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Ananumuueckas ceomempus 6 npocnipancmee R

BekTopHasi a.ﬂreﬁpa

HGKOTODBIG CBCACHUI N3 TCOPHUU

BekTop — HanpaBIEHHBIN OTPE3OK.
PaBencrtBO

a=(x,y, z) (1)
03HAYAET, YTO X, ), Z — MPOEKIUH BEKTOPA HA OCH KOOPIMHAT UIIH €r0
JIEKAPTOBBI KOOPANHATEIL.

dopmyiia
|Zl|=\/x2+y2+22 (2)
II03BOJIET 10 KOOPIMHATAM BEKTOPA OIPEIEIIUTH €M0 MOIYIIb.
12 5 Ecnu a, B, Y — yrisl, KOTOpbIE BEKTOP 00pa3yeT ¢
i TIOJIOKUTENILHBIM HAIlPaBJIEHHEM OCEN KOOPIUHAT, TO
B cosal, cosP}, cosy Ha3BIBAIOTCS HAMPABIISIOMUMHU
a KOCHHYCaMH BEKTOpa d .
0 >y x=|c7|cosoc, y=|c7|cos[3, z=|c7|cosy, (3)
cos® o+ cos” B+ cos’ v =1 4)

x
Ecnu n3BecTHbl Havano Bekropa M 1(x1, Y Zl) u

xoHeny M, (xz, Y, 22) , TO KOOPJIMHATHI BEKTOPA HAXOIATCA 1Mo hopmysiam

X=Xy =Xy, Y=Yy—Y, Z=2 2. ()
Benn d =(x, yy,z;1) u b=(xy, ¥5,2,),T0
aib:(xli)(fz,yliyz,ZliZz) (6)

n ad=(ox;, oy, 0z), Tae o — Mo6oe Yuco.
BeKTopI)I, JICKAIIMEC Ha O,Z[HOi/JI HJIN ITapaJUICIIBHBIX IIPAMBIX, HA3bIBAIOTCA
KOJUTMHEApHbIMHU. [IpU3HAK KOJJIMHEAPHOCTU BEKTOPOB d U b !
X, Yy oz
NN _A )

Xy Vo Zp

- =

k Wa3BIBacTCS KOOPIMHATHBIM 0a3MCOM:

7I=[71=[8]=

Tpoiika BEKTOPOB 1,

- -

Bekropsl i, j, k HampaBnensl mo ocsim cootBerctBeHHo Ox, Oy, Oz B

MOJIOKUTEIIBHYIO CTOPOHY.
Jro6oli BekTOp d = (x, V, Z) MOXET OBITh PEJICTABJICH B BUJIC



a=xi+y +zk. (8)

CK&J’ISIDHI)IM IMPON3BEACHUEM BCKTOPOB d = (Xl s Vs Zl) u

b= (x2 s Voo 22) Ha3bIBACTCA YU CJI0, PABHOC IIPOU3BCACHUIO MO,ZIYJICﬁ OTHUX
BCKTOPOB Ha KOCHUHYC yIJla MCKY HUMH.

5-5:|5|-‘5‘-00S(p, 9)
5-5:|5|-np55=‘5‘-np55, (10)
i-a=a’=|al’, (11)

T.€. CKaJISPHBINA KBaZpaT BEKTOPA PaBEH KBAAPATy €10 MOIYJIS.
Zib :xl.X2 +y1y2 +ZIZ2‘ (12)

Eciu ZiJ.Z;, TO
XXy + V1 Vs + 2125 = 0. (13)
XXy + +

cosQ = 1X2 TV1V2 T 2123 ‘ (14)

2 2 2 2 2 2
\/xl +y t7; -\/x2 +Y, t2p
Ecmm Bexktop F' m300pakaeT CHTy, TOUKA MPUIIOKEHHSI KOTOPOH

nepeMenacTcsl U3 Hayanaa B KOHEI BEKTopa S, TO paboTa 3TOW CHITBI
OnpeaensieTcs

W=F-S. (15)

—

BekTopHBEIM ITPOU3BEACHUEM BCKTOpa Zi Ha b Ha3bIBaeTCS TaKOM BCKTOP

¢ = a X b, KOTOpBIA yIOBIETBOPSAET CIEAYIOLIUM TPEM yCIOBUIM:
1. |5|:|a|-‘b‘-sin(p, rae @ — yroy MeXIy BekTtopamu d u b
2.cla n clb;
3. BEKTOp C 00pa3yeT ¢ BEKTOpaMH d W b «IIpaByro» TPOMKY.
BekTopHO€E npon3BEIEHUE 3aBUCUT OT MOPAIKA COMHOKHUTENEH

axb=-bxa. (16)
MoyJib BEKTOPHOIO NPOU3BEICHHUS PABEH IIOIIAAM TapajljieiorpaMma,
TIOCTPOEHHOTO Ha BEKTOpax d U b
S=|ixb)| (17)
1. -
Sp = —‘ axb ‘
2

(18)

Ecnu Bektopel @ u b KommueeapHsl, T0 @ X b = 0, B 4acTHOCTH,
axa=0.

—

Eciu BeKTOpBI 3a/1aHbl KOOPJAWHATAMH d = (xl, Y1 Zl), b= (x2 , Vo, 2y )



ixb=|x; y z| (19)
X V2 2
Eciu Bextop F m306paskaert CHLy, IPUIOKEHHYIO B KAKOH-HHOYIb TOUKE
M, aBextop @ WIET U3 HeKOTOpoil Touku O B Touky M, TO BeKTOp & X F

IPENCTABIAET COOOM MOMEHT CHIbI [ OTHOCHTENBHO ToukH O
mF=axF. (20)

—

CMeIIaHHBIM OPOU3BEIEHUEM TPEX BEKTOPOB d, b, ¢ HA3BIBAETCS YHCIIO,

PaBHOE BEKTOPHOMY IIPOU3BEIACHHIO X b , yMHOKEHHOMY CKaJISIPHO Ha BEKTOP
¢, T.e.

Gbé=(axb)-c=a-(bxc) (21)
CMenranHoe npousBeneHne abc paBHO 00bEMY MapallIeIenuIIea,

IIOCTPOCHHOI'O Ha BCKTOpax Ei, b, E , B3I TOMY CO 3HAKOM «IIIIFOC», CCIIN TpOP'IKa

a, b, ¢ mpasas, co 3HAKOM «MHHYC», €CJIM 3Ta TPOMKA JIEBas.

V = +abhé. (22)
Ecom BCKTOPbI KOMILIIAHAPHBI (JIG)K&T B OIIHOﬁ HJIOCKOCTH), TO
Gbé =0. (23)

Jl71s BEKTOPOB @ = (xl, Vi, zl), b= (xz, V2, 22), ¢ = (x3, 3, 23) CMEIIIaHHOE
TPOU3BENEHHE ONpeeseTcs GopMyIoi

= X1 1 4
abE = X2 y2 22 . (24)
X3 Y3 Z

3agaua 1. Ha MarepuasibHyIO TOUKY I€MCTBYIOT CHJIBIL:

O :(—1, 2, 2), ;5 =(1, 1, —2).

Haiitu paboTy paBHOAEHCTBYIOLIEH ITUX CUJT R IIpY NIEPEMELLECHUN TOYKH U3
[IOJIOKEHUSA A(2, -1, 0) B IIOJIOKEHHE B(4, 1, — 1).

Pemienue. Halimem paBHOIEHCTBYIONIYIO
R=F+F+F;=2-1+1-1+2+1,1+2-2)=(2,21).
Bexkrtop nepemenienus no popmyie (5)

= Em—
S= AB =(4—2,1+1,—1—0)=(2,2,—l).
Hckomyto paboty HaxoauM 1o ¢opmyie (15)
W=R-S=2-2+2-2+1-(—1)=7.



3amaya 2. Jlana cuna F = (3, 4, — 2) U TOYKA €€ MPUITIOKECHHUS

A(2, -1, 3). HaiiT# MOMEHT CHIIbI OTHOCHUTEIBHO Havajaa KOOPIAUHAT M YIJIbI,

COCTaBJIAICMBIC UM C KOOPAWHATHBIMU OCSIMU.

= = _—>
Pemtenue. ITo popmyne (20) m F'=7 x F.Bekrop ¥ = OA 1o
dopmyse (5) UMeeT KOOPAUHATEL 7 = (2, -1, 3), o popmyie (19)
iR
rxF=2 -1 3 |=-10i +13j +11k.
3 4 =2

Utak, moﬁ = (— 10, 13, 11). Monyns MoMeHTa HaxoauMm 1o popmyre (2):
| m.F| = J(=10)2 +(13)% +(11)> = V390 ~ 19,748,

Hanpagnstomue kocunycsl no popmyne (3):

coso. = _—10 =—0,506, cosP = i = 0,658, cosy = L =0,557,
19,748 19,748 19,748

a yIIIbI, COCTABIISIEMbIE MOMEHTOM CHJIbI ¢ KOOPJAUHATHBIMU OCSIMH, CJIELYFOIIHE
a=12024', B=4851' y=569.

KoHTpounb: 10MKHO OBITH cos® o+ cos” B+ cos® vy =1 V Hac:

(- 0,506)” +(0,658)” +(0,557)% = 0,999.

3ajaya 3. Hanucars pasnoxenue Bektopa x = (5, 16, 2) 1o Bektopam
p=(21,0), §=(0,-2,0), 7=(-152).

Pemienue.

1. PasnoxeHnue BEKTOpa X M0 0asucy p, ¢, ¥ WMEET BU/

—

X=0a,;p+0,g+asF
WJIU B KOOpAUHATHOM hopme
Xp =0 pp +0sq; + 037
Xy =0y Py 0oy 03
X3 =0 p3 + 0,3 +0373.
2. C yueTOM YMCIIOBBIX 3HAUEHUN KOOPAUHAT BEKTOPOB D, ¢, ¥ H X
TTOJYYMM CHCTEMY YPAaBHEHHI OTHOCHTEIBHO HEM3BECTHBIX Ly, Oloy, Ol3:
2-00;+0-a,—-1-a3=5 200 =5+ 03 o; =3
lray—2-0,+5-a3=16 = {20, =0;+503;—-16 = J0,=-—4
0-0;+0-00y) +20053=2 oz =1 oz =1
3. PasnoxkeHue BEKTOpa X II0 BEKTOpaM p, ¢, ¥ HMMEET BHI:
x=3p—4q+r.



Oteer: X =3p—4qg +7.
—

Bagaua 4. B mapamnenenunene ABCDA,B,C,D, Bextopst AB = p,

N

—_ —

AD =¢q, AA, =r ob6pasyior 6asuc. Pasnoxuts Bektoppt AG, AP, AN,

10 BEIOpaHHOMY Oasucy, ecnu Touka G genut pebpo DD, B oTHOIIE-
Hun 1:2; Touka P — touka nepeceuenus quaronaneit rpaan DD C;C; Touka

N — cepenuna pedpa B,C].

Penienue.
[TocTpoum yeprex. HemocpeacTBeHHO U3 YepTeka ClIeIyeT:
> . 2.
C AG=AD+DG:q+§r,
1. . 1.
AP = AP1+APZ+PzP—5p q+5r,
> 1. .
c AN, = AB+ BN+NN1 p+5q+r
OtBer: AG = +% AP _l_»+_>+ll_;
q 3 217 q 5
— . 1. .
AN, =p+—q+r



IIpsiMasi ¥ MJIOCKOCTH
IlaockocTth. Ee ypaBHeHus

Ax+By+Cz+ D=0 — (25)
o01iee ypaBHEHHE TTOCKOCTH.
A(x—xo)+B(y—yo)+C(z—zo)=O — (26)

ypaBHEHUE TUIOCKOCTH, IPOXOIAIIEH Yepe3 Touky M, (xo s Vo Zo)
NIEPIEHIUKYISAPHO BEKTOPY # = (A, B, C).
X z
SR (. (27)
a b c
ypaBHEHHE TUIOCKOCTH «B OTPE3Kax». 31ech d, b, ¢ — BEIMYUHBI OTPE3KOB,

OTCEKaeMBbIX IUIOCKOCTBIO HA OCSIX KOOP/IMHAT.
Ax+By+Cz+D

=0 — (28)
+ \/ A% + B + C?
HOPMAJIbBHOC YPAaBHCHUC IINIOCKOCTH.
g | Ax, + By, + Cz, + D|
\/ A% + B + C?

paccTostHue OT Touku M (xo , Vo ZO) 1o miockoctd Ax+ By +Cz+ D = 0.

X=X Y=V Z—Z

Xo=X; Yo=Y Z—z;|=0 - (30)

X3 =X V3= Z3— 2
ypaBHEHHUE IUIOCKOCTH, TPOXOISAIIEH Yepe3 TpH TOUKH A, (xl, Vi, Zl) ,

A21(x2:y2’22)1 A3(x3’J’3,Z3)-

(29)

IIpsamas. Ee vypaBHeHust

Ax+By+Ciz+D; =0
{ 1 T4 1 3 (31)

A2X+Bzy+ C22+D2 = 0
06mee YPaBHCHHC HpﬂMOﬁ (HpﬂMaH 3a1aHa MEPECCUCHUCM JIBYX HHOCKOCTeﬁ).
x—xo_y—yo zZ—Z,

= — (32)
m n p

KaHOHHYECKOE ypaBHEHHE MpsiMoit, Tine M, (xo s Vo zo) — TOYKa,
IpHHAIJIEKAIIAs IPAMOM, d = (m n, p) — HAIIPaBJIAIOLIUN BEKTOP MIPAMOMN

(BEKTOp, MapajuieNIbHbIN MPSAMOI).



xX=x,+mt
y=y,+nt - (33)
z=2z,+ pt

MapaMeTpUUIECKrUEe YPaBHEHHUS TIPSMOI.

X=X — Yy—->" _ Z—2z (34)

Xp =X Vo= V1 2372
YpPaBHEHHE NPSIMOU, MPOXOASIIEH Yepe3 ABE IAHHBIE TOUKH Al(xl, Vi Zl) ,

Az(xzy Y2, Zz)-

+ +
cos@ = T T M T PP - (35)

2 2 2 2 2 2
\/ml T+ '\/mz tTHy +Dp
YTOJI MesKy ABYMs IpSAMBIMHE, TAe d) =(my, ny, py) u d, =(my, ny, py) —
HATIPABISIOIIME BEKTOPBI MPSAMBIX.

_ |Am+Bn+ Cp|
siny = — (36)

\/A2 +B* +C? -\/m2 +n?+c?
YIOJI MEXY NPSAMOM M IUIOCKOCTBIO, TIE 1 = (A, B, C) — HOPMAJIbHBIA BEKTOP

IJIOCKOCTH, d = (m n, p) — HANPABJISIOMINN BEKTOP MIPSAMOM.

1
= P AjAy AjAy AjA4| — obwvem nupamuasl A; A, A3 Ay, Tae

7

nUpamuobl
Al(xl’ Y1 21)1 A21(x2; Yo 22)’ A3(x3, Y3 23)’ A4(x4’ Y4, Z4) -
KOOPJAWHATHI BEPIITUH ITHPAMU/IBI.
1[¥2=%1 V271 2274
Vnupamudbz =\ X3 =X V3=V 23721 (37)
Xqg =X Va=V1 Z4— 2
3agava 5. JlaHbI KOOPJWHATHI BEPIIUH ITUPAMHUIBI A1(2, 1, — 1),
A45(3,0,1), A43(2,—-1,3), 44(0, 8,0). Haiiru:
1) yron mexnay peopamun A4, u A Ay;
2) yron mexnay peopom A; A4 u rpansio A A, As;

3) o6beM nupamuasl V
4) paccrosiHue OT TOUKH A, 10 iockoctn A; A As;

5) Touky A, CAMMETPUYHYIO TOUKE A, OTHOCHTEIHHO IIOCKOCTH
A A5 A5,
6) Touky A, CAMMETPUUYHYIO TOUKEe A4 OTHOCHTEIBHO MpsiMOit A A3.

Pemienue.
1) Yroa mexny pedpamu HaxoauM 1o Gopmyne (35).



—>

a, = A A4, = (3 -2,0-11- (— 1)) = (1, -1, 2) — HaNpaBJIAIOLMNA BEKTOP
npsmoit 4, A, ;

—>

Gy = A4y =(0-2,2-1,0—(=1))=(=2, 7. 1) — nanpasnsomyuii Bexrop
npsmMoit Ay Ay .
1-(-2)-1-7+2-1 =7 T
S22 422 (c2)P w7212 Vo548
2) CoctaBuM ypaBHeHHe miockoctd Ay A, A5, mpoxopsiieit yepes Tpu
TOYKHU A1(2, 1, — 1), A2(3, 0, l), A (2, -1, 3), o popmyie (30)

x=2 y-1 z+1
1 -2 2
0 -2 4

cosQ =

x=2 y-1 z+1
3-2 0-1 1+1
2-2 —1-1 3+1

-1 2 1 2 1 -1
(=23 A0-nls 3Gy Th|-o

(x=2)-0-(y—1)-4+(z+1)-(-2)=0,
—4y+4-2z-2=0,
4y +2z—2 =0 — ypaBHeHue miockoctd A; A, A3;

= O, O;

n= (O, 2, 1) — HOPMaJIbHBIA BEKTOP IJIOCKOCTH;

—>

a=AA, = (— 2,7, l) — HANPAaBISAIOIINNA BEKTOp NpsiMoi  A; Ay .

Haxomum yron y wexnay npsimoir A; A4, n mnockocteio A; A, A3 1o
dbopmyne (36)

_ 0-(—2)+2-7+1-1 15
Siny =

= =09114.
Vo2 422112 -\/(—2)2+72+12 V5454

3) Haxomgum o6bem nupamuisl o popmyse (37)

— — —
V=£—| 0 -2 4|=t—(-2+8-8-28)=——(-30)=15.
6|l-2 7 1| 6 6

4) Paccrosaue ot Toukn A, 1o mnockoctn A; A, A; HaxoauM 1o
bopmyne (29).
_|2-8+0-1] 15

R e B

5) YrtoObl HaliTH TOYKY A, CAMMETPHUYHYIO TOUYKE A, OTHOCHUTEILHO

=35~ 6,69.

mockoct Ay A, A5, cnenaem cienyrornee.



CocTaBUM ypaBHEHHUE NPSMOMH, EPIEHIUKYIIAPHOI ockoctn Ay A, A5,
npoxoJsIIei yepe3 Touky A, 1o dopmyine (32). 3a HanpaBIAIOUHMNA BEKTOP
OpsIMOU a =n = (O, 2, 1) O0epeM HOpMaJIbHBIA BEKTOP MJIIOCKOCTH, T.K. IIpsiMast

MCPIICHINKYJIAPHA ITIJIOCKOCTH:

x—0 y-8 z-0 x_y-8 z
0 2 1 0o 2 1
CocTaBuM mapamMeTpUyeCKue ypaBHEHHS 3TOH npsamMoii mo ¢opmyne (33):
x=0
y=2t+8
z=1.

Haxonum Touky nepecedeHus 3Toi NpsaMoii ¢ miIockocTbio Ay A, Ay

x=0
x=0
y=2t+8
t = {y=—6+8=2 = 22t+8)+r—1=0,
Z =
z=1
2y+z-1=0

St+15=0, t=-3.
[Tomyuaem Touky M (O, 2, — 3); T.K. TOYKa Aj CHMMETpHUYHA TOYKE Ay
OTHOCHUTENBHO IIockocT Ay A5 Ay, To Touka M sBIsieTcs: cepeinHOM OTpe3kKa

Ay Ay, mosTOMY

X4+ X, 0+xy ,
Xy = ——, 0= , x, =0;
M 2 9 4
V4 tY4 8+ y4 ,
= 2:—, :—4,
Ym 5 5 Y4
Z4 +2, 0+z, ,
Za = , —-3= , zy, = —6.
M 5 9 4
AA(O, —4, —6).

6) YtoObl HaiiTH TOUKY A, , CHAMMETPHUYHYIO TOUYKE A, OTHOCHTEIHHO
npsmoit Ay A3, cocTaBUM ypaBHEHHE IJIOCKOCTH, IPOXOASIICH yepe3 TOUKy Ay
HEePIEeHINKYIApHO mpsaMoit  A; A3 1o ¢popmyre (26). 3a HOpMATbHBII BEKTOP
MJIOCKOCTH N =a = (O, -2, 4) OepeM HampaBISIFOIINIA BEKTOp mpsimoii A Az,
T.K. IJIOCKOCTbh MEPIICHAUKYIISIPHA MPSMOH.
0-(x=0)-2-(y—3)+4:(z=0)=0, —2y+16+4z=0, y=2z-8=0.
Vpasuenue npsimoit  4; A; cocrasisiem no gopmyne (34).

x=2 y-1 _ =z+1 x=2 y-1_ z+1

2-2 —1-1 3+1 0 -2 4
[Tapamerpruyeckue ypaBHeHus psiMoit Ay Ay




x=2

y==-2t+1
z=4t-1.
Haxomum Touky N mnepeceueHus npsimoii A; A; ¥ IIOCKOCTH:
(x=2
y==2t+1
\z=41-1
y—2z-8=0,

~2t+1-2(4t-1)-8=0, —10-5=0, 1=——,

x=2, y:—Z(—lj+1:2, 224(—1)— = -3.
2 2

Urak, Touka N(2, 2, —3). Tax kak Touka A cuMMeTpuuHa Touke A,

OTHOCHUTEJIBHO NpsiMoi  A; A3, To Touka N sBJISeTCS CepeUHON OTpe3Ka

Ay Ay, Torna
X4 +x) 0+x)
YN = 42 t,2= 24’ xy =4
_Yatyi ., _8+yf -
J’N—T, 2= 5 4 =4,
z, +z) 0+zy
_ 4724 —3= 4 z) =—6, TouKa AZ{(4,—4,—6)-

Z )
N 2 2



AHaJIUTHYECKAs] TeOMeTPHUS Ha IJIOCKOCTH
HexkoTtopsie cBeieHUs U3 TEOPUH
Ilpavas Juuus. Ee ypaBHeHnue

Ax+By+C=0 — (38)
o01iee ypaBHEHHE TIPSIMOTA.
X=X, VY—Y,
= — 39
- » (39)

ypaBHEHHUE PSIMOH, MPOXOAsIIeH uepe3 Touky M, (xo, Vs ) a= (m n) —
BEKTOD, NMAPAIIIENBHBIN NPSIMOM.
A(x—xo)+B(y—yo)=O — (40)

ypaBHEHHUE TPSIMOH, MPOXOoasiieit uepe3 Touky M (xo , yo) c
IEPIEHIUKYISPHBIM BEKTOPOM 1 = (A, B) :

X=X _ V=N

Xp =X Vo=
ypaBHEHHE MPSIMOil poxosmeii uepes nse Touku M l(xl, yl) u M, (xz, yz) :

(41)

Xy
A 42
_+ (42)

ypaBHEHUE MPSIMOH B «OTPE3Kax», TIe d, b — BEITUYMHBI OTPE3KOB, OTCEKAEMBIX
IPSAMOM Ha OCSAX KOOPAHWHAT.

v=kx+b — (43)
ypaBHEHHE MPSIMOU C YITIOBBIM KOIPPUIUEHTOM Kk = 12( U OTpe3KoM b —
orcekaemMbIM Ha ocu Oy .

y=y.=k(x-x,) - (44)
ypaBHEHHUE TPSIMOM, MPOXOoasiieit uepes Touky M (xo , yo) C YIUVIOBBIM

ko3 durrienTom £ .
d_|AxO+ByO+C|

vA? + B?
paccrosinue ot Touku M (xo , yo) 1o npsimoit Ax + By+C =0.
Ax, + By, +C
VA4 +B?

OTKJIOHEHUE TOUKku M (xo, yo) OT MPSIMOIA.

y
k==t - (46)

yriioBoi kodddurment npsimor Ax+ By +C=0.
kl = k2 - (47)

YCJIOBHUE MApaJIIENIbHOCTH NPSIMBIX.

(45)

8:

(45a)



1

b= —— — 48
1 0 (48)
YCIIOBUE MEPTIEHUKYIAPHOCTH PSAMBIX.
k2 - kl
& T ks (49)

YTOJI ME&XIY ABYMS TIPSIMBIMHE C YTIIOBBIMH Koddunmentamu k; u k.
3ajaya 6. JlaHbl cepeIMHBI CTOPOH TPEYTOJIbHUKA
P(l, 2), Q(S, 1), R(— 4, 3). CocTaBHUTh YpaBHEHUS €r0 CTOPOH.
B(x:, v,) 1 crioco6. Tak kak Touku P, O, R sBusioTcs
cepenuHamu otpe3koB AB, AC, BC, 1o

P 0 x1+x2_1 x2+x3_5 x1+x3__4
2 T2 T2 ’
A(xl,yl) R C(x3,y3) ’yl-i_—’yzzz) _)}2——'_)/3:_1, m:3
2 2 2
Pemraem nBe cucteMsl ypaBHEHHM
X +x,=2 Y +y, =4
X9 +X3:10 %) +y3:—2
xl+X3:_8, y1+y3:6,
IIOJTy4aeM
X =-8 y1=6
X, =0 ¥, =0 A(— 8, 6), B(lO, —2), C(O, 0).
.X3 = 10, y3 = _2,

Temnepb cocTaBiisieM ypaBHEHHUSI CTOPOH TPEYTOJIbHUKA, KK MPSIMBIX, TPOXOSIINX
yepes JIBe TOUkH, o Gpopmyre (41).
VYpaBHenue AB:

X8 _ V=0 4i9p-22-0
10+8 —-2-6

VYpaBuenue BC':
x—lO:y+2’ X+ 5y =0,
0-10 0+2

VYpauenne AC':
X8 _ Y70 s iap=0
0+8 0-6

2 crioco6. He onpenenss koopaunar touek A, B, C, cocTaBUM ypaBHEHHUE

Ka)XI0W U3 CTOPOH TpeyroibHuka ABC , Kak mpsMoi, MPOXOoIAIIeH yepe3 OHy
U3 BepIIMH Tpeyroibauka POR mapaiieabHO IpOTHBOJIEXKAIIEH CTOPOHE.



YpaBuenue AB: mnpsimas AB mpoxomuT yepe3 TOUKYy P mapauieIbHO BEKTOPY

—
OR = (— 9, 4). Hcnonszyem ypaBuenue (39).

—1 -2
AL =  4x+9y-22=0.
-9 4
YpaBuenne BC: npsmas BC mnpoxoauT yepe3 Touky () mapajuiebHO BEKTOPY
—
PR =(-5,1).
— 1
x> YT = x+5y=0.
-5 1
YpaBuenne AC:upsmas AC TpoXOIUT yepe3 TOUKY R TapaiellbHO BEKTOPY
—
PO =(4,-3).
4 _
YHE_YT3 o srs4y=0
4 -3

OtBer: 4x+9y—22=0, x+5y=0, 3x+4y=0.
3agauya 7. CocTaBUTh ypaBHEHHUS KaTETOB MPSIMOYTOJIBHOTO
PaBHOOEIPEHHOTO TPEYTOJLHUKA, 3HAs ypaBHEHHE THIOTeHY3bl 2X + 3y —5=0

¥ BEPIIMHY MPSMOTO yria (2, — 1) :
B N AB = BC (no ycnosuio), nostomy LABC = /ACB =45,

o 2
45 kpc = -3 ( mo popmyne (46)). YpaBHeHHS KaTeToB AB

45° AN
AQ. A ¢ BC cocraBisiem o popmyne (44): y+1= k(x — 2).

k+z
tg45° = —23 , (49)
1-Zk
3
k+—
— 3 — 31
-2k
3

Pemast 31 ypaBHEHUs, TOTYyUHM:

kzé, y+1:%(x—2), S5p+5=x-2, x—-5-7=0.

k =-5, y+1:—5(x—2), y+1=-5x+10, 5x+y-9=0.
OtBer: x—5y—-7=0, 5x+y—-9=0.
3amaya 8. B TpeyroybHHKE C BEPIIMHAMHM A(3, - 2), B(— 1, 1), C(S, — 7)
Haiitu 6uccektpucy BHyTpeHHero yrina LABC.



B_x 1) CocraBum ypaBuenus cropos yria Z£ABC,
BOCIIOJIb30BaBIIMCH (popmyioit (41).

5102 Cropona BA:
1 -1
xr_JY , —3x—-4y+1=0.
3+1 —-2-1
Cropona BC':
1 -1
Xty , —8&—-6y-2=0.
4 ¢ 5+1 —-4-1
\ N 2) Touku OMCCEKTPUCHI PaBHOYIAJICHBI OT CTOPOH

yria. [IpupaBHsSIeM pacCTOSHUS OT MPOU3BOIBHON
TOYKH OrcceKTpuchl M (x, y) 1o ctopoH yrma BA u BC, BeIYHCHSAS UX 11O
dbopmyne (45).

|—3x—4y+l| |—8x—6y—2| |—3x—4y+1| |—8x—6y—2|
e Jsae 5 10
W13 nocieqHero paBeHCTBA OJIyYaeM CIEAYIOUIHE JBa:
2(— 3x—4y+ 1) =—8x—-6y—2 wu 2(—3x—4y+1) = —(—8x—6y—2).

[Toce mpeoOpa3zoBaHUs MOTyYaeM yPaBHEHHUS IBYX MPSMBIX, KOTOPBIC SBIISTFOTCSI
OMCCeKTprUCaMK BHYTPEHHETO U BHEITHETO YIJIOB NIPH BEPIIUHE B TpeyroibHUKA

ABC':

x—y+3=0 (a)
u x+y=0. (0)
J1IJ1s1 OUCCEKTPHUCHI BHYTPEHHETO yTIjla TPEyrojibhuka BN OTKIOHEHHWS BEPIIHUH
tpeyroiapbHuKka A W C WMEIT pa3HbIC 3HAKH, a JJIT OMCCEKTPUCHI BHEIITHETO
yrnma BK — 3HaKu OTKJIOHEHHM OJMHAKOBHI.
Hatigem otkinonenus Touek 4 u C ot npsmoii (a) mmo ¢popmyne (40,a):

3-(-2)+2 7 5-(-7)+2 14 0

= = = = >
Jize2 V2 iz V2
clIeIoBaTeIbHO, ypaBHEHUE (a) —3TO ypaBHeHHE npssmoii BK . Torma ypaBHeHue

OMCCEKTPUCHI BHYTPEHHETO yriia TpeyroibHuka ABC mpu BepmmHe B
x+y=0.

d 4 >0, O

Otget: x +y = 0.



JIUHEMHAS AJITEBPA

Pemienue cucrem JIMHEHHbIX ypaBHeHuil MeToaoM Kpamepa

PaccmoTpum HEOTHOPOAHYIO CUCTEMY JIMHEVHBIX YPAaBHEHUMN
anx + apny + a3z = bl
Ay X +ayy+ayz=b, (1)
a3 X + aspy + azzz = b3

BeneM 0003HaueHMS:

app A4 dp3

A=lay; ay, a,3| — OIpEeAenuTeNIh CUCTEMBI,
dsz; dzp dsj
by a;p ap ay; by ap ay, ap b
Ay =|by ayp axy|, Ay =lay; by ax|, A =|ay ayp b| -
by as, as; as; by as; as; az b

BCIIOMOTATEIIbHBIE CUCTEMBI.
1. Ilycte A # 0, Torna cuctema (1) mMeeT eMHCTBEHHOE PEIIICHHE,
KOTOpPOE HAaXOJUTCS 10 popMysiam

X A y A z A
2. Ilycte A =0. Bo3MOXHBI [Ba CITydas:
a) eciu XOTs Obl OJMH U3 BCIIOMOTATEIbHBIX OMPEIETUTENCH OTIIMUEH OT
HyJIs, TO cuctema (1) He uMeeT pelleHui;
0) eciu Bce BCIIOMOTATEIbHBIC OMPEACIUTENS PaBHBI HYJIIO, TO CUCTEMA
(1) mu0o He umeeT perieHu, 100 UMeeT UX OECKOHEYHO MHOTO.
IIpumep. Pemmnts cucreMy JTMHEWHBIX YpaBHEHUN MeTo1oM Kpamepa

3x+2y+z=5
x+y—z=0
4x —y+5z=3.
Pemenue.
3 2 1
A=1 1 —1|=35-1)-2(5+4)+1(-1-4)=-11=0,
4 -1 5

CICA0BAaTCIbHO, CUCTCMA UMCCT CAMHCTBCHHOC PCIICHHUC. CocraBuM
BCIIOMOI'aTCJIbHBIC OIIPCACIUTCIIA:

5 2 1 3 5 1 3 2 5
A=0 1 -I|=11, A={1 0 —-1|=-33 A=|1 1 0|=-22.
3 -1 5 4 3 5 4 -1 3

Torma x=-1, y=3, z=2.



MaTpuubl U AeiicTBUS HAaX HUMU. PelieHne cucreM JIMHEHHBIX
YPaBHEHHMH CpeICTBAMM MATPUYHOI0 UCUMCJICHUSA
Marpuneii nopsaka 7 X 1 Ha3bIBACTCA MPSIMOYTOJIbHAS CUCTEMA YHUCE

all 6112 Clln
. a21 azz a2 _
A= " =\a;)-
) Ayn

Croocenue. Cymmont marpun, A = (al-j) u B= (bl-j), rae

i=12,....,m j=1,2,..., n, naseiBactcsa Mmatpuiia C = (cy) = (al-j —I—bl-j).
OueBHIHO, YTO CKJIAIBIBATH MOYKHO MATPHIIBI TOJIBKO OJHOTIO HOPSIKA.

Yunoowcenue mampuy na yucno. IlpousBenaenreMm Matpuibl A = (aij) Ha

gncio k # 0 nHaseiBaetcs matpuna C = (cl]) = (kaij )

Vmnoorcenue mampuy. TlpousBeneHnemM Matpuibl A = (aij)

(i=12,....m, j=12,..,n) Hamatpuny B = (bl])
(i=12,...,n j=1,2,..., k) naseiBactcs matpuna C = (cl-j) nopsiJiKa

mxk,rne c; =a;by;+ajbyi+.. +ayb,;, Toects ¢ ecTb cymma

NIPOM3BEICHUH 3JIEMEHTOB I —OW CTPOKU MaTpullbl A Ha COOTBETCTBYIOIIUEC
3JIEMEHTHI j —Or0 CTOJIOA MaTpULbl B .

Omnepanusi yMHOKEHHsI MAaTPUILL, BOOOLIE rOBOps, HE KOMMYTaTUBHa, T.€.
AB # BA.

Obpawenue mampuy. IlycTb onpenenuTens KBaAPaTHON MaTpUIsl A
OTJIMYEH OT HyJIs. B 3TOM ciiydae Matpuiia Ha3pIBa€TCs HEBBIPOXKACHHOM. s

BCSIKOM HEBBIPOXKICHHOW MaTPHIIBI CYIIECTBYET oOpaTHas MaTpuIla A7 TaKas,
yro A4 = A'A=E, tne E — enunnunas MaTpHIIA.
1. Tpancrionupyem matpuiy A, T.e. 3aMEHHUM €€ CTPOKU Ha CTOJIOIIBI ¢
TEMHU K€ HOMEPAMH:
dip dpp 43
' —
A'=|ap ay ay
dy13 dp3 A3z
2. 3aMeHUM BCe DJIEMEHTHI MaTpHIlBl A WX anreOpandyecKuMu
JOTIOJTHEHUSIMHU :
~ All A21 A31
, —_—
S A12 A22 A32
A13 A23 A33



3. OOparHast MaTpuIla HaXOIUTCSA 1O hopMyIIE: Al = |7 rje

| A| — OIIPEICIUTEb MATPUIBI A.
Barmmmmem cuctemy (1) BBune AX =B, tne A= (al-j) — MaTpuIa

CHUCTEMBI, KOTOPasl MPEIT0JIaracTCsl HEBBIPOXKACHHOW, B — BEKTOP-CTOI0C
CBOOOHAS WICHOB, X — BEKTOP-CTOJIOCI] HEM3BECTHBIX. Torma

X=4"'B )
OTpickanue pemieHus no Gopmyne (2) U Ha3BIBAIOT MATPUYHBIM METOJIOM
petenus cuctemsl (1).
[Tpumep 1. HaiiTu cBsA3b MEXKIY KOOpAUHATAMHU BEKTOPOB X = (xl, x2) u

CX, rie C=f(4, B).
A:(:g:h) B:(é'ga_ﬂAJﬂ:L¥+ﬂAB
PemeHue.

o] D D= B 92 D
1s=123 2o 0)=133 9= )
e=rtan)=(35 §) (1)-c(i)-(ai50n)

H[ZI/IMCQ 2. Pemmth CUCTEMY CpCACTBAMH MATPHUYIHOI'O HCUHUCIICHUA:

3x+2y+z=35
x+y—-z=0
4x —y+5z=3.
Pemenue. 3nech
3 2 1 5 X
A=|1 1 -1|, B=|0|, X=|yp]|
4 -1 5 3 z
| a | =—11# 0, mosTOMYy CyIIecTByeT MaTpHIia A~ Haiizewm ee.
3 1 4
1. A'=12 1 -—1].
I -1 5
- 4 —-11 -3
2.4A'=|-9 11 4 ].
-5 11 1

—4/11 1 3/11
3.4 = 9/11 -1 —4/11].
5/11 -1 —1/11



Torma

X -4/11 1 3/11)\(5 -20/11+9/11 -1
X=A4"'B= yvi=| 9/11 -1 —-4/11||0|=| 45/11-12/11 |=| 3
z 5/11 -1 —=1/11\3 25/11-3/11 2

Panr marpuubl. Teopema Kponexepa-Kanenin

Onpeoenenue. Panrom Matpunbl A Ha3bIBACTCS HAMBBICIIHMMA ITOPSIOK
OTJIMYHBIX OT HYJISI MUHOPOB (T.€. ONpeenuTesieii k -ro mopsaka, COCTaBICHHBIX
U3 3JICMEHTOB, CTOSIINX HA MEPECEUCHHH JIIOObIX Kk CTPOK U k CTONOIIOB
MaTpuIpl A ).

OO6o3HavyeHus: r(A), rangA.

[Ipu BeIYMCIIEHUH paHTa OOBIYHO UCIOJIB3YIOT CIEAYIONINE SJIEMEHTapHBIC
npeo0pa3zoBaHus, KOTOPbIE HE MEHSIOT €TO0:

1) mepemMeHa MecTaMu JIBYX CTPOK HJTH CTOJIOIIOB;

2) YMHOKCHHE CTPOKH (CTOJI0IIa) Ha YUCIIO, OTIIMYHOE OT HYJIS;

3) npubaBjIeHHE K CTPOKH (CTOJIOIY) IPYroi CTPOKH (CTOJIOMA),

YMHOKEHHOU Ha MPOU3BOJIbHON, OTIIMYHOE OT HYJISI, YHCIIO;

4) BeIOpachIBaHUE HYJIEBOH CTPOKH (CTOJIONA).
[Ipu 3TOM CcTaparoTcs MPUBECTU MATPUILY K TPEYTOJILHOMY WITU
KBa3UTPEYTrOJIbHOMY BULY.

PaccMoTpuMm cucrtemy JIMHEWHBIX YPAaBHEHUN

allx + a12y+...+a1nt = bl
ale + a22y+...+a2nt = b2
p

(3)

[Tycth AI(CIU),FI[G i=12,....m j=12,.., n, —Marpuia CHCTEMbl.

Marpuna
app  4p ay, | b
B= dy; dxp a,, | by
B | ...
aml Ay R | bm

HAa3bIBACTCA PACIIMPEHHON MATPULIEU CUCTEMBI.
Teopema Kponexepa-Kanennu. Cuctema (3) coBMeCTHa, T.€. UMEET XOTs
OBI OIHO pEIlIeHue, TOT/Ia U TOJIbKO TOr1a, Korna rangA = rangb.

H[}I/IMGQ. Y CcTaHOBUTH COBMECTHOCTD MJIM HECOBMECTHOCTH CUCTEMBI
x+5y+4z+8t=1

JMHEWHBIX ypaBHEHUH 2x—y+2z—-t=0
Sx+3y+8z+t=1.

Pentenue. Nmeem



53 8 1 |1
Brrutem u3 3-it ctpoku 1-1o:
(1 5 4 3 | IJ
B~|12 -1 2 -1 | 0}
4 -2 4 -2 1] 0

Pa3nenum anemMeHThl TpeTbEN CTPOKM Ha 2 W BBIYTEM M3 ITOIYYECHHOU 3-U CTPOKHU

2-10:
1 5 4 3 | 1
B~{2 -1 2 -1 | Oj.
O 0 O

Brruepkaem 3-10 CTpOKY:

1543|1j
B”(z -1 2 -1 1| o

Orcrona BUIHO, UTO rangA =rangB =2 , T.K., Hanpumep, OTJIIMYCH OT HYJIS
MHUHOP BTOPOTO MOPSAKA

2 -1
CJieI0BaTeIbHO, CUCTEMA COBMECTHA. (3aMETUM, YTO 3Ta CUCTEMa UMEET
OECKOHEUHO MHOT'O PEIIEHUM, T.K. paHT €€ MAaTPHUIIbl [P ’TOM MEHBIIIE YUCTIa
HEHM3BECTHBIX ).

2 )



HNPEJEJIbBI

1. IIpenens
[TycTh KaXqOMy HATypaJbHOMY YHCITY n=12,... MIPUBEJCHO B
COOTBETCTBUE B CHJIy HEKOTOPOTO 3aKOHAa 4MCIO U,. Torma roBopsT, 4TO
ompejieicHa IOCJIEI0OBATCILHOCTh  YHCEI Uy, Uy, Us, ... WM, Kopoue,

IIOoCJIACA0BAaTCIbHOCTD {un } OTI[CJ'IBHBIG quciia U, Ha3bIBAIOTCA €€ 3JICMCHTAMU.

OHDCIIGJIGHI/IG 1.1. Ywucno a Ha3bIBACTCA IIPCACIIOM ITOCICAOBATCIBHOCTHU

{un}, eciy Ui J1I000ro MOJIOKUTENBHOIO YUCiIa € Hailjercs 3aBHCAIIEEe OT
HEro HaTypajbHOE Yyucio /N Takoe, 4To Il BCEX HaTypalbHbIX uucen #n> N

BBITIOJIHSETCSI HEPABEHCTBO: | u, —a|<e. Ilpusrom mumyr: [lim u, = a.

n—> 0

Ompenenenrie  1.2. ToBopsaT, uto QyHKIMS f (x) crpemutcs Kk A
( f (x)—) A) IpU CTPEMJIEHUU K d (x—> a), rne A wu aq—uucia, WM

lim f (x) = A, ecim g moboro € >0 cymectByer O = 8(8) > (0 Takoe, 4TO
xX—>a

| f(x)—-A|<e mpn |x—a|<3.
Amnanoruyno, [lim f(x):A, eCITH |f(x)—A|<8 npu |x|>N(8) u

X—> 0

lim f(x)zoo, ecIu | f(x)|> M mpu |x-al< S(M) rne M-
x—a
MPOU3BOJILHOE TIOJIOKUTETBHOE YHCIIO.

[1py BBIYHCIICHUH MIPE/IEIOB MOYKHO MCIIOIB30BATh CICAYIOIINE TEOPEMBI.
1. Eciu cymectsyior koneunste [im f(x), lim f,(x), 1o
Xx—>a xX—>a

) I A0 B )
6) lim| fi(x)- f2(x) = lim fi(x)- lim f3(x),

o) lim?. l(x; = A (lim fo(x) oj.

x—)afz(x lim fz(x) x—a
X—>a
2. Ecmm [im f(x) =A=0, [limf, (x) =0 (4 — koHe4HO), TO
xX—>a XxX—>a
hi(x)

lim ——= = o0,
x—>a fz(x)

ecnu  lim f(x) =A, limf, (x) =0 (4 — xoHeuHO), TO
x—>a x—a




X
lim fl( )

x—a f o) (X)
OTH yTBEpKACHHS CIPABE/JIMBBI, €CIM BMECTO ABYX (GYHKIWH [ (x) u

=0.

f2 ()C) B34Tb COOTBCTCTBCHHO ABC ITOCIICIOBATCIBHOCTH {Mn } 141 {Vn} .

B mpocrenmmux ciaydasx HaxOKIECHHE Ipezena CBOAUTCS K IOACTAHOBKE B
JAHHOE BBIPAXEHUE INPEACIbHOTO 3HAYEHUS AapryMEHTa, 4Yacro, OJHAaKo,
NPUXOAUTCS, MPEXKAEC YeM IMEepedTH K Mpelnenay, NPOBOAUTH MPeoOpa3oBaHUE
JAHHOTO BBIPAXKEHHUSI. DTO CIEAYET JIeJaTh B TEX CIy4asiX, KOrga UMEIOT MECTO TaK

.0 oo . . 0. qo. 0
Ha3bIBacMbIe HeonpeaeneHHoctn: —; —; 0.00; co—o0; 07; 17; oo,
o0

[Ipumep 1.1. HpI/I OTBICKAHHM IIPCACIa OTHOIICHHA ABYX HCJIBIX MHOT'OYJICHOB
OTHOCHUTCIIBHO X IIpU X —00 HIHM 1 IpU 71 —> 00 IJId HOCHGHOB&TGHBHOCTGﬁ

Q0
(HGOHpCI[CHGHHOCTB —) 00a YjJeHa COOTHOIICHHS IT0JIE3HO MMpcaABapuUTCIbHO
00)

pasfenuTh Ha X' WM, COOTBETCTBEHHO, /' T/l 71 — HAUBBICIIAS CTENEHb dTUX
MHOTO4JICHOB.
AHaJTOTUYHBIN IIpUEM BO MHOI'MX ClIydasaX MOXHO IIPUMCHHUTb W JJIA
4 ) (3+
3x7+2x7 -1 (ooj ,

(8}
+

npo0eit, coaepkaliux UppalioHaTIbHOCTH.
1
x_4
= lim = lim

2
2

X—> 0 4(5+i+i) x—)005+
x3 x4

a) lim

o Sxt 4 3x 42

1
x*
o0 2
T4

"o o]

2 1
lim 3+ lim —— lim —
X—>00 x>0yl xswoyd 3+0+0 3
_ = = —, crapias crernens m=4,

lim5+lim%+limi4 5+0+0 5
X—> 0 x—)OOx x—)OOx

4
JNEJIUTCSI HA X

5 lim Wont —2nd 2+ 48’ +21

oo 404 340V an* +on

n4(9——+—j +4-3 ;13(8+2
= lim

—o
! 4n4(1—— 12




3n? -\/(9—%+%j +4n-3 (8+2—31)
n n n/ _

3.\/(9_z+3j+i_ (5+2]
n n*) n n/ 3:49-0+0+0-Y8+0 9

= im = -
nso | ( 3)” (4 9) 0-41-0+2-v4+0 4

2
(HeompeneIeHHOCTh — , CTapllas CTeleHb M = 2, JeIUTCi Ha 1~ ).
o0

8) lim(3x+1) Vx? +4x+5—/x2 +4x+7l:[oo-(oo—oo)]:

X—>00
(3x+l)\/x2+4x+5—\/x2+4x—7 -\/x2+4x+5+\/x2+4x—7]
= lim _
X Va2 +dx+5+x2 +dx—7

(3x+1)(x2 F4x+5-x2 —4x+7)

= lim
o0y p a5 4x? +4x—7

= [im

(3x+1)-12 (i) _

0 x2 4 dx 154 Ax? 4 dx— T VX
12(3+l) 12-3
X—>00 4 5 4 7 1+1
I+—+—=+ J1+———
X Xx X X

I[Tpumep 1.2. Ecnm P(x) " Q(x) — [eJIbIE MHOTOWIEHBI X, P(a);t 0 wm
Q(a) # (0, TO mpenmen panuoHaIBHON Apobu P/ Q mnpu X —>a HaXOAUTCS

HemocpeaACTBeHHO. Eciu xe P(a) = Q(a) =0 (HeompenencHHOCTh 6), TO

apobs P/ () pekoMEeHIyeTCst COKPaTUTh OJWH MM HECKOJIBKO pa3 Ha (x — a).

X% —3x+2 (oj (P ex-2) 2
| =|=lIlim = lim 3

0 x—”(x—l)(x3+x2+x—3) x—>ly

lim

x—>lxt —4x 43 +x?+x-3



:(g}:mn (x—1)(x+2) x+2  1+2 %.

= [lim —E
0 x—)l(x_l)(x2+2x+3) x—)lx +2x+3 1+2+3 6

[pumep 1.3. OxHuM U3 NPUMEPOB HAXOXKACHUS MpeJieia OT UpPallMOHATBHOTO
BBIPKEHHUSI SIBIISIETCS] IEPEBOJT MPPALMOHATILHOCTH M3 YMCIUTENS B 3HAMEHATENb

WM HA000pOT (HEOIPENEeICHHOCTh 6).

_f5rx (Oj‘ (3-v5x)(3+45+x)
0 TS (1= V5 —x )3+ V5 +x)

_ lim 9-5-x _

qul—%§i§X3+4§I})

a) llm

x—>41— »\/5 X

4—x 1
=lim————lim——==lim———— =
x>4]—35—x x>43+5+x 1o41-3/5—x 6

. (4-x)(14-\ﬂ§:754-%(5-x) )

=—[im =

6x—>4(1_m)(1+3 5-x+3 (S—x)z)

| (4—x)(1+§/ﬁ+§/(5—7x)2)

6x—4 I-5+x
| (4—x{1+¥5—x+%K5—xf) |
=—[im :——lim(1+35—x+3(5—x)2):
6 x—4 x—4 6 x—4

1 1
=——(141+1)=——.
(1 14)

V=2 (o (%E—@G&7+2¥E+ﬂ
52 () :
—>8x2 _Tx—8 \0 X%8@2_7x—@657+2¥§+4)

x—8 1
= [lim = lim
x_’g(x—S)(x+1)(%/x72+2§/§+4) x_’g(x+1)(\/7+2\/—+4)
N S
S 9.12 108’

[Ipumep 1.4. Ilpu BeIYMCIEHUHN NPEAETOB BO MHOTUX CIIy4asiX UCIOJIb3YIOT
«TEPBBIA 3aMEYATEIbHBIA MPEIEI:



SInXx

lim —— =1,
x>0 Xx
CIIEICTBHEM KOTOPOT'O SIBJISIOTCS IPE/CIIbI:
Jim 185 tgx _1 lim arcsinx _ 1 lim arxigx _ L
x>0 Xx x—0 X x—>0 X
2 )
Ay -
a) lim ctg2 3x— cl‘g2 5x]- ‘g a;csm e
x—0 X
2 . 2
tgdx 5 [ arcsinx 2
2 2 ( j . 16x . ( j . x
. | cos”™3x cos” Sx 4x X
= lim| ————————| 2 -
x>0 sin” 3x  sin” 5x X
cos® 3x  cos® 5x tadx) arcsinx )’
= lim 16x2-{ PSR }-lim(g—) . lim( ) =
x—0 sin“ 3x sin” 5x | x—0 4x x—0 X
| cos®3x-16x2 cos® 5x-16x° 9
= lim 3 — 3 1717 =
x—0 ; ;
(Sll/l 3xj L0y (Sm 5x) 95,2
3x Sx )
16 256
= lim —cos3x——cos 5x } =—.
x—0 9 225
2 [
) (tg x) -4x? N 2sin® 2x
. tg”2x- 1—cos4x 0
0) lim = = : _
x—0 x2 -aresin 3x 0 ((,ZI"CSU’Z 3)(?) 3
3x
2 :
. tg2xj (Sll’l 2x)
lim ( 42 -2x
x—>0\ 2x 42 sin2x . 2x 82
= Aim —— = [lim = .
. arcsin3x x—0 3x x—0 3x 3
lim ——
x—0 3x
[Ipumep 1.5. [Ipy BplUMCHEHHM TIpeaena BBIPAXKEHUS, COJEPKALIETO

TPUTOHOMETpHUYECKHE (QYHKIMH, Korma X —>a u  a#0, pexoMmMeHmyercs
IpEIBAPUTEBHO TIPOBECTH 3aMEHY X —d = ).
T-X
coS——
: 6 0
lim =|=-|=(x-3=y, y—>0 npu x -3) =
x=>3 x—3 0




Tc-(y+3)

T .My
CcOS 1 Ty - — g - Sin T
= lim 6 = [lim —-cos(——lr—j = [lim =
y—0 y y—>0y 6 2 y—0 Ty
6
. sin—Tc Y - .
=——[im 6 =——-]l=——
6y>0 Ty 6 6
6
Ipumep 1.6. Ilpu BEIYUCIIEHUH [IPEACIIOB BUaa [im [ f (x)](p(x) = ¢ He00X0IUMO
Xx—>a

HMCTb B BUY, YTO

1) ecnu cyIecTBYIOT KOHEUHbIC ipeaeibl A = lim f (x) B = lim (p(x),

x—>a xX—>a

10 c= A% (4> 0);
2)ecnu lim f (x) =A#1, Ilim (p(x) = 200, TO BOMPOC O HAXOKICHHUU
Xx—>a X—>a
npejesaa ¢ PperraeTcs HeMmoCPEICTBCHHO;

3)ecu [lim f (x) =1, [lim (p(x) = 00, TO CJIEAYeT BOCIOIb30BATHCS
xX—>a x—a

1
«BTOPBIM 3aM€YaTeIbHEIM Mpeaeiom»: [lim (1 + g(x)) g(x) = e, rae
X—>a

g(x)—)O mpu x >a u e=2718....

2
X

2 —1 —0
a) lim [M} - (g) = ! =0, T.x
x>0\ 2x° +x+1 2

. 3xZ—x+1 3 . x2
lim ——— = —, lim —— = —o0,
x>0 2xt fx+1 2 x—>ox —1
sindx 3 sindx sindx
0) lim( ) — 4% =64, tx. lim = lim( j 4 =4,
x>0\ X x>0 X x—>0\ 4x
lim(x + 3) =3,
x—0
2x 2x
6) lim(3x+l) =(1°O)= lim(1+ ! j =
x—oo\3x — 1 X—>00 3Ix—6



14x

3x—6 7 3x—6 ] fim

x—x03x—6

7 T 3 7 7
= lim (1+ ) T2 2 Iim (1+ ) —e!Y3,
X—>00 3x—6 X—>0 3x—6

3 3
&) lim(7-2x)5 = (17) = lim[1+ (6 - 2x)]=3 =

x—3 x—3
(6-2x)3 . 18—6x
1 -3 lim 3 6
= [lim [1+(6—2X)]6—2x =" =70,
x—3

2. beckoHeYHO MaJble 1 OECKOHEUHO OO0JIbIINe (PYHKIINU

Ompenenennie 2.1. Ecnmu lim f (x) =0, To pyukius f (x) Ha3bIBACTCS
XxX—>a

O0ECKOHEUHO MaJIO B OKPECTHOCTH TOUKH X =a (MpH X —> a).
CymMa # Tpou3BeICHHE KOHETHOTO Yrciia 0ECKOHETHO MaITbIX (DYHKITUH
IpH X —> @ eCTh TaKKe OECKOHEUHO Majlasi Ipu X —> d.

Ompenencune 2.2. Ecan f (x) u g(x) — OECKOHEUYHO MaJlble IPU X —> a U

X
lim M =C, TAC C — HCKOTOPOC 4YMCJIO, OTIIMYHOC OT HYJIA, TO (bYHKHI/II/I
x—a g(x)

f (x) n g(x) Ha3bIBAIOTCS OECKOHEUHO MaJIbIMU OJIHOTO MOpSJIKa TP X —> d,

ecnu ¢ =0, TO roBopsT, 4ro f (x) — OECKOHEYHO MaJiasi BBICILIEro MOPsAKa MO
CPABHEHMIO C g(x) opu x —>d.
beckoneuno manasi f (x) Ha3bIBaeTCsI OECKOHEYHO MaJIOM MopsA/iKa 1 1O

CPaBHCHHIO C g(x) npu X — a, €Cliu

/(%)

lim —~L =¢, 0<|c|<+w.
Xx—>a gn(x)

[pumep 2.1. Ilpu x — 0 ompenenuTs MOPSAOK MAIOCTU QYHKIMU QX — SiNX

OTHOCUTCIIBHO X.

) 1
, , sinx -1 ) (1 )
. X — SINX ) COS X - sinx(1—cosx
lim X Smx lim = [im =
x—0 xn x—0 xn x—0 _xn COS X
. . X . 3X X .3 X X
2sinx-sin® = Asin® = . cos= sins = cos—
= lim 2=lim 2 2=4lim 2-lim 2 _

x—0 xn COS X x—0 xn COSX x—0 xn x—>0 cosx



.3 X . 3X .3 X
Sll’l3 — Sll’l3 — SlI/l3 -

=4 [im 2-1:4lim—2=i-lim

=0 x" x*o(x)n X 2" x>0 (xjn'
2 2

Drot npezen Oyaer paBed koHctante ¢ #= (0 mpu n =3, clemoBaTeNbHO,
GyHKIHSA (X — SiNX WMEET MOPSAOK MAIOCTH 1 =3 OTHOCHUTEIBHO X TMpH
x — 0.

CyMMa ABYX OECKOHEYHO MalIbIX Pa3iMdYHBIX TOPSAIKOB PAaBHOCUILHA TOMY
U3 CIAraeMbIX, IOPSAI0K KOTOPOrO HUXKE.

[Mpumep 2.2. OnpenenuTth MOPSI0K MAIOCTH OTHOCUTEIBHO X Tipu X —
CYMMBI \/3 x2 +\/x3 .
2

3.2
Cnaraemoe X HMCCT IMOPATOK MAJIOCTHU 5 OTHOCUTCJIBHO X, a

3

[.3
cJaracmMoc X — MHOpsAaOK 5 , CJICIOBATCIIbHO, CYMMa HMCCT IIOPAO0K MaJIOCTH

2

— oTHocuTenbHO X Tipu X —> 0.

Omnpenenenne 2.3. Ecnm lim® =1, To OeckoHEeYHO Masbie f (x) u g(x)
Dag(x)

Ha3bIBAOTCs DKBUBAJICHTHBIMU IIPH X —> A . f(X) -~ g(X) .

Hanpumep, mpu x — 0 Oyaem uMeTs:
sinx ~x, Igx~X, arcsinx~ Xx,arctgx ~ Xx,
2
X
ln(1+x) ~X, COSX ~ 1—7, et —1~x, a*—1l~x-lna (a # 1).

Hp@I{@J’I OTHOLICHUA IBYX OECKOHEUYHO MajbIX HE HU3MCHUTCs, €CCJIN YJICHBI
OTHOIICHUA 3aMCHUTH DKBUBAJICHTHBIMHA UM BCINYHUHAMU.

[Ipumep 2.3.
2 .2
34tg2x . 53arcsin2 3x (34tg * - 1) - (53arcsm Y- lj

a) lim 3 = lim 3 5 =

x>035in” 4x + Tarctg”x x>0 3. (4x) +7. (x)

_ 4tg’x-In3—-3arcsin® 3x-In5 4ln3-x2—3ln5-(3x)2

= [lim 3 = [lim 3 =
x—0 55x x—0 55x

B 4In3-27In5
55 '




ln( 1+3x) 3x

- — = 3
) lim(4arcszn2xJ x =lim(4.2xjx :(lj zi.

x—>0 3tg8x

ln(3 — 5x) — ln(3 + 7x)

6) [lim = lim =
x—0 2sinx x—0 2x
ln3+ln(l—§x)—ln3—ln(l+ng _Ex_Zx
= [im = [lim 3 3 —2.
x—0 2x x—0 2x

Ompenenenne 2.4. Ecu [lim f (x) =00, TO QyHKIHMA [ (x) Ha3bIBACTCS
Xx—>a

OECKOHEYHO OOJBIION PU X —> A .
[Tono6HO TOMY, KaK .TO clieJaHO AJi1 OECKOHEYHO MajblX, BBOJUTCS
HNOHSTHE OECKOHEYHO OOJIBIINX PA3JIIUYHBIX MOPSIIKOB.

[Ipumep 2.4. Ilycte x —> co. OnpeneauTs MOPSI0K OECKOHEUHO OOJIBIION

X
f (x) = ) 110 CPABHEHUIO C X .

+
5 5 5 5
. X . X . X . X
lim x| = lim ———= lim — = lim ——=1
x—oo| X+ 2 x—)ooxn(x+2) x—o x™ L") xooo
npu n=4.

Onpenenenue 2.5.

1) Iycts Qyakmms [ (x) — OECKOHEYHO OOoJbIIas Wik 0ECKOHEYHO MaJiast

X
opu X —>0 U limM
x—)wc.xa

=1, rme ¢ U O — KOHCTAHTHI, TOTJa (PYHKITUSI
y = cx HasbIBaeTCA aCUMITOTHKON MM aCUMITOTUYECKH IKBUBAJIEHTHOM
byukun  f (x) npu X —> 0.
2) Mycte QyHKIMS [ (x) — OECKOHEYHO OOoJbIIas Wik 0ECKOHEUHO MaJiast
L f)
npu x —>a u lim ————

=1, rie ¢ U O — KOHCTaHTHI, TOr/1a QYHKIIUS
xX—>00 o
c-(x—a

[0 o v
y= C(X - a) Ha3bIBACTCA aCMMIITOTHUKOHU MJIM AaCUMIITOTUYCCKHN 3KBHUBAJICHTHONU

byukun  f (x) npu x —>da.



[Ipumep 2.5.
a) Haiitu acuMnTOTUKY (aCUMIITOTHYECKOE Mpe/icTaBieHUE) HYyHKIIMN

Jx+1-+/x npu X —> 00,
_(\/x+ —\/;)(\/x+1+\/;)_ x+l-x
e Y < v B
1 1 1
=\/x+1+\/;N2\/;=2-x1/2)

CJIEIOBATEIHLHO, ACUMITTOTUKON (DYHKITHH f (x) =vJx+1- \/; opu X —» oo

1 12 1 1
sBisiercs QyHKIMS —X 7, Cc=—; O =——.
2 2 2
6) Haiitn acumnrotuky GyHKuuu f (x) - npu x —> 1.
3 1— x3
X
[lpu x —> 1 Pynkuum f (x) = — fBerca 0ECKOHEUHO OOJIBIIION:
l-x

X _ X 1

1 —
%/1—x3 - i/(l—x)(1+x+x2) m B %(l_x)m-

y 1 - )3
ACUMIOTOTHKOH B JaHHOM CJIydac ABJIAACTCA (bYHKI_[I/IH y= %( — X) .

¢) Haiitu acumMnToTiKy QyHKIHH [ (x) = x> —3x+2 npu x — 1.

B nanHoM ciaydae mpu X —> 1 pyHKIms [ (x) SBJISIETCS] OECKOHEYHO

MaJiou; f(x):x3—3x+2:(x—1)2(x+2)~3(x—1)2.
2-

[TorygyaeM aCUMOTOTUKY ) = 3(x — l) c=3;, a=2.

3. HenpepwiBHOCTH PyHKITHH.

Omnpenenenne 3.1. Ecnim x<a u x — a, 10 ycnoBHO numyt X — a — 0,
AHAJIOTUYHO, eclii X >a X —>a, 1o x—>a+0. Yucna

f (a — 0) = _lszl_ . f (x) u f (a + O) = ﬁiﬁ . f (x) Ha3BIBAIOT COOTBETCTBEHHO

npeesiom cieBa GyHKIuu [ (x) B TOYKE @ W MPEETIOM cripaBa (PyHKITUU
f (x) B TOYKE @ (€CITM 3TH YKCiIa CYHIECTBYIOT).
Jlns cyiectBoBaHMs mpeaena GyHKuua [ (x) npu X —>a HeoOX0auMo U

JOCTATOYHO, YTOOBI HIMEJIO MECTO PABCHCTBO: [ (a — O) =f (a + O).

Ompenenenvie 3.2. Oyukmus y = f (x) HAa3bIBACTCS HEIPEPHIBHOM B TOUKE

€ClIn



1) ona ompeneneHa B 3TOM TOUKE;
2) lim f(x) = lim f(x) = [im f(x) = f(a).
x—>a—0 x—>a+0 x—a

Touku, B KOTOPBIX HAPYIIAETCS YCIOBUE HEMTPEPHIBHOCTH, HA3bIBAIOTCS] TOUKAMHU
pasphbIBa.

[Ipumep 3.1.

1

a) Haiitu Touku paspeiBa pyHKIUM y = 327%, mpejensl caeBa M CIpaBa B 3THX

TO4YKax, CACIATh CXEMaTHYECKHUM YCPTCIK.
1

®ynkuua Y = 327F pMeeT pa3phlB B TOUKE X = 2, T.K. OHa B 3TOH TOUKE

Ya He onpexaeneHa. [Ipu atom:
1 1

|
| RIS
: lim 32-x =340 =37 = 4o0;
| x—2-0
|
|
|

1 1
lim 32-x =3-0=37" = 1 =L:O.
_ | x X240 3t +owo

7

O 2]

0) HaiiTu TOukH pa3pbiBa U BEJIMYMHY CKayKa B 3TUX TOYKaX (DYHKIIUU
1

293 4+ 4x -8
YT
2x+3 4 4
Toukoii pa3psiBa JaHHOW QYHKIMH SBISCTCS TOYKA X = —3, T.K. B HEH
(GyHKUHS HE OnpeieieHa.

2V L4y -8 27°-12-8 0-20

lim = = = -5;
x—>-3-0  lx+3) 4 27 1 4 0+4
1/(x+3) _
lim 2 tax -8 I, T.x.mpu x —>—-3+0 umeem:

x——-3+0 21\(x+3) +4
21/(x+3) L4y —8§ ~ 21/(x+3) .

b

Benuuuna ckauka A =1-— (— 5) = 6.

21/(x+3) L4~ 21/(x+3)

6) HaiiTi Touku pa3peiBa, BEMUYMHY CKauka A W MOCTPOUTh Tpaduk GyHKINN
— 3x, x<0

. T
y=<4sinx, O<x£§

T
x2+1, — < X.
L 2




JlanHas GyHKIMS HEPEPBhIBHA I X € (— 00; 0) U(O; g) U(g, + oo).

T
HCCJ’I@I{Y@M TOJIBKO TOYKHU X = 0O u Xy = E, T.K. B HUX MCHJCTCA

aHAJIMTUYECKOE BhIpaXKeHHE (PYHKIINU.

linfof(x) = lin_1 (— 3x) =0; lim f(x) = [lim (4Sinx) =0;

——0 x—+0 x—+0

f (O) = —3x 0= 0, cmenomarenbHO, B Touke X =0 ¢yHkuus f (x)
xXx=
HETpephIBHA.
lim f(x) = [lim (4Sinx) =4; f(z) = dsin> = 4;
x>0 Xx—>Z-0 2 2
7'[2
lim f(x)=lim (x*+1)="=+1=3467,
T T 4
x—>5+0 x—>5+0

T
CJICAOBATCIBbHO, TOUKA X = 5 — TOYKa pa3pbiBa.

BeanunHa ckauka

> 2 2
X oA=4-| T 1]=3-2 10533
4 4




JANPPOEPEHIIMPOBAHUE U ITOCTPOEHUE ' PA®OUKOB

3KCTPEMYMbI ®YHKIIUU OJHOW NMEPEMEHHOM

Oyukius y = f (x) Ha3bIBAeTCs Bo3pacTarolieil (yObIBaromieil) Ha
HEKOTOPOM MHTepBaJie (OTPE3KE), €CIU AJIS JIFOObIX TOUEK X, X5,

IIPUHAUIEKANIMX JAHHOMY HHTEpBaJle (OTPE3KY), U3 HEPABEHCTBA X| < X,

ClielyeT HEPaBEHCTBO | (xl) <f (xz) ( f (xl) > f (x2 )) Ecmu f (x)
HENpPEPBIBHA HA OTPE3KE [a; b] u f’(x) >0 (f'(x) < 0) npu a<x<b, 10
f (x) Bo3pacTaeT (YObIBaeT) Ha OTPE3Ke [a; b].

B npocreiimmx ciyuasx o6nacts cymectsoBannst GpyHkumd f(X) MOXKHO
pa3OUTh Ha KOHEYHOE YKCIIO NMPOMEKYTKOB BO3pacTaHHs W yObIBaHHS (DYHKIUH
(IPOMEXYTKOB MOHOTOHHOCTH). DTH INPOMEKYTKH OIpaHUYCHBI KPUTHYCCKUMH

\ Y Toukamu x (rge f'(x)=0 wmxe f'(x) He
y=F(x,) CYILIECTBYET).

Ecmu  cyiiecTByeT Takas JABYCTOPOHHSIS

OKPECTHOCTb TOYKH X,, YTO JUIS BCSAKOH TOYKH

X#X, OTOM  OKPECTHOCTH HMEET MECTO

HepaBeHCTBO  f (x)> f (xo), TO TOYKa X,

Ha3bIBACTCSI  TOYKOM  MuUHUMyMa  (QYHKIHUU

yv=f (x), a 4HUCIIo f (xo) —  MUHHMYMOM
byukuun Yy = f (x) AHAJNOrMYHO, €CIU IJIA BCAKOW TOYKH X # X; HEKOTOPOU
OKPECTHOCTH TOYKM X| BblNonHseTcs HepaseHctso [ (x)< f(x;), To x|

Ha3bIBACTCS TOYKON Makcumyma QyHKIuu ) = f (x), a f (xl) — MaKCUMyMOM

bynkuun. Toyka MUHMMyMa WIM MakcUMyMa (DYHKIIMU Ha3bIBa€TCs €€ TOYKOU
HKCTpEMyMa, & MUHUMYM WJIM MAaKCUMyM (PYHKIIUU — DJKCTPEMYMOM (YHKIIUU.

Ecmm  x, — Touka skctpemMyma GyHKOuH f (x), o f '(xo):O WIN Ke
f '(xo) HE CYIIECTBYET (HeobX00uMoe ycogue Cyuecmsosanus IKCmpemyma).
OO6paTHOE yTBEPIKAECHUE HE BEPHO: TOYKH, B KOTOPBIX [ '(xo) =0 wm f '(xo)
HE CYIIECTBYET (Kpumuueckue mouKu), HE O0S3aTENBHO SBISIOTCS TOYKAMH

IKCTpeMyma QYHKIUU | (x)
Jlocmamounwiii  npusnax cywjecmeoganusi W OTCYTCTBHUS DKCTpEMyMma
HEMpephIBHON  (yHKIIMU f (x) CICOYIOIINN: €CIU CYIIECTBYET TaKas

OKPECTHOCTb (xo -0,x,+ 8) KPUTHYECKON TOYKH X,, 4YTO f '(x) >0 mpu

x,-8<x<x, n [f'(x)<0 mpm x,<x<x,+8, 10O X, — TOUKa



MakcuMyMa (yHKIHH f(x); €CITU K€ f'(x) <0 mpu x,-0<x<x, ¥
f'(x) >0 mpu x, <x<x,+0, TO X, — TOUYKa MUHUMyMa (DyHKIIHH f(x)
Eciu, HakoHeN, HAWIETCA TakKoe IIOJIOKUTEIbHOE YHCIo O, d9ro f '(x)

COXpaHACT HEHU3MEHHBIM 3HAK npu X, — 0<x< X0 + 6, TO TOYKa X HC

o
SIBJISICTCS] TOUKOM IKCTpeMyMa GYHKIUKH  f (x) :

Haumenvuwee (naubonvuiee) 3nauenue HenpepblBHON QyHKIUH [ (x) Ha
JTAaHHOM OTpE3Ke [a; b] JIOCTUTaeTCs WM B KPUTUYECKUX TOUYKAX (PYHKIUHU, WU

Ha KOHIIaX OTpe3Ka [a; b] .

[Mpumep 1.1. HaiiTu SKCTpEeMyMBI i HHTEPBAJIBI MOHOTOHHOCTH (DYYHKITUT
y=x-+-5x.

%

ol x

O0macth cymectBoBanus: —5x >0 = x <0.
Haxoanm KpUTHYECKHE TOYKH:
Sx
==X ——F—=

1
S (R =
2+/—5x ( ) 2+ —5x

~10x-5x —15x 3:(-5x) 3 N

= = = =—-+v=5x 20.

24-5x  24-5x  24-5x 2
IIpn x <0 ¢yHKIMA Bcerna Bo3pacTaeT ¥ MpUHUMaeT HauOoJbliee 3HAYCHUE B
KpuTHYeCKOr Touke X = 0: y(O) =0.

y'=+-5+x-

[Tpumep 1.2. HaliTu 3KCTpeMyMbl U HHTEPBAIbl MOHOTOHHOCTH (PYHKIIUN

y =Y+ 1) (2-x)2

OO6nacTh CylIeCTBOBaHUS: X € (— 00; + oo) :

Haxoaum KpuTHYECKHE TOUYKU:

(2-x)* —2(2-x)(x+1) (2-x)(2-x—2x-2) —x

3P 1)22-0 3 )’2-n)t Yrr)P2-n)

=0 = x =0,

!

)

y' He cymectByer = X, = —1; x5 = 2. Tloay4miu Tpu KPUTHYECKHE TOUKH.



x [(-o -1)] -1 (— 1; O) 0 (O; 2) 2 (2; +)
y' + HE CYIII. + 0 — HE CYIII. +
y | _ 7 max ~ min e

lim y'(x)=lim —X

Xx—2+0 x—>2+03{/ X+1 (2 X)
—X

I|m = —oo,

lim y'(x)= lim y'(x)=+w.

x—1-0 x—1+0

Tak kak y'(x) =k, tae k — yrioBoii K0O3)(HUIMEHT KacaTeIbHOM, TO TPH

x=-1 u x =2 kacarenbHas K TpaduKy QyHKIHH epreHAuKyIsspHa ocu OX.

W(=1)=0; »0)=4; y(2)=0.

[Tpumep 1.3. HaiiTu rmyOuHY OTKPBITOTO OacceiiHa ¢ KBaJpaTHbIM JTHOM U

o6beMoM 256 M°

HaMMCHBIICC KOJIMYCCTBO MAaTCpHaJIa.

ITycth a — CTOpOHa KBajapara OCHOBaHHs, /1 — riryOuHa OacceiiHa;

a’h=256 = a =—) az=E h>

2 256

h Jh'

= 4ah+a* = 4-

16

-h+

0;

S= S60K + SdHa

64 256

Jh
32 256 32hY%-256 32

F'(h) =

Wh 2 h B

hZ

7 F(h)=0 = n?=8

~ 4"

h2

256
= 64+ =
Jh o

( p¥2 _ 8);

TaKoTro, YTOObI Ha OOJIMIIOBKY €0 CTEH U JIHA MO0

F(h);

h=4. Tllpu h=4 BenuuuHa

F (h) =S Oynxer HaMMEHbIIIEH.




Ipumep 1.4. JIBe mpsmble xene3nble noporn A4; u BB; nepneHaAnKyIsipHEI

IpyT K apyry u nepecekarorcs B myHkre C, npuaem AC =800 km n

BC =700 xm. I3 mynktoB 4 u B 1o HanpaBnernto k. C  0JHOBPEMEHHO
BBIXOJISIT JIBA TIO€3/1a CO CKOpOCTsIMH cooTBeTcTBeHHO 80 kM/4 m 60 kMm/4.
Yepes CKOIBKO YacOB MOCIIE OTIPABICHHUS PACCTOSIHAE MEXKIY TOe31aMu OyIeT
HaUMEHBIIUM ? y
OTMEeTUM TMOJI0)KEHHUE TTOE37I0B B MOMEHT I
t>0 toukamu K u M. A,

AK =80¢; BM =60t )

CK = AC— AK =800—80r; 44 [vi=80 km/u

CM = CB — BM =700—60¢; <4

(KM)* =(CK)* +(CM)* = v, =60 kM/a

— (800—80¢)” +(700—60¢)*; KM cLl—e . — x

M B By

MHWHHMAJIbBHO, CCJIN MUHHMMAJIbHA BCIIMYHNHA

(KM)2 = F(¢)=(800— 80t)2 +(700 - 6Ot)2;

F(¢) =2(800—80r)- (—80) +2(700 — 60¢) - (~ 60) =
= —128000+ 128007 — 840007 + 7200¢ = 20000z — 212000 = 0; ¢ =10,6;

T~ = 10,6 — Touka MuaMMyMa QyHKIMU F (t) Yepez 10,6

~.1 0 6/' YacoB I10CIE OTIPABIICHHUS PACCTOSIHIE MEKTY ITOe31aMu OyeT
’ HAUMEHBIIM.

ACUMIITOTBI

Ecnu Touka (x; y) HEMPEPHIBHO TIEPEMEIIIaeTCs 0 KPUBOH y = f (x)

TaK, 4TO XOTA OBI OoaHa U3 KOOPAHUHAT TOYKH CTPEMUTCA K 66CKOHC‘IHOCTI/I, " 1Ipu

ATOM PACCTOSTHUE TOYKU OT HEKOTOPOU MpsIMOI CTPEMUTCS K HYJIIO, TO 3Ta Mpsmas
HA3bIBACTCA ACUMNMOMOU KPUBOM.

Ecnu cymecTByeT yucio a Takoe, uto lim f (x) =00, TO TIpsAMast X = d
x—>a

SBJISICTCS ACUMITTOTOH (8epmuKanbHas acumnmoma,).

X
Eciu cyIecTByrOT KOHEUHBIE TIpeAeasl  [im ( ) =k, m
xX—>+o00 X

lim [ f (x) — klx] = b, To psimast y = kyx + b; Oyner acumnroroii (npasas
X—> +00

HAKJIORHAA acwwnmoma).



Sx
Ecim CYIICCTBYIOT KOHCYHBIC ITPEACIIBI llm ( ) = k2 u
X—>—-0 X

lim [ f (x) — kzx] = by, TonpsimMasi y = k,x +b, Oyzner acuMnToTOi (1€gas
x—>-2

HAKIOHHASL ACUMIIMOMA).
I'paduk yukiuun y = f (x) HE MOXET UMETh 00Jiee OAHOM MpaBoil U
0oJee 0JJHOM JIEBOW aCUMIITOTHI.

[Mpumep 2.1. HaiiTu acHMITOTHI ¥ MOCTPOUTH IPaPUK PYHKITHH
3cos(x—1)

x—1
OO6nacTh cymiecTBOBaHus: X # 1.

NieM BEpTUKAIBHBIE AaCHMIITOTBHI.
DyHKIUS UMeEeT pa3phiB B TOUKE X = 1, T.K. B Hell QyHKIHUS HE ONpeeiicHa.

3 -1 .
lim (2x+%)j =2+3—;=2—00=—00;

y=2x+

x—1-0 x—1 —

3 -1 .
tim (2x+mj:2+£:2+w:m
x—1+0 x—1 +0

ClIeIoBaTeNbHO, X = 1 — BepTHKajbHAs aCUMIITOTA.
WieM HaKJIOHHBIC aCHMITOTHI B BUAe ) = kx + b.

X—> =t x—1
CrnenoBarenbHo, pu X —> 100 CyHIECTBYET aCUMIITOTA
y=2Xx.

I\y / J—

(A k= lim @: lim 1(2X+Mj _
: // x>+t X x—>+wo X x—1
i// =2+0=2; b= lim | f(x)=kx|=
/ _
//I = lim {2x+w—2x}:

ol X X—> %00 x—1
B x _
| — iim 3cos(x 1):0,
|
|
|
|
|
|

[Ipumep 2.2. HaiiTu acCHMIITOTHI U TOCTPOUTH T'paduk
2x% -9
x? -1
OO6acTh CyIIeCTBOBAHUS: x2-1> 0; xZ> I; x>1 n x<-1

byHKIIUA Yy =



y:%f;f; ypxy:%_ﬂz—gzzﬁ—g = ()= (=),

x? -1 \/(—x)z—l \/x2—1

CJICOOBATCJIbHO, aHHAas (I)YHKHI/IH YCTHaAsA, U MOKHO IIOCTPOUTH €C I‘pa(i)I/IK TOJIBKO
npu x > 1, d 3aTCM OTpa3uThb €0 CUMMCTPHUYIHO OTHOCUTCIIbHO OCH Oy

o 2x?-9 2-9
Ilm = = —00 = X = 1 _
x—>14+0,/2 +0

BepTUKaJIbHAst acumiTora mpu X —> 1+ 0.
[Mycte x — 1+ 0.

2
ke gim ) g 25229

[.2
X—>+0 X X+ 4y — 1

9
2__
= [im 2x" -9 = [im —=—

x> X—>+00 1
\/1__ \/ __2

b= Jim [/ (x)—tee] xi”ﬁo{ N ‘2’6}

= lim = [lim
x40 x? -1 x%+WJx2—4(zf?—9+2x-4x2—1)

wVY

2
_ lim 32x° +81 o
+00
%’xfl—%@—%+21—%]
X X X

[Mlpu x —+o0 mosmyuaem acuMnToty y = 2x. ['paduk manHoi QyHKIMH

3
nepecekaer ocb Ox TIpH 2x2-9=0, Te. BTOUKAX X =+——.
J2
[Tpumep 2.3. HaiiTu acUMITOTHI ¥ TOCTPOUTH Tpaduk GyHKIIUN

x> —2x? 3x + 2

4—x?

OO0acTh CyIIeCTBOBAHUS: 4-x220 = x#2u x#-2.

y:

B roukax x; =-2 u X, =+2 (QyHKIUS TEPIIUT Pa3phiB, T.K. B HUX OHA HE
OIpEAEIICHA.
o xP2x?—3x+2 —8-8+46+2
lim = = +00:

x——-2-0 4 — 2 -0



X0 —=2x%—3x+2 —8-8+6+2

lim —00;
Xx—>—-2+0 4 — x? +0
| 2 Yo X =—2 — BepTUKaJbHAS aCUMIITOTA.
| |
| | i X —2x* =3x+2 8-8-6+2 .
| = = —o0;
\\\: | x—2-0 4— x2 +0
AN
N | ox7-2xT-3x+2 8-8-6+2
| \3 . x—2-0 4—x -0
: /\\\ : B X =2 — BepTHKaJIbHAs aCUMIITOTA.
= : i\\ > HakJjioHHBIE AaCUMIOTOTHI IpU X —> £ 00 HIIEM B
: :2\ Buge: )y =kx+b.
| BN 7(x) x> —2x% —3x+2
| : BN k= lim = lim =
: | x—>to X X—>+o0 x(4 _ xz)
|
1 2 3 2
273
= lim — = — =1, b= lim [f(x)-k]=
X— too 2 -1 X—>too
2

X—>*oo 4-)62 X—> o0 4_x2

[lpy x —+ oo momydaeM aCUMIOTOTY Y = —X + 2.

. x> —2x? —3x+2 ) _Ox? 4 x+2
= [im +x|= lim = 2.

HAIIPABJIEHUE BOI'HYTOCTHU. TOUYKH IIEPEI'MBA

ToBopsr, uto rpaduk audpdepeHumpyemoit pyukuun y = f (x) 802HYmM
6HU3 Ha UHTEPBAJIC (a; b) (602nym 66epx Ha MHTEpBaJIC (al; bl)), €CIIU TIPH

a <x < b myra KpHBOM pacroyioxeHa HIKe (T COOTBETCTBEHHO TIPH
NV a; < X < b; BbIlIe) KacaTeNbHO, TPOBEACHHOM

B JIF00OM TOYKE MHTEpBajia (a; b) (nm

MHTEpBaia (al; bl)). JlocTaTo4YHBIM yCIIOBUEM
=f(x) Bormyroctr BHU3 (BBepX) rpaduka y = f (x)

SABJIACTCS BBIITOJHCHUE Ha COOTBECTCTBYIOIICM
HMHTCPBAJIC HCPABCHCTBA

I
I
I
I
I
a

):Co 'al :bl f’(x) <0 (f’(x) > O).

Touxa (xo, f(x, )), B KOTOPOIl U3MEHsIeTCA

@ L — — —— — —

HaIpaBJIeHUE BOTHYTOCTH rpaduka (PyHKINH, HA3BIBACTCS MmouKot nepeauda. J1is



aOcIMCChl TOYKHM Tepernda X, rpaduka QyHkuun y = f (x) BTOpas
npousBogHas | "(xo) =0 wm f "(xo) He cyniecTByeT. TOUYKH, B KOTOPBIX
f "(x) =0 wm f ”(x) HE CYIIECTBYET, HA3bIBAIOTCS KPUMUYECKUMU MOYKAMU
2-20 pooa. Kputndeckasi Touka 2-ro pojga X, SBISETCS aOCUUCCON TOYKH
neperuta, ecm f"(x) coxpamseT NOCTOSHHbIE 3HAKH B HHTEPBATIAX

X,—0<x<X, U X, <x<Xx,+0, rue O — HEKOTOPOE MOJIOXKUTEIHHOE
YHCII0, IPUYEM STU 3HAKH IPOTUBOIIOJIOKHBI, M HE SIBISETCS TOYKOM Hepernoa,
ecnn 3Hakn f"'(x) B yKasaHHBIX BBILIE HHTEPBANAX ONUHAKOBBL.

H[}I/IMCQ. Ol'[pCI[CJ'II/ITL HHTCPBAJIbI BOTHYTOCTHU H BBIIIYKJIOCTH, 4 TAKKC TOYKHU

x2

neperuda KpuBol y =e
2 2
Umeem: y'=-2xe " ; "= (4)c2 - 2)e_x . IIpupaBHsB BTOPYIO

IIPOU3BOJIHYIO K HYJIIO, HAWJIEM KPUTHYECKHE TOYKH BTOPOIO poAa:

1 1

, Xy =—=. OTH TOYKH pa30OHUBAIOT BCIO O0OJIACTH CYILECTBOBAHMUS

J2

byHKIIUN (— w; + oo) Ha TPU UHTEPBAJIA.

X1=_

1 1 1 1 1 1
T3] 5 [0 D] 5 [

2| R |Ve R B |7
i + 0 — 0 —
y o neperuo M neperud Y

1
[Tomyunnu: KpuBasi BOTHYTa BBEPX IIPU  x (_ 0, — Lj n Xe (—

; ooj U
V2 V2
BOTHYTa BBEPX IIPH x € (— L,Lj . Toukn (i L; L) — TOYKH neperuoa.
V272 V27 Je

MNOCTPOEHUE T'PA®UKOB ®YHKIIMHA 110
XAPAKTEPHBIM TOYKAM

[Tpu moctpoennu rpadrka GyHKIIUN CIEITYET, MPEXKAC BCETO, HANTH
00J1aCTh CYIIECTBOBAHMSI 3TON ()YHKIIUU U BBISICHUTD MOBeJIeHUE HYHKIIUM Ha
rpaHuiie ee 0byactu cymectBoBanus. [1oae3H0 TakKe TpeaBapUTEeILHO OTMETUTD
HEKOTOPbIE 0COOEHHOCTH (PYHKITUU (€CIIU OHU UMEIOTCS): YETHOCTb,
NEePUOIUYHOCTD U T.]I.

Jlanee Hy»KHO HaliTH TOYKHU Pa3pbIBa, ACUMIITOThI, TOUYKH IKCTPEMyMa
byHKIIMH, TOYKH niepernda u 1.1, HaiineHHbIe 271eMEHTHI TTO3BOJISIOT BHIICHUTD
oOmuit xapaktep rpaduka GyHKIIHH.



[Tpumep 4.1. IlpoBecT MoOIHOE UCCIEIOBAHUE U TIOCTPOUTH Tpaduk QyHKIUU

y=x-\3/(x+2)2.

OO0iacThb CYIIC€CTBOBAHUA: X € (— oo, + OO)

y(x) # y(— x) —> ¢yHKIMSA 0011IeTO BU/IA.
Tak kak GyHKIUS ONpeIesieHa MPHU BCEX X, Uy Hee HeT TOYEK pa3phiBa, TO
BEPTUKAJIbHBIX aCUMIITOT HET. HakIOHHBIE aCUMIITOTHI TP X —> + 00 HIIEM B

Buzae: y =kx+b.
,3/(x+2)2 B
. =

ACUMIITOT TAaKXX€E HET.
UccnenyeM pyHKIMIO TTO IEPBOM TPOU3BOTHOM.

y':[x-3 (x+2)2}:(x+2)2/3 +x-§-(x+2)_l/3 _

V=0 = 5x+6=0, x=-12;
y' HecymectByer = x+2=0, x=-2.

. 3 2
lim (x + 2) = +00, CIIEIOBATEIHHO, HAKIOHHBIX

xX—>*oo

. x :
k= lim
X—Fo0o

3(x+2)+2x  Sx+6
3 3

x+2 x+2

X (— 0] — 2) -2 (_ 2; — 1,2) =12 | (-12; +x)

y' + HE CYIII. - 0 +

yo|_- max ~ min 7

Vonax = y(— 2) = 0 (kacartenbHas B 3TOM TOYKE MEepHCHIUKYIsApHA ocu  Ox ).

| Va ymin = J/(— 1;2) = _1,2 . ’\/3 0,6 ~ —1,06
: (kacartesbHasI B 3TOM TOYKE MapauiesibHa OCH
| Ox).
| HccnenyeM QyHKLIUIO TI0 BTOPOK
| MIPOM3BOJHOM.
-2 —-12 O X
_2’4: | : | 06 i y,,_|: 5x+6 :l_
——1 5 B 2/3 |
STyt 1,30 (x+2)
!
' 5-x+2-(5x+6)- 1
3 2
3-3(x+2)

) Y(x+2) )
_15(x+2)—(5x+6)  10x+24

3(x +2)Yx +2 - 3,3/(x+2)4 '




144

y"=0 npu x=-2,4; y” HecymecrByer mpu x = —2.

X (— w; — 2,4) -24 (— 24; — 2) -2 (_ 2; + OO)
y" - 0 + HE CYILECT. +
y M neperut U v

Ynepeeuba = y(_ 2’4) =-24- ‘3\/ (_ 2:4)2 ~ —1,30; y(O) = 0.

Ipumep 4.2. TIpoBecTH MOJIHOE UCCIEAOBAHUE U IIOCTPOUTH rpaduK PYyHKIMN
- (2x + 1) ?

r= x+2/)

O0acTh CYIIIECTBOBAHUS: X # —2.

y(x) #* y(— x) = (¢yHKIUA 0011IeT0 BUIA.
X =—2 — TOYKa pa3pbiBa, T.K. B Hel (DYHKIUSA HE ONpE/IeIICHA.

(2 +1) (4+1)° C(2x+1) (4+1)?
lim =|——| =+o0; lim = —| =40
x—>2-0\ x + 2 -0 x—>2+0\ x +2 +0

= x=2 — BCPTHUKAJIbHAA aCHUMIITOTA.

HaxToHHBIC aCUMIITOTBI IPH X —> £ 00 wmiieM B Buae: y = kx + b.

2
ke im 79 _ 1(Mj =0

x>+t X x>+toox \x+2

b= lim [f(x)~kx|= lim (2”1)2 =4

x—> oo x—>+oo\ x + 2
[lpy x —t oo momydaem acumnTory y = 4.
HccnenyeM pyHKIMIO IO EPBOM TPOU3BOAHOM.
, 2x+1) 2(x+2)—(2x+1) 6(2x+1)

y' =2 . . = 5

x+2 (x + 2) (x + 2)
=0 = 2x+1=0, x=-0,5;
y' He cymectByer = X =-2.

X (— w; — 2) (— 2; - 0,5) — 0,5 (— 05, + OO)

y' + — 0 +

yo| ~ min -




.

| Ymin = ¥(=05)=0.

| Uccnenyem pyHKITHIO 11O BTOPOI

: MIPOU3BOIHOM.

______ §1 [ N 3 2
| y"=6-2(x+2) —3(x+2) -(2x+1):
i A4 /; (x + 2)6
-2

05 0,&5 > _6.2(x+2)—3(2x+1)_6(1—4x).

(x + 2)4 (x + 2)4 ,

y'=0 = 1-4x=0; x=0,25

"

y'" He cymecTByer —> X =—2.

x | (ko =2) | (-2 025 025 1 (025 +)

Z ¥ n 0 -

y o o neperud M

2
1,5 4
repent =029 = ) =5 04

)

[Ipumep 4.3. IIpoBecTu MOIHOE UCCIAEAOBAHUE U MIOCTPOUTDH IPpaPuK QYHKIIHH

ex—3

x—3

Oo6nacth cymectBoBanus: X —3#0; x# 3.

y(x) #* y(— x) — (pyHK1Ms 0OLIEro BUIA.

B Touke Xx =3 QyHKOMS TEPIUT pa3phiB, T.K. B HEW OHA HE OTIpeIe/ICHa.

y:

. ex—3
lim = —0,
x—>3-0x—3
; > = X =3 — BepTHKaJIbHAS aCUMIITOTA.
e
lim = +o0
x>3+0x — 3 )
HaxkioHHBIC aCUMIITOTHI UIlEM B BUae: ) = kx + b.
1) x = +oo,
!/
x=3
) e ()
k= lim —=Iim ———= lim ———= [im —— =

!

x—>+0 X x—+wo x“ — 3y x—>+a>( x—>+02x—3

x° —3x)



’

= [lim ——— = [im —— = +00, cJemoBaTeNbHO, IPU X —> +00
X—>+00 (zx _ 3) X—> +0 2
HAKJIOHHBIX ACUMIITOT HET.
2) X = —0,
x=3
. X ) e 0
k= Ilim m: lim 5 = =0;
xX—>-o0 X x—>-o x*° —3x + oo
ex—3
b= lim [f(x)—kx]= lim =0,
X—>—00 x—>—-0oXx—3

npu X — —o0 moiy4daeMm acumnrory y = 0.
HccnemyeM QyHKIHIO IO IEPBOM MPOU3BOHOM.

y’ :(ex3] _ eX—3.(x—3)2— ex—3 :ex_3.x—3—21 :ex_3. x—42)
x=3 (x-3) (x-3) (x-3)
=0 = x—4=0, x=4; y' He cymecrByer = x=3.

x | (=3

(3; 4) 4

(4; + oo)

!

Y

+

y

™~

™~

min

/

Vonin = y(4) =e~272.

HccnenyeM QyHKIHMIO IO BTOPOM MPOU3BOTHOM.

x=3 x—4

+e

(x=3)°

3 (.2
e .x2—7x+12—x+5_ex -(x —8x+17).

s (x=3)7 —(x—4)-2(x-3)

(x-3)°

(3

x—3

(x-3)°

b

# 0;



/\y |
| y" He cymectByer = x=3.
|
|
| x | (== 3 (3; +w)
e -1 7 - "
, >
Y | 4 oy N U
|
|
| -3 1
e
| 0)= =— ~—,02.
IIpumep 4.4. TIpoBecTH MOJIHOE UCCICIOBAHUE U TIOCTPOUTH rpaduK GyHKIMN
x+6
y=In -1
X
+6
OO0acTh CyIeCTBOBAHUS: al > 0.
X
x>0, x<-6. — — —
— 6 0 X

OyHK1MA 0011IeTO BU/IA.

_ x+6
lim |In —1|=—-0 = x=-6 — BepTUKaJbHAS ACHMIITOTA.
x—>—6-0 X

. x+6
lim | In —1|=40 = x=-0 — BepTUKaIbHAsA ACUMIITOTA.
x—>—+0 X

HaktoHHBIE aCHMITOTHI MIIIEM B BHIC: Y = kx + b.

mx+6_1
k= lim ﬂz lim —X — =0:;
x—>*o X xX—>*oo X
b= lim [f(x)~kx|= lim {lnx+6—l}:—l.
x—>too x—> =t X

[Tpu x — t oo momydaem acumnroTy y = —l.
HccnenyeM pyHKIMIO IO EpBOM TPOU3BOAHOM.

x| (moo —0) (0 +e) , X x—-x-—-6 —6

= . = 0.
y - - 4 xX+6 2 x(x+6)¢

y \ \ DKCTPEMyMOB Yy (DYHKITUHU HET.




Hccnenyem QpyHKIHIO 11O BTOPOW TPOU3BOTHOM.
"o g —(x+6+x) 6(2x+6) 12(x+3)
y"=-6- = = :
)c2(3c+6)2 xz(x+6)2 xz(x+6)2

y"'=0 = x+3=0; x=-3 — He BXOIUT B 00JIaCTh CYILECTBOBAHHUSI.

Va
: X (—o0; —6) (0; +)
: yn _ +
[
[ b% N U
6, O ¥
________ Q- —J__—————2-
' -1 Touek nmeperuda HeT.
| x+6 6
: In -1=0 = x-= X
| X e—1
[
=
| =0
| y(e—l

OnpenesieHHBIN U HeONPeAeJIeHHbI HHTErPaJIbl
Teopemuueckue ceedenus.

Ilepsoobpasnoul ¢pynxyuen nns pyaxkuun f (X) HaspiBaeTcs Takas QyHKIIHS
F(x),uro F'(x)= f(x).

Heonpeoenennvim unmeepanom ot ¢ysnxiuu f(X) HaspBaeTcs ee oOIas
nepBooOpazHas

[f(x)dx=F(x)+C .

@Oynkus f(X) HaszpBaeTcs MoABIHTErpadbHON (QyHKIUEH, a Beipaxenue f (X)dx
— MOJBIHTETPaIbHBIM BhIpakeHueMm, F(X) — pesyaprar mHTerpupoBanus, C —
IIPOM3BOJIbHAS IIOCTOSHHASL.
Ceoticmea neonpeoeneHHo20 UHmMe2paia.
L. J(u(x) +v(x))dx = [u(x)dx + [v(x)dx.
2. [A- f(x)dx=A-[ f(x)dx, rae 4 — nocrosHHasL.

3. Ecin [ f(X)dx=F(x)+C 1 u=¢(x), o [ f(u)du=F(u)+C.



Tabnuma npocTeNImx HHTETPAJIOB:

1. fdx=x+C.
Xn+1

2. [x"dx= +C,(n=-1).
n+1

3. jd—::ln\xHC.

X
jaxdx—a—+C [e*dx=e*+C.
Ina

IN

o1

. jsin xdx =—cosx +C.

(op}

. [cosxdx=sinx+C.

7. d); =tgx+C.

COS“ X
dx
8. =—ctgx+C.
Isinzx
dx 1 X
9. =—arctg—+C .
Ix2+a2 a a

dx 1, x—a
10. =—1In +C,(a=0).
Ix2_az 2a X+a ( )

11.jm ‘x+\/x + ‘+C(A¢O)

X
=arcsin — + C.

12j\/7

OcHosHble MemoObl UHMESPUPOBAHUSL.
1. ITonBenenue noa 3Hak auddepenimana:
a) moxa 3HakoM auddepeHirasa MOXHO TPHOABISATh WM BBIYUTAThH JTIOOYIO

nocrosunyo: df (X)=d(f(x)+ A);



0) mox 3Hak muddepeHrania MOXHO MOIBOAUTH TOCTOSHHBIA MHOXXHUTEIb:
1
df (x) :Kd(Af (X)); B) mox 3Hak auddepeHnrana IoIBOAUTCS (QYHKIHS 110

npasmry: f'(X)dx=df (x).
2. aTerprpoBaHue MO YacTsIM C UCIOIb30BaHUEM (DOPMYIIBL:
fudv=uv—[vdu, rae u=u(x),v=v(x).
C MOMOIIIBIO ATOTO METO/1a BBIYHCIISIFOTCS CIICTYIOIINE HHTETPAITbI
a) [a* - P,(x)dx, u=P,(x), dv =a’dx.
6) [sinax- P,(x)dx, u=P,(x), dv=sinaxdx.
B) [cosax- P, (x)dx, u=P,(x), dv=cosaxdx,
rae P, (X) — MHOTOUJIEH 11-0i CTENEHH.

3. NaTerpupoBanuie METOIOM 3aMEHbI IIEPEMEHHOM Mo Gopmyrie

[T (dx =] f(p®))de(t) =] f (p())@'(t)dt, rre x=p(t).

Ilpumep evinonnenusn 3ad0anus.

HaiiTn HEonpeieIeHHbIE NHTETPAIbL:

(arcsin x) + x x3-17 3
a dx; 0) |———dx; B) [(BXx+4)e ™ dXx.
e st e

Pewenue.
a) WCIHOJIb3ySl OCHOBHBIE CBOMCTBA HEOMPEACIICHHOTO WHTErpajia U BBIMOJHSS

nojBeicHre (PYHKITUH 101 3HaK AuddepeHimana, HaiIeM HHTerpa

I(arcsm X)2 X I(arcsm X)? dx + I

N J1-x2 ﬂ

= [(arcsin x)?d (arcsin x) + (- 0,5)[ (L - x*) *°d (L~ x*) =




2105
= %(arcsin x)®-0,5- % +C= %(arcsin x)® —J1-x* +C.

[TpoBepum pe3ynbTaT HHTETPUPOBAHUS TUPPEPEHIINPOBAHUEM:

!

(%(arcsin X)® —V1-x% + C) ~

= %-3(arcsin x)2 - (arcsin x)' = 0,5(1— x2)°°(1-x?)' +C' =

arcsin x)? _2x arcsin x)? + X
= +O_

V1-x? _2\/1—x2 N T

YTO COBNAJAET C MOABIHTETPAIbLHON (DYHKITUEH.

0) B OSTOM cllyyae TMOJbIHTErpajibHas (PyHKIUS TpeACTaBiIseT coOoi
HEMpaBWIbHYIO pallMOHANBHYIO JpoOb. [IpencraBum 3Ty npoOb B BUIE CYMMBI

MHOI'O4JICHA U HpaBHHBHOﬁ I[pO6I/I. I[J'ISI 9TOT'O BBIIIOJTHUM ACJIICHUC MHOI'OYJICHA Ha

MHOI'OYJICH.
x3 17 ‘x2—4x+3
x° —4x*+3x  |x+4
4x% —3x-17
4%° —16X —12
13x - 29
Torma
3_ —
jzx—ﬂdx:j(x+4+%gx—29jdx [ xdx + [ 4dx + j?x—zgdx:
X°—4Xx+3 X —4Xx+3 X —4Xx+3
2
:X—+4 I in 29
4x+3

Jlyst Toro 4yToOBI HAWUTH TOCIEIHUI MHTETPal, MPEJACTaBUM MPaBWIBHYIO JpO0b B

BUJIE CYMMBI MpocTeHIux napoOei. JlJis 3TOro pasznoxkuM Ha MHOXKHUTEIU
3HAMCHATENIb  JAPOOH x> —4x+3=(x-D(x-3) u pasokuM  apo0b  Ha

IIPOCTEUILINE



(xl_?))l()(_xz_g?;) ) x'él+ X??)’ HXE A9 B,

[Tpu x=3 mmeem 13-3—-29=B(3-1), orkyna B=5;

npu X =1 numeem 13-1-29=A(l1-3), orkyna A=8.
13x-29 8 N
(x-)(x-3) x-1 x-3

i 13x — 29 dx = 8
(x=1(x-3) X—

N OKOHYATCJIbHO IT10JIY9acM

[Tonyuyaem U UHTETpUPYyEM

dx
X_

1dx+jxf3dx=8j Xd_xl +5] - =8lx~1+5lnx~3+C

3 2
jzx—ﬂdx=x—+4x+8ln\x—ﬂ+ Injx-3+C.
X —4x+3 2
[TpoBepum pe3ynbTaThl 1 PepeHInpOBaHUEM:

!

2 3
(%+4x+8ln\x—ﬂ+ln\x—3\+cj =%+4+ 8 ,° S

Xx-1 x-3 x2_4x+3’

YTO COBNAJAET C MOABIHTETPATILHON (DYHKITUEH.

3ameuanue.
WuTerpan oT npaBWIbHON pallMOHATBHONW APOOHM CBOJIUTCS K CyMME MHTEIpajioB

OT npocTenmux apobeit. Hanbosee yacTo BCTpeyaroTcst CIEAYIONINE HHTETPAIbI:

jidx:Alln\x—aHC; | A dx = o (x—a)™ ™M +C, (k=23..);

X—a (x—a) (—k+1)
Mx+ N M 2 2N — Mp 2X+ p
——————dx=—In|X* + px+ Q|+ ———=—arctg ———+C.
J.X2+pX+C| 2 ‘ ‘ 1/4q_p2 1/4q_p2

B) 9TOT MHTErPaJl HaXOUM METOJOM HHTEIPUPOBAHUS 10 YACTSIM.
1
Mpuvem U=3x+4, dv=e¥dx, tornra du=3dx, v= gesx- ITo dopmyne

HHTCTPUPOBAHMA 110 YAaCTAM I1OJTydacM

3X + 463)(

j(3x+4)e3xdx:(3x+4)%e3x —j%e” -3dx = ~ [e¥dx =



:3X+4e3X _1e3x
3 3

[TpoBepum pesynbrat AuddepeHIrnpoBaHEM

e (x+1) +C) =33 (x+1) + e =¥ (3x + 4),

3x+4-1 3

+C= +C=e¥(x+1)+C.

YTO COBMHAAAET C MOABIHTETPaIbHON (QYHKITHEH.

Hpm]o;lcemm ONpeEacJCeHHbIX HHTETPaJjioB

TeopemuquKue CBEOCHUS.

Eciu wa mockoctu  Oxy

AY
y=f,(x) 3ajaHa (Qurypa, oOrpaHHYCHHAas
JBYMSI HEIPEPHIBHBIMA KPHUBBIMHU
S y=hi y=H0),  y=f00
T 3 x BEPTHKAIGHBIMH TPSIMBIMA X =4,

X=Db, TOo mmomams S Takoi

b
(bUTrypbl MOKET OBITH BBIYUCIICHA ITO (hopMyIIe S=] (f,(x) — f (x))dx.
a

Ilpumep evinonnenus 3a0anusi.

Boeraucnuth mionianb GUrypsl, OrpaHU4eHHON JTHHUSAMU Y = X2 +4X, y=X+4.

Pewenue.

3ajaHHbIE JIMHUM OTrPAHUYMBAIOT Ha IUIOCKOCTH OXy KPUBOJIMHEHHYIO

TpaIeuo, N300paKEHHYIO Ha PUCYHKE.

A
y

y = X% + 4x
y=X+4

Y
=




HalineM koopauHaThl TOYEK IEPECEUCHHUS 3aJaHHBIX JIMHUW, 1 HTOrO
pelIM CUCTEMY YpaBHEHUN

{y:x2+4x

, X2 +4x=x+4, x*+3x—4=0, otkyaa X =—4, X, =1.
y=Xx+4

Toraa uckomast TIOIaAh BEIYUCISAETCS TI0 popMmyIie:

i Al
S::ﬂx+4—x2—4@dx=“4—3x—xﬁdx:zw__z__?; _
-4 B

:4—§—1+16+@—%:20E (k6. €0.).
2 3 2 3 6

Teopemuqecme ceeoeHsl.

OObeMbI Tell, 00pa3oBaHHBIX BpAIICHHEM IUIOCKOW (UTYpPHI, OTPaHUYCHHOM
kpuBoit Y = f(x)>0, ocbto Ox u ipsimeiMu X =2a, X =D,

b
1) Bokpyr ocu Ox, Beraucisitotres mo popmyne V, =7z j' f 2(x)dx;
a

b
2) Bokpyr ocu Oy, BeMUCISIOTCS 110 hopmyie V= 27t [ xf (x)dx.

a

Ilpumep evinonnenusn 3ad0anus.

Beraucnute o0beMbl Tell, 00pa3oBaHHBIX BpaleHHeM BOKpyr oceii Ox u Oy

KPUBOJIMHEIHOrO TPEYrobHHUKA, 00pPa30BAHHOrO KpuBOH Y =3%/X, ocbio Ox u

npsmoit X =1.
A /

4 / y =%/x

Pewenue.

Y




1) oObeM Tena, MOIYYSHHOTO BpAIICHUEM

BOKpYT ocu Ox, paBeH
1

3

V, =7 (%/;)2 dx=7— =3?ﬂ (rky6. ed.)

S
3 o

O —r

2) o0BeM Tena, MOJTYYEHHOT0 BpalieHueM BOKpyr ocu Oy, paBeH

7/ 1L

X/ 3

sl

L 67
Vv, = 27X Y xdx =27 = (kv6. e0.).
0



TEOPHUSA BEPOATHOCTHU

KomOunaropuka

Pa3smenieHus — KoMOMHAIMK, COCTaBJIeHHbIE U3 N pa3InyHbIX 3JIEMEHTOB 110
N BSJeMEeHTaM, KOTOpPbIE OTIUYAIOTCS JHUOO COCTaBOM JJIEMEHTOB, JHOO UX
nopsakoM. Unciio Bcex pa3iauuHbIX pa3MenieHui u3 N 3J1eMeHTOB 1o N 35ieMeHTaM
pPaBHO:

N

n _ .
(AN)6e3 noem. (N —n)!’
Yucino paSMGIHeHI/Iﬁ C ITIOBTOPCHUAMMU
n

n
(AN )c noem.
HGDGCT&HOBKI/I — KOM6I/IHaI_[I/II/I, COCTOAIIIME H3 OJHUX H TEX IKC N
Pa3INYHBIX 3JICMCHTOB M OTIHYAIOMIUCCA TOJIBKO ITOPAOKOM HX PACIIOJIOKCHHA.
I[pyrI/IMI/I CJIOBaMH, IICPCCTAHOBKAMU M3 N 9JICMCHTOB HA3bIBACTCA PA3MCIHICHHC
mpu N = N. Yucno Bcex nepectaHoBOK U3 N 37€MEHTOB:

_ 4N _ an
(PN )663 noem. AN =N

Ywucino MICPCCTAaHOBOK C IIOBTOPCHUAMM:
N

(PN )c noem.
Coueranus — KOM6I/IHaI_[I/II/I, cocraBiieHubie u3 N Pa3JINYHbIX 3JICMCHTOB I10 n
QJICMCHTAaM, KOTOPBLIC OTIHUYAIOTCA XOT:A OBl OJHUM 3JJIIECMCHTOM. Yucio Bcex
couetanuit u3 N mo n paBHo:
no_ N!
N p(N-n!"

CayuyaiiHble COOBITHA

CoObITHE, KOTOPOE€ MOXET TPOU30WTH, a MOXKET M HE MPOU30MTH,
Ha3bIBAETCS CIydalHbIM COOBbITHEM. Eciii MOXET NMpOU30HTH M cOObITHE A, U
cobbiTHe B, TO cOObITHSI yMHOXaIOTCst AB, ecii mpouCXOaUT Uil COOBITHE A, WU
coOrITHE B, TO cCOOBITHS cKnanpiBaroTes A + B.

AKCHOMaTHYECKOE OTpE/IeTICHUE BEPOSTHOCTH : uucioBas ¢GyHKuus P,
OTIpeJieieHHas] Ha KJacce COOBITHI S, Ha3bIBA€TCS BEPOSTHOCTHIO, €CITU BEPHBI
AKCHUOMBI:

Al) S —anrebpa coObITHIA,

A2) akcuoma HeotpunarenbHoctu P(A) > 0 VAEeS,

A3) akcuoma HOpmupoBaHHOocTH P(Q) = 1, O - IpoCTPaHCTBO AJIEMEHTAPHBIX
COOBITHIA,

A4) akcuoma koHeuHoul agmutuBHOCcTH P(A+B) = P(A) + P(B), ecnu A u B
HECOBMeECTHEHI (T.. ANB = ),



AS5) akcumoma HenpepbhIBHOCTH : V{A,}, AiDAD... DAD..., Ay € S, Orﬁ An =
n=1
UMEET MECTO
lim P(4)=0.
n—> 0

AKCHOMAaTHYECKOE OMpENeIeHUE BEPOATHOCTH TMPEIJI0KEHO aKaIeMUKOM
A.H. KonmoropossiM B 1933 rony.

CBoiicTBa BEpOATHOCTH (cleaytoT u3 A2 o A4).
1. BepossiTHOCTh IPOTUBOMOJIOKHOTO COOBITHS

P(A)=1-P(A).

2. BeposATHOCTh HEBO3MOXKHOTO COOBITHS
P(J) =0.
3.Eciu A < B, To P(B—A) =P(B) -P(A) u P(A) < P(B).
4. Ins xaxxaoro ciydaitHoro coositus 0 < P(A) < 1.
5. Teopema cnokeHusi JByX MpoOU3BOIBHBIX coObITHIl P(A+B) = P(A) + P(B) —
P(AB), To xe
st Tpex coowithii: P(A+B+C)=P(A)+P(B)+P(C)-P(AB)-P(AC)-P(BC)+P(ABC).

A
Krnaccudeckoe ornpeieneHue BEpOSTHOCTH : P(A) = “E|| : (1)
IJe | 4| - 4MCIIO HTIEMEHTAPHBIX COOBITHIA, BXOASIINX B COOBITHE A,
Q| - ofmiee YMCIIO AMEMEHTAPHEIX COOBITHIA.

®opmyna (1) copaBeniuBa, €CIM MHOXKECTBO SJIEMEHTapHBIX COOBITUMN
KOHEUHO, a JIEMEHTapHbIE COOBITHS PABHOBEPOSITHBI.
['eomeTpudeckoe onpeaesieHue BEpOSITHOCTH
Pay="2
mg2
(2)
rae MA - Mepa MHOXKECTBA A;
mQ - mepa MHOXecTBa €.
B kadecTtBe Mepbl OOBIYHO TMPUHUMAIOT ISl OJJHOMEPHBIX MHOXKECTB —
JUTUHY, U711 IBYMEPHBIX — IJIOMIAb, AJIsI TPEXMEPHBIX — 00BEM.
®opmyna (2) crpaBemsiuBa, KOTJa MHOXECTBO JJIEMEHTApHBIX COOBITHI
OECKOHEUYHO, a TOUKa paBHOMEPHO pachpeiesieHa Ha MHOXKecTBe (2.
VYcnoBHOM BEpPOATHOCTHIO COOBITHS B mpu ycioBuM, 4YTO MPOU3OILIO
coObITHE A, Ha3BIBACTCS:
P(B| A) = P(AB)
P(4)
JIBa coObITHsT A u B He3aBUCUMEI, eCiTu
P(B|A)=P(B) ,ecnu P(A)#0
W
P(A|B)=P(A4), ecnii P(B)#0.

,P(A)#0.



VYcnoBrue HE3aBUCHMOCTH COOBITHI yAOOHO 3alMChIBATh B CHUMMETPHYHOM
BUJIE:
P(AB) = P(A)P(B).
Teopema npou3BeieHUS BEPOSITHOCTEN
P(AB) =P(A) P(B|A).

To ke niisa Tpex coObITUui
P(ABC) =P(A) P(B|A) P (C|AB) .
dopmyna MOJHOW BEPOSITHOCTHU: €ciu Aj , A, , ... , Ay — pa3bueHus (T.e.
AtA+. FAEQ, AA=D, Vi, j i#j)unP(A)>0, 10V B

P(B) = Z P(A)P(BIA).
k=1
dopmyna Baiieca: ecmu Ag, A, , ..., Ay —pa3ouenus u P(A;) >0 Vi, P(B) >
0, To
P(A)P(B| A4,)

P(4, | B) =

2 P(4)P(B| 4)
i=1

CiayyaiiHble BeJTMYUHbI

CayyaifHas BeIMYMHA — BEIMYMHA, PUHUMAIOIIAs T€ WM UHBIC 3HAUCHUS B
3aBUCUMOCTH OT chy4as. CiydaifHple BENIWYUHBI 0003HAYAIOTCS TPEUYECKUMU
OoykBamu &, M, C ... (B HEKOTOPBIX CIy4asx OOJBIIMMU JATUHCKUMHU OykBamu X,
Y, Z, ...) 3HaueHus, KOTOpble MPUHUMAIOT CIy4yailHble BEJIMUMHBI, 0003HAYAIOTCS
MaJIbIMU JIATHHCKUMU OyKBamM# X, Y, Z

OyHKIMEN pacpeeneHus CIy4ailHol BeTMUUHBI & Ha3bIBAeTCA (PYHKIUS:

F:(x) = P(&<x).
Omna o6yagaeT caeayonMMi CBOWCTBAMMU:

1. F¢ (X) — HeyObIBaromas QyHKIms Ha (- 00,+ 0).
2. lim Fy(0)=0.

X —> —o0
3. lm F=1.

X — +00

4. F¢(X) - nenpepsiBHa cieBa: F:(X-0) = F¢(X) .

3aKOH pacupeesieHHs CIy4ailHOM BEJIMUMHBI & HA3bIBACTCA JUCKPETHBIM, €CIIH
CYILIECTBYET KOHEYHOE WJIM CUETHOE MHOXECTBO 3HAYECHHH Xi,Xa,...,KOTOpPHIE
MOXKET HpI/IHI/IMaTI) Cly4aiiHasi BeIMUYMHA, TAKUX, YTO:

Z PE=x)=1,

n=1
a CiydaiiHas BeJMYMHA, MMEKOIMAs JUCKPETHBIM 3aKOH pPACIpPENEIICHMUS,
Ha3bIBACTCA JUCKPETHOM CIIy4alHOM BEJIMYMHOM.
3aKOH pacrpeneneHusl Ciay4dailHOW BeIMYMHBI & Ha3bIBaeTcsi a0COJIIOTHO
HEIMPEPBIBHBIM, €CJIM CYIIECTBYET HEOTPHULIATENIbHAS KYCOYHO - HENpEpbhIBHAA



Gynkuus P: (X), HaszpiBaeMas IJIOTHOCTBIO paclpeneneHus (BeposTHOCTEH)
CITy4yallHOW BEJIMYMHBI §, TaKas, 4To:

Fé: (x)= _}COO pé (x)dx,

a CciydyailHas BeJWYHMHA, WMEKOM@As a0COJIOTHO HENPEPBIBHBIA  3aKOH
pacnpeiesieHus1, Ha3bIBaeTCs a0COFOTHO HEMPEPHIBHON CIIy4allHON BEJIMYMHOM.

B HekoTophix ciywasx (GyHKOHsS pacrpeneneHusi oboszHadaercs F(X), a
IUTOTHOCTH pactpenenenus - T (X).

[TroTHOCTH pacnpeneneHus 00JIaAaeT CAeIYIOIIMMU CBOHCTBAMHU:
1. Pe(X)=F; (X) B TOYKaX HENPEPBIBHOCTH Pg(X);
2. pe(x) >0, VX;

+
3. _joopg (x)dx =1.

BeposiTHOCTH COOBITHIA:
+ 00
PE2X)=1-F(X)= [p;(0dx;
X

P(6: < & < X)=Fex2) - Fbx)= [ p (o @
g
P(€ =x)=F¢ (x+0)- F(x)=0.

[lepBoe paBeHCTBO B ¢dopmyinax (3) crpaBeIuBO ISl JIFOOBIX CIIy4alHBIX
BEJIMYMH, BTOPOE PABEHCTBO - Uil AOCOJIOTHO HEMPEPBIBHBIX CIIyYailHBIX
BEJIMYMH.

MaremMaTH4eCKUM  OKHJIAHMEM  JUCKPETHOM  CIy4YallHOW  BEJIMYHHBI
Ha3bIBAETCS YNCJIIO:

o0
ME= % x PE=x ),
n n
n=1
eciii psAld aOCOJIOTHO CXOAUTCS. MareMaTndeckuM OXHJaHueM aOCOJIFOTHO
HEIPEPBIBHOM CIIyYallHOW BEJIMYHMHBI HA3bIBAETCS YHUCIIO:
+00

ME = | xpé;(X)dx,

CCJIM MHTCrpall a0COJIIOTHO CXOOUTCA.

CBoiicTBa MATEMAaTUYECKOTO OXKHIAHHSI:
. MC =C, eciu C - HecnyuaiiHas BeJIMYMHA.
M(CE) = CME.
. M(&ligz) = M&li ME_,Z
- M(&1&2)=ME; - ME,, ecu &3 &, - HE3aBUCHMBIC CITyYaiiHbIC BEJTMYUHBI.

A w N P



Hucniepcueit DE ciyuaiinolt BenmumHbl & HasbBaeTrcs umciao DE=M(E -
ME)?,  ecnm  MaTeMaTHuyeCKOe  OXHIAHHE  CyIIeCTBYeT.  Bemmuuna
0:=+/DE Ha3bIBAETCS CPEIHUM KBaIPATUIECKHM OTKIOHEHHEM.
JUJis BBIYMCTICHUS TUCTIEPCUN UCTIONB3YETCs (popMmyIa:
DE=ME? - (ME)?
CBolCTBa IUCIIEPCHU:

1. DE > 0.

2. DC=0.

3. D(C&)=C*Dt.

4. D(&; £ &)=DE,+ DEy, eciu &;1,E, — HE3aBUCHMBL.
Hau6o.1ee BasKHbIE pacilipcacJCHudA

Juckpemnowie:

1. bBunomuansHoe pacnpeaeneHue. Cxema UCIBITaHUN, B KOTOPOU MPOU3BOAUTCS N
HE3aBUCHUMBIX HCIBITAHUM, KaXJ0€ M3 KOTOPBIX MOXKET HMMETh JBa MCXOJa:
«YCIIEX» C BEPOSITHOCTHIO P U «HEYy/aua» ¢ BEPOSATHOCTHIO ( = 1 — P, Ha3bIBaeTCs
cxemoil bepHymnu. BeposSTHOCTBIO COOBITHS, 4YTO TIpU N HE3aBUCHUMBIX
UCIIBITAHUSIX TIO cxeMe bepHyiuu npous3oiiieT paBHO k ycrnexoB, paBHa (dhopmyia
bepnynm):

PE=0=Cip " K k=01 @)

3HaueHue k = ko, IpU KOTOPOM BEPOATHOCTH (4) NpUHUMAET HauOOJbLIEE
3HAQYCHUE, HA3bIBACTCS HAMBEPOSTHEUIIMM YHUCIOM «YCIIEXOB», KOTOPOE
OnpeNIeNAeTCs:

[(n + l)p] secau (n+1)p — ne yenoe
o {(n+l)p—1,(n+1)p,ewlu (n+1)p —yenoe ,
3J1€Ch [a] — O3HAYAET LEIYI0 YaCTh YUCIIA a.

Marematnueckoe oxunanue ME = np, aucnepeus DE = npg.

Teopema Ilyaccona. Ecnu B cxeme bepuymmu n — o u p — 0, Tak, yrto np =

k
%e(0,400), 0 Yk = 0, 1,... m P (E=k)="e A
n— o k!
JlokanbHas Teopema Myaspa-Jlanmaca. Ecnu B8 cxeme bepaymm n—o,0<p <1, p
k —
- [OCTOSHHAS BEIHIHHA, X = ——b OrpaHU4eHa, TO:
npq
1
B(c=k)= P(x),
Vhpq
~x2/2

1
rae ¢o(x) = ﬂe :

HNuterpanbHas Teopema Myaspa - Jlamaca. Eciu 0 < p < 1 U p - HOCTOSIHHO, TO
pu N—»o0;
Pn(kl < é < kz)zq)(XZ) - CD(Xl) )




1L X _x22
rae @(x) = ﬁ(j)e dx,
k, —np K, —np
T JﬁT
Oynkiun O(X) u DO(X) 3aradynupoBaHbl, W TAOJIUIBI €CTh BO MHOTHUX
y4eOHUKaxX 10 TeOpuu BeposiTHocTel. OHAKO 3/1ech Haao0 3HaTh, 4To ecim X < 0,
TO HY>KHO BOCIOJIB30BAaThCS YEeTHOCTBIO ((-X)=((X) pyHKIMHI ©(X) U HEUSTHOCTHIO
d(-x) = -O(X) byakun O(X). Ecau X >5, To npuHUMaOT ¢ OOJBIIONH CTCICHBIO
tounoctn P(X)=0,5.

2. 'eomeTpudeckoe pacnpezenenue. Eciu MIPOU3BOJIATCS HE3aBHCHMBIE
UCIIBITAHUS, B KAKIOM M3 KOTOPBIX BO3MOXHBI JIBA HCXOJA - «YCIEX» C
BEPOSITHOCTBIO ) UM «HEY/aya» C BEPOSATHOCTBHIO ( = 1-p, TO BEpPOATHOCTH, YTO
OyZAeT MPOU3BEACHO k WCIBITAHUN J0 NEPBOIO MOSIBICHUS «ycHexa» OyAeT paBHa!

k-1
PE=k)=q" 'p.
3. I'mnepreomerpuueckoe pacopenenenue. I[lycte B ypue N mapos, u3 Hux K

oenbix, N- K uepubix. Haynauy u3 ypHsl B3sT0 N mapoB. Toraa BEpOATHOCTb TOTO,
YTO CpeAr HUX OYyJIEeT pOBHO k OEJbIX MIApOB, paBHA:

k ~n—k
c,.C
P& =k =LK
CN
4. Pacnipenenenue I[lyaccona ¢ nmapamerpom A>0
k
A

P(E=k) = —e‘/l, k=0,1,...

MaTeMaTquCKoe oxxunanue ME = A, nucniepcusi D € = A.
Pacnpenenennem I[lyaccona onuceiBaeTCsi NPOCTEUININUM MTOTOK COOBITUH.

Abconrwomno nenpepuviénvle 3aKOHbBL PACNPEOeIeHUA.

1. HopmanbsHOE pacupeelieHue ¢ mapamerpamu a, ¢ > 0
~(x-a)’

2

1 2
— O
pe(x)= e
S o~N2r
Maremarndeckoe oxumanne ME = g, mucmepcus DE = o BeposTHOCTB
TIOTIA/TAHMS B 33JJaHHBIN HHTEPBAJT:

P(xl<§<x2)=P(x1sgs)cz):@[ng_“j—@[xl_aj. (5)

o

HpaBI/IJIO ((TpCX CUT'M»
P(E - M| <30)=20(3) ~ 0,9973.

2. TlokazaTenapHOE pacupeesieHue ¢ mapamerpom A >0

() 0,x<0
P \X)=
S ﬂe_ﬂx,xZO.




Marematiaeckoe oxuganne ME = 1/, qucnepcust DE = 1/0°,
3. PaBHOMepHOE pacnpe/ieieHue:

,x €la,b]

pe)=1r—a
0,x ¢ [a,b].

+
Maremaruueckoe oxunanne ME = %, nucnepcus DE =

IIpumepsl penieHus 3a1a4

3adaua 1.

UeMy paBHSETCS BEPOATHOCTb OTKPBITH C IIEPBOIO pa3a aBTOMAaTUYECKYHO
Kamepy XpaHEHHUs?

Pewenue.

[Iycth coObiTHE A - OTKpBITUE KaMmepbl XpaHEHUss C MEPBOro pasa.
Bocnonb3yemcsi KJIaCCUYECKUM OIPEIEICHUEM BEPOSTHOCTH, T.K. HAOOp Jt000T0
4
o
rae |4/=1, T. K. CylIecTByeT €AMHCTBEHHBIH HOMEp, OTKPBIBAIOIIUI Kamepy
XpaHEHNs,

|Q| = (A140)CH0BT. =104-
Omeem. P(A)=0,0001.

HoMmepa oT A000 no K999 paBHOBeposiTEH: P(A) =

3adaua 2.
B smuke 30 neranedt, cpenu koTopeix 27 peraneit He OpakoBanHbX. B OTK
Hay/lady Wu3BJIeKaloT 5 neraneil. HallTu BeposTHOCTh, 4TO Opak He OyneT

OoOHapy>KeH.
Pewenue.
CoOrbiTHE A - Opak He OyneT oOHapykeH. OMATh UCTOJIB3YEeM KJIIACCUYECKOe
A
OIIpEaCIICHUE BEPOSATHOCTH: P(4) = %

27
rae |A|:C§7 :ﬁ—qncno, IMOKa3bIBAIOIIEE, CKOJIBKHMH CII0OCOOAMH MOKHO

30

51250

YHUCII0, MOKA3BIBAIOLIEE, CKOJIBKUMH CIIOCO0AMU MOXKHO JOCTATh JX00bIE 5 neralei

n3 30 meranen.

P(4) = 27125! _ 25.24.23 _
22130!  30-29-28

Omeem: 0,567.

nocrath W3 27 HEOpaKOBaHHBIX 5 HEOPAaKOBAHHBIX AeTaleil; |Q=C;, =

0,567.



3ameuanue. qu/ITBIBaH, qTo Cf =1, HCKOMYIO BCPOATHOCTHP MOXKHO 3aIlkMcaTrb B

BUJIC:

C257 ) C3O
5

P(A) = =P(c =)5),

30
IIpu 5TOM cnyqaﬁHa;{ BCIINYHMHA & HMCECT T'HIICPIrecOMETPHUUCCKOC PACIIPCACIICHUC.

3adaua 3 (3adaua o ecmpeue).

JIBa cTylneHTa YyCIOBWIHCH BCTPETUThCA B OuOnMorexke mexay 16 u 17
yacamu. [Ipuimeammii nmepBbIM KAET APYroro B TEYEHHH IOJy4aca, MOCie Yero
yxoauT. YeMy paBHA BEPOSITHOCTh UX BCTPEUM, €CJIU PABHOBEPOSATEH MX MPUXOJ B
1100011 MOMEHT BpEMEHHU B TE€UEHUH Yaca.

Pewenue.
Tak kak MpUXOJ CTYJCHTOB B TEUCHUU Yaca PABHOBEPOSITEH, TO MPUMEHUM
F€OMETPUYECKOE ONPEICICHNE BEPOSITHOCTH

P4y ="
T mQ
N\
y
mA
17 /
yac 754
16 uac /
30 muH. /
Yy = %
16 /;./ > X
Hac 16 X 16 yac 17
yac 30 muH. yac

Puc. 1. K 3agaue o BcTpeue.

[TycTh X — BpeMs puxoja MepBOTO CTYJICHTa, Y — BpeMsl PUX0Jia BTOPOTO
crtynedTta. Ecnu Touka (X,y) momaja B 3allITPUXOBaHHYIO 00iacTh (puc. 1), To
CTYJIEHTBI BCTPETATCS, €CIM HET, TO OJWH YHIET paHbIle, 4eM BTOPOH MPHJIET.
[ToaToMmy MA paBHO IUIOMIAAX 3aIITPUXOBaHHON oOmactu: MA = 0,75 gac®, mQ
paBHa miomany kBagpara: mQ = 1 gac®. Tormga

Pla)=""4 075,
mQ

Omeem: 0,75.

3aoaua 4.

Crynent Bolyunia 41 u3 50 BopocoB mpeiararoniuxcst Ha sk3amene. Haitu
BEPOSATHOCTh TOTO, YTO OH OTBETUT BEPHO HAa 3 BONPOCA U MOJYYUT OTIUYHYIO
OlleHKY (coObITHE A), HE OTBETUT HU HAa OJMH BONPOC U TMOJYYUT
HEYJOBJICTBOPUTEILHYIO OIIEHKY (COOBITHE B).



Pewenue:
1) Ilycts A; — CTYIEHT OTBEYaeT BEPHO Ha IEPBBIH Bompoc, A, — TO K€, HO Ha
BTOPOM BOIPOC,
Az — TO ke, HO Ha TpeTuil Borpoc. OueBHAHO, UTO A = A; A, Az, 10O CTyJIEHT
JIOJDKEH OTBETUTh BEPHO Ha BCE TPH BOMPOCA.
[To Teopeme yMHOKEHUSI BEPOSTHOCTCH:
P (A) =P (A1 A2 A3) =P (A1) P (Az2]A1) P (Ag] As Ay),
P (A;) =41/50, P (A; |A;1) = 40/49, P (As| A1 Ap) = 39/48.
P (A)=(41/50) - (40/49) - (39/48) = 0,544.
2) Ilycts Bj— cTyneHT He OTBETUT Ha | — bI¥ Bompoc, 1 =1, 2, 3.
P (B) =P (By B, B3) =P (B;) P (B, [By) P (B3| By By) =9/50 - 8/49 - 7/48 =
0,004.
Omeem: P(A) = 0,544, P(B) = 0,004.

3aodaua 5.

Tpu OXOTHMKA HE3aBUCHUMO APYr OT ApPyra OJHOBPEMEHHO CTPEIAIOT IO
BOJIKY. BeposiTHOCTh momananus B L€Jb IEPBOro 0XOTHUKA paBHA 0,6, BTOporo —
0,7, tperbero — 0,8. Omnpeaenutb BEPOSTHOCTH TOTO, YTO BOJK OyAeT YOUT
(cobbiTe A), Bonk OyaeT yOuT, HO IIKypa OyneT ucropueHa (OOJbIe OHOTO
nonaganus) (coositre B).

Pewenue:

[Tycth Aj— i-bIif OXOTHUK ITOTAJT B IICJTb, Z - I-pIil OXOTHUK HE IONAJI B LIEJIb.
PacniuiiieM mpocTpaHCTBO 3JIEMEHTAPHBIX COOBITUH:

Q=A A A, + A A A + A A A, + A A A + A A Ay + A A, A + A A Ay + A A, A,

CoObITre, Harpumep, A, A, A,03HAYACT, YTO TPETUI OXOTHHUK TIOMAJ B II€/Ib, a
OCTaJIbHBIE HE TOMAJIH.

CoObiTHE
A=A A A+ AAA + A A A+ AA A+ AAA+AAA+AAA=Q—AAA,.

CoObITHE B = A A, A, + A A, A, + A A, A, + A A, A,.

[To cBOMCTBY BEPOSITHOCTH 3:

P(A) =P (Q-4,4,4,)=P(Q)- P(4,4,4,).

[To akcuome A3 P(Q) = 1, a mo TeopemMe YMHOKEHUS BEPOSATHOCTEN:
P(4,4,4,)=P(4) P(4,|4) P(4,]4A4,). Tak cobobrtust Ay, A,, A3 HE3aBHCUMBI, TO
HE3aBHCUMBI U COOBITHS 4,, 4, , 4.

Toatomy P (4,4,4,) = P(4,) P(4,) P(4,).

HoP(4)=1-P(A;)=1-0,6=0,4,P(4,)=1-P(A;)=1-0,7=0,3, P(4,)=
1-P(A3)=1- 0,8=0,2.

Urak, P(A)=1-0,4-0,3-0,2=0,976.

ITo TeOpEMeE CIOXKEHUS BEPOSITHOCTEN (coObITHS
A A, A, A A A, A A Ay, A A, A, HECOBMECTHbI) W IO TEOPEME YMHOMKCHHUSI
HE3aBUCUMBIX COOBITHIA:



P(B) = P(A,A, A, + AA, A, + A A, Ay + A A, A) = P(A, A, A,)+ P(A4, 4, 4,) +

+ P(4,4,4,)+ P(4,4,4,)= P(4)P(Az) P(A3) + P(A1) P(4,)P(A3) + P(A1) P(Ay)
P(4,)+ +P(A;) P(A,) P(A3) =0,4 - 0,7 - 0,8+ 0,6 - 0,3-0,8+0,6-0,7-0,2+0,6 -
0,7 -0,8=0,788.

Omeem: P(A) = 0,976, P(B) = 0,788.

3adaua 6.

[Ipy ogHOM 1HWKIJIE OCMOTpa PaaMOJOKAIMOHHOW CTAHIMM, CIEHSALIEH 3a
KOCMHUYECKHM OOBEKTOM, OOBEKT OymeT oOHapyxkeH ¢ BeposTHocThio 0,7.
OOnHapyxeHue oOBbEKTa B KaXJAOM LHKJIE MPOUCXOAUT HE3aBUCUMO OT APYTHX.
[Tposeneno 10 nukioB ocmoTpa. KakoBa BeposSITHOCTH TOro, YTO OOBEKT Oyner
oOHapykeH?

Pewenue:

[Iycth A — oOBekT Oyner oOHapykeH (XOTs Obl B OJHOM IHKIE), Aj —
00BbeKT OyneT 0OOHapyEH B | — TOM IUKiIe. MOKHO 3aIHCaTh:
Q=A+4 ,4=Q-4 .

Ho 4=A44,..4,.

Torma P(A) =P(Q-4)=P(Q)—P(4)=1-P(4)=1-P(4) P(4,) ...
P( AIO)'

A tak kak P(4,)=P(4,)=...=P(4,)=1-0,7=0,3,

P(A) =1 -0,3"° =0,9999940951.
Omeem: 0,9999940951.

3adaua 7.

Ba ctpenka A u B 1o ouepenu CTpensitoT Mo Ueau. BeIurpeiBaeT TOT, KTO
IIONAJET IEepBbIM. BEpOATHOCTh MONMAanaHusA NPU OJHOM BBICTpPEINIEC I IEPBOTO
crpenka pasHa 0,2, s Broporo - 0,3. IlepBbiM cTpensier A. HailTu BeposTHOCTH
BBIMTPBIIIA JJIS1 KAKJIOTO CTPEIIKA.

Pemenue.
[IycTs:
A - BBIUTPBIII CTPENKA A;
B - BemarpsIm crpenka B;
Aj - cTpesok A monai npu i - OM BEICTpEIIE;
Bi - ctpenok B moman npw i - oM BBICTpeEIE;
Torna:
A=A + AB A, + AB A,B,A; +...

HpI/IMCHSIH TeOpCMBI CJIIOKCHUA U YMHO)KGHI/ISI BepOHTHOCTCI\/’I, HOHy‘II/IMZ
P(A) = P(Al)+P(A1)P(Bl)P(A2)+P(Al)P(Bl)P(Az)P(Bz)P(A3)+~~~:

=0,2+0,8-0,7-0,2+0,8-0,7-0,8-0,7-0,2+...=

=02[1+08-0.7+(08-07f +..] .



B kBagpaTHbIX CKOOKax CTOMT cymMMa OECKOHEYHO YOBIBaOIIEH
reoMeTpuieckor mporpeccun co 3Hamenateiaem ¢ = 0,8 - 0,7 = 0,56 u nepBbIM
yineHoMm b; = 1. Torma

P(4)=02— L —0.455.
1-0,56

AHaJIOTUYHO:

P(B) = P(4,)P(B,) + P(4,)P(B,)P(4,) P(B,) + P(4,) P(B,) P(4,) P(B,) P(4;) P(B;)+...=
=0,8-0,3+0,8-0,7-0,8-0,3+0,8-0,7-0,8-:0,7-0,8-03+...=

1

1-0,56
3aMCTI/IM, 49TO BCPOATHOCTHb TOI'O, YTO CTpeJ'IL6a 6YI[CT JIINTHCA OECKOHEUYHO

nonro(cobpiTie C) paBHa HYIIO:
P(C) = P(Q—A—B)=P(Q)— P(4)— P(B) =1-0,455-0,545=0.

Omesem: P(A) = 0,455, P(B) = 0,545.

=038-03[1+08-0,7+(0.8-0,7) +..|]= 0,24

=0,545.

3adaua 8.

WN3pgenuss mpoBepsitoTcst ABYyMsL KOHTpoJiepamMu. BeposiTHOCTh TOro, 4To
u3JIeTue ToMaieT K mepBoMy KOHTpoJiepy, paBHa 0,6; Bropomy — 0,4. BeposiTHOCTB
TOTO, YTO TOJIHOE HM37enue OyneT 3a0pakoBaHO, JUIsl MEPBOrO KOHTPOJEpa paBHA
0,06, nna Broporo — 0,02. Ilpu mpoBepke Opaka Hayjgady B3SITOEC H3JEIHE
OKa3ajoch TOAHbIM. HallTu BEpOATHOCTH TOrO, YTO ATO M3JIEIUE IMPOBEPSIIOCH
MIEPBBIM KOHTPOJIEPOM.

Pewenue.

B aroil 3amaue Henb3s HKCMONB30BAaTh KIIACCHUECKOE ONpeAeNieHue, T.K.
AJIEMEHTapHbIE COOBITHS HE PABHOBEPOSTHBI, XOTSI UX YUCIO KOHEUHO. JIjisl Takux
3amau npuroana ¢popmyna baiieca.

Ilycts:

A; - uzzienue nomnajno K nNepBoMy KOHTPOJIEPY;
A, - u3aenue nomnaio Ko BTOPOMY KOHTPOJIEPY;
B - uznenue rogHoe.
Torma P(A;) = 0,6, P(A;) = 0,4, P(B/A;) =0,94, P(B/A;) =0,98 u
P4/ B) P(4,)P(B/ 4) _ 0,6-0,94 _
P(A)P(B/ A)+ P(4,)P(B/ 4,) 0,6-0,94+0,4-0,98
3ametum, uto P(A;) + P(Ay) =1, T.e. Ay u A, - pa3duenus. IMeHHO B 3TOM

cilydae crpaBeasiuBbl (hOpMYJIbI ITOTHON BeposiTHOCTH U baiieca.
Omeem: 0,590.

0,590.

3aoaua 9.

JIBa paBHOCHJIBHBIX IIaXMAaTUCTAa UTPAIOT B IIaXMaThl, IPUYEM HUYBHU BO
BHUMaHHE HE MPUHUMAIOTCS. UTO BeposiTHEE: BBIMTPATh JABE MApTHH W3 YETHIPEX
WJIU TP TapTUH U3 EeCTU?

Pewenue:

3agavya ynoBieTBopsieT cxeme bepnymnu: npousBoasTca N (4 wim 6)

HE3aBUCHMBIX HCIBITAHUM (IIaXMaTHbIE TapTHH), B KaXXJIOM M3 KOTOPHIX JBa



MCXO0/1a: BBIUTPBILI UM IPOUTPHIILL, PUYEM BBIUTPHIII C BEPOSITHOCTHIO P = Y2 (T.K.
MPOTUBHUKU PABHOCHIIbHBI) U MIPOUTPHIII C BEPOSTHOCTBIO = 1 — p = Y%,

ITo hopmyne bepnymu:
P =2 :C2 29% = iLLZE
4 (E=2)=Csp" ¢ ol 37 37T g
@ 1 1 5

Ps (£=3)=Cs’p° ¢ = _’.._._:
Omeem: P4 (E=2) > Pg (£=3).

3aodaua 10.

BepositHOoCTh poxkeHust Manbuuka paBHa 0,515 (ctaTuctuueckue AaHHbBIE).
Haiitu BeposiTHOCTH TOrO, uTO cpeau 100 HOBOpOkIeHHBIX Oyaer 50 MaabuMKOB
(cobpiTie  A), or 40 pgo 60 wmambuukoB (coObiTue B). Onpenenutsb
HaWBEPOSITHEHIIEE YUCIIO MAIIBUYHUKOB.

Pewenue:

3amaya COOTBETCTBYET cxeme bepHyiu, oaHaKko HCIOJIb30BaTh (popmyiy
bepnynnu 3aTpyaHuTensHO, T.K. N = 100 Benuko. [ IpuMeHnM NOKaIbHYIO TEOpEMY
Myagspa — Jlannaca (Teopema Ilyaccona nenpumenuma, T.k. p = 0,515 u k HyI10 He
CTPEMUTCS)

P(A) = P100(§=50) =

—"P 3pecs k =50, n= 100, p=0,515,

1 k
o(x) ,TOE X =
\Vnpg N2

50-100-0,515 1,500
5 __ > = - 0,3 y -0,3 = 0’3 — 0’3814
J100-0,515-0,485 5,000 »(-0,3) = ¢(0,3)

(HaiimeHo mo tabauue [S], XOTsS MOXKHO BBIYMCIUTEL Ha KAJIBKYJISITOPE MO (hopMyie

q=0,485.

Torma x =

2
o) = e‘)%),
NoY
P(A) = 23814 0763,

[To unTerpansHoM Teopeme MyaBpa — Jlamaca:
P(B) = B,,(40<£<60) = D (Xp) - D(Xy),
k, —np _ 40-100-0,515 _

Xl = _29301
Tnpa 5,000
X, = k, —np _ 60—-100-0,515 ~170,

[npg 5,000

P(B) = ®(1,70) - ®(-2,30) = O(1,70) + ®(2,30) = 0,4554+0,4893 = 0,9447.
@Oynkius O(x) HavineHa mo tadmuie [5]. Tak kak (n + 1) p = (100 + 1) -
0,515 = 52,015 — ugucno Heuenoe, TO HAUBEPOSITHENIIIEE YUCIO MAJIBUUKOB PAaBHO

k, =[(n + 1) p] = [52,015] =52.

Omeem: P(A) =0,0763, P(B) =0,9447, k, =52.



3aoaua 11.

YCTpoHCTBO COCTOMT M3 YETHIPEX HE3aBUCHMO PaOOTAIOIIMX 3JIEMEHTOB.
BeposiTHOCTh OTKa3a KaxkJ10ro 3jeMeHTa B ogHoM ombiTe paBHa 0,1. CocTaBUTH
3aKOH paclpeliesiCHUsl, MaTeMaTUYeCKOE OXKHMIAHUE U JUCIEPCHUI0 YHhCIIa
OTKAa3aBIIIMX DJIEMECHTOB B OJITHOM OIIBITE.

Pemienue

[Tycth ciyuaiiHas BeMUYHMHA & - YMCIO OTKA3aBIIMX JJIEMCHTOB B OJIHOM
ompiTe. Torma mo dhopmyne bepaymmm:
P(E=0)=Cp’q* =1-01°-0,9* =0,6561 ,

P(E=1)=C,p'q’ =4-01-09° =0,2916,

|
P4(§ :2) = ij2q2 :%0912 .0992 — 0,0486,

P(£=3)=C;p’q' =4-01°-0,9 =0,0036,

P(E=4)=Cip*q° =1-0,1*-0,9° =0,0001.

3akoH (psia) pacnpeaeseHusl.

& 0 1 2 3 4
P 0,6561 0,2916 0,0486 0,0036 0,0001
4
3ameTum, 4To Y P(& = k) =1,0000.
k=0

MarteMaTH4eCcKoe 0KUIaHHUE:.

4
ME= YkP(E=k)=0-0,6561+1-0,2916+2-0,0486+3-0,0036 +4-0,0001 = 0,4000 .
k=0

" 2 4
HailineM M&é“ = Y k“P(E=k)=
k=0
=07-0,6561+1%-0,2916+2%-0,0486 +3° -0,0036 + 4> - 0,0001 = 0,5200 .
Hucnepcusi: DE = ME> —(ME)? =0,52—(0,4)° =0,36.
OtBeT: ME=0,4,DE =0,36.

3adaua 12.

Touka M paBHOMEpHO pacmpeneineHa B kpyre paguyca R. Ilycts & -
paccrosiHEe OT Touku M 110 1ieHTpa kpyra. Haiitu dynkmuto pactpenenenust Fg(X),
IJIOTHOCTH pactpeneneHus P:(X), mocTpouts ux rpaduku, seraucauts ME, DE, a

R R
TaKX€ BEPOSATHOCTD IOIIACTh B KOJILIIO 3 <¢é< 5

Pewenue.



Puc. 2. K onpeaenennro GyHKIIUMA pacnpeneeHus.
2 2

A(x) mx x
OYHKIHS PACTIPEIeICHUs F, (x) = P(& < x) = 2 = =" x€|0,R
YHKIHS Pacripent L =PE<x) === = xe0R]
0,x<0
2
Hrak, F.(x)= x—,0<x£R
£ R’
IL,x > R.
0,x<0 5
X
' — 0,R
[1TOTHOCTH BEPOATHOCTH p f(x):Fé(x): %,OmcSR: R? xe[0.R]
0 0,R|.
0,x>R ,xg[ ’ ]
['paduku byHKIuit F £ (X)up £ (x) TIpeACTaBIIEHBI Ha pUC. 3.
4 Fe(x + opex
2
. ol
> X > X
R R
Puc. 3. I'paduku pynkimii F(f (X)up £ (x) (x 3amaue 12)
MaremaTu4eckoe OxKuJaHue:
+ 00 R 9y 2 R, 2 xR 2R 2
Mé= | xpé(x)dx: jx—zdx:—zfx dx:—z— 0 :—2:—R,
—oo 0 R R* 0 R* 3 3R 3
+ 00 R R 4 2
ME? = | x?‘pé(x)dx=szz—zdx:%jx3dx:i2x— OR=R—.
— 0 R R* 0 R 4 2

Hucniepcus:



R* 4 , 1

DE=ME* —(ME)? =— ——R* =—R>.
§=MSE" - (M) 579 T
BeposaTtHOCTS:
5 = 2R 2 2
R R 2 2 2 2 x*|5 1 R R 1 1
P(—<é<—)= Ndr=—"=[xdx=—""—|2= (- )=——_=
3 3 3
:i=0,139.
36
0,x<0
2 2x
) OaR 1
Omeem: F.(x) = %,O<x£R, pe(x)= RZXE[ ], Méz%R, D§=ER2,
l.x>R. 0.x ¢ [0.R]

R R
P(—-<¢E<2)=0,139.
F=c=<3)

3adaua 13.
IT10THOCTE BEPOATHOCTH CIy4alHOM BEJIMYMHBI & 3a1aHa (POPMYNOH pe(X) =

o (pactipenenenne  Komm). Haiitu A, ¢QyHkmuio pacnpeneneHus,
+x

MaTEMaTHUYECKOE OXKUIAHUE, BEPOSITHOCTh P (—1< & <1).
Pewenue:

KoncranTy A HajeMm u3 yciaoBUs:
+ 00

_.‘-oopé: (x)dx = 1 1

+00 +00
Azdx:Aj dx :Aarctgx‘fng( im arctgx— lim arctgx)=
—o014 x —o0] 4 x2 X—>+a0 X——0
AT [T l=Ar=
~A5(-5)|-4m=
a=1
T

OyHKIYS pacupeaeIeHHUs:
1

X x
F5 )= | pég (x)dx= | —FL 3 dx = larctgx * w = l(arctgx — lim arctng =
— 0 —ool+x 4 2 X — —0

1( nj 11
=—|arcigx + — | = —+—arcigx .
V4 2 2



I'papukn F:(x) u pe(x) n300paxkeHsl Ha pUCYHKE 4.

Pe(X
Fg(X

v
v

Puc. 4. I'padpuxu GpyHKIIMI F(f (X)up £ (x) (x 3agaue 13)

MaremMaTuueckoe OXKHNOAAaHUC:

+ o0 1 + o0
Mé:: .[ xpg(x)dx:_ .[
— 0

X X

5 dx = 0, T.K. GyHKIUS

2He"IeTHa}I.
T _ol+x X
1 1 l 1 1
2
P(-1<&e<)=| pg(x)dx: jdex:l | dxz _Z dx2 _
-1 —11+x T _11+x Tol+x

Hpyroii crioco6:

P(-1<&<)=Fe(1) - Fe(-1) = %+%arctg 1- {% +%arctg (—1)} =

1 1z (1 1 »y_1 1
-_t e ——— J— - — 4 ——
2 74 \2 & 4 2 4

Omeem: Azl, Fe(x) = l+larcz‘gx, ME¢ =0, P(—ng‘Sl):l.
V4 2 2

+

N | =
E
N | —

3aoaua 14.

JluckpeTHas ciyyaiiHas BeMYMHA & UMEET psijl paclpeaesieHus

§ il il 3z
4 2 4
P 0,2 0,7 0,1

[TocTpouTh psii pacnpee/ieHUs CIIyIaiHON BEIMYMHBI 1| = Sin &,



Pewenue:

g

n

N‘s' A~

RN

N‘& 4>|§,’

ToraaP(n=%)=P(§:% unu 5:3—ﬂj =P(§:%}+P(§:3§J =

=0,2+0,1=0,3.
Torna 3akoH pacrpeneneHus 1 3auIeTcs:

n V2 1

2
P 0,3 0,7

3aoaua 15.

3aKOHBI pacnpcaciicHus 4uciia O4YKOB, BBIOMBACMBIX KAKIbIM H3 JIBYX
CTPCJIKOB, UMCIOT BHU:

£ 8 9 10 n 8 9 10

P 0,6 0,3 0,1 P 0,5 0,3 0,2

Haittu 3akoH pacnpenenenus CiydyaiiHOM BEJIWYMHBI PABHOM CyMME OYKOB,
BBIOMBAEMBIX JIBYMS CTPEIIKAMHU.

Pewenue.

P(&+n=16)=P( =8)P(n=8)=0,6-0,5=0,30,
PE+n=17)=P(&=8)P(n=9)+P(&=9)P(n=8)=0,6-03+0,3-0,5=0,33,
P(E+n=18)=P(§=8)P(n=10)+P(E=9)P(n=9)+ P(§=10)P(n=8) =
=0,6-0,2+0,3-0,3+0,1-0,5=0,26,

P(&+n=19)=P(& =9)P(n=10)+ P& =10)P(n=9)=0,3-0,2+0,1-0,3=0,09,
P(E+1=20)=P(&=10)P(n =10) = 0,1-0,2 = 0,02 .

3aKoH pacnpeaesICHUs:

E+n

16

17

18

19

20

P

0,30

0,33

0,26

0,09

0,02

IIposepka: cymma BepoarHocteit 0,30 + 0,33 +0,26 + 0,09 + 0,02 = 1.



3aoaua 16.

ABTomaTt mtamiyer aetaiu. JnauHa neranu & pacnpeneneHa HOPMaJbHO C
ME = 50 mm. dakThyeckd JIMHA M3TOTOBJIECHHBIX JeTaliell He MeHee 32 U He

O0onee 68 mm. HaliTh BepoOsATHOCTH TOro, YTO JUIMHA Hayjaadyy B3STOW JIE€Taad
OoubIIE 55 MM.

Pewenue.
Hcnonb3yeM npaBUiIO «TPEX CUTM»:
P(32<E<68)=09973 ,

OTKYyJla HaiiieM mmapaMmeTp ¢ HOpMaJbHOTO pacnpesenenus. Mcnonszyem popmyty

(5),
oo 52} of 0] of ) of ] )
o o (o} O (o}

@(Ej = 0,49865.

o

[To tabmmumue [5] mist pynkmum D(X) 18 _ 30, 0=60.
O
Hckomas BEpOSITHOCTB:

P(&>55)=P(55< & <oo):cD(oo)—cD[55_50

j =0,5-0,38493 =0,11507.
Omeem: 0,11507.
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