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IlepBolii cemecTp
JlaHHBIE METOIMYECKHE YKa3aHHs HAlKMCAHbl B MOMOIIb CTYJAEHTAM TEXHUYECKHX
CHENUAIBLHOCTEW JUIsI CaMOCTOSITENIbHOM paboThl B MepBOM cemecTpe. PaccmorpeHsl
pelIeHrs TUIIOBBIX 3a]a4 M0 aHAIUTHUYECKON IeOMETPUU U JTUHEUHOW anreOpe, BBEICHUIO
B MaTE€MaTUYECKUM aHaau3, a TaKXkKe JaHbl HEOOXOJUMBbIE TEOPETHUUECKHE CBEICHUS U

CCBUIKH Ha JIUTEPATypy.

[TPUMEPHI PEIIIEHNMA 3AJAY

3anauva 1.

Teopemuueckue ceedenus.
B npsmoyronbHO#l AexapToBoil cucteme KoopaumHat OXYZ TOJOKEHUE 000U TOYKH

3a/1aeTcs TPEMs YUCIaMU — KOOPOUHAMAMU A(X A YA Z A) (pucyHok 1).

A(XA,YA,ZA)

i,y

Pucynok 1.

Paccrosnue Mexay nByms Toakamu A (X, Y,21) 1 Ay(X,,Y,,2,) ompenensercs mo

dbopmyie

d :\/(Xz —%)?+ (Y2 — Y1)’ +(2,-2)°. (1)

[lpu pemeHnn 3amad aHAJIUTUYECKOW TEOMETPHHM HA IJIOCKOCTH HEOOXOIUMBI
CJICYIONIHME CBEJACHUS O MPSIMOM JINHHH:

1) ecnu Touka M(X; y) nemut otpe3ok MiMy (Mi(x1,; y1) u Ma(x2; y2)) B OTHOIICHUH A,

TO KOOPJMHATHI 3TOW TOYKU BBIpaKAIOTCS opMyIamMu
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_ X+ AX, Nt Y, 2)
1+4 1+ 4
ecim ke Touka M(X; Y) - cepeauHa otpeska MiMa, To
Xy + X +
X = 1 2 Ly = Y1t Yo : (3)

2 2
2) ypaBHEHHE NPSIMOM, MpOXOoAasied depe3 Touky Mi(Xi; Y1) ¥ MMEIOIIEH JTaHHBIH
yria0Boi KO3 GHUIUMEHT K, 3aIiChIBAacTCS B BUJIE
Y=y =k(x=x); (4)
3) ypaBHEHHE MPSAMOH, MPOXOAAIIEH depe3 JBe JaHHble TOYKU Mi(X1; Y1) U Ma(X2;

Y2), IMEET BHU]I

X—X — Y—Y1 , IPH 9TOM k=22 N Yo — yl (5)

Xo=X Yo— ) Xy X1

4) OCTpBIA YroJ MEXAy IABYMs MPSAMBIMH C YIJIoBbIMH Koddduimentamu Ki u Kz

onpenesieTcs o hopmyiie

ko =k

6
1+ kK, | (©)

9y =

Ipd  OTOM YCIOBHE TMapajUIeIbHOCTH MpsAMBIX uMeeT Bua Ki=k,, a ycioBue

HepHeHINKYIpHOCTH K, = _ki (7)
2

A
5) ecnam mpsiMasi Ha TUTOCKOCTH 3aaHa oowum ypasuenuem Ax+By+C=0, To K; = B

- €€ YII10BOM KO3 PUILIUEHT;
6) eciu B OOIIEM ypaBHEHHWU TpsIMOM ToaenuTh Bce uieHsl Ha C # 0, momyuum
ypaBHEHUE TPSIMON B OTPE3KaX:

X 'y C C.
—+==1, a=——,b=——; 8
a+b e A B (®)

7) Touka nepeceueHust AByX MpsAMbIX A1x+B1y+C1=0 u Axx+Byy+Co=0 onpenensercs

U3 PELICHHS CUCTEMBI YPABHEHU

{A1X+Bly+C1:0 )

AXx+B,y+C, =0
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Vpasuenue okpyscnocmu ¢ unentpom B Touke E(a,b) m pammycom R umeer Bua

(x—a) +(y—b)* =R?. (10)

Ilpumep evinonnenusn 3adanus.

Janbl BepimHsl Tpeyroasuuka ABC: A(-4;8), B(5;-4), C(10;6).

Haiitu: 1) anuny croponst AB; 2) ypaBHeHust ctopoH AB u AC B o0111eM BHJIE U UX
yriaoBeie KO3(PGUIMEHTHI; 3) BHYTpeHHHH yroil 4 B paauaHaX € TOYHOCTHIO
no 0,01; 4) ypaBaenune BoicoThI CD B 00IieM BuIE W €€ JUIMHY; 5) YpaBHCHHE

OKPY>KHOCTH, JIJIsl KoTopoi BbIcoTa CD ecth auamerp.

Pewenue:
1) Paccrosiaue d Mexxay AByMs TOYKaMH Ha IUIOCKOCTH ompeaensercs mo dopmyie (1), B

KOTOPYIO ITOACTABJICHBI 3BHAUYCHUSA KOOPANHAT TOYCK AuB (HOJIO)KI/IM Zl = 22 = 0), TOorga

AB =/(5—(-4)) +(~4—8)? = /81+144 =15.

2) YpaBHEHHE PSIMOH, MPOXOASIIEH Yepe3 JABe 3aaHHbIe TOUKH uMmeeT BU (5):

[ToncraBuB B (9) KOOpAUHATHI TOYEK A U B, MOIy4yuM ypaBHEHHUE NpAMoin AB:

Xx-(-4) y-8 Xx+4 y-8 X+4 y-8

5-(-4) -4-8 9 -12 3 —4
3y—-24=-4x-16, wm 4x+3y—-8=0 (4B).

Jlnsg HaxoaeHus yrioBoro koddduimeHta Kag mpsiMoit 4B paspeuiM MOJydYeHHOE

8 4
YPaBHEHUE OTHOCUTEJIBHO Y. Y = —§X+§. Otciona Kag = —g. [ToncraBuB B hopmyry
. . X—(-4) _y-8
5) xoopaunatel Touek A u C, HalineM ypaBHeHue mnpsamon AC:. = ,
(5) xoop yp p 10-(4) 6.8

x+4 y-8 x+4 y-8
14 -2 7 -1

7y-56=-x—-4 wm Xx+7y-52=0 (AC).
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3) Yrom Mexmay ABYMsI MPSMBIMH, YTJIOBbIE KOA(PQGHUIMEHTHI KOTOPBIX paBHBI Ki U Ko,
omnpenensiercs o dpopmyie (6). Yron A, oOpa3oBanHbli npsiMbiMu AB u AC, HalieM 110

dopmyne (6), moxctaBus B Hee Ky =Kag = —g, Ko =Kac = —l.

_1_(_4) 4 1 25
7 U3 3 7_21
1+ _Lh(4 1+i 2

7 3 21 21

/A =arctgl=45" ~ 0,79 pan.

=1,

4) Tak kak Bbicota CD neprnienauKyssipHa cCTopoHe 4B, TO yrioBbie KO3()OUITUSHTHI ITHX

MPSIMBIX CBSI3aHBI COOTHOIIIEHUEM (7), TTOITOMY

(.1 _ 1.3
0 kAB _ﬂ 4
3

YpaBHEeHHE TIPAMOM, NPOXOIAIIEH 4Yepe3 3aJaHHYI0 TOYKY B 33JaHHOM YIJIOBBIM

ko3 duimenToM K Hanpapienuu, umeeT Buj (4). [ToacraBuB B (4) KOOpAWMHATHI TOYKH

3
Cu kep = rE MOJIyYMM ypaBHEHUE BbICOTHI CD:

y—6=%(x—10), 4y—-24=3x-30, 3x-4y-6=0 (CD).

Jns naxoxaenus ;ymHbl CD onpenenum koopauHaThl Touku D, pemms cucremy
ypaBHeHwUi (AB) u (CD):

4x+3y—-8=0
, otkyna x=2,y=0, toectb D (2;0).
3Xx—4y—-6=0

[ToacraBus B popmyny (1) koopaunatel Touek C u D, Haxoaum:

CD =+/(10—-2)2 + (6 —0)? =/64+36 =10.




.
5) Tak kak CD siBnsieTcsl TMaMeTPOM MCKOMOM OKPY>KHOCTH, TO €€ IIeHTp £ ecTh cepeauHa
otpeska CD. Bocnonbs3oBaBmmck hopmyoii (3) meneHus oTpes3Ka momojam, Moy duM:

_Xc+Xp 10+2 _yC+yD_6+O_3

X 6,
: 2 2 Ve 2 2
CD 10
CnenoBatenbHo, E (6; 3) u R=7:?=5. Ucnons3ys popmyny (10), momydaem

ypaBHEHHE UCKOMOW OKpYXHOCTH: (X — 6)*+(y — 3)?= 25.

3anaua 2.

Teopemuueckue ceedeHusl.
Ecnu wm3BecTHBl Hawano BekTopa M;(X,Y5,z) u kowenm My(X,,Y,,2,), TO

%
KoopJuHatel Bektopa d = M;M, HaxogsaTcs no gpopmyiiam

X=X =X, Y=Y2 = Y1, =2~ Iy, (11)

a €To0 AJIMHa OIIPCACIICTCSA BIPAKCHUEM

\é\:\/x2+y2+22. (12)

Bekrop @ ¢ koopauHatamu (X, Y, Z) MOXET OBITh IPEICTABJICH Pa3JI0KCHUEM 110 OPTaM B
BUJIC

a=xi +Vj+zk. (13)

Ecmu o, B, y — yrmiel, KOTOpble BEKTOp a o0pa3yeT ¢ TOJIOKUTEIbHBIMU

HarpaBJICHUAMHA ocel KOOpAMWHAT, TO COSQ, COSB, COSY Ha3BIBAKOTCA HaAnpaeiArnuumu

Kocunycamu BeKTopa a (pucyHoK 2). Torma UMEIoT MECTO COOTHOIICHUS

x=d-cosa,y=|d-cosB, z=|al-cosy, cos’a+cos’p+cos’y=1.

—

JI7si BEKTOPOB & = (xl, Vi, 21) ub= (XZ, Yo, 22) BBOJATCS OIEPALMU CAOJICEHU W
YVYMHOIMCERUA HA Hucno TaKue, qTo
atb=(% %X,y +Y,,2,52,) um Ad=(Ax, Ay, 1),

rue A — Jaro00e 4ucIo.
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—

PucyHok 2.
Cransipuvim npousseoenuem JIBYX BEKTOpoB & u b (a’-b) HAa3bIBACTCS YUCIIO,

paBHOC HNPOU3ZBCACHHUIO IJIMH J3THUX BCKTOPOB Ha KOCHHYC yIyla @ MCXKIY HHMHU,

a-b :‘é‘-‘b‘-COSgo WM, €CTM BEKTOPHl 3aJaHbl CBOMMH KOOPIMHATAMH, TO

—

a-b=xX;+ Y1y, +72;. (14)
BeKTOpBI, JICKAIME Ha OHHOﬁ WiIn IIapaJUICIbHBIX  IIPSAMBIX, HAa3bIBAIOT

—

KoluHeapHoivu.  [IpU3HaK  KOJUIMHEAPHOCTH BEKTOPOB A W D sBisiercs

IMpONOPHUOHAIIBHOCTb HX KOOPAWHAT:

LR ()

—

Ecin Bextopsl & u D B3aMMHO NepHEeHAUKYISPHBI, TO X Xo + VYiY, + 2,2, =0.

VYron Mexay BekTopaMu a U b ompenensieTcss COOTHOIICHUEM:

‘b X Xo +Y1Y, + 2475

QJl

Cosp = (16)

‘b‘ \/Xl +Y1 +Z; \/Xz +Y> +222
YpaBHEHHE IUIOCKOCTH, MPOXOIAIIEA YEPE3 TOUYKY MO(XO, Yo, ZO) MEPIEHINKYIIAPHO

BekTopy N = (A,B,C), umeer Bux
A(X—Xo)+B(y—Y¥0)+C(z—25) =0. (17)



Ilpumep évinonnenus 3adanus.

Hansl koopauHathl Tpex Touek: A(3; 0; -5), B(6; 2; 1), C(12;-12; 3).

- -
TpeOyertcs: 1) 3anucars Bektopsl AB u AC B cucteme opT U HATH MOJIYJIH 3THX

- -
BEKTOPOB; 2) HaiiTu yron mexay Bekropamu AB u AC; 3) cocTaBUTh ypaBHEHUE

_)
IJIOCKOCTH, TTpoxoasiien yepe3 Touky C nepneHauKysipHo BekTopy AB.

Pewenue:

%
1) Haiinem koopauHatel BekTopa AB, moactaBuB B popmyiy (11) koopauHaThl TOYCK A U

B, n 3anumieM pa3iokeHrne 3Toro BekTopa mo optam (13):
- R _ o . _
AB=(6-3)i +(2-0)j+(@Q+5k =31 +2) +6k.
[Togo6HBIM 00pa3zoM

- L L -
AC =(12-3)i +(-12-0)] +(3+5)k =9 —12] +8k..

- -
Mopynu BektopoB AB u AC HaiineM, moacTaBiisisi ©X KOOpAUHATHI B hopmymy (12):

‘ -

5
AB‘z 32 +22+6% =7, ‘AC‘:JgZ +(-12)% +8% =17.

- -
2) Haiinem xocuuyc yria ¢ Mexay Bektopamu AB u AC. [Ijis 3TOro BBIYKCIMM HX

CKaJIApHOE mpou3BeneHue mno dpopmyse (14):

> o
AB-AC=3-9+2-(-12)+6-8=51.

Torna o popmyse (16)

51 .
cosp=——=~0,4286, ~ 64 37" =1,13 pan.
@ 717 ¢ pan
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3) Tlo ycioBuio 3amaum MCKOMasl IUIOCKOCTh MPOXOomuT depe3 Touky C(12; —12; 3)

5
neprneHaukyisspao Bektopy AB =(3,2,6). Iloacrasmas B (17) A= 3, B= 2, C= 6,

Xo= 12, yo=—12, 2,= 3, mOIy4IuM:
3(x—-12)+2 (y +12) + 6(z-3) =0,

wn 3x + 2y + 62— 30 = 0 — uckomoe ypaBHEHHE TIJIOCKOCTH.

3anaua 3.

Teopemuqecmte cBe0eHUsl.
BGKTOpBI Ha3bIBAIOTCA KOMINNIAHAPHBIMH, CCJIM OHHM JICKAT B OI[HOﬁ IINTOCKOCTH HJIN B

MapasineTbHBIX TIOCKOCTSX. YCITOBHEM KOMIUTAHAPHOCTH TpeX BEKTOPoB & =(X;,VYy,2;),

d,=(X,Y5,2,), 83=(Xs,Y3,Z3)ABNS€TCA  pPaBEHCTBO HYTIO MX CMEIIAHHOTO

HpOH3BeI[CHI/IH:
XX Y1 4
(8,,d,,85)=[x, Yy, Z,/=0. (18)
X3 Y3 Z3

Tpu BekTOpa 00pa3yroT 6a3uc B TOM CIIy4ae, ECIIM OHU HEKOMNAAHADHYI.

Ecau s BekTOpoB dj,d,,d; BBIIOIHAETCS YCIOBUE (51,52,53);:&0, TO OHU 00pa3yIOT
Gasuc, u moboi uerBepthii BekTop b =(b,b,,b3) Moxer OwiTh mpencrarnen
pa3I0KEeHUEM 110 3TOMY 0a3uCy B BUJE

b =@, + fa, + jas, (19)
r7e a, f, y — KOOpAUHAThI BEKTOpa b B Gasuce, 00pa30BaHHOM BEKTOpaMHu aj,d,,ds.

Koopnunate! a, £, y HaXOASATCS U3 CUCTEMbI YPAaBHCHUIA:
axy + PXo + g =y
ayy + By, + W3 =b,. (20)
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Ilpumep évinonnenus 3adanus.

IToka3zats, uto BekTopel &;(3; 1; 4), 8,(2; 1; 1), 85(1; —1; 5) obpasyror Ga3uc

TpEeXMEepHOTro mpocTpaHcTBa. Haiitm koopawnHatel BekTopa b (5; 0; 3) B 3TOM

Oasuce.

Pewenue:

BrruncnuM cMelanHoe NpoU3BEIEHUE BEKTOPOB dy,d,,a3:

3 1 4
(8,d,,8;)=2 1 -1=-11#0.
1 -1 5

Tak kak cMeIIaHHOE IMPOU3BCACHUC OTIIMYHO OT HYJIA, TO BCKTOPbBI HCKOMILIAHAPHBI H

—

obOpasyror 0Oasuc. Koopaunatel BekTopa b B 3TOM 0asuce Haifjiem, pas3jioKdUB €ro IO

BEKTOpaMm dj,d,,d; CIeIyIOIUM 00pa3oM:

a KOOpIMHATHI BeKTopa b B HOBOM 0a3uce HalijieM U3 CUCTeMbI ypaBHeHUH (20)

oa-3+p0-2+y-1=5 3a+20+y=5
a-1+p-1+y-(-1)=0 17001 a+pf—-y=0
a-4+p-(-1)+y-5=3 4o — f+5y=3

Pemmm 3Ty crucremy s 3aaHHBIX BEKTOPOB MeTOAOM [ aycca.

[lomensieM MecTamMu IEPBOE U BTOPOE YPAaBHEHUS

a+p—-y=0
3a+28+y=5.
da— f+5y=3

Ilocne 3TOro yMHOXXUM MepBO€ ypaBHeHHE Ha (—3) U CIOXKHM cO BTOpbIM. /[lamee
YMHOXXHM IIepBO€ ypaBHEeHUE Ha (—4) U CIIoXHUM ¢ TpeTbuM. [lomydnm:

a+p-y=0

- p+4y=5.

-56+9y=3
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3aTeM yMHOXAaeM BTOPOE ypaBHEHUE HA (—5) U CKJIAIIBAEM C TPETHUM:

a+p-y=0
- +4y=5.
-11y=-22

W3 nocnegnero ypaBHeHus nmeeM y= 2. lloacrtaBisieM 3TO 3HAY€HUE BO BTOPOE

ypaBHEHUE, MojydaeM = 3 U, HAaKOHEII, U3 TIEPBOT0 YpaBHEHUS HaxoauM o= —1.

Taxum oOpa3om, moctaBuB B ypaBHeHHe (19) koopauHaThl BekTopa b , moxydum

b=-a, +3a, + 2d,.

3anaua 4.

TeopemuquKue ceeoenus.

HeonHopoHas cuctema Tpex ypaBHEHU C TpeMsI HEU3BECTHBIMU B OOILIEM CIIy4ae UMEET

BUJI
Q1% + Xy +ayXz =hy
81X + 8p)Xp + 83%3 =y
a31% + 83Xy +a33Xg =hy
U MOXCET 6I)ITI) 3alliCaHa B MaTpU4IHOM BHIC
A-X=H,
a1 o A3
rae A=|a,; a,, a3 |-Marpuna Kod3(QQUIMEHTOB IIPH HEU3BECTHBIX,
d3; 8z dgs3
X

X =| X, | - MaTpuLa-cTOJ0€E1] HEN3BECTHBIX,

H =| h, | marpuna-cronber cBOOOTHBIX YICHOB.

(21)
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Ecnu matpunia A — neswiposicoennas, TO €CTh UMEET ONpPENeIUTENb, OTIMYHBIA OT
HyJIA, TO CymecTByeT marpuia A, obparnas k A, tak uro AA=E (E - egunnunas
MaTpuia). YMHOXHM 00€ yacTu ypasHenus (22) Ha A u momyuum

ALAX=A1H,
17001
X=AlH, (23)
nockonbky AA-X=E-X=X.
PaBencTBO (23) siBisieTcs pelieHueM CUCTEMbl ypaBHEHHH (22).

Marpuiia, oOpaTHasi K HEBBIPOKJIEHHONW MaTpuile A, HAXOIUTCS o popmyIie

1 A Py Ay
A_1:Z Ao Ay A |, (24)
Az Az Agg

rne A; (1=1, 2,3; j=1, 2, 3) — anreOpanueckoe AONOJTHEHHE dJIEMEHTa djj, KOTOPOE
ABIJIAETCS. NPOU3BEICHUEM (-1)™  ma MuHOp (OHpemEnUTENh) BTOPOrO HOPAIKA,
TIOJTYYCHHBIM BBIYEPKUBACM -l CTPOKHU H J-TO CTOJIONA B ONPEACTUTENC MATPUIBI A; A —

OIIPCACIINTCIIb MATPHUIIbI A.

Ilpumep evinonnenusn 3adanus.

JlanHyro cucTteMy ypaBHEHUUW 3amucaTh B MaTpUuHOM (opMe U PEelnuTh €€ C
MOMOILbIO OOPATHON MaTPUIIBL:

Xg —2Xy + X3 =1

2Xl +3X2 - X3 :8

Xl—X2 +2X3 :—1

Pewenue:
BeImumem 1 JaHHOM CUCTEMBI YPaBHCHHA MaTpHITy KO3(PPHUITMEHTOB MTPU HEN3BECTHBIX
A u cTosoer cBOOOTHBIX wieHOB H:

1 -2 1 1
A=2 3 -1|, H=|8
1 -1 2 -1



14

Bbruncnum onpenenutens A u anredpandeckue JONOJIHEHUS A; DIIEMEHTOB

MAaTpHIBI A
1 -2 1
A=|2 3 -1=10=#0,
1 -1 2

CIIeZI0BATENLHO, MaTpula A uMeeT obpatHyro MaTpuiy AL,

A _ _1 1+1 3 o _5 A _ _1 1+2.2 _1__5 A _ _1 1+3 2 3__
11—( ) ) 1 2—1 12—( ) 1 2|~ | 13—( ) ) = -5,
— 1 _
a2 1 2 L1 Ll -2
Ay :(_1)2 E 1 2‘:31 Ay :(_1)2 ’ '1 2‘:11 Ay :(_1)2 3’1 _1‘:—1,
-2 1 1 -2
A31 = (_1)3+1 . 3 _ = _1’ ASZ — (_1)3+2 . ; ]:;IZS; A33 — (_1)3+3 ly 3 —~7

Torna o popmyne (24) oOpaTHas maTpuila paBHa

5 3 -1
A‘1:% -5 1 3]
-5 -1 7

[To dhopmyne (23) HaxoauM pelieHre JaHHONW CUCTEMbl YPaBHEHUIN B MaTpUUYHOMN

dbopwme:
. 5 3 -1|[ 1 5.1+3-8+(-1)-(-1) 30
X=A1.H==.-5 1 3| 8 :£~ -5-1+1-8+3-(-1) :i- 0 |=| 0].
10 10 10
-5 -1 7||-1 -5-1-1.8+7-(-1) ~20| |-2

OTCIO)Ia X1— 3, Xo— 0, X3= —2.
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3ajaua 5.

Teopemuueckue ceedenus.
Yucino A HaswBaT mpeaenaoM ynkiuu Y=f(X) B Touke a , eciau 3Ta QYHKIHS
ompesiereHa B HEKOTOPOH OKPECTHOCTH TOUKU @ , 32 UCKIIOUCHUEM, OBITh MOXKET, CaMOU

TOUYKH & , U s Kaxaoro &0 nHaiigercs Takoe 0>0, 4To 11 BCeX X, yIOBIETBOPSIONINX

yclioBuio 0 < ‘x — a‘ < 0, BHIIOJIHAETCS HEPABEHCTBO ‘ f (x) — A‘ <g:

1imf(x):A, eciu Ve >0 EI5>0:‘v’x:0<‘x—a‘<5:>‘f(x)—A‘<g.

x—>a

Boluucnenne — mpenenoB  apuMETUYECKMX  BBIPAKEHUMN S (x)/ o (x),

f1(x)- f5(x), f1(x)- fo(x) 1o mpenenam dymxmmit f7(x) u f>(x), U3 KoTOpEHIX OHM
COCTaBJIEHBI, HE BCErJa BO3MOXHO. B 3TuX ciyyasx TOBOpPAT, YTO BO3HHUKAIOT

HCOIIPCACICHHOCTHU CICAYIOIINX BUIOB!

(o) (2) o). (o-0) 7).

I[J'DI HaXO0XXACHUA ITPCACIIOB TaKNX HCOIIPCACIICHHBIX BBIpa)KeHI/Iﬁ HYXHO

YUUTBIBaTh KOHKPETHBIN BUJ QYHKLIUU [ (x) u fH (x) Hanpuwmep,
lim —=0; (25)

0, ecau n>m

Py(x) (ooj: a,

peaes OTHOIIEHUS ABYX MHOTOWIEHOB |1m

— —,ecau n=m ,
X—>0 n(x) ’ ’

0 m
0, eciu n<m.

. . .sinx (0
NePBBIi 3aMevaresbHbli npenen lim ——=| — [=1; (26)
x—=>0 X 0
X
BTOPOI 3aMevaTeNbHbIi mpeaen [im (1 + —j =(1)” =e. (27)
X—>00 X

Benmununna «(X) HaseiBaeTcs Geckoneuno manou npu X —a, ecmm lim a(x)=0.
X—a

JlBe OECKOHEUYHO MaJjble BEJIWYHMHBI Ha3bIBAIOTCS OK6UBAJIeHNTHbIMU, CCIN TIPCACIT HX

. X
oTHomieHuss paBeH 1, To ecth «(X)~ F(X), ecnu IIm&:(gjzl. [Tox 3HaAKOM

x—>a F(x) \0
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Hpeﬂena J'IIO6215[ 6CCK0HCI—IHO MaJjiasgd BCJIMYUHA MOXKET 6BITB 3aMCHCHA Ha 3KBI/IBaJ'ICHTHYIO
eil. [IpuBenem TaOIMITy SKBUBAJICHTHBIX OECKOHEYHO MaJIBIX TIpH X — 0 BEIMUUH:
sinx ~ X, arcsinx~x, a‘*-1~x-lna eX —1~x,

2
tgXx ~ X, arctgx ~ x, 1—cosx~x7. (28)

Ilpumep évinonnenus 3aoanus.

Boeruucauth IMpCaciibl:

2
2) lim 2 +11x=3 6) lim (\/x2+3x—x),

x—>-33x2 +10X+3 x—>
. 2X _(2x =3\
B) lim ——, r) lim :
x—0 arctgox x—o\ 2X+1

Peuwenue:

a) [lomcraHoBKa MpeebHOTO 3HAYECHUS apTyMEHTa X=-3 MPUBOJUT K HEOIPEICICHHOMY

BBIPpA’KCHHIO B 1A (%j .

JI71st ycTpaHEHUS 3TOW HEOTIPEACIICHHOCTH Pa3JI0KUM YUCITUTENb U 3HAMEHATENh 1poOn Ha
MHOXHUTEIM M COKpaTUM JpoOb Ha MHOXHTeNb (x+3). Takoe cokpalieHue 37ech
BO3MOYKHO, TaK KaK MHOXHUTENb (X+3) OTIHYEH OT HyJs pu x— — 3.

4x* +11x -3 4-(-3)* +11-(-3)-3 _(gj_
0

lim 5 = 5 =
x>-33x“ +10x+3 3-(-3)°+10-(-3)+3

_ lim (Ax-D(x+3) _ lim 4x-1_4-(-3)-1_13
x>-3(3X+1)(x+3) x>-33x+1 3-(-3)+1 8°

0) [Ipu x— oo BBIp@XCHHE X% +3X — X JaeT HEONPECICHHOCTh Buaa (00 — o). [liis ee

YCTPpAHCHUA YMHOXHM U pPasgciiiM 3TO BbIPAXKCHHUC Ha X2 + 3X + X, TOCJIEe 4Yero

pa3zieuM YUCIUTENh U 3HAMEHATEIh TIOJyYeHHON Jpo0u Ha X , yauTbhiBast popmyiy (25):

(Vo 3% — x ) (o0 — o0)— fim (\/x2+3x—xx x2+3x+x)
e
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X2 +3x—x% . 3X . 3 3
= lim = lim = |lim —=—.
e xZ 43X+ X KOFUXT 43X+ X X 3
X

B) [Ipu X — 0 mosy4um HeomnpeaeaeHHOCTh [%) . O603nauuM arctgox =y. Torma Sx=tgy

u y— Oupu x — 0. [Ipumenss cBoiicTBa npeaeios u Gpopmyiy (26), nmeem:

2(1tgy)
S 2 i Y iy L 209922

: 2X 0 .
im ——=| = [=lim = —Z.
x—oarctgbx \0/) y-0 vy 5y-»0 y y-0cosy 5 5

3Ty 3aga4y MOXHO pPCHINTL, HCIIOJIB3YA 3KBHUBAJICHTHBIC 3aMCHBI OECKOHEYHO MaJIbIX

BenuuuH (28). [lockonbky npu X — 0 3KBUBaNeHTHBI arctgdox ~ 5X, MOKHO 3amucaTh

: 2X 0 . 2X 2
Im ———= = |=lim—=—.
x—>oarctgsx \0/) x-05x 5

4x+5
r) [Ipu X — o0 BBIpakeHHE ( j ABJISIETCA HEOIPEAEIECHHOCTRIO BUAA (1°°). s

2X+1

YCTPaHEHHMsI 3TOM HEONPEAEIECHHOCTH MTPEACTABUM OCHOBAHUE CTEIIEHU B BUIE CYMMBI | U
OECKOHEYHO MaJIoN (IIpU X — 00) BEJIUYMHBI; MOCIE YEero NpUMEHUM (POpPMYIly BTOPOTO

3aMedaresbHoro npeaena (27):

(2x =3\ L (x4 —4 P
lim =lim| ———— =lim|1+ =
x—o\ 2X+1 x—o\  2X+1 X—>00 2x+1

2x+1 -4

[ =% —4 ~16x-20

. -4 (—4 j(ZxﬂJ (4x+3) . > 1-(4X+5) ) il
=lim|1+ = |lim e<4X+ =lime X+l =
X—>00 2x +1 X—>00 X—>00
-16
L 1
—lime?2 =lime®=—,

X—>0 X—> 0 68
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Bropoii cemecTp

[TPUMEPHI PEHTIEHUA 3AJJIAY

3anava 1.

Teopemuqecmte c6eoeHsl.

IIpouseoonoii ot ¢yukiuu Yy = f(X) mo aprymeHTy X Ha3bIBaeTCs Mpeaesl OTHOIICHHS

npupaiieHus GyHKIuu Ay K IpUparieHuro apryMmenTa Ax, Korjia mocjieHee CTPEMUTCS K

HYJIIO:

[TpousBoaHAas €CTh CKOPOCTh U3MEHEHUS (YHKIIUU B TOUKE X.

OTbIickaHue MTPOU3BOIHOM Ha3bIBaeTcs qudpepeHnpoBanueM QyHKIIUH.
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OcHosHble npasunia oughgheperyuposaHus:
1. (C)' =0, rae C=Const.
2. (x)'=1
(U(x)xv(x)) =u'(x)=V'(X)

4., (U(x)-v(x)) =u'(x)-v(x)+u(x)-Vv'(x), (C-u(x))=C-u'(x)

! !/ 12

[uui]:uKMWK@—uU)va (c:j::—c.wu) (u@i}zglg
“v(x) v2(X) " lv(x) v2(x) L C C

Fu()) = Ry -u'()

w

o1

»

Tabnuya npouszeoonvix snemenmapuulx gyuxyutl (U =U(X)):

1. ") =n-u"t.u, 4. (sinu)’ =cosu-u’
2. @")=a"-Ina-u", (") =e"-u, 5. (cosu)’' =—sinu-u’

! 1 ! ! ! !/ 1 !
3. (log,u)' = -u’, 6. (tgu)' = s—-u’, 7. (ctgu)' =—— >—-u’,

u-lna cos“u sin“u
8. (arcsinu)’' = -u’, (arccosu)’ =-— L -u’
1-u? 1-u?
9. (arctgu)’ = -u’, (arcctgu)’ =-— 1 -u’
' 1+u? 1+u?

Ecnu B Tabnuie mosoxuth U(X) = X, To U' =1,

Ilpumep evinonnenusn 3adanus.

Haitnute npousBoHbie GyHKITUI:

a) y=In(2+sin3x);  6) y=@"9 +1)* ) cos(xy?) -3y +4x=0.

Pewenue:
a) TOCJEAOBATENbHO MPUMEHAS NpaBwia AUPHEPEHIIUPOBAHUS  CIOXKHON (YHKINH,

npaBuia u popmyibl audhepeHITuPOBaHNS, IMEEM:
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y' =(In(2+5sin3x))' = # -(2+sin3x)' = # -(2"+(sin3x)") =
2 +5sin 3x 2 +5sin 3x
=————.c0s3x-(3x)’ ZSLrS?’X;
2 +5sin 3X 2 +sin 3x

6) y' = ((3arctgﬁ +1)4)r _ 4(3arctgﬁ +1)3 . (3arctgﬁ +1) =

= 4(3aretavx | 1y3 . garetavx |n 3, (arctg&)' =

:4(3arctgﬁ +1)3.3arctgﬁ .|n3 (\/_) _

\/_ 2

1 1 2In3 Jx JX 3
_4 3arctgﬁ +1)3 .3arctgﬁ In3- ) _ _garctgx _ cqarctgyx | q
( ) 1+ (WX)? 2Jx  (@+x)Vx ( )

B) B JAHHOM ciyyae (yHKIHMOHaJbHAas 3aBUCUMOCTbH 3aJlaHa B HesgHom Buue. g

HAXOXJCHHUS TPOM3BOAHOW Y' HyXHO mpoauddepeHIupoBaTh MO0 MEPEeMEHHONW X 00¢

4aCTH YpaBHCHU:A, CHHUTAA IIPH 3TOM Y (1)YHKI.[I/I€I‘/II OT X, a 3aTCM IIOJIYYCHHOC YPABHCHHUC

paspenIuTh OTHOCUTEIBHO '
—sin(xy?)- (xy?) —=3-2yy' +4=0;
—sin(xy?) - (x'y? + x(y?)) —6yy' +4=0;
—sin(xy?) - (y? + 2xyy') —6yy' + 4=0;
— yZsin(xy?) — 2xyy'sin(xy?) —6yy' + 4=0;
W3 mocieaHero ypaBHEHHS HAXOAUM Y
2yy'(xsin(xy2) + 3): 4 - y?sin(xy?);

,_ 4-y’sin(xy?)
2y(xsin(xy2) +3)'

3agaua 2.

Teopemuueckue ceedenusi. VccnenoBanre (QyHKIIMM OJHOW HE3aBUCUMOMN TEPEMEHHOU
OyzieM TPOBOIUTH TIO CIAEAYIONICH CXeMe:
1. Haiinem oGnactb onpeeneHus PyHKIIUN.

2. Uccnenyem (pyHKINIO Ha HEIPEPHIBHOCTb.
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3. YcraHoBUM, SIBISETCS JM JaHHas (PyHKUMS YETHOM, HEYETHOM WM (PYHKIHEH
oOuiero Bua.

4. Haiinem uHTEpBajbl BO3pacTaHus U yObIBaHUS (DYHKIIMU, TOUKU SKCTPEMYMa.

5. Haiinem nHTEpBaIBI BHITYKIOCTH U BOTHYTOCTH KPUBOM, TOUKH €€ Ieperuoa.

6. Haiinem acuMOTOTHI KPUBOIA.

Ilpumep evinonnenus 3a0anus.

2x-1
(x-1)°

HccnenoBath pyHKIUIO Y = Y TIOCTPOUTH €€ rpaduk.

Pewenue.

PeanuzyeM npuBeIeHHYIO CXEMY UCCIEA0BAHUS PYHKIUU:

1. ®yukuus onpeneneHa Npy BCeX 3HAUCHUAX apryMeHTa x, Kpome x=1.

2. JlanHasg (yHKUMSA SBISETCS AJIEMEHTAapHOM, MOATOMY OHA HENpepblBHA Ha CBOEH
o0acTu onpeseNieHusi, To ecTh Ha uHTepBasiax (—oo;l) u (1L+00).

B touke x=1 (yHKLMS TepnUT pa3pbiB.

3. Jlns ycTaHOBIEHMS] YETHOCTH WM HEYETHOCTH (YHKIUHU MPOBEPUM BBINOJIHUMOCTb
paBerctB f(—x)= f(x) (torma f(x) — uerHas ¢yukums) wmm f(—xX)=—F(x) (ana
HEYeTHOW (PyHKIMM) [ Jr0OBIX X M3 0o0jacTu  omnpefesneHuss  (QyHKUUU:
—2x—12 (0 =— 2x—12 .

(-x-1) (x-1)

CnenosarenbHo, f(—X)# f(X) u f(—Xx)#—f(X), To ecTb naHHast PYHKIMS SBISICTCS

f(-x) =

dbyHKIMEH 00111eTO BU/IA.
4. JIns uccnenoBanus (PyHKIIMU Ha SKCTPEMYM HalIeM ee TIEPBYIO MPOU3BOIHYIO:

y— 2(x-1)% - (2x-1)-2(x-1) _  2x
(x-1* (x-1°

Omnpenenum kputndeckue toukn Gynkuuu: Y' =0 mpu x=0, VY’ He cymecTByeT npu
X=1. Tem cambiMm uMeeMm naBe kputudeckue Touku: x=0, x=1. Ho Touka x=1 He

MPUHAICKUT 00JACTH ONpeAesIeHUs (PYHKITUHU, SKCTPEMyMa B HEH ObITh HE MOXKET.
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Pazo0nem uncioByro ochk Ha Tpu nHTepBayia (—0;0), (0;1), (L+x).

\ 0 /' 1 \ X

B nmepBoM © TpeTheM HMHTEpBaJax MepBas MPOU3BOJHAS OTpULATEIbHA,

v

CJIeIOBATENIbHO, 3/1eCh (PYHKIIMS yOBIBaeT, BO BTOPOM HHTEpBAJIe — TIOJOXKUTEIbHA, U
nanHas (QyHKIus Bo3pactaer. [Ipu mepexome uepe3 Touky X=0 mepBas mpou3BOAHAS
MEHSET CBOM 3HaK ¢ MUHYyCa Ha TUTIOC, TTIO3TOMY B 3TOW TOUYKE (DYHKIIHS UMEET MUHUMYM:
Ymin = Y(0) =—1. 3nauur, A(0;—1) sBiIseTCS TOUKOH MUHUMYMA.

5. Jlns ompeneneHus Touek neperuda rpapuka pyHKIIMHM ¥ MHTEPBAJIOB BBIMYKJIOCTH U

BOTHYTOCTH KPHMBOM HAWJIEM BTOPYIO MPOU3BOIHYIO:

, o (x=1)-x-3(x-1)% ., 2x+1
y"=-2 — =2 Dt

Hns Bropoit mpousBonuoit Y =0 mpu Xx=-0,5 u y" He cymectByer npu x=1. PazoObem

YHCIOBYIO OCh Ha Tpu uHTepBana (—0;—0,5), (-0,51), (L+x).

eperud

v

/\ -0,5 N4 1 A\ X

Ha mepBoM mHTepBajic BTopas MPOU3BOAHAS Y" OTpHIATENIbHA U JyTa HCCIICITyeMOit
KPUBOM BBIMYKJIA; HA BTOPOM W TpeTheM MHTepBasiax Y' >0, mo3romy rpaduk sBiseTcs

BOrHyThIM. [Ipu nepexoje uepe3 Touky X =-0,5 BTOpas Mpou3BOJHAs MEHSET CBOM 3HAK,

8

MOJTOMY B OTOH TOUKE KpUBAs MMeET neperud: Y,,, = Y(-0,5)=——.

9

CnenoBatenbHO, B(— %;—gj — Touka neperuda rpaduka GyHKIIUH.
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2x -1

6. B Ttouke X=1 ¢QyHkuMs TepnuT pas3pbiB, npudyem |im

—— =oo. [lpamas x=1
x—1 (X —1)2

SBJIIETCSI BEPTUKAIBHOM acUMNTOTON rpaduka QyHkiuu. s ompeneneHus ypaBHEHUS

HAKJIOHHOM acHMIITOTHI Y =KX + b Bocmonbzyemcs hopMyJiaMu:

f(X)

k=lim——=, b=lim(f(x)—kx).
x—ow X X—>00
2x -1 2x—1
Torna k=|im————=0, b=|im——=0.
X—>00 (X—l)ZX X—>00 (X—1)2

[Tpu HailineHHbIX 3HaueHUsIX K u b mpsimas Yy =0 ecTh TOpU3OHTAIbHAS ACUMIITOTA

rpaduka ucciaeayeMoi (yHKIHUH, TPEACTABICHHOIO HA PUCYHKE 1.

-05

v

B

A

Pucynok 1. I'padux uccnenyemoit pyHkuuu.

3agaua 3.

Ilpumep évinonnenus 3ad0anus.

PesepByap, wumeromuii bopmy OTKPBITOI'O  CBEPXY MNPAMOYTOJIBHOIO
napajjieienunesa ¢ KBaApPaTHbIM JHOM, HYXXHO BBUTYJIUTb BHYTPU OJIOBOM.
KakoBbI JOJKHBI OBITH Pa3MeEpHI pe3epByapa Hpu ero eMxoctd 108 oad, urobmr

3aTpaThbl HA Cro JIYKCHUC OBLIM HAUMEHBIITMMMU ?
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Pewenue. 3aTpatbl Ha NMOKpBITHE pe3epByapa OJOBOM OyAyT HAaWUMEHBIIMMH, €CIU MPHU
JAHHOW BMECTUMOCTH IUIONIA/Ib €T0 MOBEPXHOCTH Oy1€T MUHUMAJILHOM.

O06o3nauuMm yepes a (Om) — cTOpoHY OcHOBaHWsA, D (Om) — BBICOTY pe3epByapa.
Torga miomans ero mosepxHoctH S =a’ +4ab, a obbem V =a’b, wmm, cormacuo

ycioBusi, 108 = a’b. [TosTomy
108 _ o 432

1
:%8 u S:a2+4-a-—2:a +
a a a

b

[lomydyeHHOE COOTHOIICHHWE YCTAaHABIMBACT 3aBUCHMOCTh MEXIY IUIOIIAIBIO
MOBEPXHOCTH pe3epByapa S (QyHKIMSA) U CTOPOHOM ocHOBaHusA a (apryment). O6nactb
omnpeneneHuss srol ¢yHkuumu a>0, Tak Kak @ — cTopoHa ocHoBaHus. Wccnemyem
byuknuio S Ha sKcTpeMyM. Haiiem mepByro mpou3BoaHyo S', mpupaBHIEM €€ K HYIIO H

PCIINM ITIOJIYYCHHOC YPABHCHUC!

432 2a°-432

a’ a’

S'=2a 0.

Otcrona a=6. [IpousBonnas S'(a) He cymiectByer mpu a=0, HO 3TO 3HAYCHHE

apryMeHTa He TMpPUHAISKUT obnactu omnpenenenuss Qyukmnuu. Ilppy O0<a<6
npousBonHas S'(a) <0, mpu a>6 S'(a)>0. CnenoBarensHo, mpu a=6 GyHKIUS S
umeeT MHHHMyM. Ecimu  a=6, tTo b=3. Takum o0pa3oM, 3arpaTbl Ha JTy)KEHHE
pesepByapa emkocteio 108 1 OyayT HAWMEHBIIMMH, €CIM OH HMEET pa3Mephl

6(0m) x 6(0m) x 3(0m) .

3anaua 4.

Teopemuueckue ceedeHus.

[lepeMeHHass BeIMYMHA Z HA3bIBACTCA (YHKYuel O08YX NepeMeHHvlX X WU Y, €CiH
Kaxmoi mape 3HadeHud (X,y) W3 JaHHOW OOJacTH COOTBETCTBYET €IWHCTBEHHOE
omnpenenenHoe 3HadeHue Z = f(X,y).

Hus ¢byakmuun  z= f(X,y) BBOAATCS MOHATHS UYACMHbLIX NPOUBOOHLIX TIEPBOTO

NnopsaaKa, KOTOPbIC OMPCACIIAOTCA BhIPAKCHUAMM:
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@_”m f(x+AxYy)-f(xy) g:“m f(x,y+Ay) - f(x,y)
X Ax—0 AX Y a0 Ay ’

U 4acnmHblx np0u3600Hblx BTOPOTO IMOpAAKaA:

a_zz_g(@j o'z o2 _o(a _g@ oz_o(a
ox?> ox\ox) oxoy oyox ox\aoy) ey\lex) oy? oyloy)

Oynkmusa z= f(X,y) umeer B Touke My(Xy,Yo) Maxcumym (munumym), eciu
3Ha4YeHHe 3TOW (QyHKUMHM B Touke M, Oonbmie (MeHbIIE), 4YeM 3HA4YCHHSA (yHKIHMU B
M000H TOYKE U3 OKPECTHOCTH TOUKU M.

HeoOxoaumbiMKi  YCTIOBUSIMUA ~ CYIIECTBOBAHUSL 9xkcmpemyma (MakCUMyma WM

MUHEMYMa) auddeperimpyemort GyHkimu z = f(X,y) sBIsSeTCS paBEHCTBO HYIIO €€

YAaCTHBIX IIPOU3BOJHBIX IICPBOTO IMOPAAKA:

a_;
OX
az_g
oy

TO‘IKI/I, B KOTOPBIX YaCTHBIC ITPOU3BOIHLIC 06pama10Tcs1 B HOJIb, HAa3bIBAIOTCA

CMAYUOHAPHBIMU MOYKAMU (1)YHKI_[I/II/I = f(X, y) . HJ’I?I TOTO YTOOBI CTaoMOHAapHAas TOYKa
ABJIATIACh  3KCTPECMYMOM, B Hel JOJIXKHBI  BBIIIOJIHATHCA odocmamoumnwle YCiloBUAl.
2 2 2
0z 0°z 0°z
O06o3HaunMm A= ) , B= 8— ) C= ~ 2
X
ox M, 8y M, 8y M,

, A=AC-B%.
Ecnu B crannonapnoii Touxe M (Xg, Vo)
A>0,A>0,T0 M| ecTb TOUKa MUHUMYMa;
A>0,A<0,10 M ecTp TOUKa MAKCHMYyMa;

A <0, 1o BTOUKE M HET FKCTpEMYyMa;

A =0, To TpebyeTcs AOMOTHUTEBHOE UCCIIeIOBAHME.

Ilpumep évinonnenus 3ad0anus.

HccnenoBarh Ha SKCTpeMyM QYHKIHIO Z =2X + 4y — x> — y2 +6.

Pewenue.
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1. Haiinem yacTHbIE MPOU3BOAHBIE 33JAHHON (PYHKIIHH

QE:Z—ZX, 95:4—2y
OX oy

2. 3anuiieM HeoOXOIUMBbIE YCIOBUS CYIIECTBOBAHMS SKCTPEMYMa
2-2x=0 x=1
= :
4-2y=0 y=2
3Ha4ynT Touka M (1;2) sBisieTcs CTalMOHAPHON TOUYKOW (YHKIIHH.
3. IIpoBepuM BBINOJIHEHUE B TOUKE M JOCTATOYHOIO yCiIOBHUs. sl 3TOro HailieM BTOphIE

YaCTHBIC ITPOU3BOIHBIC Q)YHKHI/II/I

2 2 2
9z _ ﬂzo, 7 _ 5
ox? OXoy

B Ttouke M(L2) A=-2B=0,C=-2 u A=(-2)-(-2)-0=4. Tlockoibky

A=4>0,A=-2<0, touka M (1;2) siBIsieTCs TOUKOM MakcuMyMa. 3HaueHUEe (DYHKIUH B

o10if TouKe 7|, =2-1+4-2-1° 2% +6=11.

3ajaua 5.

Teopemuqecmte ceeoeHsl.

@OyHKIUSA 1BYX HE3aBUCHMBIX TepeMeHHbIX Z = f(X,Yy) npuHmMaer HamOoJjbiee u
HauMcHbIIIee 3HadeHUss B obOnmact D, orpannuenHoi ymuued ¢@(X,y)=0, naubo B

CTAallMOHAPHBIX TOYKAaX, PACMOJIOKEHHbIX BHYTpH obsactu D, nubo Ha rpanuie >tou
oOnacTu.
3amaya 00 OTBHICKAHWW HAMOOJBIIET0 M HAWMEHBIIErOo 3HAaYeHUW QYHKIUU

z=f(X,y) B3amanHoii oomactu D perraercs mo ciaeayroneMy IiaHy:

1. OnpenensieM cTalMOHApHbIE TOYKU (PYHKIMHU, PACIOJIOKEHHbIE BHYTpU obnactu D, u
BBIUKCIISIEM 3HAUYCHUS (QYHKIUU B 3TUX TOUYKAX.

2. Haxomum cranumoHapHble TOYkH (GYyHKIMH Ha rpanune ¢@(X,y)=0 obOmactu uiau Ha

OTJICNBHBIX €€ yYacTKax, 3aJaHHbIX Pa3jIMYHBIMH YPABHCHHUSIMH, U BBHIYHUCIISIEM 3HAUCHHUS
(GYHKIIUM B 3TUX TOYKaX.

3. VI3 Bcex BHIYUCIICHHBIX 3HAYCHUN (YHKIIUU BHIOMPAaeM HanOOIbIIIee M HANMEHBIIIEE.



Ilpumep evinonnenus 3a0anus.
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Haiitu Hanbomnpliiee 1 HauMEHbIIIEe 3HAUCHUSI PYHKIMH Z = X2 + 2Xy —4X—-Yy B

TPEYroJbHUKE, OTPAaHUYCHHOM NpsAMbIME X =0, Y=2, y=X.

Pewenue.

1. Halinem cranmoHapHble TOYKM (PYHKIIMM M3 YCJIOBHI pPAaBEHCTBA HYJIO YaCTHBIX

IPOU3BOIHBIX (PYHKITUU

19/4

L =2x+2y-4=

PV X+ 2y 0 x=05
oz “ ly=15
“Z=2x-1=0 y=4
oy

Cramonapnas touka M (0,51,5) nexur BHYTpH

3aganHou oonactu OAB.

3HadyeHue PyHKIMU B TOUKe M paBHO

2|, =05°+2:05-15-4-05-15=-175.

2. Vccnenyem noBeaeHre (PyHKIIMU HA TPaHUIIAX 00JIACTH:

a) Ha rpanuie O4 y=X, 0<x<2, Z=X>+2X-X—4-X—X wm z=3x% —5X;

z2'=6x-5,2'=0 mpu ng,TOFILa yzg (Tak KaK y=x).

55
B touke C| —;— | 3HaueHue K aBHO Z|. =3 —
TOY (6 6) HayCHUE QYHKIIUN PaBH ‘C (6

2
6 12

Boruncnum 3naueHust GyHKIUU B KpalHUX TOuKax oTpe3ka OA.

B Touke O(0;0) Z‘ o =0, B TOUKE A(2;2) 3nauenne GyHKIMH paBHO

2|, =3-2°-5-2=2.

6) Ha rpannie BA Y =2, 0<X<2, 2=X?>+2X-2—4X—2 nm 2=X>—2;

2’=2x,7'=0 mpu Xx=0,a y=2 coriacHo ypaBHEHHUIO PSIMOit BA.
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B touke B(O;Z) 3Ha4Y€HHUE (PYHKIIUU PABHO Z‘B =3.0°-2=-2.
B) Ha rpanune OB x=0, 0<y<2, z=-y;
2/=-1#0 mpm  Bcex Yye[0;2], cmemoBaTenpHO, CTAIMOHAPHBIX TOYEK Ha

mmaauu OB HerT.

3. W3 Bcex BBIYUCIICHHBIX 3HAYEHUW 3aJaHHON (PYHKIMU BbIOMpaeM HauOoJsblliee U

HaWMEHBIIICE:
Z‘ A=2 — HauOoJblliee 3HaYeHue QyHkiuu B odnactu OAB
25
Z‘ c= — HauMeHbIlIee 3HaueHne PyHKIuu B obnactu OAB
3anaua 6.

Teopemuqecmte cBe0eHsl.

Ilepsoobpasnou ¢ynkyuen ns ¢pyukiun T (X) HassiBaercs takas pyHkuus F(X),
uro F'(x) = f(X).
Heonpeoenennvim  unmeepanom ot ¢yakmauu  f(X) HaspiBaeTcs ee  oOmias
nepBooOpazHas
[f(x)dx=F(x)+C .
Gynkmus  f(X) HaseBaercs mopbiHTErpaibHOM (yHKkmer, F(X) — pesynbrar

uHTerpupoBanus, C — NpOU3BOJIbHAS ITOCTOSTHHAS.

Csouicmea HeonpedeﬂeHHoeo uHmeepaJlaZ
1. [(u(x) +v(x))dx = [u(x)dx + [v(x)dx.
2. [A- f(x)dx=A-[ f(x)dx, rae 4 — nocrosHHasL.

3. Ecn [ f(X)dx=F(x)+C u u=¢(x), o [ f(u)du=F(u)+C.

Tabauya npocmeuuux uHmMepaios:

1. [dx=x+C. 7. [—5—=tgx+C.
COS“ X
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XI’H—l dX
2. [x"dx= +C,(n#-1). 8. =—ctgx+C.
/ n+1 ( ‘ Isin2x |
3. j%:In\xHC. 9. [—— —arcsm iC.
X \/7
4, jaxdx—a—X+C [e¥dx=e*+C. 10. | —Earctg§+C
Ina x2+a a a
: dx 1 Xx-a
5. [sin xdx=—cosx+C. 11 [ 5—5=2-Ih=——+C,(a=0).
X‘—a° 2a X+a
6. [cosxdx=sinx+C. 12. [—— In‘x+\/x + ‘+C(A¢O).

VX% + A

OcHognbie Memoovl UHMEeSPUPOBAHUSL
1. [TonBenenue nmoxa 3Hak auddepeHnuana:
a) K (QyHKUMH, CTOSIIEH moJ 3HAaKoM auddepeHimana, MOXHO MPUOABIATh WIH

BbIUUTaTh JII0OYI0 moctostaAyto: df (X)=d(f(X) £ A);

0) mnox 3Hak auddepeHnrana MOXKHO IMOJBOJIUTH TOCTOSHHBIM MHOXXHUTEIb:
1
df (X):Zd(A- f(x));

B) 101 3HaK quddepeHimana moaBoautcs pyukuus no npasmwity: f'(X)dx=df (x).
2. HTerpupoBaHue Mo 4acTsM C UCTOIb30BaHUEM (DOPMYIIBI:

fudv=uv—[vdu, rze u=u(x),v=v(x).
C IMOMOIIBIO OTOTI0 MCTOZda BBIYUCIAIOTCA CIICAYIOINNEC MHTCTPAJIbl

a) [a* - P,(x)dx, u=PR,(x), dv=a’dx.

6) [sinax-P,(x)dx, u=PR,(x), dv=sinaxdx.

B) [cosax- P, (x)dx, u=P,(x), dv=cosaxdx,

r) [Inax-P,(x)dx, u=Inax, dv=P,(x)dx,

n) [arcsinax- P, (x)dx, u=arcsinax, dv=P,(x)dx,

e) [arctgax- P, (x)dx, u=arctgax, dv=P,(x)dx,
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rae P, (X) — MHOTOuJIEH 1-0if CTENEHH.

3. UHTerpupoBanre MEeTOI0M 3aMEHBI IEPEMEHHOM 110 (hopmyie

[ T()dx=[f(p(t)det) =] f (p())¢'V)dt, rne x=p(t).

Ilpumep évinonnenus 3ad0anus.

Haiitn HEonpeneieHHbIE NHTETPAIBI:
3 p—
I(arcsm 0)° + de; 0) jzx—ﬂdx; B) [(3x+4)ePdx.
N X*—4x+3
Pewenue.

a) HCIIOJIB3Ys OCHOBHLBIC CBOMCTBA HCOIIPCACICHHOI'O MHTCTPalJia U BBIIIOJIHAA ITIOABCACHHUC

GbyHkuuid nox 3Hak qudpepenHnnana, HailieMm HHTerpal

j(arcsm x)? + X4 j(arcsm x)? dx+ [
V1-x2 V1 V1
1
— [ (arcsin x)2d (arcsin x) + [ (1— x?) 2d (X—22) =

1
— j(arcsin x)2d (arcsin x) + (— %)j(l— xz)_Ed (1- x2) =

1

—x2y2
:%(arcsin X)* —%-¥+C :%(arcsin x)> —V1-x? +C.

2

[TpoBepum pe3ynbTaT HHTETpUpPOBaHUS TU(PEpPEHITMPOBAHUEM

(% (arcsin x)® —V1—x% + Cj -

1
=%~3(arcsin x)? - (arcsin x)’ —%(1— x2) 2(1-x%) +C'=

_(arcsinx)®  —2x . o (arcsin X)? + X

%2 21-x2 NG

YTO COBIAJIAET C MOABIHTETPATBLHOU (PYHKITHEH.
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0) moaplHTETrpanbHas (GYHKIUS MPEeACTaBIseT cOo00il HEmpaBWIBHYIO PallMOHAIBHYIO
npo0Os. IIpencrtaBum 3Ty ApoOh B BHJIE CyMMBI MHOTOWICHA W MPABHJIBHON npobu. J[is

9TOT'O BBIIIOJIHUM JACJICHUC MHOI'OYJICHA Ha MHOI'OYJICH:

x3 17 X* —4x+3
x> —4x*+3x  [x+4
4x% —3x -17
A% —16X +12
13x-29
Torma
3_ J—
j—zx 17 dx=( 4+—i3x 29 jd = [xdx + [4dx + j—i?’x 29 dx =
X° —4Xx+3 X° —4Xx+3 —4x+3
2 —
=X—+4x+j—13X 29 dx.
2 X5 —4xX+3

JUis Toro 4yToOBl HANTH MOCIEIHUI HMHTErpai, NpeJCTaBUM MPaBUIbHYIO ApoOb B BUJE
CYMMBI IpocTeHIMX ApoOei. [l 3Toro pasioXuM Ha MHOXHUTEIM 3HaMEHATEeNb po0u
X2 —4x+3=(x-1)(x-3) u pasnokuM IpoOb Ha MMPOCTEHIINE

13x —29 A N B A(x-3)+B(x-1)

(x-D(x-3) x-1 x-3  (x=1)(x-23)
sHaunt 13X —29=A(x-3)+ B(x-1).

[Tpu X =3 umeem 13-3-29=B(3-1), orkyna B =5;
npu X =1 umeem 13-1-29=A(1-3), orkyma A=8.
13x —29 8

[Tonyuaem (X—l)(X—3):X—1+X—3 Y UHTETPUPYEM
| 13x - 29 dx = | 8 dx + | 5 dx 8Jd(X 1) Id(X 3)
(x=D(x-3) x—1 X —

=8In|x -1 +5In)x -3 +C

N OKOHYATCJIbHO ITOJIydacM

J

[TpoBepum pe3ynbTaT nudhepeHIIIPOBAHUEM:

3 2
;(;ﬂdx:x—+4x+8ln\x—ﬂ+In\x—3\+C.
XS —4x+3 2
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!

2
(X—+4x+8ln\x—u+ln\x—3\+C] S 4 80
2 2 x-1 x-3

(X (x-D)(x—3)+8(x-3)+5(x-1) x> -17
) (X=1)(x+3) X2 —4x+3’

YTO COBIAJAET C MOABIHTErPAIbHON PYHKIIHMEH.
3ameuanue.
WHTerpan OoT NpaBWIBHOW pPAMOHAIBHON NpoOM CBOAMTCS K CyYMME HWHTETPaJoB OT

npocrenmux 1podeii. Hanboee yacto BcTpeyaroTcs CaeAyomue HHTErpaibl:

jidx =Alnjx-a/+C; ijdx:L(x —a) ¥ iC, (k=23..).
X—a (x—a) (~k+1)
B) IIPUMCHUM MCTOIOM MHTCIPHUPOBAHUA 110 HACTAM.
Ilpumem U=3x+4, dv=e¥dx, Torma du =3dx, V= %esx. ITo dopmye
HHTCTPUPOBAHUA 110 YaCTAM II0JIy4acM
[(3x +4)e¥dx=(3x + 4)%e3x - j%e?’x 3= XA [e¥dx=
:?’)(T+4e3x Cle oAl o —e¥(x+1)+C.

[TpoBepum pe3ynbTaT 1uPpepeHIIIpPOBAHUEM
@*(x+1) +C) =3 (x +1) + e =e>*(3(x +1) +1) =¥ (3x + 4),

YTO COBNAJAET C MOABIHTETPAILHON (DyHKITHEH.

3ajaua /.
Teopemuueckue ceedeHusl.
AY Ecim na mmockoctu Oxy 3anaHa
_y=1(x) durypa, OrpaHHYCHHAs JBYMSI
HerpepblBHBIME ~ JHUsIME Y = f;(X),

S L y=fi(x)

y=f,(X) ¥ BepTHKaIbHBIMH TPSIMBIMH

L > X X=a, X=Db, 1o mmomans S Takoi
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b
burypsl MoOKeT OBbITh BBIYHMCIEHA MO QopMylie S :I(fz (x) - fl(X))dX, rje
a

f,(X) > f,(X) Ha oTpeske [a,b].

Ilpumep evinonnenus 3a0anus.

BBIYHCIUTS ILIOMANb UIYPbI, OrPAHAYCHHOM THHUAME Y = X +4X, Y =X+ 4.

Pewenue.

3aaHHbIE JIMHUW OTPAaHUYMBAIOT HA IUIOCKOCTH OXy KPUBOJIMHEHMHYIO Tpameuuto,

U300pKEHHYIO Ha PUCYHKE.

A
y

y = x% +4x
y=x+4

Y
=

Halinem koopauHaThl TOYEK IIEPECECUCHUS 3aJaHHBIX JIMHUW, JJISI 3TOTO PENIUM

CHUCTEMY YPaBHEHUI

2
y=xtrax X2 +4x=x+4, X*+3x—4=0, otkyma X, =—4, X, =1.
y=Xx+4
Torna uckoMast IJIOIIAAbL BEIUUCIAETCS 1O POPMYIIE:

1

1 2 .3
S=j(x+4—x2—4@dx:ﬂ4—3x—xﬁdw:&m—§§——§;] =

—4 _

:4_§_1+16+4_8—6—4:20§ (K@. eO)
2 3 2 3 6
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3agava 8.
Teopemuueckue ceedenus.
OObeMbl TeJI, 00pa30BaHHBIX BpAIllCHHEM IUIOCKOW (DUTYphI, OrpaHUYEHHON KpPUBOM
y=f(x)>0, ocsio Ox u ipssiMeiMu X =a, X=Db,

b

1) Bokpyr ocu Ox, BEIMHCIAIOTCS 10 popmyrne V, = 7Z'I f2(x)dx;
a
b

2) Bokpyr ocu Oy, BeraucisoTes o hopmyse Vy =27z xf (x)dx.
a

Ilpumep evinonnenusn 3adanus.

Beruucnuth 00beMbl Tes, 00pa3oBaHHBIX BpalieHueM BOKpyr oceid Ox u Oy

KPUBOJIMHEHHOTO TPEyroibHUKA, OFPAHMYEHHOrO KpHBOH Y =3%/X, ochlo Ox u

npsMoit X =1.

Pewenue.
A

y | / y = 3/x 1) oO6BeM Tena, MOyYeHHOTO BPAIlICHHEM

BOKpYT ocu Ox, paBeH

1

5
1 5
V, =7Z'I(3 X) dx=7"— _37 (xy6. e0.)
> 0 ° 5
0 1 3 |

2) o0BeM Tena, OJTY4Y€HHOT0 BpallieHueM BOKpyr ocu Oy, paBeH

7/
X/ 3

l

1
Vv, :ZﬁIX-WdX=2ﬁ 267”(7026. ea.).
0
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Tpernii cemecTp

[TPUMEPHI PEHIEHUA 3AJJIAY

3ajaua 1.

Teopemuueckue ceedenus.
Huddepennmansuble ypaBHEHHS, B KOTOPBIX IIE€PEMEHHBIE MOXHO Pa3ACiIUTh
MOCPEJICTBOM YMHOXEHHUSI O0EHWX YacTell ypaBHEHHsS HAa OJHO M TO >XK€ BBIPAKCHHE,

Ha3bIBAIOT AU PEepeHINaNTbHBIMU YPABHEHUSAMU C PA30EAI0OUUMUC NEPEMEHHbIMU.

dy _ f2(x)

dx fi(y)
win B 1uddepeHuanbHoi popme

fi(x)- fo(y)dx+ f3(x) f4(y)dy=0. (2)

— fy(y)dy = fo(x)dx, (1)
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Pa3nenm o6e yactu ypaBHeHus (2) Ha npousBeneHue pynkuuit f, ( y) f3(x)

09 gy r a0 gy g 2)
fs(x)  fa(y)
U, TIOCJIE UHTETPUPOBAHUS, TTOJTYYUM OOIIUI HHTErpas (00IIee pelleHHE) YPAaBHEHUS:
[ H<X)dx+—jf4(y)
fs(x) f2(y)

[Ipu nenenun Ha fz(y) f3(x) MOXXET MPOU30MTH TMOTEPs HEKOTOPBIX YACTHBIX

dy=C.

pemenuii. IlycTs, HampuMmep, mpu Yy =Y, HMeeM fz(yo):O, Toraa QyHKUuA Y=Y,
ABJIeTCs pelieHueM ypaBHeHus (2'), T.k. dy =dyy=0. Pemenuem moxeT Takxe OBITH

dyHKIIS X = Xg, eciu f3(%g)=0.

Ilpumep evinonnenus 3a0anust.

Haiitu o6muii uaterpan nuddepeHImaibHOro ypaBHEH!sT EPBOTO MOpsJIKa

x(y+1)dx—(x2 +1)ydy:0.

Pewenue:

Hannoe muddepeHmanpbHOe YpaBHEHHE SIBIISCTCS YpPaBHEHHEM C DPa3ACIIsIONIUMUCS
nepemenssiMy, npuueM fi(X)=x; f,(y)=y+L f3(x)= X2 +1; f,(y)=-y. Pazgenum

00€e yacTu ypaBHEHHUsI Ha POU3BENICHUE
fo(y) f3(x)=(y +2)(x* +1)

" IOJy4YHUM

xdx  ydy
x2+1 y+1

[IpounTerpupyem nocieiHee paBeHCTBO

xax 1
Ix2+1_j(l_y—+ley:C’
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WCITIOJIB3YsI TOJIBE/ICHUE 1101 3HaK Aud depeHinana

1
d(X2+1) d 1
.[2 X2 +1 _de+-[ (yy++1):C’

TIOJYYUM OOIIMi nHTErpan AupQepeHMaIbHOr0 ypaBHEHUS
1
Eln‘x2 +1‘— y+Inly+1=C.

Ipu nenennu Ha f,(y)=y+1 notepsiHo yactHoe peureHue: Y =—1.
3agaua 2.

Teopemuueckue ceedeHusl.
HuddepenunanbHoe ypaBHEHHUE TEPBOTO NOPSAIKA
y'+p(x)y=0(x), (3)
JMHEHHOE OTHOCUTEIBHO UCKOMOM (DYHKLIMHU U €€ TPOU3BOIHOM, HA3bIBACTCS JIUHECUHBIM.
VYpaBaenue (3) cBOOUTCS K JBYM YPAaBHEHMSIM C Pa3ACSIOUIMMUCS MEPEMEHHBIMU

CJIEIYIONMM 00pa3oM. 3amuiieM HCKOMyr (yHKIHIO Y(X) B BUIE MPOU3BEICHUS ABYX
byHKIMNA: Y :u(x)-v(x). Omna w3 o9tux GQyHKOUA MOXET OBITh aOCOJIOTHO

MPOU3BOJILHOM, a BTOpas OMPEACISIETCS B 3aBUCUMOCTH OT MEPBOM Tak, 4TOOBI UX
MPOM3BE/ICHUE YAOBIECTBOPSIIO YpaBHEHMIO (3).

W3 paBeHncTBa Y =U-V HaxoauM Y =U'-v+U-V'. Torma B cooTBeTcTBHE C (3) MMeeM
UV+uv' + p(x)uv=g(x) mm uv+u(v'+p(x)v)=q(x). BeGepem B xauectse V(X)

Kakoe-HUOY/Ib YaCTHOE PeIlIeHNEe YPaBHEHUS

V'+p(x)v=0, (4)
TOT/Aa JUTs OThICKaHUs U(X) MOJydnM ypaBHEHHE
u'v=g(x). (5)
Haitnem V(X), pa3aensis mepeMeHHbIe B (4):

dv__

y p(x)dx, orkyna Inv:—jp(x)dx u v:e_jp(x)dx_
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3nas V(X), Harigem U(X) u3 ypaBHeHHS (5):

—v=q(x) = du:ejp(x)dxq(x)dx,romau:_[q(x)ejp(x)dxdx+c.

OO6uiee pelieHue JMHEHHOTO ypaBHEHHUS (3) UMEET BUJ

y=uy=e | PO UQ(X)GJ POy 4 C} .

Ilpumep evinonnenusn 3ad0anus.

Haiitu oOmee pemenue aud@epeHnnanibHOro ypaBHEHHUS

nepBoro mnopsaka y' —2y =1.

Pewenue.
3anuiem uckomyto GyHKIH0 Y(X) B BUIE POU3BEICHUS ABYX (PYHKIIHIA:
y=u(x)-v(x), torma y'=u"-v+u-v,
H II0ACTAaBUM IIO0JIYYCHHBIC BBIPAKCHHUA B 3aIdHHOC YPABHCHUC
u'v+uv' —2uv=1,
BrireceMm 3a ckoOku U(X)
uv+u(v'—2v)=1
W, TpUPaBHUBAaS K HYJTIO BBIpAKEHHE B CKOOKaxX, TMOJYy4YMM U PEIIMM JBa

U pepeHInanbHbIX YPABHEHUS C PA3ACIISIIOIIMMUCS TEPEMEHHBIMU:

vV —2v=0 uv=1
du
ﬂ = 2dx —e2x =1
\Vi dx
Inv =2Xx du = e 2*dx
v =g u= _[e‘zxdx,

1. —2x 1 _ox
u=——|e “"d(-2x)=—=e " +C
ZI (-2x) 2

3anumieM ob1iee penieHue 3aJaHHoro AU depeHIInanbHOr0 ypaBHEHUS B BUJIE
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y:uv:(—%eﬁx+c)e”,um1y=—%+C¥X.

3ajaua 3.

Teopemuqecmte ceeoeHusl.

HuddepenunansHoe ypaBHEHHUE BUIa

y'+ay +ay = f(x) (6)
HA3bIBACTCS] HEOJHOPOAHBIM JIMHEHHBIM ypaBHEHHEM BTOPOTO MOPSIKA C MOCTOSHHBIMU
K02(p(DULMEHTaMU & U Ay .

OOliee pelieHde 5TOro0 ypaBHeHuss Y=Y+Y', rme Y- oOlee pelecHne
COOTBETCTBYIOIICTO OJHOPOJHOTO YPaBHEHHS, Y — YacTHOE pelieHue ypaBHeHHs (6).
HuddepennuansHoe ypaBHEHHE

y'+ay +ay=0 (7)
SIBIISICTCS. OAHOPOJHBIM M HA3bIBACTCSI COOTBETCTBYIOIIMM HEOIHOPOTHOMY YPaBHEHHIO

(6). OOmee pemieHre OJHOPOAHOrO  ypaBHeHUs (7) HaxomAT MO  KOPHSIM

XapaKTepUCTHUECKOTr0 ypaBHEHUS
r’+ar+a,=0
W +a; =0.
XapakTepucTUYECKOe YPAaBHEHNE MOXKET UMETh TPHU Cilydas AJIsl KOPHEH 1] U Iy
1) xopnu xapaxmepucmuueckozco ypaeHeHus: OelicmeumenvHule U pasiuuHvle. I # 1.
B oatom cnydae oOmiee pemienue ypaBHeHus (7) 3amuchIBaeTCs B BHJIE
- X X
y=Cet +C,e?", rae C,, C, —1pou3BOJIbHbBIE IOCTOSHHBIE;
2) KOpHU Xapakmepucmuyecko2o ypasHeHus OelicmeumenvHvle U pasHvie: | =1I,. B
9TOM ciy4dae oOmiee pemieHue ypaBHeHust (7) 3amuChIBaeTCs B BHJE
N2 X
y =e"(C,+Cyx), rme C,, C, —NpOH3BONBHbBIE OCTOSHHBIE;

3) KOPpHU XApaKkmepucmu4veckoeco yYpasHEeHUsl — KOMNJIEKCHble CONPAJNCEHHble YUcia

h,=axf-1, f#0. B arom ciaydae obmee penieHne ypaBHeHus (7) 3auChIBacTCs

B Buge ¥ =e“*(CycosBx+C,sin Bx), rae C,, C, —NpOM3BOIbHBIE OCTOSHHBIE.
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YacTHoe peleHHe Y  HEOAHOPOAHOrO ypaBHeHHUs (6) MOXKET ObITh HAifIEHO METOIOM
HeoNpe/ieNIeHHbIX KO3(D(UIIMEHTOB B 3aBUCHMOCTU OT BHA IIPaBOH YacTH ypaBHEHUsS
f(x).
epeviii cayuai. Tpasas yacts ypauenus (6) nmeer Bug f (x)=P(x)e™, rae P(x)
— mHorousteH. Torna ypaBHeHue (6) HMeeT 4acTHOE pellieHHe BHIa
Y =x“Q(x)e™, (8)
rae Q(X) — mONHBII MHOrOWIeH TOif Xe cremeHH oT x, 4r0 W P(X), HO ¢

HeonpeeIeHHBIMU KO3 PUITMEHTAMU;

k=0, eciii 4ncI0 M HE ABJISICTCA KOPHEM XapaKTEPUCTHUCCKOTO YPaBHCHHUS,

k=1, eciti 4nciI0 M SABIAETCS MPOCTHIM KOPHEM XapaKTEPUCTHUECKOTO YPAaBHEHHUS,

k = 2, ecnmu yucio M SBISETCS JBYKPATHBIM KOPHEM XapaKTEPHCTUYECKOTO
ypaBHCHMSI.

[TpaBuio coxpansieT cBoto cuity U nmpu M = 0, koraa f(X)=P(X) — MHOTOWIEH.

Heonpenenennsie kodphUEeHTH B MHOTOUJICHE Q(X) ONPEAEISAIOT MOJCTAHOBKOMN

bynkuun (8) U ee MPOM3BOJIHBIX B ypaBHEHHE (6) C MOCIEAYIONUM MPUPABHUBAHUEM

KO2(PUIIMEHTOB MIPU OJIMHAKOBBIX CTEMEHAX X B 00EUX YacCTAX YpaBHEHUS.

Ilpumep evinonnenus 3a0anus.

Haiitu yactHoe pemienne qudPpepeHnarIbHOro ypaBHEHUsI BTOPOTo MOpsiJiKa,

YAOBJICTBOPAIOMICC 3a1aHHBIM HA4YaJIbHBIM YCJIOBHUAM!

y'-3y' —4y=4x-1, y| =2 y|_,=3

Pewenue. XapaktepucTuueckoe ypaBHEHHUE r2-3r-4=0 nmeer nBa pa3IUYHbBIX
JeHCTBUTENBHBIX KOpHS |, =1, I, =4, cnenoBatensho, § =Cie " + C2e4x. ITpaBas yacThb
ypasaenust umeer Bug f(X)=4x-1=(4x-1)-e™, rae m=0 u He sBILETCS KOPHEM

XapaKTEPUCTHUECKOro ypaBHeHMs. Torma vactHoe pemieHue npu K =0 wumem B Buie
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14

y =x"-(Ax+B)-e”* = Ax+ B, (y*)':A, (y) =0. Iocne
mudepeHnransHoe ypaBHEHUE MOTydacM
0-3A-4(Ax+B)=4x-1,
—-3A-4Ax-4B=4x-1,
—4A-x+(-3A-4B)=4-x+(-1);
X' —4A=4; A=-1

IIOJCTAaHOBKH B

x°: -3A-4B=-1 -4B=-1+3A=-4, B=1
YacTHeIM pereHneM  siBiasietcst  QyHkmmsa Y = AX+B=-1-Xx+1=1-X. OOmmm
petenyeM sBnsercs Gynkius Y=y +Yy =Ce " + C2e4x -Xx+1.

Haﬁ,Z[GM 3HAYCHHUEC KOHCTAHT C1’C2 N3 HaYaJIbHBIX YCJIOBI/If;I. I[JI?I 9TOI0 OIIPCACINM
y' =-Cie * +4C,e™ 1.

Tornma y‘x=0:C1+C2+1:2’ {Clzo,
y| _o=-C1+4C,-1=3 (C2=1.

M cKkOMBIM 4aCTHBIM pEIICHUEM SBISETCS PYHKIUS Y = e —x+1.

Ilpumep evinonnenusn 3ad0anus.

Haiitu yactHoe perenue nuddepeHImanbHOro ypaBHEHUS BTOPOTO MOPSIKA,

YAOBJICTBOPAIOIICC 3a/laHHBIM HA4YaJIbHBIM YCJIOBHUAM!

yn_4yr+4y :eZX’ y‘XZO — 2’ yr‘xzo :3.

Pewenue. XapakTepuCTHUECKOE YpABHEHHE r2—4r+4=0 wumeer IBYKpPaTHBIN
KOpeHb I, =2, crenoBatensho, ¥ =e°*(Cy +C,yx). [Ipaas yacTh ypaBHCHHS HMEET BHI

f(x)=e*, m=2 sensercs nBykpatHeiM (K=2) KOpHEM XapaKTepHCTHYECKOTO

ypaBHeHI/ISI, TOoraa 4aCTHOC peHIeHI/Ie HUIIIEM B BUC
!
v =x2. Ae®, (y*) =x%-2Ae”* +2x- Ae** = 2Ae2"(x2 + x),

(v) =4me™ (42 +x)+ 2% (2x+1) = Ae?* (4x% +8x+2).
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ITocne TOACTAHOBKM Y M ee MNpPOM3BOAHBIX B HCXogHoe auddepeHnnansHoe

ypaBHEHHUE MOJTy4aeM

Ae2X(4x2 +8x+ 2)—4-2Ae2x(x2 + x)+ 4A% X2 =2,

Aezx(;l«{[+‘8x+278{f>8x+;|«%f):ezx,

2Ae2X — e2X’

2A=1, A:E.
2

* 1 2X 2
YacTHpIM PEUICHUEM ABIIACTCA (byHKHI/IH y =§e - X", O6HII/IM PEIICHUCM SABIIACTCA

bynkmms Y=y +y* =e**(C +Cox)+ %ezx X2,

Haﬁ,Z[GM 3HAYCHHUEC KOHCTAHT C1’ C2 N3 Ha4YaJIbHBIX YCHOBHﬁ. I[J'ISI 9TOI0 OIIPCACINM
IIPOU3BOIHYIO
y' =e?*(2C, +2C,x+Cy ) + ez"(x2 + x) ,
H I10JIYYUM CUCTCMY ypaBHeHI/If/'I JJI OIIPCACIICHUSA 3HAUEHUU IMPOU3BOJIbHBIX KOHCTAHT
Y, _o=¢"C=2 C;=2
y|,_,=¢"(2C,+C;)=3, C,=-1

_ 1
VICKOMBIM peleHueM sBjisieTcss yHKuus y =Y + Yy = e (2 - X) + EEZX X2,

Bmopoii ciyuaii. TlpaBas yacth ypaBHeHus (6) umeer Bug f (X) =acosnx+bsinnx.
Ecnu urcia +in He SBISIOTCS KOPHSAMH XapaKTEPUCTHUECKOTO YPaBHEHHMS, TO
y" = Acosnx + Bsinnx.
Ecnu umcima +in sSBISIOTCS KOPHSAMH XapaKTEPUCTHUYCCKOTO YPaBHEHHUS, TO YaCTHOE
peIlIeHHe UMEET BU/
y" =(Acosnx+ Bsinnx)- x.

B uwacTHBIX ciaydasx, korma @ wid b paBHO Hyimio, perieHne BCE paBHO HAI0 UCKaTh B

yKa3aHHOM OOIIIEM BH/JIE.
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Ilpumep evinonnenus 3a0anus.

Haiitu yactHoe pemienue nudepeHuanbHOro ypaBHEHUSI BTOPOTO MOPSJIKa,
YAOBJIETBOPSIOLLEE 3aJaHHBIM HaYaJIbHBIM YCIIOBUSAM:

|
y‘x:o =5

y"+4y'+13y =5sin3x, y| = x 2

g’

Pewenue. Xapakrepuctuueckoe ypaBHEHUE r? +4r +13=0 umeer KOpHU

e 42 -4.13 —4+-36 -4+6i 2+ 3i
12~ - - S
, 2 2 2

Torma y =& 2*(C,cos3x +C,sin3x).
Yucna +3i He SBIAIOTCA KOPHAMU XapaKTEPUCTUUECKOTO YPABHEHMS, [IOITOMY
y* = Asin3x + Bcos3x,

(y') =3Acos3x —3Bsin3x,

"

(y*) =—9Asin3x — 9B cos3x.

HOI[CTaBJ'IﬂeM y* " €C IIPOU3BOAHBIC B HCXOOAHOC YPABHCHHC U I1OJIy4aCM

—9Asin3x —9Bcos3x + 4(3Acos3x —3Bsin3x) +13( Asin3x + Bcos3x) =C,
(4A-12B)sin3x+ (4B +12A)cos3x =5-sin3x + 0-cos3x;

1
sin3x: 4A—1ZB:5} A=—
p—

8
cos3x: 4B +12A =0 B__3|
8

O61iee pernieHUe YpaBHEHUSI UMEET BT

y =& *(C,co83x +C,sin3x) + %sin 3x —gcos3x .

Haiinem 3nauenne xoHCTaHT C;,C, M3 HawanbHbIX ycnoBui. [l osToro ompenenum

MIPOU3BOIHYIO

y' =—2672%(C,cos3x + C,sin3x) + ¥ (~3C, sin3x +3C, cos 3x ) +

+§c053x+gsin3x
8 8

" 3allMIIEM CUCTEMY ypaBHCHI/Iﬁ AJI1 OIIPpEACIICHUS 3HAYCHUM IMPON3BOJIbHBIX KOHCTAHT
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3anaua 4.

Teopemuqecm{e ceeoenus.
CmeneHnnbiM psi0oM HA3BIBAIOT PAJT BUA
2 n o n
ag+a(x—a)+a,(x—a) +...+a,(x-a) +...= > a,(x-a), (9)
n=0

PACTIONIOKEHHBII IO CTENeHsAM ABywIeHa (X —a).
B cooTtBercTBUU ¢ Teopemoit AGens psin (9) cxonuTes Ha UHTEpBaAJe X € (a -R,a+ R) :

a I BCEX X, JCKAIIMX BHE JTOr0 MHTEpBaia, psa pacxomutcs. Yucimo R HaspIBaroT
paouycom cxooumocmu CTETIeHHOTO psina. Ha xoHnax wHTepBana (mpu X=a—R u npu
X=a+R) Bompoc 0 CXOAMMOCTH U PACXOJUMOCTH JAHHOTO psiia periaeTcs
WHINBUAYAIbHO IS KaXKIOTO KOHKPETHOrO psaa. Y HEKOTOPBIX PSAIOB HHTEPBA
CXOAUMOCTH BhIpOXkaaeTcs B Touky (R =0), y apyrux oxBarsiBaet Bcio och Ox (R =o0).

CornacHo npu3Haky Jlamambepa paguyc CXOIUMOCTH ONPEICIISIOT 10 GopMyIie

- a
R=lim|—"

nN—o0

. (10)

an +1

Ecnu Bocnonbs3oBaThes npusHakom Komm, To

R=lim_L_

n—oo N a,
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Ilpumep evinonnenus 3a0anus.

Haiitn wuHTEpBan CXOAMMOCTM psa H  HUCCIENOBAaTH  €ro

00 n
CXOONUMOCTDb Ha KpaAaX MHTCPBAJad

= n-10"

Pewenue.

Pamnyc cxogumoctu onpenenum 1o ¢opmyie (10):

a, n+1

n+1
_fim |20 im DL . Iim(1+1j=10.

n—wo| n -:I_On_l n—o N n—o0 n

R=1lim

n—o0

an +1

5 0 (_10)n 0 (_1)n
Ha xonmax maTepBana: npu X =-—10 mosydum 4ucCIOBOM psin ZW = Z—,
n=1 N n-1 N

KOTOPBIN SABJISIETCS 3HAKOUEPEAYIOIUMCS U CXOAUTCA 1o Teopeme JIelOHuIa, Tak Kak ero

. 1 1 .1
YieHbl YOBIBAIOT MO a0COJIIOTHOW BenuuuHe 1> 2 > 3 >... u lim==0. IIpu x=10
n—owo N

o0
MOJIYYMM TapMOHHYECKUU Pl Z—, KOTOpBIN pacxonutca. Takum o0pa3om, JaHHBIH
n=1

cTerneHHoun ps cxoxutes mpu X € [—-10;10).

3agaua 5.

Teopemuqecmze c6e0eHUsl.

OcHOBHBIE dJIeMEHTapHbIe (PYHKIIMM HMMEIOT TPOCThIE pPA3JIOKEHUS IO CTEMEHAM X,

KOTOPBIC MPCACTABJICHBI HUIKC:

2 3 n
e =1 X X s VX & (—o0,00),
1 21 3! n!
3 5 7 2n-1
smx:—l—x—I x_l_x_l (-)™ X_ ... Vxe(—o0,00),
1 3 5 7 (2n-1)
2 44 6 8 g X2
COSX:].——' m—a g— (—1) (Z—n)!+ VXE(_ij)l
(1+x)m—1+m +m(m—1)X2+” +m(m—l)...(m—n+1)xn+MVX€(_1’1)’
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x> x3 xt X n-1 X"
In(1+x)_X_7+?_7+€_”.+(_1) 74‘ VXE(—].,].),
3 5 7 2n-1
arctgx:x—X—+X——X—+...+(—1)n_1X +... VXe(—l,l].
3 5 7 2n-1

[Tpu npuOIMKEHHBIX BHIYUCICHUSIX ONPEIETICHHBIX HHTETPAIOB TPeOyeTCs Pa3ioKuTh
MOJBIHTErPATbHYI0 (PYHKIIMIO B CTENEHHOM psjl, KOTOPbIA B TIpeaeliax HWHTEpBaia
CXOJMMOCTH MOKET OBITh MOWIEHHO NMpouHTErpupoBaH. Mcnonb3ys popmyny HeroToHa —
JleitbHuIa,  OMpeAENICHHbIM  WHTErpajd  BBIUMUCISAIOT  KaK  YaCTUYHYIO  CyMMY
NOJIyHArOIIerocss 4YHUCIOBOro psga. Eciam psag  3HaKodepeayromuiics, TO TOYHOCTb
MPUOJIMKEHHBIX BHIYUCICHUM HE IPEBOCXOIUT MEPBOTO U3 OTOPOIIIEHHBIX YJICHOB.

Ilpumep evinonnenusn 3adanus.

Brraucnuts onpeaeneHHslii nHTErpai ¢ ToyHOCThI0 10 0,001 myrem pasznoxenus

HOIIBIHTGI"pEUIBHOﬁ (bYHKHI/II/I B pAd U IIOYWICHHOI'O MHTCIPUPOBAHHA 3TOI'O psaa:

0’Ssinx
[ 20 g
R

Pewenue.
Hcnonb3yem pasiiokeHue B psi Ut GyHKIUK SINX U TOJACTaBUM €r0 B IMOBIHTEIPATBHOE

BBIPAKCHUE

05 . 0,5 3 5 2n-1
dex:j E(xX—+X—+...+(l)n+1X—+... dx =
) !

X o X\ 3t o (2n-1)!
o0 2 x* 2n-2
- J.(lX_JFX_JF ()™ ’ . |dx =
A (2n-1)!
° X5 ( )n+l in_l 05
"33 5 N o] =
313 515 (2n-12n-1) )
et et +(_1)n+l L t.x
2 2%313 2%515 22" (2n-1)(2n-1)

~0,5-0,0069 +0,00005~ 0,5—-0,0069 ~ 0,4931~ 0,493.
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B BbIunCIIEHHAX NPUBENECHBI NIEPBBIE TPU WIEHA PAa C COXPAHEHUEM YETBIPEX 3HAKOB
IIOCJE 3aIsITOM, TaK Kak 3afgaHHas To4yHOCTh cocrtaBipieTr 0,001. Tpermin unen psga

OTOpOIIIEH, TaK KaK OH MO BEJIWYMHE MEHBIIE 3aJaHHON TOYHOCTH (0,00005) <0,001. B

OKOHYATCIBbHOM PE3YJIbTATC ITPOBCACHO OKPYIITICHHUC 10 TPCX 3HAKOB IIOCJIC 3aMsTOM.
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YerBepThii cEMeCTP

[TPUMEPHI PEHTIEHUA 3AJTIAY

3agava 1.

TeopemuquKue ceeoenus.
[Tpu kimaccuyeckoM OnpeeiCHUN 8eposIMHOCHb COObIMUS OTIPENICTIACTCS PABEHCTBOM
P(A)=m/n,

rac m — YUCJI0 3JICMCHTAPHBIX MCXOJ0B I/ICHBITaHHI;'I, 6HaFOHpI/I${TCTBYIOI_HI/IX TTIOABJIICHUIO

coOBITUS A, n — 00IIIee YNCIIO PIEMEHTAPHBIX UCXOI0B UCTIHITAHUS.
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Yucnom couemanuti u3 | s1eMeHTOB 1O K HaA3bIBAIOT KOJUMYECTBO KOMOMHAIIMIMA,
cocTaBlieHHBIX U3 | 3;meMeHTOB 10 K, KOTOpBIE OTIMYAIOTCS XOTS ObI OJTHAM 3JICMEHTOM.

Yuciio couetanuit

ke
K1(l —k)!

Ilpumep évinonnenus 3a0anus.

B smmuke umeercs 15 netaneit, u3 kotopsix 10 okpameHHbIx. COOPIIMK
Hayjady U3BJIEKaeT TpH aeTaiu. HailTu BepOsSTHOCTh TOrO, YTO U3BJICUCHHbIC

ACTAJIN OKAXKYTCA OKpaIlICHHBIMMU.

Pewenue:

a) o011ee YuciIo BO3MOKHBIX JIIEMEHTAPHBIX UCXO/I0B UCIIBITAHUS PABHO YHCIIYy CIIOCOOOB,
KOTOPBIMU MOKHO U3BJICUb TPH JIETAJU U3 MSATHAIIATH, TO €CTh N = Cf’s ;

0) YKCII0 MCXO0B, OJArONPUATCTBYIONIMX MHTEPECYIOIIEMY HAC COOBITHIO, PABHO YHCITY
CIoco00B, KOTOPHIMHU MOKHO BBIOpATh TPU OKpalieHHBIX AeTaiu u3 10, To ecTh M= Cf’o;
B) HCKOMAasi BEPOATHOCTh paBHA OTHOIIEHWIO OOIIEro 4YHCIIa WMCXOAOB K YHCIY

6HaFOHpI/IHTHBIX HCXO0a0B

10!
m CY 3171 10t121  74.8.9.10-12 24
n c I 71150 A.121.13.14.15 91
31121

0,26.

Ilpumep evinonnenusn 3adanus.

B nmaptuu u3 10 neraneit umeercs 7 cranaapTHeix. Haynauy oro6paHs! 5
netaneil. OnpeaenuTb BEpOsSTHOCTh TOTO, YTO CPeAN OTOOPAHHBIX AeTallen

POBHO TP CTaHIAPTHBHIX.

Pewenue:
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a) 0611166 YU CJIO BO3MOXKHBIX JICMCHTAPHBIX UCXOA0B UCIBITAHUSA PABHO YHUCITY CHOCO6OB,
KOTOPBIMHA MOKHO HU3BJICYD IISITh I[CTaJIeﬁ U3 JeCIATHU, TO €CTh N = CJ?O ,

0) HaliieM YUCIIO UCXO0B, OJIArONMPHUATCTBYIOIIUX UHTEPECYIOLIEMY Hac COOBITHIO (Cpeau

OTOOpaHHBIX IATH JeTalleil POBHO TPH CTaHAAPTHBIC): TPH CTAHIAPTHHIC JCTATH MOXKHO
BBIOpaTh W3 7 CTaHAAPTHBIX [eTajeit C73 criocobamu; MpU 3TOM OcCTaiubHbIe (5—-3=2)
JeTald JIOJDKHBI OBITh HECTaHJAPTHBIMHM, KOTOpPbIE MOXHO BbIOpaTh H3 (10-7=3)
HECTaHJIAPTHBIX JIeTalei, IMEBIINXCS B MMAPTHUH, C:f cnocobamu. CrieoBaTeNnbHO, YUCIIO
0JIarONpUsATCTBYIOIIUX UCXOJIOB M = C73 -CP? :

B) HCKOMas BCPOATHOCTb pPdaBHA OTHOIICHHIO O6HI€I‘O qucila HCXO0I0B K YHCILY

6J'IaFOHpI/I$1THBIX HucxoaoB

713
3.C2 a1a1 o1 7551 .M .5.5] |
P(A):E:C7 5C3:3!.4! |2!.]_!:7.5.5.: . M.5.5 L :§:0’375
N Cy 10! 2-4+100 2.40.71.8.9.10 4.8.10 8
5151

Teopemuueckue ceedenus.
BeposiTHOCTH COOBITHS A, KOTOPOE MOXKET HACTYMUTH JIUIIb TIPH TOSIBJICHUH OJTHOTO U3

HECOBMECTHBIX coObITHH (TMnOTE3) Hi, H,,...,H, , 00pasyromux nonnyo rpymiy, paBHa

CyMME€ TMIPOM3BEIAECHUN BEPOATHOCTEW KaXJAOW W3 TUIOTE3 HA COOTBETCTBYIOLIYIO

YCIIOBHYIO BEPOSTHOCTh COOBITHS A:

P(A)=P(Hy) Py (A +P(H,) By (A)+...+ P(H,)- Py (A),
rae P(H;)+P(H,)+....+P(H,) =1.

[TpuBenennyo GopMyy Ha3bIBAIOT (hOPMYIOU NOTHOU EPOSMHOCTIU.

Ilpumep évinonnenus 3ad0anus.

NmeroTcs Tpu mapTtuu aeraineut mo 20 geraneit B kaxxaoi. YMciao cTaHIapTHBIX
JieTanei B MepBOii, BTOPOM U TPEThEN MAPTUSIX COOTBETCTBEHHO paBHO 20, 15,
10. I3 Haynady BeIOpaHHOM NMapTUX HayAaudy u3BiedeHa aetainb. Haitu

BCPOATHOCTD TOI'O, YTO OHA OKAXKCTCA 6paKOBaHHOﬁ.
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Pewenue:
a) 0003HaunM 4epe3 A cOObITHE — B3STas JACTANb SBJSETCS OpakoBaHHON. MOXKHO CcIenaTh

TPU NPEATNONOKEeHU (TunoTesbl): H; — nerans BeIOpaHa U3 nepBoil maptuu; H, — neransb
BpIOpaHa M3 BTOpPOH naptuu; H; — gerans BbIOpaHa m3 Tperbeil mapTuu. Ilockoibky

YHCJIO JeTallel BO BCEX TPEX MapTUSIX PABHO, BEPOSATHOCTH TUIIOTE3 PABHBI
1
P(H) =P(H,) =P(Hy) =~

0) yciioBHas BEpPOSATHOCTh TOTO, YTO JCTajb OyJeT OpakOBaHHOM, €CIIM OHAa B3sTa W3

MIEpBOM MapHH, PHl(A) =0; ycioBHast BEpOSITHOCTh TOTO, UTO JAETallb OyaeT OpakoBaHHOM,

y 5 1

eCIM OHa B3SITa W3 BTOPOH mapuu, Py (A) = >0 Z; yCIIOBHAsI BEPOSATHOCTH TOTO, YTO
y . 10 1

fieTank OyneT OpakOBaHHOM, €CIH OHA B3fiTa U3 TpeTheil napun, By (A) = >0 =5

B) MCKOMasl BEPOSITHOCTh TOTO, YTO BbIOpaHHAs Haynaudy JETalb ABISIETCS OpakOBaHHOM,

HaxXoaHuTcCs 110 (I)OpMYJIe IIOJTHOM BCPOATHOCTH

1
P(A)==-0+—--—+
(A)=3-0+3

Teopemuueckue ceedeHus.

BeposTHOCTE TOrO, YTO B HE3aBUCHUMBIX HCHBITAHUAX, B KAKIOM W3 KOTOPBIX
BEPOSATHOCTH MOsBJIeHUs coObiThs paBHa p (0 < p < 1), cOOBITHE HACTYIUT POBHO K pa3
(6e3pa3nruuHO B KaKOM MOCIEA0BaTEILHOCTH), ONpeeseTcs no ¢opmyne bepuyniu

k ~k Nk

Pn (k) = Cn p q ’

rae =1—p — BEepOSATHOCTH TOTO, YTO COOBITHE B KAKJIOM U3 UCIIBITAHUM HE TOSIBUTCS.

Ilpumep evinonnenusn 3ao0anus.

BeposTtHocThs BcxokecTH ceMsH niueHusl paBHa 0,9. KakoBa BEpOSITHOCTh

TOTI'O, YTO U3 YCTBIPCX INOCCAHHBIX CCMSIH BSOﬁHYT HC MCHCC TPCX.
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Pewenue:
a) mycTh coObITHE A — 13 4 cCeMsH B30HIYT HE MEHee TpeX CeMsiH; coObITHE B — 13 4 ceMsH
B30MAYT 3 ceMeHu; coObitTue C — U3 4 cemsH B30oiayT 4 cemenu. [lo Teopeme cnoxeHus
BEPOSITHOCTEN
P(A)=P(B)+P(C).

0) BeposiTHOCTH coObITHI B 1 C onpeienum 1o Gpopmysie bepHyiu:

4!
P(B)=P,(3)=Clp%g*3=—"_.0,9%.(1-0,9)=0,2916
(B)=PR,(3)=C,p°q 31(4_3)! ( )=

P(C)=P,(4)=C;p*q**=0,9"=0,6561.
B) rickomast BeposiTHOCTE P(A)=0,2916 +0,6561=0,9477 .

3agaua 2.

Teopemuueckue ceedeHus.
Eciau 4uciio MOBTOPSAIONIMXCS HCHBITAHUN BEIUKO, TO OMNPEIEIICHHE BEPOATHOCTH IIO
dopmyne bepHy/IM 3aTpylHEHO H3-3a TPOMO3JKOCTH BbIUMCIECHUUA. B 3TOM ciyuae

MPUMEHSIOT PUOIIKEHHYIO (DOPMYITy, BRIPAXKAIOILYIO JIOKAIbHYI0 meopemy Jlannaca:

L o
Jopg

P (k) =

2

e 2 I/IX—k_np

rae ¢(X) = .
\/ \/NPq
3nadyenus GyHKIHA @(X) ONPEACIIOTCS M3 TaOIUIbI, IPUBEACHHON B IPUIOKECHHN 1.

Ilpn ManmbIX 3Ha4YeHWSX BeposTHOCTH p ansd  BerumceneHus P (K)  mpumenstor

ACUMITOTHYECKYIO hopmyny [lyaccona

k
P. (k) z%-e‘l, rae e=2,7182...; A =np.
Orta dopmyna ucnonbzyercs npuA <10, npuueMm Yem MeHbIIE p W OOJbIIEC 7, TEM

pe3ynbTaT TOYHEE.

Ilpumep evinonnenusn 3ao0anus.



52

BeposiTHOCTh BexokecTu cemsiH nuieHuns! paBHa 0,9. Haiitu
BEPOSITHOCTH TOro, 4To U3 400 mocessHHbIX ceMsiH B3oayT 350

CCMIH.

Pewenue.

a) u3 YCIOBUS 3a1a4u pP=0,9,0=1-0,9=0,1,n=400; k =350. Torma

X:350—4OO-O,9:_Ez_1’67;

\400-0,9-0,1 6

0) u3 Tabuuiel B puiioxenun 1 Haxonum ¢(—1,67) = ¢(1,67) =0,0989;

B) HCKOMasi BEPOATHOCTh paBHA

P, (350) ~ .0,0989 ~ 0,0165 .
i00(350) 400-0.9-0,1

Ilpumep evinonnenus 3a0anus.

Cpemn cemsn nmennnsl  0,02%  copmskoB. Kakosa
BEPOSITHOCTh TOTO, YTO Tpu ciydaitHoM otoope 10000 cemsiH

Oyner 0OHapy>KEHO 6 CEMSH COPHSIKOB?

Pewenue.
W3 ycnmosus 3amaun P =0,0002; n=10000;k =6. Torma A =10000-0,0002=2.
Hckomast BEpOATHOCTh paBHA

6
P.o000 (6) = % WS % -0,1353~0,012.

3agaua 3.

Teopemuuecxue ceeoetusl.
Ecan BCPOATHOCTDb HACTYIIJICHUA coObITHS A B KaXXJI0M U3 7 HUCIIBITAHUM MMOCTOSIHHA U

paBHa p, To BeposTHOCTh P (K, <k <k,) Toro, uro cobbiTme 4 B TakMX HCIBITAHUIX
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HACTYIIUT HE MeHee K, pa3 u He Oonee Kk a3, OIIPCACTIACTCA 110 UHTECT aJIbHOU TeopeMe
1 2 )

Jlanumaca gopmyiioi:

1 15
Pn(klgkgkz)z?.ie dx,
riae o = upf= , q=1-p
A/ NPq v NpPg
x t?

OyHKIHS q)(x):T'je_zdt HaspiBaeTcs ¢yHkiueit Jlammaca. B nmpunoxxenuun 2
V2
0

nanbl 3HadeHus dtor pyHkmmu mias 0<x<5. Ilpu Xx>5 dynkuus ®(x)=0,5. Ilpu
OTPUIATEIILHBIX 3HAYCHHUSX X B CWIy HeueTHocTH QyHkmumm Jlammaca @®(—x)=-D(X).

Ucnonb3ys ¢pynkiuio Jlamnaca, umeem

P.(k, £k <k,)) = DO(f) - D() .

Ilpumep evinonnenusn 3adanus.

[IponieHT BcxoxecTu ceMsiH neHunbl paBeH 90%. HailT BeposiTHOCTB TOTO, 4TO

n3 500 nocesHHbIX cemsH B3ouAyT oT 400 no 440 cemsH.

Pewenue.
a) m3 ycnosus 3amaun P=0,9;q=1-0,9=0,1 n=500; k; =400; k, =440.
400-500-0,9 _ ~440-500-0,9

~—(,45; = ~
\/500-0,9-0,1 p {/500:0,9-0,1

0) 13 TaOJIUIBI B MPUIIOKEHUN 2 HAXOIUM

®(~1,49) = —D(L,49) ~ —0,4319; P(~7,45) =-D(7,45) ~-0,5.

-1,49.

Torma o =

B) HCKOMasl BEPOSTHOCTh paBHa

P,,, (400 <k < 440) ~ d(—1,49) — d(7,45) =—0,4312 +0,5=0,0681.
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3anaua 4.

Teopemuueckue ceedenus.

Jluckpemnoii Ha3bIBAIOT CAYYAUHYIO GeIUYUHY, BO3MOXKHbBIE 3HAUEHHUS] KOTOPOU €CTh
OT/ICJIbHBIE U30JIMPOBAHHBIE YK CIIA, KOTOPHIE 3TA BEJIMYMHA PUHUMAET C ONPEACICHHBIMU
BO3MOXHOCTSIMU. 3AKOHOM pachnpedeiieHus TUCKPETHOW CclydyallHON BEJIMYMHBI HA3bIBAIOT
nepedyeHb €€ BO3MOXKHBIX 3HAYEHUN U COOTBETCTBYIOIIMX UM BEPOATHOCTEH. DTOT 3aKOH

MOKET OBITh 3a/laH B BUJE TaOJIMLBI, MEpPBas CTPOKAa KOTOPOU COAECPKUT BO3MOXKHBIE

n
3HAYEHUS X;, a BTOpas — BEPOSITHOCTH P;, IPAYEM Z p; =1:
i=1

X X5 e X

P N O

XapakTepUCTUKON  CPEOHEro  3HAYEHUs  CIIyYalhHOM  BEJIWYUHBl  CIIYXKHUT
MaTeMaTH4YeCKoe OXXuaaHue. Mamemamuueckum odxcuoarHuem ITUCKPETHON CiydyailHOU
BEJIMYMHBI HA3bIBAIOT CYMMY MPOU3BEICHUN BCEX €€ BO3MOXHBIX 3HAUYCHUW HA HUX
BEPOSITHOCTH:

n
M (X) =Xy + Xo Py + oot X Py = D%y (1)
i=1

CBolicTBa MAaTEMaTHYECKOTO OKUJAHUA:

1) MAaTEMaTUYECKOE OXHUIAHUE TOCTOSSHHOW BEJIWYMHBI PABHO  CaMOM
TTOCTOSIHHOM;

2) MOCTOSIHHBIA MHOKHTEIb MOKHO BBIHOCHUTH 3a 3HAaK MaTE€MaTH4YE€CKOTO
OKUJaHMS,;

3) MAaTEMATUYECKOE  OXHUJAHWE TMPOU3BEICHUS B3aUMHO  HE3aBHUCHUMBIX

CIIyYallHbIX BEJIMYWH PAaBHO NPOU3BEACHHUI0O MATEMATHYECKUX OKUIAAHUU
COMHOXXMTEJICH;
4) MAaTEMATHYECKOE OXUIAAHUE CYMMbI CIYyYalHBIX BEJIMYUH PAaBHO CyMME

MaTEMAaTHYCCKUX O)KI/IJIaHI/Iﬁ cJlara€MbIX.
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Jlucnepcuen C1yd4ailHOM BEJIMYMHBI HA3bIBAIOT MATEMATUYECKOE OXXKUIAHUE KBaJpaTa

OTKJIOHCHUA CJ'Iy‘—I&fIHOfI BCINYHHBI OT €€ MaTCMAaTHU4YCCKOI'O OKUJaHUA:

D(X)=M[X =M (X)].

Jucnepcuio y100HO BBIYUCISTH 1O (hopmyJie

D(X) =M (X?*)-[M(X)F*.

CBoiicTBa IUCTIEPCHH:

1) nucriepcus MOCTOSTHHOM BEJIMYUHBI PaBHA HYIIIO,

(2)

©)

2) IIOCTOSIHHBIM MHOXKMTEJIb MO>KHO BBIHOCHUTH 3a 3HAK AUCIICPCHUH, BO3BOAA €TO B

KBaapar,

3) amcriepcusi CyMMbI HE3aBUCHMBIX CIYYalHBIX BEJIMYUH paBHA CyMME JHMCIICPCHIA

cJlaraCMbIX.

Cpeonum  xeadpamuueckum OMKIOHEHUeM CIy4ailHOM BEJIMYUHBI

KBaJpaTHBIM KOPEHB U3 TUCIIEPCHUMU:

&(X)=/D(X).

Ha3bIBAIOT

(4)

CpenHee KBaJpaTU4YEeCKOE OTKJIOHEHHE CIy4alHOW BEIMUYMHBI XapaKTEPHU3YeT paccesiHhe

BO3MOYKHBIX 3HAYEHHUU CIIy4YaliHOM BEJIMYMHBI BOKPYT €€ CPEAHErO 3HAUCHUS.

Ilpumep evinonnenusn 3ad0anus.

3ajaH 3aKOH pacHpeesieHUs] TUCKPETHON CIy4ailHOM BEJIMYMHBI
X. Hailtu ee maTeMaTH4eCKOE OXKHUJAHUE, TUCIIEPCUIO U CPEAHEE

KBaAPaTHICCKOC OTKIIOHCHHUC.

X 40 42 41 44
P 01 03 02 04

Pewenue.

a) BpluncnuM MaTeMaTHYeCKOE OXKMJAHUWE 10 33JaHHOMY 3aKOHY pachlpeleieHus

JUCKPETHOM CIIy9aifHOW BETUYMHBI, TTOJIB3YsICh opmynoi (1):

M(X)=40.0,1+42-0,3+41.0,2+44.0,4=42,4;

0) BBIYHMCIIMM JUCIIEPCUIO, BOCIIOIL30BaBIINCH hopmyiioi (3). 1Jist 7TOro cocTaBUM 3aKOH

pacnpeneneHus KBaapara CIy4aliHOW BEIUYUHBL:
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X2 402 422 412 442
P 01 03 02 04

Torma M (X?2)=402-0,1+42%.0,3+41%-0,2 + 442 .0,4=1799,8;
D(X)=1799,8—42,4? =2,04.

B) CpeHee KBaIpaTUIECKOe OTKJIIOHEHHUE BBIUUCIUM 110 Gopmyrie (4):
o(X)=4/2,04 =1,43.

3ajaua 5.

Teopemuueckue cgedeHus.
Dyukyueu pacnpedenenus (AHTETpAIbHONM (DyHKIMEH pacrnpeleseHusi) Ha3bIBaIOT

¢ynkmuro  F(X), ompenensromryro Ais KaXIOro 3HAYEHUS X BEPOATHOCTH TOTO, YTO
Cy4yaiHas BeIn4urHa X MPUMET 3HaYEHNE, MEHBIIIEE X, TO €CTh

F(x)=P(X <X).

CBoiicTBa HHTErpaIbHOW (DYHKIIMM paclpeiesICHUs:

1) 3HaueHus QyHKIUM pacTpeieICHUs TPUHAJICKAT OTPE3KY [0;1];

2) GyHKIHS pacipe/esieHUs €CTh HeyObIBaroIast QyHKIIHS,;

3) BEpOSTHOCTH TOTO, YTO CIy4aliHasi BEJIMYMHA X MPHUMET 3HAUCHUE, 3aKIIOYCHHOC B
untepBane (a;b), paBHa npupamieHHI0 (YHKIMM pacIpefelieHHs Ha OTOM
untepaine: P(a< X <b)=F(b)-F(a);

4) BEpOSITHOCTH TOTO, YTO CIy4aiiHas BedUuMHa X TPUMET OJHO OIPEISIICHHOS
3HaYEHHE, HAIIPUMED, X;, PABHA HYIIIO;

5) eciu Bce BO3MOXKHBIC 3HAUCHHS CIyYallHOW BETUYMHBI X MPUHAICKAT UHTSPBATY
(a; b) , TO

F(x)=0 Wvx<a; F(x)=1 Vx=>b.
Hugppepenyuanvnon  ynxyueii pacnpedenenus f(X) HenpepblBHON ciydaiHON

BEJIMYMHBI HAa3bIBAIO NIEPBYIO MPOU3BOIHYIO OT GYHKLUU pacIpeieTICHUsI:

FO)=F(x). ()
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Ecimu 3amana muddepennmansuas ¢pyakus pactpenencaus f(X), BeposTHOCTH TOTO,

qTo cnyqaﬁHa;I BeauunHa X IMPUMCT 3HAYCHUC, 3AKIIIOYCHHOC B MHTCPBAJIC (a;b), paBHaA
b

P(a< X <b)=jf(x)dx.
a

Mamemamuueckoe odcudanue HETPEPBIBHON CIIydalHON BeTWYUHBI X, BO3MOXKHBIC

3HAYEHUS KOTOPOU MPUHAMJIEKAT BCEW YMCIOBOM OCH, ONIPENEISAETCS PABEHCTBOM

M(X)=+j:oxf (x)dx.

—00
Ecan Bce BO3MOKHBIC 3HAUCHMS CJIY‘-I&ﬁHOfI BEJIMYUHBI X I[MPpUHAAJICKAT HMHTCPBAIY

(a;b), To
b
M (X) =jxf (X)dx.. (6)

Llucnepcuen nenpepwvignou cayyaunou eeaudunsvl X, BO3MOXKHBIE 3HAYEHHUS KOTOPOU

MIPUHAJIEKAT BCEN YMCIIOBOM OCH, OTIPEIEIISIETCS PABEHCTBOM

D(X)=T[X—M(X)]zf(x)dx W D(X):szf(x)dx—[M(X)]z.

—00
Ecnn Bce BO3MOKHBIE 3HAUEHMS CIIyYalHOM BEIWYMHBI X NPUHAIICKAT UHTEPBAILY

(a;b), TO

b b
D(X)=[[x-M(X)] f(xdx  wmr  D(X)=[x*f()dx—[M(X)]". (7)

Ilpumep évinonnenus 3ad0anus.

HenpepriBHast ciydaiiHas BenuuuMHa X 3aJlaHa  WHTErpalibHOM  (yHKUHEH
071dé x<0,

pacrpenenerns F(x)={x> 188 0< x <1,
17 de x >1.

TpeOyetcs HaWTH g depeHnnanbHy0 byHKLIHIO pacrpeneneHus

MAaTCMaTHICCKOC OKUJAAHHUC U JUCIICPCHIO.
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Pewenue.
a) ITo ompenencuuio (5) HarigeMm nuddepenimanbayo GyHKIU0O pacnpeaencHus f(X)
KaK IMPOM3BOIHYIO OT 33JaHHOW WHTETPATBHON (QYHKITH PaCTIPEICIICHUS:
0ide x<0,
f(x)=43x?7186 0<x<1,
070dé x>1.
0) MaTeMaTHYECKOE OXHJIaHue BeMUCIHM 110 hopmyite (6). Tak kak ¢pynkmus f (X)

npu X<0 u X>1 paBHa HyII0, TO UMEEM

3x* "

1 1
3
M(X) = | xf (x)dx = [x-3x%dx =22 =2,
(){ (x) { =3

0

B) BBIYUCIIUM JUcCIiepcrIo 1o ¢opmyie (7)

o 3Y a2y _af( w4 3,2, 9 2
D(X):_[ X——| -3X dx:3j X" —=x"+—Xx" |dx =
5 4 5 2 16

1
x> 3x* 3x° 1 3 3 3
:3- ———+— :3. ___+_ = —,
5 8 16 | 5 8 16| 80

3ajaua 6.

Teopemuqecmte c6eoeHsl.

Ecnu 3amana muddepennmanbhas GyHkiusa pacnpenencHus f(X), BeposTHOCTH TOTO,

YTO CIy4dainHas BeJInurHa X IIPUMET 3HAYEHUE, 3aKIIOUCHHOE B UHTEPBAJIE (a; b) , paBHaA
b
P(a<X<b):jf(x)dx. (8)
a

BeposTHOCTh BBITIOJHEHUSI CTPOTMX HEPABEHCTB a< X <b ompexpensiercs TOH ke
dbopmyIIoi.
Hopmanvheim Ha3bIBAlOT PACHPENCIICHUE BEPOATHOCTENM HENPEPHIBHOM CIyYalHOU

BenuuuHbl X, nuddepeHunanbHas (QyHKIUS pacrpeiesieHus KOTOpPOro  HMMEeT BH/I
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_(x—a)2
2
f(x)= e 20° | rme a — MaTeMaTH4ecKoe OXUAAaHWe, O — CpelaHee
o~N2r

KBaJpaTUYECKOE OTKJIOHEHHE X.
Ecmm cinywaiiHas BenmnunHa X pacnpenesieHa 10 HOPMIBHOMY 3aKOHY, TO
BEPOSATHOCTH TOT'0, YTO X PUMET 3HAYECHUE, 3aKIIOYEHHOE B NHTEPBAJIE (a; Jij ), paBHa

P(a<X<ﬂ)=®(ﬂ;aj—(D(a—_aj, 9)

o)

X t2
rae O(X) =— J 24t — ¢ynkuus Jlamnaca (mpuBeIeHa B MPHIIOKEHUH 2).
0

BGPOHTHOCTB TOro, 4To a0COJIFOTHAsI BEJIMYMHA OTKJIOHECHHUS MEHBIIIE IOJIOKUTEIIHHOTO

yucna o, onpeaensercs no popmyse

P(X —a|<5)= 2@(%. (10)
(e

Ilpumep evinonnenusn 3adanus.

JlnuHa aetanu mpencTaBisieT coOOM HOPMabHO PaCIpECCHHYIO CIydaHyro
BEJIMYMHY C MareMaTU4ecKuM oxkuaanueM 40 MM U CpeaHUM KBaJIpaTUYECKUM
OTKJIOHEHHEM 3 MM. HaliTu BepOSITHOCTh TOTO, UTO JJIMHA MPOU3BOJIBHO B3SITON
netanu Oynet 6osbiie 34 MM U MeHble 43 MMm. OnpeaenuTb BEpOSITHOCTh TOTO,
YTO JJIMHA €T OTKIOHUTCS OT €€ MaTeMaTU4ecKoro OKuJaHus He OoJiee ueM

1,5 Mm.

Pewenue.

a) Ilo ycnoBuro 3anaun a =40, o =34, f =43, o0 =3. Torna no hopmyie (9)

3
= ®(1) + ®(2) ~0,3413+0,4772 ~ 0,8185.

P(34< X <43) = @(4‘0’—;34) - @(Mj =0(1)-0(-2) =

0) BEpOATHOCTH TOro, uro a—o< X <a+o, rane a=40,6=15, BeruucauM 1o

dbopmyze (10):
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P(X —40|<15)= zq{%): 2.®(0,5) ~ 2-0,1915 ~ 0,383.

3agava /.

Teopemuueckue ceeoenusi.
Komnnexcrnoim wuciom Ha3bIBaeTCs BEIpAXKCHUE BUJIA
Z=X+1iy, (11)
rae X, Y - BEIEeCTBEHHbIC (eHCTBUTEIBHBIE) YUCTIA,

| =+/—1 - MEUMAs equHUIIA.
Yuciio X Ha3hIBAIOT O0eUCMEUMENbHOU Yacmblo KOMIUIEKCHOTO YUCIa Z U 0003HAYAIOT
x=Rez, a umcmo Yy - muumon uwacmeio yucna z:y=Imz. MHuMas eauHHLA |

2 _ —1. 3amuce

o 2 .
npeacTaBiIsieT co00il KopeHb KBaapaTHOTo ypaBHeHust Z°+1=0, To ecTsp |
KOMILIEKCHOTO uucyia B QopMe (11) Ha3wBalOT aneebpauueckum npeocmasieHuem

KOMIUIEKCHOTO ynuciia. Yucio Z = X — |y Ha3bIBAIOT COIIPSIKCHHBIM KOMIIUICKCHOMY YHCITY
(12).

2 2
Mooynem KOMIUIEKCHOTO YHCJIa Ha3bIBAIOT BEJIMYUHY ‘z‘:\/x +VY°, apeymenmom

KOMIIJICKCHOI'O qHucCiia Ha3bIBAKOT BCIIMYUHY Qp=argz TaKyl1o, qTo

_ X o inn— y . _ y .

Cosp = T SIngp = T ?= arg z=arctg =, rae yroia ¢, OTCUYMTHIBAEMBII
X+ Xty X

NPOTHUB YacCOBOW CTPEJIKH, CYUTACTCS TIOJOXKUTEIbHBIM, B TMPOTHBHOM Cllydae —
oTpunateNbHbIM.  KOMIUIGKCHOE  9YMCIO0  z=X+iy  MOXHO TMpPEJACTaBUTh B
MPUSOHOMempuyeckou ghopme

z=lz|cosp +iz|sinp =|z|(cosp + ising) . (12)

OGosnaunm €'% = COS@+iSing, TOrma MOXHO TEPEHTH OT TPUTOHOMETPUUIECKOU
dbopMBbI IpeicTaBICHUS KOMIIEKCHOTO urcia (12) Kk noxazamenvuoui gpopme:

z= ‘Z‘ew) : (13)

PaccMoTpyuM OCHOBHBIC anreOpanvecKue ONepalnyd HaJl KOMIUIECHBIMH YHCIIAMH

Zy =X +Iy] 1 Zy =Xy +1Y5.
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1. Cnoxenne: 73+ =(X + %o ) +i(yp +Y2).
2. Borunranue: 73— 2y =(X —Xo)+i(y1—Y2).
3. YMHOXeHue: Zl . 22 :(Xl + iyl)'(X2 + iyz): (X1X2 — y1y2)+ I (X1y2 + X2y1) .

. 72, X Xo+ ViV, +i(YiXo — X
4. Jlenenne; L =122 172 y1y22 (Y1Xo = X1Y>)

2
22 22 . 22 X2 + y2

5. Bo3BengeHMe KOMIUIEKCHOIO 4YHCIa B CTEHNEHb: B OJTOM CiIy4ae YIOOHO OT

anreOpanyeckoid (OpMbl TPEJICTABICHUA YHCIIA z=X+iy TEPeUTH K MOKa3aTeJbHON

dopme: z = \z\eiq’. Torna z" = ‘z‘nem ? | u, 3anuchIBas Pe3yNbTaT B TPUTOHOMETPHUECKOMH
dbopme, MOTyInM Tak Ha3bIBaeMyto gopmyny Myaspa:

2" =|z|" (cosng +isinng). (14)
6. U3BnedyeHne KOpHS M3 KOMIUIEKCHOTO 4YHCJIA: KOpHEM N-0il cTeneHu U3

KOMITJICKCHOI'O YHCJIa Z HA3bIBACTCA TAKOC KOMIIJICKCHOC YHMCJIO W, YTO IIPH BO3BCIACHHU

€ro B N-yIO CTCIICHB IOJIYYUM Z: Vz = W, eciiu Wn =7.

I[J'ISI KaXXJ10Io KOMIINICKCHOI'O YHCJIa MOKHO HAWTU N 3HAYCHUU KOpHA N-0l CTEICHU 1O

bopmyie

= |z|(cos%2”k+isin%2”kj, k=0,12,..,n-1. (15)

Ilpumep evinoninenus 3a0anus.

3amaHbl KOMIUIEKCHbIE 4yucia. TpeOyeTrcss a) BBINOJHUTh JEUCTBHUS HaJ
KOMITJIEKCHBIMU YHUCJIaMU B anreOpanyeckod (opme; 0) HallTH Bce 3HAUCHUS

KOPHS U MPEJICTaBUTh OTBET B aliredpandeckon popme:

1-iY 5 s
a)(mj —17; 0)/-I.

Pewenue.
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a) G—;:)Z—P:{%Jz—i-iz:[%}2442:

_(wjz _i.(_l):(‘_mjz Fi=—1+i,

1- (1) 2

2
B npeoGpazoBaHusx UCIONB30BAIM TOT (HAKT, uTo 17 =—1,

6) I BBIYMCIIEHHS <—i TPEICTABAM YHCIO —i B TPUTOHOMETPUUECKOH (opMe.

Iockonbky |-i|=1, cose = % =0,sinp = _T =-1,¢=270", To —i=c0s270" +isin270°".
Haiinem ¥/—i mo dbopmyiie (15):

()

] k:O!112!3!4l

:%[COS 270' +360°k . . 270" +360 k]

k+1 5

(?/—_1)k 1=1-(cos(54o+72°k)+isin(54°+720k)), k=01234,
+

mpu k=0 (¥/=1) =cos54’ +isin54",

npu k=1 (\/—_1)

(42

cos126° +isinl126°,

2

npu K =2 c0s198° +isin198°,

3

N

. c0s270° +isin270°,

ol

-1

(¥-1)
npn k =3 (—)
(¥-1)

npu K =4 c0s342° +isin342°,

5
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