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Bekrop — HanpaBiIeHHBIN OTPE3OK.

PaBencTBO
a= (x, v, Z) (1) o3nauvaer, uto
X, ¥, Z — NPOEKLHH BEKTOpa Ha OCU KOOPAUHAT WU €0 JEKAapPTOBbI KOOPIAUHATHI.
dopmyia
- 2 2 2
| a | = \/x +y +z (2) mo3BosET 110
KOOPJMHATAM BEKTOPA ONPEIETUTh €r0 MOAYJIb.
= a Ecm ., B, Y — YIJbl, KOTOpPBIE BEKTOP 00pa3yeT ¢ MOI0KUTEIbHBIM
v HaIpaBJICHUEM oceud KoopauHaT, To COS O, COS B, COS'Y Ha3bIBaKOTCs
B HaMpaBJISIOMIMMUA KOCUHYCaMU BEKTOpa a.
o x=|d|cosa, y=|d|cosB, z=|d|cosy, ©)
> 2 2 2
0 Y cos” o.+cos” B+cos”y =1 4)
X Ecnu n3BecTHBI Hauaso BekTopa M 1 (xl » V1 Zl) A KOHeEI]

M, (x 2, V2, 2> ) , TO KOOPJIMHATBI BEKTOPa HAXOAATCA 110 (hopMyIam

X=Xy =X, Y=Yy —V, Z2=2— 7. (®)
Ecmu ﬁ=(x1,y1,zl) u bz(X2,y2,Zz),T0
aiBZ(XIiX2,yliy2,Zli22) (6) u

oa = (OLxl, oy, OLZl), rae O — mo0oe 9ucIo.
BekTopbl, 1exaliue Ha 0JHON WM NapasyiebHbIX IPAMBIX, HA3bIBAIOTCS KOJJIMHEAPHBIMU.

HpI/ISHaK KOJ'IJ'II/IHeapHOCTI/I BCKTOpOB C_i nu b .
oM A m
Xo Vo 2

- - =

Tpoiika BekTopoB [, j, K HasbIBaeTcs KOOPIMHATHBIM GA3HCOM:

kl=1.

71=171=
Bektopsl I, j, kK mampamens o ocam cootserctBenno Ox, Oy, Oz B monokuTensHyIo
CTOPOHY.
JIro6oit BekTOp A = (x, V, Z) MOJKET OBITh MPE/ICTABIEH B BUJIE

a=xi+y] +zk. (8)

CkalspHBIM IPOU3BEICHUECM BCKTOPOB Ei = (.xl B yl’ Zl) u b = (X2 ) yz y Zz) Ha3bIBACTCA

YHCIIO0, pAaBHOE MTPOU3BEACHUIO MOYJIEH 3TUX BEKTOPOB Ha KOCUHYC yTila MEXKAY HUMHU.

§-5=|5|-‘l3‘-coscp, (9)
5-Z;=|5|-np515=‘l;‘-npgc_i, (10)
a-a= Eiz =|a|2, (11) T.e. ckanspHbIi

KBaApaT BCKTOpa paBCH KBaJApaTy €ro MOAYJIs.
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G-b=x1Xy+y1Vy +2125. (12) Benn GLb , 10
XXy + V1 Vs + 2125 = 0. (13)
XXy T V1)V T 2123
\/x12 +y12 +212 '\/x22 +J/22 +Zz2

Eciu Bektop [ u300paskaeT cuily, ToUKa IIPHIIOKEHUS KOTOPOH MepeMeIaeTcs U3 Hauasa B

cosQ = (14)

KOHEIl BEKTOpa  , TO paboTa 3TOii CHIIbI OnpeieseTcs
W=F-S§. (15)

BeKkTopHBIM OpOU3BECHUEM BEKTOpa « Ha b Ha3bIBaeTCS TaKOU BEKTOp C = a X b ,
KOTOPBIN yIOBJIETBOPSIET CIACAYIOIIUM TPEM YCIOBHSIM:

1.|¢|=|a|-|b

2. cla u clb;

3. BexkTop C o0pa3yeT ¢ BeKTopamMu a ub «IIpaBy0» TPOUKY.
BekropHoe nmpou3BeIeHAE 3aBUCUT OT IOPSAAKAa COMHOKHTENIEH

'Sil’l(p, rae (0 — yroj Mexay BEKTOpaMu a u b;

axb=-bxa. (16) Monynp
BEKTOPHOTO MPOM3BEICHNS PABEH ILIOMIAIN TAPALIETOrPaMMa, TOCTPOCHHOrO Ha BeKTopax @ u b:
S = ‘ axbl, (17)
1. =
SAza‘axb‘. (18)

Ecmu Bektopsl d u b xommneapust, o @ X b = 0, Byactaoctn, a X a = 0.

—

Ecnu BekTOpHI 3a71aHBI KOOPAHMHATAMU a= (xl, Y1, Zl), b= (xz, Vo, ZZ), TO

N
Ei X b = xl yl Zl . (19)
Xy Vo 2y

Eciu Bektop [ u300paskaeT cuily, IpUIokKeHHYIO B Kakoii-HuOyas Touke M , a Bektop @

uziet u3 Hekoropoii Touku (O BrTouky M , 1o BekTOp @ X F' mpencrasinser co6oii MomeHT cuisl F
otHocutenbHo Toukn O

mF=axF. (20)

CMelaHHBIM IPOU3BEACHUEM TpEX BEKTOPOB «, b, C Ha3bIBACTCA YHCIIO, pAaBHOC BEKTOPHOMY

MMPOU3BCACHUTIO a X b ,» YMHOXCHHOMY CKaJIIPHO HAa BCKTOP C,T.€.

abc z(a xb)-c :a-(b xc). (21) CmemannOe
npomssenenne AbC paBHO 06BEMyY MapalUIelIeN e a, TOCTPOSHHOro Ha BekTopax d, b, €, B3atomy
CO 3HAKOM «IIJIKOC», €CJIN Tp017n<a a, b, C IpaBas, CO 3HAKOM «MHHYC», CCJIU 3Ta TpOfIKa JICBA4.

V =+abc. (22) Ecnu BEKTOpEI
KOMIIJTAHAPHBI (JIE)KAT B OJJHOI TIIIOCKOCTH), TO
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abc =

0. (23) Hus BexTopoB
5 = (xl, V15 Zl), b = (xz, y2, ZZ), E = (x3, y3, Z3) CMCIIAHHOC IMPOU3BECACHUEC ONPCACIIAICTCS

dbopmyroit

S R B B
abc=\xy, ¥y, zy| (24)
X3 V3 23

3agava 1. Ha maTepuanbHyI0 TOUKY IEUCTBYIOT CHUJIbBL:
F=(2-11), F,=(-122), F=(1,1,-2).
Haiitu paboTy paBHOJICHCTBYIOIIEH ITHX CHII E IIPU NEPEMEILIEHUU TOYKU U3 MOJOKEHUS
A(2, -1, 0) B TIOJIOKCHUE B(4, I, — 1).
Pemienue. Haiinem paBHOAEHCTBYIONIYIO
R=F+F,+F=(2-1+1,-1+2+1,1+2-2)=(2,2,1).

BexTop nepemernienus no gpopmyne (5)

L —
S= AB =(4-2,1+1,-1-0)=(2,2, - 1).
Hckomyro paboty Haxoaum 1o popmyne (15)
W=R-S=2-2+2-2+1-(-1)="7.

3agaua 2. Jlawacuma F = (3, 4, —2) ¥l TOUKA €€ MPHI0KEHHUS A(2, -1, 3). Haiitu
MOMEHT CHJIBI OTHOCHUTENILHO Havyaia KOOPJMHAT U YTJIbI, COCTaBIsIeMbIe UM C KOOPAWHATHBIMU OCSIMH.
- - —>
Pemenue. ITo popmyne (20) m I =7 x F'.Bexkrop ¥ = OA 1o popmyne (5) umeer

KOODIMHATEL 7 = (2, -1, 3), o popmyne (19)

LTk L
FxF=|2 ~1 3 |=-107 +13] +1Ik.
304 22

Urak, m, F = (— 10,13, 1 1). Monyns MOMeHTa HaxoquM 1o popmyne (2):

mF | =(=10)> +(13)% +(11)> = /390 ~ 19,748.
Hampasnstomue kocunycel o ¢popmyne (3):
—10 13 11
cosa. = ——— =-0,506, cosPp=——=0,658, cosy =———=0,557,
19,748 19,748 19,748
a yTJIbI, COCTaBJIsIEMbIe MOMEHTOM CHJIBI C KOOPAMHATHBIMU OCSIMHU, CJIEIYIOIIHE
o =120°24", B=48°51, v =56°9'.

KoHTpoinb: 10mKHO OBITH COS2 o+ COS2 B+ COS2 Y =1V nac:
2 2 2
(—0,506)" +(0,658)” +(0,557)" = 0,999.
3agaua 3. Hamucatb pasioKeHne BeKTopa X = (5, 16, 2) 110 BEKTOpaM

p=(210), 4=(0,-2,0), F=(-152)

Perenue.
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- - —

1. Pasnoxenue BekTopa X 110 Gasucy D, q, ' ¥uMeeT BUI
x = Oclp+0L2q+OL3r
WM B KOOPJIMHATHOH (hopme
Xy =0y pp +0oq; + 03N
Xy =0 Py +0q) T 037
X3 =0 p3 +0,q3 + 0373,
2. C y4eToM YHMCIOBBIX 3HAUCHUM KOOPAUHAT BEKTOPOB f), é, FouXx MOJIYYUM CUCTEMY
YpaBHEHUN OTHOCUTEIBHO HEU3BECTHBIX Ly, Oy, Oy
2-a;+0-a,-1-03=5 200y =5+ 03 o =3
1‘&1_2'(12'*‘5'&3:16 — 2(12:(114‘5(13_16 — OL2=—4
0-(11+0-OL2+20L3=2 (13:1 OL3=1.
3. Paznoxenue BekTopa X no BEKTOpaM ﬁ, é, 7 WMeeT BULL:
Xx=3p—-4q+r.
OtBer: X = 3ﬁ— 46 +r.
> L >
3agaua 4. B mapamnenenmunene ABCDA;B;C\D; sextopm AB =p, AD =gq,

A—Al) =7 oGpasyror 6asuc. Pasnoxuts Bekropsr AG AP,, AN 1, 10 BEIOpaHHOMY 6a3ucy,
ecrm touka G nenur pebpo DD B otHOWIE-

uun 1:2; touka P —Touka nepeceuenus muaronaneii rpaun DD CC; Touxa N, — cepennna
peopa B Cj.

Pemenue.
[Toctpoum yeptex. HemocpeacTBeHHO U3 yepTexka CIeAyeT:

= AD+ DG =c}+§77,
1. _ 1.
:API+AP2+PZP——p q+—r,
2 2
= AB+ BN + NN, p+%§+r
O AG = +2 AP = L5 vd 177
TBCT: - - -
q 3 217 g+ 7
— _ 1. .
ANl—p+Eq+r

Hp}lMa}l U njaocKocmbs.

Ax+By+Cz+ D=0 - (25)

O6H_ICC YPaBHCHUC TTIJIOCKOCTH.
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A(x - xo) + B(y — yo) - C(z — ZO) =0 — (26) ypaBHeHHe
TIJIOCKOCTH, TIpoXosmieii uepes Touky M, (xo » Voo ZO) MEPIECHANKYIISIPHO BEKTOPY
n=(4,B,C).
X z
—+ 4 +—-—=1 — (27) ypaBHeHue

a b c
ITIJIOCKOCTH «B 0Tpe31<ax». 3I[eCB a, b, C — BCJIMYUHBI OTp€3KOB, OTCEKAEMBbIX IINIIOCKOCTBIO Ha OCAX

KOOp/IMHAT.

Ax+By+Cz+D 0
J_r\/A2 +B*+C?

— (28) HOpMabHOE

YpaBHCHHUE IIJIOCKOCTH.
J |Axo + By, + Cz, +D|
\/A2 +B%+C?

touku M (xo, Vo, ZO) no mockocty Ax + By + Cz+ D = 0.

X=X Y=V zZz=Z

Xy =Xy Yo=Y Z—z|=0 - (30)

X3 =X V3= 23724
YpaBHCHUC IIJIOCKOCTH, HpOXO,I[HH_[eﬁ 4epe3 TPpU TOYKHU Al (XI, yl, Zl), Azl(.X2, yz, Zz),
A3(x3, V3, 23)-

(29) paccrosinue oT

— (31) obmiee ypaBHEeHHE
npAMON (TpsiMast 3a/1aHa MePECEIEHNEM JIBYX TUIOCKOCTEN).

X=X, -y, zZ—2z,
= y—Jy = — (32) xaHOHHMYECKOE

m n p

ypaBHeHue npsmoit, rne M, (xo , Vo ZO) — TOYKa, PUHAIUIKALAS IPMOii, d = (m, n, p) —

HaNpaBJIIONUI BEKTOP NPSIMOil (BEKTOp, MapauieabHbII MPSMON).

xX=Xx,+mt
y=y,+nt - (33) mapametpuieckue
z=2z,+ pt

YpaBHEHUS MPSMOM.

X—X - zZ—Zz
L - 2 = L _ (34) ypaBHeHuUe
Xp =X M= 2272

NpsIMOM, MPOXOAIIEH Yepe3 JIB€ JaHHbIE TOUKHU Al (xl , Vs Zl) , A2 (x2 , Vo, 2y ) .
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mm, +nn, +
cosP = 12 1" T P1Pa - (35) yron mexny

\/’"12 +n’ +p? '\/mz2 +m° +py’
B S IPAMBIMUA, I'IC 5 =\m y n y n C_i =\m y n y — HaIpaBJIAKOIINEC BEKTOPbI
yMi IIp 1 1,1, P 2 2, My, Po p p

IIPSIMBIX.

|Am+Bn+ Cp|

\/142+Bz+C2 -\/mz+nz+c2

MPSMOU U INIOCKOCTBIO, T1Ie 1 = (A, B, C) — HOPMAJIbHBIN BEKTOP IIOCKOCTH, d = (m, n, p) —

(36) yron mexnay

siny =

HaIIPaBJIAIOIINANA BEKTOP MPSMOM.

= % Al A; Al A; Al A; — 00BeM MMUpaMHIbI A1A2 A3 A4 , TAc

Vnupamudbz
Al(xl, yl’ Zl)’ Azl(xZ, yz, Zz), A3(X3, y3, Z3), A4(X4, y4, Z4) — KOOpAUHAaThI BEPIIMH
MUPAMHU/IBI.
[[¥2=%1 V271 2275
X3 X1 V3=V Zz3— 1| 37)

Xg =X Va=V1 Z4—2

3ajaya 5. JlaHbl KOOPAMHATHI BEPUIMH MUPAMUIbI A1(2, 1, - 1), A2(3, 0, l),

A3(2, -1, 3), A4(0, g, 0). Haiitu:

1) yron mexny pebpamn A; Ay u Ay Ay;

%

nupamuovt

2) yron mexny pebpom Ay A, u rpansio A Ay As;
3) o6bem mupamunsl V
4) PACCTOSAHNEC OT TOUKHU A4 10 IIJIOCKOCTHU Al A2 A3 ;

5) TOYKY Aé_ , CHMMCTPHUYHYIO TOYKE A4 OTHOCHUTCIIBHO ITIIOCKOCTHU Al A2 A3 ;

6) Touxy Aé' , CAMMeTpHuHyto Touke A, otHOcuTensHO npsmoii Ay A5

Pemenue.
1) Yron mexny pedpamu HaxoauMm 1o ¢opmyne (35).

—
671 = Al A2 = (3 -2,0-11- (— 1)) = (1, -1, 2) — HAaIIPaBJISIOLINAN BEKTOP NPAMOM Al AZ X

c_iz = m = (O -2,2—-1,0- (— 1)) = (— 2,7, 1) — Hanpassomit Bextop npsivoit Ay Ay .
1-(-2)-1-7+2-1 -1 1
JEr(1)2 422 (22 72412 VO34 18
2) CocTaBuM ypaBHEHHE TLIOCKOCTH Al A2 A3 , IPOXOJAIIEN Yepe3 TpU
TOYKH AI(Z, 1, — 1), A2(3, 0, 1), A, (2, -1, 3), no popmyne (30)

x=2 y—-1 z+1 x—=2 y—-1 z+1
3-2 0-1 1+1|=0, 1 -2 2 |=0,
2-2 —1-1 3+1 0 -2 4

cosQ =
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(x_z)‘_; ﬁ‘—(y—l)‘(l) ﬁ‘+(z+l)‘(1) _5‘:0,
(x=2)-0—(y—1)-d+(z+1)-(~2) =0,
—4y+4-2z-2=0,
4y +2z—2=0 — ypasnenne miockoctn A; A, As;

n= (O, 2, l) — HOpPMAaJIbHBIN BEKTOP IIJIOCKOCTH;

>
a= A1A4 = (— 2,7, 1) — HAaIIPaBJIAIOIINNA BEKTOP HPAMOKN A1A4.
Haxogum yron Y Mexny npsmMoit Al A4 U TUTOCKOCTBIO Al A2 A3 o ¢popmyne (36)
0-(-2)+2-7+1-1 15
Jo2 122112 (-2 472412 Y554

siny = =0,9114.

3) Haxoaum o6weM nupamusi o Gopmyse (37)

— — —

=12l 1
V=2—| 0 -2 4/=+—(-2+8-8-28)=——(-30)=15.
6|l-2 7 1 6 6

4) PacctosiHHE OT TOYKH A4 JI0 TUIOCKOCTH Al A2 A3 HaxoauM 1o ¢popmyne (29).
g 2-8+0-1] 15
Jarl 5

o !/
5) YroGbl Haiiti Touky Ay, cummerpuunyio touke A, otHOcuTenbHO miockoctn A; A, Ay,

=35 ~ 6,609.

clienaeM ciieyloee.
CocTaBuM ypaBHEHHE IPAMOiA, neprenauKyspHoi ockoctu Ay A, A5, npoxonsmeit uepes
Touky A, 1o dopmyrne (32). 3a HanpaBAIONHMiT BEKTOP TIpAMOl d = 1 = (0, 2, 1) 6epem

HOpMaJ'IbHHﬁ BCKTODP IIJIOCKOCTH, T.K. IIpsAMas NCPHCHAUKYIIAPHA IIJNIOCKOCTH:

x—0 y-8 z-0 x y-8 z
0 2 1 0o 2 1
CocraBuM napameTpuyecKrue ypaBHEHUs 3TOM npsMoil o ¢popmyine (33):
x=0
y=2t+8
z=1.

Haxozmm TouKy nepecedenns oToit npsmoii ¢ miockoctsto Ay A, A3

x=0
x=0
y=2t+8
., = y=—6+8=2 = 2(2t+8)+t-1=0,
zZ =
z=1
2y4+z—-1=0

St+15=0, t=-3.
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[onyuyaem Touky M| (0, 2, — 3); T.x. Touka A, cuMmeTpuuHa Touke A, OTHOCHTENHHO

o !
mwiockoctn Ay Ay Ay, 1o Touka M sBnsiercs cepenunoit otpeska Ay Ay, mostomy

X4 +X)
Xy = ——,
M 2
V4t Y4
w2
Zy + 24
=g T3
A4(0, -4, -6).

o rr o
6) UTtoOBl HAliTH TOUKY A4 , CHAMMETPUYHYIO TOUKE A4 OTHOCHUTEJIBHO IIPSIMOM A1A3,
COCTaBUM ypaBHEHHE ILUIOCKOCTH, IPoxoasueii uepes Touky A, mepnenmukynspHo npamoit A, A3

10 popmyse (26). 3a HOPMAIIBHBIHA BEKTOP ILIOCKOCTH 1 = d = (O, -2, 4) GepeM HampaBIISIOIIHiL

_ 0+xy =0
2 ’ 4 )
8+,
—, 1 =—4;
5 Y4
0+2z,
, zy = —6.
2 4

BEKTOP MPSMOii Al A3 , T.K. TUIOCKOCTb MEePIEHAUKYIISIPHA MPSIMOH.

0-(x—-0)—2-(y—3)+4-(z—0)=0, —2y+16+4z=0, y=2z—8=0. Ypasnenue

psMOI A1A3 cocraBisieM 1o popmyne (34).

x=2 y-1 z+1
2-2 —1-1 3+1’

x-2 y-1_ z+1
0 -2 4

IMapamerpuueckue ypasuenns npsmoii Ay Ay

x=2

y=-"2t+1

z=4t—1.
Haxomum touky N nepeceuenns npsamoit Ay A3 n mnockoctu:

x=2

y==2t+1

z=4r—-1

y—2z-8=0,
2r41-2(4r-1)-8=0, —106-5=0, =,
sz,yz—i}#)HzZ,z:{}gy_:_3

2 2

" o
I/ITaK, TOYKa N(Z, 2, - 3) Tak xak Touka A4 CUMMCTpHUYHA TOYKE A4 OTHOCHUTCIIBHO IMPAMOH

A Ay, 10 Touka N sBnsiercst cepenmnoii otpeska Ay AX , TOT/1a

"
Xy txy

ey 2

r
0+xy

, x4 =4
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_Vatyi o, _ 8+

"
yN s ) y4 = _4)
2 2
zZ4 +zy 0+2zy
Zy=—=2—%,  3=—T2  Z/=-6, touxa A;(4, -4, -6).
2 2
Ax+By+C=0 — (38) obmmiee ypaBHeHHE
IPSIMOMA.
X —X, -V,
= Y (39) ypaBHEHUE IPsSIMOH,
m n
npoxozsieit uepes Touky M (xo , Ve ), a= (m, n) — BEKTOp, HapajiesbHbIi IPIMOIi.
A(x — xo) + B(y — yo) =0 — (40) ypaBHeHUE

psAMOiA, Ipoxosieit yepes Touxy M, (xo , yo) C HNEPIEHIUKYISPHBIM BEKTOPOM n= (A, B ) .
X=X _Y=hn
Xop =X V2=
MPOXOJIAIIEH yepe3 ABE TOUKU Ml (xl, yl) "u M2 (x2 , Vo ) .
X )

—4+=1 - (42) ypaBHEHUE NpsIMOH B

a b

«OTpe3Kax», rae da, b — BCJIMYHHBI OTPE3KOB, OTCCKACMbIX HpHMOfI Ha OCiAX KOOpAHWHAT.

(41) ypaBHEHuUE psIMOI

y=kx+b — (43) ypaBHEHUE NPSMON C

yr10BbIM Ko3pduimentom k = 12Q u otpeskom b — orcexaempim Ha ocu Oy .
Y=y, = k(x — xo) — (44) ypaBHeHue
TIpsAMOiA, Ipoxosiei yepes Touxy M, (xo , yo) ¢ yrioBEIM KodhdurmenTom K .

d:|AxO+ByO+C| B

VA* +B?
TOYKHU Mo(xo,yo) no pamoit Ax + By +C =0,
Ax, + By, +C

(45) paccrosinue oT

o= (45a) oTKIOHEHUE TOYKU
VA4? +B?
M, (xo , Vo ) OT TIPSAMO}A.
k 4 (46) 7
=—— — YTIIOBOM
B
ko3pdunuent npamoit Ax + By +C =0,
kl = k2 — (47) ycnoBue
NapaIeIbHOCTH MPSMBIX.
1
k1 =—— - (48) ycroBue
k2

NEePHEHAUKYIISIPHOCTH IPSIMBIX.
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ky —k
1+ kyky

NPSMBIMHU C YTIIOBBIMH KO3 PHUIIMEHTAMH kl u k 7.

1gQp = - (49) yrom Mexy IByMs

3agavya 6. JlaHbl cepeauHbl CTOPOH TPEYTOJbHUKA P(l, 2), Q(S, 1), R(— 4, 3). CocTaBUTh

YPaBHEHHUS €r0 CTOPOH.

B(x,,¥,) 1 cnioco6. Tak kak Toukn P, (O, R ssnsworcs cepenunamu oTpe3kon
AB, AC, BC, 1o
P Q x1+X2:1 x2+X3:5 xl+X3:_4
2 2 ) ’
- + +
AT R Ty D22 _p 22TV N5
2 2 2
Pemraem nBe cucreMsl ypaBHEHUM
x1+x2=2 y1+y2:4
X9 +X3:10 %) +y3:_2
X1+X3:_8, yl +y3:6,
HOoJy4aeM
x; =-8 y =6
X, =0 v, =0  A(-8,6), B(10,-2), C(0,0).
X3 = 10, Y3 = —2,

Tenepl) COCTaBJIKIEM YPAaBHCHUSA CTOPOH TPCYI'OJIbHUKA, KaK MIPAMBIX, ITPOXOAAIINX Y€PC3 ABEC TOYKH, 110

dopmyne (41).
Vpasuenne AB:

X8 _ Y76 giop-2=0,
10+8 —-2-6

Vpasuenne BC':
-1 2
al 0:y+ , x+5y=0.
0-10 0+2

Vpasuenne AC:
X8 _y=O0 5 i4=0
0+8 0-6

2 cnioco6. He onpenenss koopaunar touek A, B, C, coctaBum ypaBHeHHe Kak/10i U3 CTOPOH
tpeyronshuka ABC , kak npsamoit, npoxoasimeii yepes oaHy u3 Bepiun Tpeyronbauka POR
napaenbHo IPOTHBOJIEKAIIEH CTOPOHE.

—
VYpasuenue AB: npamas AB npoxonut uepes Touky P mapamnensho sekropy (R = (— 9, 4).

Hcnonp3yem ypaBaenue (39).
x—1_ y-12
-9 4

= 4x+9y-22=0.

—
Vpasuenue BC': npamas BC npoxoaur uepes Touxy (J mapamnensho sextopy PR =(— 5, l).
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-5 +1
LA 4 = x+5y=0.

-5 1

—
Ypaeuenue AC : npsamas AC mnpoxomut uepes Touky R napamiensho ektopy PO = (4, — 3).
4 _

X*r4_ Y73 syiap=0

4 -3

Oteer: 4x+9y—-22=0, x+5y=0, 3x+4y=0.
3agaua 7. CocTaBUThH YpaBHEHUS KaTETOB MPSMOYTOJIHHOTO paBHOOEAPEHHOTO TPEYTOIbHUKA,

3Has ypaBHeHHe TunoTeHysbl 2X + 3y —35 = 0 u Bepummny npsimoro yrina (2, — 1).
B

N AB = BC (uo ycnosuw), nostomy LABC = ZACB = 45°,
4s° k BC = —2 ( mo popmyne (46)). Ypasuennus xatretob AB u BC cocrasnsem mo
O 3
A, %) ¢ Gopmyne (44): y+ 1= k(x — 2)
k + 2
1g45° = —23 , (49)
1-—k
3
k+—
—23 = 1.
1-—k
3

Peruiast 3T¥ ypaBHEHHUS, TIOTYIUM:
1 |
k:g, y+1:g(x—2), Sy+5=x-2, x=5-T7=0.
k=-5, y+1=—5(x—2), y+1=-5x+10, 5x+y-9=0.
Oteer: x—S5y—"7=0, Sx+y—-9=0.
3agaua 8. B TpeyronbHHKE ¢ BEpIIMHAMU A(3, — 2), B(— 1, 1), C(S, — 7) HalTH
ouccexTpucy Bayrpennero yrna ZABC.
B K 1) Cocrasum ypasrenus cropon yrma ZABC | Bocnons3oBaBimmch
¢dopmynoit (41).
515D Cropona BA:
x+1  y-1
341 —-2-1
Cropona BC':
x+1  y-1
c 541 —4-1

A
\ 2) Touku GMCCEKTpHCHI paBHOYIAJIEHBI OT CTOPOH yria. [IpupaBHsiem
N

—3x—-4y+1=0.

—8x—-6y—-2=0.

paccTosHUs OT HPOU3BOJILHOM Touku OuccekTpuchl M| (x , y) 10

cropon yrma BA w BC, Beramcnss ux mo gopmyne (45).
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|—3x—4y+ﬂ_j—8x—6y—2| |—3x—4y+H_J—8x—6y—2|

e e 10
W3 nocenHero paBeHCTBA MOJIydaeM CIICAYIOIIHNE JBa:
X—3x—4y+ﬂz—8x—6y—2 u %}3x—4y+D:>{—8x—6y—2)
[Tocie mpeoOpazoBaHus MOJy4aeM YPaBHEHHUS JIBYX MPSIMBIX, KOTOPBIC SIBISIOTCS OMCCEKTpUCaAMU
BHYTPEHHET0 M BHEIIHETO yIiloB 1pu Bepmmae B tpeyromsuuka ABC':
x=y+3=0 (a)
u x+y=0. (6)
JIy1st GUCCeKTpHCHI BHYTPEHHEro yria Tpeyroisauka BN  oTkioHeHns BepimuH Tpeyronbauka A u

C wumeroT pasHbIe 3HAKH, a I OUCCEKTpUCH BHeMHero yrma BK — 3Haku OTKIOHEHHi! 0IMHAKOBBL.
Haiinem otknonenus Touek A n C or npamoii (a) mo gopmyne (40,a):

3-(-2)+2 7 -0, b, 5-(-7)+2 14

Jize12 V2 Jize12 V2
cJle/l0BaTeNIbHO, ypaBHEHHE (a) — 3To ypaBHeHue npsimoii BK . Toraa ypaBHeHMe OHCCEKTPHCHI

BHyTpenHero yria tpeyronsauka ABC npu sepmune B :

x+y=0.

d 4 >0,

Omger: X+ =0.

Pemienue cucrem JimHeilHbIX ypaBHeHuil metoaoM Kpamepa
PaccmoTpuM HEOTHOPOIHYIO CUCTEMY JIMHEHHBIX YPaBHEHUN

allx + Cllzy + 0132 = bl
dy X +any+ayz=b 1)
a31x + a32y + 61332 = b3

BaeneMm 0003HaueHUS:

djp dpp 43 by ap ap
A=|ay, a,, a,;| — onpenemnrenscucremsr, A, =|b, dry drs|,
asz; dzp dszz by as, asx
ay; b aps ay; ap b
Ay = a21 b2 6123 y AZ - a21 a22 b2 — BCIIOMOT'aTCJIIbHBIC CUCTCMBI.
ay; by as ay; azy b

1. Iycts A # 0, Torna cucrema (1) uMeeT eMHCTBEHHOE PelIEHHE, KOTOPOE HAXOJUTCS IO
dbopmynam
A A, A

X

X = Z , = X z= X .
2. Hyets A = 0. Bo3moxkHs! 1Ba cryyas:
a) ecyd XOTs Obl OJIMH U3 BCIIOMOTaTeNbHBIX ONpeAeauTeNIel OTINYEH OT HyJs, To cuctema (1)
HE UMEET PELEHU;
0) eciu Bce BCIIOMOTaTeIbHbIE ONPEENIUTENS paBHBI HYIO, TO cucTtema (1) nubo He umeer
peleHni, J1nbo uMeeT UX OECKOHEYHO MHOTO.
IIpumep. Pemnts cuctemy NMHENHBIX ypaBHEHUN MeTotoM Kpamepa
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3x+2y+z=35
x+y—-z=0
4x —y+5z=3.
Pemenue.
3 2 1
A=|1 1 -1|= 3(5 — 1) — 2(5 + 4) + l(— 1- 4) =—11#0, cunenosarensHo,
4 -1 5
CHCTEMA UMEET eMHCTBEHHOE penienre. COCTaBMM BCIIOMOTATENbHEIE ONPENEIUTENS:
5 2 1 3 5 1 3 2 5
A={0 1 -=-1|=11, A=|1 0 —-1|=-33, A=|1 1 0|=-22. Torna
3 -1 5 4 3 5 4 -1 3

x=-1, y=3 z=2.

Mampuuywl u deiicmeus naod Humu. Peuwienue cucmem TUHENHbIX YPAGHEHUIL CPeOCMEAMU
MampuyHO20 UCHUCICHUA

ManHI.[efI nopsanaka 71 X 71 Ha3bIBacTCA IpsAMOYTroJibHass CUCTEMa YUCCIT

all 6112 aln
—| 41 4 Ay | _
A— n - alj
aml amz amn

Crnoorcenue. CyMMOU MaTpull A =(aij) u B= (b ) rae

i=1,2,...,m j=1,2,..., n, naspisaercsa Matpuia C:( ]) (a +b)

O'—IGBI/IHHO, 4YTO CKJIAaAbIBATh MOYXHO MAaTpUIbl TOJIBKO OAHOI'O ITOpsAAKaA.

Ymunoorcenue mampuy Ha wucno. HpOI/IBBe)IGHI/IeM MaTpUulbl A = (alj) Ha 49ucJio k z 0

HAa3bIBACTCA MaTpula C ( ) (ka )

Vmnoowcenue mampuy. TIponssenenueM matpuisl A = (ay)
i=12,....m j=12,...,n) namarpuny B = (bl]) i=12,....n, j=12,..,k)

naspiBaercs matpuna C = (Cy) nopsagka M X k , rae Cij 1b1] +a; szj +.. +ambn],

€CTh cl'j €CTh CyMMa IPOU3BECACHUU JICMEHTOB [ — OM CTPOKH MaTpHIIbI A Ha COOTBCTCTBYIOIIUC
QJICMCHTBI ] — oro CTO.H6I.[E[ MaTpUIbl B .

Onepanus yMHOMKEHHUs MaTPHII, BOOOIIE rOBOps, He KomMmyTatuBHa, T.e. AB # BA.
O6pawenue mampuy. TlycTh onpesenuTens KBagpaTHOH MaTpunbl A oTauden oT Hyas. B sTom
ClIy4yae MaTpHIla Ha3bIBAETCsl HEBBIPOKAECHHOM. J{J1s1 BCAKOM HEBBIPOKACHHOW MAaTPHUILIBI CYIIECTBYET

oOpaTHas MaTpHIa A7! TaKas, 4To AA = A4'4=E , tne E — emunwnunas marpuna.
1. Tpancnonupyem mMatpurty A , T.e. 3aMEHUM ee CTPOKH HA CTOJOLBI C TEMH K€ HOMEPAMH:
app 4z 4z
A'=lay ay ap
i3 dp3  dszjz
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2. 3aMeHMM BCe 2JIeMEHTHI MaTpullbl A HX aireGpandecKuMH JOMOTHEHHAMH:
~ Al 1 A21 A3 1
, —
A= A12 A22 A32 :
A13 A23 A33
A
| 4

-1
3. O6paTHas MaTpuIa HaxoxuTes o popmyne: A~ = , TIe | A| — OTpeeNuTeNb

Marpuisl A.
Barmmrem cuctemy (1) Beuge AX =B, tne A= (al]) — MAaTpHILA CUCTEMBI, KOTOPas
TpeNnonaraeTcs HeBLIPOKIEHHOM, B — BekTOp-cTONGel cBO6OIHAS YIeHOB, X — BEKTOpP-CTONOEN

Heu3BeCTHBIX. Torma
X=A4"B (2) OTbicKanue

pemenus mo gpopmysne (2) u Ha3bIBAIOT MATPUYHBIM METOAOM pelieHus cucremMsl (1).

[Tpumep 1. Haiitu cBsI3b MEXIY KOOpIMHATAMH BEKTOPOB X = (xl, x2) u CX, tme

C=f(4, B).
A:(:g ‘J, B:((l) ‘02), £(4,B)=24%+74B.

Pemennue.

275 T3 ) DA 98 0
1s=725 26 =123 9=(23] B
c=rat)=(3 ) ()-c(2)-Contion)

HQI/IMGQ 2. Pemmth CUCTCMY CPEACTBAMU MATPUYHOI'O NCUUCIICHUA:

3x+2y4+z=5
x+y—z=0
4x —y+5z=3.
Pemenne. 3necs
3 2 1 5 X
A=|1 I -1{, B=|0|, X=|y]|.
4 -1 5 3 z
| a | = —11%# 0, nooromy cymecrByeT MmaTpuua A_l. Haiinewm ee.
3 1 4
1. 4A'=|12 1 -1}.
1 -1 5

- 4 -11 -3
2.4'=-9 11 4 |.
-5 11 1
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—4/11 1 3/11
3.4 = 9/11 -1 —4/11
5/11 -1 —=1/11

Torna
X -4/11 1 3/11 \(5 -20/11+9/11 -1
X=A"'B= vi=| 9/11 -1 —-4/11||0|=| 45/11-12/11|=| 3
z 5/11 -1 —=-1/11J\3 25/11-3/11 2

Panr marpuusl. Teopema Kponekepa-Kanesin

Onpedenenue. Panrom matpunsl A Ha3bIBaeTCA HAMBBICIINIA MOPAIOK OTAUYHBIX OT HYJIs
MHHOpPOB (T.€. onpeaenureneil K -ro mopsxa, COCTaBIEHHBIX U3 IEMEHTOB, CTOAIINX HA TIEPECeUCHHH
mo6ex k crpoku Kk cron6nos matpuusl A).

O0o3Ha4yeHus: F(A), rangA.

[Tpu BeUMCIEHNH paHTa OOBIYHO UCTIOIB3YIOT CIEAYIOIINE dJIEMEHTapHbIE TPeoOpa3oBaHus,
KOTOpBIE€ HE MEHSIOT €ro:

1) nepemena MecTamu IBYX CTPOK HJIH CTOJIOIIOB;

2) yMHOXKeHHE CTPOKH (CTOI61A) Ha YHCII0, OTINYHOE OT HYIIS;

3) npubasienue K cTpokH (CTONOILY) APYroif CTPOKH (CTONOLA), YMHOKEHHOIH Ha POM3BOJIBHOIMA,

OTJIIMYHOE OT HYJIS, YHCIIO;

4) BpIGpackiBaHKE HYJIEBOM CTPOKH (CTOIONA).
[Ipu 3TOM CcTaparoTcsi MPUBECTH MATPHUILY K TPEYTOJILHOMY WJIH KBa3UTPEYTOJILHOMY BUY.
PaccMoTpuM cuctemy JIMHEHHBIX ypaBHEHUH

Cll l.x + a12y+...+a1nt = bl
Clzlx + a22y+...+a2nt = b2
< 3)

Mycrs A (al]) ytne 1=1,2,...,m, j=1,2,..., n, — marpuna cucrembl. Matpunua
a4 a, | b
B=| %1 92 ay, | by
") An | bm

HA3bIBACTCS PACIIUPEHHONW MATPUIIEH CUCTEMBI.
Teopema Kponexepa-Kanennu. Cucrema (3) coBMecCTHa, T.€. UMEET XOTs ObI OJIHO PEIICHHE,

TOTJIa ¥ TONBKO Tor/a, korna rangA = rangb.
[Ipumep. YCTaHOBUTH COBMECTHOCTb MJIM HECOBMECTHOCTH CUCTEMBI JIMHEHHBIX YPaBHEHHUIA

x+5y+4z+8t=1
2x—y+2z—t=0
Sx+3y+8z+t=1.

Pemenne. Umeem

B

Il
(\
I
[E—
(\}
I
[E—
(e
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Borurem u3 3-i ctpoku 1-1o0:

1 5 4 3 |1
B~|2 -1 2 -1 | 0]
4 -2 4 -2 | 0
Paznenum sneMeHThl TPEThEil CTPOKK Ha 2 M BBIYTEM U3 MOJIYYEHHOU 3-i CTPOKH 2-10:
1 5 4 3 |1
B~2 -1 2 -1 ] o]
0 0 0 0 | O

BrruepkHeM 3-10 CTpOKY:

1543\1)
3(2—12—1\0'

Otcrona BUIHO, YTO mngA = mngB =2 , T.K., HalIpUMEP, OTJIMYCH OT HYJII MUHOD BTOPOTO MOPsAAKa
CJIeZIOBaTeNIbHO, CCTEMa COBMECTHA. (3aMETHM, YTO 3Ta CUCTEMa UMeeT OECKOHEYHO MHOT'O pPELIeHHUH,
T.K. PaHT €€ MaTPUILIbl IIPYU ITOM MEHBIIIE YHCIIa HEU3BECTHBIX ).

JInHeiiHbIe onepaTopbl 1 UX MATPHUIbI
o n
Onpeodenenue. ToBopsT, uTo B IMHENHHOM npoctpanctee R~ 3anan oneparop A
n
(npeobpasopanue A ), eciu kaxaomy Bektopy X € R mocTaBieH B COOTBETCTBHE 110 HEKOTOPOMY

o n
3aKOHY €JUHCTBCHHBIM BEKTOp YV € R”.

Onepatop A Ha3bIBaeTCS JUHENHbIM, ECITH
1) A(x +y) = Ax + Ay,
2) A(kx) = kAX.
[lycts €, €, €3 — 0a3uc B IPOCTPAHCTBE R3. Tak xak Ael, Aez,Ae3 — BEKTOPBI
HpOCTpaHCTBa R 3 , TO Ka)KI[LH\/’I N3 HUX MOXHO € INHCTBCHHBIM 06pa30M pa3HO)KI/ITB 10 6a3I/Icy:
Ael = a“el + a2182 + a3le3
A62 = 611281 + azzez + a32€3
Ae3 - a1361 + 612362 + a33e3 .
Marpuna
djp dyp 4
A=|ay ayp axp
dzy; dzp dzz
HA3BIBAETCSl MATPHUILIEH JIMHEHHOTO onepaTopa (uHeiiHoro npeobpasosanus A B 6asuce €1, €5, €3.
Ee J-if cTon6en cocrapien u3 koopauHatr Ae - (JluHeliHbIC ONIEPATOPBI M MX MATPHLBI MEI GyeM
0603Ha‘{aTB OJUHAKOBBIMHA 6y1(BaMI/I).

Mycts X = X(€] + X265 + X33 €R’. Torma Ax = xje, +xhe, +x4es, e
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, —
X] =apX; +apx; +ap;x;
, —
Xy =dp1X) +dyXy +dy3X3

, —
X3 =asz1X) tazpXy; +a33X3

501041
X X1
xy | = A| Xy
X3 X3

Han orneparopamMu MOXKXHO ITPOU3BOJUTH JIeicTBUA CJIOKCHU, YMHOXCHUA Ha YMCJIO, YMHOKCHHA
u O6paH_[eHI/IH, IIpH 3TOM COOTBETCTBYIOIIHE ,I[CﬁCTBPIH IMPOU3BOJATCA HAA UX MATPpULAMMH. 3aMCTI/IM, qTo
IIPOU3BCACHUC OIICPaTOPOB AB €CTb IIOCJICAOBATCIIbHOC IIPUMEHEHHUE OII€paTopa B, a 3aTEM A .

(AB)x = A(BX).

Ilpeobpazosanue baszuca. Mzmenenue koopounam eekmopa npu nepexooe K HOBOMY 0A3UC).
Hzmenenue mampuyvl onepamopa. 11ycTb B IPOCTPaHCTBE R3 JaHel 1Ba 6asuca: €;, €, €3 H
el’ , eé , eé , CBSI3aHHBIC COOTHOIIICHUSIMH

e| = byjey + by ey + 3103
ey =bye; +byey +byye;

’ —
e3 = byse) + byze; +byzes.

Marpuna
bl 1 b12 513
B= b21 bzz bz3
b31 532 b33

Ha3bIBACTCs MAaTPULIEH MEPEX01a OT CTApOro Oasuca €1, €5, €3 KHOBOMY 6a3Hcy el' , eé , eé .
HyCTb xl, xz, X3 — KOOpAWHAaThI BEKTOpa X B Oasuce el, 62, 83,a xl', xé, x§ — €ro

KOOpJMHATHI B O6a3uce el’, eé, eé . Torga

X1 XI, xll X1
Xy | =8| x5 |, xy =871 x,
X3 X3 X3 X3
HYCTB A — MaTpula orneparopa B CTapomMm Oasuce 61 5 62 y 83, TOrJa MaTpuna A, — OTOro

-1
oIepaTopa B HOBOM basuce €1, €4, €~ maxomurcs o hopmyne A' =S AS.
patop 1> €2,6€3 pMy.

2
Hpumep 1. Toctpouts Matpuiy onepatopa A B mpoctparctee R°: A — omeparop
3epKaIbHOTO OTpakeHHs oTHocuTenbHo ocu (DY U Mmocyieyomero nopopoTa Ha yroi 30° mpoTHB
YaCOBOU CTPEJIKH.

Pemenue. Jlnst TOro, 4TOOBI MOCTPOUTH MATPHILY ONEpaTOpa, HYyKHO 3HATh, KaK OH JEHCTBYET Ha
6asucuble BekTopsl. Crenaem yeprexu. [Tycts C — omepatop 3epkajibHOro otpaskenus, B —

omepatop nosopota. Tornra A = BC.
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Ae,

Ce,=e; ¢ 7 Ce,
|
|

_ LN Cey K

W3 pucyHKOB SICHO, 4TO
Ae; = B(Cey) =—cos30°e; —sin30°e, = —/3/2e, -1/ 2e,,
Ae, = B(Ce,)=—sin30"e; +cos30°e, =—1/2¢; + J3/2e,,
A:(—\/E/z —1/2)
~1/2 3/2)

(Hanomuum, 4To Koop/mHaTsl Bektopa A€ 3amuceiBatoTcs B nepBblii cronden Matpuusl A, a
Koop/mHathl Bektopa A€, — Bo BTOpoif).

Ilpumep 2. B Gasuce €], €, jaH BeKTOp X = (4, — 2) . 3amicaTh MaTPHILY TIEPEXo/1a OT
Gazuca ey, €, k6asucy €|, €, u HailTu KOOpIMHATHI BEKTOpa X B HOBOM 0asuce, €Ciu
e| =—5e,—3e,, e; =2¢,—Te,.

Pemienune. Umeewm:

(=5 2 L (=7/29 —2/29
B‘(3 —7)’ B —(—3/29 —5/29)’

x1)_(-7/29 —2/29)[4)_(—24/29) N ~
(xgj‘(—3/29 _5/20)—2) = Z2/29 ) x=(-083 -007).

o ! o !/ !
Ipumep 3. Haiitn matpuy A’ numeiinoro oneparopa A B Gasuce €], €5, ecii N3BECTEH

ee Bua B Oazuce €y, €5

A =(_14 _O)’ e| =—5e; +3e,, ¢ =2e,—Te,.

Peienue.
(=5 2 L (=7/29 —2/29
B‘(3 —7)’ B —(—3/29 —5/29)’
e (<7729 —2/29Y( 1 -3\(=5 2)_
4'=5 AS‘(—3/29 —5/29)[—4 0)(3 —7)‘
_(—7/29 —2/29)[—14 23)_(2 5)
={_3/29 —5,29) 20 Zg/=\2 1)
CoGcTBeHHbIE 3HAYEHUSI H COOCTBEHHBbIE BEKTOPHI JIMHEIHHBIX 0NMEPaTOPOB H MX MATPHIL

. n .
Onpeoenenue. Henynepoii Bektop X € R™ HaspiBaeTcs cOOCTBEHHBIM BEKTOPOM JMHEHHOTO
oneparopa A (Marpuusl A ), eciu CyIIecTBYeT TaKOe YHCIO A , YTO BBIIOIHACTCS PABEHCTBO



21

Ax = Ax. Yucno A Ha3eIBaeTCs COOCTBEHHBIM 3HaUYeHHEM onepatopa A , OTBedaomuM
COOCTBEHHOMY BEKTOPY X .

Mycts A = (aij), i=12,....,m j=1,2,...,n —wmarpuua onepatopa A B
HekoTopoM Gazuce. CoOCTBEHHbIE 3HAYEHHS. A ; ABISIOTCA PELIEHMSMU XapaKTEPHCTHIECKOTO

ypaBHEHUSL 71-OU CTENIEHU

all — 7\.4 a12 aln
a A — A ... a
|A_)\‘E|: 21 22 2n =0. 1)
a, A,y e Ay — A
KoopuHaTel COOCTBEHHOTO BEKTOpa X; = (&1, };2, e gn)’ COOTBETCTBYIOIIECTO

COBCTBEHHOMY 3HAUEHHSA A j » HAXOJISATCS U3 CUCTEMbI YPaBHEHUH

(a1 =&y +apko+. +ap,g, =0

) a8 +(“22 - ?\‘)§2+"'+a2n§n =0 )

............................................

&anl(il + anzgz +.. .+(a,,m - }L)an = 0
3ameuanue. B xauecTBe KOOPAMHAT COOCTBEHHOT'O BEKTOPA MOKHO OpaTh HEHYJIEBbIC

anre6pa1/1qecxne JOITIOJIHCHHSA 2JICMCHTOB JIr000H CTPOKHU MAaTpUIlbl (A - XZE) .

[pumep. HaiiTi coGcTBEHHbIE 3HAUEHHS M COOCTBEHHBIE BEKTOPBI IMHEHHOT0 Npeodpa3oBaHus,
3amaHHoro Marpuneii A :

Pemenue. CoctaBuM Xxapakrepuctuueckoe ypasHeHue (1):

3 ot =0 mm A2 -14n 41320,

OTcroza HaXoaAUuM COOCTBEHHBIE 3HAYCHUS 7\,1 =1, 7\,2 =13. Jns 7\.1 =1 cocrasum CHUCTEMY

ypaBHeHui (2):

48, +46, =0
8&1 + 8&_,2 - 0
DTa cucTteMa UMeeT OECKOHEYHO MHOTO peH_IeHI/Iﬁ gl = t, iz = —t, rae r— IIPOU3BOJIBHOC YHCIIO.

ITooToMy B KauecTBe COOCTBEHHOTO BEKTOPA MOKHO B3STh, HAIPUMED, BEKTOP X| = (1, — 1). (Bce

COOCTBEHHBIC BCKTOPBI, COOTBETCTBYIOIIUC CO6CTBCHHOMy 3HA4YCHHIO 1, 6y,Z[yT HUMCTBb BU][ t( 1, - 1) )51

6y,ZlyT JIeKaTh Ha OJHOM HpHMOﬁ, KOTOpas Ha3bIBACTCA COOCTBEHHBIM HaIlpaBJICHUEM HpCO6p330BaHI/ISI

I[J'I}I >\42 - 13 AHAJIOTUYHO MMOJTYYUM:
-8 +4E, =0
1 =
88 —4&, =0,
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Te. &y =2&,. Honaras &| =1, nomyuaem &, = 2f. B KkauecTBe COGCTBEHHOrO BEKTOPA
BO3bMEM, HAIIPUMED, X, = (1, 2).

MoOXHO OCTYNUTh U Mo-Apyromy. st Kl =1

_(5-1 4\ _(4 4
A_lE‘(S 9—J‘(8 J'

B kauectBe KOOpAuHaT COOCTBEHHOT'O BCKTOpa xl BO3bMCM anre6pa1/mecxne JOIIOJIHCHUSA 9JICMCHTOB

IIEPBOi CTPOKH ITOM MAaTPULILL: X| = (8, — 8). Hns 7\,2 =13

(-8 4
A—BE—(g _]

u X :(_4, _8)
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3anauva 1.

Teopemuueckue ceedenus.
B npsmoyronbHOM nekapToBod cucteme koopauHat OXyz mnonoxeHue 000N TOYKU

3a1a€TCsl TPEMS YHCIIAMU — KOOPOUHAMAMU A(X A YarZ A) (pucyHok 1).

PaccrosiHue Mexay IByMs TOYKAMHU A_L(Xl, Y1, Zl) u A (XZ, y2,22) OIIPENENAETCS 110

dbopmyie

d =0 )7 + (v, — y1)* + (22— )" @
[Ipy pemieHMM 3a7a4 aHAJTUTHYECKOH TEOMETPUU Ha IUIOCKOCTH HEOOXOIUMBI
CJICIYFOIIHNE CBEJICHUS O IPSIMOM JIMHUH:
1) ecau Touka M(X; y) neaut otpe3ok MiMy (Mi(x1, y1) 1 Ma(x2, y2)) B OTHOIICHHH A,
TO KOOPJAMHATHI 3TOM TOUKH BhIpAXKAIOTCs (opMyIaMu

_ X+ A% y:y1+/1y2 2)
1+4 1+

eciu ke Touka M(X; Y) - cepeauna otpeska MiMo, To

x=XtX o _N*Ys. (3)

2 2
2) ypaBHEHHE TPSMOM, MPOXOmsIiel depe3 TOUKy Mi(Xi; Y1) U MMEIOMIEH TaHHbIMI
yIII0BOM KO3 GHUIMEHT K, 3aITUChIBACTCS B BUIC

y -y =k(x—x); (4)
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3) ypaBHEHHE MPSAMOM, MPOXOIAIICH uepe3 aBe gaHHbie TOUKU Mi(X1; Y1) 1 Ma(Xo;

Y2), UMECT BH]I

X— Xl — y— yl , IPH 9TOM k = y2 yl (5)
Xo=X Yo— % Xy X1

4) OCTpBI YroJ MEXIy ABYMs MPSMBIMU C YriaoBbIMEH Kodddurumentamu Ki u Ky
omnpezensercs no Gopmyie

ko =k

6
1+ kK, | ©)

tgp =

Opd  OTOM YCIOBHE TMAapajUIeIbHOCTH MpsAMBIX wMeeT Bua Ki=k;, a ycioBue

HepHeHUKYIApHOCTH K = _ki (7)
2

5) ecnu mpsiMasi Ha TIOCKOCTH 33a/1aHa oowum ypaenenuem Ax+By+C=0, To k; =—

- €€ YIJI0BOM KO3 UILIUEHT;
6) ecau B oOIIEM ypaBHEHHUH MPSAMOU MOACHUTh Bce wWieHsl Ha C # 0, moaydum
YpPaBHEHHE NPSIMOU B OTPE3KAX:

X Y C C.
XY, a=—" b=—": 8
a b o A B (8)

7) Touka nepeceueHust AByX NpsAMbIX A1x+B1y+C1=0 u Aox+Byy+Co=0 onpenensercs

U3 PELICHHS CUCTEMBI YPABHEHHM

{A_Lx+ By+C, =0

A g ©)
,X+B,y+C, =0

Vpaenuenue oxkpysicnocmu ¢ uentpom B Touke E(a,b) m pammycom R umeer Bu

(x—a)* +(y—b)* =R2. (10)

Ilpumep evinonnenus 3a0anus.

Janbl Bepiuisl Tpeyroasuuka ABC: A(—4;8), B(5;—4), C(10;6).
Haiitu: 1) nnmuny croponsl AB; 2) ypaBHeHuUs: cTopoH AB u AC B 0011eM BUIE U UX
yraoBeie KOX(PGUIIMEHTHI; 3) BHYTpPEHHHH yrol 4 B paawaHaX C TOYHOCTHIO

o 0,01; 4) ypaBHenue BbricoThl CD B 0oO0leM BUIE W €€ IJIMHY; S5) ypaBHEHUE
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OKPY>KHOCTH, JUIsl KoTopoi BbicoTa CD ecth auamerp.

Pewenue:

1) Paccrosaue d Mexty IByMsl TOYKaMU Ha TUIOCKOCTH ompenesnsercs o gopmyse (1), B

KOTOPYIO MOJCTABIICHBI 3HAUECHUSI KOOPAUHAT ToueK A u B (monoxum z; =z, =0), Torna

AB = (5—(~4))* +(~4—8)? =81 +144 =15.

2) YpaBHEHHE PSIMOH, MPOXOSIIEH depe3 JBE 3aaHHbIe TOUKH uMeeT BUT (5):

[ToncraBuB B (5) KoopIMHATHI TOYEK A U B, MOJIy4UM ypaBHEHHE NpsiMOil AB:

Xx—(-4) y-8 X+4 y-8 X+4 y-38

5-(-4) -4-8 9  -12 3 —4
3y—24=-4x-16, wum 4x+3y—-8=0 (4B).

s HaxoxaeHus yriioBoro koddduimenta Kag mpsiMoit 4B paspemiviM MOJyYSHHOE

_ 4 8 4
YpPaBHEHUE OTHOCHUTEIIBHO Y. Y = —§X+§. Orciona Kag = ~3 [ToacraBuB B hopmyiy

x—(-4) y-8

5) xoopaunatel Touek 4 u C, HalineM ypaBHeHue npsamon AC:. = ,
(5) xoop yp p 10-(4) 68

x+4 y-8 x+4 y-8
14 -2 7 -1

7y_56:_x_4 Wik X+7y—52:0 (AC)

Orcrona K :—l.

7

3) Yron Mexay AByMs MPSIMBIMH, YIJIOBbIe KOI(D(UIIMEHTHI KOTOPBIX paBHBI Ki U Kz,

onpeaensercs o Gopmyne (6). Yron A, oOpa3zoBanubiii npsiMeiMu AB u AC, HaiijieM 10

¢opmyne (6), moacrasus B Hee K; =K g :—g, Ky =Knpc :—%.
_1_(_4j 4.1 25
tgA=— [ 3 3 7_21_4

1+ _Lh(4 1+i 2
7 3 21 21
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ZA=arctgl=45" ~ 0,79 pax.

4) Tak xak Bbicota CD neprnenaukyispHa ctopoHe AB, To yrioBbie KO3()OUIIMEHTHI 3THX

MPSIMBIX CBSI3aHBI COOTHOIIICHUEM (7), TOITOMY

ke =—+ -1 .3
P Kag _4 4
3

YpaBHEHHE TIPAMOM, NPOXOIAIIEH 4Yepe3 3aJaHHYIO TOYKY B 3aJaHHOM YIJIOBBIM

ko3 durmenToM K Hanpapienuu, umeeT Bux (4). [ToacraBuB B (4) KOOPAWMHATHI TOYKH

Cu Kep = 2 , IOJIy4yuM ypaBHeHHEe BbICOTHI CD:

y—6:§(x—10), 4y-24=3x-30, 3x-4y-6=0 (CD).

Jns Haxoxkaenus anuHel CD onpenenum koopauHatel Touku D, pemuB cucremy
ypaBHeHwUi (AB) u (CD):
4x+3y-8=0
y , otkyma x=2,y=0, toectp D (2;0).
3Xx—4y-6=0

[ToncraBus B popmyny (1) koopaunate! Touek C u D, Haxoaum:

CD =+/(10-2)2 + (6—-0)? =/64+36 =10.

5) Tak kak CD sBjsieTcst AMAMETPOM HCKOMOW OKPY)KHOCTH, TO €€ LIEHTP £ eCTh cepeanuHa

otpeska CD. Bocnons3oBaBmucs hopmMynoii (3) aeneHus oTpe3Ka mormojiam, IoTydruM:

_yC+yD_6+O_3
2 2 '

_Xct+Xp 10+2
2 2

Xg 6, Ve

CnenoBarensHo, E (6, 3) u R=C7D=%=5. Ucnonp3yst popmyny (10), momygaem

ypaBHEHHE HCKOMOM OKPYXKHOCTH: (x — 6)*+(y — 3)*>= 25,

3anaua 2.

TeopemuquKue ceeoenusl.
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Ecnu wm3BecTHbl Hauano Bektopa Mi(X,Y1,z) u komernm My(X,,¥,,2,), To

%
KOOpAMHAaTHI BekTopa d = M;M, HaxomsaTcs o popmynam

X=Xy =Xy, Y=Yo = VY1, =15 — 11, (11)
a ero JUIMHA ONPEJETIAETCS BEIPAKEHHEM

| \:\/x2+y2+22. (12)

a
BeKTOp ac KOOpInHaTaM (X, y, Z) MOKET OBITH MMPpCaACTABJICH PA3JIOKCHUCM I10 OpTaM B
BUJIC
a=xi +Vyj+zk. (13)
Ecmm o, B, Y — yINIBL, KOTOpBle BEKTOP A 00pasyer ¢ IOJOKUTEIbHBIMU

HarpaBJICHUAMHA ocen KOOpaAnHAaT, TO COSQ, COSB, COSY Ha3bIBAKOTCA HaAnpaeiArouumu

KocuHycamu BekTopa a (pucyHok 2). Torjga uMEIoT MECTO COOTHOIIICHHUS

x=|d|-cosa,y=|a-cos B, z=la|-cosy, cos’c+cos’P+cos’y=1.

—

JI7sl BEKTOpOB a = (Xl, Vi, Zl) ub= (XZ, Yo, 22) BBOJIATCS OIEPALMU CHOMNCEHUs W
YMHOINCEHUA HA YUucjo TaKHue, qTo
Axb=(X £X,, Y1 £Y,,21%£2,) u A= (Ax, Ay, A7),

rae A — JIr000€ YHUCIIO.

Q|

v

—iy

Pucynoxk 2.
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Cransipubim npoussedenuem JBYX BEKTOPOB & u b (é-b) HAa3bIBAECTCS YMCIIO,

PaBHOC IIPOU3BCACHUIO JJIHMH OJOTHX BCKTOPOB Ha KOCHHYC yIJla @ MCKIY HHUMH,

a-b :\é\-‘b‘-COS(p WM, €CTM BEKTOPHl 3aJaHbl CBOMMH KOOPIMHATAMH, TO

—

a-b=xX + 1Y, +742;. (14)

BGKTOpBI, JCXKamue  Ha OI[HOﬁ WK  MMapaJuICIIbHBIX  IIPAMBIX, HA3bBIBAIOT

—

konmuneapuvimu.  [IpU3HAK — KOJUTMHEAPHOCTH BEKTOpOB a4 W b sBisercs

MpONOPHUOHAIIBHOCTb UX KOOPAWHAT!

A _N_4a (15)
X2 Y2 2

Ecin Bextopel & m D B3aMMHO NEpHEHAMKYISAPHBI, TO X(Xo + Y;Y, +21Z, =0.

Vron Mexay Bekropamu a M b ompenensercs COOTHOIIEHUEM:

a-b_ X1 X2 + V1Yo + 4429

6l (w2 o2 L 52 (w2, o2 52
\a”b‘ \/Xl +Y1r+ 14 \/X2+Y2 +Z;

VYpaBHEHUE IJIOCKOCTH, MPOXOIAIIEH YEpe3 TOUYKY MO(XO,yO,Zo) MEePIEHANKYISIPHO

COSQ = (16)

BEKTOPY N = (A, B,C), UMeEET BUJ

A(X—Xg)+B(y—-Yq)+C(z—124) =0. (17)

Ilpumep evinonnenus 3a0anus.

Hans! koopauHathl Tpex Touek: A(3; 0; -5), B(6; 2; 1), C(12;-12; 3).

- -
TpeOyertcs: 1) 3amucats Bektopsl AB u AC B cucteme opT ¥ HAUTH MOJYJIH 3THX

- -
BEKTOPOB; 2) HaiiTh yron mexay Bektopamu AB u AC; 3) cocTaBUTh ypaBHEHUE

H
IUIOCKOCTH, MPOXOsiiel yepe3 Touky C neprneHauKyIspHo BekTopy AB.

Pewenue:
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_)
1) Haiinem koopaunatel Bektopa AB, moncrtasus B popmyity (11) koopauHaThl TOYEK A U

B, n 3anmieM pasnokeHue 3Toro BekTopa 1o opram (13):
- - - -
AB=(6-3)i +(2-0)]+(1+5k =3 +2] +6Kk.
[Tono6HBIM 00pa3zoM

— — - . —
AC=(12-3)i +(-12-0)j +(3+5)k =9 —12] +8k .

- -
Mopynu BektopoB AB u AC HaiineM, moacTaBiisist ©X KOOpAUHATHI B hopmymy (12):

- -
‘AB‘: 32 122,62 =7, ‘AC‘:JgZ 4+ (~12)2 + 8% =17.

- -
2) Haiinem xocuuyc yria ¢ mexay Bektopamu AB u AC. JIjis 3TOro BBIYMCIMM HX

CKaJIIpHOE Mpou3BeneHue mno dpopmyse (14):

- -
AB-AC=3-9+2-(-12)+6-8=51.

Torna no popmye (16)

COSQ = 7517 ~0,4286, ¢ = 6437 =1,13 pan.

3) Ilo ycnoBuio 3amauM MCKOMasl IUIOCKOCTh MPOXOauT depe3 Touky C(12; —12; 3)

5
nepreHaukysspHo Bekropy AB=(3,2,6). Iloacrasmsst B (17) A= 3, B= 2, C= 6,

Xo= 12, yo=—12, 2,= 3, NOIy4uM:
3(x-12) +2 (y +12) + 6(z—3) =0,

wi 3x + 2y + 62 — 30 = 0 — uckomoe ypaBHEHHUE TIOCKOCTH.

3anaua 3.

Teopemuueckue ceedeHus.
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BCKTOpr HA3bIBAIOTCA KOMILJIAHAPHBIMHU, €CJIM OHHU JICKAT B OI[HOﬁ IINTIOCKOCTH HJIN B

NMapasenbHEIX IIOCKOCTAX. YCI0BHEM KOMILTAHAPHOCTH TpeX BEKTOpoB d; =(X,Y1,Z;),

d, =(X,,Y,,2,), 83 =(X3,Y3,Z3)5IBIsIETCA  PABEHCTBO HYIIO HX  CMEIIAHHOTO
HpOI/I3B€I[eHI/I5{:
XX Y1 7
(a,,8,,85)=[x, Yy, Z,/=0. (18)
X3 Y3 Z3

Tpu BekTOpa 00pa3yroT 6a3uc B TOM ciydae, €ClIu OHU HeKOMNIAHAPHYI.
Ecnu mns BekTopoB &;,8,,8; BbIIoNmHseTcs ycuosue (d;,d,,d;3)#0, To oHE 06pasyior
Gasuc, W OGO deTBEpTEIA BekTOp b = (by,b,,b3) Moxer 6pITE npencrarnen
pa30KeHUeEM 110 3TOMy 0a3ucCy B BUJE

b =cd, + 8, + 4, (19)
rie a, f, y — KOOpAUHATHI BEKTOpa b B Gasuce, 00pa30BaHHOM BEKTOpamHu aj,d,,ds.

KoopauHatel a, £, y HaXOAATCS U3 CUCTEMbI YPAaBHEHHIA:

Xy + Xy + pXg =y
ayy + By, + W3 =b,. (20)
azy + L, + y23 =by

Ilpumep evinonnenus 3a0anus.

[Tokasate, uto BekTopsl d;(3; 1; 4), a,(2; 1; -1), d;(1; —1; 5) obOpazyroT 6azuc

TpEeXMEpPHOro mpocTpancTBa. Haiitu koopauHatel BekTopa b (5; 0; 3) B 3TOM

Oasuce.

Pewenue:
Boruncnum cmenanHoe Mpou3BeIeHHE BEKTOPOB dy,d,,d3"

3 1 4
(a,,d,,8;)=2 1 -1=-11=0.
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Tak kak cMelIaHHOE MMPOU3BCACHHUC OTIMYHO OT HYJIA, TO BCKTOPbI HCKOMILIAHAPHBI U

-

obpasytor Gasuc. KoopnuHaTel BekTopa D B 3TOM 0a3uce HaijeM, pasjoXHB €ro Io

BEKTOpaM dj,d,,d; CIeAyroluM o0pa3oMm:

a KOOpJMHATHI BeKTopa b B HOBOM 0a3uce HaiijieM U3 cucteMbl ypaBHeHHi (20)

a-3+[-2+y-1=5 3a+2+y=5
a-1+p-1+y-(-1)=0 WIN a+p-y=0
a-4+p-(-)+y-5=3 4o — f+5y=3

Pemum 9Ty CUCTCMY AJIA 3aJaHHBIX BCKTOPOB MCTOAOM Faycca.

[lomensieM MecTamMu IEPBOE U BTOPOE YPAaBHEHUS

a+p-y=0
3a+2p+y=5.
da— f+5y=3

[locne »Toro ymMHOXXHMM MepBoe ypaBHeHHUE Ha (—3) W CJIOXKUM co BTOpbIM. Jlanee

YMHOKHM TI€pBO€ ypaBHEHUE Ha (—4) U CIOXKUM ¢ TpeThbuM. [lomyunm:

a+p-y=0
-p+4y=5.
-54+9y=3

3aTemM yMHOXaeM BTOpOE ypaBHEHHE Ha (—5) U CKJIabIBAEM C TPETHUM:

a+p-y=0
- [ +4y=5.
—11y =-22

W3 nocnennero ypaBHeHuss umeeM y= 2. IloacTaBisieM 3TO 3HA4YE€HHE BO BTOPOE

ypaBHEHHE, MojiydaeM = 3 U, HAaKOHEII, U3 TIEPBOI0 YPaBHEHUS HAXoauM o= —1.
Takum oOpa3om, nojicTaBuB B ypaBHeHue (19) koopanHaTel BekTOpa b , momyuum

6:—514‘332 +2§3
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3anaua 4.

Teopemuueckue c6e0eHusl.
HeoHopoaHas cucTeMa TPeX yPaBHEHUM C TPEMs HEM3BECTHBIMU B OOLIEM CIIydae UMEET
BUJI
1% +apXy + 13X =hy
81X +8ppXp + BxgX3 =y
31X +Agy X, + 8g3X3 = g
U MOXECT 6BITB 3alluCaHa B ManI/ItIHOM BUIC
AX=H, (21)
a1 A Q3
rie A=|a,; a,, a,; |-MaTpuna Ko3UIMEHTOB PH HEUZBECTHBIX,
dg; dzp dg3
X1

X=| X, | - MaTpuua-cTonoer HeN3BECTHBIX,

H =| h, | marpuna-cronder cBOOOAHBIX YWICHOB.

Ecnu matpunia A — meswipooicoennas, T0O €CTb UMEET ONPEACNIUTENb, OTIUYHBIA OT
HyJIA, TO CymiecTByeT marpuua A, obparnas k A, Tak uro AA=E (E - eaunnunas
MaTpuia). YMHOXKHM 00€ 4acTu ypasHeHus (22) Ha Al u momyuum

ALAX=A1H,
WIH
X=AlH, (23)
nockoibKy Al A-X=E-X=X,
PaBencTBO (23) siBRsieTCs pellieHHeM CUCTEMbI ypaBHEHH (22).

Marpuiia, oOpaTHasi K HEBBIPOXKIEHHON MaTpuile A, HAXOIUTCs o0 popMyJie
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1 Ar An Ag
A_lZZ Ao Ayp Ag |, (24)
Az Az Agg

rne A; (1=1, 2,3; j=1, 2, 3) — anreOpanueckoe AONOJTHEHHE JIEMEHTA djj, KOTOPOE
ABJISIETCA TPOU3BEICHUEM (-1)  ma MuHOp (OmpenenuTenb) BTOPOrO MOPAIKA,
IIOJTy4EHHBIA BBIYEPKUBAEM I-ii CTPOKH M J-TO CTOJIONA B ONPEISITHTEIE MATPHUIIBI A; A —

OIIPCACIINTCIIb MATPHUIIbI A.

Ilpumep evinonnenus 3a0anusi.

JlaHHyIO cucTeMy YpaBHEHHUH 3amucaTh B MaTpU4HON ¢GopMe M pEelnTh €€ C
MIOMOILbIO OOPATHON MaTPHIBI:

2X1 +3X2 - X3 :8

Xg — Xo +2X3=-1

Peuwenue:
Beinuiiem st JaHHOW CUCTEMBI ypaBHEHHUI MaTpuily K03 OUITMEHTOB MPU HEU3BECTHBIX

A u cTosioerr cBOOOHBIX wieHOB H:

1 -2 1
A=12 3 -1|, H=
1 -1 2 -1

Boruncnum  ompenenurens A u  anredpanyeckue JOMOJHEHUS A;; 3JIEMEHTOB

MaTpHUIBI A
1 -2 1
A=2 3 -1=10=#0,
1 -1 2

CIIEZI0BATENLHO, MaTpula A UMeeT obpaTHyro MaTpuiy AL,

| 3 - 142 2 -1 143 2 3
A11:(_1) '_1 2:5’ A12:(_1) 1 2:—5, A13:(_1) '1 =9,
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211 |~ 22 11 3 L —2
A21 = (_1) ’ 1 2 =3, Azz = (_1) ) 1 2 =1, A23 = (_1) ) 1 1 =-1,
-2 1 1 -2
A31 = (_1)3+1 ) 3 _ =-1 A32 — (_1)3+2 ) ; ]‘.IZ 3, A33 _ (_1)3+3 1 3= 7

Torna o popmyre (24) oOpaTHas MaTpuila paBHa

. 5 3 -1
A-l_E -5 1 3
-5 -1 7

[To popmyne (23) Haxonum pelieHNE TaHHOW CUCTEMBbl YpaBHEHUI B MaTPHUHOM

dbopwme:
. 5 3 -1|[ 1 5.1+3-8+(-1)- (-1) . 30
X:A‘l-H:E- -5 1 3| 8 :11- ~5.1+1-8+3-(-1) 0 0|=| 0.
-5 -1 7||-1 -5-1-1-8+7-(-1) -20| | -2

Orcrona x1= 3, x,= 0, x3= —2.
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