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IMOCTAHOBKA CBSI3AHHOM 3AJIAUA TEPMOYIIPYTOCTH

Cucrema JUHCAPU30BAHHBIX TEPMOMECXAHUYICCKUX ypaBHeHI/Iﬁ
PaCCMOTpI/IM MCXaHHYCCKOC M TCIUIOBOC IBHXCHHC CpPEAbl B OKPCCTHOCTHU
HCHAIIPAKCHHOI'O PaBHOBCCHOT'O COCTOAHUS, a TECMIICPpATYpPa OAHOPOAHA.

S=S@O=0,T=T,. (1)

[Tomaraem, 4TO OTKJIOHEHHWE TEPMOMEXAHUYECKUX XAPAKTEPUCTUK OT STOrO
COCTOSIHUSL MaJjbl, MO3TOMY KOMIIOHCHTAaMH TpPAJUCHTa TMEPEMEIICHUN 10
CPaBHEHHUIO C €IMHUIICH MOKHO MpeHeOpeyb, Tor1a

=_, 1 —=_, =
®=E+Vi~E, e=2(Vi+av). )
IlepBblii  WHBapuaHT TeH30pa Jjgedopmanuii  paBeH  OTHOCHTECIHLHOMY
U3MEHCHHIO 00BbeMa [ (s) =V-u=6.

Temneparyphbie oTKIOHeHUs Takxke Maiel: 1 = To(1+ 9) = Ty,

rac U = — OTHOCHUTCIIbBHOC NU3MCHCHHC TCMIICPATYPHI.

0
[Ipn 3anmMcu CUCTEMBI TEPMOMEXAHUYECKMX YPABHEHHM B JIATPAHKEBBIX

KOOpAHHAaTax IIOJy4UuM:

—

1) ypasHenue npikenus V- S + pF = p%, (3)

2) ypaBHCHHE HEPa3pbIBHOCTH P = Py,

3) 3aKOH U3MEHECHHUS BHYTPCHHEH SHEPTUH

du S - dQ
p =St V-(4-VI)+p—, (4)

4) 3aKOH U3MEHCHHS SHTPOITUU

as_rpdae_ 1gz

dt Ty dt T, va, ()
5) 3akoH TerutonpoBogHocTH Pypre g = —A - VT, (6)

B 3akone TemionpoBogHOCTH Dyphbe
g — BEKTOp TEIUIOBOTO IIOTOKA, XapaKTEPU3YIOIUK BO3JCHCTBHE OKPYKAIOIICH
Cpelbl Ha paccMaTpuBaeMblii O0bEM B EIUHHUIYY BPEMEHU 4Yepe3 EIUHHYHYIO
MOBEPXHOCTH;
{} — T€H30p TEILIONPOBOJIHOCTH, JJIsl U30TPOITHOTO MaTepualia {,1 = AE? :

[IpuToK Temyia K paccMaTpuBaeMOMy OOBEMY CIUTOIIHON CPEbl CKIAIbIBACTCS U3
NPUTOKA 4Yepe3 MOBEPXHOCTb, OIPAHUYMBAIONIYI0O OOBEM, U MACCOBBIM MPHUTOK.

t
[puToK Teria yepes moBepxHocTh AQy = — f f G- ndxde
z'0
to

dQ -
CKOpPOCTh MPUTOKA TEIJIa K €IMHUIIE MACChl CPEIIbI d—;” = (,,, TAK YTO TEIJIOBOE

t .
MaccoBO€ BO3JICHCTBHE MpeacTapisieTcs B Buae AQ,, = — J-t fv pQdvdet.
0



Omnpenensironue COOTHOMIEHHS AJIs1 INHEHHO YIIPYToil H30TPONHOM cpebl

CBO6OI[H3,H OHCPTIUA KOHKPCTU3HUPYCTCA COOTHOIICHUCM
po(e,t) = 520% + Ge - £ — poTo(S¢9 +5c02 + piﬁbe) ,

rae A, G — kosdduiments! ynpyroctu Jlame;

19y )
So=— T 90 lgoo — HAUQUIbHAS OHTPOIHSL
1 9%y _
T 99% [, — YACHbHAS TEIUIOEMKOCTD;
h=—22V — TEH30p KO3(PPHUIMEHTOB TeMIEpPaTypPHBIX HAMPSIKCHHIL;
~ T, 0€d9 ’

_S=0,19=0

JUTst M30TpoIHOro Marepuana b = bE.

oY,
Yepes cBOOOAHYIO SHEPTHIO ONPEACIISIEM HANPSKEHUS S = p e
S = A6F + 2Ge — 9TybE (7)
U BbIpaxkaeM u3 (7) neopmanuu B BUIE
£ =25 —~1,(S)E + TyadE, (8)
rne E, v —wmonynb FOHra u koaddunment [lyaccona coOoTBETCTBEHHO;
@ — KO3Q(UUUEHT TEMIEPATypHbIX PpACUIMPEHUM, CBS3aHHBIA C

K02 PUIHEHTOM TEMITEPATYPHBIX HaNpsKeHHiA cooTHomenuem b = (31 + 2G)a,
Y SHTPOITHIO

—___19 _ 1
S = ar Toaﬂ_SO+Cﬁ+pob9. (9)

HavanbHble U rpaHUYHbIE YCJIOBYS /IJIsl YPABHEHUH TEPMOYNPYroCcTH

B kauecTBe Ha4AJIBHBIX YCIOBHUH OyJIeM HCIIOJIB30BaTh yCaoBus (1).
['pannuHbIe yCIOBHS 3aAa0UM JIJI1 MEXaHUYECKUX BO3/ICHCTBHIA:

PM(%,t) = P*(%,t) V%E L, (10)
UMW (%, t) = u*(%,t) Vxel,.
I'pannyHbIE yCI0BUS U1 TEIUIOBBIX BO3ACUCTBUM:
Ha YaCTH MOBEPXHOCTHU X 3a/1aH 3aKOH U3MEHEHUS TeMIePaTyphl

T=T"(xt) Vx€EZr, (11)
Ha YaCTH TIOBEPXHOCTH X, 3a/1aH 3aKOH U3MEHEHUS TEMJIOBOIO TIOTOKA
qg=q (x1t) VXE X,
Ha YaCTH MIOBEPXHOCTH 2, 3a/1aH 3aKOH TEII00OMEHA C OKPYIKaIOIIeH cpeon
-A-VT+ay(T—T;) =0 ViEZ,
rjae @y — koddduiuent TermoodMeHa. [ u30TponHOro Marepuasna 3TO yCIOBUE

MPUHUMAET BUJ] Az—z +ao(T—T;) =0.



[osepxnoctu 2p u 25 27, Xy M X — HE NEPECEKAIOTCAL.

KBa3zucranmonapHasi 3aja4a TepMOyNpPYyrocTH AJisi TOHKOTO NPSIMOJIMHEITHOT0

CTepPKHHA
7 A
-P P
< — >
/ X
y I
PucyHok — PacyeTnas cxema
PaccMOTpUM TOHKME TNPSMOJIMHEWHBIA CTepKeHb JiauHON |, OokoBas

MOBEPXHOCTh ~ KOTOpPOro  anuabaTuyecku  u3onvpoBaHa. llpum  Takmx
NPEANOJIOKEHNUAX (IOMEpPEeYHOEe CEYEHHE Malo) BCE TEPMOMEXAHUYECKUE
XapaKTEPUCTHUKM  MOXKHO  CUUTaTh TOJBKO  (PYHKIIMEH  KOOpPAMHATHI X,
HaIpaBJI€HHOW BAOJb OCH CTEPXKHS, M MEIJICHHbIMH (YHKUHUSAMH BPEMEHHU.

CunTaeM TakXe, YTO OTCYTCTBYIOT MaccoBble cuibl F =0 u maccoBble
TepMudeckue Bo3aercTBus (¢ = 0, MHEpIMOHHBIM YWICHOM NpeHeOperaem.

Ha crepxeHb naeicTByeT oceBas cwia P, MeIjeHHO MEHSOMIAsICId CO
BpeMeHeM. TeH30p HalpsKEHUs CUMNTAEM 33 JaHHBIM:

S =o0(t)é €, mpuuem P = fzo dy . (12)
B nauansHbeiii Moment Bpemenu o (0) = 0, (13)
nput >0 o(t) =dt, ¢ = const,
Temneparypa B crepsxue I' = T'(x, t).
B HavyanbHBIIl MOMEHT BPEMEHHU OTHOCUTEILHOE H3MEHEHUE TEMIIePaTyphl

9=0=00 (9(x,0) = 0). (14)
Ha KOHIIax CTCp)KHSI HOI[I[CP)KPIB&CTCH ITIOCTOsTHHAsA TeMHepaTypa
9(0,t) =9, I9(l,t) = 9,. (15)

TpebOyeTcs onpeaeauTh MEPeMEIICHUs TOYCK CTEP)KHS KaK (QYHKIIMNA BPEMEHU U
xoopauHat: u(x,t), u,(x,y,t), uy(x,z,t), npudem OyaeM CUMTaTh, 4TO JIEBHIH
Topell cTepkHs X=0 3aKpeIuieH OT MePeMeIICHUN:

u(0,t) = u,(0,t) = u,(0,t) =0.
[To 3amanHOMy TeH30py Hampspkenuid (12) ompenenum medopmainvud 1O

3akoHy I'yka (8):
1+v ., v .. L, 4. s s s
£=—F—068 —EJ( e,6; + €,6, + e5e3) + alyd( e e, + e, e, + e;e;).
Otkyna
du o
&1 = a = E + Q'Tgﬁ, (16)
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Ny _ s
ay T oz
WuterpupoBanue BblpaxkeHuit ansa  nedopmanuit (16) BO3MOXKHO TmOCTe

onpenenenus pyuxuuu U(x, t):

a X
u==x+aly Jy 9(x,0) dx, (17)
Vv v
u, = (—EJ +alyd)y, u, = (—EJ + aTly9)z .

OtHOCUTENBHOE H3MEHEeHHE Temieparypsl U (X, t) OymeM MCKaTh U3 YPaBHEHHUS
TETUIONPOBOAHOCTH. M3 3akoHa W3MEHEHHs OSHTponuu (5) ¢ ydeTroM 3aKOHa

TerionpoBoaHocTH Dyphe (6) AJig OTHOPOIHOTO U30TPOMHOTO CTEPKHS 3aMUILIEM
ypaBHEHHUE:

v
E9g = €33 = =_EJ+Q'T019

Topo 2. = AV?T, (18)
U, IEPEX0/Id K BEIMYUHE OTHOCUTEIHLHOTO U3MEHEHUS TEMITEPATYPhI, OTYyUYUM
T=T,+Ty9, T,=const,
p2r = T _ PTo+To®) _ T, 329 .
9x2 dx? ax2
C yueroM mnpencraBieHusi st dHTponuu (9), HalaEeM MPOU3ZBOAHYIO OT
SHTPOMUU IO BPEMEHU:

B =cd+2b8.
at Po
Torna ypaBuenue (18) mpuHUMAaET BUI:
. . 2

Ty po(c +ib9) = AT, 2. (17)
N3 Beipaskenuii aiis negopmaruii (16) OTHOCUTENBHOE U3MEHEHHE 00BEMa MOYKHO
BBIYHCIIUTH 110 opMyIie

1-2v

6 = €11 + €99 + E33 = TJ + 30:T019.
Torpa
6 = — +3aly0 . (18)
[Toacrasmss (18) B ypaBuenue (17), momyuum
: a 2\ 4 070

pocd +b (3= +3aTyd) = 415,

[TpoBenem nmpeoOpa3oBaHus B IOCICTHEM YPABHCHHUH:
: 329 &
(pUC + bBQ’Tg)f) = Aﬁ— bﬁ ,

a9 _ 1 ( 329 b J)
at  poc+b-3aT, \' 9x2 3K /]

A ~2 b ) o~
HAYUM ———— =d°“; — o= A.
Obos3 pPoc+b-3aT, ’ 3K-(pgc+b-3aTy)
YPaBHeHI/Ie TCHHOHpOBOI[HOCTI/I JJIA C@ﬂS’aHHOﬁ 3aJ1a4un HOJ’Iy‘—IHM B BU/C:
39 .9 020 |
—=q°- —+A.
at dx?2 + (19)

J s mecesnzanHoU KBA3UCTATUUECKOW 3aJlauMl CIEAyeT MpeHeOpeyb BIUSHUEM

nedopMaliii Ha ypaBHEHHE TEIUIONPOBOIHOCTH. Toraa mojryaum
a9 5 829
— = qa
at dx2’ (20)
2 —

A ~
rae a® =-=, (a HazwIBarOT KO3 PUIIKIEHTOM TemiepaTyporpoBoaHocth), A = 0.
0




Pemienne HeCBA3aHHOM TEPMOMEXAHUYECKOM 321a4U ISl CTEPKHS
Haitnem mnone temmneparypel u3 ypaBHeHus (20) ¢ HadanpHbiMH (14) wu
rpaHu4HbIME (15) ycrmoBusIMu:

a9 _  593%9
ot 4 ez (21)
9(x,0)=0; 9(0,t) =9;; 9(,t) =V,. (22)

Pemenne OynmeM nckaTh B BUJE CyMMBI IBYX (DYHKITHH, OJTHA U3 KOTOPHIX HE
3aBUCHUT OT BPEMEHHU:
J9(x, t) = v(x) +v(x,t),
rae v(x) — cranpoHapHas TEMIIEpPaTypa,
v (X, t) — OTKIIOHEHHE OT CTAI[HOHAPHOU TEMIIEPATYPHI.
Haiinem crarmoHapHyIo TeMIiepaTypy, MOJICTABISAS 3Ty GYHKIIUIO B YPAaBHCHHE
(21) u ynoBneTBOpsisi yCIOBUAM Ha rpaHuiie (22):

v"(x) =0,

v(0) =V, v(l) =V,
(23)

v(x) = 0y + (9, — 9.

®dynkmuio - v(x,t) OymeM wuckath Kak pemeHne  ypaBHeHHs  (20),
YIOBIICTBOPSIIONIEE OJHOPOIHBIM TPAHUYHBIM YCIIOBHSIM:

T (24)
v(x,0) =9(x,0) —v(x) = —v(x),
v(0,t) =0,
v(l,t) =0,

3agauy (24) pemaeM METOJIOM pa3iesIeHUs] IEPEMEHHBIX:
v(x, t) = X(x)T (1),
1 Tf XH
——=—=-T,
a? T X
I'pannunsie yenosus must yuxmun X (x): X (0) = 0,X() = 0;

nupdepennuansioe  ypasuenne X +AX =0  uMeer HeTpuBHAILHEIE

mn . TNnXx
PeLICHHs TONBKO NIPU 1, = (=) , OITOMY X, (x) = sin -

IMuddepennpanpaoe ypasaenue aus Gpyukiuu 1'(t)
T'"+a*T=0

a2
umeer pentenns T, = C,e~* ™t n=1,2,3...

YacrtHble penienus ypaBueHus (24)
nx
v, (1) = X, (x)T,(t) = Ce™® ”ntsinT

YAOBJICTBOPAIOT I'PAaHUYHBIM YCJIIOBHUSM.

CocraBuMm psg
v(x,t) = Y2, Cne_(T) aztsing. (25)



®dynkmus  V(x,t) yIOBIETBOPSAET T'PAHUYHBIM YCJIOBUSAM. Y JIOBJIETBOPHM
HayaJbHbIM yCIOBUSM (24):

v(x,0) =Y, C, sm— —v(x),

T.¢. C,, sBistroTCst Koaddurmenramu Oypre it GyHKIHH —V(X) MpU pa3IoKCHAH
eé B psin o curycam Ha untepsaie (0,1):

2 1 T 2
Co =71, (—191 —?(ﬁz — ﬁl))smnlﬂdx == (9,(=D" ~ 9).

Takum oOpazoM, Ha ocHoBaHWHU (23) U (25) penieHHe HECBSI3aHHOW 3aJauu
UMeeT BU/I;

mnx

9 0) = 0y 500 = 0) + iy 2 (0,1 — 067 (F) rsin
(26

Pemenne cBSI3aHHOM 321244 TEPMOYIPYTOCTH ISl PSIMOJIUHEIHOTO
CTEPKHS
Haiinem nosne temnepatyp u3 ypaBHenus (19) ¢ HauanbHbIMU yciaoBusamu (14)
U TPaHUYHBIMH yciaoBusiMu (15):

M _ x2 9°0
- =T A, (27)

9(x,0) =0, 9(0,t) =9, 9(l,t) =0,. (28)
Tak >ke KaKk U MpU PEIICHUH HECBSA3aHHOW 3ajaud, OyleM HMCKaTh pEIICHHE
ypaBHeHUs (27) ¢ HAYaIbHBIMU M TPAHUYHBIMU YCIOBUSIMH (28) B BUJIE:
d(x,t) = v(x) + v(x,t).
st CTauHOHapHOI?I TEeMIIepaTyphl KpaeBas 3aja4a GOpMyJITHPYETCs B BUJIE:
a7 (x) = —A
v(0)=9,, v)=19,.

PGH_IGHI/IC 3T 0171 3aa4u UMECT BHU.
v(x) = 0y +5 (9, — 0p) + 5 x(l —x).

Hecraunonapnass Ttemreparypa HaxXOAUTCA W3 PEIICHUS YPABHEHUS C

OJHOPOAHBIMHA I'PAHWUYHBIMU YCIOBUAMHU

v _ .o d%v =
S = a o=, v(x0)=-v(x),

v(0,t) =0, v(,t)=0.

Ota 3agada coBmagaeT ¢ 3aaadeit (24) s HecBs3aHHOW 3amaun. EE pemienue
JeTKO TOoNy4uTh w3 (25), 3ameHss KodPduiueHT a Ha KodpuiueHT d.
Koaddumuenter C,, BBIYUCIAIOTCS €  TIOMOINBIO  HAYaJIbHBIX  YCJIOBHIA.

YILOBJ'ICTBOpI/IM HaYaJIbHBIM YCJIOBUSIM:
m

v(x, t) = o=, Cy sing (191 + - (192 — ;) +t55 x(l - x))



2 9, — 9, Al A L\ . mnx
C,=—- 191+Tx+2a2x—2a2x sdex=

2
— n 2
=— (9,(—1) 9;) l 2~2f (Ix — x )sm l dx =

2 A 2P
= L 0,1 = 8) + T (D"~ 1)
PCH_ICHI/IG CBHS&HHOI/I 3a1a41 UMCCT BU
0(x, 6) = 0; + 22 x + —x(l—x) +

2 (2 -0+ A2 () B e

CpaBHeHne PeE3yJabTaToOB PCIICHUS CBSI3AHHOM M HECBSI3aHHOM 3agav

TEPMOYIIPYIoCTH JIsA HpﬂMOJIPIHBﬁHOFO CTEPKHA

(29)

B kauecTtBe Marepuana cTepkHA BblOpaH amomMuHud. Ha pucynke 1
NPUBEACHO paCIpENe/iEHUe TEeMIIEpaTypbl CTEPXKHS B pa3JIMYHbIE MOMEHTHI
BPEMEHU IIPU €ro pacTsokeHuu. ['paduku cieBa MOCTPOEHBI MO pe3yibTaTam
pelIeHNs] HECBSI3aHHOW 3a/auM, a rpauKy cupaBa — MO pe3yJbTaTaM pPELICHUS
CBSI3aHHOM 3amauu. M3 rpaduxoB cienyer, 4To BOIM3M M30JMPOBAHHOTO KOHIIA
CTEpXHSI TpHU PaCTSHKEHUM pelleHue 3aaaud (29) B CBSA3aHHON IOCTaHOBKE
IIPOTHO3UPYET CHUKEHUE TEMIIEPATYPHI I10 CPABHEHUIO C HAYAJIbHBIM 3HAYEHUEM.

368 e
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Pucynok 1 — Pacnpenenenue temnepaTypbl CTEPAKHS 10 JJIMHE

Ha pucynke 2 npuBeneHsl rpa@uku, OTPAKAIOIINE 3aBUCUMOCTH TEMITEPaTyPhI
B Pa3UYHBIX CEUYEHHUSAX CTEPXKHS C TEUYCHUEM BPEMEHU, TMOJYYCHHBIE 10

COOTHOILIEHUSIM (26) u (29).
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Pucynok 2 — 3MeHeHne TemiiepaTypsl B Pa3JIMYHbIX CEYEHUSAX CTEPKHS
B ceueHun, pacnojgoKeHHOM BOJIM3M HW30JUPOBAHHOIO KOHIA CTEPXKHS,
HaOJII0aeTCsl MOHMKEHUE TEMITepaTypbl Ha HadalbHOM 3Tare aeQopMUpOBaHUS,
KOTOPOE B JAIBHENIIEM CMEHSIETCS TPOTPEBOM.
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