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Cemectp 1

3
1. AnajIMTHYeCcKAsi TeoMeTpHs B pocTpancTBe R

BekTopHas ajareopa

HexkoTopkle CBEJCHUS U3 TCOPUU

BekTop — HanpaBIJIEHHBIN OTPE3OK.
PaBenctBO
a= (x, v, Z) (@)

03HadaceT, 4YTo X, y, z — INPOCKIHNHU BEKTOPA Ha OCH KOOPANHAT NJIN €Iro AJCKAaPTOBLI
KOOPpAWHATHI.

dopmyiia

|5|=\/x2+y2+22 2)

IMO3BOJIACT IO KOOPpAHWHATaAM BEKTOpaA OIIPCACIINTL €0 MOAYJIb.

Eciu @, B, Y — yribl, KOTOpble BEKTOP 06pasyeT ¢
MOJIO)KHUTEIBHBIM HANPABJICHUEM OCEi KOOPIUHAT, TO
cosal, cosP, cosy Ha3bIBaIOTCA HANPABIAIOMIMMU
KOCHUHYCaMH BEKTOpa d .

rd

Y
x=|d|cosa, y=|a|cosB, z=|d|cosy, (3)

cos” o+ cos® B+ cos” vy =1L 4)

Ecnu n3BecTHBI Hauano BekTtopa M, (xl, Vi Zl) U KOHEIl

M (x5, y5, z5), TO KOOPAMHATHI BEKTOPa HAXOAATCS 110 opMyIam
X=Xy =X, Y=~V Z=5 7. ()
Bemu d =(xp, ¥1.21) 1 b= (x5, ¥5,2,),T0

5i5=(x1ix2,y1 iyz,Z1i22) (6)

u ad = (o), oy, 0z)), Tae o — JM060oe YHCIO.

BCKTOpLI, JICKAIIHUEC Ha OHHOﬁ HJIX MMapaJUICIIbHBIX IIPAMBIX, HA3bIBAKOTCA

KOJLTMHEAPHBIMH. [IpU3HAK KOJTHHEAPHOCTH BEKTOPOB @ # D :



A RS

Xy Vo Zp

2]

(7)

— —

Tpolika BeKTOpOB i, j, kK Ha3bIBa€TCAd KOOPAUHATHBIM 0a3MCOM:

—_ —

BexTopsl 7, J, k HampaBJIeHBI 10 OCSIM COOTBETCTBEHHO Ox, Oy, Oz s

MOJIO)KUTENbHYIO CTOPOHY.

JIro6oi BEKTOp d = (x, y, Z) MOXKET OBITH NMPEJICTABIICH B BUJIC

5:xf+yf+ZE. (8)

CK&J’IHDHBIM IMPON3BCACHUCM BECKTOPOB d = (xl, Yis Zl) Hu

b =(x,, y,, z,) Ha3bIBAETCA YMCIIO, PABHOE MPOU3BEICHUIO MOJTyIEH dTHX

BCKTOPOB Ha KOCUHYC yIJIa MCXKAY HUMH.

5-I;=|Zz|-‘l;‘-cos<p, 9)
5-5:|5|-np55=‘5‘-np55, (10)
.- - ~12
a-a=a2=|a , (11)
T.€. CKJSIPHBIN KBaJIpaT BEKTOPA PABEH KBAJPATy €r0 MOIYJIS.
Ecmn alb, 1o
X1X9 +y1y2 +ZIZ2 =0. (13)
XXy + +2zyz
cosQ = 1X2 TV1V2 T 2412 (14)

2 2

\/x12 + +212 '\/x22 +J’22 +2

Ecmu Bektop I m306paxkaeT cuimy, TOUKa MPHIIOKEHUS KOTOPOiA

TIepeMelaeTcs U3 Hadaia B KOHeI] BeKTopa O , TO paboTa STOMH CHIIbI
onpenenseTcs

W=F-S. (15)



BekTOpHBIM IPOU3BEICHUEM BCKTOpa a Ha b Ha3bIBACTCS TAKOU BCKTOP

¢ = a x b, xoTopslil yI0BIETBOPAET CIETYIONINM TPEM YCIOBHSIM:

1. |5|=|5|-‘5 -SINQ, TIE ¢ — Yrold MeXIy BEKTOpaMH d | b:

2.¢la u clb;
3. BeKTOp ¢ 0Opa3yerT c BEKTOpaMH @ M D «IpaByro» TpOHKy.
BexTopHOe npou3BeAeHNUE 3aBUCUT OT IOPSAKA COMHOXKUTEIIECH

axb=-bxa. (16)
MOIIYJIB BCKTOPHOTO ITPOU3BCACHUA PABCH ITUIOLIAAN IapaJljiejiorpaMMma,

IMOCTPOCHHOI'O HAa BECKTOpAX a un b:

7)

)

Sz‘éxg

SA:%\aXE\. (18)

Ecnu BekTOphl a b KoJuIMHeapHbl, T0 d X b = 0, B wactHOCTH,
axa=>0.

Eciti BEKTOPBI 3a1aHbl KOOPAMHATAMH O = (xl, Vi Zl), b= (X2, V2. 22),

TO
N

axb=\x y 71| (19)
Xy V2 2

Ecnu Bektop F u300pakaer cuily, IPUIOKEHHYIO B KaKOH-HUOYIb TOUKe
M ,aBextop @ wuzer u3 Hekotopoit Touku O B Touky M, To BekTOop d X I
TpecTaBiIseT co6oit MoMeHT cunbl ' oTHOCHTenbHO Toukn O

mF=dxF. (20)

—

CMeIIaHHBIM IPOU3BEICHUEM TPEX BEKTOPOB a, b, ¢ Ha3bIBaE€TCS YHUCIIO,

PaBHOE BEKTOPHOMY HPOM3BEACHHIO d X D | yMHOKEHHOMY CKAIIIPHO HA BEKTOP

C,T.€.
aEaz(axg).zza-(z;’xa). 1)

CwmenanHoe Tpou3BeACHUE abc pPaBHO 00bEMY Mapasuiesienunea,



MMOCTPOCHHOTO Ha BEKTOpaX a, b, ¢, B3SITOMY CO 3HAKOM ILITIOCY, €CJIH TPOUKa

a, b, ¢ mpaBas, CoO 3HAKOM «MHUHYCY», €CJIH 3Ta TPOUKa JieBasl.

V =+abc. (22)
Ecnu BexTOpbl KOMIUTaHApHBI (JIEKAT B OAHON MIIOCKOCTH ), TO

abé =0. (23)
JI71sl BEKTOPOB d = (xl, Vi Zl), b = (X2, ¥2,25), €= (x3, V3, 23) CMEIIaHHOE

IpOoU3BeICHHE ompeaenserca Gopmyioin

S A% T 4
abc=\x, y, z,| (24)
X3 V3 Z3

3amauda 1. Ha MarepuanbHyrO TOUKY JE€UCTBYIOT CHJIBI:

F=(2-11), F=(-122), F=(11-2).

Haiitu pa6oTy paBHOeiicTByomIeH 9THX cun R 1pu nepeMeIeHny TouKy 13
IIOJIOKEHHUSA A(Z, -1, O) B IIOJIOKEHUE B(4, 1, — l).

Pemenune. Halinem paBHOIEMCTBYIONIYIO
R=F+F+F=02-1+1,-1+2+1,1+2-2)=(2,2,1).

Bexrop nepemenienus mo popmyne (5)

= EE—
S= AB =(4—2,1+1,—1—0)=(2,2,—1).
Hckomyto paboty Haxoanm o popmyne (15)
W=R-§=2-2+22+1-(-1)=7.

3agaua 2. JlaHa cuna F = (3, 4, — 2) Y TOYKA €€ MPUIIOKECHUS
A(2, -1, 3). HaiiT MOMEHT CHJIbI OTHOCUTENIBHO Havyajla KOOPJAWHAT U YTJIbI,

COCTABJILICMBIC MM C KOOPAWHATHBIMUA OCAMM.

—

Pewenne. o popmyne (20) m F =7 x F. Bektop 7 = OA 1o
F=(2,-123),

dbopmyne (5) uMeeT KOOPAUHATHI o ¢popmyne (19)



k
3

J I
-1 =-10i +13j +11k.
4
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X
Bl
I
W M~

-2

Urak, m, F = (— 10, 13, 11). Mopaynbe MOMeHTa HaxoauM 1o popmyie (2):

| mF | =J(~10)> +(13) +(11)* = /390 ~ 19,748,
Hamnpagnsitoniue kocunycsl o popmyne (3):

—10 =—0,506, cosP = 13 = 0,658, cosy = 1
19,748 19,748 19,748

cosa =

= 0,557,

a YIJIbl, COCTaBJIIEMbIE MOMEHTOM CHUJIbI C KOOPJAMHATHBIMU OCSIMH, CJIEIYIOIINE
o =120"24', B=485"1, Y =569,

KoHTpob: 1OMKHO 6bITh cos” oL+ cos” B+cos®y =1. V Hac:

(-0506)° +(0,658)° +(0,5557)" = 0,999.
3azaua 3. Hamucarhb pasnokeHne BEKTopa X = (5, 16, 2) 10 BEKTOpaM
p=(21,0), §=(0,-2,0), 7F=(-152).
Pemienue.
1. PasznmoxeHue BekTopa X II0 Oa3ucy ]_5, é, ¥ UMEET BHJ
X=0,p+0,q+0a57
WU B KOOpAWHATHOH (hopme

Xp =01 pp +Argq + 03N
Xy =0 Py +0rgy + Q37
X3 =0 p3 +0yq3 +0lsrs.

—

2. C y4eToM YHCIIOBBIX 3HAUCHHUI KOOPAMHAT BEKTOPOB P, ¢,V u X

HOquHM CI/ICTeMy ypaBHeHHﬁ OTHOCHUTCIIbHO HEU3BCCTHLBIX al, OLZ, OL3 .

1'0L1—2~OL2+5~OL3216 = 2(12:(1,1"‘5(13—16 = OL2=—4
0-a;+0-a, +205 =2 oy =1 oy =1



—

3. PasyokeHue BEKTOpa X IO BEKTOpaM P, ¢, 7' MMeeT BHI:
x=3p—4q+r.
Oteer: X =3p—4g+7.

—
3amaua 4. B nmapamnenenunene ABCDAB|C,D; Bextops AB = p,

e — =

AD =gq, AA; =7 obpasyior 6asuc. Paznoxurs Bektopst AG, AP,

—
AN, 1o BeiGpanHoMy Gazucy, ecim Touka G nemut pebpo DD B otHOmIE-

uun 1:2; Touka P — touka nepeceuennst guaronaneii rpanu DD C;C; touxa
N — cepenuna pedpa B, (.
Pemenue.

HOCTpOI/IM YCPTCIK. HGHOCPCHCTBGHHO N3 YCPTCKaA CIACAYCT:

AG=AD+DG g+ %
’ 1. _ 1.
AP=API+APz+PzP—5p q+§r,
AN AB+BN+NN1 p+%{j+?.
O AG = 217 AP 1*+*+1F
TBCT. - = _ —-r,
q+ 3 2P q 7
— 1. .
ANl—p+§q+r

1.2 [IpaMass ¥ NMJIOCKOCTH

ILnockocthb. Ee ypaBHeHHs1




Ax+By+(Cz+D=0 - (25)
o0111ee ypaBHEHHE TIOCKOCTH.
A(x—xo)+B(y—yo)+C(z—zo)=O — (26)
ypaBHEHUE TIOCKOCTH, IPOXOAsIIel yepe3 Touky M, (xo, Vo, zo)

HEPIICHIUKYIIIPHO BEKTOPY 7 = (A, B, C) .

£+X+5:1 — (27)
a b c

ypaBHEHHE IIOCKOCTH «B OTpe3Kax». 31ech d, b, ¢ — BenuuunbI OTPE3KOB,

OTCCKACMbIX IINTIOCKOCTBIO HA OCAX KOOpI[I/IHaT.
Ax+By+Cz+ D
= Y ——— -0 - (28)
+ \/ A +B +C

HOpPMAaJIbHOE YpaBHEHHUE TIIOCKOCTH.
| Ax, + By, + Cz, + D|

\/ A* +B*+C?
paccTosiHue OoT TOuku M (xo, Vo Zo) JIO TNIOCKOCTH Ax + By +Cz+D=0,

d

(29)

X=X Y=Y zZ—Z
Xp=X| Yo=Yy Z—z|=0 - (30)
X3—=X1 V3=V Z3—Z

ypaBHEHHE TUIOCKOCTH, MIPOXOASAIICH yepe3 Tpu TOUKU A (xl, Vi Zl) :

A21(x2’y2,22)’ A3(x3,y3:23)-

1.3 IIpsimas. Ee ypaBHeHnus

Ax+By+Ciz+D; =0
{ 1 Tz T o B (31)

A2X+Bzy+CZZ+D2 =0

o01iee ypaBHEHHE TIPSAMOi (TpsMast 3a7jaHa ePeceueHUEM ABYX TUIOCKOCTEH).

X=X, -y, zZ—2,
SpamLe - (32)
m n p

KaHOHMYECKOE ypaBHEHHE MPsMOM, rae M, (xo y Voo ZO) — TOYKa, MpUHAJJIe)KaIIast



—

psAMON, a = (m n, p) — HaIpaBJISIOLUNA BEKTOP MPSIMOil (BEKTOp,

napajyieNbHbIA MPSIMOi).

xX=x,+mt
y=y,+nt -— (33)
z=2z,+ pt

MapaMeTPUUYECKUE YPABHEHUS MPSAMO.

X~ _Y=n _ 2751 (34)
Xo=X1 Vo= V1 Zp—Z

ypaBHEHHUE MPSAMON, MPOXOIAIIEH Yepe3 IBE JaHHbIE TOUKU Al(xl, Vi Zl) ,

Az(xz, Y2, Zz)-

mym, +nn, + pp,

\/m12 + ”12 +p12 '\/m22 + n22 +p22

YIOJI MEXKIY IBYMS MIPSIMBIMH, IIe | = (ml, ny, pl) " dy = (mz, ny, pz) —

cosQ =

(35)

HalpaBJIAOIINC BEKTOPHI IIPAMBIX.

siny = |Am+Bn+ Cp| B (36)
\/Az+Bz+C2 -\/m2+n2+02

YIOJI MEKY IPAMOMN M IUIOCKOCTBIO, TAE 71 = (A, B, C) — HOPMAaJIbHBINA BEKTOP

IUIOCKOCTH, d = (m n, p) — HAMNpPaBJISIIOIIUNA BEKTOP MPAMOM.

1

nupamuobl

— o0bem mupamuanl Ay Ay Az Ay,

rae Al(xl:yl’zl)’ Azl(leyz,zz)’ A3(x3,y3:23)' A4(X4JJ/4,Z4) -
KOOpAMHATHI BEPIINH MUPAMUIEL.

[[¥2=%1 V2= 22725
Vnupa/wu()bl =ZX37X V3TV Z3T Iy (37)
Xg =X Va=N1 24727
3agaya 5. JlaHbl KOOPJAMHATHI BEPIIMH MTUPAMU/IBI A1(2, I, — 1),
A5(3,0,1), A43(2,—1,3), A44(0,8,0). Haitru:

1) yron mexny pebpamu A1 Ay u AjAy;
2) yron mexny peobpom A A4 u rpameio Aj A, Az;
3) 00beM nupamuasl V;



4) paccrosinue ot toukun Ay 10 mockoctn Ay A, As;

5) Touky A4, cAMMeTpUUHYIO TouKke A4 OTHOCHTENBHO MIOCKOCTH

6) Touky A, , cummeTpuunyto Touke A, oTHocuTeNbHO MpsiMolt A Aj.
Pemenue.

1) Yron mexnay pedpamu Haxoaum 1o popmyre (35).

—
a, = A4, = (3 -2,0-1,1- (— 1)) = (1, -1, 2) — HaNpaBJISIIONIUANA BEKTOP
npsvoit  Aj Ay;

—>

dy = Ay A3 =(0-2,2-1,0-(=1))=(-2, 7. 1) — nanpasnsouymii BexTop
npsvoit A; Ay

1-(-2)-1-7+2-1 R
\/12+(—1)2+22-\/(—2)2+72+12_\/g'\/5_4_ 18’

cosQ =

2) Cocraum ypasHenue mwiockoctn Ay 4, A3, POXOISIIEH Yepe3 TpH
TOYKH A1(2, 1, — 1), A, (3, 0, 1), A (2, -1, 3), o popmyie (30)

x=2 y-1 z+1 x=2 y-1 z+1
3-2 0-1 1+1|=0, 1 -2 2 =0,
2-2 —-1-1 3+1 0 -2 4

-1 2 I 2 I -1
(x—2)‘_2 4‘—()/—1)‘0 4‘+(z+1)‘0 “1l=o,
(r—2)-0—(y—1)-4+(z+1)-(~2) =0,

_dy+4-27-2=0),

4y+2z-2=0 - ypasnenue miockocrn A, A, As;

n= (O, 2, 1) — HOPMAaJIbHBIA BEKTOP IJIOCKOCTH;

—
= A4, = (— 2,7, 1) — HanpaBNIOMKUA BeKTOp mpsimont A4y .

Ql

Haxomum yron y wmexay npamoit Ay A, wu mnockoctero Ay Ay Az 1o
dbopmyne (36)



0-(—2)+2-7+1-1 15
Vo2 122112 (-2 472412 V554

siny = =0,9114.

3) Haxomum o6bem mupamusl o Gpopmyine (37)

—>

e E—

=12 1
V=4—| 0 -2 4|=+—(-2+8-8-28)=——(-30)=15.
6|-2 7 1 6 6

4) Paccrosnue ot toukun Ay 1o mockoctn Ay Ay Ay Haxomum mo
dbopmyne (29).

g _12:8+0-1] 15

Ja+1 J5

o !
5) Uro6sl Haiitu Touky A4, cummerpuunyio Touke A4 OTHOCHTENBHO

= 3J5~ 6,69

miockoctu Ay A, Ay, cnenaem cnenyrouee.

CoCTaBUM ypaBHEHHE NPSIMOM, IEPIEHAUKYIApHON miockoctn Ay Ay A3,
npoxozsiei yepes Touky Ay no Gopmyine (32). 3a HanpaBisIOUMii BEKTOP
OpsAMON a = n = (O, 2, l) OepeM HOpMaJIbHBIM BEKTOP IJIOCKOCTH, T.K. IpsMast

NEPIICHAUKYJIISIPHA TUIOCKOCTH

x—0 y-8 z-0 x y—8

)

0 2 1 0 2

z
.

CocraBuM napameTpuuecKre ypaBHEHUS dTOH npsimoii 1o ¢popmyne (33):

x=0
y=2t+8
z=1.

HaxomuM TOuKy mepecedenus 3Toi npsaMoii ¢ mwiockocteto Ay Ay Ay

x=0
x=0
y=2t+8
e = y=—6+8=2 = 2(2t+8)+1-1=0,
z =
z=1
2y+z—-1=0




S+15=0, t=-3

[Tomygaem Touky M| (O, 2, — 3); T.K. Touka Aj cummerpuuna Touke A,

otHOCHTENbHO TiockocTh  Aj Ay Ay, To Touka M sBisieTcs cepeauHON OTpe3Ka

Ay Ay, nostomy

X4 +Xx4 0+x, '
Xy = ——, 0= , x; =0;
M 2 2 4
Y4+ V) 8+, , .
=, 2: , :—41
M 5 ) Ya
z, +2 0+z, ,
Zy =212 3= .z =6
M 2 2
A4(0,—4, - 6).

6) Utobwl Haiith Touky Aj , cuMMeTpuunyio Touke A, OTHOCHTETHHO
npsmoit  Aj A3, cocraBuM ypaBHEHHE TLIOCKOCTH, MPOXOJSIIEH Yepes Touky Ay
neprenuKyIspHo npsimoit Ay Az 1o hopmyse (26). 3a HOPMAIBHBIN BEKTOP
IUIOCKOCTH 71 = a = (O, -2, 4) Gepem Hanpasnsomui Bektop npsimont Ay Aj,
T.K. TUIOCKOCTh MEPHEHANKYIIAPHA MPSIMOM.
0:-(x—0)-2-(y-3)+4:(z=0)=0, —2y+16+4z=0, y=2z-8=0.

Ypasuenue npsimoit 4y A3 cocrasmsiem mo popmyne (34).

x—=2 y-1 =z+1 x=2 y-1 z+1
2-2 —1-1 3+1’ 0 -2 4

[apamerpuueckue ypasuenus npsmoit Ay As:

x=2
y=-"2t+1
z=4¢r—1.

Haxoaum Touky N mnepecedeHus mpsmMoit A1A3 Y IUNIOCKOCTH:

(x=2
y=-=2t+1

<Z=4t—l
y—2z—-8=0,



—2t+1-2(4t-1)-8=0, -10t-5=0, l‘=—%,

x=2, y=—2(—%j+1=2, 224(_%j_1:_3'

Hrtak, Touka N (2, 2, — 3). Tak kak Touka A, cumMerpuuHa Touke Ay

%) ) "
otHocuTenbHO mpsmoit  A; Ay, To Touka N siBisiercst cepenunoii otpeska Ay Ay

, TOor1a
Xq+X4 0+xy
xy =24 2= 4 xi=4,
2 2
Y4+ V4 8+yy4 "
y E—— 2 = B y - _41
N 5 ) 4
zZ4 +2z) 0+ zy .,
Zy =22, -3= ) zj =—6, Touka A4(4,—4,—6).
2 2
1.4 AHanuTH4YecKkasi reOMeTpUsi HA IUIOCKOCTH
HexoToprbie cBeneHus U3 Teopuu
IIpsaimasi aunusa. Ee ypaBHeHue
Ax+By+C=0 - (38)
oO11ee ypaBHEHHE MPSMOA.
X=X _ Y=Y _ (39)
m n

ypaBHEHHE MPSIMOU, MPOXOsIIeH yepe3 Touky M, (xo, Ve ) a= (m n) —
BEKTOP, NAapAJUICIIbHBIA MPSIMOM.

Alx—x,)+B(y—y,)=0 — (40)
ypaBHEHHE MPSIMOU, IPOXOIsIIeH yepe3 Touky M o(xo, yo) C

HEPIEHIUKYIIIPHBIM BEKTOPOM 71 = (A, B).



X=X _ V=N
Xo =X Va=N
YPaBHEHHE NPAMON MPOXOAsILIEH uepe3 ase Toukn M l(xl, yl) u M, (xz, y2).

(41)

X Y
—+==1- 42
—+s (42)

ypaBHEHUE NIPAMON B «OTpe3Kax», rae d, b — Benmunub OTPE3KOB, OTCEKAEMBIX
IIPsAMOM Ha OCAX KOOpAUHAT.

y=h+b - (43)
ypaBHEHHE MPSMOM C YIIOBBIM KOADPHUIIUEHTOM k = 120 u orpeskom b-

OTCCKACMBIM HAa OCH Oy .

y—y, =k(x-x,) — (44)
ypaBHEHUE MPSIMOU, MPOXOAIIeH uepe3 Touky M, (xo , yo) C YIJIOBBIM

koo duienTom K .
d_|Axo+Byo+C|
VA? + B?

paccTosiHUE OT TOukH M, (xo, yo) o mpamoit Ax+By+C=0.

(45)

_Ax,+By, +C
VA% +B?

OTKJIOHEHHE TOUKHU Mo(xo, yo) OT MPSIMO.

)

(45a)

y
k== - (46)

yriosoii kosdduuuent npsmoit Ax + By +C=0.

kl = k2 - (47)

YCJIOBHC IIAPAJJICIIbHOCTH IIPAMBIX.

1
ky=—— — 48
] 5 (48)

YCJI0OBHUC IICPIICHAUKYJIAPHOCTU IIPAMBIX.

k2_k1

49
1+ k&, 49)

120 =

YTOJI MEXIy JIBYMsI IPSMBIMH C YIJIOBBIMH Kodpduimentamu k; u k.



3amaua 6. JlaHBI cepeMHBI CTOPOH TPEYTOJIbHUKA
P(l, 2), Q(S, 1), R(— 4, 3). CocTaBuUTh ypaBHEHUS €T0 CTOPOH.

B(x:, y,) 1 cioco6. Tak kak toukn P, O, R sensores
cepenunamu otpeskos  AB, AC, BC 1o
P 0
X;+x Xy +X X;+x
1t Mt g Gt
2 2 2

A, »)) R C(x3, y3)
NtYVs 5 Y2t Vs g NtV 5

b

2 2 2

Pemraem aBe cucteMbl ypaBHEHHUM

Xp+x,=2 yvi+y, =4
X9 +X3:10 %) +y3:—2
xl+X3:—8, y1+y3:6,
Iojxy4yacem
x; =8 Y =06
xy =0 v, =0  A(-8.6). B(10,-2), C(0,0).
X3 = 10, V3 = —2,

Teneps cocTaBisieM ypaBHEHHS CTOPOH TPEYTOJIbHUKA, KaK MPSMBIX, IIPOXOISIIUX
gyepe3 1Be TOUKH, 1o dhopmyie (41).

VpaBuenne AB:

X*+8 _ Y70 4iop-2-0
10+8 —-2-6

Vpasuenne BC:
x—lO:y+2’ X +5y=0.
0-10 0+2

Vpasuenue AC:
X+8_y=6 440
0+8 0-6

2 cnoco0. He ompenensisi KoopAHAT TOUEK 4, B, C, COCTaBUM ypaBHEHUE
KaX10i u3 cropon tpeyronsiuka ABC , kak npsAMOii, IPOXOIAILEH Yepe3 OAHY

W3 BEPIIHH TPEYTrOJIbHHUKA P QR MapajyIeIbHO MPOTUBOJICKAIIEH CTOPOHE.



Vpasuenne AB: npsmas AB mpoxomut uepe3 Touky P mapaiieabHO BEKTOPY

—>
OR = (— 9, 4). Hcnonb3yem ypaBuenue (39).

x—1 y-2
-9 4

= 4x+9y-22=0.

Ypaeuenne BC: npsamas BC mpoxomut uepes touky () mapamiensao BekTopy

—
PR =(-51).
x—5:y+l = x+5y=0.
-5 1
Vpasuenne AC:npsmas AC npoxomut yepes Touky KR mapaiiensHO BEKTOPY
—
PO = (4, — 3).
XHE_YT3 o 3yi4y-0
4 -3

OTBeT: 4X+9y—2220, X+5y:O, 3X+4y20.

3amaya 7. CocTaBUTH ypaBHEHHS KaTE€TOB MPSIMOYTOJILHOTO

paBHO6€I[peHHOFO TPCYIrOJIbHHKA, 3HAsA YPABHCHUC T'HNIIOTCHY3bI Zx + 3y - 5 = O

U BEPIIHUHY IPSIMOTO yIJIa (2, — 1).

B AB=BC (uo yenosuw), nostomy ZLABC = ZACB = 45°,
45°
45°ON kpc = —% (o popmyne (46)). Ypasuenus karetoB AB u BC
4G ¢ coctaBisieM 1o opmyne (44): y+1= k(x — 2).
k+ 2
tg45° = —23 | (49)
1-—k
3
k+ %
N B
5 +1
1-=k
3

Pemast 3tu ypaBHEHUs, TOITYyUHM:



k:%, y+1=%(x—2), S5y+5=x-2, x=5-7=0.
k =-5, y+1:—5(x—2), y+1=-5x+10, 5x+y—-9=0.
Omer: Xx—=Jy—-7=0, Sx+y-9=0.

3ajadya 8. B TpeyroipHUKE C BEpIIMHAMHU A(3, — 2), B(— 1, 1), C(S, — 7)

HalTu OUccekTpucy BHyTpeHnHero yrina LABC.

B K 1) CocraBuM ypaBHeHus cTopoH yrina ZABC,
BOCITIOJI30BaBIIUCH (hopmyoit (41).
B 10
Wi Cropona BA:
IUE S et R R B )
3+1 —-2-1
) \ . CropoHa BC:
N xrl_ vl ge_ey—2-0
541 —-4-1

2) Touku OMCCEKTPUCH PABHOYAAJICHBI OT CTOPOH yria. [IpupaBHsem paccrosiHus
OT MPOU3BOJILHON TOUKHU OHcceKkTpuchl M (x, y) 1o cropon yrma BA u BC,

BBIYHCIISIS UX TI0 opmyrie (45).
|—3x—4y+1| |-8x—-6y—2] |=3x—4y+1| |-8x—6y—2]
V3242 V82162 5 o
W3 nocnenHero paBeHCTBa MOTyYaeM CIEAYIOIINE J1Ba:

2(—3x—4y+1)=—8x—6y—2 u 2(—3x—4y+1):—(—8x—6y—2).

[Tocne mpeoOpa3zoBaHus MOTyYaeM yPaBHEHHS JABYX MPSIMBIX, KOTOPBIC SBISIFOTCS
OHCCEKTpHCaMK BHYTPEHHETO U BHEIIIHETO YIJIOB P BEPIIMHE B  TpeyrojabHHUKa

ABC:
x=y+3=0 (a)
u x+y=0. (6)

JInst GUCCEKTPUCH BHYTPEHHETO yIila TpeyroibHuka BN OTKIOHEHUS BEPIINH
tpeyronbHuka A u C UMEIOT pa3Hble 3HAKH, & I OUCCEKTPUCHI BHELIHETO
yrna BK — 3HaKM OTKIOHEHHH OJMHAKOBBI.

Haiinem orknonenus touek A u C or mpsmoii (a) mo gpopmyie (40,a):



3—(-2)+2 7 . 5-(-7)+2 14 -0
JiZe2 o V2 Va2 V2

CIIeJIOBATEIbHO, YpaBHEHHE (@) — 3TO ypaBHeHue mpsimoit BK. Torma ypaBHeHHe
OMCCEKTPUCHI BHYTpEHHETO yria Tpeyronbanka ABC mpu Bepmune B

0 4

0, &,

x+y=0,

Omser: X+ =0,

1.5 JIuHUM BTOPOTo NMOPSAKA

OKpYXHOCTb. YpaBHEHHE

@—@2+@—@2:R2 (50)

OIpeieIsieT OKPYKHOCTh paanyca R ¢ IeHTpoM C(a, b). Ecnu uentp

OKPYXXHOCTH COBIIaAcT C Ha4YaJlOM KOOpJAHUHAT, T.C. d = b = 0, TO YPaBHCHHUC
OKPYKHOCTH IIPUMCET BU

x? +y% =R (51)
O6miee anredbpanyeckoe ypaBHEHHE BTOPOU CTETICHU

Ax* +2Bxy + Cy* +2Dx +2Ey +F = 0

€CTh YPaBHEHHUE OKPYXKHOCTH, €CIIU A=C#0, B=0, re.

Ax> + Ay* +2Dx+2Ey+ F =0. (52)
Onaunc.
2 2
R (53)
a b

ypaBHEHHE 3JUIUIca (KAaHOHUYECKUM BU).
2 2 2
b"=a"—c", a>b. (54)
B aToM cniydae Gokychl 3IUIIca UMEIOT KOOPIUHATHI

Fi(-¢0) u Fc0). (55)



Hauano koopauHat 0 - IICHTP CUMMETPHH SJIIHIICA, @ OCH KOOPAMHAT — OCH
CUMMETpUH djutnrica. Touku Al(— a, O), Az(a, O), Bl(O, —b), B, (O, b)

Ha3bIBAIOTCA BCPIIMHAMU 3JIIIUIICA, ad n b — OousblIas ¥ Majas IMOJIYOCH.

Beanuuna

e=S<1 (56)
a

HA3bIBAETCS SKCLIEHTPUCUTETOM DJUIUICA. DKCIEHTPUCUTET XapaKTepU3yeT
BBITSIHYTOCTB DJUIUTICA, T.K. BEIPAKACTCS YEPE3 OTHOIICHUE €0 MOJyOoCce

2 42 2
el Ve b 1_(9) | 57)
a a

OKpPY»KHOCTb MOKHO CUMTATh YACTHBIM CIIy4aeM dILIUICA, Y KOTOPOTO
a=b,Tte. £=0.

- (58)

m |

YpaBHEHHUSI TUPEKTPUC.

Ecnu dokychl amunca pacnonoKeHbl Ha 0CH Oy, 10 ypaBHEHHE dIUIHIICA
uMmeeT ToT ke B (58), Ho b > a. PoKyChl KMEIOT KOOPAMHATHL: F) (0, — c) "

F (O, c). VYpaBHEHUST TUPEKTPUC

y= ig (59)
['unepbona.
2 2
X Z—z =1 - (60)
a

KaHOHMYECKOE ypaBHEHUE TUIIEPOOJIbI.

b*=c*-a’*, a<c (61)



@OKyCBHl UMEIOT KOOPANHATHI Fl(— c, 0) u F, (c, 0). Ocu KoOpAMHAT SABISIOTCS

OCSIMU CUMMETPHH TUTIEPOOIIBI, a TOUKA 0 - IEHTp cuMMeTpuH. [ nmepooma
HepeceKaeT och abCLUUCC B TOUKax A, (— a, O), A, (a, O), KOTOPBIC Ha3bIBAIOTCS
€e JICCTBUTEIILHBIMU BEPIIMHAMHY, a BEJIMYNHA ¢ — JIEHCTBUTEIBLHOMN MOTYOCHIO
runep6obl. Touku Bl(O, —b) u B, (O, b) HAa3bIBAIOTCS MHUMBIMU BEPIIMHAMH,

a b— munmas 1oyock. IIpAMOYTOJBHUK C HEHTPOM B Hadaje KOOPAMHAT U CO

CTOpOHaMH, MapauiCJIbHBIMU KOOPAWHATHBIM OCSAM H IIPOXOAAIIUMHU YCPE3
BCPIINHBI I‘I/IHCp6OHBI, Ha3bIBACTCA OCHOBHBIM IMMPAMOYTOJIBHUKOM I‘I/IHep6OJIBI. Ero
AuaroHajin

y=x—x (62)

Q|

SIBJISIIOTCSI aCUMIITOTAMHU THUTIEPOOJIBI, T.€. IPSIMBIMHU, K KOTOPHIM HEOTPAaHUYCHHO
PUOJIMKAOTCS BETBU TUTIEPOOJIBI.

OKCIEHTPUCUTET TUTIEPOOJIBI

e=S>1. (63)
a
c Va’+b? b 2
a a a

Eciu a = b, runep6osia Ha3pIBa€TCs paBHOCTOPOHHEH. B 3TOM ci1yuae 0CHOBHOM

NIPSIMOYTOJBHUK TIPEBPAIIAETCS B KBAPAT, @ OKCIIEHTPHCUTET paBeH V2.

x=+2 (65)
€
TUPEKTPUCH] TUTIEPOOIIBI.
Ecnu ypaBHeHHe runepO0bl UMEET BH]T
2 2
X
T+l =1, (66)
a” b
TO ACUMIITOTHI TUTIEPOOITBI:
b
xX=x—y, (67)
a

(b oKychI FI(O, — c), Fz(O, c).



y=t2_ (68)
€
ypaBHEHUsI TUPEKTPUC.
[lapaGomna.
KanoHnveckoe ypaBHEHUE TTapadoIIbI
y? =2px (p>0), (69)

IZI€ p — PacCTOsIHME OT (PoKyca 10 IUPEKTPUCHL. Y paBHEHUE TUPEKTPUCHI

X = —%, xoopauHatel Gpokyca [ (%, 0) . Hauano xoopauHar sBusiercs

BEPIIMHON MapadoIbl, a OCh a0CIUCC — €€ OChI0 CUMMETPUN. DKCIICHTPUCHTET
napabonsl € = 1.

B paac CiydacB paCCMaTpuBarOT Hapa6OJILI:

a) y2 =2px, F (— g, O) —okyc, x = % — ypaBHeHue qupektpuchl;  (70)
2 _ P p :
0) x" =2py, F (0, Ej —dokyc, y = 5" ypaBHeHue aupektpucsl;  (71)

B) x2 =2py, F (0,—§j —@dokyc, y = g — YpaBHEHHE JTHUPECKTPHUCHI. (72)

Jlnst Beex ciayuaes P> 0.
3agada 9. Cpenu npsiMbIX HapaJiieIbHbBIX IPSIMOM 2x+ V= 0, Beizenuts
KacaTENbHBIC K OKPY)KHOCTH X~ + y2 =1

Pemienue. YpaBHeHHE BCAKOW NPSIMOU, MApAIUICIBHON JaHHOW, MOKHO
3anMcaTh B BUJIE

2x+y+c=0.

KacaTtenpHas K OKpY>)KHOCTH HMEET C Hel TOJBKO OJHY OOIIYIO TOYKY, ITO3TOMY
COBMECTHOE PEIICHUE YPaBHCHUHN NMPSIMOUN U OKPY>KHOCTH JOJKHO UMETh TOJBKO
OJINH OTBET.

N3 ypaBHeHus npsamon ) = -2x—c.



y=—2x—-c
2
x2+y2=1, x2+(—2x—c) =1 5x’+4cx+c?-1=0.
KBaIIpaTHOC YpaBHCHHUEC UMCCT TOJBKO OJHO PpCHICHUC, KOIJa AUCKPUMHWHAHT

paBeH HYIIO: (40)2 —4. 5-(02 — 1) =0, oTkyma C= +5.

Htax, nckomple KacaTelbHbIE UMEIOT YPaBHEHUS
2x+y+\/§:0, 2x+y—\/§=0.
Bagaua 10. Jau swmne 9x> +25y2 = 225. Haiitu: 1) ero nonyocu; 2)
doxychl; 3) sKCLEHTpUCUTET; 4) ypaBHEHUS AUPEKTPUC.
Pemienue. Jlenum Ha 225, nonyyaem

xZ y2
+

25 9

Orcrona cienyet o popmyne (53),uro d = 5 b=3 us dbopmynbr (54):
c?=a’-b*=25-9=16, c==4

ITo popmyne (55): Fl(— 4, O), F2(4, O).

(O NN

Okcuenrpucurer (56): €= -
a

25

VpaBHenusa nupexkTpuc coriacHo (58): x=+——=+—.
p pekTp (58) 175 2
4 2

Otser: a =35, b=3; Fl(—4, 0), F2(4, O); € :g; xzif.

3ajmada 11. CocTaBUTh KAHOHUYECKOE YPaBHEHHE JLIUIICA, Y KOTOPOTO

Majias nojayoch 2\/6 , a paccrosiue Mexay Gokycamu 5 =8,

Pemenne. b= 2\/6, FF,=2c=8, c=4

Mo popmyre (54): a® =b% +¢2, a =(2J6)" +4% =40, a =40 =2J10.
2 2

SRR AR |

40 24

VYpaBHenue auurnca coriaacHo (53):



3amaya 12. AcuUMOTOTHI rUNEepOOIIbl UMEIOT YpaBHEHUS 4)/ t3x=0,a

paccTosiHie Mex 1y pokycamu paBHo 20. HanucaTh ee KaHOHUYECKOE YpaBHEHHUE.

Pemenue. YpaBHEHHsS aCUMOTOT Y = jx cornacHo hopmyie (62):
b 3
—==. Kpome toro F{F, =2¢=20, ¢c=10. Tlo popmyne (61):
a 4
2 2 2 o
c” =a” +b”, nonyyaem cucremy ypaBHEHUI
b_3
a 4
a® +b* =100.

Pemas €C, IoJIydacm a= 8, b = 6 CJ'IGJIOBaTeJ'IBHO, KaHOHHYCCKOC YPaBHCHHUC

x2 2
TUNEepOOIbI: a - %
X2 y2
3ajava 13. Jlana runep6oia 3 - T = —1. Haiitu koopauHaThl GOKYCOB

" BCPHIHUH, SKCOCHTPUCUTCT, YPABHCHUA ACUMIITOT U JUPCKTPHUC.

Pemenue. ®okychl TaHHOM TUIIEPOOITBI PACTIONOKEHBI HA OCU Oy.

a=1,b=3 c=va’+b* =v9+1=410. (61)

3HaunT GPOKYCHl HMEIOT KOOPAMHATEI FI(O, —\/E), FZ(O, \/E) BepiuuHe!
AI(O, — 1), A2(0, 1), Bl(— 3, 0), B2(3, 0). DKCHeHTpucuTeT 1o hopmye (64):

a

VYpaBHEHHUS acCUMOTOT: X =*—) = Xx =23y,
a

VYpaBHEHMS JUPEKTPUC: y = ié = y==
c

S“w
o

3amaua 14. IlapaGona c BepuInHOM B Hayajae KOOPAUHAT MPOXOJUT Yyepes
TOYKY A(l, — 2) ¥ CHMMETPHUYHA OTHOCUTEIHHO OCH Oy. Harmucarts ee

ypaBHeHue. Haiitu ¢okyc u qupekrpucy.



Pemiennie. YpaBHeHue uckomoil mapadosnsl o ¢popmyne (72) umeer BUI
x? = —2py. Touka A( 1, — 2) JexuT Ha napabode. [loacTaBisieMm KOOpAUHATHI
1
toukn A BypaBHenme: 1=-2p- (— 2) = p= 2 CrnenoBarenbHO, HCKOMOE
1 2

ypaBHeHue Oyzaer x? = 3 Yy HIM Yy = —2Xx

1
doxy napabonsr: [ (0, - g) . YpaBuenue qupexTpuchl cornacuo (72): y = %

3amaya 15. Ha mapabGone y2 = 4x HAUTH TOYKH, pPACCTOSAHUS KOTOPBIX OT
IUPEKTPUCHI PaBHO 5.

p

b

Pemenue. YpaBHeHHe NTUPEKTPUCH TaHHOW mapaboibl X = —

2p =4, p= 2, x=-1. Torna pacCTOsTHUE OT OCU Oy 110 ICKOMOM
= —g =5—1=4TOUYKH M 3TO pacCCTOSIHUE ONPEAEIUT KOOPAUHATY X
NaHHOi ToukH, T.e. X =4. Koopaunary y HaiineM u3 ypaBHEHUs IapabOIIbI:

v =4x, y>=4.-4=16, y=+4.

Utax, M,(4,4), M,(4, —-4).

2. BBenenue B aHAJIN3

1. lIpenesnl

[lycTp KaxxnqomMy HaTypaJibHOMY YHCIY n=172 .. IIPUBEACHO B
COOTBETCTBUE B CHJIy HEKOTOPOroO 3aKoHa 4uciao U,. Torma roeopsAT, 4To
ONpeAEseHa IOCIEI0BATENBHOCTD YHUCEI Uy, Uy, Uz, ... Wik, Kopoue,

IoCJIaCaA0BaTCIBbHOCTD {Mn } OTI[GJ'IBHBI@ qucia un Ha3bIBAIOTCA €€ 3JICMCHTAMM.

Omnpenenenue 1.1. Yucino @ nHaspIBaeTCA NMPENEIOM MOCIEA0BATEILHOCTH {un}

, €CIIM JJIS JII0OOro IOJIOKMTEIBHOrO 4YHciia € HaWAeTcd 3aBHUCSIIEE OT HETO



HaTypaibHOe umcino N Takoe, 4TO JJIsi BCEX HATYypaIBHBIX 4mcenl H> N

BBINOIHAETCS HEPABEHCTBO: | u, —a |< €. Ilpu atom mumyT:  [im u, = a.
n—» 0

Omnpenenennie 1.2. ToBopsar, uro ynkmus f (x) CTPEMUTCS K A
( f(x)—> A) npu crpemnennn Kk a (x > a), e A W a—uncna, wim

lim f(x)= A, ecnm qs moboro € >0 cymectByer & = 8(8) > (0 Takoe, 4TO
Xx—>a

| f(x)—A4|<e mpu [x—a|<38.
AHanoru4Ho, [im f(x):A, ecnu |f(x)—A|<a pu |x|>N(8) u
X—> 0

lim f(x)=oo, ecmu | f(x)|> M npu | x—a|<3(M), rne M — nponssonsroe
xX—>a

ITOJIOKUTCIIBHOC YHCJIO.

[Ipy BBIYKMCIIEHWH TIPEIEIIOB MOXHO HCIIOIB30BAaTh CIIEIYIOIINE TEOPEMBI.
1. Ecau cymiecTBYIOT KOHEYHBIE lin f1(x), lin fa(x), TO
X a X a

a) )gi’)?’é[fl(x)ifz(x)]:)gi’zzfl(x)iji’z’éfz(x)

6) lim[ f1(x)- f2(x)]= lim f,(x)- lim f5(x)

filx) jij@fl(X) (le_)nsz(x) # Oj.

8) lim

x—>af2(x) - xlil)?’éfz(x)

Ecmu lim f(x)=A4#0, lim f,(x)=0 (4 —KOHe4HO), TO
xX—>a

x—>a

lim /i (x)
x—>a f2 (x)

ecn lim f(x)=A, lim f>(x)= (4 — xoHeuHO), TO
Xx—>a xX—>a

lim /i (x)

0.
x—a f2 ()C)




DOTH yTBEpXKICHHS CIIPABEIJIUBBI, €CIM BMECTO IBYX (QyHKUMH f; (x) "

f2 (X) B34ATbh COOTBCTCTBCHHO JBC ITIOCJICAOBATCIIPHOCTH ! {un} u {Vn} .

B mpocreimmx ciy4yasx Hax0XAEHUE Mpejesia CBOJUTCS K MOACTAHOBKE B
JAHHOE BBIPAKEHUE MPEACIBHOIO 3HAYEHUA AapryMeHTa, 4YacTo, OJHaKo,
MPUXOJIUTCS, TPEXKIEe YeM TNepelTH K TMpeieny, MPOBOJUTH MNpeoOpa3oBaHUE
JAHHOTO BBIPAKEHUSA. JTO CIEIYET JIeNIaTh B TEX CIy4YasiX, KOrJa UMEIOT MECTO TaK

0 o

. . . . . 0. qoo. 0
Ha3bIBaeMbIe HeompeaeneHHoctn: —; —; 0.00; co—o0; 07; 17; oo .
00

I[Ipumep 1.1. HpI/I OTBICKAHWH IIPpCACiIa OTHOIICHHA ABYX HCJIBIX MHOI'OYJICHOB
OTHOCUTENIBHO X npn x — oo HIHA n npu n —>oo A HOCHGHOB&TGHBHOCTCﬁ

0
(H@OHp@}ICHGHHOCTB —) 00a 4JIeHa COOTHOIICHMS ITOJIE3HO MpcaABapuUTCIbHO
o0

m m
PasaciInTb Ha X HJIU, COOTBETCTBEHHO, /1 TH€ M — HauBbICHIAS CTEIICHb ATUX
MHOT'O4JICHOB.

AHaJIOruYHbBIN IMpUEM BO MHOTHUX CJIy4asaX MOXHO ITIPUMCHUTD U OJIA zxp06el71,
COoACpKaIUuX NPPATUOHAJIbHOCTH.

4 2 1) 2 1
x| 3+——-— 3+———
Ot et -1 (w : ( x2 ! : 2 Xt
a) lim —; =|—| = lim = lim =
x>0 5x* +3x+2 N0/ x> 4(5+i+ij x—>°05+i+i
3 4 3 4
X X XX
2 1
lim 3+ lim — — lim —
xin;lo xin;lo x2 xin;lo x4 3+0+0 3
— 3 5 =5+0+O=§’ cTapias crenesb m =4,
lim 5+ lim —+ lim —
X—> 0 X—>0 x X—>®0 x

4
JOCJIUTCSI HA X .

C3Wont —ond 42 + 43803 + 21
6) lim —

oo A4 _3 o ant 4o




3-\/n4(9—%+%j +4-3/n3(8+2—31j
= lim nn n =

" n4(1—i4j 2. n4(4+%)
n n

I

\®)
—_—

3-\/(9—2+ij+i-3(8+—j
n n*) n nd/ 3:49-0+0+0-Y8+0 9

= [lim = -2
o ] 3 9 0-¥1-0+2-+4+0 4
—4 1-—|+2- |4+
n n n
(HEONpEeIETIEHHOCTh 2, crapiiasi CTEIeHb m = 2, JEIUTCA Ha n2 ).
0

8) lim(3x+1)\/x2+4x+5—\/x2+4x+7-:[oo-(oo—oo)]:
X—> 0 i
(3x+1) \/x2+4x+5—\/x2+4x—7-~ \/x2+4x+5+\/x2+4x—7l
= lim _
X \/x2+4x+5+\/x2+4x—7

(3x+1)(x2 tAx+5-x2 —4x+7)
= [im =
¥ \/x2+4x+5+\/x2+4x—7
(3x+l)-12 (_xj B

X

= Ilim
x_’w\/x2+4x+5+\/x2+4x—7

18.




Ipumep 1.2. Ecam P(x) u Q(x) — 1eJIble MHOTOWIEHBI X, P(a);t 0 wm

Q(a) # 0, TO mpexen pauuoHaNbHON apobu P / 0 Opu x —>a HaXOAUTCS
0
HernocpeACTBeHHO. Ecnu xe P(a) = Q(a) = 0 (HeompemeneHHOCTh 6), TO IpOOb

P/Q PEKOMEHYeTCS COKPATUTh OJIMH MM HECKOJIBKO pa3 Ha (x - a).

x> —3x+2 (0) (x—l)(x2+x—2) x2+x-2
lim—————=| —| = lim = [im 3 =
—>lx* —4x+3 \0 x—>1(x—1)(x3+x2+x—3) x>1xd 4 xl+x—3
:(gj:lim =1 +2) = lim x+2 _ 12 3 1

[Ipumep 1.3. OaHMM U3 NpUMEPOB HAXOXKICHUS Mpejiesia OT UPPaldOHAIBHOTO
BBIPAXKEHHUS SIBJIIETCS NMEPEBOJI UPPALMOHAIBHOCTA U3 YUCIUTEIS B 3HAMEHATElb

0
WK HA000pOT (HEOTIPEIETIEHHOCTh N ).

3-J5rx (0) | (3—@)(%@)

D s W T (W ) dex) |
9-5—x

_H4(1—%/5——x)(3+\/E) )

- 1
— " . Iim = lim— .
x—>41—3/5—x x—>43+«\/ x—>41—35—x 6

- (4—x)(1+%/ﬁ+ﬂ)

=—[im =

6x—>4(1_Q/E)[1+m+W)
| (4—x)(1+Q/E+W)

=—1Iim =
6x—>4 1-5+x




L )1+ (52

=—lim =—llim(1+35—x+3(5—x)2)=
6 x—4 x—4 6 x—4
=——(1+1+1)=—=

o (%—2)(%/x7+2%/§+4) )

x_>8(x2 —Tx— 8)(%/)6724- 23x + 4)

0

el

= [lim ¥ 8 = lim : =

x_’g(x—S)(x+l)(3 x2+2§/;+4) x_>8(x+l)(%/x72+2%/;+4)

[Ipumep 1.4. HpI/I BBIYUCIICHUH IIPCACIIOB BO MHOTHUX CIIy4asaX HCIIOJIIB3YIOT
«l'[GpBI:IfI 3aMedaTeabHbIN mpeacin:

Sinx

lim 1,
x—>0 Xx
CIIEICTBUEM KOTOPOTO SIBJISKOTCS MPEHECIIbL:
. tox . arcsinx . arxtex
lim B 1, lim =1, lim & _ 1.
x—>0 Xx x—0 X x—0 X

tg2 4x - arcsin® x B

x 2

a) lim ctg2 3x - ctg2 Sx]-

x—0

= [lim
x—0

2 cos*3x  cos® 5x tgdx 2 aresinx)’
= lim16x~ - T3 im| =—| - lim =
x—0 sin“3x  sin“S5x | x>0 4x x—>0 X

— 3 =

2 ) 2
tg4x > ( arcsinx 5
[cos 3x cos Sx}. 4x b
X

sin®3x  sin® Sx




2 2 2 2
_ lim cos” 3x 216x __cos 5x216x PEIEA
x—>0 / /
(Sll’l 3x) .0y (Szn Sx) 95y 2
'\ 3x Sx |
= [lim ECOS3X—EC0S25)C:|=E I—E-lzﬁ.
x—0 2 9 25 225

2
(tg2x) 4x? A 2sin? 2x

_ 1g°2x-J1-cos4x (0 .\ 2x
6) lim 5 =|—=|=lim , =
x>0 x”.arcsin3x 0/ x>0 xz.(@)&x
X

2 .
lim(thxj 4 \/E(szan .

x—0\ 2x , 4\/5 sSin2x )
= _ lim —— = lim =
_oaresin3x x—0 3x x—0 3x 3
lim ———
x—0 3x
ITpumep 1.5. [Ipy BBLIYKCICHHMU TIPEAENa BBIPAKEHHUS, COAEPKAILIETO

TpUTOHOMETpUYeckue (QYHKIUM, Koraa x—>a U a#0, pEeKOMEHIyercs
IpeABAPUTEIBHO IPOBECTH 3aMEHY X —d = ).

T-X

cos —— 0
lim 6 :(—j:(x—?a:y, y—0 npu x—3)=
=3 x-—3 0
n-(y+3 :
COSL 1 . . —E-sinﬂ
= lim 6 :lim—-cos(—y+—):lim 6 6 _
y—0 y y=>0y y—0 Ty
6
. T
Sin—-— . T
=——lim =——.1=—=
6 y—>0 H 6 6
6

Ipumep 1.6. Tlpu BBHIYUKCICHHUH TIPEAEIOB Buaa [im [ f (x)](p(x) = ¢ Heo0X0JIUMO
xX—>a

HMCTb B BUY, YTO



1) ecnu cymecTBYIOT KOHeuHbIe TIpesienbl A = lim f(x), B = lim ¢(x),
xXx—>a XxX—>a

10 c= AP (4>0);
2)ecmu lim f(x)=A#1, lim @(x)=to0, TO BOIPOC O HAXOKIEHUH
Xx—>a xX—>a
npenena ( pemaeTcsi HEMOCPEACTBEHHO,
3)ecmu [lim f(x)=1lim ¢(x)=oco, TO ClETyeT BOCIONL30BATHCS
xXx—>a Xx—>a
1

«BTOPBIM 3aMEYaTEeIBHBIM MpeaeoMm»: [im (1 + g(x)) g(x) = e, roe
xX—>a

g(x)—)O mpu x > a u e=2718....

x2

2 E —00
a) lim (M) = (E) = 1 =0, 1.k

x>ool 2x% 4 x +1

i 3x2—x+1 3 ) x?
lim ——— = —, lim —— = —o0.
x>0 2xt 4 x+1 2 x—>ox—1
. x+3 . .
sindx sindx
6) lim(sm4x) =43 =64, Tx. lim : = lim( : )-4: 4,
x>0\ X x—=0 X x>0\ 4x
lim (x + 3) = 3.
x—0
2x 2x
6) lim(3x+l) =(1°0): lim(1+ / ) _
x—0o\ 3x — 1 X—> 0 3x—6
. 1l4x
X6 T oy 367, 3%
7 Y 7 306 7
= [im (1+ ) [ lim (1+ j L =43
X—>0 3x—6 X—>00 Ix—6

3 3
o) lim(7-2x)v3 = (17) = lim[1+(6-2x)|v=3 =

x—3



(6-2x)3
1 YT dim
= lim [1+(6—2x)]6—2x —e 3 Y3 76,
x—3

2. beckoHeuHo Manble 1 OECKOHEYHO OoJbIINe QYHKIUN

Onpenenenne  2.1. Ecmn  [im f(x)=0, 7o Qynkums f (x) Ha3bIBACTCSI
xXx—>a

0ECKOHEUHO MaJIOi B OKpeCTHOCTH Touku X = d (mpu X —> a).

CymMa 1 pou3BeIeHne KOHEUHOT0 Yhciia OECKOHEUHO MaJbIX (YHKUIUNA TpH
X — a ecTb Takke 0€CKOHEYHO Manas npu X — d.

Omnpenenenve 2.2. Ecimm f (x) u g(x) — OECKOHEYHO Mayble Mpu X —> d W

) _
lim ——= = ¢, T7e ¢ — HEKOTOPOE YKCJIO, OTIUYHOE OT HyJIsA, TO PyHKIMU [ (x)

x—>a g(x)
u g(x) HA3bIBAIOTCA OCCKOHEYHO MAaJIbIMU OQHOI'0 IMopAJKa IIpu X—>a , €CJlIn

c=0, TO roBOpsAT, 4YTO f(X) — OECKOHEYHO MaJjiasi BBICIIETO nopsaaka I10

CPaBHEHUIO C g(x) npu X —> da.

beckoneuno manast f (x) Ha3bIBaeTCsl OECKOHEYHO MaJiol mopsaka /1 1o

CpaBHEHUIO C g(x) npu X —> d, eciu

f(x)

lim —— =, 0<|c|<+o.
xX—>a gn(x)

Ilpumep 2.1. Ilpu x — O omnpenenuTs NOPAAOK MAIOCTH PYHKIUU fgx — sinx

OTHOCUTENIBbHO X.

. ) Sinx( — 1) . (1 )
. X —SIinx . COS X . SinxX\1—cosx
lim g Smx lim = [im =
x—0 xn x—0 xn x—0 xn COSX
] .2 X . 3X X .3 X X
2 sinx - sin’ 5 4 sin’ 5 . COSE sin’ 5 COSE
= lim = [lim =4 [im - lim =

=0  x"cosx =0 x" cosx x>0 x



.3 X . 3X .3 X
Sin — Sin- — Sin- —
= 4 lim —2 1= 4 lim ——2— = . lim —2.
x—0 x" x—)O(Ejn.2n 2" x—)O(Ejn
2 2

OrtoT npexaen OyAeT paBeH KOHCTaHTe ¢ # 0 mpu n =3, CleI0BaTENbHO,
GyHKIMSA fgx — sinx HWMEET HMOPSJOK MaJOCTH 7 =3 OTHOCUTEIbHO X IIpH

x—>0.

CYMMa ABYX OECKOHEUYHO MaJbIX Pa3JIMYHBIX MOPAAKOB PABHOCHUJIbBHA TOMY
N3 CJIaracMbiX, IOPSA 0K KOTOPOT' O HUXKC.

IIpumep 2.2. Omnpenenuts NOPSAOK MaJIOCTH OTHOcUTelbHO X mnpu x — 0

CYMMBI %/x_2 +\/)T3 :

3/
Crnaraemoe x2 HMCCT IOPAOOK MAJIOCTHU E OTHOCUTENIBHO X , a

/.3
cJlaracmMoc X — NIopsAaoK E , CJICOOBATCIIbBHO, CyMMa UMCCT IMOPAJOK MaJIOCTHU

2
3 otHocuTenbHO X mpu x —> 0.

/(x)

Ompenenenne 2.3. Ecmu [im ——+= =1, T0 OGeckoHeyHO Majble [ (x) U g(x)
x—>a g(x)

Ha3bIBAIOTCS SKBUBAJICHTHBIMM ITpH X —> d . f (x) ~ g(x).

Hampumep, npu x — 0 OyneMm UMeTh:
sinx ~x, Igx~X, arcsinx ~ Xx,arctgx ~ Xx,

2

h(l+x)~mn cosx-1—553 e’

—1~x, ax—1~x-Ma(a¢l)

Hpez[en OTHOLICHNA ABYX OCCKOHEUHO MaJbIX HE NU3MCHUTCA, €CJIIM YJICHBI
OTHOIICHMA 3aMCHHUTDb OKBHMBAJICHTHBIMHY UM BCINYMHaAMU.

Ilpumep 2.3.




2 .2
34tg2x . 53arcsin2 3x (34tg X _ 1) _ (53arcszn x 1)

x>035in” 4x + Tarctg“x x>0 3-(4x) +7-(x)
_ 4tg’x-In3—3arcsin® 3x-In5 4ln3-x2—3ln5-(3x)2
= lim 5 = lim 5 =
x—0 55x x—0 55x
_ 4In3-27In5
55 '

ln(l+3x) 3x

. darcsin2x x C(4-2x) x 1 3 1
6) lim| ——— = [im =|—-| =—.
x—0 3tg8x x—>0\ 3. &x 3 27

SR WiEOA)

ln(3 — Sx) — ln(3 + 7x)

6) lim = lim =
x—0 2sinx x—0 2x
ln3+ln(1—§x)—ln3—ln(1+zx) _éx_lx
= [im = [im 3 3 _ 2.
x—0 2X x—>0 2x

Onpenenenne 2.4. Ecm  lim f(x) =00, To dyHkums f (x) Ha3bIBACTCSI
XxX—>a

OeCKOHEYHO OOJBIION TP X —> d.

[Tono6HO TOMY, KaK .TO CAENaHO Jisi OECKOHEUHO MAJIbIX, BBOJUTCS TIOHSITHE
OECKOHEYHO OOJBIINX PA3TUIHBIX MOPSIIKOB.

Ipumep 2.4. Ilycth X —> . OmnpenenuTh MOPSAI0K OCCKOHEYHO OOJIBIION
5

X
f (x) = I10 CPaBHEHHUIO ¢ X .
x+2
5 5 5 5
. X ) X . X ) X
lim x| = lim ——— = lim 1 = lim 1 =1
x>0 X+ 2 x—)oox”(x+2) x—)ooxnJr +x".2 x—>oox”+

npu n=4



Onpenenenue 2.5.

1) Mycte pyskmus f (x) — 0OeckoHEeYHO OoJbIIas WM OECKOHEUYHO Mallas

npy X —> 0 u lim@

- 1, Trac ( n oL — KOHCTaHThI, TOTAa CI)YHKLII/DI
X—0 . xa

y=cx% Ha3pBaeTCA ACHMITOTHKOW WJIA AaCHMITOTHYESCKH DKBHUBAJICHTHON
Gynakuuu  f (x) npu X —> 00,

2) Iycte pynkius f (x) — OeckoHEYHO OoJbIIas Uin OECKOHEYHO Mallas

fl(x
npu X —>ad u lim #a =Lre Cu a - KOHCTaHTBI, TOTa (PyHKIIMS
X—>0 o, (x — a)

a o o
y = C(x - a) Ha3bIBACTCA aCUMIITOTUKOHN NJIHW daCHUMIITOTHMYCCKHU 3KBUBAJICHTHOU

Gyukuuu  f (x) npu X — d.

[Ipumep 2.5.

a) Haiitu acuMnToTuky (acCMMOTOTUYECKOE TMPEACTaBICHHE) (PYHKIIMU

M—\/} npu X —> 0,
(Vi) (Va1 +35)  oioy

Vx+1+/x x4

1 1 1
_\/x+1+«/; 2\/;_2-x1/2’

CJIEZIOBAaTENbHO, ACUMNTOTUKON (yHKIMH [ (x) =Jx+1—-+/x mpu x>

N e

1 12 1 1
sBiseTcs QyHKIMS —Xx  ~; Cc=—; O=——.
by 2 2 2
X
6) Haiitu acumnrotuky GyHKuuu f (x) =3 ph X — 1.
1-x
X
Ipu x —> 1 dyskuuu [ (x) =3 fBuAerca OECKOHEYHO OOJIBIIION:
I-x
X X 1 1

i 3\/(1—x)(1+x+x2) ) 3/3(1-x) } %(l—x)m.




A . 1 ~1/3
CHMIITOTMKOW B JJAHHOM CIly4Yae ABIAETCA QYHKLIUSL § = % (1 — x) i

6) Haiitu acumMnToTuKy QyHKIMH [ (x) =x>—3x+2 mpu x — 1.

B nanHoMm cinyyae npu x — 1 ¢yHkuus [ (x) ABIIAETCA OECKOHEYHO MaJIOH;

f(x)=x3—3x+2z(x—l)z(x+2)~3(x—l)2.

2
[Toy4aeM acCUMIOTOTHKY J = 3(x - l) ; c=3 a=2

3. HenpepsiBHOCTD (PYHKITHH.

Ompenenenue 3.1. Eciu X< d u X—>a, TO yCIOBHO MUIIYT x —> a— 0,

aHAJIOTMYHO, eclii X >d x—>a, To x —>a+0. Uncna

fla—0)= x_l)iZq_Of(x) u f(a+0)= xﬁZ/iOf(x) Ha3bIBAIOT COOTBETCTBEHHO

npeaeaoM ciieBa GyHKIuu [ (x) B TOuke (I W mpeaesoM crpaBa QyHKIUH f (x)
B Touke (I (eciu TH Yucia CyIeCTBYIOT).
Jlns cytiectBoBaHus npeaena QyHKiuu f (x) npu X —> d HEoO0XOAUMO U

J0CTaTOYHO, YTOOBI IMEJIO MECTO PABEHCTBO: [ (a — O) =f (a + 0).

Omnpenencune 3.2. dyHkuus y = f (x) HAa3bIBA€TCs HENPEPBIBHOU B TOuke

€CJIn

1) oHa ompenescHa B 3TOW TOUYKE;

) lim f(x)= lim [(x)= lim /(x)=f(a).

X—>a—
ToukH, B KOTOPBIX HapylIaeTCsl YCIOBUE HENPEPBIBHOCTU, HA3BIBAIOTCS TOYKAMMU
paspsIBa.

Ilpumep 3.1.

1

a) Haiitu Touku paspsiBa QyHKIME Y = 327Y | qpeessl clieBa M CIpaBa B 9TUX

TO4YKax, CACIaTh CXEMaTUYECKHUM YCPTCIK.



1

®yrkius Yy = 327X pMeeT pa3phlB B TOUKE x = 2, T.K. OHA B OTOM TOUKE

Ya | He omnpeneinexa. Ilpu stom:

| IR

| lim 327% =3+0 = 3% = 4oo;

| x—2-0

|

i U L
_ ' x  lim 32%=30=3"=_—_=__ =0
0 51 > X240 3t® 4o

|

0) HaiiTi Touku pa3pbiBa U BEJIMYMHY CKauKa B 3TUX TOUYKAX (YHKIUH

1

243 4 4y —§
y="— -

2543 44

Toukoil pa3psiBa JaHHOW (PYHKIMM SBISETCS TOYKAa x = —3, T.K. B HEH
(byHKIMS HE ompe/ereHa.

oo 2 avog 2P -12-8 0-20
x>-3-0 lx+3) L 4 27° 4+4 0+4 ’

1/(x+3) .
lim 2 0 :4x 8 _ I, T.x.ipu x —> —3+ 0 umeeM:
x—>-3+0 2 (x+3) +4

21/(x+3) +4x — 8 ~ 21/(x+3); 21/(x+3) 4~ 21/(x+3) .
Bennunna ckauka A =1-— (— 5) = 6.

6) HaiiTu Touku pa3peiBa, BEIMYMHY CKadyka A U MOCTPOUTH rpaduk QyHKIINU




T
I/IccnenyeM TOJIBKO TOYKH xl - O H Xy, = 5, T.K. BHUX MCHACTCA aHAJIMTHYCCKOC

BbIpakeHue (DYHKIIUU.
lim f(x) = limo(— 3x) = 0; lim f(x) = lim (4sinx) = 0;
x——

x—>—-0 x—>+0 x—>+0

=0, crnemoparenvHo, B Touke x=0  dysxkums [ (x)

f (O) =—-3x

x=0
HENpEePHIBHA.
. . . T LT
lim f(x)z lim (4smx)=4; f(—j =4sin— =4,
x—Z 0 I 2 2
2 2
7'[2
lim f(x) = [im (x2 + 1) = e +1=3,467,

240 x—>§+0

CJICO0OBATCIIbHO, TOUKA X = 5 — TOYKa pa3pbIBa.

Benuuuna ckauka

2 2
A=4—[7‘—+1)=3—“—z0,533.
4 4



