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JlaHHBIE METOAMYECKME YKAa3aHUs HalMCaHbl B IIOMOIIb CTyJIECHTaM
TEXHUYECKUX CHEUUAIBHOCTEN Ul IPAKTUYECKUX 3aHATUH. PaccMoTpeHsl
pEIICHNs] TUTOBBIX 3a71a4 110 aHATMTUICCKON TE€OMETPUH M JIMHEWHOU anreope,
BBEJICHUI0O B MATeMAaTHMYECKHIl aHanmM3, a TakXke JaHbl HEOO0XOIUMbIe

TEOPETUYECKUE CBEACHUS U CCBUIKH Ha JIUTEPATypy.

AHAIMTUYECKASA 'TEOMETPUA

HexkoTopble CBEACHUS U3 TCOPUU

BekTop — HanpaBIEeHHBIN OTPE3OK.
PaBeHcTBO

a=(x,y,z)
(1) o3Hayaer, 4TO0 X, ), Z — MPOEKIMK BEKTOPA Ha OCH KOOPIMHAT HJIH €r0 Jie-

KapTOBBI KOOPJAUHATEI.

dopmyna

|Zz|:\/xz+yz+z2 (2)
THIO3BOJIAET 110 KOOPAUHATAM BEKTOPA ONPENETUTH €T0 MOILYJIb.
4z 5 Ecmu a, B, Y — yrisl, KOTOpbIe BEKTOP 00pa3yeT
i C HOJIOKHUTEILHBIM HAITPABICHUEM OCEN KOOPANHAT, TO
B coso, cosP, cosy Ha3BIBAIOTCS HAIPABISIOMIAMH KO-
a CHHYCaMH BEKTOpa d .

0 >y x=|dl|coso, y=|dl|cosP, z=|d|cosy, (3)

cos® o+ cos” B+ cos’ v =1

(4)

Ecnu n3BecTHbl Hauano Bekropa M l(xl, Vi Zl) U KOHeIl

M, (x2 , Vo, 2o ) , TO KOOPJIMHATHI BEKTOPA HAXOASTCS IO (hopMyiam
X=Xy =X, YV=D)Vr—D)V1, 2=2p —21.

(5)

Ecmu a =(x1, Y15 Zl) u b= (X2, Yo, Zz), TO

atb= (xl X5, V1V, Z; izz)

(6) u oa = (oocl, oWy, OLZI), rIe o — JF00e YUCIO.

BekTopsl, JIexkaIiye Ha OJHOM WU apaICIbHBIX MPSIMBIX, HA3bIBAIOTCS

KOJUITMHEapHBIMHU. [IpU3HAK KOJJIMHEAPHOCTU BEKTOPOB @ W b



L_N_&a

Xy Vo Zp
(7) )

Tpotika BeKTOpOB i, j, k Ha3bIBACTCSA KOOPIMHATHBIM OA3HCOM:
7|=[7[=|¥[=1
Bexropsl i, j, k Hampasnensl mo ocsim cootBerctBeHHO Ox, Oy, Oz B
TIOJIOKHUTETHHYIO CTOPOHY.
JIro0Ooii BeKTOp a= (x, ), Z) MOXET OBITh PEICTABJICH B BUJIC
a=xi+y +zk.
(8)

CKaISpHBIM IIPOU3BEICHUEM BEKTOPOB d = (xl, Vi Zl) u

b= (xz, Vo, 22) Ha3bIBAETCS YMCIIO, PABHOE IIPOU3BEICHUIO MOYJIEH STHX

BCKTOPOB Ha KOCHHYC yI'Jla MCXKIY HUMHU.

Zz-l;:|&|-‘l;‘-coscp, 9)
5I;=|é|-npal;:‘l;‘-np55, (10)
i-a=a’=|al’, (11)

T.C. CKaHHpHBIﬁ KBaJpaT BEKTOpa paBCH KBaJApaTy €ro MOoJayJid.
C_i . b = XIX2 +y1y2 +ZIZZ .
(12) Ecin alb, To

XXy +y1yy +2125 = 0. (13)
+ +
cosQ = : x;xz 3/1)’2 22122 : = (14)
\/xl +y *t2) '\/xz ty, +2;

Ecnu Bexktop F' u300pakaeT CuiTy, TOUKA MPUIIOKEHHSI KOTOPOU mepe-
MEIIaeTcs U3 Havyalla B KOHEIl BeKTopa S, To paboTa 3TOi CHITBI OTpeeIsIeTCs

W=F-S.
(15)

—

BeKTOPHBIM ITPOU3BEICHUEM BEKTOPA d Ha b Ha3bIBAETCH TAKOM BEK-

TOp € = a X b, KOTOPBIi yIOBIETBOPSET CAEMAYIOIUM TPEM YCIOBHSM:
1. |é|=
2.cla n clb;

3. BEKTOp C 00pa3yeT ¢ BEKTOpaMH d W b «IIpaByro» TPOMKY.

BeKTOpHOE NPOM3BENECHHE 3aBUCUT OT MOPSAIKA COMHOKUTETEN

5|-‘b‘-sin(p, rIe @ — YroJ MeXIy BekTopamu d u b



axb=-bxa.
(16) Moaynb BEKTOPHOTO IPOU3BEICHUS PaBEH IO NapajljieorpaMma,

IIOCTPOEHHOIO HA BEKTOpax d U b

S= ‘ axbl| (17)
1. -
SA:—‘axb‘. (18)
2
Ecnu BexTopel @ ¥ b kommHeapHsl, T0 a X b = 0, B yacTHOCTH,
axa=0.
Eciu BEKTOpBI 3aJaHbl KOOPAMHATAMU ( = (xl, Vi, Zl) :
b = (X2, yz, 22), TO
R
axb=\x y 71| (19)
X2 V2 22

Ecnu Bektop F' m300pakaeTr cuily, MPUIOKEHHYIO B KAKOW-HUOYIb TOY-
ke M ,aBekTop @ WHAET U3 HeKOTOpou Toukr (O B TOYKY M , TO BEKTOp

a x F mpencrasiser co0oif MOMEHT cullbl F' OTHOCUTENLHO TOukd O
mF=axF. (20)

CMeNIaHHbIM IPOU3BEICHUEM TPEX BEKTOPOB d, b, ¢ Ha3bIBaeTCs YmcC-

JI0, PABHOE BEKTOPHOMY TPOU3BENEHHIO d X b , YMHOKEHHOMY CKAJIIPHO Ha
BEKTOD C, T.€.

Gbé =(axb)-c=a-(bxé)
(21) Cmemannoe npoussenenre abc paBHO 00beMy MapalIeNeNnuIeaa, no-

CTPOEHHOTO Ha BEKTOpax da, b, ¢, B39TOMY CO 3HAKOM «ILTIOCY», €CIIN TPOHUKa

a, b, ¢ mpasas, co 3HAKOM «MHHYC», €CJIM 3Ta TPOUKA JIeBas.
V =+abc. (22)
Ecnu BekTOpbl KOMILIaHAPHBI (JIEKAT B OJTHOU IJIOCKOCTH ), TO
abc =0.
(23) Jlns Bexropos d =(x1, ¥y, z), b = (X2, 35, 2,), €= (x3, V3, 23)
CMEIIaHHOE MPOU3BEICHIE ONpeaeseTcs hopMyaoi

- X1 N 2
abc=\|x, y, z,|
X3 V3 23

(24)
3amaya 1. Ha MatepuasibHy10 TOUKY H€UCTBYIOT CHUJIBI:
F =(2, -1, 1), F =(—1, 2, 2), 5 =(1, 1, —2).



HaiiTi paboTy paBHOJIEHCTBYIOIICH STUX CHJI R TIpH MEepeMeleHUN TOUKU U3
[IOJIOYKEHUS A(2, -1, O) B IIOJIOKEHUE B(4, 1, — 1).

Pemienue. Halinem paBHOAEHCTBYIONIIYIO
R=F+F+F;=02-1+1-1+2+11+2-2)=(2,2,1).
BexTop nepemernienus o Gpopmyie (5)

= —>
S= 4B =(4—2,1+1,—1—0)=(2,2,—1).
Hckomyto paboty HaxoauM 1o ¢opmyie (15)
W=R-S§=2-2+2-2+1-(-1)="7.

3amaya 2. Jlana cuna F= (3, 4, — 2) Y TOYKa €€ MPUII0KECHUS

A(2, —1, 3). HaiiT MOMEHT CHJTBI OTHOCHTENBHO Hauaaa KOOPAWHAT U YTJIBL,

COCTaBJIIEMBIE UM C KOOPJAUHATHBIMUA OCSAMHU.
o

Pemenre. o popmyne (20) mF=FxF. Bekrop 7 = OA 1o dop-
myse (5) ¥MMeeT KOOpAUHATEL 7 = (2, —1, 3), o ¢hopmyie (19)

i J ok
FxF=2 -1 3
304 2

=—10i +13j +11k.

Hrak, mﬁ' = (— 10, 13,1 1). Moysib MOMEHTa HaxouM 1o ¢popmyiie (2):
|m.F| = J(=10)% +(13)> +(11)% = /390 ~ 19,748,

Hanpagnstoiue kocunycsl o gpopmyne (3):
—10 13 11

cosa = —— = —0,506, cosPp=———=0,658, cosy=———=0,557,
19,748 19,748 19,748
a yIIIbl, COCTABIIIEMbIC MOMEHTOM CHJIBI C KOOPAMHATHBIMH OCSIMH, CJICIYIOIIHE
o =120°24, B=4851, Y =569,

KoHTposib: A0MKHO OBITH cos® o+ cos” B+ cos’ vy =1 VY Hac:

(- 0,506)> +(0,658)° +(0,557)" = 0,999.
3amaua 3. Hamucath pasioKeHUE BEKTOpa X = (5, 16, 2) 10 BEKTOPaM
]3=(2, 1, O), éz(O, -2, O), 17:(—1, 5, 2).
Pemenue.
1. Pasnoxenue BeKTOpa X 10 0asucy p, ¢, ¥ HUMEET BUJL
X=0p+0,q+0d;3F
WU B KOOPAWHATHON hopme



Xy =0 pp T 0agy t 03N
Xp =0 Py +0pg; + 03,
X3 =0 p3 + Qg3 + 0373,
2. C y4eToM YHMCIIOBBIX 3HAUYEHUI KOOPIUHAT BEKTOPOB P, ¢, 7 U X
IOy YHM CHCTEMY YPaBHEHHI OTHOCHTEIBHO HEM3BECTHBIX COLf, Ol,, Ol3:
2.0 +0-a,-1-a3=5 20 =5+ 03 o =3
lroo;=2-a,+503=16 = <20,=0a;+503;-16 = Jo,=-4
0-0y+0-0a,+20; =2 oz =1 oz =1
3. PasnokeHue BEKTOpa X II0 BEKTOpaM p, ¢, ¥ HMMEET BHI:
Xx=3p—4q+r.
Oteet: X =3p—4q + 7.
N

Banaua 4. B mapamwtenermnene ABCDA,B,C,D; Bexktopst AB = p,

_ — — — >

AD =gq, AA, =r ob6pasyior 6asuc. Pasnoxuts Bektopel AG, AP,

—>
AN 1o BeiOpaHHOMY Oa3ucy, ecnu Touka G nmenut pebpo DD, B oTHOmIE-

oM 1:2; Touka P — touka mepecedenus quaronaneit rpaan DD;C;C; Touka
N —cepenuna pebpa B;C;.

Pemienue.
[TocTpoum ueprex. HemocpeacTBEHHO U3 YepTeka CIEAyeT:
> . 2.
C AG = AD + DG=q+§r,
1. - 1.
AP API+APz+P2P—5p q+5r,
¢ AN, = AB+ BN + NN, :ﬁ+%g+?
Otser: AG = +z AP—1*+*+117
q 3 5 pPt4q >
— . 1. .
AN, =p+—q+r.
2
ILnockoctb. Ee ypaBHeHUs
Ax+By+Cz+ D=0 — (25)

oO1iee ypaBHEHHE ITIOCKOCTH.



A(x—xo)+B(y—yo)+ C(Z—ZO) =0 —
(26) ypaBHEHUE IIIOCKOCTH, IPOXOISIIEH Yepe3 Touky M. (xo s Voo ZO) nep-
IIEHMKYJISIPHO BEKTOPY 1 = (A, B, C).
£ + Z + E — 1 —
a b c
(27) ypaBHEHHUE IJIOCKOCTH «B OTPE3Kax». 31ech d, b, ¢ — BETMUYUHBI OTPE3-

KOB, OTCCKACMBIX IINTOCKOCTBIO HA OCAX KOOPAUHAT.
Ax+By+Cz+ D

=0 - 28
+ \/ A* + B* + C? )
HOPMAJIbBHOC YPAaBHCHUC IINIOCKOCTH.
p | Ax, + By, + Cz, + D)|
\/ A*> +B*+C?
(29) paccrostaue ot Touku M, (xo » Vo ZO) JI0 TIJIOCKOCTHU
Ax+By+Cz+D=0.
X=X Y=V Zz—Z
Xp=X; Vo= Z—z|=0 - (30)
X3 =X V3=V 23724
YPaBHEHHUE MJIOCKOCTH, MPOXOAAIIECH YEpPE3 TPU TOUKHU Al (xl, Vi Zl) ,

Ayy (x5, 2. 23), A3(x3, y3, 23).

IIpsamas. Ee ypaBHeHusi

Ax+By+Ciz+D; =0
{ 1 VT4 1 B (31)

06HIee YPaBHCHHC HpﬂMOﬁ (Hp;{MaH 3alaHa IICPCCCUCHNUCM ABYX HHOCKOCTGP’I).

X=X, Y=Y, Z-Z, _ (32)

m n p

KaHOHHYECKOE YpaBHEHHUE MpsiMoit, Tine M, (xo » Voo ZO) — TOYKa, IPHUHAJIJIC-
JKalas mpsAMol, d = (m n, p) — HAaNpaBJIAIOMIMA BEKTOp MPSMOH (BEKTOD, Ia-

paJUICNIbHBIN TPSIMOI).

xX=Xx,+mt
y=y,+nt -— (33)
z=2z,+ pt

apaMeTPUUYECKUE YPABHEHHUS IPSIMOA.



X=X — Y=>)1 _ Z—Z (34)

Xo—=X1 Vo=V Z2p—Z2
YPaBHEHUE MPSAMOM, IMIPOXOIAIICH Y€PE3 JIBE TaHHBIC TOUKHU Al (xl, Vi Zl) ,

Az(xz) Y2, Zz)-

+ +
cosQ = T T i 7 PrB - (35)

\/m12 +”12 +P12 '\/”122 +”22 +P22
YTOJI MEXK/Ly IBYMS IIPSIMBIMHE, TIE d| = (ml, ny, pl) U d, = (mz, n,, p2) —

HaIIpaBJIAIOIMIKUE BCKTOPLI ITPAMBIX.

. | Am+ Bn+ Cp|
siny = - (36)
\/A2 +B*+C? -\/m2 +n? +c?
YOIl MEXKLY IIPAMOM M IUIOCKOCTBIO, TAE 1 = (A, B, C) — HOpMAaJIbHBIN BEK-

TOP IINIOCKOCTH, C_i = (m, n, p) - HaHpaBHSII-OHII/If/'I BCKTOP HpHMOI;'I.

=% AIA; AIA; AIA; — o0bem mupamuasl Ay A, A3 Ay,

Vnupamu()bl
rae Al(xl’yl’zl)’ Azl(xz:h,zz)’ A3(x3,;"3’23)’ A4(x4,y4’24) -
KOOPAMHATHI BEPIIMH TUPAMUIBI.
1[¥2=%1 V271 2273
—|X3=X; Y3—=)y1 Z3—Z| (37)
Xg =X Va=)1 24727

3amaya 5. JlaHBI KOOPAWHATHI BEPIIUH THPAMHUIBI A1(2, 1, —1),
A5(3,0,1), A43(2,—-1,3), 4,4(0, 8, 0). Haiiru:

1) yron mexny pedopamu A A, u A Ay;

2) yroa mexay peobpom A; A4 u rpansio A A, As;

7

nupamuost

3) 06bem mupamuasl V;
4) paccrosiHue OT Touku A, 10 wiockoctn A; A As;

5) Touky A, CAMMETPUYHYIO TOUKE A, OTHOCHTEIHHO IIOCKOCTH
A4, As;
6) Touky A, CAMMETPUUYHYIO TOUKe A4 OTHOCHTEIBHO mpsiMoit A A;.

Pemenue.
1) Vron mexny pedpamu HaxoauM 1o ¢opmyie (35).

—>
= A4, =(3-2,0—1,1-(-1)) =(1, - 1, 2) — nanpapnsrommii BexTop
npsmoit A, A, ;



N
Gy = A4, =(0-2,2-1,0—(=1))=(-2, 7, 1) — nanpapnsowmuii BexTop
npsamoit A, Ay .
1-(=2)-1-7+2-1 =7 T

S22 422 (c2)P + 722 Vo548

2) CocraBuM ypaBHeHue mwiockocti A, A, Az, mpoxonsieit gyepes Tpu
roukn A;(2,1,—1), 4,(3,0,1), 45(2, -1, 3), no popmyne (30)
x=2 y-1 z+1

3-2 0-1 1+1|=
2-2 —-1-1 3+1

cosQ =

x=2 y-1 z+1
1 -2 2
0 -2 4

e215% 400 tetfo -0

0,

0)

-2
(x-2)-0-(y—1)-4+(z+1)-(-2)=0,
—4y+4-2z-2=0,
4y +2z—2=0 — ypaBHenue mwiockoctn Ay A, As;

n= (O, 2, 1) — HOPMAJILHBIN BEKTOP IIOCKOCTH;

a=AAy = (— 2,7, 1) — HANpPaBJISAIONINIA BEKTOp TpsiMoii Ay Ay
Haxomum yron vy mexnay npsimoid A; A4 m tumockocteto Ay A, Ay 1o dop-
Mmyse (36)

0-(-2)+2-7+1-1 15
Vo2 122112 (-2 + 72412 V554

3) Haxomgum o6bem nupamuisl o popmyie (37)

siny =

=09114.

—> — —>
A4, =(1L,-12); 445=(0,-2,4); A44,=(-2,7.1).

V=t—| 0 -2 4/=+—(-2+8-8-28)=-—(-30)=15.
6]-2 7 1| © 6

4) Paccrosiaue ot Toukn A, 1o mnockoctn A; A, A3 HaxomuM 1o
bopmyne (29).

2-8+0-1| 15
d = =35~ 6,69.
Jar1 s

5) YtoObl HaiiTi TOUKY Ay, CAMMETPUYHYIO TOUYKE A, OTHOCHTEIHHO
mwiockoctn Ay A, Az, cnenaem ciemyromee.

CocTaBuM ypaBHEHHE NPSIMOM, IEPICHINKYISIPHOM iockoctn  A; A, Ay,
npoxoJsieit yepe3 Touky A, 1o dpopmyiie (32). 3a HanpaBNIAIONUIHIA BEKTOP

10



OpsAMO a =n = (O, 2, 1) O0epeM HOpMaJIbHBIA BEKTOP MJIOCKOCTH, T.K. MIpsiMast
NEepHEeHANKYJISIPHA TII0CKOCTH:

x-0 y-8 z-0 x_y-8_z
0 2 1 o 2 1
CocTaBUM MapaMeTpUUYCCKUE YpaBHEHHS 3TOH mpsamMoii mo dhopmyne (33):
x=0
y=2t+8
z=1.

Haxonum Touky nepecedeHus 3ToH MpsAMoii ¢ IockocTbio Ay Ay Ay

x=0
x=0
y=2t+8
._, = y=—6+8=2 = 2(2t+8)+r—-1=0,
Z =
z=1
2y+z-1=0

5t+15=0, t=-3.
[Tomyyaem Touxky M (O, 2, — 3); T.K. TOYKa A, CUMMeTpudHa Touke A, OT-

HOCUTENBHO IIockoctH A; A, Ay, 1o Touka M sBISeTCS cepeluHON OTpe3Ka
Ay Ay, mosTOMY

X4+ X4 0+xy . _
Xy = ——, 0= , x; =0;
M ) > 4
Y4+ Y4 8+, ' :
:—’ 2: B :—4’
Ym 5 5 Ya
Zy + 2y 0+2z, ,
Zag = , -3= , zy = —0.
M= 2
AZ‘(O, —4, —6).

6) YtoObl HaiiTi TOUKy A,  , CHMMETPHYHYIO TOUKE A, OTHOCHTEIBHO
npsmoit Ay A3, cocTaBUM ypaBHEHHE IUIOCKOCTH, IPOXOAAIIEH yepe3 TOUKY
A, neprneHmuKyIspHO psimMoii A A3 1o dpopmyne (26). 3a HOpMaTbHBIH
BekTop miockoct 7 = d = (0, —2, 4) GepeM HapaBIsIOLIMIl BEKTOP IPAMOIA
A, A3, T.K. IIIOCKOCTh NEPIEHANKYIIAPHA IPIMOH.
0-(x—0)—2-(y—3)+4-(z—0)=0, —2y+16+4z=0, y=2z—-8=0.
Vpasuenwue npsimoir  A; A3 cocrasisiem 1o popmyie (34).

x—=2 y-1 z+1 x—2 y-1_ z+1

2-2 —1-1 3+1 0o -2 4

[Tapamerpuyeckue ypaBHeHHs psiMoit Ay Ay

11



x=2

y==2t+1
z=4t-1.
Haxomnm Touxky N mnepeceuenus npsmoid A; A; ¥ IMIOCKOCTH:
(x=2
y==-2t+1
z=4t-1
y—2z-8=0,

—2t+1-2(4t-1)-8=0, —10t-5=0, r1=——,

x=2, y=—2(—%)+1=2, Z=4(—%j— =3

Wrak, Touka N (2, 2, — 3). Tax kak Touka A, cuMMeTpudHa Touke A, OT-

HOCUTENBHO NpsaMoil A A3, To Touka N SBIsIeTCS CEpeANHON OTpe3Ka

Ay Ay, Torna
Xgq+X4 0+xy .
Xy=—F7, 2= , o xy =4
N 2 2 4
Y4 + yX 8+ yl’ll "
=, 2 = , = —4,
YN 5 5 Y4
+ " 0 + "
sy=2T2 0 3=TH 0 o6 touka Af(4,—4,—6).
2 2
Ilpsimasi anHusi. Ee ypaBHeHne
Ax+By+C=0 — (38)
oO11iee ypaBHEHHE MPSIMOIA.
X=X, Y=Y,
m n

(39) ypaBHeHue NpsAMO, MPOXOIAIIEH Yepe3 TOUKY
M, (xo, Vs ) a= (m n) — BEKTOD, MapajuIeIbHbIN MPSIMOHN.

A(x—xo)+B(y—yo)=0 — (40)
ypaBHEHUE TPSIMOM, TTPOXOJISIIICH uepe3 Touky M, (xo, yo) C NEepPIEHIUKY-

JIAPHBIM BEKTOPOM 71 = (A, B).

12



X=X _ V=N
Xo =X V2=
ypaBHEHHE NPAMON MPOXOAAIeH yepes 1Be Touku M 1(x1, yl) u M, (x2 , y2) :

(41)

Xy
Sz =1 - 42
Y (42)

ypaBHEHHE MPSIMOU B «OTpe3Kax», rie¢ @, b — BEIMYMHBI OTPE3KOB, OTCEKaC-
MBIX IPSIMOM Ha OCSIX KOOPJMHAT.
yv=kx+b — (43)
ypaBHEHUE MPSIMOM € YIIOBbIM K03 durmeHTom k =12 u OTpe3koM b —
oTcekaeMbiM Ha ocu Oy .
V=), = k(x—xo) =
(44) ypaBHEHHE TIPSAMO¥, MpoxoasIei uepe3 Touky M, (xo , yo) C YIJI0BBIM

K03 buueHToM K .
_|AxO+ByO+C|

VA? + B?
paccTostHue OT Touku M (xo, yo) 1o npsimoit Ax + By+C =0.
Ax,+ By, +C
VA? +B?

OTKJIOHCHUE TOUKu M (xo, yo) OT IPSIMOiA.

P
B

(46) yrioBoii k03ddunment npsimoit Ax + By + C=0.
kl = k2 - (47)

YCIOBHC IIApAJIJICIIBHOCTH IIPAMBIX.

d

(45)

o=

(45a)

bl
k2

(48) yciioBue nepneHANKYISIPHOCTH MPSMBbIX.

k2 — kl

1+ kk,

YroJl MeX/Iy ABYMsS IPSIMBIMHU C YTIIOBBIMU Koddurmenramu k; u k.

1gQ = (49)

3agaua 6. JlaHbl cepelMHBI CTOPOH TPEYTOJbHUKA
P(l, 2), Q(S, 1), R(— 4, 3). CocTaBUTH YpaBHEHHSI €TO CTOPOH.
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B(xs, v,) 1 cnioco6. Tak kak touku P, (O, R sBastoTcs ce-
penunamu otpeskoB AB, AC, BC, to
P Q X1+XZ _ xZ +X3 _ xl+X3 _

, =—=5 —=-4,
2 2 2
A(x,. v R C (x5, ) yl+—y2:2, )/2—;)/3:_1’ %:3.
Pemraem nBe cucteMsl ypaBHEHHM
X;+x,=2 Yi+y, =4
xZ+X3:10 %) +y3:—2
xl+X3:_8, y1+y3:6,
IIOJTy4aeM
xl = _8 yl = 6
X, =0 v, =0 A(— 8, 6), B(IO, — 2), C(O, O).
X3 = 10, V3 = —2,

Teneps cocTaBisieM ypaBHEHUS CTOPOH TPEYTOJIbHUKA, KaK MPSIMBIX, TPOXO/IsI-
IIUX Yyepe3 JABE TOUKH, o ¢opmyiie (41).
VYpaBuenue AB:

X8 _ Y70 giop-2=0
10+8 —-2-6

VYpaBuenue BC':
x—10:y+2, X+ 5y =0,
0-10 0+2

VYpauenne AC':
X*+8_Y=0 4=
0+8 0-6

2 cnioco0. He ompenensist koopaunat Touek A, B, C, cocTaBiuM ypaBHEHHE

Ka)XI0W U3 CTOPOH TpeyroibHuka ABC, kKak mpsMoi, MpoxXoIsIieii uepe3 oqHy
U3 BepIIMH Tpeyroibuuka POR mapaiieabHO IpOTHBOJIEXKAIIEH CTOPOHE.

YpaBuenue AB: npsmas AB mnpoxomuT yepe3 TOYKy P mnapajuieabHO BEK-

—
Topy QR = (— 9, 4). Hcnons3yem ypaBuenue (39).
x—1 y-2

-9 4
YpaBuenue BC': mnpsmas BC mpoxomut yepe3 Touky () mnapajuieIbHO BEK-

= 4x+9y-22=0.

—>

topy PR =(-51).
x—5:y+1

-5 1

= x+5y=0.
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Ypaaeane AC:mpsmas AC mpoxomuT uepe3 TOUKy R mMapalijieIbHO BEK-

—
topy PQ = (4, — 3).
x+4 y-3
4 -3
OtBer: 4x+9y—-22=0, x+5y=0, 3x+4y=0.
3amaya 7. CocTaBUTh YPaBHCHHS KATETOB IIPSIMOYTOJIBHOIO PABHOOEC -
PEHHOTO TPEYTOJIbHUKA, 3HAsl YpaBHEHUE TUNOTeHY3bl 2x 4+ 3y —5=0 u Bep-

= 3x+4y=0.

[IMHY TPSIMOTO yIJia (2, — 1).

b N AB = BC (no ycnosuio), nostomy /ABC = /ACB =45,

o 2
45 kpc = —g ( mo popmyne (46)). YpaBHeHHs KaTeToB AB n

45° AN
AQ. A ¢ BC cocrasisgem o popmyne (44). y+1= k(x — 2).

k+z
1g45° = —23 , (49)
1-Zk
3
k+—
—> = L.
1-Zk
3

Perrast v ypaBHCHHS, IOy IHM:
1 1
k:g’ y+1=g(x—2), 59+5=x-2, x=5-T7=0.
k=-5, y+1=—5(x—2), y+1=-5x+10, 5x+y-9=0.
Oter: x—5y—-7=0, 5x+y—-9=0.

3agaua 8. B TpeyroibHHKE C BEpIIMHAMU
A(3, — 2), B(— 1, l), C(S, — 7) HaiiTk OuccekTpucy BHyTpeHHero yrina LABC.

B__g 1) CocraBum ypaBHenus cropon yrina £ABC,
BOCITIOJIb30BaBIINCH (popmyrioit (41).
5102 Cropona BA:
+1 -1
VT 3 —dy+1=0.
3+1 —-2-1
Cropona BC':
+1 -1
T oY _8x—6y-2=0.
A ¢ 5+1 —4-1
\ N 2) Touku OMCCEKTPUCHI PAaBHOYIAJICHBI OT CTOPOH

yrina. [IpupaBHsiem paccTosiHUS OT NPOU3BOJIBLHON
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TOYKU OMCCEKTPUCHI M(x, y) 1o ctopoH yrma BA u BC, BeIUUCHASA UX IO

bopmyne (45).
|—3x—4y+1|_|—8x—6y—2| |—3x—4y+1|_|—8x—6y—2|

e ee S 10

N3 mocnenHero paBeHCTBa MOIy4aeM CIICIYIOIUE JIBa:
2A-3x—4y+1)=—8x—6y—-2 n 2(-3x-4y+1)=—(-8x—6y-2).

[Tocne nmpeoOpazoBaHus MOJydYaeM YpaBHEHUS JIBYX MPSAMBIX, KOTOPBIE SBJISIFOT-

st OMCCEKTpUCaMK BHYTPEHHETO M BHEIITHETO YIJIOB IIpH BepiinHe B Tpe-
yronbanka ABC':

x—y+3=0 (a)
u x+y=0. (6)
Jl11s GUCCeKTpUCHl BHYTPEHHETO yIila TpEyrojiibHuKa BN OTKIOHEHUWS BEPIIUH
tpeyroiibhuka A u C HMEIOT pa3HbIC 3HAKH, a ISl OMCCEKTPUCHI BHEIITHETO
yrima BK — 3HaKd OTKJIOHEHHH OJMHAKOBEI.

Haiinem otkionenus Touek 4 u C ot npsmoit (a) mo gpopmyiie
(40,a):

6A=3 (2)+2:7> 5 (7)+2:14>0’
JiZe2 V2 JEe2 V2

ClIeIOBAaTeNbHO, ypaBHEHUE (@) — 3TO ypaBHeHue npsimoii BK. Torna ypaBHe-

HUE OMCCEKTPHCHI BHYTPEHHETO yria Tpeyroiibhnka ABC mnpu BeprmHe B

x+y=0.

0, 8

Otser: x+y = 0.

JIMHUM BTOPOro mopsiaKa

OKpY»XHOCTb. YpaBHEHUE
(x—a)2 +(y—b)2 = R? (50)

OTIpEIeTISIET OKPYKHOCTh paanyca R ¢ IEHTpOM C(a, b) . Eciu ienTp

OKPY>KHOCTH COBIIQJaeT C HAyajaoM KoopauHar, T.e. a = b = (0, To ypaBHEeHHE
OKPYKHOCTH TIPUMET BH,T

x + y2 = R”.
(51)
Oo6mee anreOpandeckoe ypaBHEHHUE BTOPOU CTETICHU
Ax* +2Bxy+ Cy* +2Dx+2Ey+F =0
ecTh ypaBHeHHe okpyxHocTH, eciii A=C#0, B=0, te.
Ax® + Ay* +2Dx+2Ey+ F =0. (52)

DJUTHTIC.
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[\
\S]

X Y
a’ ' b* !
(53)
ypaBHEHUE ILIUICA (KAHOHUYECKUW BHT).
b2=a2—02, a>b.
(54)

B aTom ciydae ¢oxycChI aInIica UMEIOT KOOPAUHATHI
Fi(—¢, 0) u F(c, 0).
(55)
Hauyaino KOOpAHUHAT O - LHCHTP CUMMCTPHUH IJIJIUIICA, 4 OCHU KOOPAHUHAT — OCH

CUMMETPHH dIUIHIICA. TOUKH Al(— a, 0), A2(a, O), BI(O, —b), B, (O, b)
HA3BIBAIOTCS BEPUIMHAMU DIUIMIICA, @ W b — Ooublas ¥ Maas moixyocu. Be-

JJMYHUHAa

8=£<1
a
(56)
Ha3bIBACTCA SKCUCHTPHUCUTCTOM JJIJIMIICA. 3KCI_[6HTpI/ICI/ITeT XapaKTCPU3y<CT BhbI-
TAHYTOCTD 3JINIMIICA, T.K. BBIPAXKACTCA 4YCPC3 OTHOIICHHUC CI'O HOHYOCGﬁ

c_va’-v _ 1_@2_

E=—= (57)

a a a

OKpY»HOCTbh MOYXHO CUMTATh YACTHBIM CIy4aeM JJLIUIICA, Y KOTOPOTro
a=b,1te. £¢=0.

x=x— — (58)

M|

YpaBHEHUS JUPEKTPHUC.
Ecnu dokycsl amummrica pacnonoxensl Ha ocu (Jy, TO ypaBHEHHE DJUTHII-

ca umeeT ToT ke Bu (58), Ho b > a. DoKyChl HIMEIOT KOOPAUHATHI: FI(O — c)

u F, (0, c) . YpaBHECHUS TUPEKTPHC

y= J_rg. (59)
['unepbona.
2 2
X yo o
a—z - b_2 = 1 - (60)

KaHOHHYECKOE YPaBHEHHE TUIIEPOOJIHI.
b*=c*—a*, a<ec. (61)
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®OKyChl UMEIOT KOOPIUHATHI Fl(— c, 0) u I, (c, O). Ocu KOOpJIMHAT SIBJISI-
IOTCS OCSAMH CHMMETPHH THIEepO0bl, a Touka () — HEeHTp cumMmeTpuu. [ umep-
0oJ1a rmepecekaeT och a0CIMCC B TOYKAX Al(— a, O), Az(a, O), KOTOPBIC Ha3bI-
BAlOTCS €€ JCHCTBUTEIbHBIMU BEPIIMHAMH, a BEIIMYHMHA ( — JCHCTBUTCIBHOMN
II0JTyOCBIO THUIEpO0JIbl. Toukn BI(O, —b) u B, (O, b) HA3bIBAIOTCS MHUMBIMH
BEpIIMHAMK, & b — MHHMAs MOJIyoCh. IIpSIMOYTOIbHHMK C IIEHTPOM B Hadaje

KOOpAWHAT U CO CTOPOHAMH, IMapaJUICIIbHBIMHU KOOPAHWHATHBIM OCAM M IIPOXO-
JAMIMMHU 9CpPE3 BCPUINMHBI FI/IHep6OJ'IBI, Ha3bIBACTCA OCHOBHBLIM IIPAMOYI'OJIbBHU-
KOM FI/IH€p6OJ'IBI. Ero JAuaroHain

y= iéx (62)
a
SIBJISIIOTCS] aCUMITTOTaMH TUIIEPOOIIBI, T.€. IPSIMBIMH, K KOTOPHIM HEOTPAaHUYECHHO
MPUOIMKAIOTCS BETBU TUIIEPOOITHI.
OKCIEHTPUCUTET TUIEPOOITBI

C

e=—>1. (63)
a
2 2 2
go C_Na +b” 1+Gg | (64)
a a a

Eciu a = b, runepboiia Ha3pIBae€TCS paBHOCTOPOHHEH. B aTOM Ccityyae ocHOB-
HOW MPSAMOYTOJIBHHK TPEeBpaIiaeTcs B KBapaT, a IKCIIECHTPUCUTET paBeH /2.
a
xX=*x— — (65)
€

JTUPEKTPUCHI TUTIEPOOITHI.
Ecnu ypaBHeHUE TUnepOoIibl UMEET BUJI

2 y2
- —2 + —2 - 1 y (66)
a b
TO ACHUMIITOTHI TUIIEPOOJIBL:
X = ié Vv, (67)
a
boKyChI FI(O, — c), F2(O, c).
y=x2 - (68)
€

YPaBHEHUS AUPEKTPUC.

[TapaGona.
KanoHnueckoe ypaBHEHHE Mapa0oITbl

y2 = 2px (p > 0), (69)
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IZle p — paccTosiHue oT (poKyca 10 TUPEKTPUCHL. Y PABHEHHE JUPEKTPUCHI

X = —g, KOOpJMHaThI pokyca F (g O) . Hauano koopaunar sBisiercs Bep-

IITMHOM 1TapadoJIbl, a OCh A0CIMCC — €€ OChI0 CUMMETPHUH. DKCIICHTPHUCUTET T1a-
pabonbr € =1.
B psiie ciayuyaeB paccMaTpHuBarOT mapadosibl:

a) y2 =-2px, F (— g Oj —(okye, x = g — ypaBHeHue qupektpuchl;  (70)
2 _ P __bp :
0) x“ =2py, F|0, E —dokyc, y = _E — YpPaBHEHUE JUPEKTPUCHL; (71)

B) x2=-2 py, F (O,—%j —okyc, y = § — ypaBHEHHUE JUPEKTpUCBL.  (72)

Jst Bcex cimydaeB p > 0.
3amada 9. Cpeau npsMbIX TapauIeNbHBIX npsimoi 2x + y = 0, BbIzie-

2, .2
JIMTH KacaTelbHbIC K OKpY)KHOCTH X~ + )~ = 1.

Pemienue. YpaBHEHUE BCAKOU NPSAMOU, MApAILICIIbHON JAHHOW, MOKHO
3amucaTh B BUIE
2x+y+c=0.
KacarenbHast K OKpY>KHOCTH UMEET C HEW TOJIbKO OJIHY OOIIYIO TOUKY, TO3TOMY
COBMECTHOE PELLICHUE YPABHEHUM NIPSAMOM U OKPY>KHOCTH JOJI)KHO UMETH TOJIb-
KO OJZIUH OTBET.
W3 ypaBHeHHS IpIMOiT ) = —2Xx — C.

y=-2x-c

x2+y2=1, x2+(—2x—c)2=1, 5x2 +4ex+c—1=0,
KBanparHoe ypaBHEHHE UMEET TOJIBKO OJIHO PELICHUE, KOTJa TUCKPUMUHAHT
paBeH HYJIIO: (40)2 — 4-5-(02 — l) =0, otkyma c= +/5.

I/ITaI(, HNCKOMBIC KaCaTCIIbHBIC UMCIOT YPABHCHUA

2x+y++/5=0, 2x+y—A/5=0.

3agaua 10. Jlan smwmne 9x” + 25y2 = 225. Haiitu: 1) ero momyocu;

2) GOKyChI; 3) 9KCHEHTPUCHUTET; 4) ypaBHEHUS TUPEKTPUC.

Pemenue. [enum Ha 225, nosyyaem

X2 y2
+

25 9
Orcroma ciaeayet mo hopmyine (53),uro a =15, b= 3. U3 popmynsr (54):

c?=a’>-b>=25-9=16, c=+4
ITo popmyme (55): Fl(— 4, O), F2(4, O).
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4
OkcueHntpucureT (56): € = € g
a

VYpaBHeHus qupekTpuc cornacHo (58): x =t——=+—.
4/5 4
4 25
Otset: a =5, b=3; Fl(—4, 0), F2(4, O); € :§; xX=t—.
3amaya 11. CocTaBUTh KAHOHUYECKOE YPABHEHHE JJUIMIICA, Y KOTOPOTO
Masasi oJIyoch 276, a paccrostaue Mexay poxycamu FiF, = 8.

Pewenne. b =26, FF,=2c=8, c=4

2
ITo popmyie (54): a’=b*+c?, a’® = (2\/8) +4% =40, a =40 =2410.

2 2
Y

—+—=1
40 24
3agada 12. AcumnTtotsl runepooisl uMeroT ypaBauenuss 4y £3x =0, a

paccrosinne Mexay pokycamu paBHo 20. HamucaTh ee kaHOHUYECKOE ypaBHe-
HUE.

VYpaBHenue sumrnca corjiacHo (53):

Penienue. YpaBHEHUS aCUMITOT ) = izx, corsiacHo popmyne (62):

é = % Kpowme toro F1F5 =2¢ =20, ¢=10. Ilo popmyne (61):
a
=a

2

2 2 o
c + b”, monyuaem CUCTEMY YpaBHEHHIA

b 3

a 4
a® +b% =100.
Pemras ee, monyuaem a =8, b= 6. CiemoBaTeabHO, KAHOHUYECKOE ypaBHE-
2 2
Yy

HUE TUTICPOOJTBI: < 36 =1L
2 2

3amaya 13. Jlana rumepOosra % - yT = —1. Haiitu xoopauHaTh! o-

KYCOB Y BEPIINH, SKCIIEHTPUCUTET, YPABHEHUS] ACUMIITOT U JUPEKTPUC.
Perrenne. ®okychl JaHHON THITEPOOJIBI PacoiokeHbl Ha ocu Oy .

a=1b=3 c=va’+b> =J9+1=410. (61)
3HAYUT POKYChl HIMEIOT KOOPIUHATHI FI(O, — JE), FZ(O, \/E) Bepuiunsr
4,(0,-1), 4,(0,1), B;(-3,0), B,(3, 0). Dxcuentpucurer no popmyie (64):

8:52@, & = JT0.

a
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YpaBHEHUs acUMNTOT: X =t—y = Xx=13y.
a

3
YpaBHeHUs qUpeKTpuc: y=+*t— = y==Ft-—.
c V10
3amaya 14. IlapaGoisa ¢ BepHIMHOM B Hayaie KOOPAUHAT MPOXOIUT Yepes
TOYKY A(l, - 2) ¥ CUMMETpHUYHA OTHOCHTENbHO ocu (Jy. Hammcatsb ee ypas-

Henue. Haiitu ¢pokyc u nupexrpucy.
Pemienue. YpaBHeHHE HCKOMOM mapadodisl o hopmysie (72) uMeer BUIT

x?==2 py. Touka A( 1, - 2) JICKUT Ha mapabode. [TogcraBiseM KOOPAHHATHI
1
Toukn A BypaBHeHuWe: 1=-2p- (— 2) = p= rk CrnenoBarenbHO, HCKO-

2 _ 2
MO€ ypaBHEHHE OyAeT X~ = ) y wm y=-2x".

1 1
®oky mapabomsr: F (O, — g) . YpaBHEHHUE TUPEKTPUCHI cormmacHo (72). y = .

2 .
3amava 15. Ha mapabone y~ = 4x HaWTH TOYKH, pACCTOSHUS KOTOPBIX
OT JUPEKTPUCHI PaBHO 5.
p

b

Pemenue. YpaBHeHHE TUPEKTPUCHI TaHHON Napadoyibl X = —

2p=4, p=2, x =—1. Torna paccrosiauie or ocu (Jy 10 UCKOMOKH
P

{=4—==5—1=4T0oukH W 3TO pACCTOSTHHUEC OMPEACIUT KOOPIAUHATY X

naHHOU ToukH, T.e. X = 4. KoopauHaty y Haiigem U3 ypaBHEHHS NapaOoIbl:
y2=4x, y*=4.-4=16, y=14
I/ITaK, Ml (4, 4), M2(4, — 4) .

BBEJIEHUME B AHAJIM3

[TycTs KakIoMy HaTypaidbHOMY 4HMciay # =1, 2, ... TpHuBEIEeHO B COOT-
BETCTBHE B CHJIy HEKOTOPOTO 3aKOHA YHCIO U,. Torma roBOpsT, 4TO OIpene-
JIeHa TIOCJIEOBATEIbHOCTh YHCEN Uy, Uy, Uz, ... WIIH, KOpOUe, MOCIeNI0oBa-

TCIBHOCTD {Z/ln } OTI[CJ'IBHLIC quciaa U, Ha3bIBAKOTCA €€ DJICMCHTAMU.

Onpenenenue 1.1. Yucno a Ha3pBaeTcs MPEAEIOM MOCIEI0BATEIBHOCTH

{I/ln } , €CIn OJ1d JF000r0 MOJOKUTEILHOIO YHCIa € HaﬁHeTCﬂ 3aBUCAIIICC OT
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HCTO HATypaJIbHOC YHCIIO N TaKoe€, 4TO JJIA BCEX HATYPAJIbHBIX YHUCCII 71 > N

BBITIOJTHSICTCSI HEPABEHCTBO: | u,—a |< €. Ilpusrom mumyt: [im u, = a.
n—» 0

Ompenenenrie  1.2. Toopst, uto QyHkImS | (x) ctpemutcst kK A
( f (x)—) A) IpU CTPEMJICHUH K @ (x—) a), rne A u a—uucna, Uiu

lim (x) = A, ecnu st moboro € >0 cymiectByer O = 8(8) >0 Takoe,
Xx—>a

91O |f(x)—A|<8 pu |x—a|<8.
Amnanornyno, [im f(x)zA, eCIIl |f(x)—A|<8 npu |x|>N(8) u
X—> 0
limf(x):oo, eclin |f(x)|>M npu |x—a|<6(M), rne M — npowus-
xX—>a

BOJIBHOC ITOJIOKUTCIIBHOC YHCJIO.

[Ipy BBIYMCIICHUH TPEIETOB MOKHO HCIIONB30BaTh CIEAYIOIINE TEOPEMBL.
1. Ecnm cymiecTByIOT KOHCUHbIE lim f1 (x) lim f, (x), TO
Xx—>a

a) llm[f1 )+ fo(x ] hmf1 )+xli"2f2(x)
6) lim| f1(x)- f2(x) |= lim fi(x)- lim f3(x)

filx) xli’g,fl(x) (xliizzfz(X) . Oj.

8) lim

x—)afz(x) B xll_)l’l’éfz(x)
2. Ecom  [lim f(x) =A=#0, I[limf, (x) =0 (4 — koHe4HO), TO

xX—>a X—>a

fi(x) _

ecnmu  [im f(x) =A, [limf, (x) =0 (4 — xoHEeuHO), TO
—a

OTH YTBEPKICHHS CIIPABEJIMBBI, €CIIM BMECTO ABYX QYHKLIHUHA f) (x) "

f2 (X) B35Tb COOTBETCTBCHHO ABEC ITOCIICAOBATCIBbHOCTH: {Un} u {Vn} .

B npocreiimmx cnydasx HaX0XKISHHUE Mpejiesia CBOJIUTCS K MOJCTAaHOBKE B
JTAHHOE BBIpa)XKEHUE MPEACIbHOTO 3HAYEHHUS apryMEHTa, 4acTo, OJIHAKO, MPUXO0-
JUTCS, TIPEXKJIE YEM MEPEUTH K Mpezelny, IPOBOAUTh Ipeodpa3zoBaHuEe JaHHOTO
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BbIPpaKCHMUSI. 210 CICAyECT ACJIaTh B TCX ClIy4dasdaX, KOorga UMCIOT MECTO TaK Ha3bl-

.0 > . . 0. q®. .0
BaeMble HeonpeaeneHHoctn: —; —; (0-00; co—o0; 07; 17; oo,
00

[Ipumep 1.1. Ilpu oTbicKaHUU TIpejena OTHOLIECHUS JIBYX IEIbIX MHOTOYJICHOB
OTHOCUTEIIBHO X TMpPHU X —>00 WA N NPU N —>00 IS HOCIHEA0BATEIbHO-

00)
cTeil (HeompeneneHHOCTh —) 00a wieHa COOTHOLICHHUS IMOJIE3HO INpeaBapH-
o0

TEJBHO Pa3Je]uTh HA X WJIM, COOTBETCTBEHHO, /' TJ€ M — HAaUBBICHIAS CTe-
MEHb 3TUX MHOTOYJICHOB.

AHaJOTUYHBIN TPHEM BO MHOTHX CIy4asiX MOYKHO MPUMEHHUTH U VIS JPO-
Oeil, copeprKalx UpParMOHATIEHOCTH.

4 2 1) 2 1
3+—-—— 3+—-——
3x4+2x2—1 00 : x( x> x4 - x? x*
a) lim =|—|= lim = [lim =
X—>0 5x +3x+2 o0 X—>© 4 3 2 X—> 0 3 2
5+—+— S5+—+—
3 4 3 4
x> X X
2 1
lim 3+ lim —— lim —
e T T 34040 3

= = = —, cTapmias crereHp m =4,

lim5+lim%+limi4 5+0+0 5
X—> 0 X—>0 x X—> 0 x

4
JICIMTCSI HA X .

C3Jont — 203 42 + 43803 +21
0) lim =
oo Yt 342440t +9n

3-\/#(9—5%) +4-3/n3(8+2—31)
= lim =

" 4714(1—14 12 n4(4+%)

n
3n? \/9—%+— +4n- 3(8+2)
. I’l3
= lim

" /(1—— +2n° / +%

n
3- (9——+—j+—-3(8+ﬂj
, n 3-49-0+0

= lim =

\/_
o l ’ 1__ { 9) - A\‘/—+2 N4 -
n n3

_2
4
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o 2
(HeompeIeICHHOCTh — , CTapIIas CTENeHb M = 2, JNeIUTCI Ha n° ).
o0

6) lim (3x + 1)

X—> 0

\/x2 +4x+5—\/x2 +4x+7]=[oo-(oo—oo)]:

(3x+1) Vx? +4x+5-x2 +4x—7

\/x2+4x+5+\/x2+4x—7l

= lim
Y= \/x2+4x+5+\/x2+4x—7
(3x+1)(x2 +4x+5—x2—4x+7)
= lim =
X \/x2+4x+5+\/x2+4x—7

_ (3x+1)-12 (:xj
= lim =
>0 Jx2 4 x4 5+ lx? +4x— 7 VX
12(3+lj 12-3
xX— 0 4 5 4 7 I+1
I+—+—=+ [l+———
X Xx X Xx

I[Tpumep 1.2. Ecan P(x) " Q(x) — [eJble MHOTOYWIEHBI X, P(a);t 0 wm

Q(a) # (0, To mpemen panuoHanbHOU Apodu P/ () mpu X —>a HaXOAUTCS
HernocpeACcTBeHHO. Ecnu ke P(a) = Q(a) =0 (HeomnpeneaeHHOCTh 6), TO

apobs P/ (Q pekoMeHIyeTCst COKPaTUTh OJWH MM HECKOJIBKO pa3 Ha (x — a).

X3 -3x+2 (0) , (x—l)(x2+x—2) o oxt+x-2
lim———— =\ —| = lim = [im =
—ix? —4x+3 \O x—>1(x—1)(x3+x2+x—3) x>1x3 4 x% +x-3
=(9)=lim (x—1)(x+2) i 2x+2 _ 142 :Ezl,

[Tpumep 1.3. OpHUM U3 TPUMEPOB HAXOXKICHUA MPEaEa OT UPPALIMOHATIBHOTO
BBIPAKEHUSA SIBIIIETCA NEPEBOJ UPPAUMOHAIBHOCTA W3 YHUCIHTENS B 3HAMEHA-

0

TEeJIb WJIM HA000POT (HEONPENEeNIEHHOCTh 6).

L (3—@)(%\/@) i

S (1= Y5 x )3+ V54 7)

o 3—A/5+x 0
a) lim ————=|—
x—>4]—\3/5—x 0

24



_ lim 9-5-x _
- —>4(1—Q/E)(3+\/E)

4— _4-x 1
= lim ———— = lim =
x—>4]— \/5 X x—>43+\/5+x 41-35—x 6

o (41435 +(5-2)*)

=—[im =

6xa4(1_;ﬂ;:})(1+iﬁif}ﬁr%Qgizsi]
L a1+ s

=—[lim =
6x—>4 1-5+x

6 x—>4 x—4 6 x—4

——é@+1+0=—%.
(%/}—2)(%/x7+2%/¥+4)

0) lim%—_zz(gj:lim =
—8x? —Tx—8 \0 x_>8(x —7x—8)(%/x72+2§/;+4)
= lim x—8 = lim :
x_’g(x—S)(x+1)(%/x72+2§/;+4) x_>8(x+1)(\/7+2\/—+4)
1
S 9.12 108

[Ipumep 1.4. Ilpu BBIUKCIEHHH MPENEIOB BO MHOTMX CIydasX HCIHOJIb3YIOT
«TEPBBIA 3aMEYATEIbHBINA MPEIEI):

Sinx
lim—=1,
x=>0 X
CJICICTBHEM KOTOPOTO SIBJISIFOTCS TTPEACIIB:
tox . arcsinx . arxtex
lim —=— & =1, lim =1, lim g* _ 1.
x—>0 Xx x—0 X x—>0 X

tg2 4x - arcsin® x B
. =

a) lim ctg2 3x— ctg2 S5x|:
x—>0 X
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. DA .2 2 -
x=>0 sin“3x sin” S5x X

2 ) 2
tgdx > (arcsinx 2
i {cos 3x cos SX} 4x X
= [im .

2 2 2 N
— Jim 16x2 .{cos 3x _cos SX}. lim(tg4xj . lim(arcsmxj _

x—0 Sii’lz 3x Sil’l2 S5x | x—>0 4x x—0 X
2 2 2 2

_ Jim| €98 3x 216x __cos 5x2 16x 1212 =

x—0 ; ;

(Sm 3xj .0y (Sm 5x) 95,2
'\ 3x Sx )

= lim Ecos?:x—ﬁcos2 SX} = E-I—E-lzﬁ.

x—>0] 9 25 225

2
(@) 4x? N 2sin® 2x

. tg?2x-N1—cos4x (0 : 2x
0) lim > =|—|=lim : =
x>0 x*.aqresin3x 0/ x>0 2 (arcsm 3xj 3y
3x
2 .
. tg2x) (Sll/l 2xj
/ (— 42 )
xl—’>n() 2x . 42 sin2x . 2x x 8v/2
= _ Aim — = [im = .
i arcsin3x x—0 3x x—0 3x 3
im———
x—0 3x

[Ipumep 1.5. Ilpu BeIYMCHEHUU NIpeaena BBIPAXKEHUs, COAEPKALIETO TPUTOHO-
MeTpudeckne QyHKIMH, Korqa X —>a u a # (0, pexoMeHayeTcs mpeaBapu-
TEJIbHO IIPOBECTU 3aMEHY X —d = ).

T-X
cos— 0
lim 6 :(—jz(x—?;:y, y—0 mpu x —>3) =
=3 x—3 0
(y+3 )
cosm . - . R Y
y—0 Y y=>0y y>0 Ty
6
SinM n i
6y>0 Ty 6 6
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Ipumep 1.6. Tlpu BBIYHCICHWH MIPENCIIOB BUaa [lim [ f (x)](p(x) = Heo0Xxo-

Xx—>a

AUMO UMCTb B BUAY, YTO

1) ecnu cymiecTBYIOT KOHEUHbIE nipeaeibl A = lim f (x) B = lim (p(x),
xX—>a xX—>a

10 c=A4" (4>0);

2) ecnu lim f (x) =A#1, Ilim (p(x) = F00, TO BOMPOC O HAXOXKICHUH
Xx—>a Xx—>a

mpeaenaa ¢ peaercs HemoCPEICTBEHHO;
3)ecu lim f (x) =1, [lim (p(x) = 00, TO CJIeIyeT BOCIOIb30BAThCS
xX—>a x—>a

1

«BTOPBIM 3aM€YaTeIbHEIM Mpeaeiom»: [im (1 + g(x)) g(x) = e, rae
Xx—>a

g(x)—)O mpu x >a u e=2718....

x2

2 1 —00
a) lim (M}x = (éj 1 0, T.k
x>\ 2x“ 4+ x + 1 2 3

3

. 3x2—x+1 3 ) x?
lim ———— = —, [im —— = —oo0.
x>0 2?4 x+1 2 x—ox —1
. x+3 . .
6) lim(sm 4x) _ 43— 64tk lim S _ lim(sm 4’“) 4=4,
x—0 X x—0 X x—0 4x
lim (x + 3) =3.
x—0
2x 2x
8) lim(3x+lj z(loo)z lim(1+ l j =
x—oo\ 3x — 1 X—>00 3x—-6
. 14x
3x-6 _7 D 3x-6 ximoon—6
= lim(l+ / j 7ot lim(l+ / j ’ —e!¥3.
X—>00 3x—-6 X—>00 3x—6
3 3
3 lim(7=2x)5 =(17) = lim[1+ (6~ 2x)]=3 =
(6-2x)3  18-6x
1 =3 lim
= lim{[1+(6—2x)]62x} — eI X3 o6
x—3

2. beckoHeUHO MaJible U OECKOHEUHO 00JIbINe PYHKIIUH
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Omnpenenenvie 2.1. Ecnu [lim f (x) =0, 710 QyHkumMs f (x) Ha3bIBaeTCs Oec-
Xx—>a

KOHEYHO MAJIOM B OKPECTHOCTH TOUYKH X = a (Mpu X — a).
CymMa U mpou3Be/ieHne KOHEYHOTO YHciia OECKOHEYHO ManbiX (QyHKIUH
Opu X —> a ecTh Takke OECKOHEYHO MaJiasi ipu X — a.

Ompenenenne 2.2. Ecmu f (x) U g(x) — OECKOHEYHO Majble IpU X —> a U
/)
lim———=c¢, re ¢ — HEKOTOpOEe YHCIIO, OTIMYHOE OT HYJIS, TO (YHKIHU
x—a g(x)
f (x) 17} g(x) Ha3bIBAIOTCS OECKOHEYHO MajbIMU OJHOTO TOpsAKa MpH
x—>a, ecmu ¢ =0, TO roBopsaT, 4To f (x) — OECKOHEYHO Majasi BBICILIErO
HOpsIJIKa M0 CPAaBHEHUIO C g(x) npu x —> da.
BeckoHeuno mamas f (x) Ha3bIBAeTCsl OECKOHEYHO MaJlo mopsiika n

10 CpaBHCHUIO C g(.X) npu x — a, eCiim

limM:c, O<|c|<+oo.
x—>a gn(x)

Mpumep 2.1. Tlpuy x—>0 omnpenenures MOPSIIOK MAIOCTH (YHKITUH
{gx — SINX OTHOCHUTEIBHO X.

) Sinx( ! — ) (1
lim Igx — sinx _ Iim COSX — lim Slnx( — cosx) _
x—0 _xn x—0 _xn x—0 _xn COS X
2sinx - sin’ i 4sin’ X COSE sin’ i cosf
= [lim 2=lim 2 2=4lim—2-lim 2 _
x—0 _xn COSX x—0 _xn COSX x—0 xn x—>0 cosx
sin’ X sin’ X sin’ X
=4lim—2-1=4lim—2=i- lim —=.
x—>0 x" x—>0(x)n Y. 2" x>0 (xjn
2 2

Orot npenen Oyaet paBeH koHctante c¢# (0 npu 7= 3, ciaemoBareib-
HO, QYHKIUST gX — SINX WMEET MOPSIOK MAIOCTH # =3 OTHOCUTEIBHO X
mpu x —> 0.

CyMmMa 1ByX 0€CKOHEUHO MAaJIbIX PA3JIMYHBIX TOPSIKOB PAaBHOCHIJIBHA TO-
MY U3 CJIAara€MbIX, MOPSAIOK KOTOPOTO HHXKE.

[Mpumep 2.2. OmnpenenuTh MOPAAOK MAJIOCTH OTHOCHTEIbHO X mpu X —> 0

CYMMBI %/)T2 + \/)73 .
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3.2
Cnaraemoe X HMCCT MOPAAOK MAJIOCTHU 5 OTHOCHUTCJIBHO X, a

3 3
cinaraeMoe VX~ — IOPSAIOK 5, CIIEIOBATENBHO, CyMMa UMEET HOPSI0K Majo-
2
CTH — OTHOCHTEIbHO X mpu x —> 0.
(%)
Ompenenennie  2.3. Ecmu  [im —— =1, To OeckoHeuHo Maybie f (x) "
xX—>a g(,X)

g(x) Ha3BIBAIOTCS DKBUBAJICHTHBIMU IIPH X —> a . [ (x) ~ g(x).
Hampumep, mpu x — 0 Oyzaem umeTs:
sinx ~x, Igx~Xx, arcsinx~ Xx,arctgx ~ Xx,
2
ln(1+x) ~X, COSX~ 1—7, e'—1~x, a" —1~x-lna (a;t l).

Hpez[en OTHOLICHHA ABYX OECKOHEUHO MaJjbIX HE HU3MCHUTCA, €CJIN YJICHBI
OTHOIICHUA 3aMCHUTDH DKBUBAJICHTHBIMHA UM BCINYHWMHAMU.

I[Tpumep 2.3.
2 .2
34tg2x . 53arcsin2 3x (34%’ t - 1) - (53arcsm Y- 1)
) lim 3 = lim > > =
x>035in” 4x + Tarctg®x x>0 3-(4x) + 7-(x)
. 4tg2x- In3—3arcsin® 3x-In5 4In3-x% - 3ln5-(3x)2
= Ilim = [lim =
x—0 55)(?2 x—0 55)(?2
_4In3-27In5
55 '
In(1+3x) 3x

. (4arcsin2x| «x (420> (1)1
6) lim| ——— = lim == =—.
x>0\ 3¢g8x x>0\ 3-8x 3 27

ln(3 — Sx) — ln(3 + 7x)

6) lim = [im =
x>0 2sinx x>0 2x
ln3+ln(1—§xj—ln3—ln(1+%xj _Ex_Zx
= lim = lim——3 -2

x—0 2x x—0 2x
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Ompenenenrie 2.4. Eciu  lim f (x):oo, 0 QyHKIMI | (x) Ha3bIBAETCA
X—>a

OECKOHEYHO OOJIBITION MPU X —> A .
[Tog06HO TOMY, KaK .TO CIENAHO JUIi OECKOHEYHO MAaJIbIX, BBOJAHUTCS TO-
HATHE 0ECKOHEYHO OOJIBIINX PA3TUIHBIX OPSIKOB.

[Mpumep 2.4. Ilycte x —> oo. OnpenenuTh MOPSIOK OCCKOHEYHO OOJIBIION

X
f (x) = 10 CPaBHECHHUIO C X .
+ 2
5 5 5 5
. X . X . X . X

lim x" = lim ————= lim 1 = lim —— =1
x>0 X+ 2 x—)oox”(x+2) x—o ™ x? .2 x>0 M
npu n=4.

Onpenenenue 2.5.
1) Tlycre pyrkmus f (x) — OEeCKOHEYHO 0OoJIbIasi W OECKOHEYHO Ma-

X
Jassi IpA X —> 0 H limM
X0 . x

=1, rme ¢ W O — KOHCTaHTHI, TOT/Ia PYHK-

a )
IUsE ) = CX Ha3bIBACTCS aCHMITOTHKON WM aCUMIITOTUYECKU DKBUBAJICHT-
HOW QyHKIMH [ (x) opu X —> 0.

2) Tlycre pyHkmms f (x) — OeCKOHEYHO 0oJIbIasi WJIn OECKOHEYHO Ma-

mas npu X —>a u limﬂ

- 1, rme ¢ u o — KOHCTaHTBI, TOr1a
X—> 0 C- (x — a)a

(00 o
(bYHKLII/IH y= c(x - a) Ha3bpIBACTCA aCUMIITOTUKOHN HJIM ACUMIITOTHYCCKHU JK-

BUBAJICHTHOM QYHKIUH [ (x) nmpu x —> a.

Ilpumep 2.5.
a) Haiith acuMnToTuky (acCHMITOTHYECKOE TpEACTaBieHnEe) (YyHKIIUH

Jx+1-x mpu x> .

(\/x+ —\/;)(\/x+1+\/;) x+1=x
Yl Jx+1+/x :\/x+1+\/;:
1 1 1
:\/x+1+\/;~2\/;:2-x1/2’

CIICIOBATENIbHO, ACUMITOTHKON (QyHKIHH | (x) =Jx+1- \/; npu X —> o0

I _ 1 1
ABIISIETCS QYHKIUS Ex 1/2; c=—; Oo=——.

2 2
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6) Haiitn acumnroTuky GyHkmmuua [ (x) =T npu x —> 1.
l-x

Ilpu x—>1 obyskouun [ (x) =T SBJISIETCS OSCKOHEUHO OO0JIb-
l-x

. X X 1
LIOM: =

1 —
Y1- 3 3\/(1—x)(1+x+x2) 33(1-x) . %/g(l—x)m'

A y 1 [— )3
CUMIITOTUKOHN B IAHHOM CJIy4ac ABJISACTCA CI)YHKHI/ISI y = %( - X) .

¢) Haiiti acuMnTOTHKY QyHKIHH [ (x) =x>—3x+2 npu x —> 1.

B nannom ciyuyae mpu x —> 1 dyHkuus [ (x) SIBIISICTCS OCCKOHEYHO
MaJou; f(x) = x> —3x+2= (x— 1)2(x+2) ~ 3(x— 1)2

[TorydaeM acCUMOTOTUKY ) = 3(x — 1)2; c=3;, a=2.
3. HenpephIBHOCTH (PYHKITUH.

Ompenenenne 3.1. Ecmu x<a uw x— a, TO ycnoBHO numyT X —> a— 0,
QHAJIOTUYHO, eclii X >a Xx—>a, 1o x—>a+0. Yucna

f (a — 0) = lim f (x) u f (a + O) = Ilim f (x) Ha3bIBAIOT COOTBETCTBEHHO
x—>a—0 x—a+0

npezaeaoM cieBa GpyHkimu f (x) B TOYKE @ W TPEIeoM crpaBa GyHKIUN
f (x) B TOYKE @ (€CJIM ATH YHUCJIa CYIIECTBYIOT).
Jlnst cymiectBOBaHus npezaena GyHkiuu  f (x) npu X —>a Heo0Xoau-

MO ¥ JOCTaTOYHO, YTOOBI HIMEJIO MECTO PABEHCTBO: [ (a — 0) =f (a + O).

Ompenenennie 3.2. Oyukims y = f (x) HAa3bIBAECTCA HENPEPBIBHOM B TOUKE

a, ecnu
1) oHa ompeencHa B 3TOM TOUKE;

2) linfiof(x)z limof(x)= lim f(x)zf(a).

Touku, B KOTOPBIX HAPYIIAETCS YCIOBUE HEMPEPHIBHOCTU, HA3BIBAIOTCS TOUYKa-
MU pa3pbiBa.

Ilpumep 3.1.

1
a) Haiitu Touku paspeiBa GpyHkMu y =327Y, npemensl clieBa U CIpaBa B
ATUX TOUYKaX, C/IENIATh CXEMATHUYECKUN YEPTEK.
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1

®ynkuus y = 32X pMeeT pa3phiB B TOYKE X = 2, T.K. OHa B OTOM TOU-

ya Ke He omnpeneneHa. [Ipu stom:
1 1

|

| —

| lim 32-% =3+0 =3%° = jop;
|

|

I

x—>2-0
1 1
lim 32-x =3-0=3"" = ! :L:()-
o ' x X240 3t°  +wo

7

0 2

0) HaiiTu Touku pa3pbiBa U BEJIMYMHY CKayKa B 3THX TOYKaX (PyHKIIUU
1

2X+3 + 4x -8
Y= 1 -
243 4 4
Touxkoii pa3peiBa JaHHOW (DYHKIMM SBISIETCS TOYKAa X = —3, T.K. B HEH
(GyHKLHS HE OnpeieieHa.
2V a8 27 —12-8  0-20

lim = = =-5;
x—-3-0 21\(x+3) 14 27® 44 0+4

21/(x+3) _
lim 0 :4x 8 =1, T.x. mpu x > -3+0 umeem:
x—>-3+0 9 (x+3) +4
21/(x+3) 4y —8 ~ 21/(x+3),

9

21/(x+3) L4~ 21/(x+3).
Benmnuuna ckauka A =1- (— 5) = 6.

6) HaiiTu TOUKM pa3pbiBa, BENMYNHY CKadyka A | MOCTPOUTH rpaPuK QyHKIIUU
— 3x, x<0

. T
y =<4sinx, 0<x£5

7T
x2+1, — < X.
L 2

JlanHast pyHKIMS HETIPEphIBHA I X € (— 00; O) U(O; gj U(g, + OOj.

T
Uccnenyem tonbpko Touku x; =0 u x, = >’ T.K. B HUX MEHSCTCS aHaJIUTH-
YECKOE BhIpAKCHHUE (DYHKITUH.

lim f(x) = lim (— 3x) = 0; lim f(x) = lim (4Sinx) = 0;

x—-0 x—-0 x—+0 x—+0
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=0, cnemoBarenbHo, B Touke X =0 dyHkmus f (x) HeTpe-

f(O) = 3x

x=0
pHIBHA.
: . : T . T
lim f(x)= lim (4smx)=4; f(—) =4sin—=4;
x—>Z-0 x—>Z-0 2 2
2
lim f(x)="lim (x*+1)="=+1=3467,
T T 4
x—>5+0 x—>5+0
yzx2 +1 -
CII/IOBATENIbHO, TOYKA X = — — TOYKa pa3pbl-

Ba. BennunHa ckauka

v

2 2
A=4— “—+1j =3-T_ 10533
4 4

IKCcTpeMyMbl (DYHKIUM OJHOM IepeMeHHOM

Oyukiust Y = f (x) Ha3bIBaeTCs Bo3pacTarouien (yObIBaroieil) Ha HeKO-
TOPOM HHTEpBae (OTPE3KE), €CIU AJIA JIIOOBIX TOUEK X{, X,, HMPHUHAJIEKALINX

JTaHHOMY MHTepBaje (OTPE3Ky), M3 HepaBeHCTBA X| < X, CIIeIyeT HEPABEHCTBO
f (xl) <f (xz) ( f (xl) > f (x2 )) Eciu f (x) HeTpepbhIBHA HA OTPE3Ke

[a; b] u f’(x) >0 (f’(x) < 0) npu a<x<b, 1o f(x) BO3pacTaet
(yObIBacT) Ha OTpE3Ke [a; b].

B npocreimumx ciayvasx 001acTh CyIeCTBOBAHUSA QYHKIUH [ (x) MOX-

HO pa3OUTh Ha KOHEYHOE YKCII0 MMPOMEKYTKOB BO3pACTAHMS U YObIBaHUS (DyHK-
U (IPOMEXYTKOB MOHOTOHHOCTH ). DTH MPOMEXYTKH OTPAHUYEHBI KPUTHYE-

Ay CKHUMHU TOUYKamMu X (rae f '(x) =0 wm xe

!/
y=f(xy) f'(x) He cymectsyer).
Eciu cyIiecTByer Takast [BYCTOPOHHSIS
:f(x) OKpPECTHOCTb TOYKH X ,, YTO JUIA BCSIKOU TOU-

KM X # X, OTOW OKPECTHOCTU MMEET MECTO
“f(xy) « HEpaBeHCTBO [ (x) > f (xo), TO TOYKA X,
> Ha3bIBACTCS TOYKOM MHUHMMyMa (YHKIUH

yv=f (x), a uncio f (xo) — MHHUMYMOM

0

X1 Xo

Gyukunn y = f(x). AHanornuHo, ecnu IS BCSKOM TOUKH X # X| HEKOTOPOH
OKPECTHOCTH TOYKH X| BBIIOJIHACTCS HEPaBEHCTBO f (x) <f (xl), TO X

Ha3bIBACTCS TOYKOW MakcuMyma QyHKmuu )y = f (x), a f (xl) — MaKCHUMY-
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MOM (yHKIuU. Touka MHUHUMyMa WM MakCMMyMa (DYHKIMU Ha3bIBAETCS €e
TOYKOM JKCTpEMyMa, & MUHUMYM WJIH MakCUMyM (PyHKIHH — 3SKCTPEMyMOM

¢yskmum. Ecim x, — Touka skctpemyMa (yHKIMH f (x), T0o f '(xo) =0
Wi ke  f '(xo) HE CYILIECTBYET (Heobxooumoe yciogue cyujecmeos8anus IKC-
mpemyma). OOpaTHOE yTBEPIKICHUE HE BEPHO: TOYKU, B KOTOPBIX [ '(xo) =0
wia f '(x 0) HE CYUIECTBYET (Kpumuueckue mouku), He 00513aTeIbHO SIBISIOTCS

TOYKAMHM IKCTpeMyMa GYHKIUU | (x)

Jlocmamounwiii npuznax cywecmeosanuss 1 OTCYTCTBUSI SKCTpEMyMa He-
npepbIBHON (QyHKIMH [ (x) CJIEIYIOLIUI: €CIU CYHIECTBYET Takas OKpecT-

HOCTb (xo -0, x, + 8) KPUTUYECKOH TOUKH X,, YTO f '(x) >0 mnpu
X,-0<x<Xx, u f’(x)<0 npu x, <x<Xx,+0, TO X, — TOYKa MaKCH-
MyMa (DYyHKITUH f(x); CCIIU XKe f'(x) <0 mpu x,-0<x<x, ®
f'(x) >0 nmpu x, <x<Xx,+0, TO X, — TOYKa MUHUMyMa (QyHKIHH f(x)
Ecnu, HaKOHell, HaiiIeTCsl TaKOe MOJIOKUTEIBHOE YUCIOo O, 4To f '(x) co-
XpaHseT HEM3MEeHHbIN 3HaK IpH X, —0 < X < X, + O, TO TOYKa X, HE SBIs-
eTCsl TOYKOH SKCTpeMyMa GpyHKIuu [ (x)

Haumenvuee (naubonvuiee) snavenue HenpepbIBHOW QyHKIHUU | (x) Ha
JTaHHOM OTpE3Ke [a; b] JOCTUTACTCS MM B KDUTHYECKUX TOYKaX (PyHKIINH,

WM Ha KOHI[AaX OTpe3Ka [a; b] .

[Tpumep 1.1. HaiiTu 3xcTpeMyMBbl ¥ HUHTEPBAIBI MOHOTOHHOCTH (PYHKITUU
y=x-/-5x.

Oo6unacth cymectBoBanust: —S5x >0 = x<0.
4 Haxongum kputrueckre TOUKHU:
o X , \/— 1 S5x

PN L S JE - S
2= 5x 2v/-5x
~10x-5x —15x 3-(-5x) 3

s s s 20
[MIpu x <0 QyHKuMs Bceraa Bo3pacTacT U NPUHUMAET HAHOOJIbIIIee 3HAUCHUES
B KpuTH4eckoi Touke X = y(O) =0.

A\ 4

[Tpumep 1.2. HaliTu 3KCTpeMyMbl U UHTEPBAJIbl MOHOTOHHOCTH (PYHKIIUU

y=Y(x+1)(2-x).

OO05acTh CyIIECTBOBAHUS: X € (— 00; + oo) :

Haxoaum KpuTHYECKHE TOUKHU:
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(2-x)*=22-x)(x+1) (2-x)(2-x-2x-2) —x

Y1)’ 2-0 3 Y220t Yxr ) (2-x)

=0 = x =0,

y'=

y' He cymectByer = X, = —1; X3 = 2. Tloay4niu Tpu KPUTHYECKHE TOUKH.

X (—oo; —1) -1 (— 1; 0) 0 (0; 2) 2 (2, +)

y' + HE CYIII. + 0 — HE CYIII. +
Yo " max | N min e
lim y'(x) = lim Y = +o0; [lim -
x—>2+0 x—>2+0 3\/(x+1)2(2—x) x—>2-0 3\/(x+1)2(2—x)
i 0)= Ty ()=

3 GUIMEHT KacaTeabHOH, To ipu X =—1 u
X =2 KacarenbHas K TpaduKy GyHKIUH
nepreHauKyspHa ocu  Ox.

W-1)=0; »0)=%4; y(2)=0.

I I

I I

: : Tak kak y'(x) =k, rne k — yrioBoii Ko-
| I

| |

|

—1

O

[Ipumep 1.3. Haiitu rmyOuHy OTKpBITOTO OacceiiHa ¢ KBapaTHBIM THOM U

3
o0beMOM 256 M~ Takoro, 4ToObl Ha OOJIUIIOBKY €r0 CTEH M JIHA MOIILIO
HalMEHbIIIee KOJIMYECTBO MaTepraa.
ITycth a — cTOpoHa KBajpara OCHOBaHHs, / — riyOuHa OacceiiHa;

2 2 256 16
ah=25% = a " =—, a=—, h>0;
h Vh
16 256 256
S=S, . +8, =4ah+a* =4 — h+===64Vh+===F(h);
60 OHa \/Z h \/Z ( )
32
Fi() = 64 256 _ 32 256 _32h 256:2(}13/2_8);
2h n: Jh K2 h? h?

TN L F'(h) =0 = Kh¥?=8;, h=4 [lpu h =4 Bemuuuna
~ 4'1 7 CF (h) =S Oynaer HaMMEHbIIIEH.
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Ilpumep 1.4. JIBe mpsmsle xene3nbie foporn AA; n BB nepneHaukyisp-

HBI IPYT K Ipyry u nepecekatorcs B mynkre C, mpuuem AC =800 kM u
BC =700 xm. I3 mynktoB 4 u B 1o HanpaBnernto k. C 0OJTHOBPEMEHHO
BBIXOJIAT JBa 0€371a CO CKOPOCTIMH cOOTBeTCTBEeHHO 80 km/4 m 60 km/4.
Yepes CKOJIBKO YacCOB MOCIIE OTIPABICHHS PACCTOSHHUE MEXTy MOe31aMu OyAeT
HaWMMEHBIIIUM ? y
OTMETUM MOJIOKEHHUE TTOE310B B MOMEHT I
t>0 toukamu K u M. 4,

AK =80t; BM =60t B

CK = AC — AK =800 —80¢; A4 [v1=80Kkm/u

CM = CB — BM =700— 60¢; o4

(KM)* =(CK)* +(CM)* = v, =60 kM/a

= (800—80¢)” +(700-607)°; KM wm-  C —* . — >

M B By

HHUMAJIbHO, €CJIM MUHHUMAJIbHA BCJIIMYHNHA

(KM)? = F(t) = (800 —807)° +(700 - 60¢);

F(¢) =2(800—80¢)-(—80) +2(700— 60r)-(—60) =
= —128000 + 128007 — 84000¢ + 7200¢ = 20000 — 212000 = 0; ¢ =10,6;

T~/ = 10,6 — Touka MuarMyMa QyHKIUN F' (t) Yepez 10,6

~ 10' 6/' 4acoB MOCJIE OTIPABJIEHHS PACCTOSHUE MEXKIY ITO€31aMH Oy-
’ JIeT HAaUMEHBIITHM.

ACHMIITOTHI

Ecnu Touka (x; y) HETPEPHIBHO MIEPEMEIaeTCsl [0 KPUBOi y = f (x)

TaK, 4TO XOTsI ObI OJTHA U3 KOOPJAMHAT TOYKU CTPEMHUTCS K OECKOHEYHOCTH, U
IIPU ATOM PACCTOSIHUE TOUYKU OT HEKOTOPOU MPAMOU CTPEMUTCS K HYJIIO, TO 3Ta
npsiMasi Ha3bIBAECTCS ACUMNIMOMOU KPUBOM.

Ecnu cyiiecTByeT 4uCiao0 a Takoe, uto lim f (x) = 00, TO IpsIMast
xX—>a

X = a SBISICTCS aCUMIITOTOU (6epMUKATbHASL ACUMNINOMA).

flx
Eciu cyliecTByIOT KOHEUHbIE TIpeAeasl  [im ﬁ =k n
xX—>+o0o X

lim [ f (x) — klx] = b;, To npsimast ¥ = kyx + b, Oyner acumnroroit (npasas
X—>+00

HAKJIORHAA acwwnmoma).

/(%)

Eciu cyliecTBYIOT KOHEUHBIE TIpeAensl  [im =k, u
X—>—0 X

lim [ f (x) — k2x] =b;, TonpsimMasi ¥ = k,x +b, Oyzner acuMnToToi (1egas
x—>-2

HAKJIORHAA acwwnmoma).
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I'paduk pynkuuu y = f (x) HE MOXKET UMETh 00Jiee OJHOM MPaBOM U

0oJiee OJIHOM JIEBOU aCUMIITOTHI.

[Tpumep 2.1. HailiTH aCUMIITOTBI U MOCTPOUTH Tpaduk QyHKIHUH
3 cos(x — 1)
y=2x+——=,
x—1
O0aacTh CyIIECTBOBAHUS: X # 1.
HieM BepTHKaIbHBIE ACHMIITOTHI.

OyHKIHS UMEET pa3phiB B TOUKE X = 1, T.K. B HEW QyHKIMS HE OmpeiesieHa.

3 -1 .
lim (2x+Mj =2+3—3=2—00=—00;

x—1-0 x—1 —
3 -1 .
lim (2x+—cos(x )j=2+—1=2+oo=+oo;
x—1+0 x—1 +0

CJICOIOBATCJIBHO, X = 1 - BCPTHUKAJIbHAA aCHUMIITOTA.
I/IHIGM HAKJIOHHBIC ACUMIITOTHI B BUAC Y = kx + b.

CremoBareNibHO, IPU X —>+ 00 CYMIECTBYET ACHMII-
ToTa ) =2X.

Y / 3 —1
: )/ k= lim @Z lim l(2)C+Mj =
| / x—to X x—towo X x—1
\V/
i// =2+0=2; b:xzniaw[f(x)—loc]:
f 3 -1

/! = [im 2x+M—2x =

ol ! X X—>+00 x—1

X 3cos(x—1

\ iy 20
| X—>too x—1
|
|
|
|
|

2x> -9

[Tpumep 2.2. HaliTu acCUMITOTHI M TOCTPOUTH Tpaduk GyHKIUU Y = > .
x° -1

O0macTh CyIIeCTBOBAHUS: x2-1> 0; x2 > I, x>1u x<-1L

2
2x* -9 (=) 2(-x)"-9 2x*-9
2 2 2
x -1 JEx)P -1 Ax? -1
CJIeIOBATEIbHO, MaHHasl (DYHKIIMS Y€THAS, U MOKHO MTOCTPOUTH €€ Tpaduk
TOJIBKO TIPU X > 1, a 3aTeM OTpa3uTh €ro CHMMETPUIHO OTHOCHUTENILHO ocu (Y.

= y(x)=y(-x)
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22 -9 2-9
lim = =

x—> 140 /x2_1_ +0

BepTHKaJIbHasg acuMnTora mpu x —> 1+ 0.
[Tyctp x — 1+ 0.

/(x)

X

x=1-

=

2
lim 2x” -9

ey o1

9
2-—

2
2x ) lim —X—

/l—iz X—>+00 /1_%
X X
2

{Zx 9 —2x}=

Vx? -1

. (sz — 9)2 — 4x2(x2 — l)

X402 1(2x2 — 94 2x-x% - 1)

k= lim

X—>+00

=Y

=2.

lim
X—>+00 2
x .

b= lim |f(x)-kx]= lim

X—>+00 X—>+00
2-9-2x-x* -1 _

xZ -1

=0.

—32x2 +81
2

0 +2- /1—%}
X X

o P
[Ipu x — + o0 monydaem acumnToty y = 2x. I'paduk manHoi QyHKIMH Te-

3
+—.
J2
[Mpumep 2.3. HaiiTu acUMOTOTHI U TOCTPOUTH TpaduK GyHKIIUN
x> —2x% = 3x+2
4—x?

Oo6mnacTh cymectBoBanus: 4 —x220 >

2
pecekaeTt ocb Ox mpu 2x° —9=0, T.e. BTOUKaXx X =

y:

X#2 u x#-2.

B Toukax x; =-2 u X, =+2 ¢QyHKIHA TEpOHT pa3pbIB, T.K. B HUX OHA HE
OIpEEIICHA.
o x22x? —3x+2 —8-8+642
lim 5 = = +00;
x—>=2-0 4—x -0
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X7 —2x% —3x+2 —-8-8+6+2
X—>—2+0 4 — x2 +0

b

| AV X = -2 — BCPTHUKAJIbHAS aCHUMIITOTA.
|
N\ | iy 7207 -3x42 8-8-6+2
\\\: x—2-0 4 — x?2 +0 ’
AN
N X7 =2x*-3x+2 8-8-6+2
N lim 3 = = +00;
M2 x—2-0 4—x -0

X =2 — BepTHKaJbHAs aCUMITOTA.

[
|
|
[
[
_2: X
| N > HaxkjI0HHBIC aCHMIITOTBI IPH X —> £ 00 HIIEM
: AN B BUIC: ) =kx+b.
| BN f(x) x> —2x% —3x+2
! BN k= lim = lim =
: < x—>to X x—>too x(4_x2)
2 3 2
/ 1_;_)6_2 x_3 ! 1 b= 1i kx
= [im = =—1; = [lim x)— =
x—>tow i—l -1 x—)ioo[f( ) ]
52
. x> - ox? = 3x+2 . x4 x 42
= [im +x|= lim = 2.
X—> %o 4—x? P N P

[lpy x —>* o0 mosydaeMm acCUMOTOTY ) = —X + 2.
Hanpasienue Bormyroctu. Toukm meperuda

ToBopsr, uto rpaduk aupdepennupyemoit pyukmuu y = f (x) 802HYmM
6HU3 Ha UHTEPBAJIC (a; b) (602Hym 66epx Ha MHTEpBaJIC (al; bl)), eCIIU TIpH

a <Xx <b nmyra KpuBOH pacroyioskeHa HIKe (WM COOTBETCTBEHHO MPH
Ay a; < X < by BbIlIE) KacaTeNbHOM, IPOBE-

JICHHOM B JII000H TOYKE MHTEpBaJia (a; b)

(w1 UHTEpBaNa (al; bl)). JlocTatouHbIM

=f(X) ycloBHEM BOTHYTOCTH BHH3 (BBEpX) Ipa-
puka y = f (x) SBJISIETCS BBITIOJIHEHNE HA

COOTBETCTBYIOILEM HHTEPBAJIE HEPABEHCTBA
f’(x) <0 (f'(x) > 0).

Touka (xo, f (xo )), B KOTOPOH M3MEHSET-

I
I
I
I
I
a

@ L — — —— — —

Csl HaIlpaBJ€HUE BOTHYTOCTH Tpaduka QyHKIIMH, HA3bIBAETCS MOUKOU nepeauoa.
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Jns abcuyccsl Touku meperuba  x, rpaduka GyHkmum y = f (x) BTOpas
pou3BogHas [ "(xo) =0 wm f "(xo) He cymiecTByeT. TOUKH, B KOTOPBIX
f ”(x) =0 wm f "(x) HE CYIIECTBYET, HA3BIBAIOTCS KPUMUYCCKUMU MOYKA-
mu 2-20 pooa. Kputnueckast Touka 2-ro poja X, SIBISETCS aOCIHUCCON TOYKH
neperuba, ecam  f ”(x) COXpaHsSeT IOCTOSHHbIE 3HAKH B HMHTEpBajax

X,-0<x<x, mu Xx,<x<Xx,+0, rae O — HEKOTOPOE MOJIOKUTEIBHOE
YUCII0, MPUYEM ITH 3HAKH IPOTHBOIIONOXKHBI, M HE SIBJISCTCS TOYKOH mepernoa,
ecmn 3Hakn f"'(x) B yKasaHHBIX BBILIE HHTEPBATAX ONUHAKOBBL.

[Mpumep. OmpenenuTs UHTEPBAIBI BOTHYTOCTH U BBIMYKIIOCTH, & TAK)KE TOUKH
2
neperuba Kpupoii y = e
’ —x? " 2 —x?
Umeem: y' =-2xe * ; y'= (4x - 2)6 . IlpupaBHSB BTOpPYIO MPOU3-

BOJHYIO K HYJIO, HaﬁHGM KPUTHYCCKHC TOYKH BTOPOI'O poaa:

1 1
xl - -, xZ :E

byHKIIUN (— 0©; + oo) Ha TPU UHTEPBAJIA.

OTHU TOYKM pa3OMBAIOT BCIO 00JACTh CyLIECTBOBAHUS

; —l—ooj

Sl -

2] % & D &
0

yn + 0 o

y N neperuo M neperuo W

1 1
[Moamyuwmu: KpuBast BOTHYTa BBEPX MPH e (_ w0; — _j U XE (—; + oo)
2 V2

I 1 1 1
Y BOTHYTa BBEPX IIPHU x € (— —;—) . Toukn (-_i— — —) — TOYKH neperuoa.
J2'\2 V27 Ve

IHocTpoenue rpagpukoB GpyHKUUN 1O
XapaKTepPHbIM TOYKaM

[Tpu noctpoennu rpadrka QyHKIIUU CIEITYET, MPEKAEC BCETO, HANTH 00-
JaCTh CYIIECTBOBAHMS 3TON ()YHKIIMU U BBISICHUTH MOBEJcHUE (QYHKIIMKA HA Tpa-
HUIIE ee 00JacTH cymecTBoBaHus. [1o1e3H0 Takke MpeBapUTEIbHO OTMETUTD
HEKOTOPbIE OCOOCHHOCTU (PYHKIIMH (€CJIU OHU UMEIOTCS): YETHOCTh, MIEPUOIAY-
HOCTbB | T.]I.

Jlanee Hy»KHO HAWTH TOYKHU Pa3pbIBa, ACHMITTOTBI, TOYKH SKCTPEMyMa
byHKIMH, TOYKHU niepernda u 1.1. HaiiieHHbie 371eMEHTHI MTO3BOJISIOT BHIICHUTD
oOmuii xapaktep rpaduka QyHKIUH.
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[Ipumep 4.1. ITpoBecTH MOJIHOE UCCIAEAOBAHUE U MOCTPOUTH rpaduK PyHKIIUU

y=x-3 (x+2)2.
OO0macTh CyIIIECTBOBAHUS: X € (— w; + oo).
y(x) #* y(— x) —> (yHkus obiero BuA.

Tak xak QyHKIMS ONpe/iesieHa IPU BCEX X, Wy HEE HET TOUYEK pa3pbIBa, TO
BEPTHUKAJIBHBIX ACUMIITOT HET. HakIOHHBIE aCUMITOTHI IpU X —> 1 00 HIEM B

Bune: y = kx+b.

ox-3 (x + 2)2 o 3
k= lim = [lim (x + 2) = +00, CIIEIOBATEIHHO, HAKIOHHBIX
X

xX—>+o0 x—> =t

ACUMIITOT TAKXX€E HET.
HccnenyeM (pyHKIMIO IO EPBOM TPOU3BOAHOM.

y' =[x-3 (x—l—2)2}:(x+2)2/3 +x-%-(x+2)_1/3 =

y'=0 = 5x+6=0, x=-12;
y' me cymectByer = x+2=0, x=-2.

3(x—|—2)+2x_ 5x+6
3 3

x+2 x+2

X (— w; — 2) -2 (_ 2; — ]’2) -1,2 (— L2, + oo)

HE CYIII. — 0 +

yo_- max ~ min e

Vinax = y(— 2) = ( (kacarenbHas B 3TOH TOUKe NepreHaAnKyIsIpHa ocu Ox ).

| Va Vmin = y(— 1,2) =—-1,2-3/0,64 ~ —1,06
: (kacaTenbpHas B ATOM TOUKE Mapaljiesib-
| Ha ocu Ox).

: Hccnenyem QpyHKLHIO 110 BTOPOI MTPO-
I

|

W3BOJHOM.
-1 —-12 O X
_2’4: I : 1 06 - y"—|: 5x+6 :l_
=—1 1 - 2/3 |
=TT ~1.30 (x+2)
|
! 5-x+2-(5x+6)- 1 -
3-3(x+2)

3(x+2)2 )
C15(x+2)—(5x+6)  10x+24

(x+2x+2 3,3/(x+2)4 '
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"

y"=0 npu x=-24; y" HecymecrByer mpu x = —2.

X (— 0; — 2,4) -24 (— 24, — 2) -2 (— 2; + oo)
y" — 0 + HE CYILIECT. +
Y a neperut - ~

ynepeeuéa = y(_ 2,4) =-24- \3/ (_ 2,4)2 =~ —1,30; y(O) =0.

[Ipumep 4.2. ITpoBecTH MOTHOE UCCIAEAOBAHUE U MIOCTPOUTH FPaPUK PYHKIIMH
~ (2x + 1) ?

a x+2/)

OOnacTh CylIeCTBOBaHHS: X # —2.

y(x) * y(— x) = (yHKUMs 001Iero BUA.
X =—2 — TOYKa pa3phiBa, T.K. B HEH QYHKIIUS HE ONpeE/IeIIcHA.

(2 + 1) (4+1)° C(2x+1) (4+1)?
lim =| ——| =+o0; lim = —| =4
x—>2-0\ x +2 -0 x—>2+40\ x + 2 +0

—> X =2 — BepTUKajJbHas aCUMIITOTA.

Haks1oHHBIC aCUMIITOTBI IPU X —>+ 00 wWieM B Buae: y = kx + b.

2
k= tim T i 1-(2“1) = 0;

x—too X x—too X x+2

2

2x +1

b= lim|f(x)—kx|= lim( j =4,

x—)ioo[f( ) ] x—>+oo\ X + 2
[lpu x —* o0 mosydaem acumnToTy » = 4.
Hccnenyem (pyHKIMIO IO IEPBOM TPOU3BOTHOM.
, 2x+1) 2(x+2)—(2x+1) 6(2x+1)

x+2 (x + 2) (x + 2)

y'=0 = 2x+1=0, x=-05;

y' He cymectByer = x=-2.

X (_ x, = 2) (_ 2, - 0,5) -0,5 (— 05 + oo)

y' + — 0 +

y | ~~ min "
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[ 4
: Ymin =y(—0,5)=0.
| HccnemyeM QyHKIHIO 10 BTOPOH MPOU3-
: ) BOJHOM.
—————— i ——— y”_6.2(x+2)3—3(x+2)2-(2x+l)_
i 44 /; (x + 2)6
)
=05 0,&5 > _6.2(x+2)—3(2x+l)_6(1—4x).

(x + 2)4 (x + 2)4 ,
y'=0 = 1-4x=0; x=025
y" HecymecrByer = x=-2.

x | (o =2) | (=25 029) 025 | (025 +oo)

y" + + 0 —
Y ~ “ neperuo M
2
L5 4
ynepezu6a = y(0:25) = (2,25) = 5 ~ 0,44.

[Ipumep 4.3. IIpoBecTH MOIHOE UCCIAEAOBAHUE U MOCTPOUTDH FPaPUK PYHKIIMH

Oo6mnacth cymiectBoBanust: x —3#0; x # 3.

y(x) # y(— x) — ¢yHKIMS 00111eTO BU/A.
B Touke x =3 QyHKIHSI TEPIUT pa3phiB, T.K. B HEW OHA HE OTpeesieHa.

. ex—3
lim = —o0,
x—>3-0x—3
3 = X =3 — BepTHUKaJbHas aCHMITOTA.
e
lim = +o0
x—>3+0x — 3
HaxtoHHBbIE aCUMIOTOTHI UIIIEM B BHIE: YV = kx + b.
1) x — oo,
!
x=3
. f(X) . e~ 3 . (e ) . &~ 3
k= lim —= lim —= Ilim —————= [lim ——=

!

X—>+0 X x—>+0 y* — 3y x—>+oo( > x>+ 2x —3

X —3x)

43



4

ex—3 =3
= lim —( ), = lim £—
X—>+00 (2x _ 3) x>t 2

HAaKJIOHHBIX aCUMIITOT HCT.

= +00, CJICAOBATCIILHO, IIPU X —> +00

2) x — —oo,
x-3
P G B - 0:
xX—>-00 X x—>-o x“° —3x + o0
x—3
) T - _
b= tim |10 = fim 5=

npu X —> —o0 moiyvaeM acumnrory y = 0.

HccnenyeM (pyHKIMIO IO EPBOM TPOU3BOAHOM.
’

x-3 x=3 (. 2)_ X3 Cal ~
yr — (6—] _ e (X 3)2 e _ ex_3 . X 3 21 _ ex_3 . X 42 ’

x—3 (x-3) (x-3) (x—3)
y'=0 = x-4=0, x=4 y' He cymectByer => X =3.

x | (= 3)

(3; 4) 4

(4; + oo)

!

y

+

Y

™~

™~

min

/'

Vomin = y(4) =e~2,72.

HccnenyeM (pyHKIMIO IO BTOPOI MPOU3BOIHOM.

2
) x—42+ex_3 (x-3) —(x—42-2(x—3)
(x—3) (x—3)
_ e’ 3 .x2—7x+12—x+5=ex_3'(x2_8x+17).
(x—3)° x-3 (x=3)°
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/\y | "

| y'"" He cymectByer = X =3.

|

|

: X (—o0; 3) (3; +)

e f--L-N [y - "
o 3, 4 X
|
| -3 1
e

| 0)= =— ~ —,02.

: (0) -3 3¢’
[Ipumep 4.4. ITpoBecTH MOJIHOE UCCIEAOBAHUE U OCTPOUTH rpapuK PyHKIIUU

x+6
y=In -1
X
+6
OO0nacTh CyIIECTBOBAHUS: al > 0.
x
x>0, x<—6. us 1
_6 0 X

®yHKIUs 001ero BUIA.

. x+6
lim |In —1|=—0 = x=-—6 — BepTUKaIbHas aCHMITOTA.
x—>—6-0 X

, x+6
lim | In —1|=40 = x=-0 — BepTUKaIbHAs ACUMIITOTA.

x—>—+0 X
HaxJtoHHBIC aCUMITOTHI UIIEM B BUae: V = kx + b.
x+6
In -1
k= Ilim ®= lim —*— =0;
x—>towo X X—>too X
b= lim [f(x)=-ke]= lim {lnx+6—1}: 1.
X—>+o0 X—>*oo X

[lpu x —>* o0 mosydaem acumnTory p = —l.
Hccnenyem QpyHKIHIO 10 EPBOM MPOU3BOAHOM.

x | (o —6) (0 +ee) , X x—-x-6 -6

= . = 0.
y - - 4 xX+6  x2 x(x+6)¢

y \ \ DKCTpeMyMOB y GyHKIIUU HET.
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UccnenyeM pyHKIHIO IO BTOPOM MTPOU3BOTHOM.
"o g —(x+6+x) 6(2x+6) 12(x+3)
y =-0 = = )
x2(x+6)2 xz(x+6)2 xz(x+6)2

y"'=0 = x+3=0; x=-3 — He BXOIUT B 00JIACTH CYIIECTBOBAHMUSI.

Va
| x | (- —6) (0; +o0)
: yu . +
|
[ y N )
-6, O X
________ S R

Touek nepernda Her.
x+6

In -1=0 = XIL;
e—1




