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BBEOEHUE

Baxuelimeli 0COOEHHOCTbIO COBPEMEHHOI'O 3Tana HAay4YHO TEXHUYECKOIO
nporpecca SBJIS€TCA CTPEMHTENbHO Bo3pacraromas poib OBM Bo Bcex 00-
JacTSIX WHXKEHEPHOM MEeSATENbHOCTH - OT CUCTEM aBTOMATHU3MPOBAHHOIO IPO-
EeKTUPOBAHUS W YIPABIEHUS A0 KOHTPOJSI TEXHOJIOTMYECKMMH Mpoueccamu. B
HacTosiee BpemMss OBM cranu HeoOxoaumbeiM obopynoBanuem HUWMU, koHcT-
PYKTOpCKUX OMOpO, 3aBOJOB. DTO MO3BOJIWIO OT NPOCTEHIIMX PaCUYETOB H
OLICHOK pa3JIMYHBIX KOHCTPYKUMH WM IPOIECCOB MEPEUTH K HOBOMY YPOBHIO
WHXEHEPHOU JAESITENIbHOCTU - JETAIbHOMY MAaTE€MaTUYECKOMY MOJAEIUPOBAHUIO
(BBIYMCIUTENHHOMY SKCIEPUMEHTY), KOTOPOE€ CYIIECTBEHHO COKpallaeT Mmo-
TPEOHOCTh B HATYPHBIX AKCIIEPUMEHTax, a B psJ€ CIy4aeB MOXKET X 3aMme-
HUTb. B CBA3M C 3TUM COBPEMEHHBIM CIELUAIUCT C BBICHIMM OOpa3oBaHUEM
JOJDKeH o0danaTh HE TOJBKO BBICOKUM YPOBHEM IOATOTOBKH IO MPOQUIIIO
CBOEH CHEIUAIbHOCTH, HO M XOpOIIO 3HAaTh MAaT€MAaTHYECKHE METOAbl pellle-
HUS WHXEHEPHBIX 3a/Ja4, OPUEHTUPOBATHCS HA HCIOJIb30BAHUE BBIYHUCIUTENb-
HOM TEXHUKH, MPAKTHUYECKH OCBOUTH MPUHLHUINBI padoTsl HAa DBM.

1.UENb KYPCOBOW PABOThI

[{enpto maHHOW KypCOBOM pabOTHI SIBISETCS BHIPAOOTKA y CTYJACHTOB HaBBIKU
akTuBHOrO TpuMeHeHuss OBM B coBpeMeHHBIX WH(OPMAIIMOHHBIX MPOIIECCaX,
U3YYCHUS] TEXHHYECKUX U MPOTPAMMHBIX CPEJICTB peaau3anuu WHPOPMaImOHHBIX
MPOLIECCOB, PU NPOECKTUPOBAHUH U UCCIIEAOBAHUU COBPEMEHHBIX U3IEIUN U TEX-
HOJIOTWH, OBJIQJICHUSI OCHOBHBIMU METOJAaMH MMOCTAHOBKM 3aJ1a4 MPOCKTHUPOBAHUS
JIA ¢ nomomsio OBM, npoBeeHNE BBIYUCIUTENBHBIX SKCIEPUMEHTOB, IPUHSATHE
pelIeHu 1 0TOOpakeHHs pPe3yJbTAaTOB, YCBOCHWE OCHOBHBIX MPUHIIMIIOB U METO-
VK WCIOJIb30BAHUSA U CO3JIaHUS COBPEMEHHBIX BBIYMCIIUTEIBHBIX KOMIUIEKCOB.
MOBBINICHUE YPOBHS (PYHIAMEHTAJIbHOUN MOJATOTOBKH B 00JIACTU BBHIYMCIUTEIBHBIX
METOJIOB U IIPOTPAMMHUPOBAHUS, PA3BUTHUS Y CTYAECHTOB JOTMYECKOTO U aJTOPUT-
MHUYECKOT'0 MBIIUIEHUS.

VY crynenTa BeIpabaThIBa€TCS OPUEHTAIIUS HA pelieHUe MpoOIeM MPOEKTUPO-
Banus JIA ¢ nomombio 9BM, HaBbiku ucnonb3oBaHuss OBM npu pemienuu npu-
KJIQJIHbIX 3a7a4.

CTyaeHT N0KEeH YMETh MPaBUJIbHO U PAllMOHAIBHO BHIOPATh METOJ PEIICHUS
3aJlayd, COCTABUTh AJTOPUTM €€ PEIICHUS C Y4eTOM OCOOEHHOCTEM KOHKPETHOM
3a/1a4d U BO3MOXKHOCTEN MMEIOIIMXCS B €ro pacnopsbkeHun 9BM, coctaBuTh an-
TOPUTM U MPOrpaMMy Ha aJrOPUTMHYECKOM SI3bIKE MTPOrPAMMHUPOBAHUs, OTIAUTh
€€ U MPaBUJILHO UHTEPIIPETUPOBATH MOJyUYEHHbBIE pe3yibTaThl. [[j1s1 3TOro Heooxo-
VMO 3HaHUE OCHOB ycTpoiicTBa DBM U BBIUKCIUTEIBHBIX CUCTEM, TEXHUYECKUX
U IPOrPaMMHBIX CPEICTB peajan3alud UHQOPMALMOHHBIX MPOLECCOB, aJITOPUT-
MHYECKHUX A3bIKOB TPOrPaMMHUPOBAHUS, YHCICHHBIX METOJIOB PELIEHUS MAaTEMATH-
YEeCKMX 3a/a4, 0a3 IaHHBIX, KOMITBIOTEPHOU TpadrKH.



BrlnosniHeHre KypcoBOW pabOThl HAMpPaBIEHO HA OBJAJACHHE NMPAKTUYECKUMU
HaBbIKaMH KCIOJIb30BaHus DBM nist 4ncieHHOro pemeHus oObIKHOBEHHBIX UG-
(bepeHIanbHbIX YPABHEHU U UX CUCTEM, NU(PPepeHIIMaIbHBIX YPAaBHEHUN B Ya-
CTHBIX MPOU3BOJIHBIX, MPOBEICHUE BBIYUCIUTEIBHBIX 3KCIEPUMEHTOB MO pellle-
HUIO MPAKTUYECKUX 3a]1a4.

2.0CHOBbBI TEOPUHA

2.1.06b1xkHOBEHHBIEC MU PEepeHITMATTEHBIE YPAaBHCHUS

Opnum u3 HanboJsiee paclpOCTPAHEHHBIX METOJOB PELIEHUs OOBIKHOBEHHBIX
mudepeHnnanbHbIX YpaBHEHHUH SBISICTCS METOJ] KOHEUYHBIX pasHocteir (MKP).
Paccmorpum npumenenne MKP aiis uncnennoro pemenust Ha 9BM npocteiiniero
auQepeHrnaIbHOr0 ypaBHEHUS IEPBOTO MOPSIKA:

i—: =1(x,Y),

C HaYaJbHBIMU YCIOBUAMU Xgo, Y(Xo) =Y.

Pemienne OymeM wmckath B mHTEepBaie [Xo, b] wu Oymem monaraTth, 4TO
GyHKIIMS Ha JTAHHOM HHTEpBAJIE yIOBIETBOPSIET YCIOBHUAM TJIAJKOCTH.

B memooe Jiinepa KOHEUHO-PA3HOCTHOE BBIPAKEHUE NEPBOU MPOU3BOIHOU
IPEICTABIIACTCS B BUJC

Y  —-Y.
' _ +1
Y'(x)=—""—.
AX
Otrcroga Y+ = Y; + Vx*{(x;, Y;). Beruuciss mociaeaoBaTebHO OT Ha9aIbHO-
ro 3HaueHus Y, 3HaueHus Y, Y, Y3, ..,Yj IO JaHHOU dopmylie, HAXOIUM

HCKOMOE pEIIECHUE.

VYBennueHne TOYHOCTH PELICHUS IIPU YKPYITHEHHBIX IIarax MHTErPUPOBaHUs
oOecrieunBaloT MeToAbl PyHre-Kyrra. YTOouHEeHHe nocturaercs 3a cuer CHelu-
aJIbHOT'O MOI00pa KOOPAMHAT MPOMEXYTOUHBIX Ha IIare MHTErPUPOBAHUS TOYEK, B
KOTOPBIX BBIUMCISIETCS NEpBas NMPOU3BOAHAsA. BMecTo 3HaueHWs NEpPBOM NPOU3-
BOJHOM B HayaJle IIara MHTErPUPOBAHMS, UCIOJIB3YEMOM B METOAE OWiepa, BbI-
YUCIISETCA yCPEAHEHHAs Ha 11are MHTETPUPOBAHUs IepBas nponu3BoaHas. Popmy-
J1a YACJIEHHOT0 UHTErPUPOBaHUS TPUOOPETAET BU:

Yiri =Y+ Ax*f
rae f- YCpEIHEHHAas Ha ILlare MHTErpupoOBaHus NepBas Npous3BoaHas. Huxke

npuBeaeHbl popmyiel MmeTona Pynre-Kyrtra paznudnoro mopsika:

1. Merox 2-ro mopsigka, €= 107 :
- TIEPBBIM BapUAHT Y=Y, T K,

rIe Ky =Ax*f(x;+Ax/2,Y;+K,/2),
Ki=Ax*f( x;,Xi) ;
- BTopoyi BapuanT Y=Y+ 12 (K +Ky),



rac KIZAX*f( Xi, Yl) D
Koy=Ax*f(x;+Ax, Y+ Ky).

2. Meron 3-ro nopsaka, €= 107 :
- mepBBIM BapuaHT Y+ = Y;+ 1/4K;+ 3/4K5 ,
rie  K=Ax*f(x;,Y;),
Ko =Ax*f(x; + 1/3Ax, Y;+ 1/3K;),
K= Ax*f(x; +2/3Ax , Y; +2/3K,) ;
- BTOpoi BapuanT Y = Y;+ 1/6 (K;+4K,+Kj3),
rie K =Ax*f(x;,Y;),
Ko=Ax*f( x;+ 1/2Ax, Y; + 1/2K, ),
K3 :AX*f( X;+ AX, Yi — K1+ 2K2) )
3. Merox 4-ro mopsinka, €= 10" :
- mepBBIA BapuaHT Y= Y;+ 1/6 (K, +4K;5;+Ky),
rie K =Ax*f(x;,Y;),
Ky=Ax*f( x; + 1/4Ax ,Y; + 1/4K, ),
Ks=Ax*f(x; + 12Ax, Y;+ 1/2K;) ,
K4: AX*f( X;+ AX . Yi+ K1 — 2K2+ 2K3) 5
- BTOpoi BapuanT Y = Y;+ 1/6 (K;+ 2K, +2K3+Ky),
rie K= Ax*f(x;,Y;),
Ko=Ax*f( x;+ 1/2A%, Y; + 1/2K}),
Ks=Ax*f( x;+ 12Ax, Y+ 1/2K,),
Ky=Ax*f(x;+ Ax, Y+ K3) .

B nmpaktuueckux pacuérax uHTerpupoBanue auddepeHanbHbIX YpaBHEHUN
OCYILIECTBIISIETCSI C aBBTOMATHYECKUM BBIOOPOM I1ara, o0ecrednBaroIee nojiydeHme
pe3ysbTaTa ¢ 3aJJaHHON MOTPEIIHOCTHIO PEIICHHUS.

[Ipn UHTETpUPOBAHUM C ABTOMATHUYECKHM BBIOOPOM IIIara peKOMEHIYETCs
UCII0JIb30BaTh CJICAYIONINE MpaBuiia BEIOOpA 11ara .

B y3ne xo B3sTb AX = AX(, AX( — 3aJlaHHBI HAYaJIbHBIN 11ar, HAUTU TPUOIIU-

KEHHBIC 3HAUCHMS pelieHuss YU Y c maramu AX U AX/2 COOTBETCTBEHHO. 3a
a0COJIIOTHYIO IIOTPEIIHOCTh NPUOIMKEHHOIO pelieHus ( B Ka4ecTBe KOTOPOro ec-

TECTBEHHO B34Th Y Kak 0oJjiee TOUHOE ), BBIYUCIEHHOTro 1o Metoay Pynre-Kyrra
n-ro mopsnka (Meroj Dunepa siBisieTcss MmetoioM Pynre-Kyrra nepsoro nopsijika),
IPUHUMAETCS

Y-Y
2" —1

>

Ecnu 6 > €, To miar AX yMeHbIIaeTcs B /IBa pa3a U BHIYUCICHUS TOBTOPSIOT-
Ccsl, UCXOJA U3 y31a Xy . Kak TOJIbKO Ha 0YepeTHOM MPUOIMKEHNN OyAeT MOJIYyYEHO



0<g , cUMTaeTcs, 4To Y M SBIISETCA PEIIEHUEM B y3J€ X=X+ AX, MOJYyUYEHHBIM C
3aJJaHHOM TOYHOCTBIO HA ATOM IIIare .

Peuienre B cnenyroomem y3ie X; , ICX0Js U3 y3/1a X; , [T0Jy4aeTcsl aHaJOTH4-
HbIM 00pa3om. [Ipu 3TOM HayanbHBIN IIar BeIOMpaeTcsa mo mary AX , ¢ KOTOpbIM
OBLIO TIOJYYEHO PEIICHUE B y3J€ X, B 3aBUCUMOCTH OT MOTPEIIHOCTH O: €Cliu O < €
/2™ To mpenBIIyIuMii Ar yBAKBACTCS; B IIPOTHBHOM CIIydae IIar He H3MEHseT-
csl. AHAJIOTMYHO HAaXOJUTCS PEIICHHUE U B MOCIEAYIOIUX TOYKAX .

[Tpu BbIXOAE K TOUKE X = b ciexyeT mposBISATH OCTOPOKHOCTb, T.K. MPH
3HauYeHUSX X > b mpaBas vacth f(x,Y) auddepeHnanbHOr0 ypaBHEHUS MOXKET
OBITH HE OMpeeNieHa U MPHU pelieHuu 3a1auu Ha OBM MokeT mpou3oiTu mpepol-
BaHUe, B pe3yJIbTaTe 4yero 3ajavya OyJIeT CHITA o cuéTa .

Bo u3bexxanue Takod cuTyalii HEOOXOJIMMO Ha KaXKIOM Illare MHTETPUpO-
BaHUS MPOBEPSTH YCIOBUE BBIXOJA 3a MpENEibl MHTEpBAJIAa MHTErpupoBaHusd. Ha
miare BbIXOJa 32 TOYKY X = b MNpUHATH MOCieIHee 3HauyeHue AX TaKuM, 4TOOBI
TOYHO BBIUTH Ha TOUKY b.

Jlis oTiagku mporpaMmbl MOKHO B3SITh MPOCTEMIEEe YpaBHEHHUE M HEOOJIb-
LIOM OTPE30K MHTETPUPOBAHUSL.

[Ipu unTerpupoBanuu AuddepeHInaIbHbIX YPaBHEHUN BBICIIMX MOPSIKOB
MO>XHO MCIOJIb30BaTh JIBa M0AX0/Aa. Bo-nepBbix, auddepeHnuanbHOoe ypaBHEHNUE
MOXET OBITb HEMOCPEJICTBEHHO MPeoOpa3oBaHO B KOHEYHO-PA3HOCTHYIO (Gopmy
NyTeM MPEJCTaBICHUS BCEX €ro IPOU3BOJHBIX COOTBETCTBYIOUIMMHU KOHEYHO-
Pa3HOCTHBIMU BhIpaxkeHUusIMU. Hanpumep, ypaBHEeHUE NaieHUs Tea

d’y

t2

=-G(Y),Y(t=0)=h, V(t=0)=V,,

rae Y - BbicoTa, t - Bpems, G(Y) - yckopenue nanenus, h, V, - HadyanpHas
BBICOTA U CKOpPOCTb, MOXET OBITh YHCJIECHHO PEHICHO C IMOMOINbI0 KOHEYHO-
Pa3HOCTHOTO ypaBHEHUS

Y, =2Y, Y, + (At)2 -G(Y)),
B KOTOPOM TOYKHU Yo U Y| HaxXOIATCSA U3 HAYAJIbHBIX YCIOBUM:
Y,=h, Y =Y,+V,_ -At.
Bo-BTophix, auddepeHimaisHoe ypaBHEHHE BBICIIETO MOPsIKa MOXKET ObITh
npeAcTaBieHo B Gopme cucteMbl IuddepeHIHaIbHBIX YpaBHEHUNW IEPBOTO
MOPANKA, KOTOPBIE PEMIAKOTCSA MOCJIEA0BATEIIbHO PACCMOTPEHHBIMU  paHEe

MCTOJaMHM. HaanMep, HAITMCAaHHOC BBIIIC YPABHCHHC ITAACHUS TCJIda MOKCT OBITH
MpcaAcCTaBJICHO CUCTEMOU

dy
S =V(t),

a0

dv

T =-G(Y
m (Y)




Pemienne naHHOW CUCTEMBI METOAOM Oilllepa JA€T CHCTEMY KOHEYHO-
Pa3HOCTHBIX ypaBHEHUU

V.=V, + At(-G ((Yi )
Vi+V,,
Yi+1 = Yi +At (T)a

rne V,=V,,Y,=h. Ananoruuso Moxer ObITb NIpPUMEHEH MeToJ PyHre-

Kyrra.

ugppepenyuanvnoie ypasnenusn ¢ 4acmHbvIX NPOU3E0OHBIX

BONBIIMHCTBO MPOLECCOB, BCTPEYAIOIIUXCA B IIPAKTUKE WHXKEHEpa, 3aHU-
MAFOILErocsl IPOEKTUPOBAHUEM U COBEPLICHCTBOBAHUEM JBUTATEIIS, — 3TO IIPOLIEC-
Chbl, B KOTOPBIX B3aMMOCBS3aHbl MHOKECTBO PAa3JINYHBIX IMAPAMETPOB, 3aBUCSIINX
OT HECKOJIbKMX HE3aBHCHMBIX IIEPEMEHHBIX. Takue mpouecchl yalle BCEro OIMMUChI-
BalOTCA AUPPEpeHInanbHbIMU YPAaBHEHUSMHU B YACTHBIX IPOM3BOJHBIX C 3aJaH-
HBIMM KpPaeBBIMH YCIOBUSAMH. IIpumepamMu MOTYT CIlyKUTb ypaBHEHUS Ta30BOU
JUHAMMKY, HECTALlMOHAPHOM TEMJIONPOBOJHOCTH, MEXAHUKH Je(pOopMHpyEMOro
Tena ¥ apyrue. He3aBUCMMBIMHU IIEPEMEHHBIMHM B TAKUX 3aJayax 4Yalle BCETO sB-
JISAIOTCS BPEMsI U TPOCTPAHCTBEHHBIE KOOPAUHATHI.

HuddepeHnnanbHble ypaBHEHHS B YaCTHBIX IPOU3BOJHBIX COCTABIISAIOT B Ha-
CTOsiLIIee BpeMsl OJIHY U3 HanboJiee pa3BUBAIOIIMXCS OTpaciell YUCIEHHOrO aHaJIu-
3a. Bo3moxxHOCTH cOBpeMeHHbIX OBM 1NO3BOMIAIOT CTaBUTh Ha ITOBECTKY JHS Ta-
KHE 3a]1a4M, pEIIeHNE KOTOPBIX IPOCTO HEMBICIMMO 0€3 UCTO0Ib30BaHUS BBIUNCIIH-
TEJIbHBIX MAIIVH.

Paccmotpum oO1uil Noaxo ] K pelIeHnIo TaKUX YpaBHEHUH U ITPOAHAIU3UPY-
€M HEKOTOPBIE YHMCIIEHHBIE METOBI M1 COOTBETCTBYIOLIUE UM IIPOIPAMMBI pacyera,
KOTOPBIE YaCTO HCIOJIb3YIOTCS B MH)KCHEPHOM INPAKTHKE M MOTYT OKa3aThCs I10-
JIE3HBIMU BO MHOTHUX CIIy4asX.

[Tpu nepexone OT 0OHOM K HECKOJBKUM IEPEMEHHBIM pa3HOOOpa3ue u CIoXk-
HOCTb 3ajjad pe3Ko Bo3pactaeT. Haie paccmorpeHue OyJeT OrpaHHMYEHO JIMHEH-
HbIMU JU((depeHINaIbHbIMU YPaBHEHUSMU BTOPOIO MOpPsJKa C ABYMs HE3aBHCH-
MBIMU IEPEMEHHBIMU. DTH YPAaBHEHUS B OOIIEM BHJI€ MOKHO 3alMCATh:

2 2 2
A8 U+B o’u +Ca U—DaU—E8U+FU =G
0X? 0XoY oY’ oX oY ’

rie A, B, C, D, E, F, G saBastorcs GyHKIUSIMU TOJBKO OT HE3aBUCHMBIX
MEpEMEHHBIX X U Y.

Kak u B ciaydae 0ObIKHOBEHHOTO JU(()EpEeHITNATBLHOTO YpaBHEHHUSI, IS OThI-
CKaHUs €IMHCTBEHHOI'O PEIICHMS, OTBEYAIOIIETO pealbHOMY MpoliecCcy, HeoO0Xxo-
TUMO 100aBUTH KpaeBble (TpaHUYHbIE, HAYAJIbHBIC) YCIOBUSI.

Huddepenipanbaple ypaBHEHHs] B YaCTHBIX MPOU3BOJAHBIX BTOPOTO MOPSIAKA
pa3aesOTCA HA TPU THUIIA:

1. VpaBHeHHe >IIHnTHYeCKOro Thia, ecmi B> — 4AC < 0.

2. VpaBHeHue napaGomuueckoro tumna, ecim B> — 4AC = 0.

3. YpaBHeHHE THIIepOOINIEcKOro T, ecin B — 4AC > 0.




ypaBHCHI/IH paSHI/I‘—IaIOTCH B CBiA3H C CyHleCTBCHHBIM OTJINYHUECM XapaKTepa Hux

pCIHeHI/ISI I KaXJ0Tr0 U3 YKaSaHHBIX TUIIOB. ypaBHeHI/IH SIIJIUIITUYECCKOI'O TUIIA

BCTPEYAIOTCS B pacueTax HAIPSHKEHUN MPU yIPYTrOM KPYYEHUH JUIMHHOTO LIWJIMH-

I[queCKOFO CTep)KHH, ):[OSBYKOBOFO TCUCHHUS TI'a30BOI'0 IIOTOKA, CTaI_II/IOHapHOFO
TEMIIEPATYPHOTO IOJIA B 3JIEMEHTAX KOHCTPYKLUHI, HAIIPUMED:

0’U 0°U

Lo

oX?* oY’

DT0 ypaBHEHHE HOCUT Ha3BaHue ypaBHeHus Ilyaccona. Ero yacto 3amuchel-

BarOT B BUJIC

AU=G
NIin
ViU=G.
qaCTHI)IM CJIy‘{aeM 9TOTIO ypaBHeHI/IH ABJIACTCA ypaBHeHHe Harmaca
0°U  oU
—~7 Az = 0.
oX? oY

XapakTepHbIM NPUMEPOM THUIEPOOIHMUECKOTO YPAaBHEHUSI SIBJISETCS ypaBHe-
HUE KosieOaHusl yIpyroil HUTH, Ha3bIBAEMOE BOJIHOBBIM YPABHEHUEM:

o’U  ,9'U

ox? ¢ Tar
K l"I/IHep6OJII/IIICCKI/IM ypaBHeHI/I}IM HpI’IBOI[ﬂTCﬂ TAKXKEC 3aJa4uu CBerSBYKOBO-
'O TCUCHUA Ira3a, JMHAMHWYCCKUC 3ada4u pryFOCTH nu TeHHOHpOBOﬂHOCTH.
Hapa6OJII/IquKI/IMI/I ypaBHeHI/IHMI/I OIIUCBIBAKOTCA HpOHeCCBI HeCTaHHOHapHOP'I
TEIUIONPOBOJHOCTH B ABUTATENE, TUPPY3HUH:

2
ou XaU

ot 0X?

JIns mOCTpOEHUs YMCIEHHOTO METOJa PEUICHUs PaCCMATPUBAEMBIX 3a/a4
3aMEHSI0T 00JIaCTh HEMPEPBHIBHOIO M3MEHEHUs apryMeHToB X, Y pacdeTHOil ceT-
KOU — IUCKPETHBIM MHOKECTBOM TOYEK ¢ KoopAauHaTamu X; , Y; (puc. 1).

B paccmotpenue BBoadatcs niBa napametrpa: AX, AY - maru CeTku Mo Koop-
nuHataMm X U Y cooTBeTcTBeHHO. Bmecto pynkiuu U( X, Y ) paccMaTpuBaroT ce-
TOYHYIO (PYHKIIMIO, COOTBETCTBYIOUIYIO TOUKaM CeTKU X; , Y; . Jlanee 3ameHstor
YacTHBIE MPOU3BOJHBIC, BXOJdlue B AuddepeHnaibHble YPaBHEHUSI, pa3HOCT-
HBIMH COOTHOUIEHUSIMU, MOJYUYEHHBIMU paHee MPU PACCMOTPEHUU OOBIKHOBEHHBIX
nuddepeHIanbHbIX YpaBHEHUN:

a) 715 TIEpBOM MPOU3BOTHOM

ou Ui,j - Ui—l,j

- - JIeBas pa3HOCTD;
0x AX p ’
v - Um’j _Ui’j aBas pa3HoOC

- mpaBas HOCTb;

ou Ui+1,j - Ui—l,j
%
0X 2AX

- OCHTPAJIbHAsA PAa3HOCTD,
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0) J71s1 BTOPOI TPOU3BOTHOM
82U Ui+1,j - 2Ui,j + Ui—l,j
> 2
ox (AX)

j=2 i
AX

=1 * .

=1 =2 1=3 i=4 =5 X,1

Puc. 1.Cxema nuckperuszanuu o0JacTH U3MEHEHUS apTYMEHTOB

B pesynbpTare 3aMeHbI YaCTHBIX IPOM3BOJHBIX B AUD(EpeHIINATBHBIX ypaB-
HEHUSX PA3HOCTHBIMM BBIPAKEHUSMHU MOJIyYalOT Pa3HOCTHOE ypaBHeHHUe. Pazyme-
eTCsl, Cloco00B 3aMeHbI TU(PHEepEeHIIMATBHOTO YPAaBHEHUS PA3HOCTHBIMH — MHOXKE-
ctBO. [Tomydaembie pa3HOCTHBIE ypaBHEHHS OyAyT OTIMYAThCS TOYHOCTHIO, CKOPO-
CTBIO CXOJIMMOCTH, YCTOMUHUBOCTBIO U JPYTUMH CBOMCTBaMU. Y Ka3aHHBIC BOIIPOCHI
UCCIICIYIOTCA B TEOPUU YMCICHHBIX METOIOB [1].

PaccmoTpuM HEKOTOpBIE OCOOCHHOCTH YHMCIICHHOTO perieHus auddepeHim-
aJIBLHOTO YPaBHEHUS MMapa0OoIMUYECKOro THIA Ha MMPUMEPE OJJHOMEPHOI'O YPaBHEHUS
TEITIONPOBOTHOCTH

oT o°T
—=a
ot ox*
B mpocrteiiiiem BapraHTEe KOHEUYHO-PA3HOCTHOE YpaBHEHHE, COOTBETCTBYIO-

mee 1TaHHOMY I[I/I(b(bepeHuHaJILHOMy YPaBHCHHIO, MOKHO IIPEACTABUTH B BUJIC
T’,k+1 B T',k _q T'+1,1< B 2Ti,k + Ti—l,k

1 1 1

At (Ax)?
B naHHOM ciydae HEM3BECTHBIM SIBIsieTCS 3HA4€HHE Tixi; , 1 OHO SIBHO BBbI-
paXkaeTcs 4yepe3 WU3BECTHBIC Y3JIOBbIC 3HAUYEHUSI TEMIIEPATyphl HA MPEIbIAYIIEM

BpeMeHHOM ciioe k™
aAt aAt
T, = [1 -2 (Ax)’ :|Ti,k + (Ax)’ (Ti+1,k + Ti—l,k) .

B cootBeTcTBHM € 3TUM Takas cxemMa HOCUT Ha3BaHUE SIBHOM Pa3HOCT-
HOM CXeMbl, ee 1abJI0OH MpeICTaBIeH Ha puc. 2.
T
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i, k+1

@ L 2 L 2 z(
-1,k ik i+l k

Puc. 2. [11a0Gi0H ABHOM pa3HOCTHOMN CXEMBbI

SIBHAs pa3HOCTHas cXxemMa MMEET IMEPBBIM MOPSAOK TOYHOCTH IO BPEMEHU U
BTOPOM MOPSAJOK - IO IPOCTPAHCTBEHHOW KOOpAMHATE. E€ MOrpemHocTs OleHnBa-
ercs Bemmunnoit O( At + Ax?) .

SIBHas cxema o0ianaeT YCIOBHOM YCTOMYMBOCTBIO, YCIOBHE yCTONYHMBOCTHU
UMeEET BUJL

0<1-2-24% ¢
(Ax)

JlaHHOE ycC0BHME TPHBOAUT K HEOOXOIUMOCTH 3aJaBaTh B IMPAKTHUECKHUX

pacyeTrax O4eHb MaJEHbKHE BEJIMYMHBI IArOB MHTETPUPOBAHUS MO BpEMEHU (Cy-
IIECTBEHHO MEHbIIIE, YEM TOr'0 TPEOYEeT yCIIOBUE TOUHOCTH PEILIEHUs), a 3TO MPHU-
BOJUT K YBEJIMUYCHUIO BPEMEHH PELIeHUS 3a1auu Ha OBM u HapacTaHHIO morpem-
HOCTH OKPYTJICHHSI YACEIL.

B cBsI31 ¢ OTMEYEHHBIM IUPOKOE PACIPOCTPAHEHHE MTOIYUYUIIN HESIBHBIE CXE-
MBI PacyeTa, MO3BOJIAIOIIME CMATYHUTh YCIOBUE YCTOMYMBOCTUA. CEMENUCTBO ABYX-

CJIOMHBIX HESIBHBIX CXEM JIJIsl yPaBHEHHUS TEIJIOMPOBOIHOCTH 3aIUIIIEM B BUJIE
ALT(Ti,kH - Ti,k) = (A%)QG(TiI,kH - 2Ti,k+1 + Ti+1,k+1 )+
a
(Ax)

I7Ie G - MOCTOSTHHBIN KOA(PPUIIMEHT, 3aJal0IIUM TUI Pa3HOCTHON CXEMBI.

[Ipu 6=0 cxema nepexoUT B pACCMOTPEHHYIO SIBHYIO.

[Ipn 6=1 aTa cXxeMa CTaHOBUTCS YMCTO HESIBHOM CXeMOM, oOiamaroiei 6e3-
YCIOBHOM yCTOMYHMBOCTHIO. [11a0a0H YMCTO HESIBHOM CXEMBbI IPEJCTABICH Ha
puc.3. Cienyer OTMETUTH, YTO PACUET MO HESIBHOM cxeme TpeOyeT Ha KaKIOM Ia-
I'e UHTETPUPOBAHUS 10 BPEMEHHU PEIICHUS CUCTEMbI aJireOpanvyecKuX ypaBHECHHM,
CBSI3bIBAIOIINX HEM3BECTHBIE TEMIIEPATYPBI Y3IOBBIX TOUEK BpeMeHHOro ciiost K+1.

+

3 (I- G)(Ti—l,k - 2Ti,k + T'+1,k)

1
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il

Lkl Lkel Lkl

1.k
Puc.3 111a0yioH HEABHOM CXEMBI

K runep6onuyeckuM ypaBHEHUSIM TIPUBOJAT 3aJa4K JABUKEHUS CKUMAEMOTO
rasa, 3aJja4u KoJieOaHuW yNpyTrux 2JIEeMEHTOB U MHOTHE JIpyTHE.

TunuyHBIM TPUMEPOM OJTHOMEPHOU 3aJjauM ABIJISIECTCS 3a/laya MaJlbIX Koseba-
HUW HATSAHYTOW CTPYHBI C pACHIPEAECICHHON O UIMHE HAarpy3kon f(x,7):
2

0%y _ 20

aTZ aXZ +f(X:T),O<X<a,O<TSTk
x,0
y(x.0) = ul(x),% L (00<x<a

y(0,7) =p;,y(a, 1) =p,,0<t< 1,

D10 XKe YPaBHCHUC OIMUCBHIBACT IINIOCKHC dKYCTHUYCCKHC BOJIHBI B I'da3€C IIPHU HaA-

JIMYUU BHEIIHETO CUIJIOBOTO ToJis f .
B ornuune ot mapaGonuyeckol 3anauu, TunepOosMyeckas 3ajada Tpedyer
MIOCTAHOBKH JIByX HAaYaJIbHBIX YCJIOBHI: HE TOJIBKO HAYaJbHOTO CMEIICHHS OT TO-

oy

JIOKCHHA PABHOBCCHA, HO U HayaJIbHOU CKOpPOCTH CMCHICHUA a

SIBHas TpexcioiHas pa3HOCTHAs CXeMa MOXKET OBbITh 3aITMcaHa B BU/IE :
1
2
At
C TPAaHUYHBIMHU YCIIOBHUSIMH :
Yo = 13(1),y, = 1, (D).
[To ¢popme mabmonHa (puc.4.) 3Ty cXeMy Ha3bIBAIOT “KpecT”’
JlanHas cxeMa MMeeT BTOPOM MOPSIOK alIpPOKCUMAIIUN KaK TI0 BPEMEHH, TaK

C
(Yisr = 2Yix + Yia) = F(Yiﬂ,k =2yt Y+,

o 2 2
¥ 10 TIpoCTpaHcTBeHHOM Koopaunare O(A7° +AX 7).
DTa cxema yCIIOBHO ycToiuuBas. HeoOX0IUMBIM U JTOCTATOYHBIM yCIOBHEM

sBisietTcs ycnoBue Kypanra:
CAT < AX.
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T
Ii, k+1

® @ @ »>
1k ik itk
®

1, k-1

Puc.4. PaznoctHas cxema “Kpect’.

Tak kak pacCMOTpEHHasl SIBHas pPa3HOCTHAs CXE€Ma YCJIOBHO YCTOWYMBA, TO
cilyyaiiHOe HeOOJbIIOe HAPYIIEHHE YCTOMYMBOCTH MOXKET MPUBECTU K OBICTPOMY
HapacTaHHUIO NOTPEIHOCTEN, BILIOTh A0 “aBOCTOB’”. [103TOMY BO MHOTHX Clydasx
IPEeANoOYTEeHUE OTHAI0T OE3yCIOBHO YCTOMYMBBIM SIBHBIM cXeMaM. B o0mem
CJly4ae HESIBHYIO Pa3HOCTHYIO CXEMY MOXKHO 3aIlucaTh B BUJIE

1

A_Tz(Yi,kH =2¥ix FYixa) = A[G Vig T(1=20)y; +0-y ]+ fi

2

C
Ay = E(YHI,k =2¥ix + Yiax)-
JlanHast cxema 0€3yCiI0BHO ycToWumBa rpu 1/2 > 6 >1/4 u uMeeTt nopsok

2 2 o
armpokcumMain 0(At” + Ax”) . Ilpu o < 1/4 sra cxema yCIOBHO yCTOMUMBA IIPH
1

At<A-(1-40)2.
[Ipu o =0 cxema mpeBpaiaeTcss B PACCMOTPEHHYIO BBIIIE SBHYIO CXEMY.
[[Ta60H HEABHOM CXEMBI MPEJICTABJICH Ha pUC. 5.

F

i-1, k+1 i k+1 i+, k+l

. . x
i-1, k ik itk

i-1, k-1 1, k-1 i+1, k-1
Puc. 5. [11a0n0H HEABHOI CXEMBI.

B HesBHOI cxeme pa3HOCTHasi popMyJia UCIIONB3YET HE MATh TOYEK I1alioHa,
KaK cXeMa “KpecT”’, a JIEBSITh TOYEK .
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3. OCHOBHBIE TPEBOBAHUS K KYPCOBOM PABOTE

3.1 3aganue Ha KypCOBYIO paboTy

CryneHTy, BBIMOJHSIOIEMY KYpCOBYIO paboTy, (GopMyaupyercs 3agaHue
CIEAYIOLIETO BUJIA:

- pa3paboTaTh YMCIEHHYIO MOJEIb, AJITOPUTM U MPOrpaMMy pacyeTa Io 3a-
JTAHHOM MaTeMaTU4YECKOM MOJENU. BBINOIHUTE TECTUpOBaHUE Iporpammsl. [Ipo-
BECTH BBIYMCIIUTEIBHBIC SKCIIEPUMEHTBI U HCCIIEI0OBATH BIMSHUE NIapaAMETPOB pas3-
HOCTHOM CXEMBbI HA TOYHOCTb U YCTOMYUBOCTD PELICHUS.

B 3agannn Ha KypcoByr0 paOOTy yKa3bIBAE€TCS €€ TEMa U CPOKH BBIIOJIHEHUSI.

3.2 ConepxaHue MOSACHUTENBHOMN 3aUCKU

[TosicHuTeNBbHAS 3aMMCKA COCTOUT M3 CJICAYIOIIMX Pa3/IeIioB.

e AHHOTaAIUs

B aHHOTaIMm garoTCs KpaTkasi XapaKTepUCTHKA PabOThI, OIIEHKA UCITONIb3Ye-
MBIX METOJIOB U MOJTy4aeMBbIX PE3yJIbTaTOB. AHHOTAITUS COJICPIKUT TAKKE CBEJIC-
HUs 00 00beMe padoThl, KOJIMUECTBE WILTFOCTPAIUid, TAOIHI], KOJIUYECTBE UCIIONb-
3yE€MBIX HCTOYHHKOB.

e Benenue

Bo BBeneHnu nomkHA OBITH M3JIOKEHA IEeTh PaboOThl, 0OOCHOBaHA HAYYHO-
TEXHHYECKas IIeJIeCO00Pa3HOCTh MPOBOJMMOTO HCCIEAOBaHUsA. B 3rtom pasmene
JOJDKHBI OBITh OTPa)KCHBI OCHOBHBIC HAYYHO-TEXHWYCECKUE HJICH, MOJIO)KCHHBIC B
OCHOBY JITaHHOW paboThl. BBejcHME 3aBepIraeTcsl MepeUrCICHUEM pa3eiioB pado-
TBI C KPATKOW XapaKTePUCTHKOW COJIEPIKaHUS KaXKIOTO U3 HUX.

e [IocTaHoBKa 3aga4un

B manHOM pasznesne mpuBOIUTCS KpaTKas XapaKTepHCTHKa oOIel mpobiema-
THUKH, K KOTOPOH OTHOCHUTCSI JaHHas padota. JlaeTcs MoHOE M JIeTAIbHOE OIHCca-
HHE KOHKPETHOM 3aJla4M C MCIIOJb30BAHUEM TEPMHUHOJIOTHUH, IIPUHATON B JAHHOU
obOnactu TexHuku. [IpuBoauTCS 000CHOBAaHME 11€71€CO00PAa3HOCTH BHIOPAHHBIX MeE-
TOJIOB PEILICHUS TTOCTABJICHHOM 3a/1auu.

e MaTemaTHueckasi IOCTAHOBKA 3aJjaun

B nmanHoMm pasnene mpejacTaBisieTcs MaTeMaTH4ecKash MOJIeb UCXOJIHOU 3a-
Ja4v, B TEPMUHAX KOTOpOH 3amada (popMyaupyercss Kak YUCTO MaTeMaTH4ecKasl.
[TpuBOUTCS TOAPOOHBIN aHAIN3 HCTOYHUKOB HEYCTPAHUMBIX IMOTPEITHOCTEH:

- aHauu3 JeTajed MCXOMHOM 3aJaud, HE YYTCHHBIX MaTEMaTHUUEeCKON Moje-
JIBIO;

- aHaJIN3 OIIMOOK, CBA3aHHBIX C HETOYHBIM 3aJJaHUEM MCXOIHBIX JaHHBIX.

e MeTon perienus 3a1auu
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B srom paszzgene nmoapoOHO M3iaraeTcsi BBIOpaHHBIA METOJ PEIICHMS 3a7auH,
AQHAJIM3UPYIOTCA UCTOYHHMKU MOTPEHIHOCTH METOJA, MYTH UX YMEHBIIECHHUS U BO3-
HUKAIOIKE MPU 3TOM TPYIHOCTH.

3.3 OdopmiieHre MOICHUTENBHOM 3aMUCKU

[TosicHuTeNnbHAS 3aMucKa K KypcOBOM paboTe UMEET CIEAYIONIYI0 CTPYKTYPY:

- TUTYJIbHBIU JIUCT;

- 3aJlaHH€ Ha KypCOBYIO pa0oTYy;

- aHHOTAIUIO;

- coJiep)KaHue (C yKa3aHMEM Ha3BaHWU Pa3/iesIoB U COOTBETCTBYIOIIMX HOME-
POB CTpaHHII);

- pas3zenbl MOSICHUTENBHON 3aMUCKHU (B COOTBETCTBHH C MMyHKTOM 3.3);

- CIIMCOK UCIIOJIb30BAHHOM JINTEPATYPHI.

[TosicHuTenpHas 3amUCcKa JTOJDKHA OBITh HAMMCAaHa aKKypaTHBIM pa300pUYUBBIM
MOYEPKOM Ha JBYX CTOPOHax JHCTOB Oejoil mwucueir Oymaru ¢dopmata A4
(210 x 297 mm). 3anucka goixkHA OBITH OOpMIIEHA B COOTBETCTBUU CO CTaHAAp-
TOM U MOANMCAHA CTYJEHTOM Ha MOCJIEAHEN CTpaHULIE.

C neBoii CTOPOHBI JIUCTa HEOOXOAUMO OCTABUTH IOJIE, ITUPUHON 25 MM, CITy-
JKallee JyUIsl CIIMBKHU JIMCTOB, a ¢ MpaBoi - mmpuHOM 10-15 MMm. Bee ctpanuiibl
TEKCTa JOJDKHBI OBITh MPOHYMepoBaHbl. Kaxaplii pHUCYHOK, TabiIWIla JOJKHBI
MMETh MOPSAIKOBBII HOMEDP U HAa3BaHUE.

Pucynok (Tabmuiia) momemniaeTcss B 3alUCKe Ha JIUCTE, UMEIOMEM HOMED.
IPUYEM HE paHee TOM CTPAHULIBI, HA KOTOPOM HA HEro CAEJIaHa CChUIKA B TEKCTE. B
3aMKCKe HE JOJKHO OBITh PUCYHKOB M TaOJIUII, HA KOTOPBIE HET CChUIOK. Kaxbiii
PUCYHOK M TaOJIHIIa IOJKHBI UMETh Ha3BaHUE.

@opMyJibl, YpaBHEHHSI U JAPYrU€ MATEMaTUYECKUE BBIPAXKEHUSI MOTYT MOS-
BUTHCSI B TEKCTE TOJIBKO MOCIIE COOTBETCTBYIOUIETO MOSCHEHUS.

3anucka B IEJIOM JIOJDKHA MPEJCTaBISATh COOOW CBSI3HBIA TEKCT, TOCTYIHBIN
JUTsl TOHUMaHUsI 0€3 IOMOJIHUTETBHBIX YCTHBIX TOSICHEHUH.

[Ipn uCHONB30BaHUM JUTEPATYPHBIX HCTOYHHUKOB OO0S3aTENILHO JeliaeTcs
CCBhUIKA Ha UCTOYHHUK. [Ipy 3TOM B KBaJpaTHBIX CKOOKAaX YKa3bIBAE€TCS €ro MOPSI-
KOBBII HOMEP B CIHUCKE UCIOJIB30BAHHON JIUTEPATYPHI U HOMEP CTPAHUIIBI WIIH PH-
cyHKa, Hanpumep [7, ¢.15], [10, ¢.203, puc.2.15].

3aroyioBKU Pa3fesioB MUIMYTCS KPYMHBIMU OyKBAaMH WIIA BBIJCISFOTCS TOJ-
YEPKHUBAHUEM.

4. IOPSIOK BBINIOJTHEHHUSA KYPCOBOM PABOTBI

Ha BbInosiHeHHE U 3a1UTy KypCOBOM paOOThl OTBOJAUTCS JIECATH HEJENb.

BrlnonHeHre HAYMHAETCS ¢ aHAIK3a 3aJ]aHusl U 0030pa JIUTEPaATyPhI.

B nporiecce paGoThl CTYAGHT MOKET MOJIb30BATHCS KOHCYJIbTausiMu. Kypco-
Bas paboTa BBIMOJIHAETCS MO IPpaduKy, KOTOPBIA JOBOJIUTCA O CBEIICHUS CTYJIEH-
TOB OJIHOBPEMEHHO C BbIJIa4eil 3aaHusl.
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B cepeaune cemectpa kadenpa NpoBOJUT CMOTP TOTOBHOCTH KYPCOBBIX pa-
00T, COCTaBJISIET U JOBOJUT 10 CBEJAEHUS CTYACHTOB IpadUK 3allUThl UMU padbOT
nepes KOMUCCHEMN.

5. MIPEACTABJIEHUE PABOTDI K 3AIIIMUTE

[lepen 3amuToi K yKa3aHHOMY CPOKY CTYACHT IMPEICTaBIsIeT BBHIIIOJHEHHYIO
KypCOBYIO pabOTy Ha 3aKIIOUYE€HHE PYKOBOAUTENIO. PyKoBoAHMTENh OTMEYAET OT-
CTYIUIGHUS OT 3aJlaHus W TpeOoBaHUN K O(DOPMIICHHIO TIPOEKTa. 3a JBa JHS O
CpOKa 3aIlUThl PYKOBOAMUTENIh 00s13aH BO3BPATUTH MOSICHUTEIBHYIO 3alHCKy CTY-
JICHTY JJIs1 aHAJIM3a 3aMEYaHUil U MOATOTOBKH K 3aIllUTe.

B cnyuae, ecau pyKOBOIUTENb CIENAeT BHIBOJ O HEBO3MOXXHOCTH JIOIyCKa
CTYJCHTa K 3alUTe KypcoBOil paboThl, MOCieIHUN 00s13aH nepepadoTaTh MaTepu-
aJl B COOTBETCTBUH C 3aMEUAaHUSIMU U BHOBb IIPE/ICTABUTh €T0 HA 3aKII0UYCHUE.

Jis 3ammThl  paboOThl CTYJAEHT COCTaBISIeT [OKIAJ, PAcCUMTAaHHBIA Ha
5...10 muH. B noknane AOMKHBI ObITh W3JI0KEHBI OCHOBHBIE BOMIPOCHI BBIITOJIHEH-
HOM paboTHI.

3amura padoThl IPOBOJUTCS MEPE] KOMUCCHUEHN, COCTaB KOTOPOW Ha3HA4YaETCA
kadenpoit. [locrne moxmana CTyIeHT OTBEYaeT Ha BOIMPOCHI WICHOB KOMHUCCHH IO
coJiep KaHuI0 PabOThI U 0OIIETEOPETUUECKOMY MaTepHaly.

CryneHT, He CyMEBIIUN 3alUTUTh CBOIO pabOTy Nepea KOMUCCHUEH, TOTy4YaeT
HEYJIOBJIETBOPUTEIBHYIO OICHKY. [Ipu 3TOM KOMHCCHS H371araeT MOTHBBI CBOETO
peleHusl ¥ MPEeANIOKEHHUs, Kacarouecs A0pabOTKU BBHIMOIHEHHOTO 00beMa WIIH
BbIJIaYM HOBOTO 3a/1aHusl. K MOBTOPHOM 3aIIUTe CTYIEHT AOMYCKAEeTCs JIUIIb IOCIEe
10paboTKK KypcoBOH pabOThI (BBIOJHEHHUSI HOBOW KypCOBOM pabOThI), HOBOTO 3a-
KITIOYCHHS] pyKOBOJIUTEISA U TIPU HATMYUU HApPaBJICHU JIEKaHaTa.
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