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JlaHHBIE METONWYECKHE YKAa3aHWUsA HAMUCaHbl B IIOMOIIb CTYJAEHTaM
TEXHUYECKUX CHEHUATBbHOCTEN [UIA MPAKTUYECKUX 3aHATHH. PaccMoTpeHsl
pelIeHUs] TUMOBBIX 337a4 MO0 aHAIUTUYECKOW TeOMETPUU U JIMHEHHOU anreope,
BBEJACHUIO B MAaTeMaTHYSCKUHA aHalM3, a Takke JaHbl HeoO0XOInMBbIe

TEOPETUYECKUE CBEJICHUS U CCHUIKH HA JIUTEPATYpYy.

3
AHajauTnyeckas reoMeTpusi B IpOCTPaHCTBE R
BekTopHas aﬂreﬁpa

HexkoTopbie CBEACHUS U3 TCOPHUU

BekTop — HanpaBIIEHHBIN OTPE30K.
PaBencTBo

a= (x, v, z) 1)
O3HAYaET, YTO X, ), Z — NMPOEKIMU BEKTOPA HA OCH KOOP/MHAT MK €T0 JeKap-
TOBBI KOOP/JMHATHI.

dopmyna
~ 2, .2 .2
|a|:\/x +y°+z (2)
HI03BOJISET [10 KOOPAMHATAM BEKTOPA OIPEICIIUTH €0 MOIYJIb.
42 5 Ecnu a, B, Y — yriibl, KOTOpbIe BEKTOp 0OpasyeT
i C MTOJIOYKUTEIBHBIM HAIPABIEHHEM OCEH KOOPAMHAT, TO
B cosa., cosP, cosy Ha3bIBalOTCS HANIPABJISIONIMMH KO-
a CHHYCaMH BEKTOpa d .
0 >y x=|5|cos0c, y=|c?|cos[3, Z=|5|cosy, (3)
2 2 2

cos” a+cos” B+cos”y =1. 4)

x
Ecnu u3BecTHb! Hauano Bektopa M l(xl, Vi Zl)

u koHen M, (x2 , Vo, 22) , TO KOOPJIMHATHI BEKTOPa HaXOATCsA 1o hopmyam

X=Xy =Xy, Y=Yy =Yy, Z2=2 —Z. (5)
Eciu Ez:(xl,yl,zl) ub=(xy,,,2),10
aib:(.xli)(:2,yliy2,zli22) (6)

n od =(ox;, oy, 0z;), Tae o — 106oe YUCIO.
BeKTOPBI, JIeKAIHME HA OHON WU MApalIeIbHBIX IPSIMBIX, HA3bIBAIOTCS
KoJUTHHEAPHBIMU. [[pU3HAK KOJUIMHEAPHOCTH BEKTOPOB d u b
X z
M_Nn_A )

Xo Vo Zp

Tpoiika BeKTOpPOB i, j, Kk Ha3bIBaeTCS KOOPAUHATHBIM OA3HCOM:



7]=]7]=]k]=1.
Bekropsl i, j, k HampaBieHsl o ocsim cootBercTBeHHO Ox, Oy, Oz B

MOJIOKUTENBHYIO CTOPOHY.
J1060i1 BexTop a = (x, y, Z) MOXKET OBITh IPEACTaBIICH B BUJIE

a=xi+y+zk. (8)

CkansipHbIM [TPOU3BEAECHUEM BEKTOPOB @ = (xl, Vi Zl) u

b= (x2 , Vo, 22) Ha3bIBAETCA YHCII0, PABHOE ITPOU3BEACHUIO MOAYJIEH STHX
BEKTOPOB Ha KOCHHYC YyIJla MEXy HUMH.

5-5=|5|-‘I;‘-cosq), 9)
c?-l;=|5|-npal;=‘l;‘-np55, (10)
a-a=a*=|al’, (11)
T.€. CKaJIAPHBINA KBAAPaT BEKTOPA PaBEH KBaJpaTy €ro MOIyJs.
5b :X1X2 +y1y2 +Z122. (12)
Ecimu dlb, 10
XIX2 +y1y2 +21Z2 = O (13)

XXy +V1Vy 2125
\/X12 +Y12 +212 '\/x22 +y22 +Zz2

Ecnu Bexktop F m300paxkaeT Cuily, TOUKa MPUIOKEHUS] KOTOPOil mepe-

cosQ =

(14)

MEIIaeTCsl U3 Havyajia B KOHEI[ BeKTopa S, TO paboTa 3TO# CHIIBI OIIPEIeIsIeTCs
W=F-8§. (15)

BEKTOpHBLIM POM3BEIEHIEM BEKTOPA d Ha b Ha3bIBacTCS TAaKOM BEK-

TOp € = a X b, KOTOpPbIH yIOBIETBOPAET CIAEAYIOLIMM TPEM YCIOBUSIM:
1. |¢|= 5|-‘b‘-sin(p, rIe @ — Yroll MeXay BeKTopamu d u b
2.cla n clb;
3. BEKTOp ¢ 00pasyer ¢ BEKTOpaMU d W b «IpaByro» TPOUKY.
BeKTOpHOE IPOU3BENEHUE 3aBUCUT OT MOPAIKA COMHOKMTEIEN

axb=-bxa. (16)
Mopyiib BEKTOPHOTO MPOU3BE/ICHHS PaBEH ILIOAU MapajuiesiorpaMmma, mo-

-

CTPOEHHOTO Ha BEKTOpPax d W b:

Sz‘c?xl;,

(17)

SAzé‘ﬁxg‘. (18)



Ecnu BexkTopsl @ ¥ b KomuuHeapHsl, 10 a X b = 0, B uactHOCTH,
axa=0.
Eciu BEeKTOPHI 3a7[aHbl KOOPAUHATAMUA d = (xl, Vi, zl),

EZ(XZ,yz,Zz), TO

Pk
a X b = xl yl Zl . (19)
Xo Vo 2y

Ecnu Bektop F' m300paxkaer cuily, MPUIIOKEHHYIO B KaKOH-HUOYAb
Touke M ,a BEKTOp @ WJIET U3 HEKOTOPOo Touku (O B TOYKy M , TO BEKTOp

a X ' npencrasnsger coboit MoMeHT cuiibl F' otHOCHTENBHO TOUukH O:
mF=axF. (20)

CMenIanHbIM IMPOU3BCACHHUCM TPCX BCKTOPOB a, b, E Ha3bIBACTCA YHC-

J10, PABHOE BEKTOPHOMY IIPOM3BENEHUIO ( X b , yMHOKEHHOMY CKaJISPHO Ha
BEKTOD C, T.€.

abaz(axb)-a=a-(bxa). (1)
CmMenranHoe mpousseaeHne abc paBHO 00bEMY IapajlIeNeNnIe 1a, IOCTPO-

€HHOT'0 Ha BEKTOpax d, b, ¢, B39TOMY CO 3HAKOM «ILIIOCY, ECIIH TPOMKA

a, b, ¢ mpasas, co 3HAKOM «MHMHYC», €CJIM 3Ta TPOMKA JIeBas.

V =+abc. (22)
Ecnu BekTOpbI KOMIUIAaHAPHBI (JIEKAT B OJTHOW IIOCKOCTH), TO
abc =0. (23)

—

I[J_IH BCKTOPOB C_i = (Xl, Vi Zl)’ b= (Xz, Vo, Zz), E = (X3, Y3, Z3) CMCIIaH-
HOC IIPOU3BCACHUE ONIPEACIACTCS (1)0pMy.]'IOI>'I

D R B T
abc=\|x, y, z,| (24)
X3 V3 Z3

3amaya 1. Ha MarepuanbHyr0 TOUKY AEHCTBYIOT CHJIBL:
F=(2-11), F=(-122), F=(1-2).
Haiitu paboTy paBHOJIEHCTBYIOIIEH 3TUX CHII R IIPYA NIEPEMEILIEHUHN TOYKHU U3
[IOJIOKEHUS A(Z, -1, O) B IIOJIOYKEHUE B(4, 1, — 1).
Pemenue. HalineM paBHOAEHCTBYIOLIYIO
R=F+F+F=(2-1+1,-1+2+1,1+2-2)=(2,2,1).

BekTop nepemenienus no popmyne (5)

. —>
S= 4B =(4-2,1+1,-1-0)=(2,2,-1).



Hckomyto paboty HaxoauMm 1o dhopmyrne (15)
W=R-§=2-2+2-2+1-(-1)="7.
3amava 2. [lana cuna F = (3, 4, — 2) Y TOYKA €€ TMPUII0KCHHUS

A(Z, -1, 3). HaifT MOMEHT CHJIbI OTHOCUTEIBHO Hadyaia KOOPJAWHAT U YTJIbI,

COCTaBJIAICMBIC UM C KOOPANMHATHBIMU OCAMM.

=
Pemenue. ITo popmyne (20) m F =r x F. Bekrop 7 = OA 1o dop-
myiie (5) MMeET KOOPAMHATEI 7 —( ) o ¢opmyne (19)
LTk I
rxF=2 -1 3 |=-10i +13j +11k.
3 4 -2

Hrak, mﬁ = (— 10, 13,1 l). Moyie MOMeHTa HaxouM 1o opmyre (2):

m.F | =(=10)% +(13)* +(11)* = /390 ~ 19,748.
|m.F| = (- 10)

Hanpagnstomue kocunycel o gpopmyse (3):

coso. = _—10 =—0,506, cosP = 1—3 = 0,658, cosy = 1—1 =0,557,
19,748 19,748 19,748
a yrHBI, COCTABJILICMBbIC MOMCHTOM CHJIBI C KOOpI[I/IHaTHBIMI/I 0CsiIMU, cneﬂy}omne
o =120°24, B=4851, Y =569,

KoHTposib: 10JI5KHO OBITH cos® o+ cos” B+ cos” vy =1 VY Hac:
(- 0,506)> +(0,658)° +(0,557)" = 0,999.
3anaua 3. Hamucars pasnoKeHue BEKTOpa X = (5, 16, 2) 0 BEKTOpam
p=(2,1,0), 4=(0,-2,0), 7=(-152).
Pemienue.
1. PasznoxkeHue BekTOpa X 10 0asucy p, ¢, ¥ WMeEeT BHJ
X=0,p+0,q+0s7
WU B KOOPJIWHATHOM (hopme
Xp =0 P T 0yq; +A&3n
Xy =0 Py T 0ogy T 037
X3 =0 p3 + Qg3 +03l3.
2. C y4eTOM YHMCIIOBBIX 3HAYEHHMI KOOPAUHAT BEKTOPOB P, ¢, ¥ U X
TOJIyYHM CHCTEMY YPaBHEHHI OTHOCHTEILHO HEU3BECTHBIX 0Ly, Oy, OL3:
2-a;+0-a,-1-03=5 2001 =5+ 03 o =3
lray—2-a,+5-03=16 = {20, =0;+50;-16 = <o, =-4
0-00;+0-05 +2053 =2 oy =1 oz =1



—

3. Pa3noxxeHue BEKTOpa X [0 BEKTOPaM p, ¢, ' HUMEET BUL:
X=3p—-4q+r.
Otser: X =3p—4q +7.
—

Bagaua 4. B napamtenenunene ABCDA,B,C,D, Bextopst AB = p,

_ — _ —

AD =gq, AA, =r obpasyior 6asuc. Pasnoxuts Bekropst AG, AP,

—>
AN, 1o BeiOpanHOMY Oa3ucy, eciu Touka G genut pedbpo DD, B oTHOIIE-

Huu 1:2; Touka P —Touka nepecedyeHus nuaronaneit rpanu DD, C|C; Touka

N — cepenuna peopa B;C;.

Pemienue.
[MocTpoum ueptex. HemocpencTBeHHO U3 YepTeka CIEAyeT:
> L 2.
C AG = AD + DG:q+§r,
1. - 1.
AP = APl+APz+PzP—Ep q+5r,
c AN, = AB+ BN+NN1 p+%§+77
Otser: AG = *+% AP—l*+*+ll7
q 3 5 pTq 5
- . 1. .
AN =p+ Eq +r
IIpsaiMasi 1 MJIOCKOCTH
ILaockocth. Ee ypaBHeHUsI
Ax+By+Cz+D=0 - (25)
o01iee ypaBHEHHE TIOCKOCTH.
A(x—xo)+B(y—yo)+C(z—zo)=O — (26)

ypaBHeHHe [UI0CKOCTH, IpoXosieii uepes Touky M, (x,, ., z,) NepheHau-
Ky/sipHo Bektopy 7 =(A, B, C).

X

Ty Eog - (27)

a b c
ypaBHEHHE IUIOCKOCTH «B OTPE3Kax». 31ech d, b, ¢ — BEIUYUHBI OTPE3KOB, OT-

CCKACMEIX INNIIOCKOCTBIO HAa OCAX KOOpJAHHAT.



Ax+By+Cz+D

=0 — (28)
+ \/ A% + B + C?
HOPMAaJIbHOE YPABHEHHE INIOCKOCTH.
J | Ax, + By, + Cz, + D|
\/ A% + B + C?

paccTostHue OoT TOuku M, (xo » Voo ZO) no wiockoctd Ax+ By + Cz+ D= 0.

X=X Y= N 7%

Xp=X; Vo= Zp—z|=0 - (30)

X3 =X V3=V 23721
YPaBHEHHUE TJIOCKOCTH, TPOXOASAIEH Yepe3 TPU TOUKHU Al(xl , V1, Zl) :

Ay1 (%, ¥2.23), A3(x3, y3, 23).

(29)

Ilpavas. Ee ypaBHeHus

Ax+By+Ciz+D; =0
{ 1 VT4 1 B (31)

oO11ee ypaBHEHHE NPSIMOi (TIpsiMas 3a/1aHa MepeceueHrueM JIBYX IIOCKOCTEH).

X=X V=Yoo 272 _ (32)
m n p

KaHOHHMYECKOE ypaBHEHHUE PsAMOH, rae M, (xo » Voo Zo) — TOYKa, PUHAJIJIC-
JKalas mpsaMoi, a = (m n, p) — HANpaBIIAIONINI BEKTOP NPSIMO (BEKTOP,

napauieIbHBIN MPSIMOiA).

X=Xx,+mt
y=y,+nt -— (33)
z=2z,+pt

HapaMeTpUYECKHE YPaBHEHUS MIPAMOIA.
X=X — Y—=N1 — Z— (34)

Xo =X Vo= V1 272
YPaBHEHHE NMPSAMOU, IPOXOISIIIEN YepEe3 ABE NTaHHBIE TOUKHU Al(xl , Vs zl) ,

Az(xz) Y2, Zz)-

+ +
cosQ = T T T PP - (35)

\/’"12 +n° +p? '\/”122 +m,° +py’

YTOII MEXLy ABYMs IpAMBIMU, Taie dy = (my, ny, py) U dy =(my, ny, py) —

HarpaBJIAIOIIHUC BEKTOPLI IIPSAMBIX.



_ | Am+ Bn+ Cp |
siny = — (36)
\/A2 +B*+C? -\/m2 +n?+c?
YIOJI MEXKLy IPSAMOM U INIOCKOCTBIO, TAE 71 = (A, B, C) — HOpPMAaJIbHBIH BEK-

TOP IUIOCKOCTH, d = (m n, p) — HaIpPABJISAIOUIINANA BEKTOP IPSMOM.

~ é Ay Ay A A5 A4,

7

nupamuosl — o0bem nupamunsl A; A, A3 Ay,

rae Al(xl’ Y1 21)’ AZl(x2’ Y2, Zz)’ A3(X3’ V3, 23)’ A4(x4, Va4, 24) -
KOOP/AMHATHI BEPIINH MTHPAMUJIBL.
1|¥2=%1 V2= 2T A
Vnupamudbz =~ X3 X1 V3=V 23721 (37)
Xg =X Va=V1 2477
3amada 5. JlaHBI KOOPAWMHATHI BEPITUH MTAPAMUIBI AI(Z, 1, — l),
A4,(3,0,1), A43(2,-1,3), 4,4(0,8,0). Haiiru:
1) yron mexny pedbpamu A4, n A Ay;
2) yron mexnay peopom A; A, u rpambio A A, Az,
3) oobeM tupamuasl V'
4) paccrosiHue OT Touku A, 10 mnockoctu Ay A, A3,

5) Touky A, CAMMETPHYHYIO TOUYKE A, OTHOCHTEIBHO IIOCKOCTH
A4y 45,
6) Touky A, , CAMMETpUYHYIO TOUKe A, OTHOCHTENBHO MpsmMoit A A3,

Pemienue.
1) Yron mexnay pedpamu HaxoauM o popmyie (35).

—
a, = A4y =(3-2,0—1,1-(=1)) =(L, — 1, 2) — nanpapnsromuii BexTop
npsimoit 4; A, ;

—

Gy =AjA;=(0-2,2-1,0-(=1))=(~2,7,1) — nanpasnsowmuii BexTop
npsmoit A; Ay.
1-(-2)-1-7+2-1 =7 T
JRr(1)2 422 (22 72412 VO34 18
2) CocraBuM ypaBHeHue miockoctu Ay A, Ay, mpoxoasimei yepes Tpu
roukn A4 (2,1, —1), 4,(3,0,1), 43(2, -1 3), no popmyzne (30)

x=2 y—-1 z+1 x—=2 y-1 z+1
3-2 0-1 1+1|=0, 1 -2 2 |=0,
2-2 —-1-1 3+1 0 -2 4

cosQ =



-1 2 1 2 1 -1
(x—2)‘_2 4‘—()/—1)‘0 4‘+(z+l)‘0 -
(x=2)-0—(y—1)-4+(z+1)-(~2) =0,
—4y+4-2z-2=0,

4y +2z—-2=0 — ypaBHenue wiockoctu A;A, As;

K

n= (O, 2, 1) — HOPMAJILHBIN BEKTOP TUIOCKOCTH;

_
d=A A, =(—2 7, 1) — nanpasmsomuii Bextop mpsamoit A Ay.
Haxoxum yron v wexnay npsmoit 4;A, u mnockocteio Ay A, A; mo dop-

Mmyse (36)
0-(-2)+2-7+1-1 15
V02 122 412 -\/(—2)2 c72 412 V554

3) Haxomum 06beM nupamuasl no popmyne (37)

siny =

=09114.

—> E— —>
A1A2 :(1,—1, 2), A1A3 =(O,—2, 4), A1A4 :(_2, 7, ].)

V=t—|0 -2 4|=t—(-2+8-8-28)=-—(-30)=15
6|—2 7 1| 6 6

4) Paccrosnue ot Toukn A, mo minockoctn A;A, A3 Haxomum mo
dbopmyne (29).

g_[2:8+40-1] 15

Ja+1 J5

5) YrtoObl HAWTH TOUKY A,, CHMMETPUYHYIO TOYKE A, OTHOCHUTEIBHO

= 3.5~ 6,69.

wiockocti Ay A5 Ay, cienaem crenyroree.

CocTaBuM ypaBHEHHUE IPSAMOU, ITEPIICHANKYISIPHON TIIOCKOCTH
A; A, A5, npoxopsimieit uepe3 Touky A, 1o dpopmyne (32). 3a HanpaBIsio-
U BEKTOP NMPAMON d = N = (O, 2, l) 0epeM HOPMaJIbHBIN BEKTOP IJIOCKO-

CTH, T.K. IIpsAMasd MCPIICHAUKYJISIPHA IIIOCKOCTH:

x-=0 y-8 z-0 x_y-8_ z
0 2 1 0o 2 1
CocTaBUM MapaMeTpUyYECKUe ypaBHEHU 3TOM npsimoii o popmyne (33):
x=0
y=2t+8
z=1.

HaxomumM Touky mepecedeHus 3Toi NMpsIMoi ¢ mIockocTeio Ay A, A3

10



x=0
x=0
y=2t+8
., = y=—6+8=2 = 2(2t+8)+1—-1=0,
zZ =
z=1
2y+z-1=0

5t+15=0, t=-3.
[Toygaem Touky M| (O, 2, — 3) , T.K. TOYKa A, cuMMeTpudHa Touke A, OT-
HOCHUTENIBHO MIoCKoCcTH A A, A3, To Touka M sBIseTCS cepeIuHOM OTpe3Ka

Ay Ay, mosTOMY

X4+ X4 0+x, ) _
Xy = ——, 0= , x; =0;
M > > 4
Vat+ys 8+ 4 , .
=, 2: B :—4’
Ym ) 5 Y4
Z4+2, 0+z, ,
Zap = , —3= , zy = —6.
M 7 7 4
A4(0,—4,-6).

6) YtoObl HaiiTi TOUKy A, , CAMMETPHUYHYIO TOUKe A, OTHOCHTEIHHO
npsimoii A, Az, cOCTaBUM ypaBHEHHE INIOCKOCTH, IPOXOASAIIEH Yepe3 TOUKy
A, nepnenaukyisipHo npsimoit 4, A; 1o popmyne (26). 3a HOpMaNBHBII
BekTop mwiockoct 7 =d = (0, -2, 4) OepeM HAIPaBIISIOIMH BEKTOP IPSAMOI
A; A3, T.K. IIOCKOCTH NMEPIECHINKYJIISIPHA MTPSIMOU.
0-(x—0)-2-(y=3)+4-(z-0)=0, —2y+16+4z=0, y=2z—-8=0.
Vpasuenue npsmoit 4; Ay cocrasisem o popmyne (34).

x=2 y-1 =z+1 x—=2 y-1 z+1

2-2 —1-1 3+1 0o -2 4
[TapameTprueckue ypaBHeHUs npsmont A As:
x=2
Jy=-2t+1
z=4r-1
Haxoxnm touky N mnepecedenus npsimoit A; Ay ¥ miockocTu:
x=2
y==-2t+1
z=4t-1
y—2z-8=0,

—20+1-2(41-1)-8=0, —101-5=0, t=—%,

11



xX=2, y=— (—%)+1=2, Z=4(—%j—1=—3.

Wrak, Touka N (2, 2, — 3). Tak kak Touka A, cuMMmeTpuyHa Touke A, OT-

HOCHUTEJIFHO NpsiIMOi A Az, To Touka N SBJISIETCS CEpeMHOI OTpe3Ka

Ay Aj , Torma
X4+ XY 0+xy "
X =, 2 = ’ X4 = 4’
Vgt V4 8+ 4 1
= 2 = s = _4)
+ " 0 + rn
Zy = 24 ; 24 . —3= 2Z4 ) zy =—6, TOuYKa AX(4, -4, - 6).

AHAJIUTHYECKAsA TeOMeTPHsi HA ILUIOCKOCTH
Hexkortopelie cBeneHus U3 Teopun
Ipavas quuus. Ee ypaBHeHue

Ax+By+C=0 — (38)
oO11iee ypaBHEHUE TIPSIMO.
X=X _V=Vo _ (39)
m n

ypaBHEHHUE MPSIMOA, TPOXOAIIeH uepe3 Touky M, (xo, Vs ) a= (m n) —
BEKTOP, MTAPAJUICIIBHBIN IIPSIMOM.

A(x—xo)+B(y—yo)=0 — (40)
ypaBHEHHUE TIPSIMOU, TIPOXOIAIICH uepe3 Touky M, (xo, yo) C MIEPIEHANKY-

nspHbIM BekTopoM 7 = (A4, B).

X=X -
L _JY=rn (41)
X=X V2=
ypaBHEHME NPSIMOM MpOXOsiel uepe3 aBe Touku M (xl, yl) u M, (xz, yz).

Xy
—4==] - 42
_+ (42)

ypaBHEHHUE MPSIMOI B «OTpE3Kax», ryie¢ d, b — BeJIMYMHBI OTPE3KOB, OTCEKae-
MBIX IPSIMOM Ha OCAX KOOpAMHAT.

y=kx+b — (43)
ypaBHEHUE MPSIMO#i ¢ YrIOBbIM KO3 duimeHToM k = 2@ u oTpe3koM b —
orcekaeMbiM Ha ocu Oy .

12



y=y, =k(x—x,) - (44)
ypaBHEHHUE IPSIMOM, IPOXOIAIICH uepe3 Touky M, (xo, yo) C YIJIOBBIM KO3 (-

durrieaTom £ .
|Axo+Byo+C| B

d= (45)
vA® +B?
paccrosiHue oT Touku M (xo, yo) no npsimot Ax + By +C=0.
Ax,+ By, +C
§= TV T (45a)
VA + B?
OTKJIOHEHHE TOYKH Mo(xo, yo) OT TIPSIMOMA.
A
k=—— — 46
2 (46)
yriioBoi kodddumuent npsmoit Ax + By + C=0.
kl = k2 - (47)
YCIIOBUE MApaNIETbHOCTH TPSIMBIX.
1
ki =—— — 48
I (48)
YCIIOBUE TIEPIICHIUKYIIPHOCTH TTPSMBIX.
k2 kl
I8¢ = 49
& T ko, )
YTOJl MEXAY ABYMs IPSIMBIMHE C YTTIOBBIMH Kod(durmenramu k; u k.
3agaya 6. JIaHLI CepEaUHBI CTOPOH TPEYTOJIbHUKA
(1 2) Q(S 1) ( ) CocTaBUTh ypaBHEHUS €0 CTOPOH.
B(x:,¥,) 1 crioco6. Tak kak Toukn P, (J, R sBistorcs ce-
penunamu otpe3koB AB, AC, BC, to
P 0 X1+xZ :1’ X9 +X3 :5’ xl+X3 :_4’
2 2 2
A, v)) R C(xs, y3) )’1"‘—)/2:2’ M:_L u:?,
2 2 2
PemaeM z1Be cucteMbl ypaBHEHUN
X +x,=2 yi+y, =4
X2+X3:10 %) +y3:_2
xl+X3:_8, y1+y3:6,
OJTydaeM
x1 = _8 yl = 6
X, =0 v, =0 A(— 8, 6), B(lO, = 2), C(O, 0).

Xg = 10, V3 = —2,

13



Teneps cocTaBisieM ypaBHEHUS CTOPOH TPEYTOJIBHUKA, KaK TPSIMBIX, TIPOXO/ISI-
IIUX Yepe3 ABe TOUYKH, 1o popmyre (41).
YpaBuenue AB:

X8 _ V=0 4iop-22-0
10+8 —-2-6

VYpauenune BC':
x—10:y+2, X+ 5y =0,
0-10 0+2

VYpasaeane AC':
X8 _y=0 4y
0+8 0-6

2 coco6. He ompenenss koopauuat touek A, B, C, cocTaBUM ypaBHEHHUE

Ka)x 10 U3 cTOpoH TpeyrobHuka ABC, kak mpsIMOH, MPOXOIAIICH Yepe3 O/l
HY M3 BEpIIUH Tpeyroidbauka POR mnapamienbHO MPOTUBOJICKAIIEH CTOPOHE.

YpaBuenne AB: npsmas AB npoxoaut yepes TOUKy P mapaieinbHO BeK-

—>

topy QOR = (— 9, 4). Hcnonbszyem ypaBHenue (39).
x—1 y-2
-9 4

VYpaBuenue BC: npsmas BC mnpoxoaut depe3 Touky () mapajieabHO BEK-

= 4x+9y-22=0.

E—
Topy PR =(-51).
x—5:y+1

-5 1
YpaBuenue AC:mpsmas AC mpoxoIuT Yepes TOUKy R mapaiebHO BEK-

= x+5y=0.

—
Topy PQ = (4, — 3).
x+4 y-3
4 -3
Oteer: 4x+9y—-22=0, x+5y=0, 3x+4y=0.
3agaya 7. CocTaBUTH YpaBHEHUS KaTETOB MPSMOYTOJIBHOTO PaBHOOE/I-
PEHHOTO TPEYTOJIbHUKA, 3HAsl YpaBHEHUE TUNIOTeHY3bl 2X + 3y —5= 0 wu Bep-

= 3x+4y=0.

HIMHY TPSIMOTO yTiia (2, — 1) :

b N AB = BC (no ycnosuio), nostomy LABC = /ZACB =45,
45" kgc = —% ( mo popmyne (46)). YpaBueHwus karetoB AB wu

45° AN
AQ. A ¢ BC cocrasisem o hopmyine (44): y+1= k(x — 2).
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k+—
1g45° = —23 , (49)
1-Zk
3
k+—
_23211_
1-—k
3

Pemiast 5Tu ypaBHEeHUs, IOTYy4NM:

k:%’ y+1=é(x—2), 5p+5=x-2, x—=5y—-7=0.

k=-5, y+1=—5(x—2), y+1=-5x+10, 5x+y—-9=0.
Oter: x—5y—-7=0, S5x+y—-9=0.
3amaua 8. B TpeyroibHUKE C BEpUIMHAMU
A(3, — 2), B(— 1, 1), C(S, — 7) HalTH OnccekTpucy BHyTpeHHero yria ZABC.

B__ g 1) CocraBum ypaBHeHwust cropoH yriia LABC,
BOCIIOJIb30BaBIIUCH hopmyion (41).
3102 Cropona BA:
+1 —1
oY _3x—4p+1=0.
3+1 —-2-1
Cropona BC:
x+1  y-1
= , —8x—-6y—-2=0.
4 C 541 —4-1 d
\ N 2) Touku OUCCEKTPUCHI PABHOYAAJICHBI OT CTOPOH

yria. [IpupaBHsieM pacCTOAHUSA OT TPOU3BOJIBHOU
TOYKH OMCCEKTPHUCHI M(x, y) 1o cropoH yrna BA w BC, BeIAUCHSASA UX T10
dbopmyne (45).
|—3x—4y+l|_|—8x—6y—2| |—3x—4y+1|_|—8x—6y—2|
e e | 0
W13 nocienHero paBeHCTBA MOJTyYaeM CIICIYIOIINE JIBa:
2(— 3x—4y+ 1) =—8x—6y—2 u 2(—3x—4y+1) = —(—8x—6y—2).
[Tocie mpeoOpa3oBaHus MOJTy4aeM YPABHECHUS ABYX MPSIMbBIX, KOTOPBIC SBIISFOT-

st OMCCEKTpUCaMH BHYTPEHHETO W BHEIIIHETO YIJIOB MPH BepiirHe B Tpe-
yronbanka ABC':

x—y+3=0 (a)
u x+y=0. (0)
Jly1st OUCCEeKTPUCHI BHYTPEHHETO yIila TpeyrojibHuKa BN OTKIOHEHUS BEpPIITUH

tpeyroibHuka A u C WMEIOT pa3Hble 3HAKH, a 1T OMCCEKTPUCH BHELTHETO
yria BK — 3HaKU OTKJIOHEHHH OJMHAKOBBI.
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Haiinem otkinonenus touek A u C ot npsmoirt (a) mo popmyie
(40,a):

8A=3 (2)+2=7>0, 5 (7)+2:14>0’
Vize2 V2 JiZe2 V2

cleIoBaTeIbHO, YpaBHeHUE (a) —3To ypaBHeHue npsmoii BK. Torna ypaBHe-

HHUE OMCCEKTPUCHI BHYTPEHHETO yriia TpeyroibHuka ABC mnpu BepimHe B

x+y=0.

Je

Otset: x+y = 0.

JIMHUHM BTOPOro NOpsiaKa

OKpY»KHOCTb. YpaBHEHUE
(x—a)2 +(y—b)2 = R? (50)

OTIpeeIIsAeT OKPYKHOCTh paguyca R C IEeHTpoM C(a, b) . Ecin uentp

OKPYKHOCTH COBIIaA4ACT C HAYAJIOM KOOPpAWHAT, T.C. d = b= O, TO YPpaBHCHHC
OKPYXHOCTHU IIPUMET BHUA

x? +y? =R (51)
O61ee anreOpanyeckoe ypaBHEHUE BTOPOU CTENIEHU
Ax? +2Bxy+ Cy* +2Dx + 2Ey + F =0
ecTh ypaBHeHHE OKpykHOocTH, eciit A =C#0, B=0, T.c.

Ax® + Ay* +2Dx+2Ey+ F =0. (52)
DJLIuIIC.
2 2
+l=1- (53)
a” b
ypaBHEHHE UIUICA (KAHOHUYECKUN BU]).
bt =a® -2, a>b. (54)
B sToM ciydae Gokychl iumca UMEIOT KOOPAUHATHI
Fi(-¢ 0) u F(c0). (55)

Hauano koopaunat O — HEHTP CUMMETPHH DIUIMIICA, & OCH KOOPAMHAT — OCH
CUMMeETpPHH dJiIuIca. Touku Al(— a, O), A, (a, 0), BI(O, —b), B, (O, b)
Ha3BIBAIOTCS BEPIIMHAMU DJUIMIICA, d W b — Ooublnas U Maias moixyocu. Be-

JJNYHUHa

c
e=—x<1 (56)
a
Ha3bIBACTCA SKCHCHTPUCUTCTOM SJIIIUIICA. 3KCHCHTpI/ICI/ITeT XapaKTCPpU3ycCT BhbI-

TAHYTOCTD OJIJIMIICA, T.K. BRIPAXKACTCA YEPE3 OTHOUMICHUC €TI0 HOHYOCGP'I
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2 ;2 2
c_C_Na b _ 1_(9) | (57)
a

OKpY>KHOCTh MOKHO CUMTATh YACTHBIM CIIydaeM DIUINIICA, Y KOTOPOro
a=>b,1e. £€=0.

x== (58)

M|
|

YpaBHEHUS JUPEKTPUC.
Ecnu gokycsl amunrica pacnosoxensl Ha ocu 0y, TO ypaBHEHHUE 3JI-

aurca uMeet ToT ke Bua (58), Ho b > a. Dokychl HIMEIOT KOOPAUHATHI:
F (0, — c) u F, (O, c) . YpaBHEHHUS TUPEKTPHUC

y= ig. (59)
['unep6ouia.
2 2
X Yoo
a_2 — b_2 =1 (60)

KaHOHHYECKOE YPaBHEHHE TUIEepOOJIbI.

b’ =c*-a* a<ec. (61)
Dokychl UMEIOT KOOPAUHATEL [ (— c, 0) u F, (c, O). Ocu xoopauHar sBIIs-
I0TCSL OCSIMH CHMMETpPHH runep0osibl, a Touka (O — 1eHTp cummerpun. ['unep-
Oona mepecekaeT ock aOCIUCC B TOUKaX A (— a, 0), A, (a, O) , KOTOpBIE
HAa3bIBAIOTCS €€ CHCTBUTEILHBIMU BEPIIUHAMY, @ BEIMYMHA ( — JICHCTBH-
TEJILHOM MOJTyOChI0 TumiepOoJibl. Touku BI(O, —b) u B, (O, b) Ha3bIBAIOTCS
MHUMBIMH BEpIINHAMU, & b — MHHMasl MOJayock. [IpSIMOYTOILHHK C LIEHTPOM B

Ha4daJIC KOOPpANHAT U CO CTOPpOHAMH, IMapaJJICIIbHBIMHA KOOPAWHATHBIM OCAM H
MMPpOXOAAIIMMU YCPE3 BEPIIUHBI I‘I/IHCp6OHBI, HAa3bIBACTCA OCHOBHBIM IIPAMO-
YTOJIbHUKOM FI/IHep6OJ'II)I. Ero JuaroHajJin

b
y=t—x (62)
a
SIBJISFOTCSI aCUMITTOTAaMU TUIIEPOOJIBI, T.€. MPSIMBIMH, K KOTOPHIM HEOTPaHUICH-
HO MPUOTMKAIOTCS BETBU TUIIEPOOITHI.

DKCUEHTPUCUTET TUIIEPOOIIBI

e=S>1. (63)
a
[ 2 2 2
e=CoYaHD 1+(9) . (64)
a a a
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Eciu a = b, runep6oiia Ha3bIBAE€TCS PAaBHOCTOPOHHEN. B 3TOM CiIy4ae OCHOB-
HOM MPSAMOYTOJIBHUK MPEBPAIIAETCS B KBaIPaT, & SKCIEHTPUCHUTET PaBeH /2.
a
xX=*x— — (65)

€
JTUPEKTPUCHI TUIIEPOOJIBI.

Ecnu ypaBHeHue runepOo0ibl UMEET BU]L

2 2
~To+ Z_Z =1, (66)
a
TO ACUMIITOTBI TUIIEPOOIIBL:
b
xX=x—y, (67)
a
boKyChI FI(O, — c), Fz(O, c).
b
y=t2 (69)
€
yPaBHEHHUS TUPEKTPUC.
[TapaGoua.
Kanonunyeckoe ypaBHEHHE MapadoIIbl
yi=2px  (p>0), (69)

II€ p — paccTosHUE OT (PoKyca 10 AUPEKTPUCHL. Y paBHEHHUE JUPEKTPUCHI
X = —g, KoopauHaThl hokyca F (% Oj . Hauano xoopauHar siBisieTcsi Bep-

IIMHOM Mapaboibl, a OCh a0CHKUCC — €€ OCbI0 CUMMETPHUU. DKCIIEHTPUCUTET T1a-
pabombr € =1.
B psine cnyyaeB paccMaTpuBarOT mapadoIIbL:

2) yz - 2px, F(— g , 0) —doxkye, x = g — ypaBHenue gupexrpucsr;  (70)

6) x> =2py, F (0, gj —okye, y = —g — ypaHeHue aupextpucer; (71

B) x?=22 py, F (O,—g) —dokyc, y = g —ypaBHEeHHE TUpeKTpuchl.  (72)
Jlnst Beex ciydaeB p > 0.
3amava 9. Cpeau npsambIX napajuieabHbIX mpsiMor 2x + ) = 0, Bbize-

2, .2
JIMTh KacaTelbHbIC K OKpY)KHOCTH X~ + p~ =1

Pemienue. YpaBHeHUE BCAKOU MPSIMOU, MapalIeIbHOM JTaHHOM, MOYKHO
3amucaTh B BUJIE
2x+y+c=0.
KacaTenpHas K OKpYy>KHOCTH UMEET C HEHl TOJIBKO OJIHY OOIIYIO TOUKY, TIOATOMY
COBMECTHOE PEIICHUE YPABHEHUU MPSIMOM U OKPYKHOCTH JIOJIKHO UMETh TOJIb-
KO OZIUH OTBET.
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W3 ypaBHeHHS IpsIMON ) = —2X — C.

y=-2x-c

x2+y2=1, x2+(—2x—c)2:1, 5x2 +4ex+c—1=0,
KBagpatHoe ypaBHEHHE UMEET TOJBKO OJHO PEIICHHE, KOTJa TUCKPUMHUHAHT
pPaBEH HYJIIO: (40)2 — 4'5'(02 — 1) =0, orkyma c= +./5.

I/ITaK, HCKOMBIC KaCaTCIbHbIC NMCIOT YPABHCHUA

2x+y++/5=0, 2x+y—~5=0.

3amauva 10. Jlan smwmmnc Ox? + 25y2 = 225. Haiitu: 1) ero momyocw;

2) pokychl; 3) AKCLEHTPUCHUTET; 4) ypaBHEHUS TUPEKTPUC.

Pewienne. [lenum Ha 225, monyyaeM

X2 y2
4+

259
Orcroma ciaeayer mo popmyne (53),uto a =15, b= 3. U3 hopmynsr (54):

> =a>-b*=25-9=16, c=+4
[To popmyne (55): Fl(— 4, O), F (4, O).

4
OkcreHTpucHuTeT (56): € = c_
a 5
VYpaBHeHuUs qupekTpuc coracHo (58); x =+t—— = +§
P . T T4/5 T 40
4 25

OtBet: a =5, b=3; Fl(—4, 0), F2(4, 0); 8=§; X=t—.

3agauya 11. CocTraBuTh KAHOHMYECKOE YPABHEHUE DJUIMIICA, Y KOTOPOTO
Maiasi moiyocb 2+/6, a paccrosiue mexny ¢pokycamu F1F, = 8.

Pewenne. b =26, FF,=2c=8, c=4

2
ITo popmyne (54): a’?=b*+c%, a? =(2«/€) +4% =40, a=+/40 =210.

2 .2
Y

—+—=1
40 24
3amava 12. AcumnrToThl runep0osibl uMeroT ypaBuenuss 4y +3x =0, a

VYpaBHeHue siurica coryiacio (53):

paccrosiHre Mexy pokycamu paBao 20. HammcaTh €€ KaHOHHUYECKOE ypaBHE-
HUE.

Penienuie. YpaBHEHMs aCUMIITOT ) = in , coriacHo ¢opmyie (62):

é = % Kpome toro F1F5 =2¢ =20, ¢=10. Ilo popmyne (61):
a
=a

2

2 2 o
c + b”, mosaydaeMm CHCTEMY ypaBHEHHI

19



b 3
a 4
a*® +b* =100.
Pemras ee, monyuaem a =8, b= 6. CnenoBaTelbHO, KAHOHUYECKOE ypaBHE-
2 2
, Y
HUE TUNIEPOOIbl; — — —— =

64 36

2 2
3agaua 13. Jlana rumepGona — —

1. Haiitu koopauHaTh! ho-

KYyCOB Y BEpILMH, SKCLICHTPUCUTET, YPABHEHUS ACUMIITOT U AUPEKTPHUC.
Penrenne. ®oKychl JaHHOU rUMEpOOIBI pacnoiiokeHsl Ha ocu Oy .

a=1b=3 c=va’+b> =J9+1=410. (61)

3HauMT POKYCHl UMEIOT KOOPAUHATHI FI(O, - \/E), FZ(O, \/E) BepmHb

AI(O, — 1), A2(0, 1), Bl(— 3 0), B2(3, 0). DKCLEHTpHUCHUTET 110 hopmyite (64):
a

c_J10 o _ o
3
b

E=—=
VYpaBHEHHS aCUMITOT: X =+—) = Xx =13y,
a

b 3
VYpaBHeHUs QUpEeKTpUC: y=Ft— = = iﬁ.
3agauya 14. Ilapabona c BeplIMHON B Hayane KOOPAUHAT IPOXOIUT Ye-
pe3 TOUKY A(l, — 2) U CHMMETpPUYHA OTHOCUTENIbHO ocu (Jy. Hammcath ee
ypaBHeHue. Haiitu ¢pokyc u nupekTpucy.
Pemienue. YpaBHeHnue uckoMmoit napabomsi no popmyne (72) uMeer Bua

—2py. Touka A( 1, — 2) JeXuT Ha napadosne. [loacraBiasem koopiuHa-

1
TBl TOYKH A B ypaBHeHHe: 1= -2p- (— 2) — p=—. CuenoBarenbHoO, UcC-

X2=

> 1 A2
KOMO€E ypaBHEHHE Oyaer X~ = -5 y wm y=-2x".

8
2 o

3amava 15. Ha mapabone )y~ = 4x HaWTH TOYKHU, PACCTOSHUS KOTOPHIX
OT AUPEKTPUCHI PaBHO 5.

1 1
®oky mapabosbr: F (O, — gj . YpaBHEHHE TUPEKTPUCHI cornacHo (72): y =

Pemienue. YpaBHeHUE AUPEKTPUCH JaHHOM Mapaboiabsl X = P

)

2p=4, p=2, x =—1. Torma paccrositue ot ocu (y 10 UCKOMO¥I
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¢=4-L -5 1= 4r0uku noro pacCTOSIHHUE ONPEACTUT KOOPANHATY X

naHHOW TOUKH, T.e. X =4. KoopnuHaty y HaiijzeM u3 ypaBHEHHS TapaOoIbL:
=4x, y*=4-4=16, y=14
Uraxk, M1(4,4), M2(4, —4).

1. ITpenemns

[TycTh KakIOMy HaTypalbHOMY 4HMCay n=1,2,... TpPHUBEICHO B COOT-
BETCTBHE B CHIIy HEKOTOPOT'O 3aKOHA YUCIO U, . Torma roBopsT, 4To Oompese-
J€HA TOCIENOBAaTENbHOCTD YUCEN Uy, Uy, U3, ... WIH, KOPOYE, MOCICNOBA-

TCIBHOCTD {un } OTI[CJ'IBHBIC quciia U, HAa3bIBAIOTCS €€ SJICMCHTAMMU.

Onpenenenne 1.1. YUucno a Ha3bIBaeTCA NMPENEIOM IOCIEAOBATEIBHOCTH
{un }, €cJId JJIs J1I000T0 MOJIOKUTENBHOIO YhCiia € HaWAeTcs 3aBHUCSILEe OT

HEro HaTypanbHOe yucio N Takoe, 4To JJIs BCeX HaTypajbHbIX uucen n> N

BBINOJIHSETCSI HEPABEHCTBO: | u, —a |< €. Ilpwm stom mumyt:  [lim u, = a.
n— oo

Ompenenenne 1.2. ToBopst, uro ¢yHkuus f (x) crpemutcst kA

( f (x) - A) IIpU CTPEMJICHUU K d (x —> a), rne A W a —uucna, Win

lim (x) = A, ecin st moboro € >0 cymectByer O = 6(8) > (0 Takoe,
xX—>a

4TO |f(x)—A|<8 pu |x—a|<6.
Awnanoruusno, lim f(x):A, ecIu |f(x)—A|<8 pu |x|> N(e) u
X—> 0
Iimf(x):oo, eCITu |f(x)|>M pu |x—a|<6(M), rae M — npowus-
xX—>a

BOJIBHOC ITOJOXHUTCIIBHOC YHUCJIO.

ITpu BBIYUCICHUH MPEEIOB MOYKHO HUCIIOJIB30BATh CIICAYIOIINE TEOPEMBI.
1. Eciu cymiecTByIOT KOHEUHBIC lim f1 (x) lim f, (x), TO
x—a

a) llm[f1 )+ fo(x ] llmfl )+)gi"zlf2(x)
6) lim| f1(x)- f2(x) |= lim fi(x)- lim f3(x)
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@zmﬁ@&}%ﬂ@ @mﬁ@ﬁ@.

x—>a fz(x lim fz(x) xX—>a
xX—>a

2. Eciu lim f(x) =A=#0, I[limf, (x) =0 (4 —xoHEYHO), TO
xX—>a x—>a
lim /i (x)
x—a fz(x)
ecmu  [im f(x) =4, limf, (x) =0 (4 — xoHEeuHO), TO

x—a xX—>a

lim fl(x)

x—a f, (x)

DTH yTBEPKACHHS CIPABEJIMBBI, €CII BMECTO ABYX (QYHKLUHA [ (x) u

)

= 0.

f2 (X) B34AThb COOTBCTCTBCHHO ABEC ITOCJIICA0OBATCIIbHOCTH: {Mn} )41 {Vn} .

B mpocreimux ciiygasix HaXO0KJIEHHUE Ipeena CBOAUTCA K MOJACTaHOBKE

B JJaHHOE€ BBIPAXXEHUE MPEAEIBHOIO 3HAYEHUs apryMEHTa, 4acTo, OJHAKO, NpH-

XOJIUTCS, MPEKE YEM MEPEUTH K MIpeAeIy, IPOBOJUTE IPeoOpa3oBaHUE JaHHO-

IO BBIPAKEHHs. DTO CIEAYeT AENaTh B TEX CIydasX, KOI/la UMEIOT MECTO TaK

Ha3bIBACMbIC HEOIIPEACIICHHOCTH: 9; 2; 0-00; 00—o0; 00; 17; o0?.
o0

[Ipumep 1.1. IIpu oTbickaHUU TIpeena OTHOLIEHHUS BYX LIEJIbIX MHOTOUYJIEHOB
OTHOCUTEJIBHO X TPU X —>00 HWIM A TPU N —>00 IS MOCIEN0BATEIbHO-

o0
cTedl (HeompeaeIeHHOCT, — ) o00a WieHa COOTHOIISHUS IMOJIE3HO TpeaBapH-
o0

TeNbHO Pa3lelluTh Ha X'~ WU, COOTBETCTBEHHO, 1" Ille M — HAaMBBICHIAS
CTETEHb STHX MHOTOYJICHOB.

AHaJOTUYHBIA NTPUEM BO MHOTUX Cly4asX MOKHO NPUMEHHTb M JUIS
npoOeil, colieprKaluX UPPaluOHATIBHOCTH.

4 2 1) 2 1
X'\ 3+——— 34+ —-——
Y +2xr-1 (o : ( 2 x* - x> x*
a) lim 1 = = lim = lim =
x>0 S5x " +3x +2 0 x—>°0x4(5+i+ij x—>°05+i+l
3 4 30,4
X X X X
2 1
lim 3+ lim —— lim —
e T T A 34040 3
— E 5 0503 crapiuas cTenens m =4,
lim 5+ lim —+ lim—4
X—> 0 X—>0 x X—>0 x

4
JICIINTCSI HA X
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5 lim Wont —2m® + 2+ 48 +21

noo Y pt 340 4an* 1 on

> \/(9" ji 3\/(8+2_31j _3:49-0+0+0-38+0 _
IF \/7 ‘\‘/—+2 \/—

(HGOHpeI[eJ'IeHHOCTB —, cTapiias CTereHb m = 2, JCTUTCS HA 1 ).
(0.0]

-lkl\o

6) lim (3x + 1)

X—> 0

\/x2 +4x+5—\/x2 +4x+7]=[oo-(oo—oo)]:

(3x+l)[\/x2+4x+5—\/x2+4x—7

. \/x2+4x+5+\/x2+4x—7]

= [lim
X0 \/x2+4x+5+\/x2+4x—7
(3x+1)(x2 +4x+5—x2—4x+7)
= [lim —
X \/x2+4x+5+\/x2+4x—7

(3x+1)-12 (:xj
= lim =
x_’oox/x tAx+ 5+ x2 +dx—7
12(3+1) 12-3
X—>00 4 5 4 7 I+1
I+—+—=+ [l+———
X Xx X Xx

[Ipumep 1.2. Ecmm P(x) 5 Q(x) — 1IeJble MHOTOWIEHBI X, P(a);t 0 wm

Q(a) # (0, ToO mpenmen paunoHanbHOW Apodu P/ nupu X —>a HaXOIUTCA
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HernocpeacTBeHHo. Ecnu ke P(a) = Q(a) = (0 (HeompeIeIeHHOCTh 6), TO

apobs P/ () pekoMeHIyeTCsl COKPATUTh OJIUH MJIM HECKOJIBKO pa3 Ha (x - a).

x> —3x+2 (O) , (x—l)(x2+x—2) xt4x-2
lzm— —| = lim = lim 3 =
x—>1xt —4x+3 \0 x—>1(x—l)(x3+x2+x—3) solxd b x24x—3
:(9)=lim (= Dlx+2) gtz 12 31

0 x—)l(x_l)(x2+2x+3) x—)lx +2x+3 1+2+3 6 2

[Tpumep 1.3. OgHuM K3 MPUMEPOB HAXOKICHUSA NIPEAETa OT UPPALUOHATBHOTO
BBIPAKECHUS SBIIETCS NEPEBOJ UPPALMOHAIBHOCTH U3 YHUCIUTENS B 3HAMEHA-

0

TeJb WK HAa000pOT (HEOPEIECTIEHHOCTh 6).

_f5tx (Oj o (3-5+x)(3+V5+x)
[ m(l—%/ﬁ)(3+ 5+x)

_ lim 9-5-x

H4(1_Jﬁ)(3+m>

Q) llm

x—4]1— »\/5 X

= |lim ——— 4- _Tr

1
im = [lim — =
x>41-3/5—x x—>43+\/5+x x>41-3/5—x 6

. (4—x)(1+m+\3/(5—x)j

=—[lim =

6X%4(1—M)[1+%/E+W)
| (4—x)(1+§/ﬁ+ﬂj

=—[lim =
6x—>4 1-5+x

1 (4—x)(1+%/ﬁ+3,/(5—x) j :—llim(l+m+3/7(5—x)2) _

6 x—4 x—4 6 x—4
=——(1+1+1)=—=
2
iia (o (%/}—2)(%/x7+2%/§+4)
6) lim———— = (—j = lim
x—>8x°—T7x—8 \O

’Hg(xz — 7x—8)(%/x72+2§/;+4) i
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) x—8 1
= [im = [im

x_’g(x—S)(x+l)(%/x72+2§/}+4) x_’g(x+1)(\/7+2\/—+4)
___ U
S 9-12 108

IIpumep 1.4. Ilpu BRIYKCIEHUN NPEAEIOB BO MHOTIMX CIIy4asX HMCIOJB3YIOT
«TEPBBIN 3aMEYaTEINbHbIN IPEIEI):

Sinx

lim =1,
x—0 X
CJICICTBUEM KOTOPOTO SBJISIOTCS MPESIIbI:
tox . arcsinx . arxtex
lim =— & =1, lim =1, lim gx _ 1.
x—0 X x—0 X x—0 X

tg2 4x - arcsin® x B

x2

2 ) 2
tgdx > [ arcsinx )
{cos 3x cos SX}_ 4x X

a) lim [ctg2 3x — ctg2 Sx]-

x—>0

= lim

x—>0

2 2 2 N2
— Jim 16x2 _{cos 3x _cos Sx}. lim(tg4xj .ll_m(arcsmx) _

sin®3x  sin®5x

.2
sin“ 3x  sin“ 5x

x—0 x—>0\ 4x x—>0 X
2 2 2 2
_ lim cos” 3x 216x __cos 5x2 16x LR
x—0 ; ;
(Sm3x) L0y (Smej 9552
3x 5x i
1
= lim —600S3x——cos 5x } @
x—0] 225

( g2xj 4x? N 2sin® 2x

2
6) lim tg”2x -~ 1—cos J1-cos4x ( Qj . B
x>0 x2.aresin3x 0 (arcsm 3xj 3
3x
2 .
. tg2xj (Sll’l 2xj
e {2
xl—’>no 2x _ 42sin2x . 2x * 8v/2
= , - Aim ——— = lim = .
Jim 2TCSIN 3 x>0  3x x—0 3x 3

x—0 3x
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IIpumep 1.5. Ilpwm BeIUKCIEHUH TpPEAENa BBIPAKEHUS, COAEPKAIIETO TPUTOHO-
MeTpuueckne GyHKIuu, korna x —>a u a # (0, pexoMeHayeTcs mpenBapH-
TEJIbHO IIPOBECTU 3AMEHY X —d = ).

TT-X
cos— g
lim—6=(—) =(x-3=y, y—>0 mpu x —>3) =
=3 x—3 0
(y+3 ,
COSM | . i Y
= [lim 6 = lim—-cos(—y+—j = lim 6 6 _
y=0 y y—=0y 6 2/ ys0 Wy
6
sin——2 T i
6y—>0 Ty 6 6
6
[pumep 1.6. Tlpu BEIMHUCIEHUN TIPENETOB BUaa  [im [ f(x)]@(x) — ¢ HeOGXO-

x—>a
AUMO UMCTb B BUY, UTO

1) ecnu cymiecTBYIOT KOHEeUHbIE nipeaensl A = lim f (x) B=Ilim (p(x),
XxX—>a Xx—>a

10 c= A8 (A> O);
2)ecu lim f (x) =A=#1, [lim (p(x) = $00, TO BONPOC O HAXOXKICHUU
X—>a X—>a
npefelia ¢ PpelIaeTcss HEMOCPEACTBEHHO;
3)ecnu lim f (x) =1, Ilim (p(x) = 00, TO CJEIyeT BOCIIOIb30BAThCS
Xx—>a XxX—>a

1

«BTOPBIM 3aMEYaTelIbHBIM Tpeieiom»: [im (1 + g(x)) g(x) = e, rae
X—>a

g(x)—)O mpu x >a u e=2718....

x2

2 _ x-1 —®
a) lim (M} = (g) = 1 =0, Tk
x>0\ 2x° +x+1 2 3

5

C 3xP-x+1 3 _x?
lim ———=—, lim —— = —o,
R I ) x—ox—1
in 4 x+3 4 -
) zim(”” x) = 4% =64, Tx. lim 2 = zim(‘”" x)4=4,
x—>0\ X x>0 X x—>0\ 4x
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x—0
2x 2x
8) llm(3x+l) :(loo)z llm(l+ ) =
x—oo\ 3x — 1 X—>00 x—06
. 14x
7 3x_6. 7 2x ﬂ xli>moo3X—6
= lim (14— j TR | gim (14— ) ! — '3,
xX—>00 3x—6 X—>00 3x —

2) zim(7—2x)x_is = (1) = tim[1+ (6 - 2x)]5= =

x—3 x—3

= lim [1+(6—2x)]6—2x e Y3 — o
x—3

2. beckoHeyHO Manbie U 0ECKOHEYHO OOJIbIINE (PYHKIIUH

Ompenenenrie 2.1. Ecmm [lim f (x)z 0, To Qpynkius f (x) Ha3bIBaeTCs Oec-
X—>a

KOHEYHO MaJIOl B OKPECTHOCTH TOYKH X = a (Ipu X — a).
CymMa 1 pou3BeIeHHEe KOHEYHOTO Ynciia OECKOHEYHO MalblX (DYHKIUH
OpU X —> @ €CTh Takke OECKOHEYHO Majasi ipu X —> d.

Ompenenenne 2.2. Ecou f (x) u g(x) — OECKOHEYHO MaJlble TP X —> a4 U
(%)
lim——=c¢, TAe C — HEKOTOPOE YHUCIIO, OTJIMYHOE OT HYJSA, TO (DYHKIHH
x—>a g(x)
f (x) u g(x) HA3bIBAIOTCSI OECKOHEYHO MAaJILIMU OJHOTO TOpSAKA TMpHU
x—>a, ecu ¢ =0, 10 roBopsT, uto f (x) — OECKOHEYHO Majasi BBICIIIETO
MOPSIIKA TI0O CPABHEHUIO C g(x) nmpu x — a.
beckoneuno mamas f (x) Ha3bIBaeTCs OCCKOHEYHO MaJION Topsaka 7
M0 CPaBHEHUIO C g(x) nmpu x —> a, eciu
()
lim
xX—>a gn( x)

=c, O<|c|<+oo.

[pumep 2.1. Tlpy x—>0 onpenenutrs MOPSAOK MaNOCTH (YHKIUU
IgX — SINX OTHOCUTENIBHO X.
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_ Smx( — ) ,
tgx — sinx coS X i Slnx(l — cosx) B

lim = [lim = [im =
x—0 xn x—0 xn x—0 xn COS X
) .2 X L3 X X L3 X X
2sinx-sin’ = Asin® = - cos= sin° = coS—
= [lim 2:lim 2 2:4lim—2-lim—2:
x—0 xn COSX x—0 xn COSX x—0 xn x—0 cosx
.3 X .3X .3 X
sin> = sin’ = 4 sin® =
x>0 x x—>0(£) o 2% x>0 (fj
2 2

Orot npenen Oyaet paBeH kKoHcTaHTe c# (0 npu n =3, ciemoBareib-
HO, QYHKIUS [gX — SINX WMEeT NOPSJAOK MAIOCTH # =3 OTHOCUTEIBHO X
npu x —> 0.

CyMMma JByX OECKOHEYHO MaJlbIX pPa3iUYHBIX MOPSIKOB PaBHOCHUIIbHA
TOMY U3 CJIara€MbIX, IOPSIAOK KOTOPOTO HHUXKE.

[Mpumep 2.2. Omnpenenuth MOPSIOK MAJTOCTH OTHOCHUTENRHO X mpu Xx —> 0

CYMMBI %/xT+Jx73

3[ 2 2
Cmaraemoe VX~ HUMeEeT MOPSIOK MAJOCTH — OTHOCHTEIHHO X, a
3 3
cnaraeMoe VX~ — IOPSIOK E, CIIEZIOBATENLHO, CYMMa MMEET HOPSIOK MajIo-
2
CTH — OTHOCUTeIbHO X mpu x —> 0.
(%)
Onpenenenue 2.3. Ecom  [lim =1, T0 OeckoHeuHO Maibie f (x) "
xX—>a g(,X)

g(x) Ha3bIBAIOTCS SKBUBAJICHTHBIMU TIPU X —> @ | (x) ~ g(x).

Hanpumep, npu x — 0 Oynem umers:
sinx ~x, Igx~X, arcsinx~ Xx,arctgx ~ Xx,
2
X
ln(1+x) ~X, COSX~ 1—7, et —1~x, a —1~x-Ilna (a # 1).

Hpeaen OTHOLICHUSA IBYX OCCKOHEYHO MaJjbIX HE HU3MCHHUTCA, €CJIM YJICHBI
OTHOIICHHUS 3aMCHUTDh OKBUBAJICHTHBIMU UM BCINMYUHAMMU.

Ilpumep 2.3.
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2 .2
34tg2x _ 53arcsin2 3x (34tg x 1) . (53arcsm x 1)

Q) lim 5 = lim 5 > =
x>035in” 4x + Tarctg®x x>0 3. (4x) +7. (x)
_ 4tg’x-In3-3arcsin® 3x-In5 4ln3-x2—3ln5-(3x)2
= [im = lim —
x>0 55x° x>0 55x°
_4In3-27In5
55 '

ln(1+3x) 3x

. [4arcsin2x) «x (420> (1)1
6) lim| ——— = lim == =—.
x>0\ 3rg8x x>0\ 3-8x 3 27

n(3-5%)—In(3+7%) l”’Hl‘g’cﬂ"”{?’(l*g’“ﬂ

6) [lim = [im =
x>0 2sinx x>0 2x
ln3+ln(l—§x)—ln3—ln(1+%x) _ﬁx_Zx
= lim — lim—3_ 3 _ 9
x—0 2x x—0 2x

Omnpenenenne 2.4. Ecniu [lim f (x) =0, TO yHKUHS [ (x) Ha3bIBACTCS
xX—>a

OECKOHEUHO OOJIBIION pU X —> 4.
[Tono6Ho TOMY, KaKk .TO czeslaHo Jjsi OECKOHEYHO MajblX, BBOJUTCS IMO-
HSATHE OECKOHEYHO OOMBIIMX PA3IUYHBIX TOPSIKOB.

[Ipumep 2.4. Ilyctb x —> o0. Onpenenuth NOPSA0K OECKOHEUHO OOJIBIION
5

f (x) -1 o CPaBHCHUIO C X .

xX+2
5 5 5 5
. X . X . X . X
lim x" | = lim ———= lim 1 = lim ——=1
x| X+ 2 x—)ooxn(x+2) x—o x4 ") x—ooo
npu n=4.

Onpenenenne 2.5.

1) Myctes Gpyukuus [ (x) — OecKkoHeYHO 0oJibllasi WK OECKOHEYHO Ma-

Jasi Ipud X —> 0 | limLx)

= 1, ri€¢ ¢ U O — KOHCTAaHTHI, TOTaa q)YHK-
X—>0 . xa

o -~
ousa Yy =cCx Ha3bIBACTCA AaCUMIITOTUKOM HMJIHN ACHUMIITOTHYCCKH 3KBHBAJICHT-

HOH yHKIMH [ (x) pu X —> 0.
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2) Iycrtes Gpynkuus [ (x) — 0eckOoHEeYHO 00JbIas Wik 0ECKOHEYHO Ma-

Jasi pu X —>a o limﬂ

=1, rie ¢ W O — KOHCTaHTHI, TOTAa
Ao c- (x — a)a

a )
(1)YHKHI/IH y= C(X - a) Ha3bIBACTCA aCUMIITOTUKOHN HUJIM aCUMIITOTUYCCKH JK-

BUBAJICHTHOW QyHKIUU | (x) npu x —> d.

IIpumep 2.5.
a)  Haiitu acuMnToTHKy (aCUMOTOTUYECKOE TMPEACTAaBICHUE) (QYHKIIHH

Jx+1-+/x npu X —> 0,

N N P
Vakl == Jx+1++/x Cx+l+x

1 1 1
_\/x+l+\/; 2\/;_2-x1/2’

CJICIOBATEIbHO, ACUMIITOTUKOW QyHKIMU f (x) =Jx+1-+/x npu X —

1 12 1 1
aBisercs QyHKIUS —x 7, Cc=—; O =——.
2 2 2
X
0) Haiitn acumnTotuky QyHKIuu [ (x) =— npu x —> 1.
3 1— x3
X
Ilpu x —>1 obyukuuun f (x) =T SABJISIETCSI OECKOHEYHO 0O0JTb-
l-x

. X X 1
IO =

1 —
Y1-x° ?i/(l—x)(l+x+x2) m . %/g(l—x)l/3 ‘

y 1 - x)Y3
ACHUMNTOTUKOM B IaHHOM CJy4ae sIBJiseTcsS PyHKIus y = %( - x) .

¢) Haiitu acumntoTuky QyHKIun [ (x) = x> —3x+2 npu x — 1.

B nanHom ciydae npu x —> 1 ¢ynkunus  f (x) ABIIIETCS OECKOHEUHO

MaJioi; f(x)=x3—3x+2=(x—1)2(x+2)~3(x 1)2.

[lony4yaem acCUMITOTHKY ) = 3(x — 1)2; c=3 a=2
3. HenpepsiBHOCTH (yHKITUH.

Ompenenennie 3.1. Ecniu x<a w x—a, 10 ycinoBHo numyt X — a—0,
AHAJIOTUYHO, eclii xX>a Xx—a, To x —>a+0. Yucna
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f (a — O) = lim f (x) u f (a + O) = lim f (x) Ha3bIBAIOT COOTBETCTBEHHO
x—>a—0 x—>a+0

npezaenaom cieBa GpyHkmuu f (x) B TOUKE @ U MpeAesoM crpaBa GyHKIUU
f (x) B TOUKE a (€CJIM 3TH YUCJA CYHIECTBYIOT).
Jlnst cyniectBoBaHUs npezena GyHKIuu  f (x) opu X —>a Heobxoau-

MO H JI0CTATOYHO, YTOOBI UMEJI0 MECTO PABEHCTBO: f (a — O) =f (a + O).

Ompenenenrie 3.2. dyakuus y = f (x) HA3bIBACTCSI HEMPEPHIBHOM B TOUKE

a, eciu
1) oHa ompeiesicHa B 3TOW TOYKE;

2) lim_of(x)z limof(x)z lim f(x)zf(a).

Touky, B KOTOPBIX HAPYLIAETCS YCIOBUE HENPEPBIBHOCTH, HA3BIBAKOTCS TOYKA-
MH pa3pbIBa.

[Tpumep 3.1.

1
a) Haiitu Touku paspeiBa QyHKIMH y = 327X, mpenensl cieBa W CIpaBa B

9THUX TOYKaX, CACIaTh CXEMaTHUYCCKHUU YCPTCIK.
1

®yrkiusa y = 327X pMeeT pa3phlB B TOYKE X = 2, T.K. OHa B OTOM TOU-

Ya Ke He onpeneneHa. [Ipu atom:
1 1

|

I - _

| lim 327% =3+0 =3 = to0;
:

I

I

x—>2-0
1 1
T A0 Ao 1 1
lim 32-x =3-0=3"" = =—=0.
y | x  Xx—2+0 3t*® +oo

rd

O 2]

0) HaiiTu Touku pa3pbiBa U BEIMYMHY CKayKa B 3TUX TOUKAX (DYHKITUU
1

293 4+ 4x -8
YT
2x+3 4+ 4
Touxoii pa3pbiBa JaHHOW (YHKIIUK SBISETCA TOYKa X = —3, T.K. B HEH
GyHKIMS He onpeesieHa.

o 20 saxog 27 -12-8 0-20
x——3-0 21\(x+3) 14 | 0+4

b
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. 21/(x+3) 1 4x—8
lim
x—>-3+0  plx+3) 4
21/(x+3) L 4x—8 ~ 21/(x+3) .

M

=1, tx.mpu x - —-3+0 umeem:
21/(x+3) L4~ 21/(x+3)‘

Bennuuna ckauka A =1- (— 5) = 6.
6) HaiiTu TOukM pa3pbiBa, BEIMUUHY CKauka A U MOCTPOUTH rpapuk QyHK-

- 3x, x<0

. T
iy =< 4sinx, O<x£5

2 T

x“+1, —=<x.
2
T T
JlanHast yHKIMS HEIPEPBIBHA JUI X € (— 00; O) U(O; Ej U(E; + ooj.
T
Uccnenyem tonbko Toukn x; =0 u x, = 5 T.K. B HUX MEHSETCS aHAIUTHU-

YECKOE BBIPAXKEHUE (PYHKIIUU.

lim f(x) = lim (— 3x) =0; lim f(x) = lim (4Sinx) =0;

x—>—-0 x—>—-0 x—+0 x—+0
f (O) =-3x| =0, crmemosarenbHo, B Touke x =0 ¢yHKus f (x) Herpe-
xX=
pHIBHA.
: . : T . T
lim f(x)= lim (4sznx)=4; f(—j =4sin— =4;
20 Xx>2-0 2 2
7'52
lim f(x) = lim (x2 + l) =—+1=3,467,
yis i 4
x—>—+0 x—>5+0

T
CJICAOBATCIbHO, TOYKA X = 5 — TOYKa pas-

pbiBa. BenunHa ckayka
2 2

A=4—| T 11]=3-"_~0533
4 4

v
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§ 1. SKCTPEMYMBbI ®YHKIIMU OJHOW NMEPEMEHHOM

Oynkipst Y = f (x) Ha3bIBAETCs Bo3pacTarolei (yObIBaromeii) Ha He-
KOTOPOM MHTEpBase (OTPE3KE), ECIH IS JIOOBIX TOYEK X, X,, IPHHAIJIEKA-

IIUX TaHHOMY HHTepBalie (OTPE3KY), U3 HEPAaBEeHCTBAa X < X, CIEIyeT Hepa-
BEHCTBO [ (xl) <f (xz) ( f (xl) > f (x2 )) Ecmu f (x) HeTpephIBHA HA OT-
peske [a; b] u f’(x) >0 (f'(x) < O) npu a<x<b, 10 f(x) BO3pac-
taeT (yOBIBaeT) HA OTPE3KE [a; b].

B npocreiimux ciydasx 00JacTh CyInecTBOBaHuS QYHKIUU | (x) MOX-

HO pa30UTh HA KOHEYHOE YUCIJIO TPOMEXKYTKOB BO3PACTAHUS U YObIBaHUSA (DYHK-
11U (MIPOMEKYTKOB MOHOTOHHOCTH ). DTU POMEKYTKH OIPaHUYEHbI KpUTHYE-

AV CKHMH Toukamu X (tae [ '(x) =0 wnm xe

!
y=f(x;) f (x) HE CYIIECTBYET).
Eciu cymiecTByeT Takast IByCTOPOHHSS
OKPECTHOCTb TOYKH X, 4TO JUIsl BCIKOW

TOUKU X # X, ATOH OKPECTHOCTH UMECT MC-

CTO HEPABEHCTBO [ (x) > f (x 0), TO TOYKa

X, Ha3bIBAETCS TOUKOW MUHMMYMa (PyHKIUU

y=f (x) ,auucio f (xo) — MHHAMYMOM
byukiun y = f (x) AHaJIOTUYHO, €CIIN JUIS BCAKOU TOYKU X Z X| HEKOTOPOU
OKPECTHOCTH TOYKH X| BBINOJHACTCS HEPABEHCTBO f (x) <f (xl) , TO X

Ha3bIBACTCS TOUKON MakcuMyMa QyHKIMu y = f (x) ,a f (xl) — MaKCUMY-

MoM pyHKIMH. Touka MUHUMYyMa UM MakCUMyMa (DyHKIIMH Ha3bIBAETCs ee
TOYKOM SKCTPEMyMa, &8 MUHUMYM WJIM MAaKCUMYM (PYHKIIUM — SKCTPEMYMOM

¢yskuun. Ecnmu X, — Touka skcTpemyma GyHKIUU f (x), 0 f '(xo) =0

i ke f '(xo) HE CYIIECTBYET (Heobxooumoe yciosue cyujecmeo8anus IKc-
mpemyma). OOpaTHOE YTBEPKIACHHUE HE BEPHO: TOUKH, B KOTOPBIX [ '(xo) =0
wia f ’(x 0) HE CYIIECTBYET (Kpumuueckue mouku), He 0053aTENBHO SBIISIOT-

Cs TOYKaMH SKCTpeMyMa QyHKIUU (x) :
Llocmamounwiii npuznak cywjecmeoéanus U OTCYyTCTBUS DKCTpEMyMa He-
pepbIBHON QyHKIUU | (x) CIEAYIOLIUM: €CIIA CYLIECTBYET TaKasi OKpeCT-

(V) /
HOCTb (xo -0,x,+ 8) KPUTHYECKOI TOYKUH X,, 4TO f (x) >0 npu

Xo—8<x<x, u f'(x)<0 mpu x, <x<x,+8, To X, — TOUKa MaKCH-
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MyMa (pyHKIMH f(x); €CIIN Ke f’(x) <0 mpu x, —d<x<Xx, u
f'(x) >0 npu x, <x<x,+0, TO X, — TOYKa MUHUMyMa QYHKIIUH f(x)
Ecnu, HaKoHeIl, HAWeTCs TAKOE MOJIOKUTEIBHOE YHCI0 O, 4T f '(x) co-
XpaHseT HEM3MEHHbIH 3HaK mpu X, —0 < X < X, + 0, TO TOYKa X, HE SBIs-
eTCsl TOYKOU IKCTpeMyMa GYHKIMA | (x)

Haumenvuiee (Haubonvuiee) snauenue HeENPEPHIBHOW QYHKIMA | (x) Ha
JTAHHOM OTpPE3KE [a; b] JIOCTUTAETCS WM B KPUTHYECKUX TOUKAX (DYHKIIHUH,

HJIX Ha KOHIOaX OTPC3Ka [a, b] .

[pumep 1.1. HaifTu 3KCTpeMyMbI U HHTEPBAIBI MOHOTOHHOCTH (DYHKITUH
y=Xx-4—5x.

Ob6mnacts cymectBoBanust: —5x >0 = x<0.

4 Haxonum kputryueckne TOUKH:

9] X 1 S5x
> y'=v-5x+x- (—=5)=+v—-5x - =
g 2~/—5x ( ) 2+ —5x
~10x-5x —15x 3:(-5x) 3 N
24/=5x  24-5x 24-5x 2
IMpu x <0 dyHKIMs Beeraa Bo3pactaeT U MPUHUMACT HAKOOJIbIlICe 3HAYCHHUE
B KpuTHueckoi Touke X = 0: y(O) =0.

[Mpumep 1.2. HaiiTu S5KCTpeMyMbl U HHTEPBAJIbI MOHOTOHHOCTH (DYHKITUN

y =Y+ 1)(2-x)°.

OO61acTh CyIIECTBOBAHUS: X € (— 00; + oo) :

Haxoaum kpuTHYE€CKHE TOUKH:

. (2-x) =2(2-x)(x+1) (2-x)2-x-2x-2) —x

3P 122-0"  3Yar)22-0t Y’ 2-n)

=0 = x =0,

y

¥y’ He cymectByer = X, =—1; x3 = 2. Tlomy4unu Tpu KPUTHYECKHE TOUYKH.

x (oo =1)] -1 |(=1 0) 0 (0; 2) 2 (2, +o0)

¥ + HE CYIILI. + 0 — HE CYIII. +

Yo 7 max | N min /'
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lim y'(x)= lim 1 =+o0; [lim 1 = —00.

x—2+0 x—2+0 %/(x+l)2(2—X) " x2-0 %/(x—l—l)z(z—X)

2y lim y'(x) = lim y'(x) = +00,
x—1-0

x— 140

Tak xak y'(x) =k, tne k — yraoBoii ko-
3¢ ULMEHT KacaTeNbHON, TOIpU X =—1 u

5 ¥ X =2 xacarenbHas K rpaguky QpyHKIuH
> pmepreHauKy/sipHa ocu  Ox.

W(-1)=0; »0)=¥4; y(2)=0.

—1

O

[Tpumep 1.3. Hailitu riryOuMHYy OTKpBITOro OacceiiHa ¢ KBaapaTHbIM THOM U

3
o0BeMOM 256 M~ Takoro, 4ToObl Ha OOJIHUIIOBKY €r0 CTEH M JIHA MOILIO0
HaMMEHbIIIEEe KOJMYECTBO MaTepHaa.
ITycthb a — cTopoHa KBajpara OCHOBaHUS, /1 — riyOuHa Oaccelina,

a’h=256 = 02:@, azE h>0;

h Jh'

16 , 256 256
S=S8, . +8,, =dah+a* =4 — h+=—=64Vh+== = F(h);
oo 55 7" 7~

64 256 32 256 321 —256 —2(}13/2 _8).
h ow NhoWE R ’
TN L F’(h) =0 = Kh¥?=8, h=4 Ilpu h=4 Benmuuuna
~a 41 7 T F (h) =S Oyzaer HaMMEHBIIIEH.

F'(h)

[Ipumep 1.4. JIBe npsimble sxene3Hbie foporu AA; m BB; nepneHmukymsp-

HBI IpYT K Apyry u nepecekarorcs B mynkre C, npudem AC =800 kM u
BC =700 xm. I3 nyaktoB A w B 1o HampaBieauio K C' OJHOBPEMEHHO
BBIXO/IAT J[BA MOE3/1a CO CKOPOCTSAMH COOTBETCTBEeHHO 80 kM/4 m 60 Km/4.

Uepes CKOIBKO YacOB MOCTE OTIPABICHUS PACCTOSHUE MEXKIY MOe3/1aMU OyIeT
HAaUMEHbBIIIUM ?

Y
OTMeTHM MOJI0KEHHE II0C310B B MOMCHT 4 I
1

t>0 toukamu K u M.
AK =80t;  BM =60¢, v, =80 km/u
CK=AC—- AK =800 —-80¢; 49 :
CM = CB — BM =700-60¢; Ke
2 2 2 v, =60 Kkm/4
(KM)* = (CK)* +(CM)* = ’
-
C ® 4 *—>X

M B By



= (800 — 80t)2 + (700 - 60t)2; KM wmunuManbHO, €ClIM MUHUMAJIbHA BEJIU-

amna (KM)” = F(r) = (800 - 80¢)” + (700 - 60¢)°;

F(l‘) = 2(800 — 801‘) : (— 80) + 2(700 — 601‘) : (— 60) =
= —128000 + 128007 — 840007 + 7200¢ = 200007 — 212000 = 0; ¢ =10,6;
T~ !~= 10,6 — Touka MuHUMYMa GyHKIUKA F (t) Yepes 10,6

\ 10' 6/, 49acCoB IIOCJIC OTIIPAaBJICHUA PACCTOAHUEC MCXKY I1OC31aMU 6y—
’ JACT HAMMCHBIIINM.

§ 2. ACUMIITOTBI

Ecnm Touka (x; y) HETPEPHIBHO MEPEMEINACTCs 10 KpUBoOit y = f (x)

TakK, 4TO XOTs ObI OJJHA U3 KOOPAUHAT TOUKH CTPEMUTCS K OECKOHEUHOCTH, U
IIPY ATOM PACCTOSTHHE TOYKH OT HEKOTOPOU MPSIMOM CTPEMHUTCS K HYJIIO, TO 3Ta
npsiMasi Ha3bIBACTCS ACUMNIMOMOU KPUBOM.

Ecnu cymecTByeT 4iciao a Takoe, yto lim f (x) = 00, TO MpsAMas
xX—>a

X = a SBIIACTCSA aCUMITOTOH (8epmuKanbhas acumnmoma).

f(x) =k n

Ecmmn CYHICCTBYIOT KOHCUYHBIC ITPCACIIbI lll’l’l —_— =
X—>4+0 X

lim [ f (x) - klx] = by, Tompsimast y = kyx +b; Oyner acumnroroi (npasas
X—>+00
HAKNOHHASL ACUMNINOMA).
[(x)
Ecnu cymecTBytoT KOHEUHBIE IPEACIbl  [im =k, u
X—>—0 X

lim [ f (x) — k2x] =b;, Tonpsamas y = k,x+b, Oyner acumnrorol (resas
x—>-2

HAKIOHHASL ACUMNMOMA).
I'paduk pyakuun y = f (x) HE MOXXET UMETh 00JIee OJTHOM MPaBOil U
0oJiee OIHOM JI€BOIT aCUMIOTOTHI.

[Tpumep 2.1. Haiitu acuMnOTOTHI U TOCTPOUTH Tpaduk GyHKIIUH
3cos(x—1)
y=2x+——7-=.
x—1
O06acTh CyIecTBOBaHMS: X # 1.
NieM BEpTUKAIBHBIE ACUMITTOTHI.

DyHKIMS UMeeT pa3phiB B TOUKe X =1, T.K. B HeWl QyHKIUS HE omnpeiericHa.

3 —1 .
tim (ZLj o3
x—>1-0 x—l
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_ 3cos(x—l) -1
lim | 2x+————— | =2+ — =2+ 00 = +o0;
x— 140 x—1 +0

CIIEZOBATENIbHO, X = 1 — BepTHKAIbHAS aCHMIITOTA.
Wiem HaKIOHHBIC aCUMIITOTHI B BUjie ) = kx + b.

I\y J—
:V/ k= lim ﬂz lim l(2x+wj =
: / x—>Fw X x—>F0 X x—1
/ =2+0=2; b= Ilim [f ]:
/ xX—>*o
/ = lim {2x+w—2x}:
O |/ x—>to0 x—1
1 x B

xX—> oo X — 1
CJIGI[OBaTeJIBHO, Inpn x —>+ o0 CyII€CTBYECT aCHUMII-

|

|

{

|

7

I ~
|

|

|

|

|

|

: Tora y =2X.
|

!

2x2 -9

[Mpumep 2.2. HaiiTu acCUMITOTHI ¥ TOCTPOUTH TPaPUK GYHKIUN ) = > )
x°—1

OO6nacTh CyIIeCTBOBAHMS: x2-1> 0; xZ> I, x>1u x<-1L
2(-x)* -9 2x*-9

T e e

CJIEI0BATENbHO, TaHHASI (PYHKIMS YETHAs, U MOKHO MTOCTPOUTH €€ rpauk
TOJIBKO TIpU X > 1, a 3aTeM OTpa3uTh €ro CAMMETPUYHO OTHOCHTENILHO ocu ().

2
. 2x7=9 2-9
\\‘4\\ e / lim = =—0 = x=1-
V| Y x—>140 /.2 +0
2| A x" =1
\ | ¥ BepTHKalbHasg acumnTora npu x — 140,
\l : / [lyctp x — 1400
\ 2
| / X 2x“ -9
I\\ /) k= lim f( )= im ———=
!\/: X—>+0 X X—>+00 5., x2—1
1\ 1 X
¥y 2 -3
1/ X2 -
v ) = [lim = lim —2X—
| '\ xX—>+o0 2 X—>+00 1
[ I 1__ 1__
/ | I \\
// ' oA
/! '
;M !
1

\
\ _ _ 7
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262 —9-2x-x*-1 (bg‘ﬂz‘“g@z_g

= lim = Ilim =
X—>+00 x2 _1 X—>+00 [xZ _ 1(2x2 _ 9+ 2.X' [x2 _ 1)
. 2
_ lim 32x° + 81 o

”9+wx3-/L—;%(z—-%"+2-/y—;%j
X X X

[lpu x —+ oo momydaem acumnrory y = 2x. ['paduk naHHON QyHKINU Tie-

pecekaet ock Ox Tipu 2x2-9=0, T.e. BTOUKAX X =+——.
J2
[Mpumep 2.3. HaiiTu acCHMITOTHI ¥ TOCTPOUTH TpaduK HyHKIIHH
x> —2x% =3x+2
4—x?
OO0J1acTh CyIICCTBOBAHUS: 4-x2 20 = x#2u x#-2.

y:

B roukax x; =—-2 u X, =+2 (QYHKIUSA TEPIUT Pa3pbiB, T.K. B HUX OHA HE
orpe/eiicHa.
Cox?=2x? =3x+2 —8-8+6+2
lim = = +o0;
x—>-2-0 4 — 2 -0
x> =2x"—3x+2 -8-8+6+2
lim = = —o0;
Xx—>—=2+0 4 — x? +0
| PN X = —2 — BepTUKaJbHAs aCUMIITOTA.
| I
\\\ l | . o x>-2x?-3x+2 8-8-6+2
! | lim = = —o0;
X | x—2-0 4 — 2 +0
N\
N | x> -2x?-3x+2 8-8-6+2
TN | lim > = = +o0;
I x—2-0 4—x -0
_2: /ﬂ\\ | X X =2 — BepTHKaJIbHAsA aCUMIITOTA.
: i\\ > HaknoHHBIE aCHMITOTHI IPH X —> 00 HUIIEM
: 12N BBUnE: ) =hkx+b.
| i N f(x) x> —2x* —3x+2
! D ' . _ _
| : *x‘;\ k= lim = lim =
: ] x>t X x—>too x(4 _ x2)
|
2 3 2
RN
= lim = =-—1; b= Ilim [fx)—kx]:
X—> too 4 -1 X— too
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. x2 - ox? = 3x+2 ) x4 x42
= [im > +x|= lim > =
x—>to0 4—x xX—>to0 4—x

2.

[lpy x —>* o0 momydaem acUMITOTY y = —X + 2.
§ 3. HAIIPABJIEHUE BOI'HYTOCTHU. TOUYUKHA IIEPEI'MBA

ToBopst, uto rpaduk quddepeHnupyemoit pyukuuu y = f (x) B02HYM
6HU3 HA UHTEpBAJe (a; b) (602Hym seepx Ha MHTEpBAIIC (al; bl)), €CIId TIpH

a <x < b nyra kpuBOH pacnonokeHa HIKe (MM COOTBETCTBEHHO NIPU
Yy a; < x < b, BbIlIe) KacaTeIbHOM, IPOBE-

JIEHHOM B JIFOOOM TOUKE MHTEpBaJia (a; b)

(unu vHTEpBAA (al; bl)). JlocTaTOYHBIM

=f(x) ycnoBUEM BOTHYTOCTH BHH3 (BBEPX) I'Pa-
¢uxa y = f(X) sBAseTCS BBIMOIHEHHE Ha

COOTBETCTBYIOIEM HHTEPBAIIE HEPABEHCTBA
f’(x) <0 (f'(x) > 0).

Touxa (xo, f(x, )), B KOTOPOH U3MEHSET-

b -
=

(=}

<

F____

Csl HalpaBJIEHUE BOTHYTOCTHU rpaduka QpyHKIMH, Ha3bIBAETCS MOUKOU nepeuba.
Jlst abcuuccesl Touky neperunba X, rpaduka pyHKpn y = f (x) BTOpas
npousBoaHas [ "(xo) =0 wm f ”(xo) He cylecTByeT. TOUKH, B KOTOPBIX
f "(x) =0 wm f "(x) HE CYIIECTBYET, HA3bIBAIOTCS KPUMUYECKUMU MOYKA-
mu 2-20 pooa. Kpurudeckast Touka 2-To poja X, sBIseTCs aOCLUCCON TOUKH
nepern6a, eciau  f ”(x) COXpaHsIeT MOCTOSHHBIC 3HAKW B HHTEPBAIax

X,—0<x<x, u x,<x<x,+0d, rae O — HEKOTOPOE MOJOKUTEIBHOL
9HCII0, IPHYEM 3TH 3HAKH IIPOTHBOIOJIOXKHEL, X HE SBIIETCS TOUKOH Iepernoa,
ecnn snaku f"(X) B yKasaHHBIX BbIle HHTEPBAAX OXMHAKOBBL.

H[!I/IMGQ OHpCI[GJH/ITB HHTCPBAJIbl BOTHYTOCTH M BBIITYKJIOCTH, a TaKXKE TOUKH

2
X

neperuda KpuBo y =e
2 2
Umeem: y' =-2xe " ; "= (4)(?2 — 2)e_x . IIpupaBHSB BTOPYIO IPOM3-

BOJHYIO K HYJIIO, HAJEM KPUTHYECKUE TOUKU BTOPOTO POJa:

1 1

X; =——F=, X, =——=. OTH TOYKH pa30UBaIOT BCIO 00JACTh CYLECTBOBAHUS

J2

byHKIMH (— 00; + oo) Ha TpU UHTEpBAJIa.
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1 1 1 1 1 1
X (—oo; ——) - — (——, — — —_ +oo)
J2 V2 NEIENG) V2 J2
" + 0 . 0 .
y A neperu6 M neperud W
1 1
[Toyuniu: KpuBasi BOTHYTa BBEPX MPH y (_ 0; — _j U XE€ (—; + ooj
V2 J2
I 1 1
Y BOTHYTa BBEPX IPH x € (— —;—) . Toukn (i — —j — TOYKH reperuoa.
J2'\2 V27 e

§ 4. IOCTPOEHUE I'PA®UKOB ®YHKIUI IO
XAPAKTEPHBIM TOYKAM

[Tpu noctpoenuu rpaduika QyHKIINHU CIEYET, MPEXKAE BCErO, HAUTH 00-
JIACTh CYIIECTBOBAHUS dTON (DYHKIIMU U BBISICHUTD IMOBEACHUE (PYHKIIUM HA Tpa-
HUIIE ee 00J1acTh cymecTBoBaHus. [lof1e3HO Takke MpeBapuTEIHLHO OTMETHUTD
HEKOTOpbIe 0COOCHHOCTH (DYHKITUHU (€CIT OHU UMEIOTCS): YeTHOCTD, IIEPHUO TN Y-
HOCTB H T.J.

Jlanee Hy>XKHO HAWTH TOYKU pa3pbiBa, aCUMIITOTHI, TOUKH IKCTpEeMyMa
byHKIIMA, TOYKU Tiepernda u T.1. HaliieHHbIe 2IeMEeHTHI TTO3BOJISIOT BBISICHHUTH
oOuuit xapakrep rpaduka GyHKIIUH.

[Tpumep 4.1. [IpoBecTu MOJHOE UCCIENOBAHKUE U MIOCTPOUTH rpaduK GyHKIIUU
2

y=x-3/(x+2)

OO0acTh CyIIECTBOBAHUS: X € (— 0, + oo).

y(x) * y(— x) = (¢yHKUUA o0LIET0 BUAA.
Tax xak QyHKIMS onpeneseHa Mpu BCEX X, Wy Hee HeT TOUEK pa3phiBa, TO
BEPTHUKAJIbHBIX ACUMIITOT HET. HakJIOHHbBIE ACUMIITOTHI IPU X —> 00 HIIIEM B

Bujge: y = kx+b.

\/ x+2
= [im = [im \/ x+2 = +00, CJIe0BATEIbHO, HAKJIIOHHBIX

xX—>*o0 X—>*oo

ACUMIITOT TaKXX€ HET.
UccnenyeM QyHKIMIO IO EPBOM MPOU3BOIHOM.

R T R 1

x+2 x+2
=0 = 5x+6=0, x=-1.2;
= x+2=0, x=-2.

y' He cymecTByeT
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X (— 00; — 2) -2 (— 2’ — 1’2) -12 (— L2, + oo)

y' + HE CyILI. - 0 +

yo_- max ~ min e

Vonar = y(— 2) = 0 (xacaTeybHas B 3TOW TOYKE MEPIEHANKYIApHA ocu Ox ).
| Va Vomin = y(— 1,2) =-1,2-3/0,64 ~ 1,06
: (kacarenbHas B 9TOH TOYKE Mapaiiesib-
| Ha ocu Ox).
: Uccnenyem pyHKIMIO IO BTOPOI TIPO-
| W3BOJTHOM.
—21 -12 O X et
_2 4' ! i " X+
= ] > 2/3
| ~1,30 (x+2)
I
1
! 5-3\/x+2—(5x+6)- >
3.3 (x + 2) B
A (x + 2)2
C15(x+2)-(5x+6)  10x+24
3(x +2)Yx +2 3,3/(x+2)4 '
y"=0 mpu x=-24; " He cymecTByeT npu X = —2.
X (—o0; — 2,4) -24 (— 24; - 2) -2 (— 2; + OO)
y" — 0 + HE CYIIECT. +
y a neperuo - o

Vrepecusa = V(—24) = -24-3(-24)> = -130;  y(0)=0.

[Tpumep 4.2. IlpoBecTu MOJHOE UCCIIEAOBAHUE U MTOCTPOUTH TpaduK HyHKIIHH
2
2x+1
Y= :
x+2
OO6acTh CyIIECTBOBAHUS: X # —2.

y(x) # y(— x) —> ¢dyHKIUA 001Iero BUIA.
X =—2 — TOYKa pa3pbiBa, T.K. B HEH (PYHKIIHS HE ONpe/c/icHa.
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(241 (4412 o (2x+1) (4+1)°
lim =|——| =+o0; lim =|——| =+
x—>2-0\ x+2 -0 x—>2+40\ x +2 +0

—> X =2 — BepTUKaJIbHAsl aCHMIITOTA.
HakJioHHBIC aCUMITOTHI IPU X —>+ 00 HWIIeM B Buae: V = kx + b.

2
k=lm:£Q)=Ile(?£ig = 0;

x—>+wo X x>+oox \x+2

b:lm[ﬂ@-h}:hm(h+g2=4

x—>to0 x—>+o\ x + 2
[lpu x — =+ o0 momydaem acumnrory y = 4.
HccnenyeM pyHKIMIO IO MEPBOM MPOU3BOIHOM.
, 2x+1) 2(x+2)—(2x+1) 6(2x+1)
x+2 (x + 2) (x + 2)
=0 = 2x+1=0, x=-05;
y' HecymectByer = x=-2.

X (_ 0; — 2) (_ 2, — 0,5) - 0,5 (— 0,5, + OO)

' + — 0 +
| Ay
I
I
I
|
______ P E O
|
I
I ,44/‘
—21 | X
]70,5 0,25 -
Yy min

Ymin = ¥(—05)=0.
UccnenyeM pyHKIMIO IO BTOPOI IPOU3BOIHOM.
62@+2f—3@+2f¢2x+nz
(x + 2)6
B 6.2(x+2)—3(2x+1) B 6(1—4x).

(x+2)* (x+2)*

r

y:
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y'=0 = 1-4x=0;, x=0.25

"

y" He cymecTByer =—> X =-—2.

X (—o0; —2) (—2; 025 0,25 (025; +o0)

y” + + O —
Y ~ U neperu6 M
2
L5 4
ynepeeu6a = y(0:25) = (2,25) = 5 ~ 0,44.

[Tpumep 4.3. I[IpoBecTu MOJHOE UCCIEIOBAHKUE U MIOCTPOUTH rpaduK GyHKIIUU

Oo0nacth cymectBoBanus: x —3#0; x # 3.
y(x) * y(— x) — (pyHkuMs 0o01Iero BUA.
B Touke x =3 QyHKIHSI TEPOUT pa3phiB, T.K. B HEH OHA HE ONpeAeIeHa.

- ex—3
lim = —o0,
x—>3-0x—3
3 = X =3 — BepTUKaJIbHAsI ACUMITOTA.
e
lim = +00
x—3+0x — 3
HaktoHHbIE aCHMIITOTHI MIIIEM B BUjae: ) = kx + b.
1) x — +oo,
!/
_ x=3 _
. f(X) - &~ 3 ' (e ) . & 3
k= lim —= Iim ———= lim ———= [im ——=
Y=+ X X400 x° —3x x>+ - x—>+02x —3
(x — 3x)
!
= [lim ————= [im —— = +00, cJemoBaTeNbHO, IPU X —> 400
X—>+00 (2x_3) X—>+0
HAKJIOHHBIX aCHMIITOT HET.
2) x — —o,
x-3
A e 0
k= lim Q: lim > = =0;
x—-o X x—>-ox“ —-3x +®©
ex—3
b= lim |f(x)-kx]= lim =0,

X—>—00 x>—oXx—23
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npu X — —o0 moiydaem acumnroty ) = 0.
Hccnemyem QyHKIHIO IO IEPBOI TPOU3BOTHOM.

, (e“] LT (=3 x=3-1 s x4

y e e * y
x—3 (x—3)° (x-3) (x-3)

=0 = x-4=0, x=4; »y' HecymectByer = x=23.

x | (= 3) | (3 4) 4 (4 +o)

y' - - 0 +

YO | N | min 7

Vin =W(4) = e~ 2,72.
HccnenyeM QpyHKIMIO IO BTOPOM TPOU3BOIHOM.

s x=4 s (23 - (x-4)2x-3)

y'=e +e - =
(-3 (-3
e X2 Tx+12-x+5 ex_3-(x2—8x+17) .
= 5 = 3 ;¥ =0,
PEECRNNFEE (-3
Ay | .,
: y'" He cymiecTByeT — X = 3.
|
|
: X (—o0; 3) (3; +oo)
e———:——l . " B +
, >
Y 3: 4 oy N U
|
| -3 {
| 0)=5—=-—~—02.
: y() -3 3e°

[Tpumep 4.4. [IpoBecTu MOJHOE UCCIENOBAHKE U MIOCTPOUTH rpaduK QyHKIIUN

x+6
yv=In -1
X
+6
O6acTh CyIIECCTBOBAHUSL: 7250
X
x>0, x<—6. = — +
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®Oynkuus 0611ero BUA.

. x+6
lim |In —1|=—0 = x=-—6 — BepTHKaIbHas aCHMIITOTA.
x—>—6-0 X

, x+6
lim | In —1|=+4+0 = x=-0 — BepTUKaIbHas aCHMIITOTA.

x—>—+0 X
HaxktoHHbIE aCUMIITOTHI MIIIEM B BUje: ) = kx + b.
x+6
In -1
k= lim M: lim —* — =0:
x—xoo X x—>to0 X
b= lim [f(x)—ke]= lLim |:lnx+6—1:|:_1_
X—>*o0 X—>*o0 X

[lpu x —>* o0 momydaem acumnrory y = —l.
HccnenyeM pyHKIMIO IO NEPBOM MPOU3BOIHOM.

x | (= —6) (6 +e0) , X x—-x-—6 -6

' Yy = : = #= 0.
Y — - x+6  x? x(x +6)
y ~ ™~ DKCTPEMYMOB y (DYHKIIMH HET.

HccnenyeM QyHKIHIO IO BTOPOI TPOU3BOIHOM.
"o g —(x+6+x) 6(2x+6) 12(x+3)
y'=-6- = = ;
)c2(3c+6)2 xz(x+6)2 xz(x+6)2

y"=0 = x+3=0; x=-3 — He BXOAUT B 00J1aCTh CyIIECTBOBAHMUS.

ya
: X (—OO; —6) (O, +OO)
: yH _ +
[
' y M )
—6, O X
________ _|_________¥—_

Touek neperuba HeT.
x+6

In -1=0 = XIL;
e—1




