a
(pOC + b3ﬂfT0)l9 = Am - bﬁ ,

229
dx2’

a9 1 929 b -

— = AN———0).

at poC+b-3aT, dx? 3K

A ~2. b ) ~
O6o3HayuM —— = a“;, — o= A.
Poc+b-3aT, 3K-(poc+b-3aTly)
YPaBHCHI/IC TCILIOIIPOBOAHOCTH IJIA CBA3AHHOU 3aJlavuu IMOJIYYUM B BHUJC:

39 .o 829, =~
—=a° —+A.
at ax? t (19)

Jist  Hecésasanmoll KBAa3WCTATHMUECKOW 3aJadd CIEAyeT MpeHeOpedb BIHSHUEM

aepopMaliii Ha ypaBHEHHE TEIUIONPOBOIHOCTU. Toraa mosryuynm
99 2 029
_— = a — ,
at dx?
2_ 4 i
rae a® ==, (@ Ha3pIBaIOT KOA(GHUIIMEHTOM TeMIepaTyporpoBoHoctH), A = 0.
0

(20)

Pemienne HeCBSI3aHHON TEPMOMEXAHUYECKOM 3212491 VIS CTEPKHSA
Haiinem none temneparypsl u3 ypaBHeHus (20) ¢ HadanbHbIMU (14) U TpaHUYHBIMU
(15) ycnoBusimu:



a9 29
Pl v (1)

9(x,0)=0; 9(0,t) =9;; 9(,t) =9,. (22)
Pemenne Oynem uckaTh B BUAE CyMMBI ABYX (QYHKIUI, OHA U3 KOTOPBIX HE 3aBUCUT
OT BPEMEHU:
9(x,t) = v(x) +v(x, 1),
rae v(x) — cralMoHapHas TeMIeparypa,
v(X, L) — OTKJIOHCHHUE OT CTAI[HOHAPHOMN TEMIIEPATYPHI.
Haiigem crammonapHyto TemMmneparypy, IOJACTaBisis 3Ty QyHKIMIO B ypaBHeHHE (21)
Y yJIOBJIETBOPSIS YCIOBUSAM Ha rpanuiie (22):
v''(x) =0,
v(0) =9, v(l) = 9,, (23)
v(x) = 0 +7 (9, = 9y).

®dynknuio v(x,t) GyneM McKaTh Kak perienue ypaBHeHus (20), YIOBICTBOPSIOIICE
OJTHOPOJHBIM TPAHUYHBIM YCIIOBHSIM:
v d%v
E = O’,z ﬁ , (24)
v(x,0) =9(x,0) —v(x) = —v(x),
v(0,t) =0,
v(l,t) =0.
3anauy (24) perraemM METOJIOM pa3/iesieHUs TePEMEHHBIX:
v(x,t) = X(x)T(t),
1 Tl X”
ar=x= "
I'pannunsie yenosust mis yakmun X (x):  X(0) = 0,X(1) = 0;
nnpdepennuansroe ypasHenue X' + AX = 0 umeeT HeTpUBHAIILHBIE PEIICHUS TOJIBKO
mn 2 . TThXx
npu 1, = (T) , mooToMy X, (x) = sin—.
Huddepennmansaoe ypasaenue aus Gyuxyun 1(t)
T'+a*rT=0
umeer pemennst T, = Cpe~% ™t n=1,23...

YacrtHble penienus ypaBuenus (24)
2 mnx
v, (x,t) = X, ()T, (t) = C,e™? rﬂfsinT

YAOBJICTBOPAKOT 'PAHUYHBIM YCJIOBUAM.

CocTaBuM psijt

2z
nn) 2
) a2t .

v(x,t) = Yoy Cne_( i sin .

(25)
®yukiys V(x, t) yI0BIETBOPSET IPAHUYHBIM YCIOBUAM. Y I0BJIETBOPUM HAYAbHBIM
ycnoBusiM (24):
0o . TTNX _
v(x,0) = Xr=1 Cpsin— = —v(x),

1.e. C,, sBisrorcs koddpunuenrtamu Oypbe aus GyHKIMU —V(X) npu pa3nokeHun eé B
psin o cunycam Ha uatepsae (0, 10):

2 rl : r 2
G =203 (=01 =200, = 8)) sin T dx = £ (8 (~1)" = 9,).



Takum oOpa3om, Ha ocHOBaHWH (23) u (25) pernieHne HECBS3aHHOW 3a/ladydl MMEET
BU/I:
E)z a2t

9(x, ) = Uy +J‘f(l92 —Uy) + Z??=1;_n (G (-D" - 191)9_( F Sm_ (26)

Pemienune cBsI3aHHOM 32124 TEPMOYIIPYITOCTH AJISl NPAMOJIUHEHHOT0 CTEPKHS
Haitnem mone temmeparyp u3 ypaBHeHus (19) ¢ HadanbHbIMH ycioBusiMu (14) u
IpaHUYHBIMU ycJIOBUAMU (15):

3 _ ~2 90
—=at o+ (27)
9(x,0)=0,  9(0,¢) =V, 9(1,t) = 0,. (28)

Tak e Kak M IpU pEIIEHUM HECBA3AHHOM 3adadd, OyJeM HCKAaTh pEIICHUE
ypaBHeHUs (27) ¢ Ha4YaIbHBIMU M TPAHUYHBIMU YCIIOBUAMH (28) B BHIE:
9(x,t) = v(x) + v(x,1).
s CTauHOHapHoﬁ TeMIIepaTyphl KpaeBas 3aj1a4ya GOpMYIUPYETCS B BUJIE:
~2 _”'
(x) =
U(O) =0, ‘P(l) =V,

Pentenue »Toi 3a1aun UMEET BUI:
v(x) =0 +7 (9, = 9) + 5 x(l — x).

HGCTaHI/IOHapHEUI TeMnepaTypa HaXOI[I/ITCH H3 PCHICHUA YPaBHCHHUA C OJHOPOIHBIMHA

I'paHUYHBIMHA yCJIIOBHUAMHA

W _ 420 -7
At =a ax2 !’ v(xr 0) - U(X),

v(0,t) =0, wv(lt)=0.
Ota 3amaya coBmagaeT ¢ 3amadeit (24) mna HecBsi3aHHOW 3amaun. EE pelieHue jerko
noJTy4duTh U3 (25), 3aMeHss ko3 duuueHT a Ha kodddumuent d. Koapdunuentsr C,
BBIYHCIISTFOTCS C TIOMOIIBI0 HAYaIbHBIX YCIOBUH. y):[OBJ'ICTBOpI/IM HaYaJIbHBIM YCIIOBHSIM:

v(x, t) =2, Cy 5111m = (191 + = (192 — ;) t5s x(l — x))
l ~
2 0, — 9, Al A\  mnx
an_f 191+ ] x+mx—ﬁx Slanx=
0
= i(19 (D" —19,) — ——f (Ix — xz)sm—dx =
n’ Y1242 l
A 213 .
= (-1 = 8) + T (1)~ 1),
Pemenue CB}ISaHHOI/I 331841 UMECT BHJ|
ﬁ(x,r)=191+ x+—x(l—x)+ (29)
o [ 2 i 23 _(M™Vaze 1
+Zn=1 (g ([92(—1)” 191) Tz 1d2 m3n3 ((_1)?’1 - 1))8 ( : ) ¢ tSlnﬂ-lﬂ.



CpaBHeHHe pe3y/IbTATOB PelICHUs] CBSI3AHHOM 1 HECBA3AHHOM 3a1a4
TePMOYNPYTOCTH IJIsl IPAMOJTHHEHHOT0 CTEPKHSA

B kauectBe matepuana ctepikHs BbIOpaH amomuHuil. Ha pucynke 1 mpuBeneHo
pacnpenesieHue TeMIlepaTypbl CTEpXKHS B pa3iMyHble MOMEHTHI BPEMEHH IIPH €ro
pacTskeHuu. ['paduku ciaeBa MOCTPOEHBI MO PE3yNbTaTaM pPEIICHUS HECBI3aHHOU
3a/1auy, a TpauKu crpaBa — Mo pe3yJbTaTaM penieHus CBI3aHHOM 3anaun. 13 rpadukos
CJIelyeT, YTO BOJM3H H30JMPOBAHHOIO KOHIIA CTEPXKHS MNPHU PACTSHKEHUM pELICHUE
3amaun (29) B CBSI3aHHON IIOCTAHOBKE MPOTHO3UPYET CHUKEHHUE TEMIEPATyphl I10
CPaBHEHUIO C HaYaJIbHBIM 3HAUEHHUEM.

4 A

SER| 3731
360.54 o

353 358+

3551 350.5

338

315.5+

308 . 30551

A06:5
293
20:

+ } 1l ' | [ + | | ' | }
0 01 02 03 04 05 06 0.7 0.8 09 1 0 01 02 03 04 05 06 07 08 09 1

M xr

Pucynok 1 — Pacnipenenenne remnepaTypbl CTEPKHS 10 JIMHE
Ha pucynke 2 npuBeneHsl rpaduku, OTpa)KaroIIUe 3aBUCUMOCTH TEMIEpaTyphl B
PA3JIMYHBIX CEUYECHMSX CTEPHKHSA C TEUEHHUEM BPEMEHH, MOJYYEHHBIE 10 COOTHOIIEHUSIM

(26) u (29).
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Pucynok 2 — 3MeHeHune TeMneparypsl B pa3uyHbIX CEUCHUSIX CTEPIKHS
B cedyenumn, pacrnojio)K€HHOM BOJIM3M  H30JUPOBAHHOTO KOHIA  CTEpXHS,
HaOMIoAaeTCsl TOHMKEHHE TeMIlepaTypbl Ha HadyallbHOM JTane AedOopMHpPOBaHUA,
KOTOpPOE B JAJIbHEMUIIIEM CMEHSIETCS IPOIPEBOM.



