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JlaHHBIE METOAMYECKME YKAa3aHUs HalMCaHbl B IIOMOIIb CTyJIECHTaM
TEXHUYECKUX CHEUUAIBHOCTEN Ul IPAKTUYECKUX 3aHATUH. PaccMoTpeHsl
pEIICHNs] TUTOBBIX 3a71a4 110 aHATMTUICCKON TE€OMETPUH M JIMHEWHOU anreope,
BBEJICHUIO B MAaTeMAaTHMYECKHM aHaiM3, a Takxe JaHbl HEOO0XOJIUMBbIe

TEOPETUYECKUE CBEACHUS U CCBUIKH Ha JIUTEPATypy.

AHAIMTUYECKASA 'TEOMETPUA

HexkoTopble CBEACHUS U3 TCOPUU

BekTop — HanpaBIEeHHBIN OTPE3OK.
PaBeHcTBO

a=(x,y,z)
(1) o3Hayaer, 4TO0 X, ), Z — MPOEKIMK BEKTOPA Ha OCH KOOPIMHAT HJIH €r0 Jie-

KapTOBBI KOOPJAUHATEI.

dopmyna

|Zz|:\/xz+yz+z2 (2)
TIO3BOJIAET 110 KOOPAUHATAM BEKTOPA ONPENEIUTH €r0 MOILYJIb.
4z 5 Ecmu a, B, Y — yrisl, KOTOpbIe BEKTOP 00pa3yeT
i C HOJIOKHUTEILHBIM HAITPABICHUEM OCEN KOOPANHAT, TO
B coso, cosP, cosy Ha3BIBAIOTCS HAIPABISIOMIAMH KO-
a CHHYCaMH BEKTOpa d .

0 >y x=|dl|coso, y=|dl|cosP, z=|d|cosy, (3)

cos® o+ cos” B+ cos’ v =1

(4)

Ecnu n3BecTHbl Hauano Bekropa M l(xl, Vi Zl) U KOHeIl

M, (x2 , Vo, 2o ) , TO KOOPJIMHATHI BEKTOPA HAXOASTCS 0 (popmyiam
X=Xy =X, YV=D)Vr—D)V1, 2=2p —21.

(5)

Ecmu a =(x1, Y15 Zl) u b= (X2, Yo, Zz), TO

atb= (xl X5, V1V, Z; izz)

(6) u oa = (oocl, oWy, OLZI), rIe o — JF00e YUCIO.

BekTopsl, JIexkaIiye Ha OJHOM WU apaICIbHBIX MPSIMBIX, HA3bIBAIOTCS

KOJUITMHEapHBIMHU. [IpU3HAK KOJJIMHEAPHOCTU BEKTOPOB @ W b



L_N_&a

Xy Vo Zp
(7) )

Tpotika BeKTOpOB i, j, k Ha3bIBACTCSA KOOPIMHATHBIM OA3HCOM:

7= |#[=1

i

Bexropsl i, j, k Hampasnensl mo ocsim cootBerctBeHHO Ox, Oy, Oz B

MOJIOKUTEIIBHYIO CTOPOHY.
JIro0Ooii BeKTOp a= (x, ), Z) MOXET OBITh PEICTABJICH B BUJIC

a=xi+y+zk. (8)

CKaJSIpHBIM [POU3BE/ICHHEM BEKTOPOB d = (xl, i zl) U

—_

b= (xz, Vo, 22) Ha3bIBAETCS YMCIIO, PABHOE IIPOU3BEICHUIO MOYJIEH STHX

BCKTOPOB Ha KOCHHYC yI'Jla MCXKIY HUMH.

5-5=|5|-‘5‘-coscp, 9)
a Z;=|c7| npagz‘g‘-npgﬁ, (10)
i-a=a’=|al’, (11)

T.€. CKaJIAPHBIN KBaApaT BEKTOPA PAaBEH KBAIPATy €ro MOJYJIS.
G-b=x1Xy+y1Vy +2125.
(12) Ecu alb, 1o
XXy + Y1 ¥y + 2125 = 0. (13)
2 x;xz +j/ . +22122 2 2 (14)
\/xl L S | '\/xz TV +2p

Ecnu Bexktop F' um300pakaeT cuily, TOUKA MPUIIOKEHHSI KOTOPO mepe-

cosQ =

MeIaeTcs U3 Havaja B KOHEIl BeKTopa S, To paboTa 3TOM CHUJIBI ONIpeaeIsIeTcs

W=F-S.
(15)

—

BeKTOPHBIM ITPOM3BEICHUEM BEKTOPA d Ha b Ha3bIBA€TCH TAKOM BEK-

TOp C = a X b, KOTOPBI yIOBIETBOPSET CAEMAYIOIUM TPEM YCIOBHSM:
1. |é|=
2.cla n clb;

3. BEKTOp C 00pa3yeT ¢ BEKTOpaMH d W b «IIpaByIo» TPOMKY.

BeKTOpHOE NPOM3BENECHHE 3aBUCUT OT MOPSIKA COMHOKUTETEN

5|-‘b‘-sin(p, rIe ¢ — YroJ MeXIy BekTopamu d u b

axb=-bxa.
(16) Mopysb BEKTOPHOTO TIPOU3BEACHUS PaBEH TUIOIIAIN MTapajuiejorpaMmma,

IIOCTPOEHHOTO HA BEKTOpPaXx d U b



S= ‘ axbl (17)
1. -
SA:—‘axb‘. (18)
2
Ecnu BexTopel @ ¥ b kommHeapHsl, T0 a X b = 0, B yacTHOCTH,
axa=0.
Ecim BekTOpBI 3a71aHb1 KoopauHataMu  d = (X, ¥y, 27 ),
b = (X2, y2, 22), TO
ik
axb=\x y 71| (19)
X2 Vo 22

Ecnu Bektop F' m300pakaeTr CHily, MPUIOKEHHYIO B KAKOW-HUOYIb TOY-
ke M ,aBexkTop a wuAeT u3 HeKoTopod Touku (O B TOYKY M , TO BEKTOp

a x F npencrasiser co0oit MOMEHT cuiibl F' OTHOCUTENLEHO TOukd O
mF=axF. (20)

CMenianHbIM IMPOU3BCACHUCM TPCX BCKTOPOB Ei, b, E Ha3bIBaCTCA YHC-

J10, PABHOE BEKTOPHOMY IIPOU3BENEHUIO d X b , YMHOKEHHOMY CKAJIAPHO Ha
BEKTOp C, T.€.

abé =(axb)-é=a-(bx¢c)
(21) Cmemannoe npoussenenre abc paBHO 00beMy MapalIeNeNnuIeaa, mo-

CTPOEHHOTO Ha BEKTOpax da, b, ¢, B39TOMY CO 3HAKOM «ILTIOCY», €CIIHA TPOHUKa

a, b, ¢ mpasas, co 3HAKOM «MHHYC», €CJIM 3Ta TPOUKA JIeBas.
V =+abc. (22)
Ecnu BeKTOpbI KOMILIaHAPHBI (JIEKAT B OJTHOW IJIOCKOCTH), TO
abc =0.

(23) I[HH BCKTOPOB C_i = (.xl, yl’ Zl)’ b = (X2, yz, 22), E = (.X3, y3, Z3)
CMCHIAHHOC IMMPOMU3BCACHUC OIIPCACIACTCA (bOpMyHOﬁ

_ X1 V1 7
abc =|x, ¥, z,|
X3 V3 Z3

(24)
3agauva 1. Ha MmarepuasibHy10 TOUKY NEMCTBYIOT CHIIBIL:

F=(02-11), B =(-122), F,=(1,1-2).
Haiit paboTy paBHOJIEHCTBYIOIIEH ATUX CHII R IIpU [IEPEMELLEHUN TOYKH U3
IIOJIOKEHUS A(Z, -1, O) B IIOJIOKEHUE B(4, I, — 1).
Pemienune. Haliiem paBHOIEUCTBYIOINIY IO



R=Fi+F+F=(2-1+1,-1+2+1,1+2-2)=(2,2,1).

Bexkrop nepemenienus no popmyie (5)

- — >
S= 4B =(4-2,1+1,-1-0)=(2,2,-1).
Hckomyto paboty HaxoauM 1o ¢opmyie (15)
W=R-§=2-2+2-2+1-(-1)="7.
3amagya 2. Jlana cuma F= (3, 4, — 2) U TOYKA €€ MPUII0KCHHS

A(2, —1, 3). HaiiTi MOMEHT CHJIBI OTHOCUTENBHO Hauaaa KOOPAWHAT U YTJIbL,

COCTAaBJISIEMBIE UM C KOOPJAMHATHBIMUA OCSIMU.
—>

Pemenue. Ilo popmyne (20) mF=FxF. Bekrop 7 = OA 1o dop-
myse (5) UMeeT KOOPAMHATEL 7 = (2, —1, 3), o ¢hopmyie (19)

— —

ik L
rxF=|2 -1 3 =—10i +13j +11k.
3 4 =2

Urtax, m,F = (— 10, 13,1 1). Monayns MOMeHTa HaxoauM 1o Gopmyre (2):
| m,F | = (= 10)> +(13)” +(11)* = /390 ~ 19,748,

Hanpagnstoiue kocunycsl mo popmyne (3):

coso. = _—10 =—0,506, cosP = L = 0,658, cosy = L =0,557,
19,748 19,748 19,748

a yTJIbl, COCTAaBIISICMbIC MOMEHTOM CHJIBI C KOOPAWHATHBIMH OCSIMH, CJICYIOIINE
o =120°24, B=48°51, Y =569
KOHTpOJIb: JOILKHO OBITh OS> 0L+ COS” B+ cos’ v =1 YV mac:
(- 0,506)” +(0,658)" +(0,557)" = 0,999.
3amaua 3. HamucaTh pa3io)KeHHe BEKTOpa X = (5, 16, 2) 10 BEKTOpaM
p=(210), 6=(0,-2,0), 7=(-152).

Pemenue.
1. PasnoxeHue BeKTOpa X 1O 0asucy p, ¢, I HMEET BHJ

X=0,p+0,q+0sF
WU B KOOPAWHATHON hopme
Xy =0 P + 04 +03n
Xy =0 py +0yq) +037
X3 =0 p3 +0,yq3 + 0373,

2. C y4eToM YHMCIIOBBIX 3HAYEHUI KOOPJAMHAT BEKTOPOB P, ¢, F H X

MOJIYYHUM CUCTEMY ypaBHeHHfI OTHOCUTEIIBHO HEU3BECTHBIX L1, Oy, O3 .



2-00;+0-a,-1-a3=5 20y =5+ 03 o =3
lroo; =2-a,+5053=16 = <20,=0a;+503;-16 = Jo,=-4
0-0y+0-0,+20; =2 oz =1 oz =L
3. PasnokeHue BEKTOpa X II0 BEKTOpaM p, ¢, ¥ HMMEET BHLI:
X=3p—4q+r.
Otser: X =3p—4q +7.
— —
3agaua 4. B mapamnenenunene ABCDA\B;C\D; Bextopsl AB = p,

s — — —

AD =¢q, AA; =r obpasyior 6asuc. Pasnoxuts Bektopel AG, AP,

—>
AN 1o BeiOpaHHOMY Oa3ucy, ecnu Touka G penut pebpo DD, B oTHOMIE-

oM 1:2; Touka P — touka mepecedenus quaronaneit rpann DD;C;C; Touka

N —cepenuna pebpa B,C;.

Pemenue.
[TocTpoum gepTtex. HemocpencTBeHHO U3 YepTeka CIeIyeT:
¢ . 2.
C AG = AD + DG=q+§r,
¢ 1. - 1.
AP = API+APz+P2P—Ep q+5r,
c AN, = AB+ BN + NN, = p+;§+17’.
OtBer: AG = +z AP—14+*+117
=9 3 2]9 q 57
— . 1. _
AN, = p+5q +7
Ilnockoctb. Ee ypaBHeHus
Ax+By+Cz+ D=0 — (25)

oO11iee ypaBHEHHE TUIOCKOCTH.
A(x—xo)+B(y—yo)+ C(Z—ZO) =0 —
(26) ypaBHeHHE MIOCKOCTH, IPOXOIAIICH Yepe3 TOuky M, (xo » Voo ZO) nep-

HEHIUKYJIAPHO BEKTOPY 71 = (A, B, C).



X z
— + Z +—=1 —
a b c

(27) ypaBHEHHUE MJIOCKOCTH «B OTPE3Kax». 31ech d, b, ¢ — BETMUYUHBI OTPE3-

KOB, OTCCKACMBIX IINTOCKOCTBIO HA OCAX KOOPAUHAT.
Ax+By+Cz+ D

=0 - 28
+ \/ A* + B* + C? )
HOPMAJIBHOC YPAaBHCHUC IINIOCKOCTH.
p | Ax, + By, + Cz, + D)|
\/ A? +B? + C?
(29) paccrostaue ot Touku M, (xo » Vo ZO) JI0 TUIOCKOCTH
Ax+By+Cz+D=0.
X=X Y= Z—Z
X=X Y=y Z—z|=0 - (30)
X3 =X V3=V 23724
YPaBHEHHUE MJIOCKOCTH, MPOXOAAIIECH YEPE3 TPU TOUKHU Al (xl, Vi Zl) ,

Ayy (x5, 2. 23), A3(x3, y3, 23).

IIpsamas. Ee ypaBHeHusi

Ax+By+Ciz+D; =0
{ 1 VT4 1 B (31)

oO1iee ypaBHEHHE MPSIMOH (TpsAMast 3a7aHa TepeceueHrueM JIBYX ITOCKOCTEN ).

X=X, Y=Y, Z-Z, _ (32)
m n p

KaHOHHWYECKOE ypaBHEHHE MpsMon, e M, (xo , Voo ZO) — TOYKa, IIPHUHAJIJIC-
JKalas nmpsAMol, d = (m n, p) — HANpaBJIAIOMIMIA BEKTOp MPSMOH (BEKTOD, a-

paJUICNIbHBIN MPSIMOI).

xX=Xx,+mt
y=y,+nt -— (33)
z=2z,+ pt

apaMeTPUYECKUE YPaBHEHUS PSAMOI.
X=X — Y= — zZ—Zz (34)

Xop =X Vo= JV1 272
YPaBHEHHE NPSIMOU, MPOXOASLIEH Yepe3 ABE TAHHBIE TOUKH Al (xl, Vi Zl) ,

Az(xz: Y2, Zz)-




+ +
cosQ = T T % 7 PrP - (35)

\/’”12 +n° +p? '\/m22 +my° +py’

YTOJI MEXK/Ly IBYMS IIPSIMBIMHE, TIE d| = (ml, ny, pl) U d, = (mz, n,, pz) —

HanpaBJIAIOIIUE BEKTOPLI IIPAMBIX.

_ | Am+ Bn+ Cp|
siny = - (36)

\/A2 +B*+C? -\/m2 +n*+c?
YTOJI MEKY PAMOM M IUNIOCKOCTBIO, TIE 7 = (A, B, C) — HOpMAaJIbHBIN BEK-

TOP IJIOCKOCTH, @ = (m n, p) — HaMNpaBJISIONINA BEKTOP MPSMOH.

=% AIA; AIA; AIA; — o0beM mupamunsl A; A, A3 Ay,

Vnupamu()bl
rae Al(xl’ Y1 Zl)’ Azl(xz’ Y2, Zz)’ A3(x3) Y3, 23)’ A4(x4: Ya, Z4) -
KOOPJIMHATHI BEPIIIUH ITHPAMU/IBI.
1[*2=X1 V271 227 a
VnupaMudbz =—|X37X1 V3TV 23721 (37)
Xg =X Va=N Z— 2
3amaya 5. JlaHBI KOOPAWHATHI BEPIIUH MTHPAMHUIBI A1(2, 1, — 1),
A,(3,0,1), A43(2,—-1,3), 4,4(0, 8, 0). Haiiru:
1) yron mexny peopamu A4, u A Ay;
2) yron Mexnay peopom Ay A4 u rpansio A; A, As;
3) 00bem nupamuasl V;
4) pacctostane oT Touku A, m0 mnockoctu Ay Ay Ay

5) Touky Aj, CAMMETPHYHYIO TOUKE A, OTHOCHTEIBHO IIOCKOCTH
Ay Ay A
6) Touky A, CAMMETPUUHYIO TOUKEe A4 OTHOCHTENBHO mpsiMoit A A3

Pemienue.
1) Vron mexnay pedpamu Haxoaum o dpopmyie (35).

—
a, = A4, =(3-2,0—1,1-(-1)) =(1, - 1, 2) — nanpapnsrommii BexTop
npsmoit A, A4, ;

—
Gy = A4, =(0-2,2-1,0—(=1))=(-2, 7, 1) — nanpaenstowuii BexTop

npsmoit Ay Ay .
1-(=2)-1-7+2-1 ~7 7

V(=12 422 (-2 + 7P 4 12 Vo5 s

2) CocraBuM ypaBHeHHe 1iockoctu Ay A, As, mpoxopsieit yepes Tpu

cosQ =




TOYKH A1(2, 1, — 1), A, (3, 0, l), A (2, -1, 3), o ¢popmyne (30)

x=2 y-1 z+1 x=2 y—-1 z+1
3-2 0-1 1+1}|=0, 1 -2 2 |=0,
2-2 —-1-1 3+1 0 -2 4

-1 2 1 2 1 -1
=273 2-0-nlg 3l+Enly Tal-o

(x=2)-0-(y—1)-4+(z+1)-(-2)
—4y+4-2z-2=0,
4y +2z—2=0 — ypaBHenue mwiockoctn A, A, As;

O:

n= (O, 2, 1) — HOPMAJILHBIN BEKTOP IIOCKOCTH;

N S

a= A4, = (— 2,7, l) — HANpaBJIAIOMUI BEKTOp IpsMoit A Ay.
Haxomum yron y mexnay npsmoid A; A4 n mmockocteto Ay A, Ay 1o dop-
Mmyze (36)

0-(—2)+2-7+1-1 15
V02 422 412 -\/(—2)2 72412 V5454

3) Haxomum o6bem nmupamusl o ¢opmyie (37)

siny =

=0,9114.

—> —> —>
A1A2 :(1,_1, 2), A1A3:(O,_2, 4), A1A4 :(_2, 7, 1)

V=t-| 0 -2 4|=t—(-2+8-8-28)=-—(-30)=15.
6|-2 7 1| 6 6

4) Paccrosaue ot Toukn A, 1o miockoctn A; A, A3 HaxomuM 1o

dbopmyne (29).
d_|2-8+0—1| 15

Jarl 5

5) Yto0Obl HaiiTi TOUKYy A,, CAMMETPUYHYIO TOUYKE A, OTHOCHTEIHHO

= 35 ~ 6,69.

wiockoctn Ay A, Az, cnenaem ciemyronee.

CocTaBuM ypaBHEHHE NPSIMOM, MEPIEHANKYIAPHOH mtockoctn Ay A, Ay,
npoxosieit yepe3 Touky A, 1o gopmyne (32). 3a HanpaBIAIOMUN BEKTOP
npsIMOi d =1 = (O, 2, l) OepeM HOPMaJIbHBIM BEKTOP IUIOCKOCTH, T.K. IpsMast

NECPHCHANUKYJISIPHA IIJIOCKOCTH:

x-0 y-8 z-0 x y-—38

b

0 2 1 0 2

CocTraBuM MmapaMeTprUIeCKue ypaBHEHHS 3TON Tipsimoit o hopmyre (33):

— | N
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x=0

y=2t+8
z=1.
HaxonuM TOUKy mepecedeHus 3Toi NpsiMOl ¢ TIoCKoCcThio Ay Ay A3
(x=0
x=0
y=2t+8
- - y=—6+8=2 = 22t+8)+t-1=0,
z =
z=1
2y+z-1=0

5t+15=0, t=-3.

[Tomydaem TOUKy M(O, 2, —3); T.K. TOYKa A, CHMMeTpudYHa Touke A, OT-

HOCUTENBHO IIockoctH A; A, Ay, To Touka M sBISeTCs cepeluHON OTpe3Ka
Ay Ay, mosTOMY

X4 +X) 0+xy :
Xy = ——, 0= , x; =0;
M 2 2 4
Y4+ Y4 8+, ,
:—’ 2:—’ :—4’
Ym 5 5 Y4
Zy + 2y 0+2z, ,
Zag = , —-3= , zy =—6.
M 2 2
4;(0, - 4,-6).

6) YtoObl HaiiTi TOUKy A,  , CHMMETPHYHYIO TOYKE A, OTHOCHTEIBHO
npsmoit Ay A3, cocTaBUM ypaBHEHHE IUIOCKOCTH, IPOXOAAIIEH yepe3 TOUKY
A, neprneHmuKyIIpHO psimMoit A A3 mo dpopmyne (26). 3a HOpMaTbHBIH
BekTop mwiockoctn A =d = (0, — 2, 4) OepeM HanpapJISIONIUA BEKTOP IPSAMOM
A A3, T.K. IIIOCKOCTB NEPIEHANKYIIAPHA IPIMOH.
0-(x—0)—2-(y=3)+4-(z-0)=0, —2y+16+4z=0, y=2z-8=0.

Vpasuenwue npsimoir  A; A3 cocrasisiem 1o popmyie (34).
x=2 y-1 _ =z+1

x=2 y-1 z+1
2-2 —1-1 3+1 0 -2 4
[TapameTpudeckue ypaBHeHHs psiMoid Ay Ay
x=2
y=-2t+1
z=4¢t-1.

Haxomum Touky N nepeceuenus npsmoir A; Ay m mnockoctu

11



(x=2
y=-2t+1
z=4t-1
y—2z-8=0,

—2t+1-2(4t-1)-8=0, —10t-5=0, r=—=,

x=2, y=—2(—lj+1=2, Z=4(—lj_1:_3-
2 2

Urak, Touka N (2, 2, — 3). Tak kak Touka A, cuMMeTpu4Ha TOuke A, OT-

HOCHUTENBHO NpsMoit  A; Ay, To Touka N SIBISIETCS CepeIUHON OTpe3Ka

Ay Ay, Torna
X4 +xy 0+xy "
Xy =—7—, 2= . X4 =4,
N 2 2 4
Vi T4 8+ 4 "
pu— —’ 2 = R pu—y —4,
N ) > Y4
Zg +z4 0+zy
Zy =24 -3=—T2%  z/=-6, Touxa A;(4,—4 -6).
2 2
IIpsimas inaus. Ee ypaBHeHue
Ax+By+C=0 — (38)
oO11iee ypaBHEHHE MPSIMOIA.
X=X, Y=Y,
m n

(39) ypaBHeHUE NPsSMO#A, MPOXOIAIICH Yepe3 TOUKY
M, (xo, Ve ) a = (m, n) — BexTOp, MAPAILIENBHBII IPAMOIi.

A(x—xo)+B(y—yo):0 — (40)
ypaBHEHHE TIPSIMOU, POXOosiiei uepe3 Touky M (xo, yo) C MEPIECHAUKY-
nstpHbIM BektopoM 71 = (A, B).

X—x _Y=n»n (41)
Xp =X V2= N
ypaBHEHME NPSIMON MPOXOIAIeH uepe3 ABe Touku M 1(x1, yl) u M, (x2 , yz) :
Tido1 - (42)
a b

ypaBHEHHUE MPSIMOi B «OTpE3Kax», IIe d, b — BEIUYMHBI OTPE3KOB, OTCEKae-

MBIX HpHMOﬁ Ha OCiAX KOOpAUHAT.

12



y=hkx+b — (43)
ypaBHEHHUE MPSIMOM € YIIOBbIM K03 duiimeHToM k = 12 u oTpe3koM b —
oTcekaeMbiM Ha ocu Oy .

V=), = k(x—xo) —
(44) ypaBHEHUE TIPSMOM, MPOXOAIICH yepe3 Touky M, (xo , yo) C YIJIOBBIM

ko3 dunreHToM £k .

Ax,+ By, + C
i- v+ C| (45)
VA? + B?
paccrosiHue oT Touku M, (xo, yo) 1o npsimoit Ax + By+C =0.
Ax,+ By, +C
5= et et (45a)
VA® + B?
OTKJIOHCHHE TOuku M (xo, yo) OT TIPSIMOH.
A
k=—— —
B
(46) yraosoii ko3hdurment npsimoit Ax + By+C =0,
kl = k2 - (47)
yCIIOBUE TIAPAJIICITHHOCTH TPSMBIX.
1
ky=—— —
k2
(48) ycnoBue neprneHIuKyJIspHOCTH MPSMBbIX.
ky, —k
g9 = |t (49)
1+ kk,
YTOJI MKy ABYMS MIPSIMBIMHE C YTTIOBBIME KOd(dunuentamu k| u k.
3agauva 6. I[aHLI CEpPEANHBI CTOPOH TPEYTOJIbHUKA
(1 2) Q(S 1) ( ) CocTaBHUTh ypaBHEHUS €r0 CTOPOH.
B(xs, v,) 1 cnioco0. Tak kak touku P, (O, R sBnstoTcs ce-

penunamu otpeskoB AB, AC, BC, 1o
P 0 x1+x2 _ X9 +X3 xl+X3

=1, =23 =5 L 3__4
2 2 2
A(x,. v R C (x5, ) yl+—y2:2, )/2—"')/3:_1’ M:3_
2 2 2
PemaeM Be cucrembl ypaBHEHUN
X +x,=2 yi+y, =4
xZ+X3:10 %) +y3:—2
xl+X3:_8, y1+y3:6,

MOJIy4aeM
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x;=-8 vy =6
X, =0 ¥, =0 A(-8,6), B(10,-2), C(0,0).
x3 =10, V3 =2,

Teneps cocTaBisieM YpaBHECHUSI CTOPOH TPEYTOJIbHHUKA, KaK IMPSIMBIX, IPOXOIS-

IIUX Yyepe3 JABe TOUKH, 1o dopmyie (41).
YpaBHenue AB:

X8 _ Y70 gviop—2-0,
10+8 —-2-6

VYpasuenne BC':
x—10:y+2) X+ 5y = 0.
0-10 0+2

VYpauenne AC':
X8 _ Y70 4=
0+8 0-6

2 cioco0. He ompenenss koopaunat touek A, B, C, cocTaBUM ypaBHEHHE

Ka)KI0W U3 CTOPOH TpeyroiabHuka ABC, kKak mpsMoit, MPoXo e yepe3 O Hy
U3 BEpIIMH TpeyroibHuka POR mapaiienbHO MPOTUBOJICKAIIEH CTOPOHE.

YpaHenne AB: npsmas AB mpoxomuT yepe3 TOUKy P mapauieIbHO Bek-

—
Topy QR = (— 9, 4). Hcnons3yem ypaBaenue (39).
x—=1_ y-2

-9 4
YpaBuenue BC': mpsmas BC mpoxomuT yepe3 Touky () mnapaieabHO BEK-

=  4x+9y-22=0.

—>
Topy PR =(-51).
x—5:y+1

-5 1
Ypaaerne AC:mpsmas AC mpoxomuT dyepe3 TOUKy R mapalijieIbHO BEK-

= x+5y=0.

—>
TOPY PQ=(4,—3).
x+4 y-3

4 -3

Oteer: 4x+9y—-22=0, x+5y=0, 3x+4y=0.

3agaya 7. CocTaBUTh ypaBHEHUS KATETOB MPSMOYTOJIBLHOTO paBHOOE-
PEHHOTO TPEYTOJIbHUKA, 3HAasl YpaBHEHUE TUNIOTeHY3bl 2x + 3y —5=0 wu Bep-

= 3x+4y=0.

HIMHY MIPSIMOTO YTJia (2, — l).
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B

N AB = BC (no ycnosuio), nostomy /ABC = /ACB =45,
457 kpc = —% ( mo dpopmyne (46)). YpaBHeHus KaTeToB AB u
45°
AC. ) C BC cocraBnsiem o hopmyiie (44): y+1= k(x — 2).
k+ 2
tg45° = —23 , (49)
1-—k
3
k+—
—5> = L.
1-—k

Pemiast 5Tu ypaBHEHUS, TOITYYUM:

k:%’ y—l—lzé(x—Z), 5p+5=x-2, x=5-T7=0.

k=-5 y+1=-5x-2), y+1=-5x+10, 5x+y-9=0.
Oter: x—5y—7=0, S5x+y—-9=0.
3agaua 8. B TpeyroibHHKE C BEpIIMHAMU
A(3, — 2), B(— 1, l), C(S, — 7) HaWTU OMCCeKTpHUCY BHyTpeHHero yria LABC.

B_x 1) CocraBum ypaBHenus cropos yria ZLABC,
BOCIIOJIb30BaBIINCH (popmyioit (41).
5102 Cropona BA:
+1 -1
X _3x—4p+l=0.
3+1 —-2-1
Cropona BC':
+1 -1
oY _8x—6y-2=0.
A ¢ 5+1 —-4-1
\ N 2) Touku OUCCEKTPUCHI PABHOYJATIEHBI OT CTOPOH

yrua. [IpupaBHsieM pacCTOsSHUSA OT IPOU3BOJIBHOU
TOYKU OuccekTpuchl M (x, y) 10 ctopoH yria BA w BC, BBIYHCISASA UX TI0
dbopmyme (45).
|—3x—4y+1| |—8x—6y—2| |—3x—4y+1| |—8x—6y—2|
e Jere |3 0
W3 mocnenHero paBeHCTBa MOTy4aeM CIeayIOIHe /IBa:
2(— 3x—4y+ 1) =-8x—-6y—2 wu 2(—3x—4y+1) = —(—8x—6y—2).
I[Tocite mpeoOpa3oBaHus MOJyYaeM YPaBHEHHS ABYX MPSMBIX, KOTOPBIC SIBJISIOT-

Cst OMCCEKTpUCaMU BHYTPEHHEIO M BHEIITHETO YIJIOB IPH BepiimHe B Tpe-
yroneauka ABC':

x—y+3=0 (a)
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" x+y=0. (6)

Jly1s GUCCeKTpUCHl BHYTPEHHETO yIila TpEyrojiibHUKa BN OTKIOHEHUS BEPIIUH
tpeyroidbHuka A u C WMEIOT pa3Hble 3HAKH, a JJIs1 OUCCEKTPUCHI BHEIITHETO
yria BK — 3HaKd OTKIOHEHHWI OJIMHAKOBBI.

Haiinem otkionenus ouek 4 u C oT npsMoit (a) mo gopmyre
(40,a):

s _3-(=2+2_ 7 S-(-7)+2_14
A = = = =
Ji2e2 o V2 JiZe2 V2
clieIoBaTeIbHO, YpaBHEHUE (a) — 3TO ypaBHeHHe npssimoii BK. Torma ypaBHe-
HHUE OMCCEKTPHCH BHYTPEHHETO yria Tpeyroibanka ABC mpu BeprmHe B

x+y=0.

0)

0, 8

Otget: x+y = 0.

JIMHUM BTOPOTo MOpAIKA

OKpYKHOCTh. YpaBHEHHUE
(x—a)2 +(y—b)2 = R? (50)

OTIpEeNETSIeT OKPYKHOCTh paanyca R ¢ IEeHTpOM C(a, b) . Ecnu uentp

OKPY>KHOCTH COBIIQJIacT ¢ HA4YaJoOM KoopauHar, T.e. a = b =0, To ypaBHEHHUE
OKPY>KHOCTH HPHUMET BU/T

x? + y2 = R?.
(51)
Oo6mee anreOpanvyeckoe ypaBHEHHUE BTOPO CTEIICHU
Ax? +2Bxy+ Cy* +2Dx +2Ey+ F =0
ecTh ypaBHeHHe okpyxHoctu, eciii A=C#0, B=0, te.

Ax® + Ay* +2Dx+2Ey+ F =0. (52)
DJLIUIIC.
2 2
a” b
(53)
ypaBHEHUE IIIUICA (KAHOHUYECKUN BUT).
b2=a2—c2, a>b.
(54)

B 310oM cityuae pOKYCHI DIUIAIICA UMEOT KOOPIHHATEI
Fi(—¢ 0) u F(c, 0).
(55)
Hauaio koopauaar O — IEHTP CHMMETPHH DIUIHIICA, & OCH KOOPIUHAT — OCH
CUMMETPHH DIUIHIICA. TOUKH Al(— a, O), Az(a, O), BI(O, —b), B, (O, b)
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HAa3bIBAIOTCs BCPIONMHAMMU J3JIJIMIICA, d H b — Gonblias ¥ Manas ITOJIyOCH. Be-

JJM4YHUHAa

8=£<1
a
(56)
Ha3bIBACTCA SKCUCHTPHUCUTCTOM IJIJIMUIICA. SKCHCHTpI/ICI/ITCT XapaKTCPU3y<CT BhbI-
TAHYTOCTD 3JINIMIICA, T.K. BBIPAXKACTCA 4YCPC3 OTHOIICHHUC CI'O HOJIYOCGﬁ

E=—= (57)

a a a

OKpy»HOCTbh MOYXHO CUMTATh YACTHBIM CIIy4aeM 3JLIUIICA, Y KOTOPOTO
a=b,te. £¢=0.

x=%f— — (58)

M|

YPaBHEHUS JUPEKTPUC.
Ecnu okycsl amummrica pacnonoxensl Ha ocu (Jy, TO ypaBHEHHE DJUTHII-

ca uMmeeT ToT ke Buj (58), Ho b > a. DoKyChl HIMEIOT KOOPAUHATHI: Fl(O - c)

u F (O, c) . YpaBHEHUS TUPEKTPHUC

y= J_ré. (59)
€
['unepOoua.
2 2
X )
———==1 - (60)
a? b2
KaHOHHYECKOE YPaBHEHHE TUIICPOOIIHI.
b*=c*-a*, a<ec. (61)

®OKyChl HIMEIOT KOOPIUHATHI Fl(— c, O) u I, (c, O). Ocu KOOpAWHAT SIBIIS-
IOTCS OCSIMH CUMMETPHH TUIIEpO0Iibl, a Touka (O — UeHTp cuMMeTpuH. ['urep-
0oJ1a IepeceKaeT 0Cb aOCLUCC B TOUKAX Al(— a, O), A4, (a, 0), KOTOpBIE Ha3bl-
BAIOTCA €€ JECHUCTBUTEIbHBIMUA BEPIIMHAMU, A BEJIMYMHA « — JCUCTBUTEIILHOU
THOJIyOChI0 Tunepooibl. Touku Bl(O, —b) u B, (O, b) HAa3bIBAIOTCSI MHUMBIMH

BCPIIMHAMH, a b — MHHMas I0JYOChb. HpﬂMOYFOJIBHI/IK C OCHTPOM B Ha4daJIC

KOOpJAMHAT M CO CTOPOHAMHU, MapaJieIbHBIMU KOOPAMHATHBIM OCSIM U IIPOXO-
JSAIIAMHA Yepe3 BEPIIMHBI TUIEPOOJIbI, Ha3bIBACTCSI OCHOBHBIM MPSIMOYTOILHU-
KoM rurnep0osbl. Ero nuaronanu

y= iéx (62)
a
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SIBJISIIOTCS] aCHMITOTaMH THIIEPOOIIBI, T.€. IPSAMBIMH, K KOTOPBIM HEOTPAHUYEHHO
npUOJIMKAIOTCA BETBU THIIEPOOJIBI.
OKCLIEHTPUCUTET TUIIEPOOITBI

e=S>1. (63)
a
2 2 2
Lo C_Na+b” 1+Gg | (64)
a a a

Ecmu a = b, runep0osia Ha3pIBaeTCS paBHOCTOPOHHEH. B 3TOM cityyae 0CHOB-
HOM MPSAMOYTOJIBHHK TPEBpaIIaeTcs B KBaApaT, a IKCIEHTPUCUTET paBeH /2.

x=%2 - (65)
€
JTUPEKTPUCHI TUIIEPOOIIBI.

Ecnu ypaBHeHUe runep0oJibl UMEET BUJT

2 2
~To+ =1, (66)
a b
TO aCUMIITOTHI FI/II'Iep6OJ'IBI:
b
x=x—y, (67)
a
(hOoKyChI FI(O, — c), Fz(O, c).
y=t - (68)
€
YPaBHEHUS AUPEKTPUC.
[TapaGoa.
Kanonunueckoe ypaBHEHHE TapaboIbl
2
y-=2px (p>0), (69)

IZle p — paccTosiHue OT (POKyca O JUPEKTPUCHL. Y paBHEHHUE JUPEKTPUCHI
X = —g, KOOpauHATHI pokyca F (%, 0) . Hauano xoopauHat siBisieTcst Bep-

IIMHOM 1MapadoJIbl, @ 0Ch a0CIHUCC — €€ OChbI0 CHMMETPUHU. DKCIICHTPUCUTET Ia-
pabonbr € =1.
B psizie ciyyaeB paccMaTpUBarOT mapadosibl:

2) y2 = -2px, F(— g} ()) —doxyc, x = g — ypaBHeHue qupektpucel;  (70)

6) x> =2py, F (O, g) —Qoxyc, y = —§ — ypasHenue aupextpucs;  (71)

B) x?=22 py, F (0’_§j —¢okyc, y = g — ypaBHeHHe AUpeKTpuchl.  (72)

Jlnst Beex ciaydaeB p > 0.
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3anada 9. Cpeau npsMbIX HapauiesIbHBIX npsiMoir 2x + y = 0, Bbize-

2 2
JINTh KaCaTCJIbHBIC K OKPY>KHOCTH X + y = 1.

Pemienue. YpaBHeHUE BCAKOW NMPAMOM, MAPAIIIEIBHON JAHHOM, MOKHO
3amucaTh B BUIE
2x+y+c=0.
KacarenbHas K OKpYKHOCTH HMEET C HEW TOJIBKO OJJHY OOIIYIO TOUKY, [I03TOMY
COBMECTHOE PEUICHUE YPABHEHHUN NPSIMOM M OKPYKHOCTH JTOJIKHO UMETh TOJIb-
KO OJIMH OTBET.
W3 ypaBHEeHHS IpIMOil Y = —2x — C.

y=-2x—c¢

x2+y2:1, x2+(—2x—c)2=1, 5x2 +4ex+c>—1=0.
KBaapaTHOoe ypaBHEHHE UMEET TOJIBKO OJHO PEIICHHE, KOTAa JUCKPUMUHAHT
paBeH HYJIIO: (40)2 - 4-5-(02 — l) =0, orkyma c= +4/5.

I/ITaK, HCKOMBIC KaCaTCIbHBIC UMCIOT YPABHCHUA

2x+y+\/§=0, 2x+y—\/§=0.

amaua 10. Jan smwmmc 9x> + 25y2 = 225. Haiitu: 1) ero nomyocu;

2) GOoKyChI; 3) 9KCLHEHTPUCHUTET; 4) ypaBHEHUS TUPEKTPHUC.

Pewienne. [lenum Ha 225, nomydaem

2 2
X
LY

25 9
Orcrona crnemyer mo popmyie (53),uro a =15, b= 3. U3 popmynsr (54):

2 =a’-b*>=25-9=16, c==4
ITo popmyie (55): Fl(— 4, O), F2(4, O).

4
OKcueHTpucureT (56): € = c_ g
a
VYpaBHe eKkTpuc coritacHo (58): x == +25
BHEHHUS JTUPEKTPHUC COIJIACH P X=t——=%+—.
P PP 4/5 4

Otser: a =15, b=3; Fl(—4,0), F2(4,O); 82%; x:i§.

3agauya 11. CocTaBUTh KAHOHMYECKOE YPABHEHUE AJUIMIICA, Y KOTOPOTO
Maias moiyocb 2+/6, a paccrosiHue Mmexay Gokycamu FiF, = 8.

Pewenne. b =26, FF,=2c=8, c=4

2
ITo ¢popmyne (54): a’=b*+c?, a’® = (2\/8) +4% =40, a=+/40=210.

2 2
Y

—+—=1
40 24

VYpaBHenue smurnca coriaco (53):
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3amada 12. AcuMnToThl runep0oiibl uMetoT ypaBuenuss 4y +3x =0, a

paccTostHre Mex Ty dokycamu paBHo 20. Hammcath ee kaHOHUYECKOE ypaBHE-
HUE.

Penienue. YpaBHEHUS aCUMITOT ) = in, coriacHo Gopmye (62):

b_ %, Kpome toro FFy = 2¢ = 20, ¢ = 10. Tlo dopumyre (61):
a
=da

2

2 2 o
c + b”, moiyyaem CUCTEMY YpaBHEHHIA

b 3

a 4
a’ +b* =100,
Pemras ee, monyuaem a =8, b= 6. CiemoBaTeabHO, KAHOHUYECKOE ypaBHE-
x2 2

HUE TUTIEPOOITBI: — — Y _1

64 36

2 2

3amauya 13. Jlana runepOona % — yT = —1. Haiitu koopauHaTh! (o-

KYCOB U BEPILHH, 3KCUEHTPUCHUTET, YPABHEHUSI ACUMITOT U JTUPEKTPHUC.
Pemenne. ®okychl TaHHOW THIIEPOOITBI pacnoioxkeHsl Ha ocu Oy .

a=1b=3 c=va’+b> =J9+1=410. (61)
3HauuT (POKYChI HIMEIOT KOOPAUHATHI Fl(O, — \/E> Fz(O, \/ﬁ) Bepiimabt
AI(O, — 1), A2(O, l), Bl(— 3, 0), B2(3, O). DKCIEHTPHUCHUTET 110 hopmyiie (64):

., e=410.

C
E=—=
a

w‘ﬁ
(an)

VpaBHeHHd acUMNTOT: X =t—)y = x=13y.
a

b 3
YpaBHeHMs qupekTpuc: y=+r— = y==Ft-—.
c V10

3amaua 14. IlapaGosa ¢ BepmuHOI B HaYajae KOOPAUHAT MPOXOIUT Yepe3
TOUKY A( L, - 2) ¥ CUMMETpPUYHA oTHOCUTEeNbHO ocu (Jy. Hammcats ee ypas-

Henue. Halitu ¢hoxyc u tupexTpucy.
Pemienue. YpaBHeHue HCKOMOM mapadodisl mo hopmysie (72) uMeer BUI

x?==2 py. Touka A( 1, - 2) JeKUT Ha mapabdose. [loacTraBnsieM KOOPAMHATHI

1
Toukn A BYypaBHeHue: 1=-2p- (— 2) = p= r CrnenoBarenbHO, HCKO-

1
MO€ ypaBHEHUE OyJeT x? = 5 Yy Wi y = —2x?.
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1 1
®oxky mapabomsr: F (O, — g) . YpaBHEHHUE TUPEKTPUCHI cormmacHo (72). y = .

2 .
3amada 15. Ha mapaGone y~ = 4x HaWTH TOYKH, pACCTOSHUS KOTOPBIX
OT AUPEKTPHUCHI PAaBHO 5.

Pemennie. YpaBHeHUE TUPEKTPUCHI JaHHOM mapaboibl X = —£,

2p=4, p=2, x=—1. Torna paccrosuue or ocu (y 10 UCKOMOW

/ P

=4 - 5 =5—1=4T104Ku ® 3TO pacCcTOSHUE ONMPENCTUT KOOPIUHATY X

naHHOU ToukH, T.e. X = 4. Koopaunaty y Haiinem U3 ypaBHEHHS NapaboIbL:
y2=4x, y*=4.-4=16, y=14
Urak, M1(4,4), M2(4, —4).

BBEJIEHUE B AHAJIM3

[TycTh KaxaoMy HaTypaJIbHOMY 4uCiy M =1, 2, ... TPHUBEICHO B COOT-
BETCTBHE B CHIIy HEKOTOPOT'O 3aKOHA YUCIO U, . Toraa roBopsT, 4TO Ompese-
J€HA TOCIENOBAaTENBHOCTD YUCEN Uy, Uy, Uz, ... WIH, KOpoUe, IOCIEH0BaA-

TCJIBHOCTD {Mn} OT)ICJ'IBHBIC quciia U, HAa3bIBAOTCA €€ DJICMCHTAMU.

Onpenenenue 1.1. YUucno a Ha3bIBaeTcsl NMPEAEIIOM IMOCIEA0BATEIbHOCTH
{un }, €CJIH IS JTIF0OOTO TOJIOKHUTEIBHOTO YUCIa € HaWAeTCs 3aBUCAIIEE OT

HEro HaTypajubHOe yucio /N Takoe, 4TO JAJs BCeX HaTypajbHbIX uucen n> N

BBINOJIHSETCS] HEPABEHCTBO: | u,—a |< €. Ilpusrom mumyt:  [lim u, = a.
n—» 0

Ompenenenne 1.2. ToBopsrt, uto GyHKims f (x) crpemutrcs Kk A
( f (x) - A) NpU CTPEMJICHUH K (x - a), rne A u a —uucna, uim

lim (x) = A, ecin mis moboro € >0 cymectByer O = 8(8) > (0 Takoe,
x—>a

9TO |f(x)—A|<8 pu |x—a|<6.
Amnanoruuno, [lim f(x)=A, ecIu |f(x)—A|<8 npu |x|>N(8) u

X—> 0

limf(x)zoo, eclu |f(x)|>M npu |x—a|<8(M), roe M — upowus-
xX—>a

BOJIBHOC€ ITOJIOXXHUTCIIbHOC YHCJIO.
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[Ipu BBIYMCIICHUH TIPEIETIOB MOXKHO HCIIOIb30BaTh CIEAYIOLINE TEOPEMBI.
1. Ecnm cymecTByIOT KOHEUHbIE lim f1 (x) lim f, (x), TO
Xx—>a

a) llm[f1 )+ fo(x ] llmfl )+xli"2f2(x)
6) lim| f1(x)- f2(x) |= lim fi(x)- lim f3(x)

i) _ 2 [1im ) 0]

8) lim

x—)a 2(x) B xll_)l’l’éfz(x)
2. Ecom  [lim f(x) =A=#0, I[limf, (x) =0 (4 — xoHe4HO), TO
xX—>a Xx—>a
lim fl(x) =
xX—a fz(x)
ecnu  [im f(x) =A, limf, (x) =0 (4 — xoHeuHO), TO
x—>a xX—>a
lim —fl (x)

x—>a f 2 (x )
ot YTBCPKIACHUA CIIPABCAJIMBEI, €CIIM BMECCTO IBYX q)YHKHHﬁ f 1 (x) u

=0.

f2 (X) B34ATh COOTBCTCTBCHHO ABC IIOCICAOBATCIIBHOCTH: {Un} )41 {Vn} .

B npocTteiliumx ciyyasx HaXOoxAeHUe Mpejena CBOJAUTCA K MOJICTAHOBKE B
JTAHHOE BBIpAXEHHE MPEACIIBHOIO 3HAYEHUsI apryMEeHTa, YacTo, OJIHAKO, TPUXO-
JUTCS, TIPEXKJIE YEM NEPEUTH K MpeAeiny, IPOBOAUTh peoOdpa3oBaHuE JaHHOTO
BBIPKEHHUSI. DTO CIEAYET JIeJaTh B TE€X CIydasiX, KOrja UMEI0T MECTO TaK Ha3bl-

0 o

. . . . . n9. 1. 0
BaeMble HeonpeaeneHHoctn: —; —; (-00; co—o0; 07; 17; oo,

> 9

o0

[Ipumep 1.1. ITpu oTbicKaHUU TIpejena OTHOLIEHUS JIBYX LEIbIX MHOTOYJICHOB
OTHOCUTEIIBHO X TMpPHU X —>00 WA N TPU N —>00 IS HOCIEA0BATEIbHO-

(0.0]
cTell (HEeOmpeaeIeHHOCTh —) 00a 4jeHa COOTHOIICHHS TIOJIC3HO IMpEeIBapH-
(0.0]

TEJBHO Pa3e]uTh HA X WJIM, COOTBETCTBEHHO, /' TA€ M — HAUBBICHIAS CTe-
MEeHb ATUX MHOTOYJICHOB.

AHAJIOTUYHBIN TIPHEM BO MHOTHX CITydasiX MOYKHO PHUMEHHUTH U IS JPO-
Oeil, coliepKalux UPPaAMOHATBHOCTH.

2 1 2 1
4
3+———) 3+ ———
3t +2x? -1 o0 ) x( x2 x* . x2 oyt
a) lim =|—|= lim A lim 3 5 -
X—> 00 S)C +3x+2 o0 x—)oox4(5+_3+_4j x—>005+_3 _4
X X
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2 1
lim 3+ lim — — lim —
X—> 0 x—)oox2 x—>00x4 3+O+0 3
_ = —, crapuias cTeneHp m =4,

= 3 2 54040 5

lim 5+ lim —+ lim —
X—> 0 X—>0 x X—>0 x

4
JCIIMTCA HA X .

5 lim Wont —2m® + 2+ 4Vsn® +21
e Yt =34 2V4n" + 9n

3. \/n4 9——+—)+4 3143(8+2

= [im
" 4n4(1—— 12 n4(4+%)
n
\/(9——+— +4n- 3/ 8+2—31)
n
o 1—— 25 %)
n
4 / 21
3- (9—— j+—3(8+—j
\/ 3/ 3:49-0+0 \/ 8+0 _9
1 0-Y1-0+2- \/ 4
1—— 4+—
n

(HCOHpGI[eJ'ICHHOCTB —, cTapinasi CTerieHb m = 2, JeNUTCS HA N )
00

8) lim(3x+l) \/x2 +4x+5—\/x2 +4x+7]=[oo-(oo—oo)]=

X—> 0

\/x2+4x+5—\/x2+4x—7 . \/x2+4x+5+\/x2+4x—7]

(3x+ 1)

= lim
o Vi +dx+5+x2 +dx -7

(3x+1)(x2 +4x+5—x2 —4x—|—7)

= [im
X0 \/x2+4x+5+\/x2+4x—7

(3x+1)-12 (:xj
= [im =
_>°°\/x +4x+5+\/x +4x -7
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IIpumep 1.2. Eciu P(x) 51 Q(x) — IeJIble MHOTOWIEHBI X, P(a);t 0 wm

Q(a) # (0, To mpeaen panuoHaNbHOU aApodu P/ () mpu X —>a HaXOAUTCA
HernocpecTBeHHo. Ecnu ke P(a) = Q(a) =0 (HeompeneaeHHOCTh 6), TO

apobs P/ (Q pekoMeHIyeTcs COKPATUTh OJIMH WM HECKOJIBKO pa3 Ha (x — a).

X3 -3x+2 (0) , (x—l)(x2+x—2) x2+x-2
im————=|—| =Ilim = [lim =
—ix? —4x+3 \O x—>1(x—1)(x3+x2+x—3) ol x4 x—3
:(9)=lim b= Dlx+2) gtz 12 31

0 x—)l(x_l)(x2+2x+3) x—)lx +2x+3 1+2+3 6 2

[Tpumep 1.3. OpHUM U3 TPUMEPOB HAXOKICHUA MPEETa OT UPPALIMOHATIBHOTO
BBIPAKECHUSA SIBIISIETCA MEPEBOJ MUPPALNUOHAIBHOCTA M3 YHUCIHUTENS B 3HAMEHA-

0

TEJIb WK HA000POT (HEOMPEIEICHHOCTh — ).

NP B _5+x (Qj_ lm(3—ﬁ)(3+\/m>_
OB ) TS (1S3 )

9-5—x B
lﬁ(l—%/ﬁ)(%ﬁ)_

4 — _4-x 1
= lim =
x—>41 J5—x x—>43+\/5+x x>41-3/5—-x 6

. (4—x)(1+\/ﬁ+%/(5—x))

=—[im =

6““(1—%)(“@%/@)
o e 507

=—[lim =
6 x—>4 1-5+x
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—X —X —x)°
::lﬁm(4 {ﬁ+35 +3(5 ))::—éhm(1+¥§f¥+3@;i57)=

6 x—>4 x—4 x—>4

1
——(1+1+1)=—=
L1 14)

2
@lm—;c—z——cg=ﬁm Gﬂ—zﬁ&7+ﬁ5+ﬁ
—8x”—Tx-8 \0 x_’g(x2—7x—8)(%/x72+2%+4)

-8 1
= [lim al = [lim
x_’g(x—S)(x+l)(%/x72+2§/§+4) x_’g(x+l)(\/7+2\/—+4)
_ 1
S 9.12 108’

[Ipumep 1.4. Ilpu BBIYKCIEHUH TPEACTOB BO MHOTHX CIIy4YasX HCHOJIb3YIOT
«TEPBBINA 3aMEYATEIbHBINA MPEICID):

. sinx
lim =1,
x=>0 X
CJICICTBHEM KOTOPOTO SIBJISIFOTCS TTPEACITBI:
tox . arcsinx . arxtex
lim —=— & =1, lim =1, lim &t _ 1.
x—0 X x—0 X x—0 X

tg2 4x - arcsin® x B

x2

2 : 2
tgdx > (arcsinx 2
5 ) (—) -16x ( j X
_ lim {cos 3x_cos SX}. 4x X

a) lim [ctg2 3x— ctg2 Sx]-

x—>0

2

.2
sin“ 3x  sin“ 5x X

2 2 2 N2
— lim 16x2 0052 3x B 0052 5x . Zim(fg4xj _ lim(arcsmxj _
x>0 sin” 3x  sin” S5x | x>0\ 4x x>0 X

x—0

2 2 2 2
_ lim cos” 3x-16x~  cos” 5x-16x FLRLI

0l 7 o 2 . 2
(Sm 3xj L0y (Sm 5x) 9552
3x Sx

16 16 } 161 161 256

— Jim| = cos3x — — cos’ 5x
x—0]_ 25

9 25 225
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2
tg2xj o) . D
=Tl I BV Y ) 2
. tg22x-\/1—cos4x 0 . (Zx * S
0) lim =|—=|=lim =

0/ x>0 2 (arcsin 3xj 2y
3x

x>0 x“-.arcsin3x

2 )
. [ tg2x sSin2x
lim (—) 42 ( ) - 2x
x—0\ 2x 42 sin2x . 2x 82
= . Aim ——— = lim = i

Ji 2FCSIN 3x x>0 3x x>0 3x 3

im——
x—0 3x

[Ipumep 1.5. Ilpu BeIYMCHEHUU Npenena BBIPAXKEHUs, COAEPKALIETO TPUTOHO-
MeTpudeckne QyHKIHH, Koraga X —>a u a # (0, pexoMeHayeTcs mpeaBapu-
TEJIbHO IIPOBECTU 3aMEHY X —d = ).

T-X
cos—— 1
lim—6:(—j =(x-3=y, y—>0 nmpu x >3) =
=3 x—3 0
w-(y+3 :
ros ™0 *3) o L
= [lim 6 = lim—-cos(—er—) = lim —9 6 -
y—0 y y—=>0y 6 2 y—0 Ty
6
. T
Sin—-— . .
=——lim =——-1l=—=
6y->0 Ty 6 6
6
: o(x) _
IIpumep 1.6. TIpu BBIYKCIICHUH TPEIEIOB BHIA llm[ f (x)] = Cc Heo0bXo-
Xx—>a

AUMO UMCTb B BUAY, YTO

1) eciu cymiecTBYIOT KOHEUHBIE Tipefensl A = lim f (x) B=lim (p(x),
Xx—>a X—>a

10 c= A8 (A>O);

2)ecnu lim f(x)=A#1, [lim@(x)= 00, To BOIpOC 0 HAXOKIECHHH
Xx—>a X—>a

npefesaa ¢ PeHraeTcs HEMOCPEACTBEHHO;
3)ecu lim f (x) =1, Ilim (p(x) = 00, TO CJEIyeT BOCIIOIb30BAThCS
Xx—>a xX—>a

1

«BTOPBIM 3aMEYaTEIILHBIM Tpeaesiom»: [im (1 + g(x)) g(x) = e, Tme
xX—>a

g(x)—)O npu x >a u e=2718....
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x2

2 Tl —00
a) lim LM}X z(éj 2#20, T.K.
x>0\ 2x” +x+1 2 (3 oo
2

. 3xZ—x+1 3 . x?
lzmz—:—, lim —— = —o0.
x>0 2x +x+1 2 x—ox—1
. x+3 . .
0) lim(sm4x) =43 =64, 1x. lim sindx = lim(sm4x) 4=4,
x>0\ X x>0 X x—>0\  4x
lim (x + 3) =3,
x—0
2x 2x
1 o0
8) lim(3x+ ) :(1 ): lim(l+ l j =
x—oo\ 3x — 1 xX—>00 3x—6
14x
3x_6. 7 2x 3x-6 xli>moo3x—6
= lim(1+ / j 7oRee lim(1+ / ) ’ —el¥3
X—> 00 3x—6 x—>0 x—06
3 3
3 lim(7=2x)5 =(17) = lim[1+ (6~ 2x)]=3 =
(6-2x)3  18-6x
1 =3 lim
= [im [1+(6— 2x)] 6-2x — g3 3 6

x—3

2. beckoHeuHO Malible 1 OECKOHEUHO OOJIbIINE (PYHKIIUH

Ompenenenvie 2.1. Ecmm [lim f (x): 0, To pyukmms f (x) Ha3bIBaCTCs Oec-
XxX—>a

KOHEYHO MAJIOi B OKPECTHOCTH TOYKU X = a (Ipu X — a).
CyMMa U npou3BeAeHUE KOHEUHOTO YKciia OECKOHEYHO MajbIX (QyHKUIUN
OpU X —> @ €CThb TaKXKe OECKOHEYHO Majlasi Ipu X —> d.

Ompenenenvie 2.2. Ecu f (x) 151 g(x) — OECKOHEYHO Majible IpU X —> d U

flx
lim —) =c¢, TOe C — HEKOTOPOE YUCIIO, OTIIMYHOE OT HYJS, TO (YyHKIIUH
x—>a g(x)
f (x) " g(x) Ha3bIBAIOTCS OCCKOHEYHO MaJIbIMH OIHOTO MOpPSIKa TPH
x—>a, eciu ¢ =0, TO roBopsrt, uto f (x) — OCCKOHEYHO MaJjiasi BBICIIETO

NopsiJIKa Mo cpaBHEHUIO ¢ g(x) npu x —> a.
p p g p
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beckoHeuHo manas f(X) Ha3bIBAaeTCA OSCKOHEYHO MaJlol nopsaaKa n

I1O0 CPABHCHUIO C g(.X) Inpu x —> a, eCl
limﬂzc, O<|c|<+oo.
xX—>a gn(x)

[Mpumep 2.1. Ilpu x—>0 omnpenenuTh MOPSIOK MAIOCTH (YHKITUH
{gx — SINX OTHOCHUTEIBHO X.

) Sinx( ! — ) (1
i 1 SInX cosx — Iim sinx(1— cosx) _
x—0 xn x—0 x” x—0 xn COS X
2sinx - sin’ X 4sin’ X cosf sin’ X cosf
= lim 2=lim 2 2=4lim—2-lim—2=
x—0 xn COSX x—0 xn COS X x—0 xn x>0 Ccosx
sin’ ad sin’ ad sin’ X
:4lim—2-1:4lim—2:i- lim —=.
x—>0 x" x—)O(z)” o 2" x>0 (Ej”
2 2

Orot npeaen Oyaer paBeH koucrante ¢ # (0 npu n =3, ciaemoBareib-
HO, QYHKIUSA IgX — SINX HMMEET MOPSIJI0K MalOCTH # =3 OTHOCUTEIBHO X

npu x — 0.
CyMMa JByX OECKOHEYHO MaJbIX Pa3JIMYHbIX MOPSIKOB PABHOCHIIbHA TO-
MY U3 CIIaraeMbIX, MOPSIOK KOTOPOTO HUXKE.

[Mpumep 2.2. OnpenenuTth MOPSIOK MAJIOCTH OTHOCUTEIBHO X mipu X —> 0
CYMMBI Vx? +4x3 .
2

3.2
Cnaraemoe X HMECT IMOPAAOK MAJIOCTH — OTHOCHUTCIBHO X, a

[.3
ciaracMoc X — IOPAIOK 5, CJICA0BATCIbHO, CYMMa UMCCT ITOPAAO0OK MaJIO-

2

CTM — OTHOCHTCIBHO X mpu X —> 0.

) 1)
npeneneane 2.3. Ecim  [im =1, T0 OGeckoHeuHO Majbie f (x) "
xX—>a g(,X)

g(x) Ha3bIBAIOTCS SKBUBAJICHTHBIMU IPU X —> ' [ (x) ~ g(x).

Hanpumep, mpu x — 0 Oyaem uMeTh:
sinx ~x, Igx~Xx, arcsinx~ Xx,arctgx ~ Xx,
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2

ln(1+x)~x, cosx~1—%, e’ —1~x, ax—1~x-lna(a¢1).

Hpez[en OTHOLICHUS ABYX OCCKOHEYHO MaJIbIX HE N3MCHUTC:A, CCJIN YJICHBI

OTHOIICHUA 3aMCHUTDH OKBUBAJICHTHBIMHA UM BCIINYMHAMU.

I[Tpumep 2.3.
2 )
34tg2x . 53arcsin2 3x (34tg r - 1) _(53arcszn Y- 1)
a) lim 3 = lim 5 5 =
x>035in” 4x + Tarctg”x x>0 3'(4x) +7'(x)
. 4tg2x-ln3—3arcsin2 3x-In5 , 4ln3-x2—3ln5-(3x)2
= [lim = [im =
x>0 552 x>0 55,2
_ 4in3-27In5
55 '
In(143x) 3x
. [ 4arcsin2x x o (4-2x) x N 1
6)  lim| 2L = lim ()L
x—0 3z‘g8x x>0\ 3-8x 3 27
(3 5%) = In(3+ 7x) l”’{?’(l‘g’cﬂ‘l’{?’(l%xﬂ
n(3—5x)—In X
6) lim = [im =
x—0 2sinx x—0 2x
ln3+ln(l—§x)—ln3—ln(l+%x) _EX_ZX
x—0 2x x—0 2x

Omnpenenennie 2.4. Ecmu  lim f (x):oo, to pyHKIUs [ (x) Ha3bIBACTCS

Xx—>a

OECKOHEYHO OOJBIION P X —> A .

[Togo6HO TOMy, KaK .TO cAeiaHO JJii OECKOHEYHO MaJibIX, BBOAUTCS IO-

HATHE OECKOHEYHO OOJIBIITUX PA3IUYHBIX MTOPSIIKOB.

[lpumep 2.4. Ilycth x —> c0. OmnpenenuTh MOPSAI0K OECKOHEYHO OOJBIION

5

X
= 110 CPAaBHEHUIO C X .

X+
5 5 5 5
. X ) X . X ) X
lim x" = lim —— = Iim 1 = lim 1 =1
x>0 X + 2 x—)oox”(x+2) x—o x4 x? .2 x>0 M
npu n=4

Onpenenenue 2.5.
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1) Tlycte pynkmus f (x) — OeckoHeYHO OoJbIas Wik 0€CKOHEYHO Ma-

X
Jasi IPU X —> 0 U limM
X—>0 c.x

=1, Tme ¢ W O — KOHCTaHTHI, TOT/Ia PYHK-

(04 )
IUsE ) = CX Ha3bIBACTCS aCHMOTOTHKON WM aCUMITOTUYECKU DKBUBAJICHT-
HOU QyHKIMH [ (x) opu X —> 0.

2) Tlycte pyHkmms f (x) — OeckoHeYHO OoJbIas Wik 0ECKOHEYHO Ma-

nas ompu X —>a u limﬂ

- 1, rme ¢ u o — KOHCTaHTBI, TOraa
X—> 0 C- (x — a)a

[0 )
CI)YHKL[I/ISI y= c(x - a) Ha3bpIBACTCA aCUMIITOTUKOHN HJIM ACUMIITOTHYCCKU JK-

BUBAJIICHTHOM QYHKIUH [ (x) opu x — d.

Ilpumep 2.5.
a) Haiitn acuMnToTHKy (aCHMITOTHYECKOE TMpeJCTaBlICHHE) (YHKIIUU

x+1—+/x npn(x—)oo. )( )
Vx+1-Vx)(Vx+1+/x x+1=x
e Y oo SV ity e SOV i
1 1 1
:\/x+1+\/;~2\/;:2-x1/2’

CIICIOBATENIbHO, AaCUMITOTHKON (QyHKIHH | (x) =Jx+1-+x pu X —> 0

1 12 1 1
ABJISACTCS PYHKIUSA — X ; c=—; o=——.
2 2 2
6) Haiitu acumnrotuky pyHkuuu [ (x) = % npu x — 1.
l1-x
Ilpu x—>1 o¢yskuun [ (x) = % SIBIISICTCSI OECKOHEYHO 00JIb-
l-x
. X X 1 1
WO == ~ =3 73
Y1-x 3\/(1—x)(1+x+x2) 3Y3(1-x) \/g(l—x)
ACHMITTOTHKON B TAHHOM CJTydae sIBISIeTCS PYHKIMS ) = —(1 = x)_m.

3
¢) Haiitu acumMnToTuky QyHKIMH | (x) = x> —3x+2 npu x — 1.

B manHom ciydae npu x —> 1 dyHkius  f (x) SBJISIETCSI OECKOHEYHO

mavoit; f(x)= x> —3x+2=(x—1)2(x+2)~3(x—1)2.
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[TomydaeM acCUMOTOTUKY ) = 3(x — 1)2; c=3 oa=2

3. HenpepbIBHOCTH (YHKITHH.

Omnpenenenre 3.1. Ecmu x<a uw x — a, TO ycnoBHO numyt X —> a— 0,
aHAJIOTHYHO, eclii X >a Xx—>a, To x—>a+0. Yucna

f (a — O) = _lf’;n_ . f (x) u f (a + O) = lim+ . f (x) Ha3bIBAIOT COOTBETCTBEHHO

npejaeaoM cieBa GpyHKmMd f (x) B TOUKE a W MpeaesoM crpaBa GyHKIUU
f (x) B TOYKE d (€CJIM ATH YUCIIA CYIIECTBYIOT).
Jlnst cymiectBoBaHus npezena GyHkiuu  f (x) npu X —>a Heo0Xoau-

MO H JIOCTATOYHO, YTOOBI KMEIIO MECTO PABEHCTBO: [ (a — O) =f (a + O).

Ompenenenvie 3.2. Oyukims )y = f (x) HAa3bIBAETCA HEMPEPHIBHON B TOYKE

a ., eciu
1) oHa ompeeneHa B 3TOH TOUKE;

2l 0)= i 00)= i 1)< (0

Touku, B KOTOPBIX HAPYIIAETCS YCIOBUE HEMPEPHIBHOCTH, HA3BIBAIOTCS TOYKa-
MU pa3pbiBa.

[Ipumep 3.1.

1
a) Haiitn Touku paspeiBa GpyHkMu y =32"Y, npemensl clieBa U CIPaBa B

9THUX TOYKaX, CACJIATh CXeMaTHYeCKU YCPTCIK.
1

®yrkuus y = 327X uMeer pa3phlB B TOYKe X = 2, T.K. OHA B OTOM TOY-

Ya Ke He onpeneneHa. [Ipu stom:
1 1

!
| N
| lim 32% =3+0 =3 = 4o0;
| x—2-0
|
|
|

1 1
/- lim 32-x =3-0=3"" = ! :L:()_
o ' x X240 3t°  +owo

7

0 2

0) HaliTu Touku pa3pbiBa U BEJIMYMHY CKayKa B ATHX TOYKaX (PyHKITUU
1

243 4 4y — 8
y="— :

243 4 4
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Toukoit pa3pbiBa JaHHOW (DYHKIHHU SBISETCS TOYKAa X = —3, T.K. B HEH
GyHKIMS HE OnpeiesieHa.

V) L4y -8 277 -12-8 0-20

lim = — =-5;
x—>-3-0 21\(x+3) 14 27 414 0+4
1/(x+3) _
lim 2 tax =8 I, T.x. mpu x —> -3+ 0 wumeem:

x—>-3+0 21\(x+3) +4
21/(x+3) Ay —8 ~ 21/(x+3),

9

21/(x+3) L4~ 21/(x~|—3)

Beanunna ckauka A =1-— (— 5) = 6.
6) HaiiTu TOYKHM pa3pbiBa, BEIMYMHY CKauka A | IOCTPOUTH rpa@uk QyHKIIUH

— 3x, x<0
y =14sinx, 0<x£§

T
x2+1, — < X.
2

Jlannast GyHKIMS HEPEphIBHA I X € (— 00; O) U(O; gj U(g; + oo).

I/Iccnez[yeM TOJIBKO TOYKH X| = 0 u X9 = —, T.K. B HUX MCHACTCA aHAJINTH-

o3

YECKOE BhIpaK€HUE (DYHKIIUH.

Iin_@of(x) = [im (— 3x) =0; lim f(x) = lim (4Sinx) =0;

x—-0 x—+0 x—+0

f (0) = —3x 0= 0, cnenosatenbHo, B Touke X =0 Qyukmus f (x) Herpe-
xX=
pHIBHA.
. . : T LT
lim f(x)= lim (4smx)=4; f(—) =4sin—=4;
x—>Z-0 x—>Z-0 2 2
7'52
lim f(x)=lim (x*+1)="=+1=3467,
T T 4
x—>—+0 x—>—+0
y=x>+1 2 2 -
CIIEIOBATENIbHO, TOYKA X = — — TOYKa pa3pbl-

Ba. BetmunHa ckauka
2 2

A=4— “—+1j =3-T ~0533.
4 4

v

IKCTpeMyMbl (PYHKUUM OJHOHM IepeMeHHOM
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Oyakust Y = f (x) Ha3bIBaeTCs Bo3pacTaroleil (yOpIBaroleil) Ha HeKo-
TOPOM MHTEpBaJIe (OTPE3KE), €CIM AJIS JIIOOBIX TOUEK X, X5, NPHHAMJIEKAIIUX
JAHHOMY MHTepBajie (OTpe3Ky), U3 HEPABEHCTBA X; < X, CJEIyeT HEPaBEHCTBO

f (xl) <f (xz) ( f (xl) > f (x2 )) Ecmu f (x) HETIpephIBHA HA OTPE3KE
[a; b] u f’(x) >0 (f’(x) < 0) npu a<x<b, 1o f(x) BO3pacTaet
(yObIBaeT) Ha OTpe3Ke [a; b].

B npocreiimux caydasx 0071acTh CyleCTBOBAHUS QYHKIUH [ (x) MOX-

HO pa3OUTh Ha KOHEYHOE YKCIIO MPOMEKYTKOB BO3pACTaHUs U YObIBaHUS (DyHK-
11U (IPOMEKYTKOB MOHOTOHHOCTH ). DTH MPOMEXYTKH OTPAaHUUYEHBI KPUTHYE-

AY CKHUMHU TOuKamMu X (rae f '(x) =0 wm xe

4
y=f(x,) f (x) HE CYIICCTBYET).
Ecmu cymecTByeT Takas IBYCTOPOHHSIS
OKPECTHOCTh TOYKH X, , YTO JUISl BCIKOW TOU-

KA X # X, OTOH OKPECTHOCTH MMEET MECTO

o HEpPaBEeHCTBO [ (x) > f (xo), TO TOYKA X,

Ha3bIBACTCS TOYKOW MHUHUMyMa (QYHKIIUH
y=f (x), a uncmo  f (xo) — MHHUMYMOM

byukiun y = f (x) AHAJIOTUYHO, €CJIN JIJIs1 BCAKOW TOYKH X # X| HEKOTOPOHU
OKPECTHOCTH TOYKM X BBIIOJIHIETCS HEPaBEHCTBO f (x) <f (xl), TO X

Ha3bIBACTCSA TOYKOW MakcMMyma (QyHKmud ) = f (x), a f (xl) — MaKCHMY-

MOM (QyHKIuU. Touka MHUHUMyMa WM MaKCMMyMa (DYHKIMU Ha3bIBAETCS €€
TOYKOM AKCTpEMyMa, & MUHUMYM HJIM MakCUMyM (YHKIHH — 3SKCTPEMYMOM

¢ynkuun. Ecmm X, — Touka skctpemyma QyHKuun f (x), o f '(xo) =0
i ke [ ’(xo) HE CYIIECTBYET (Heobxooumoe yciosue cyujecmeosanuust IKC-
mpemyma). O6paTHOE YTBEPKICHUE HE BEPHO: TOYKH, B KOTOPBIX [ '(xo) =0
win f '(x 0) HE CYIIECTBYET (Kpumuueckue mouxu), He 00s3aTeIbHO SBIISIOTCS

TOYKAMH IKCTpeMyMa QYHKIUU | (x) :

Locmamounwviti npusHak cywecmeosanus 1 OTCYTCTBUS DKCTpEMyMa He-
IpEpBIBHON (QYHKIMH [ (x) CIIEAYIOIIUMN: €CIIM CYIIECTBYET TakKas OKpECT-

nocrs  (x, —8,x,+8) kpurnueckoil Touku x,, uro f'(x)>0 mnpu
X,—8<x<x, u f'(x)<0 mpn x,<x<x,+8, T0 X, — TOUKA MAKCH-
MyMa (QYHKIUH f(x); eCIH JKe f'(x) <0 mpu x,-0<x<x, ®
f'(x) >0 npu x, <x<x,+0, TO X, — TOUYKa MHHUMyMa ()YHKIIAH f(x)
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Eciu, HaKoOHeL, HaiifeTcst Takoe NoNoKHuTeNbHoe uncno 8, uro f'(x) co-
XpaHseT HEeM3MEeHHbIN 3HaK IpH X, —0 < X < X, +0, TO TOYKa X, HE SBIS-
eTCsl TOUKOH akcTpeMyma (ynkumn [ (x).

Haumenvuiee (naubonsuiee) snavenue nenpepbisHoii pynkumn [ (x) Ha
nanHoM otpeske [a; b| mocTuraercs i B KPHTHYECKHX TOUKAX (DYHKIMH,

HJIX Ha KOHIIaX OTPC3Ka [a, b] .

[Mpumep 1.1. HaiiTh 3KCTpEMyMBbI U HHTEPBAJIBI MOHOTOHHOCTH (DYHKITUH
y=Xx-v—5x.

Oo6uacte cymectBoBanus: —S5x >0 = x<0.

4y Haxogum KPUTHYCCKHUC TOYKH:

ol x 1 Sx
> Y =+-5x+x- (=5)=+—-5x - =
d 2+/—=5x ( ) 2+—5x
~10x-5x —15x 3:(-5x) 3 N
2+/—5x 2v=5x  2+-5x 2
[Ipu x <0 ¢yHKIMA Bcerna Bo3pacTaeT ¥ MPUHUMAET HauOoJIbliee 3HAYCHUE
B KpuTHYecKoi Touke X = () y(O) =0.

[Tpumep 1.2. HaliTu 3KCTpeMyMbl U UHTEPBAIbl MOHOTOHHOCTH (PYHKIIUU

y =Y +1)2-x)2

O6nacTh CyIIECTBOBAHUS: X € (— 00; + oo) .

Haxoaum KpuTHYECKHE TOUYKU:

, (2-x)=2(2-x)(x+1) (2-x)2-x-2x-2) —x

3P’ 2-0 3 Y220t Yxr ) (2-x)

=0 = x =0,

y

y' He cymectByer = X, = —1; X3 = 2. Tlody4niu Tpu KPUTHYECKHE TOUKH.

X (—oo; —1) -1 (— 1; 0) 0 (O; 2) 2 (2, +)

y' + HE CYIII. + 0 — HE CYIII. +

Yo e max | N min /'

lim y'(x): lim Y =+o0;  [lim X = —o0.

X—>2+0 X—>2+0 3\/(x+1)2(2_x) x—2-0 3\/(x+1)2(2—x)
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P Jim ()= tim y(x) = e

Taxk kak y'(x) =k, tne k — yrmoBoii Ko-

3¢ UIEEHT KacaTebHOW, To IpH X =—1 o
X =2 KacarenbHas K TpaduKy QyHKITUH
neprneHauKysapHa ocu  Ox.

W=1)=0, »0)=%4; y2)=0.

—1

O

[Tpumep 1.3. HaiiTu rmyOuHy OTKPBITOTO OacceiiHa ¢ KBaJpaTHbIM JTHOM U

3
o0beMoM 256 M~ Takoro, 4ToObl Ha OOJIUIIOBKY €TI0 CTEH M JIHA MOIILIO
HalMEHbIIEE KOJMYECTBO MaTepHaa.
ITycTth a — CTOpOHa KBajpara OCHOBaHHs, /A — riIyOuHa OacceiiHa;

a’h=256 = 02:@, azE h>0;

h Jh'

16 , 256 256
S=8.. +8,, =4ah+a* =4 — h+=—=64Jh+ h);
oo 55 A A

64 256 32 256 32hY%-256 32 (h3/2 8).
Nh o AR R R ’
T~ _ F (h)zO — »? =8, h=4. Ilpu h=4 Benuuuna
~a 41 7 CF (h)=S Oymer HaMMEHBIIIEH.

F'(h) =

[pumep 1.4. JIBe mpsmsle xene3nbie joporn AA; n BB nepneHauKysp-

HBI ApYT K apyry u nepecekatorcs B myHkte C, mpuyem AC =800 km u
BC =700 xm. I3 nynktoB 4 u B 1o HanpaBineruto k. C 0OJTHOBPEMEHHO
BBIXOJIAIT JIBA TIO€3/1a CO CKOPOCTSIMH cOOTBETCTBeHHO 80 kM/4 u 60 kM/4.
Yepes CKOJIBKO YacoB IMOCIIE OTIPABJICHUS PACCTOSIHUE MEXKIY TIOe371aMu Oy ieT
HaWUMEHBIIUM ? y
OTMETHM TIOJIOKEHHE TIOE37I0B B MOMEHT I
t>0 toukamu K u M. A,

AK =80t; BM =60t B

CK = AC— AK =800 —80¢; A¢ [v1=80Kkm/u

CM = CB— BM =700—60¢; o4

(KM)* =(CK)* +(CM)* = v, =60 kM/a

= (800—80¢)” +(700—60¢)*; KM wm- ~ C —= . — >x

M B By

HHUMAJIbHO, €CJIM MMHHUMAJIbHA BCJIMYHNHA
(KM)* = F() = (800 - 80¢)° +(700 - 607)°;
F() =2(800—80r)-(~80) +2(700 - 60¢)-(~ 60) =
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=—128000 + 128007 — 840007 + 7200¢ = 200007 — 212000 = 0; ¢ =10,6;

T~ . = 10,6 — Touxka MuHUMYyMa QyHKIMH [ (t) . Uepez 10,6
~. 10' 6 /' Y4acoB MOCJIEC OTHPABJICHUS PACCTOSHUE MEXIY TTOe31aMu Oy-
’ JIET HAUMEHBIIIM.

ACHMIITOTHI

Ecnu Touka (x; y) HETPEPBIBHO MIEPEMEIIAeTCs [0 KPUBOH Yy = f (x)

TaK, 4YTO XOTs ObI OJTHA U3 KOOPJAUHAT TOYKU CTPEMUTCS K OECKOHEYHOCTH, U
IIPU 3TOM PACCTOSIHUE TOUYKU OT HEKOTOPOM MPSIMOM CTPEMHUTCS K HYJIIO, TO 3Ta
npsiMasi Ha3bIBACTCS ACUMIMOMOU KPUBOH.

Ecnu cyiiecTByeT 4iuCia0 a Takoe, uto lim f (x) = 00, TO TIpsAAMas
xX—>a

X = a SBISICTCSA aCUMIITOTOH (6EpMUKAIbHASL ACUMNIMOMA).

f(x) =k n

Econ CYIICCTBYIOT KOHCUYHBIC ITPCACIIbI lll’l’l —_— =
XxX—>+0 X

lim [ f (x) — klx] = by, Tompsimast ¥ = kyx +b; Oyner acumnroroit (npasas
X—>+00

HAKJIORHAA ClCM]I/lI’ZWlOWlCl).

flx
Eciu cymiecTBYIOT KOHEUHbIE TIpEAEbl  [im ( ) =k, u
X—>—0 X

lim [ f (x) — kzx] =b,, Tonpsamas y = k,x+b, Oyzner acumnroToii (esas
x—>-2

HAKIOHHASL ACUMPIOMA).
I'paduk pyukuu y = f (x) HE MOXET UMETh O0Jiee OAHOM MpaBoil U

0oJiee OJIHOM JIEBOU aCUMIITOTHI.

[Mpumep 2.1. HaiiTu acuMnTOTH ¥ TOCTPOUTH Tpaduk GyHKIIUN
3 cos(x — 1)

x—1
OO6nacth cymiecTBoBaHUs: X # 1.

Niem BepTUKAIBHBIE ACUMIITOTHI.
®OyHKIHS UMEET pa3pbiB B TOUKE X = 1, T.K. B HEH QPyHKIMS HE onpejielicHa.

3 -1 .
lim (2x+Mj =2+£:2—oo:—oo;

y=2x+

x—>1-0 x—l —

3 —1 .
lim (zx+Mj=2+£:2+w:+w;
x—>1+0 x—1 +0

CIIeIOBATENbHO, X =1 — BepTHKaJbHAs aCHMIITOTA.
Winem HaKJIOHHBIC aCUMIITOTHI B BUIE V = kx + .
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Ay / _
:V/ k= Ilim M: lim l(2x+—3cos(x I)J =
| / xX—too X X—>+oo X x—1
\ /
|/// =2+0=2; b:xﬁl?_goo[f(x)_loc]:
// = [lim {2x+w—2x}:

O |/ R x—>*oo x—1

1 X ) 3COS(X—1)_

= lzm — - =0.
xX—> oo x—l

CremoBatesibHO, P X —> 100 CyNIECTBYET ACHMII-
TOoTa ) =2X.

2x% -9

x2 -1

[Ipumep 2.2. HaiiTu acUMITOTHI U TOCTPOUTH Tpaduk GyHKIMU Y =

O0acTh CyIIeCTBOBAHUS: x2-1> 0; xZ> I, x>1u x<-1L

2
2 2 2
2 -1 JEx)P -1 V-
CJICAOBATCIIbHO, JaHHAas q)YHKI_H/Iﬂ YCTHaA, U MOXXHO HOCTpOI/ITI) cC Fpa(l)I/IK
TOJIBKO MpH X > 1, a 3aTeM OTpa3uTh €ro CAMMETPHUYHO OTHOCHTEIBHO ocu Oy .

= y(x)=y(-x)

2x* -9 2-
\\‘4\\ e / lim al 9= 9:—oo = x=1-
\ N\ Y x—>140 /2 _ +0
\‘il I /(/\’/ X 1
\ | ¥ BepTHKajbHas acumnrora mpu x — 1+0.
\l : / [Iyctp x — 1400
\ { 2 _
:\\ /! k= lim _f(x)= lim e
LA/ ] . X—>fo X x>+ o x?
i*l/\ 1 'x 9
AR 2x2 -9 2->%
v ! = Iim a = lim —X—-=2.
g :\ X405 1 x—>+0 1
AN N ==
/ 1R X X
/ | o\ 2
ro B b= lim |f(x)-kx|= lim 2x _9—2x =
x—>+oo[f( ) ] X—>+00 ‘/)Cz 1
2
2 _o_9v. o2 2x% -9) —4x?(x* -1
_ lim 2x° =9-2x-vx 1: lim ( ) ( ) _

¥+ x2 -1 X0 [y 2 1(2x2 — 94 2x-AIx? = 1)
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2
_ lim 32x° +81 o

x>+ 4 / 1 9 / 1
X - 1——2(2——24‘2 1——2
X X X

[lpu x — + o0 momydaem acumnToty y = 2x. ['paduk manHoii GyHKIHMH Tie-

pecekaer oce Ox mpu 2x>=9=0, Te. BTOUKAX X =+——.
V2
[Mpumep 2.3. HailTu acHMITOTHI ¥ TOCTPOUTH rpauK QPyHKIHH
x> —2x% =3x+2
4—x?
OO0uacth cymecTBoBanus: 4 —x?#20 = x#2u x#-2.

y:

B Toukax x; =-2 u x, =+2 ¢(yHKOHA TepOHT pa3pbIB, T.K. B HUX OHA HE
OIpe/IeIicHa.
L7 =2x?-3x+2 —8-8+6+2
lim = = +00;
x—>-2-0 4 — 2 -0
X7 =2x7—3x+2 —8-8+6+2
lim = = —00;
x—>—2+0 4 — x2 +0
| I X =—2 — BepTHKAJIbHAS ACUMIITOTA.
|
N | | o x3-2x?-3x+2 8-8-6+2
\J | lim = = —o0;
X | x—2-0 4 —x? +0
AN
N ! X7 =2x*-3x+2 8-8-6+2
TN : lim 3 = = +00;
| \% | x—2-0 4—x -0
: /\\\ : X X =2 — BepTHKaJbHas aCHMITOTA.
- : K2 > HakJIOHHBIE aCUMIITOTHI DU X —>+ 00 HIIEM
: 125 BBUge: y=hkx+b.
| NN 3 2
N . X . x> —=2x"=3x+2
| : *>\<\\ k= lim f( ) = lim =
| | x>+ X X—>%w x(4 _ x2)
|
2 3 2
AN
= lim =—=-1, b= lim [f(x)-kx]|=
X—>+o0 i 1 -1 X—>+o0
32
(X =2x?=3x+2 L =2x% 4+ x+2
= [lim +x|= lim =2.
X—>£0 4—x? xoto 4 x?

[lpuy x —>* oo mosydaeMm acCUMOTOTY J = —X + 2.
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Hanpagpienue Borunyroctu. Toukm meperuda

[oBopsr, uto rpaduk aupdepennupyemoit pyukmmuu y = f (x) 802HYM
6HU3 Ha UHTEPBAJIC (a; b) (602nym 66epx Ha MHTEpBaJIC (al; bl)), eCIIv TIpU

a <x < b nyra kpuBoii pacmosiokeHa HIKe (MM COOTBETCTBEHHO IPH
' 94 a; < x < by BbIlE) KacaTeIbHOM, IPOBE-

JIEHHOM B JII0OOW TOYKE MHTEpBaIa (a; b)

(w1 UHTEpBasa (al; bl)). JlocTaTO4YHBIM

y=f(x) ycnoBueM BOIHYTOCTH BHH3 (BBEpX) Ipa-
duka y = f (x) SBJISETCS BEINOJIHEHUE HA

COOTBETCTBYIOILEM HHTEPBAJIE HEPABEHCTBA
f’(x) <0 (f'(x) > 0).

Touxa (xo, f(x, )), B KOTOPOIl U3MEHsET-

b -
=

(=}

<

F____

I
I
I
I
I
a

Cs1 HaIpaBJIEHUE BOTHYTOCTH rpauka (GyHKINUHU, HA3bIBAECTCS MOUKOU nepe2uda.
Jns abcuyccsl Touku meperuba  x, rpaduka GyHkmmm Y = f (x) BTOpas

npou3BogHas f "(xo) =0 wm f ”(xo) HE CymecTByeT. TOUKH, B KOTOPBIX
f ”(x) =0 wm f "(x) HE CYIECTBYET, HA3LIBAIOTCA KPUMUYECKUMU MOYKA-
mu 2-20 pooa. Kputnueckas Touka 2-ro poja X, SBISETCS aOCLUCCON TOUKU
neperuba, ecam  f ”(x) COXpaHsSEeT IOCTOSHHBIE 3HAKM B MHTEPBajax

X,-0<x<x, mu x,<x<Xx,+0, rae O — HEKOTOPOE MOJOKUTEIbHOE
YHCII0, MPUYEM ITH 3HAKH MPOTHBOIOIOXKHBI, M HE SIBJISCTCSI TOYKOM mepernoa,
ecn 3naku f"(X) B yKkasaHHBIX BbILIE HHTEPBANAX OJIHHAKOBEL.

[Mpumep. OmpenenuTs UHTEPBAIBI BOTHYTOCTH U BBIMYKIIOCTH, & TAK)KE TOUKH
2
neperu6a Kpupoii y =e
' —x? " 2 —x?
Umeem: y' =-2xe * ; y'= (4x — 2)e . IlpupaBHSB BTOpPYIO MpPOU3-

BOJIHYIO K HYIJIIO, HaﬁHeM KPUTHYCCKHC TOYKHU BTOPOI'o poaa:

1 1
, X9 :E.

byHKIMHA (— 0©; + oo) Ha TPU UHTEpBaJa.

Xy == OTHU TOYKHM Pa3OMBAIOT BCIO O0JACTh CYIIECTBOBAHUS

; —l—ooj

S -

o LS e Ll A AL
" * 0 - 0

y N nieperuo a neperuo v
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1
[Tomyuwnnu: KpuBast BOTHYTa BBEPX IIPU  x ¢ (_ 00: — Lj U X € (— + oo)

> \/5 \/59

I 1 1 1
Y BOTHYTa BBEPX IIPHU x € (— —;—) . Toukn (i — —) — TOYKH meperuoa.
V22 V27 e

ITocTrpoenue rpapukoB GyHKUUN MO
XapPaAKTePHbIM TOYKaM

[Ipu noctpoennu rpaduka QyHKIUU CIEYET, MPEXKAE BCEro, HATH 00-
JaCTh CYIIECTBOBAHMSI 3TON ()YHKIIUU U BBISICHUTD MOBeJieHUE GYyHKIIUU Ha Tpa-
HULIE ee 00JacTH cylecTBoBaHuA. [1oe3H0 Takxke NpeaBapuTENbHO OTMETUTh
HEKOTOPbIE OCOOCHHOCTU (PYHKIMH (€CJIU OHU UMEIOTCS): YETHOCTb, MEPUOIAY-
HOCTb H T.J.

Jlanee Hy»KHO HaliTU TOYKHU Pa3pblBa, ACUMIITOThI, TOUKH IKCTpEMyMa
(GyHKUIMH, TOYKH niepernda u 1.1. HailieHHbIe 371eMEHTBI TO3BOJISIOT BHIICHUTD
o0t xapakrep rpaduka QyHKIHH.

[Ipumep 4.1. IIpoBecTu MOIHOE UCCIEAOBAHUE U MIOCTPOUTH rpaduK PYHKIIUU

y:x-,3/(x+2)2.

OO6sacTh CyIIECTBOBAHUS: X € (— w; + oo).

y(x) %= y(— x) —> ¢yHKIMS 0011IeTO BU/A.
Tak kak QyHKIHS ONpesiesieHa Ipu BCeX X, Uy Hee HET TOUEK pa3pbiBa, TO
BEPTUKAJILHBIX ACUMITOT HET. HakIOHHBIE aCHMITTOTHI TP X —> 1 00 UIIEM B

Buje:. y = kx+b.

\/ x+2
= [im = [im \/ x+2 = 400, CJIENOBATEIbHO, HAKIIOHHBIX

X—>*to0 X—>*oo

ACHUMIITOT TAKXKe HET.
HccnenyeM (pyHKIMIO IO MEpBOM TPOU3BOAHOM.

y,:[x.3(x+2)z} (x+2)" +x i.(x+2)—1/3 _ 3(X3+2)+2x: 35x+6

=0 = 5x+6=0, x=-12;
y' mecymectByer = x+2=0, x=-2.

x+2 x+2

X (— 00; — 2) -2 (— 2; — 1,2) - 1,2 (— 1,2; + oo)

y' + HE CyILI. - 0 +

Yy _- max ~ min e
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Ve = y(— 2) = ( (kacarenbHas B 3TOH TOUKe NepreHAUKyIsIpHa oc Ox ).

Va Vin = W(—12)=-12-3/0,64 ~ —1,06

I

: (kacaresibHasi B 3TOM TOUKE Mapaslielib-
| Ha ocu Ox).

: UccnenyeM pyHKIHIO IO BTOPOH TIPO-
: U3BOJHOM.

-1 12 O X
24 N H06 ' y”={ikiga}:
STyt 1,30 (x+2)
!
! 5-3x+2~(5x+6)- 1
B 3-3(x+ 2)2 ~
3 (x+ 2)2
C15(x+2)-(5x+6)  10x+24
3(x+2)/x+2 3-3/(x+2)4 '
y"=0 npu x=-24; y" HecymecrByer npu x = —2.
X (—o0; —2,4) -24 (—24; -2) -2 (— 2; + oo)
y" - 0 + He CYILECT. +
y a nieperut v U

ynepeeuéa = y(_ 2,4) =-24- \3/ (_ 2,4)2 =~ —1,30; y(O) =0.

[Ipumep 4.2. ITpoBecTH MOTHOE UCCIAEAOBAHUE U MOCTPOUTH FPaPUK PYHKIIMH

_(2x+l)2
Y x+2/)
OO0acTh CyIIeCTBOBAHUS: X # —2.

y(x) * y(— x) = (yHKUMs 0011Ier0 BUA.
X =—2 — TOYKa pa3phiBa, T.K. B HEH QYHKIIUSA HE ONpeIeiIcHa.

(2 + 1) (4+1)° C(2x+1) (4+1)?
lim =| ——| =+o0; lim = —| =4
x—>2-0\ x +2 -0 x—>2+40\ x + 2 +0

—> X =2 — BepTUKajJbHas aCUMIITOTA.

HaxksoHHBIC aCUMIITOTBI IPU X —>+ 00 wWieM B Buae: y = kx + b.

2
kleziQ):IMZl(giig — 0;

x—too X x—too X x+2
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b= lim [f(x)~kx|= lim (2”1)2 =4,

x—> oo x—too\ X + 2
[lpy x —* o0 momydaem acumnToTy » = 4.
UccnenyeM (pyHKITHIO IO EPBOM MPOW3BOIHOM.

y,:2(2x+1)2(x+2)—(2x+1)_ 6(2x+1)

x+2 (x+2) (x+2)*
=0 = 2x+1=0, x=-0,5;
y' He cymectByer = x=-2.
x (o5 =2)| (=25 =05 | =05 | (-05 +o)
y' + - 0 +
y | ~ min -
T P4
: Ymin =y(—0,5)=0.
: Hccnenyem QyHKIUIO 1O BTOPOU MpOU3-
| BOJTHOM.
______ A __

| y”_6.2(x+2)3—3(x+2)2-(2x+l)_
: ,44/ (x+2)6
—21 | X

I—0.5] 0.5 g _6.2(x+2)—3(2x+l)_6(1—4x).
(x + 2)4 (x + 2)4 ,
y'=0 = 1-4x=0;, x=0.25
y" me cymecteyer —= x=-2.
x | (- =2) | (=25 025) 025 | (025; +oo)
" + + 0 —
y N - neperuo a
y =y(025):(1’5j2=fz044.
ne pecuba ’ 225 9 ’

[Ipumep 4.3. IIpoBecTu MOTHOE UCCIAEAOBAHUE U TIOCTPOUTDH IpaPuK QYyHKIIHH

OoOnacth cymiectBoBanus: x —3#0; x # 3.
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y(x) # y(— x) — ¢yHKIMs 00111eTO BU/IA.
B Touke x =3 ¢yHKIHS TEPIUT pa3pbiB, T.K. B HEH OHA HE OIpe/IeiicHa.

. ex—3
lim = —o0,
x—>3-0x—3
3 > => X =3 — BepTUKaJbHAS aCUMIITOTA.
e
lim = 400
x—>3+0x — 3
HakJioHHbBIC aCHMIITOTHI MIIIEM B Bujie: y = kx + b.
1) x — oo,
4
_ x=3 _
. f(X) . o~ 3 . (e ) ' &~ 3
k= lim —== lim ———= lim ————= lim ——=
X+ X x>+ xc —3x  x>to [ - x—>+0 2x — 3
(x - 3x)
4
= [im ———— = [im —— = +00, cienoBaTEIbHO, IPU X —> 400

X—>+00 (2x—3) x—>+0 2

HAKJIOHHBIX aCUMIITOT HCT.

2) X — —0,
x-3
k= iim LB g c -2y
xX—>—-o X x—-o x° —3x + o0
x-3
: €
U e

npu X —> —o0 mony4aeM acumrrory y = 0.
Hccnenyem (pyHKIMIO IO IEPBOM TPOU3BOTHOM.
!

, (6X3j _ex_3'(x_3)_ex_3_ex—3'X—3—1_ -3 Xx—4

y = = =€ T
x-3 (x—3)2 (x—3)2 (x—3)2

=0 = x-4=0, x=4; ' HecymectByer = x=23.

x | (- 3) | (3 4) 4 (4 +o)

y' - - 0 +

y ~ | ™~ min —

Vonin = y(4) =e=x 272
Hccnenyem QpyHKIHIO 110 BTOPOM MTPOU3BOTHOM.
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yrr:ex—?). x—4 +ex—3.(x_3)2_(x_4).2(x_3):

(-3 (-3
-3 2
&3 X2 TIx+12-x+5 € -(x —8x+17) "
= o = 3 ;YO
(x-3) x=3 (x-3)
/\y | '
| y' HE CcymecTByeT —> X = 3.
|
|
| X (—o0; 3) (3; +oo)
err—— :_ — . . y " — +
, >
7 L - y
|
| -3 1
e
' 0)= =— ~—,02.
[Mpumep 4.4. TIpoBecTH MOJTHOE MCCIICIOBAHUE U MIOCTPOUTH TpaPUK QYHKIIUH
xX+6
y=In -1
X
+
O061acTh CyIIECTBOBAHUS: x+6 > (.
X
x>0, x<-6. — —
6 0 x

OyHK1Ms 0011eTo BU/IA.

, x+6
lim |In —1|=—0 = x=-06 — BepTUKaJIbHAs ACUMIITOTA.
x—>—6-0 X

, x+6
lim | In —1|=40 = x=-0 — BepTUKaIbHAs ACUMIITOTA.

x—>—+0 X
HaxJtoHHBbIC aCUMITOTHI UIIEM B BUae: YV = kx + b.
x+6
In -1
k= [lim ﬂz lim —X — =0:
xX—>*o X X—>too X
b= lim [f(x)—ke]= lLim {lnx+6—1}: =)
xX—>*oo X—>+o0 X

[lpu x — =+ o0 momyuyaem acumnToTy ) = —l.
HccnenyeM (pyHKIMIO IO MEpBOM TPOU3BOAHOM.
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x | (= =) (6 +e0) , x x-x-6 —6

' Yy = : = = 0.
Y — - x+6  x? x(x+6)
y ~ ™~ DKCTPEMYMOB y (DYHKIIUH HET.

Hccnenyem QpyHKIHIO 11O BTOPO TPOU3BOTHOM.
e —(x+6+x) 6(2x+6)  12(x+3)
y'=—6- = = ;

xz(x+6)2 xz(x+6)2 xz(x+6)2

y'=0 = x+3=0; x=-3 — He BXOIUT B 00JIACTH CYIIECTBOBAHMUSI.

ya
: x (—o0; —6) (0; +oo)
: yﬂ _ +
|
! ¥ M U
6, O

Touek neperuda Her.
x+6

In -1=0 = xzi;
e—1

o5)=0




