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IlepBolii cemecTp
JlaHHBIE METOIMYECKHE YKa3aHHs HAlKMCAHbl B MOMOIIb CTYJAEHTAM TEXHUYECKHX
CHEIUATIBLHOCTEN JUIsI CaMOCTOSITENIbHOW paldoThl B MepBOM ceMmecTpe. Paccmorpensl
pelIeHrs TUIIOBBIX 3a]a4 M0 aHAIUTHUYECKON IeOMETPUU U JTUHEUHOW anreOpe, BBEICHUIO
B MaTEMaTUYECKUM aHajIu3, a TaKXKe JaHbl HEOOXOJUMBbIE TEOPETHUECKHE CBEICHUS U

CCBUIKH Ha JIUTEPATypy.

[TPUMEPHI PEIIIEHNMA 3AJAY

3ajaua 1.

Teopemuueckue ceedenus.
B npsmoyronbHO#l AexapToBoil cucteme KoopaumHat OXYZ TOJOKEHUE 000U TOYKH

3a/1aeTcs TPEMs YUCIaMU — KOOPOUHAMAMU A(X A YA Z A) (pucyHok 1).

A(XA,YA,ZA)

i,y

Pucynok 1.

Paccrosnue Mexay nByms Toakamu A (X, Y;,21) 1 Ay(X,,Y,,2,) ompenensercs mo

dbopmyie

d :\/(Xz —%)?+ (Y2 — Y1)’ +(2,-2)°. (1)

[lpu pemeHnn 3aady aHATUTHYECKOW TEOMETPHH HA TUIOCKOCTH HEOOXOIMMEI
CJICYIONIHME CBEJACHUS O MPSIMOM JINHHH:

1) ecnu Touka M(X; y) nemut otpe3ok MiMy (Mi(x1,; y1) u Ma(x2; y2)) B OTHOIICHUH A,

TO KOOPJMHATHI 3TOW TOYKU BBIpaKAIOTCS opMyIamMu
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_ X+ AX, Nt Y, 2)
1+4 1+ 4
ecim ke Touka M(X; Y) - cepeauHa otpeska MiMa, To
Xy + X +
X = 1 2 Ly = Y1t Yo : (3)

2 2
2) ypaBHEHHE NPSIMOM, MpOXOoAasied depe3 Touky Mi(Xi; Y1) ¥ MMEIOIIEH JTaHHBIH
yria0Boi KO3 GHUIUMEHT K, 3aIiChIBAacTCS B BUJIE
Y=y =k(x=x); (4)
3) ypaBHEHHE MPSAMOH, MPOXOASIIEH Yepe3 JBe JaHHble TOYKU Mi(X1; Y1) U Ma(Xz;

Y2), IMEET BHU]I

X—X — Y—Y1 , IPH 9TOM k=22 N Yo — yl (5)

Xo=X Yo— ) Xy X1

4) OCTpBIA YroJ MEXAy IABYMs NPSAMBIMH C YrioBbIMH Koddduimentamu Ki u Kz

onpenesieTcs o hopmyiie

ko =k

6
1+ kK, | (©)

9y =

Ipd  OTOM YCIOBHE TMapajUIeIbHOCTH MpsAMBIX uMeeT Bua Ki=k,, a ycioBue

HepHeHINKYIpHOCTH K, = _ki (7)
2

A
5) ecnam mpsiMast Ha TUTOCKOCTH 3aJaHa 0owum ypasuenuem Ax+By+C=0, To K; = B

- €€ YII10BOM KO3 PUILIUEHT;
6) eciu B OOIIEM ypaBHEHHUU TpsiMOM moaenuTh Bce wieHbl Ha C # 0, momyuum
ypaBHEHUE TPSIMON B OTPE3KaX:

X 'y C C.
—+==1, a=——,b=——; 8
a+b e A B (®)

7) Touka nepeceueHus AByX MpsAMbIX A1x+B1y+C1=0 u Axx+Byy+Co=0 onpenensercs

U3 PELICHHS CUCTEMBI YPABHEHU

{A1X+Bly+C1:0 )

AXx+B,y+C, =0
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Vpasuenue okpyscnocmu ¢ unentpom B Touke E(a,b) m pammycom R umeer Bua

(x—a) +(y—b)* =R?. (10)

Ilpumep evinonnenusn 3adanus.

Janbl Bepimnsl Tpeyronsuuka ABC: A(-4;8), B(5;-4), C(10;6).

Haiitu: 1) anuny croponst AB; 2) ypaBHeHust ctopoH AB u AC B o0111eM BHJIE U UX
yriaoBeie KO3(PGUIMEHTHI; 3) BHYTpEHHHH yroil 4 B pajauaHaXx € TOYHOCTHIO
no 0,01; 4) ypaBaenue BricoThI CD B 00memM Buae W €€ JUIMHY; 5) YpaBHCHHE

OKPY>KHOCTH, JIJIsl KoTopoi BbIcoTa CD ecth auamerp.

Pewenue:
1) Paccrosiare d Mexxay IByMs TOUYKaMH Ha IUIOCKOCTH orpeaeiseTcs mo ¢popmyie (1), B

KOTOPYIO ITOACTABJICHBI 3BHAUYCHUSA KOOPANHAT TOYCK AuB (HOJIO)KI/IM Zl = 22 = 0), TOorga

AB =/(5—(-4)) +(~4—8)? = /81+144 =15.

2) YpaBHEHHE PSIMOH, MPOXOASIIEH Yepe3 JABe 3aaHHbIe TOUKH uMmeeT BU (5):

[ToncraBuB B (9) KOOpAUHATHI TOYEK A U B, MOIyYuM ypaBHEHHUE NpAMOn AB:

Xx-(-4) y-8 Xx+4 y-8 X+4 y-8

5-(-4) -4-8 9 -12 3 —4
3y—-24=-4x-16, wm 4x+3y—-8=0 (4B).

Jlnsg HaxoaeHus yrioBoro koddduimeHta Kag mpsiMoit 4B paspeuiM MOJydYeHHOE

8 4
YPaBHEHUE OTHOCUTEJIBHO Y. Y = —§X+§. Otciona Kag = —g. [ToncraBuB B hopmyry
. . X—(-4) _y-8
5) xoopaunatel Touek A u C, HalineM ypaBHeHue mnpsamon AC:. = ,
(5) xoop yp p 10-(4) 6.8

x+4 y-8 x+4 y-8
14 -2 7 -1

7y-56=-x—-4 wm Xx+7y-52=0 (AC).
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3) Yrom Mexmay ABYMsI MPSMBIMH, YTJIOBbIe KOA(M(GUIIMEHTHI KOTOPBIX paBHBI Ki U Ko,
omnpenensiercs o dpopmyie (6). Yron A, oOpa3oBanHbli npsiMbiMu AB u AC, HalieM 110

dopmyne (6), moxctaBuB B Hee Ky =Kag = —g, Ko =Kac = —l.

_1_(_4) 4 1 25
7 U3 3 7_21
1+ _Lh(4 1+i 2

7 3 21 21

/A =arctgl=45" ~ 0,79 pan.

=1,

4) Tak kak Bbicota CD neprnienauKyssipHa cCTopoHe 4B, TO yrioBbie KO3()OUITUSHTHI ITHX

MPSIMBIX CBSI3aHBI COOTHOIIIEHUEM (7), TTOITOMY

(.1 _ 1.3
0 kAB _ﬂ 4
3

YpaBHEeHHE TIPAMOM, NPOXOIAIIEH 4Yepe3 3aJaHHYI0 TOYKY B 33JaHHOM YIJIOBBIM

ko3 durmenToM K Hanpasienuu, umeeT Bug (4). [ToacraBuB B (4) KOOpAWMHATHI TOYKH

3
Cu kep = rE MOJIyYMM ypaBHEHUE BbICOTHI CD:

y—6=%(x—10), 4y—-24=3x-30, 3x-4y-6=0 (CD).

Jns naxoxaenus ;ymmHbl CD onpeaenum koopanHaThl Touku D, pemmB cuctemy
ypaBHeHwUi (AB) u (CD):

4x+3y—-8=0
, otkyna x=2,y=0, toectb D (2;0).
3Xx—4y—-6=0

[Toacrasus B popmyny (1) koopaunatsl Touek C u D, Haxoaum:

CD =+/(10—-2)2 + (6 —0)? =/64+36 =10.




.
5) Tak kak CD siBnsieTcsl IMaMeTpOM MCKOMOM OKPY>KHOCTH, TO €€ IIeHTp £ ecTh cepeauHa
otpeska CD. Bocnonbs3oBaBmmuck hopmynoii (3) meneHus oTpes3Ka momojam, IoTydruM:

_Xc+Xp 10+2 _yC+yD_6+O_3

X 6,
: 2 2 Ve 2 2
CD 10
CnenoBatenbHo, E (6; 3) u R=7:?=5. Ucnons3ys popmyny (10), momydaem

ypaBHEHHE UCKOMOW OKpYXHOCTH: (X — 6)*+(y — 3)?= 25.

3anaua 2.

Teopemuueckue ceedeHusl.
Ecnu wm3BecTHBl Hawano BekTopa M;(X,Y5,z) u kowenm My(X,,Y,,2,), TO

%
KoopJuHatel Bektopa d = M;M, HaxogsaTcs no gpopmyiiam

X=X =X, Y=Y2 = Y1, =2~ Iy, (11)

a €To0 AJIMHa OIIPCACIICTCSA BIPAKCHUEM

\é\:\/x2+y2+22. (12)

Bekrop @ ¢ koopauHatamu (X, Y, Z) MOXET OBITh IPEICTABJICH Pa3JI0KCHUEM 110 OPTaM B
BUJIC

a=xi +Vj+zk. (13)

Ecmu o, B, y — yrmiel, KOTOpble BEKTOp a oOpa3yeT ¢ MOJIOKUTEIbHBIMU

HarpaBJICHUAMHA ocel KOOpAMWHAT, TO COSQ, COSB, COSY Ha3BIBAKOTCA HaAnpaeiArnuumu

Kocunycamu BeKTopa a (pucyHOK 2). Torma UMEIoT MECTO COOTHOIICHUS

x=d-cosa,y=|d-cosB, z=|al-cosy, cos’a+cos’p+cos’y=1.

—

JI7si BEKTOPOB & = (xl, Vi, 21) ub= (XZ, Yo, 22) BBOJATCS OIEPALMU CAOJICEHU W
YVYMHOIMCERUA HA Hucno TaKue, qTo
atb=(% %X,y +Y,,2,52,) um Ad=(Ax, Ay, 1),

rue A — Jaro00e 4ucIo.
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— Yy
v
<

PucyHok 2.
Cransipuvim npousseoenuem JIBYX BEKTOpoB & u b (a’-b) HAa3bIBACTCS YUCIIO,

paBHOC HNPOU3ZBCACHHUIO IJIMH J3THUX BCKTOPOB Ha KOCHHYC yIyla @ MCXKIY HHMHU,

a-b :‘é‘-‘b‘-COSgo WM, €CTM BEKTOPHl 3aJaHbl CBOMMH KOOPIMHATAMH, TO

—

a-b=xX;+ Y1y, +72;. (14)
BeKTOpBI, JICKAIME Ha OHHOﬁ WK IIapaJUICIbHBIX  IIPSAMBIX, HA3bIBAIOT

—

KoluHeapHoivu.  [IpU3HaK  KOJUIMHEAPHOCTH BEKTOPOB A W D sBisiercs

MpONOPHUOHAIIBHOCTD UX KOOPAWHAT!

LR ()

—

Ecin Bextopsl & u D B3aMMHO NepHEeHAUKYISPHBI, TO X Xo + VYiY, + 2,2, =0.

VYron Mexay BekTopaMu a ¥ b ompenensieTcss COOTHOIICHUEM:

‘b X Xo +Y1Y, + 2475

QJl

Cosp = (16)

‘b‘ \/Xl +Y1 +Z; \/Xz +Y> +222
YpaBHEHHE IUIOCKOCTH, MPOXOIAIIEA YEPE3 TOUYKY MO(XO, Yo, ZO) MEPIEHINKYIIAPHO

BekTopy N = (A,B,C), umeer Bux
A(X—Xo)+B(y—Y¥0)+C(z—25) =0. (17)



Ilpumep évinonnenus 3adanus.

Hansl koopauHathl Tpex Touek: A(3; 0; -5), B(6; 2; 1), C(12;-12; 3).

- -
TpeOyertcs: 1) 3anucats Bektopsl AB u AC B cucteme opT U HATH MOJIYJIH 3THX

- -
BEKTOPOB; 2) HalTh yron Mexay Bektopamu AB u AC; 3) cocTaBUTh ypaBHEHUE

_)
IJIOCKOCTH, TTpoxo el yepe3 Touky C nepneHauKyIsipHo BekTopy AB.

Pewenue:

%
1) Haiinem koopauHatel BekTopa AB, moactaBuB B popmyiy (11) koopauHaThl TOYCK A U

B, n 3anumieM pa3iokeHrne 3Toro BekTopa mo optam (13):
- R _ o . _
AB=(6-3)i +(2-0)j+(@Q+5k =31 +2) +6k.
[Togo6HBIM 00pa3zoM

- L L -
AC =(12-3)i +(-12-0)] +(3+5)k =9 —12] +8k..

- -
Monynu BektopoB AB u AC Haiinem, moacTaBiisisi ©X KOOpAUHATHI B hopmymy (12):

‘ -

5
AB‘z 32 +22+6% =7, ‘AC‘:JgZ +(-12)% +8% =17.

- -
2) Haiinem xocuuyc yria ¢ Mexay Bektopamu AB u AC. [Ijis 3TOro BBIYKCIMM HX

CKaJIApHOE mpou3BeneHue mno dpopmyse (14):

> o
AB-AC=3-9+2-(-12)+6-8=51.

Torna o popmyse (16)

51 .
cosp=——=~0,4286, ~ 64 37" =1,13 pan.
@ 717 ¢ pan
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3) Tlo ycioBuio 3amaum MCKOMasl IUIOCKOCTh MPOXOomuT depe3 Touky C(12; —12; 3)

5
neprneHaukyisspao Bektopy AB =(3,2,6). Iloacrasmas B (17) A= 3, B= 2, C= 6,

Xo= 12, yo=—12, 2,= 3, mOIy4IuM:
3(x—-12)+2 (y +12) + 6(z-3) =0,

wn 3x + 2y + 62— 30 = 0 — uckomoe ypaBHEHHE TIJIOCKOCTH.

3anaua 3.

Teopemuqecmte cBe0eHUsl.
BGKTOpBI Ha3bIBAIOTCA KOMINNIAHAPHBIMH, CCJIM OHHM JICKAT B OI[HOﬁ IINTOCKOCTH HJIN B

MapasIneTbHBIX TOCKOCTSX. YCITOBHEM KOMIUTAHAPHOCTH TpeX BEKTOpoB & =(X;,VYy,2;),

d,=(X,Y5,2,), 83=(Xs,Y3,Z3)ABII€TCS  paBEHCTBO HYIIO HX CMENIAHHOTO

HpOH3BeI[CHI/IH:
XX Y1 4
(8,,d,,85)=[x, Yy, Z,/=0. (18)
X3 Y3 Z3

Tpu BekTOpa 00pa3yroT 6a3uc B TOM CIIy4ae, ECIIM OHU HEKOMNAAHADHYI.

Ecau s BekTOpoB dj,d,,d; BBIIOIHAETCS YCIOBUE (51,52,53);:&0, TO OHU 00pa3yIOT
Gasuc, u moboi uerBepthii BekTop b =(b,b,,b3) Moxer OwiTh mpencrarnen
pa3I0KEeHUEM 110 3TOMY 0a3uCy B BUJE

b =@, + fa, + jas, (19)
r7e a, f, y — KOOpAUHAThI BEKTOpa b B Gasuce, 00pa30BaHHOM BEKTOpaMH aj,d,,ds.

Koopnunate! a, £, y HaXOASATCS U3 CUCTEMbI YPAaBHCHUIA:
axy + PXo + g =y
ayy + By, + W3 =b,. (20)
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Ilpumep évinonnenus 3adanus.

IToka3zats, uto BekTopsl &;(3; 1; 4), 8,(2; 1, 1), 85(1; —1; 5) obpasyror Ga3uc

TpEeXMepHOro mpocTpaHcTBa. Haiitm koopamnatel Bektopa b (5; 0; 3) B 3TOM

Oasuce.

Pewenue:

BrruncnuM cMelanHoe NpoU3BEIEHUE BEKTOPOB dy,d,,a3:

3 1 4
(8,d,,8;)=2 1 -1=-11#0.
1 -1 5

Tak kak cMeIIaHHOE IMPOU3BCACHUC OTIIMYHO OT HYJIA, TO BCKTOPbBI HCKOMILIAHAPHBI U

—

obOpasyror 0Oasuc. Koopaunatel BekTopa b B 3TOM 0asuce Haifjiem, pas3jioKdUB €ro IO

BEKTOpaMm dj,d,,d; CIeIyIOIUM 00pa3oM:

a KOOpJIMHATHI BeKTOpa b B HOBOM 0a3uce HalieM 13 CUCTeMbI ypaBHeHH (20)

oa-3+p0-2+y-1=5 3a+20+y=5
a-1+p-1+y-(-1)=0 17001 a+pf—-y=0
a-4+p-(-1)+y-5=3 4o — f+5y=3

Pemmnm 3Ty cructemy s 3agaHHBIX BEKTOPOB MeToAoM [ 'aycca.

[lomensieM MecTamMu IEPBOE U BTOPOE YPAaBHEHUS

a+p—-y=0
3a+28+y=5.
da— f+5y=3

[locne »TOro yMHOXHM NEPBOE ypaBHEHHE Ha (—3) M CIOXUM cO BTOpbIM. J[lamee
YMHOXHUM T€pBO€ ypaBHEHHE Ha (—4) U CIOXKUM C TpeThbUM. [lomyunm:

a+pf—-y=0

— [ +4y=5.

-54+9y=3
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3aTeM yMHOXAaeM BTOPOE ypaBHEHUE HA (—5) U CKJIAIIBAEM C TPETHUM:

a+p-y=0
- +4y=5.
-11y=-22

W3 nocnegnero ypaBHeHus nmeeM y= 2. lloacrtaBisieM 3TO 3HAY€HUE BO BTOPOE

ypaBHEHUE, MojydaeM = 3 U, HAaKOHEII, U3 TIEPBOTO YpaBHEHUS HaxoauMm o= —1.

Taxum oOpa3om, moctaBuB B ypaBHeHHe (19) koopauHaThl BekTopa b , moxydum

b=-a, +3a, + 2d,.

3anaua 4.

TeopemuquKue ceeoenus.

HeonHoponHasa cuctema Tpex YpaBHEHUN C TPEMsI HEU3BECTHBIMH B OOIIEM ClIydyae UMEET

BUJI
Q1% + Xy +ayXz =hy
81X + 8p)Xp + 83%3 =y
a31% + 83Xy +a33Xg =hy
U MOXCET 6I)ITI) 3alliCaHa B MaTpU4IHOM BHIC
A-X=H,
a1 o A3
rae A=|a,; a,, a3 |-Marpuna Kod3QQOUINEHTOB IIPH HEU3BECTHBIX,
d3; 8z dgs3
X

X =| X, | - MaTpuLa-cTOJ0€E1] HEN3BECTHBIX,

H =| h, | marpuna-cronber cBOOOTHBIX YICHOB.

(21)
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Ecnu matpunia A — neswiposicoennas, TO €CTh UMEET ONpPENeIUTENb, OTIMYHBIA OT
HyJIA, TO CymecTByeT marpuia A, obparnas k A, tak uro AA=E (E - egunnunas
MaTpuia). YMHOXHM 00€ yacTu ypasHenus (22) Ha A u momyuum

ALAX=A1H,
17001
X=AlH, (23)
nockonbky AA-X=E-X=X.
PaBencTBO (23) siBisieTcs pelieHueM CUCTEMbl ypaBHEHHH (22).

Marpuiia, oOpaTHasi K HEBBIPOKJIEHHONW MaTpuile A, HAXOIUTCS o popmyIie

1 A Py Ay
A_1:Z Ao Ay A |, (24)
Az Az Agg

rne A; (1=1, 2,3; j=1, 2, 3) — anreOpanueckoe AONOJTHEHHE dJIEMEHTa djj, KOTOPOE
ABIJIAETCS. NPOU3BEICHUEM (-1)™  ma MuHOp (OmpeNENUTENh) BTOPOrO HOPAIKA,
TIOJTYYCHHBIM BBIYEPKUBACM -l CTPOKHU H J-TO CTOJIONA B ONPEACTUTENC MATPUIBI A; A —

OIIPCACIINTCIIb MATPHUIIbI A.

Ilpumep evinonnenusn 3adanus.

JlanHyro cucTteMy ypaBHEHUUW 3amucaTh B MaTpUuHOM (opMe U PEelnuTh €€ C
MOMOILbIO OOPATHON MaTPUIIBL:

Xg —2Xy + X3 =1

2Xl +3X2 - X3 :8

Xl—X2 +2X3 :—1

Pewenue:
Beimumem 1t JaHHOW CUCTEMBI YPaBHEHHH MaTpHIly KO3(PPHUITMEHTOB IMPHU HEM3BECTHBIX
A u cTosoer cBOOOTHBIX wieHOB H:

1 -2 1 1
A=2 3 -1|, H=|8
1 -1 2 -1
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Bbruncnum ompenenutens A u anredpandeckue JONOJIHEHUS A; DIIEMEHTOB

MAaTpHIBI A
1 -2 1
A=|2 3 -1=10=#0,
1 -1 2

CIIeZI0BATENLHO, MaTpula A uMeeT obpatHyro MaTpuiy AL,

A _ _1 1+1 3 o _5 A _ _1 1+2.2 _1__5 A _ _1 1+3 2 3__
11—( ) ) 1 2—1 12—( ) 1 2|~ | 13—( ) ) = -5,
— 1 _
a2 1 2 L1 Ll -2
Ay :(_1)2 E 1 2‘:31 Ay :(_1)2 ’ '1 2‘:11 Ay :(_1)2 3’1 _1‘:—1,
-2 1 1 -2
A31 = (_1)3+1 . 3 _ = _1’ ASZ — (_1)3+2 . ; ]:;IZS; A33 — (_1)3+3 ly 3 —~7

Torna o popmyne (24) oOpaTHas maTpuila paBHa

5 3 -1
A‘1:% -5 1 3]
-5 -1 7

[To dhopmyne (23) HaxoauM pelieHrne JaHHOW CUCTEMbl YPaBHEHUIN B MaTpUUYHOM

dbopwme:
. 5 3 -1|[ 1 5.1+3-8+(-1)-(-1) 30
X=A1.H==.-5 1 3| 8 :£~ -5-1+1-8+3-(-1) :i- 0 |=| 0].
10 10 10
-5 -1 7||-1 -5-1-1.8+7-(-1) ~20| |-2

OTCIO)Ia X1— 3, Xo— 0, X3= —2.
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3ajaua 5.

Teopemuueckue ceedenus.
Yucino A HaswBaT mpeaenaoM ynkiuu Y=f(X) B Touke a , eciau 3Ta QYHKIHS
ompesiereHa B HEKOTOPOH OKPECTHOCTH TOYKM @ , 32 UCKIIOUCHUEM, OBITh MOXKET, CaMOU

TOUYKH & , U s Kaxaoro &0 nHaiigercs Takoe 0>0, 4To 11 BCeX X, yIOBIETBOPSIONINX

yclioBuio 0 < ‘x — a‘ < 0, BHIIOJIHAETCS HEPABEHCTBO ‘ f (x) — A‘ <g:

1imf(x):A, eciu Ve >0 EI5>0:‘v’x:0<‘x—a‘<5:>‘f(x)—A‘<g.

x—>a

Boluucnenne — mpenenoB  apuMETUYECKMX  BBIPAKEHUMN S (x)/ o (x),

f1(x)- f5(x), f1(x)- fo(x) 1o mpenenam dymxmmit f7(x) u f>(x), U3 KoTOpEHIX OHM
COCTaBJIEHBI, HE BCErJa BO3MOXHO. B 3TuX ciyyasx TOBOpPAT, YTO BO3HHUKAIOT

HCOIIPCACICHHOCTHU CIICAYIOIIUX BUIOB!:

(o) (2) o). (o-0) 7).

I[J'DI HaXO0XXACHUA ITPCACIIOB TaKNX HCOIIPCACIICHHBIX BBIpa)KeHI/Iﬁ HYXHO

YUUTBIBaTh KOHKPETHBIN BUJ QYHKLIUU [ (x) u fH (x) Hanpuwmep,
lim —=0; (25)

0, ecau n>m

Py(x) (ooj: a,

peaes OTHOIIEHUS ABYX MHOTOWIEHOB |1m

— —,ecau n=m ,
X—>0 n(x) ’ ’

0 m
0, eciu n<m.

. . .sinx (0
NePBBIi 3aMevaresbHbIi npenen lim ——=| — [=1; (26)
x—=>0 X 0
X
BTOPOI 3aMevaTeNbHbIi mpeaen [im (1 + —j =(1)” =e. (27)
X—>00 X

Benmununna «(X) HaseiBaeTcsl Geckoneuno manou npu X —a, ecmm lim a(x)=0.
X—a

JlBe OECKOHEUYHO MaJjble BEJIWYHMHBI Ha3bIBAIOTCS OK6UBAJIeHNTHbIMU, CCIN TIPCACIT HX

. X
oTHomieHuss paBeH 1, To ecth «(X)~ F(X), ecnu IIm&:(gjzl. [Tox 3HaAKOM

x—>a F(x) \0
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Hpeﬂena J'IIO6215[ 6CCK0HCI—IHO MaJjiasga BCJIMYUHA MOKET 6BITB 3aMCHCHA Ha BKBI/IBaJ'IeHTHYIO
eil. [IpuBenem TaOIMITy SKBUBAJICHTHBIX OECKOHEYHO MaJIBIX TIpH X — 0 BEIMUUH:
sinx ~ X, arcsinx~x, a‘*-1~x-lna eX —1~x,

2
tgXx ~ X, arctgx ~ x, 1—cosx~x7. (28)

Ilpumep évinonnenus 3aoanus.

Boeruucauth IMpCaciibl:

2
2) lim 2 +11x=3 6) lim (\/x2+3x—x),

x—>-33x2 +10X+3 x—>
. 2X _(2x =3\
B) lim ——, r) lim :
x—0 arctgox x—o\ 2X+1

Peuwenue:

a) [lomcraHoBKa MpeebHOTO 3HAYEHHUS apTyMEHTa X=-3 MPUBOJUT K HEOIPEICICHHOMY

BBIPpA’KCHHIO B 1A (%j .

JI1st yeTpaHEHUS ATOW HEOTIPEACIICHHOCTH Pa3JI0KUM YUCITUTENb U 3HAMEHATENh 1poOu Ha
MHOXHUTEIM M COKpaTUM JpoOb Ha MHOXHTeNb (x+3). Takoe cokpalieHue 37ech
BO3MOYKHO, TaK KaK MHOXHUTENb (X+3) OTIHYEH OT HyJs pu x— — 3.

4x* +11x -3 4-(-3)* +11-(-3)-3 _(gj_
0

lim 5 = 5 =
x>-33x“ +10x+3 3-(-3)°+10-(-3)+3

_ lim (Ax-D(x+3) _ lim 4x-1_4-(-3)-1_13
x>-3(3X+1)(x+3) x>-33x+1 3-(-3)+1 8°

0) [Ipu x— oo BBIp@XCHHE X% +3X — X JaeT HEONPECICHHOCTh Buaa (00 — o). [liis ee

YCTPpAHCHUA YMHOXHM U pPasgciiiM 3TO BbIPAXKCHHUC Ha X2 + 3X + X, TOCJIEe 4Yero

pa3zieuM YUCIUTENh U 3HAMEHATEIh TIOJIy9eHHOU Ipo0u Ha X , yauTbhiBast popmyiy (25):

(Vo 3% — x ) (o0 — o0)— fim (\/x2+3x—xx x2+3x+x)
e
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X2 +3x—x% . 3X . 3 3
= lim = lim = |lim —=—.
e xZ 43X+ X KOFUXT 43X+ X X 3
X

B) [Ipu X — 0 mosy4um HeomnpeaeaeHHOCTh [%) . O603nauuM arctgox =y. Torma Sx=tgy

u y— Oupu x — 0. [Ipumenss cBoiicTBa npeaeios u Gpopmyiy (26), nmeem:

1
2X 0 2(5tgy) 2 sin 1 2 2
Iim—:(—jzlim———lim—y~Iim—— 1.1==

x>oarctgsx \0) y»0 y  By-0 y y-0COSy 5 5

3Ty 3aa4y MOXHO PCHINTb, HCIIOJIB3YsA JKBHBAJICHTHBIC 3aMCHLI OECKOHEYHO MaJIbIX

BenuuuH (28). [lockonbky npu X — 0 3KBUBaNeHTHBI arctgdox ~ 5X, MOKHO 3amucaTh

: 2X 0 . 2X 2
Im ———= = |=lim—=—.
x—>oarctgsx \0/) x-05x 5

4x+5
r) [Ipu X — o0 BBIpakeHHE ( j ABJISIETCA HEOIPEAEIEHHOCTRIO BUA (1°°). s

2X+1

YCTPaHEHHMsI 3TOM HEONPEAEICHHOCTH MTPEACTABUM OCHOBAHUE CTEIIEHH B BUIE CYMMBI | U
OECKOHEYHO MaJIoN (IIpU X — 00) BEJIUYMHBI; MOCIE YEero NpUMEHUM (POpPMYIly BTOPOTO

3aMedaresbHoro npeaena (27):

(2x =3\ L (x4 —4 P
lim =lim| ———— =lim|1+ =
x—o\ 2X+1 x—o\  2X+1 X—>00 2x+1

2x+1 -4

[ =% —4 ~16x-20

. -4 (—4 j(ZxﬂJ (4x+3) . > 1-(4X+5) i il
=lim|1+ = |lim e<4X+ =lime X+l =
X—>00 2X+1 X—>00 X—>00
~16
i — .. _ 1
—lime?2 =lime®=—,

X—>00 X—00 e8
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u3.,crep. — M. : ®usmarnut, 2003 .— 240c.

Bropoii cemecTp

[TPUMEPHI PEHTIEHUA 3AJJIAY

3anava 1.

Teopemuqecmte c6eoeHsl.

IIpouseoonoui ot ¢yukiuu Yy = f(X) mo aprymeHTy X Ha3bIBaeTCs MpEaei OTHOIICHHUS

npupaiieHus GyHKIuu Ay K IpUparieHuro apryMmenTa Ax, Korjia mocjieHee CTPEMUTCS K

HYJIIO:

[TpousBoaHAas €CTh CKOPOCTh U3MEHEHUS (YHKIIUU B TOUKE X.

OTbIickaHue MTPOU3BOIHOM Ha3bIBaeTcs qudpepeHnpoBanueM QyHKIIUH.
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OcHosHble npasunia oughghepeHyuposanus.
1. (C)' =0, rae C=Const.
2. (x)'=1
(U(x)xv(x)) =u'(x)=V'(X)

4., (U(x)-v(x)) =u'(x)-v(x)+u(x)-Vv'(x), (C-u(x))=C-u'(x)

! !/ 12

[uui]:uKMWK@—uU)va (c:j::—c.wu) (u@i}zglg
“v(x) v2(X) " lv(x) v2(x) L C C

Fu()) = Ry -u'()

w

o1

»

Tabnuya npouszeoonvix snemenmapuulx gyuxyutl (U =U(X)):

1. ") =n-u"t.u, 4. (sinu)’ =cosu-u’
2. @")=a"-Ina-u", (") =e"-u, 5. (cosu)’ =—sinu-u’

! 1 ! ! ! !/ 1 !
3. (log,u)' = -u’, 6. (tgu)' = s—-u’, 7. (ctgu)' =—— >—-u’,

u-lna cos“u sin“u
8. (arcsinu)’' = -u’, (arccosu)’ =-— L -u’
1-u? 1-u?
9. (arctgu)’ = -u’, (arcctgu)’ =-— 1 -u’
' 1+u? 1+u?

Ecnu B Tabnure momaoxutsh U(X) = X, To U' =1,

Ilpumep evinonnenusn 3adanus.

Haitnute npousBoHbie GyHKITUI:

a) y=In(2+sin3x);  6) y=@"9 +1)* ) cos(xy?) -3y +4x=0.

Pewenue:
a) TOCJEAOBATENbHO MPUMEHAS NpaBwia AUPPEPEHIIUPOBAHUS  CIOXKHON (YHKLNH,

npaBuia u popmyibl audhepeHITuPOBaHNS, IMEEM:
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y' =(In(2+5sin3x))' = # -(2+sin3x)' = # -(2"+(sin3x)") =
2 +5sin 3x 2 +5sin 3x
=————.c0s3x-(3x)’ ZSLrS?’X;
2 +5sin 3X 2 +sin 3x

6) y' = ((3arctgﬁ +1)4)r _ 4(3arctgﬁ +1)3 . (3arctgﬁ +1) =

= 4(3aretavx | 1y3 . garetavx |n 3, (arctg&)' =

:4(3arctgﬁ +1)3.3arctgﬁ .|n3 (\/_) _

\/_ 2

1 1 2In3 Jx JX 3
_4 3arctgﬁ +1)3 .3arctgﬁ In3- ) _ _garctgx _ cqarctgyx | q
( ) 1+ (WX)? 2Jx  (@+x)Vx ( )

B) B JAHHOM ciyyae (yHKIHMOHaJbHAas 3aBUCUMOCTbH 3aJlaHa B HesgHom Buue. g

HAXOXJCHHUS TPOM3BOAHOW Y' HyXHO mpoauddepeHIupoBaTh MO0 MEPEeMEHHONW X 00¢

4aCTH YpaBHCHU:A, CHHUTAA IIPH 3TOM Y (1)YHKI.[I/I€I‘/II OT X, a4 3aTCM IIOJIYYCHHOC YPABHCHHC

paspenIuTh OTHOCUTEIBHO '
—sin(xy?)- (xy?) —=3-2yy' +4=0;
—sin(xy?) - (x'y? + x(y?)) —6yy' +4=0;
—sin(xy?) - (y? + 2xyy') —6yy' + 4=0;
— yZsin(xy?) — 2xyy'sin(xy?) —6yy' + 4=0;
W3 mocieaHero ypaBHEHHS HAXOAUM Y
2yy'(xsin(xy2) + 3): 4 - y?sin(xy?);

,_ 4-y’sin(xy?)
2y(xsin(xy2) +3)'

3agaua 2.

Teopemuueckue ceedenusi. VccnenoBanre (QyHKIIMM OJHOW HE3aBUCUMOMN TEPEMEHHOU
OyzieM TPOBOIUTH TIO CIAEAYIONICH CXeMe:
1. Haiinem oGnactb onpeeneHus PyHKIIUN.

2. Uccnenyem (pyHKINIO Ha HEIPEPHIBHOCTb.
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3. YcraHoBuUM, SIBISETCS JM JaHHas (PyHKUMS YETHOM, HEUETHOM WM (PYHKIHEH
oOuiero Bua.

4. Haiinem uHTEpBajbl BO3pacTaHus U yObIBaHUS (DYHKIIMU, TOUKU SKCTPEMYMa.

5. Haiinem nHTEpBaIBI BHITYKIOCTH U BOTHYTOCTH KPUBOM, TOUKH €€ Ieperuoa.

6. Haiinem acuMOTOTHI KPUBOIA.

Ilpumep evinonnenus 3a0anus.

2x-1
(x-1)°

HccnenoBath pyHKIUIO Y = Y TIOCTPOUTH €€ rpaduk.

Pewenue.

PeanuzyeM npuBeIeHHYIO CXEMY UCCIEA0BAHUS PYHKIUU:

1. ®yukuus onpeneneHa Npy BCeX 3HAUCHUAX apryMeHTa x, Kpome x=1.

2. JlanHasg (yHKUMSA SBISETCS AJIEMEHTAapHOM, MOATOMY OHA HENpepblBHA Ha CBOEH
o0acTu onpeseNeHus, To ecTh Ha nHTepBasiax (—oo;l) u (1+00).

B touke x=1 (yHKLMS TepnUT pa3pbiB.

3. Jlns ycTaHOBIEHMS] YETHOCTH WM HEYETHOCTH (YHKIUHU MPOBEPUM BBINOJIHUMOCTb
paBerctB f(—x)= f(x) (trorma f(x) — uerHas ¢ynkums) wim f(—xX)=—F(x) (ana
HEYeTHOW (PyHKIMM) [ Jr0OBIX X M3 0o0jacTu  omnpefesneHuss  (QyHKUUU:
—2x—12 (0 =— 2x—12 .

(-x-1) (x-1)

Cnenosarenbro, f(—X) = f(X) u f(—x)#—1(X), To ecTb naHHAS QYHKIUS ABISACTCS

f(-x) =

dbyHKIMEH 00111eTO BU/IA.
4. JIns uccnenoBanus (PyHKIIMU Ha SKCTPEMYM HalIeM ee TIEPBYIO MPOU3BOIHYIO:

y— 2(x-1)% - (2x-1)-2(x-1) _  2x
(x-1* (x-1°

Omnpenenum kputndeckue toukn Gynkuuu: Y' =0 mpu x=0, VY’ He cymecTByeT npu
X=1. Tem cambiMm uMeeMm naBe kputudeckue Touku: x=0, x=1. Ho Touka x=1 He

MPUHAICKUT 00JACTH ONpeAesIeHUs (PYHKITUHU, SKCTPEMyMa B HEH ObITh HE MOXKET.
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Pazo0nem uncioByro ochk Ha Tpu nHTepBayia (—0;0), (0;1), (L+x).

\ 0 /' 1 \ X

B nmepBoM © TpeTheM HMHTEpBaJax MepBas MPOU3BOJHAS OTpULATEIbHA,

v

CJIeIOBATENIbHO, 3/1eCh (PYHKIIMS yOBIBaeT, BO BTOPOM HHTEpBAJIe — TIOJOXKUTEIbHA, U
nanHas (QyHKIus Bo3pactaer. [Ipu mepexome depes Touky X=0 mepBas mpou3BOAHAS
MEHSET CBOM 3HaK ¢ MUHYyCa Ha TUTIOC, TTIO3TOMY B 3TOW TOUYKE (DYHKIIHS UMEET MUHUMYM:
Ymin = Y(0) =—1. 3nauur, A(0;—1) sBiIseTCS TOUKOH MUHUMYMA.

5. Jlng ompeneneHus Touek neperuda rpapuka QyHKIIMM ¥ MHTEPBAJIOB BBIMYKJIOCTH U

BOTHYTOCTH KPHMBOU HaWJIEM BTOPYIO MPOU3BOIHYIO:

, o (x=1)-x-3(x-1)% ., 2x+1
y"=-2 — =2 Dt

Hns Bropoit mpousBonuoit Y =0 mpu Xx=-0,5 u y" He cymectByer npu x=1. PazoObem

YHCIOBYIO OCh Ha Tpu uHTepBana (—0;—0,5), (-0,51), (L+x).

eperud
— + +

v

/\ -0,5 N4 1 A\ X

Ha mepBoM mHTepBajic BTopas MPOU3BOAHAS Y" OTpHIATENIbHA U JyTa HCCIICITyeMOit
KPUBOM BBIMYKJIA; HA BTOPOM W TpeTheM MHTepBasiax Y' >0, mo3romy rpaduk sBiseTcs

BOrHyThIM. [Ipu nepexoje uepe3 Touky X =-0,5 BTOpas Mpou3BOJHAs MEHSET CBOM 3HAK,

8

MOJTOMY B OTOH TOUKE KpUBAs MMeET neperud: Y,,, = Y(-0,5)=——.

9

CnenoBatenbHO, B(— %;—gj — Touka neperuda rpaduka QyHKIUH.
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2x -1

6. B Ttouke X=1 ¢QyHkuus TepnuT pas3pbiB, npuyeMm |im

—— =oo. [lpamas x=1
x—1 (X —1)2

SBJIIETCSI BEPTUKAIBHOM acUMNTOTON rpaduka QyHkiuu. s ompeneneHus ypaBHEHUS

HAKJIOHHOM acMMIITOTHI Y =KX + b Bocmose3yemcs hopMyiaMu:

f(X)

k=lim——=, b=lim(f(x)—kx).
x—ow X X—>00
2x -1 2x—1
Torna k=|im————=0, b=|im——=0.
X—>00 (X—l)ZX X—>00 (X—1)2

[Tpu HailineHHbIX 3HaueHUsIX K u b mpsimas Yy =0 ecTh TOpU3OHTAIbHAS ACUMIITOTA

rpaduka ucciaeayeMon (yHKIHUH, TPEACTABICHHOIO Ha PUCYHKE 1.

-05

v

B

A

Pucynok 1. I'padux uccnenyemoit pyHkuuu.

3agaua 3.

Ilpumep évinonnenus 3ad0anus.

PesepByap, wumeromuii bopmy OTKPBITOI'O  CBEPXY MNPAMOYTOJIBHOIO
napajieienuneaa ¢ KBagpaTHbIM JTHOM, HYXHO BBUIYAUTH BHYTPHU OJOBOM.
KakoBbI JOJKHBI OBITH Pa3MeEpHI pe3epByapa Hpu ero eMxoctd 108 oad, urobmr

3aTpaThbl HA Cro JIYKCHUC OBLIM HAUMEHBIITMMMU ?
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Pewenue. 3aTpatbl Ha NMOKpBITHE pe3epByapa OJOBOM OyAyT HAaWUMEHBIIMMH, €CIU MPHU
JTAHHOW BMECTUMOCTH TUIONIA/Ib €70 MOBEPXHOCTH Oy1eT MUHUMAJIbHOM.

Oo6o3naunm depes a (Om) — cTOpoHY OcHOBaHuWsA, D (Om) — BBICOTY pe3epByapa.
Torga miomans ero mosepxHoctH S =a’ +4ab, a obbem V =a’b, wmm, cormacuo

ycioBusi, 108 = a’b. [TosTomy
108 _ o 432

1
:%8 u S:a2+4-a-—2:a +
a a a

b

[lomydyeHHOE COOTHOIICHHWE YCTAaHABIMBACT 3aBUCHMOCTh MEXIY IUIOIIAIBIO
MOBEPXHOCTH pe3epByapa S (QyHKIMSA) U CTOPOHOM ocHOBaHusA a (apryment). O6nactb
omnpeneneHuss srol ¢yHkuumu a>0, Tak Kak @ — cTopoHa ocHoBaHus. Wccnemyem
byuknuio S Ha sKcTpeMyM. Haiiem mepByro mpou3BoaHyo S', mpupaBHIEM €€ K HYIIO H

PCIINM ITIOJIYYCHHOC YPABHCHUC!

432 2a°-432

a’ a’

S'=2a 0.

Otcrona a=6. [IpousBonnas S'(a) He cymiectByer mpu a=0, HO 3TO 3HAYCHHE

apryMeHTa He TMpPUHAISKUT obnactu omnpenenenuss Qyukmnuu. Ilppy O0<a<6
npousBonHas S'(a) <0, mpu a>6 S'(a)>0. CnemoBarenvHo, mpu a=6 GyHKIUS S
umeeT MHHHMyM. Ecmu  a=6, to b=3. Takum o0pa3oM, 3arpaTbl Ha JTy)KEHUE
pesepByapa emkocteio 108 1 OyayT HAWMEHBIIMMH, €CIM OH HMEET pa3Mephl

6(0m) x 6(0m) x 3(0m) .

3anaua 4.

Teopemuueckue ceedeHus.

[lepeMeHHass BeaMYMHA Z HA3bIBACTCA (YHKYuel O08YX NepeMeHHvlX X WU Y, €CiH
Kaxmoi mape 3HadeHud (X,y) W3 JaHHOW OOJacTH COOTBETCTBYET €IWHCTBEHHOE
omnpenenenHoe 3HadeHue Z = f(X,y).

Hus ¢byakmuun  z= f(X,y) BBOAATCS MOHATHS UYACMHbLIX NPOUBOOHLIX TIEPBOTO

nopsaaKa, KOTOPbIC OIMPCACIAIOTCA BEIPAKCHUSIMMU:
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@_”m f(x+AxYy)-f(xy) g:“m f(x,y+Ay) - f(x,y)
X Ax—0 AX Y a0 Ay ’

U 4acnmHblx np0u3600Hblx BTOPOTO IMOpAAKaA:

a_zz_g(@j o'z o2 _o(a _g@ oz_o(a
ox?> ox\ox) oxoy oyox ox\aoy) ey\lex) oy? oyloy)

Oynkmusa z= f(X,y) umeer B Touke My(Xy,Yo) Maxcumym (munumym), eciu
3Ha4YeHHe 3TOW (QyHKUMHM B Touke M, Oonbmie (MeHbIIE), 4YeM 3HA4YCHHSA (yHKIHMU B
M000H TOYKE U3 OKPECTHOCTH TOUKU M.

HeoOxoaumbiMKi ~ YCTIOBUSIMUA ~ CYIIECTBOBAHUSL 9kcmpemyma (MakCUMyma WM

MUHEMYMa) auddeperimpyemort GyHkimu z = f(X,y) sBIsSeTCS paBEHCTBO HYIIO €€

YAaCTHBIX IIPOU3BOJHBIX IICPBOTO IMOPAAKA:

a_;
OX
az_g
oy

TO‘IKI/I, B KOTOPBIX YaCTHBIC ITPOU3BOIHLIC 06pama10Tcs1 B HOJIb, HAa3bIBAIOTCA

CMAYUOHAPHBIMU MOYKAMU (1)YHKI_[I/II/I = f(X, y) . HJ’I?I TOTO YTOOBI CTaoMOHAapHAas TOYKa
ABJIATIACh  3KCTPECMYMOM, B Hel JOJIXKHBI  BBIIIOJIHATHCA odocmamoumnwle YCiloBUAl.
2 2 2
0z 0°z 0°z
O06o3HaunMm A= ) , B= 8— ) C= ~ 2
X
ox M, 8y M, 8y M,

, A=AC-B%.
Ecnu B crannonapnoit Touke M (Xg, Vo)
A>0,A>0,T0 M| ecTb TOUKa MUHUMYMa;
A>0,A<0,10 M ecTp TOUKa MAKCHMYyMa;

A <0, 1o BTOUKE M HET sKCTpEMYyMa;

A =0, To TpebyeTcs AOMOTHUTEBHOE UCCIIeIOBAHME.

Ilpumep évinonnenus 3ad0anus.

HccnenoBarh Ha SKCTpeMyM QYHKIHIO Z =2X + 4y — x> — y2 +6.

Pewenue.
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1. Haiinem yacTHbIE MPOU3BOAHBIE 33JAHHON (PYHKIIHH

QE:Z—ZX, 95:4—2y
OX oy

2. 3anuiieM HeoOXOIUMBbIE YCIOBUS CYIIECTBOBAHMS SKCTPEMYMa
2-2x=0 x=1
= :
4-2y=0 y=2
3Ha4ynT Touka M (1;2) sBisieTcs CTalMOHAPHON TOUYKOW (YHKIIHH.
3. IIpoBepuM BBINOJIHEHUE B TOUKE M JOCTATOYHOIO yCiIOBHUs. sl 3TOro HailieM BTOphIE

YaCTHBIC ITPOU3BOIHBIC Q)YHKHI/II/I

2 2 2
9z _ ﬂzo, 7 _ 5
ox? OXoy

B Ttouke M(L2) A=-2B=0,C=-2 u A=(-2)-(-2)-0=4. Tlockoibky

A=4>0,A=-2<0, touka M (1;2) siBIsieTCs TOUKOM MakcuMyMa. 3HaueHUEe (DYHKIUH B

o10if TouKe 7|, =2-1+4-2-1° 2% +6=11.

3ajaua 5.

Teopemuqecmte c6eoeHsl.

@OyHKIUSA 1BYX HE3aBUCHMBIX TepeMeHHbIX Z = f(X,Yy) npuHmMaer HamOoJjbiee u
HauMcHbIIIee 3HadeHUss B obOnmact D, orpannuenHoi ymuued ¢@(X,y)=0, naubo B

CTAallMOHAPHBIX TOYKAaX, PACMOJOKEHHBIX BHYTpU obsactu D, nubo Ha rpanune stou
o0nacTu.
3amaya 00 OTBHICKAHWW HAMOOJBIIET0 M HAWMEHBIIErOo 3HAaYeHUW QYHKIUU

z=f(X,y) B3amanHoii oomactu D perraercs mo ciaeayroneMy IiaHy:

1. OnpenensieM cTalMOHApHbIE TOYKU (PYHKIMHU, PACIOJIOKEHHbIE BHYTpU obnactu D, u
BBIUKCIISIEM 3HAUCHUs (PYHKIUMU B 3TUX TOUKAaX.

2. Haxomum cranumoHapHble TOYkH (GYyHKIMH Ha rpanune ¢@(X,y)=0 obOmactu uiau Ha

OTJICNBHBIX €€ yYacTKax, 3aJaHHbIX Pa3jIMYHBIMH YPABHCHHUSIMH, U BBHIYHUCIISIEM 3HAUCHHUS
(GYHKIIUM B 3TUX TOYKaX.

3. I3 Bcex BHIYUCIICHHBIX 3HaYEHUN (YYHKIIMHA BHIOMpPaEM HauOOJbIIIee M HAMMEHBITIEE.



Ilpumep evinonnenus 3a0anus.
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Haiitu Hanbomnpliiee 1 HauMEHbIIIEe 3HAUCHUSI PYHKIMH Z = X2 + 2Xy —4X—-Yy B

TPEYroJbHUKE, OTPAaHUYCHHOM NpsAMbIME X =0, Y=2, y=X.

Pewenue.

1. Haiinem cranmoHapHbleé TOYKH (DYHKIIMM W3 YCIOBUM PaBEHCTBA HYJIO YaCTHBIX

IPOU3BOIHBIX (PYHKITUU

19/4

L =2x+2y-4=

PV X+ 2y 0 x=05
oz “ ly=15
“Z=2x-1=0 y=4
oy

Cramonapnas touka M (0,51,5) nexur BHYTpH

3aganHou oonactu OAB.

3HadeHue PyHKIMU B TOUuKe M paBHO

2|, =05°+2:05-15-4-05-15=-175.

2. Vccnenyem noBeaeHre (PyHKIIMU HA TPaHUIIAX 00JIACTH:

a) Ha rpanuie O4 y=X, 0<x<2, Z=X>+2X-X—4-X—X wm z=3x% —5X;

z2'=6x-5,2'=0 mpu ng,TOFILa yzg (Tak KaK y=x).

55
B touke C| —;— | 3HaueHue K aBHO Z|. =3 —
TOY (6 6) HayCHUE QYHKIIUN PaBH ‘C (6

2
6 12

Boruncnum 3naueHust GyHKIUU B KpalHUX TOuKax oTpe3ka OA.

B Touke O(0;0) Z‘ o =0, B TOUKE A(2;2) 3nauenne GyHKIMH paBHO

2|, =3-2°-5-2=2.

6) Ha rpannie BA Y =2, 0<X<2, 2=X?>+2X-2—4X—2 nm 2=X>—2;

2’=2x,7'=0 mpu Xx=0,a y=2 coriacHo ypaBHEHHUIO PSIMOit BA.
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B touke B(O;Z) 3Ha4Y€HHUE (PYHKIIUU PABHO Z‘B =3.0°-2=-2.
B) Ha rpanune OB x=0, 0<y<2, z=-y;
2/=-1#0 mpm  Bcex Yye[0;2], cmemoBaTenpHO, CTAIMOHAPHBIX TOYEK Ha

mmaauu OB HerT.

3. W3 Bcex BBIYUCIICHHBIX 3HAYEHUW 3aJaHHON (PYHKIMU BbIOMpaeM HauOoJsblliee U

HaWMEHBIIICE:
Z‘ A=2 — HauOoJblliee 3HaYeHue QyHkiuu B odnactu OAB
25
Z‘ c= — HauMeHbIlIee 3HaueHne PyHKIuu B obnactu OAB
3anaua 6.

Teopemuqecmte cBe0eHsl.

Ilepsoobpasnou ¢ynkyuen ns ¢pyukmun T (X) HassiBaercs Takas ¢pyHkuus F(X),
uro F'(x) = f(X).
Heonpeoenennvim  unmeepanom ot ¢yakmauu  f(X) HaspiBaeTcs ee  oOmias
nepBooOpazHas
[f(x)dx=F(x)+C .
Gynkmus  f(X) HaspBaercs mopbiHTErpaidbHOM (yHKkmer, F(X) — pesynbrar

uHTerpupoBanus, C — NpOU3BOJIbHAS ITOCTOSTHHAS.

Csouicmea HeonpedeﬂeHHoeo uHmeepaJlaZ
1. [(u(x) +v(x))dx = [u(x)dx + [v(x)dx.
2. [A- f(x)dx=A-[ f(x)dx, rae 4 — nocrosHHasL.

3. Ecn [ f(X)dx=F(x)+C u u=¢(x), o [ f(u)du=F(u)+C.

Tabauya npocmeuuux uHmMepaios:

1. [dx=x+C. 7. [—5—=tgx+C.
COS“ X
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XI’H—l dX
2. [x"dx= +C,(n#-1). 8. =—ctgx+C.
/ n+1 ( ‘ Isin2x |
3. j%:In\xHC. 9. [—— —arcsm iC.
X \/7
4, jaxdx—a—X+C [e¥dx=e*+C. 10. | —Earctg§+C
Ina x2+a a a
: dx 1 Xx-a
5. [sin xdx=—cosx+C. 11 [ 5—5=2-Ih=——+C,(a=0).
X‘—a° 2a X+a
6. [cosxdx=sinx+C. 12. [—— In‘x+\/x + ‘+C(A¢O).

VX% + A

OcHognbie Memoovl UHMEeSPUPOBAHUSL
1. [TonBenenue nmoxa 3Hak auddepeHnuana:
a) K (QyHKUMH, CTOSIIEH moJ 3HAaKoM auddepeHimana, MOXHO MPUOABIATh WIH

BbIUUTaTh JII0OYI0 moctostaAyto: df (X)=d(f(X) £ A);

0) mnox 3Hak auddepeHnrana MOXKHO IMOJBOJIUTH TOCTOSHHBIM MHOXXHUTEIb:
1
df (X):Zd(A- f(x));

B) 101 3HaK quddepeHimana moaBoautcs pyukuus no npasmwity: f'(X)dx=df (x).
2. HTerpupoBaHue Mo 4acTsM C UCTOIb30BaHUEM (DOPMYIIBI:

fudv=uv—[vdu, rze u=u(x),v=v(x).
C IMOMOIIBIO OTOTI0 MCTOZda BBIYUCIAIOTCA CIICAYIOINNEC MHTCTPAJIbl

a) [a* - P,(x)dx, u=PR,(x), dv=a’dx.

6) [sinax-P,(x)dx, u=PR,(x), dv=sinaxdx.

B) [cosax- P, (x)dx, u=P,(x), dv=cosaxdx,

r) [Inax-P,(x)dx, u=Inax, dv=P,(x)dx,

n) [arcsinax- P, (x)dx, u=arcsinax, dv=P,(x)dx,

e) [arctgax- P, (x)dx, u=arctgax, dv=P,(x)dx,
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rae P, (X) — MHOTOuJIEH 1-0if CTENEHH.

3. UHTerpupoBanre MEeTOI0M 3aMEHBI IEPEMEHHOM 110 (hopmyie

[ T()dx=[f(p(t)det) =] f (p())¢'V)dt, rne x=p(t).

Ilpumep 