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Cemectp 1

3
1. AHanuTHYecKasi reoMeTpusi B mpocTpancTBe R
BekTopHas ajareopa

HexkoTopble CBeACHUS U3 TCOPUU

Bextop — HanpaBieHHbBIN OTPE30K.
PasenctBo

a= (x, v, Z) 1)
O3HAYaeT, 4T0 X, ), Z — MPOEKIUH BEKTOPA Ha OCH KOOPJAUHAT UJIH €ro

ACKAPTOBBI KOOPAHWHATEHI.

dopmyna
- 2, .2, .2
|a|=\/x +y°+z (2
TIO3BOJISET 110 KOOPAMHATAM BEKTOPA ONPEIEIUTEH €10 MOYJIb.
2z - Eciu o, B, Y — yIJibl, KOTOpbIE BEKTOP 00pasyer ¢
i TIOJIOKUTENLHBIM HAIPABJIEHUEM OCEH KOOPIMHAT, TO
B CcoSQL, cOSP, oSy Ha3BIBAIOTCS HAMPABIAIONMMH
o KOCHHYCaMH BEKTOpa d .
0O >y x=|d|cosa, y=|d|cosB, z=|d|cosy, (3)
2 2 2
cos” a.+cos” B+cos”y =1. 4)

X
Ecnu u3BecTHBI Havyano Bektopa M, (xl, Vi, Zl) u

konery M, (x2 , Vo, 22) , TO KOOPANHATHI BEKTOPa HAXOAATCS 110 hopMyiam

X=Xy =Xy, Y=Yy=V, Z2=2 -2 ()
Benn d =(xy, y1,2) u b=(x5, ¥5,2,), 10

n oad=(ax), ay, 0z;), rae o — moboe "ucIo.
BexTopsl, nexarine Ha OHOW WM MapauIebHBIX MPSIMBIX, HA3bIBAIOTCS
KOJUIMHEAPHBIMU. [IpH3HaK KOIIMHEAPHOCTH BEKTOPOB d U b :
Xy z
A2 7)
X2 V2 23
Tpoiika BeKTOpOB [, j, k Ha3pIBacTCs KOOPIUHATHBIM 0A3HUCOM:
7]=17]=[#|=1
Bekropsr i, j, k wanpasmenst mo ocsim cootserctBenno Ox, Oy, Oz B
MOJIOKUTETBHYIO CTOPOHY.
JTro6oit BekTop @ = (x, V, Z) MOKET OBITH MPEJICTABIICH B BUJIE



a=xi+y +zk. (8)

CKaInSpHBIM IIPOU3BEICHUEM BEKTOPOB d = (xl, Vi Zl) u

—

b= (x2 , V2, Zz) Ha3bIBAETCS YHMCJIO, PABHOE ITPOM3BEIECHHUIO MOYJIEH STHX

BEKTOPOB HAa KOCUHYC YIJIa MEXIY HUMH.

a-5=|5|-‘5‘-coscp, (9)
ﬁl;=|51| npagz‘g ‘np;a, (10)
a-a=a*=|al’, (11)

T.C. CKaJIIPHBIN KBaJpaT BEKTOPA PaBeH KBAJAPATy €ro MOJIYJIA.
Ei b = xl.X2 +y1y2 +ZIZ2. (12)

Ecin cﬂ_l;, TO
x1x2 +y1y2 +2122 = 0 (13)
XX, + +zz

cosQ = 1X2 TV1V2 T 2123 _ (14)

2 2 2 2 2 2
\/xl +y t7; ‘\/xz +yV, +2p
Ecnu Bektop [ u3o0pakaeT CHITy, TOUKA MPHIOKEHUS KOTOPOi

MNepeMeIIacTCs U3 Hadadjla B KOHCI] BEKTOpa S , TO pa60Ta ATOM CHUIIBI
OIIPCACIIACTCA

W=F-S. (15)

BekTopHBIM IPOM3BEACHUEM BCKTOpa Ei Ha b Ha3bIBaeTCs TaKOM BCKTOpP

¢ = a x b, KOTopsIil yIOBIETBOPAET CIEAYIOUIAM TPEM YCIOBHAM:
1. |E|:|Zl|-‘b‘-sin(p, rae (¢ — yroJx MexIy BeKTopamMu d u b
2.cla u clb;
3. BeKTOp C 00pa3yeT ¢ BeKTopaMu d W b «IpaByro» TpOIKy.
BeKTOpHOE IPOU3BEIECHHE 3aBUCHUT OT MOPAAKA COMHOXKHUTENEH

axb=-bxa. (16)
Moyib BEKTOPHOTO NPOU3BEACHHUS PABEH MIOIIAM TIapalIeIorpaMma,
IIOCTPOEHHOTO HA BEKTOpax d U b:
S= ‘ axb],

SA=%‘5><E‘. (18)

17)

Ecnu BekTopel d u b xommneapHsl, T0 @ X b = 0, B uacTHOCTH,
axa=0.

—

Eciu BEKTOPBI 33/1aHBI KOOPMHATAMU (. = (xl, Vi Zl), b = (xz, Vs, 22),



axb=|x, y z| (19)
X V2 %
Ecnu BexTop F n300pakaeT CUITy, MPUIIOKEHHYIO B KAKOW-HUOYh TOUKE
M, aBexTop d wuner u3 HekoTopol Toukd O B TOYKy M, TO BEKTOp @ X F

npeCcTaBiIsieT CO00M MOMEHT CHIbI I OTHOCHTEIbHO TOuku O:
mF=axF. (20)

—

CMeIaHHBIM OPOU3BEIEHUEM TPEX BEKTOPOB @, b, ¢ Ha3bIBaeTCs YUCIIO,

PaBHOE BEKTOPHOMY HPOM3BEACHUIO d X b , YMHOKEHHOMY CKAJIIPHO Ha BEKTOP
C,T.c.

ab5=(axb)-5=a-(bxa). 1)
CMemanHoe mpousBeieHne abC paBHO 00beMy NapajieIeuIea,

IMOCTPOCHHOI'O HAa BEKTOpAXx Zz, b, E , B3sITOMY CO 3HAKOM «IIIHOC», CCJIN TpOﬁKa

Zi, b, E ImpaBas, CO 3HAKOM «MHUHYC», CCJIN OTa TpOﬁKa JICBAA.

V =+abc. (22)
Ecnu BekTOpBI KOMIUTaHAPHBI (JI€XKAT B OHOM MIIOCKOCTH), TO
abc =0, (23)

—

Jns sexropos d =(x, v, z1), b =(x5, 5, 2,), ¢ =(x3,y3,23) cMewmanHoe

IPOU3BEICHHE OIpeaenseTcs GopMyon

I B B G B
abc=\x, v, z,| (24)
X3 V3 Z3

3agauya 1. Ha MarepuanbHyr0 TOUKY AEHCTBYIOT CUJIBI:

F=(2-11), F=(-122), F=(1,1-2).

—

Haiitu paboty paBHOACHCTBYOMIEH 3TUX CHi1 R MpH MEPEeMEIICHUN TOUKH U3
MIOJIOKEHUS A(Z, —1, O) B TIOJIOJKEHUE B(4, I, - 1).
Pemenune. Haliiem paBHOIEMCTBYIONIYIO
R=F+F+F=02-1+L-1+2+11+2-2)=(2,21).

BexkTop nepememenus mo popmyne (5)

= —>
S= 4B =(4—2,1+1,—1—O)=(2,2,—1).
Hckomyro paboty Haxoaum 1o popmyie (15)
W=R-S=2-2+2-2+1-(-1)="7.



3amaua 2. Jlama cuima F = (3, 4, —2) ¥ TOYKa €€ MPUIOKCHUS
A(Z, -1, 3). HaiiTi MOMEHT CHIIBI OTHOCHTEIBHO Havyajia KOOPAMHAT M YIJIbI,

COCTaBJIIEMBIC UM C KOOPAUHATHBEIMH OCSIMHU.
—

Pewenue. TTo hopmyne (20) m F =7 Bektop ¥ = OA 1o
F=(2

x F.
dbopmyne (5) UMeeT KOOpIUHATHI —1, 3), o ¢popmyne (19)

i 7k
FxF=2 -1 3
34 -2

=—10i +13j +11k.

Nrax, moﬁ = (— 10, 13, 11). Moys MOMEHTa HaxoauM 1o gopmyie (2):
|m,F|=(~10)7 +(13)> +(11)* = /390 ~ 19,748,

Hamnpagnsroniue kocunycel o ¢popmyse (3):

cosO. = _—10 =—0,506, cosP = L = 0,658, cosy = L =0,557,

19,748 19,748 19,748

a YI'JIbl, COCTABJIAICMBIC MOMCHTOM CHUJIBI C KOOPAWMHATHBIMUA OCAMU, CICAYIOIINUC
a=12024', B=4851,  y=56"9.
KoHTposb: A0IKHO OBITH cos® o+ cos” B+ cos” vy =1 VY Hac:
(- 0,506)° +(0,658)” +(0,557)” = 0,999.
3asmaua 3. HamucaTs pasnoxkeHne BEKTopa X = (5, 16, 2) 110 BEKTOpam
p=(210), ¢=(0,-2,0), 7=(-152).

Pemenue.
1. Pasnoxenue BeKTOpa X 10 6asucy p, g, ¥ HMMEET BUJL

E:alﬁ+a2§+a3?

WU B KOOPAUMHATHOM dhopme
Xy =0 P+ 0agy t 03N
Xy = 0Py +0pgy + 037
X3 =0 p3 +0,q3 +0373.
2. C y4€eTOM YHCIIOBBIX 3HAYEHUN KOOPAMHAT BEKTOPOB P, ¢, U X

IOJIy4YUM CUCTCMY ypaBHeHI/Iﬁ OTHOCHUTCIBbHO HCU3BCCTHBIX O(,l, (X,z , O(,3 .

20L1+00L2—10L3=5 20(,1:54‘(13 OL1=3
1-0L1—2-0L2+5-OL3=16 — 2042:(11‘*'5&3—16 — OL2=—4
0-0(1+0-OLZ+20L3=2 (X3:1 (13:1.

— —

3. PasnokeHue BeKTOpa X II0 BEKTOpPaM p, ¢, ¥ HMMEET BHI:
X=3p—4q+r.



Otser: X =3p—4q +7.

—

3amaya 4. B mapamnenenunene ABCDA,B;C\D, Bextopsl AB = p,

—

110 BeIOpaHHOMY 0asucy, eciu rouka G genut pedbpo DD, B oTHOIIE-

, >
AD =¢q, AA; =r obpasyor 6asuc. Paznoxuts Bektopelt AG, AP, AN,

Huu 1:2; Touka P — Touka nepecedyeHus auaronaneii rpanun DD, C,C; Touka

N, — cepenuna pedpa B;C;.

Pemenue.

HOCTpOI/IM YCPTCK. HCHOCPCHCTBGHHO N3 4CPTCIKA CICAYCT:

U-)

1.2 IllpsiMasi ¥ MJIOCKOCTH
IlnockocTth. Ee ypaBHeHUs

Ax+By+Cz+D=0 -

oO11ee ypaBHEHHE TUIOCKOCTH.

A(x

—xo)+B(y—yo)+ C(Z—Zo)= 0 -

ypaBHEHHE TUIOCKOCTH, IPOXOIAIICH Yepe3 Touky M, (xo » Voo ZO)

IEPHEHIUKYIAPHO BEKTOPY 1 = (A, B, C) .

z
e
a b c

YpaBHEHHUE IUIOCKOCTU «B OTPE3Kax». 3/1eCh

1 —

a, b, c — BenIUUMHBI OTPE3KOB,

OTCCKAaCMBIX IINIOCKOCTBIO Ha OCAX KOOPpAMWHAT.

Ax+By+Cz+D

J_r\/A2+Bz+C2
HOPMAaJIbHOE YpaBHEHUE INIOCKOCTH.

-0 —

(25)

(26)

(27)

(28)



J | Ax, + By, + Cz, + D|
\/A2 +B*+C?
paccTosiHue OT TOUku M, (xo, Vo ZO) 1o wiockocth Ax+By+ Cz+ D=0,
X=Xy Y=V Z—Z7
Xo=X Yo=Y Z—z;|=0 - (30)
X3 =X V3= 23724
yYpaBHEHHUE MJIOCKOCTH, MIPOXOAILIEH Yepe3 TPU TOUKH Al(xl, Vi zl) :

Azl(xz’JQ:Zz)’ A3(X3,y3,23)-

(29)

1.3 Ipsimasi. Ee ypaBHeHust

Ax+By+Ciz+D;, =0
{ 1 VT4 1 3 (31)

0611166 YpaBHCHHUC HpHMOﬁ (HpSIMaSI 3aJlaHa IIEPECCUCHUCM ABYX HHOCKOCTeﬁ).
x_xo_y_yo zZ—Z,

= — (32)
m n p

KaHOHMYECKOE ypaBHEHHUE IpsMoii, rae M, (xo, Vo, ZO) — TOYKa,
NpHHAJJIeKAMAs IPAMOK, d = (m n, p) — HAMpPaBISIOMIUA BEKTOP MPSIMOM

(BeKTOp, mapauIeTIbHBIN IPSIMON).

X =x,+mt
y=y,+nt - (33)
z=2z,+pt

HapaMeTPHUCCKUE YPABHEHHMS [IPSIMOIA.
X=X — Y—=N1 _ Z—Z (34)

Xo—=X1 Vo= V1 2272
YpaBHEHUE MPSIMOU, TPOXOASIICH YEPE3 ABE JAHHBIE TOYKHU Al(xl, Y1 21) :

Az(xz: Y2, Zz)-

+ +
cos P = Thit T "7 7 PrPo - (35)

2 2 2 2 2 2
\/ml +n +p ‘\/mz +ny, +pp
YTOJI MEKLY IByMS IPAMBIMH, TI€ d| = (ml, ny, pl) u d, = (mz, n,, pz) -
HaHpaBHHIOH_II/Ie BCKTOpI)I HpHMBIX.

_ | Am+ Bn+ Cp|
siny = - (36)

\/A2 +B? +C? -\/m2 +n?+c?
YrOJI MEXy OPSMOM U IUIOCKOCTBIO, TAE 71 = (A, B, C) — HOPMAaJIbHBI BEKTOP

IUIOCKOCTH, d = (m n, p) — HaIpaBJISAIOLIUNA BEKTOP MPSAMO.



1

e parudwL — obvem nupamuasl Ay A, Az Ay, Toe

Al(xl’ Y1 21)’ Azl(xz’ Yo Zz)’ A3(x3, V3, 23)’ A4(X4: Ya, 24) -
KOOPIHUHATHI BEPIIUH ITHPAMHUIBL.
1|¥2=%1 V271 2274
Vnupamu()bz =—|X3 X1 V3TV Zz 21| (37)
Xg =X Va=)1 2472
3agaua 5. JIaHBI KOOPIUHATHI BEPIIUH MAPAMUIBI A1(2, I, - 1),
A4, (3, 0, 1), A (2, —1, 3), Ay (O, 8, O). Haiitu:
1) yron mexny pedpamu A; A, u A Ay;
2) yron mexny peopom Ay A, u rpanetio A A4, As;
3) 06beM nupamuabl V'
4) pacctosHue oT Touku A, 10 miockoctu A; A, As;

5) Touky A[‘, CUMMETPUYHYIO TOUKE A4 OTHOCHUTEJILHO IIJIOCKOCTH

A, A, 4s;
6) TOuKy A[{ , CHAMMETPUYHYIO TOUYKE A4 OTHOCHUTEJBHO MPAMOI Al A3.
Penienue.

1) Yron mexmay pedpamu HaxoauM 1o popmyie (35).
R —>
a =44, = (3 -2,0-11- (— 1)) = (1, -1, 2) — HAIPaBJISIONIUI BEKTOP
npamoit A4 A4,;

—
a, = AjAy = (0— 2,2-1,0—(- 1)) =(—2,7,1) — nanpasnsoumii BekTOp
npsMoit Ay Ay.
1-(-=2)=1-7+2-1 7 7

JRe(=1)2 422 2P+ 72412 Vo5 18
2) CocraBuM ypaBHeHHe MI0ockocTH Ay Ay Az, mpoxoasiieit uepes TpH
roukn 4;(2,1,—1), 4,(3,0,1), 43(2, -1 3), no popmyzne (30)

cosQ =

x=2 y—-1 z+1 x—=2 y—-1 z+1
3-2 0-1 1+1|=0, 1 -2 2 |=0,
2-2 —-1-1 3+1 0 -2 4

1 —-1|_
+ z+1 ‘O _2‘—0,

(=274 3-0-1)

(x—2)-0—(y—1)-4+(z+)( 2)=0,

—4y+4-2z-2=0,
4y +2z—2=0 — ypasHenue mwiockoctu A; A, Az;



n= (O, 2, 1) — HOPMAIIbHBIN BEKTOP IIOCKOCTH;

—

d= A4, =(—2 7, 1) — nanpasmsomuii BekTop npsMoit A4, Ay
Haxonum yron  wmexay npamoil A4, A, u mnockocteio A; A, Ay mo
dbopmyne (36)

_ 0-(-2)+2-7+1-1 15
Sin\y =

JoP 122112 (-2 47212 V554

3) Haxonum o6weM nupamusl 1o popmyine (37)

=09114.

—> — —
1 1 -1 2 1 1
V=£t—| 0 -2 4|=+—(-2+8-8-28)=——(-30)=15.
6|-2 7 1 6 6

4) Paccrosnue ot Toukun A, 1o minockoctn A} A, Ay Haxonum 1o

dbopmyne (29).
d_|2-8+0—1| 15

Jar1t 5

5) YtoObl HalTH TOUKY Aj, CHMMETPHUUYHYIO TOYKE A, OTHOCHTEIBHO

=35~ 6,69.

nnockoctd Ay A, Az, cienaem cienyolee.

CocraBuM ypaBHEHHE NIPSAMOM, NePNEHMKYIApHON miockoctn Ay A, As,
npoxofsuei uepes Touky A, 1o ¢popmyine (32). 3a HanpapISIOLIMI BEKTOP
npsAMON a =n = (0, 2, 1) OepeM HOPMaJBHBIH BEKTOP IIIOCKOCTH, T.K. IpsAMas

NEPIICHAUKYISPHA IUNIOCKOCTH:

x-0 y-8 z-0 x_y-8_z
0 2 1 0 2 1
CocraBuM napameTpuuecKue ypaBHEHHS 3TON mpsimoit o hopmyne (33):
x=0
y=2t+8
zZ=1.

Haxoaum Touky nepecedeHus 3Toil mpsAMoii ¢ miockocTeio Ay A5 A3

x=0
x=0
y=2t+8
., = <y=—6+8=2 = 2(2t+8)+r—1=0,
zZ =
z=1
2y+z—-1=0

5t+15=0, t=-3.

10



[Mony4aem Touky M| (O, 2, — 3); T.K. TO4Ka A; CUMMETPHYHA TOUKE A,

OTHOCHMTENBHO TIOCKOCTH Ay Ay A3, To Touka M sABIsieTCA CEpeaMHOM OTpe3Ka
A, Ay, modTOM
444

X4 +X) 0+xy ) _
Xy = —, 0= , x; =0;
Y4t Y4 8+, : :
:—’ 2: y :—4’
Ym 5 5 Y4
Zy + 2y 0+2z, ,
Zayy = , —-3= , zy =—06.
M= 9 2
AA(O, —4, — 6).

6) UtoObl HaliTh TOUKy A, , CHMMETPUUYHYIO TOYKE A, OTHOCHUTEIIBHO
npsaMoii  A; Az, cocTaBUM ypaBHEHME ILIOCKOCTH, NPOXOJALIEH Yepe3 TOUKy Ay
NepHeHANKYIApHO npaMoil A4y Ay 1o ¢popmyne (26). 3a HOpMaIbHBII BEKTOP
TUIOCKOCTH N =a = (O, -2, 4) OepeM HampapJIAOIIMil BEKTOp pamMoil A4 A3,
T.K. TUIOCKOCTb MEPHEHAUKYIISIPHA TPSIMOHU.
0-(x-0)-2-(y-3)+4-(z—0)=0, —=2y+16+4z=0, y=2z—-8=0.
YpasHenue npamoii  A; Ay cocrapasem no Gopmyie (34).

x=2 y-1 =z+l1 x=2 y-1_ z+1

2-2 —1-1 3+1 0 -2 4
ITapameTpuyeckue ypaBHeHus npsMoil A; As:
(x=2
y==-2t+1
z=4t-1L
Haxonum touky N mnepeceyenus npsmoir A; A; u miockocTu:
x=2
y=-2t+1
z=4t-1
y—2z-8=0,
1

—2t+1-2(4r-1)-8=0, —10t-5=0, r=—5,

x=2, y=—2(—%)+1:2, z=4(—%)—1=—3.

Urak, Touka N(2, 2, —3). Tax kak Touka A cHMMeTpHdHa Touke Aj

OTHOCHTENBHO NpsiMoit Ay Ay, To Touka N sBIseTCs CepeAnHON OTpe3Ka
Ay A}, Torma

11



X . 2= . Xy =4
Va4 V4 8+y4 "
=, 2 = s - _4’
" O "
ZN — Z4 _—; Z4 s — 3 = 224 , Z” = _6, TOYKa A;]_,(4, - 4) - 6)'

1.4 Ananutuyeckasi reoMeTpusi Ha IJIOCKOCTH
Hekotopsie cBesieHus U3 Teopun
Ipsamas gunus. Ee ypaBHeHue

Ax+By+C=0 — (38)
oO11iee ypaBHEHHE MPSIMOIA.
X=X, Y-—Y,
= — 39
- » (39)

ypaBHEHHUE MPSMOU, IIPOXOIeii uepes Touky M, (xo, YV, ) a= (m n) —
BEKTOP, MMapasuieIbHbIN TPIMOM.
A(x—xo)+B(y—yo):0 — (40)

ypaBHEHHUE MPSAMOU, POXOsIiel uepe3 Touky M. O(xo, yo) C
IEPIEHANKYIIAPHBIM BEKTOPOM 7 = (A, B).

X=X _ V=N

Xp =X Va=N
ypaBHEHHE MPSAMOM MPOXOAIIEH uepe3 aBe Touku M 1(x1, yl) u M, (xz, yz) :

(41)

X Y
—+==1 - 42
o (42)

ypaBHEHHE TPAMOU B «OTPE3KaxX», TAe d, b — BEJINYHHBI OTPE3KOB, OTCEKAEMBIX
MPSIMOM Ha OCSIX KOOpJIUHAT.
yv=kx+b — (43)
ypaBHEHHE TPSAMON C yIIIOBBIM KO3 duitmeHToM Kk = (g u oTpe3skom b —
orcekaembiM Ha ocu Oy .
Y=Y, =k(x—x,) - (44)
ypaBHEHHUE MPSAMOU, poXo et yepes Touky M c>(xo, yo) C YIJIOBBIM

k03 purenTom £k .
_|Axo+Byo+C|

VA% +B?

paccrosiHue ot Toukun M o(xo, yo) 1o npsmoit Ax + By+C=0.

d

(45)

12



Ax, +By, +C

S = (45a)
VA? + B?
OTKJIOHCHUE TOuku M O(xo, yo) OT IPSIMOM.
A
k=—— — 46
Z (46)
yriioBoi ko3 dunment npsmoit Ax + By + C=0.
kl - k2 - (47)
YCJIOBHE MapalIeIbHOCTH MPSIMBIX.
1
ky=—— — (48)
1 k2
YCJIOBHE MEPICHIUKYIIPHOCTH MPSMBIX.
ky —k
tgp=|—=—2L (49)
1+ kky
YTOJI MEXKly ABYMsI HIPSIMBIMH C YIJIOBBIMH Kod(durmentamu k; u k.
3anava 6. JIaHBI CepeIMHbI CTOPOH TPEYroJbHUKA
(l 2) Q(S 1) ( ) CoCTaBHTb ypaBHEHHS €r0 CTOPOH.
B(x, y5) 1 cnoco6. Tak kak Touku P, O, R sBistoTcs
cepeaunamu otpeskos AB, AC, BC, 1o
oy VA TR PR Pk NP (s SN
2 2 2
ACTY R Clayy 2L7Y2 o Y2 ¥V N1FVs 5
2 2 2
Pemaem nBe cucTteMbl ypaBHEHUIM
Xp+x,=2 yvi+y, =4
xZ+X3:10 %) +y3:—2
X1+X3:_8, y1+y3:6,
oJTy4acm
x; =—8 Y =6
X, =0 v, =0  A(-86), B(10,-2), C(0,0).
X3 = 10, V3 = —2,

Tenepb cocTaBisieM ypaBHEHUS CTOPOH TPEYTOJIbHUKA, KaK MPSIMBIX, IIPOXOISAIITUX
gyepes Be TOUYKH, o Gpopmyne (41).
VYpaBuenne AB:
x+8 y—6
10+8 -2-6
VYpasuenne BC:

4x+9y-22=0.
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x—10 y+2

= , x+5y=0.
0-10 0+2
VYpaBuenne AC':
x+8:y—6’ 3x+4y=0.
0+8 0-6

2 cnioco0. He onpenensist koopaunat Touek A, B, C, coctaBuM ypaBHEHHE

Ka)J10¥ U3 cTopoH Tpeyronbauka ABC, kak mpsMoil, MPOXOAsIIeH yepe3 OIHy
U3 BepIIMH TpeyroidbHuka POR mnapajuieabHO MPOTUBOJICKAIICH CTOPOHE.

YpaBuenue AB: npsimas AB mnpoxoaut yepe3 TOUKy P mapasuieNibHO BEKTOPY

—>
OR = (— 9, 4). Hcnonb3yem ypaBaernue (39).

loym2 o 4esr9y—22-0,
-9 4
Ypasuenune BC: npsmas BC npoxoaut depe3 Touky () mapajuieIbHO BEKTOPY
>
PR =(-5,1).
x—5:y+1 = x+5y=0.
-5 1
Ypasuenne AC:upsmas AC npoxXoguT yepes TOUKY R mapauieabHO BEKTOPY
—>
PO =(4,-3).
XHE_I73 o 3xip4p-0
4 -3

OtBer: 4x+9y—-22=0, x+5y=0, 3x+4y=0.
3agauya 7. CocTaBUTh ypaBHEHUS KATETOB MPSIMOYTOJIBHOTO
PaBHOOEIPEHHOTO TPEYroJdbHUKA, 3HAsl YpaBHEHUE TUMOTeHY3bl 2X + 3y —5=0

Y BEPILUHY IPSIMOTO yrija (2, — l) :

b N AB = BC (uo ycnosuio), nostomy ZABC = ZACB = 45°,
45" kpc = 3 ( mo hopmyne (46)). YpaBHeHus karetoB AB u
45°
A2, -3) C BC' cocrasisiem o popmyne (44): y+1= k(x — 2).
k+ 2
1g45" =|—5>|. (49)
1-—k
3
k + 2
—>- ==l
1-—k

14



Pemrast 5Tu ypaBHEHHUS, IOJTy4HM:

k:%’ y+l=%(x—2), 5y+5=x-2, x=5-T7=0.

k=-5, y+1:—5(x—2), y+1=-5x+10, 5x+y—-9=0.
Oter: x—5y—-7=0, S5x+y—-9=0.
3amaua 8. B TpeyronbHHKE ¢ BepIIMHAMU A(3, — 2), B(— 1, l), C(S, — 7)
HaiiTh 6uccektpucy Bayrpennero yria ZABC.

B_x 1) CocraBum ypasuenwus ctopon yrina ZLABC,
BOCITOJIL30BABIIUCH popmyioit (41).
3192 Cropona BA:
+1 -1
a S , —3x—-4y+1=0.
341 -2-1
Cropona BC:
x+1  y-1
= , —8x—-6y—-2=0.
4 ¢ 5+1 —-4-1 d
\ N 2) To4ku OUCCEKTPHUCHI PABHOYAAICHBI OT CTOPOH

yria. [IpupaBHsieM pacCTOsIHHS OT MPOU3BOJIbHOM
TOYKH OucceKTpuchl M| (x, y) 1o ctopoH yriia BA w BC, BeUUCISAS UX TI0
dbopmyne (45).

|—3x—4y+1| |—8x—6y—2| |—3x—4y+1| |—8x—6y—2|
e e 3 10
N3 nociiegnero paBeHCTBA MOJIYyYaeM CIEAYIOIIUE JIBa:
2A-3x—4y+1)=—8x—6y—2 un 2(-3x—4y+1)=—(-8x—6y—2).

[Tocne mpeoOpazoBaHus MOTydaeM ypaBHEHHUS JABYX IMPSAMBIX, KOTOPBIC SIBISIOTCS
OMCCEKTpHCaMH BHYTPCHHETO U BHEITHETO YIJIOB IPU BEpIIMHE B TpeyroibHUKa

ABC:

x—y+3=0 (a)
u x+y=0. (0)
JI1st OMCCEKTPUCHI BHYTPEHHETO yIila TpeyrojibHuka BN OTKIOHEHHUS BEPIIHH
tpeyroibiauka A u C HUMEIOT pa3Hble 3HAKH, a JIT OMCCEKTPHUCHI BHEIITHETO

yria BK — 3Haku OTKIIOHCHHU OJIMHAKOBBI.
Haiinem otknonenust touek 4 m C ot npsmoii (a) mo dopmyne (40,a):

3-(-2)+2 7>0, 5, 5-(-7)+2 14 0

= ] = = >
V12 +12 V2 V12 +12 V2
cJieIoBaTeIbHO, ypaBHeHHE (@) — 3T0 ypaBHeHHe nipsimoli BK. Tornma ypaBHeHUE

OUCCEeKTpHChI BHYTPEHHETO yria Tpeyroibiuka ABC mpu Bepiinae B:
x+y=0.

6 4

Otget: x +y = 0.
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1.5 JIuHuu BTOPOro MOPSIKA

OKpY»KHOCTb. YpaBHEHHE
(x—a)2 +(y—b)2 = R? (50)

OTIpeIeIIsIeT OKPYKHOCTD paguyca R ¢ IEHTpOM C(a, b). Ecnu nieHtp

OKPY)KHOCTH COBIIQIa€T C HAYaJIOM KOoOpAuHAT, T.e. a =b =0, To ypaBHeHHUE
OKPY>KHOCTHU TIPUMET BU/T

x?+y?=R> (51)
O6miee anredbpanueckoe ypaBHEHHE BTOPOW CTETICHU
Ax? +2Bxy+ Cy? +2Dx +2Ey + F =0

ecTh ypaBHeHHUE oKkpyxkHocTH, eciu A=C#0, B=0, T.c.

Ax® + Ay? +2Dx +2Ey+ F =0. (52)
DJuMIC.
52 y2
—2 + —2 - 1 - (53)
a b
ypaBHEHHE dJUTHIICA (KAHOHUYECKHI BHUI).
b? =a® —c?, a>b. (54)
B sTOoM ciydae (hOKYCHI DIIMIICA HUMEFOT KOOPIUHATEI
Fl(_ C, 0) u Fz(C, O) (55)

Hauano koopmuaatr O — LEHTP CUMMETPHH DJUIMIICA, @ OCH KOOPJIMHAT — OCH
cUMMeTpHH dutuica. Touku Al(— a, O), 4, (a, 0), BI(O, —b), B, (0, b)
HA3BIBAIOTCS BEPIIMHAMM JUIMICA, @ W b — Ooibllas u Manas HOJIYOCH.

Bennuuna

e=S<1 (56)
a

Ha3bIBAETCS SKCUEHTPUCUTETOM AIUIUINCA. DKCIEHTPUCUTET XapaKTEPUIYET
BBITSIHYTOCTb 3JUJITUIICA, T.K. BBIPAXKAETCS Ye€pe3 OTHOUIEHUE €r0 MOJIyocei

c \/az—bzz 1_(17)2.

E=—= — (57)
a a a
OKPY)KHOCTB MOXHO CUUTATh 4YaCTHBIM cnyqaeM QJIJIMIICA, y KOTOpOFO
a=b,te. £¢=0.
a
x=%1— - (58)
€

YpaBHEHUS TUPEKTPUC.
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Ecmu dokycs! ammunca pacmonoxkensl Ha ocu Oy, TO ypaBHEHHUE dJUTUTICA
umeet ToT ke Bua (58), Ho b > a. DOoKychbl UMEIOT KOOPIHHATHI: FI(O, — c) 51

F, (0, C). YpaBHEHHUS TUPEKTPHUC

b
y=t—. (59)
€
['unep6ona.
2 2
X )y
———==1- (60)
a’ b2
KaHOHHNYCCKOC YPABHCHUC FI/IHep6OHBI.
b=c*-a% a<c (61)

DOKyChl IMEIOT KOOPIHHATHI Fl(— c, 0) u I, (c, 0). OcH KOOpAUHAT SIBJISIOTCS
OCSMHU CHMMETPUH TUnep0osibl, a Touka (O — meHTp cuMMeTpun. I unepbosia
mepeceKkaeT ock abcuuce B Toukax A; (— a, O), A4, (a, 0), KOTOPBIE Ha3bIBAIOTCS
ee IeHCTBUTEILHBIMU BEPIIMHAMHE, a BEIMYMHA ( — JEHCTBUTEIBHOM IIOIYOCHIO
rurep6oisl. Touku BI(O, —b) u B, (0, b) HA3bIBAIOTCS MHUMBIMH BEPIIUHAMH,
a b — mHMMas moayock. IIpAMOYTOIBHIK C IEHTPOM B Havajle KOOPAMHAT H CO

CTOPOHAMHU, MapaJjICIbHBIMUA KOOPAUHATHBIM OCSM U MPOXOIAIIUMH Yepe3
BEPIIUHBI TUIIEPOOIIBI, Ha3bIBAETCS OCHOBHBIM MPSIMOYTOJILHUKOM THUIIEPO0Ibl. Ero
IUaroHaan

y=+t—x (62)

SIBIISTFOTCSL ACUMIITOTAMH TUTIEPOOITBI, T.€. MPSMBIMH, K KOTOPBIM HEOTPAHHYCHHO
MPUOINKAIOTCS BETBHU TUIIEPOOJIBI.
OKCIEHTPUCUTET TUIIEPOOITBI

e=S>1, (63)
a
[ 2 2 2
Szfza—_"b: 1+(éj _ (64)
a a a

Eciu a = b, runepboiia Ha3bIBa€TCS PAaBHOCTOPOHHEN. B 3TOM cilydae OCHOBHOIA
PSIMOYTOJIBHUK TPEBPAIACTCs B KBAAPAT, & IKCIICHTPUCUTET paBeH 2.

x:ig—— (65)

JTUPEKTPUCH] TUTIEPOOIIBI.
Ecnn ypaBHenue runepOo0sbl UMEET BU/T
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X y
——+=—=1, (66)
a’ b’
TO ACHMIITOTHI TUIIEPOOITHI:
b
x=xt—y, (67)
a
(boKychI FI(O, — c), Fz(O, c).
b
R (69)
€
ypaBHEHUS TUPEKTPHLC.
[Tapaboia.
KanoHndeckoe ypaBHEHHE MapabOJIbl
vi=2px  (p>0), (69)

r7ie p — paccTosiHue OT GoKyca J0 AUPEKTPUCHL. Y paBHCHUE TUPCKTPUCHI
X = —g, KoopauHaThl pokyca F' (g Oj . HagaJyio xoopuHaT siBisieTcst

BEPIINHOM MapaboIIbl, a OCh a0CIUCC — €€ OChI0 CUMMETPHUHU. DKCIEHTPUCUTET
napaboisl € = 1.
B psize ciyuaeB paccMaTpHBAaIOT MapaboIIbL:

a) y2 =2px, F (— g O) —doxkyc, x = g — ypaBHeHue aupekTpuchl;  (70)
2 _ P __P :
0) x“ =2py, F (O, Ej —dokyc, y = =N YpaBHEHHE TUPEKTPUCHI; (71)

B) x2=-2 Dy, F(O,—gj —¢okyc, y = § — ypaBHEHUE TUPEKTPUCHI. (72)

7151 Bcex ciaydae p > 0.
y4 p
3agaya 9. Cpeau NpsIMbIX HapayieabHBIX MpiMoit 2x + y = 0, BbIIeIUTH

2 2
KacaTelbHbIE K OKpYy)KHOCTH X~ + y° = 1.

Pemienue. YpaBHeHHE BCAKOW NPSIMOMW, MapalIeIbHON JAHHOW, MOXKHO
3amucaTh B BUJIE
2x+y+c=0.
KacaTtenpHast K OKpYKHOCTH UMEET C HEHM TOJBKO OAHY OOIIYIO TOUKY, TO3TOMY
COBMECTHOE PELICHUE YPABHEHUH MTPSMOU U OKPY>KHOCTHU JOJKHO UMETh TOJIBKO
OJIUH OTBET.
W3 ypaBHeHuUs mpsmMon Y = —2X — C.

y=-2x-c
x2+y2=1, x2+(—2x—c)2=1, 52 +4ex+cr—1=0.

18



KBajparHoe ypaBHEHHE HMEET TOJBKO OJHO PELICHHE, KOraa JUCKPUMHHAHT
2
paBeH HYJIIO: (40) — 4-5-(02 — l) =0, otkyma ¢==+/5.

I/ITaK, HCKOMBIC KaCaTCJIIbHBIC UMCIOT YPAaBHCHHA

2x+y++/5=0, 2x+y—~/5=0.

3ajaya 10. Jlan smmmrnc 9x 2 +25y2 = 225. Haiitu: 1) ero momyocu; 2)

(doxychl; 3) SKCUEHTPUCUTET; 4) ypaBHEHUS AUPEKTPUC.

Pemienue. Jlenum Ha 225, nonyyaem
2 2
X
Y

259
Orcrona cineayer o hopmyne (53),uro a =15, b=3. U3 popmynsr (54):

¢*=a’~b*=25-9=16, c=14.
ITo popmyne (55): Fl(— 4, O), F2(4, 0).

4
OkcueHTpucurer (56); € = - 3
a
YpaBHeHust gupekTpuc coriacHo (58): x =+——= +§
P peeip T T4s T T4
4 25

Otser: a =5, b =3, Fl(—4,0), F2(4,O); 8=§; X=*t—.

3agaya 11. CocTaBUTh KAHOHMYECKOE YPAaBHEHUE DIIIUIICA, Y KOTOPOIO
Mainas noiayock 2+/ 6, a paccrosiHue Mexny Gpokycamu [, =8.

Pemenme. b=26, FF,=2c=8, c=4

2
ITo dhopmyite (54): a’ =b*+c*, a° =(2\/6) +4% =40, a=+/40 =210.

2 2
Y

—+—=1L
40 24

3agaya 12. AcuMnToTsl runepOosisl uMeroT ypaBHenus 4y +3x =0, a

VYpaBHenue siurica cornacHo (53):

paccTtostHEe Mex 1y ¢pokycamu paBHo 20. HamucaTh ee KaHOHHYECKOE ypaBHEHHE.

Pemenune. YpaBHEHHS acCUMOTOT ) = izx, cornacHo popmyne (62):

b 3
—= 7 Kpome troro FiF; =2¢ =20, ¢=10. Ilo popmyne (61):
a
2 2 32 .
c” =a” +b”, momyyaem cucTeMy ypaBHEHHIA
b 3
a 4

a’ +b*> =100.
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Pemas ee, monydaem a =38, b= 6. CrenoBareibHo, KAHOHHYCCKOES YPAaBHCHHUE

X2 y2

THIIEPOOITBL: 36 =1

2 2

X
3agava 13. Jlana rumepbona e yT = —1. Haiiti kooparHATHI

(hOKyCOB U BEpIINH, SKCIIEHTPUCUTET, YPABHEHUSI aCUMITOT U JTUPEKTPHUC.
Penienne. ®okychl 1aHHON TUTIEPOOIIBI pacnookeHbl Ha ocu Oy .

a=1b=3 c=vVa’+b*> =J/9+1=4/10. (61)
3Ha4uT (HPOKYCHI UMEIOT KOOPIUHATEI FI(O, - \/E) Fz(O, \/ﬁ) BepuinHbl
AI(O, - l), Az(O, l), Bl(— 3, O), B2(3, O). DKcueHTpucHTeT 1o hopmye (64):

8252@ & = JT0.

VYpaBHEHHS acUMITOT: X =+ —y = x =13y.
a

b 3
YpaBHEeHUS AUPEKTpUC: Yy =F*— = y=*+—.
c V10

3amaya 14. TlapaGosa ¢ BepIIMHOM B Hauajae KOOPAUHAT MPOXOAUT Yepe3
TOUKY A(l, - 2) ¥ CUMMETpHUYHA OTHOCUTEIbHO ocu (Jy. Hamucats ee

ypaBHeHue. Halitu ¢hokyc u TupekTpucy.
Pemienne. YpaBHeHue uckomoit mapadossl o ¢popmyse (72) umeer BUA

x2 = —2py. Touka A(l, - 2) JeXUT Ha mapaboite. [ToxcraBiseM KOOPIUHATEI

1
Toukn A B ypaBHeHue: 1=-2p- (— 2) = p= v CrnenoBaTellbHO, HCKOMOE

1
ypaBHEHHUE OyIeT x? = ) Yy WM y = —2x2.

1 1
®doxky mapabomsr: [ (O, - gj . YpaBHeHue AupeKTpuck cornacHo (72): y = s

2 o
3amgaya 15. Ha mapaGone )~ =4x HalTH TOYKHU, pACCTOSHUSI KOTOPBIX OT
JUPEKTPUCHI PAaBHO 3.

Pemenue. YpaBHEeHHE TUPEKTPUCH TAHHOW apaboiIbl X = —%,
2p=4, p=2, x =—1. Torma paccrosiauie ot ocu Oy 10 HCKOMOM
(=4 —% =5—-1=4T70YKkH W 3TO pacCTOSIHHE OMPEACITUT KOOPIAUHATY X

MaHHOM ToukH, T.e. X =4. KoopauHaty y HaiijieM U3 ypaBHEHHUS mMapaboIIb:

y2 =4x, y*=4.-4=16, y=+4.
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I/ITaK, M1(4,4), M2(4, — 4) .

2. BBeaenue B aHajiu3
1. lpeneant

[Tycts KkaxkaoMy HaTypajibHOMy uuciny n=1,2,... TpHUBEICHO B

COOTBCTCTBUC B CHUIIYy HCKOTOPOI'O 3dKOHA YHCIIO u Torna roBOpAT, 4YTO

n-
onpeacjiacHa MOCIICAOBATCIbHOCTE YHCCII Uy, Uy, us, ... njim, KOpouce,

IIOCJICI0OBATCIIBHOCTD {Mn } OTI[@J'IBHBIG qucia u, Ha3bIBAOTCA €C 3JICMCHTAMU.

OmnpeneneHue 1.1. Ywucno a Ha3bIBACTCA MTPCACIIOM IMOCICIOBATCIBHOCTHU

{l/ln}, CCJINn IJIA JIFOOOr0 MOJIOKUTEIBHOI'O YHhclia € HaﬁﬂCTCH 3aBUCAIIIEC OT

HETO HaTypajgbHOE YHciio /N Takoe, 4TO JUIsl BCEX HATypaJbHbIX yucen n> N

BBITIOJTHSETCSI HEPABEHCTBO: | u,—a |< €. Ilpustom mumyt: [lim u, = a.
n—» 0

Ompenenenvie  1.2. Tosopsar, uro ¢yHkius | (x) crpemutcst kA

(f(X)—>A) OpU CTPEMJIEHMH K d (x—) a), rme A W a—d4ucna, WiH

lim f(x) = A, ecin i modoro € >0 cymecrtsyer O = 8(8) > (0 Ttakoe, 4TO
X—>a

|f(x)—A|<8 npu |x—al<3.
Awnanoruuno, [im f(x)zA, eCITH |f(x)—A|<8 pH |x|>N(8) u

X—> 0

limf(x):oo, eclu |f |>M pu |x—a|<6(M), rne M-

x—>a

IIPOU3BOJIBHOC ITOJIOKHUTCIIBHOC YHUCIIO.

IIpy BBIYMCICHHU INPEIENIOB MOXKHO HCIIOJIB30BaTh CIEAYIONINE TEOPEMBL.
1. Ecnm cymecTByrOT KOHEUHBIE lim fl(x), lim fz(x), TO
Xx—>a

a) hm[f1 )+ fo(x ] llmf1 )+xli’)72f2(x)

0) xlf’cll[ﬁ x)- /> x)]lel_’zzlf1(x)°)fi’;'zf2(x):

8) lim fl(x) _ xﬂ_)nzfl(x) (
x—)afz(x) xll_)l’lzlfz(x)

2. Ecnu [im f(x) =A=#0, Ilimf, (x) =0 (4 —xoHe4HO), TO

X—>a Xx—>a

tim f3(x) 0]

Xx—>a
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lim fl(x) = o0,

x—a fz(x)
ecnu  [im f(x) =A, limf, (x) =00 (A — xoHe4HO), TO

x—>a x—>a

: fl(x)
[
xiq/il fz(x)

DTH yTBEPXKICHHUS CIPABEUINBBI, €CIM BMECTO ABYX (QYHKIHMH f] (x) u

= 0.

fz (.X) B34ATb COOTBCTCTBCHHO JABC ITOCJICIOBATCIIBHOCTH: {Mn} Hu {Vn} .

B npocreitmux ciiyyasix HaxoXKJI€HUE Mpejiesia CBOJUTCS K MOJICTAHOBKE B
JAHHOE BBIPAXKCHHE TMPEJCIbHOTO 3HAYEHUs AapryMeHTa, 4YacTo, OJIHAKO,
NPUXOJUTCS, MPEXKIe YeM TMepedTH K Mpeneny, MNPOBOAUTH MpeoOpa3oBaHUE
JAHHOTO BBIPAXKEHUA. DTO CIEAYET JAeaTh B T€X CIydasix, KOrjJa UMEIOT MECTO Tak

0 o : 00 1°. 0
Ha3bIBaeMbIe HeompeaeaeHHocTn: —; —; 0-00; co—o0; 07; 17; oo™,
o0

IIpumep 1.1. HpI/I OTBICKAHHUU IIPCACIa OTHOMICHHA IBYX HCJBIX MHOTOYJICHOB
OTHOCHUTECJIBHO X MNpHU X —>00 HJIM XN IIpU N —>00 JUIA HOCHGHOB&TGHBHOCTGﬁ

0
(HGOHpGHGHGHHOCTB —) o0a ujleHa COOTHOIICHHS IT0JIE3HO MpeaABapUTCIbHO
o0

pasfenuTbh Ha X' WM, COOTBETCTBEHHO, 71" TJe 1 — HAaUBBICIIAs CTEIEHb STHX
MHOTOUJIEHOB.

AHAJIOTUYHBIN TPHEM BO MHOTHX CIIy4asX MOYKHO MPUMEHUTD U JUIs IPOOEi,
COJZIEpKaIlUX UPPALMOHAIBHOCTH.

2 lj 2 1
4
x| 34+ ——-—— 342
) 3xt 4 2x% —1 o) ) ( x2  x* . x2 x*
a) lim —; =|—|= lim A lim Ty "
x>0 S5x7" 4+3x+2 o0 x—)oox4(5+_3+_4j x—>005+_3+_4
X X X X

2 1
lim 3+ lim —— lim —
T e abmyt 34040 3
_ : =5 040 5 CTapwascrencws m=4,
lim 5+ lim —+ lim —

X—> 0 X—)00x3 X—)00x4

4
JCIIUTCI HA X .

C3ont —2nd 42+ 43863 1+ 21
0) lim =

noo Yt 340 4n* +on

22



3. \/n4 9——+—j+4 3/n3(8+21

= [lim
n— 0
4n4(1—— +2- n4(4+%j
n
\/(9——+— +4n-3 8+2—§j
= [lim L
n— 0
1—— +2n° %j
n
4 21
3- (9—— )+—3(8+ j
\/ ‘\/ 3/ 3:49-0+0+0-¥8+0

_2
4

1\/1_7_ \/7_‘\‘/_+2\/—

(HQOHpG}ICHeHHOCTL —, cTapiias CTeeHb m = 2, JCIHUTCA HA 7 )
o0

8) lim (3x + l)

X—> 0

\/x2+4x+5—\/x2+4x+7l:[oo-(oo—oo)]:

(3x+1) \/x2+4x+5—\/x2+4x—7 . \/x2+4x+5+\/x2+4x—7]

= [im
>0 \/x2+4x+5+\/x2+4x—7

(3x+1)(x2 FaAx+5—x2 —4x+7)

= lim
¥ \/x2+4x+5+\/x2+4x—7

(3x+1)-12 (:x)
= [im 2=
x_”’o\/x +4x+5+\/x +4x -7
12(3+1j 12-3
X—> 0 4 5 4 7 1+1
1+—+—2+ 1+———2
X x X X

I[Ipumep 1.2. Ecmm P(x) u (x) — IeJable MHOTOYIEHBI X, P(a)¢ 0 wm

Q(a) # 0, TO mpenmen paruoHadbHOM aApodu P/ mnpum X —>a HaxomuTCs

HenocpencTBeHHo. Ecim xe P(a): Q(a): 0 (meompeneaeHHOCTH 6), TO

apobs P/ Q pekoMeHIyeTCs COKPaTUTh OJMH WIIM HECKOJIBKO pa3 Ha (x - a).
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. X3_3x+2—(0j—lim (x—l)(x2+x—2) xZ+x—2 B

[ — =1i

xl—lqux4—4x+3 0 x—>1(x—l)(x3+x2+x—3) xl—lqux3+x2+x 3

:(g)zllm (x_l)(x+2) = [im X+2 = 1+2 :Ezl.
0 x—>1(x—1)(x2+2x+3) s>1x2 42x+3 1+2+3 6 2

ITIpumep 1.3. OpHuUM U3 NPUMEPOB HAXOXKACHUS TpeAeaa OT UPPALUOHATIBLHOIO
BBIPAXKEHHUS SIBJIAETCS MEPEBOJ UPPALMOHAIBHOCTUA W3 YUCIUTENS B 3HAMEHATENb

0

WM HAa000pOT (HEOIpeIeICHHOCTh 0 ).

P BT _S5+x (9)_ im(3—ﬁ)(3+ﬁ)

TSy o) TS (1- X345+
9-5-—x

lim

:H4(1 m)(3+Jm>

4—x 1
= [im —————- [lim = lim—— — =
x—>41-35—x x—>43+\/5+x x—41-35-x 6

(4 1+ V53 +3(5-2)°)
Ox(1- Y5 ) 1+ V52 + (5 x)*)
(4= 1+ V55 +3f(5-2)°)

|
=—[lim =
6x—>4 1-5+x
| (4—x)(1+3\/5—x+%/(5—x)2] | .
=~ lim :——lim(1+3«/5—x+3,/(5—x) ):
6 x—>4 x—4 6 x—4
:—é(1+l+l):—l.
s (0 (%/}—2)(%/x7+2%/§+4)
0) lim =(—)=lim =
>8x% —Tx—8 \0 x_’g(x2—7x—8)(%/x72+2§/;+4)
: x—38 1
= lim = lim

H8(x—8)(x+1)3x2+2%/¥+4) x_>8(x+1)(\/7+2\/—+4)
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Ilpumep 1.4. 1lpu BBIYKCICHHHM NPENEIOB BO MHOTHX CIy4asX HCHOJIb3YIOT
«IEPBBIM 3aMEYaTENIbHbIN IIPEaeIDy:

SinXx B

lim =1,
x—>0 X
CIIEZICTBUEM KOTOPOTO SABJISIOTCS IPEICIIBL:
lim ex =1, lim aresimnx _ 1, lim arxigx =1.
x—0 X x—0 X x—0 X
5 2 tg2 Ax - arcsin® x
a) lim|ctg”3x —ctg Sx]- 3 =
x—0 X
2 ) 2
tgdx > [ arcsinx 2
(5 2 (o=
.| cos® 3x cos” 5x 4x X
= lim| ——————— | 2 -
=0 sin“3x sin” S5x X
cos’ 3x  cos® 5x todx 2 arcsinx 2
— lim 16x°> - — . lim(g—) . lim(—) =
x—0 Sii’lz 3x Sii’l2 Sx x—0 4x x—0 X
2 2 2 2
i cos 3x216x _cos 5x216x RERL
x—0 ; ;
(Sm?)xj .0y (smej 95,2
N\ 3x 5x |
= lim Ecos?vc—Ecos2 Sx} :E-I—E-IZ@.
x—0 9 25 9 25 225
2
tg2xj 7 [~ .2
=— | 4x“-v2sin” 2x
6) lim tg22x-\/1—cos4x_(9j_ lim( 2x l _
x—0 xz -aresin 3x 0 x—0 x2 .((/IVCSZ.I’Z 3)(:) ) 3x
3x
2 )
_ tg2x) (sm ZX)
lim (— 42 - 2x
x—0\ 2x ) 42 sin2x . 2x 82
= - Aim — = lim = )
i arcsin3x x—o0 3x x—0 3x 3
im————-
x—0 3x
IIpumep 1.5. [Ipr BbIUKCIIEHMM TpeAena BBIPAXKEHHS, COAECPKALIEro

TpUTOHOMETpUYeckne GyHKIMH, Korqa X —>a wu a#(0, pekoMeHIyeTcs
MPEIBAPUTEIBHO ITPOBECTU 3AMEHY X — d = ).
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T-X

cos—— g
lim 6 :(—):(x—3:y, y—0 mpu x >3) =

x—3 x—3 0
T(y+3 .
= [lim 6 = lim—-cos(—y+—) — lim —% 6 _
y—0 y y—>0y 6 y—>0 Ty
6
sin’ . i
=——Ilim 6 - I = Z
6y->0 Ty 6 6
6
Ipumep 1.6. Ilpu BbIUKMCICHNUH NpeAeioB Buxa [im [ f (x)]q)(x) = ¢ HeoBXOTUMO
Xx—>a

HMCTb B BUAY, YTO

1) ecnu cymiecTBYIOT KOHEeuHbIe nipeaensl A = lim f (x) B = lim (p(x),
XxX—>a Xx—>a

to c= A" (A>O);

2) ecu lim f (x) =A#1, [lim (p(x) = F00, TO BOIIPOC O HAXOXKIECHUH
X—>a Xx—>a

npefena C pPenlaeTcs HEMOCPEACTBEHHO;
3)ecu lim f (x) =1, Ilim (p(x) =00, TO CIEAyeT BOCIIOIb30BATHCS
X—>a X—>a

1

«BTOPBIM 3aMeYaTENbHBIM TIpeaeaoM»: [im (1 + g(x)) g(x) = e, rae
X—>a

g(x)—)O npu x >a u e=2718....

2
X

21\ oo
@) lim (%} S
x>0\ 2x° +x+1 2 3

S

) 32 —x+1 3 . x2
llm2—=—, lim —— = —o0.
x>0 dx +x+1 2 x—o0 X — 1
4 x+3 . .

6) h’m(”” xj — 4 =64, k. lim T zim(Sl”4x)-4=4,
=0\ X x>0 X x—>0\  4x
lim(x+3)=3.

x—0

2x 2x
8) lim(3x+1) =(1°°)= lim(1+ ! j =
x—oo\3x —1 X—>00 3x—-6
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3x—6 7 3x—6 ] lim
7 7 36 7
= lim| 1+ =| lim| 1+

X—> 0 3x — 6 X—> 0

3x—6

3 3
&) lim(7-2x)53 = (17) = lim{1+ (6~ 2x)]v=3 =

x—3 x—3
(6-2x)-3 18-6x
1 -3 lim .
= [im [1+(6—2x)]6—2x — 3 X3 _ o6
x—3

2. beckoHeuHO Maible U OECKOHEUHO OOJIbIINE PYHKIIUH

Ompenenenvie  2.1. Ecmu  [lim f (x)z 0, T0 GQynkmma f (x) Ha3bIBACTCS
XxX—>a

0ECKOHEUHO MaJIOi B OKPECTHOCTH TOYKH X =a (mpu X —> a).
CymMa U mpou3BeJeHHEe KOHEYHOIO 4YHciia OECKOHEYHO MalbIX (yHKIUN
Opu X —> a €CThb TaKKe OECKOHEUHO Majasi Iipu X — d.

Ompenenenvie 2.2. Ecm f (x) " g(x) — OECKOHEYHO MaJlble TIPU X —> a W
J(x)
lim——=c¢, THEe C — HEKOTOpPOE YKCIO, OTIUYHOE OT HYJsA, TO (YHKIUH
x—>a g(x)
f (x) u g(x) HA3bIBAIOTCS OECKOHEYHO MaJIbIMU OJTHOTO MOpPSAKA MPU X — d,
ecin ¢ =0, TO rosopsr, uro f (x) — 0ECKOHEYHO Majasi BBICIIETro MOpsaKa Mo
CPaBHEHHIO C g(x) npu x —> da.
Bbeckoneuno manas f (x) Ha3bIBAETCsI OECKOHEUHO MAJIOH MOpsiiKa #  TI0
CPaBHEHHIO C g(x) opu X — a, eciu
)
lim
xX—>a gn( x)

=c, O<|c|<+oo.

[pumep 2.1. Ilpu x — 0 onpexenuts NOPSIOK MaNOCTH QYHKIMH QX — SINX

OTHOCHUTCIIBHO X.

i 1
, _ Sinx -1 ) (1 )
. X —Sinx . CcOoSX . Sinx\1—cosx
lim X7 SmY lim = lim =
x—0 xn x—=0 xn x—0 xn COSX
] .2 X .3 X X .12 X X
2sinx - sin’ 5 4 sin’ 5 . COSE sin° = COSE
= [im = [im =4 [im - lim =

x—0 xn COSX x—0 xn COSX x—0 xn x—0 cosx
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. 3X . 3X . 3X
Sll’l3 — Sll’l3 - 4 Sll’l3 —

=4 [im 2-1=4lim—2=—'lim

x>0 x" x*o(xjn o 2" x>0 (xjn.
2 2

Dtot npesaen Oyaer paBeH kKoHcTaHTe ¢ # (0 mpu n =3, ceI0BaTeIIbHO,
QyHKIMSA IgX —SINX WMEET MOPSAOK MaJOCTH # =3 OTHOCUTEIBHO X TIpH
x—0.

CyMMa JIByX OECKOHEYHO MAJIbIX Pa3IHYHBIX MMOPSAIKOB PABHOCHIIbHA TOMY
U3 ClIaraeMbIX, TOPSIOK KOTOPOTO HUXKE.

[pumep 2.2. Omnpenenuts MOPSIOK MAJIOCTH OTHOCHUTENBHO X mpu Xx —> 0
CYMMBbI \/3 x2 +\/x3 .

3.2
Crnaraemoe X HMCCT IOpAAO0K MaJIOCTH g OTHOCHUTCJIBHO X, a

3

[..3
cJ1aracMoc X — HOpsagoK E , CJICOAOBATCIIbBHO, CyMMad UMCCT ITOPATOK MAJIOCTHU

2

5 OTHOCHUTCIIBHO X IIpH x— 0.

Onpenenenue 2.3. Ecnu limwzl, TO OECKOHEYHO Maible f (x) u g(x)
x—>a g(x)

Ha3bIBAXOTCA 3KBUBAJICHTHBIMU IIPU X —> A . f(X) ~g(X).

Hanpumep, nmpu x — 0 Oyaem umeTs:
sinx ~x, 1gx~X, arcsinx -~ x,arctgx ~ Xx,
2
X
ln(l—l—x) ~X, COSX ~ 1—7, e —1~x, a" ' —1~x-lna (a # l).

Hpez[en OTHOIICHHA ABYX OCCKOHEUHO MAaJIbIX HE HN3MCHUTCA, C€CJIN YJICHBI
OTHOIICHHA 3aMCHUTDH 9KBUBAJICHTHBIMH UM BCINYHMHAMU.

[Ipumep 2.3.
2 .2
34tg2x _ 53arcsin2 3x (34tg Y- lj - (53arcszn * - 1)

a) lim 3 = lim 3 5 =

x>03sin” 4x + Tarctg“x x>0 3. (4x) +7- (x)

, 4tgzx-ln3—3arcsin2 3x-In5 . 4ln3-x2—3ln5-(3x)2

= Ilim 3 = [lim > =
x—0 55x x—0 55x

B 4[n3-271Ins5
55 '
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ln( 1+3x) 3x

. [ 4arcsin2x x o (4-2x) x N 1
6) lim| ——— = [lim == =—.
x—0 3fg8X x—>0\ 3-8 3 27

In(3 = 5%) = In(3+ Tx) I”P(l‘%xﬂ‘l”[{”%xﬂ

8) [lim = [im =
x—0 2sinx x—0 2x
ln3+ln(l—§xj—ln3—ln(1+%xj _§x_Zx
= [lim = lim _3 3 - 2.
x—0 2x x—0 2x

Ompeneneuvie  2.4. Eciu  [lim f (x):oo, 0 pyHKIUS [ (x) Ha3bIBACTCS
Xx—>a

OECKOHEUYHO OOJIBIION TP X —> d.
[TomoOHO TOMY, Kak .TO cCHAeNaHO is OECKOHEYHO MallbIX, BBOJIUTCS
NOHSITHE 0CCKOHEYHO OOJIBIINUX PA3IMYHBIX TOPSIKOB.

[pumep 2.4. Ilycte x —> c0. OnpenenuTs MOPSIOK OECKOHEUHO OOJBIION

XS

f (x) = TI0 CPaBHEHUIO C X .
x+2
5 5 5 5
. X . X . X . X
lim x| = lim ———— = lim — = lim —— =1
x—>o0| X + 2 x—)oox”(x+2) x>0 ™ L X" xooo T
npu n=4.

Onpenenenue 2.5.

1) Ilycts pynkius f (x) — OeckoHeYHO OoJIbIIasi Ui OECKOHEYHO MaJas

opy X —> 00 | lim&

=1, rme ¢ W O — KOHCTaHTHI, TOrjga (QyHKIHs
x—0 . x*

az e ~
y=cx Ha3bIBACTCA ACHMIITOTHUKOM HWJIKM AaCHMIITOTUYCCKHM JSKBHMBAJICHTHOMU

GyHKIHMN f(x) npu X —> 00,
2) Ilycte pynkuus f (x) — OecKOHEYHO OoJibllIasi WM OECKOHEUHO Maas

opu X —>a " limﬂ

= 1, rme ¢ u o — KOHCTAHThI, TOT'Aa ®YHKHHH
X—> 0 C- (x — a)

a o o
y= C()C - a) Ha3bIBACTCA ACHMMIITOTHUKOM WJIKW AaCHMMIITOTHUYCCKH 3KBHBAJICHTHOMU

GyHKIMN f(x) npu X —> d.
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IIpumep 2.5.
a) Haiitu acuMnroTuky (aCUMOTOTHYECKOE MPEACTABICHHUE) (PYHKIIUU

Vx+1-+/x opu X — 00,
e (TR e

Jx+1+x _\/x+1+\/;_
1 1 1
_\/x+1+\/; 2\/;_2-x1/2’

CIIeI0BATEIbHO, ACUMOTOTUKON GyHKImMH — f (x) =Jx+1-+/x opu X —> o0

1 12 1 1
aBnsieTcss QyHKIAST —X T ; Cc=—; O =-——.
by 2 2 2
6) Haiitu acumnroTuky GyHKima  f (x) - npu x —> 1.
3 1— x3
X
Ipu x —> 1 dyskun (x) =3 SBIIAETCS OECKOHEYHO OOJIBIION:
l-x
1 |

V1-x° i 3\/(1—x)(1+x+x2) ) %/3(1—x) N i/g(l_x)m'

y 1 ~1/3
ACHMITTOTUKOW B JAHHOM CJTydae SIBJISIETCS PYHKIHUS ) = %(1 — x) :
¢) Haittu acumnroruky GyHkipn f (x) =x>—3x+2 npu x —> 1.
B nmannom ciyyae mpu X —> 1 QyHkums  f (x) SBJISIETCS O€CKOHEYHO
MaJIoif; f(x) = x> —3x+2 =(x—1)2(x+2) ~ 3(x—1)2.
2 .

[Toxy4aem acCUMITOTUKY V = 3(x — 1) c=3 oa=2

3. HenpepbIBHOCTH (yHKITHH.

Ompenenennie 3.1. Ecmu x<a u x—a, 10 ycinoBHo mumyt X — a—0,
aHaJOTHYHO, eCIM X >a x—>a, o x—>a+0. Yucia

f (a — 0) = _l)lZfz_ . f (x) u f (a + 0) = ﬁZ’i . f (x) Ha3bIBAIOT COOTBETCTBCHHO

npenesioM ciesa GyHKkuun  f (x) B TOYKE @ W TPENeioM crpaBa (QyHKIHH
f (x) B TOUKE «a (€ClM 3TU YHCIa CYIIECTBYIOT).
JI71st cyliecTBOBaHus npejaena GyHKuuu | (x) opu X —>a HeoOXOAUMO U

JI0CTaTOYHO, YTOOBI HMEJIO MECTO PABEHCTBO: f (a - O) =f (a + 0).
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Ompenenennre 3.2. Oyukuus y = f (x) Ha3bIBAECTCS HENPEPBIBHOW B TOUKE d,
eciu
1) ona ompeneneHa B 3TOH TOUKE;

2) lim_of(x): limof(x): lim f(x):f(a).

Touku, B KOTOpPBIX HAPYIIAETCS YCIOBHE HENPEPHIBHOCTH, HA3BIBAKOTCS TOYKAMH
paspsIBa.

Ilpumep 3.1.

1

a) HaiiTn Touku paspbiBa QyHKIMH ) = 32% | mpenesnl ceBa M CIpaBa B STHX

TO4YKax, CACIaTh CXEMaTHUYECCKUM YCPTCIK.
1

®yukuusa Y = 327F uMeer pasphiB B TOYKE X = 2, T.K. OHA B 3TOH TOYKE

Ya | He onpenesnena. [lpu stom:

| 11

| lim 32-x =3+0 =3"" = joo;

I x—2-0

| 1 1

| . zT _—0 —o 1 1

I lim 3+x=30=3"" = =—=0.
_ ' x  x—2+40 3*° 4o
O 2 i

0) HaiiTi ToukM pa3pbiBa U BEIMYMHY CKauKa B 3TUX TOYKAX (PYHKIIUU
1

2x+3 4 4x -8
Y= ] :
243 4 4
Touxkoii pa3peiBa JaHHON (YHKIMH SBISETCS TOYKa X = —3, T.K. B HEH
(GbyHKIUS HE Oompe/eeHa.

V) a8 27 —12-8  0-20

lim - =-5;
x—>-3-0 21\(x+3) +4 27 41 4 0+4
1/(x+3) _
lim 2 tAx-8 I, tx.mpu x > -3+0 umeem:

x—>=3+0 21\(x+3) +4
21/(x+3) LAy —8 ~ 21/(x+3)_

b

21/(x+3) 4+ 4~ 21/(x+3)

Benmnuuna ckauka A =1-— (— 5) = 6.
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¢) Haiitu TOukH pa3pbiBa, BEIMYMHY CKauka A W MOCTPOHUTH TpapuK QyHKIUH
— 3x, x<0

y =14sinx, O<xsg

T
xZ + , —<x.
2
T T
JlanHast GyHKIIUS HEMIPEPBIBHA IS X e(— 00; 0) U(O; 5) U(E; +ooj.
T
Uccnenyem Ttompko Toukn x; =0 u X, = 5 T.K. B HHUX MEHSETCH

aHAIMTUYECKOE BbIpakeHnEe (QYHKLHUU.

lin_aof(x) = lim (— 3x) =0; lim f(x) = lim (4Sinx) =0;

x—-0 x—+0 x—+0

f (O) =-3x 0= 0, cmemosarensHo, B Touke x=0  o¢yakmma  f (x)
xX=
HENpepbIBHA.
T T
lim f(x) = [im (4sinx) =4; f(—) =4sin—=4;
x—>§—0 x—)%—O 2 2

2
lig@ f(x) = lim (x2 + l) = % +1=13,467,

x—>—+0 x40
2 2

T
CJICAOBATCIIBHO, TOYKaA X = 5 — TOYKa pa3phbIBa.

Bennunna ckauka

2 2
A:4—£“—+1) —3-1 0533,
4 4

2.1 IndppepenunanbHoe ucyucaeHne GPyHKIHUH OTHOI nepeMeHHOi

1. BKCTPEMYMbI ®YHKIMA OJHOH NEPEMEHHOMH
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Oynkius Y = f (x) Ha3bIBAETCS BO3pacTarouiel (yObIBaroIeil) Ha
HEKOTOPOM MHTEpBaJIe (OTPE3KE), €CIIU I JTIOOBIX TOYEK X1, X»,

NPUHAUICKANINX JAHHOMY HHTEpBae (OTPE3KY), U3 HEPABEHCTBA X < X5

ClielyeT HEPaBEeHCTBO | (xl) <f (xz) ( f (xl) > f (xz )) Ecm f (x)
HeTpephIBHA HA OTPE3KE [a; b] u f '(x) >0 ( f ’(x) < O) npu a<x<b, 10
f (x) BO3pacTtaet (yObIBaeT) Ha OTpPE3Ke [a; b].

B mpocreiinmmx ciydasx 001acTh CyniecTBOBaHus QYHKIMA | (x) MO>KHO
pa3douTh Ha KOHEYHOE YUCIIO IPOMEKYTKOB BO3pAcTaHUs U YObIBaHUS (DYHKIIUN
(MPOMEKYTKOB MOHOTOHHOCTH ). DTH MPOMEKYTKH OTPAHUYEHBI KPUTHYCCKUMHU
AV ToukamMu X (rje f'(x) =0 wim xe f'(x) He
y=f(x1) CYILIECTBYET).

Ecnu cymiecTByeT Takasi 1ByCTOPOHHSISI
OKPECTHOCTb TOUKH X ,, YTO JUIsl BCAKON TOYKH

X # X, OTOH OKPECTHOCTU MMEET MECTO

HEPaBEHCTBO | (x) > f (xo), TO TOYKA X,
O

Ha3bIBAETCS TOUKONH MUHMMYyMa (DyHKIUH
yv=f (x), aunciao f (xo) — MUHMMYMOM

Gyukmun y = f (x) AHaNOTUYHO, €CIIM JUI BCAKOM TOUKU X # X| HEKOTOPOH
OKPECTHOCTH TOYKH X{ BBIIOJHSETCS HEPABEHCTBO f (x) <f (xl) , TO X

Ha3bIBAETCS TOYKON MakcuMyMma QyHKIMH ) = f (x), a f (xl) — MaKCUMYyMOM

¢ynkiuu. Touka MUHUMYyMa WM MakcCuMyMa yHKIIUU HA3bIBAETCS €€ TOUKOU
HKCTPEMYMa, @ MUHUMYM WJIM MaKCUMyM QYHKIIUH — JKCTPEMyMOM (yHKIUH.

Ecin x, — Touka sxctpemyma yHKuun f (x), 0 f '(xo) =0 wnm xe
f '(x 0) He CyHIECTBYET (Heobxo0umoe yciosue cyuecmeo8anus IKCMpemyma).
OGpaTHOE YTBEPKAECHHUE HE BEPHO: TOUKHU, B KOTOPHIX f '(xo) =0 wm f '(xo)
HE CYILECTBYET (Kpumuueckue moukit), He 00513aTEILHO ABISIOTCS TOYKAMU
SKCTpeMyMa QYHKIUH [ (x)

Jocmamounbiil npusHak cyuwecmeosanus i OTCYTCTBHS SKCTPEMyMa
HENpepbIBHON QyHKIMKH | (x) CIIEIYIOIMIA: €CIIM CYIECTBYET TaKask OKPECTHOCTh

(xo -0,x,+ 8) KPHTHYECKOH TOYKH X,, YTO f'(x) >0 mpu x, —d<x<x,
u f'(x) <0 mpm x, <x<Xx,+0, T0O X, — TOYKa MAKCUMyMa (pyHKIHU
f(x); €CIIH XK€ f'(x)< 0 mpu x, -0<x<x, ® f'(x)> 0 npu

X, <X<X, +0, TO X, — TOYKa MUHUMyMa dhyHKIIAN f(x)
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Eciu, HaKoOHeIl, HaliIeTCsI TAKOE TOJIOKUTEIBHOE YUCIO O, 4To f '(x)
COXpaHsAET HEU3MEHHBIH 3HaK P X, —0 < X < X, +0, TO Touka X, He
SBJISIETCS TOYKOU dKCTpeMyMa GpyHKIUU [ (x)

Haumenvwee (naubonviuee) snauenue HenpepslBHON QyHKIMU [ (x) Ha
JIaHHOM OTpE3KE [a; b] JIOCTHUIaeTCsl WK B KPUTHYECKHUX TOYKAX (PYHKIIUH, UIH

Ha KOHIIaX OTpe3Ka [a; b] .

[Mpumep 1.1. Haiitu s5xcTpeMyMbl 1 HTHTEPBAIBI MOHOTOHHOCTH (DYHKIIMH
y=Xx-+-5x.

Oo6nacthb cymectBoBanus: —5x >0 = x<0.

4y HaXOI[I/IM KPUTHYCCKUC TOYKU:

o X 1 Sx
> y'=~=5x+x- (=5)=+—-5x - =
g 2+/—5x ( ) 2~+/—5x
—10x-5x —15x 3-(—5x) 3 N
2J=5x  2J=5x  2J-5x 2
[Mpu x <0 ¢yHKIUs Bceraa Bo3pacTacT U MPUHUMACT HANOOJIbIIICEe 3HAYCHHUE B
KpuTH4eckoit Touke x = 0 y(O) =0.

[pumep 1.2. HaiiTu 3KCTpeMyMbI U HHTEPBaJIbl MOHOTOHHOCTH (QYHKIIUU

y=3x+1)2-x)>.

OO6nacTh CyIIeCTBOBAHUSA: X € (— 00; + oo) .

Haxonum kputrdeckue TOUKu:

. (2-x)°=2(2-x)(x+1) (2-x)(2-x-2x-2) —x

3Yar122-0"  3Yar)22-0t Yrr)P2-n)

=0 = x =0,

' He cymecTByeT => X, = —1; x; = 2. Iloiy4nnu Tpu KPUTUYECKHUE TOUKH.
YILECTBY 2 3 ¥ pu Kp

x (= =D =1 (=L 0| 0 | (0;2) | 2 |[(% +=

y' + HE CYII. + 0 — HE CYII. +

Yo 7 max | . min e




2y lim y’(x) = lim y'(x) = +00.
x—>1-0 x—>1+0
Tak Kak y'(x) =k, tne k — yriosoii
k03¢ punmeHt kacatenpHOM, TO P X =—1 U
) x X =2 xacarenbHas K rpaduKy QyHKIUH
> meprneHaukyisspHa ocu  Ox.

W-1)=0; »0)=%4; y(2)=0.

Q

[pumep 1.3. Haiitu rmyOuHy OTKpBITOro 6acceifHa ¢ KBaJipaTHBIM JTHOM U

06beMOM 256 M° Takoro, 4To6bI Ha OGJIMLOBKY €r0 CTEH U [HA HOLLIO
HaWMEHbIIEe KOJMYECTBO MaTepUalla.
Ilycth @ — CTOpOHa KBajpara OCHOBaHMs, /4 — TiyOuHa OacceiiHa;
a’h=256 = a° :@’ azg, h>0;
h vh
16 256 256
S = Spox + Sppa = dah+a* =4 —=-h+ "= = 64Jh+ == = F(h);
6ok OHa \/Z h \/Z ( )

_ 64 256 32 256 32177 -256 2(;;3/2 _8).

2vh o R R h? h? ’
TN L F'(h) =0 = h'?=8, h=4 Ilpu h=4 BenuunHa
~ 4'1 7 " F (h) =S Oyner HaUMEHBIIECH.

F'(h)

[Ipumep 1.4. JIBe npsimMble sxenesHble goporu AA; u BB nepneHAuKyIsapHbI

Apyr k apyry u nepecekatorcs B mynkre C, npuuem AC =800 kM u
BC =700 xm. I3 nynktoB 4 u B mno Hampasneruto k C OIHOBPEMEHHO
BBIXOISIT JIBa 1Moe37a co ckopocTssMu cootBeTcTBeHHO 80 km/u 1 60 km/4. Yepes
CKOJIBKO YacOB TOCJIC OTIIPABICHHS PACCTOSHUE MEXKIY MOe31aMu OyaeT
HaWMEHBIITUM ? %
OTMETHM IOJIOKEHHE MTOE3I0B B MOMEHT 4 I

1

t>0 toukamu K u M.
AK =80t; BM =60¢;
’ ’ —80
CK = AC— AK =800—80z; Ae ‘V1 KM/9
CM = CB— BM =700—60t; © e
(KZ\/[)2 = (CK)2 +(CM)2 — v, =60 xM/g
-—
2 2. ® * ~—>
=(800—80¢)" +(700—60¢)"; KM C Y p e x

MHWHHMAJIbHO, €CJIN MUHHMMAJIbHA BCJIIMYHMHA

(KA/[)z = F(f) = (800— 80t)2 +(700_ 60t)2;
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F(t)=2(800—80r)-(—80)+2(700 - 60¢) - (— 60) =
= —128000+ 128007 — 840007 + 7200z = 200007 — 212000 = 0; ¢ =10,6;
T~/ = 10,6 — Touka Munumyma pyHKImAN [ (t) . Uepes 10,6

~ 10' 6/' 4acoB TOCJI€ OTIPABIICHUS PACCTOSTHUE MEXKTy TToe31aMu OyIeT
’ HANMEHBIIUM.

2.2. ACUMIITOTHI

Ecnu Touka (x; y) HENPEPBIBHO TIEpEMENIAETCs 10 KpUBO y = f (x)

TakK, 4TO XOTS ObI OJTHAa U3 KOOPAUHAT TOUKH CTPEMHUTCSI K OECKOHEYHOCTH, U TIPH
ATOM PACCTOSIHUE TOUYKU OT HEKOTOPOU MPSMON CTPEMUTCSI K HYJIIO, TO 3Ta MpsiMast
Ha3bIBAETCS ACUMNIMOMOU KPUBOU.

Ecnu cymiectByer unciao a Takoe, uto [lim f (x) =00, TO IpsAMast X = d
X—>a

SIBJISICTCSI aCUMITTOTOM (6€pmul<'a]lea}Z acuMnmoma).

flx
Ecnu cyiiecTByoT KOHEUHbIC MIpeaeabl  [im Q =k n
X—>+wo X

lim [ f (x) — klx] = b, Tonpsamas y = kyx + b; Oyzner acumnroToi (npasas
X—>+00

HAKJIOHHAA acuMnmoma).

fx
Ecnu cymiecTBytoT KOHEUHBIE MPEAETbI lim Q = k2 )51
X—>—©0 X

lim [ f(x)- kzx] =b,, Tonpsmas y = k,x+b, Oyzner acumnroToii (1esas
x—>=2

HAKJIOHHASL ACUMNIMOMA).
I'paduk pyukiuu y = f (x) HE MOXET UMETh 00Jiee OJTHON MPaBoOr U

0oJiee OTHOI JIEBOW aCUMIITOTHI.

[Mpumep 2.1. HaiiTu acuMOTOTHI M MOCTPOUTH TpaduK QyHKIUN
3 cos(x — 1)

x—1
OoOmacTh cymecTBoBaHus: X # 1.

Nimem BepTHKaIbHBIE ACUMIITOTHI.
DyHKIMS UMEET pa3pbiB B Touke X = 1, T.K. B HEH (QYHKIUS HE ONMpe/IeicHa.

3 -1 :
lim (2x+mj :2+ﬂ:2—oo:—oo;

y=2+

x—>1-0 x—l —

3 —1 .
tim (zﬁmj:z&:zm:m
x—1+0 x—1 +0

CJII€A0BaTCIbHO, X = 1 - BCPTHUKAJIbHAsA aCUMIITOTA.
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Wiem HaKJIOHHBIC ACUMITOTHI B BUe ) = kx + b.

l\y / —
:V/ k= lim @ _ lim l(2x+ 3cos(x l)j _
: // x>t X xX—>+0 X x—1
|// =2+0=2; b:xﬁniaoo[f(x)_kx]:
// = [lim {2x+w—2x}:
O |/ | 5 X—>Foo x—1
x R
~ lim 3cos(x 1):().

x—>*oo X — 1
CrenoBarenbHO, IpU X —> 1 00 CYIIECTBYET ACUMIITOTA

y=2x.

|
|

/

|

|
11
|

|

|

|

|

|

|

|

|

2x2 -9

[pumep 2.2. HaliTu acUMOTOTHI ¥ MOCTPOUTH Tpaduk QyHKIUU Y = >
x“—1

O67acTh CyIIEeCTBOBAHUS: x2—1> 0; xZ> I; x>1 u x<-1.

i) 202 9 3000 ()

y > > \/ >
x°—1 (—x)" -1 x°—1

CIICIOBATENILHO, TaHHAsT (GYHKIHMS Y€THAsI, © MOKHO TIOCTPOUTD €€ IpauK TOIBKO

npu X > 1, a 3aTeM 0Tpa3uTh €ro CHUMMETPUYHO OTHOCHTENNBbHO ocu (Oy.

2x* -9 2-9
\\\¢\\ | 4 y| // llm = = —o0 — X = 1 .
O B/ -0 [ 21 +0
el | /(/\’/ X
\ : :%/ BepTHKaJbHAs acumnrora mpu x — 1+ 0.
\ )/ [Iycte X — 1+ oo.
A b tim L) gy 229
v = _ _
! N/ I . X—>+0 X X400 /x2 1
i*l/\ 1 'x 9
¥ \ | g -2
I —_—
{ol = [lim al = lim xT _9
| : \ X—>+0 5 X400 1
/), 1R x“- 1l-— 1-—
a 1R ¥ N
/i Y ,
! : : 2x° -9
s \ b= lim [f(x)—kx]— lim _2x |=
X—>+00 X—>+0o0 m
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1x2 _9_2x. /xz_l (2x2—9)2_4x2(x2—1)

= [im = [im =
X—>+00 x2_1 X—> 40 /x2_1(2x2_9+2x_ /xz_l)
. 2
_ lim 32x° +81 0.

x>+ 4 / 1 9 / 1
X - 1——2(2——24'2 1——2J
X X X

[lpu x —+o0 momyuaem acumnToty ) = 2x. ['paduk manHoii pyHKIUN

nepecekaer ock Ox TIpu 2x2-9=0, T.e. BTOUKAX X = iﬁ.
[pumep 2.3. HaiiTi acCUMIITOTHI M IOCTPOUTH IpapuK PyHKIUH
x> —2x%—3x+2

4—x?
OO0acTh CyIIeCTBOBAHHUS: 4-x*#20 = x#2u x=-2.

y:

B toukax x; =—2 u X, =+2 QYHKUHS TEPIUT Pa3phIB, T.K. B HUX OHA HE
ompezeeHa.
oxP-2x? —3x+2 —8-8+6+2
lim = = +o0;
x—-2-0 4 — x?2 —0
Cox?-2x* -3x+2 —8-8+6+2
lim = = —o0;
x—>—2+0 4— 2 +0
N | 2y X = —2 — BepTUKajJbHAs aCHMIITOTA.
| I
\JI | x> -2x?-3x+2 8-8-6+2
! [ lim = = —o0;
X | x—2-0 4 — x2 +0
AN
N | Cox?=2x?-3x+2 8-8-6+2
RN lim > = = +o0;
| | x—2-0 4—x -0
: \\\ : X =2 — BepTUKaJbHAas aCUMIITOTA.
—2 /\ z > H +
, N AKJIOHHBIE ACHMIITOTHI IPH X —>F 00 HIIEM B
: :2;\\ Bune: y = kx+b.
I | N 3 2
| NN , X .oXT—=2x"=3x+2
| : *xe\ k= lim f( ) = lim =
: I x—>*oo X x—>+o0 x(4 — x2)
|
2 3 2
=172 3
= lim =—=-1, b= lim[f(x)-kx]=
x—>+o0 i _1 -1 x—>+o0

x2
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) x> - ox?—3x+2 i X% 4 x42
= [im 5 +x|= lim 5 =
x—>to0 4—x xX—>to0 4—x

2.

[lpu x —>+*oo momyuaem acUMOTOTY ) = —X + 2.
2.3. HAIIPABJIEHUE BOI'HYTOCTHU. TOYKHU IIEPET'UBA

ToBopsT, uto rpaduk quddepeHnupyemoit GyHkmun y = f (x) 80CHYM
6HU3 HA UHTEPBAJIC (a; b) (60cnym 6é6epx Ha WHTEpBae (al; bl) ), €CJIH TIpU

a <x < b nyra kpuBoii pacrookeHa HiKe (MM COOTBETCTBEHHO TIPU

4 a; <Xx < b, BbIlIe) KacaTEIbHOH,
IPOBEIEHHOM B IF000# TOYKE HHTEPBAJa
(a; b) (WM UHTEpBaa (al; bl) ).

y=f(x) JlOCTATOUHBIM yCIOBUEM BOTHYTOCTH BHU3
(8Bepx) rpaduxa y = f(x) sBusercs

BBIIOJIHEHUE HA COOTBETCTBYIOLIEM MUHTEPBAJIC
X HepaBEeHCTBA

| S
rd

I

I |

I |

: :

a b *o a by f'(x)<0 (f'(x) > 0).

Touka (xo, f (xo )) , B KOTOPOW M3MEHSETCS HAIlpaBJIeHHe BOTHYTOCTH rpaduka

I
I
I
I
I
O I

QyHKIMM, HAa3BIBAETCS MouKoU nepeauda. Jlns abcuuccel TOUKU neperuda  x,
rpaduka QyHKIHH Y = f (x) BTOpas MPOM3BOaHAA | "(xo) =0 wm f "(xo)
He cylecTByeT. TOYKH, B KOTOPBIX [ "(x) =0 wm f "(x) HE CYILECTBYET,

HA3bIBAIOTCA KpUMuUyecKumuy moukamu 2-2o pooa. Kputudeckas Touka 2-ro pojaa

X, sBIseTcs abcuuccoil Touky neperuba, ecnu  f "(x) COXpaHsIET ITOCTOSIHHBIC

3HAKH B MHTEpBanax X, -0 <x<X, U X, <x<X,+0, rae O — HEKOTOpoe
HOJIOKUTEIBHOE YHCIIO, IPUYEM 3TH 3HAKU IPOTHBOIIOIOKHEI, ¥ HE SIBISCTCS
TOYKOM Tepernda, eciy 3HaKu [ "(x) B YKa3aHHBIX BBIIIC HHTEPBaaX

OAHMHAaKOBBEI.

[Ipumep. OnpenenanTts UHTEPBAIbl BOTHYTOCTH U BBIMYKIIOCTH, & TAKXKE TOUKH

x2

neperuda KpuBot y =e

!

2 2
Umeem: y' =-2xe * ; " :(4x2 —Z)e_x . IlpupaBHSB BTOpYIO

MPOU3BOAHYIO K HYJIIO, HAJAEM KPUTUYECKUE TOYKH BTOPOro poja:

1 1

Xy =——=, X, =——=. OTH TOYKH pa30UBaIOT BCIO 00JIaCTh CYIECTBOBAHNUS

V2 V2

byHKUIUHA (— 0; + OO) Ha TPU UHTEpPBAA.
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1 1 1 1 1 1
A= 5 tmF | 5 |F
2 2 2 2 2 2
z + 0 — 0 -
y - neperuo M neperut J
1 1
ITomyunin: KpuBast BOrHyTa BBEPX IIPU (_ : __j u X e(—; +ooj u
Ut TR V2

1 1 1
BOTHYTa BBEPX IIPHU x e(——;—) . Toukn (i — _j — TOYKM neperuoa.
J2' 2 V27 Ve
2.4. IOCTPOEHUE T'PA®UKOB ®YHKIUN IO
XAPAKTEPHBIM TOYKAM

[Tpu mocTpoennu rpaduka GyHKIHH CISAYET, IPEK/IE BCEro, HAWTH 00J1acTh
CYIIECTBOBAHUS 3TOW (PYHKIIMM U BBISICHUTH MOBEACHUE (YHKIIMY HA TPAHHUIIC €
obnacTu cymniecTBoBaHus. [107€3H0 Takke MpeIBAPUTEIIBHO OTMETHTh HEKOTOPBIC
0CO0eHHOCTH (PYHKIIMH (€CTM OHU UMEIOTCS ): YSTHOCTD, IEPHOIUYHOCTD U T.J.

Jlanmee HY»KHO HAHTH TOYKH pa3pbiBa, aCUMITOTHI, TOYKH IKCTPEMyMa
GyHKIMH, TOYKH Tieperuda u T.11. HalileHHbIe 37IeMEHTHI IO3BOJISTFOT BBISICHUTH
oOmmumii xapaktep rpaduka GyHKIIUH.

[pumep 4.1. IIpoBecTH MOJHOE UCCIICIOBAHNUE U TTOCTPOUTH rpaduK PYHKIIHH
y=x-3 (x+2)2.

OO6nacTh CyIIECTBOBAHUS: X € (— ©; + oo).

y(x) # y(— x) = ¢yHKIM 00IIero BUIA.

Tax xak ¢yHKIUS ompe/eneHa Mpy BCeX X, Uy Hee HET TOUEK pa3pbiBa, TO
BEPTUKAJIBHBIX aCUMITOT HET. HakjIOHHBIE aCUMITOTHI pU X —>1+ 00 uIIeM B

Buze: y = kx+b.

w/ X+ 2
k= lim = [lim \/ x+2 = +00, CJIENOBATEILHO, HAKIOHHBIX

x—>*too xX—> *oo

ACHMIITOT TAK)KE HET.
Hccnenyem GyHKINIO 11O IEPBOM MPOU3BOTHOM.

: 2 2/3 2 3 3(x+2)+2x  Sx+6
y=[x-3(x+2) }z(x+2) +x-§-(x+2) = T :3—x+2'

=0 = 5x+6=0, x=-12;
y' He cymectByer —> x+2=0, x=-2.
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X (— o, — 2) -2 (— 2, — 1,2) -1,2 (— 1L,2; + oo)
y' + HE CYIII. — 0 +
yo|_ max ™~ min pd
Vonax = y(— 2) = ( (kxacartenpHas B 3TOU TOYKE MEPHEHANKYIsipHA ock  Ox ).
| Va Voin = y(— 1,2) =—1,2-3/0,64 ~ —1,06
: (kacaTenbHas B 3TOW TOYKE MapasuieibHa
| ocu Ox).
: Hccnenyem GhyHKIMIO TTO BTOPOH
_2: 120 x IIPOU3BOJHOM.
-2 4' ! - " Sx + 6 ]
> ' L~ 1-1,06 Vv = [— =
= i 2/3
| ~1.30 (x+2)
|
| 5-3x+2—(5x+6)- :
3 2
3. (x + 2)
3 (x + 2)2
C15(x+2)—(5x+6)  10x+24
3x+2Rx+2 3_3/(x+2)4'
v"=0 mpu x=-2,4; y" wHecymecrByer npu X = —2.
x | (o —24) -24 | (-24 -2) -2 (-2, +)
y" - 0 + HE CYILECT.
Y M neperut -
2
,me@=y@z®=—z¢ﬂ@z® ~-130;  »(0)=0.

[Ipumep 4.2. I[IpoBecTu MOTHOE UCCIETOBAHUE U TOCTPOUTH Tpaduk HyHKIINN

_(2x+1)2
d x+2/

OO0acTh CyIIEeCTBOBAHMS: X # —2.

y(x) * y(— x) = (yHKUUA 00IIEro BU/A.




X =—2 — TOYKa pa3pbiBa, T.K. B Hel (YHKIIHS HE OTpe/IeIICHa.

o (2x+ 1\ (4+1)? C(2x+1) (4+1)°
lim =| ——| =+o0; lim =| ——| =4
x—=2-0\ x + 2 -0 x—240\ x + 2 +0

= x=2 — BCpTUKAJIbHAA aCUMIITOTA.

Hak/ioHHbIC aCHMIITOTHI TIPU X —>+ 00 wieM B Bunxe: y = kx + b.

2
k= tim 79 _ 1(M) —0;

x—>two X x>t X x+2

b= lim [f(x)~kx|= lim (2“1)2 =4,

x—>*oo x—>Foo\ X + 2
[lpu x —>+* oo momyuaem acumnToty ) = 4.
Hccnenyem (yHKIMIO 110 IEPBOM MPOU3BOAHOM.
, 2x+1) 2(x+2)—(2x+1) 6(2x+1)
x+2 (x+ 2) (x + 2)
=0 = 2x+1=0, x=-05;
y' He cymectByer = Xx=-2.

x |(o =2)| (-2, -05) | —05 | (-05 +wx)

y' + — 0 +
[ Yy
I
I
I
|
______ H S
|
I
I ,44/‘
—21 | X
]70,5 0,25 -
Yy min

Ymin = y(_ 0’5) =0.

Uccnenyem GyHKIMIO IO BTOPOX MTPOU3BOIHOM.

§ 2(x+2)° =3(x+2)*-(2x +1)
(x + 2)6

"

y:
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_6'2(x+2)—3(2x+1) B 6(1—4x).
(x+2)* (x+2)*
y'=0 = 1-4x=0;, x=0,25

rn

y" He cymecTtByer = Xx=-2.

X (—o0; —2) (— 2, 0,25) 0,25 (0’25; + oo)

yrr + + O _

y U - neperut M

2
L5 4
repentn =30029)=(555] =5 =044

[Ipumep 4.3. IIpoBecTu MONHOE UCCIIEIOBAHUE U TOCTPOUTH rpaduK QPYHKIIHH

ex—3

x—3

Oo0nacth cymectBoBanus: x—3#0; x# 3.

y(x) # y(— x) — (yHKIUA 0011IeTO BUIA.

B Touke x =3 ¢yHKIUA TEPIUT pa3psiB, T.K. B HEH OHA HE OMpeE/IeieHa.

y:

. &~ 3
lim = —00,
x—>3-0x—3
5 > => X =3 — BepTUKaJbHAas aCHMIITOTA.
e
lim = +00
x>3+0x — 3

HakioHHBIC aCHMIITOTHI MIIIEM B Buue: )V = kx + b.

1) x — 40,
!
W e () e
k= lim —== lim ———= lim ————= lim =
X400 X x40 xt _3x x>+ o x—>+0 2x —3
(x —3x)
4
= lim ———= [im —— = +00, CIeI0BaTeIbHO, IPH X —> +0O

X—>+00 (2x _ 3) X—>+00

HAKJIOHHBIX ACUMITOT HET.
2) X — —0,
x=3
) X ) e 0
k= lim f(): lim = =0;

xX—>-0 X x—>—ox“ —-3x +©
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x-3
b= lim [f(x)-kx]= lim ~—=0,

X—>—00 x—>—0XxX—23

npu X —> —o0 moiy4aeM acummnrory y = 0.
Hccnenyem (yHKIHIO O IEPBOM MPOU3BOIHOM.

, (e“] _eT (=) k=31 n x4

Y= e ,
x—3 (x—3)? (x-3) (x-3)

y'=0 = x-4=0, x=4; y' He cymectByer = Xx =23.

x | (= 3) | (3 4) 4 (4, +o0)

)y’ - - 0 +

Y ™~ ™~ min e

Vmin = y(4) =e~2/72.

Uccnenyem GyHKIMIO 110 BTOPOI MPOU3BOTHOM.

y”:€x_3° x—4 +ex_3.(X—3)2—(X—4)’2(x_3):

(-3 (r-3)
-3 2
&3 X2 TIx+12-x45 € -(x —8x+17) "
= o = 3 ; v # 0;
(x=3) X3 (¥=3)
Ay | "
: y" He cymectByer = x=3.
|
| X (—o0; 3) (3; + oo)
er—— L "
| S — +
I >
Y : 4 oy M U
|
| P
! _c _
WW0)=—=——%~=—,02.
| (0) -3 3¢’
[Ipumep 4.4. IlpoBecTu MOTHOE KCCIENOBAHUE U TOCTPOUTH rpaduk GyHKIIUU
xX+6
y=In -1

X
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x+6>0.

O6nacTh CyIIeCTBOBaHUSA:

x>0, x<-6. + — >
_6 0 X
OyHKIMS 00UIET0 BUA.

. x+6
lim |In —1|=—0 = x=-6 — BepTUKaJIbHAs ACUMITOTA.
x—>—6-0 X

. x+6
lim | In —1|=40 = x=-0 — BepTHKaIbHAS ACUMITOTA.

x—>—+0 X
HaksioHHbIC aCHMIITOTHI MIIIEM B Buae: Y = kx + b.
x+6
In —1
k= lim @Z lim —X — =0:;
x—>too X x—>to0 X
b= lim [f(x)—ke|]= lim {lnx+6—1}: 1.
x—>*oo X—>to0 X

[Mlpu x —>* oo momyuaem acumnToTy ) = —l.
Uccnenyem GyHKIMIO 110 IEPBONA MPOU3BOAHOM.

x | (moos —0) (0 + ) , X x—-x-—6 -6

' Yy = . = = 0.
Y - - x+6  x? x(x +6)
y ~ N DKCTPEMYMOB Y (DYHKITUU HET.

Hccnenyem GyHKIHIO 110 BTOPOH MPOU3BOTHOM.
" g —(x+6+x) 6(2x+6) 12(x+3)
y"'=-6- = = ;
x2(x+6)2 xz(x+6)2 x2(x+6)2

y"=0 = x+3=0; x=-3 — He BXOIUT B 00JIaCTh CYIIECTBOBAHHS.

a
| x | (== -6 | (0; +oo)
i y!f _ +
[ y M U
6, O X
________ _|_________¥-.

Touek neperuda HeT.

|

|

|

| Wit 1o = =5
: X e—1
|

|

|
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2 cemecTp

1. UuTerpajibHoe HcUyucdeHHe GYHKIIUM OHOI NepeMeHHOM

1. HeonpeneJsieHHbI HHTErpas

Ilepsoobpasnoi pynkyuert nns pyukuun f(X) HaspBaetcs Takas Gyukuus F(X),

gro F'(x) = f(X).

Heonpeoenennvim unmezpanom ot ¢yukiuu f(X) HaswsiBaeTcs ee oOmias

nepBooOpazHas

[f(x)dx=F(x)+C .

Oyukiusa  f(X) HaspiBaeTcs moabIHTErpainbHOUW (yHkuued, F(X) — pesyabrar

HHTGFpHpOBaHHH,(j_'Hp0H3BOHBHaHIKXHDHHH&H.

Ceoticmea HeonpeodeleHH020 UHmMme2pana.

L. [(u(x)+v(x))dx= [u(x)dx + [v(x)dx.

2. [A- f(x)dx=A-[ f(x)dx, rue 4 — mocrosiHHasL.

3. Bemn [ f(X)dx=F(x)+C u u=¢(x), o [ f(u)du=F(u)+C.

Tabauya npocmeliuux uHme2paios:

1. [dx=x+C.
Xn+1

2. [x"dx= +C,(n=-1).
n+1

3 (X

X
4. jaxdx—a—+C [e*dx=e* +C.
Ina

7. | d>2< =tgx+C.
Cos” X

dx

8. =—ctgx +C.
Jsinzx J

= arcsm +C.

9”7

10. |

1 X
> =_arctg—+C .
X“+a“ a a
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5. [sinxdx=-cosx+C. 11.

dx 1, x-a
=—In +C,(a#0).
Jx2_a2 2a X+a ( )

6. [cosxdx=sinx+C.

12.]\/7 ‘X+\/X + ‘+C(A¢O)

OcnogHbvle MemoObl UHMEZPUPOBAHUS.
1. TlonBenenue noa 3Hak auddepeHnmana;
a) K pyHKIMH, CTOSILIEN NoJ 3HaKoM Tud@epeninana, MoXHO NPUOaBIATh UITU

BBIUUTATH J1I00yI0 mocrostHayro: df (X) =d(f(X) £ A);
0) mox 3Hak auddepeHnrana MOXKHO TMOJBOJIUTH TMOCTOSIHHBIM MHOMXKHUTENb:
df () = d(A- £ (9);
B) o1 3HAK ,ZII/I(I)(i)epCHLII/IaJIa IIOABOAUTCS q)YHKHI/IH 1o IIpaBUIIy:
f(x)dx = df (x).
2. aTerpupoBaHue 1Mo 4acTsAM C UCIIOJIb30BaHUEM (OPMYJIbI:
fudv=uv—Jvdu, rae u=u(x),v=v(x).
C noMoIIbI0 3TOTO METO/1a BEIYUCIISIIOTCA CJICAYIONINE UHTETPAIIbI
a) [a*-P,(x)dx, u=P,(x), dv =a*dx.
6) [sinax-P,(x)dx, u=P,(x), dv=sinaxdx.
B) [cosax- P, (x)dx, u=P,(x), dv=cosaxdx,
r) [Inax-B,(x)dx, u=Inax, dv="P,(x)dx,
n) |arcsinax- B, (x)dx, u=arcsinax, dv=P,(x)dx,
e) [arctgax- P, (x)dx, u=arctgax, dv=P,(x)dx,
rae P, (X)— MHOrOuIEH n-0M CTENeHH.

3. UnTerpupoBaHre METOJIOM 3aMEHBI IEPEMEHHOM 110 (popmyrie

[ T()dx=[f(p(t)de) =] f (p())¢'V)dt, rre x=g(t).

47



Ilpumep évinonnenusn 3adanus.

Haiitn HeomnpeneneHHble HHTErpabl:

dx;  B) [(3x+4)e>dx.

N2 3
arcsin x)- + X x° =17
a) j( ) 6) |

2 dx; V2 Av.iA
N X —4x+3

Pewenue.
a) UCIIOJNB3ys OCHOBHBIE CBOMCTBA HEONPEACICHHOTO HWHTErpajia M BBITOJHSS

nojiBeieHne PyHKIMM noJ 3Hak nuddepeHnuana, HaiijleM HHTerpa

(arcsinx)2+xd _ (arcsinx)zd X dx=
e e e
1
= [(arcsinx)*d (arcsin x) + [ (L - X2)_2d(x—22) =

1
= [(arcsin x)*d (arcsin x) + (— %)j(l— x?) 2d(1-x?)=

1

_x2y2
:%(arcsin x)* —%-¥+C:%(arcsin x)> —V1-x* +C.

2

[IpoBepuM pe3ynbTaT HHTETPUPOBaHUS TUDPPEpeHIIPOBAHUEM:

(% (arcsinx)® —v1—x2 + C) =

1
:%-S(arcsin x)? - (arcsin x)’ —%(1— x?) 2(1-x%) +C'=

_(arcsinx)®  —2x +0_(arcsinx)2+x
V1I-x2 21— %2 Vi-x2

YTO COBMAIACT C TOJABIHTETPATBHON (PYHKITHEH.

0) monmpiHTETpaidbHas  (QYHKIUS  MPEJACTABISET  COO0OM  HEMPaBWIBHYIO
parmoHanbHyI0 apo0k. IlpencraBum 3Ty npoOb B BUAE CYMMBI MHOTOWICHA U

HpaBI/IHBHOﬁ I[pO6I/I. I[J'I}I 9TOTI'O BBIITIOJIHUM ACJIICHHC MHOI'O4JICHA HA MHOTI'OYJICH:
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x3 ~17 ‘x2—4x+3

x> —4x*+3x  |x+4

4x% —3x-17
Ax> —16X +12
13x-29
Tornma
3 J—
j—x 17 dx = j( 4+—%3X 29 jd _jxdx+j4dx j—?x 2 dx =
X2 — 4% +3 X°—4x+3 X —4x+3
«2
:_+4 I?X 29
4x+3

I[J'IH TOTO YTOOBI HAMTH HOCJIGJIHI/Iﬁ HUHTCIpall, IPCACTABUM IIPABUJIbHYIO }Ip06b B

BHIE€ CYMMBI HpocTedImux apobeil. JIms 3TOro pasioKUM Ha MHOKHTEIIN
sHaMeHarenb  apoOu  X° —4X+3=(X-1)(x—-3) u pastoxuM Apobb Ha

IpOCTENIINE

13x-20 _ A B _A(x-3+B(x-))
(x-D(x-3) x-1 x-3  (x=1)(x-23)

sHaunt 13X —29=A(x-3)+B(x-1).
IMpu x=3 umeem 13-3—-29=B(3-1), otkyma B=5;
npu X =1 umeem 13-1-29=A(1-3), orkyga A=8.

[Toygaem 13x=29 = 8 + > A UHTETPUPYEM
7 (x-D(x-3) x-1 x-3 pupy
i 13x—29 dx= | dx + I 5 xe 8jd(x 1 Id(x 3)
(X=D(x-3) x—1 X—3

=8In|x-1+5Ijx-3+C

N OKOHYATCJIbHO I10JIy49acM

J

[IpoBepum pesynbrat nuddhepeHIrpoBaHUEM:

3 2
j;Q:g—dx:§—+4x+&MX—ﬂ+mV—J+C.
X —4X+3
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!

2
(X—+4x+8ln\x—u+ln\x—3\+CJ X4 8 S
2 2 Xx-1 x-3

C(x+4)(x-D(x-3) +8(x—-3) +5(x-1)  x>-17
- (x—1)(x +3) x2 _4x+3°
YTO COBNAAAET C MOJBIHTErPAIbHON (QyHKIUEH.
3ameuanue.
WuTerpan ot npaBUiIbHOM palldOHANIBHON IPOOM CBOJUTCS K CYMME MHTETPAJIOB OT

HpOCT@ﬁH.IHX I[pO6CfI. Hauboiee yacto BCTPCHALOTCA CIICAYIOINUC MHTCTPAJIbI:

A A A —k+1
——dx=Aln|x - C; dx= — C,(k=23,..).
Ix—a x= Aln|x —a| + I(x—a)k X (_k+1)(x a) " +C,( )

B) MPHMMEHKUM METOJIOM MHTEIPUPOBAHMS MO YACTSIM.

1
Ipuvem U=3x+4, dv=e**dx, rorza du=3dx, v= gegx. ITo dopmyne
MHTErPUPOBAHHS MO YACTAM T10TydaeM

3X+4 ax |

[(3x +4)e¥dx = (3x+4)%e3X —j%e&‘ -3dx = e3Xdx =

3X+4e3x —193)( +C=
3 3

Sx+4-1 ax +C=e*(x+1)+C.

[TpoBepum pesynbrat nuddhepeHInpoBaHHEM
@ (x+1)+C) =3 (x+1) + > =e>*(3(x +1) +1)=e**(3x + 4),
YTO COBITQJIACT C TOJBIHTErPAIIBHON (PYHKITHEH.

1.2 Onpenenennblii UHTErpaJ

AV Ecau Ha mmockoct Oxy 3ajaHa
_y="1(x) dburypa, orpaHuYeHHas JBYMS
HETMPEPHIBHBIMHU JAHUAMU
S _
- Y= 00 =00, y=H(0
\ | > x BEPTUKAIBHBIMH TPSIMBIMH X = a,

X=b, To miomwans S Takou

(Gurypbl MOXeT ObITh BBIYUCIIEHA IO (OpMYyJie
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S= ?(fz(x) — f,(x))dx, rae f,(x) > f;(X) Ha otpeske [a,b].

Ilpumep 2.1 Boruncnute  miomans  (GUrypel, OTPaHUYEHHOW JMHUSAMU

y=xX>+4xX, y=x+4.

Pewenue.
3ajaHHbIE JIMHUM OTPAaHMYMBAIOT Ha TUIOCKOCTH OXy KpUBOJIMHECUHYIO

TPaICuuLo, 1/1306pa>1<eHHy10 Ha PUCYHKE.

y = x% + 4x
y=x+4

Y
><

Haiinem koopauHaThl TOYEK IEPECEUYECHUs] 3aJaHHBIX JIMHHUM, IJI1 3TOTO

pEIIUM CUCTEMY YPaBHEHHU I

{y:x2+4x

. X2 +4x=x+4, x> +3x—4=0, orkyma X, =—4, X, =1.
y=x+4

Torna nckomast IIoOMIaab BEIYUCIISICTCS 110 (hopMyJIe:

1

i 3¢ x*
S = [(x+ 4" —4x)dx=](4-3x—x*)dx=| 4x— =~ ]
-4

—4
3 1 48 64

:4————+16+———=20§ (ks. €d.).
2 3 2 3 6
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OO0bembl Tenn, OOpa30BaHHBIX BpAIICHHEM IUIOCKOM (QUIypbl, OrpaHUYEHHOM
kpuBoii Yy = f(X) >0, ockio Ox u npsiMmbiMu X =a, X=D,
b

1) Bokpyr ocu Ox, BerumcisioTes 1o popmyne V, =7 | f 2(x)dx;
a

b
2) Bokpyr ocu Oy, Beraucisiorcs no dpopmyne V, = 27 [ xf (x)dx.

a

Ilpumep.2.2 BpunuciauTb 00beMbl T€l, 00pa30BaHHBIX BpPAILEHUEM BOKPYT OCEi

Ox n Oy KPHBOIMHEIHOTO TPEYroIbHIKA, OIPAHHYEHHOTO KPUBOH Y =3/X , OCBIO

Ox u ipsimont X =1.

Pewenue.
A
Y / y= %/; 1) o06beM Tena, MOoyYeHHOrO BpallleHHEeM
BOKpYT ocu Ox, paBeH
1
5
1 2 xé 3
V, :ﬂj(%) dx=r"—| =% (kv6. €0.)
> 0 § 5
0 1 3 0

2) 00beM Tena, MOJYYSHHOTO BpallleHueM BOKpyT ocu Oy, paBeH

1
I

1 3 X 6
Vv, = 27[x- 3/xdx = 2727— = (kv6. €0.).
0 3],
2 Panbl
CmenenHbiM ps0OM HA3BIBAIOT PAAJT BUAA
8+ (x—a)+ay(x-a) +...+a,(x-a)" +...= Y a,(x-a)", (9)
n=0

paCHOHO)KeHHBIﬁ I10 CTCIICHAM JABYYJICHA ()C - Cl).

52



B cootBerctBuM ¢ Teopemoir Abens psag (9) cxoaurcs Ha HMHTEpBaJe

xe(a—R,a+R), a ams Beex X, JIeXKaIUX BHE 9TOr0 HHTEPBAIIA, PsiJ PACXOLHUTCS.

Uucno R Ha3zwBaloT paduycom cxooumocmu creneHHoro psga. Ha koHmax
uHTepBasia (mpu X=a—-R u mpu X=a+R) Bompoc o0 cxoAuUMOCTH U
pacXoIMMOCTH JaHHOTO psiia peliaercs WHAWBHAYaTbHO ISl  KaXJO0TO
KOHKPETHOTO psAfa. Y HEKOTOPBIX PSIAOB MHTEPBaJ CXOAMMOCTH BBIPOXKIACTCS B
touky (R =0), y npyrux oxsatsiBaeT Bcto ock Ox (R =0o0).

CornacHo mpusHaky Jlamambepa paanyc CXOIUMOCTH OMPEACISIOT IO
dbopmyne

an

R=1lim

nN—o0

. (10)

an +1

Ecnu Bocnonb30BaThCs IMPpU3HaKOM KOIHI/I, TO

R=lim -1

n—o Va,

Hpumep Haiitu HHTCPBAJI CXOAUMOCTHU psAda U UCCICAO0BATL €TO0 CXOAUMOCTD Ha Kpasdx

(o] n

MHTEpBAJIa -

Pewenue.

Pannyc cxonmumoctu onpeaenum mo ¢opmyse (10):

~10. lim "1 _10. Iim(1+1j:10.
n

n+1
R = lim |20 {— |ijm [(1*+D-10

n—w|dy, 1| nN—>o| n -]_On_1 n—o N n—oo

Ha xonmax wHTepBama: mpu X=-10 momyduMm  4YHCIOBOW  pAan

o0 n o0 n

(-10) (-1 .
Z 10n 22 , KOTOpPBIU SIBISICTCS 3HAKOUCPCAYIOLIMMCS U CXOAMUTCS IO
n=1 N" n=1

TeopeMe JlelOHUIIA, TaK KaK €ro WiCHbl YyOBIBAIOT MO a0CONIOTHOW BEIIMYMHE

1 .1 1
1>=>=>... u lim==0. Ipu x=10 noayunM TrapMOHHYCCKUI PsI1I Z—,
2 3 n—oo N nzln
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KOTOpPBIA pacxoautca. Takum oOpa3om, NaHHBIA CTENEHHOW psif CXOAUTCS MpH
X €[-10;10).
OcHOBHbIE 2JIeMEHTapHbIe (DYHKIIMU UMEIOT IPOCTHIE PA3I0KEHUS 110 CTETICHSIM X,

KOTOPLIC MMPCACTAaBJICHBI HUXKC:!

2 3 n
PR PURA DL S ST S VX & (—00,0),
nm 21 3 n!
3 5 7 2n-1
sinx=—_2 X _X .+(—1)n+1x—+ VX & (—00,0),
TIRETITIET (2n-1)!
2 4 6 8 n
cosx=1-2 42 X X _ (_1)n+1X +... Vxe(-om,0),
14 6l 8l (2n)!
(1+x)m :1+mx+m(m_l)x2+.. +m(m_1)'”(m_n+l)x“+...VXe(—l,l),
! 21 n!
x> x> x* X n-1 X"
In(1+x)=x—7+?—7+?—...+(—1) T VXE(—l,l),
3 5 7 2n-1
arctgx:x——+X——X—+...+(—1)”_1X +... Vxe(-11].
3 5 7 2n-1

[Ipy npUOTMHKEHHBIX BBIUYUCICHUSX OIPEACIICHHBIX HMHTErPaioB TpeOyeTcs
Pa3NOXKUTh MOABIHTETPATBHYIO (QYHKIIUIO B CTETICHHOW Psifl, KOTOPBIA B Mpeenax
MHTEpBaJIa CXOJIUMOCTH MOXKET OBbITh MOYJIECHHO MNpPOUHTErpupoBaH. Mcmonb3ys
dbopmyny Heiorona — JleitOHuUIA, ONMpEACICHHBIM HWHTETPal BBIYHCISIIOT Kak
YAaCTUYHYIO  CyMMY  [OJY4YarOLIErocs  4YMCIOBOro  psaa. Ecom  pan
3HAKOUYEPEAYIOMUNCS, TO TOYHOCTh MPUOIMKEHHBIX BBIYUCICHUN HE TIPEBOCXOIUT

MEPBOTO U3 OTOPOIIEHHBIX YJICHOB.

Ilpumep. Borauciuth onpeneneHHbld HHTETpall ¢ TOYHOCTHIO 10 0,001 myrem

Pa3IoKEHUS TOBIHTErPATBHON (QYHKIIUU B PSIT U MOWICHHOTO HHTETPUPOBAHUS
05 .
SIN X
3TOTO psijia: j —dx.
) X

Pewenue.
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Hcnonp3dyeM pasiokeHue B psaA g (QYHKOMH SINX H IOJCTaBUM €ro B

IMOABIHTCIPAJIbHOC BBIPAKCHHUC

% 6inx %01 X x° na x2 L
j— x:j— X——+—+..+(-1)  ———+... dx=
X X 31 5l (2n—1)!

0,5 2 4 2n-2
:J'(l—%+%+..+(—l)n+l(;n 0 jdx:
. !
05
:(x—)(—|3+x—5+...+(—1)n+1 S +) =
313 515 (2n-1)}(2n-1) .
S S S +(—1)n+l L +...%
2 2%313 2%515 22" (2n-1)(2n-1)

~0,5-0,0069 +0,00005~ 0,5—-0,0069 ~ 0,4931~0,493.

B BbIUMCIEHHSX TPHUBEACHBI IMEPBbIE TPU YICHA pPsila C COXpPaHCHHEM
YeThIpeX 3HAKOB I0CJIC 3aMATOM, TaK Kak 3aJaHHas TOYHOCThH coctaBisieT 0,001.
Tpertuit wieH psma OTOPOIINEH, TaK KaK OH IO BEJIUYHMHE MEHbIIE 3aJaHHON
TOYHOCTHU (0,00005)<0,001. B okoHYaTtenmpHOM pe3ynbTaTe IPOBEICHO

OKPYIJVICHHUC 1O TPCX 3HAKOB ITIOCJIC 3amsaTOM.

3. OYHKIMU HECKOJIbKHUX MepeMeHHbIX

[lepemenHas Benu4unHa Z Ha3bIBACTCS (hyHKYUel 08YX nepemMeHHbIX X U 'Y, eCIu
KaXI0i mape 3HaueHuil (X,y) M3 JaHHOH 00JacTH COOTBETCTBYET €IMHCTBEHHOE

ompeaeneHHoe 3Hadenue zZ = f(X,y).
Jns dyaknuu Z = f(X,Y) BBOAATCS MOHATHS YACTHBIX NPOU3BOOHBIX TIEPBOTO

IIopsaaKa, KOTOPBIC OIIPCACIIAIOTCA BhIPAXKCHUAMU

% _im f(x+Ax,y) - f(xy) @_"m F(xy+Ay)-f(xy)
OX  Ax—0 AX ’ N Ax—0 Ay ’

N 4YaCmHbIX i’lpOl/L')’@O()Hle BTOPOI'O IIOpsAdKa:
a_zz_g(@] 0’z _o%r_ofa _3(@) z_o(a
ox> ox\ox) oxoy oyox ox\oy) oylox) oy? oyloy)
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@ynkuus z = f(X,y) umeer B Touke M (Xg,Yq) Mmakcumym (munumym), ecim
3HaueHue ITod pyHKuuu B Touke M Oosblie (MeHbIIE), YeM 3HAYEHUs (QYHKIUU
B JIF000H TOYKE U3 OKPECTHOCTH TOUKH M.

HeoOxonuMbIMU YCTIOBUSIMU CYUIECTBOBaHUS IKCmpemyma (MaKCUMyMa WM
MUHEMYMa) quddepenipyemoit pyukimn Z = f(X,y) sBIseTcs paBeHCTBO HYJIIO

€€ YaCTHBIX IIPOU3BOAHBIX IIEPBOIO IIOPAAKA:

% _g
OX
a_5
oy

TO‘{KI/I, B KOTOPBIX YaCTHBIC ITPOU3BOJIHLIC 06pa111a10Tc51 B HOJIb, HAa3bIBAKOTCA

cmayuonapuvimu moukamu Gynkmun zZ = f(X,y). s Toro 4ro0Obl cTannoHapHas

TOYKa ABJIAJIACH I3KCTPECMYMOM, B HEM JOJIZKHBI BBIITOJHATHCA docmamouynbvie

2 2 2
yenosus. O003HAYUM A:E B= 07z _ E

2
v =y ' C ol A=AC - B2,
M, M, M

0

Ecnu B cranmonapsoii Touke Mg (Xg, Yo)
A>0,A>0,T0 M, ecTb TOUKa MUHUMYMa;
A>0,A<0, 0 M{ ecTb TOUKa MaKCUMyMa;
A <0, 1o BTOouke M HET 3KcTpemMyMa;

A =0, To TpebyeTcst JOMOTHUTEIHLHOE HCCIICIOBAHUE.

Ilpumep. HccnenoBath Ha AKCTPEMYM G yHKIIIIO

Z2=2X+4y—x>—y* +6.

Pewenue.
1. Haiimem gacTHBIE TPOU3BOIHBIE 3aJaHHON (PYHKITUN

§=2—2X, g:4—2y.
OX oy

2. 3anuiiemM He0OXOAUMBIE YCIOBUS CYHIECTBOBAHUS HIKCTPEMYyMa
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2-2x=0 x=1
= ,
4-2y=0 y=2
3HauuT Touka M (1,2) siBisieTcs cTalMoHApHOW TOYKOW (DYHKIIUH.
3. IIpoBepuM BBITIOIHEHUE B TOUKE M AOCTATOYHOTO yciIoBUA. [[ns aTOro Hangem
BTOPbIE YACTHBIE IPOU3BOJIHbIE (PYHKIIUU
2 2 2
z z
i P i J i
OX oxoy oy
B touke M(L2) A=-2,B=0,C=-2 u A=(-2)-(-2)-0=4. Ilockonbky

—2.

A=4>0,A=-2<0, touka M(L2) sBisercs TOYKOW MaKCUMyMa. 3HAYCHHE

—2.1+4-2-1>-2%2 + 6=11.

(GyHKIIUU B 3TOU TOUKE Z‘M

OyHKIUA JABYX HE3aBHUCHMBIX IepeMeHHbIX Z= f(X,y) mnpuHumaer

HauOOJIbIIICE W HAaMMEHBIIEe 3HA4YCHHS B 00JIaCTH D, OFpaHquHHOﬁ JIMHUEHN

@(X,y) =0, 1160 B CTallMOHAPHBIX TOYKAX, PACIIOJIIOKEHHBIX BHYTpH obsactu D,

700 Ha TpaHHUIIe 3TON 00JIACTH.
3amada 00 OTHICKAHWW HAWOOJNBIIETO W HAWMEHBIIETO 3HAYCHUH (YHKIIMH

z= f(X,y) B3agannoii obmactu D permraercs mo crieayromemMy iaHy:

1. Onpenensiem cralimOHapHbBIE TOUYKH (HYHKIIUHU, PACIIONIOKEHHBIE BHYTPHU 00JIaCTH
D, u BbruncisieM 3Ha4eHHs GYHKITUU B ITHX TOUYKAX.

2. Haxoaum craroHapHble TOUYKHA (GyHKIMH Ha rpanuie @(X,Yy)=0 obmactu uiu

Ha OTJEJIbHBIX €€ y4acTKaX, 3aJaHHbIX PAa3JIUYHBIMH YPaBHECHUSIMH, U BBIYUCIISIEM
3HaueHUs (PYHKIIMH B 3TUX TOUKAX.
3. W3 Bcex BBIUMCICHHBIX 3HAUYCHWW (yHKIMM BeIOMpaeM HauOoJblliee U

HanMMCHBIICC.

Ilpumep. Halitu HaubOonblliee W  HAUMEHbIEe 3HAYCHUS  (PYHKIUU

z=x°+ 2Xy —4X—Y B TpeyroJbHHUKE, OrpaHUYECHHOM TpsMbIMH X =0, Yy =2,
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y=X.

Pewenue.

1. Haiinem cranmoHapHble TOYKM (YHKUMM M3 YCIOBUH pPaBEHCTBA HYIIIO

YaCTHBIX MPOU3BOAHBIX PYHKIIUU

A az
y —_— —_— =
x 2X+2y—-4=0 X=05
oz “ 1y=15
= =2x-1=0 y=4

Cranmonapuas touka M (0,51,5) naexur

BHYTpH 3aJlaHHOM o0nactu OAB.

3Hauenue GyHKIUU B TOUKEe M paBHO

2|, =05°+2-05-15-4-05-15=-175.
2. Uccnenyem noBeneHue GyHKIMM HA TpaHHUIAX 00JIACTH:

a) Ha rpanune O4 y=X, 0<x<2, Z=X*+2X-X—4-X—X wnmn Z =3%x* —5X;

2'=6x-5,2'=0 npu X:%,Toma yzg (Tak KaK y=x).

2
6 12

B touke C(ggj 3Ha4YeHUE (QYHKIIMH PABHO Z‘ c = 3(6
BrrurcnvM 3HadueHHst GyHKIIMM B KpailHUX Toukax oTpeska OA.
B Touke O(0;0) Z‘o =0, B Touke A(2;2) 3HaueHHE HYHKIHH PABHO
2, =3-2°-5-2=2.
6) Ha rpannie BA y=2, 0<SX<2, z=x*+2X-2—4x—2 wm z=X>—-2;
2'=2X,7'=0 mpu Xx=0,a y=2 coriaacHo ypaBHCHHIO MPSIMOil BA.
B Touke B(O;Z) 3HaueHWEe (DYHKIIMHA PABHO Z‘B =3.0°-2=-2.

B) Ha rpanune OB x=0, 0<y<2, z=-y;
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2'=-1#0 npu Bcex Y €[0;2], cnenopatenbHo, CTalHOHAPHBIX TOUEK Ha
nuHuu OB HeT.

3. 13 Bcex BBIYMCIICHHBIX 3HAYEHUH 3a1aHHOM (DYHKIIMM BbIOMpaeM HauOoJIbllee U

HaWMCHBIIIEe:
Z‘ Nt — HauOoJIblllee 3HaYeHUE (PYHKIMU B 00JACTH
OAB
Z‘ c= —]2-—5 — HaWMEHbIIee 3HaUYeHue PpyHkmu B oomactu OAB

Cemectp 3
1. Inddepennuanbubie ypaBHEeHUS

Huddepennmanbiabie ypaBHEHHs, B KOTOPBIX IEPEMEHHBIE MOXKHO Pa3/IeiuTh

MOCPEJICTBOM YMHOKEHHUS 00€UX YacTeil ypaBHEHHs HA OJHO H TO K€ BBIpa)KEHUE,

Ha3bBalOT  AuddepeHnraIbHbIMi  YPaBHEHHUSIMU c

PazoenaouUMUCS
nepemeHHbIMU:

dy _ fp(x)

o () — fi(y)dy = fo(x)dx,

1)

i B tuddepeHImanbaon hopme

fi(x)- fo(y)dx+ f3(x) f4(y)dy =0. 2)

Pazngenum 06e yactu ypaBHeHus (2) Ha ipou3BeaeHUE (QyHKIUI fz(y) f3(X)

f3(x)d f2(y)dy 0 (2)
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M, T1IOCJ€ WHTErpUpPOBaHMs, MOJIY4YMM OOWWMKA uHTEerpan (obluee peleHue)

YPaBHEHUSA:

I H(X dx4—j————)dy C.

f3(x) (y)

IIpn nenenuu Ha fz(y) f3(x) MOXET IPOU30UTU ITOTEPS HEKOTOPBIX YACTHBIX
pemenui. Ilycts, Hampumep, npu Yy =Y, UMeeM fz(yo) =0, Torma QyHKuUA
Y =Y, sBusiercs pemienueM ypasaeHus (2'), T.k. dy =dyy=0. Pemenunem moxer

TaKKe ObITh PYHKIUA X = Xg, €CIIU f3(XO) =0.

Ilpumep. Haiitu oOuuit uaTerpan nuddepeHuanbHOro ypaBHeH!sT EpBOro

HopsiKa X(y+1)dx—(x2 +1) ydy =0.

Pewenue:
JlanHoe nuddepeHmanTLHoe ypaBHEHHUE SIBJISIETCS ypaBHEHUEM C

pasIesoIUMUCS IEPEMCHHBIMH, prYeM fi(x)=x; fL(y)=y+L

f3(x) = X2 +1; f,(y) =—y. Pa3znenum obe yactu ypaBHEHUS Ha TPOU3BEIACHUEC

fo(y) f3(X) = (y+1)(x° +1)
M ITOJTYYHUM
xdx  ydy iy
X241 y+1

[IpounTerpupyem nocienHee paBeHCTBO

[ ‘f[l‘dey c.

X“+1

HCTOJIb3YS TOJBEACHUE 1MO1 3HaK Auddepenimana
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d(x +1)

J‘ 2

Jay+ (LD

X2 y+1

MOJIy4uM 001IMid uHTErpan AudpepeHnnansHOro ypaBHeHus
1
EIn‘x2 +1‘— y+In|ly+1=C.

[Ipu nenennn Ha f, ( y) =Y +1 notepsaHo yactHoe pemienue: Yy =—1.

HuddepennmaabHoe ypaBHEHUE TIEPBOTO MOPSIIKA
y'+p(x)y=a(x), (3)
JUHEHHOE OTHOCHUTEIIBHO HCKOMOH (YHKIMM W €€ TPOM3BOJHOM, HA3BIBACTCS
JIUHEUHbIM.
VYpaBuenue (3) cBOAMTCS K JIBYM YpaBHEHUSM C  Pa3AeisSIONIUMUCS
IIEpEMEHHBIMH CJIEIYIOIUM 00pa3oM. 3amnuiieM uckoMyro Gyukiuo Y(X) B BUIe
IPOU3BENICHUS JIBYX (DYHKIIHA: y:u(x)-v(x). Omna u3 3TUX (YHKIHA MOXKET

ObITh a0COJIIOTHO TPOW3BOJIBLHOM, a BTOpas OMpENEeseTcs B 3aBUCUMOCTH OT
NepBOH Tak, YTOOBI UX MPOU3BEICHHUE YIOBICTBOPSUIO ypaBHEHHUIO (3).

W13 paBencTBa Y =U-V HaxomuMm Y =U'-V+U-V'. Torma B coorBercTBHE C (3)
nveeM UV+UV'+ p(x)uv=0(X) mm uvV+u(V'+p(x)v)=q(x). Bbibepem B

kadecTBe V(X) Kakoe-HUOYb YaCTHOE PEIICHNE YPaBHEHHSI

V'+ p(x)v=0, 4)
TOT/1a JUIs OThICKaHUsA U(X) MOyduM ypaBHEHHE
u'v=q(x). (5)
Haiinem V(X), pasaenss nepemeHHbIC B (4):
% =—p(x)dx, otkyna Inv= —j p(x)dx u v=e_J P(X)giy .

3uas V(X), Haiigem U(X) u3 ypaBaenus (5):
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3—§v:q(x) = du:ejp(x)dxq(x)dx,mrna u:jq(x)ejp(x)dxdx+c.

O6iee penieHue JMHEHHOTO ypaBHEeHU (3) UMeeT BUJT

y=uv= e_J P(x)a UQ(X)GJ IO(X)dxdx + C} .

Ilpumep. Haiitu obmiee pernienue auddEPEeHIINATBLHOTO YpPaBHEHUSI IEPBOTO

nopsiaka Yy —2y=1.

Pewenue.

3anuiiemM uCKoMyro GyHKIH0 Y(X) B BHJE MPOU3BEACHUS IBYX ()YHKIIHIA:
y=u(x)-v(x), Torma y'=u"-v+u-v',
" IMOACTABUM ITIOJTYUCHHBIC BBIPAKCHUSA B 3a1dHHOC YPAaBHCHUC
uv+uv' —2uv=1,
Brirecem 3a ckoOku U(X)
uv+u(v'—2v)=1
U, TpPUpPaBHHMBAs K HYIIO BBIpaXEHHE B CKOOKax, IOJYYMM W pEIIUM JBa

g depeHnanbHbIX YPaBHEHUS C Pa3IesSIONUMUCS TePEMEHHBIMU:

vV —-2v=0 uv=1

Q:de d—uezle

\Vi dx

Inv = 2x du = e ?Xdx

v =g U= Ie‘zxdx,
_ 1 —2X —2X
u_—Eje d(-2x)=-=e"2*+C

3anumeM o0uIee peleHne 3a1aaHoro udhepeHManbLHOr0 YPaBHEHUS B BUIE
1 _ 1
y=uv=(—5e 2 +C)-e2x, Wi y:—E+Ce2X.

Ipumep. Haiitu o61muit maTerpan nuddepeHnanbHoro ypaBHeHUs

62




3(x?y + y)dy ++/2+ y?dx =0 (1)

Pemmenue

JlaHHOE ypaBHEHHME [IOMYCKAET pa3lelICHUE NEpPJIEMEHHBbIX. JleWCTBUTENIBHO,

3y(x* +1)dy ++/2+ y?dx =0 (2)
NN
ydy  dx

2+y? 30¢+D) ©

Haxonst kBajipatypsbl J1€BOM U IpaBoit yacTed ypaBHeHUs (3), MOTyduM

1
%(2+ y?)? -2=%arctgx+C, C =const

HITH \/2+y2:%arctgx+c (4)

CootHomenue (4) siBisieTcst OOIIMM MHTerpanioM ypaBHenus (1), mpencraBieHHOe
B HESIBHOM BHJIE (HE pa3pelIeHO OTHOCHTEIBHO Y).

3ameuanue. B naHHOM ciydae ypaBHeHHE (4) JOIYCKaeT pa3pellieHue ero
OTHOCHUTEJIBHO Y; B Jpyrux (oOmieMm ciiyyae) ciydasix 3TO CHAelaTb HE Bcerja
yJacTcsl.

Ipumep. Hatitn o6mmit maTerpan nuddepeHnaibHoro ypaBHEeHUS

Xy'=442x° +y* +y (5)

Penrenue
JlaHHOE ypaBHEHHE SBJISETCS OJHOPOJHBIM, T.K. OHO MOXKET OBITh IPEJCTABICHO B

BHUAC

y'=4 2+(Xj Y (6)
\j X X

BBenem 3aMeHy MEpeMEHHBIX Z = X, y=xz,y =z+xz'
X

[Toacrasus (7) B (6), monyunum

Z+X2' =42+ 7% +2

NN
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dz 42+ 7° - dx

== (7
dx X 4W2+7° X 0

Haxons kBaapatypsl B ypaBHeHUU (7), HOTy4YUM
In ‘ Z+N2+7°

501041

Z+~2+2° =Cx* (8)

Bosspamasice k nepemennoit y u3 (7) k (8), moyuum

S /2{1) —Cx* (9)
X X

nIn

y+4/2x>+y? =Cx> (10)

(10) — uckomsblii oOmHit nHTErpan, C=const.

=4In|x+InC, C >0, C =const

IMpumep. Pemnts 3anauy Komu
dx + (2x+sin2y —2cos’ y)dy =0, y(-1) =0 (11)
Pemenue

JlaHHOE ypaBHEHHUE SIBJIICTCS JTUHEHHBIM OTHOCUTENILHO (yHKIHHU X(Y).

Jle#icTBUTENBHO, MTOACINB 00€ ero yactu Ha dy # 0, moaydum

%+ 2x=2c0s’ y—sin2y (12)
dy

nim

dx :

— +2X=1+c0s2y—sin2y
dy

Breném 3ameny (cormacuo metony bepHyinnun) B Buje
x=u(y)-v(y) (13)

[Toacrasnsis (13) B ypaBHenue (12), noxyuum

u'v+viu+2uv=1+cos2y-sin2y (14)

wm U'V+Uu(v' +2v) =1+cos2y—sin2y (15)
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Bribepem ¢yHknmio V(Y) Tak, 4TOOBI yIOBIECTBOPITH yPaBHCHUE

Vi+2v=0 (16)
WIH v =-2V=> dv =-2dy (17)
dy Vv

Haxons xBanpatypsl 1t (17), nomydum

Injv|=-2y=>v=e?' (18)

[ToacTaBum Tenepb HaiaeHHyto ¢yHkmuio V(y) u3 (18) B ypaBHenue (15),
IOy IHM:

ue™ =1+cos2y-sin2y

umu U' = (1+cos2y —sin2y)e” (19)

Wuterpupys (19) no y, Haiiném

u= %ezy + J'(c052y —sin2y)e*dy +C

Haiiném otnensHoO

_ a2y
J(cosZy—sin 2y)e?dy +C = t=e

dt = 2e*’dy
dS =(cos2y —sin 2y)dy‘

S :%(sin2y+c052y) B

1 Y dt = 2e*’dy
=—ezy(sin2y+cosZy)—Iezy(sin2y+c032y)dy= T -
2 dS =(sin2y + cos2y)dy

S =%(—cosZy+sin 2Y)
= %ezy(sin 2y +C0S2Y) +%e2y(sin 2y +C0S2Y) + Iezy(—COSZy +sin2y)dy =

:>I(0032y—sin 2y)ezydy:%e2y0032y+c
CnenmoBarteabHO,

1., .1,
u :Ee y +§e Ycos2y +C, = x=u(y)-v(y) =

Bezy(1+ cos2y) +C]e‘2y =Ce ™ +cos’y
Omeem: x =Ce ™™ +cos*y (20)
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Ipumep. Haiitu oOuuit uaTerpan nudpepeHnaibHoro ypaBHeHUS

lz .cos Y dx —(lcosi + 2yjdy =0 (21)
X X X X

Pemenue

JlaHHOE ypaBHEHUE €CTh YpaBHEHUE B MOJIHBIX AU(depeHiranax . 3anuiieM 3To

ypaBHEHUE B KAaHOHUYECKOH (hopme

M (X, y)dx+ N(x,y)dy =0, (22)

rjae
M(X,Y) =lz-cosl
X . X (23)
N(x,y)= —(—cosl + 2yj
X X
[Tposepum ycnoBus Komu-Pumana ™M = 68—N (24)
X

Hainém
M _ %cosl —lz -(sin X) A izcosl —%sinl (25)

X X X X X X X X
Tenepp HaligemM
ON 1 y

— =—(~—C0s= —l(sinl)(—lz) = %cosl—lgsinl (26)
OX X X X X" X X X X X
N3 BeIpaxenuii (25) u (26) cienyert, uTo ycioBue (24) BBIMOJIHEHO, TOTOMY

JAaHHOE YpaBHEHHE €CTh YpaBHEHHE B MOJMHBIX Au(depeHInanax. 3ammiieM ero B

BUC:
du=0, (27)
rac
du :G_de+ u dy:lzcosldx—(lcosl+2y)dy (28)
OX X X X X

CpaBauBas ko3dunuentsl npu auddepernuaiax dx u dy, MoIyduM CHCTEMY

ypaBHEHUH OTHOCHUTENBHO (yHKIMU U(X,Y) B BHJIE:
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12 Y oo )
S @
2.—:—(—cosl+2y)

oy X X

WuTerpupys 1o x nepBoe ypaBHeHHE cUcTeMBbI (29), moayuyum
u(x,y) = J‘lzcosldx = —sinl +C(y) (30)
X X X

[loncraBuB BeipaxkeHue (30) Bo BTopoe ypaBHEHHE cucTeMbl (29) Haiinem

ypaBHEHUE

y

—(cosl)1+C’(y):—lcos——Zy:C'(y):—yz+const
X" X X X

CnenoBarenbHo, u3 (30) npu noacranoBke (31) momyuum

y

u(x,y) =—sinZ — y?* + const, moITOMy OKOHYATeNbHOE pelleHue ypaBHeHHs (21)
X

HNMCCT BH[

y

sinZ+y®+C, =0 (32), rne C,- mpou3BosIbHAs KOHCTAHTA.
X

JudbdepeninmansHoe ypaBHEHUE BHUIA
y'+ay +apyy = f(x) (6)
Ha3bIBACTCS HEOJHOPOJHBIM JIMHCHHBIM YpPaBHCHHEM BTOPOTO TIOpSIKA C

MOCTOSTHHBIMU KO3 PUIIMEHTaMU & U .
O6uiee pelieHue 5TOro ypaBHeHus Y=Y +Y', rae Y- oOliee pelieHue
COOTBETCTBYIOIIETO OJHOPOJHOTO YPaBHEHUs, Y  — YacTHOE pElICHHUE ypaBHEHHS

(6). quddepeHnnanpHoe ypaBHEHUE

y'+ay'+ay=0 (7)
SBIIIETCS OJHOPOJHBIM M HA3bIBACTCS COOTBETCTBYIOIIMM HEOJHOPOIHOMY
ypaBHeHuto (6). OOiee penieHue OAHOPOAHOrO YypaBHEHHs (7) HAXOAST MO

KOPHSIM XapaKTEPUCTUYECKOTO YPABHEHUS
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r’+ar+a,=0.
XapakTepucTHIeCKOe YpaBHEHHE MOKET UMETh TPH CITydasi JJisi KOpHEH I U I, !

1) kopHu xapaxkmepucmuuecko2o ypasHeHusi OelcCmeumenvhble U PasiuyHble:
IL#r,. B atom cnyuyae obmiee pemienue ypaBHeHus (7) 3amuchIBaeTcs B
pue y =Ce™ +Ce?*, rne C,, C, —npou3BONbHbIE MOCTOSHHBIE;

2) KOpHU XApaKmepucmuiecko2o YPAGHeHUs OelCmeumeibHble U pPaGHbie:
IL=r,. B aToM ciiydae oOuiee pemeHue ypaBHeHUst (7) 3amMchbiBaeTcsl B
Buzie y =e (C+Cyx), e C,, C, —poM3BOIBHBIC IOCTOSHHBIC;

3) KopHU Xxapakxmepucmuuecko2o YpPAasHeHUsl — KOMMIEKCHble CONPINCEHHbLE
wucna fy=at f- I, ##0. B atom ciryuae obriee pernenne ypaBHenus (7)
3aIUChIBAETCS B BHUJIE y= %X (Cl cos Sx +C,sin ,BX) , rae
C,, C, —npou3BoibHbIEC TOCTOSHHBIE.

YacTtHoe perieHre Y HEOIHOPOJHOrO ypaBHEHHs (6) MOXeT OBITH HaiIeHO
METOJIOM HEONpEeIeNeHHBIX KO3((UIMEHTOB B 3aBUCHUMOCTH OT BHJA IPaBOM
vyactu ypaBHeHus f(X).

Iepswiii cyuaii. TlpaBas yacth ypaBHenus (6) umeet Bujg f (X) = F’(X)emX , T1ie

P(X) — MHorowieH. Torja ypaBHeHHe (6) UMEeT YaCTHOE PEIIeHUE BU/a
y* =x“Q(x)e™, ®)
rie Q(X) — TIOJNHBIA MHOTOYIEH TOW JK€ CTENeHH OT X, 4TO W P(X), HO ¢

HeonpeIeIeHHBIMH K03 dUIIMEHTaMU;

k=0, ecrtu urcio M He ABJISICTCS KOPHEM XapaKTEPUCTUICCKOTO YPaBHCHUS,

k = 1, ectr uucimo M SBISETCS MPOCTHIM KOPHEM XapaKTEPUCTHUSCKOTO
YpaBHEHUS;

k = 2, eciu 9mciio M sABJISETCS JBYKPATHBIM KOPHEM XapaKTEPUCTUYCCKOTO
YpaBHCHHSI.

[TpaBuiio coxpansiet cBoro cwry u ipu M = 0, koraa f(X)=P(X) — MHOTOUICH.
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Heomnpenenennsie k03hPUIMEHTH] B MHOTOYJICHE Q(X) ONPEAEISIIOT

MOJICTaHOBKOW (hyHKUMU (8) U ee MPOU3BOAHBIX B ypaBHEHUE (6) ¢ MOCIEAYIOLIUM
MpUpaBHUBAHUEM KO3()D(PUIMEHTOB MPHU OJAMHAKOBBIX CTEMEHSAX X B 00EHX YacTsIX

YpaBHEHUS.

Ilpumep. Haiitn yactHoe pemienne qudPepeHnnanbHOro ypaBHeHUs BTOPOTro
NIOPSIZIKA, YIOBIIETBOPSIOLIEE 3aJaHHBIM Ha4aJlbHbIM YCIIOBUSIM:

y' =3y —4y=4x-1 y| =2, Y| _,=3

Pewenue. XapaxktepucTuiyeckoe ypaBHEHHUE r’-3r—4=0 wumeer Ba
pPa3IUYHBIX  JCHCTBUTCIBHBIX  KOPHS n=-1,r,=4, CJICJIOBATEIIBHO,
y=Ce *+ C2e4x . [TpaBas JacTh ypaBHCHHSI UMeeT BU/T

f (X) =4x-1= (4X —1) e, rje m=0 wu He dABIETCI  KOpHEM

XapaKTepUCTUUeCKOTo ypaBHeHus. Torma yactHoe pemienue npu K =0 wumem B

14

Buge Y =X’ .(Ax + B)-eo'X = Ax + B, (y*)’ = A, (y) =0. Ilocne MoOACTaHOBKH

B nuddepeHIranbHoe ypaBHEHUE TTOTydaeM
0-3A-4(Ax+B)=4x-1,
—3A-4Ax-4B=4x-1;
—4A-x+(-3A-4B)=4-x+(-D);

xt: —4A=14; A=-1
x%: -3A-4B=-1, —-4B=-1+3A=-4, B=1

YacTHeIM penienueM spisgerca yukuus Y = AX+B=-1-Xx+1=1—x. OGmum

penenueM sipnseTcs pynkiuus y=y+Yy =Ce " + C264X - Xx+1.

Haiinem 3nauenme koncrtant C;,C, u3 HawanbHbIX ycnoBui. [[ns storo

onpenennm Y =-Ce X +4Ce™ 1.
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Torna y|x=0 =C+Cy, +1=2, {Cl =0,
y'|X:O ——C,+4C,-1=3, (C2=1.

HIcKOMBIM YaCTHBIM PELICHUEM ABIISIETCS PYHKIUS Y = e _x+1.

Ilpumep. Haiitu yactHOe pemienne qudPpepeHnanbHOro ypaBHEHUs BTOPOro

nopAaaka, yanoBJICTBOPAONICC 3aJaHHBIM HAYaJIbHBIM YCJIOBUAM:

y' — 4y +4y =e*X, y\XZO:Z, y’\XZO=3.

Pewenue. XapakTepuCTHIECKOE ypaBHEHHE 2 —4r +4=0 HMeeT JBYKPATHBIN
KOpeHb I, =2, ClIefoBaTeNbHo, Y =e>~ (C,+Cyx). TlpaBas dYacte ypaBHCHHs
umeer Bux | (X) =e®, m=2 sgeugerca gaBykpatHEIM (K=2) KopHeM

XAPAKTCPUCTUICCKOT'O YPABHCHUA, TOI'Id YaCTHOC PCIICHHUC UIIICM B BUC
v =x%. Ae®, (y*) =x%-2Ae® +2x- Ae** = 2Ae2x(x2 + x),
(y*) = 4 A (x2 + x) +2Ae™ (2x +1) = Ae* (4x2 +8X + 2).

*
ITocne mojacTaHOBKM Y W €€ MPOM3BOJHBIX B UCXOHHOE AuddepeHImaarHoe

YPaBHEHHE I10Iy4aeM

Ae2X(4x2 +8X+ 2)—4-2Ae2x(x2 + x)+4Ae2X X% =¥,

Aezx(}l«%+§x+278f‘(>8x+}l«{!):e2x,
2Ae?* =e2X,

2A=1, A:E.
2

1
YacTHBIM pelIeHneM siBseTcss QyHKIua Y = EeZX X2,

* 1
OO0mum perieHuem sapisercss GyHkusg Y=Y +Y = g2 (C1 + sz) + Eezx X2,
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Haiinem 3Hauenune koHcTanT C;,C, u3 HavanpHbIX ycnoBuH. [l sToro
OIIpeNENMM IPOU3BOIHYIO
1 A2X 2X [ 2
y'=e7(2C, +2C,x+C, ) +e7 (X" + X,
U TOJNYy4YAM CHCTEMY YPaBHEHMH [ OIPEAEICHUs 3HAYCHUN IPOU3BOJIBHBIX

KOHCTaHT

Y, o=€%C=2, C =2
yl|X=0:eO(2C1+C2):31 C2:_1

o ok 1
HckoMbIM perieHreM aBiseTcss QyHKIusS Y=Y+ Y = e (2 — X) + EEZX X2,

Bmopou  cnyuau. IlpaBas  wacte  ypaBHeHuss (6) uMeeT  BHUI
f (x) =acosnx +bsinnx.
Ecnu uncna +in He SBISIOTCS KOPHAMH XaPaKTCPUCTUUICCKOT'O YPABHCHUA, TO
y* = Acosnx + Bsinnx.
Ecnu ymcna +in gBiagroTcA KOPpHAMHA XapPaKTCPUCTHUUCCKOI'O YpPAaBHCHUA, TO
YaCTHOC PCIICHHUC UMCCT B
y" =(Acosnx+ Bsinnx)- x.

B yacTHbIX ciydasix, Koraa a win b paBHO HYJIIO, pelIeHHe BCE paBHO HAI0 UCKATh

B YKa3aHHOM 0OIIIeM BHJIE.

Ilpumep. Haiitn yactHOe penienne nudpepeHnnanbHoro ypaBHEHUS BTOPOTO

ImopsAaKa, yaOBJIICTBOPAIOMICC 3aaHHbBIM HAYAaJIbHBIM YCIIOBUSAM!

1

! —_— —
y‘x=0_ '

y"+4y +13y =5sin3x, y| = : 2

g!

Pewienue. XapaktepucTuyeckoe ypaBHEHUE r’ +4r +13=0 umeer KOpHU

_4+42_4.13 —4+=36 _ —4+6i
2

fo = - —_2+3i
L2 2 2
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toraa Y =e ¥ (Cycos3x +C,sin3x).
Yucna +3i He ABIAIOTCS KOPHAMH XapaKTEPUCTHYECKOTO YPABHEHHS, [IO3TOMY

y* = Asin3x + Bcos3x,

(y*)’ =3Aco0s3x —3Bsin3x,
(y*)' =-9Asin3x-9Bcos3x

*
HOI[CT&BJIHCM y " €C IPOU3BOJHBIC B UCXOJHOC YPABHCHUC U ITOJTYUACM

—9Asin3x —9Bcos3x + 4(3Acos3x —3Bsin3x) +13( Asin3x + Bcos3x) =C,
(4A—-12B)sin3x+ (4B +12A)cos3x =5-sin3x + 0 - cos3x;

1
sin3x: 4A—lZB:5} A=§
=

cos3x: 4B+12A=0 B=_2
8

OO1iiee pelieHNe ypaBHEHUS UMEET BUJL
-2X - 1 . 3
y =e"“"(C,cos3x+C,sin3x)+ gsin 3x —gcos?,x .
Haiinem 3nauenme koHctant C;,C, u3 HayanbHbIX ycinoBuH. [lis astoro

ONPENEIUM MPOU3BOIHYIO

y' =—2e"%*(C, cos3x + C,sin3x) + e 2* (~3C; sin3x + 3C, cos 3x ) +

+§cos3x + 9sin 3x
8 8

Y 3alulIeM CUCTEMY YPaBHEHHMHU I ONPEACICHUs 3HAYCHUM NPOU3BOJIBHBIX

KOHCTaHT
3 1
y|x:0:eO(C1+C2'O)_§:§,
' 3 1
y|x:o:_Zeo(cﬁcz'0)+80(Cl-0+3C2)+§:E,
C1:1+§:E’
8 8 2
1

szl( +§j:§.
32 8) 8

HckombiM peliieHreM sBIseTcs: (PyHKIUS
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y=e 2% GCOSBX + §sin3xj +Lsinax—3cosax.
2 8 8 8

2. KPATHBIE UHTEI'PAJIBI

JIBOWHOW MHTErpaJ

Ha miiockoct paccMoTpuM HEKOTOPYIO 3aMKHYTYIO obsiacte D, orpanudeHHyro
3amkHyToM JmHMed L. Ilycte B oOmactm D 3amana dyHkums = f(X,y).

lsotinoti unmeepan ot 3roit GyHkuu 1o odiaactu D obGo3Hauvaercs

”f(x,y)dxdy.

OCHOBHBIE CBOMCTBA HBOﬁHOPO HHTCTpalia:

1. ”cf xydxdy c” xydxdy

2. ” xy +f xy) dxdy ” xydxdy+”f xydxdy

3. Iycts D=D,UD,, torma
”f(x,y)dxdy:”f(x,y)dxdy+”f(x,y)dxdy.
D D, D,

I IpnitoxeHnss IBOMHOTO HHTETpaIa

1. ITnowaos obnactu D Beruucnsercs mo popmyne S, = ” dxdy .

D
2. Obvem UWIUHIPUYCCKOTO Tella, HUKHUM OCHOBAaHHEM KOTOPOTO SBIISCTCS
obmacte D, mexamas B muiockoctm XOY, BEpXHUM — 4YacTh IOBEPXHOCTH

Z= f(X,y), npoektupyomasicas B obnacte D, OokoBas mNOBEPXHOCTh —
MUIMHAPUYECKas, ee oOpasyromue mapawienbHbl ocu Oz u mpoxomsT depes

rpanuity L o6mactu D, Beramcnsercs mo dpopmyne V = ” f (X, y)dxdy .
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3. Macca nnockoil rmuactuHbl D, uMeromed MOBEPXHOCTHYIO IUIOTHOCTh
p:p(x, y), HempepeiBHYI0O B obnmactu D, BBIYUCIISIETC 10  (opmyJie

M = ”p(x, y)dxdy.

Beraucienue nBOMHOT0 MHTETpajia

1. ITycth 0OnacTh D orpanudeHa JIByMs BEepTHKAJIbHBIMHM IPSIMBIMH X =a, X=D
(a<b) U JIByMS KPHUBBIMH y:gol(x), y:(pz(x), npuYeM gol(X)Sgoz(X)
@ (X) <,(X) s Bcex Xe [a, b] . Torma ABOWHOW WHTETpaJl MOKHO CBECTH K

MOBTOPHOMY (JIByKpPaTHOMY) CJIEAYIOIIUM 00pa3oM:

_U (x,y)dxdy = j)'wz(x xydy]d Idx Xfxy)dy

a\ ¢(x) a o
2. TIlycte obOmacte D  orpanmueHa JByMS TOPHU3OHTAJIBHBIMH IPSMBIMH
y=c, y=d (c<d) wu nmByms xpuBeiMH X=¢,(Y), X=¢,(y), mnpuuem
o (Y)<o,(y) s Bcex Yye[c,d]. Torma nBOWHON WHTErpall MOXXHO CBECTH K

MOBTOPHOMY (IBYKPAaTHOMY) CJIEAYIOIIHUM 00pa3oMm:
d P (Y)

P (Y)
”f(x y)dxdy_j j f (X, y)dx y:jdyj f (X, y)dx.

c\ a(y) c oY)
3. Ilycth obnmacte D He saBmsieTcs snmeMmeHTapHoi. Torga ee ciemyer pa3ouTh Ha
KOHEYHOE YHCJIO D3JIEMEHTapHBIX 00JIaCTeH NPSMBIMHU, MapaUICIbHBIMA OCSIM
KoopauHAT. [Ipy BBIYMCICHUN TAaKUX JABOWHBIX MHTETPAJIOB CIEAyeT MPUMEHUTH
CBOMCTBO 3.

[pumep. 3anucaTh JBOMHON UHTETPa ” f (X, y)dxdy B BHUJIC IIOBTOPHOTO
D

WHTETpaja AByMs criocobamu, eciiu 00IacTh MHTerpupoBanus D orpanmdena

4
JUHUSAMHU Y =—, Y =X, X=4.
X

CrpoumM 001aCTh:
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YA

|

>

[epssiii cioco6 3anucu. Ilpu nmpoekTupoBanuu Ha ocb OX naHHAst 001acTb

. 4
aBisgeTcs dneMeHTapHon. Tak kak mpu 2<X<4 umeem — <Yy <X, TO
X

H f(x,y)dxdy :jdxj‘ f(x,y)dy.

Bropoii cnoco6 3amucu. [Ipu mpoektupoBanuu Ha ock Oy pgaHHas o0iacTh He

ABIIAETCS AJeMeHTapHo#. Haliem koopArHATB TOUKHM MepecedeHus npsmMon X =4

4 4
U BETBH THUNEPOONBI Y=—: Y= y =1. Taxke moHagoOUTCA KOOpAUHATA y TOUKU
X

nepeceueHus NpIMbIXx y=X U X=4, 10 ectb Y=4. llonyuennywo ¢urypy

HE0OX0IMMO pa30UTh Ha JIBE C TIOMOIIBIO MPSMOHN Y = 2, mapaienbHoi ocu OX u

. 4
BOCTIONIL30BaThCA MyHKTOM 3. Jlmst mepBoit obnmactu: 1<y<2 —<x<4, nusa

Bropoii: 2<y<4, y<Xx<4.B pe3ynabrare UMEeM

_U f(x,y)dxdy = .Z[dyj f(x, y)dx+jdyjl f(x,y)dx.

[Ipumep. BeranucanTe 1BOMHOM MHTETpAIT J J xdxdy mo obmactu D, orpanndeHHoM
D

muHnsMu Y =4,y = X2

Crenaem 4epTex U OMpeaeIUM MPEAesIbl HHTETPUPOBAHNUS
—2<Xx<2,
X°<y<4,
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\

N_____________H____
3 /

XZ

”xdxdy = J% xdxjdyz j. xdx(4— xz): _2[(4x— x3)dx:
D -2 -2 o)

:(4%2_&‘]22 :(ZXZ—XZAL _(8-4)—(8-4)=0.

4)

H[!I/IMGQ. Brruuciaute 00beM TCJIa, OTPAHUYCHHOI'O IIOBCPXHOCTAMMU X+y=1,

z=x+y*+1, x=0, y=0, z=0.

N306pazum Ha iockoctu XOY MpOEKIHIO Tena:

YA

Q

—X 1-x
z(x, y)dxdy:j’dxlj.(x2+y2+1)dy:j.dx£x2y+y§+ yj =
0 0 0

0

Vv

J

D

i[x2(1—x)+(1—3x) +(1_X)dezl‘(xz_X3+1_X+(l—3x) ]dx:
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1
3 4 2 1—X4
— X__X_+X_X__u :£_£+1_1_0+i23+122_
3 4 2 12 . 3 4 2 12 6 2 3
[Ipumep. HaliTu Maccy MmiaacTUHKHU, OTpaHUYEHHON TUHUSAMHU X =5y, X=0, y=2

Y UMEIOLEN TEPEMEHHYIO MTOBEPXHOCTHYIO MIIOTHOCTh p =2X+3Y .

Maccy nmIacTUHKHM BBIYUCINM IO hopMyJie

m= ”p(x, y)dxdy .
D
Crpoum 0061aCTh:
YA

y=2

=5

Hatinem abcruccy ToUky nmepeceueHus IpsMbIX X =9y © Y =2, mojiy4aemM
x=10.

Torma 0<x<10, gs y<2u

10 2

5

m :”p(x, y)dxdy=”(2x+3y)dxdy=J'dxj.(2x+3y)dy=1J9dx(2xy+gy2jX =
D D 0 X 0 X
5

10 2 10 10
:Idx 4x+6—zx2—§-x— :I(4x+6—§x2jdx:(2x2+6x—§x3j =
5 2 25 5 50 150 0
23 460 320

=200+60—-—-1000=260 — ——=—.
150 3 3

IIpumep. Beruncants MOMEHT HHEPLUMH OJJHOPOAHOM IJIACTUHKHU, OTPAHUYEHHOU

X
JIMHUSIMA — + P 1, x=0, y=0 oTtHOCHTEIHLHO HaYaIa KOOPIUHAT.
a

B crity omfHOpOIHOCTH TTACTUHKH, TTOJIOKUM €€ INIOTHOCTh PABHOU p(X, y) =1.

X
VYpaBHeHUs TpaHUI] UNIACTUHKU Y = b(l— —j , X=0, y=0. MsI1 nomygaem
a
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=[] p-(x+y*)dxdy = idxb(lja](xz +y?)dy = T(x2y+y§]b(1:] dx =

D 0 0

o

3
a bs(l_x) a 3 2 3
=I xzb(1—§j+—a dx:bj[xz—X—+1b2(1—35+3x——x—ndx=
0 3 0 3

a

dx =
a 2 3 2 2 2
:bj x2£1+b—2j—x—(l+b—2J+b——&]dx:
) a a 3a 3 a
3 2 4 2 2 2.2 \@
=b X 1+b—2 X 1+b—2 +b—X—Xb =
3 a 4a 3a 3 2a .
3 2 4 2 2 2Ih2
=D a 1+b—2 _a 1+b—2 +b—a—ab =
3 a 4a 3a 3 2a

—b(a3+ab2 a’ ab2+ab2 asz_a3b
12

2.1 TpoiiHOli HHTEerpaJ

IIycTh B MpOCTpaHCTBEHHOW IMIWMHIApUYECKOH obnactu V  3amaHa (QyHKIUS
u=Tf(x,y,z). Ilycts ob6aacte D siBisercs npoekmuei odogactd V Ha IIOCKOCTh

XOy, cama obnmacte V CHH3Yy OrpaHHuYCHA MOBEPXHOCTBIO Z =1/, (X,Y), CBEpXy -
MOBEPXHOCTBIO Z =/, (X, Y), IpU4eM Ui BceX Touek oomactu D vy, (x,y) <w,(x,y).

Torma Ttpoiinoit uaterpan ot ¢pyukmuu U= f(X,Yy,z) mo obmactu V obo3Havyaercs

J I I f(X,y,z)dxdydz u moxet OBITH MPEOOPA30BaH CIACIYIONIUM 00pa3OM:
\%

v (XY)

[[] (v, 2)dxdydz = [[dxdy [ f(xy,z)dz

y1(x,y)
Eciu mpu stom o0nacte D orpanuueHa JByMsI BEPTUKAIBHBIMH IPSIMBIMU
X=a, X=Db (a<b) u mByms kpuBeiMu Yy=¢,(X), Y=¢,(X), tae @ (X)<e,(X)
ans Bcex Xe[a,b], To TpoitHOW WHTErpanm MOXHO CBECTH K MOBTOPHOMY

(TpexkpaTHOMY) CIEIYIOIIUM 00pa3oM:
b @, (X) w2 (X,Y)

[I] fOxy,2)dxdydz =[x [ dy [ f(xy.2)dz

a o) wxy)
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AHanoruytHo, ecnu ob6xactb D orpaHuueHa AByMsl TOPU30HTAIbHBIMU MPSAMBIMH
y=c, y=d (c<d) wu nmByms xpuBeiMH X=¢,(Y), X=¢,(y), mnpudem
o (Y)<eo,(y) ana Bcex Ye[c,d], To TpoitHOI WHTErpam MOMXHO CBECTH K

MMOBTOPHOMY (TPEXKPAaTHOMY) CJICIYIOIIUM O00pa3oM:
d o) waxy)

JII f oy, 2)axdydz = fay [ ax [ f(xy,2)dz

c a(y)  w(xy)

[Ipumep. Halitu o0beM Tena, OrpaHUYEHHOTO MOBEPXHOCTAMHU

x* +y? =18, x:\/@, x=0, z=0, z:lf—ly.

[osepxHOCTh X° + y* =18 - mumuHApHYecKas, ¢ 06pasyroulel, mapaaIensHOH ocH
Oz; B ceueHWH, MEPICHIUKYISIPHOM OOpa3yrolieH, - OKPY)XHOCTh C IIEHTPOM B
Hayajie KOOpJIMHAT pajuyca 32;

MOBEPXHOCTh X = \/@ - DWIMHIpUYECcKas, ¢ oOpa3yromlei, napamiensHoi ocu Oz;
B CCUCHHH, MEPIICHIUKYIIIPHOM 00pa3yromicii, BETBb MapadboIbl X = \/37 ,

noBepxHoctb X=0 - mmockocts Oyz,
noBepxHocTh Z=0 - mmockocTh OXxy,
10y
IIOBEPXHOCTh Z = H - IDIOCKOCTH, cojaeprkarias ocb OX.
OO0BeM Tena BEIYHCIIAEM 10 (hopMyIIe:

V= J}/” dxdydz.

y A

|

32
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JUIs paccTaHOBKHU NPENENIOB HaiieM Ha MmiIockocTd OXY TOUKy mepecedeHus

OKpPY’KHOCTHU U napalosbl. JlJig 3TOro pemuM CUCTEMY YpaBHEHUI:
{xz +y* =18,

«— 3y
[ToxcraBisist BTopoe ypaBHEHHE B IIEPBOE, MOTYUIUM
3y+y*=18;
y>+3y—-18=0;
oTKyna Y, =3, Y, =—
Tak xak B o0nactu Yy >0, 1o 3HaueHue Y, =—6 He noaxoaut. [loncraBum B
X =4/3Yy 3HaueHue Yy, =3, MOIy4YUM X(3) 3.

TOFIIa JJIs1 HpOCKHI/II/I TCJIA HA ITIIOCKOCTH Oxy HonyqaeM CJICI[YIOH_II/IG HepaBeHCTBa:
0<x<3,

COOTBETCTBEHHO JJisl TepeMeHHo Z umeeM 0<z<—vy.

PaccraBum IMpCaciibl PIHTGPpPIpOBaHI/IH " BBIYHCJIMM TpOﬁHOﬁ HHTCTpall:

J18—x2 18—x>

V= ”jdxdydz—_fdx _f dyjdz—jd ;[ dyzﬂy:

2

3

80



2.2 KPUBOJIMHEVHBIE UHTET PAJIBI

KpuonuHelinbsii nHTErpa 1 posa (mo JUIMHE JTIYTH)

1. Ilyctp  rnamkas kpuBas L mmockoct XOy 3amana ¢yHkmmed Y= Yy(X),
X e[a,b], Byaem mnpemnonarate, uro ¢yskums f(X,y) HempepsiBHA BO Bcex
TOYKax KpuBOM L, Torma KpuBOJIWMHEWHBIM WHTErpas mepBoro poja (mo JJIMHE

AYTH) 3alHChIBAaCTCS CIEAYIOUIUM 00pa3oM: Jf(x,y)dl U BBIYUCIACTCSA TIO
L

dbopmyne
b

_[f(x,y)dl :I f(xy(x)) 1+(y'(x))2dx.

L a

2. Ilyctb Ha miockoctu XOY mapamMeTpUYecKH 3ajaHa TJajakas KpuBas

L:{X:X(t),te[a,b],

y=y(t)
T.€. OyAeM mpearnosaraTh, 4To GyHKIUU X(t),y(t) - HEINPEPBIBHO
nuddepenpyemoie; myctb ¢yHkims f(X,Yy) HempepbsIBHA BO BceX TOYKAX

KpuBO#l L, Torma KpuBOJIMHEHHBIA MHTErpaj NepBOro poaa (Mo JJIUHE AYTH)
BBIUUCIISIETCS IO popMyIie

b

[ 0uy)a =] £ (x(0)y(0)((x ©) +(y () Jo

L a

Ecmu xpuBas L 3aana B TpeXMEPHOM IMPOCTPAHCTBE, T.€.
x=X(t)
L:qy=y(t),te[ab],
z=1(t),

TO COOTBCTCTBCHHO MMCCM
b

[f(xy.z)di=[t (x(t),y(t),z(t))\/((x'(t))z+(y'(t))2 +(z'(t))2)dt.

L a

I IpnitoxeHns KpUBOJWMHEWHOTO MHTErpajga 1 poaa

1. l'eomempuueckoe npunodxcenue: BEIMUCICHUE JTMHBI KPHBOH 110 opmyIie
L|=dI.
L

2. Mexanuueckoe npunodcenue: BEIYUCICHNE MACChl KPUBOM.
[Tycts L - miockast kpuBas u O (X, y) - INIOTHOCTH Ha KpuBoi L. Torma macca

BBIUHCIIIETCSA 110 opmyJie
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m, :j5(x,y)dl

B cnydae npocTpaHCTBEHHOM KPUBOM ITOJIy4ae€M COOTBETCTBEHHO

mL:_[5(x,y,z)dI.

X
[Ipumep. Beraucauts wHTETpaT J —dl, rne L - myra mapaGomsl Y =2X,
L

3aKII0YCHHAs MKy Toukamu A4(2,2) u B(8,4).

Berancium auddepentman st gyra dl s kpuBoit Y =+/2X

1 1 1+ 2x
'=——, dl={1+(y)’dx=,[1+—dx= dx.
V= (y) @/ o \/ o

CrnenoBaTenbHO, JaHHBIN UHTErPAJl PAaBEH

8 8
X X [1+2x 1 1
Zdl = —,/ X = | =1+ 2xdx == (1+ 2x)*?
-[y -2[\/2x 2X J;Z 2( )

[Ipumep. Halitn Maccy oqHOPOAHOW NYTH LIUKIOUIbI

I_:{x—a(t—sint)

y =a(1—cost)

2:%(17\/1_7—5\/3).

te[0,27]

Tak kak KpuBas OJHOPOIHAS, TO IJIOTHOCTH O (X, y) =1. Haiinem X', y' u dl:

x'=a(l-cost), y =asint,

dl = \/az(l—cost)z +a’sin’t dt =a~/1—2cost +cos’t +sin’t dt = av2— 2cost =

=a,/2(1—cost) =a, /2~25in2% dt = 2asin%dt.

CraenoBaTenbHO,

2z 2
m, :.[5(x,y)dl = £2asin%dt:—4acos% g:8a.

KpuBonuHelHb HHTErpATI 2 poaa (o KOOpAUHATAM)

1. Ilycts AB - nmyra tmagkod kpuBoi L, 3amaHHONW Ha miockocTH XOy
dyukimer  y=Yy(X), Xe[a,b], Byaem mnpeamomarate, uto (QYHKIHMH
P(X,y), Q(X,y) HempepbiBHA BO BCeX TOYKaxX KPUBOH L, Torma KpUBOIMHEHHBIN
HMHTErpaj BTOPOro poja (1o KOOpAUHATaM) 3alUChIBAETCS CIEAYIOIINM 00pa3oM:
J P(x,y)dx+Q(X,y)dy u Beruucisercs mo Gpopmyiie:

L

[P(x,y)dx+Q(x, y)dy = [ (P(x, ¥()) + Q(x, y()y (x))x .
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BaxxHBIM CBOMCTBOM HHTCTpaIa ABJIACTCA TO, YTO OH 3aBHUCUT OT OPUCHTALIMU
KPUBOW, UMEHHO,

| PO y)dx+Q(x, y)dy == [ P(x, y)dx+Q(x, y)dy

AB BA

Ecnu xpuBast 3aMKHyTa, TO UHTETpal 0003HAYAIOT CJICAYIOIIUM 00pa3oM:

[ﬁde+Qdy.
L

B ciyyae 3aMKHYTOM KPUBOM pPa3IUYalOT IOJOXKUTEIBHYK) U OTPULATEIBHYIO
OPUEHTALIMIO: IPOTUB YaCOBOM CTPEJIKU U 110 YaCOBOM CTPEJIKE.

X=X(t
2. Ilycts L: ((t)),te[a, [)’] - II1ajgKas KpuBas, 3aJaHHas NapaMCTPHUYCCKH.
y=y

Bynem npeanonarate, uro Gynkiuu P(X,Y), Q(X,Yy) HenpepbIBHBI BO BCEX TOUKAX

KPUBOM L, TOTJIa KPHUBOJWHEHWHBI MHTErpasl BTOPOTOo pojaa (1o KOOpIUHATAM)
BBIYHCIISIETCS 110 (hopMyIIe:

B
PO y)dx+Q(x, y)dy = [ (P(x(t), y(1)X'(t) + Q(x(t), y(1))y'(t))elt

AHaJOTMYHO 3alHUCBHIBAETCS W BBIYUCIAETCA KPHUBOJMHEHHBIM HMHTETrpajg Mo
MIPOCTPAHCTBEHHOW KPUBOM.

[IpunoxeHus KpMBOJIMHEMHOrO MHTErpaja 2 poaa

DyHKIIUN P(X, y),Q(X,y)B 3alUCH MHTETpajga MOXHO CUHMTATh KOOpPJIUHATAMHU

BEKTOpa a= ( P(X, y) , Q(X, y)) . Ero HasbpIBaIOT 6exmopubim nojiem, 3aaHHbIM Ha
kpuBoii AB=L.
0603Ha4YUM I = (X, y), dr = (dX, dy).

KpuBonuHeitHpIli ~ UHTETpA I Pdx + Qdy = J. (a,dF) OIpeNensieT  pabomy
AB AB

BEKTOPHOTO (CHJIOBOTO) MOJIsI & BIOJb KpuBoii AB B HampaBlieHUWU OT TOYKH A
K Touke B.

PaGoTy BekTOpHOTO (CHIIOBOTO) MOJS & MO 3aMKHYTOW KPUBOWM YacTO HA3bIBAIOT
YupxKyaayueu.

C:Udex+Qdy
r

[Ipumep. Boruucauts paboTy cuiibl (BEKTOPHOTO MOJIS) F= {COS y,sin X} BJIOJIb
otpeska AB ot Touku A(0,0) 10 Touku B(—% : ﬂj

Pa6ota cuiel F BelunciseTcs 1o GopMmyie:
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A= [ Fdx+Fdy,
AB

3anuueM ypaBHEHHUE MPSIMOU (AB)

x—0 -0 2X 1
:y , :X’ X:——y
_Z_ 0 -0 - 7 2
2
1 . =
0<y<r, dx=—§dy - -

A= I Fdx+Fdy= Icosydx+sinxdy=Icosy(—ldyjﬂin(—iyjdy:
AB AB 0 2 2

:T —lcosy—sin(lyj dy = —lsiny+ZCos(ly)
A 2 2 2

1.
= —ESII’UZ' + 2C0S

T

0

l7zj+lsin0—20050:—2.
2 2

[Ipumep. BeuucaInTh HUPKYIAIUIO BEKTOPHOTO OIS 8 = {Xy +X—-Y, =Xy +X-— y}

no KOHTypy [, cocTosieMy W3 dYacTel KpuBbIX Y=-—X,

(HampaBnieHre 00X0/1a MOJIOKHUTEIIBHOE).
@opmyna AJisl BBIYUCICHUS TUPKYISIUU:

C:[ﬁde+Qdy
r

I' — xouTyp Tpeyronbauka ABC, mpoxomumblii

NPOTHUB 4acoBOU CTPEJIKHU. Brrauciaum
LUPKYJIALUIO IO KaXKJI0U U3 CTOPOH.
AB: y=-X, dy=-dx, 0<x<1.

|

Cup= _[(xy+x—y)dx+(—xy+x—y)dy:

AB

x=1 u y=0

L _
FE)

[N
A X

B

_Lﬁt»
e

(—x2 + X+ x)dx +(x2 + X+ x)(—dx) =
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ool e oL

0

BC: x=1, dx=0, -1<y<0.
0

Coc = j(xy+x—y)dx+(—xy+x—y)dy=_[(—Y+1— y)dy =
BC

=i02y+mw=(v*+wﬁ=—&4—ﬂ=2

CA: y=0, dy=0, 0<x<1.

0 2
CcA=I(Xy+X—y)dx+(—xy+x—y)dy:jxdx:(X_J _ 1
CA 1 2 ) 2
2 1 5
C=Cy+Cop +Cop=—ot2-2=2.
as T Cpe T lca 3+ =%

[Ipumep. Berauciuth HHTErpaA I y’dx + xdy + ydz , rne AB - xyra kpuBoit

AB

2

L: XI“'Z 1t -x =0
2=2
3anuiieM ypaBHEHHE KPUBOU B MapaMeTPpUUECKOM BHUJIE:
X = 2cost
L:qy=sint , t,=x, t;=0.
z2=2

Torma X' =-2sint, y’'=cost, z'=0 u MbI moyuaem

0
j y2dx + xdy + ydz :j(—sinzt-25int+2cost-cost+sint-O)dt =
AB

V4 0 4 0
= 2.[sin2t -sintdt + _[Zcosztdt :ZI(coszt —1)d cost + I(1+ cos 2t)dt =
0 V3 0 T

3 4

cos™t 4

3 3

+(t+3|n2t)
. 2

0

=2( — Cost)

T

3. Teopusi BeposiTHOCTE
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HpI/I KIIACCUYCCKOM OIIPCACICHUUN 6€epPOoANntHOCMb coObImusL OIpCACIIACTCA

PaBEHCTBOM
P(A)=m/n,
I m — YKUCJIO HJIEMEHTAapHBIX HCXOJIOB HCHBITAHUM, OJArompUsTCTBYIOIINX

MOSIBICHUIO COOBITUS A, n — 00I11ee YHCIIO DJIEMEHTaAPHBIX UCXOJI0B UCIIBITAHUS.
Yucnom cowemanuii u3 | 3meMeHTOB MO K HA3BIBAIOT KOJIMYECTBO KOMOMHAILIMIA,
cocTaBjJCHHbIX M3 | a;meMeHTOB Mo K, KOTOpbIE OTIMYAIOTCS XOTSA OBl OJHUM

3JIEMEHTOM. UMCI0 coueTaHui

ck-_1'
'K —K)!

Ilpumep. B smvike nmeetcs 15 neraneid, u3 Kotopbix 10 oKpanieHHbIX.
COopiuk Hayaady U3BJIEKAET TPH JeTanu. Hailtu BeposSsTHOCTH TOTO, YTO

N3BJICUYCHHBIC ACTAJIN OKAXYTCA OKpAIICHHBIMU.

Pewenue:

a) oOI1ee Yuciao BO3MOKHBIX JJIEMEHTAPHBIX MCXOJOB HMCIBITAHUS PABHO YUCITY
3.
CTIIOCO00B, KOTOPBIMH MOKHO M3BJIEUb TPH JI€TANU U3 MATHAALATH, TO ecThb N =Cjs;

0) 4KCIIO MCXO0I0B, OJArONMPHUATCTBYIONIUX HHTEPECYIOMIEMY HAac COOBITHIO, PAaBHO

YUCITy CIIOCOOOB, KOTOPBIMM MOKHO BBIOpaTh TpU OKpallleHHbIX Aetanu u3 10, To
—C3.

ectb M=Cyy;

B) HCKOMAasi BEpPOSATHOCTh paBHA OTHOIICHHIO OOIIEro Yucia MCXOJOB K YHCITY

6HaFOHpI/IHTHI>IX HCXOO0B

10!
m Chy a3z 10t121  74.8.9.10-12f 24
P(A):—: 3 = 151 = = :—zO,Z
n ci ! 71150 A.121.13.14.15 91
3L12!

6.
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Ilpumep. B naptum u3 10 neraneir nmeercs 7 ctangapTtHsix. Haynaay
otoOpansl 5 netaneid. OnpenenuTs BEpOATHOCTb TOrO, YTO CPeaU OTOOPaHHbBIX

JeTajiel pOBHO TPU CTaHIAPTHBIX.

Pewenue:

a) 06mee YUCJI0 BO3MOXHBIX JJICMCHTAPHBIX HMCXOJO0B HCIIBITAHHA pPAaBHO YHCITY
CHOCO6OB, KOTOPBIMH MOXHO HU3BJICYD IIATh I[GTaJIeﬁ U3 JIECATHU, TO €CTh N = Cfo,

0) HaileM 4KCIIO MCXOJ0B, OJIArONPUATCTBYIOIIUX UHTEPECYIOLIEMY HAC COOBITHIO

(CpeJII/I OTO6paHHBIX IIITH I[eTaJIeﬁ POBHO TpHU CTaHJIapTHBIC): TPpU CTAHAAPTHBIC
9] 3

AC€TaJIl MOXHO BLI6paTB us3 7 CTaHAapPTHBIX ACTAJICU C7 CHOCO6aMI/I; IIpu 3TOM

OCTAaJIBHBIC (5—3:2) ACTalIn JOJI?KHBI OBIThH HCCTAHAAPTHBIMHU, KOTOPBIC MOXKHO

BeIOpaTh 13 (10-7=3) HecTaHIApTHBIX JCTAJCH, WUMEBIIUXCSA B MapPTHH, Cg

3 2.
crioco0amu. CJICI[OB&TGJ'IBHO, R 1%() () 6HaFOHpI/I}ITCTBYIOHH/IX HUCXOO0B M= C7 . C3 )

B) HCKOMAasaA BCPOATHOCTb paBHA OTHOMICHHIO 06H1€FO quciia UCXOOOB K YHCITY

6HaTOHpHHTHBIX HCXOJ0B

713l
P(A):m:cﬁ-cgzgl.m'z!.l!:7!.5!-5!: A-M.55 5l _3 0375
n o Ch 51|0éI 214+100 2.4.71.8.9.10 4.8:10 8

BeposiTHOCTE cOOBITHSA A, KOTOPOE€ MOXKET HACTYNHUTH JUIIH MPU TMOSBICHUU

OJTHOTO U3 HECOBMECTHBIX cOObITHH (TMmoTe3) Hi, H,,...,H,, o0pa3syromumux

MIOJIHYIO TPYIILY, paBHA CyMME MPOU3BEACHUN BEPOATHOCTEN KaXKIOW W3 TUIIOTE3

Ha COOTBETCTBYIOIIYIO YCIIOBHYIO BEPOSITHOCTD COOBITHS A:

P(A)=P(Hy)- Ry (A +P(Hy) - By (A)+...+P(H,)- By (A),
rne P(H;)+P(H,)+....+P(H,)=1.

[IpuBenennyto Gopmyiny Ha3bIBAIOT POPMYIOL NOAHOU 8EPOSIMHOCTU.
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Ilpumep. Nmerorcs Tpu naptuu aetaneit no 20 neraneit B kaxxaou. Yucio
CTAHJAPTHBIX AETAJIEU B IIEPBOM, BTOPOU U TPEThEU MAPTUAX COOTBETCTBEHHO
paBHo 20, 15, 10. 13 Haynauy BEIOpaHHOM NapTUM HayAady U3BJEUYEHA IE€Tallb.

HaiiTu BepoATHOCTB TOr0, YTO OHA OKaXeTCsl OpaKOBaHHOM.

Pewenue:
a) 0003HaYMM uepe3 A coObITHE — B3sATasA JeTallb SBIAETCS OpakoBaHHON. MOXKHO

caenaTh TPU NPEANONOKeHUs (rumotessl): H; — netanp BbIOpaHa W3 NEpBOU
naptuu; H, — nerane BeIOpaHa W3 BTOpod maprtuu; Hj; — nertans BblOpaHa U3

TpeTBeﬁ ImapTUu. HOCKOHBKy YHUCIIO0 IIGTaJ'Ief/'I BO BCCX TpPEX IAPTUAX PABHO,

BCPOATHOCTU THUITOTC3 PABHBI
1
P(Hy) = P(Hz) = P(Ha) =

0) ycioBHasi BEPOSITHOCTh TOTO, YTO JIETallb Oy/leT OpaKOBaHHOMW, €CIIM OHA B3STa

U3 TepBOM Tapuw, PHl(A) =0; ycioBHas BEpPOSITHOCTh TOTO, YTO JE€TAllb OyIeT

5 1
OpakOBaHHOMW, €ClIM OHa B3ATa M3 BTOPOW Mapuu, PHZ(A):___; yCIIOBHAs

20 4
BEPOATHOCTh TOTO, YTO JAeTallb OyJIeT OpakOBaHHOM, €CITUM OHAa B3SITa U3 TPEThE

10 1

napuu, Py (A)=—==.
3 20 2

B) HCKOMas BEPOSATHOCTh TOTO, YTO BHIOpaHHAs Haygady JI€Tallb SBISIETCS

OpakoBaHHOMW, HAXOAUTCS IO (POpMyJie TTOTHOM BEPOSATHOCTH

11 11 1

1
P(A)==-0+=-=+=-===.
3 34 32 4
BeposTHOCTH TOTO, YTO B HE3aBHUCHMBIX HCIBITAHHSX, B KAXKIOM M3 KOTOPHIX
BEPOSATHOCTD MOsIBJICHHS cOObITHsA paBHa p (0 < p < 1), coObITHe HacTyUT poBHO K
pa3 (0e3pa3MyHO B KaKOW TMOCJCIOBATSIIBHOCTH), OMPEACIACTCA IO @opmye

bepuynnu
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k ~k~n—k
P.(k)=Chp™a™ ",
rie q=1-p — BEpOSITHOCTh TOTO, YTO COOBITHUE B KaXXJOM U3 HUCIBITAHUU HE

IIOABUTCA.

Ilpumep. BepoATHOCTb BCXOKECTU ceMsiH nueHunsl pasHa 0,9. Kakosa

BCPOATHOCTD TOT'O, UTO U3 YCTBIPCX MMOCCAHHBIX CCMAH BSOﬁﬂyT HC MCHCC TPCX.

Pewenue:

a) MycTh COObITHE A — U3 4 CEeMSIH B30MIyT HE MEHEe TPeX CEeMsIH; cOObITHE B — u3
4 cemsiH B3ouAyT 3 cemenu; cobpiTue C — u3 4 ceMsiH B3ouayT 4 cemenu. [lo
TEOpPEME CJIOKEHUSI BEPOSITHOCTEU

P(A)=P(B)+P(C).

0) BepositTHOCTH cOOBITHI B 1 C onpeaenum o Gopmyine bepuysu:

. 41
P(B)=P,(3)=C;p%q** :m-0,93-(1—0,9)=0,2916,

P(C)=P,(4)=C;p*q**=0,9"=0,6561.
B) ickoMas BepostHocte P(A)=0,2916 +0,6561=0,9477.

Ecin 4ucino moBTOPSIOMIKUXCS UCMBITAHUM BEJIUKO, TO OIPEICICHUE BEPOSTHOCTH
mo ¢opmyine bepHymn 3aTpyIHEHO H3-3a TPOMO3JIKOCTH BBIYHCIICHUH. B 3TOM
clyyae TMPHUMCHSIOT NPUOMIKCHHYIO (OpMYITy, BBIPAXKAIOIIYIO JIOKAILHYIO

meopemy Jlannaca.

1

m '¢(X) )

P (k) =

2

rae (o(X)zi-e_? " X:k_np

Jor Jnpa

3uauenust GyHkuud @(X) OMpemenstoTCs W3 TaOJMHIBI, MPHUBEACHHON B

MPUJIOKEHUH 1.
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[lpn ManpIX 3HAYCHHAX BEPOSTHOCTH p ans Beraucienus P,(K) mnpumensior
ACUMITOTHYECKYIO (hopmyny [lyaccona

ﬂ,k

Pk)= e

. rme e=2,7182..; A=np.

Ota popmyna ucnomnbzyercs npu A <10, npuyeM yem MeHbIe p U OOJbIIE 71, TEM

pe3yJIbTaT TOYHEE.

Ilpumep. BeposaTHOCTb BCXOXKECTH CEMsIH MieHuIlbl paBHa 0,9.
Haiitu BepositHOocTh TOro, uto u3 400 mNOCEIHHBIX CEMSH

B30MAyT 350 ceMsiH.

Pewenue.
a) wm3 ycmoBus 3amaun P=0,9;9=1-0,9=0,1,n=400;k =350. Tornma

,_350-400-09 10, ...
J400-09-01 6

0) u3 Tabmuiel B mpuiokenuu 1 Haxoaum ¢@(—1,67) = ¢(1,67) =0,0989;

B) HCKOMas BEPOATHOCTH paBHA

1
\400-0.9-0,1

P00 (350) ~ .0,0989 ~ 0,0165.

Ilpumep. Cpenu cemsn nmenunbl 0,02% coprskoB. KakoBa
BEPOSITHOCTh TOTO, YTO TpH ciaydaitHom ot6ope 10000 cemsin

Oyner oOHapy)eHO 6 CEMSH COPHSIKOB?

Pewenue.
U3 ycnosust 3amaun P =0,0002; n=10000; k =6. Torma A =10000-0,0002=2.
Hckomast BEpOATHOCTh paBHA

6
P,0000 (6) = % WS % .0,1353~0,012.
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Ecaun BeposTHOCTh HACTyIUIEHUSI COOBITHSI A B KaXJOM M3 7 UCIBITAaHUU

NOCTOSTHHAa W paBHa p, To BeposTHOCTH P, (K, <k <k,) Toro, uro cobeitne 4 B
TaKMX MCOBITAHUSAX HACTYNHT HE MeHee K; pa3 m He Oomee K, pas, ompenemnsercs

10 MHTErpalibHON Teopeme Jlamnaca Gpopmynoii:

P (k <k <k,)~

. B X
—— . |e ZdX,
27 £

x
OyuKIUsa (I)(X):%-J‘e 2dt  wmaseBaercs  QyHkumed Jlammaca. B
V4
0

NPWIOKCHUH 2 JaHbl 3HaueHUs 3Tol QyHkuu it 0 < X <5, [lpu X >5 dyHKus

®(x)=0,5. Ilpu oTpUIATENBHBIX 3HAYCHHUSX X B CHJIY HEYETHOCTH ()YHKIIMH
Jlamnaca @ (—X) =—D(X) . Ucnoas3ys pyukuuio Jlamnaca, nMeeM

P.(k; <k <k,) = ®(p)-D(a).

Ilpumep. IIpoLieHT BCXOKECTH CEMSIH MILIeHUIIbI paBeH 90%. Haiitu

BEPOSATHOCTH TOTO, uTO U3 500 mocestHHbIX ceMsiH B30uayT oT 400 10 440 cemsH.

Pewenue.
a) u3 ycnosus 3aaadn P=0,9;q4=1-0,9=0,1; n=500; k; =400; k, =440.

400-500-0,9 _
/500-0,9-0,1

_440-500-0,9 _
\/500-0,9-0,1

—7,45; B

Torma o =

0) 13 TaOIUIBI B IPHIIOKEHUH 2 HAXOIUM
®(-1,49) =—-d(1,49) ~ -0,4319; D(-7,45) =—D(7,45) ~-0,5.
B) HICKOMasi BEPOSATHOCTh pPaBHA

P,,, (400 < k < 440) ~ ®(—1,49) — d(~7,45) =—0,4312+0,5=0,0681.
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	Семестр 1
	При делении на  потеряно частное решение: .

