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IlepBbIi cemecTp

3anauva 1.

Teopemuueckue ceedeHus.
B npsimoyronbHO# nekapToBoil cucteme koopauHaT OXYZ TOJOKEHUE 000U TOYKHU

3a7aeTCs TpeMs YnciIaMu — koopounamamit > A(Xx, Y a,Z ) (pucyHOK 1).

Pucynok 1.

Paccrosuue Mexmy nByMs Toukamu A(X;,Yq,2;) 1 Ay(X,,Y,,2Z,) OmpenenseTcs mo

bopmyie

d =0 =37 + (v -y + (22 - 2)° (1)
[lpu pemieHMH 3afad aHAJMTHYECKONH TEOMETPHHM Ha IIOCKOCTH HEOOXOIUMBI
CIIEIYIOIIHE CBEACHHUS O MPSIMOM TNHHH:
1) ecniu Touka M(X; y) aenut otpe3ok MiMy (Mi(x1, y1) v Ma(X2; y2)) B OTHOLICHHUH A,
TO KOOPAMHATHI 3TOM TOUKH BhIpaKaroTcs hopMyIaMu

(KRG YAy,

: : 2
1+ 4 y 1+2 @)

eciu ke Touka M(X; Y) - cepeauna otpeska MiMa, To

X + X Yit+Yo.
X:—, =, 3
5 y 5 (3)

2) ypaBHEHHE TPSMOM, TMPOXOomsIiei depe3 ToUKy Mi(Xi; Y1) M MMEIOLIEH TaHHbIMI

yri0BOM KO3 GHUIMEHT K, 3aIichIBacTCs B BUJIE
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y—y; =k(x=x); (4)
3) ypaBHEHHE MPSMOM, MPOXOASILNEH Yepe3 ABe JaHHbIe TOUKU Mi(X1; Y1) 1 Ma(X2; Y2),
UMEET BH/T
X — X —~ =
X2=% Ya=% X2 =X

4) OCTpBIA YroJl MEXAy IABYMs MPSMBIMH C YrioBbIMH Koddduimentamu Ki u Kz

ompenenseTcs mo Gopmyiie

k2_kl

) 6
1+ Kk, ©)

tgp =

IIpun 3TOM YCIOBHC IIAPAJUICIIBHOCTH IIPAMBIX HMCCT BHI k]_:kz, a YCIOBHC

1
y '

nepreHuKyIapaocTn K =—

(7)

5) eciu mpsiMasi Ha IUIOCKOCTH 3a1aHa oowum ypaenenuem Ax+By+C=0, 1o Ky = "B

- €€ YIJI0BOM KO3 (UIIUEHT;

6) ecin B oOIIeM ypaBHEHHH mHpsMoii moxenuts Bce wiensl Ha C # 0, momyunm

YpaBHCHHUC HpﬂMOﬁ B OTPE3Kax:
—+B=1, rped=——, =——, (8)

7) Touka nepecedeHus 1ByX NpsMbeix A1x+B1y+Ci1=0 u Ax+Byy+Cr=0 onpenensercs

W3 PELIEHUS] CUCTEMbI YPABHEHUH

: (9)
A2X+ Bzy+C2 :0

Vpasuenue oxpysicnocmu ¢ uentpom B Touke E(a,b) m pammycom R umeer Bup
(x—a)® +(y—b)* =R?, (10)

Ilpumep évinonnenus 3adanus.

Jlaub! Bepiuabl Tpeyroiasuuka ABC: A(—4;8), B(5;—-4), C(10;6).

Hatitu: 1) nnmuny croponst AB; 2) ypaBHeHUs: cTopoH AB u AC B 00111eM BUE U HX

yTI0Bble KO3(PGULMEHTHI; 3) BHYTPEHHHUM yroi A B paJidaHax ¢ TOYHOCThIO 10
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0,01; 4) ypaBHenue BbicoTbl CD B o0mem Bujae U ee AIUHY; 5) ypaBHEHUE

OKPYXHOCTH, JIJIsl KoTopoil BhicoTa CD ectb nuamerp.

Pewenue:
1) Paccrosaue d MexXIy IByMs TOUYKaMH Ha IUIOCKOCTH orpeaesseTcs mo ¢popmyie (1), B

KOTOPYIO ITOCTABJICHBI 3HAYEHUSI KOOPAUHAT ToueK A U B (monoxum z;, = z, =0), Torna

AB =/(5—(-4) + (- 4—8)% = /81+144 =15.

2) YpaBHEHHE TIPSIMOMA, IPOXOIAIICH Yepe3 JABe 3a/laHHbIe TOUKH uMeeT BU (5):

[ToncraBuB B (9) KOOpAUHATHI TOYEK A U B, MOIy4YuM ypaBHEHHUE NpAMOn AB:

x—(-4) y-8 X+4 y-8 X+4 y-8

5-(-4) -4-8 9  -12 3 —4"
3y—-24=-4x-16, wm 4x+3y-8=0 (4B).

Jlnsg HaxoXaeHus yrioBoro koddduimeHta Kag mpsMoit 4B paspeuiiM MOJyYCHHOES

ypaBHEHHE OTHOCHUTENBHO Y. Y = 3 X+ g .Otcrona K g = —% . [ToacraBue B popmyiy (5)
koopauHaTel Touek 4 u C, Haiimem ypaBHenue  mpsmon AC: x—(-4) _ Y- 8 ,
10-(—4) 6-8

X+4 y-8 x+4 y-8
14 -2 7 -2

7y_56:_x_4 WiInu X+7y—52:0 (AC)

OTCIOI[a kAC = _% .

3) Yron Mexay AByMs MPSMBIMH, YIJIOBbIe KOA(D(UIMEHTBI KOTOPBIX paBHBI K1 U Ky,

ompenensiercs o dopmyie (6). Yrom A, oOpasoBanubiii psiMbiMu AB u AC, HalaeM 110

dopmyne (6), moncraBus B Hee K; =K,z = —%, Ko =Kac = —%.
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7 3 21 21

ZA=arctgl=45" = 0,79 pan.

4) Tak xak Bbicota CD nepnenaukyispHa cTopoHe AB, TO yriaoBbie KOd()(PHUIIMEHTHI 3THX

MPSIMBIX CBSI3aHBI COOTHOIIIEHUEM (7), TOITOMY

.. 1__ 1.3
CD kAB _4 4
3

YpaBHEHUE TIPAMOM, NPOXOIAIIEH dYepe3 3aJaHHYIO TOYKY B 3aJaHHOM YIJIOBBIM

koadpurmenToM K Hanpapienuu, umeeT Bun (4). [ToacraBuB B (4) KOOpAWMHATHI TOYKH

Cu kep = e MOJIyYUM ypaBHEHHE BbICOTHI CD:

y—6=%(x—10), 4y-24=3x-30, 3x-4y-6=0 (CD).

Jns naxoxaenus ;ymmHbl CD onpeaenum koopauHaThl Touku D, pemmB cucremy
ypaBHeHwUi (AB) u (CD):
4x+3y-8=0
, otkyma x=2,y=0, Ttoects D (2;0).
3Xx—4y-6=0

[ToxcraBus B popmyny (1) koopaunate! Touek C u D, Haxoqum:

CD =+/(10-2)2 + (6-0)2 = /64 +36 =10.

5) Tak kak CD sBisieTcsl AMaMETPOM MCKOMOM OKPY>KHOCTH, TO €€ LIEHTpP £ ecTh cepeauHa
otpeska CD. Bocnonbs3oBaBmmcs hopmyoii (3) neneHust oTpes3ka nomnojam, MoJydrM:

_1O+2_6 _YctYp 6+0

_Xc+Xp _
Ye 5 5

2 2

3.

Xg

CD 10
CnenoBatenbHo, E (6, 3) m R=7=?=5. Ucnonezyst popmyny (10), momygaem

ypaBHEHHE HCKOMOM OKPYXKHOCTH: (x — 6)*+(y — 3)*>= 25,



3agaua 2.

Teopemuueckue ceeoenus.
Ecin m3BectHbl Hauano Bektopa Mi(X(,Y;,2;) W KoHen M,(Xy,Y,,2,), TO

_)
KoopauHaTH BekTopa d = MM, naxomsaTcs mo ¢popmymnam

X=Xy =X, Y=Yo— V1, 2=125 - 13, (11)
a ero JUIMHA ONPEIesIeTCs BhIpaKEHUEM

|§|=\/x2+y2+z2 : (12)

Bektop d ¢ xoopauHatamu (X, Y, z) MOKET OBITh MPEICTABIEH PA3IOKEHHEM 10 OPTAM B
BHUIC

d=Xi +yj+2K. (13)

Eciu o, B, Y — YIUIBL, KOTOpbIE BEKTOp & 00pa3yeT ¢ IOJIOKUTEIbHBIMH

HampaBJICHUAMHA ocel KOOpaAnWHAaT, TO COSQ, COSB, COSY Ha3bIBAKOTCA HaAnpaeiArouumu

KocuHycamu Bexktopa d (pucyHok 2). Torjga uMEIOT MECTO COOTHOIIICHHUS

x=[3-cosa,y=|al-cos f, z=|a-cosy, cos’o+cos’B+cos’y=1.

—

Jlns BexkTopoB d=(X{,Yy,2) u b= (Xz, Yo, 22) BBOJSITCS OIIEPALIUU ClIOJICEHUS W
VMHOICEeHUS Ha Yucio TaKue, 4TO
b =(X %,V 25,21 %2,)) u  Ad=(x, Ay, A7),

rie A — a060e Yuco.

Ql

v

=~
~.ly

PucyHnok 2.



Ckansapnvim npouzéedeHuem JIBYX BEKTOpoB d u b (ﬁ-b) Ha3bIBAETCS YUCIIO,

paBHOC TIPOU3BCACHUIO JUIMH JTHUX BCKTOPOB HAa KOCHHYC yIJla ¢ MCXKIAY HHUMHU,

a-b :\a\-‘b‘-cosw WM, €CIIM BEKTOPHl 3aJaHbl CBOMMH KOOPIHHATAMH, TO

—

a-b=xX+yYy,+717,. (14)

B CKTOpbI, JICKAINIMC Ha OI[HOﬁ WM  11apaJlICJIbHBIX  HIPAMBIX, HA3bBIBAIOT

—

Konnuneapuvimu.  [IpU3HaK  KOJUIMHCAPHOCTH BEKTOpoB d W b sBIsgercd
HpOHOpHI/IOHaHBHOCTB Ux KOOpI[I/IHaT:
X_n_n
Xo Yo Iy

Ecnu BexkTopbl d 1 b B3aMMHO NEPHEHIUKYISPHBL, TO XX, + V1Yo + 272, =0.  VYron

(15)

i

—

MEXIy BeKTopaMu A u b ompenensieTcs COOTHOIICHUEM:

—

X1 Xo + V1Yo + 442,

a-b
COSp=—== :
o] xEryE o yie 22

(16)

VpaBHEHHE TLIOCKOCTH, TPOXOAIIEH uepe3 TOUKy My (Xg, Yo,2Zo) NEPIEHIUKYISPHO
BekTopy N = (A, B,C), Meer BUJ
A(X=Xg) +B(y—Yyo)+C(z—-24)=0. (17)

Ilpumep evinonnenus 3a0anus.

Janbl koopauHathl Tpex Touek: A(3; 0; -5), B(6; 2; 1), C(12;-12; 3).

—> —
Tpebyetcs: 1) 3anucars Bektopel AB u AC B cucTteme opT U HAalTU MOYJIA dTUX
—> —
BEKTOPOB; 2) HalTH yroj Mexay Bektopamu AB u AC; 3) cocTaBUTb YpaBHEHHE

%
IJIOCKOCTH, MTpoXoJsiiel yepe3 Touky C neprneHAuKyIsIpHO BekTopy AB.




Pewenue:

%
1) Haiinem koopauHaTs! Bektopa AB, moacraBus B popmyiy (11) koopauHaThI TOYeK A U

B, v 3anuiiieM pasioxeHue 3Toro Bekropa mno opram (13):
- Rt
AB=(6-3)i +(2-0)J+(1+5k =31 +2] +6k .
[Tono6HBIM 00pa3zoM

- - - - -
AC=(12-3)i +(-12-0)j +(3+5)k =9i —12] + 8Kk .

- —
Monynu BektopoB AB u AC HaiifeM, MOACTaBIIAI UX KOOpAWHATHI B hopmymy (12):

- -
AB|=~/32 +22 162 =7, |AC|=+/9 + (-12)% + 82 =17.

— —
2) Haiinem kocuHyc yriia ¢ Mexmy Bektopamu AB u AC. I 3TOr0 BBIYHCIMM HX

CKaJIsIpHOE Mpou3BeeHue no popmyne (14):

> -
AB-AC=3-9+2-(-12)+6-8=51.
Torna no popmyse (16)

COSQp = 7517 ~0,4286, ¢ = 6437 =1,13 pan.

3) Ilo ycnoBuiO 3amayli MCKOMas IJIOCKOCTh MPOXOauT udepe3 Touky C(12; —12; 3)

%
neprenaukyisspao Bektopy AB=(3,2,6). Ioacrasmss B (17) A= 3, B= 2, C= 6,

Xo= 12, yo=—12, 2,= 3, noay4uM:
3x—12) +2 (y +12) + 6(z—3) =0,

uwm 3x + 2y + 62— 30 = 0 — uckomoe ypaBHEHHUE TJIOCKOCTH.

3anaua 3.

TeopemuquKue ceeoenusl.
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BCKTOpr HA3bIBAIOTCA KOMILJIAHAPHBIMHU, €CJIM OHHU JICKAT B OI[HOﬁ IINTIOCKOCTH HJIN B

MapaJuICIIbHBIX IIJIOCKOCTAX. YcaoBuem KOMILIAHAPHOCTHU TPCX BCKTOPOB él = (Xl, Y1, Zl),

d, =(X,,¥2,25), 83 =0(X3,Y3,Z3)ABIACTCS  PABEHCTBO HYJIIO HX  CMENIAHHOIO
HpOI/I3B€I[eHI/I5{:
XX Y1 4
(81,8,,85)=%, Y, 2,|=0. (18)
X3 Y3 I3

Tpu BexkTOpa 00pa3yroT H6a3uc B TOM Cilydae, €ClIi OHU HeKOMNIAHAPHBL.

Ecnu juist BEKTOPOB d;,48,,8; BhIMONHsETCS ycnosue (d;,8,,83)# 0, TO OHE 00pa3yroT

6aswc, U o0oit yeTBepTHIi Bektop D = (bl by, b3) MOJKET OBITh IIPEJICTABJIECH PA3I0KEHUEM

10 3TOMy 0a3HCy B BUJIE

—

rJIe @, f3, y — KOOPAMHATHI BekTopa b B 6asmce, 06pa30BaHHOM BEKTOPAMH &, ,d,,as.

KoopauHatel a, £, y HaXOAATCS U3 CUCTEMbI YPABHEHHIA:
axy + Mo + X3 =Dy
ayL+ By, + s =b,. (20)

Ilpumep evinonnenusn 3adanus.

[Tokasars, uro BekTopsl &,(3; 1; 4), a,(2; 1; -1), az(1; —1; 5) obpazyror 6a3uc

TpeXMepHOro npocTtpancTBa. Haiitu koopaunatel Bektopa b (5; 0; 3) B aTOM Oasuce.

Pewenue:

Beryncnym cMenranHoe Ipou3BeeHue BEKTOPOB 8;,d,,d;3

3 1 4
(3,,d,,d)=2 1 -1=-11#0,
1 -1 5
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Tak Kak cMelllaHHOE MPOU3BEIAEHUE OTIMYHO OT HYJISA, TO BEKTOpPbl HEKOMIUIAaHAPHBI U
obOpasytor 6asuc. Koopaunatel BekTopa b B 3TOM 0a3uce Haiinem, pas3jioKuB €ro 1o

BEKTOpaM &;,d,, 85 CICAYIOINUM 00pa3oM:

—

a KOOpAMHATHI BEKTOpa b B HOBOM 0asuce HaileM U3 cuctembl ypaBHeHUH (20)

a-3+p[-2+y-1=5 3a+28+y=5
a-1+f-1+y-(-1)=0 WIH a+p—y=0
a-4+p-(-1)+y-5=3 4o — f+5y=3

Pemmm 3Ty cuctemy miid 3aaHHBIX BEKTOPOB MeTooM [ aycca.

IIomensieM MecTamMu IICPBOC U BTOPOC YPABHCHUA

a+p-y=0
3a+26+y=5.
4a — f+5y=3

[Tocne aToro yMHOKHM IEpBOE YpaBHEHUE Ha (—3) U CI0KUM CO BTOPHIM. Jlasiee yMHOKUM

nepBoe ypaBHeHUE Ha (—4) U CII0XHUM ¢ TpeThuM. [lomyunm:

a+p-y=0
-f+4y=5
-56+9y=3

3aTeM yMHOXaeM BTOpPOE ypaBHEHUE HA (—5) U CKJIaJbIBAEM C TPETHUM:

a+p-y=0
- f+4y=5.
11y =-22

N3 nocneanero ypaBHeHnus umeem y= 2. [loficraBisieM 3TO 3Ha4€HHE BO BTOPOE YpPaBHEHHUE,

noyiyqaem = 3 1, HaKOHEIl, U3 TIEPBOTO YpaBHEHUS HaxoauM a= —1.

Takum oOpa3om, nojcTaBuB B ypaBHeHue (19) koopauHaTel BekTopa b , momyuum

b:—a1+3a2+2a3.
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3anaua 4.

Teopemuueckue ceedenusl.
HeonHopoaHas cucteMa TpeX YpaBHEHHI ¢ TPEMsS HEM3BECTHBIMHU B O0ILEM Cydac UMECT
BUJI
1% +3pXy +y3Xg =hy
Xy +AxXy +aX3 =h,
A%+ agpXy + 33X =hy
1 MOJKET OBITh 3aIliCaHa B MATPUYHOM BHJIC
A-X=H, (21)
A1 o 43
rne A=|ay; ay Qa3 |- Marpuna KodQPUIMEHTOB IPH HEU3BECTHBIX,
d3; dz dasz
X1

X=| X5 | - MaTpuIa-cTONOEL HEM3BECTHBIX,

H=|h, | matpuna-cron6er cBo6OIHEIX YIEHOB.
h3

Ecnu matpunia A — neswiposicoennas, TO €CTh UMEET ONPENSIUTENb, OTIMYHBIA OT
HyJIs, TO cymiecTByeT maTpuna A, obparnas k A, tak uto AA=E (E - egunuunas
MaTpuna). YMHOKUM 06e yacTu ypaBHeHus (22) Ha A 1 nomyuum

ALA-X=AlH,
17001
X=A'lH, (23)

nockonbky Al A-X=E-X=X.

PaBeHcTBO (23) sABisieTCs pelIeHueM CUCTEMbI ypaBHEeHUM (22).

Martpuriia, oOpatHasi K HEBBIPOXKIACHHOW MaTpUIle A, HAXOIUTCS TI0 popmyIie
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1 Ap Ay Ay
A™ = Ay Ap Ay (24)

A13 A23 A33
rne A; (1 =1, 2,3; j=1,2, 3) — anrebpanueckoe JOMOIHEHHE IEMEHTA djj, KOTOPOE
SIBJIIETCSL MPOW3BEICHUEM (-1)"  ma muHOp (OHpeneNHTENs) BTOPOrO IOPAAKA,
MOJIyYEHHBIH BbIUEPKHUBAEM I-ii CTPOKH U J-TO CTOJIOA B ONpPEACIMTEIC MATPHUIBI A; A —

OIIPENEIIUTENIb MATPULIBI A.

Ilpumep évinonnenusn 3adanus.

JlaHHy10 cuUCTeMy ypaBHEHUH 3amucaTb B MaTpUYHOM (opMe M pemmTh e€e ¢
MOMOILIBIO OOPaTHOM MaTPHUIIBI:

Xg —2X, + X3 =1

2X; +3Xy — X3 =8

Xg — Xy +2X3 =-1

Peuwenue:
Beimuimem 1151 1TaHHOM CUCTEMBl YpaBHEHUH MaTpHIy KOA()(PHUIIMEHTOB IIPH HEU3BECTHBIX

A u cTosioerr cBOOOHBIX wieHOB H:

1 -2 1 1
A=|2 3 -1| H=|8
1 -1 2 1

Beruncnum onpenenurens A v anredpandeckue JOMOIHEHUS A, 3IEMEHTOB MaTPHILIBI

A
1 -2 1
A=2 3 -1=10=«0,
1 -1 2

CIIEZI0BATENLHO, MaTpula A uMeeT obpaTHyro MaTpuiy AL,
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A = (_1)1+1 . 3 -1 -5 A _ (_1)1+2 . 2 _1 _ _5 143 |2 3
He 1 20 TR 1 2772 A=) = -9,
1 -
+ 1 + 1 ) 1 -2
AZl = (_1)2 . ’ _1 2‘ = 3’ AZZ = (_1)2 ? : 1 2‘ = 1; A23 = (_1)2 3 . l _1‘ = _1’
- 1 -2
A = (_1)3+1 . 1 — _1 A _ (_1)3+2 . 1 1 _ 3 A — (_1)3+3 . — 7
31 3 _ 1 32 2 B — 33 2 3 .

Torna o popmyne (24) oGpaTHas maTpuila paBHa

5 3 -1
A‘1:% -5 1 3
5 -1 7

[To ¢popmyne (23) HaXOaUM PEIICHUE TaHHOW CHCTEMBl YPABHCHHH B MaTPUYHOM

dbopwme:
. 5 3 -17 1 5-1+3-8+(-1)-(-1) 30 3
X=A‘1-H:E- -5 1 3| 8:11. ~5141:8+3:(-1) |=3o| 0 | 0]
-5 -1 7](-1 -51-1.8+7-(-1) 20 | -2

Orcrona x1= 3, x,= 0, x3= —2.
3ajaua 5.
Teopemuueckue ceedenus.
Yucino A HaswiBaoT mpeaeaoM Gyskiuu Y=f(X) B Touke a , ecau 3Ta QYHKIHS
ormpejeicHa B HEKOTOPOH OKPECTHOCTH TOYKH @ , 32 UCKIIIOUCHHUEM, OBITh MOXKET, CaMOMU

TOYKHU a , 1 1151 Kakaoro &0 Haitnercs takoe 0>0, 4To /it BceX X, YIOBICTBOPSIOIINX

yenouo 0 < ‘x - a‘ <0, BBINONHAETCSA HEPABEHCTBO ‘ f (X)— A‘ <é&:



15
1imf(x)=A, eciu Ve >0 EI5>0:Vx:0<|x—a|<5:>|f(x)—A|<8.

xX—>a

BbIYKMCIIEHWE  TIPENEIOB  apU(METHYECKUX  BBIPAKCHHU f1(x) f5(x),
f1(x)- f5(x), f1(x)= f>(x) mo mpenenam dynkumii  f7(x) u f>(x), U3 KOTOPBHIX OHM
COCTABJIEHBI, HE BCETJA BO3MOXHO. B O5THX Clydasx TOBOPAT, 4YTO BO3HUKAIOT
HEOMPEENEHHOCTH CIIEAYIONIUX BUJIOB:

(gj | [fj (0-%0), (o—c0),f°)

(0 0]
JUIst HAXO0KI€HHSI IPEJENIOB TAKUX HEONPEIEIECHHBIX BBIPAKEHUN HYKHO
YYHTBIBATH KOHKPETHBIN Bu Gynkimu  f7(x) u f>(x). Hanpuwmep,

lim S —o: (25)

X—0 X

0, ecau n>m

R (x) 00 a,
pe/es OTHOMICHHS IBYX MHOTOWICHOB |im =|—|=y—,eciu n=m
x—o0 n (x ) o0 m
0,eciu n<m.

5 5 .sinx (0
TIepBBIil 3aMedaTeNbHbI mpegen 1M —=| — |=1: (26)
x—=0 X 0
N y : 1Ny
BTOpO# 3aMeyaTesbHbli npenen lim|1+= | =(1)” =e. (27)
X—>00 X

Bennunna o(X) HasbIBaeTcs OeckoHeuno manot mpu X —a, ecan lim a(x) =0. [Be
X—a

OECKOHEUHO MaJIbI€ BEJIMYMHBI Ha3bIBAIOTCS IKeUBAIEeHNHbIMU, CCIIU IPEACIT UX OTHOLICHWA

paBeH 1, To ectb a(X)~ S(X), ecaun |im@=[9j=l. ITon 3HakoMm mpexaena nroOas
x—a f(x) \0
OECKOHEYHO Majias BEJUYMHA MOXET OBITh 3aMECHEHA Ha SKBUBAJCHTHYIO ei. [IpuBenem
TaGIIMIY SKBUBAJIEHTHBIX OeckoHeuHo Manblx mpu X — 0 Bermmunn:
SiNX~X, arcsinX~X, a*—1-~x-Ina e¥—1~x,

2
tgx ~ X, arctgx ~ x, 1—cosx~X?. (28)
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Ilpumep évinonnenus 3adanus.

Bperauciauth IMpCaciibl:

_ 4x% +11x-3
a) lim X +1X , 6) lim (\/x2+3x—x),

x—>-3 3x% +10X +3 x>0
4x+5
B) lim 2%, Do lim (ZX‘Q’) .
x—0 arctg5x x—w\ 2X +1

Pewenue:

a) HOI[CT&HOBK& MNpcaAcJbHOro 3Ha4YCHUA apryMCHTA x=-3 IMIPUBOAUT K HCOIIPCACICHHOMY

0
BBIPKEHHIO BH/IA (6) :

Jl71st ycTpaHeHus: 3TOM HEOIPEACIICHHOCTH Pa3JI0KUM YUCIIUTEINb U 3HaMEHaTeNb IpoOu Ha
MHOHTEIIA U COKpaTUM Jpo0b Ha MHOKHTENb (x+3). Takoe cokpalieHue 31eCb BO3MOXKHO,
TaK KaK MHOXHUTENb (X+3) OTIMYEH OT HyJs Ipu x— —3:

lim — = 5
x>-33x°~ +10x+3 3-(-3)°+10-(-3)+3

4x? +11x -3 4-(-3)° +11-(—3)—3_(9)_
0

(4x D(x+3) lim 4x-1 4-(-3)-1_ 13
X—>— 3(3x+1)(x+3) x>-33x+1 3-(3)+1 8’

0) [Ipu x— oo BBIpaXKCHHE X2 +3X — X maer HEOMpeIeICHHOCTh BHaa (oo — o). Jls ee

/2
yCTpPaHEHUS YMHOKHM U Pa3aeuM 3TO BeIpaskeHue Ha  X* + 3X + X, IocCIIe 4ero pa3acinm

YUCJIUTEIb U 3HAMEHATEIb MOJTYYEHHOM Ipo0u Ha X , yuuThiBas hopmyiy (25):

(2 2 3x - x)= (o0 — o) Tim (x/x2+3x—xxx/x2+3x+x)
fm 331 o )= i (mH)

X% +3x — x2 ) 3
= lim—

\/x +3x+x X \/x +3X+x *X7® /1+ +1

B) IIpu X = 0 momyuum HeonpeneneHHOCTH (6) . O603Haunm arctgbx =y. Torma Sx=tgy u

y — Onpu x — 0. IIlpumenss cBoiicTBa npenaenoB u Gopmyny (26), umeem:
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Z(ltgy)
|imL=(9j—|im5—=3|im‘°"”y L 2942

— - lim——=
x—>o0arctgbx (0

2
y—>0 Y 5y->0 y y-0cosy 5 5

3Ty 3a1a4y MOKHO pPCIONTb, HUCIIOJIb3YA 3KBUBAJICHTHBIC 3aMCHLI OCCKOHEYHO MAaJIbIX

Bermunt (28). TTockomnsky mpu X = 0 sxkBuBamenTHBI arctg5x ~ 5X, MOXKHO 3aIucaTh

: 2X 0) . 2x 2
im—-= = |=lim—=—,
x-oarctgox \0/) x-05x 5

4x+5
00
r) [Ipu X — 0o BeIpaxkeHue ( ) SBIICTCSA HEONPEAECICHHOCTBIO BUIA (1 ) s

2x+1

YCTPaHEHHUsI 3TOM HEONPEAEICHHOCTH MTPEACTABUM OCHOBAHHUE CTEIIEHU B BUJE CYMMBI | U
OECKOHEYHO MaJIoN (IIpU X —> ©0) BEJIUYMHBI; MOCIE YEro NpUMEHUM (POpPMYIly BTOPOTO

3aMevaTelIbHOTO mpeena (27):

' 9% —3 4x+5 ' I +1—4 4x+5 _ _4 4x+5
lim = lim| ———— =lim|1+ =
x—o\ 2X +1 X—>»00 2x+1 X—>00 2x+1

2x+1 -4

) ) —4 ~16x-20

. -4 ( -4 ) (2x+1) (4x+5) ) 2 1'(4X+5) ) il
= lim|1+ = lim e4x+ =lime 4x+1 =
X—>00 2x+1 X—>00 X—>00
~16
) - ) _ 1
—lime 2 =lime®=—=,

X—>0 X—>0 68
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Bropoii cemecTp

[TPUMEPDBI PEIIEHW A 3AJIAY

3ajaua 1.

TeopemuquKue cBe0eHsl.

Ipoussoonoii ot pyHkiuu Yy = f(X) mo aprymeHTy X Ha3bIBaeTCs MPeaei OTHOIICHHUS

npupaiieHus GyHKIuu Ay K IpUpaIieHuro apryMmenTa Ax, Korjaa mocjieHee CTpEMUTCS K

HYJIIO:

[TpousBoaHAas €CTh CKOPOCTh U3MEHEHUS (YHKIIUU B TOUKE X.

OTpIicKkaHue NTPOU3BOIHOM Ha3bIBaeTcs qudpepeHnpoBaHueM QyHKIHIH.



19

OcHognbie npaguna oughgepeHyuposanus.

1. (C)' =0, rae C=Const.

2. (x)'=1

3. (U(x)xVv(x))' =u'(x) £V'(X)

4, (u(x)-v(x)) =u'(x)-v(x)+u(x)-v'(x), (C-ux))=C-u'(x)

! r !

(U(X)J _U(X)-v(X) ~u(x) V'(x) (c ] _-CV(¥) (U—X)j _ut
L v(x) v2(x) " v(X) v2ix) L C C

. F'(u(x)) =F, -u’(x)

o1

»

Tabnuya npouszeo0nvix dnemenmapusix gyurxyutl (U =U(X)):

1. " =n-u"tu, 4. (sinu)’ =cosu-u’
2. (@) =a""Ina-u", (e")=e"-u, 5. (cosu)’ =—sinu-u’
1
3. (log,u)' = ', 6. (tgu) = ———-u’, 7. (ctgu)' =—-———-U’,
u-lna cos“u sin“ u
H ! ! ! 1 4
8. (arcsinu)’ = - -u’, (arccosu)’ =- -u

1-u 1-u?

Q. (arctgu)’:1 ! -u’ (arcctgu)’ = —

u2

Eciu B Tabmune moioxuts U(X) = X, to U' =1,

Ilpumep évinonnenus 3ad0anus.

Haiinute nmponsBoiHbIE QYHKITUNA:

a) y=In(2+sin3x); 6) y:(BarCtg& +1)*; B) cos(xy?) -3y +4x=0.

Pewenue:
a) TOCIEOBATENIbHO TMPUMEHsS TpaBwia AUPGEPEHITUPOBAHUS  CIOXKHON (YHKIINH,

npaBuia v popmyiibl AuddhepeHIupOBaHMs, UMEEM:



20

y' =(In(2+sin3x))" = ;-(2+sin 3x)' = ;_-(2# (sin3x)") =
2 +5sIin3x 2 +5sIn3x
=———-c0s3x-(3x)’ ZBL_S&(;
2 +SIn 3x 2 +5sIn 3x

6) y = ((3arctgﬁ +1)4)! _ 4(3arctgﬁ +1)3 ) (3arctgﬁ +1) =
— 4(3C9V% 4 1)3.33¢0VX |03 (arotg/x) =

X X 1
—4 3arctg x+13.3arctg x.|n3' (XY =
( ) L ()? (VX)

1 1 2In3 Jx X 3
. — .SarCtg X 3arctg X )
1+(Wx)? 2dx  (1+x)x ( )

B) B JAHHOM ciyyae (yHKIHMOHaJbHas 3aBUCUMOCTbH 3aJlaHa B HesgHom Buue. g

_ 4(3arctgﬁ +1)3 _3arctg«& In3-

HAXOXKJEHUSI TPOM3BOJHON Y’ HYXHO mHpoauddepeHurpoBaTh MO0 MEPEeMEHHON X 00€

4aCTH YpaBHCHU:A, CHHUTAA IIPH 3TOM Y (1)YHKI.[I/I€I‘/II OT X, a 3aTCM IIOJIYYCHHOC YPaBHCHHUC

pa3pemnTh OTHOCUTEIBHO Y’ :
—sin(xyz) : (xyz)’—3- 2yy'+4=0;
—sin(xy?) - (x'y? + x(y?)) - 6yy’ +4=0:
—sin(xy?) - (y% + 2xyy') —6yy' + 4=0:
— y2sin(xy?) — 2xyy'sin(xy®) = 6yy' + 4=0;
W3 nocnieiHero ypaBHEHUsI HAX0uM Y :
2yy'(xsin(xy2) + 3): 4—y?sin(xy?);

,_ 4-y’sin(xy?)
y = : 2 :
2y(xsm(xy )+3)

3agaua 2.

Teopemuueckue ceedenus. ViccnenoBanue (yHKIMU OJHOW HE3aBHCUMOM NepeMEeHHOU
OyzAeM MPOBOIUTH 110 CIEAYIOLIEH cXeMe:

1. Haiinem oGnactb onpeeneHus PyHKIIUN.
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2. Uccnenyem (pyHKLHIO Ha HEIPEPBIBHOCTb.

3. YcraHOBUM, SBJISETCS JM JaHHas (PyHKLIMS YETHOM, HEUETHOM WM (PyHKUMEH
oOuiero Buza.

4. Haiinem uHTEpBajbl BO3pacTaHus U yObIBaHUS (DYHKLIMU, TOUKU SKCTPEMYMa.

5. Haiinem nHTEpBaIBI BHITYKJIOCTH U BOTHYTOCTH KPUBOM, TOUKH €€ Ieperuoa.

6. Haiinmem acUMIITOTHI KPUBOH.

Ilpumep evinonnenus 3a0anus.

2x -1
(x-1)°

Uccnenosars Ghynkmuio Y = U TIOCTPOUTH €€ TpaduK.

Pewenue.

Peanuzyem npuBeeHHYIO CXeMy UCCle0BaHUS (DYHKIIUH:

1. ®yHKIMS ompe/iesicHa TIPU BCEX 3HAUCHUSAX apryMeHTa X, Kpome x=1.

2. JlarHast QyHKITUS SBISICTCS dJIEMEHTAPHOM, TIO9TOMY OHA HETIPEPhIBHA HA CBOEH 001aCTH
ompezeneHus, TO €CTh Ha nHTepBanax (—oo;1l) u (1;+0).

B touke x=1 QyHKIUS TEPIUT pa3phIB.

3. JIma ycTaHOBIEHWS YETHOCTH WJIM HEYCTHOCTH (YHKIIMH TPOBEPHM BBITTOJIHUMOCTD

paBenctB f(—Xx)= f(X) (rorma f(x) — uernas ¢yukuus) win f(—XxX)=—1(X) (asa

-2x-1
HEUYeTHOM (QYHKIUM) 1715 00X X U3 06nactu onpenenenus pynkuuu: f (—X) = W
_X —
C—f(x)= _2x_—12.
(x-1)

CnenosarenbHo, f(—Xx)# f(x) u f(—X)#—1f(X), To ecTb naHHast PYHKIMS SBIICTCS
dbyHKIMEH 00111eTO BU/IA.
4. JIns uccnenoBanus (PyHKIIMU HAa SKCTPEMYM HalIeM ee TIEPBYIO MPOU3BOIHYIO:

_2x=1)*-(2x-1)-2(x-1) _ 2x
(x-1)° (x-1)°

y



22

OnpenenuM KpuThdeckne touku dynkmmn: y' =0 npu X=0, y’ ne cymecrByer npu

X=1. Tem campiM HMeeM nBe kputndeckue Touku: x=0, x=1. Ho Touka x=1 He
IPUHAICKUT 00JIaCTH ONPEACIICHUS (PYHKITUHU, SKCTPEMyMa B HEH ObITh HE MOJKET.

Pazo0nem unciioByro och Ha Tpu nHTepBayia (—0;0), (0;1), (L;+x).

_ min + _

\ 0 /' 1 \ X

v

B nmepBomMm U TperbeM MHTEpBANIAX NEpBas NPOU3BOAHAS  OTPUIATEIbHA,
CJIEIOBATENIbHO, 3/1eCh (PYHKIIMS yOBIBae€T, BO BTOPOM HHTEpBaJIe — IMOJOXKUTENIbHA, U
nanHast GyHKIus Bo3pactaet. [Ipu mepexose uepes Touky X=0 mepBasi mponu3BOIHAS MEHSET
CBOM 3HaK C MHHYCa Ha IUIIOC, MO3TOMY B 3TOM TOYKE (YHKIHS HMMEET MUHUMYM:

Ymin = Y(0) =—1. 3nauut, A(0;—1) sBIseTCA TOUKOM MUHUMYMA.

5. lns ompeneneHus Touek meperuda rpaduka QyHKIUHW U MHTEPBAIOB BBITYKIOCTH U

BOTHYTOCTH KPHMBOU HAWJIEM BTOPYIO MPOU3BOIHYIO:

y,,:_2_(x—1)3—x-3(x—1)2 o 2%+l
(x-1° (x-1)°

Jlnst Bropoii mpoussogHoii y” =0 mpu X=-0,5 u y” He cymecrByer npu x=1. Pazobsem

YHUCIIOBYIO OCh Ha TpH uHTepBana (—«;—0,5), (-0,51), (L;+).

eperud

v

/\ -0,5 N4 1 A4 X

Ha nepBoM uHTEpBasie BTOpas MpoU3BOJIHAsL Y” OTpUIlaTEIbHA U JIyTa UCCIIeTyeMOn

KpUBOM BBITIyKJIa; HA BTOPOM M TpeTheM HHTepBajiax Yy” >0, mosToMmy rpaduk sBIseTCS
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BoruyTeiM. IIpu nepexome uepes Touky X =-0,5 BTOpas npousBomHas MEHSET CBOM 3HAK,

. 8
MOJTOMY B 9TOH TOYKE KpUBas uMmeer neperud: y,,, = y(-0,9) = oY
1 8
CnenoparensHo, B| — E ;—5 — To4ka nepernda rpaduka GyHKINN.
. 2x-1
6. B touke X=1 ¢ynxmms Teprmmt paspes, mpuuem |im > =0, Ilpsamas X= 1
x-1(Xx—1)

SBJIACTCSA BEPTUKAIBHON acUMNTOTOM Tpaduka (yHKuuuU. s onmpeneneHus ypaBHEHUs

HAKJIOHHOM acuMIToThl Y = KX + b Bocmoabs3zyemcs popmynamu:

k= Tim -~ b= im (f (%) - k).

Xx—owo X X—>00
2x -1 2x -1
Torna K=|im———=0, b=|[im =0.
x—o (X —1)° X x— (X —1)?

[Tpu HaiineHHBIX 3HA4YeHUsX K u D mpsimas y=0 ecTh TropH30HTAIBHAS ACUMIITOTA

rpaduka ucciaenyeMon (hyHKINHN, IIPEACTABICHHOIO Ha PUCYHKE 1.
9

-0,5

B

A

Pucynok 1. I'paduk uccinenyemoit GpyHKUIuUU.

3anaua 3.
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Ilpumep évinonnenus 3ad0anus.

PezepByap, umeronmit bopmy OTKPBITOTO  CBEPXY MPSMOYTOJIBHOTO
napasuiesienunesa ¢ KBaapaTHbIM JHOM, HY>KHO BBUTYUTh BHYTPHU 0J10BoM. KakoBbl
JIOJKHEI OBITH Pa3Mepsl pe3epByapa Ipu ero eMkoctd 108 oS, uTo6bI 3aTpaThl Ha

€TI0 JIY)KCHHUC OBLIM HAMMEHBIITUMMU ?

Pewenue. 3aTpaThl Ha MOKPBITHE pe3epByapa OJOBOM OyIyT HAMMEHBIIMMHU, €CIU MPH
JTAHHOM BMECTHUMOCTH ILIOIIAIb €r0 MOBEPXHOCTH OYIET MUHUMAIbHOM.

O0603HaunM vepe3 a (Om) — CTOpoHy ocHoBaHMs, b (0m) — BeICOTY pe3epByapa. Torma
IIomans ero moeepxHoctH S =a’ +4ab, a o6beM V =a’b, WIH, COIIACHO YCIOBHS,

108 = a®b . ITosToMy

=@ " S=a2+4-a-¥=a2+4—32.
a a a

b

[TomyyeHHOE COOTHOIIEHHE YCTAHABIMBACT 3aBUCUMOCTh MEXIY IUIOMIAJIBIO
MTOBEPXHOCTH pe3epByapa S (QyHKIMSA) U CTOpOHOW ocHOBaHWsA a (aprymeHt). O0macThb
onpenenenus 31oit pynkupn a >0, Tak kak a — cropona ocHoBanus. MccnenyeM (yHKIHIO

) !
S na skcTpeMyM. Haiiem mepByro IpoHM3BOAHYIO S', HPHPABHAEM €€ K HYIIO U PEIIHUM

MOJIyYEeHHOE YpaBHEHHE:

432 2a°-432

a’ a’

S'=2a 0.

Orciona a=0. ITpoussoanas S’(a) He cymectyer npu =0, HO 3To 3HAYeHHE

apryMeHTa He TIpHHALIeKUT obmactu onpeaenenus ¢pyakmun. [Tpu 0 < a <6 npomssoxnas

S'(a)<0, npu @>6 S'(a) >0. CnenoatensHo, npu =0 QyHKIHA S NMeeT MHHUMYM.

Ecim 2=6, 10 b=3. Takum o6pazom, 3arparst Ha JTy)KeHUE pe3epByapa eMKOCThI0 108 1

OyIyT HANMEHBIINMH, €CJI OH MMEET pa3Mepsl  6(0m) x 6(dm) x 3(dm) .

3anaua 4.

TeopemuquKue ceeoenusl.
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[lepeMeHHas Benu4YMHA Z HA3bIBACTCS yHKYUEU 08YX NepeMeHHbIX X U Y, €CITH KaX 101
nape 3HadeHuid (X,y) W3 JaHHON O0O0JIACTH COOTBETCTBYET €JIMHCTBEHHOE OIPEICICHHOE

3HaueHue z = f(Xx,y).
Jus ¢yakmum Z = f(X,yY) BBOAATCS TOHATHS YACMHBLIX NPOU3BOOHBIX TIEPBOTO

opsaKa, KOTOPbIC OIIPCACIIAOTCA BRIPAKCHUSAMMU

R _ i 1A Y) = TO0y) oz L Ty +AY) — T(xY)
OX  Ax—0 AX ’ ay AXx—0 Ay ’

U 4aCMHbBIX NPOU3B0OHBIX BTOPOTO TIOPSIKA:

a_zzzﬁ(@j 0’z 0% _ofa _g@ *2_ofa
ox? ox\ox)' oxay oyox ox\ay) oylox)' ay? oylay)

Gynkmust 2= f(X,y) mmeer B Touke My(Xq,Yo) Maxcumym (Munumym), eciu
3Ha4YeHue 3ToU PyHKIUH B Touke M Oosblie (MEHbIIE), YeM 3HaUeHUs (PYHKIMH B JTH000i
TOUYKE U3 OKPECTHOCTHU TOUKU M.

HeoOxoaumbiMKi  YCTIOBUSIMUA ~ CYIIECTBOBaHUSL 9kcmpemyma (MakCUMyma WM

MUHUMyMa) auddepeniupyeMoii ¢pyuakmuu Z = f(X,y) sBIsSCTCS pPaBESHCTBO HYJIIO ¢

YAaCTHBIX ITPOU3BOAHLIX IICPBOI'O ITOPAOKA:

% _o
OX
aZ_,
oy

TO“IKI/I, B KOTOpBIX JaCTHBIC HpOI/I:’)BOI[HBIe O6paH_IaIOTCﬂ B HOJIb, HAa3bIBAIOTCA
cmayuonaprvimu mouxkamvu Gyaxiun Z = f(X,y). Jas Toro 4To0bl cTalioHapHas TOYKa
ABJIdJ1aChb :‘)KCTpGMyMOM, B Heﬁ JOJI’)KHBI BBITIOJITHATHCSA Oocmamoymble yCﬂO@uﬂ. O6O3HaIH/IM

0°7 0%z 0°7
-—5 .B=—X . C=5
X
OX oy M, oy M,

M,

A . A= AC - B?2.

Ecnu B cranmonapuoit Touke M (X, Yo)
A>0,A>0,T0 M, ecTh TOUKa MUHUMYMA;

A>0,A<0,T0 M, ecTp TOUKa MAKCHMYMa;

A <0, 10BTOUKE M, HeT FKCTpeMyMa;
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A= 0 , TO Tp€6y€TC}I JOIIOJTHHUTCIIBHOC NCCICIOBAHHC.

Ilpumep evinonnenus 3a0anus.

Uccnenosath Ha 9KcTpeMyM (GyHKnuio Z=2X+4y — X2 —y® +6.

Pewenue.
1. Haiinem yacTHbIE MPOM3BOAHBIE 33JAHHON (QYHKIIHH

% _g_ox, OZ_

42
OX y

2. 3anuireM HCO6XOIII/IMI>IG YCI0BHA CYIICCTBOBAHUA SKCTPEMYyMa
N .
4-2y=0 y=2
3Ha4yuT Touka M (1,2) sBIsieTCs CTalMOHAPHOW TOYKOM (DYHKITHH.

3. HpOBepI/IM BBITIOJIHCHUC B TOYKEC MI[OCTaTOLIHOFO YCHOBI/IH. I[JIH 3TOIO HaﬁﬂeM BTOpre
JaCTHBIE MPOU3BOAHBIC PYHKIINH
2
0°1 0%z 827
e _ _
OX

oxey oy
B tmouke M(L2) A=-2B=0,C=-2 u A=(-2)-(-2)-0=4. TIocKoIbKy

2.

A=4>0,A=-2<0, touka M (1;2) sBisieTCsA TOUKOM MakcMMyMma. 3HadeHHEe (DYHKIUH B

s10# Touke 7|, =2-1+4-2-1* - 2% +6=11.

3ajaua 5.

Teopemuqecmte c6eoeHsl.

@dyHKIUSA TBYX HE3aBHCUMBIX mNepeMeHHbIX Z = f(X,Yy) npuHuMaeT Haubosbliee u
HauMcHbIlIee 3HaueHus B oOmactu D, orpanundyenHoit numamer ¢@(X,y)=0, nubo B

CTAallMOHAPHBIX TOYKAaX, PACMOJIOKEHHbIX BHYTpU obOsiactu D, nubo Ha rpanuune 3Toi
oOnactu.

3amava 00 OTHICKAaHUH HAaUOOJIBIIIET0 M HAWMEHBIIero 3HaueHui Gynakuun Z = f (X, y)

B 3aJ1aHHOM obOnactu D permaeTcs o cneayrooneMy miaHy:
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1. OnpenensieM cTaliMOHApHbIE TOYKU (YHKIMHU, PACIOJIOKEHHbIE BHYTpU obnactu D, u
BBIYHCIIIEM 3HAUCHUS] QYHKIIUU B 3TUX TOUYKAX.

2. Haxomum cranmoHapHble TOYKH (yHKIUM Ha rpanuie @(X,Yy)=0 oOmactu miam Ha
OTZIETIBHBIX €€ Y4acTKaX, 3aJaHHbIX Pa3jIM4YHbBIMUA YPABHEHUSMHU, U BBIYMCIISIEM 3HAYEHUS

(GYHKIUU B 3TUX TOUYKaX.

3. 13 Bcex BBIYMCIIEHHBIX 3HAYeHUN (DYHKIIMK BIOMpaeM HauOoJbllIee 1 HauMEHbIIIEE.

Ilpumep évinonnenus 3a0anus.

o 2
Haiitu Hanbosnbliiee 1 HauMeHbIlee 3HadeHus1 PyHkuu Z = X" + 2Xy —4X—-Yy B

TpeyronbHuKe, orpanrueHHoM npaMbivu X=0, y=2, Y =X,

Pewenue.

1. Halinem cranmoHapHble TOYKM (PYHKIIMU M3 YCJIOBUH pPAaBEHCTBA HYJIO YaCTHBIX

MPOU3BOIHBIX (PYHKITUU

x=0,5

§E=2x+2y—4=0
OX

—=2x-1=0
oy

Crammonapnass touka M (0,515) nexur BHyTpH

3aganHou oonactu OAB.

3HadeHue PyHKIMU B TOUKe M paBHO

~05%2+2-05-15-4-05-15=-175.

v

2,
2. Uccnenyem noBeaeHre PyHKIIMU HA TpaHUIIAX 00JIACTH:

a)narparnne O4 Y =X, 0SX<2, 7=x® +2x-X—4-x—x mm z =3x? —5x;
! ! 5 5
2'=6x-5,2'=0 npu ng,Torﬂa y:g (Tak Kak y=x).

55 5% 5 25
B touke C| —;— | 3mauenue dyuxmuu pasuo z| =3 = | -5.2 ==,
(6 6) byt pasio 7l (ej 5= 12
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BbrunciuM 3HavueHus: PyHKIUU B KpalHUX TOYKaxX oTpe3ka OA.
B Touke O(0;0) Z‘ 0" 0, B Touke A(2;2) 3Ha4YeHUEe (PYHKIIMH PABHO
7,=3-2°-5.2=2.
0) Ha rpaHuIe BA y =2, 0<X<L2, 2=x?>4+2x-2-4Xx-2 umu z=Xx>—-2;
2'=2x,2'=0 mpu X=0,a y=2 cornacuo ypaBreHuio npsimMoii BA.
B touke B(0;2) 3HaYeHUEe (DYHKIIUU PABHO Z‘B =3.02-2=-2.
B) Ha rpanuie OB x=0,0<y<2,2=-Y;
2'=-1#0 nmpu  Becex ye[0;2], cnmemoBaTenbHO, CTAMOHAPHBIX TOYEK HA

muauu OB Her.

3. W3 Bcex BBIYMCIICHHBIX 3HAYEHUM 3aJaHHON (YHKUMU BbIOMpaeM HauOoJblliee U

HauMEHBbIIEE:
Z‘ A= 2 — HauOoubliee 3HaYeHue PpyHKIuK B oonactu OAB
25
Z‘ c= 1 — HauMEHbIIIee 3HaueHue PyHKuuu B odnactu OAB
3agaua 6.

Teopemuqecmze c6e0eHUsl.

Ilepsoobpasnou pynurxyuer nns pyaxiuu f(X) HaseiBaercs takas Gynkmus F(X),
gro F'(X) = f(X).
Heonpeoenennoim unmeeparom ot ¢yuxkuun f(X) HaspiBaeTcst ee  oOIas
nepBooOpazHas
[f(x)dx=F(x)+C .
@Oynkums  f(X) HaspiBaeTcs TonbIHTErpanmbHOW (yHkmmen, F(X) — pesymbraT

uHTerpupoBanus, C — NPOU3BOJIbHAS TOCTOSTHHAS.

Ceoticmea HeonpeoeneHH020 UHmMe2paa.

1. J(u(x) +v(x))dx = Ju(x)dx + [v(x)dx.

2. JA- f(x)dx = A-I f (X)dX, rne 4 — nocrosHuas.
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3. Bemn [ f(X)dx=F(X)+C uu=¢(x), o [ f(U)du=F(u)+C.

Tabruya npocmetiuiux UHMe2panos:

1. [dx=x+C. 7. [—5—=tgx+C.
COS* X
Xn+l dx
2. [x"dx=—+C,(n=-1). 8. = —ctgx + C.
I n+1 ( ) Isinzx e
3. j%:In\xHC. 9. [—— —arcsm—+C
X \/7
a’ 1
4. [a de——+C [e*dx=e"+C.  10. —ZarctgX +C .
Ina x2+a a a
5. jsinxdx=—cosx+C. 11. | —ilnx a+C,(a¢0).

x2—a 2a x+a

‘x+\/x + ‘+C (A=0).

6. [cosxdx=sinx+C. 12. [———

\/x2+A

OcHogHble Memoovl UHMEe2PUPOBAHUSL
1. ITonBenenue nox 3Hak nuddepennmana:
a) K (QyHKUMH, CTOSIIEH moj 3HakoM auddepeHimana, MOXKHO MPUOABIATh WIH

BBIUUTATH JTI00YI0 moctosiHayro: df (X) =d(f(x) £ A);

0) mnoxm 3Hak auddepeHnrana MOXKHO IMOJBOJIUTH TOCTOSHHBIM MHOXXHUTEIb:
1
df(X)=Kd(A-f(X));

B) o1 3HaK Auddepenimana noaBoauTcs GyHkiums o npasmry: f'(x)dx =df (x).
2. HTerpupoBaHue Mo 4acTsSIM C UCTIOIb30BaHUEM (DOPMYIIBI:

Judv=uv-|vdu, rze u=u(x),v=v(x).
C mOMOIIIBIO 3TOTO METOIa BBIYUCIISIOTCS CIEAYIONINEe HHTETPaIbl

a) [a* - P,(x)dx, u=P,(x), dv =a*dx.

6) [sinax- P, (x)dx, u=Pp,(x), dv=sinaxdx.
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B) [cosax- P, (x)dx, u=P,(x), dv=cosaxdx,
r) [Inax- P, (x)dx, u=Inax, dv="P,(x)dx,
m) [arcsinax- P, (x)dx, u=arcsinax, dv=P,(x)dx,
e) [arctgax - P, (x)dx, u=arctgax, dv =P, (x)dx,
rae P, (X) — MHOrO4JIEH 1-0f CTEICHHU.

3. UHTerpupoBanre METOI0M 3aMEHBI IEPEMEHHOM TI0 (hopmyie

Jf(x)dx=] f(p())de(t) = f (p(t)¢' ()L, rae x = p(1).

Ilpumep evinonnenusn 3ad0anus.

Havitu HeonpeneneHHbIe HHTETPAJIbI:
i 2 17
a) j(amsm X)" + X dx; 0) j—z dx; B) [(3x+ £)e>dx .
A /1 _ X2 X + 3
Pewenue.

a) HCII0JIb3YyA OCHOBHLIC CBOMCTBA HCOIIPCACIICHHOIO MHTCTPAaJia 1 BBIITOJIHAA ITIOABCACHNC

dbynkuumii nox 3Hak qudepennnana, HailieMm HHTerpa

I(arcsm X)? + Xy I(arcsm X)? dx+ |

V1-x? V1-x2 Ji

1
= [ (arcsin x)d (arcsin x) + [ (L - x?) 2d (é) =

1
= [ (arcsin x)°d (arcsin x) + (— %jj(l— x?) 2d(1-x?)=

1

_x2)2
=%(arcsin x)* —%-¥+C =%(arcsin x)}-V1-x%+cC.

2

[TpoBepum pe3ynbTaT HHTETpUpOBaHUs TU(hEepPEHITMPOBAHUEM

@(arcsin x)3 —V1-x2 + C] =
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1
=%-3(arcsin x)? - (arcsin x)’ —%(1— x2) 2(1-x2)'+C'=

_(arcsinx)®  —2x . o (arcsin X)? + X

V1-—x? 24/1— x° V1-—x?

YTO COBIIAJIAET C TOBIHTETPATBLHON (PYHKITHEH.

0) monbIHTErpaibHas (QYHKIUS MPENCTaBIseT CcOO0OM HENpaBUIBHYIO PalMOHATIBHYIO
npo0Os. IIpenctaBum 3Ty ApoOh B BHJIE CyMMBI MHOTOWICHA W MPAaBHIBHOW npobu. Jlis

9TOT'O BBIIIOJIHUM ACJICHUEC MHOI'OYJICHA HA MHOI'OYJICH:

x3 17 ‘x2—4x+3
X°—4x* +3x  |x+4
4x% —3x -17
4x% —16X +12
13x —-29
Torma
3_ — —
j—zx 17 dx:j(x+4+—£3X 29 jdx:jxdx+j4dx+j—i3x 29 dx =
X*—4x+3 X°—4x+3 X°—4x+3
2 J—
=X axy i?’x—zgdx.
2 X5 —4x+3

Jlst Toro 4TOoOBl HAWTHU TOCJIEIHUN WHTETpaj, MPeACTaBUM NPABWIBHYIO poOb B BHIIE

CYMMBI IpocTeHMX ApoOei. [l 3Toro pasnokum Ha MHOXHUTEIM 3HaMEHATEeNb po0u
2 .
X“ —4x+3=(X-1)(X—3) u paznoxum apobs Ha MpocTeHIIHE

13x-29 A N B  A(x-3)+B(x-1)
(x-1D(x-3) x-1 x-3  (x-D(x-3)

3HauyuT 13x—-29=A(Xx-3)+B(x-1).

Ipu X=3 nmeem 13-3-29=B(3-1), orkyna B =9;
npu X =1 umeem 13-1-29=A(1-3), otkyna A=8.

13x - 29 8

[Toxyuaem = +
7 (x-D(x-3) x-1 x-3

U UHTETPUPYEM
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13x — 29 8 x| 5 o _8Id(x D, d(x 3)

I(x—l)(x—?»)dx:jx—l X — I
=8In[x-1+5Inx-3+C

M OKOHYATCJIbHO ITOJIydacM

3 2
jx—_ﬂdx:x—+4x+8ln\x—ﬂ+In\x—3\+C.
X2 —4x +3 2

[TpoBepum pesynbrat AudhepeHInPOBAHUEM:
X’ 2X 8 5
?+4x+8ln\x—ﬂ+ln\x—3\+c :?+4+—+—:

X+ (X -D(x-3)+8(x-3) +5(x-1)  x*-17
- (X =1 (x +3) X2 —4x+3’

YTO COBIAJAET C MMOABIHTErPAIbHON PYHKIIMEH.
3ameuanue.
WHuTerpan oT NpaBWIBHOW pPAlMOHAIBHON NpOoOM CBOJUTCA K CYMME HHTETPAJIOB OT
npocteiimux 1podeii. Hanbomnee yacto BCTpedaroTcs Caeayouie HHTErpaibl:
A

_ A Akl _
jx—adx Alnx—al+C; fmdx—‘(_—k+1)(x a) " +C, (k=23..).

B) HPUMEHHMM METOJ0M HHTEIPUPOBAHMS 110 YACTSIM.
1
Ipumem U=3X+4, dv=e¥dx, torma  du=23dx, V= §e3x. Ilo dopmyie

HHTCTPUPOBAHMA 110 YAaCTAM I1OJTydacM

j(3x+4)e3xdx=(3x+4)%e3x —j%ee'x .3dx = ~ [e¥dx=

X H A e Loax o X H4A-Ls

2 +C +C=e¥(x+D+C.

[TpoBepum pesynbTaT nuddepeHIIpoBaHIEM
@ (x+1) +C) =3 (x+1) + e =e¥*(3(x +1) +1)=e>*(3x + 4),

YTO COBIAJIAET C MOBIHTETPATBLHOU (PYHKITHEH.
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3ajaua /.

Teopemuqecmte ceeoetus.

Ecnu na miockoctu Oxy 3anana gurypa,

AY
=/ () OTpaHWYCHHAS JIBYMS HEMPEPHIBHBIMH
/J maHuamu -y = f1(X), y=1,(x) u
S L y=hK) _
BEPTHKAIBHBIME TPAMBIME X=a, X=D,
N - > x TO TUJIOMIA/Ib S TaKOU (GUTYPBI MOXKET OBITh

BBIYHCIICHA 1o bopmyie

S=[(f,(x) = f,(x)dx, rme f,(x)> f,(x) Ha otpeske [a,b].

D — T

Ilpumep evinonnenusn 3adanus.

Boruucnuts miomanb GUrypsl, orpaHU4€HHON JTUHUAMU Y = X% + AX, y=x+4.

Pewenue.

3a,Z[aHHI)Ie JIJUHUHW OI'PaHUMYHMBAIOT HaA INNIOCKOCTH OXY KpHBOHHHGﬁHYIO Tpalicuuro,

U300pAKEHHYIO Ha PUCYHKE.

y)\

y:x2+4x
y=x+4

Y

Halinem koopauHaThl TOYEK IEPECCUCHUS 3aJaHHBIX JWHUW, JJISI 3TOTO PENIUM

CHUCTEMY YpaBHEHUU

y=x?+4x ,
, X°+4X=Xx+4, X +3x—4=0, orkyga x, =—-4, X, =1.
y=Xx+4
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TOF,Z[a HCKOMai mjiaomaab BbIYUCIACTCA 110 (pOpMy.IIe:

1

1 ) x? X3
S=[(x+4—-x"-4x)dx=[(4—3x—xX 2Ydx = 4x—7—?
-4

:4—§—1+16 4—8—%—20 (r6. €0.).
2 3 2 3

3ajaua 8.

Teopemuqecmte cBe0eHUsl.

OObembl Teil, 00pa30BaHHBIX BpALIEHUEM IUIOCKOM (Urypbl, OrpaHUYEHHON KpPUBOH
y=f(x)>0, ocbto Ox u mpsimeiMu X=2a, X=D,

b
1) Bokpyr ocu Ox, Beraucistores no gopmyne Vy = 7| f 2(x)dx;
a

b
2) Bokpyr ocu Oy, BeraucnstoTcs no Gopmyie Vy =27 I xf (x)dx.
a

Ilpumep evinonnenus 3a0anust.

Beraucnute o0beMbl Tell, 00Opa3oBaHHBIX BpalieHHeM BOKpyr oceii Ox u Oy
o o _%/—
KPUBOJMHEHHOTO TPEyroibHUKA, OTpaHUYCHHOTO KpmBoi Y =XX, ockto Ox u

npsvoit X =1,

Pewenue.

A
y | / y= ?{/} 1)  oObeM Tena, MOJYyYSHHOTO BpaIlleHUEM

BOKpYT ocu Ox, paBeH
1
1 % 3
V, ZEI(%)ZdXZEXT =—7T (ky6. e0.)
0 he
0 1 3 o
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2) 00beM Tena, IOJYYeHHOTO BpallieHueM BOKpyT ocu Oy, paBeH

21
3
Xy _bz (k6. ea.).

‘al, 7

1
Vy :anx-Q/;dx=27z
0
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ITPUMEPHBI PEILIEHM A 3ATIAY

3agava 1.

Teopemuueckue ceedeHus.
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Huddepenunansuble ypaBHEHHsS, B KOTOPBIX IEPEMEHHBIE MOXHO pa3/ieliuTh
MOCPEJICTBOM YMHOXEHHUsI O0€HUX YacTeld ypaBHEHHMS HAa OJHO M TO >K€ BBIPAKEHHUE,

Ha3bIBAIOT AU PEepeHIINATBHBIMU YPABHEHUSIMH C PA30eNAI0OUUMUC NePEMEHHbIMU.

dy f
o f:((;(;% fi(y)dy = f2(x)dx, ()
wii B quddepeHnnanbHon hopme
fi(x)- fo(y)dx+ f3(x) f4(y)dy=0. (2)

Pasnenum o6e yacty ypaBHeHus (2) Ha npoussegenue Gpynkiuii To ( y) f (X)

de+Mdy:O (2)

f3(x)  fa(y)

U, TIOCJIE UHTETPUPOBAHUS, TIOTYUYUM OOIIMA UHTETpall (00lee peleHrne) ypaBHeHHUS:

_[fl( dx+J‘—dy C.

f3(x) (y)

[Ipn nenenum Ha fg(Y) fg(X) MOXET ITPOU30MTH IIOTEPS HEKOTOPBIX YaCTHBIX

pewienuit. Ilycts, Hampumep, mpu y=Yy, HMEEM fz(yo)=0, Toraa QyHKIUS Y=Y,
ABJIETCS pemeHrueM ypaBHeHMs (2'), T.k. dy =dyy =0. Pemenuem MoXeT Takxke OBITh

(GyHKIHA X = X, €CIIH fa (Xo) =0.

Ilpumep evinonnenus 3a0anust.

Haiitu 06muii naterpan auddepeHmaisHOro YypaBHEHUS MEPBOTO MOPSIKa

x(y+1)dx—(x2 +1)ydy:0.

Pewenue:

Hannoe nuddepeHnumanbHoe ypaBHEHHE SIBIISICTCS YpPaBHEHHEM C DPa3AesIOLIUMUCS
nepemennsiMy, mpudeM T (X)=x; f,(y)=y+1 f3(X)= X2 +1, f,(y)=-Y. Pasnemum

00€ YacTh ypaBHEHUS Ha MPOU3BEICHUE
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f(y) f3(x) = (y+1)(x® +1)

" IOJy4YHM

xdx  ydy
2 1 =0.
x“+1 y+1

[IpouHTErpUpyEM MOCHETHEE PABEHCTBO

d 1
| e O

UCIIOJIB3YS MOJIBEICHHUE 1101 3HaK Tud depeHimana

1.(.2
Izd(x +1)_J.dy+.[d(y+1):c’

2 y+1

X“+1

TIOTy4HM OO HHTErpan 1 PpepeHInaIbHOr0 yPaBHEH S
1
Eln‘x2 +]+— y+Inly+1=C.

Ipu nenennn Ha f, ( Y) =Y +1 norepsno yacTHOE pemenue: Yy = —1.
3agava 2.

TQOPQMMUBCKMG CBeO0eHUs.

HuddepenunansHoe ypaBHEHHUE MTEPBOTO MOPsIJIKa
, —
y'+p(x)y=a(x), 3
JMHENHOE OTHOCUTENIbHO UCKOMOM (DYHKIMHU U €€ IPOU3BOIHOM, HA3bIBACTCS JIUHECUHBIM.

VYpaBaenue (3) CBOOUTCS K ABYM YpaBHEHUSIM C PA3JCSIOMIMMUCA MEPEMEHHBIMU

CJICTYIOIIMM 00pa3oM. 3amuIieM HUCKOMYIo (QYHKIHIO Y(X) B BHIE NMPOU3BEACHHS JBYX

bynkuwmii: Y =U (X) 'V ( X) . OnHa u3 3TUX QYHKIMA MOKET ObITh AOCOJIFOTHO MPOU3BOIBHOM,

a BTOpasd OInpeaAcisaCcTCa B 3aBUCHMOCTH OT HepBOﬁ Tak, yTOOBI HX IMPOU3BCIACHHUC

YAOBJIETBOPSJIO YpaBHEHUIO (3).
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U3 paserctBa Y =U-V maxomum y'=u’-v+u-v'. Torma B coorBercTBUE C (3) nMeeM
u'v+uv' + p(X)Uqu(X) WIn u’v+u(v'+ p(x)v):q(x). Beibepem B KkauectBe V(X)

K&KOG-HI/I6y,Z[L YaCTHOC PCIICHNC YPABHCHUA

V'+ p(x)v=0, (4)
TOT/1a JJIs OThICKaHUs U(X) MOJyYHM ypaBHCHUE
uv=q(x). (5)
Hatinem v(X), pa3menss nepeMeHHbIe B (4):
v__ p(x)dx, otkyza Inv = —I p(x)dx u V= e_j P(X)gix
\"

3nas V(X), Haitaem U(X) u3 ypaBHeHus (5):

3—§V: q(x) = du :ej p(x)dxq(x)dx, Torna U= jq(x)ej POy 1 ¢

Oob11ee perieHne JMHEHHOTO ypaBHEHUS (3) UMEET BU/T

y=uv= Sl [J.Q(X)eI PO gy 4 C} .

Ilpumep evinonnenusn 3ad0anus.

Haiitu oOmee pemenue aud@epeHInanbHOro ypaBHEHUS

IEepBOro nopsaka y' —2y =1.

Pewenue.
3anuiieM uckoMyro GyHKIno Y(X) B BUIE MPOU3BEACHUS IBYX (PYHKIIUN:
y=u(x)-v(X), torma y' =u’-v+u-v,
1 IIOJACTAaBUM HOJ'Iy‘-IeHHBIe Bblpa)KeHI/Iﬂ B 3a1aHHOC ypaBHeHI/Ie
u'v+uv' —2uv=1.

Beinecem 3a ckoOku U(X)
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u’v+u(v'— 2v) =1
U, HpI/IpaBHI/IBaH K Hy.TIIO BBIpa)KeHI/Ie B CKO6KaX, HOHytII/IM u peIHI/IM JIBa

nuddepeHINaTbHBIX YPAaBHEHUS C Pa3IeNIAIOIIUMUCS IEPEMEHHBIMHU:

V-2v=0 uv=1
ﬂ:2dx Z_iezx_l
I::v = 2X du = e *dx
v =e?¥ u=[edx,

3anuiieM ob1iee penieHre 3aJaHHoro 1u(pepeHImanbHOro ypaBHEHUS B BUJIE

y=uv=(—%e‘2x +Cj-e2x, WU y=—%+Ce2X.

3agaua 3.

Teopemuqecmte CBEOeHUS.

HuddepenunansHoe ypaBHEHHE BUIA
4 !
y'+agy +ayy = f(x) (6)
HA3bIBAETCSI HEOAHOPOJHBIM JIMHEHMHBIM ypaBHEHHUEM BTOPOTO MOPSAJIKA C MOCTOSHHBIMU

K02(p(ULMEHTaMU & U Ay .
O6iee pemienre >Toro ypaBHeHus Y=Y+ V', rme Y- obuee pelieHue

COOTBETCTBYIOLIETO OJHOPOJHOTO YPaBHEHHs; Y — 4aCTHOE pellcHHe ypaBHEHHS (6).
HudbdepennmansHoe ypaBHEHUE

y'+ay' +ayy =0 (7)
SIBJISIETCSI OJTHOPOJTHBIM U Ha3bIBAETCS COOTBETCTBYIOIIMM HEOTHOPOTHOMY YPaBHEHHIO (6).

OO6m1ee perieHrne 0JJHOPOIHOTO ypaBHEHUs (7) HAXOAT MO KOPHSIM XapaKTEPUCTUUYECKOTO

YPaBHEHUS

r2+a1r+a2:0.
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XapakTepruCTUYECKOE YPAaBHEHNE MOYKET UMETh TPU CiIyyasi JJisl KOpHEH 1 U I, !

1)

2)

3)

KOPHU XApaKmepucmu4ecKo20 ypasHeHus 0eticmeumenstvle U paziuynvle. 1 # I, . B
3TOM ciydae ofmiee pemeHue ypaBHeHUs (7) 3amMchiBaeTcsi B BHJE
v = C,ehX X .

y=Ce*" +C.e?",rne C,, C,—IpOU3BOJIbHBIC IOCTOSHHBIC;

KOPHU Xapakmepucmu4ecko2o ypaeHeHus Oeucmeumenvbhblie U pasHvie. I =r,. B
3TOM ciy4yae oOmiee pemieHue ypaBHeHus (7) 3amuchiBaeTcss B BUJE
N2 X

y =" (C;+Cyx), rne C,, C, —IpPOH3BOIBHBIC IOCTOSHHBIC;

KOpHU XapaKmepucmu4ecko20 ypasHeHus — KOMNAEKCHble CONPAINCEHHble YUCIA

ho=at B-1, f#0. B srom cayuae obuiee pernenue ypasueHus (7) 3auChBaSTCS

B Buge ¥ =e%(C,cosBx+C,sin Bx), rae C,, C, —IPOHU3BOILHBIE IOCTOSHHbIE.

* ~
YactHoe pemieHre Y HEOAHOPOJHOIO ypaBHEHHUsS (6) MOXKET ObITh HAWMIEHO METOJ0M

HEOTpeIeNIeHHBIX KO (OUIIMEHTOB B 3aBUCUMOCTH OT BUa IIpaBoii yacTu ypaBHeHHs f (X)

Ilepsuvuii cnyuaii. IpaBas yacth ypaBHeHus (6) umeet Bua f (X) = P(X)emx, rae P(X) —

MHOTOWIEH. Toraa ypaBHeHHe (6) UMEET YaCTHOE PEIICHUE BUIA

y* =xQ(x)e™, 8)

rae Q ( X) — MOJTHBIN MHOTOYJICH TOM K€ CTEIIECHH OT X, UTO U P ( X) , HO C HEOIPEAETICHHBIMU

kod(punreHTamu;

k=0, ecyii uncio M He ABJISIETCS KOPHEM XapaKTEPUCTHUECKOTO YPaBHEHMUS,

k=1, eciii 4nciI0 M SBISAETCS MPOCTHIM KOPHEM XapaKTEPUCTHUECKOTO YPAaBHEHHUS,

k=2, ecrtu yuciio M SBJISETCS IBYKPATHBIM KOPHEM XapaKTEPUCTUICCKOTO YPaBHEHHUS.

[TpaBuio coxpansieT cBoto cuiy U nmpu M = 0, koraa f(X)=P(X) — MHOTrOuIEH.

Heomnpenenenubie k03hPUIIMEHTH B MHOTOYJICHE Q(X) OIPECISIOT TTOJICTAHOBKOM

bynkuun (8) U ee MPOU3BOAHBIX B ypaBHEHHE (6) ¢ MOCIEAYIOIMM MNpPUPABHUBAHUEM

K02 (PHUITMEHTOB MPY OTMHAKOBBIX CTETMEHSAX X B 00€UX YacTIX ypaBHEHUS.

Ilpumep evinonnenusn 3ad0anus.
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Haiiti yactHoe pemienue nuddepeHnanbHOro ypaBHEHUS BTOPOTO MOPAIKA,

YAOBJICTBOPAIOUICC 3aIdHHBIM HAYAaJIbHBIM YCIIOBUSAMI

y' =3y’ —4y=4x-1, y| =2, Y

oo =3

Pewenue. XapaKTepuCTHUECKOE ypaBHEHHE r° —3r—4=0 uMeeT JABa pPas3Id4HbLIX
JeHCTBUTEIBHBIX KOPHS I, =—1, I, =4, cieoBatensHo, ¥ =Cie " + Cze4x. I[paBast yacTh
YpaBHEHHSI MMEET BU]I f(x):4x—1=(4x—1)-e°‘x, rme M=0 u He sBnseTCca KOpHEM
XapaKTePHCTHYECKOro ypaBHenus. Torma wactHoe pemrerne npu K=0 mmem B Buzme

. 0 0 N\ N
y =x"-(Ax+B)-e” = Ax+B, (y ) =A, (y ) =0. [Tocne  TOACTAHOBKM B

nuddepeHranbHOe ypaBHEHHUE TOJIy4aeM
0-3A-4(Ax+B)=4x-1,
—3A-4Ax-4B=4x-1,
—4A-x+(-3A—-4B)=4-x+(-1);
X' —4A=4; A=-1
x%: 3A-4B=-1, -4B=-1+3A=-4, B=1

YacTHbIM pemieHreM sBisieTcss  (QyHKLUS y'=Ax+B=-1-x+1=1-X. OGmum

penreHneM spisiercs Gpyukius Y=y +Yy =Ce " + Cze4x - X+1.
Haiinem 3Hauenne koHctaHT C;,C, W3 Ha4YaIbHBIX yCJIOBUH. [JI1 3TOro ompenenum
y' =—Ce X +4Ce* -1,
Torma Y| _,=Ci+Cy+1=2, {Cl =0,
y| _o=—Ci+4C,-1=3 (C2=1L

4%
M ckoMBIM YaCTHREIM pCLICHUEM SIBISICTCS (1)yHI<I_II/I$I y=€" —X+ 1.

Ilpumep evinonnenusn 3adanus.
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Haiiti yactHoe pemienue nuddepeHnanbHOro ypaBHEHUS BTOPOTO MOPAIKA,

YAOBJICTBOPAIOUMICC 3aIdHHBIM HAYAaJIbHBIM YCIIOBUAM:

y' — 4y + 4y =e?X, Yo=2 Yl|_o=3

Pewenue. XapakTepucTHUECKOE YPaBHEHHE 2 — 4r + 4 =0 UMeeT ABYKpaTHbI KOPEHb

L =2, CIEIOBATENbHO, VzeZX(C1+C2X). [IpaBas wyacTh ypaBHEHHsS HMEET BUJ

f (X) =e®, M=2 ssusercst mBykpatHoiM (K=2) KOpHEM XapaKTepHCTHYECKOTO

ypaBHeHI/IH, TOraa 4aCTHOC peHleHI/Ie HIIEM B BUAC
y* =x2- Ae?X, (y*)’ = X% 2Ae% +2x- Ae** = 2Ae2"(x2 + x),
(v') =4me? (3 +x) + 287 (2x+1) = Ae™ (4x% +8x + 2),

%
Ilocne IIOJCTaHOBKH y n ¢€C IIPOU3BOAHBIX B HCXOIHOC ,Z[I/I(i)(bepeHHI/IaJII)HOG

YpaBHEHHE MOJy4aeM

AeZX(4x2 +8X + 2)—4- 2Ae2x(x2 + x)+ 4Ae%* . x% =¥,

AeZX(Ao([+78x+278{[>8x+M):e2X,
2Ae*X =e?X,

2A=1, Azi.
2

1
YacTHBIM pelleHneM sABisieTcss GyHKIms Y = Eezx X2, O6muM pELIEHUEM SIBISAETCS

byHkmus y=y+Yy = e (Cl + C2X) + %ezx X2,

Harinem 3Hayenue xoHcranT C;,C, M3 HaYalbHBIX yCJIIOBHM. JlJIg DTOro OINpenesnM
IIPOU3BOJHYIO

Y =67 (2C; +2C,x+Cy )+ ™ (3 + ),

" IIOJYYHUM CUCTEMY ypaBHCHI/Iﬁ AJIs1 OIIPEACIICHUSA 3HAUYCHUU IMPOU3BOJIbHBIX KOHCTAHT
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Yo —e’.C;=2, C =2
Y| g =e’(2C,+C,)=3, C,=-1

= 1
HckoMbIM perieHrneM siBasieTcst yHKius Y =Y + y* =% (2 — X) +=e?*. X%,

Bmopoii ciyuaii. TlpaBas yacte ypaBHeHus (6) umeet Bug f (x) =acosnx +bsinnx.
Ecnu uncna +in He SBISIOTCS KOPHAMHU XapaKTePUCTUYCCKOTO YPABHEHUS, TO
y" = Acosnx + Bsinnx.

Ecan uucna +in SBIsSIOTCA KOPHAMHU XapPAaKTCPUCTHUUCCKOI'O YPaBHCHHUS, TO 4YaCTHOC

PCIICHUC NMCCT BUI
y" =(Acosnx+ Bsinnx)-x.

B ugacTtHBIX ClIy4asaX, Korjaa a HJH b paBHO HYJIIO, pCHICHUC BCE PaBHO HaaO0 HCKATb B

YKa3aHHOM OOIIIEM BUJIE.

Ilpumep evinonnenusn 3ad0anus.

Haiitu yacTHoe pemienue nuddepeHImaibHOro ypaBHEHUSI BTOPOTO MOPSIIKa,
YAOBJIETBOPSIONIEE 3aJaHHBIM HaYaJbHBIM YCIOBUSIM:

" 4 i 1 ' 1
y'+ 4y +13y =5sin3x, vl , =2, V], =5

Pewenue. XapaktepucTuueckoe ypaBHEHHE r2 + 4r +13=0 umeeT KOpHH

. 44442413 4436 -4+6i -
12~ = - -
! 2 2 2

torna ¥ =e 2% (C,cos3x +C,sin3x).
Uncna 131 He ABISIOTCS KOPHAMH XapaKTEPHCTHUECKOTO YPABHEHHS, II0ITOMY

y* = Asin3x + Bcos3x,

(y*)’ =3Aco0s3x —3Bsin3x,

"

(y') =-9Asin3x-9Bcos3x
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%
IloncraBisiem Y W ee MPOM3BOAHBIE B UCXOIHOE YPABHEHUE U MOJy4aeM

—9Asin3x —9Bcos3x +4(3Acos3x —3Bsin 3x) +13( Asin3x+ Bcos3x)=C,
(4A-12B)sin3x+ (4B +12A)cos3x =5-sin3x + 0 - cos3x;

1
sin3x: 4A—1ZB:5} A=—

8
cos3x: 4B +12A=0 B=_3|
8

OO6miee pernieHNe YpaBHCHUSI UMEET BU]T
y =& 2%(C,cos3x +C,sin3x) + Lsinax—3cosax.

Haninem 3nauenue koHcrant C;,C, U3 HadalbHBIX yCIOBUH. [l 3TOr0 ompenenum

IIPOU3BOIHYIO

y' =-2672%(C, cos3x + C,sin3x) +e > (=3C; sin3x + 3C, cos 3 ) +
3 9 .

+—C0S3X +—sIn3X
8 8

H 3aIIMIICM CUCTCMY ypaBHCHI/Iﬁ AJIAA OIIPCACIICHUSA 3HAYCHUH IMIPOU3BOJIBHBIX KOHCTAHT

3 1
y‘x=0:eO(C1+Cz'O)_§:§

YA =-2e%(C,+C,-0)+€°(C,-0+3C, )+

)

| w

1
2

C1:1+§
8 8
1

S
32 8) 8

W cKOMBIM pelieHHeM sIBIIsieTCs] QyHKLUS

1
2 1

y =g (ECOS?)X + §sin3x] + Zsin3x— Scosax.
2 8 8 8

3anaua 4.

TeopemuueCKue ceeoenusl.

Cmenennbim psi0om HA3bIBAIOT Psijl BUA



45

8 +a (x—a)+ay(x—a) +...+a,(x—a)" +...= ian(x—a)n, (9)
n=0

paCHOJIO}KeHHHﬁ I10 CTCIICHAM ABYYJICHA (X - Cl).

B cootBercTBHU ¢ Teopemoi AGens psaa (9) cxoauTcst Ha uHTepBase X € (a -R,a+ R)

, a JUIsl BCeX X, JIeXalIMX BHE 3TOr0 MHTEpBaja, psan pacxomutcs. Yuciao R HaszwiBaroT
paduycom cxodumocmuy cTeneHHoro psna. Ha xonmax waTepBana (mpu X=a—-R u npu
X=a+ R) BOIIPOC O CXOOMMOCTH M PAaCXOAMMOCTH [JAHHOIO psAda perraeTcs
VHJMBUAYAJIBbHO JUI KaXJ0r0 KOHKPETHOTO psifa. Y HEKOTOPBIX PSAAOB HHTEpBal
cxomumoctH Beipoxaaercs B Touky (R =0), y npyrux oxsareisaer Bero och Ox (R = ).

CornacHo npu3Haky Jlamambepa paguyc CXOIUMOCTH ONPEICIISIOT 0 (GopMyIie

R=Ilim

N—o0

(10)

an +1

Ecnu Bocnionbk3oBarbest npusHakoM Komm, To

n—)OO,/

Ilpumep evinonnenus 3a0anust.

Haiitu wHTEpBa;m CXOAMMOCTH psAla W HCCIENOBATH €TI0

0 n

CXOAUMOCTD Ha KpasiX HHTCPBaJa n
n— N-10

Pewenue.

Pamnyc cxogumocTu onpenenum o Gopmyse (10):

n+1
R— lim |20 | = Jim [ +D 2077 o i L. |im(1+1j:10.
n

n—w|d,,q| N—o® n-10"1 n—o N N—»0

Ha xonnax untepsana: npu X =—10 nomyumm uncnoBoit psn z( 10) Z( 1)
n=1

KOTOPBIHN SABJISIETCS] 3HAKOUEPEAYIOIUMCS U CXOAUTCs 1o Teopeme JIelOHuIa, Tak Kak ero

. 1 1 .1
ujleHbl YOBIBAIOT MO aOCOMIOTHON BenuuuHe 1> S>3 o lim==0. IIpu X=10
n—oo N
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o0
IIOJIyYUM TapMOHUYECKUMN Pl Z—, KOTOpBIA pacxoautcs. Takum 00pa3oMm, JaHHBIN
n=1

cTeneHHou ps cxoautes mpu X € [—10;10).

3agaua 5.

Teopemuqecmte ceeoerus.
OcHOBHBIC 9JICMCHTAPHBIC CI)YHKHI/II/I HMCIOT IIPOCTHIC PA3JIOKCHUA 110 CTCIICHAM X, KOTOPLBIC

MpCACTABJICHBI HUXKC:

2 3 n
=1 i+ VX & (—o0,00),
1 21 3! n!
3 5 7 2n-1
sinx=—~_X 4% X (- )"+1 X VXe(—oo,oo),
1 3 5 7l (2n—1)!
2 4 6 8 2
cosx=1-— X X X (—1)”Jrl X + VXe(—oo,oo)
20 41 6l 8! (2n)!

2! n!
X2 X3 X4 X5 n_1Xn
In(1+x):x——+?—j T +(-1) F+"' vXe(—l,l),
3 5 7 2n-1
arctgx:x—X—+X——X—+...+(—l)n_1X +... ‘v’Xe(—l,l].
3 5 7 2n-1

[Tpu npuOIMKEHHBIX BHIYUCICHUSIX OMPEICTICHHBIX HHTETPAJIOB TPEOYETCsS Pa3I0KUTh
MOJBIHTErPATbHYI0 (DYHKIIMIO B CTEMEHHOM psi, KOTOPBIM B TMpejenax HHTepBaja
CXOJMMOCTH MOKET ObITh MOWIEHHO NpouHTerpupoBaH. Mcnonb3ys dopmyny HeroToHa —
JleitOHMITa, ONIpEeIeIEHHBIN HHTETPAT BBIYUCIISIIOT KaK YaCTUYHYIO CYMMY MOTYYaromerocs
yucioBoro psga. Ecioum psa  3HaKoO4YepeayroHIMiics, TO TOYHOCTh HPHUOJIMKEHHBIX
BBIYKCIICHUN HE MTPEBOCXOAUT MEPBOrO U3 OTOPOLIEHHBIX YJICHOB.

Ilpumep evinonnenusn 3ad0anus.
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Beruucinuts onpeneneHHbiii nHTerpai ¢ To4HocThio 10 0,001 myTem pasnoxeHus

HO,Z[LIHTGFp&JIBHOﬁ Q)YHKHI/II/I B piaAOd U IIOWICHHOI'O MHTCIPUPOBAHUA OTOI'O psAAA:

0‘Ssinx
S0 g
;X

Pewenue.

Hcnonp3yem paznoxenue B psia st GyHkiuu SINX u moactaBuM €ro B MOIBIHTETPATBHOE

BBIPpA’KCHHC
3 5 2n-1
J.wd :J.l X_X__|_X__|_ (_ )ﬂ—l-l X dx =
;X ) X 3! b5l (2n-1)!
0,5 2 4 2n-2
=j 1—X—+X—+...+(—1)n+1x—+... dx =
AU (2n-1)!
3 45 . 21 0
e e e +.. =
313 515 (2n-1)i(2n-1)
SN S S +(_1)n+1 1 +...x
2 2%313 2%515 2" (2n-1)(2n-1)

~0,5-0,0069 + 0,00005~ 0,5-0,0069 = 0,4931~ 0,493.

B BrruncieHusx IMPHUBCACHLI IICPBBIC TPU YJICHA psAdd ¢ COXPAaHCHUCM YCTBIPCX 3HAKOB

MOCJIe 3aIsITOM, TaKk Kak 3aaaHHas TodyHOCTh cocrtasiser 0,001. Tpermit wien psaa
OTOpOIIIEH, TaK KaK OH MO BEJIMYMHE MEHbINE 3aJJaHHOW TOYHOCTH (0,00005) <0,001. B

OKOHYATCJIBbHOM PE3YJILTATC IMMPOBCACHO OKPYTJICHUEC O TPEX 3HAKOB ITOCJIC 3amsaToM.
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YerBepThlil ceMecTp

[TPUMEPbBI PEIIEHW A 3AJIAY

3agava 1.

Teopemuueckue ceedenus.
[Tpu KiTaccuyeckoM ONPEACIICHUN 8ePOSIMHOCMb COObIMUS OTIPENICIIICTCS PABEHCTBOM
P(A)=m/n,
TJIe m — YHCIIO AJIEMEHTAPHBIX MCXOOB UCIBITAHUM, OJAroNpUATCTBYIONINX TOSBICHUIO
coOBITUSI A, n — O0IIEee YUCTIO DJIEMEHTAPHBIX UCXO/I0B UCTIBITAHUSI.
Yucnom couemanuii w3 | dmeMeHToB 1o K  HashIBAaIOT KOJIMYECTBO KOMOMHALIMIA,
cocrasnennbix u3 | snementos o K, KOTOPBIE OTIMYAFOTCS XOTS OBl OJHUM DJIEMEHTOM.

Yuciio coueTanui

ch=— 1t
K1 —K)!

Ilpumep evinonnenusn 3adanus.
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B smuke nmeetcs 15 getaneit, u3z kotopsix 10 oxpameHabrx. COOpIIHMK
HayJady U3BJEKaeT TpH JeTaiu. HaliTu BeposSTHOCTH TOTO, YTO U3BJICUECHHBIC

ACTAJIN OKAXYTCA OKpPAILICHHBIMU.

Pewenue:
a) o0I1Iee YMCII0 BO3MOKHBIX JIEMEHTAPHBIX UCXO/I0B HCIBITAHUS PABHO YHCITY CIIOCOOOB,
KOTOPBIMU MOKHO W3BJICUb TPH JIETAN U3 MATHAIIATH, TO €CTh N = C135;
0) 4KCIIO UCXO0MIOB, OJArONPUSITCTBYIOMINX UHTEPECYIOMIEMY HAC COOBITHIO, PABHO YUCITY
CIoco00B, KOTOPHIMHU MOKHO BBIOpATh TPU OKpalleHHbIX AeTaiy u3 10, To ectb M = C130;
B) HCKOMasi BEPOATHOCTh paBHA OTHOILIEHUIO OOIIEro 4Yucia HCXOAOB K YHUCIY
OJIarONMPHUATHBIX HCXO/I0B

10!

I 1121 .8.9.10-
p(ay=M_Cio_ k71 100121 78:9-10- 121 24

n ¢ 18 75 7A.120.13.14.15 91
31121

Ilpumep evinonnenus 3a0anust.

B maptuu u3 10 neraneit umeetcst 7 crangapTHsix. Haynagy otoOpaHs 5
netaneit. OnpeaenuTs BEpOsSTHOCTh TOTO, YTO CPEeId OTOOpPAHHBIX JeTalien

POBHO TPH CTaHIAPTHBIX.

Pewenue:

a) o011ee Yuci0 BO3MOKHBIX AJIEMEHTAPHBIX UCXO/I0B HCIBITAHUS PABHO YHUCILy CIIOCOOOB,
. _CS.
KOTOPBIMH MOKHO U3BJIE€Ub ISATH AeTanei u3 gecsatu, o ecth N=Cpy;

0) HaiiieM YUCJI0 UCXOJI0B, OJIArONPHUATCTBYIOIIUX HHTEPECYIOIIEMY Hac COOBITHIO (Cpeau

OTOOpaHHBIX TATH JAETaJed POBHO TPH CTaHAAPTHHIEC): TPU CTaHAAPTHBHIC JETATH MOXKHO

. A3 —
BBIOpaTh U3 7 crangapTHeix aetaneit C; crocoGamu; npu 3ToM octanbhble (5-3=2) geranu

JOJKHBI OBITh HECTAHJIAPTHBIMH, KOTOPbIE MOKHO BbIOpaTh U3 (10—7=3) HecTaHIapTHBIX
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. 2
Jeranedl, WMEBIIMXCS B IApTHH, C; cnocobamu. CremoBareibHO, YHCIO

— 3 2.

onaronpustcrByromux ucxogos M=C7-Cy;

B) HCKOMass BCPOATHOCTb paBHA OTHOIICHUIO O6IH€FO qucijia HCXOJ0B K HYHCITY

6HaI‘OHpI/IHTHLIX HCXO0A0B

71 3l
3.C2 ot 15151 .M .5.51 |
P(A):m:C75C3:3!'4! ?!.1!:7.5.5.: A-4.55 5l _3_gams
n o ch 100 214100 2-40.71.8.9.10 4-8-10 8
5151

TeopemuquKue ceeoenus.
BepOHTHOCTB cOOBITHS A, KOTOPOC MOXKET HACTYIIUTD JIMIIb ITPU ITOABJICHUHU OJHOI'O M3

HECOBMECTHBIX coObITHH (runore3) H,, H,,...,H,, 00pa3yoolux NoiHy0 rpymniy, paBHa

CYMMC HpOPI3B€I[€HHﬁ BGpOHTHOCTCfI K&)K,Z[Oﬁ N3 IT'NIIOTC3 Ha COOTBCTCTBYIOIIYIO YCIIOBHYIO

BEPOSTHOCTH COOBITHS A:

P(A)=P(H,)- Ry (A)+P(H,)- Ry, (A)+...+ P(H,)- By (A),
rne P(H))+P(H,)+...+ P(H,)=1.

[TpuBenennyo GopMyy Ha3bIBAIOT hOPMYIOU NOTHOU BEPOSMHOCHIU.

Ilpumep evinonnenusn 3ad0anus.

Nmerotcsa Tpu naptuu aeraneit mo 20 neraneit B Kaxxaoi. YMciao cTaHIapTHBIX
JI€TAJIEN B MIEPBOM, BTOPOM U TPEThEH MAPTUSIX COOTBETCTBEHHO paBHO 20, 15,
10. I3 Haynady BeIOpaHHOM apTUM HayAa4dy U3BlIeUeHa AeTaib. Haltu

BCPOATHOCTD TOI'O, YTO OHA OKAKCTCA 6paKOBaHHOﬁ.

Pewenue:
a) 0003HaunM yepe3 A coObITHE — B3ATas JeTajb ABJIsieTCS OpakoBaHHONH. MOXHO caenaTh

TPHU NPEANOJIOKEHH (TUIOTE3bl): H; — eTans BeIOpaHa u3 nepBoi naprtuu; H, — neransb
BbIOpaHa U3 BTOPOM MapTuu; H, — netans BeIOpaHa u3 TpeTbel naptuu. [lockonbKy 4ucio

JeTajel BO BCEX TPEX MapTHUSAX PABHO, BEPOSATHOCTHU THIIOTE3 PABHBI
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P(Hy) = P(H,) = P(H;) =

0) yciioBHast BEpOSATHOCTh TOTO, YTO JIeTallb OyJIeT OpaKOBaHHOM, €CJIM OHA B35Ta U3 TIEPBOM

napuu, F’H1 (A) =0; ycnoBHast BepoSTHOCTB TOTO, UTO AeTajb OyAeT OpaKoBaHHOI, eclli OHA

y 5 1
B3siTa U3 BTOpOii napun, By (A) = 0" Z; yCJIOBHAsI BEPOSITHOCTH TOTO, YTO JIeTallb OyIeT
. . 10 1
OpaKOBaHHOA, €CIIM OHa B3ATa U3 TPEThei napun, Py (A) = 0-2"

B) HCKOMasl BEPOATHOCTb TOI'0, 4TO BI)I6paHHaH Hayaady ACTallb SABJIACTCA 6paKOBaHHOﬁ,

HaxoaAuTcs 1o ¢GopmyJie MOTHON BEPOSTHOCTH

1
P(A)==—-0+—--—+
(A 3 4

Teopemuueckue ceedeHusi.
BeposATHOCT TOro, YTO B HE3aBUCHUMBIX HCHBITAHUAX, B KAXKIOM U3 KOTOPBIX
BEPOSITHOCTH MOsiBICHUsT coObiThs paBHa p (0 < p < 1), cOOBITHE HACTYIUT POBHO K pa3

(6e3pa3nruuHO B KaKOM MOCIEA0BaTEILHOCTH), ONpeaeseTcs no ¢opmyne bepuyniu
k ~kN-k
Ri(k)=Cqyp'a™ ™,

roe q= 1- P — BEpPOATHOCTH TOTO, YTO coObITHE B KaXXa0M M3 WCIIBLITAHUIN HE TTOSIBUTCS.

Ilpumep evinonnenusn 3ad0anus.

BeposATHOCTh BCX0KeCTH ceMsH MIeHUIbl paBHa 0,9. KakoBa BEpOATHOCTH

TOT'0, 9YTO U3 YCTBIPCX IMOCCAHHBIX CCMAH BSOﬁHYT HC MCHCC TPCX.

Pewenue:
a) MycTh coObITHE A — U3 4 CeMSIH B30MAYT HE MEHEe TpeX CeMsH; coObITHE B — u3 4 ceMsiH
B30MIyT 3 ceMeHu; coobiTne C — u3 4 cemsiH B3ouayT 4 ceMenu. [lo Teopeme cioxeHus

BEPOSITHOCTEU

P(A)=P(B)+P(C).
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0) BeposiTHOCTH coObITHI B 1 C onpenenum 1o Gpopmysie bepayu:

_ 41
P(B)=P,(3)=C;p°q*° =m'0,93 -(1-0,9)=0,2916,

P(C)=P,(4)=C,p*q**=0,9*=0,6561.
B) uckoMas BepositHocTh P(A) =0,2916+ 0,6561=0,9477.

3ajaua 2.

Teopemuueckue ceedenus.
Ecau 4ucio MOBTOPSAIONIMXCS MCHBITAHUN BEIUKO, TO OMNPEICIICHUE BEPOATHOCTU IIO
dopmyrne bepHyIM 3aTpylHEHO H3-3a TPOMO3JKOCTH BbIUMCIECHUUA. B 3TOM ciyuae

MPUMEHSIOT MPUOIMKEHHYIO (DOpMYITy, BRIPAXKAIOILYIO JIOKAIbHYI0 meopem) Jlannaca:

Jopg

Ri(k) =

3nadyeHus QyHKIHHA @(X) OMPEACIAIOTCS U3 TAOJHUIIbI, IPUBEACHHON B MPUIIOKEHUH 1.
IIpy ManbIXx 3HAYEHHUAX BEPOATHOCTH p 1A BblyuciaeHus P (K) mOpuMeHsroT
aCUMIITOTHYECKYIO ghopmyny [lyaccona

ﬂk

(k)= e

~ rme e=2,7182..; 1= np.

Ata hopmyina ucronssyercs mpu A <10, mpraem gem menbie p 1 Gorblie 1, TEM pe3yIbTAT

TOYHCC.

Ilpumep evinonnenusn 3adanus.

BepostHocTh BCxokecTH ceMsiH mnuieHuibl paBHa 0,9. Haittu
BEPOSITHOCTH TOrO, 4TO U3 400 mocesaHHbIX ceMsiH B3oMayT 350

CCMH.

Pewenue.
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a) n3 YCIIOBHS 3a/1a49u p=0,9,9=1-0,9=0,1;, n=400; k =350.

y_350-40009_ 10, ..
J400-0,9-01 6

0) u3 Tabauiel B mpuiokenuu 1 Haxoaum ¢(—1,67) = ¢(1,67) =0,0989;

B) UCKOMas BEpOSITHOCTh paBHA

P, (350) ~ .0,0989 ~ 0,0165.
i0(3%0) 400-0.9-0,1

Ilpumep evinonnenus 3a0anust.

Cpenu cemsta muennisl 0,02% copusikoB. KakoBa BEpOSTHOCTB

TOro, 4ro npu ciydaitHom otoope 10000 cemsan Oyner

O0OHapyX EHO 6 CEMSIH COPHSIKOB?

Pewenue.

W13 ycosus 3amaun p =0,0002; n=10000; k =6. Torma A =10000-0,0002=2.

Hckomast BEpOATHOCTh paBHA

6
P.0000 (6) = % T % .0,1353~0,012.

3ajaua 3.

TQOPQMMUBCKMG CBeO0eHUs.

Torna

Ecan BC€POATHOCTL HACTYIIJICHHA coObITHS A B KaXXJI0M U3 n HUCIIBLITAaHUN MOCTOSHHA U

paBHa p, To BepoaTHOcTh P, (k; <k <k,) Toro, 4ro coObiTue 4 B TaKuX HCHBITAHUAX

HACTYyNMT He MeHee K, pa3 u He Oonee K, pas, ompenensercs o MHTErpaJIbHON Teopeme

Jlarutaca gpopmyioi:

1 £ X
Pn(klgkgkz)zE~J'e 2dx,
k, —np K, —np

rﬂea=mnﬂ m,qzl—p.
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X _t2

OyHkuusa P(Xx) = Je 2dt HasbIBaeTCS ¢bynkmuert Jlamnaca. B npunoxenun 2
0

1
N2
nauel 3uHaueHns dtoit ¢yukmmu gt 0SS XS5, IMpu X>5 dynkuus D(x)=0,5. [pu

OTPHUIATEIIbHBIX 3HAYCHHUAX X B CHIy HedeTHocTH (yHkiuu Jlammaca ®(—X)=-D(X).

Wcnonws3ys ¢pynkuuto Jlamnaca, uMmeem

P,(k; <k <k,) = D(f) —D() .

Ilpumep eévinonnenus 3ad0anus.

IT OLCHT BCXOXXCCTHU CCMAH IIIIICHUIBI PaBCH 90%. HaiiTu BepoSITHOCTH TOT'O, YTO
2

n3 500 nocesHHBIX cemsH B3oMAyT OT 400 no 440 cemsH.

Pewenue.
a) u3 ycnosus 3amaun p=0,9;q=1-0,9=0,1; n =500; k, =400; k, = 440.
400-500-0,9 ~440-500-0,9 _

Torna o = ~-71,45: [ = ~
+/500-0,9-0,1 b \/500-0,9-0,1

0) 13 TaONHITEI B IPHIIOKEHUH 2 HAXOUM

®D(~1,49) = —~D(1,49) ~ —0,4319; ®(~7,45) =—d(7,45) ~ -0,5.

-1,49.

B) HCKOMasi BEPOSATHOCTh paBHa

P,,, (400 < k < 440) ~ ®(—1,49) — d(—7,45) =—0,4312 + 0,5 = 0,0681.

3anaua 4.

Teopemuueckue ceedeHus.

Jluckpemnoii Ha3pIBAXOT CAYYAUHYIO GEIUYUHY, BO3MOKHBIE 3HAUEHHUS] KOTOPOU €CTh
OT/ICJIbHBIE U30JIMPOBAHHBIE YK CIIA, KOTOPHIE 3Ta BEJIMYMHA PUHUMAET C ONPEACICHHBIMU
BO3MOXHOCTSIMU. 3AKOHOM pachpedeieHus TUCKPETHON CciydyallHON BEJMYMHBI HA3bIBAIOT

IICPCUYCHDb €€ BO3MOXKHBIX 3HAUYCHUU U COOTBCTCTBYIOIINX WM BepO}ITHOCTeﬁ. OTOT 3aKOH
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MOJKET OBITh 3a4aH B BHJC Ta6JII/IHI>I, nepBasa CTpOKa KOTOpOﬁ COOCPKUT BO3MOKHBIC

n
3HAYEHUS X;, A BTOpask — BEPOSATHOCTH P; , IPUYEM Z p; =1:
i=1

X X X5 .. Xn

P pl p2 e pn

XapakTEpUCTUKOM  CPEOHEr0  3HAYEHUsS]  CIYyYalHOM  BEJIIMYMHBI  CIIY)KHT
MaTeMaTH4YeCKoe OXuaaHue. Mamemamuyeckum oxcuoaHuem ITUCKPETHON CiydyalHOU
BEJIMYMHBI HA3bIBAIOT CYMMY IIPOM3BEACHUN BCEX €€ BO3MOXXHBIX 3HAUYCHHN Ha UX
BEPOSTHOCTHU:

n
M(x):X1p1+X2p2+"'+ann:inpi' (1)
i=1

CBoiicTBa MAaTeMaTHYECKOTO OKUJAHUSA

1) MAaTEMATHYECKOE OXHUIAHHE IIOCTOAHHOM BEJIMYMHBI PAaBHO CaMoOM
MOCTOSIHHOM;

2) MMOCTOSIHHBI MHO>KMTEIb MOYKHO BBIHOCHUTH 3a 3HAK MaTEeMaTHYCCKOTO
0KMJIaHMUS;

3) MAaTEMaTUYECKOE OXHUIAHUE TMPOU3BEACHHUS B3aHMHO  HE3aBUCHUMBIX

CIIyYallHbIX BEJIMYMH PABHO NPOU3BEICHUI0O MATEMATHUYECKUX OKUIAAHWN
COMHOXKMTEJICH;

4) MAaTEMATHYECKOE OXHUIAAHUE CYMMbI CIYyYalHBIX BEJIMYUH PABHO CYMME
MaTEMaTHUYCCKUX OKUJIAHUU CJIaracMbIX.

Jlucnepcueri cinydyallHOW BEJIMYMHBI HA3bIBAIOT MAaTEMATUUECKOE OKHUJIAHME KBaJaparta

OTKJIOHEHUS CITyYaifHOM BEJTMYMHBI OT €€ MaTEMATHYCCKOTO OXKUIaHUS:
D(X)=M[X -M(X)[". 2)
Jlucriepcuio y100HO BEIYHUCIIATE 10 hopmyJie
D(X)=M(X*)-[M(X)I". 3)

CBoiicTBa IUCEPCHU:
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1) nucnepcus MOCTOSTHHON BEJIMYMHBI PaBHA HYJIIO;

2) TIOCTOSIHHBIA MHOXXHTEJIb MOYKHO BBIHOCHTH 3a 3HAK JHUCIIEPCHUHU, BO3BOJS €ro B
KBaJpar;

3) amcriepcusi CyMMbI HE3aBUCHMBIX CIYYalHBIX BEJIMYMH PaBHA CyMME JTUCIICPCHIA
ClIaraeMbIX.

Cpednum keadpamuyeckum OMKIOHEHUeM CIIydallHOW BEIWYMHBI Ha3bIBAIOT

KBa,HpaTHLIﬁ KOPCHb U3 JUCIICPCUU:

a(X)=/D(X). 4)

CpGI[HGG KBaAPaTH4ICCKOC OTKIIOHCHHUC cnyqaﬁHoﬁ BCIIMYUHBI XapPaKTCPU3YCT PACCCAHHNC

BO3MOYKHBIX 3HAYEHHUU CITy4YallHON BEJIMYMHBI BOKPYT €€ CPEAHErO 3HAUYCHUS.

Ilpumep evinonnenusn 3ad0anus.

3azaH 3aKOH PACHpPENEIICHUS TUCKPETHOM CIy4YaiiHOM BEJIIMYHHBI
X. Halitn ee mateMaTH4eCKOe OKUJIAHUE, TUCIIEPCUIO U CPEIHEE

KBaAPaATHICCKOC OTKIIOHCHHUC.

X 40 42 41 44
P 01 03 02 04

Pewenue.
a) BpluMcauM MaTreMaTHYeCKOE OXUJAHUE 10 3aJaHHOMY 3aKOHY paclpeleleHus
JUCKPETHOM CIIy4ailHOW BETMYMHBI, MOJIb3YsICh (opmyinoi (1):
M(X)=40-0,1+42-0,3+41-0,2+44-.0,4=42,4;
0) BBIYHMCIIMM JUCIIEPCUIO, BOCTIONB30BaBIIKUCH (hopMmysioi (3). [ljist 3TOro cocTaBuM 3aKOH
pacrnpeneneHus KBaapara CIy4aiHOW BEJTUYUHBL:

X2 402 422 412 44

P 01 03 02 04

Torma M (X?)=40%.0,1+42%.0,3+41%-0,2+44°.0,4=1799,8:

D(X)=1799,8—42,4% =2,04,
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B) CpeiHee KBapaTHYECKOe OTKJIIOHEHHUE BBIUUCIUM 110 Gopmyre (4):
o(X)=4/2,04~1,43.

3agaua 5.

Teopemuueckue ceederus.
@yukyueu pacnpedenenuss (AHTETPAIbHON (DYHKIIMEH pacmupeneseHusi) Has3bIBAIOT

¢ynkuuto F(X), ompenensionryro ais KakJOro 3HAYEHHUS X BEPOSTHOCTH TOTO, YTO
cnyqaﬁHaﬂ BeanunHa X MNpUMCT 3HAYCHUC, MCHBIICC X, TO CCTh

F(x)=P(X <X).

CpolicTBa UHTETpaIbHOU (DYHKIIMH pacIipe/iesICHUs

1) 3Ha4YCHUA (IJYHKHI/II/I pacinpCaciaCHus IIPUHAIJICKAT OTPC3KY [011] ,

2) GyHKIHS pacipeesieHus €CTh HeyObIBaroIast QyHKIHS,

3) BEpOSTHOCTH TOTO, YTO CAy4aliHas BEIMYMHA X MIPUMET 3HAUYCHHUE, 3aKII0YCHHOE B
UHTEpBaC (a; b) , paBHAa TMpHUpaIICHUI0 (YHKIMH paclpeieicHus Ha 3TOM
untepBane: P(a< X <b)=F(b)-F(a);

4) BEpOATHOCTh TOTO, 4YTO Cly4yaiiHas BeduurHa X OPUMET OJHO OTNPEACICHHOES

3Ha4YeHHE, HAIIPUMED, ¥, PaBHA HYIIIO;
5) ecnu Bce BO3MOXKHBIC 3HAUCHUS CIIYYallHOW BETMYMHBI X MPUHAIIC)KAT HHTEPBATY
(a; b), TO
F(x)=0 Vvx<a; F(x)=1 Vvx>Db.
Hugpepenyuanvnon  ¢gynxyuetr pacnpedenenuss f(X) HeNpepbIBHON CciydaiHON

BEJIMYMHBI HAa3bIBAIO IEPBYIO MPOU3BOIHYIO OT GYHKLIUU pacHpeieTICHUs:
f(x)=F'(x). ()

Ecnu 3anana nuddepennuanbaas GyHkus pacrpenenenus f(X), BeposTHOCTH TOTO,

YTO Ciy4daiiHas BelndrHa X MPUMET 3HAYCHUE, 3aKIIOUCHHOE B UHTEPBAJIC (a;b), paBHa

b
P(a<X<b):If(x)dx_
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Mamemamuueckoe odcudanue HETIPEPBHIBHON CIIydalHOW BeTWYUHBI X, BO3MOXHBIE

3HAUYCHUA KOTOpOfI IMpUHAAJICKAT BCEU YUCIIOBOU OCH, OIIPCACIIACTCA PAaBCHCTBOM
+00
M (X)= j xf (x)dx.
—0

Ecan Bce BO3MOKHBIE 3HAUCHMS cnyqaﬁﬂoﬁ BEIIMYMUHBI X [MPpUHAAJICKAT HMHTCPBAILY

(a;b), TO

b
M (X)= jxf (x)dx . (6)

Llucnepcuen nenpepwvignou cayyaunou eeaudunsl X, BO3MOXKHBIE 3HAYEHUS KOTOPOU

MIPUHAJIEKAT BCEN YMCIIOBOW OCH, ONIPEIEIISIETCS PABEHCTBOM

D(X) :T[x— M) F()dX wm D(X) :+Oox2f(x)dx—[M X[

Ecnm Bce BO3MOXHBIE 3HAYEHUs CIYyYaWHOW BEJIMYMHBI X IPUHAIJIEKAT HUHTEPBAILY
(a;b), TO

b b
D(X):J[X—M(X)]Zf(x)dx — D(X):J'xzf(x)dx—[M(X)]z_ 7

a

Ilpumep evinonnenusn 3a0anus.

HemnpepoiBHast cinyuaiiHas BenuunHa X 3a7aHa  WHTETpalibHOM  (yHKITMEH
0 npu x <0,
3
pacnpenenernns F(x)=<x" npu 0< x <1,
1npu x >1.

TpeOyetcs HalTH muddepeHnnanbHy 0 byHKIHIO pacrpeeneHus

MaTEMaTHYCCKOC OXKHUIAaHUEC U JUCIICPCHUIO.

Pewenue.
a) [To onpenenenuto (5) Haitnem nuddepenmanbayio GyHkiuio pacnpeneiacaus f(X) xak

MPOU3BOJIHYIO OT 3aJaHHON MHTErPAIbHOU (PYHKIIMM pacTpeiesIeHUs:
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0 npu x <0,

F(x)=43x% npu0<x<1,
0 npu x >1.

0) MareMaTHuecKoe OXuaaHue BerYuCINM 1o Gopmyne (6). Tak kak pynkmus f(X)

pu X < Oux>1 paBHA HYIIIO, TO UMEEM

1 1 3)(41
M (X) = [ xf (x)dx = [ x-3xPdx == -
0 0

3
, 4

B) BBIYUCIIUM JucIiepcuio 1o ¢opmyie (7)

p 3Y 2 (4 3.3 9,
D(X)zj X——=1 -3X dx:3j X" —=X"+—x° |dx=
] 4 ] 2 16

1
x> 3x* 3x° 1 3 3] 3
5 8 16 | 5 8 16| 80

3ajaua 6.

Teopemuqecmte c6eoeHsl.

Ecnu 3amana nuddepennmanpraas ¢pynkuus pacrpenenenus f(X), BeposTHOCTH TOTO,

YTO CIy4dainHas BeJInurHa X IMPUMET 3HAYEHUE, 3aKIIOUCHHOE B UHTEPBAJIE (a; b) , paBHa
b
P(a<X <b)=f(x)dx, ®)
a

BeposSTHOCTh BBITIONHEHNS CTPOTHX HepaBeHcTB a < X <b ONPENEISAECTCS TOU Ke
bopmyIon.

Hopmanvnvim Ha3pIBalOT pacnpeieieHUEe BEPOSITHOCTEW HENPEPBIBHOW CIIyYaWHOU
BenuuuHbl X, nuddepeHnmanbHas (YHKIHUS pacmpenesieHus KOTOPOro  MMEET BHI

_(x-a)?

2
f(x)= \/_ e 29 | rne a—MaTeMaTHuecKoe OKHAAHHE, O — CpeIHee KBaJpaTHIeCcKoe
o2

OTKJIOHEHUE X.
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Ecnu cnyuaiinas BenuuuHa X pacrnpeesieHa o HOpMaJIbHOMY 3aKOHY, TO BEPOSATHOCTh

TOT0, 4TO X MPUMET 3HAUYECHHE, 3AKITIOYEHHOE B HHTEPBAJIE (0! B ), paBHa

P(a < X <ﬂ)=q>(?j—q>(“—_aj, (9)

o

x
rae d(x) = ! _[e 2dt — ¢pynkuus Jlamnaca (mpuBeieHa B MPUIIOKEHUH 2).
0

=

BCpOHTHOCTB TOro, 4To a0COJIIOTHAS BEJIMYMHA OTKJIOHCHHMS MEHBIIIE ITOJIOKUTEILHOTO

uncna 0 , onpesensercs o Gopmyie

P(X -a|<d)= 2@(3, (10)

Ilpumep evinonnenusn 3ad0anus.

JlnuHa AeTanu MpeCTaBisieT cOOOM HOPMaIbHO pacCHpeeieHHYIO CIyYaHyro
BEJIMYMHY C MareMaTHU4eckum oxxuganueM 40 MM U CpeIHHM KBaJIpaTHYECKUM
OTKJIOHEHHEM 3 MM. HallTu BEpOSITHOCTH TOr0, YTO JUIMHA MPOU3BOJIBHO B3SITOU
netanu Oyner 6omnpiie 34 Mmm u MeHblle 43 MM. OnpeenuTh BEpOSITHOCTh TOTO,
YTO JUTMHA JAETAJN OTKJIOHUTCS OT €€ MaTeMaTH4ecKoro OKuJaHus He OoJiee ueM

1,5 mm.

Pewenue.

a) I1o ycmosuto 3anaun a =40, ¢ =34, =43, o =3. Toraa nmo dhopmyie (9)

43_34)—@(34;40j:CI)(l)—(D(—Z):

= (1) + D(2) ~0,3413 +0,4772 ~ 0,8185.

P(B4< X <43):CD(

0) BEpOSATHOCTH TOTO, YTO d-— 0<X<a+0, rne a=40,6=15, BbUHCIAM IO

dbopmyne (10):

P(X —40|<15)= 2-@(%): 2-®(0,5)~2-0,1915~ 0,383,
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3ajaua /.

Teopemuueckue ceedenusi.
Kommnnexcrnoim wuciom Ha3bIBaeTCs BEIpAXKCHUE BUJIA
Z=X+1y, (11)
i€ X, Y - BeIIECTBEHHbIC (ICHCTBUTEIBHBIC) YHCIIA,

1= \/—_1 - MHUMAas €JUHUILA.

Yucno X Ha3BIBAIOT OeuCmeumenbHol Yacmspio KOMIIJIEKCHOTO YKCia Z U 0003HAYar0T
x=Rez, aunucnoy - muumoii uacmoro uncna z: y = Im z . MHMMas eMHNIIA | IPEICTABIISET
c000i KOpeHb KBaJIPaTHOTO YPaBHEHUS z°+1=0, T0 ecTh i° = —1. 3aIich KOMIUIEKCHOTO
yucna B opme (11) Ha3bIBAIOT aneedpauyeckum npedcmasieHuem KOMIIEKCHOTO YHCIIa.

Yucno Z =X —1Y Ha3hIBAIOT CONPSKEHHBIM KOMILIEKCHOMY umciy (11).

MoOynem KOMIUIEKCHOTO YHCNA HA3BIBAIOT BETHUMHY |z|=/X’+Y’, apeymenmom

KOMIIJIEKCHOTO quciia Ha3bIBAIOT BEIINYNHY p=argz TaKyro, 4TO
y

X .
«/x2+y2’ X2+ y?

IIPpOTHUB YacoBOM CTPCJIKH, CYUHHUTACTCA IIO0JOXUTCIbHBIM, B IIPOTHBHOM ClIydac —

COSQ = sing = , @=argz=arctg % , TJIE yroJl (), OTCUUTHIBAEMBII

orpunatenbHbiM.  KoMmiuiekcHoe — 4Mciao  zZ=X+1y  MOXHO  MpPEICTaBUTh B
mpucoHoMempuieckou ¢popme

z Z‘Z‘COS(D + i‘z‘sinq) :‘z‘(cosgo +isin go). (12)

[ i . .

O6o3Haunm €7 =C0S @+I1SIN@, Torma MOXHO IEPEUTH OT TPUTOHOMETPUUYECCKOU

dbopMBbI npeicTaBiICHUs KOMIUIEKCHOTO uncia (12) k noxazamenvuou gpopme:
z=|ze'?. (13)
PaccmoTpuM OCHOBHBIE anreOpanyecKkue Oreparud HaJd KOMIUIECHBIMU YHCJIaMHU

Zy =X +1y; U Zy =Xy +1Y5.
1. Cnoxenne: 23 +2p =(X +Xp ) +i( Y1+ Vo).
2. Boluntanue: 21—22=(X1—X2)+i(y1—y2).

3. YMHOXeHHue: 11 I =(X1 + iyl)'(xz + iY2) =(X1X2 - Y1YZ)+i(X1YZ + X2Y1)-
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4 _47) XXt WiYs +'(Y1X2 —x1y2)

4. Jlenenue: 75
L 137 X2 +Y2

3. BOBBG,ZICHHG KOMILUICKCHOI'O 4YHCJIa B CTCIICHbB: B 3TOM CJIydac y,ZIO6HO oT

anreOpandeckold (opMbI TIPEJCTABICHHUS YHCIA Z=X+iy TEPeUTH K IOKa3aTeIIbHOM
dopme: z = |Z|el¢. Tornma z" = |z|”ei”<", W, 3allMChIBasl pe3yJabTaT B TPUTOHOMETPUICCKON
dbopme, TOJIyduM Tak HazbIBaeMyto ¢hopmyny Myaspa:.
2" =|z|" (cosng +isinng). (14)
6. 3BieueHne KOpHS U3 KOMIUIEKCHOTO YMCIa: KOPHEM N-0i CTETIeHU U3 KOMIUIEKCHOTO
qrciia Z Ha3bIBaCTCS TAKOE KOMILIEKCHOE YUCIIO W, YTO TIPU BO3BEJICHHUH €T0 B N-YIO CTCIICHb
nonyunm Z: ¥z =w, ecomu W' =z,
JIJIs KaKI0T0 KOMIUIEKCHOTO YHCIIa MOYKHO HalWTH N 3HAYCHUU KOPHSI N-0i CTEIEHU TI0

dbopmyie

(%)

k1:n|Z|(COSM+isinMj, k=012,...,n-1.  (15)
,

n n

Ilpumep evinonnenus 3a0anusi.

3amaHbl KOMIUIEKCHbIe 4ucia. TpeOyercs a) BBINOJHUTh JEHCTBUS Ha
KOMILJIEKCHBIMU YHCIIaMU B anreOpandeckoil popme; 0) HalTH BCe 3HAUECHHSI KOPHS

Y TIPEJICTaBUThL OTBET B ajredpandeckoit hopme:

1-i ¥ .
a) (—) —i%; 6) ¥-i.
1+1

Pewenue.

2) [HJZ—P: @-HE-)) o (1=i-i+i?)

14 Wiy T T )T

. 2 N2
= w _i.(_l):(__z'] ti=—1+i,
1-(-1) 2

B npeo6pa3oBaHUAX UCIIONB30BATH TOT (aKT, uTO i% =—1,
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6) Ul BBIYUCIEHHS 3—i TNPEJACTABHUM YUCIO —i B TPUTOHOMETPHYECKOH (opMe.
, 0 : -1 o : -
[TockonbKy |—I| =1, COS¢:I =0, SIngozT =-1,¢=270", T0o —i=c0s270° +isin270°.
Haiinem /—i no dopmyme (15):

(5/—_1) =§/1 cos270 ;360 k+isin 270 +5360 K . k=0,12734,

k+1

(¥-1) :1-(005(54"+72°k)+isin(54°+72°k)), k=012,3,4,
k+1

npu k=0 (5’/—_1)1 =c0s54° +isin54°,

mpu K =1 (?/—_1)2 = C0s126° +isin126°,

mpu k =2 (?/—_1)3 = 05198 +isin198°,

_)4

—1)5 — c05342° +isin342°,

=

npu k=3 c0s270° +isin270°,

o1

(
npu Kk =4 (
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