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IlepBbIi cemecTp

3anauva 1.

Teopemuueckue ceedeHus.
B npsimoyronbHO# nekapToBoil cucteme koopauHaT OXYZ TOJOKEHUE 000U TOYKHU

3a/1a€TCsl TPEMS YUCTIAMU — KOOPOUHAMAMU A(X A YasZ A) (pucyHok 1).

,A:(XA,YA,ZA)
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Pucynok 1.

PaccrosiHue Mexny NByMs TOYKAMMU Al(xl, Y1, 21) u A (XZ, y2,22) OIIPENENSAETCs 110

bopmyie

d= \/(Xz - )(1)2 +(y, - y1)2 +(z, - 21)2 - (1)

[lpu pemieHMM 3a7ad aHAJIUTUYCCKOW TEOMETPHHM Ha IJIOCKOCTH HEOOXOIUMBI
CJIEIYIOIINE CBEAEHHUS O NPSIMOU JINHUU:

1) ecnu Touka M(X; y) aemut otpe3ok MiMy (Mi(x1, y1) u Ma(X2; y2)) B OTHOLICHHH A,
TO KOOPJAMHATHI ATOM TOUKH BBIPAXKAIOTCS (OpMyTaMu

:x1+/1x2 y:y1+/1y2 2)
1+4 1+4

ecim ke Touka M(X; Y) - cepeauna otpeska MiMa, TO

2 2

2) ypaBHEHHE IPSIMOM, Mpoxojsied depe3 Touky Mi(Xi; Y1) ¥ MMEIOIIEH JTaHHbIH

X:X1+X2 y:y1+y2; (3)

yIIIOBOM KO GUIHEHT K, 3aITUCHIBAETCS B BUTIE
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Y=y =k(x=x); (4)
3) ypaBHEHHE MPSMOU, MPOXOASINEH Yepe3 ABe JaHHbIe TOUKU Mi(X1; Y1) 1 Ma(X2; Y2),

WMEET BU

X=X — Y-V k:yZ_yl. (5)

) HpI/I 9TOM
Xo=X Yo— ) Xy =X

4) OCTpBIA YroJ MEXAy IABYMs MPSMBIMH C YriIoBbIMH Koddduimentamu Ki u Kz

ompenenseTcs mo Gopmyiie

Ko =k

) 6
1+kqk, (©)

gy =

IIpun 3TOM YCIOBHC IIAPAJUICIIBHOCTH IIPAMBIX HMCCT BHI k]_:kz, a YCIOBHC

NEepHEeHIUKYIApHOCTH K = —ki; (7)
2

A
5) ecau mpsMasi Ha IUIOCKOCTH 3a/iaHa oowum ypasneruem Ax+By+C=0, To K, = B

- €€ YIII0BOM KO3 DUIIUEHT;
6) ecau B OOIlIEM ypaBHEHUM MPAMOU MoAenauTh Bce wieHsl Ha C # 0, momxydum
YpPaBHEHHUE NMPSIMOW B OTPE3KAX:

X Yy C C.
—+==1, a=——,b=——; 8
a b e A B (®)

7) Touka nepecedeHus 1ByX NpsMbiXx A1x+B1y+Ci1=0 u Ax+Byy+Cr=0 onpenensercs

W3 PELIEHUS] CUCTEMBI YPABHEHU M

A o ©)
2X+By+C, =0

Vpasnenue oxpysxcnocmu c¢ uentpom B Touke E(a,b) m pagmycom R wmmeer BuA
(x—a)* +(y—b)* =R2. (10)
Ilpumep évinonnenusn 3a0anus.

Jlaubl BepimHbl Tpeyroiasauka ABC: A(—4;8), B(5;-4), C(10;6).

Haiitu: 1) nnuny croponst AB; 2) ypaBHeHust cTopoH AB u AC B 00111eM BHUJIE U UX

yriaoBbie KO3(QPUIUEHTHI; 3) BHYTPEHHUN yroi A B paJuaHax ¢ TOYHOCTHIO hi (o)
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0,01; 4) ypaBHenue BbicoTbl CD B o0mem Bujae U ee AIUHY; 5) ypaBHEHUE

OKPYXHOCTH, JIJIsl KoTopoil BhicoTa CD ectb nuamerp.

Pewenue:
1) Paccrosaue d MexXIy IByMs TOUYKaMH Ha IUIOCKOCTH orpeaesseTcs mo ¢popmyie (1), B

KOTOPYIO TOJICTaBJICHBI 3HAUEHUS KOOPJUHAT To4Yek A u B (monoxum Z; =z, =0), Torna

AB =/(5—(-4))? + (- 4—8)? = /811144 =15.

2) YpaBHEHHE TIPSIMOIA, IPOXOIAIICH Yepe3 JABe 3alaHHbIe TOUKH uMeeT Bu (5):

[ToncraBuB B (9) KOOpAUHATHI TOYEK A U B, MOIy4YuM ypaBHEHHE NpAMOn AB:

Xx—(-4) y-8 Xx+4 y-8 Xx+4 y-8

5-(-4) -4-8° 9 -12 3 -4
3y—24=-4x-16, wm 4x+3y—-8=0 (4B).

Jlnsg HaxoaeHus yrioBoro koddduimeHta Kag mpsMoil 4B paspeuiM MOJyYCHHOES

YpaBHEHHE OTHOCUTEIIBHO Y: Y = 3 X+ g Orcrona Kag = —g . IToacraBus B popmyiny (5)

Xx—(-4) y-8
10-(-4) 6-8'

koopauHatel Touek A u C, HaligeM ypaBHeHue  npsimoud AC:

x+4 y-8 x+4 y-8
14 -2’ 7 -1

7y-56=-x-4 wm x+7y-52=0 (AC).

OTCIOI[a kAC — _% '

3) Yron Mexay AByMs MPSMBIMH, YIJIOBbIe KOI(D(UIMEHTBI KOTOPBIX paBHBI Ki U Ky,

onpeaensercs o Gopmyie (6). Yron A, oOpa3zoBanHbiii npsiMeiMu AB u AC, HaiiieM 10

dopmyie (6), moncraBus B Hee Ky =K,z = —g, Ko =Kac = —%.



_1_[_4j 4 1 25
7 3 3 7 21
1+ _Lh(4 1+i 2

7 3 21 21

/A =arctgl=45" ~ 0,79 pan.

=1,

4) Taxk kak Bbicota CD neprnienauKyssipHa CTopoHe AB, TO yriioBbie KOA()OUITUSHTH 3TUX

NPSIMBIX CBSI3aHbI COOTHOIIIEHUEM (7), TOATOMY

. 1_ 1.3
0 kAB _ﬂ 4
3

YPaBHeHI/Ie HpHMOﬁ, HpOXOIISIHI@ﬁ 4cpe3 3aJaHHYI0O TOYKY B 3aJaHHOM YIJIOBBIM

koapdurmenToM K Hanpapinenuu, umeeT Buj (4). [ToacraBuB B (4) KOOPAWMHATHI TOYKH

Cu Kep = % , IOJTy4uM ypaBHEeHHE BbICOTHI CD:

y—6=%(x—10), 4y -24=3x-30, 3x—-4y-6=0 (CD).

Jns Haxoxkaenus aauael CD ompenenum koopauHatel Touku D, pemms cucreMmy
ypaBHeHwUi (AB) u (CD):

{4x+3y—8:0

3X_dy_6=0’ orkyna x=2,y=0, Toecrp D (2;0).

[ToacraBus B hpopmyny (1) koopaunatsl Touek C u D, Haxoqum:

CD =+/(10-2)% + (6-0)% =/64+36 =10.

5) Tak kak CD sBisieTcsl AMaMETPOM MCKOMOM OKPYKHOCTH, TO €€ IIEHTp £ ecTh cepeauHa

otpeska CD. Bocnonbs3oBaBmmcs hopmyoii (3) meneHus: oTpes3Ka momnojam, moTydrM:

_Xc +Xp _1O+2:6 yE:yC+yD :6+O:3.

X
E 2 2 2 2

CnenoBarenbHo, £ (6, 3) u R:%:%:S. Ucnonszys popmyny (10), momydgaem

ypaBHEHHE UCKOMOU OKpYXHOCTH: (X — 6)*+(y — 3)?= 25.



3agaua 2.

Teopemuuecmte cBe0eHUsl.

Ecnu wm3BecTHbl Hauano Bektopa Mi(X(,Y1,z) um komernm My(X,,Y,,2,), To

%
KOOpAnHaThI BekTopa d = M;M, HaxonsaTcs no gpopmysiam

X=Xy =X, Y=Yo— V1, 2=2, — 71, (11)

a CI'o AJIMHA OIIPCACIEICTCA BBIPAKCHUCM

\é\:\/x2+y2+22 . (12)

Bekrop @ ¢ koopauHaramu (X, Y, Z) MOJKET OBITh MPEICTABIIECH PA3JIOKEHUEM 10 OPTaM B
BUJIC

d=Xi +Vj+2K. (13)

Ecnu a, B, Y — yrJibl, KOTOpBIE BEKTOp a 00pa3zyeT C MOJIOKUTEIIbHBIMU HAITPABICHUSIMU

ocell KOOpAWHAT, TO COSA, COS[}, COSY Ha3bIBAIOTCS HANPABIAIOWUMU KOCUHYCAMU BEKTOPA

a (pucynok 2). Torma uMEIOT MECTO COOTHOIICHUS

x=|d|-cosa,y=|a-cos B, z=la|-cosy, cos’c+cos’P+cos’y=1.

—

Jlns BextopoB a=(X,Y1,%) u b=(Xy,Y,,2,) BBOMATCS Omeparmu cirodcenus u
YVYMHOINCEHUA HA HUcjio TaKHue, qTo
Axb=(X £X,, Y1 £VY,,21£2,) u A8 =(Ax, Ay, 17;),

rae A — JIr000€ YucIio.

2l

v

l
~.ly

Pucynoxk 2.
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Cransipuvim npouseedenuem AByX BeKTopoB & u b (é : b) HAa3bIBAETCS YUCII0, PABHOE

IMPOU3BCACHUIO JIINH OTHUX BCKTOPOB Ha KOCHUHYC YyIjla @ MCXKIY HHMU,

a-b :\é\-‘b‘-COS(p WM, €CTM BEKTOPHl 3aJaHbl CBOMMH KOOPIMHATAMH, TO

—

a-b=xX + 1Y, +742;. (14)

BGKTOpBI, JCXKamue  Ha OI[HOﬁ WK  MMapaJuICIIbHBIX  IIPAMBIX, HA3bBIBAIOT

—

konmuneapuvimu.  [IpU3HAK — KOJUTMHEAPHOCTH BEKTOpOB a4 W b sBisercs

MpONOPHUOHAIBHOCTb UX KOOPAWHAT!

A _N_4a (15)
X Yo Ip
Eciu BekTops! & 1 b B3auMHO mepneHAUKYISPHBI, TO XX, + ;Yo + 22, =0.  Vron

—

MEXIy BeKTopamMu a u b ompenensercs COOTHOLIEHHEM:

a-b_ X1 X2 + V1Yo + 4429
6l (w2 2 L o2 [v2 L, 2, o2
\a”b‘ \/Xl +Y +4 \/X2+Y2 +1;

YpaBHEHUE IUIOCKOCTH, IPOXOASIIEH Yepe3 TOUYKY MO(XO,yO,Zo) MEPIECHAUKYIISIPHO

COSQ = (16)

BEKTOPY N = (A, B, C), UMeEET BUJ
A(X—Xg)+B(y—-Yq)+C(z—124) =0. (17)

Ilpumep évinonnenus 3adanus.

Janber koopauHathl Tpex Touek: A(3; 0; -5), B(6; 2; 1), C(12;-12; 3).

- -
TpeOyetcs: 1) 3anucats BekTopsl AB u AC B cucteme opT U HAUTH MOJTYJIA STUX

- -
BEKTOPOB; 2) HailTh yroa Mexay Bektopamu AB u AC; 3) cocTaBuTh ypaBHEHUE

%
MJIOCKOCTH, TIPOXO Isiiei uepe3 Touky C neprneHauKysipHo BekTopy AB.

Pewenue:
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_)
1) Haiinem koopauHatel Bektopa AB, monacrasus B popmyiy (11) koopauHATB TOYECK A U

B, n 3anmieM pasnokeHue 3Toro BekTopa 1o opram (13):
- - - -
AB=(6-3)i +(2-0)]+(1+5k =3 +2] +6Kk.
[Tono6HBIM 00pa3zoM

— — - . —
AC=(12-3)i +(-12-0)j +(3+5)k =9 —12] +8k .

- -
Monaynu BektopoB AB u AC nHalizeM, moAcTaBisas uX KoopAauHaThl B popmyiy (12):

_)
AB‘: 324+2246%=7,

_)
AC‘ = /9% 1+ (~12)% + 82 =17.

- -
2) Haiinem xocuuyc yria ¢ mexay Bektopamu AB u AC. JIjis 3TOro BBIYMCIMM HX

CKaJIIpHOE Mpou3BeneHue mno dpopmyse (14):

- -
AB-AC=3-9+2-(-12)+6-8=51.

Torna no popmyse (16)

COSQ = 7517 ~0,4286, ¢ = 6437 =1,13 pan.

3) Ilo ycnoBuio 3amauM MCKOMasl IUIOCKOCTh MPOXOauT depe3 Touky C(12; —12; 3)

5
nepreHaukysapHo Bekropy AB=(3,2,6). Iloacrasmsist B (17) A= 3, B= 2, C= 6,

Xo= 12, yo=—12, 2,= 3, noay4uMm:
3(x-12) +2 (y +12) + 6(z—3) =0,

wi 3x + 2y + 62 — 30 = 0 — uckomoe ypaBHEHHUE TIOCKOCTH.

3anaua 3.

Teopemuqecmte cee0etus.



10

BCKTOpr HA3bIBAIOTCA KOMILJIAHAPHBIMHU, €CJIM OHHU JICKAT B OI[HOﬁ IINTIOCKOCTH HJIN B

NMapasenbHEIX IIOCKOCTAX. YCI0BMEM KOMILTAHAPHOCTH TPeX BEKTOpPoB d; =(X,Y1,Z),

d, =(X,,Y,,2,), 83 =(X3,Y3,Z3)5IBIsIETCA  PABEHCTBO HYII HX  CMEIIAHHOTO
HpOI/I3B€I[eHI/I5{:
XX Y1 7
(a,,8,,85)=[x, Yy, Z,/=0. (18)
X3 Y3 Z3

Tpu BekTOpa 00pa3yIoT 6a3uc B TOM CIIy4ae, €CIM OHU HeKOMNIAHADHYI.
Ecnu mns BekTopoB &;,8,,8; BbIIonHsAercs ycioBue (d;,8,,d3)#0, To oHH 06pasyroT
Gasuc, 1 TF6OH YeTBEPTHIHA BekTop b = (by,b,,b3) Moxer GbITh NpencTaBICH pa3noKeHHEM
10 3TOMY 0a3uCy B BUJIE

b =ad, + fd, +a,, (19)
rie a, f, y — KOOpAUHATHI BEKTOpa b B Gasuce, 00pa30BaHHOM BEKTOpamH dj,d,,ds.

KoopnuHatel a, £, y HaXOAATCS U3 CUCTEMbI YPAaBHEHUIA:

Xy + Xy + pXg =y
ayy + By, + W3 =b,. (20)
azy + L, + y23 =by

Ilpumep évinonnenus 3adanus.

[Tokasate, uto BekTopsl §;(3; 1; 4), a,(2; 1; -1), d;(1; —1; 5) obpasyror Gazuc

TpeXMepHOro npoctpancTBa. Halitu koopaunatel Bektopa b (5; 0; 3) B aTOM Oasuce.

Pewenue:
BbruuciuMm cMmemanHoe Npou3BeIeHHE BEKTOPOB aj,d,,d3
3 1 4
(8,,d,,8;)=2 1 -1=-11=0.
1 -1 5
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Tak kak cMelIaHHOE MMPOU3BCACHHUC OTIMYHO OT HYJIA, TO BCKTOPbI HCKOMILIAHAPHBI U

-

obpasyror 6asuc. KoopmuHatel BekTopa D B 3TOM 0a3mce HaiaeM, pasjoXHB €ro Io

BEKTOpaM dj,d,,d; CIeAyroluM o0pa3oMm:

a KOOpJMHATHI BeKTopa b B HOBOM 0a3uce HaiijieM U3 cucteMbl ypaBHeHHi (20)

a-3+[-2+y-1=5 3a+2+y=5
a-1+p-1+y-(-1)=0 WIN a+p-y=0
a-4+p-(-)+y-5=3 4o — f+5y=3

Pemum 9Ty CUCTCMY AJIA 3aJaHHBIX BCKTOPOB MCTOAOM Faycca.

[lomensieM MecTamMu IEPBOE U BTOPOE YPAaBHEHUS

a+p-y=0
3a+2p+y=5.
da— f+5y=3

[Tocne aToro yMHOKHM MEepBOE YpaBHEHUE Ha (—3) U CIOKUM CO BTOPHIM. Jlasiee yMHOKUM

nepBoe ypaBHeHUE Ha (—4) U CIIOXHUM ¢ TpeThuM. [lomyunm:

a+p-y=0
-p+4y=5.
-54+9y=3

3aTemM yMHOXaeM BTOpOE ypaBHEHHE Ha (—5) U CKJIabIBAEM C TPETHUM:

a+p-y=0
- [ +4y=5.
—11y =-22

N3 nocneanero ypaBHeHnus umeem y= 2. [loficraBisieM 3TO 3Ha4€HHE BO BTOPOE YpPaBHEHHUE,

noyiyuaem = 3 1, HaKOHEl, U3 IEPBOr0 YpaBHEHUs HaXoauM a= —1.
Takum oOpa3om, noacTaBuB B ypaBHeHue (19) koopanHaTel BekTOopa b , momydum

6:—514‘332 +2§3
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3anaua 4.

Teopemuueckue c6eoeHusl.
HeoHopoaHas cucTeMa TPeX yPaBHEHUM C TPEMs HEM3BECTHBIMU B OOLIEM CIIydae UMEET
BUJI
1% +apXy + 13X =hy
81X +8ppXp + BxgX3 =y
31X +Agy X, + 8g3X3 = g
U MOXECT 6BITB 3alluCaHa B ManI/ItIHOM BUIC
AX=H, (21)
a1 A Q3
rie A=|a,; a,, a,; |-MaTpuna Ko3UIMEHTOB PH HEUZBECTHBIX,
dg; dzp dg3
X1

X=| X, | - MarpuLa-cTonoer Hen3BECTHBIX,

H =| h, | marpuna-cronder cBOOOAHBIX YWICHOB.

Ecnu matpunia A — meswipooicoennas, T0O €CTb UMEET ONPEACNIUTENb, OTIUYHBIA OT
HyJIA, TO CymiecTByeT marpuua A, obparnas k A, Tak uro AA=E (E - eaunnunas
MaTpuia). YMHOKHM 00€ 4acTu ypasHeHus (22) Ha Al u momyuum

ALAX=ATH,
WIH
X=AlH, (23)
nockoibKy Al A-X=E-X=X,
PaBencTBO (23) siBRsieTCs pellieHHeM CUCTEMbI ypaBHEHH (22).

Martpuiia, oOpatHasi K HEBBIPOKJACHHOW MaTpule A, HaXOJUTCS TI0 popMmyiie
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1 Ar An Ag
A_lZZ Ao Ayp Ag |, (24)
Az Az Agg

rne A; (1=1, 2,3; j=1, 2, 3) — anreOpanueckoe AONOJTHEHHE JIEMEHTA djj, KOTOPOE
ABJISIETCA TPOU3BEICHUEM (-1)  ma MuHOp (OmpenenuTenb) BTOPOrO MOPAIKA,
IIOJTy4EHHBIA BBIYEPKUBAEM I-ii CTPOKH M J-TO CTOJIONA B ONPEICITHTEIE MATPUIIBI A; A —

OIIPCACIINTCIIb MATPHUIIbI A.

Ilpumep evinonnenus 3a0anusi.

JlaHHYIO cHUCTEeMYy YpaBHEHHMI 3amucaTb B MaTpPUYHOM (opMe U PELIUTh €€ C
MOMOILIbIO OOpPaTHOW MATPULIBIL:

2X1 +3X2 - X3 :8

Xg —Xo +2X3=-1

Pewenue:

BelinuimeM 151 JaHHOM CUCTEMBbI YpaBHEHH MaTpUIly KO3(P(PUIMEHTOB MPU HEU3BECTHBIX

A u cTosioerr cBOOOHBIX wieHOB H:

1 -2 1
A=12 3 -1|, H=
1 -1 2 -1

Beruncnum onpenenutens A u anreOpanyeckue JONOIHEHUS A;;3]IEMEHTOB MaTPULIbI

A
1 -2 1
A=2 3 -1=10=«0,
1 -1 2

CIIeZI0BATENLHO, MaTpula A uMeeT obpaTHyro MaTpuiy AL,

3 -1 L2 -1 b
A11:(_1)1+1'_1 2:5’ A12:(_1)12‘1 2:—5, A13:(—1)13'1 3:—5,
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a2 1 L, L1 L -2
Aa=(D7 ) 2‘:3’ An =D 2‘:1’ An =D —1‘:_1’
-2 1 1 -2
A31 = (_1)3+1 ) 3 _ =-1 A32 — (_1)3+2 ) ; ]‘.IZB’ A33 _ (_1)3+3 1 3= 7

Torna no hopmyine (24) oOpaTHas MaTpuila paBHa

5 3 -1
A"l—% -5 1 3
-5 -1 7

[To popmyne (23) HaxoaUM pelICHUE JTAHHOW CUCTEMBl YPaBHEHUI B MAaTPUUHOM

dbopwme:
. 5 3 -1|[ 1 5.1+3-8+(-1)- (-1) . 30
X:A‘l-H:E- -5 1 3| 8 :11- ~5.1+1-8+3-(-1) 0 0|=| 0.
-5 -1 7||-1 -5-1-1-8+7-(-1) -20| | -2

Orcrona x1= 3, x,= 0, x3= —2.
3agaua S.
Teopemuueckue ceedeHus..
Yucino A wHaswBawT npeaenaoM ynkiuu Y=f(X) B Touke a , eciau 3Ta QyHKIUS
OTpeJieieHa B HEKOTOPO OKPECTHOCTH TOYKH @ , 32 UCKIIOYEHUEM, OBITh MOXKET, CaMOii

TOYKHU & , 1 s Kakjaoro &0 Haitnercs takoe 0>0, 4To /Uit BceX X, YIOBICTBOPSIOIINX

ycioButo 0 < ‘x — a‘ < 0, BHITIOJIHAETCS HEPABEHCTBO ‘ f (x) — A‘ <eg:

limf(x):A, eciu Ve>0 35>0:Vx:0<‘x—a‘<5:>‘f(x)—A‘<g.

xX—a

Beluucnenne — mpenenoB  apu(METHUECKUX  BBIPAXKECHUN F1x) fo(x),

f1(x)- £5(x), f1(x)= f>(x) mo mpenenam dymxmmit f;(x) u f5(x), u3 xoTOpHIX OHM
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COCTAaBJICHBI, HC BCCriga BO3MOXXHO. B »a1nx ClIydasax TOBOpAT, YTO BO3HHUKAIOT

HCOIPCACICHHOCTHU CIICAYIOIINUX BUIOB!:

2] (2] ) fo-0) 7).

I[JBI HaXO0XXACHUA ITPCACIIOB TaKNX HCOIIPCACIICHHBIX BBIpa)KeHI/Iﬁ HY>XHO

YUUTHIBaTh KOHKPETHBIN BUJT QYHKIIUN [ (x) u f> (x) Hanpumep,

IimE:O; (25)

X—0 X

0, ecau n>m

. By (x ) © ap .
npejiea OTHOUIEHHUS IBYX MHOTOWICHOB |{im =|— |={—",eciu n=m ;
X—>0 =N (‘x) 0 m
0,eciu n<m.

. . . _sinx (O _
NIepPBBIN 3aMevarebHbIi npenen lim——=| — |=1; (26)
x—>0 X 0
X
BTOPOH 3aMevaTeNIbHbIN npeaen lim (1 + —j =(1)” =e. (27)
X—>00 X

Benuunna o (X) HaspBaeTcs beckoneuno manou npu X —a, ecau lim a(x)=0. [Ise
X—a

OCCKOHEYHO MaJjible BEJIMYMHBI HA3bIBAIOTCS IKeuedajleHmHbimu, CCINU IMPCACII UX OTHOIICHHA

paBer 1, To ectb a(X)~ S(X), ecnu )!i_rg%:

0
(6 =1. [lox 3HakoM mpenena Jiroodas
OCCKOHEYHO Mallas BEIMYMHA MOKET OBITh 3aMEHEHA Ha SKBHBAJICHTHYIO eil. [IpuBenem
TaOHITy SKBUBAJICHTHBIX OECKOHEYHO MajbIX pu X — 0 BenmnuuH:
sinx ~ X, arcsin X ~ X, a*-1~x-Ina e” -1~Xx,

2
tgx ~ X, arctgx ~ X, 1—cosx~x7. (28)

Ilpumep evinonnenusn 3a0anus.

Boerauciauth MMpCaCIbl:

2
a) lim A" +1x-3 6) lim (\/x2+3x—x),

x>-33x2 +10X+3 x—>c0
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2X _(2x=3)"®
B) lim r) lim :
x—0 arctg5x x—o | 2X+1

Pewenue:

a) HOI[CTaHOBKa MNpcaAcJibHOIO 3HA4YCHUA apryMCHTA x=-3 IMPUBOAUT K HCOIIPCACICHHOMY
0
BBIPAXXCHHUIO B A 6 .

Jljis ycTpaHeHus 3TOM HEOIPeIeICHHOCTH Pa3sIokKUM YUCIIUTENb U 3HAMEHATENb Ipo0U Ha
MHOKHUTENIA U COKPAaTUM Jp0o0b Ha MHOKHTENb (x+3). Takoe cokpauieHue 31€Cb BO3MOKHO,

TaK KaKk MHOXUTEJNb (X+3) OTJIMYEH OT HYJIsI IpU Xx— — 3.

4x2 +11x -3 4-(-3)° +11-(—3)—3:£9j:

lim

x>-33x%2 +10x +3 3-(=3)2+10-(=3)+3 \0

(4x D(x+3) _ lim 4x-1_4-(-3)-1 13
x—> 3(3x+1)(x+3) Cx>-33x+1 3-(-3)+1 8’

0) [Ipu x— co BeIpakeHUEe X2 +3X — X naer HEOIpeIeJIeHHOCTh Bua (oo — 00). [ls ee

YCTpAaHCHUA YMHOXKUM U pa3gCcIuM 3TO BBIPAXKCHUE HA X2 +3X + X , HOCJIC YCT'O pa3aCiInM

YUCJIUTEIb U 3HAMEHATEIIb MOTYYEHHOM 1poOu Ha x , yuuThiBas popmyiy (25):

i (V2 + 3x — x )= (60 — 00 ) = [im (\/x2+3x—xX\/x2+\3x+x)
XI_’“’O( ’ )_( - XI_’“’ (m + x)

X% +3x — X° . 3
= |lim —

\/x +3x+x X \/x +3X+ X *7® /1+ +1

B) [Ipn X — 0 monyunm HEONpeaeIeHHOCTh (gj . O6o3nauum arctgox =Y. Toraa Sx=tgy

u y— Onpu x — (. [Ipumenss coiicTBa npeesios u Gpopmyiy (26), umeem:

2im SNy gim ot 29922
y—0 Y 5y—>0 y y-0cosy 5

x—oarctgbx \0

o (g)z.imzﬁ_@y) :
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9Ty 3aJa4y MOXKHO pPCIINTb, HCIIOJIb3YySA JKBHBAJCHTHBIC 3aMCHBI OECKOHEYHO MaJIbIX

BenuuuH (28). [Tockonbky npu X — 0 sKBUBaJIGHTHBI arctgSx ~ 5X, MOXKHO 3amucath

. 2X 0 . 2X 2
lIim———=| - |=lim—=—.
x—oarctgbx (0/) x—-05x 5
2X—3
2x +1

4x+5
F) HpH X —> 00 BBIPAXKCHHUC ( ) ABJIACTCA HCONIPCACICHHOCTBIO BHIA (100). I[JIH

YCTpaHEHUsI 3TOM HEONPEJEICHHOCTH MPEJACTABUM OCHOBAHUE CTETICHU B BUJIE CYMMBI | U
OECKOHEYHO MaJIoN (IIpU X — ©0) BEIUYMHBI; TOCIE Yero MpUMEHUM (POpPMYIIy BTOPOTO

3aMevaTelIbHOTO mpezena (27):

_ 2% 3 4x+5 _ ox+1_4 4x+5 _ _4 4x+5
lim =lim| ——— =lim|1+ =
x—o\ 2X+1 X—>00 2X+1 X—>00 2x+1

2x+1 -4
. . _4 ~16X-20
) -4 ( —4 j (2x+lj (4x+5) . 5 1-(4x+5) ) ot
=lim|1+ = |lim e4X+ =lime 2x+1 =
X—>0 2Xx+1 X—>00 X—>0
16
) — ] _ 1
—lime 2 =lime ==

X—o0 X—>00 e8
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Bropoii cemecTp

[TPUMEPBI PEHIEHWA 3AJTIAY

3ajaua 1.

Teopemuqecmte ceeoenus.

IIpouseoonou ot ¢pynkuu Y = f(X) mo aprymeHTy X Ha3bIBaeTCs IMPEAES OTHOIICHHUS

npupaieHus GyHKIUA Ay K OpUpPaALIEHUIO apryMeHTa Ax, KOrja mocjieJHEe CTPEMUTCS K
HYJIIO:
Ay

y'=lim —.
Ax—0 AX

[TpousBoaHAas €CTh CKOPOCTh UBMEHEHUS (PYHKLIUU B TOUKE X.
OTbICKaHKE TPOU3BOAHON Ha3bIBaeTcs nudPepeHupoBaHueM QyHKIUH.

OcHosHble npasuna ougpepenyuposanus’

1. (C)' =0, rne C=Const.

2. (x)'=1

3. (U(X)£Vv(x))' =u'(x)£V'(x)

4. (u(x)-v(x))" =u'(x)-v(x)+u(x)-v'(x), (C-u(x))'=C-u'(x)

!

c (u(x)j _u'()-v(x) —u() - v'(x) ( C j _-C-v(x) (u(x)j’zu'(x)
L v(x) v2(x) " Lv(x) v(x) L C C
6. F'(u(x)) =F; -u'(x)

Tabauya npouzeo0uvix snemenmapuvix Gyuxyuil (U =U(X)):
1. "y =n-u"t.u, 4. (sinu)’ =cosu-u’

2. (@")Y=a"-Ina-u’, (e")=e"-u, 5. (cosu)' =—sinu-u’
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3. (log,u)' = -u’, 6. (tgu)' = 5 -u’, 7. (ctgu)' =- _12 -u’,
u-lna cos“u sin“u
8. (arcsinu)’ = u’, (arccosu)’ =-— ! -u’
1-u 1-u?
9. (arctgu)’ = ! -u’, (arcctgu)' =-— L -u’
' 1+u® 1+u?

Eciu B Tabmuie moiaoxuTsh U(X) = X, To U’ =1.

Ilpumep evinonnenusn 3ad0anus.

Haiinute npous3BogHbIE PYHKIIHIA:

a) y=In(2+sin3x);  6) y= (3% 11 ) cos(xy?) -3y +4x=0.

Pewenue:
a) TOCIEAOBATENbHO MPUMEHAS NpaBwia AUPPEPEHIUPOBAHUS  CIOXKHON (YHKLHH,

npaBuia u popmyibl guddhepeHIuPOBaHNS, UMEEM:

y'=(|n(2+sin3x))':# (245in3X) =~ .(2'+(sin3x)) =
2 +5In3x 2 +5Iin3x
:—_.0053)(.(3)()':3L_53X;
2 +5sIn3x 2 +5sIn3x

6) y' = ((3arctgﬁ +1)4)r _ 4(3arctgﬁ +1)3 _ (3arctgﬁ +1) =
— 4(3COVX  1y3. garctoVx |n 3, (arctg&)' =

:4(3arctgﬁ +1)3 _3arctgﬁ .|n3 (\/;) _

\/_ 2

1 1 2In3 JX X 3
_4 3arctgﬁ +1)3 .3arctgﬁ In3. ) _ .garctgyx _(garctgyx | q
( : 1+ (Wx)? 24x  (@+x)/x ( )

B) B JIaHHOM ciy4yae (yHKIIMOHAJIbHAs 3aBUCUMOCTh 3aJlaHa B HesgHOM Buue. s

HaXO0KICHUSI TIPOU3BOHON Y’ HYXHO MpoandGpepeHIMPOBaTh IO IEPEMEHHOM X 00€ YacTH

ypaBHEHUS, CYUTAS TIPU STOM Y PYHKITUEH OT X, & 3aTEM MOTYyYEHHOE YPABHEHHE PA3PEIIUTh

OTHOCHTENLHO Y':
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—sin(xy?)-(xy?)' =3-2yy'+4=0;
—sin(xy®) - (x'y* + x(y?)) - 6yy' +4=0;
—sin(xy?) - (y% + 2xyy') —6yy’ + 4=0;
— yZsin(xy?) — 2xyy'sin(xy?) —6yy’ + 4=0;
4K IMOCJICAHCTO YPABHCHUA HAXOJUM y,
2w'(xsin(xy2) + 3): 4 - y?sin(xy?);

,_ 4—y*sin(xy?)
y = : > :
Zy(xsm(xy )+3)

3agava 2.

Teopemuueckue ceedenus. VccnenoBanue (PyHKIIMM OJTHOM HE3aBHCHUMON IEPEMEHHOMN
OyJieM MPOBOJUTH IO CIEAYIONICH CXeMe:

1. Haiinem oOnacTh onpeneneHus GyHKIUU.

2. Uccnenyem QpyHKITHIO HA HEMTPEPHIBHOCTD.

3. YcraHoBuM, SIBIAETCA JM JlaHHAs (DYHKIMS YETHOM, HEUETHOM win (yHKIHEH

oO1uiero Bua.
4. Haiinem uHTEpBabl BO3pacTaHus U yObIBaHUS (DYHKIIUU, TOYKH SKCTpEMyMa.
5. Haiinem unTEpBaIBI BHITYKIOCTH U BOTHYTOCTH KPUBOM, TOUKH €€ Meperuoa.

6. Haiimem acHMIITOTBI KPHBOMA.

Ilpumep evinonnenusn 3adanus.

HccnenoBath GyHKIMIO Y = U TIOCTPOUTH €€ rpaduk.

(x-1)°

Pewenue.
Peanusyem npuBeneHHYIO CXeMy UCCIEOBaHUS (DYHKITHH:

1. ®yukus onpenenaeHa Npyu BCeX 3HAUCHUAX apryMeHTa x, Kpome x=1.



21

2. JlanHast QyHKITUS SIBISICTCS 3JIEMEHTAPHOM, TIO3TOMY OHa HEIIPephIBHA HA CBOCH 001aCTH
oIpeeNieHus, TO €CTh Ha HHTepBajax (—oo;l) u (1;+00).

B Touke x=1 QyHKIMS TEPIUT pa3phIB.

3. Jlns yCTaHOBJICHHS YCTHOCTH WM HEYCTHOCTH (YHKIIUH MPOBEPHUM BBITOJTHAMOCTD

paBenctB f(—x)= f(X) (trorma f(X) — uernas ¢yukumsa) wan f(—x)=-F(x) (msa

HEUSTHOW (PYHKINH) JUIS JIOOBIX X U3 o0nactu onpenenenus Gpynkuuu: f(—X) = —(_ 2x 1)12
_X —
C—f(X)= _2x_—12.
(x-1)

CnenoBarenbho, f(—X)# f(x) u f(—x)#—1f(X), To ecTb naHHast PYHKIMS SBIICTCS
dbyHKIHEH 00111eT0 BU/IA.
4. Jlns vccaenoBanust (GyHKIIMH Ha SKCTPEMYM HaiieM ee IepBYIO IPOU3BOIHYIO:

, 2(x-1)°-(2x-1-2(x-1)  2x
' (x-1)° R

Omnpenenum kputuueckue Touku Gpyukmuu: Y =0 nmpu X =0, Y’ He cymiectByer mpu X =1
. Tem cambim nmeeM nBe kputuueckue Touku: x=0, x=1. Ho Touka x=1 He mpuHaAIEKUT
obnacTu omnpeseneHus GyHKIUU, IKCTPEMYMa B HEM ObITh HE MOKET.

Pa3o0bem unciaoByro ock Ha Tpu uHTEepBana (—;0), (0;1), (1;+w).

_ min + —

\ 0 /' 1 \ X

v

B nmepBom U TperbeM UMHTEpBAJIaX INEpBasg MPOW3BOAHAS  OTPUIATEIbHA,
CJIeI0BATENbHO, 3/1eCh (PYHKIUsI yObIBaeT, BO BTOPOM HMHTEpBaJe — MOJIOKHUTENbHA, U
nanHast GpyHkus Bo3pactaet. [Ipu nepexone uepes Touky X=0 rnepBasi Iponu3BOIHAS MEHSET
CBOM 3HAaK C MHMHYCa Ha IUIIOC, MO3TOMY B 3TOM TOYKE (YHKIMS HMMEET MUHUMYM:

Ymin = Y(0) =—1. 3naunt, A(0;—1) sBIIETCS TOYKONH MUHUMYyMA.

5. Jlng ompeneneHus Touek neperuda rpapuka (pyHKIIMM U MHTEPBAJIOB BBIMYKIOCTH U

BOTHYTOCTH KPUBOU HaiiieM BTOPYIO IPOU3BOIHYIO:
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v o (x=D°-x-3(x-1)* _ 2x+1
y'=-2 1 =2 I

Jns Bropoit nmpoussoanoit Y'=0 mpu X=-0,5 u y" He cymectByeT npu x=1. Pazo0bem

YHCIIOBYIO OCh Ha TpH uHTEepBaia (—©;-0,5), (-0,51), (L+x).

eperud
— + +

/\ -0,5 N4 1 N4 X

v

Ha mepBoM uHTepBasic BTOpas MpOM3BOAHAS Y" OTpHUIATENIbHA U yra HCCIIeayeMoi
KPHBO# BBIMYKJIa; HA BTOPOM U TpeTheM UHTepBaiax Y’ >0, mostomy rpaduk sBisercs

BOTHYTHIM. IIpu nmepexone uepe3 Touky X =—0,5 BTOpas mpon3BojHasA MCHSIET CBOM 3HAK,
Yy

8

MOJTOMY B OTOH TOUKE KPUBAs UMeEET neperud: Y, = Y(-0,5)=——.

9

CrnieoBarenbHoO, B(— %;—gj — To4ka neperuda rpaduka GyHKIUU.
. 2x-1
6. B touke X=1 ¢ynkumst tepmnur paspsis, npudeM |im-——— =oo. Ilpsmas x=1
x—1(X—=1)

SBJIICTCSI BEPTUKAIBHOM acUMINTOTOW rpaduka QyHkiuu. s ompeneneHus ypaBHEHUS

HAKJIOHHOM acuMnToThl Y =KX + b Bocmonbs3yemcst popmynamu:

K= tim 2, b= fim (f (9 - k).

X—>00 X X—>0
. 2x -1 . 2x-1
Torna k=||m—2=0, b=||m—2:0.
x—o (X —=1)“ X x—o (X —1)

[Tpu HalineHHbIX 3HaueHUsSX K u b mpsimas Yy =0 ecTh ropu3oOHTaNbHAs aCUMITOTA

rpaduka ucciaeayeMon GyHKIIUU, TPEACTABICHHOTO HAa PUCYHKE 1.
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~0,5

B

A

Pucynoxk 1. I'padux uccnenyemoit pyHkuuu.

3ajaua 3.

Ilpumep evinonnenus 3a0anust.

PesepByap, wumerommi bopmy OTKPBITOI'O  CBEPXY MNPSAMOYIOJIBHOIO
napasuiesienunea ¢ KBaapaTHbIM JTHOM, HY>KHO BBUTYAUTh BHYTPHU 0J10BOM. KakoBbI
JIOJKHBI OBITH Pa3sMephl pe3epByapa mpu ero eMkoctd 108 0amd, uTo6sI 3aTpaTsl Ha

ero Jy>keHHue ObUIM HAMMEHBIIUMHU ?

Pewenue. 3atpatbl Ha MOKPBITUE pe3epByapa OJIOBOM OyJayT HAUMEHBIIUMH, €CIU TMpHU
JTAHHOW BMECTUMOCTH TUIOIIA/Ih €TO MOBEPXHOCTH Oy1€T MUHUMAJILHOM.

O0603HaunM uepe3 a (Om) — cTopoHy ocHoBaHwUs, b (Om) — BeICOTY pe3epByapa. Toraa
IJIOMIA[Ab €ro MOBEPXHOCTH S =a® +4ab, a o6vem V =a’b, wmm, cornacHo YCIIOBUS,

108 =a®b. [osromy

b=" m S:a2+4-a-¥:a2+4—32.
a a a

HOHY‘ICHHOC COOTHOHICHUEC YCTAaHABJIMBACT 3aBUCHUMOCTbL MCKAY IIOHIA/IbIO

MOBEPXHOCTH pe3epByapa S (PyHKUMS) U CTOPOHOM ocHOBaHusA a (aprymeHt). OOnacThb
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onpezaeneHus 3toil pyHkuuu a > 0, Tak kak a — cTopoHa ocHoBaHus. MccnenyeM QpyHKIuo
S Ha 3kcTpemyM. Haiimem mepByro HMpOM3BOAHYIO S', MPUPABHSAEM €€ K HYJIO U PElINM

IMOJIYUYCHHOC YPABHCHHC!

432 2a°-432

a’ a’

S'=2a 0.

Orcioga a==6. IpousBoanas S'(a) He cymectByeT npu a=0, HO 3TO 3HAYECHHUE

apryMeHTa He MPUHAJICKUT obnactu onpenenenus Gpyakuuu. [Ipu 0 < a <6 mpousBogHas

S'(a)<0,mpu a>6 S'(a)>0. CnenoBarenbHo, ipu & =6 (yHKIHS S UMEET MUHUMYM.

Ecim a=6, 10 b=3. Takum oOpa3om, 3aTpaTsl Ha JTy)KEHUE pe3epByapa eMKOCThIO 108 1

OyIyT HAaUMEHBIITUMU, €CJIU OH UMEET pa3sMephl  6(dm) x 6(dm) x 3(om) .

3anaua 4.

Teopemuueckue ceedenus.
[lepeMenHas Benmu4UnHa Z Ha3bIBACTCS yHKYUEU 08YX NepeMeHHbIX X U Y, €CITH KX 101
nape 3HadeHud (X,y) U3 JaHHON OO0JIACTH COOTBETCTBYET €JIMHCTBEHHOE OIPEIEICHHOE

3HaueHne zZ = f(X,Y).
Jnsa dyskiuun Z= f(X,y) BBOIATCS TOHATHSA YACMHBIX NPOU3BOOHBIX TICPBOTO

ImopsaaKa, KOTOPBIC OIIPCACIIAIOTCS BBIPAKCHUAMM:

Q—Iim f(x+Axy)-f(xy) @—Iim fOy+A4y)—f(xy)
OX  Ax—0 AX ’ Y Ax—0 Ay ’

U 4aCMHBIX NPOU3B0OHBIX BTOPOTO MOPSIKA:

dr_o(m) ot o1 _o(m) ofm) 2 of:
ox2 ox\ox)' axdy oyox ox\ay) oy\ox) ay? oylay)

Oyukiust 2= f(X,y) umeer B Touke My(Xp,Yq) Maxcumym (munumym), ecnu
3Ha4YeHue 3Toi PyHKUuU B Touke M, Gobie (MeHblle), yeM 3HaueHHs GYHKINUU B 000
TOUYKE U3 OKPECTHOCTH TOUKU M.

HGO6XOI[I/IMBIMI/I YCIOBUSAMH  CYIICCTBOBAHUA OKCmpemyma (MaKCI/IMYMa 501041

MuUHUMYMa) auddepeHmupyeMoit pyHkmuu Z = f(X,y) sBisgercs paBEeHCTBO HYIIO €€

YAaCTHBIX IIPONU3BOJHBIX IICPBOTO IMOPAAKA:
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az_,
OX
a_,
oy

TO‘IKI/I, B KOTOPBIX YaCTHBIC IIPOU3BOIHLBIC 06pa111a}0TC$1 B HOJb, HA3bIBAKOTCA

cmayuonapuvimu moukamu yHkmun z = f(X,y). Jiasg Toro 94ro0s! cTarpioHapHas TOYKa

ABJISLJ1ACh BKCTpeMyMOM, B Heﬁ JOJIKHBI BBIITOJIHATBCS docmamowale yCJZOGu}Z. O603Ha‘-II/IM
2 2 2

07z 0°z 0°z

A ox2 _axay ' 2
X Im, M, Y lm,

. A=AC - B?.

Ecnu B cranmonapHoit Touke M (X, Yo)
A>0,A>0,T0 M{ ecTb TOUKa MUHUMYMa;
A>0,A<0,T0 M| ecTb TOUKa MAKCUMYMA;
A <0, 10 BTOUKE M HET 3KCTpEMyMa;

A =0, To TpebyeTcs JOMOIHUTENBHOE UCCIIEI0BaHME.

Ilpumep evinonnenusn 3ad0anus.

HccnenoBaTh Ha SKCTpeMyM QYHKIUIO Z =2X + 4y — X2 — y2 +6.

Pewenue.

1. Haiimem yacTHbie MPOU3BOAHBIC 3a1aHHON (DYHKIIMH
0z 0z
—=2-2X, —=4-2y
OX oy

2. 3amnuiireM HeOOXOIUMbIE YCIIOBHUS CYIIIECTBOBAHHS SKCTPEMyMa
2-2x=0 x=1
= ,
4-2y=0 y=2
3Haynt Touka M (1,2) sBasieTcs cTanMoHapHON TOYKOW (DYHKIIHH.

3. IIpoBepuM BBINOJIHEHHE B TOUKE M JOCTATOYHOIO ycJIOBHS. JIJisl 3TOTO HailieM BTOpbIE

YacTHbIEC TPOU3BOAHBIEC (DYHKIIMH

il cigd
oxoy oy?

_,

- _ 2.
ox?

]
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B touke M(L2) A=-2,B=0,C=-2 u A=(-2)-(-2)-0=4. TlockoabKy

A=4>0,A=-2<0, touka M (1,2) sBaseTcs TOUYKOW MakCMMyMa. 3HaAYCHHE (PYHKIIUU B

DTOU TOYKE Z‘M —2.1+4-2-1> -2% + 6=11.

3agaua 5.

Teopemuqecmte ceeoetus.

@OyHKIUS BYX HE3aBHUCHMBIX MepeMeHHbIX Z = f(X,Yy) mnpuHMMaeT HauOombllee u
HauMcHbIIIee 3HadeHUss B oOmact D, orpanmdyenHod mmamer ¢@(X,y)=0, naubo B

CTAallMOHAPHBIX TOYKAaX, PACIOJOKEHHBIX BHYTpH obsactu D, nubo Ha rpanune 3tou
obnactu.

3amavya 00 OTPICKAHWW HAHOOJIBIIIETO M HAWMEHBIIIETo 3HaueHuH QyHkun Z = f (X, Y)

B 3aJjaHHON oOnactu D pemiaetcs o cieayrouemMy IiaHy:
1. OnpenensieM cTalMOHApHbIE TOYKUA (PYHKILMHU, PACHOJIOKEHHbIE BHYTpU obnactu D, u
BBIUKCIISIEM 3HAUYEHUS (YHKIUU B 3TUX TOUKAaX.

2. Haxogum cranmoHapuble TOukd (yHKIME Ha Tpanune @(X,Y)=0 obOmactu wam Ha

OTZACJIBHBIX €€ Y4YacTKaX, 3aJaHHbIX PA3JIUYHBIMU YPAaBHEHUSMH, U BBIYUCIISIEM 3HAYCHHS
(YHKUIHU B 3TUX TOUYKAX.

3. I3 Bcex BHIYUCIICHHBIX 3HAYCHUHN (YHKIIUU BHIOMpaeM HanOOIbIIIEe U HAUMEHbIIIEE.

Ilpumep evinonnenusn 3adanus.

Haiitu HamOonpliliee 1 HaMMEHbIIIEe 3HaUYCHU QYHKIMH Z = X2 + 2Xy —4X—Yy B

TPEYTOJIbHUKE, OTPAHUYCHHOM TIpsiMbIMU X =0, y=2, y=X.

Pewenue.

1. Haiinem craunoHapHble TOYKA (YHKIMH W3 YCJIOBHI paBeHCTBA HYJIO YaCTHBIX

MPOU3BOIHBIX (PYHKIIUU
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g:2x+2y—4:0

OoX Xx=0,5
oz < 1y=15
= —2x-1=0 y==

Crammmonapuass toyka M (0,51,5) nexur BHyTpH

3amanHou oomactu OAB.

3HaueHne PyHKIMU B TOUke M paBHO

X 2|, =05°+2-05-15-4-05-15=-175.
2. Uccnenyem noBegeHre (PyHKIIMU HA TPaHUIIAX 00JIACTH:

a) Ha rpanune O4 y=x, 0<x<2, Z=X>+2X-X—4-X—X uim Z:3X2—5X;

2'=6x-5, 2'=0 mpu X:g,Torna yzg (Tak KaK y=x).

2
B touke C[%gj 3Ha4YE€HHUE (PYHKIIUU PABHO Z‘ c= 3(%) -5 % = —%.

Brruucnum 3nauenust GyHKIMKA B KpalHUX TOYkKax oTpe3ka OA.
B Ttouke O(0;0) Z‘ o =0, B TOUKE A(2;2) 3HaYCeHHUE (PYHKITUH paBHO
7|, =3-2°-5-2=2,
6) Ha rpanmne BA Y=2, 0<X<2, 7=X>+2X-2—4X—2 w1 7=X> —2;
2'=2x,7'=0 mpu x=0,a y=2 coriaacHo ypaBHEHHUIO MPsIMOii BA.
B touxe B(0;2) 3nauenue GyHKIIMHE PaBHO Z‘B =3.0°-2=-2.
B) Ha rpanuie OB X=0, 0<y<2, z=-y,
7’=-1%#0 pu BCEX VY€ [0;2] , CIeloBaTeIbHO, CTallMOHAPHBIX TOYEK HAa

nunuu OB HeT.
3. V3 Bcex BBIYMCIICHHBIX 3HAYEHUW 3aJaHHON (YHKIIMKA BHIOMpaeM HauOoJblliee U

HAaMMCHBIIICC:

Z‘ =2 — HauOoJblee 3HaueHue PpyHkiuu B odnactu OAB

=—— — HauMeHblllee 3HaueHue PyHKuu B oonactu OAB
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3ajaua 6.

Teopemuqecmte ceeoetus.

Ilepsoobpasnou ¢ynxyuen s yaxkaun f(X) HaswsiBaercs Takas ¢pyHkus F(X),
gro F'(X) = f(X).
Heonpeoenennvim unmeeparom ot ¢yaknun f(X) Ha3pBaeTcs ee¢  oOImas
nepBooOpazHas
[f(Qdx=F(x)+C .
Gynkmus  f(X) HaspBaercs moabIHTErpanbHON (yHKIme#r, F(X) — pesymbrar

uHTEerpupoBanus, C — NPOU3BOJIbHAS ITOCTOSTHHAS.

Ceoticmea HeonpeoenieHH020 UHmMe2paa.
1. [(u(x) + v(x))dx = [u(x)dx + [v(x)dx.
2. [A- f(x)dx=A-[f(x)dx, rae 4 — nocrosHHasL.

3. BEemu [ f(x)dx=F(x)+C nu=¢(x), o [ f(u)du=F(u)+C.

Tabauya npocmetiuiux UHMe2panos:

1. [dx=x+C. 7. [——=tgx+C.
COS“ X
N Xn+1 d
2. dx = C, -1). 8. =—Ct C.
[x"dx el (n=-1) Isinzx gx +
3. j%=|n\x\+c. 9. [——— —arcsm—+C
X N

X

4. [a*dx=——+C, [e*dx=e*+C. 10.]

—larctg§+c :
a

Ina x2+a a
5. |sin xdx =—cosx +C. 11. :—I —+C az0
J I)(2_.512 2a X+a ( )
6. [cosxdx=sinx+C. 12, [—— ‘x+'\/x + ‘+C (A=0).

VX2 +A
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OcHogHble Memoowl UHmMezpUpOBaAHUAL.

1. [TonBenenue nmoa 3Hak auddepeHnuana:

a) K (ynakumu, crosmed moj 3HaKoM uddepeHIana, MOXHO MPUOABIATH WIH

BBIUMTATE JII00YI0 moctostHHyio: df (X)=d(f(X) £ A);

0) mnox 3Hak auddepeHnransa MOXKHO TIOJBOJUTH TOCTOSHHBIM MHOXXHUTEINb:

df(x)=7id(A- £(X):

B) o[ 3HaK quddepenimana moasoautes Gpyukius mo npasmiy: f'(x)dx =df (x).

2. I/IHTerI/IPOBaHI/IG 1O 4aCTAM C UCITOJIB30BAHUECM (1)OpMyJII>II
fudv=uv—[vdu, rze u=u(x),v=v(x).
C IMOMOMIIBIO 9TOI0 MCTOZid BBIYUCIIATOTCA CIACAYIOINNC MHTCTPAJIbl
a) [a*-P,(x)dx, u=P,(x), dv =a’dx.
6) [sinax- P, (x)dx, u=P,(x), dv=sinaxdx.
B) [cosax- P,(x)dx, u=P,(x), dv=cosaxdx,
r) [Inax-P,(x)dx, u=Inax, dv=P,(x)dx,
) [arcsinax- P, (x)dx, u=arcsinax, dv=P,(x)dx,
e) [arctgax- P, (x)dx, u=arctgax, dv=P,(x)dx,
rae P, (X)— MHOro4sIeH n-oi CTeneHu.

3. UHTerpupoBanre METOI0M 3aMEHBI IEPEMEHHO 10 popmyie

[T )dx=[f(p)de(t) =] f (p()¢'(t)dt, rre x=p(t).

Ilpumep évinonnenus 3ad0anus.

Haittn HeonpeneneHHbIe HHTErPAJIBL:
2 3
a) j(arcsm X) + Xdx; 6) jzx—ﬂdx; B) [(3x +4)e>*dx.
J1- X2 X*—4x+3
Pewenue.

a) HCII0JIb3YyA OCHOBHBLIC CBOMCTBA HCOIIPCACIICHHOI'O NMHTCTPAJIa 1 BBINIOJIHAA ITOABCICHNC

dbyukiui nox 3Hak auddepeniuana, HaiiieM HHTerpal
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N2
I(a\rcsm X)“ + X dx j(arcsm X)? dx

e e

1
— [ (arcsin x)2d (arcsin x) + [ (1— x2) 2d (é) =

1

= [ (arcsin x)*d (arcsin x) + (— %jj(l— x%) 2d(1-x?) =

1

_x2y2
:%(arcsin X)* —%-ijC :%(arcsin x)} —V1-x? +C.

2

[TpoBepum pe3ynbTaT UHTETpUPOBaHUS TU(PEPEHIIMPOBAHUEM

!

(%(arcsin x)® —V1-x2 + C) .

1
. % -3(arcsin x)? - (arcsin x)’ —%(1— x?) 2(1-x%) +C'=

_(arcsinx)®  —2x , o (arcsin X)% + X

V1-x? B 1-x2  J1-x?

YTO COBNAJAET C MOABIHTETPaIbHOMN (QYHKITHEH.

0) monbIHTErpanbHas (QYHKUIUS MPEICTaBIseT COOOM HENpPaBUJIbHYI PpalUOHAIBHYIO
npo6Os. IlpencrtaBum 3Ty ApoOb B BHUJIE CyMMbl MHOTOWIEHA U MPaBHIbHOW npobu. s

3TOT'O BBIIIOJTHUM ACJICHUEC MHOI'OYJICHA HAa MHOT'OYJICH:

X3 —17 ‘x2—4x+3
x° —4x*+3x  [x+4

4x% —3x -17

4x% —16x +12

13x — 29

Torna

3_ —_—
jzx—ﬂdx:j(x+4+i3x—29jd —jxdx+j4dx [ig’x—zgdx=
X —4x+3 XS —4x+3 XS —4x+3
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«2
:_+4 fiSX 29
—4x+3

Jlis Toro 4toObl HAWTH MOCICAHUN MHTETpall, MPEACTaBUM IPaBUIbHYIO IpOOb B BHUJE
CYMMBI TIpocTeimux ApoOeit. JIs 3TOro pasiioKuM Ha MHOXHTENIN 3HAMEHATENIb JApoOH
X2 —4x+3=(x-1)(x-3) u Pa3JIokKuM JIpoOb Ha MPOCTEUIITHE

13x —29 A N B  A(X-3)+B(x-1)

(x-D(x-3) x-1 x-3  (x=1)(x-23)
3HauuT 13X —-29=A(Xx-3)+B(x-1).

[Mpu X =3 umeem 13-3-29=B(3-1), otkyna B=5;
npu X =1 umeem 13-1-29=A(1-3), orkyna A=8.
13x —29 8

[Tonyuaem (X—l)(X—3):X—1+X—3 1 UHTETPUPYEM
i 13x — 29 dx=| 8 dx+ | 5 d _de(x 1) jd(x 3) _
(x=1D(x-3) x—1 X —

=8Inx -1 +5In)x -3 +C

N OKOHYATCJIbHO I10JIYy4acM

J

[TpoBepum pe3ynbTaT 1uphepeHIIIPOBAHUEM:

3 2
;(;ﬂdx:x—+4x+8ln\x—ﬂ+In\x—3\+C.
XS —4x+3 2

!

2
(X?+4x+8|n‘x—u+ln‘x—3\+Cj =%+4 8 +i=

_(x+A(x-D(x=3) +8(x -3 +5(x-1) _ x*-17
(X=1)(x+3) x2 —4x+3’

YTO COBNAJAET C MOABIHTETPAILHON (QyHKITUEH.
3ameuanue.
WuTerpan oT NpaBWIBHOW DPAIMOHATBHON NPOOU CBOJUTCS K CyMME HHTETPAJIOB OT

npocreimux 1podeii. Hanboee yacto BcTpeyaroTcs CaeAyomue HHTerpaibl:

A dx:L(x—a)‘k+1 +C, (k=23,..).

J‘(x_a)k (—k+1)

jidx: Alnjx—al+C;
X—a
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B) IMPUMCHHUM MCTOAOM MHTCTPUPOBAHHS 110 YACTAM.

Ipumvem Uu=3x+4, dv=e3dx, torza du =3dx, V= %egx . o dopmye

HHTCTPUPOBAHMS 110 YAaCTAM I1O0JydacM

e¥dx =

[(3x +4)e¥dx=(3x + 4)%e3x - j%egx -3dx = %egx -

:3X+4egx_1
3

3X+4—1e3X

e 4+C= +C=e*(x+1)+C.

[TpoBepum pesynbTaT tuddepeHIIpoBaHUEM
@*(x+1) +C) =3 (x +1) + e =e>*(3(x +1) +1)=e**(3x + 4),

YTO COBNAJAET C MOABIHTETPATILHON (DyHKITUEH.

3agava /.

Teopemuqecmte cBe0eHsl.

AY Ecnu na minockoctu Oxy 3anana durypa,

_y=/(x) OTpaHUYEHHAs JBYMS HENPEPBIBHBIMU

maamsvu - Y= fi(X), y=f(X) wu

S . y=h()

BEPTHKAIBHBIMU MPSMBIMH X=a, X=Db,

Y

N x TO TUIOMIAAb S TAKOH PUTYpPHI MOXKET OBITH
b

BBIUHCIJICHA o dbopmyie

S :?(fz(x) — f,(x))dx, rme f,(x)> f;(X) na orpesxe [a,b].

Ilpumep evinonnenusn 3adanus.

Boruucnuts miiomanb GUrypsl, OorpaHU4€HHON JTUHUSAMU Y = X2 + 4x, y=Xx+4.

Pewenue.
3ajaHHbBIC JTUHUM OTPAHMYMBAIOT Ha TIOCKOCTH OXy KPHUBOJMHEHHYIO Tpareluio,

U300paKEHHYIO HA PUCYHKE.
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y=x2+4x
y=x+4

Y

Haﬁ,Z[GM KOOpOIWHATBI TOYCK IICPCCCUCHUA 3alaHHBIX HHHHﬁ, L 9TOro peuinuMm

CHUCTEMY YPaBHEHUI

{y_x2+4x

, X2+4X:X+4, X2+3X—4:0,0TKy,ua X =4, X, =1.
y=x+4

Torna HCKOMas I1omaab BEIYHUCIIACTCA 110 (i)OpMYJIe:

3 1

S= Kx+4 x* —4x)dx = [ (4 - 3x - X NX—(4X—§§——é;j

4

_4—§—1 16 + @—%—20 (ks. €0.).
2 3 2 3

3anaua 8.
Teopemuueckue ceedeHus.
OO0beMbl Tel, 00pa30BaHHBIX BpaIllEeHWEM IUIOCKON (UTypbl, OTpaHWYECHHOW KPUBOM

y=1(x)>0, oceto Ox u mpsimeiMu X =8, X=Db,

1) Boxpyr ocu Ox, Beraucisrorest o popmyie V, = 7| f 2(x)dx;
a

b
2) Bokpyr ocu Oy, BerUCIAOTCS 10 hopmyre V, = 27 [ xf (x)dx.
a
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Ilpumep évinonnenus 3ad0anus.

Bberuncnute 00BbEMBI TN, 00pa30BaHHBIX BpalleHHEeM BOKpyr oceil Ox u Oy
KPHBOJIMHEHHOTO TPEyroJIbHHKA, OrPAHHYCHHOr0 KpHBOil Y =3%/X, ockio Ox W

npsmMoit X =1.

Pewenue.
A
y | / y= 3\/; 1) 00beM Telta, MOJYyYSHHOTO BpallleHueM
BOKpYT ocu Ox, paBeH
1
5
L %
V, = 7[](%/;) dx = 7Z'XT :3?” (xy6. ed.)
> 0 et
0 1 o 3 o

2) 00beM Tena, oJYYeHHOT0 BpalieHueM BOKpyr ocu Oy, paBeH

7/

X/ 3

al

1 6r
V, =27]x-3/xdx= 2z =7(Ky6. ed.).
0

Tpernii cemecTp

[TPUMEPHI PEHTIEHUA 3AJJIAY

3agava 1.

Teopemuueckue ceedeHus.

Huddepenunanbuble ypaBHEHHS, B KOTOPBIX IE€PEMEHHBIE MOXHO Ppa3ieliuTh
MOCPEACTBOM YMHOXKEHHsI OO0€MX 4YacTed ypaBHEHHs Ha OJHO M TO € BBIPAKEHUE,
Ha3bIBAIOT AU PepeHInaTbHBIMU YPABHEHUSAMU C pA30eAI0UUMUCS NePEeMEHHbIMU.

dy _ f2(x)
dx fi(y)

wii B quddepeHunanbHoi hopme

— fy(y)dy = fo(x)dx, (1)
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fi(x)- fo(y)dx+ f3(x) f4(y)dy=0. 2)

Paznienim o6e dactu ypaBHeHus (2) Ha npoussenetue Gyrxuuii f,(y) f3(X)

de+Mdy:O (2)

fa(x)  fa(y)
U, MIOCJIe UHTETPUPOBAHUS, TIOTYUYUM OOIIMA uHTETpall (0o0lee peleHre) ypaBHeHHUS:
j%dx+]¥dyzc.
3 2(Y)
[Mpu nenennu nHa f, ( y) fa (X) MOXET MPOU30UTU MOTEPS HEKOTOPBIX YACTHBIX
pemienuil. Ilycts, Hampumep, npu Y=Y, uMeeM fz(yo)zO, Torga QyHKIUs Y=Y,
sSBIsIeTCs pelneHneM ypaBHeHus (2'), T.k. dy =dyy=0. Pemennem mMoxer Takxke OBITH

dyHKIUs X = Xg, eciu f3(Xg)=0.

Ilpumep evinonnenusn 3a0anus.

Haiitu 06muii naterpan auddepeHmaisHOr0 YpaBHEHUS MIEPBOTO MOPSIKa

x(y+1)dx—(x2 +1)ydy =0.

Pewenue:

JanHoe nuddepeHnanibHOe ypaBHEHHUE SBISETCS YpaBHEHHUEM C Pa3eisOIIUMUCS
nepemenubiMy, npuueM f;(X) =X, f,(y)=y+1L f3(x)= X2 +1; f,(y)=-y. Paznenum

00€ JyacTh ypaBHEHUS Ha NMPOU3BECHUE
fo(y) f3(x) = (y +1)(x* +1
U MOJIyYUM

xdx  ydy
>~ =0.
x“+1 y+1

[IpouHTErpUpyEM MOCHETHEE PABEHCTBO
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Xadx 1
IX2+1—I[1—dey=C,

WCIIOJIB3YsI TOJIBE/ICHUE TI01 3HaK Aud depeHinana

1.(,2
IM—IdWIM:C,

x2 +1 y+1

HOJYYHM OOIIHA HHTErpai TudGepeHIINATEHOTO YPaBHEHHUS
1
Eln‘x2 +]4— y+Inly+1=C.

Ipu nenennu Ha f,(y)=y+1 norepsio yactroe peruerne: y =—1.
3agaua 2.

Teopemuqecmte CBEOeHUS.

HuddepennmansHoe ypaBHEHHUE MTEPBOTO MOPSJIKa
y'+ p(x)y=q(x), (3)

JMHENHOE OTHOCUTENIbHO UCKOMOM (DYHKUMHU U €€ IPOU3BOIHOM, HA3bIBACTCS JIUHECUHBIM.
VYpaBaenue (3) CBOAUTCS K ABYM YpPaBHEHUSIM C PA3JCSIOMIMMUCA MEPEMEHHBIMU

CIIeAyIONMM 00pa3oM. 3amuiieM UCKOMyr (yHKIHIO Y(X) B BHAE MPOU3BEICHHS ABYX
GbyHKIIHIA: y:u(x).v(x). Opna w3 9TUx QYHKIUA MOXKET OBITh a0COIIOTHO

MPOU3BOJIBHOM, a BTOpasi OMPENENSeTCs B 3aBUCHUMOCTA OT TEPBOM Tak, YTOOBI HX
MIPOU3BEICHUE YIOBJICTBOPSIIO YpaBHEHUIO (3).

W13 paBerctBa Y =U-V HaxoguM Y =U"-v+U-V'. Torma B coorBercTBHE C (3) nMeeM
UV+uv'+ p(x)uv=g(x) mwm uv+u(V'+p(x)v)=q(x). BeGepem B xauectse V(X)
KaKoe-HUOY/Ib YaCTHOE PEIICHHE YPaBHCHHSI

v+ p(x)v=0, (4)
TOTJa JIUIS OTBICKaHUS U(X) TOJyYuM ypaBHEHHUE
u'v=q(x). (5)

Hatinem V(X), paznensis mepeMeHHbIe B (4):
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yz—p(x)dx, OTKyJa Inv:—Ip(x)dx nv=ed Py,
v

3nas V(X), Harigem U(X) u3 ypaBHeHHS (5):

g—iv:q(x) =N du:efp(x)dxq(x)dx,mrz[au:jq(x)ejp(x)dxdx+c.

OO6uiee pelieHne JMHEHHOTO ypaBHEHUS (3) UMeEeT BUJ

y=uv= LG UQ(X)Gj PO g+ C] .

Ilpumep evinonnenus 3a0anust.

Haiitu oOmee pemenue auddepeHnnanbHOro ypaBHEHUS

nepBoro mopsaka y' —2y =1.

Pewenue.

3anuiemM uckomyro GyHKIU0 Y(X) B BUC MPOU3BEACHHS IBYX (DYHKITHI:
y=u(x)-v(x), rorma y'=u’"-v+u-v',
" IIOJACTAaBHM I10JIYUCHHBIC BbIPAKCHUS B 3a/ITaHHOC YPABHCHUC
u'v+uv'—2uv=1,
Brinecem 3a ckoOku U(X)
u'v+u(v'—2v)=1
", TIpHpaBHUBAd K HYJIIO BBIPAKCHUC B CKO6KaX, moJaydYuM MW pCliuM JBa

nudpepeHnanbHbIX YpaBHEHUS C Pa3ACIISIONIMMUCS TIEPEMEHHBIMHU:



V' —2v=0 uv=1

N _oax dUgax _y
\Vi dx

Inv = 2x du = e~?*dx
v =e?X u =Je‘2xdx,

1 —ox 1 _ox
u=——|e "d(-2x)=—=-e " +C
Zj (-2x) 2

3anuinem ob1iee peneHue 3aJaHHOro Au(PepeHInanbHOr0 ypaBHEHUS B BUIE

y=uv:(—%e‘2" +Cj-e2x, Win y:—%+Ce2X.

3anaua 3.

TeopemuquKue ceeoeHusl.

HuddepenuuansHoe ypaBHEHHE BHUIA

y'+ay +ayy=f (X) (6)
HA3bIBACTCSI HEOAHOPOIHBIM JIMHCHHBIM ypaBHECHHEM BTOPOTO TOPSIKA C TMOCTOSHHBIMU
koa(duimeHTamu a; 1 a, .

OOliee pelieHHe 5TOro0 ypaBHeHHss Y=Y+Y, rme Y— oOliee pelieHue
COOTBETCTBYIOILETO OJHOPOIHOIO ypaBHEHHUS; Y — YacTHOE pelleHhe ypaBHeHHs (6).
JuddepenunansHoe ypaBHEHHE

y'+ay +a,y=0 (7)
SIBJISIETCSI OJTHOPOJIHBIM U Ha3bIBAE€TCS COOTBETCTBYIOIIUM HEOTHOPOTHOMY ypaBHEHHIO (6).

O6m1ee perieHrne 0JHOPOIHOTO ypaBHEeHUs (7) HAXOAT MO KOPHSIM XapaKTEPUCTUUECKOTO

YpaBHEHUA
2
r-+ar+a,=0.
XapaKTEepUCTUYECKOE YPABHEHUE MOXKET UMETh TPHU CIIydasi AJIsl KOPHEN I} U I !
1) kopuu xapaxmepucmuuecko2o ypasrenus oeticmeumenvhvle u paziuynvle: I #1, . B
9TOM ciy4dae oOmiee pemeHue ypaBHeHus (7) 3amuchiBaeTcss B BHJC

¥ =Cie" +C,e"*, rne C,, C, —npou3BOIBHEIE MOCTOSHHBIE;
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2) KOpHU Xapakxmepucmuyeckoeo ypasHenus oeticmeumenvhvle U pagHvle. I =1,. B
3TOM ciy4dae oOmiee pemreHne ypaBHeHHs (7) 3amuChIBaeTCs B BHJIC
y=e™ (Cl + CZX), rne C,, C, —npou3BojbHbIE TOCTOSHHEIE,

3) KOpHU XAPAKMepPUCMuUYecKo20 YPABHEHUS — KOMNIEKCHbLE CONPSNCEHHbIE HUCLA
ho=atp- I, B#0. B arom ciydae obmiee pernienne ypaBHeHUs (7) 3aIMUChIBACTCS
B Buge Y =e“*(C,cosBx+C,sin Bx), rae C,, C, —npou3BOIbHbIC IOCTOSHHBIE.

YacTHOe pemiecHne Y~ HEOJHOPOJHOTO ypaBHEHHs (6) MOXET OBITh HAMICHO METOIOM

HEOIpeIeIICHHBIX KO3 (UIIMEHTOB B 3aBUCUMOCTH OT BHJIa MPaBoi yactu ypaBHeHus f (X)

epeviii cryuail. Tpasast wacts ypasrenust (6) umeer Bun f (x)=P(x)e™, rae P(x) —

MHOTOwWIeH. Torga ypaBHeHue (6) UMEET YaCTHOE PEIIeHUE BUAA
y*=xQ(x)e™, ®)

rae Q( X) — MTOJIHBIM MHOTOUJIEH TOM e CTENEeHH OT X, uTo U P ( X), HO C HEOIpeIeIEHHbIMU
ko3 dunreHTamu;

k=0, ecyii 4nci0 M He ABJISIETCS KOPHEM XapaKTEPUCTHUECKOTO YPaBHEHMUS,

k=1, ecu 4nciio M sSBJISETCS MPOCTHIM KOPHEM XapaKTEPUCTHYCCKOTO YPABHCHUS;

k=2, ecriu ynciio M sBJISIETCS IBYKPATHBIM KOPHEM XapaKTEPUCTUICCKOTO YPaBHEHHUS.

[TpaBuno coxpansieT cBoto cwty u mpu M = 0, koraa f(X)=P(X) — MHOTOWIEH.

Heomnpenenennbie ko3phUMeHTs B MHOTOUJICHE Q(X) ONPEAETSIOT MOJICTAHOBKOM

dbyaknuu (8) U ee MPOU3BOJMHBIX B ypaBHEHHE (6) C MOCIEAYIONUM MPUPABHUBAHUEM

K02(PUIIMEHTOB IPU OJIMHAKOBBIX CTEMEHSX X B 00€UX YaCTAX YpaBHEHUS.

Ilpumep evinonnenusn 3adanus.

Haiitu yacTHoe pemienue nudpepeHInaibHOro ypaBHEHUSI BTOPOIro MOPSIIKa,

YAOBJICTBOPAOIICC 3a/ITaHHBIM Ha4YaJIbHBIM YCJIIOBUSIM:

y'-3y'—dy=4x-1 y| =2, Y| _,=3
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Pewenue. XapakTepucTuueckoe ypaBHEHHE r>—3r—4=0 wumeer mBa Pa3IUYHBIX
JIeMCTBUTENBHBIX KOpHA I =—1, I, =4, cinenoBarenbHo, Y = Cle_x + Cze4x. [IpaBas 4acTh
YpaBHEHHUS MUMEET BU]] f(X) = 4X—1=(4X—1)-e0'x, rie Mm=0 u He SABJISICTCS KOPHEM

XAPAKTCPUCTHUYICCKOI'O YPAaBHCHMHA. Torz[a YaCTHOC pPCHICHUC IIPpHU k=0 HimeM B BHIC

y =x° (AX + B) 6™ = AX+B, (y* )l =A, (y*)" =0. [Tocne MO/ICTAHOBKH B
nuddepeHInaIbHOE ypaBHEHUE TIOTyYaeM
0-3A-4(Ax+B)=4x-1,
—3A-4AXx-4B=4x-1;
—4A-x+(-3A-4B)=4-x+(-1);
X' —4A=4; A=-1
x°: -3A-4B=-1 -4B=-1+3A=-4, B=1
YacTHeIM pereHneM sBiastetcst GyHkmus Y = AX+B=-1-x+1=1-x. OO6mum
perueHneM sBasercs Qyrkmus Y=Y +Yy =Ce " + Cze4x - Xx+1.
Haiinem 3nauenmne xkoHcrant C;,C, u3 HauanbHbIX ycioBuil. s aToro ompenenum
y' =—Ce ¥ +4C,e** -1,
TOF,Z[a y|X=0 = Cl + C2 +1= 2, {Cl = 0,
y| _o=-C1+4C,-1=3 (C2=1.

W ckoMbIM 4acCTHBIM perieHueM siBJsieTcs PyHKIus Yy = e —x+1.

Ilpumep évinonnenus 3ad0anus.

Hatitu yacTHOe pemenne nudepeHnaibHOro ypaBHEHUS BTOPOTO MOPSIIKA,

YAOBJICTBOPAOIICC 3a/ITaHHBIM Ha4YaJIbHBIM YCJIOBUAM!

Yy —4y' +4y =e?¥, Y0=2 Y|_,=3

Pewenue. XapakrepucTiuueckoe ypaBHEHUE r2—4r +4=0 umeer JIBYKpPATHBIN KOPEHb

L =2, cienoBaTenbHO, Vzezx(C1+C2X). [IpaBas dYacThb ypaBHEHUS HMMEET BHJ
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f (X) =e®, m=2 sBugerca mBYKpaTHEIM (K=2) KOpHeM XapaKTepHCTHYECKOTO

ypaBHeHI/ISI, TOTrAa 4aCTHOC peHJeHHe HIIEM B BUAC
v =x2- Ae?¥, (y*)l = x%.2Ae%* +2x- Ae®* = 2Ae2x(x2 + x),
(y*)" =4 e (x2 + x) +2Ae** (2x +1) = Ae** (4x2 +8X + 2).

*
ITocne IIOACTAaHOBKU Y H €¢C IIPOU3BOJHBIX B HCXOJHOC I[I/I(b(l)epeHHI/IaHI)HOC YPaBHCHHUC

IIojJIy4acMm

A (437 +8x+2) —4- 2% (xX° + x) + 4Ae” - X* =€,

Aezx(;l«%{+’8x+278%‘(>8x+}|«%{):e2x,

2Ae2X — e2X,

2A=1, A:l.
2

2X

1
YacTHBIM peleHreM SBsgeTcs QyHKuus Yy = Ee -x%. O6mmIM PELICHUEM SIBIISIETCA

dyskmus y =V + y* =e* (C1 + C2X) + %ezx X2,

Haiinem 3nauenune xoHctanT C;,C, M3 HauvanpHBIX ycnoBuM. [l sTtoro ompenennm
IIPOU3BOJHYIO
1 A2X 2X [ 2

y'=e"(2C, +2C,x+C,) +e (x +x),

U IIOJIyYUM CUCTEMY YPAaBHEHUH IS OIPEAEICHUSA 3HAYCHUN ITPOU3BOJIBHBIX KOHCTAHT
—e0.c = —
y|X=0—e C1—2, C1—2
' _a0 _ —
y |x=0 =e (2C1+C2)—3, C,=-1

= 1
VickoMbIM pemennem spasercs hyrkuus Y=Y+ Yy  =e™(2-x)+ Eezx X2,

Bmopoti ciyuaii. IpaBast yacts ypaBHenus (6) umeet Bug f(X) =acosnx+bsinnx.

Ecnu uncna in He ABISIOTCSA KOPHAMH XapaKTCPUCTHUICCKOIO YpaBHCHHUA, TO

y* = Acosnx + Bsinnx.
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Ecin umcna +in gBiasrorcs KOpHsAMH XapaKTCPHUCTUUCCKOIoO YpPaBHCHHUA, TO YAaCTHOC

PCIICHUC NMCCT BUI
y" =(Acosnx+ Bsinnx)- x.
B wactHBIX chydasix, korna a wid b paBHO Hyito, peleHne BCE paBHO HAI0 UCKATh B

yKa3aHHOM OOIIIEM BH/JIE.

Ilpumep evinonnenus 3a0anus.

Haiiti yactHOe pemienue nud@epeHnanbHOro ypaBHEHUS BTOPOTO MOPAIKA,
YIOBJIETBOPSIOLLEE 3aJaHHBIM HaYaJIbHBIM YCIOBHUAM:
1

" 4 i 1 ’
y'+4y' +13y=5sin3x, y|, =2, V], =3

Pewenue. XapakrepucTuueckoe ypaBHEHHE r? +4r+13=0 umeer KOpHH

. _ —4++4*—4.13 4436 -4+6i -
12~ - - =0
! 2 2 2

Torna ¥ =e ¥ (Cycos3x +C,sin3x).
Yucna +3i He SBISIOTCSA KOPHAMH XapaKTEPUCTHYECKOTO YPaBHEHUS, TIOATOMY
y* = Asin3x + Bcos3x,

(y*)' =3Ac0s3x —3Bsin3x,

"

(y*) =-9Asin3x — 9B cos3x.

HOI[CTaBJ'IﬂeM y* " €C IIPOU3BOJHBIC B UCXOJHOC YPABHCHHUC U I1OJIydYacM

—9Asin3x —9Bcos3x + 4(3Acos3x —3Bsin3x) +13( Asin3x + Bcos3x)=C,
(4A-12B)sin3x+ (4B +12A)cos3x =5-sin3x + 0-cos 3x;

1
sin3x: 4A—1ZB:5} A=—
—

8
cos3x: 4B+12A=0 5. 3|
8

OO61iee penieHUe ypaBHEHUSI UMEET BUJL

y =& 2*(C,cos3x +C,sin3x) + %sin3x —~ ECOSBX .
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Haiinem 3Hauenune xkoHctanT C;,C, u3 HauanbHbIX ycioBuil. s aToro ompenenum
IIPOU3BOJHYIO
y' =-2e7%*(C, cos3x +C,sin3x) +e > (=3C; sin3x + 3C, cos3x) +

+§c033x + gsin 3X
8 8

H 3aIIMIIEM CUCTCMY ypaBHCHI/Iﬁ AJIA OIIPCACIICHUSA 3HAYCHUH IMPOU3BOJIBHBIX KOHCTAHT

3.1
y‘x:ozeo(cl"'CZ'O)_g:é,
' 3 1
y‘x:o:_260(C1+C2'0)+90(C1-0+3C2)+§=§,
6 1,81
8 8 2
1

szl( +§j:§.
3\2 8) 8

HckoMbIM perieHreM siBisieTcst QyHKIUS

y=e% L cos3x+ 2sin3x | + Zsin3x— >cos3x .
2 8 8 8

3anaua 4.

TeopemuquKue C6eOeHUS.
CmeneHnnvim psi0om HA3BIBAIOT PSIJI BUAA
2 n - n
ag+a(x—a)+ay(x—a) +...+a,(x-a) +...= > a,(x-a), (9)
n=0

PACIIONIOKEHHEIH 110 CTeNeHsM JBydIeHa (x —a).
B cootBercTBuH ¢ TeopeMoii AGens psix (9) cxoxutes Ha uHTepBane X €(a—R,a+R),

a JUI1 BCEX X, JIOKAIIMX BHE ATOr0 HMHTEpBasia, psj pacxomutcs. Yucio R Ha3biBaroT
paouycom cxooumocmu CTeTieHHoro psina. Ha xoHnax wHTepBana (mpu X=a—R u npu
X=a+R) Bompoc o0 cXomMMOCTM ¥ pPacXOAUMOCTH JAHHOTO psJia PpelIaeTcs
WHIMBUAYAIBHO ISl KaXJOTO KOHKPETHOTO psifa. Y HEKOTOPBIX PSJIOB HWHTEPBAI
CXOAMMOCTH BhIpokaaeTcs B Touky (R =0), y npyrux oxBatbiBaeT BCio och Ox (R =0).

Cornacno npuszHaky JlanamOepa pagnyc CXOAUMOCTH ONPENEIsIoT 1Mo hopmyrie
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. a
R=lim|—"

N—o0 an+1

(10)

Ecau Bocnoab30BaThCs IMPU3HAKOM KOHII/I, TO

. 1
R=Iim .
n—>oonan

Ilpumep evinonnenus 3a0anust.

Haittu wumHTEpBam CXOAMMOCTH psAla H HCCIEAOBATH €T0

0 Xn

CXOJUMOCTD Ha KpasiX HHTCPBAJa n

Pewenue.

Pannyc cxoaumocTu onpenenum mno Gopmyse (10):

n+1
R = lim |22 | = [im [+ D107 15 jim P+ . Iim(1+1j:10.

n—owo|d,,q| n-owe n-10"1 n—owo N n—o n

. 00 (_lo)n 00 (_1)n
Ha xonmax HHTCpBaJIA: IPU X = -10 MMOJYYHUM YHCIOBOH P Z— = Z—,
n=1 1 10" n-1 |

KOTOPBIN SABJISIETCS 3HAKOUEPEAYIOIIUMCS U CXOAUTCs Mo Teopeme JIelOHuIa, Tak Kak ero

. 1 1 .1
YieHbl YOBIBAIOT MO a0COJIOTHOW BeauMuuHe 1> > > 3 >.. n lim==0. Ilpu x=10
n—oo N

o0
[IOJIyYUM TapMOHUYECKUN DAL Z—, KOTOpBbIN pacxonutca. Takum o0pa3om, JaHHBIH
n=1

CTeTNeHHOM psij cxoautes npu X € [—10;10).

3agaua 5.

T€0p€I71MIJ€CKM€ cee0eHUs.
OcHoBHBIE QJICMCHTApPHBIC (1)YHKLII/II/I HMCIOT IIPOCTHBIC PA3JIOKCHUA 110 CTCIICHAM X, KOTOPLBIC

MpCACTABJICHBI HUXKC:!



3 5 7 on-1
sinx=—_2 X _X (—1)n+1 X +... VXe(—w,0),
1 3t 51 71 (2n—1)!
2 L4 B U8 n
cosx=1-> 42 X X (—1)n+lx—+ VX € (—o0,),
141 6! 8l (2n)!
(1+x)m=1+mx+m(m_l)x2+.. +m(m_1)"'(m_n+1)x”+...VXe(—l,l),
2! n!
2 3 L4 5 n
In(1+x):x—X?+X€—XZ+X€—...+(—1)n_1XF+... VXe(—l,l),
3 5 7 2n-1
arctgx=X—X—+X——X—+...+(—1)n_1X +... ‘v’Xe(—l,l].
3 5 7 2n-1

[Tpu npuOIMKEHHBIX BBIYUCIICHUSIX OMPEIEIEHHBIX HHTErPAJIOB TpeOyeTCs pa3ioKUTh
NOJIBIHTETPANIbHYIO (YHKIMIO B CTENEHHOM psAl, KOTOpBIM B Mpejeliax HHTepBaja
CXOJMMOCTH MOKET OBITh MOWIEHHO NpouHTerpupoBaH. Mcnonb3ys popmyny HeroToHa —
JleitOHuULa, ONIpeIeIeHHBIN UHTErPajl BBIYUCIIAIOT KaK YaCTUYHYIO CyMMY HOJTy4Yarolerocs
yucioBoro psaa. Ecium psn  3Hako4yepenyroumuics, TO TOYHOCTh HPUOIHIKEHHBIX
BBIYKCIICHUI HE MTPEBOCXOAUT MEPBOrO U3 OTOPOLIEHHBIX YJICHOB.

Ilpumep evinonnenusn 3ad0anus.

Brrancnuts onpeneneHHslii uHTErpai ¢ ToyHoCcThi0 10 0,001 myrem pasnoxenus

HOI[BIHTCI‘paHBHOﬁ (bYHKI_[I/II/I B pAa U IMOYWICHHOI'O MHTCTPUPOBAHUA O3TOTO psaa:

——dx
X

05 .
J‘ SIN X
0

Pewenue.

Hcnonb3yem pasiokeHue B psi A GYHKIUK SIN X U TMOJACTaBUM €T0 B MOABIHTEIPATbHOE

BBIPAKEHHE
, , 3 U5 2n-1
de :JE XX ()"t X X —
;X ) X 31 5l (2n-1)!
0,5 2 4 2n-2
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X x° n+l x2n-1 o
=| X———+—+...+(-1) +...| =
313 515 (2n—1)1(2n-1)
JL + L + +(—1)n+1 L TS
2 2%313 2515 22 (2n-1)(2n-1)

~0,5-0,0069 + 0,00005~ 0,5-0,0069 ~ 0,4931~ 0,493.

B BhIuMcCIIeHHSX PUBEACHBI NIEPBBIC TPU WICHA PsAJia C COXPAHEHHEM YEThIPEX 3HAKOB
MOCJE 3amsTo, Tak Kak 3agaHHas To4yHOcThb coctaBisieT 0,001. Tperwit unen psnga

OTOpOIIIEH, TaK KaK OH MO BEJIUYMHE MEHBIIE 3aJaHHONH TOYHOCTH (0,00005) <0,001. B

OKOHYATCIBbHOM PE3YJIbTAaTC IIPOBCACHO OKPYIITICHHUC 10 TPCX 3HAKOB IIOCJIC 3aMsaTOM.
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