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Cemectp 1

3
1. AHaauTHYecKasi reoMeTpHs B IPOCTPaHCTBe R

BexkTopHas ajareopa

HekoToprle CBeICHUS U3 TEOPUU

BexTop — HanpaBiIEeHHBIN OTPE30K.
PaBeHncTBO
a= (x, y, Z) @

03Ha4vacT, 4YTo X, y, Z — INPOCKIHHU BEKTOpA Ha OCH KOOPAHUHAT HUJIU €I'0

ACKApTOBbI KOOPAWHATEI.

dopmyna



|Zz|:\/x2+y2+z2 )
TTO3BOJISCT I1IO KOOpI[I/IHaTaM BeKTOpa OHpeI[eHI/ITB cro MOI[YJ'IB.

Eciu o, 3, Y — yIuisl, KOTOpbIE BEKTOP 0Opasyer ¢
TIOJIOKUTEBHBIM HAMPABICHUEM OCEN KOOPMHAT, TO
CoSQ., COS[, coSY Ha3BIBAIOTCS HANPABIISIOMMME

KOCHHYCaMH BEKTOpa d .

v

Y x=|ad|cosa, y=|d|cosB, z=|d|cosy, (3)

cos® oL+ cos” B+ cos” v =1 (4)

Ecnu n3BeCTHBI Ha4aI0 BEKTOpa Ml(xl, Vi, Zl) U KOHEI|

M, (x5, 5, z5), TO KOODAMHATEI BEKTOPA HAXOATCA IO OPMyIIam
X=Xy =X, V==V, Z=2— 7. ()
Ecmu C_i =(x1, Vi, Zl) ub :(X2, Yo, Zz), TO

C_iib:(xliX2,y1iy2,Zli22) (6)

u oa= (oocl, oy, oczl), rae o — Jr00€ YHCIIO.

BeKTOpBI, JICKAIIEC Ha OHHOﬁ HJIA ITapaJUICIIBHBIX IIPAMBIX, HA3bIBAOTCA

KoJUTMHEapHbIMU. TIpU3HAK KOJUIMHEAPHOCTH BEKTOPOB d H b :

Xy Vo Zp

Mo _A @)

—

Tpoiika BeKTOpOB 1, j, K Ha3bpIBaETCS KOOPAUHATHBIM OAa3HCOM:

BekTops! i, j, k wHampasmenst o ocsim cootserctBenro Ox, Oy, Oz B

MOJIOKUTEIBHYIO CTOPOHY.

JIro0oii BeKTOp d = (x, y, Z) MOXKET OBITh MPEICTABIICH B BUJIE

a=xi+yj +zk. (8)

CKaJISIpHBIM MIPOU3BEJICHHEM BEKTOPOB d = (xl, Yi» Zl) 17}

b= (x2 , Vo, ZZ) HAa3bIBAETCS YMCJIO, PABHOE MIPOU3BEACHHUIO MOJYJIEN 3TUX

BCKTOPOB Ha KOCMHYC yrIJja MC)XXAYy HUMMU.



ﬁ-5=|5|-‘5‘-cosq), 9)

67-b=|c_i|-npglb=‘b‘-npgc_z', (10)
- = - -2
T.€. CKQJISIPHBIM KBaJpaT BEKTOPA PABEH KBAJAPATy €TI0 MOLYJIS.
C_ib :xl.X2 +y1y2 +2122. (12)
Ecim alb, 1o
XIX2 +y1y2 +2122 = 0 (13)
X1XH + +z,Z
cosQ = 1X2 T2 T 24123 (14)
\/ 2 2 2 \/ 2 2 2
xl +y1 +Zl . X2 +y2 +22
Ecnu BekTop F mM300pakaeT CHITy, TOUKA MPHUIIOKECHUS KOTOPOU
nepeMeriaeTcs U3 Havyajia B KOHEI[ BeKTopa S , To paboTa 3TOH CHIIBI
OIIpEEIISIETCS
W=F-S. (15)

—

BekTOpHBIM IIPOU3BEICHUEM BCKTOpa a Ha b Ha3bIBaeTCs TAKOM BCKTOp

¢ = a x b, KoTOpBI yIOBIETBOPSET CIEAYIOIUM TPEM YCIOBHSM:

—_

1. |5|=|ﬁ|-‘b‘-sin(p, rae (@ — Yroia MeXIy BEKTopaMu d u b

2. cla u clb;

3. BeKTOp ¢ 00pasyer c BEKTOpaMM d M b «IpaByro» TPOHKY.
BeKTOpHOE MPOM3BENECHNE 3aBUCUT OT MOPSAKA COMHOKHUTENEH

axb=-bxa. (16)
MOI[y.HB BCKTOPHOI'O ITPOU3BCACHUA PABCH IUIOIIAAN IIapaJlJICIOIrpaMMa,

IIOCTPOEHHOIO HA BEKTOpax d H b:

Sz‘a"xlg

, 17)
SAZ%‘aXE‘. (18)

—_

Ecmu BexTopel @ u b xomnmuneapssl, 10 @ X b = 0, B yacTHOCTH,

=0.

Qy
X
N



—

Eciu BEKTOPHI 3aJaHbI KOOPAUHATAMH d = (xl, Vi, Zl), b= (xz, Vo, 22),

TO
iR
aXb: X1 1 Z1 | (19)
Xy Vo 23

Ecnu Bektop F m300paxkaer cuily, MPUIOKEHHYIO B KaKOW-HUOYIb TOUKE
M, aBexktop a wner u3 Hekotopoi Toukn (O B Touky M, TO BekTOp @ X F

IIpeCTaBIsAeT COO0M MOMEHT cunbl F - oTHOCHTENbHO Touku O:
mF=axF. (20)

CMemaHHBIM TPOU3BEACHUEM TPECX BCKTOPOB C_i, b, E Ha3bIBACTCA 4YUCIIO,

PaBHOC BCKTOPHOMY IIPOU3BCIACHUIO Zi x b , YMHOXCHHOMY CKAJIIPHO HA BCKTOP

C, T.e.
abE=(axb)-5=a-(bxa). 21)
CMenranHoe npousseieHue abc paBHO 00bEMY HapalIeNENnIe N a,

IMOCTPOCHHOI'O HAa BCKTOpAx C_i, b, E , B3ITOMY CO 3HAKOM «ILITHOC)», €CIIN TpOﬁKa

—

a, b, ¢ npapas, co 3HAKOM «MHHYC», €CIIM 3Ta TPOKKA JIEBas.

V =zabc. (22)
Ecnu BekTOpBI KOMIUIAHAPHBI (JIEKAT B OJHOM MJIOCKOCTH ), TO
abc =0, (23)

Jinst Bektopos d = (xy, ¥y, 21), b= (X2, ¥2,25), ¢=(x3,¥3, 23) cmemantoe

MIPOM3BEICHUE onpeesaeTcs GopMyIon

S R B G B
abc=\|x, v, z,| (24)
X3 V3 Z3

3agauda 1. Ha MarepuanbHyl0 TOUKY JEUCTBYIOT CUJIBI:
F=02-11), F=(-122), F=(11-2).

HaiiTi paboTy paBHOICHCTBYOIIEH ATHX CHJI R TMPH MepeMEIIeHUN TOYKH U3
[TOJI0KEHUS A(2, -1, O) B IIOJIOKEHUE B(4, I, — 1).

Pemenune. Haliem paBHOIEMCTBYIONIYIO



R=F+F+F=02-1+1-1+2+1,1+2-2)=(2,21).

Bexrtop nepemenienus no popmyne (5)

= e
S= 4B :(4—2, 1+1, —1—0):(2, 2, —1).
Hckomyto paboty Haxoaum no popmyne (15)

7.

W=R-S=2-2+2-2+1-(-1)

3ajaua 2. Jlana cuia F= (3, 4, — 2) U TOYKa €€ MPHIOKCHHS

A(2, -1, 3). HaiitTu MOMEHT CHJIBI OTHOCUTEIHLHO Havaia KOOPJUHAT U YTJIbI,

COCTABJKICMBIC UM C KOOPAWHATHBIMU OCAMMU.

= = — >
Pewenve. Tlo popmyne (20) m F' =7 x F.Bekrop ¥ = OA 1o
Gopmyine (5) UMeET KOOpAUHATHL F = (2, —1, 3), o ¢popmyie (19)
Tk oL
rxF=2 -1 3 |=-10i +13j +11k.
3 4 =2

Hrak, moﬁ = (— 10, 13, 11). Moayse MOMeHTa HaxoquM 1o popmyie (2):

| m,F|= (- 10)> +(13) +(11)* =390 ~ 19,748,

Hamnpapinsronue kocunycsl mo popmyne (3):

cosaL = —10 =—-0,506, cosP = B = 0,658, cosy = 1 = 0,557,
19,748 19,748 19,748

a YI'JIbl, COCTABJIICMBIC MOMCHTOM CHJIBI C KOOPAWMHATHBIMHA OCAMH, CICAYIOIIUC
a=120"24', B=48"51, Y =569
KOHTPOIB: JI0MKHO OBITE OS> 0L+ COS” B+ cos” v =1 V nac:
(- 0,506)° +(0,658)” +(0,557)* = 0,999.

3asaua 3. HamwcaTh pasjioKeHHE BEKTOpPA X = (5, 16, 2) 10 BEKTOpaMm
p=(210), ¢=(0,-2,0), 7=(-15,2).

Pentenue.



- - -

1. PasnoxeHue BeKTOpa X 10 6asucy p, ¢, ¥ HWMEET BUJ
)_C: = OL1]_§+OL2§+OL3I_;
WU B KOOpAUHATHOU (hopme
X]p =0 p; +0,q; + 031
Xy =0 Py +0rqy + 030,
X3 =0 p3+0rg3 +As3rs.

- - -

2. C YUCTOM YHCJIIOBBIX 3HAYCHUM KOOpAuHAT BEKTOPOB p, (¢, V' U )?

IMOoJIy4YuM CUCTCMY ypaBHCHI/Iﬁ OTHOCHUTCIIBHO HCU3BCCTHBIX OLI, az , a3 .

2-0(1+0-(12—1-OL3=5 20(,1:54'(13 0(,123
1'&1—2'(12‘*'5‘(13:16 — 2(],2:(11“‘5&3—16 — OL2=—4
O-OL1+0-OL2+2OL3=2 (X3:1 (13:1.

- - —

3. PasjoxeHWe BEKTOpa X M0 BEKTOPAM P, ¢, ' HUMEET BHJL:
Xx=3p—-4q+r.
Otset: X =3p—4q +7r.

—
3anaya 4. B napamnenenunene ABCDA,B,C\D; Bextopst AB = p,

Y — >

AD =¢q, AA; =r o6pasyior 6asuc. Pa3inoxuTh BEKTOPHI AG,, AP,, AN,

1o BeIOpaHHOMY 0asucy, eciu Touka G nenut pebpo DD; B oTHowIe-

Hun 1:2; Touka P — Touka nepecedenus auaronaneii rpann DD, C,C; touka

N — cepenuna pebpa B;Cj.
Pemenue.

[Toctponm yeprex. HemocpeacTBeHHO U3 YepTexka CIeIyer:



AG = AD+ DG qg+-—r,

AP = AP + AP, + PP =

ANy = AB+ BN+ NN, =p+—q+r.

D — 2. —

Oreer: AG =g+=r, AP =

1.2 Ilpsaimasi ¥ IJIOCKOCTH

Ilnockocth. Ee ypaBHeHus

Ax+By+Cz+D=0 — (25)
o011ee ypaBHEHHE TUIOCKOCTH.
A(x—xo)+B(y—yo)+C(z—Zo)=0 — (26)
ypaBHEHUE TUIOCKOCTH, IPOXOIsIel yepe3 Touky M, (xo y Voo Zo)

HEPIEHIUKYIIIPHO BEKTOPY 7 = (A, B, C) :

£+X+£=l — (27)
a b c

ypaBHEHHE TUIOCKOCTH «B OTPE3Kax». 31ech a, b, ¢ — BETUYNHBI OTPE3KOB,

OTCCKACMBIX INNIOCKOCTBIO HAa OCAX KOOPAWHAT.
Ax+By+Cz+ D
+ \/ A* + B + C?

HOpMaJbHOE YpaBHEHUE MJIOCKOCTH.

=0 - (28)




g | Ax, + By, + Cz, + D| ~
\/A2 +B*+C?
paccTosiHHE OT TOuku M (xo, Ve ZO) 1o mwiockoctt Ax+ By + Cz+D=0.

(29)

X=X Y= Z—Z
Xp=X; Yo—y1 Zp—z1|=0 — (30)
X3=Xp V3= Z37 24

YpaBHEHHUE IUIOCKOCTH, MMPOXOIAIIEH Yepe3 TPU TOUKH Al(xl, Vi Zl) ,

Az1(X2JJ’2:Zz)’ A3(x3’J/3,Z3)-

1.3 IIpsamas. Ee ypaBHeHust

Ax+By+Cizz+D, =0
{ 1 VT4 1 3 (31)

oO1iee ypaBHEHHE MPsAMOit (TpsiMast 3a7jaHa MepeceyeHUueM ABYX TUIOCKOCTEN).

X=X _Y=Yo Z7Z, _ (32)

m n p

KaHOHUYECKOE ypaBHEHUE MpsimMoit, rae M, (xo, Vo, zo) — TOUKa,
NpUHAIEKAIIAsA IPAMOH, a = (m n, p) — HANPaBJISIONIMN BEKTOP MPSIMOU

(BeKkTOp, mapasuieabHbIN MPSIMOIL).

xX=x,+mt
y=y,+nt -— (33)
z=2z,+pt

[apaMeETPUUYECKUE YPABHEHUS IPSIMOU.

Xo—=X1 Vo= V1 22721
YPaBHEHHE MPAMOU, IPOXOAALLEH YEPe3 ABEC NAHHBIE TOUKH Al(xl, Y1, 21) :

Az(xz: Y2, Zz)-

X—Xl — y_yl _ Z_Zl (34)



+nyny +
cosP = Thity ™ %17 7 Prbo - (35)

\/’"12 +n” +py '\/mzz +ny% + py”

YOIl MEXIY ABYMS MPSIMBIMH, TIE | = (ml, n, pl) H d, = (mz, n,, pz) -

HaHpaBJISIIOH_II/Ie BGKTOpr HpHMBIX.

| Am+ Bn+ Cp |
\/A2 +B? +C? -\/m2 +n?+c?
YOIl MEXTY TIPSIMOM U IIOCKOCTBIO, TIIE 1 = (A, B, C) — HOpPMAaJIbHBIA BEKTOP

(36)

siny =

IJIOCKOCTH, d = (m n, p) — HAaIIPABJIAIOIIUN BEKTOP MIPSMOM.

1

|4 28 AiA, A Ay AjAy| — obbem mupamunsl Ay A, A3 Ay, the

nupamuosl

Al(xl’ Y1 21)’ A21(X2, Y2, Zz)’ A3(x3, V3 23)’ A4(x4: y4,z4) -

KOOp}II/IHaTI)I BCpIIII/IH HI/IpaMI/IJIBI.

[|¥2=%1 V2701 2274

—|X3—=X; y3—y; Z3—Z1| (37)
Xg=X1 Va—=V1 24— 2

%

nupamuoot —

3ajaua 5. JlaHBI KOOPAWHATHI BEPIIUH MTHPAMUIBI A1(2, 1, - l),
A4,(3,0,1), A5(2,-1,3), A44(0,8,0). Haiiru:

1) yron mexny peopamu A4y, u A Ay;

2) yron mexay peopom Ay A4 u rpassio A Ay Az;
3) 06beM mupamuasl V'

4) paccrosiaue ot Touku A, 1o mwiockoctu A; A5 As;

5) TouKy Ay, CAMMETPHYHYIO TOUKE A; OTHOCHTENBHO IUIOCKOCTH
A Ay A
6) Touxy A, , cummerTpuunyo Touke A, OTHOCHTENBHO mpsimol A As.

Penienue.

1) Yrox mexmay pedpamu HaxoauMm 1o Gopmyie (35).

>

)= A4y =(3-2,0-1,1-(-1))=(1, - 1, 2) — nanpasnsromuit BexTOp

npsimoit Ay A, ;



>

52=A1A4=(0—2,2—1,O—(—1))=(—2, 7,1) — Hanpasmsommii BekTOp
npsamoit A Ay

1-(-2)-1-7+2-1 =1 T
JRr(E1)2 422 2P e 72412 Vo5 18

2) CoctaBuM ypasHeHue mwiockoctu Ay A, Az, npoxonsiieit uepes Tpu
toukn A;(2,1,—1), 4,(3,0,1), 43(2,—1 3), no dpopmyne (30)

cosQ =

x=2 y-1 z+1 x=2 y—-1 z+1
3-2 0-1 1+1}|=0, 1 -2 2 |=0,
2-2 —-1-1 3+1 0 -2 4

-1 2 1 2 1 -1
(-2) "3 3[-0-1p 3|+E+y T3f-0

(x=2)-0-(y-1)-4+(z+1)-(-2)=0,
—4y+4-22z-2=0,
4y +2z—-2=0 — ypasuenue mwiockoctu A A, As;

n= (O, 2, l) — HOPMAJILHBIA BEKTOP IJIOCKOCTH;

—
a= A4, = (— 2,7, 1) — HANpPABISIOKI BEKTOP IPIMON A Ay .

Haxomum yron y wmexny npsimoit 4y A4 w mnockocteio Ay A, Ay 1o
dopmyne (36)
0-(—2)+2-7+1-1 15

. ~ 09114,
Jor 1224122+ 72412 V554

siny =

3) Haxomum o6bem mupamubsl o hopmysie (37)

—

—> —>

V=t 0 -2 4|=+—(-2+8-8-28)=——(-30)=15.
6|—2 7 1| 6 6




4) Paccrosiue ot Touku A, 1o miockoctu Ay A, Ay Haxomum mo
dbopmyne (29).

_|2-8+0-1] 15

Jarlt 5

) !
5) UroOsl HaliTn TOuKy Aj, CHMMETPUYHYIO TOUKe A, OTHOCHTEIBHO

=35 ~ 6,69.

mwiockoctu Ay A, Az, cienaem cinenyroiee.

CocraBUM ypaBHEHHE HPSIMOii, MEPIEHIUKYIIpHON miockoctn Ay A5 Aj,
npoxojsiueit yepes Touky A, mo popmyne (32). 3a HanmpapiISIOMNIA BEKTOP
OpsIMON a = n = (0, 2, 1) O6epeM HOpMAaJIbHBIN BEKTOP TJIOCKOCTH, T.K. TIpsiMast

NEPIEeHANKYISPHA MIOCKOCTH

x—0 y-8 z-0 x y—-8

b

Z
o 2 1 0 2 1

CocraBuM napameTpuyuecKre ypaBHEHHUs 3TOM npsimoii 1o ¢popmyne (33):

x=0
y=2t+8
z=1.

Haxomum TOUKy nepecedeHus 9Toi mpsiMoit ¢ miockocteio A A, As

x=0
x=0
y=2t+8
X , = y=—6+8=2 = 2(21+8)+t—1:0,
zZ =
z=1
2y+z-1=0

5t+15=0, t=-3.

[Tomrygaem Touky M| (0, 2, — 3); T.K. TO4ka A, CcUMMeTpu4HA TOUKe Ay
OTHOCHTENBHO I1ockoctH A; Ay Az, 1o Touka M siBisietcs cepequHON OTpe3Ka

Ay A}, mosTomy

X4+ X} 0+ x,
xMzu, 0= 4 xy =0;
2 2

V4 + Y4 8+,
=, 2:—’
Yum 5 5



Z4 + 2z
ZM:u, —3 R Zﬁ'l-:_6
2 2

A4(0,—4, - 6).

6) YtoGbl HaliTH TOYKy Aj', CAMMETPHYHYIO TOUKE A; OTHOCHTENHHO
npsamoit Ay Az, cocraBUM ypaBHEHHE IUIOCKOCTH, IPOXOSIICH depe3 TOuKy Ay
nepreHanKysipHo npsimoit 4y A; 1o popmyne (26). 3a HOpMAIIbHBIH BEKTOP
IIIOCKOCTH 71 = a4 = (O, -2, 4) OepeM HampasisonMil BekTop npsimoit Ay Az,
T.K. TUIOCKOCTh NMEPHEHANKYJIIPHA MPSIMOM.
0-(x—0)-2-(y—3)+4:(z=0)=0, —2y+16+4z=0, y=2z—-8=0.

VYpasHeHue npsmoit  A; A3 cocrasisiem 1o dpopmyne (34).

x—=2 y-1 z+1 x—=2 y-1_ z+1
2-2 —1-1 3+1 0 -2 4

[Tapamerpudeckue ypaBHeHust npsamoit 4 As:

x=2
y=-2t+1
z=4r—-1.

Haxomum touky N mepecedenus npsmoir Ay Ay u miockocTu:

x=2

y==2t+1
lz=4r-1

y—2z-8=0,

—2t+1-2(4r-1)-8=0, —10t-5=0, ¢=—-—,

x =2, y=—2(—lj+1=2, 224(—1)— = -3.
2 2

Utak, Touka N (2, 2, — 3). Tax kak Touka A4 cuMMeTpudHa TOUKe Ay

OTHOCHTENBHO psiMoit  A; Ay, To Touka N siBnsietcs cepemunoi otpeska Ay Ay
, TOT/Ia
X4+ X4 0+xy

WET o s Ni=4




"

Yo+ V4 8+ 4 "
= , 2 = y = _4’
N 5 ’ Y4
+ " O+ "
ZN = - o) = ;3= 224 ,  z4=—6, Touxa AX(4’ —4 - 6)'

1.4 AHasinTHYeCKAasi TeOMETPUSA HA IIOCKOCTH
Hexotopsie cBeieHus U3 Teopun

Ilpamvas auausa. Ee vypaBHeHue

Ax+By+C=0 — (38)
o0111ee ypaBHEHHUE MPSIMO.
X=X, Y-—Y,
= — 39
- » (39)

ypaBHEHHUE MPSIMOU, MPOXOAIIeH uepe3 Touky M, (xo, yo), a= (m n) —
BEKTOP, NapaJJICIIbHBIN MPSIMOU.

Alx—x,)+B(y—y,)=0 — (40)
ypaBHEHHUE MPSIMOU, MPOXOJAIICH uepe3 Touky M. O(xo, yo) Cc

MEPIEHIUKYIIAPHBIM BEKTOPOM 71 = (A, B).

X=X _ Y= _ (41)
Xop =X Va=N
ypaBHEHHE MPSAMOU MPOXOAsIe yepe3 aABe Touku M 1(x1, yl) u M, (xz, yz).

Xy
—+==1 - 42
P (42)

ypaBHEHHE NIPSIMO# B «OTpE3Kax», e d, b — BeJTMYUHBI OTPE3KOB, OTCEKAEMBIX
MPSAMOM Ha OCAX KOOPJAWHAT.

y=hkx+b — (43)
ypaBHEHHE TIPSIMO# ¢ yrIIOBBIM K03 uiineHToM Kk = g u oTpe3koM b —

orcekaembM Ha ocu Oy .



Y=y, =k(x-x,) - (44)
ypaBHEHHUE NPAMOU, MPOXoadIIel yepe3 Touky M. o(xo, yo) C YIJIOBBIM

k0o dureHToM K .
_|AxO+ByO+C| B
VA? +B?

paccTostHue OT Touku M. o(xo, yo) no mpsimod Ax+ By+C=0.

d

(45)

_Ax,+By,+C
VA +B?

OTKJIOHCHHE TOUku M, (x0 , yo) OT IPSIMOM.

d

(45a)

4
k== - (46)

yrioBoit kodddunment npsmoit Ax + By + C =0.

YCIIOBHUC ITAPAJUICIIBHOCTH IIPAMBIX.

1
o= 48
1 0 (48)

YCIIOBHUC NICPIICHAUKYIIIPHOCTHU IIPAMBIX.

ky — K
1+ kiky

YTOJI MLy IBYMsI TIPSIMBIMH C YTIIOBbIME Koo duumentamun k; u k,.

180 = (49)

3agaua 6. JlaHbl cepeMHbI CTOPOH TPEYTrOJIbHUKA
P(L 2), Q(S, 1), R(— 4, 3). CocTaBuTh ypaBHEHHUS €TI0 CTOPOH.

B(x:.y,) 1 cnoco06. Tak kak Touku P, O, R saBusiotcs
cepenunamu otpe3koB AB, AC, BC, to
XI+X2: X2+X3: xl+X3:

I, =—=5 —=-4,
2 2 2

Ax,.y)) R C(xs, 3)
NAYy g, Y2tV Nitrs g
2 2 2

Pemaem nBe cucteMbl ypaBHEHU N



X +x,=2 Yit+y, =4

X2+X3:10 34 +y3:—2
X1+X3:_8, y1+y3:6,
Imojrygyacm
xl - _8 yl - 6
Xy =0 ¥ =0 A(-8,6), B(10,-2), (0,0).
X3 = 10, V3 = —2,

Teneps cocTaBisieM ypaBHEHUSI CTOPOH TPEYTOJIbHHUKA, KaK MPSMBIX, TPOXOISIINX
4yepes3 1Be TOUKH, 1o hopmyiie (41).

Vpasuenue AB:

X*+8 Y70 4iop-22-0,
10+8 —-2-6

Vpasueane BC:
x—10:y+2’ X+ 5y =0,
0-10 0+2

Vpasuenune AC:
X8 _y=O a0
0+8 0-6

2 crioco6. He ompenensis koopaunar Touek A, B, C', cocTaBUM ypaBHCHHE
Ka)KJ0M U3 CTOpOH TpeyrojbHnka ABC, kak npsMoi, POXOIAIIEH Yepe3 OTHY
U3 BEpIIUH Tpeyroibhnka POR mapaieabHO IPOTHBOJSKAIIEH CTOPOHE.

Vpasuenne AB: npsmas AB upoxomut yepes Touky P mapamienbHO

—>

Bektopy OR = (— 9, 4). Wcnone3yem ypaBuenune (39).

x—=1_ y-2
-9 4

= 4x+9y-22=0.

Vpasuenne BC: npsmas BC nupoxoaut yepe3 Touky () mapauienbHO
—
Bektopy PR = (— 5 1).
x—=5 y+l1
-5 1

= x+5y=0.



Vpasuenne AC: npsmas AC mupoxoauT yepes TOUKy R mapajielbHO BEKTOPY

—>

PQ =(4,-3).
XrA_ Y73 o 3xiap=o
4 3

OtBer: 4x+9y—-22=0, x+5ry=0, 3x+4y=0.

3agaua 7. CocTaBUTh ypaBHEHUS KATETOB MPSAMOYTOJIBHOTO
paBHOOEAPEHHOTO TPEYTOJbHUKA, 3HAsl ypaBHEHHUE TUMIOTEHY3bl 2X + 3y —5=0

U BEPILUHY IPSIMOTO YTJIa (2, - l).

b N AB = BC (no ycnosurw), nostomy LABC = LZACB = 45°,
45°
DN kpc = —% ( mo popmyse (46)). VpaBhenus katetoB AB wu
A@2.-4) © BC cocransem no bopmyne (44): y+1= k(x — 2).
k+ 2
1045° = —23 , (49)
1-—k
3
k+—
_23 = +1.
1-—k
3

Perrast 5T ypaBHCHHUSI, TOJTYUIHM:
kz%, y+1:§(x—2), Sy+5=x-2, x—=5y-7=0.
k=-5, y+1:—5(x—2), y+1=-5x+10, 5x+y—-9=0.

OtBer: x—5y—7=0, 5x+y—-9=0.

3ajada 8. B TpeyronpHUKE ¢ BepITHHAMM A(3, — 2), B(— 1, 1), C(S, — 7)
HaiTn OuccekTpucy BHyTpeHnero yrina LABC.



B___k 1) CocraBum ypaBHeHUs cTopoH yriia ZABC,
BOCITIOJIL30BaBIIUCH (hopmyioit (41).

5162
Cropona BA:
vl s a0
3+1 -2-1
) \ . Cropona BC:
N Al vl g ey-2=0
5+1 —4-1

2) Touku OMCCEKTPUCHI paBHOYAAJIEHBI OT CTOPOH yria. [IpupaBHsieM paccTOsTHUS
OT MPOU3BOJILHON TOUKHU OuccekTpuchl M (x, y) no cropon yrna BA u BC,

BBIYHCIISIS UX TI0 opmyrie (45).
|-3x—4y+1| |-8x—-6y—2| [-3x—-4y+1| |-8x—6y-2|
[32 1 42 [s2 162 5 10 ‘

U3 IMMOCJICAHCTO PAaBCHCTBA ITOJIYHACM CJIICAYIOIIUC ABa:

2(—3x—4y+1)=—8x—6y—2 u 2(—3x—4y+1)=—(—8x—6y—2).

[Tocne mpeoOpa3zoBaHus MOTyYaeM ypaBHEHHS JABYX MPSIMbBIX, KOTOPBIE SBISIFOTCS
OucceKTprucaMy BHYTPEHHETO U BHELTHETO YIJIOB NPU BeplIHe B TpeyrojbHHUKA

ABC:
x—y+3=0 (@)
u x+y=0. (6)

JIist OMCCEKTPUCHI BHYTPEHHETO yIila TPeyroibHuka BN OTKIOHEHHS BEPIIUH
tpeyronbiuka A u C HMEIOT pa3Hble 3HAKH, a I OUCCEKTPHUCHI BHEIITHETO
yrma BK — 3HaKu OTKIOHEHUH OJMHAKOBBI.

Haiinem otknonenus touek A u C ot npsamoit (a) mo dopmyie (40,a):
3—(-2)+2 7 s 5—(-7)+2 14,
Ji2i12 V2 Jizeiz o V2

ClIeZI0BATENbHO, ypaBHEeHHE (a) — 3T0 ypaBHeHHe npsimoii BK. Torma ypaBHeHue
OucCceKTpHCHI BHYTpEHHETO yria Tpeyroiabhuka ABC mnpu Beprmbe B

5, 0, &¢

x+y=0.

OtBer: x+y = 0.



1.5 JIMHUM BTOPOI0 NMOPSAKA

OKpYKHOCTb. YpaBHEHHE
(x—a)2 +(y—b)2 = R? (50)

OIIpEIeNIICT OKPYKHOCTh pajnyca R ¢ ICHTpOM C(a, b). Ecnu uentp

OKPYKHOCTH COBIIA/Ia€T C HAYAJIOM KOOpAWHAT, T.e. d = b =0, T0 ypaBHEHHUE
OKPY>KHOCTH MPUMET BU]T

x2+y?=R% (51)
O6miee anredbpanyeckoe ypaBHEHHE BTOPOU CTETICHU
Ax> +2Bxy+ Cy? +2Dx +2Ey + F =0

ecTh ypaBHeHHe okpyxHocTH, ecmt A= C#=0, B=0, Tte.

Ax® + Ay* +2Dx+2Ey+F =0. (52)
Onaumnc.
x2 2
o+2o=1- (53)
a b

ypaBHEHUE AJUIUIICA (KAHOHUYECKUHN BU).
b* =a® -2, a>b. (54)
B sTom citydae Goxychl iumca uMEr0T KOOPAHNHATHI
Fl(— c, 0) u (c, 0). (55)

Hauano koopaunar (O — LEHTP CHMMETPHH DJLIUIICA, & OCH KOOPIUHAT — OCH
CUMMETPHH dJutHIca. TOUYKU Al(— a, 0), Az(a, O), BI(O, —b), B, (O, b)
HA3BIBAIOTCS BEPIIMHAMH DJUINIICA, d W b — OonbIIas U Maias MoJyOoCH.

Bennunna

e=—<1 (56)



Ha3bIBAETCS SKCLIEHTPUCUTETOM JJLIUICA. DKCLEHTPUCUTET XapaKTEPU3yEeT
BBITSIHYTOCTb AJUIUIICA, T.K. BBIPAYKAETCS YEPE3 OTHOLIEHUE €ro MOoJyocen

2 2 2
L_c_Ya-b _ 1_@ | (57)
a

OKpy)HOCTb MOXHO CUMTATh YACTHBIM CIIy4aeM JJUIUIICA, Y KOTOPOTO
a=b,te. £¢=0.

- (58)

RS

YpaBHEHHUsI TUPEKTPUC.

Ecnu ¢oxycel amnrca pacmonoxeHsl Ha ocu (Jy, TO ypaBHEHHE AJUTUTICA
umMeeT ToT ke Bu (58), Ho b > a. DOoKyChl HMEIOT KOOPAWHATHL: F) (0, — c) U

F (O, c). YpaBHEHUS] AUPEKTPUC

y== é (59)
€
['unepbona.
2 yz
— =1 - (60)
a’ b
KaHOHHYECKOE YPaBHEHUE TUIIEPOOIIEI.
b*=c*-a* a<ec. (61)

®OoKyChl UMEIOT KOOPAUHATHI [ (— c, O) u F, (c, 0). Ocu KoOpAMHAT SBIISTFOTCS
OCSIMH CUMMETPHH TUIep0osibl, a Touka () — LEHTp cUMMeTpuu. I umepooia
nepeceKaeT 0ch a0CIUCC B TOUKax A (— a, 0), A, (a, O), KOTOPBIC HAa3bIBAIOTCS
€€ JICUCTBUTEIIbHBIMU BEPIIMHAMH, a BEJIMYMHA ( — JCHUCTBUTEIBHOM MOJYOCHIO
runep6oibl. Toukn Bl(O, — b) u B, (O, b) Ha3bIBAIOTCS MHUMBIMH BEPIIIHHAMM,

a b — mHMMas moayock. [IpIMOYTONBHUK C IICHTPOM B Ha4alle KOOPIUHAT U CO

CTOPOHAMH, MapaJUICIIbHBIMUA KOOPIUHATHBIM OCSIM M IPOXOASIIAMU YEPE3
BEPUIMHBI TUIEPOOIIbl, HA3IBAETCSI OCHOBHBIM MPSIMOYTOJILHUKOM rurnep0osibl. Ero
JIarOHaJIA



y=t—x (62)

Q|

ABJIAIOTCS. aCUMIITOTAMU TUNIEPOOJIBL, T.€. IPAMBIMU, K KOTOPHIM HEOTPAHUYEHHO
NPUOINKAIOTCA BETBU TUIIEPOOJIBI.

OKCHEHTPUCUTET TUIEPOOIIBI

c

e=S51. (63)
a
2 2 2
L_c_Na +b® 1+(9j | (64)
a a a

Eciu a = b, runep6oiia Ha3sIBaeTCsl pABHOCTOPOHHEN. B 3TOM Cityyae OCHOBHOM

NpAMOYTOJIBHHK IIPEBpaIIacTCsa B KBaapaT, a OKCUCHTPUCUTET PaBCH v 2.

x=+2 _ (65)
€
JTUPEKTPUCHI THIIEPOOITBI.
Ecnu ypaBHeHME runepO0Jibl UMEET BHU/
52 y2
——t—=1, (66)
a’> b?
TO ACUMITOTHI TUIICPOOJIBI:
b
xX=x—y, (67)
a
b okychl FI(O, — c), Fz(O, c).
b
y=+— - (68)
€

ypaBHEHUSI TUPEKTPHUC.
ITapabora.

Kanonnueckoe ypaBHEHHE TTapaOO0IIbl

y2 =2px (p> O), (69)



I7I€ p — paccrosiHue oT (pokyca J0 TUPEKTPUCHL. Y paBHEHUE AUPEKTPUCHI
X = —g, KoopAWHATHI Pokyca [ (%, O) . Hayano xoopaunar siBnsiercs

BEPIUIMHOM MapaboJibl, a 0Ch aOCITUCC — €€ OChI0 CUMMETPUU. DKCIEHTPUCUTET
napabonsl € = 1.

B psine ciyuaeB paccMaTpHuBaroT mapadodIbl:

a) y* =-2px, F(—g, 0) ~Gokye, x =~ ypasenne aupexrprcss;  (70)

6) x> =2py, F (0, gj ~oxye, y ===~ ypannerme aupexrprcsr;  (71)

B) x2=-2 py, F (0,—5) —¢okyc, y = g — YpaBHEHHUE TUPEKTPUCHI. (72)

Jlns Bcex cimyyaeB p > 0.

3amauya 9. Cpeau MpsAMBIX MapalIeNbHBIX MpsMoi 2x + y = 0, BBIICINUTH

2., .2
KaCaTCJIbHBIC K OKPYKHOCTHU X +y = 1

Pemienune. YpaBHeHHE BCAKOM NMPSIMOU, ApaIIICIIbHON JTaHHOM, MOKHO
3amucaTh B BUIE

2x+y+c=0.

KacarenbHas kK OKpy»KHOCTH UMEET C HEH TOJIBKO OJHY OOIIYIO TOUKY, TO3TOMY
COBMECTHOE pEIIeHHE YpaBHEHUN MPSIMOIl U OKPY>KHOCTHU JJOJIKHO UMETh TOJIBKO
OJIMH OTBET.

W3 ypaBHEHUs TIpsIMON  y = —2X — C.
y=-2x-c
x2+y2:1, x2+(—2x—c)2=1, 5x2 +4dcx+c?—1=0.
KBaapaTHOe ypaBHEHHE MMEET TOJILKO OJTHO PEIICHHE, KOT1a TUCKPUMUHAHT

paBeH HYJIIO: (46‘)2 — 4-5-(02 — 1) =0, orkyma ¢=++/5.

I/ITaK, HCKOMBIC KaCaTCJIIbHbIC UMCIOT YPAaBHCHUA

2x+y+\/§:0, 2x+y—\/§=0.



3amgaya 10. Jlan smurc 9x? —|—25y2 = 225. Haiitu: 1) ero moxyocu; 2)
(Goxychl; 3) SKCLEHTpUCUTET; 4) ypaBHEHUS AUPEKTPUC.

Pemienue. Jlenum Ha 225, nonyyaem

xZ yZ
+

259
Orcrona cnenyer o popmyne (53),uro a=>5, b= 3. U3 popmynsr (54):

2 =a>-b*=25-9=16, c==+4

ITo popmyme (55): Fl(— 4, 0), F2(4, O).

wn| s

Okcuentpucuret (56): € = c-
a

5 25
VpaBHeHusa nupekrpuc coriiacHo (58): x=ft——=+—.
p pekTp (58) 173 2

OtBer: a =5, b=3; Fl(—4,0), F2(4, 0); 82%; xziTS.

3agaya 11. CocTaBUTh KAHOHMYECKOE YPABHEHHE DJUIUIICA, Y KOTOPOTO

Masasi IoJyoCh 26, a paccrosiaue Mexay dpokycamu [, = 8.

Pemienne. b = 2\/6, FF,=2c=8, c=4

2
ITo dhopmyne (54): a’ =b*+c?, a® = (2\/8) +4% =40, a=+/40 =2/10.

2 2
VYpaBHenue auurnca corinacHo (53): — 4

+=—=1
40 24
3amauya 12. AcumrnroTsl runiepOosbl uMeroT ypaBaenns 4y +3x =0, a

paccTosiHre MeX 1y Gpokycamu paBHo 20. HanmucaTs ee kKaHOHUYECKOE YpaBHEHHE.

Peuienuie. YpaBHEHUS aCUMITOT ) = izx, cormacHo hopmyie (62):

| o

= % Kpome toro F1F, =2¢ =20, c=10. Tlo dopmyzne (61):

O Q

2 =g +b?, HOJTy4aeM CHCTEMY YPaBHCHHIA



Pemras ee, monydaem a =8, b= 6. CienoBaTenbHO, KAHOHUYECKOE YPAaBHEHHE

2 2
P 4

rUnepoospl: — — “— =

= 1.
64 36

2 2

X
3ajmaya 13. Jlana runepOoiia ? - yT = —1. Haiitu koopauHaTHI

(I)OKYCOB " BCPIINH, SKCHCHTPUCUTCET, YPABHCHUA ACUMIITOT U TUPCKTPHUC.

Pemenne. @okychl JaHHOH TUIIEPOOITHI paconokeHbl Ha ocu Oy .

a=1,b=3 c=va*+b* =J9+1=410. (61)
3Ha4NUT POKYCHI UMEIOT KOOPIUHATHI Fl(O, —\/E), FZ(O, \/E) Bepuabt

AI(O, - 1), A2(O, 1), Bl(— 3, O), 32(3, O). DKcreHTpUcHTeT 110 Gopmyite (64):

8222@, & = JT0.

VYpaBHEHHS acUMITOT: X =+t—y = x =13y.
a

b
YpaBHeHHUs AupeKkTpuc: y=+*t— = py==
c

ﬁ‘w
o

3amaya 14. IlapaGoina ¢ BepIIHMHON B Hayaie KOOPAMHAT MMPOXOIUT Yepe3
TOUKY A(l, — 2) ¥ CHMMETpHYHA OTHOCHUTEIbHO ocu (Jy. Hamwmcats ee

ypaBHeHHe. Haititu Qpokyc u qupexTpucy.

Pemenue. YpaBHeHue uckomoii mapadomsl mo Gopmyne (72) umeer BUJ

x? = —2py. Touka A(l, — 2) nexuT Ha napabomne. [loacTaBnsem KoopauHaTHI
1
touku A B ypaBHeHue: 1=-2p- (— 2) = p= e CrnenoBaTenbHO, HCKOMOE

ypaBHEHHUE OyaeT x? = ~3 Yy wm y = —2x2.

1 1
®doxky napadomsl: F (O, — g) . YpaBHEeHUE AUPEKTPUCHI corjiacHo (72): y = 3



2 .
3amaya 15. HamapabGone y~ = 4x HaWlTH TOYKH, PACCTOSHHUSI KOTOPBIX OT

IUPEKTPUCHI paBHO 5.

Pemienne. YpaBHeHUE TUPEKTPUCH JAHHOU Mapaboyibl X = —g,

2p=4, p=2, x =—1. Torna paccrosaue ot ocu (y 10 UCKOMOU

{=4— g =5—1=4To4KkH W 3TO PACCTOSHUE OMPEICITUT KOOPAUHATY X

naHHOM ToukH, T.c. X =4. KoopauHarty y HaiijeM U3 ypaBHCHUs apaboJIbl:
2_y 2 _ _
vy =4x, y"=4-4=16, y=14

Hrak, M1(4,4), M2(4,—4).

2. BBeaenue B aHAJIN3

1. Ilpeneant

[Tycth KaxkgoMy HaTypadbHOMY 4YHCTy n=1,2,... TpHUBEACHO B

COOTBCTCTBHC B CHIIY HCKOTOPOro 3aKOHa 4YHCIIO u Torz[a TOBOpAT, 4YTO

-
ompeniesieHa IMOCISA0BATEIBHOCTh YHUCE Uy, Uy, Uz, ... Wik, Kopode,

ITOCJICI0OBATCIIBHOCTD {Mn} OTI[GJII)HI)I@ quciia l/ln Ha3bIBAIOTCA €€ 3JICMCHTaAMU.

Omnpenenenne 1.1. Yncno a HaspIBaeTCs NPEAEIOM MOCIEI0BATEIBHOCTH {un}

, €CJIH JUIsl JTI0OOTO TOJOXKHUTEIBHOTO YUCIa € HaWIeTCs 3aBHUCSIIEE OT HETO
HaTypajgbHOe uYucio /N  Takoe, YTO IS BCEX HATypajbHBIX umcenl n> N

BBITIOJIHSIETCS HEPABEHCTBO: | u, —a |< €. Ilpusrom mumyt: [lim u, = a.
n— o0

Omnpenenenne 1.2. T'oBopsaT, uro ¢yHkums f (x) ctpemutcs kA

(f(x)—) A) Opu CTPEMJICHHH K (x—) a), rme A W a—uWcna, win

lim f (x) = A, eciu uis moboro € >0 cymectByer O = 8(8) > (0 Takoe, 4TO
Xx—>a

| f(x)-4|<e npu |x-a|<8.



Awnanoruyno, [im f(x)zA, eciu |f(x)—A|<8 pu |x|>N(8) u

X—> 0

limf(x):oo, eCITH |f(x)|>M pu |x—a|<6(M), re M-

x—a
IMPONU3BOJIBHOC ITOJOXUTCIBbHOC YHCJIO.

[Ipy BBIYMCICHUU MPEICIOB MOXXHO HCIIONB30BAThH CICAYIOLINEC TEOPEMBL.
1. Ecnu cymecTByIoT KOHeUHbIe [im fl(x), lim fz(x), TO
x—>a x—>a

a) lim| fi(x)£ f>(x)]= lim fi(x) £ lim f5(x)

xX—>a xX—>a

6) lim| f1(x)- f2(x)]= lim fi(x)- lim f5(x),

x—>a Xx—>a

lim f, (x)
8) lim filv) =4 1 (lim folx) = O). 2.

x—)afz(x) B xlil)?’éfz(x)

Ecmu  [lim f(x) =A=#0, Ilimf, (x) =0 (4 —xoHEYHO), TO
X—>a

x—>a

ecnu  [im f(x) =4, limf, (x) =00 (A — xoHE4HO), TO
Xx—>a XxX—>a
lim fl(x)

=0.
x—a f2 (x)

DTH yTBEpXKICHHS CIPABEUIMBBI, €CIIM BMECTO JABYX (QYHKIMHA [ (x) u

f2 (X) B3s4Tb COOTBCTCTBCHHO JBC IIOCJICAOBATCIIbHOCTH ! {un} )41 {Vn} .

B mpocreimmx ciydasx Hax0XAEHUE Ipelesia CBOJUTCS K NMOACTAHOBKE B
JAHHOE BBIPAKEHHUE MNPEACIBHOIO 3HAYEHUsA AapryMEHTa, 4YacTo, OJHaKo,
MPUXOJIUTCS, MPEXKIEe YeM NEepelTH K MpeAeny, NPOBOJAUTH MNpeodpa3oBaHUE
JAHHOTO BBIPA)KEHUSI. DTO CIEAYET JIeJlaTh B TE€X CIy4asiX, KOTJa UMEIOT MECTO Tak

0 o . 00 1°. 0
HasbIBaeMble HeonpeaeaeHHoctu: —; —; 0-00; co—o0; 07; 17; oo,
o0



IIpumep 1.1. IIpu oThICKaHMH mpenesia OTHOLIEHUS JBYX LEJIBIX MHOTOYWIECHOB

OTHOCHUTCIBHO X IIpU X —>00 WA N IIpA 1N —> 00 I MOCJIEI0BATEIbHOCTEH

0 0]
(HeomnpeneneHHOCTh —) o00a wieHa COOTHOLIEHHS MOJE3HO MpPEeBAPUTEIBHO
o0

pasjennTh Ha X' WU, COOTBETCTBEHHO, N IJie 11 — HaUBBICIIAS CTEIEHb ITHX
MHOTOYWIECHOB.

AHaNOrMYHBIA IPUEM BO MHOTHX CIy4asiX MOKHO MPUMEHUTD U JJIsI IpOOeH,
COJZIEpIKaIllX UPPALIMOHAIBHOCTH.

4 2 1 2 1
4 2_ X (3+_2__4 3+—2——4

a) lim 3 4+ 2 lz(f) = lim XX XX =
oo 5xt43x4+2 N xoe 4(5+i+lj Hoo5+%+i4
x> x? x> X

lim 3+ lim i— lim i
X—>00 xosox? xswoyxt 3+40+0 3

— E 5= 51050 = it crapias cterneHb m =4,
lim 5+ lim —+ lim —

X—> 0 X—>®© x X—>© x

4
JACJIIUTCA HA X .

— Wont —2n® + 2+ 48w’ +21
I A S, N PR

3-\/n4(9—2+%j+4-3/n3(8+2—31)
. n n n
—> 0
! 4/n4(1—i4)+2- n4(4+%j
n n
3n2-\/ 9—%+i4)+4n-3(8+ lj
n n n

= [lim =

\®)

W

N
L]0



3-\/(9—%+i)+i-3(8+2j
n n*) n n®/ _3:49-0+0+0-3/8+0 9
n—o ] 9 0-41-0+2-v/4+0 4
—all1-—|+2- | 4
n

2
(HeompeaeIeHHOCTh — , CTapIlias CTeNeHb M = 2, JCTUTCSI Ha N ).
o0

8) lim(3x+1) \/x2+4x+5—\/x2+4x+7l:[oo-(oo—oo)]:

X—> 0
(3x+1)\/x2+4x+5—\/x2+4x—7 -\/x2+4x+5+\/x2+4x—7]
= [lim =
X V2 +dx+5+x2 +4x—7
3+ D)x2 +dx+5-x% —dx+7
(3x+1)
= [im =

o0 ¥ pdx+5+x2 +4x—7

(3x+1)-12 (_xj _

= lim
0 x2 4 dx 15+ Ax? 4 Ay — 7 X
12(3+1) 12-3
= lim a =2-18.
X—>00 4 5 4 7 1+1
I+ —+—+ 1+———2
X x X X

I[Ipumep 1.2. Ecam P(x) u Q(x) — IIeJble MHOTOYJIEHBI X, P(a);t 0 wm

Q(a) # (0, TO mpenmen pamuoHaNbHOW Apodbu P/ nupu X —>a HaAXOIUTCS

0
HemnocpeaAcTBeHHO. Ecnn ke P(a) = Q(a) = 0 (HeompeaeIeHHOCTh 6), TO ApOOb

P/ Q pexomeHayeTcst COKpaTHUTh OJUH MU HECKOJIBKO pa3 Ha (x - a).

(x—l)(x2+x—2) xt4x-2
= lim = lim ——— =
x—”(x—l)(x3+x2+x—3) =>Ix7+x"+x-3

0

lim

x3—3x+2_(0)
w1 xt —4x 43



:(g)_hm (-D+2) . x+2 142

301
0 _Xﬁwx_0@2+2x+3 x4 2x+3 14243 6 2

[Ipumep 1.3. OpHMM U3 ONpUMEPOB HAXOXKICHUS Mpeesia OT UPPAlUOHAIBHOTO
BBIPAYKECHUS SIBIISIETCA MEPEBOJI MPPALUMOHAIBHOCTA U3 YUCIUTEIS B 3HAMEHATENb

WU HAa000pOT (HEeOoNpe1eIEHHOCTh 0 ).

) 1 3T _(0) y, BT
T J?‘E 0 ‘x%4(L_y§:;X3+4§:;)‘

= lim 95—

H4(1_ %/ﬁ)(uﬁ) )

4—x 1
= [im ———- lim = lim —— - — =
x>4]1—-3/5—x x—>43+\/5+x x—>41—\/35—x 6

L 1V s

=—[lim

O (1Y) 1+ V5= + (52’
| (4—x)[l+m+%/(5—7x)2)

=—lim =
6x—4 1-5+x
| (4—x{ﬁ+¥5—x+ﬁ@—xf] |
=— lim :——lim(1+35—x+3(5—x)2)=
6 x—>4 x—4 6 x—>4

1 1
= (1+1+1)=——.
6(++) 5

(ﬂ?—@@&7+2¥}+ﬂ

6) lim 2\/— 2 —(gj = lim =
—8x”—T7x-8 \0 x_’g(x2 - 7x—8)(%/x72+2%/;+4)
x—38 1

= [lim = lim

8 (x - 8)(x+1)(\/7+2\/—+4) x_’g(x+l)(\/7+2\/—+4)




IIpumep 1.4. Ilpu BBIYKCIEHHM MPEAEIOB BO MHOTHX CIIy4YasX HCIOIB3YIOT
«IEPBBIM 3aMEYATEIIbHBIN IIPEIEID):

. Ssinx
lim =1,
x—>0 X

CICACTBHUCM KOTOPOTO ABJIAKOTCA IMPCACIIbI

lim &x =1, lim 1, lim

x—>0 Xx x—0 X x—0 X

arcsinx arxrgx

1.

a) lim ctg2 3x— ctg2 Sx

] z‘g2 4x - arcsin’® x B

x—=0 x2
2 ) 2
tgdx > [ arcsinx 5
. | cos®3x cos” Sx 4x X
= lim| ——————1 2 -
x=>0 sin“ 3x  sin” S5x X

2 2 2 N2
— lim 16x2 - COS2 3x B cos2 S5x . lim(tg4xj . lim(arcsmxj _
sin” 3x  sin” 5x

x—>0 x—>0\ 4x x—0 X
| cos?3x-16x> cos® 5x-16x°> s’ 2
X—> / 1
(Sm 3x) L0y (SlnSx) 95,2
'\ 3x Sx )
= lim Ecos3x—ﬁcos2 Sx}zﬁ-l—ﬁ-lzﬁ.
x—0 9 2 9 25 225

2
z‘g2xj o) )
BT 4x? A2 2
, tg22x-\/1—cos4x 0 . (Zx * e
6) lim =|—|=lim =

0/ x>0 ) (arcsin 3x)
x| ——| - 3x
3x

2 .
x=>0  x“.qresin3x



2
lim (_tg2x)

x—0\ 2x _ 42sin2x
= - Aim —— = [lim =
. arcsin3x x—0 3x x>0 3x 3
lim ———
x—>0 3x
IIpumep  1.5. [Ipy BbIUKCIIEHMH IIpelesla  BBIPAKEHUSA, COIAEPIKALLETO

TpUroHomeTpudeckue (QyHkuumu, xkorma x—>a u a# (0, pexomeHmyercs
PEABAPUTENBHO POBECTH 3aMEHY X —d = ).

T-X

cos— g
lim—6:(—j =(x=3=y, y >0 mpu x >3) =
=3 x—3 0
(y+3 _
cosM 1 . i _r gy
= [lim 6 = lim—-cos(—y-y_j _ lim -0 6 _
y—0 y y—>0y y—0 -y
6
. T
Sin—-=— n i
6y>0 Ty 6 6
6

[pumep 1.6. Ilpu BeIUKCIIEHUH IPEAETIOB BUaa [im [ f (x)](p(x) = C HE00XO0aUMO
Xx—>a

HMCTb B BUY, YTO

1) eciu cymeCTBYIOT KOHEUHbIE nipeaeinsl A = [im f (x) B = lim (p(x),
XxX—>a XxX—>a

T0o c= A" (A>O);

2) ecu  lim f (x) =A#1, [lim (p(x) = 100, TO BOIIPOC O HAXOXKICHHUH
X—>a X—>a

npejaeNa C pemaeTcs HEMOCPEACTBEHHO;
3) ecn lim f (x) =1, [lim (p(x) =00, TO CJIEAYeT BOCIOIb30BAThCS
xX—>a xXx—>a
1
«BTOPBIM 3aMeYaTeNILHBIM IpefeIom»: [im (1 + g(x)) g(x) = e, rae

Xx—>a

g(x)>0 npu x >a u e=2718....



x2

2 1 —o0
o sin[ 2T (T
x>0\ 2x” +x + 1 2 3

) xZ-x+1 3 . x2
lim ————=—, lim —— = —o0.
x> 2x? 4 x+1 2 x>ox—1
. x+3 . .
4
0) lim(sm4xj — 43 = 64, tx. lim S _ lim(sm 4xj -4 =4,
x>0\ X x>0 X x—0\ 4x
lim(x + 3) = 3.
x—0
2x 2x
o )l
X—> 0 3x — 1 X— 0 X —
14x
6 7 , 3x-6 1,7 36
:llm(1+ / j [ lim(1+ / j ! —!¥3,
X—> 0 3)C— X—> 0 X —

3 3
&) lim(7-2x)v3 = (17) = lim[1+ (6 - 2x)|v=3 =

x—3 x—3
(6—2x)-3

1 — lim 18—6x
= lim {[1 + (6— 2x)] 6—2x — 33 _ o6
x—3

2. beckoHeuHO Majbie U1 OECKOHEUHO OOJIbIINE (PYHKITUH

Ompenenenvie  2.1. Ecmm  lim f (x) =0, 710 dyHKIMA [ (x) Ha3bIBACTCS
XxX—>a

OCCKOHEYHO MaJION B OKPECTHOCTH TOYKH X =@ (mpu X —> a).

CyMMa 1 mpou3BeIeHUE KOHEYHOT0 Yrciia OECKOHEUHO MalbIX PyHKIHH pu
X —> a ecTh Takke 0ECKOHEYHO MaJiasi Ipu X —> d.



Onpenenenue 2.2. Ecm f (x) 151 g(x) — OECKOHEYHO MaJlble IPpU X —> a U

- fx)
llm ——— =, TIA€ C — HEKOTOPOC YHCJIO, OTINYHOC OT HYJIA, TO (1)yHI<HI/II/I f (x)

x—a g(x)
n g (x) HA3BIBAKOTCSI OECKOHEYHO MAJIBIMU OJHOTO MopsaKa nNpu X —> a, €CIH
C = 0, TO T'OBOpPAT, 4YTO f (X) — OECKOHEYHO MaJiasd BBICIIIETO ImopsAAgKa II10

CPaBHEHHIO C g(x) npu X — a.

beckoneuno mainas f(X) Ha3bIBA€TCS OSCKOHECYHO MaJIoH nopsaaka 7 1o

CPaBHEHUIO C g(x) opu X —> a, eciu

/(x)

lim ——~ =, 0<|c|< +oo.
x—>a gn(x)

[pumep 2.1. Ilpu x — 0 ompenenuts NOPSAOK MATOCTH GYHKIUU (X — SINX

OTHOCHUTCIIBHO X.

) Sinx( ! — ) (1
lim Igx — Sinx — Jim CoSX — lim Slnx( — cosx) _
x—0 xn x—0 xn x—0 xn COSX
2sinx - sin’ ad 4sin’ X cosf sin’ ad cosE
= lim = lim =4 [im - lim 2 _
x—0 xn COSX x—0 xn COSX x—0 xn x—>0 cosx
sin’ X sin’ i sin’ i
:4lim—2-1=4lim—2:i- lim —=.
x>0 x" x—)O(Ejn Y. 2" x>0 (1)”
2 2

DroT npezaen Oyaer paBeH koHctaHTe c¢# (0 mpu n =3, Clle0BaTCIBHO,
GyHKIUS £gX —SINX WMEET MOPSJOK MajJOCTH # =3 OTHOCHUTEIBHO X TpH
x—0.

CyMMma 1ByX OECKOHEUHO MaJlbIX Pa3IMYHBIX MOPSJKOB PAaBHOCWIbHA TOMY
W3 CIAraeMbIX, MOPSAIOK KOTOPOTO HHUXKE.

[pumep 2.2. OmnpenenuTh MOPSIOK MAJIOCTH OTHOCHTENbHO X Tnipu Xx —> 0

CYMMbI %/)7‘—!—\/)673




3.2
Cnaraemoe X HMCCT IMOPAAOK MaJIOCTH E OTHOCUTECIIPHO X, a

[..3
cjara€Moe X — HOpAdOoK 5 , CJICAOBATCIIbHO, CYMMa UMCCT ITOPAJOK MaJIOCTHU

2

— oTHOcuTenpHO X mpu X —> 0.

/(%)

Omnpenenenuie 2.3. Ecmu  [im ——= =1, To GeckoHEeYHO Maybie | (x) u g(x)
x—>a g(x)

Ha3bIBAXOTCS DKBUBAJICHTHBIMU IIPH X —> d . f(X) ~g(.X').

Hanpumep, npu x — 0 Oyaem numeTs:
sinx ~x, Igx~X, arcsinx~ Xx,arctgx ~ Xx,
2

ln(1+x)~x, cosx~1—%, e’ —1~x, ax—1~x-lna(a;tl).

Hpezxen OTHOLICHUA ABYX OCCKOHEYHO MaJIbIX HE U3MCHUTCA, CCIINM YJICHBI
OTHOIICHMA 3aMCHHUTH OKBUBAJICHTHBIMHU UM BCINYHNHAMU.

ITpumep 2.3.
34tg2x _ 53arcsin2 3x (34%’2’5 _ 1) . (53arcsin2x . 1)
a) lim 5 = lim . : _
x=>03sin” 4x + Tarctg"x x>0 3 (4x) +7- (x)

, 4tg2x-ln3—3arcsin2 3x-In5 ) 4In3-x° —31115-(3x)2
= lim = lim —
x—0 5552 x—0 55y 2

B 4In3-271In5
55 '

ln( 1+3x) 3x

. [ 4arcsin2x x o (4-2x)\ x N 1
6) lim| ———— = lim =l=] =—.
x—0 3tg8x x—>0\3-8x 3 27




TS | BIFORS)

ln(3 — Sx) — ln(3 + 7x)

6) [lim = lim —
x>0 2sinx x>0 2x
ln3+ln(l—§x)—ln3—ln(l+zxj _§x_Zx
= lim = lim—3_—3 -3
x—>0 2x x—>0 2x

Ompenenenvie  2.4. Ecmu  [lim f (x) =00, TO0 ¢QyHKUUA f (x) Ha3bIBACTCSI
XxX—>a

0ECKOHEYHO OOJIBIION TP X —> d .

[Tono6HO TOMY, Kak .TO ceNaHo AJisi OECKOHEYHO MaJIbIX, BBOJIUTCS MOHITHE
OECKOHEYHO OOJBIINX PA3IUYHBIX MOPSIIKOB.

[Ipumep 2.4. Ilyctp x —> 0o. Omnpenenutrb MOPSIOK OCCKOHEUHO OOJIBIION

X
f (x) = 10 CPAaBHECHHUIO C X .

x+2

5 5 5 5

. X . X . X . X

lim x| = lim ————= lim —— = lim ——=1
x—o0| X + 2 x—)oox”(x+2) x—oo "™ L x" .2 x>y
npu n=4.

Onpenenenue 2.5.

1) Ilycte dyukuus f (x) — OecKoHeYHO OOoJbIIas Ui 0€CKOHEYHO Majas

X
npu X —> o u lim f()
x—)OOc.xa

=1, tne ¢ W O — KOHCTaHTHI, TOraa (GyHKIHUS

(04 ) )
y=cx Ha3bIBACTCS ACHMITOTHKONH WM aCHMIOTOTHYECKH OSKBHBAJICHTHOMN
GyHKIHAN f(x) npu X —> 0,

2) Ilycte dyukuus f (x) — OecKOoHeYHO OOombIIas Ui 0ECKOHEYHO Majas

npu X —>da u lim&

- 1, ra€¢ ¢ U O — KOHCTAHTHI, TOTaa (bYHKHI/IH
X—> 0 C- (x — a)



(04 ) )
y= C(X - CZ) Ha3bIBACTCA ACUMIITOTHKOU HMJIM AaCHMIITOTHYCCKH 3KBHBAJICHTHOU

GyHKIMN f(x) npu x — a.

Ilpumep 2.5.

a) Haiitu acuMnToTuky (acCMMOTOTHUYECKOE TMPEACTABICHHE) (PYHKIIUU

Vx+1—-+/x opu X — .

N BN N P RN
Jx+1+/x Jx+1+4/x

1 1 1

T xilidx 2dx 2472

CIIeJIOBATEIIBHO, ACHUMITOTUKON (GYHKIUH — f (x) =Jx+1-+/x opu X —> o

ST

I _ | 1
SABIISICTCS. QYHKITHS — X 1/2; c=—; Oo=——.
2 2
. X
6) Haiitu acumnroruxy GyHkupu [ (x) =y M X — 1.
1-x3
X
Ipu x —> 1 ¢ysxmun [ (x) = Aemercd OECKOHEUHO OOJIBIION:
I-x
X 1 1

~

Y153 ) 3\/(1—x)(1+x+x2) 3 3(1—x) - i/§(1_x)1/3'

y 1 - )3
ACUMIITOTUKOM B JAaHHOM cITy4dae sIBIseTCA PYHKIUS V = %( - x) .

¢) Haiiti acumnToTuky QyHkuuu | (x) =x>—3x+2 npu x —> 1.

B nannowm ciiydae mpu x — 1 dyHkuus f (x) SBIIAETCS OECKOHEYHO MaJIOH;
f(x) = x> —3x+2 z(x— 1)2(x+2) ~ 3(x—1)2.

[Tony4aem acCUMNTOTUKY V = 3(x — 1)2; c=3 oa=2



3. HenpepbIBHOCTD (PYHKITHH.

Onpenenenue 3.1. Ecou x<a u x—a, 10 ycnmoBHO mumyTt X — a—0,
AQHAJIOTUYHO, ecii X >a X—>a, o x —>a+0. Yucaa

f (a — O) = _1)121_ . f (x) u f (a + 0) = £T+O f (x) Ha3bIBAIOT COOTBETCTBEHHO

npeaesioM cieBa pyHkuun  f (x) B TOYKE @ W MPEACIIOM cripaBa GyHKIHUUA [ (x)

B TOUKE « (€CJIM 3TH YMCIia CYIIECTBYIOT).

Jlnist cymecTBoBaHMs mipesesa QyHKIUU | (x) opu X —> a HeoOX0IUMO U

J0CTATOYHO, YTOOBI UMEJIO MECTO PABEHCTBO: [ (a — O) =f (a + 0).

Omnpenencuue 3.2. dyukius y = f (x) Ha3bIBAETCS HENPEPBHIBHON B TOUKE

eciu
1) oHa ompejiesicHa B 9TOM TOUKE;
2) lim f(x) = [im f(x) = [im f(x) = f(a).
x—>a—0 x—a+0 xX—>a

Touku, B KOTOPBIX HAPYIIAETCS YCIOBUE HEMPEPHIBHOCTH, HA3BIBAIOTCS TOYKAMHU
pa3phiBa.

[Tpumep 3.1.

1

a) Haiitu Touku paspsiBa GyHKIUM Y =327% | mnpesensl clieBa U cHpaBa B ITHX

TOYKaX, CACIATb CXEMaTHUYECKHUM YCPTCIK.

1

®ynkuus ¥y =327* uMeer pa3phlB B TOYKE X = 2, T.K. OHA B 9TOH TOuKe

Ya He ornpenesniena. [Ipu stom:

1 1

|
|
I - -
: lim 3%x =3%0 =3 = joo;
| x—>2-0

I

I

1 1
I —_— —_—
— \/—_ lim 32 =3-0=3"% = 1 :L:()_

v

9 2: x—2+0 3t® 400



0) HaiiTu TOukH pa3pbiBa U BEJIMYHMHY CKauKa B 3TUX TOYKAX (DYHKIIHH

1

243 1 4x 8§
Y= :

243 4 4

Toukoil pa3psiBa qaHHOW (DYHKIMU SBISIETCS TOYKa X = —3, T.K. B HEl
(GyHKIUS HE ompeereHa.
V) L4y -8 27" —12-8 0-20

lim = = =-5;
x—-3-0 21\(x+3) 14 27® 14 0+4

1/(x+3) _
lim 2 0 ;|—4x 8 _ I, x.mpu x > —-3+0 umeem:
x—>-3+0 2 (x+3) +4

21/(x+3) L4y —8§ ~ 21/(x+3) . 21/(x+3) L4~ 21/(x+3)

b

Bennunna ckauka A =1-— (— 5) =6.

¢) HaiiTu TOUkM pa3pbIBa, BEIMYMHY CKadyka A © MOCTPOUTH Tpaduk QYyHKIIUU

-

— 3x, x<0
y =<4sinx, O<x£§

x2+1,

T
—<Xx.
\ 2

JlanHas (QYHKIHS HENPEPBIBHA UI1 X € (— 00; 0) U(O; gj U(g, + 00).

T
I/Iccne;[yeM TOJIBKO TOYKH xl = O n X, = E, T.K. B HUX MCHACTCA aHAJIUTUYCCKOC

BBIpaKEHUE (DYHKITHH.

lim f(x) = lim (— 3x) =0; lim f(x) = lim (4Sinx) =0;

x—-0 x—-0 x—+0 x—+0

=0, CJICIOBAaTCIIbHO, B TOYKE x=0 byHKIHS f (x)

f (0) = —3x -

HENpPEpbIBHA.




liT f(x) = lizfz (4sinx) =4; f(gj = 4sing =4,

x—>—70 x—>—-0
2 2
752
lim f(x)="lim (x*+1)= T 1=3.467,

x40 x—>§+0

T
CJICOAOBATCIBbHO, TOUYKA X = 5 — TOYKa pa3pnbIBa.

Beanunna ckauka

L
r g

|

|

|

|

o = .

~ 2 2

2 A=4—| T 1]=3-T_~0533,
4 4



