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BBeaenune B MaTeMaTniuecKuil aHAJIU3
1. Ilpenennt

IIycte KakmoMmy HarypaabHOMy umciay N=1,2,... mnpuBeneHo B

COOTBCTCTBUC B CHJIY HCKOTOPOI'O0 3aKOHA 4YMCIIO Un. Tor;[a TOBOPAT, 4YTO

OIIPCACIICHA ITIOCJICAOBATCIIBHOCTL YHCCII U1 ; U2 ; U3, WK, KOpOoYc,
IIOCJICEA0OBATCIBHOCTD { Un } . OTI[GJ'IBHBIG qucia Un Ha3bIBAIOTCA €€
QJICMCHTaMHM.

Omnpeneneaue  1.1. Yucno a Ha3bIBaeTcs npecacioM IMmocCJaCa0BaTCIbHOCTU
{Un} , €CJIN OJId JF000T0 MOJIOKUTENHLHOIO YHCIa & HaWUAETCs 3aBHUCSAIIEE OT

HCTO HATYPAJIIbHOC YHCJIO N TaKoe€, 4YTO AJI1 BCEX HAaTypaJIbHbIX 4HUCeI 1> N

BBITIOJIHACTCA HCPABCHCTBO! | Un - a|< €. HpI/I 9TOM IIMIIYT: lim Un = a.
n-

Onpenenenne 1.2. ToBopsr, uro ¢pynkmms f (X) crpemurcs k- A

(f (X) —> A) Py CTPEMIICHHH K & (X — a) ,rme A W a-— 4ucia, Win

limf (X) = A, ecin g moboro € >0 cymecrByer O = 8(8) >0 Takoe,
X—a

9TO |f(X)—A|<8 IpH |x—a|<8.
Awnanoruuso, [im f(X)z A, ecau |f(X)—A|<8 pu |X|> N(s)

_)
lim f(X): , eclu | f |>M npu |X—a|<8(l\/l), rnie M-
X—a
TIPOM3BOIILHOE TIOJIOKUTENEHOE YUCIIO.

HpI/I BBIYHCJIICHHUH IIPCACIIOB MOJKHO HCIIOJIIB30BATh CICAYIOIIHNC TCOPCMBEI.

1. Ecau cymectByror koneunsie [im f 1(X), limf 2(X), TO
X—a X—a

a) Iim[ F1(x) % Fo(x) |= lim f4(x) £ lim fy(x)

/Im[ f1 f2(X)]= /Im f1(X) /Im f2(X),
X—a X—a

X—a
lim f4(x)
&) lim 1) _ e lim fy(x) 0 .
x—af (X) lim fz(X) X—a
x—>a
2. Ecu [lim f(X) =A 0, Ilim f2(X) =0 (4 —xoHeuHo), TO
x—>a x—>a
im0 _

X—a f2(X)



ecm lim f(X) =A Iim fz(x) = (4 — KOHEYHO), TO
X—a X—a

) g

li =

DTH yTBEPHKIAECHHS CIPABEIMBBI, €CIIM BMECTO JBYX (QyHKUMM [ 1(X) 151

f2(X) B34ATb COOTBCTCTBCHHO ABC ITOCJIICAOBATCIbHOCTH . {Un} )51 {Vn} .

B HpOCTGfIH.IHX ClIy4dasax HaxXOXKICHUC IIpPCaciia CBOAUTCA K ITOACTAHOBKE B
JaHHOC BBIPAXKCHHUC IMIPCACIBbHOIO 3HAYCHHA aprymMeHra, 4YacTo, OIHAKo,
MMPUXOAUTCA, IIPCKIAC UYCM HepeﬁTH K mIpcacily, INpOBOIHUTH Hp606pa3OBaHI/I€
JaHHOI'O BBIPAKCHUA. 210 CJICOYCT ACJIATh B TCX ClIydasaX, KOraga MMCIOT MCCTO

0

. . . . 0. . 0
TaKk Ha3bIBaeMble Heompenenennocn: —; —; 0 ;  — ; 0°; 1 ; )

ITpumep 1.1. IIpu OTBICKaHHMHM Ipejeia OTHOWIEHUS JBYX LIEJIBIX MHOI'OYJIEHOB
OTHOCUTEIBHO X npu X—> UJIn n npuy  N— s

MOCJIeI0BaTEILHOCTEN (HEONMPEIEeNIEHHOCTh — ) 00a 4jeHa COOTHOIICHUS

IIOJIC3HO NIPEABAPUTCIBHO pa3/ICiIMTh HA x™ HWJIA, COOTBETCTBCHHO, nmrne m
— HaWBLBICHIAA CTEIECHb OTUX MHOT'OYJIEHOB.

AHQJIOTUYHBIM TpUEM BO MHOTHUX CJIy4asiX MOXKHO NPUMEHUTb U s
Ipo0eii, coaepKaliux UpPaluOHaATbHOCTH.

4 2 1 2 1
X" 3+——— — ——
3t 2x% -1 . x* x4 ; 3+X2 x*
a) lim 2 = — =1Iim 5 lim 3 9 -
x> Bx* +3x+2 >4 Bt g+ x> 5+—+—5
X X X X
2 1
Iim3+ lim—— lim—-
xi>m +xi>mx2 XL x* _3+0+0_3 4
— 3 5 :5+0+0:§, cTapiias CTeneHb M= 4,
lim5+ Iim—3+ Iim—4

X—> x=> x° x> X

ACJIIMNTCA Ha X4 .

Cadont —2n8 + 2+ 4388 + 21
lim —

0)
n- Yn* —3+2V4n* + 9n



3. |n* 9_2+£ +4 3n° 8+a
n n4
= [lim =
n—
4/n 1—— +2 /n 4+—
3n° \/ 9—g+£4 +4n 3/ 8+ﬁ
= [lim
n— 3
n4 1-— +2n° / —
n

9——+— +— 8+—
\/ n* n3 _349-0+0+0 J8+0

9
= [lim e
n-> 4/ 1 / 041-0+2 J4+0 4

_ 2
(HeompeAeNeHHOCTh —, cTapuias CTeNneHb M= 2, nenurcsa HA N°).

X—>

6) lim( 3x+1l\/x +4x+5- /x> +4x+7] [ (- )]:

3x+1l\/x +4x+5—\/x +4x—7] l\/x +4x+5+\/x2+4x—7]

X VX2 + 4x+ 5+ X% + 4x— 7
(3x+1)(x2+4x+5—x2—4x+7)
> X2+ Ax+ 5+ Ax— T
3x+1) 12
_im (3x+1) X
x> \/x +4x+5+\/x +4x-7 X
1
12 3+—
. "X 12 3
X—> 4 5 4 7 1+1
T+—+—=+ 1+———
X X X X

IIpumep 1.2. Ecnu P(X) u Q(X) — IIeJble MHOTOWICHBI X, P(a) 0 wmm
Q(a) 0, Tto0 npenmen paumonansHoi apodu P/ Q npu X—>a Haxoaurcs

HenocpeacTBeHHO. Ecin xe P(a) = Q(a) =0 (seompeneneHHOCTD 6 ), TO

apobs P/ Q pekoMeHIyeTcst COKpaTHTh OJMH MIM HECKOJIBKO pa3 Ha (X — a).



¥*-3x+2 0 . (x- 1)(’( X 2) _ lim X%+ x—2

lim———= — =1Ilim
-1x*—4x+3 0 x—>1(x—1)(x3+x2+x—3) X—>1X3+X2+X 3
_ 0, (x=1)(x+2) _im X+2 142 21_63:%_

0 X_>1(X—1)(X2+2X+3) x>1 x2 +2x+3 1+2+3

[Tpumep 1.3. OpHUM U3 NPUMEPOB HAXOKJACHUS MpPeAenaa OT UPPALHUOHATBLHOTO
BBIDOKECHUS  SIBJSIETCSI  MEPEBOJ, HUPPALMOHAIIBHOCTH U3  YUCIUTENS B

3HaMEHAaTeJb WK HA000pOT (HEONPeAeIeHHOCTh 6).

i 3Brx 0 (3-/Eex)3+vEex)
VT ¥x 0 _XL"Z(1—§/E)(3+M)_
9-5-x

1
= lim———— = liMm——— —
x—>41— \/5 X X—>43+\/5+x x>41-35-x 6

(4-x) 1+35-x+3 (5—x)

=—1Iim

x4 (1-35-x) 14 5= x+3(5-x)°

(4-x) 1+35—x+3(5—x)2

=—1Iim =
6x->4 1-5+x
(4-x) 1+36-x+3/(5- x)2 ’
_ — i 1 35 3/(K_ 2 —
620t x—4 g aim 15— x+3(5-
—%(1+1+1):—%.
s o (%/}—2)(§/x7+2§/}+4)
6) lim———=—= = = lim =
-8x°-7x-8 0 X_’B(x2—7x—8)(§’/x72+2§/}+4)
= lim x-8 =Iim 1

28 (x—8)(x+1)|¥x? +2§/§+4) 8 (x+1) (\/7+2«/—+4)



1 1

912 108

IIpumep 1.4. HpI/I BBIYUCJIICHHUN IIPCACIIOB BO MHOI'HX ClIy4asaX HCIIOJIb3YIOT
((HepBI)II\/'I 3aMeydaTesIbHbIN IMpcacin:

. Sinx
lim—— =1,
x>0 X
CJICACTBHUEM KOTOpOFO SIBJIAFOTCA npez[enbl:
. tgx . aresnx . arxtgx
1im9X 1, 1im 28X _y 1im 229X _ 4.
x>0 X x—>0 X x>0 X

tg2 4x arcsin® x B

2

a) lim|ctg?3x— ctg? 5x]
x—0

X
tgdx 2 16x2 arcsinx ° 2
. cos’3x cos®5x 4x X
=lim ————— 2 -
x>0 §n“3x sn“5x X
2 .2
_ 1im16x2 00322 3X 00322 o5x lim tgax jim resnx = _
x—>0 sn“3x sn“5x x>0 4x x—>0 X
2 2
:/ing 00323x216x B cosz5x216x 2 2
X—> [ 1
Sn3x 952 sin5x o552
3x 5x
_ tim 18 cosax— 10 cos25x =16 416 4_ 26
x>0 9 25 9 25 225
2
thX 2 . 2
—~—  4x° +2sn“2x
6 lim tg” 2x vi-cosdx 0 _ lim—2X _
x~0  x? arcsin3x 0 x>0 2 arcsin3x 3
3x
 tg2x ? sin2x
lim =— 4.2 2X
x>0 2X . 4J2sn2x . V2 2x 82
= , lim——=Iim = .
lim arcsin3x x—0 3x x—0 3x 3
x—0 3X
[Tpumep 1.5. [Ipy BBIYMCIICHWM TIpEeNia BBIPAXKEHHS, COJCPHKAIIECTO

TpuronoMmerpuyeckue Qpynkmum, korma X—>a wu a 0, pexkomenmyercs
IIPEBAPUTEIILHO IIPOBECTU 3aMEHY X —a=J.



6 0
lim = — =(x=3=y, 0 3) =
g g TR0 X0
3
cos—- y+3) 1 T sn™ Y
= lim 6 = lim~ cos =Y+ — jim—8 6
y—0 y y—>0y 6 y—0 Ty
6
gn™Y . .
=T jim—6 - T - T
6y->0 WY 6 6
6
[lpumep 1.6.  Ilpu BHIUKCICHHM TPEICIOB BHUJA Iim[ f (X)](p(x) =C
X—a

H€O6XOI[I/IMO HMCTb B BUZLY, YTO

1) eciu cymiecTByIOT KoHeunble npenenst A= lim f (X), B=1Iim (p(X),
x—>a x—>a

10 c=A® (A>0);

2)ecm lim f (X) =A 1 I|im (p(X) =+ , TO BOIPOC O HAXOXKIAECHHU
X—a X—a
npejena C PEIAeTcs HEMOCPEACTBEHHO;

Necau limf (X) =1, Ilim (p(X) = , TO CIIeJyeT BOCIOIb30BAThCS
x—>a x—>a

1

«BTOPBIM 3aMCYATCIIbHBIM IIPCACIIOM)): /Im(1 + g(X))IX) =€, r11e
X—>a

g(X)—)O npu X—>a u e=2,718....

X2
2 1 -
Cl) Ilm M ) = :_3 = 1 :0’ T.K.
> 2XT+ x+1 2 3t
2
3% -x+1 3 X
Iim————=—, lim——m=- .
x> 2x° +x+1 2 x> X—1
p X+3 . .
o) lim 3364w (im SO i SO 4y,
x>0 X x=>0 X x>0 4x
lim(x+3) = 3.
x—0
2X 2Xx
o lim 2t =(1 _ lim 1+ _
x-» 3x—1 X— 3xX—6



2 OA7Y% x5 3x-6
_lim e T T i 4 — g3,
X— 3X—6 X 3X—6
, 3 , 3
3 lim(7- 243 = (1 )z){l_l;lg)1+(6—2x)]x—3 -
6-2x)3
1 ( X_);) im 186X
= lim [1+(6- 2x)|6-2x =g 3 =g
x—3

2. beckoneuHo Majbie 1 0eCKOHEYHO O0bIIne QyHKIIUU

Onpenenerne 2.1. Ecnm  /im f(x)=0, to gynxkums f(X) HaswBaeres
X—a

OECKOHEUYHO MaJjioil B OKPECTHOCTU TOUKU X = & (mpu X — a).
CymMa u mpousBeJieHue KOHEYHOTO Yrcia OECKOHEYHO MajbiX (QYHKIIHMA
npu X —> @ ecTh Takke OECKOHEYHO Majiasi mpu X —> a.

Ompenenenne 2.2. Ecim f (X) 151 g(X) — OECKOHEYHO Majiple TP X —> @ |

_ f(x)
lim——==¢, tme C— HEKOTOpPOE YHCIIO, OTIIMYHOE OT HYJSA, TO (YHKIIHA
Xx—>a g(x)
f (X) u g(X) Ha3bIBAIOTCS OECKOHEYHO MAajbIMU OJIHOTO MOpsiKa NpU
x— a, ectu ¢=0, To rosopsr, uro f (X) — OECKOHEYHO Majiasi BBICLIETO
opsAAKa IO CPAaBHCHHUIO C g(X) npu X — a.
Beckoneuno manmast  f (X) Ha3bIBaeTCsl OECKOHEYHO Majiol mopsjaka N

I10 CPAaBHCHHIO C g(X) IIpu X— a, CCJIn
Iimﬂzc, 0<|c|<+
x—>a g”(x)

Ilpumep 2.1. Tlpu x—> 0  onpemeauts MOPSAOK MAIOCTH (QYHKIHH
fgx— SNX OTHOCHTEIBHO X.

sinx L—'l

. tgx—snx . COSX . Sinx(1- cosx
lim X INX_ i, = Ilim X( ):
x—0 x" x—0 x" x—0 x" cosx
) .o X .2 X X .2 X X
2sinx sn®Z= 4sin®Z cos= sntZ COS—
= lim 2_ lim 2 2_4lim lim—2 =

x>0  x" cosx x>0  x" cosx x>0 x7 x>0 COSX



3 X . 3X . 3X

sn° — sn°— sn”—
—4lim—2 1=4lim—2 - |im— 2
x>0 x" x—0 X n o 2" x>0 X n
2 2
Dror mpenea OymeT paBeH KOHCTAHTE c O pu n=3,

clemoBaTeabHO, (QyHKIMA [gX— SNX  WMeeT MOpsSmoK maimoctd  N=3

OTHOCUTEIBHO X IIpu X —> O
CYMMa ABYX OCCKOHEYHO MaJIbIX Pa3JINYHbIX ITOPAAKOB pPAaBHOCHIIbBHA
TOMY U3 ClIaraCMbIX, IIOPAJ0K KOTOPOI'O HHUIKC.

IIpumep 2.2. OmnpenenuTh MOPSIOK MAJIOCTH OTHOCHTENbHO X mpu X — 0

CYMMBI %/X72 + \/; :

3[ 2 2
CﬂaraeMoe X UMCEECT HOpHI[OK MaAJIOCTHU — OTHOCUTCJIIBHO X, a
[ 3 3
cJ1aracmoce X - HOpHI[OK E , CJICOOBATCJIBHO, CYMMa UMCEET HOpHI[OK

2

MaJIOCTH 5 OTHOCUTCIBHO X IIpU X —> 0

Onpenenenne 2.3. Ecnu  [im——+ f(x)
X—>a g(x)

g( X) Ha3bIBAIOTCA DKBUBAJICHTHBIMU IIpU X — A& f (X)~ g( X).

=1, T1O GeckoHEUHO Majble f(X) u

Hampumep, npu X — 0 Gynem uMeTs:
snx~x, tgx~x, arcsnx-~ x,arctgx ~ x,
2
In(1+ x) ~ x, cosx~1—7, e-1~x, a“-1~x Ina(a 1)

Hpezlen OTHOLICHUA IBYX OCCKOHEYHO MaJIbIX HE N3MCHMUTC:, CCJIM YJICHBI
OTHOIICHHUA 3aMCHUTD DKBUBAJICHTHBIMH UM BCIIMYHMHAMM.

[Ipumep 2.3.
34tgzx _ 53arcsin2 3x 34tg X1 53arcsm X1
a) lim = lim 5 5 =
x>03sin® 4x + 7arctg X x>0 3 (4x) +7 (x)
_4tgPx In3—3arcsin®3x In5 . 4In3 x*-3In5 (3X)2
PN 55x2 x>0 55x2

4/n3-271n5
55 '

10



In(1+3x) 3x

. 4darcsin2x  «x . 4 2x x 13 1
6) lim TZ2748 = fim 228 X - _ .
x>0  3tg8x x->0 3 8x 3 27

5 7
In31-—-x —-In31+—x
im In(3—5x)— In(3+ 7x): Jim 3

8) - =
x—0 2sinx x—0 2X
m3+m1—gx—4n&4n1+zx 5.1,
— lim _ lim—3_3 _ o
x—0 2X x—>0 2x
Onpenenenne 2.4. Ecom  lim f (X) = , To ¢Qynkmua f (X) Ha3bIBACTCS
X—a

OECKOHEUYHO OOJBIION Tpu X — a.
[Togo6HO TOMY, Kak .TO CHENaHO JJii OCCKOHEYHO MaJblX, BBOJUTCA
MOHATHE OECKOHEUHO OOJBIINX PA3TUYHBIX MOPSIKOB.

[Ipumep 2.4. Ilycte X— . OmnpenenauTs MOPSAI0K OSCKOHEUHO OOJIBIION
X5

f (X) = 10 CPaBHEHHIO C X.
X+ 2

. X . x° . x° X

Iim —:x" = Ilim———=Iim 7 = lim 7 =1

x-> X+2 Pa Xn(X—i- 2) x-> xMix" 2 xs x™

npu h=4.

Onopenenenne 2.5.

1) Ilycre ¢ynkmms f (X) — OecKOHEYHO Ooublnas Wi OECKOHEYHO

f(x)

MaJjiasa HpI/I X—> 51 /Im —_— = 1, rac cC u o-— KOHCTAHThI, TOIrJa
x-> ¢ x%

byHKIUSA y= cx® Ha3bIBAETCA ACHUMITOTHKONW WJIM ACHUMIITOTHYECKUA

SKBUBAJIEHTHOU pyHKimuu F (X) opu X —>

2) Ilycre dynkius f (X) — OecKOHEYHO Ooiplnas Wi OECKOHEYHO

Majasi mpu X —> a " Iim&

o = 1, rare C M O — KOHCTaHThI, TOrAa
x> ¢ (x-a)

[0 9
(bYHKI_[I/IH y: C(X - a) Ha3bpIBACTCA ACHUMIITOTHUKOHU HIIM ACHUMIITOTHYCCKU

SKBUBaJEHTHOU PyHKImu f (X) nmpu X — a.

11



[Ipumep 2.5.
a) Haiitu acumnToTuky (acCMMOTOTHYECKOE TMpeJCTaBiIeHUE) (YHKIIUU

x+1=x mpu x—> .
m_f:(m—&)(m+&)_ X+1-—x

Ix+1+/x _\/x+1+\/}:
1 1 1

x+1+x 2/x 2 xV?
CIIEIOBATENBHO, ACUMIITOTUKON QyHKIuU f (X) =Jx+1-/x npu X-—

1 12 1 1
—x"%, c=—=; o=-——.
ABJIAETCS (PYHKIIHS > > >
6) Haiiti acuMnToTiKy QyHKma f (X) = ﬁ npu X — 1.
1-x
Ilpu x—>1  oysxkoum  f (X) = % ABJISIETCS OCCKOHEUHO
1-x
OOJIBIIION: X X ~ 1 = 1
’ - - 1/3°
-3 %/(1—x)(1+x+x2) F31-x%)  3(1-x)

-1/3
ACUMIITOTUKON B JAHHOM CIIydae SIBISETCS QYHKIUS Y = X) .

1
1-
73
6) Haiitn acumnroTuky dynkiuun (X ( ) = x> - 3x+2 opu X —> 1.

B nannom ciyyae mpu X —> 1 dynkous (X) SIBJISICTCS OCCKOHEYHO
MAaJIOif; f(x):x —-3x+2=(x- ) (x+2) ~3x— 1)2

[TosryyaeM acUMITTOTHKY Y = ?:(X — 1) ;=3 q

2.

3. HenpepsiBHOCTD DYyHKIIUH.

Ompenenenvie 3.1. Ecim X< a u X— a, To ycinoBHo mumyt X — a— 0,
aHAJIOTUYHO, eclii  X>a X— a, to X— a+0. Yucna

f(a - O) = X_/!ZZO f(X) u f(a + 0) = ng):lro f(X) HAa3bIBAIOT COOTBETCTBEHHO

npeneaom ciepa GyHkuuu (X) B TOUKE & U MpeJesioM clipaBa (PyHKIUU
f (X) B TOUKE & (E€CJIM 3TU YMCIIa CYIIECTBYIOT).

Jns  cymiectBoBaHus TipeAena  (QYHKIUU f (X) npu X— a
HEO00XO0IUMO u JIOCTATOYHO, qTOOBI UMEJIO MECTO PaBEHCTBO:

f(a—0)= f(a+0).

12



Ompenenenne 3.2. Oyukmus y=f (X) Ha3bIBAETCA HEMPEPHIBHON B TOUKE

a, ecimn
1) ona omnpezenieHa B 3TOM TOUKE;
2) lim f(x)= lim f(x)= lim f(x)= f(a).
x—>a-0 x—>a+0 X—>a
Toukn, B KOTOpPHIX HApyMIACTCS YCJIOBHUE HEMPEPHIBHOCTH, HA3BIBAIOTCS
TOYKaMU pa3pbIBa.

[Tpumep 3.1.

1
a) Haiitu Touku paspeiBa GyHkiuM Y= 327X mpejensl clieBa U CIIpaBa B

O9THX TOYKax, CACIIATb CXEMaTHUYCCKUU YCPTCIK.
1

®ynkmus Y= 32X  pMeer paspelB B TOuKe X =2, T.K. OHa B OTOii

YVa TOYKC HC OIIPCACIICHA. HpI/I OTOM:
1 1

|

| - _
| lim 32x =30 =3" —4 ;
| x—>2-0
I
I
I

a1 1 1
lim 32 x=30=3 = =—=0.
A ' x X020 3" +

rd

0 2

0) HaiiTu TOukH pa3pbiBa U BEJIMUYUHY CKayKa B ATHX TOYKaX (PYHKIIUU
1

2x+3 1 4x— 8
= 1 )
2x+3 4 4
Touko# pa3pbiBa JaHHON (YHKIMH ABIAETCS TOYKAa X = —3, T.K. B HEW
(GyHKUIHS HE OnpeiesieHa.

oV+d) L ax-8 27 -12-8 0-20

lim = = -5
x—>-3-0 21\(X+3) +4 2- +4 0+4
1/(x+3) _
lim 2 +4x-8 =1, Tx.mpu X—> -3+ 0 unmeem:
x——-3+0 21\(X+3) +4
21/(x+3) 4 Ax—8 ~ 21/(x+3)_ 21/(x+3) 44~ 21/(x+3) .

Benuunna ckauka A =1-— (— 5) = 6.
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6) HaiiTu TOUKHM pa3pbiBa, BEIMUMHY CKauka A W MOCTPOUTH rpaduk HyHKITUU

— 3, x O

y= 4snx, 0O<x %

X% + 1, Tex
2
T T
JlanHast QyHKIMS HEPEPBIBHA ST X (— ; O)U 0; 5 U E; +

T.K. B HUX MCHIACTCA

N

Uccnenyem toipko toukn X1 =0 wuw  Xp=—,
AHAIMTHYECKOE BBIPAXKEHHE (PYHKIUU.
lim f(x)= lim(-3x)=0; lim f(x)= lim(4sinx)=0;

x—>-0 x—-0 x—+0 x—>+0

f (0) = _3X|x:o =0, cunemosarensHo, B Touke X=0  ¢ynkuua f (X)

HETIPEPBIBHA.
lim f(x)= lim (4sinx)=4; f = —4sn==4
x—>Z-0 x—>%—0 2 2
ArY TCZ
lim f(x)= fim (x*+1) == +1=3467,
y=-3x i T T 4
4 x—>—+0 x—>5+0
A T
CJICAOBATCIBbHO, TOYKa X= E - TOYKa
pa3phbIBa. Beanunna ckauka
0 2 2

A=4- T 11 =3-T 10533
4 4

JduddepenunanbHoe ncyucjaeHne GQyHKIMUA OJHOU NePeMEHHOM

1. DKCTPEMYMbI ®YHKIIUNU OJHOW NMEPEMEHHOM
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®ynkuus y = f(X) HasbiBaeTcs Bospactaroweii (yObiBaromweii) Ha
HEKOTOPOM HHTEpBalle (OTPE3KE), €CIIU AJIS IFOObIX TOUEK Xq, Xo,
NPUHAUICKAIIHIX JAHHOMY HHTepBajie (OTPE3Ky), U3 HepaBeHCTBA Xq < Xo
cnenyer HepasenctBo f(Xq) < f(Xp) (f(X1) > f(Xz)). Ecmu f(X)
HETIPephIBHA HA OTPE3KE [a; b] u f (X) >0 (f (X) < O) npu a< x<b,
to f (X) Bo3pacraeT (YOBIBAET) Ha OTPE3KE [a; b].

B mpocreiimux ciay4dasx o06aacTh cymiecTBoBanus GpyHkuun | (X)

MO>KHO pa30uTh HAa KOHEYHOE YHCIIO TPOMEKYTKOB BO3pACTaHUS M YOBIBaHUS
(GyHKUIMH (TPOMEKYTKOB MOHOTOHHOCTH). DTH MPOMEXYTKH OTpaHUYCHBI

Y% KPUTUYCCKUMHU TOUKaAMHU X (r;[e f (X) =0
y=f(x;) v ke | (X) HE CYIIECTBYET).

Ecnu CYHICCTBYCT TaKasd ABYCTOPOHHA
:f(x) OKPCCTHOCTH TOYKHU XO’ qTO IJIA BCSIKOU

TOYKH X XO ATOU OKPCCTHOCTH UMCCT

|
|
I
|
|
: T () MECTO HEPaBEHCTBO [ (X) > f (XO), TO TOUKA

oo o > X, HasbpIBaeTCs TOYKOW MHHUMYyMa (DyHKLIHU
y="f (X), auncino f (XO) — MUHHMYMOM

Gyukuun Y= f (X) AHAJIOrMYHO, €CIH IJIs BCAKOM TOYKM X Xy HEKOTOpOWM

OKPECTHOCTH TOYKH X4 BBIIIOJIHACTCS HEpaBeHCTBO [ (X) <f (X1), TO X4

Ha3bIBACTCS TOUYKOW Makcumyma QyHkuuu Y= f (X), a f(x)—

MaKCUMYMOM (pyHKIMH. Touka MUHUMyMa WIH MaKCUMyMa (QyHKIIHH
HA3bIBACTCSI €€ TOUKON DKCTPEMyMa, 8 MUHUMYM WM MAaKCUMYM (DyHKIUU —

skcTpeMmyMoM (yukimu. Ecin X, — Touka skcTpemyma Gyukumn f (X), TO

f (Xo) =0 wmmxe f (XO) HE CYIIECTBYET (Heobxooumoe yciosue

cywecmeosanus skcmpemyma). OOpaTHOE YTBEPKACHUE HE BEPHO: TOUKH, B
KoTophix f (XO) =0 wm f (XO) HE CYILECTBYET (Kpumuueckue mouxit), He

00S3aTeNLHO SABISIOTCS TOYKAMU DKCTpeMyMa GpyHKuuu | (X)

Jlocmamounwiii npusHax cyuwecmeosanusi U OTCYTCTBUS IKCTPpEMyMa
HEnpepbIBHOM QpyHKIuKM [ (X) CIEAYIOUIUM: €CIIA CYLIECTBYET TaKas

OKpecTHOCTb (X, — 8, X, +8) KpuTHueckoii Toukn X,, uto f (X)>0 mpu
Xo—8<X<X, u f(X)<0 mpu X, <X<X,+8, 10 X, — TouKa
MakcuMyMa QYHKIMN f(X); ecimm ke | (X) <0 mpu X,—-d<X<X, u

f (X) >0 mpu X, < X< X,+90, T0 X, — Touka MUHUMyMa (yHKIHK [ (X)
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Ecii, HaKkoHell, HaleTCst TaKOe MOJIOKUTENbHOE Yuciao O, uro f (X)
COXpaHseT HeN3MEHHBIH 3HaK IpU X, —O < X < X, +0, TO Touka X, He
ABJIICTCS TOUKOM 9KCTpeMyMma GyHkimu  f (X)

Haumenvwee (naubonviuee) snauenue HenpepbiBHON GpyHkuuu (X) Ha
JTAHHOM OTpE3Ke [a; b] JIOCTUTAETCS WM B KPUTUIECKUX TOUKaX (yHKIUH,

WJIM Ha KOHIIaX OTpe3Ka [a; b] :

[Tpumep 1.1. HaiiTu 3kcTpeMyMbl 1 UHTEPBAIbl MOHOTOHHOCTH (PYHKIIUU
y=X v—9X.
O6mnacts cymectsoBanus: —5x 0 x 0.

Y Haxomgum KPUTHUYCCKHNC TOYKH:

ol x 1 5x
=~—-5X+X —5)=~+-5x— =
4 2+/—5x (=9) 2+/—5x

~-10x-5x —-15x 3 (-5x) 3 JBx

= = = =— 4/=-5x 0.

24-5x  24-5x 24J-5x 2
IIpu X O ¢yHKuMs Beeraa Bo3pacTaet v MPUHUMAET HAMOOJIbIIEE 3HAYEHHE
B kpuTHueckoii Touke X =0 Y(0)=0.

A 4

[Mpumep 1.2. HaiiTu 3KCTpeMyMbl U HHTEPBAIBl MOHOTOHHOCTH (PYHKITUU

y= %/(x+ 1)(2- x)2.

OO6nacTh CylmecTBOBaHUSA: X (— D+ )

HaXOI[I/IM KPUTHICCKUC TOYKHU:

(2-%)° -22-X)(x+1) _(2-x)(2-x=2x-2) _ X

3P 220" 3P )(2-%*  Yx)2(2-%)
y =0 x; =0,

Y He CylIecTBYET Xy = =1, X3 = 2. Tlomy4mnm Tpu KpUTHYECKUE TOUYKH.

x | (- ;-0 -1 (-1, 0) 0 (0; 2) 2 (2 + )

y + HE CyIl. + 0 — HE CyIl. +

y | _ 7 max ~. min e

lim y(x)=lim 2 _+ . im B S

*—>2+0 X—’2+0:\3/(x+1)2(2—x) X*2‘0§/(x+1)2(2—x)

16



A li = i =+ .
: gy (0= Jimy (9=
Tak kak y(x):k, rae K — yriaoBoi

K03 GUIIHEHT KacaTenbHOM, TO mpu X = —1
M X=2 KacarelabHas K TpaduKy QyHKIMH
neprnenaukynsapaa ocu  OX.

V-1=0 ©0)=¥4 y2)=

—1

Vi

[Mpumep 1.3. Haiitu rmyOuHy OTKPBITOTO OacceiiHa ¢ KBapaTHBIM JTHOM U

3
o0beMoM 256 M~ Takoro, 4ToObl Ha OOJUIIOBKY €r0 CTEH M JTHA TOIIIIO
HauMEHbILIEE KOJIMYECTBO MaTEpHaa.
[Iycth @ — cropoHa KBaapara ocHoBauus, h — riaybuna Gacceiina;

2 2 256 16
a“h= 256 a=——, a=—, h>0;
h Jvh

S= S, + Sy = 4ah+ a* —4% h+ ZT_MJ— 3_55 F(h);

64 256 32 256 _32h¥° - 256 32( 2 8)_

o/h n® Jh R h? h?

—~,7 . F(h=0  h¥?*=8 h=4 Tpn h=4 semnumma
~ 4'1 /, F(h)z S Oyner nauMeHbIIEi.

F (h)=

[Ipumep 1.4. JIBe npsimbie sxene3nbie gfoporn AA; n BB,

HEPICHAMKYIISPHBL APYT K APYTY U nepecekarorcs B nynkre C, npuuem
AC=800xm u BC =700 km. U3 nyuktoB A u B mo nanpasienuto k C
OJIHOBPEMEHHO BBIXOJIAT JIBA [TOE€3/1a CO CKOPOCTSIMHU cooTBeTcTBeHHO 80 KM/
u 60 xm/4. Yepes CKOIBKO YaCcOB TOCIE OTIPABICHHS PACCTOSHIE MEXKITY
noe3aamMu OyJ1eT HauMEHBITUM ?

OTMETHM IOJ0KEHHUE ITO0E€3J0B B MOMEHT Iy
t>0 toukamu K u M. 4,
AK =80t; BM =60t; )
CK = AC— AK =800-80t; A¢ [v1=80km/u
CM = CB- BM = 700 60t; o4
(KM)? = (CK)? +(CM)* = v, =60 Kkm/a
—
— (800—80t)° +(700—60t)°; KM — . —

M B B

MHWHHMAJIbHO, €CJIN MUHHUMAJIbHA BCJIMYHNHA
(KM)? = F(t) = (800 80t)° + (700 60t)*;
F(t) = 2(800—80¢) (-80)+2(700—60t) (-60)=
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= —128000 + 12800t — 84000t + 7200t = 20000f — 212000 = 0; t=10,6;
T~ _ t =10,6 — Touka Mmunumyma GyHKuEd F ( t) . Yepes 10,6

~1 O' 6/' 4acoB I10CJIE OTIPABJICHUS PACCTOSHUE MEKTY TTOE31aMU
’ OyJeT HaMMEHBIIUM.

2. ACUMIITOTHI

Ecnm Touka (X; y) HETIPEPBIBHO NIEPEMEIAETCS IO KPUBOM Y = f (X)

TaK, 94TO XOTsI ObI OJTHA U3 KOOPJAMHAT TOYKH CTPEMHUTCS K OCCKOHEYHOCTH, U
IIPU 3TOM PACCTOSIHUE TOUYKU OT HEKOTOPOU MPSIMOM CTPEMUTCSA K HYJIIO, TO dTa
npsiMasi HA3bIBAETCS ACUMNMOMOU KPUBOMU.

Ecnu cymectByer unciio @ takoe, uro lim f (X) =, TO mpsMas
X—a

X = @ SBIJISIETCS aCUMITOTOU (8epMuUKaIbHAsl ACUMNIMOMA).

. f(x
Ecnu cymiecTBYIOT KOHEUHbIE TIpeaeasl  [im Q =K u
X—+ X

lim [ f(x)— k1X] = b,, To mpsimasi ¥y = k{X+ b, Oyner acumnroroii (npasas
X—>+

HAKJIOHHAA CZCMMI’ZWZOWICZ).

. F(x
Ecnu cymecTByIOT KOHEUHbIE ipeaenast  [im L =Ky n
X—— X

lim| f(x)- kzx] = by, To npsimast ¥ = Ko X+ b, Oyner acumnroroii (esast
X—> -2
HAKIOHHASL ACUMNMOMAQ).
I'paduk pyuxkuuu y= f (X) HE MOXKET UMETh 00Jiee OJHOMU MPaBoil U

0oJiee OHOM JIEBOM aCUMIITOTEI.

[Mpumep 2.1. HaifT acHMOTOTHI U TOCTPOUTH IpauK PyHKITUH
3coq x—1)
y=2X+——=.
x—1
OGumacts cymiectBoBanus: X 1.
Niem BepTUKaIbHbIE ACUMITOTHI.

DyHKIMS ©UMEET Pa3phiB B TOUke X =1, T.K. B Hel QyHKIMSA HE ONpe/IesicHa.

1

im 2xs 20N 5 31,
X—1-0 X—1 _0

im oxs 308X 5 31, .
x—>1+0 x—1 +0

clenoBaTenbHo, X =1 — BepTHKanbHas aCHMIITOTA.
WieM HaKJIOHHBIE aCHMIITOTHI B BUie Y = KX+ b.
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i

/ _
V/ k= lim @: /,'ml 2X+w _
'/
'/

|
: x>+ X x>+ X x—1
|
l// =2+0=2 b:Xl_/)T[f(x)—kx]:
7 PR . Linll) B
O |/ R X—=+ X—
1 x B
”\ _ jim 30020
X—>t x—1

CrieoBaTeNbHO, P X —>+  CyIIECTBYET
acuMmIITora y = 2X.

2x° —9

x2—1.

[Ipumep 2.2. HaliTu acCUMOTOTHI U TOCTPOUTH TpaduK QYyHKIIUU Y =

O06JacTh CyIIECTBOBAHMS: x> -1> 0; x> 1. x>1u x<-1
2% -9 2(—x)2—9 2x% -9

=) y(_x):\/(—x)2—1:\/x2—1 H) =A%)

X -1

cleIoBaTeNbHO, JaHHAs (PYHKIIHMS YeTHAasl, 1 MOKHO MIOCTPOUTH €€ rpaduk
TOJILKO TIPH X > 1, a 3aTeM OTpasuTh €ro CHUMMETPHYHO OTHOCUTENBHO ocu Oy.

2
\\4\\ | l\y: // /Im 2X2_9=2_09:— X=1_
\ I &/ 1+0
\\til l/(/\’/ X—>1+ */X —1 +
W : :%// BepTukanbyas acumnrora npu X — 1+ 0.
\ :// IIycte X — 1+
{ I( 2x% -9

k= tim T i 2X 29 _

N/

[ 2
: A/ . x>+ X x>+ x 1/X -1
I |

1 X 9
WA 2_
M — 2
/i// \l 2x° = lim —£=
X—+
AL 1-— -—
ar TR X X
/] T
A b= lim [f(x)-kx|= lim ~2x =

X—+ X—+ m
2x% —9-2x vJx% -1 , (2X2—9)2—4x2(x2_1)

= |lim = |lim =

x>+ X2 1 x>+ fy2 1(2x2 _9+2x X2 1)

19



[Ipn X —+

nepecekaer ocb OX mpu 2x%> —9=0, T.. B TOUKAX X =

= [im

_ 32x% + 81

x>+ 3 1 9 1
X /1—— 2-—+2 1-—
X2 X2 X2

nosrygaem acumnTorTy ¥ = 2X. I'padux qaHHON QyHKIHHK

s
V2

[Mpumep 2.3. HaifTu acHMOTOTHI U TOCTPOUTH IpauK PyHKITUH

CXP-2x% - 3x+2

4— x?
O6nacTh cymiecTsoBanus: 4— x> 0 X 2ux -2
B toukax Xy =-2 U X, =+2 (YHKIUS TEPHHUT Pa3phIB, T.K. B HUX OHA HE
oIpeeleHa.
. x3-2x*-3x+2 -8-8+6+2
lim = =+ ;
x—-2-0 4 — x? -0
o x®-2x?-3x+2 -8-8+6+2
lim = =
x—>-2+0 4 — x2 +0
| N y |
| | X =—2 — BepTUKAIbHAs ACHMIITOTA.
N
N ! . XP-2x*-3x+2 8-8-6+2
N | Ilm > = = —
'\ ] x—2-0 4_x +0
N ! 3 2
I N . X" —-2x“-3x+2 8-8-6+2
R e e
—2 : /I < 3 X =2 — BepTUKAJIbHAS aCUMIITOTA.
: | 2\\\ HaxktoHHbBIE aCUMOTOTHI P X —>1+  HIIEM
: : “L\\\\\ B BHIE: Y= KX+Db.
' 2
! | >N (%) XP-2x%—3x+2
i : k= lim —== Ilim 5 =
) : x—+ X X—>* X(4— X )
2 3 2
= lim —X XX — =1, b= lim[f(x)-kx]=
X—>+ i _1 -1 X—>
X2
X3 —2x%-3x+2 =2 x+2
= [lim x = lim = 2.
X—>* 4— X2 X—* 4— X2
[Ippy X—+  mojdydaeMm aCUMITOTY Y = —X+ 2.
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3. HAIPABJIEHUE BOI'HYTOCTH. TOYKM IIEPEI'MBA

ToBopsT, uto rpaduk quddepennupyemoit pynkuuun y = f (X) 802HYM
6HU3 Ha UHTEPBAJIEC (a; b) (60eHym 66epx Ha UHTEpBAJC (a1; b1)), eCIJIH TIPH
a< X< b nyra kpuBoii pacronoxena HuKe (MIM COOTBETCTBEHHO IIPH
Ay a1 < X < by BbIlIe) KacaTeNIbHOI,

MIPOBEJICHHON B JTI000M TOUKE MHTEpBaja

(a; b) (v MHTEpBaja (31; b1)).
y=F(x) JlocTaTOYHBIM YCIIOBHEM BOTHYTOCTH BHH3
(BBepx) rpapuka y = f (X) SBJISICTCS

I
: BBITIOJIHCHUC Ha COOTBCTCTBYIOIICM

O , | X UHTepBaJic HEPaBEHCTBA

1!9;‘0 a, by f(X)<0 (f(x)>0).

Touka (XO, f (XO)) , B KOTOPOW M3MEHSETCS HalpaBJIeHNUE BOTHYTOCTH rpaduka

I
I
I
I
I
a

(yHKIMU, Ha3BIBAETCA moukou nepecuda. J1jia abCuuCCh TOYKY Ieperuda X,
rpapuka ynkiuun Y= f (X) BTOpas npousBoaHas [ (Xo) =0 wm f (Xo)
He cymiecTByeT. Touku, B KOTOpeIX f (X) =0 wm f (X) HE CYIIECTBYET,

HA3BIBAIOTCS KpUmMuieckumu moukamu 2-20 pooa. Kpurnueckas Touka 2-ro
poaa X, sBisiercs abcuuccoit Touku mepernda, ecmu (X) COXpaHSIET

TIOCTOSIHHBIC 3HAKH B MHTEpBAIaX X, —0 < X< X, H X, < X< X, +0, r1e
O — HEKOTOPOE MOJOKUTEIBHOE YUCIIO, TPUIEM ITH 3HAKH POTUBOIIOIOKHBI,
M He SIBISIETCS TOUKOM nepern6a, eciu 3Haku  f (X) B yKasaHHBIX BbILIe

HHTCpBAJIaX OAWMHAKOBBI.

Ipumep. OnpenenuTs HHTEPBAILI BOTHYTOCTH U BBIIYKJIOCTH, a TAKKE TOUKH
2
neperu6a KpuBoi Yy =€ * .
—x? 2 —x?
Nmeem: y =-2xe "~ ; Yy = (4X — 2)6 . IIpupaBHSB BTOPYIO

IIPOU3BOJHYIO K HYJIIO, HaﬁHCM KPUTHYCCKHUC TOYKH BTOPOIr'o poaa:

1 1

Xy = ——=, X9 =—=. OTH TOYKH pa3OMBaIOT BCIO 00JIACThH CYIIICCTBOBAHUS

V2 2
byHKIIUN (— ; + ) Ha TPU UHTEPBAJIA.

_ 1 1 1 1 1 1
X | - ; —— - _— — — o+
J2 V2 J2© 2 J2 V2
y + 0 — 0 —
Y neperuo neperuo
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[lonyunnu: KpuBas BOTHyTa BBEPXIIpHU x — : ——— U X

’ \/E JE ’
H BOI'HYTa BBCPX IIPHU X — i,i . Toukn + i’ i — TOYKH HepeFI/I6a.
V2'42 Jv2' Je

4. IOCTPOEHUE TPA®UKOB ®YHKIHUU T10
XAPAKTEPHBIM TOYKAM

[Tpu moctpoernu rpadrka GyHKIIUN CIETYET, MPEXKIC BCETO, HAUTH
00J1aCTh CyIIeCTBOBAHMS 3TON (DYHKIIMH U BBIICHHUTH IMOBEICHUE (DYHKITUN HA
TpaHuIle ee 00JIacT cymiecTBoBaHus. [1one3H0 Takke mpeIBapUTEIbHO
OTMETHTh HEKOTOPBIE 0COOCHHOCTH (YYHKIIMH (€CIIM OHU UMEIOTCS): YeTHOCTD,
NEePUOIUIHOCTD U T.J1.

Jlanee HyKHO HaTU TOYKHU Pa3pbIBa, ACUMIITOTHI, TOYKH IKCTpEMyMa
dbyHKIMU, TOUKH nieperuda u 1.7. HailieHHble 21eMeHThI TO3BOJISIOT BBISICHUTD
o01uit xapaktep rpaduka GyHKIIUH.

[Ipumep 4.1. IlpoBecTu MoOIHOE UCCIEAOBAHUE U IIOCTPOUTH rpaduK PYHKITUU

y=x J(x+ 2)2.

OO6uacTh cymiecTBOBaHUS: X (— ; + )

y(x) y(— X) GbyHKIMS 001IeTo BUA.
Tak kak (GyHKIHS OTIpeesieHa ITPH BCEX X, My HEe HET TOUYEK pa3phbiBa, TO
BEePTUKAILHBIX ACUMITTOT HET. HakIOHHBIE aCUMIITOTHI TP X —>+  WIIEM B

Bunge: ¥y = Kx+b.

ox J(x+ 2)2 . 3
k= Ilim = [im \/(X+ 2) =+ , CJENOBATEIbHO, HAKIOHHBIX

X—* X X—>*

ACUMIITOT TAK)KE HET.
HccnenyeM GpyHKIMIO IO TEPBOM TPOU3BOIHOM.

_ 3 2 _ 73 2 3 IXx+2)+2x _ 5x+6
y = xJ(x+2)° =(x+2) +x§(x+2) =—— =2

X+ 2 X+2

y =0 5x+6=0, x=-12;
Yy He CyIIeCTBYET x+2=0, x=-2

-2 -2 |(-2 -12)| -12 | (12 + )

+ HE CYIIL. — 0 +
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Yy max min

Ymax = y(— 2) = 0 (kacarenbHas B 9TOM TouKe neprenaukyispaa ocu  OX).

Va Ymin = V(—12) =12 3064 ~ -1,06
(K&C&TGJ’IBH&}I B DTOU TOYKE

I

I

I

| napamiensaa ocu  OX).

: Uccnenyem pyHKIHIO 11O BTOPOI
|

I

ol 120 \ MIPOU3BOJHOM.
24 N 06 Ly = —5?ﬁi§§ =
R R 130 (x+2)
| 5 ¥/ x+2—(5x+6) 1
B 3 J/(x+ 2)2 -
3(x+2)°
~ 15x + 2) — (5x + 6) _ 10x+24
- x+2¥x+2 - 3 W '
y =0 npu x=-24; y HecymecTByeT mpu X = —2.
(- ; —24) -24 | (-24 -2 -2 (-2, + )
y - 0 + HE CYIIECT. -
y neperuo
Voepeeusa = M~ 24) = —24 Y(-24)* =130, y{(0)=0.

[Mpumep 4.2. TlpoBecTH MOTHOE UCCIEOBAHUE U IOCTPOUTH TpaduK PpyHKINN

2x+1 2

X+2
O6nacTh CymecTBOBaHus: X —2.
y(x) y(— X) (GyHKUHS 0011Iero BUaa.
X =—2 — TOYKa pa3pbiBa, T.K. B HEW QYHKIMs HE ONpe/IesieHa.

o 2x+1 2 44172 o 2x+1 % 44172
lim = —— =+ lim = _
x>2-0 X+ 2 -0 x>2+0 X+ 2 +0

X=2 — BCPTHUKAJIbHAs] aCHUMIITOTA.

HakoHHbBIE aCHMIITOTEI TP X —>+  wimeM B Buge: Yy = KX+ b.
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k= Iim im =0,
x>+ X x>+ X X+2
2x+1 2
b= Ilim [ f(X) - /O(] = Iim =4,
X—=* X—x X+

IIppy X >+  mnoaydaem acumnrory Y = 4.
HccnenyeM pyHKIMIO IO TIEPBOM TPOU3BOJIHOM.

2x+1 2Ax+2)—(2x+1) _ 6(2x+1)

X+2 (x+ 2)2 (x+2)2 ’
y =0 2x+1=0, x=-05;
Yy HE CyIIeCTBYET X=-2.
x |[(-:-2] (-2 -05|-05|(-05 + )
y + — 0 +
y | _ ™~ min -
.
: Ymin = y(_ 0’5) =0.
| Uccnenyem pyHKITHIO TTO BTOPOI
: , MPOU3BOJHOM.
______ J:’“""“"‘ y =6 2(x+2)3—3(x+2)2 (2x+1):
: ,44/; (X+ 2)6
-2
03] 0.5 > 2Ax+2)-32x+1)  6(1-4x).
(x+2)* (x+2)*

y =0 1-4x=0; x=0,25
Yy  HE CyIIeCTBYET X=-2.

-2 | (-2 025 025 | (025, + )

y + + 0 -
y neperut
15 % 4
Ynepeauba = Y(0,25) = =—~ 044
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[Ipumep 4.3. IIpoBecTu MOIHOE UCCIAEAOBAHUE U IIOCTPOUTH rpaduK PyHKITUU

OGunacts cymectBoBanuss: X—3 0; x 3.

y(x) y(— X) — (QyHKIUs 0011ero BHUIA.

B Touke X=3 cbyHKL[I/IH TEPIUT pa3pebIB, T.K. B Hel OHa HE OoImpeeIIcHa.
X—3
e

X =3 — BepTUKaJbHas aCUMIITOTA.

HakoHHbIE aCHMIITOTHI MIIIEM B Buje: Y = KX+ b.

HxX—>+ ,

X—3 e"‘3 x—3

k= tim T im € i u= lim = =
X—+ X x>+ X —3x x>+ (X2 —3X) x>+ 2X—3

(ex—3) ex_3
= lim ————= |lim —— =+ , cienoBareinbHoO, Ipy X —> +

X—+ (2X—3) X—>+

HAKJIOHHBIX aCUMIITOT HCT.

2) X—>— ,
f x—3
k= tim T _ i EZ__ 0 _,
X—>— X x->—- X —-3x +
ex—3
b= lim [f(x)—IO(] = lim =——=0,
X—>— x>- X—3
npu X — —  noaydaeMm acumnrory y = 0.
HccnenyeM QyHKIHMIO IO IEPBOM TPOU3BOTHOM.
x—3 X—3 X—3
e -3)-¢€ —3- _
A A )2 e S
xX-3 (x—3) (x-3) (x-3)
y =0 x—4=0, x=4 Yy HE CyIIECTBYeT x=23.

-3

(3 4

(4 + )

_|_

.

.

min

/'

25



ymin = y(4) =ex 2,72

HccnenyeM GpyHKIMIO IO BTOPOIl MPOU3BOHOIA.

o x| o (3P4 Ax-3

y =€
(9 (-3
_ e* 3 x2—7x+12—x+5::dh3(X2_8X+17) y 0
(x-3)° X=3 (x-3)’ |
Ay |
| Yy  HE CyHIECTBYET x=23.
|
|
| (-3 (3 + )
el-—-1- . Ay _ n
, >
i
3
' e 1
l 0)= =— ~ —,02.
j 10 -3 36

[Mpumep 4.4. TIpoBecTH MOTHOE UCCIECIOBAHUE U IOCTPOUTH TpaduK PyHKINN

X+6
y=In——--1.
X
X+ 6
O6nacts cymectBoBanus: —— > 0.
X
x>0, x<-6. = — RN
_ 6 0 £
®OyHKIHA 00IIEro BU/IA.
. X+6
lim In -1 =- X =—6 — BepTHKaIbHAs aCUMIITOTA.
Xx——-6-0 X
. X+6
Iim In—— -1 =+ X =—0 — BeprHKaIbHasS aCUMIITOTA.
x—>—+0 X

HakIoHHbBIE aCHMIITOTHI MIIIEM B Bujae: Y = KX+ b.

X+ 6
(X) In—— -1
k= lim —"2= Iim —X—-0;
X— =+ X X— =+ X
b= lim[f(x)-kd= lim In* 8_1 -1
X—+ X—+ X

Ilppy X >+  moaydaem acummrory y = —1.
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HccaenyeM QyHKIMIO TTO IEPBOM TPOU3BOTHOM.

X |(= ;-6 (0 + )

X X-X-6_

-6

y:

y - - X+6 X2

y ~. ~

HccaenyeM QyHKIHMIO IO BTOPOI MPOU3BOTHOM.

- x(x+6)

OKCTpeMyMOB y (DYHKIIUU HET.

0.

y -6 —(x+6+x): 6(2x + 6) _ 12(x+3)
X2 (x+ 6)2 X*(x+ 6)2 X2 (x+ 6)2
y =0 x+3=0; Xx=-3 — He BXoAWT B 00JIaCTh CYIIECTBOBAHMSI.
Va
: EEIEES
i N ——
' y
6, O ¥
________ _|___-_____¥-_
: -1 Touek neperuda Her.
: /ni6 _1=0 X = i;
| X e—1
|
6
' — =0.
] Y e

HNuTerpanbHoe ucuucjienne GyHKIMHA OJJHOU MepeMeHHOM

1. HeonpeaejeHHbIH HHTErPaJI

llepsoobpasnoti yukyuei g GyHkuuu f(x) Ha3bpIBaeTca Takas (DyHKIUS

F(x),udro F (x)= f(x).

Heonpeoenennvim unmezpanom ot bynkuuu f(x) Ha3zbIBaeTcs ee 00Ias

nepBooOpazHas

f(x)ydx=F(x)+C .
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Oyukius f(x) Ha3bIBaeTCs MOJBIHTETpabHOW QyHKIMEH, F(Xx) — pe3ynbrar

HHTCI'PUPOBAHHA, C- IIPON3BOJIbHAA IIOCTOAHHAA.

Ceoticmea HeonpedeneHH020 UHMe2pala.
1. (u(x)+v(x))dx= u(x)dx+ v(x)dx.
2. A f(x)dx=A4 f(x)dx,rne A — noCTOSTHHAS.

3. Ecmu  f(x)dx=F(x)+C nuu=¢(x), 70 f(u)du=F@u)+C.

Tabauya npocmetiuiux UHMe2panos:

l. dx=x+C. 7. d); =tgx+C.
cos” x
n+1
2. x'dv=" +C,(n -1). 8. d;c =—ctgx + C.
n+1 sin” x
3. ﬁ=ln‘x‘+C. 9. Lzarcsin£+C.
X a’ —x? a
. a* . . dx 1 X
4. a'dx= +C, edx=e +C. 10. =—arctg—+C .
Ina x>+a’ a a
5. sinxdx=-cosx+C . 11.
&L= cw ).
X" —a 2a x+a
6. cosxdx=sinx+C. 12. j%zlnx+\/x2+/l‘+c,(z4 0).
x“+ A

Ocnognbie Memoovl UHMEeZPUPOBAHUSL:
1. [TogBeaenue moj 3HaK auddepeHImana:
a) K QyHKIMH, cTOSIICH MOJ 3HaKoM auddepeHinana, MOKHO MPUOABIATH

WJIM BBIYMTATH JI00YI0 mocTosiHHYIO0: df (x) =d(f(x) £ A);
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0) mox 3Hak guddepeHiaga MOKHO MOABOIUTE MOCTOSIHHBIN MHOXKHUTEIIb:

A= d(4 [(0):
B) moa 3Hak auddepeHMana MOABOAUTCS (YHKIHS TIO TPaBHIY:
S (X)dx =df (x).
2. VlaTerpupoBaHue MO YaCTSIM C UCIIOJIb30BaHUEM (DOPMYIIBI:
udv=uv— vdu,rne u=u(x),v=v(x).
C moMOIIIbI0 3TOT0 METOIa BBIUUCIISIOTCS CIEAYIOIINE UHTETPAIbI
a) a* P,(x)dx, u=P,(x), dv=a’dx.
0) sinax P,(x)dx, u=P,(x), dv=sinaxdx.
B) cosax P,(x)dx, u=P,(x), dv=cosaxdx,
r) Inax P,(x)dx, u=Ilnax, dv=_P,(x)dx,
n) arcsinax P,(x)dx, u=arcsinax, dv=_P, (x)dx,
e) arctgax P,(x)dx, u=arctgax, dv=P,(x)dx,
rae P,(x)— MHOrouseH n-Oi CTEIEHH.

3. UHTETpUpOBaHKEe METOIOM 3aMEHBI IIEPEMEHHOM 110 popmyIie

J)dx = f(e®)de(t)= f(p®)e (t)dt,rae x=p(t).

Ilpumep evinonenusn 3a0anus.

Haiitu HeonpeaeneHHbIC UHTETPaJIbI:
. 2 3
-1
g) QIOSMX)" X g 2x—7dx . B) Gx+4)edx.
N x°—4x+3
Pewenue.

a) HCIIOJIBb3YysT OCHOBHBIC CBOMCTBA HCOIIPCACIICHHOI'O MHTCTpaJIa WM BBIITOJIHAA

noaBeeHre PyHKIMM o1 3HaK auddepeHnnana, HaiieM HHTerpal

. 2 . 2
arcsimx)” +x arcsin x X
aresmy) +x o @O0 gy X =

\/l—x2 \/l—x2 1-x°
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L)
= (arcsinx)*d(arcsinx) + (1—x?) 2 d(%) =

1
= (arcsinx)>d (arcsin x) + —% (1-x?) 2d(1-x%)=

1

_y2)2
=%(arcsinx)3 —% %+C=%(arcsinx)3 —V1-x*+C.

2

[IpoBepum pe3ynbTaT UHTETPUPOBAHUS AP HEepEeHIUPOBAHUEM:

l(alrcsinx S_1-x*+C =
3

1
:% 3(arcsinx)® (arcsin x) —%(l—xz) 2(1-x%) +C =

(arcsin x)2 —2x (arcsin x)2 + X
N 2 4 > 0= / 2
I—x 2Vl —x I-x
YTO COBNAJAET C MOABIHTETPATBLHON (DYHKIUEH.
0) mnoxbiHTETpasibHass (GYHKUUA  TPEJCTaBIsieT COOOW  HEMpPaBWIBHYIO
panmoHanbHy0 J1po0b. [IpencraBum 3Ty IpoOb B BUJIE CYMMbl MHOTOYJIEHA U
MPaBUIIBLHOM IpoOu. JIJIs 3TOTO BRIMOTHUM ACIICHHE MHOTOUYJICHA HA MHOTOYJICH:
x> =17 ‘x2—4x+3

x> —4x? +3x ‘x+4

4x% —3x—17
4x2 —16x+12
13x—-29
Torna
3
;—”dx: x+4+i3x—29 dx= xdx+ 4dx+ —i3x 29 dx =
x“—4x+3 x“—4x+3 x“—4x+3
2
= tdx+ i3x—29dx.
2 x°—=4x+3
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Jlyig Toro 4yTOOBl HAWUTH MOCIEIHUI MHTErpaj, MpeJICTaBUM IPaBUIbHYIO 1pO0Ob
B BHJIE CyMMBI IpOCTEHIIMX ApoOei. (s 3Toro pasnokuM Ha MHOXKUTEIH
3HaMEHaTeNb Jpo0u x? —4x+3= (x—1)(x—-3) wu paznoxum npoOb Ha

IIPOCTEUILINE

13x-29 _ 4 B _Ax-3)+B@x-1)
(x-1)(x-3) x-1 x-3  (x—1)(x-3)

3HAUUT 13x—-29=A(x-3)+ B(x—-1).

5

[Ipu x =3 umeem 13 3-29=B(3-1), otkyna B=35;

npu x =1 umeem 13 1-29=A(-3), otkyna 4=8.

13x—-29 8
[Tonyuaem = + 1 UHTETPUPYEM
(x-Dx-3) x-1 x-3
13x-29 dy 8 Jr+ 5 =8 d(x—1)+5 d(x—3):
(x—=D(x-3) x—1 x-3 x—1 x-3

=8ln|x — 1|+ 5Injx - 3|+ C
M OKOHYATCJIbHO IM0JIydJacM

x> =17 x?
—————dx="—+4x+8Injx— 1|+ In[x -3+ C.
x°—4x+3

[TpoBepuM pesyabTat auddepeHnnpoBaHUEM:
2x 8 5

2
x—+4x+8ln\x—1\+ln\x—3\+c =" 414+ + =
2 2 x-1 x-3

_ (D -Dx=3) +8(x =3) +5(x 1) _ x> 17
(x —1)(x+3) X2 —4x+3’

YTO COBIAJAET C NOJBIHTErPAIbHOU PYHKIIUEN.

3ameuanue.

WuTerpan oT npaBUiIbHOM pallMOHAIBLHON APOOU CBOAMTCS K CYMME MHTETPajoB
OoT mpoctedmmx npoOei. Hawubosee yacTo BCTpedarOTCs — CIEAYIONINE

HHTCT'PAJIbI:
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4 dx:Aln‘x—aHC ; 4 dx = 4 (x—a)_k+l+C ,

xX—a (x_a)k (—k+1)
(k=23,..).

B) IPUMEHHM METOOM HHTEIPHPOBAHUS 10 YACTSIM.
1
Ilpumem u=3x+4, dv=e>"dx,torma du=3dx, v=—e*.Ilo popmyie

HHTCIPUPOBAHUA 110 HaCTAM I10JIy4aCM

4
3x + e3x

(3x + 4)e dx = (3x + 4)%63)6 - %e“ 3dx = — &¥dx=

_ 3x3+4e3x _le3x

:3X+4—le3x

+C +C=e*(x+1)+C.

[IpoBepum pe3ynbTaT 1uddhepeHIupPOBAHUEM
@ (x+1)+C) =3 (x+ 1)+ = (B(x+1) +1)=e*B3x +4),

YTO COBNAJAET C MOABIHTETPATLHON (DYHKIUEH.

2. OnpeneieHHbIH HHTETPaJ

y ECHI/I Ha IIJIOCKOCTHU OX_)/ 3aJiaHa
=/ (x) dburypa, orpaHuueHHas JIBYMS
HGHpCpBIBHBIMI/I JIMHUAMU
S y=fi(x)
~ y=5x) , y=f(() u
Jz X BepTI/IKaJIBHBIMI/I l'IpHMBIMI/I
D

x=a , x=b, To Wiomane S

Takou (PUTypbI MOKET OBITh BBIYUCIICHA 110 (hOpMyJie

b
S= (f,(x)— f,(x))dx, e fo(x) fi(x) Ha otpeske [a,b].

a

Ilpumep 2.1 Boruucauts miomanb QUrypbl, OTpaHUYCHHOM JMHUAMHU

y:x2+4x, y=x+4.

Pewenue.
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3aI[aHHBIC JIJUHUW OI'paHW4YHUBAIOT Ha IINIOCKOCTHU OXy KpHBOHHHGP'IHYIO

TpaIenuo, N300pakeHHYI0 Ha PUCYHKE.

y=x2+4x
y=x+4

Y
=

BN
~m

HaitneM koopauHaThl TOYEK NMEPECEUCHUS 3aJaHHBIX JIMHUHM, I 3TOTO

pEeLIM CUCTEMY YPaBHEHUN

2
= 4
y=xoF x’ x2+4x=x+4, x2+3x—4=0,0TKy;[ax1:—4,x2:1.
yv=x+4

Torz[a HCKOMas I1omaab BEIYHUCIIACTCA 110 (bOpMYJICZ

1
1 2 3
S= (x+4—x2—4x)dx= (4—3x—x2)dx: 4x—%—% =
—4

:4_§_l+16+ﬁ_ﬁ:20§ (x8. €0.).
2 3 2 3 6

OO0beMbl Ten, 0o0pa30oBaHHBIX BpaIICHHEM IUIOCKON (QHUTypbl, OTpaHHYEHHON
kpuBoil y = f(x) 0, ocbto Ox U IpAIMBIMA X =a , X =D,

b

1) Bokpyr ocu Ox, BeUUCIAOTCA 10 hopmyne V. =7z f 2(x)dx;
a
b

2) Bokpyr ocu Oy, BBIYUCISIOTCS 110 opmyie V), =27 xf (x)dx .

a
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Ilpumep.2.2 Borruncnuth 00bEMBI Tell, 0OpPa30BaHHBIX BpalllEHUEM BOKPYI OcCEil
Ox u Oy KPUBOIHHEHHOTO TPeyroNbHNKA, OTPAHUYEHHOTO KPUBOH =3/ X , OCBIO

Ox m ipsimont x =1.

Pewenue.
y A 3
y= \/; 1) oObeM Tena, MOy4YeHHOT0 BpallleHuEM
BOKpYT ocu Ox, paBeH
1
5
Ly %
Vo=r {/x)dx= e :3?” (k6. €.)
0 I - 0 3

2) 00beM Tena, MOYYeHHOT'0 BpalieHueM BOKpyT ocu (Jy, paBeH

1
| A
Vy =27 x %dxz%tL

0 5,

q)yHKlll/IH HECKOJBKHUX IMEPEMECHHBIX

= 677T (xy6. eo.).

[lepemennas BenwurHA z Ha3bIBACTCS (QyHKyYUeli 08YX NEPEeMEHHbIX X U ),
eclii KaXJOoW nape 3HaueHud (X,y) U3 JaHHOM o0O0JacTU COOTBETCTBYET

€MHCTBEHHOE OIpe/eIeHHOE 3HaUeHue z = f (X, ).
Hus yskimn z = f(x,y) BBOIATCS TIOHATHS UYACHMHBIX NPOU3BOOHBIX

HepBOF (0] HOp}II[Ka, KOTOpBIC OHpCI[C.HSIIOTCSI BBIpa)KeHI/ISIMI/II
oz _ . fx+Axy)- f(xp) oz _ . fy+Ay) - f(x,p)
= lim , = lim ,
OX  Ax—s0 Ax 0V  Ax—>0 Ay

U 4acninblx I’lpOl/tS’BOOHle BTOPOIoO MnopsAaakKa:

?z_0 @ ' 82 0 0k ¥ 0
ox> ox Ox  Oxdy Ovox ox dy Oy Ox  ay: Oy Oy
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@ynkuus z = f(x,y) umeer B Touke M (xq,y) Makcumym (Munumym),
€CIIM 3HA4Y€HUE 3TON (yHKUMU B Touke M, Oosblie (MEHBIIE), YeM 3HAYCHUS
(yHKIUH B 1000 TOUKE U3 OKPECTHOCTH TOUKH M .

HeobxoaumbiMK  yCTIOBUSIMU CYIIECTBOBaHUSl 9Kcmpemyma (MakCUMyMma

win  MuHuMyMma) auddepennupyemorn  GyHKIMu  z = f(x,)) ABJISIETCS

PAaBCHCTBO HYJIIO €€ YaCTHBIX ITPOMU3BOAHBIX IICPBOI0 IOPAJIKA:

oz _,
ox
%z _q
oy

Toukw, B KOTOpPHIX YaCTHBIC TIPOW3BOJIHBIE OOpAMIAIOTCS B HOJIb,
HA3BIBAIOTCS cmayuoHapHuimMy moukamy GyHkuuu z = f(x,y) . i Toro 4to0sl
CTallMOHApHAsl TOYKAa SABJSIACH SKCTPEMYMOM, B HEW JIOJHKHBI BBITOJHATHCS

2 2 2
0z 0z 0z
docmamounsie yciosus. Ob6o3HaUuMM A=——7+ , B= C =—

2
Oox M, M,

_&wM’ oy

A= AC - B?.
Ecnu B ctanmonapHoi Touke M, (x,,v)

A>0,4>0,10 M, ecTb TOUKAa MUHUMYMA;
A>0,4<0, 170 M ecTb TOUKa MAKCUMYMa;
A <0, 10 B Touke M, HET IKCTpEMyMa;

A=0 , TO Tp€6y€TC5I JOITIOJIHUTCIBHOC NCCIICA0OBAHHC.

Ilpumep. Uccnenosathb Ha AKCTPEMYM GyHKIHIO

z=2x+4y—x2—y2+6.

Pewenue.
1. HalineM yacTHbI€ TPOU3BOHBIC 3aIaHHON (DYHKIIUH
0z 0z
—=2-2x, —=4-2y.
ox oy
2. 3anurieM HeoOXOIMMBIE YCIIOBUS CYIIECTBOBAHMS KCTPEMyMa
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2-2x=0 x=1
4-2y=0 y=2

3HauuT Touka M (1;2) sBISE€TCS CTAIIMOHAPHOW TOYKON (QYHKIIUU.

3. IIpoBepuM BBINIOJHEHHE B TOYKE M [OCTAaTOYHOTO ycioBus. [l 3TOrO

HalJIeM BTOpbIE YaCTHBIE MPOU3BOIHbIE HYHKIIUU
0%z 0%z 0%z
Zc_ 9 =0 ~ =

— =0, -2.
8)(2 Ox0y 8y2

5

B touke M(1;2) A=-2,B=0,C=-2 u A=(-2) (-2)-0=4 . IlockonbKy
A=4>0,A=-2<0, touka M(1;2) sBnseTcs TOYKOM MakcMMyma. 3HAUCHUE

(yHKUIHH B 3TOM TOUKE Z‘M =2 1+4 2-1* =22 +6=11.

@OyHKIUS JIBYX HE3aBUCHUMBIX NEpPEMEHHbIX z = f(X,)y) NOpUHUMAET

HauOoJblllee ¥ HaUMEHbIIee 3HAUYeHUsA B oOnmacTu D, OrpaHUYCHHOW JIMHUEH

@(x,y)=0, 1mubo B CTAlMOHAPHBIX TOYKAX, PACIOJIOKEHHBIX BHYTpPH 00JIacTU

D, nu6o Ha rpaHuIle 3TOi 00IaCTH.
3ajaya 00 OTHICKAHWM HAaMOOJBUIEr0 U HAMMEHBIIETO 3HAYCHUH (PYyHKIUU

z= f(x,y) B3amanHoi obmactu D pemiaeTcs 1Mo cleayleMy IaHy:

1. OmpenensieM cTalMOHapHbIE TOYKH (YHKIIMH, PACIIOJIOXKEHHBIE BHYTpPU
obnactu D, v BBIYKCIIsiEeM 3HaUYCHUS (PYHKIIUU B ITHUX TOYKaX.

2. Haxonum cranmoHapHble TOYKH (PyHKIIMM Ha rpanuie ¢@(x,y)=0 obnactu

WM Ha OTACNIBHBIX €€ y4YacTKaX, 3aJaHHbIX pPa3JIMYHBIMM YPAaBHEHUSMH, H
BBIUMCIISIEM 3HAUEHUS (QYHKIUU B 3TUX TOUYKAX.
3. U3 Bcex BBIYMCIICHHBIX 3HA4YeHUW (YHKIMM BbIOMpaeM HamOOJbIIEe |

HanMCHBIICC.

Ilpumep. Haittu HauOomplliee U  HaWMEHbIEe 3HAYCHHUA  (DyHKIHUU
z=x+ 2xy —4x —y B TPEYrOJbHUKE, OTPAHUYEHHOM IpsIMbIMUA X =0, y=2,

y=x.
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Pewenue.

1. Halinem cranuoHapHble TOYKM (YHKUHUHA U3 YCIOBHM PaBEHCTBA HYIIIO

YAaCTHBIX IIPOU3BOJIHBIX (bYHKI_[I/II/I

A aZ
Y Z=2x+2y-4=0
Ox Xty x=0,5
% _2x-1=0 y=1>
oy

Craumonapnast Touka M (0,5;1,5)  nexut

BHYTpH 3a7aHHON oOnactu OAB.
3Hauenue GyHKIMU B TOuke M paBHO

»
»

¥, =05"+2 05 15-4 05-15=-175.

2. Uccnenyem nosenenre GyHKIIMKM Ha TpaHUIaX 00JIaCTH:

a)Harpanune O4 y=x,0 x 2,z:x2+2x XxX—4 x—Xx nm z:3x2—5x;

z =6x-5,z =0 npu x:%,Torna y:% (Tak KaK y=x).

2

B touke C é .
6 6 12

5.3 3HAYeHHE PYHKIIUU PABHO Z‘ =3
66 g ’ ‘

Brruucnum 3naueHust GyHKIMH B KpaitHUX TO4Kax oTpe3ka OA.

B touke O(0;0) z‘ o =V, B TOUKE A(2;2) 3HaYeHue (PyHKIMU PaBHO
z,=3 2° -5 2=2.
6)HaTpamnue BA y=2,0 x 2,z=x"+2x 2—4x-2 wm z=x>—2;
z =2x,z =0 mpu x=0,a y=2 COriacHO ypaBHECHUIO NpsIMO BA.
B Touke B(O;2) 3HauYeHHUE (PYHKIIMU PaBHO Zz =3 0> -2=-2.
B) Harpanune OB x=0,0 y 2, z=-y;
z =—1 0 npu Bcex y [0;2] , CIIEIOBATENIbHO, CTALIMOHAPHBIX TOUEK Ha

muauu OB HerT.
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3. N3 Bcex BBIUHCICHHBIX 3HAYCHUH 3aJaHHOM (YHKIMM BBIOHpaeM
Hau0OJIbIIEE U HAUMEHBIIIEE:

z‘ =2 — HauOoJbIIee 3HaUeHHe (QYHKIIMKU B 00JIaCTH

OAB

25
= — HauMeEHbIIIee 3HaueHne QPyHKIuu B obnactu OAB.

Z‘C —E

3-mii cemecTp

BexTopHas ajireopa

HexkoTopble CBEACHUS U3 TEOPUM

BekTop — HanpaBIiIeHHBIN OTPE3OK.
PasencTso

a=(xy 2
(1) O3Ha4dacT, 4ToO X, y, Z— IMPOCKIHWHU BCKTOpPA HAa OCU KOOpAWHAT HUJIU CT'O
I[eKapTOBBI KOOpI[I/IHaTBI.

dopmyna
|ér|:\/x2+y2+z2 2)
TI03BOJISIET 110 KOOP/IMHATAM BEKTOPA OMPEICIUTD €r0 MOIYJIb.
22 5 Eciu o, B,y — yriisl, KOTOpbIe BEKTOp 00pa3yer
i C TIOJIOKUTETBHBIM HAIPABJICHUEM OCEH KOOPWHAT, TO
B COSaL, COS[3, COSY Ha3bIBAIOTCS HAPABIISIFOIIIUMHI
a KOCHHYCaMH BEeKTOpa 4.
0 >y x=|a|cosa, y=|a|cosp, z=|a|cosy, (3)

cos® o, + cos” B+ cos” y = 1.
4)

Ecim n3BecTHBI HaYaio BEKTOpa /\/71(X1 » V1, 21) U KOHEI]
M 2(X2 y Yo, 22) , TO KOOPJAMHATHI BEKTOpA HaXOAATCs 110 hopMyiam
X=Xp—=Xy, Y=Yo— Y1, Z=5 — 4.

)

—

Ecmm é:(X1,y1,Z1) n bz(Xz,yz,Zz),TO
éiBZ(X»]iXZ,y»]iyz,Z»]iZz)
(6) u ad=(oxq, oYy, 0Z), rae o — moboe YucIo.
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BGKTOpBI, JCXKaImue Ha OI[HOﬁ HJIN ITapaJUICIbHBIX ITIPAMBIX, HA3BIBAIOTCA
KOJUIMHCAPHbIMHU. HpI/I3HaK KOJUIMHCAPHOCTHU BCKTOPOB é u b .

X _N_4

Xo Yo I
(7) L

Tpoiika BeKTOpOB i, J

Bekropsl i, fj, K namnpasiens o ocsm coorserctBenno Ox, Oy, Oz B
TIOJIOKUTEIBHYIO CTOPOHY.
JTroGoii Bektop @ = (X, ¥/, Z) MOXeT ObITb IIPE/ICTABIICH B BHJE

d=X +yj + zk.
(8)

CKaJIIpHBIM TPOU3BEICHUEM BEKTOPOB a= (X1 Zr 21) u

b= (X2 y Yo, 22) HAa3bIBACTCA YNCIIO, PABHOE MPOU3BEICHUIO0 MOIYJIEW 3THX
BEKTOPOB Ha KOCUHYC yTila MEXJly HUMH.

ab=|a| ‘5‘ cOSQ, 9)
& b=|a| npsb=|b| np;a, (10)
5 a=-a’-|al, (11)

T.C. CKaHHpHBIﬁ KBaapaT BCKTOPA PaBCH KBaJApaTy €ro MOAYJIA.
3 b=XXo+ V1Yo +212,.
(12) Ecnu alb, 1o
X1 Xp + Y1¥2 + 22 = 0. (13)
X1 Xo T V1Yo T+ 4124 (14)
\/X12 iz’ \/X22 +y’+ 2

Eciu Bekrop F u3o0paskaer cuity, TOUKa MPHIOKEHHS KOTOPOI

COS(p =

>

IiepeMeEIacTCs U3 Hayala B KOHEI BeKTopa S, To paboTa 3TOM CHIIbI
ormpeensercs

(15)
BeKTOpHBIM [IPoM3BEIeHHEM BEKTopa @ Ha D Ha3bIBaeTCs TaKoM

BeKTop c=a b KOTOpHI/I YIOBIIETBOPSIET CIIEAYIOIIUM TPEM YCIOBHSM:
L]¢|=

sne, rme (¢ — YToJ MEXIy BEKTOpaMu au b;

2.Cla un cLb;

3. BekTOp C 00OpasyeT ¢ BekTopaMu & u b «mpaByro» TPOUKY.

—
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BekTopHoe npousBeieHUE 3aBUCUT OT MOPSAKA COMHOXKUTENEN
a b=-b a.
(16) Moaynb BEKTOPHOTO IIPOU3BEICHUS paBEH ILUIONIAAN HapajljiejorpaMma,

IIOCTPOCHHOI'O Ha BCKTOPAX amu b:

S=|a b| (17)
1M1 -
2
Ecnu Bektopsl @ u b xommmueapss;, To @ b = 0, B yactHoCTH,
a a=0.
Eciu BEKTOpHI 3aJaHbl KOOPAMHATAMU & = (X1 , Vi, Z ) ,
b= (X2, y2, 22), TO
7Tk
é b = X1 y1 Z1 . (19)
Xo Yo 2D

Eciu Bektop F m3o0pakaer cuity, IPUIOKEHHYIO B KAKOH-HUOYIb
touke M, aBekrop @ wuuer us Hekoropoii Touku O B TOuKy M, TO BEKTOp

a F npencrasnser co6oit MomenT cunsl F otHocuTensHo Touku O:

—

mF=3 F. (20)

CMeNanHbBIM OPOU3BEIECHUEM TPEX BEKTOPOB a, b, C HasbiBaeTcs

—

YHCII0, PABHOE BEKTOPHOMY HPOM3BEACHUIO &8 b, yMHOKEHHOMY CKAJISIPHO Ha
BEKTOp C, T.€.

abc=(a b)c=a (b ¢
(21) Cmemannoe npoussenenne abC paBHO 00bEMY MapaLIEIeIUIIENa,

IIOCTPOCHHOI'O Ha BCKTOPAX é, b, 5 , B3ITOMY CO 3HAKOM «IIIIFOC», CCIIN TpOP'IKa

—

a, b, ¢ mnpasas, co 3HAKOM «MHHYC», €CJIU 3Ta TPOMKA JIeBasl.
V = +8b¢. (22)
ECJII/I BCKTOPbI KOMILJIAHAPHBbI (HC)I(aT B OIIHOﬁ HHOCKOCTI/I), TO
abc=0.
(23) Jins Bextopos @ =(Xq, Y1, ), b=(X2, Yo, 2), C=(X3, V3, Z3)
CMEIIIaHHOE TIPON3BEICHHE OMPEIeIeTCs (GopMyIToit

S RO T S I
abC = X2 y2 22 .
X3 Y3 Z3

(24)
3agaua 1. Ha MatepuanbHyI0 TOUKY JIEUCTBYIOT CHJIBL:

Fi=(2-11). FB=(-122). F=(11-2).
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Haiiti paboTy paBHOIEHCTBYIOIICH ITUX CHIT R IIPU IEPEMELLIEHUN TOYKH U3
TIOJIOKECHUS A(2, -1, 0) B [IOJIOXKEHUE B(4, 1, — 1).
Pemenue. Halinem paBHOIEMCTBYIONLYIO
R=F +Fy+Fy=(2-1+1,-1+2+1,1+2-2)=(2,2,1).

Bexkrop nepemenienus no gpopmyine (5)

= -
S= AB :(4—2,1+1,—1—0)
Hckomyto paboty Haxoaum o popmyine (15)

W=R S=22+2 2+1(-1)=T7.
3ajmaya 2. Jlana cuia F = (3, 4, — 2) Y TOYKA €€ IPUIIOKCHHS

(2,2,-1).

A(2, -1, 3) . HaliT MOMEHT CHJIBI OTHOCHTEIBHO Havyaaa KOOPAWHAT M YTIIBI,

COCTABJICMBIC UM C KOOPANHATHBIMU OCSIMU.

_)
Pemenue. ITo popmyine (20) mF=r Bekrop = OA 1no

FF E
Gopmyine (5) UMeET KOOPAUHATEL [ = (2, -1, 3), o ¢opmyie (19)

— — —

i ok o
FOE=|2 21 3 |=-107 +13] + 11k.
3 4 -2

Wrax, m,F = (— 10,13, 11). Moayss MOMeHTa HaxoauM 1o Gopmyie (2):
| mF|=(~10) +(13)° +(11)* = V390 ~ 19,748,

Hanpagpnsromue kocunycel o gpopmyie (3):

o=—10 _ 0506, cosp=—>—— 0658, cosy=—— 0557,
19,748 19,748 19,748

a YIJIbl, COCTaBIIsIEMbIe MOMEHTOM CHJIBI C KOOPAWHATHBIMU OCSIMH, CIIEAYIOIIHIE
a=120"24', B =48°51, Y =56"9'.
KoHTposib: A0MKHO OBITH cos? o, + Cos” B+ cos’ vy =1. V nac:
(- 0,506)° +(0,658)° +(0,557)> = 0,999.
3ajmaya 3. Hamucarb pasioxkenue BekTopa X = (5, 16, 2) 10 BEKTOpaM
p= (2, 1, 0), g= (O, -2, O), r= (— 1,5, 2).

Pewenue.
1. Pasznoxenue BekTopa X 10 6asucy P, G, F HMEET B

)? = (X1ij+ 0,26'*‘ (l3F
HUJIN B KOOpHHHaTHOﬁ (bopMe
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X1 = 0qPr +02q + a3l
Xg = Q12 T 0Qq5 + 03l
X3 = 04 P3 + Qoq3 + A3f3.
2. C yueTOM YHCIIOBHIX 3HAUCHUM KOOPIUHAT BEKTOPoB P, §,F u X

NOJYyYMM CUCTEMY YPABHEHUH OTHOCUTEIBHO HEM3BECTHBIX Ol4, Olo, OL3:

2a1+00y-1a3=5 2004 =95+03 o;=3
10(.1—2 (12+5 (13:16 20(2:0(.14'&)(.3—16 O(.2:—4
O(l1+0 OL2+20(,3:2 0(.3:1 0(,3:1.

—

3. PasnoxeHue BeKTopa X II0 BeKTopaM P, §, I HMEET BUL:
X=3p—4q+r.
Otser: X =3p—4q+Tr.

_)
Bagaua 4. B mapamienenunene ABCDA,B,C,D; Bextopst AB = p,

_)

- - -
AD =q, AA, =r o6pa3sytor 6asuc. Pasnoxurs Bektopet AG, AP,

H
AN, 1o BeiOpanHOMYy Gasucy, eciu touka G genur peopo DD, B oTHOMIC-
Hun 1:2; Touka P — Touka nepeceuenus quaronaneii rpaaun DD,C,C; Touka
N, — cepennna pebpa B;C;.

Pemenue.
[Toctpoum ueprex. HemocpeacTBEHHO U3 uepTexa CiIeayer:

AHAJIUTHYECKAS] T€OMETPUS HA IMJIOCKOCTH
Ilpavas auauda. Ee ypaBHenue
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Ax+By+C=0 — (38)
o01ee ypaBHEHHE MPSMOM.

X_Xo _y_.yo

m n
(39) ypaBHEeHUE IPSIMOIL, MPOXOASAIIECH Yepe3 TOUKY

MO(Xo , yo), a= (m, n) — BEKTOD, MApAUICIbHBIA TPSIMOM.
Ax-x,)+B(y-y,)=0 - (40)

ypaBHEHHUE MPSIMOM, IPOXOsMIeH yepe3 Touky M, (XO , yo) C

HEPICHINKYIISPHLIM BEKTOPOM N = (A, B).
X—X —
1 _Y=¥ (41)
Xo=X1 Yo=Y
ypaBHEHHE MPSIMOU MPOXOIAIICH yepe3 aBe Touku M 1(X1 , y1) u M 2(X2 , yz).

X Y_q_ 42)

a b

YPaBHCHHUC prIMOﬁ B «OTpE3Kax», rac a, b — BenuuMHBL OTPC3KOB,

OTCEKAEeMBIX MPSIMO Ha OCAX KOOPAMHAT.
y=kx+b — (43)
ypaBHEHHE MPSIMOH ¢ YIIIOBBIM KO3 duitnenToM K = g u otpeskom b —
orcekaeMbiM Ha ocu Oy .
y—Y. =k(x=x,) -
(44) ypaBHEHHE TPSIMO, TPOXOsIIei yepe3 Touky M, (XO , yo) C YIJIOBBIM
Koo dumenTom K.

d:|Axo+Byo+C| ~

VA? 4+ B?

paccrosiaue ot Touku M, (XO , yo) no mpsmori Ax+ By+C=0.
5 Ax, + By, + C B

VA? + B?

otkionenue Touku M, (XO , yo) OT MPSIMOM.

k=2 _
B

(46) yrimosoii koopunuent npsmoir Ax+ By+ C=0.
k1 = k2 - (47)
YCJIOBHE MapajIeIbHOCTH PAMBIX.

oo 1
Ky

(48) ycnoBue nepreHIMKyISpHOCTU MPSMBbIX.

(45)

(45a)
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k2 — k’l
tge = 1+ kik, (49)
YTOJI MEXK/Ty IBYMS IPSIMBIMH C YTIIOBBIME Koo dummentamu Ky u Ko.
3agaua 6. J[aHBI cepeIMHBI CTOPOH TPEYTOJbHHUKA
P(1, 2), q5, 1), R(— 4, 3). CoCTaBHUTh YPaBHEHHS €I0 CTOPOH.
B(x2, ¥5) 1 cioco6. Tak kak touxku P, Q, R sBustorcs
cepenunamu orpeskos AB, AC, BC, to
P 0 XitXp 4 XptXg _p XatXs_ _,
2 2 2
AT R Clepy D129 % =1, % -3.
Pemraem nBe cucTteMsl ypaBHEHHM
X{+Xo=2 yi+Yy,=4
X, +X3=10 Yo+ Y3=-2
X1+ X3 = =8, Y1+ Y3 =6,
HOJTydaeM
X, =-8 ¥4 =6
X, =0 Yy, =0 A(— 8, 6), B(10, - 2), C(O, 0).
x3 =10, Y3 =2,

Teneps cocTaBisieM ypaBHEHHUS CTOPOH TPEYTOJIbHUKA, KaK MPSMBIX,
MPOXOIAIIUX Yepe3 IBE TOUKH, o popmyre (41).
Vpasuenne AB:

X+8 _¥y=0 = gioy-2-0
10+8 -2-6

Vpasuenne BC:
x—10: y+2’ x-+5y= 0.
0-10 0+2

Vpasuenne AC:
X+8 _ y—6’ 3x+ 4y = 0.
0+8 0-6

2 cioco6. He ompenenss koopaunar touek A, B, C, coctaBuMm ypaBHeHHE

Kak10# u3 cropoH tpeyronsauka ABC, kak mpsMoii, IpoXosIieil yepes ogHy
U3 BepuH Tpeyrojibuuka PQR mapaiiensHo MpoTHBOJIEKAIIENH CTOPOHE.

Vpasuenne AB: mpsmas AB upoxomut yepes Touky P mapamiensHoO

_)
BekTopy QR = (— 9, 4). Hcnone3yem ypasaenne (39).

x-1_y-2 4x+9y—22=0.
"9 4
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Vpasuenue BC: mpsamas BC npoxomur uepes Touky Q mapamienbHoO

%
BekTopy PR = (— S5, 1).
x-5_ y+1
-5 1
Vpasuenne AC: mpsmas AC npoxomur uepes Touky R mapajiensHo

x+5y=0.

N
sekropy PQ =(4, - 3).

x+4:y—3 3x+4y=0.
4 -3

Oteer: 4x+9y—-22=0, x+5y=0, 3x+4y=0.

33@3“13 7. CocTaBUTH YPaBHCHUSA KAaTCTOB IIPAMOYI'OJIbHOT'O
paBHO6CI[p€HHOF O TPCYI'OJIbHHUKA, 3Had YPABHCHHUC T'HIIOTCHY3bI

2xX+ 3y—5=0 wu BepmmHy OpsAMOTo yria (2, — 1).
b N AB= BC (no ycnosurw), nostomy ABC= ACB=45,

Kge = —% (o ¢popmyne (46)). Vpasaenus karetoB AB u
45°
A2 ) C BC cocrasisem o popmyne (44): y+1= k(X — 2).

k+Z
tg45" = 23 , (49)
1-—k
3
k+§
= +1
1_2
3
Permmast 5Tu ypaBHEHUS, TOTYIHM:
k:%, y+1:%(x—2), S5y+5=x-2, x-5y-7=0.

k=-5 y+1=-5x-2), y+1=-5x+10, 5x+y—-9=0.
OtBer: X—5y—-7=0, Sx+y-9=0.
3anaya 8. B TpeyroiabHHUKE ¢ BEpIIMHAMU
A(3, - 2), B(— 1, 1), C(5, — 7) HaiiTi OuccekTpucy Buyrpentero yria  ABC.
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B__g 1) CocraBum ypaBaenus cropon yrima  ABC,
BOCITOJIB30BaBIIUCH (hopmyroit (41).

5102 Cropona BA:
x#1_y=1 g ays1-0
3+1 -2-1
Cropona BC:
x+1_ y—1, —8x—-6y—-2=0.
A C 5+1 —-4-1
\ N 2) Touku OUCCEKTPUCHI PAaBHOYAAJIICHBI OT CTOPOH

yria. [IpupaBHsSIEM pacCTOSIHUS OT MPOU3BOJIBHOM
TOYKHU OUCCEKTPUCHI M(X, y) no cropor yria BA u BC, BbrumcIiss ux 1o

dbopmyne (45).
|-3x—4y+1| |-8x-6y-2| |-3x-4y+1| |-8x—6y-2

e Jeee |5 10
3 IMOCJICAHCTO PABCHCTBA ITOJIYy4YacM CIICAYIOIIHUC IBa:
2(-3x—4y+1)=-8x—6y—-2 u 2(-3x-4y+1)=—(-8x-6y-2).
[Tocne nmpeoOpazoBaHus MOTYYaEM YPABHEHUS ABYX MPSAMBIX, KOTOPbIE
SBJIIIOTCS ONCCEKTPUCAMU BHYTPEHHETO W BHEIIHETO YIJIOB TPH BepiunHe B
tpeyroipunka ABC:
x—y+3=0 (a)
u x+y=0. (0)
JIist GMCCEKTPUCH BHYTPEHHETO yriia Tpeyroiabinka BN  oTkinoHeHus BepuimH
TPCYTOJIbHHUKA A u C HMCIOT PA3HBIC 3HAKH, 4 OJIA 6I/ICCCKTpI/ICBI BHCHIHECTO
yriia BK — 3HAKU OTKJIOHEHUH OJUHAKOBBI.

Haiinem orkinonenus touek A u C ot npsamoii (a) 1o Gpopmyie
(40,a):

SA:

3-(-2+2 7 5-(-7)+2 14

Ji2i12 V2 Ji2412 42
CIIeTOBATEIbHO, YpaBHEHHE (@) —3TO ypaBHeHwue npsimoii BK. Torma

ypaBHEHKE OUCCEKTPHUCHI BHYTPeHHEr0 yria tpeyronsauka ABC mpu
BepimHe B

0,

0, &¢

x+y=0.
Otset: X+ y=0.

JIMHUM BTOPOT0 MOpsSIKa

OKpYX HOCTb. YpaBHEHUE

(x—a)’+(y-b)* =R (50)
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OIIpeNeseT OKPYKHOCTh paguyca R ¢ menTtpom C( a, b). Ecnu uentp

OKPY)KHOCTH COBIIaJaeT ¢ HayajaoM koopauHat, .. a@= b= 0, To ypaBHeHue
OKPY>KHOCTH MPUMET BU/T

X+ y2 - R,
(51

O6uiee anredOpanyeckoe ypaBHEHUE BTOPOUl CTENIEHU
Ax? + 2Bxy + Cy2 +2Dx+2Ey+F =0

ecth ypaBHenue okpyxkuoctu, ecmu A=C 0, B=0, re.

Ax? + Ay? + 2Dx+2Ey+ F = 0. (52)
OJIIHIIC.
2 2
a“ b
(53)
ypaBHEHUE 3IUTUIICA (KAHOHUYECKUN BUT).
bzzaz—cz, a>b.
(54)

B sToM ciydae GOKYCHI JIIMIICA UMEIOT KOOPAUHATEI

Fi(=c,0) u Fy(c,0).
(55)
Hauano xoopmuaatr O — HEHTp CUMMETPUH DILIUIICA, & OCH KOOPAUHAT — OCH
cUMMeTpuH diutunca. Touku A1(— a, 0), Az(a, 0), B1(O, — b), BZ(O, b)
Ha3bIBAIOTCS BEPIIMHAMU DJUIAICa, & U b — Gonbliuas ¥ Majas IOJIyOCH.
Benuunna

C
e=—<1
a

(56)
Ha3bIBACTCIA BKCHGHTpI/ICI/ITeTOM DJIJIUIICA. 3KCHGHTPI/ICI/ITGT XapaKTepI/ByeT
BBITHHYTOCTB QJIJIUIICA, T.K. BBIpa)KaeTCH t1611)63 OTHOIIICHUC €10 HOHYOC@ﬁ

[.2 .2 2
c a“—-b b
g=—=—0 =~ = 1- = (57)

a a a

OKpY)KHOCTB MO>KHO CHUUTATh 4YaCTHBIM cnyqaeM SJIJIMIICA, y KOTOpOF (0]

a=b,te. £=0.

>
I
-+

- (58)

YpaBHEHHUS TUPEKTPUC.
Eciu doxkycsl aiuurca pacnonokensl Ha ocu Oy, To ypaBHeHHE

sJuTHIIca UMeeT ToT ke B (58), Ho b > a. ®OKyChl HIMEIOT KOOPAMHATHI:
F (O, — C) u F, (O, C). VpaBHEHHUS TUPEKTPHC
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)
€

(59)
['unepbona.

2 y2

____521_

a“ b
(60)
KaHOHMYECKOE ypaBHEHUE TUTIEPOOITHI.

b>=c*-a*, a<c (61)

®oKyChl HIMEIOT KOOPAUHATHI F1(— C, O) u FZ(C, O). Ocu KoOpaAMHAT
SBJISFOTCSL OCSIMH CHMMETPHH THIep0oJibl, a Touka O — [EeHTp CHMMETpHH.
I'mnepGona nepecekaet ock abenuce B Toukax A(—a, 0), Ay(a, 0), xoropsie
Ha3bIBAIOTCS €€ ACHCTBUTEIbHBIMH BEPIIMHAMH, A BEIMYHHA & —
neiicteuTenbHOM nonyocsto runep6onst. Touxu Bi(0, —b) u B,(0, b)
Ha3bIBAIOTCSI MHUMBIMH BEpIIMHAMHU, @ D — MHHMast 101yock. IIpsMOyronpHIK

C IIGHTPOM B Hauajie KOOPJAUHAT U CO CTOPOHAMH, TTapajlIeIbHBIMU
KOOPJAMHATHBIM OCSIM U MPOXOIAIIUMH Yepe3 BEPITUHBI TUIIEPOOIIBI,
HA3bIBACTCS OCHOBHBIM MPSIMOYTOIBHUKOM TUIIEpOO0Bl. Ero nuaronanm
y:iéx
a
(62)
SIBJISIFOTCSI aCUMITTOTAMHM TUIIEPOOIIBI, T.€. IPAMBIMHU, K KOTOPBIM HEOTPAaHUYCHHO
MPUOIMKAIOTCS] BETBU TUIIEPOOITHI.
DKCLUEHTPUCUTET THUIEPOOJIBI

e=S51, (63)
a
2 2 2
g_C_Ya+b” | b (64)
a a a

Eciu a= b, rumep6osia Ha3sIBacTCs paBHOCTOPOHHEH. B aTOM Citydae
OCHOBHOM MPSIMOYTOJIBHUK IIPEBPAILIA€TCA B KBAJpaT, a SKCLIEHTPUCUTET PaBEH

J2.

>
I
-+

- (65)

™ |

JTUPEKTPUCHI TUIIEPOOIIBI.
Ecnu ypaBHeHUe rumnep0oJibl UMEET BUJT
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2
LY 1, (66)

R A——
a’ b’
TO aCHMIITOTBI THIIEPOOJIBL:
X=%+—y,
(67)
(OKyCHI F1(0, — C), FZ(O, C).
y — i 9 —
g
(68)
ypaBHEHUS JTUPEKTPHC.
[TapaGoua.
KaHOHMYECKOE ypaBHEHHE apadoIIbI
2
y°=2px (p>0),
(69)

rae P — paccrosHue oT GoKyca 10 AUPEKTPUCHL. Y paBHEHUE TUPEKTPUCHI
__ P = P
X= Y KOOPJIUHATHI OKyca o 0 . Hagamo KoopauHAT SBIIAETCS

BEPUIMHON MMapadoJibl, a 0Ch A0CLHCC — €€ OCbI0 CUMMETPHH. DKCUEHTPUCUTET
napabonsr € = 1.
B pszae cioyuyaeB paccMaTpuBaroT mapadosibl:

a) y2 =-2px, F —g, 0 —dokye, x= ng — ypaBHeHue qupektpucsl;  (70)
2 _ p __ bk :
0) x“ =2py, F O, 5~ dokyc, y= 5 ypaBHeHue aupektpuchl;  (71)

B) X% =-2 py, F O,—g —dokyc, ¥y = g — ypaBHeHHE qUpekTpuchl.  (72)

Jlns Beex cimyuaes p > 0.
3amaua 9. Cpenu npsMbIX HapauielbHbIX npsmoir 2X+ ¥y =0,

2
BbIJICIIMTh KAaCaTCJIbHBIC K OKPY’KHOCTH X+ y2 =1.

Pemenue. YpaBHeHUE BCAKOM IIPSMOM, AapaUIEIbHON TaHHOM, MOXKHO
3aIUcaTh B BUJIE
2x+y+c=0.
KacarenbHas K OKpyKHOCTH UMEET C HEW TOJILKO OJ[HY OOIIYIO TOUKY, [IOATOMY
COBMECTHOE PEILICHUE YPABHEHUMN NIPSIMOU U OKPYKHOCTH JI0JDKHO UMETH
TOJIBKO OJIH OTBET.
W3 ypaBHeHus ipsIMOi Y = —2X — C.
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y=-2X—C

X% +y? =1, x2+(—2x—c)2:1, 5x% +4cx+¢c® —1=0.

KBaIIpaTHOC YPaBHCHUC UMCCT TOJIBKO OJHO PCHICHUC, KOI'lda AUCKPUMHUHAHT

paBeH HYIIIO: (40)2 -4 5 (02 — 1) =0, orkyna C=++/5.
WTtaK, HICKOMBIC KacaTeIbHBIC HMCIOT YPaBHEHUSI
2x+ y++/5=0, 2x+ y—~/5=0.
3amava 10. Jlan smunc 9x? + 25y2 = 225. Haiitu: 1) ero moayocwu;

2) okychl; 3) 3KCUEHTpUCUTET; 4) ypaBHEHUS AUPEKTPUC.

Pemienue. [lenum Ha 225, nomyvyaem

2 2
X
<y _,

Orcrona crieayer 1o popmyie (53),uto a=95, b= 3. U3 popmynsr (54):
c*=a’-b*=25-9=16, c=+4.
ITo dhopmyne (55): F1(— 4, O), F2(4, 0).

c 4
OKkcueHTpucHurer (56); € =—= E
VYpaBHeHus qupekTpuc cormacHo (58): X=+——= -l-§
P PP 745 4
4 25

Oteetr: a=5, b=3; F1(—4,O), F2(4,O); 825; X:i?.

3agaya 11. CocTaBUTh KAHOHMYECKOE YPABHEHHUE AJUIMIICA, Y KOTOPOIO
Manast Ioiyoch 2+/6, a paccrosiaue Mexay Goxycamu FF, = 8.

Pemenne. b=246, FF,=2c=8, c=4.

ITo popmyuie (54): a’=b*+c% a’= (2\/6)2 +42 =40, a=+/40 = 210.

2 y2

Vpasuenwue syummrnca cornacuo (53); —+-—=1.

40 24
3amgaua 12. Acumnrors! runep6osbl nmetot ypasaenus 4y +3x =0, a

paccrosiaue mexay dokycamu paBHo 20. Hamucath ee kaHOHHUYECKOE
ypaBHEHHUE.

Peuienue. YpaBHeHUS aCUMITOT Y = izx , cornacHo gopmysie (62):

b = :Tj Kpome roro FiF, = 2¢=20, ¢=10. Ilo dpopmyne (61):
a
—a

2

o 2+ b? , TIOJy4aeM CUCTEMY YpaBHEHHUI
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b_3
a 4
a® +b* =100.
Pemas ee, monyyaem a= 8, b= 6. CienosarebHO, KAHOHHYECKOE
2 2
X
ypaBHCHHE THIIEPOOIIBL; — — Y 1.
64 36
X2 y2
3amaya 13. Jlana runepOosa ? - T = —1. HaiiTu KOOpAUHATHI

(OKYCOB U BEPIIIKH, YKCIIEHTPUCUTET, YPABHEHUS ACUMIITOT U AUPEKTPUC.
Pemenne. PoKychl JaHHOM rHIIepOOIIBI pacmooxensl Ha ocu Oy .

a=1 b=3 c=+va’+b?>=vJ9+1=+10. (61)
3HauUT (POKYCHI UMEIOT KOOPIUHATHI F1(0, — Jﬁ), F2(O, M) BepumHel
A1(0, - 1), AZ(O, 1), B1(— 3 0), 82(3, O). DKCUEHTPUCHUTET 110 popmyiae (64):

_e V0
a 3
YpaBHEHHU aCUMIITOT: X = ig y X =13y.
a
b

3
YpaBHeHUs qUpeKTpuc: ¥y =+— y== E .
3amaya 14. TlapaGoia ¢ BepIIMHOI B Hauajae KOOPAUHAT MPOXOIUT Yepes3
TOYKY A(1, — 2) ¥ CUMMeTpH4Ha oTHocuTebHo oc Oy. Hamucats ee
ypaBHeHue. Hailtu ¢pokyc u TupeKTpucy.
Pemienue. YpaBHenue uckomoit mapadossl no popmysne (72) uMmeer BUl

x? = —2py. Touka A(1, — 2) 7exuT Ha mapaboue. ITogcTaBisieM KOOPINHATHI

toukn A BypaBHenme: 1=-2p (— 2) p=—. CrenoBareibHO,

1
4
HUCKOMOE YpaBHEHHE OyIeT X% = _Ey Wi Y= —2x°.

1

1
®oky mapabdonsr: F 0, — 3 VYpaBHeHue AupeKkTpuchl coraacHo (72): y=—.

8

3amaya 15. Ha mapaGoie y2 = 4X HaiTH TOYKH, PACCTOSHHUS KOTOPBIX
OT IUPEKTPUCHI paBHO S.

P

J

Pemenue. YpaBHeHHE TUPEKTPUCHI JAHHON Napadosbl X = —

2p=4, p=2, x=-1. Torna paccrosaue or ocu Oy 10 HCKOMOIA
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{=4- P_ 5—1=4T0ukK © 3TO PAaCCTOSHHE ONPEACIUT KOOPIUHATY X

nanHo# ToukH, T.€. X = 4. KoopauHary )y HaiijeM U3 ypaBHEHHUS MMapabobl:
y?=4x, y°=4 4=16, y=1+4
Urax, My(4,4), My(4,-4).

AnemMeHTbl MIMHEUHOW anreopbl
OewncTBuAa Hap matpuuyamun. Panr matpuubl

Ompenenenne 1. Cucrema m n YhCeN, PACIOJIOKEHHBIX B
IPAMOYTONBHOM TaOIMIE U3 M CTPOK M N CTOJIOIIOB,
@1 8 &3 ... &
dyy 8y Ay ... Gy
A= ) (1)
a, 8o Am - 8
HaspiBaeTcss Marpunedl. CTpOKM M CTONOIBI  HA3BIBAIOTCA  PSAIAMU
MAaTpHIIBL.
Yucna a; (i=1,2,...,m j=12,...,n) , COCTAaBIAIOLIAE MATPHILY,

HA3bIBAIOTCS €€ DJIEMEHTaMU. 3/1eCh NIEPBBIA MHJEKC /| O3HA4aeT HOMEp CTPOKHU
3JIEMEHTA, a BTOPOH j — HOMEP ero cToJoIa.

Hns marpunbl (1) ymoTpeOnstoT M COKpalleHHYIO 3aIlHCh A=(a,.j)
(i=12,....m; j=12,...,n) UK Az(aij)mn. [Ipu sTOM roBOpPSAT, YTO MaTpuua A

MMEET TUIL M n.
Ecmu m=n, To marpuiia Ha3bIBa€TCs KBaApPaTHOW MOPSIAKA N, €CIH KE

m n , TO MaTpulla Ha3bIBAETCA NOPAMOYroiabHOM. Onpeaenurens
a1 8 - G
8y @y - @

HaA3bIBACTCA OIIPCACIUTCIICM KBaﬂpaTHOﬁ MaTpHULbI A. B YaCTHOCTH,
MaTpUIla MOXKET COCTOATH M3 OJHOrO 4YMcia, 5T0 MmaTpuua tuma 1x 1: A(10),
MOXKET COCTOSATH U3 OHHOﬁ CTPOKH HUJIKM OAHOTO CTOJ'I6Ha:

a1
ay1

A= ay u B=(by b, .. by).

il
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Ux tumer n 1 mw 1 m cooTBercTBeHHO. KBajpaTHas Marpuiia Buja

a, 0 0 0
0 a O 0
A= 0 0 a, 0
0 0 0 0
0 0 0 ..a

n

Ha3bIBACTCS THArOHAIBHOM U 0003HAYaeTCst Kpatko A=(a,,a,,...,a,). Eciu
BCE a; =1 B JIMArOHAJIBHOW MAaTpUIE, TO OHA HA3bIBACTCS CIWHUYHOU H

1 0 0 ... O
01 0 .. 0
ob6o3nauvaercs OykBor E. Utak, E= 0 0 1 .. O
0O 00 .. 1

KBagpaTtHas Marpuia Ha3bIBa€TCd CUMMETPUYECKOH, €CIIM 3IIEMEHTHI
MaTpULbl, CHMMETPUYHO PACIIOJIOKEHHBIE OTHOCHUTENIBHO IJIAaBHOW HMAaroHaiH,
paBHBI MEXIy coO0i. Martpuiia, Bce 3JeMEHTHI KOTOpoil paBHBI 0, Ha3bIBAETCS
HYJIEBOW MaTpulied 1 00o3Hadaercs OykBoil O. Eciau Hy»)KHO MOJYEpKHYTh THII,
TO Uyt O, ,

PaccMOTpHM JieHCTBHS Hal MATPHIIAMHL.

Onpenenenne 2. Matpuist A=(a;) u B=(b;) caurarorcs paHbIMH, el
OHM OJHOTO THIA, U COOTBETCTBYIOLIME JJIEMEHTBl MX DAaBHEL T.c. a; = b
(i=12,...m j=12,...n).

Onpenenerue 3. Cymmoi (pasHoctbio) Mmatpun A=(a;) u B=(b;)
OJIMHAKOBOTO THUIA HasbBaeTcs Matpuma C=(c;) TOro ke THUma, SIEMEHTHI
KOTOPOH paBHBI CyMMaM (Pa3HOCTAM) COOTBETCTBYIONIMX DJIEMEHTOB MAaTpPHI] A
U B, T.c. o :a,-jib,-j.

[Ipumep.

1 2 0 3 15
0O01+1 4=1125
5 4 2 5 7 9

OueBHIHO BHITIOJTHEHHE CBOMCTB!

1) A+B=B+A,

2) A+(B+C)=(A+B)+C,

3) A+0=A.

Omnpenenenue 4. [Ipoussesenne Matpuisl A=(a; ) Ha uncno A (uim, Bee
paBHO, uMClia A Ha MaTpuily A ) HasbiBaercs Matpuua C=(1 a;), T.e. BCe

3JIEMEHTBI KOTOPOU IMOJYYEHBI U3 COOTBETCTBYIOIIMX 3JIEMEHTOB YMHOXEHHUEM
Ha 4HCJIO A.
[Tpumep.
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56 7 10 12 14

4 k1 OIIPCACIICHUA OYCBUIHBI CBOMCTBA:

1) 1 A=A,

2) 0 A=0,

3) % (n A)=2pA,

4) (A+u)A=rA+ A,

5) MA+B)=1A+AB.

OHpe,Z[eJII/IM YMHOXCHHUC IBYX MaTpHII. HyCTb JaHbl MAaTPHUIIbI A= (a,-j )mn u

12 3 2 4 6
2

B:(b,. )pq. [Ipyyem, mycTh YUCIO CTOJNOLIOB MaTpullbl A PaBHO YHCIY CTPOK

MaTpunel B, T.€. n=p.

81 8 ... Gy by by ... by
ay, a8, .. a b,y by, .. b,
8y 8mp .- 8pp by bpy - bpg
Onpenenenue 5. [IponsBenenuemM Matpuil A WU B Ha3bIBaeTCA MaTpula
G G2 - G
021 022 e CZq
C:(Cij):
Cmt Cmz - Cmg

THIIA m q , KaXKAbIM D3JIEMEHT KOTOPOW MOJIydaeTrcs Kak CyMMma
IIPOU3BEACHUN JJIEMEHTOB /i -OM CTPOKM MAaTpullbl A Ha COOTBETCTBYIOILLHE
AJIEMEHTBI j -0ro CTOJOIma MaTpuisl B Cj =auby; +ajby; + ...+ @by
(i=12..mj=12,..49).

N3 omnpenenenus cieayer, UYTO KBaJApaTHbIE MAaTpPULBl  MOXKHO
IIEPEMHOXKATh JIUIIb OJHOI'0 MOPSAIKA.

[Ipumep.
2 -1
A:3281,B:1_3,C=AB?
1 -4 0 3 0 1
3 1
Co 32+21+480+13 -31-6+8+1 11 0
2-4+0+9 -1+12+0+3 7 14

CnpaBe BBl CBOMCTBA!
1) A(BC)=(AB)cC,
2) » (A B)=(r A) B,
3) (A+B) C=AC+BC,
4) C(A+B)=CA+CB.

[IpousBenenue JByX MaTpull HE 00JagaeT TMEPEMECTUTEIbHBIM
CBOMCTBOM, T.c. A B B A.
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1 2 5 6
= ’B=
3 4 7 8
19 22 2 4
B= ,BA=33.AB B A.
43 50 31 46

Bonee Toro, MoxeT ObITh, YTO MPOU3BEACHUE A B CyIIECTBYeT, a B A He
MMEET JIa’K€ CMbICIIA.

[Tpumep.
100
A=l§2,B=O10.AB=1§2
0 0 1

B A HE CyIIECTBYET, TaK KaK YHCJIO CTOJIOIOB B B OOJIbIE Yncaa CTPOK
B A.

Ecmm A B=B A, To MaTtpullbl A U B Ha3bpIBalOTCS NEPECTAHOBOYHBIMU
WM KOMMYTaTuBHbIMU. Hampumep, equHuuHas MaTpula E NepecTaHOBOYHA C
0001 KBaJpaTHON MaTpPHUIICH TOTO ke mopsiaka. A E=E A=A, 1.e. E urpaer
pOJIb €AUHULBI IPU YMHOKECHUU.

Ompenenenue 6. OOpaTHOM MaTpUIIE 110 OTHOIIEHHWIO K JaHHOU
Ha3bIBACTCS MAaTpHIla, KOTOpas Oyaydd YMHOXKEHHOM cIipaBa (WS ClieBa) Ha
JAHHYI0 MaTpULy, JAeT EAUHUYHYIO MATPUILLY.

Matpuity, o6partHyro Kk Matpune A, o6o3Hayaror A~ . ITo ompeneneHuro
AAT=A" A=E.

Onpenenenue 7. Marpuna Ha3bIBaeTCs HEOCOOEHHOH, ecnu: 1) oHa
KBaJIpaTHas; 2) €€ OnpeaeuTeNb OTIUYCH OT HYJIS.

CnpaBennuBa Teopema. Besikas HeocoOeHHasi MaTpulla UMEEeT OOpaTHYIO
MaTpuiry (0e3 JoKa3aTeabCTBA).

[IpakTuyecku, eciiv JaHa HEOCOOEHHAsI MaTpHUIlA

a11 a12 LRl a1n a11 - a1n
A= a8y, @y .. ay, , T.C. A=|... ... .| O , TO
a8, @p - any 8, ... @
A A A
A A A
L P2 A Ap
A= A A A
An Ao An
A A A

rne A (i, j=1,2..,n) ecTh anreOpamdecKue IONONHEHUS (MHHODBI CO
3HAKAMH) COOTBETCTBYIOIIMX JIeMEHTOB a; . CleayeT 3aMeTuTh, 4TO HpH

COCTaBJIEHUM MATpUIBl A~ anrebpandyecKre JOIOIHEHHS Ul DJIEMEHTOB i -Oi
CTPOKM MAaTpHMIbI A  3aUCHIBAIOTCA B | -OM CTOJOLE MaTpuibl A
(TpaHCTIOHUPYIOTCS).

[Ipumep.
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1 2 3
Jitst MaTpusl A= 2 4 5 HaiiTi oOpaTHyo A,

3 56
1 2
Onpenenmurens A, =2 4 5=-1 0 , Te. A HEOCOOEHHasI.
3 56
-1 3 -2
-1 1 1 1 -3 2
N I
-2 1 0 2 -1 0

-1 1
Oxka3bIBaIOTCS CIIPABEIJINBEI CBOMCTBRA!
1) Onpenenurens oOpaTHOM MaTpuIlbl paBEeH OOpaTHOM BeTUYUHE

ONPENEIIUTEISI HCXOHON MAaTPULIBI.
1

A= A

2) O6patHass MaTpulla MPOW3BEACHUSA paBHA MPOU3BEICHUIO OOpPATHBIX
MaTpHI] COMHOXHUTENEH, B3ITOMY B OOpaTHOM MOPSIJIKE.

(AB'=B" A"

Panr maTpuiisi

IIycTh naHa npsiMOyrosibHasi MaTpuLa

811 82 ... 8y

Ay App - 8mp
Ecnu B Heil BBIOpaTh MPOU3BOIBHO k CTONONOB M k cTpok (k  min(m,n)),

TO DJIEMEHTHI, CTOSILIME HA MEPECEYEHHUU ITUX CTPOK U CTONOLOB, 00pa3yroT
KBaJIpaTHYIO0 MaTpuly nopsanaka k . Omnpenenuresb 3TOW MaTpULbl HA3bIBAECTCS
MUHOPOM K-ro mopsiika MaTpuisl A.

Onpenenenne 1. Panrom Marpunel A Ha3blBaeTCd MaKCHUMAJIbHBIN
NOPAI0K MUHOPA MaTPHULIbI, OTJIMYHOIO OT HYJIA, T.€. A UMEET PaHT 1, €CIH

1) HaligeTcs XOTh OJIMH MUHOP B A TIOpSAJKA r, OTJIMYHBIM OT HYJIS,

2)Bce MHHOpBHI mopsAaka r+1 u Bblie paBHbl (. CUMBOIMYECKH
0003Ha4ar0T R;. MHMHOp nopsaKa r Ha3bIBACTCsA 0A3MCHBIM MUHOPOM MaTpPHIIBI.

Marpuiia MOXET UMETh M HECKOJIbKO 0a3MCHBIX MHUHOPOB, HO OHHU BCE MMEIOT
OJIMHAKOBBIW MOPSAIOK I = RgA.

[IpakTH4YeCKH BBIYMCISIOT MHHOPBI C IEPBOrO IMOPSAKA M BBINIE IO
nopsaxky. Eciny HaaeH MUHOp r-0ro NOpsiiKa HEPABHBIN HYJIIO, TO OKa3bIBACTCSA
JOCTATOYHO BBIYMCIIMTH JIMIIL MUHOPHI r+1 TOpsiAKa, comaepxanue ero. Eciam
OHU paBHBI HYJIIO BCE, TO PaHI MAaTPUIbl paBeH r . Eciu XOTh OOUH HE paBeH
HYJIIO, TO OIIEPALIMIO IPUMEHSIOT K HEMY.

[Tpumep.
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12 3 4

A= 0 5 6 7

0 00O

EcTtp MuHOpBI 1-010 1 2-0r0 NOPsSAKOB HEPABHBIE HYJIO. A BCE TPETHErO —
PaBHBI HYJIIO, TaK KaK COAEPXKAT CTPOKY U3 HyJIel. 3HAYUT, r, = 2.

OpHako mnpsMOe BBIYMCICHUE MHHOPOB MAaTpPULBI OYEHb TPYIOEMKO.
[ToaTomMy MaTpuily mpeaBapUTEIHLHO MPEOOPas3yIoT.

Onpenenenune 2. Ilox »smeMeHTapHBIM NPEOOPA30BAHUEM MAaTPULIBI
NOHUMAIOT CJIEAYIOLINE ONIEPALINHN:

1) yMHOXKEHHE KaKOW-IMOO CTpOKU (CcTONOIa) MaTpUIbl Ha YHCIIO
HEPaBHOE HYIIIO;

2) npubaBieHue K 3JIEMEHTaM KakOW-TMOO CTpOkH (CTOJIONA) MaTpHUIIbI
COOTBETCTBYIOIIUX 3JIEMEHTOB JIPYroll CTPOKH (CTOJIONA), YMHOXKEHHBIX Ha
OJIHO U TO € YHCJIO;

3) mepecTaHOBKA IBYX CTPOK (ABYX CTOJIOIIOB) MaTPHIIHI.

CnpaBennuBa Teopema. llpu 3yeMeHTapHOM MpeoOpa3oBaHUM PaHT
MaTpPHUIIbI HE MEHSETCSI.

DTy TeopeMy HCHOJB3YIOT HJs NPAKTUYECKOrO BBIYMCICHHS paHra
matpuiibl. CTaparoTcs cHadania mpeodpa3oBaTh MaTPUILY TakK, YTOOBI B HEH OBLIO
100OJIbIIIE HYJIEH, a 3aTEM YXKE OMPEIEISIOT PaHT.

JIOBOJIBHO YacTO IPH 3TOM MaTpHlla A TPUBOAUTCS K BUILY

1 ¢, CG3 ... ... .. G,
0 1 C3 o o o Gy
1
0 0 .. 1 ¢,y Con
o 0o ... 0o 0o ..0
DTa MaTpuila Ha3bIBAECTCS TPAICIIUEBUIHOM.
Hampuwmep.
1 2 3 4
A=0 1 2 3
0 00O

Ectp TpanenmeBuaHas. Kak Buaum, €€ paHr JIErKO BBIYNCISACTCS r=2.
TpeyronsHas Marpuna

1 a b ¢
01 d e . . . 1 a b c
— YaCTHBIA CJIy4aul TPalelrEeBUIHOMN. TOXKE
0 01 f 01 d e
0 0 0 1
TparnenyueBu/IHasl.

OkaszpiBaeTcsi J00yI0 Matpuily A MpA TOMOIIM SJIEMEHTAPHBIX
npeoOpa3oBaHU HaJ CTPOYKAMH W TIEPECTAHOBOK CTOJIOIIOB MOYKHO CIENaTh
TpaneuyueBUIHOM.

57



[Tpumep.

12 3 1.2 3 1 2 3 1.2 3
245500 -1->00 -1>001>
3 5 4 0 -1 -5 0 -1 0 010

1
0 , r=3.
0

o -~ W
- O N

MaTpu4yHbIN MeToA peLleHUs1 CUCTEM JIMHENHbIX YPaBHEHUMN.
MeTopn Naycca pelueHuns cuctem
MatpryHBI METOJ PEIICHUS CUCTEM JINHEMHBIX YPaBHEHUIN
IlycTp maHa cucrema n JIMHEHHBIX YPABHEHUMN C N HEU3BECTHBIMH.
8y Xy + 81X + ..+ &1 X, = by
ay1 % + 8yoXo + ...+ 8yp X, = b,

(1)
a1 X +a,X, +...+a,, X, =b,
8y 8 - 8y
O3HauUM A= MaTpHIly U3 KO3 UIIMEHTOB, Yepe3
8m 8pp -+ Gpp
b, X
= b - %
b= MaTpPHILY-CTOJIOCIT CBOOOIHBIX YJICHOB, 4Yepe3 X= MaTpUILy-
bn Xn
cTonber u3 Hem3BeCcTHRIX. Toraa cuctema (1) KpaTko MOXKET OBITH 3allMcaHa B
BHJIE MATPUYHOIO ypaBHEHHsT AX=Dh . (2)
a11 . a1n
Ilyctp Matpuna A  HeocoOeHHas, T.e. A,=|.. .. ..| 0 . Torma
a a

m nn
CYILIECTBYET OOpaTHas MaTpuia A .
VMHOKUM 00€ yacTh ypaBHeHus (2) cjaeBa Ha MaTpuily A, HOIy4YuM
A" Ax=A"b i x=A" b (3),
YTO M JIaeT peleHue cuctemsl (1).
[Tpumep.
Pemmnts cucrteMy ypaBHEHHUN:
3x,— X, =5
—2X;+ X, + X3 =0
2X) — Xy +4x3=15
Pemenue.
3anuIneM CUCTeMy B MaTpUIHOU popme.
-3 -10 x 5
~2 1 1 x =0
2 -14 x, 15

Onpenenurenb
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2 -1 4
4 71
5 5
Bolunciaum  o6paTHyr0 Martpuiy A Al= 2 % 23 , OTCHOJIa
o 2 1
6 5
; 41
X2 - 2 g —g 0 - 1 .
X5 0 11 15 3
5 5

3HA4uT: X, =2, X, =1, X3 =3.

3ameuanue. HetpyaHo BuaeTh, yto MaTpuuHas ¢popmysa (3) MoxkeT ObITh

AX, AX, AX,
3amMcaHa B BUAE N (opmyn X== T B = e Xy = - dopmyIsl
Kpamepa. 3mecp Ax, momydaercs u3 A 3ameHoil k-ro crtonmbma cronbiom
b
b,
CBOOO/HBIX WIEHOB .
b

n
Merton ["aycca pemienus cucrem
Peienne cucrteM JIMHEHHBIX ypaBHEHUH METOJIOM OOpATHON MaTpHUIIbI
wim 1o ¢opmynam Kpamepa yao0HO mpu HAIMYUKM HEOOJBIIOTO 4YHUCIA
YPABHEHHUM, U KOT/IA YHUCIIO YPAaBHEHUN U HEU3BECTHBIX coBHajaer. Eciu xe ux
MHOI'0, WJIM KOJIMYECTBA HE COBNAJAIOT, HY’)KHO CUATATh MHOI'O OIPEIECIIUTEIIEH,
YTO TPYIOEMKO. ¥ T0OOHEE OKA3bIBAETCS METO/ MOCIEA0BATEIBHOIO UCKITFOUEHUS
HEU3BECTHBIX.
[Iycts nmana mpoW3BOJIBHAS CUCTEMA M JIMHEWHBIX YPABHEHUHW C N
HEU3BECTHBIMU:
a1 X + X + ...+ a X, = b
Xy + 8poXp + ...t @y X, =

(1)
8 X4 + 80X + ...+ 8y X, = b,
1 &y - &y
a a ... a
Matpuua A= 21 922 2n ’
am 8mp - 8mp

COCTaBJICHHAas W3 KOY(PPUIIMEHTOB TpHU HEU3BECTHBIX, HA3bIBACTCS
Matpuien cuctemsl (1).
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ay a3y .. a, b

Marpuna B= 8y 8y .. @b

am 8mp - @y b,

nmoyyJaromasics u3 A go0aBlieHHEM CTOJIOIa CBOOOJTHBIX UJICHOB,
HA3bIBAETCS PACHTUPEHHON MaTpuIle cuctemsl (1).

Martpuia B, 04€BHIHO, BIIOJIHE onpenenser cuctemy (1).

Onpenenenue 1. Ilox snaeMeHTapHBIMU MOPEOOPA30OBAHUSMH CHUCTEMBbI
JIMHEWHBIX YPaBHEHNUN IOHUMAIOTCS CIIEAYIOIIMNE OTIEPALINH:

1) yMHOKEHHE KaKOTO-THMOO YpPaBHECHHsI CHCTEMBl Ha YHCIO HEpPaBHOE
HYJIIO;

2)mpubaBieHue K  OJHOMY  YPaBHEHUIO  JIPYyroro  ypaBHEHUS,
YMHOEHHOT'0 Ha MPOU3BOJIbLHOE YHCIIO;

3) mepeMeHa MecTaMu JIByX YpaBHEHUHN B CUCTEME.

Jlenast nsnemeHTapHOEe MpeoOpa3oBaHHE B CHCTEME, IOJy4aeM HOBYIO
cuctemy. [Ipu 3TOM KaxkiomMy MpeoOpa30BaHUIO CUCTEMbI COOTBETCTBYET TaKOE
ke npeoOpa3oBaHKe HaJ CTPOUYKAMH PACIIMPEHHON MATpUllbl B U, OUYEBHJIHO,
Hao0OOpOT.

Pemennem cucrembl (1) HasbiBaeTcs Jt00as COBOKYIHOCTh 3HAYCHUUH
HEU3BECTHBIX (X, X,,...,X,) , KOTOpas YIOBIECTBOPSET KaKIOMY YPAaBHEHHIO

CUCTEMBI.

Omnpenenenne 2. J[Be cuCcTeMbl JTUHEHHBIX YPABHEHUM OT OJHMX U TEX KeE
HEU3BECTHBIX HA3bIBAIOTCA PABHOCWIBHBIMHU (SKBUBAJICHTHBIMH),ECIH Kaxa0e
pelIeHrEe OJTHOM U3 HUX SIBISIETCS PEIIEHUEM IPYroil U Ha00OPOT.

Ecnu 3HaeM pelieHHss OJHOM W3 PaBHOCWIBHBIX CHCTEM, TO MBI 3HAEM
peuienue u Apyrou. [loaTomy pemaror Ty, yTo npouie. OCHOBOM MPAaKTUYECKOTO
pELIEeHUs] CUCTEM SBIISIETCS TEOpeMa.

Teopema. [lpu snemeHTapHBIX TpPEOOpPa30BaHUAX CHUCTEMA MEPEXOJUT B
PaBHOCUJIBHYIO CUCTEMY.

[Ipy momomuM >3JeMEHTapHBIX MNPEeOOpPa30BAHUI MOKHO 3HAUYHUTEIBHO
YOPOCTUTH 33JaHHYIO CHCTEMY. PelMB ynpoIEHHYI0, Mbl, COIVIACHO TEOPEME,
HaliieM pelieHus] UCXOAHON. YTPOIICHUs TOOMBAIOTCS Pa3HBIMU CIIOCOOAMHU.
HaubGomee pacmpoctpanen wmeron [aycca. I[lpm momomu 3iieMEHTapHBIX
npeoOpa3oBaHUNl CUCTEMY CBOJIT K TaKOMy BHUJIY, 4YTOObl €€ MaTpula
KO3 (UIIMEHTOB OKa3ajlach TpareuueBUIHON Wi OJIM3KoM K TakoBoil. MHorna
JUISL 3TOTO HMPUXOJUTCS MEHATh HYMEpalUI0 HEWU3BECTHBIX, T.€. B MAaTpPHIIE
nepectaBisATh cToyOnbl. Korga e MaTpulia CUCTEMBI CTala TpareluueBUTHOM,
y>K€ HETPYIHO PEUINTh BOIIPOC O COBMECTHOCTH CHCTEMBI, O YUCIIE PEUICHUHN U
HaliTu caMu pemieHus. Tak Kak KaKIOMy 3JE€MEHTapHOMY IpPeoO0pa30BaHUIO
CHUCTEMBI COOTBETCTBYET 3JIEMEHTApHOE MpeoOpa3oBaHHE HAl CTPOUYKAMH
pPacCUIMPEHHONW MAaTpHULbI 3TOM CUCTEMBI U HA00OPOT, TO MOKHO BMECTO CaMOM
CHCTEMBI OIIEPUPOBATH C PACHIMPEHHON MAaTPULIEH CHCTEMBI.

[Ipumep.

Pemmnts cucremy
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X+ 2%, +3X3— 2%, =1
2% — Xy — 2% —3X, =2
33X, +2X, — X3+ 2%, =—5
2% — 3%, + 2%+ X, =11
CocraBum pacLUIMPEHHYIO MaTpHUILy 51 2JIEMEHTAPHBIMU

npeoOpa3oBaHUSIMU HaJ CTPOYKAMU YIIPOCTUM €€.
12 3 -21 1 2 3 -21 1 2 3 -2 1

2 -1 -2 -3 2 0 -5 -8 1 0 o 1 -2 7 -8

- - -
3 2 -1 2 -5 0 -4 -10 8 -8 0O -4 -10 8 -8
2 -3 2 1 M1 0 -7 -4 5 9 0 -7 -4 5 9

12 3 -2 1 12 3 -2 1

o1 -2 7 -8 o1 -2 7 -8
- -

0 0 -18 36 -40 0 0 -18 36 -40

0 0 -18 54 -47 o0 o0 18 -7

N3 3-eii cTpouyky BeIUTEM 4-yI0 1 U3MEHHUM 3HAK HA TPOTUBOIOJIOKHBIN.
3aaHHas cUCTEMa PaBHOCUIIbHA, TAKUM 00pa3oM, CUCTEME

X+ 2%, +3X3— 2%, =1

Xy —2X3+ 17X, =—8

—18x; + 36x, =—40

Otcroza yxe Jerko Haijaem
T 182 97272 187 1 3”

Hcnonb3yss matpunibl A U B CHCTEMbI, HETPYAHO JaTh YCJIOBHUE
COBMECTHOCTH CHCTEMBI, T.€. TOTO CIy4as, KOIr/1a CUCTEMA UMEET PEIICHUE.

Teopema Kponekepa-Konemmm. Jlns Toro, 4TroObl CHUCTEMa JIMHEWHBIX
ypaBHEHUN uMena penieHue (Obula COBMECTHA), HEOOXOIWMO M JIOCTAaTOYHO,
4yTOOBl PAHr MaTpPULBl 3TOM cHUCTeMbl ObUI pPaBeH paHTy €€ pPACHIUPEHHOM
MaTpULIbL, T.€. YTOOBI Iy =Ig.

O KoJMuecTBe pEelIeHU IPU 3TOM F'OBOPUT ApyTas TEOpeEMa.

Teopema (0 umcne pewmenuit). [lycTp cuctema JTMHEWHBIX ypaBHEHHWI
COBMECTHA, TOIJIa, €CJIM PAHI MaTpPHULIbl CHCTEMbl PABEH YHMCIIy HEU3BECTHBIX
(rs=n), TO cucTeMa UMEET EIWHCTBEHHOE PEIIECHUE, €CIU PaHI MaTPHUIbI
CHUCTEMBI MEHBIIIE YHCTIa HEU3BECTHBIX (1, <N ), TO CHCTEMa UMEET OECKOHEUHO
MHOTO pEUIEHUM, & IMEHHO: HEKOTOPBIM N-—r, HEU3BECTHBIM MOXXHO IPUAATH
IIPOU3BOJIBHBIE 3HAYEHUS, TOTJA OCTaBIIMECA r, HEHU3BECTHBIX ONPEIEISIOTCS
y>K€ €IMHCTBEHHBIM 00pa30M.

4-p1ii cemecTp
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JAuddepenunajbHbie ypaBHEHUA

HubddepeHnnaapHble  ypaBHEHHS, B KOTOPBIX IICPEMCHHBIC MOXHO
Pa3IeIUTh MOCPEACTBOM YMHOKEHUS 00E€HX YacTell ypaBHEHHUS Ha OJTHO U TO JKE
BBIPAKCHHE, Ha3bIBAIOT nud depeHInaTbHBIMU ypaBHCHUSIMU c
PA30eNAIOUUMUCS NEePEMEHHBIMIL:

dy _J> (x)
dx f ( y)
(1)

wiK B tuddepeHnuanbHon popme

N1(x) fo(v)de+f5(x)fa(y)dy =0. (2)

Paznenum 06¢ yactu ypaBHeHUS (2) Ha Mpou3BeacHNE PYHKITUI

H(»)f(x)

— fl(y)dyz fH (x)dx ,

4(x) . fil)
ASRAAT

U, MOCJIE HWHTErPUPOBAHUS, MOJYyYMM OOIIMKA HHTerpan (oluiee pemeHue)

dy=0 2"

ypaBHEHUS:

—fl(x)dx+ —df4(y) y=C.

fx) L)

Ipu nemenmn Ha f>(p)f3(X) MOXeT MPOHM3OMTH IOTEpPs HEKOTOPBIX
YaCTHBIX pemeHuil. [lycts, Hampumep, mpu y =y, umeeM f»(y,)=0, Torma
(GyHKIUSA y =y, SABIAETCA pelleHueM ypaBHeHHA (2 '), T.K. dy=dy,=0 .

PerrenreM MoXeT Takke ObITh QYHKIMS X = x), ecn f3(xy)=0.

Ilpumep. Haiitu o61mmii unrerpan guddepeHnaibHOT0 YpaBHEHHS TIEPBOTO

nopsjika x(y + l)dx— (xz +1)ydy =0.

Pewenue:
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Hannoe  nuddepeHIMaIbHOE  ypaBHEHUE  SBISETCS  YPAaBHEHHEM  C

Pa3AEISIOIUMHUCS IIEPEMEHHBIMH, IpUYEM f1(x0)=x; fL()=y+]
f3(x) = x2+1; f4(y)=—y . Paznennm o0e yacTu ypaBHEHMs HA IIPOU3BEICHUE

L) f(x)=(y+ 1)(x2 + 1)

U I10JIYYUM

xdx  ydy 0

x>+1 y+1

[IpouHTErprpyeM MOCIEIHEE PABEHCTBO

WL,
x“+1 y+1

HCIIOJIB3Y: IMMOABCACHHUC 1101 3HAK nn(b(bepeﬂunana

27y

=C,
x“+1 y+1

NOJIyYMM OOIIMI HHTErpan qudPpepeHnanTbHOro ypaBHEHUS
%ln‘xz +1‘—y+1n‘y+1‘:C.

Ipu nenennn Ha f,(y)=y+1 HoTepsiHO YacTHOE pelreHue: y =—1.

JuddepennmanpHoe ypaBHEHUE IEPBOTO TOPSIKA
y+p(x)y=q(x), (3)
J’II/IHCI\/'IHOC OTHOCHUTCIIBHO HCKOMOﬁ (bYHKHI/II/I U eé HpOH3BOI[HOﬁ, HaA3bIBACTCA

JUHEUHBIM.
VYpaBuenue (3) cBOAUTCS K JABYM YpPaBHEHUSIM C Pa3JeiSIOMIMMUCS

MEePEMEHHBIMH CJIEAYIOIUM 00pa3oM. 3amnuiieM HUCKOMYI (QYHKIUIO V(x) B

BHJe TpomsBeeHns 1ByX dyHkimit: y=u(x) v(x). Omna u3 oTux QyHKIHil
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MOJKET OBITh a0COIIOTHO IPOU3BOJIBHOMN, @ BTOpasi ONPEAEIIAETCS B 3aBUCUMOCTH
OT MEePBOM TakK, YTOOBI UX MPOU3BEAECHUE YIOBIETBOPSIO YPaBHEHHUIO (3).

U3 paBeHCTBA y=u V HaXoAuM y =u Vv+u v . Torma B COOTBETCTBUE C
(3) umeeM uv+uv + p(x)uv=g(x) mm uv+u(v +p(x)v)=q(x) . Bribepem

B KauecTBe V(x) Kakoe-HHOyAb YaCTHOE PeIICHIE YPABHEHUS

v +p(x)v=0, 4)
TOT/1a JIJIsE OTBICKAaHUS u(X) TOJYyYUM ypaBHEHUE
uv=q (x) . (%)

Haiinem v(x), paznensisi nepeMeHHbIe B (4):

dv_

—p(x)dx, otkyna Inv=— p(xJdx nv=e p(x)dx.
v

3Has v(x), HalaeM u(x) u3 ypaBHeHus (5):

%v: q(x) du=e p(x)dxq (x)dx ,torma u= gq(x)e P
x

OO6uiee pelieHue JIMHEHHOTO ypaBHEHUS (3) UMEET BUJ]

y=uv=e p(x)dx q(x)e p<x)dxdx+C

Ilpumep. Haiitm oOmiee pemenue auddepeHInaIbHOro
pumep p p

YpPaBHEHHUsI MEPBOro nopsiaka y —2y=1.

Pewenue.

3anuiem uckoMyro GYyHKIMIO y(x) B BUJE MPOU3BEACHUS IBYX (DYHKIIHNA:
y=u(x) v(x), TOTga y =u v+u v,

Y TIOICTABUM MOJyYEHHBIE BEIPaKEHUS B 3aJJaHHOE YPABHEHUE
uv+uv —2uv=1.

BrineceM 3a ckoOku u(x)
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uv+u(v —2v):1
M, TPUPABHMBAs K HYJIO BHIPA)KEHHE B CKOOKaX, IOJAy4MM M DEIIMM JBa

U pepeHInaTbHBIX YPABHEHUS C PA3ACIISIOIIMMUCS IEPEMEHHBIMM:

v —=2v=0 uv=1
ﬂ=2abc @ezx =1

Vv dx

Inv=2x du=e **dx
y=e? u= e *dx,

U= 1 e 2 d(~2x)=— le_zx +C
2 2

3anumieMm olIiee penieHrue 3aJlaHHOTO TU(dPEepeHIIMATBEHOTO YpaBHEHUSI B

BUJIE

_ 1
y=uv= ——e X +C >, wm y:—5+Ce2x.

HuddepenunansHoe ypaBHeHHE BUIA

y tayy +a2y=f(x) (6)
HA3bIBACTCS HEOJHOPOAHBIM JIMHEHHBIM YpPaBHCHHEM BTOPOTO TIOpSAJKA C
IIOCTOSIHHBIMU KO3((QUIIUEHTAMH a; U 4, .

OOGl11iee pelieHre 3TOro ypaBHEHHsT y=)+ )y , TIe y — 0Ollee pelicHue
COOTBETCTBYIOIIETO OJHOPOJHOTO YPaBHEHHWSA; )  — YAaCTHOE pEIICHHE
ypaBHenus (6). Anddepennmansaoe ypaBHeHHE

y +ay +ay=0 (7)
SBJIIETCSI OJIHOPOJHBIM W HAa3bIBACTCS COOTBETCTBYIOIIMM HEOJIHOPOJIHOMY

ypaBHeHHUIO (6). OOIee pemeHne OTHOPOAHOTO ypaBHEHHS (7) HAXOIAT IO

KOPHSAM XapaKTepUCTUUECKOIO YPaBHEHUS
2 —
re+ar+a,=0.

XapaKTepI/ICTI/ILIGCKOG YPaBHCHHUC MOXKCT UMCTb TPpHU ClIydasd HJIsd KOpHCﬁ nu”mr:
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1) xopnu xapaxmepucmuuecko2o ypagnenus oelcmsumenvhvle U pasiuiHble:
1, r,. B aToM ciyuae oOuiee perieHue ypaBHeHus (7) 3alUCHIBAECTCS B
Buzae y =Cie'™ + Cye™, te C,, C, —pOU3BOJIBHbIE TOCTOSHHBIE,

2) KOpHU Xapakmepucmuyecko2o ypasHeHUs OelCmeumesbHvle U paeHble:
K =1, . B aTOM ciydae oOee pemieHne ypaBHeHus (7) 3allUCHIBACTCS B
Buge y =€ (C)+Cyx), rne C,, C, —POM3BOIBHBIC IOCTOSHHBIC;

3) KOPHU XApAKMEPUCMUUECKO20 YPABHEHUA — KOMNIEKCHblE CONPAINCEHHbLE

yucia rj,=axf i, 0.B 3ToM ciydae oOmiee pelicHHE ypaBHEHHS
(7) 3anmceiBaetca B Buge y =e*’ (Cl cos fx + C, sin ﬂx) , Tae
C,, C, —IpOU3BOJIBHBIC IIOCTOSHHBIE.
YacTHOE pelieHHe )  HEOAHOPOTHOIrO ypaBHEHHs (6) MOXKET ObITh HaWICHO
METOJIOM HEOIPEACICHHBIX KO3(P(GUIIMECHTOB B 3aBHCHMOCTH OT BHJa MPaBOM
4acTu ypaBHeHHUs f(x).
Iepswuii cyuai. Tlpasas yacTs ypasHenus (6) umeer Bug f(x)=P(x)e™,
rIe P(x) — MHOTOWIeH. Torna ypaBHeHue (6) UMEeT YacTHOE PEIICHHE BUIa
* k mx
Y =x"0(x)e™, (8)
rae Q(x) — HONHEIA MHOTOWICH TOH K€ CTENEHH OT X, 4T0 H P(x) . HO ¢

HeonpeeIeHHBIMU KO3 PUIneHTaMu;

k=0, ecru 4KCIIO m HE SBJISETCS KOPHEM XapaKTEPUCTUUECKOTO YPaBHEHMUS;

k = 1, ecnu 9ucio m SBISETCS MPOCTBIM KOPHEM XapaKTEPHUCTHYECKOTO
ypaBHEHUS;

k = 2, eclii 9UCIO m ABISIETCS NBYKPATHBIM KOPHEM XapaKTEPHCTHUECKOTO
ypaBHEHUSI.

[IpaBumno coxpansieT cBoro cuity u npu m = 0, korna f(x)=P(x) — MHOTO4JIEH.

Heonpenenennsie kooddurmentsl B MHOrownene Q(x) — ONpemelsior

noAcTaHOBKOM ¢yHkiuu (8) W ee NpOW3BOJHBIX B YypaBHeHue (6) ¢
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MMOCJICAYIOIUM IIPpUPAaBHUBAHUCM KOB(b(bI/II_[I/ICHTOB IIpyu OAWHAKOBBIX CTCIICHAX

X B 00€HX 4acTIX ypaBHEHHUS.

Ilpumep.Haiitn yactHoe pemieHue AuQdepeHnaibHOro ypaBHEHHs] BTOPOTO

IopsAaKa, YAOBJICTBOPAIOIICC 3a/lTaHHBIM Ha4aJIbHBIM YCJIOBUAM!

y =3y —dy=dx—1, y| =2, y|_ =3

Pewenue. XapakTepuCTHUECKOE YpPaBHEHHE ¥?—3r—4=0 wumeer aBa
pPa3IM4YHBIX  JEHCTBUTCIBHBIX KOpHA 4 =-1,7,=4 , cIenoBareibHo,

_)_/ = Cle_x + C2€4x

[TpaBas 4acTh ypaBHEHUS uMeeT BU/T
f(x)=4x—1=(4x—1) e’ rne m=0 U HE SABIKIETCA KOPHEM

XapaKTEPUCTUYECKOTO ypaBHEHUA. Torga yacTHOe peuieHue npu k =0 umem B
BHJIE y =x" (Ax+B) ’*=Ax+B, (y*):A, (y*) = 0. Iocne
MOJICTAaHOBKH B AuddepeHInaibHoe ypaBHEHHE OJIy4aeM
0-34-4(Ax+ B)=4x-1;
—34-4Ax—-4B=4x-1;
—44 x+(-34-4B)=4 x+(-1);
X' —44=4 A=-1
x": -34-4B=-1, —4B=-1+34=-4, B=1

YacTHBIM pemieHneM  siBisieTcss QyHkms ) = Ax+B=-1 x+1=1-x.

4x

O61muM peruenreM sBnstercss Qynkius y=y+y =Ce *+Cre™ —x + 1.

Hannem 3nauenue xoncrant C,C, U3 HaAYalbHBIX YCIOBHH. A 3TOrO
onpenemnM y =—Ce ™ +4C,e* —1.
Torna y‘xzo =C;+Cy+1=2, C, =0,
y"sz:_C1+4C2_1:37 G =1

4x

W ckoMbIM 4acTHBIM pEIICHUEM SBIsieTCS QYHKIMS y =€~ —Xx + 1.
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Ilpumep.Haiitn yactHoe peenue aAuddepeHmaibHOr0 YpaBHEHHS BTOPOTO

nopsAaKa, yaoBJICTBOPAOMICC 3a/JaHHBIM Ha4YaJIbHBIM YCJIIOBUSIM!

2
y -4y +4y=e=, y| =2, y|_,=3

Pewenue. XapakTepuCTHYECKOE ypaBHEHUE ¥ —4r+4=0 MMeeT
IBYKPATHBIN KOPEHb 7 =2, CIEI0BATEIBHO, ) = e (Cl + sz) . IIpaBas yactb
ypaBHEHUs UMeeT BUA f (x) =e’, m=2 sBaserca ABYKpaTHbEIM ( k=2 )
KOPHEM XapaKTEPUCTUYECKOIO0 YPAaBHEHUS, TOT/Ia YACTHOE PELICHUE WILIEM B
BUJIE

y =x? Ae**, (y*) =x% 24> +2x Ae* =24e*" (x2 + X ),
() =44e™ (x% +x)+24e™ (2x+1)= Ae™ (4x7 +8x+2)
[Tocie MOACTaHOBKU J* M €€ MPOM3BOAHBIX B HCXOAHOE AU((PEPEHIINANbHOE

YpaBHEHHE MOJy4aeM

4™ (4 +8x+2) 4 2407 (x7 4 x )+ 4de™ x7 =€,

Aezx(ga/{+§x+278§[>8x+;h/[):e2x,

24 =™

b

24=1, A=t
2

1
YacTHBIM peleHreM ABasgeTcss QyHKuus y* = Ee X~

OO0uwmm peleHnemM ABJISIETCA byHKIISA

x 1
y=y+y :ezx(C1+C2x)+ Eezx x2.

Hannem 3nauenue xoncrant C,C, U3 HaAYalbHBIX YCIOBHH. g 3TOro
OIIPEENHUM IIPOU3BOIHYIO

y =™ (20, +2C,x + Cy )+ ™ (x2 +x),
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U IIOJIYYHUM CHCTCMY ypaBHCHI/If/'I OJIA OIIPCACIICHUA 3HAYCHUH IIPONU3BOJIBHBIX

KOHCTAHT

¥ Ozeo C;=2, (=2

|, =e(2C,+Cy)=3, C,=-1

— |
VICKOMBIM pelieHneM sBisiercst GyHKmms y =y + y* = e’ (2-x)+ Eezx x2,

Teopust BeposiTHOCTEH

[Ipu kmaccuueckoM OIPEACICHUU BEePOSAMHOCb COObIMUs ONPENCIsIeTCS
PaBEHCTBOM

P(A)=m/n,
€ m — YUCIO DJIEMEHTApPHBIX MCXOJOB HCHIBITAHUH, OJIArOMPHUSTCTBYIOITUX
TIOSIBJICHUIO COOBITHS A, 11 — O0IIee YMCII0 AJICMEHTAPHBIX UCXO0B HCTIHITAHNUA.
Yucnom couemanuii 3 [ 3IEMEHTOB II0 kK HA3BIBAIOT KOJIWYECTBO KOMOMHAIIUH,
COCTABJICHHBIX U3 [ DJIEMEHTOB MO k , KOTOPHIE OTIMYAIOTCS XOTSI ObI OJHUM

yieMeHTOM. HHUCIIO coueTaHui

!
CI":L.
k(1 —k)!

Ilpumep. B smuke nmeercs 15 neranei, n3 KoTopsix 10 OKpameHHbIX.
COopmuk Hayaauy U3BJIEKaeT TpH AeTanu. HaliTu BeposiTHOCTh TOTO, UTO

H3BJICUCHHBIC JICTAJIN OKAXYTCA OKPAIICHHBIMHU.

Pewenue:
a) 001IIee YMCIIO0 BO3MOXKHBIX 3JIEMEHTAPHBIX UCXOJI0B MCIBITAHUS PABHO YHCITY

CHOCO6OB, KOTOPbBIMHX MOXHO H3BJICYb TPHU ACTAJIM H3 IIITHAAIATH, TO CCTb

_ 3.
n=_Cjs;
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6) qucCJI0 HCXOJ0B, 6J'IaI‘OHpI/I}ITCTBy10HII/IX HHTCPCCYIOICMY HaAC CO6BITI/IIO,

PaBHO YHCITY CTHIOCOOOB, KOTOPHIMH MOHO BBIOpATh TPU OKPAIIEHHBIX JIETATH
u3 10, To ectb m = C130;
B) MCKOMasl BEPOSITHOCTh paBHA OTHOIICHHIO OOIIEr0 YHCJIa MCXOJ0B K YUCITY

Onar OIIPUATHBIX UCXOI0B

10!
m C 3171 100121 A 8910 121 24
no C Loonst A 1t 13 1415 91
3112

Ilpumep. B naptum u3 10 neramenn umeercs 7 crangapTHeix. Haynauy
otoOpansbl 5 neraneid. OnpeaenuTb BEPOSITHOCTh TOTO, UTO CPEAN OTOOPAaHHBIX

JieTajed POBHO TPH CTAHAAPTHBIX.

Pewenue:

a) 00111ee YMCIIO0 BO3MOXKHBIX DJIEMEHTAPHBIX UCXOJI0OB MCIBITAHUS PABHO YUCITY
CIOCO00B, KOTOPHIMHU MOYKHO M3BJICUb TISITh ACTAICH U3 IECATH, TO €CTh /1 = CISO;
0) HalileM YHCIIO HCXOJI0B, OJIArOMPUATCTBYIOIUX HWHTEPECYIOIMIEMY Hac
cOOBITHIO (Cpemr OTOOPAaHHBIX IISITH JETANCH POBHO TPH CTAHIAPTHBIC): TPH
CTaHJApTHHIE JETald MOXHO BBIOpaTh U3 7 CTaHIApTHBIX JeTajei C73
coco0aMu; TMpU ATOM oOcTaimbHble (5-3=2) JeTanu JIOJDKHBI  OBITH
HECTAHJAPTHBIMU, KOTOpbIE MOXHO BbIOpaTh u3 (10—7=3) HecTaHIAPTHBIX

JeTAJIC, UMEBUIMXCS B MApPTHH, C32 crmocobamu. ClienoBaTeIbHO, YHCIIO

0JIarONPHUSATCTBYIOIIUX UCXOJIOB 71 = C73 C32 ;

B) HCKOMai BCpO}ITHOCTb paBHa OTHOHOICHUIO O6HICI‘O qucijia UCXO0Od0B K I{I/ICJIy
6HaFOHpH51THBIX HCXOOI0B
71 31
C3 C? 715151 { 4 55 51 3
pay="-Cr G5 _ 34 o A M -2 05

Cio 51'05!' car41100 2 M 18910 4810
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BCpOSITHOCTB COOBITHS A, KOTOPOC MOJKCT HACTYIIMTD JIMIIb IIPU ITOABJICHUHN

OJTHOTO U3 HECOBMECTHBIX coObITMM (runore3) H,, H,,...,H, , oOpa3zyromux

n o
MOJHYI0 TPYyHIly, paBHA CyMME€ MPOU3BEIACHUN BEPOSTHOCTEN KaXXIO0W U3
TUIIOTE3 Ha COOTBETCTBYIOIIYIO YCIIOBHYIO BEPOSITHOCTH COOBITHS A:

P(A)=P(H)) Py (A)+P(Hy) Py (A)+..+P(H,) Py (4),
rne P(H,))+P(H,)+...+P(H,)=1.

[TpuBenennyo hopMysTy Ha3bIBAIOT hOPMYIOL NOTHOU 8EPOSMHOCTIU.

Ilpumep. Vwmerorcs Tpu naptuun aeraneu mo 20 geraner B Kaxaoun. Yucno
CTaHAAPTHBIX JE€TAJIEH B IEPBOW, BTOPOW U TPEThEH MAPTUAX COOTBETCTBEHHO
pasno 20, 15, 10. 3 Haymauy BeIOpaHHOI MapTHH HAayAady W3BJICYEHA JIETab.

Haiitn BCPOATHOCTH TOI'O, YTO OHA OKAKCTCA 6paKOBaHHOﬁ.

Pewenue:
a) o0o3HauMM uepe3 A coObITHE — B3sITas JeTaldb SBISCTCS OpaKOBaHHOM.

MoXxHO cnenare TpU NPEANooKeHUs (runotessl): /; — neranb BbIOpaHa U3
nepBoil mapruu; /, — neTans BbIOpaHa U3 BTOpPOM maprtuu; H,; — nertaib

BbIOpaHa u3 TpeThed maptuu. [10CKONIbKY YHCTIO JeTaliei BO BCEX TPeX MapTHsiX
PaBHO, BEPOATHOCTH TUIIOTE3 PABHBI

P(H,) = P(Hy) = P(H;) = 5.

0) ycClIOBHasi BEPOATHOCTb TOTO, YTO AeTanb Oyaer OpakOBaHHOMW, €CIH OHa

B35iTa W3 NepBOU mapuu, Py (A) =0 ; ycinoBHast BEpOATHOCTh TOTO, YTO JI€TaJb

. . 5 1
OyzmeT OpaKOBaHHOWM, €CM OHa B3ATa W3 BTOPOH mapuu, Py (A)=_—=—

20 4
YCJ10BHAaA BCPOATHOCTL TOI'O, 4TO ACTAJIb 6YII€T 6paKOBaHHOﬁ, CCJIM OHa B3iTa

. 10 1
U3 TpeTbel napuu, Py (4)=—=—.
3 20 2
B) HCKOMas BEPOATHOCTh TOTO, YTO BBIOpaHHAs HayJaady JeTadb SBIACTCS
OpaKOBaHHOM, HAXOUTCS MO (POPMYJI€ MOTHOM BEPOSTHOCTH
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P(4)== 0+

N
W | —
o | =
I

Lol
303

BeposiTHOCTB TOTO, YTO B HE3aBUCHMBIX UCIBITAHUSX, B KQKIOM U3 KOTOPBIX
BEPOSATHOCTh TOSIBJIICHUs coObITHs paBHAa p (0 < p < 1), coObITHE HACTYIHUT
POBHO k pa3 (0Ge3pa3inyHO B KaKOW TOCJIECIOBATEIBHOCTH), ONPEIEISICTCS T10
Gopmyne bepuyniu

P,(k)=Cyp'q"™",
rme g=1—p — BEpOSATHOCTH TOTO, YTO COOBITHE B KaXJIOM M3 WUCIBITAHUN HE

ITIOSABHUTCA.

Ilpumep. BepoATHOCTBh BCX0KECTH ceMsH miueHulb! pasHa 0,9. Kakosa

BCPOATHOCTDL TOI'O, YTO U3 YCTBIPCX ITOCCAHHBIX CCMAH BBOP'IIIYT HC MCHCC TPCX.

Pewenue:

a) MycTh coObITHE A — U3 4 ceMsH B30MIyT HE MEHEee TPeX CeMsiH; coObITHe B —
u3 4 cemsiH B30MayT 3 cemeHu; coObitue C — u3 4 cemsiH B3oayT 4 cemenu. [lo
TEOPEME CJIOKEHUST BEPOATHOCTEN

P(4)=P(B)+P(C).

0) BeposiTHOCTH coOBITHI B 1 C onpenenum 1o ¢popmysie bepryrmm:

4!
P(B)=P,(3)=Cipq* > =———0,9° (1-0,9)=0,2916 ,
(B)=£0)=C4pq 3@ _3)] ( )

P(C)=P,(4)=C;p*q**=0,9"=0,6561.

B) HCKoMasi BeposATHOCTh P(A4)=0,2916+0,6561=0,9477 .

Ecaim 4uciao NOBTOPSIIOIIMXCA HCOBITAHUM  BEJIMKO, TO  OMPEIEIICHHE
BepoATHOCTH TI0 ¢opmyne bepHynnum 3arpynHeHO U3-32 TPOMO3IKOCTH
BBIYKCIICHUH. B 3TOM cilydae mNpUMEHSAIOT MNpUOIIKeHHYI0 —(opmydny,

BBIPAXKAIOLLYIO JIOKANbHYI0 meopemy Jlannaca:
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£, (k) =

L o)
N

2

rae @(x) = ! e_TI/Ix—k_np
_\/272 _\/n q.

3HadueHnss (QyHKIUU @(x)  ONMPEAENAIOTCS W3 TaOJMWIlbl, MPUBEICHHON B

IIPUJIOKEHUH 1.
IIpr ManbIX 3HAYEHHUAX BEPOATHOCTU p JJs BblUuCieHUs P,(k) IpUMEHSIOT

ACUMIITOTHYECKYIO hopmyny [lyaccona

k
P (k) z% et ,rue e=2,7182...; A=np.

Ota ¢opmyna ucnonbzyercs npu A 10, nmpuyem yeM MEHbIIE p U OOJBIIE 7,

TEM pe3yibTaT TOUHEE.

Ilpumep. BeposATHOCTb BCXOXKECTU CEMSH MIeHUIbI paBHa (,9.
Haiitn BepostHOCT TOro, 4ro u3 400 IOCESHHBIX CEMSH

B30iAyT 350 cemsH.

Pewenue.
a) w3 ycnoBus 3amaun p=0,9;¢=1-0,9=0,1;n=400;k =350 . Torna
_350-400 0,9 10

X = =
4400 0,9 0,1 6

0) u3 Tabsuuilel B npuioxenun 1 Haxoaum @(—1,67) = ¢(1,67) =0,0989 ;

~—-1,67;

B) HCKOMasi BEpOSITHOCTh paBHA

Pa(350) ¥ 7 1)9 — 0.0989~0.0165

Ilpumep. Cpenu cemsH nmenuisl 0,02% copHsakos. Kakosa
BEPOSITHOCTh TOr0, 4TO IpH ciayyaiiHoM oToope 10000 cemsH

Oyner 0OHapyKEHO 6 CEMSH COPHSAKOB?

73



Pewenue.

N3 ycnoBus 3agaun p =0,0002; n=10000;k =6 . Torna A =10000 0,0002=2.
Hckomast BEpOATHOCTh paBHA

6
4
P00y (60) z% e’ ~ 762—0 0,1353~0,012.

Ecnu BeposTHOCTH HACTyIUIEHUS COOBITUS A B KaXKJOM W3 1 HUCIBITAHUU

IIOCTOSIHHA U paBHa p, TO BeposTHocTs P (k; k k,) TOro, 4yro coObitue 4 B
TaKUX UCIBITAaHUSAX HACTYIIUT HE MeHee k; pa3 u He Oonee k, pas, onpexaensercs

110 MHTErpaJIbHOM TeopeMe Jlarmmaca Gpopmyroi:

B _x
Bk "Z)Wi_ﬁ e dv,
o
ki —np ky, —np

rae o = up= ,qg=1-p.
N1pq Nnpq

X i

Oynkuus DO(x) =— e 2dt  HasbiBaercs dbynkuueir Jlammaca. B

N2 0

NPWIOKEHUU 2 AaHbl 3HayeHus »Tod ¢yHkumu a1 0 x 5 . Ilpm x>5

bynkuus O(x)=0,5 . [Ipu oTpUIATENBHBIX 3HAYEHUSX X B CHUJIY HEUYETHOCTH
dbynkuuu Jlammaca @ (—x) =—-D(x) . Ucnonszys ¢pyukuuto Jlamnaca, umeem

Bk k k) =®(f)-D(a).

Ilpumep.IIpo1LIeHT BCXOKECTH CEMsIH TieHuIbl paBeH 90%. Haittu

BEPOSITHOCTB TOTr0, 4TO M3 500 mocesHHbIX ceMsH B30ouayT oT 400 10 440 cemsiH.

Pewenue.
a) u3 ycnosus 3agaun p =0,9;¢=1-0,9=0,1;n =500; k, = 400; k, = 440 .
400-500 0,9 _ _440-500 0,9

~-7,45; pB= ~
{500 0,9 0,1 {500 0,9 0,1

—-1,49.

Torma a =
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0) U3 TaOJIMIIBI B IPHIIOKEHUU 2 HAXOIUM
®(-1,49)=-d(1,49) = -0,4319 ; D(-7,45)=—-D(7,45)~—-0,5.
B) CKOMasl BEpOSTHOCTh PaBHA

P, (400 k£ 440) = D(-1,49) —D(-7,45)=-0,4312+0,5=0,0681 .

AnckpeTHas cnyvyanHasa BeniMyuMHa. 3aKOH pacnpenereHus.
MaTemaTunyeckoe oxxmaaHve n oucnepcusi, UX BblYUCIIEHUE U
CBOMCTBA.
Onpenenenne 1. CoydailHOM BEIWYMHOW HA3bIBAETCS  BEJIMYMHA,
IIpUHUMAKIasas B PC3yJabTaTC OIbITA OAJHO M3 CBOHMX BO3MOYKHBIX 3Ha‘-IeHI/II71,
IMpHUYCM 3apaHCC HCU3BCCTHO, KAKOC MMCHHO.

Onpenenenue 2. Cny4yaliHash BEJIMYMHA HA3bIBACTCS JUCKPETHOM, €CIIA
OHAa TMPUHUMAET OTJEIbHbIC, W30JIMPOBAHHBIE BO3MOXXHBIE 3HAYCHUS C
ONPE/ICIICHHBIMU BEPOSITHOCTSIMH.

Onpenenenue 3.CryyaiiHas BEJIMYMHA HA3bIBACTCS HEMNPEPBHIBHOM, €CIU
MHO>KECTBO €€ BO3MOXXHBIX 3HAUCHUN 1IEJIMKOM 3aIOJHSIET HEKOTOPBIM
KOHEUHBIN WM OCCKOHEUHBINH MPOMEKYTOK.

I[I/ICKpCTHBIC CJ'IyLIaI\/'IHBIG BCJIMYUHBI.

JIns 3amaHus JUCKPETHOW CIIydalHOM BEJIIMYMHBI HYXHO 3HATh €€
BO3MOXKHBIE€ 3HAYEHUS M BEPOSATHOCTH, C KOTOPHIMH NPUHUMAIOTCA 3TH
3HaueHusA. COOTBETCTBHME MEKJy HUMH HA3bIBACTCS 3aKOHOM paCHpPENEIICHUS
city4aiftHO! BennuuHbl. OH MOXET UMETh BUJ TAOIHUIIBI, OPMYIIBI UIIH TpaduKa.

Tabnuma, B KOTOpPOW MEpPEUYUCICHBI BO3MOKHBIC 3HAYCHUSI JUCKPETHOU
CIIy4yallHOM BEJMYMHBI W COOTBETCTBYIOIIME WM BEPOSATHOCTH, Ha3bIBACTCS
PAIOM pacupeneieHus:

Xi X1 X2 cen Xn

pi pi P2 " Pn

3ameTuM, YTO COOBITHE, 3aKIIoYalomeecs B TOM, YTO CIydaiHas

BEJIMYMHA TMPUMET OJHO M3 CBOMX BO3MOXHBIX 3HAYCHHU, SBISAETCA
n( )

JOCTOBCPHBIM, IO3TOMY  p, =1.
i=1

IIpumep. JIBa cTpenka nOeNarOT MO OJHOMY BBICTPENY II0 MHILIECHM.
BeposiTHOCTH MX MoOmnagaHusi Py OJHOM BBICTPENIE pPaBHBI COOTBETCTBEHHO 0,6
n 0,7. CoctaBuTh psAx pacuUpeAcieHUs CIyYalHOW BEJIWYMHBI X — YHUCIA
NOMNaJaHHUI MMOCJE IBYX BBICTPEJIOB.
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Pemenne. OueBuaHO, yTo X MOXET NMpUHUMATh Tpu 3HaueHus: 0, 1 u 2.
X BEpOATHOCTH HaWJIEHbl B MPUMEPE, PACCMOTPEHHOM B JIEKUUH 3.
CrneoBatenbHO, P pacupeIelICHUS] UMEET BUL:

Xi 0 1 2

pi 0,12 0,46 0,42

I'padpuaeckn 3akoH pacmpeneicHus] AUCKPETHOW CIydalHOW BETMYHHBI
MOYXHO MPEACTaBUTh B BHUJEC MHOTOYTOJIBHHMKA PAaCHpEICICHUs — JIOMAaHOM,
COEIMHAIONIEH TOUYKH IUIOCKOCTU C KOOPAMHATAMH (Xi, Pi).

A

X1 X2 X3 X3 Xs

OyHKIMSA pacIpeacIICHUS.

Onpenenenue 4. Oynkuuent pacnpenenenust F(X) caydailHON BeIUYUHBI
X Ha3pIBa€TCsl BEPOSATHOCTH TOTO, YTO CIy4yalHas BEJIMYMHA IIPUMET 3HAUYECHUE,
MEHBbIIEE X:

FX)=pX<x) (1)

CaoiicTBa PyHKIIMU pacpeeieHUs.

1) 0 < F(x) < 1. JlelicTBUTENbHO, TaK KaK (YHKIMS pacrpeaesieHus
MPEACTaBIAET COOON BEPOSTHOCTh, OHA MOKET IPUHUMATH TOJIBKO T€ 3HAUCHUS,
KOTOPBIC MPUHUMAET BEPOATHOCTbD.

2) OyHKIMS pacnpenesieHusl sIBIseTcs HeyObIBaromel QyHKIMEH, To
ectb F(x2) > F(x1) npu x2 > x1. 910 caeayet u3 Toro, yToF(x2) = p(X < x2) = p(X
<x1) +p(x1 <X <x2) > F(x1).

3) xlim F(x)=0, Xl_igl F(x)=1. B 4acTHOCTH, €CId BCE BO3MOXKHBIC

3HaueHus X JeXar Ha uHTepBaie [a, b], To F(x) = 0 npu x < a u F(x) = 1 ipu x
> b. [letictBurensHo, X < a — cOOBITHE HEBO3MOXKHOE, a X < b — TOCTOBEpPHOE.

4) BeposTHOCTB TOTO, YTO Cily4aliHasi BEIMYMHA NPUMET 3HAYCHHUE U3
UHTEpBaia [a, b], paBHa pa3HOCTH 3HaueHUW (YHKIUM paclpesesieHusl Ha
KOHIIaX UHTEpBAJA:

p(a<X<b)=F(b)-F().

CrnipaBelITMBOCTh 9TOTO YTBEPKACHUS CIEAYET U3 omnpeaeiaeHus PyHKIuu
pacmpeseneHus (CM. CBOMCTBO 2).

76



JIJist UCKpEeTHOM cilyyalHOUM BeNWuyuHBbI 3HaueHue F(X) B KaxaoW TOuke
MpEACTaBIsIeT COOOM CyMMy BEpOSITHOCTEH TeX €€ BO3MOXKHBIX 3HAUYCHH,
KOTOPbIE MEHBIIIE apTyMEeHTa (PYHKIUH.

[Tpumep. Haitnem F(x) nnst mpenpiaymiero npumepa:

0, x O
Fx) = 012, 0<x 1
0,12+0,46=0,58, 1<x 2
0,58+0,42=1, x>2

CootBeTcTBeHHO TpaduK (PYHKIIUU pacrpeicsiCHuss UMEET CTYNeHYAThIN
BU:

A

buHoMmansHOE pacnpeneneHme

BepHeMcss Kk cxeme HE3aBUCHUMBIX HWCIIBITAHUM W HAWJEM 3aKOH
pacrpesiesieHds CIy4ailHOM BeTWYWHBI X — YHCia TOSBJICHUN COOBITHS A B

cepuM M3 1 ucnbiTaHuil. Bo3MoxkHble 3Hauenuss A: 0, 1, ..., 1.
COOTBETCTBYIOIIIME UM BEPOSTHOCTH MOXHO BBIUUCIUTH 110  ¢opmyie
bepnymum:

p(X =k)y=C,p*q"™ (2)

(p — BEpOATHOCTH MOSIBJICHUSI A B KQXKJIOM UCIIBITAHUH).

Takoil 3aKOH pacrpeeseHrus Ha3bIBAIOT OWMHOMHUAILHBIM, MOCKOJBKY
IpaByl0 YacThb paBeHCTBAa (2) MOXKHO paccMaTpuBaTh Kak OOIIMNA YieH
pasnoxkenus: Ounoma HeroToHa:

(p+q)" =C'p"+C ' p"'g+..+Cip'qg"™" +..+C)q".

[Tpumep. CocTaBUM psii pacupenesieHHs CIy4YalHOW BEIUYUHBI X — YUCia
NONaJaHuid TpU S BBICTPENAX, €CIM BEPOSATHOCTh MONANAHUS MPU OJHOM
BbICTpEne paBHa (,8.

p(X=0) = 1:(0,2)° = 0,00032; p(X=1) = 5:0,8:(0,2)* = 0,0064; p(X=2) =
10-(0,8)*(0,2) = 0,0512; p(X=3) = 10(0,8)*(0,2)> = 0,2048; p(X=4) =
5:(0,8)*0,2 = 0,4096; p(X=5) = 1:(0,8)° = 0,32768. Takum o6pa3zom, psj
pacupeaeneHust UMEET BUI:
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x| 0 1 2 3 4 5

p 10.00032 | 0.0064 | 0.0512 | 0.2048 | 0.4096 | 0.32728

Pacnpenenenue Ilyaccona.

PaccmMoTpyM AMCKPETHYIO CIy4alHYIO BEIWYMHY X, NPUHAMAIOILIYIO
TOJNBKO  II€Jble  HeoTpullaTelbHblie 3Hauenus (0, 1, 2,..., T,...),
IIOCJIEA0BATENBHOCTh KOTOPBIX HE OrpaHWyeHa. Takas cilydaliHas BeJIMYHMHA
Ha3bIBACTCA pacIpeneneHHon no 3akoHy llyaccona, ecnm BEpOATHOCTBH TOrO,
4YTO OHA IPUMET 3HaYCHHE T, BbIpaxkaeTcs (popMysIou:

m

pX =m)="—c" 3)
m:

I7I€ @ — HEKOTOpas MOJOKUTEIbHAsI BEJIMYMHA, HAa3bIBaeMasl apamMeTpoM
3akoHa [lyaccona.

[Tokaxxem, 4TO cCyMMa BCEX BEPOSTHOCTEN paBHA 1:

p(X=m)=e" 4 e e =1

m=0 m=o !

(uctonp30BaHO pasiokeHue B psa Teimopa GyHKINN ).

PaccmoTpuM  TUNMYHYIO 3a7ady, OPUBOAAILYI0 K PAaCIpPEIEICHHUIO
[Tyaccona. Ilycth Ha ocu aOciucc CiydailHBIM 00pa3oM pacHpenestoTCs
TOYKH, IPUYEM UX PACIIPEACIICHUE YAOBIET-BOPSIET CAEAYIOIINM YCIOBUSM:

1)  BEpOSATHOCTH TMOMNAJAHUS HEKOTOPOro KOJIMYEeCTBA TOYEK Ha
OTPE30K JITMHBI | 3aBUCUT TOJBKO OT JJIMHBI OTpE3Ka W HE 3aBUCHUT OT €ro
pacroioKEeHUsI Ha OCH (TO €CTh TOYKHM paclpe/ieieHbl C OJMHAKOBOM cpeaHei
IJIOTHOCTBIO);

2)  TOYKU pACTPENENSIIOTCS HE3aBHUCHUMO JAPYT OT JApyra (BEpPOATHOCTh
MOMaJaHusl KaKoro-aubo duciia TOYEK Ha JaHHBIM OTPE30K HE 3aBUCHUT OT
KOJIMYECTBA TOYCK, TOMABIIHI Ha JTI000H APyTroi OTPE30K);

3)  mpakTHuYecKas HEBO3MOXXHOCTh COBIAJICHUS IBYX WU OoJiee TOUeK.

Torma cnydaiiHas BeIWYMHA X — YUCIO TOYEK, MOMAJAIONIUX HA OTPE30K
nuHbl | — pacnpe-aenena no 3akoHy Ilyaccona, rie a — cpeiHee 4Ynclio TOYEK,
PUXOASIICeCs Ha OTPE30K JUTHHHI 1.

3ameuanue. B neknum 3 roBopwmiiock o ToM, 4yTo (opmyna Ilyaccona
BBIpakaeT OMHOMHMAJIBHOE pacHpeiciCcHue IMpU OOJBIIOM 4YHCIIE OIBITOB H
Majioil BeposATHOCTH coObITHs. [loaTomMy 3akoH IlyaccoHa yacTto Ha3bIBaIOT
3aKOHOM PEIKUX SIBJICHUM.
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HenpepbiBHas crnyyanHas Benu4ynHa.
q)YHKLIMFI pacnpeneneHus. MnotHoCTbL pacnpegerneHus.
YucnoBble xapaktepucTukn. HopmanobHoe pacnpepnerneHuve
HenpepbIBHOW Crly4anHON BENIUYUHDI

Omnpenenenue U cBOMCTBA (QYHKIUM PACIPENEICHUS] COXPAHSAIOTCA U IS
HENPEPBhIBHON CIIy4aiHON BEJIMYUHBL, Ui KOTOPOH (YHKIUIO paclpeiesieHus
MOXXHO CYMTaTh OJHMM M3 BHUJIOB 3aJaHUs 3aKOHa pacnpeneneHus. Ho i
HENPEPBIBHOM CIyYallHOM BEJIWYMHBI BEPOSATHOCTH KaXXJIOTO OTHEIBHOTO €€
3HaueHusa paBHa 0. D10 cnenyer u3 cBoiicTBa 4 PpyHkIMM pacnpeneneHus:p(X =
a) = F(a) — F(a) = 0. [TosToMy mJist Takoi ciy4ailHON BETMYMHBI UMEET CMBICI
TOBOPHUTH TOJIBKO O BEPOSITHOCTH €€ MOMAalaHus B HEKOTOPBIM HHTEpBAJL.

BropeiM cnocoboM 3amaHMs 3aKOHAa paclpelesieHust HeNpepbIBHOM
CIIy4allHOM BEJIMYMHBI SIBJIIETCS TAK Ha3blBaeMasl IUIOTHOCTh pPACHpPECICHUS
(TJIOTHOCTH BEPOSTHOCTH, MU PepeHiranibaas QyHKIus).

Omnpenenenue 1. ®ynkuusa f(x), Ha3pIBaeMas MIIOTHOCTBIO PacIpeieICHUS
HENPEPHIBHOM CITy4aiiHOM BEIMYUHBI, ONIPEEseTCs 0 GopMyJie:

f(x) =F'(x) (D

TO €CTb SIBJISICTCS MPOU3BOAHON (PYHKIIMH pacpeeICHNUS.

CBolicTBa INIOTHOCTH PacIpeaeICHNU.

1) f(x) > 0, Tak kak QYHKIOUS pacmpeneieHus] SBISCTCS
HEeyObIBAIOILIEH.

2) F(x)= f()dt , 4YTO ciIeayeT Hu3 OIpPeACICHUsS MNJIOTHOCTH

pacrpeeneHusl.

3) BeposiTHOCTh TMomagaHus CIy4ailHON BEIMYMHBI B UHTEpBal (a, b)
b

OIpeaeIsieTcs dhopmyon pla< X <b)= f(x)dx. JleNCTBUTEIBHO,

pla< X <b)y=Fb)-F(a)= f(x)dx— af(x)dx: f(x)dx.

+

4) f(x)dx =1 (ycnoBue HOpMUPOBKH). Ero cnpaBeyinBOCTh ClaeayeT

+

U3 TOTO, UTO  f(x)dx=F(+ ), @ lim F(x)=1.

5) lirP f(x)=0, Tak KaK F(x) —> const IpU x > + .

IIpumep 1. IImoTHOCTH pachpeneneHus HENPEPBIBHOM CIydailHOM
BEJTMYMHBI 33/1aHa (PopmyIion

f(x)= ¢ -, — <x<+ .
1+ x
Haiitu: a) 3nauenue koHctantsl C; 0) BuA QYHKIUU pACIPECICHUS; B)
p(-1 <x<1).

Pemenue. a) 3HaueHne koHCTaHThl C HaiAeM 13 CBOMCTBA 4:
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—+

¢ —dx = Carcigx =C £+£ =Cr =1, OTKyJa C:l.
C1+x 2 2 T
1" 1 1 * 1 1 1
0) F(x)=— ~dt =—arctg 1| =— arcigx + X = —arctgx +—.
T 1+t Vs Vs 2 Vs 2
11 1 by
B) p(-l<x<l)=— ~dx =—arcigx| =— Tz =0,5.
T l+x V4 T 4 4

-1 _1

IIpumep 2. OyHKUUA paclpeleieHus HENPEepPbIBHOW  CIy4YailHOM
BEJIMYMHBI UMEET BUJI:

0, x 2
x-2
F(x)= ,2<x 4
1, x>4.
HaiiTn moTHOCT pacnpeneneHus.
Pemienue.
0, x 2
0, x 2
fx)= =2 [ 2<x 4= 05 2<x 4
1, x>4 0, x>4.

Onpenenenne 1. HenpepeiBHas ciyyaiiHasi BEJIWYMHA HA3bIBACTCS
pacrnpeesieHHON 0 HOPMaJIbHOMY 3aKOHY, €CJIM €€ IUIOTHOCTh pacipeieieHus
UMEET BUJI;

_()5701)2

e 2 | (1)

1

S(x) odon

3ameuanue. Takum o0pazoM, HOpMAJILHOE paclpe/iejICeHUE OMpeaeseTCs
JBYMsI IapaMeTpaMu: a U G.

['padux  TIOTHOCTH  HOPMAJIILHOTO  pacHpelefieHHs  Ha3bIBalOT
HOpMaJIbHOM KpuBOM (KpuBoH ['aycca). BoisicHUM, Kakoi BUJ UMEET 3Ta KpUBasl,
1151 yero uccnenyem pyskiuio (1).

1)  O6nacts onpeaeneHus 3Toi PyHKIMH: (-00, +00).

2) f(x) > 0 mpu mr000M X (Clie1oBaTENbHO, BECh IpadK PaCcOIOKEH
BhIIIe ocu OX).

3) plcgn f(x)=0, To ecTh 0Ch OX CIIY’)KHUT TOPU30HTATILHON aCUMIITOTOU

rpaduka nmpu x — + .

(x-a)’
- 2

4) f)=—2"Le @ —0nmpux=a; f(x)>0 OPHX > a, f (x)<0
o2 P P
npu X < a. CneoBaTenbHO, a,# - TOYKa MaKCUMyMa.
o227
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5) F(x —a) = f(a — x), To ecTb rpadk CUMMETPUYEH OTHOCUTEIHHO
IPSAMON X = a.

_(x-a)?

2
2062 1 _ (x Za)

6) f(x)=——r—e =0 NpU x=a+o , TO €CTh TOUKHU
o2 o
1
a+o,——— SBIIOTCS TOYKAMHM Ieperuoa.
o~2re

[Tpumepnsiii BU1 kpuBol ["aycca n3o0paxen Ha puc.l.
F

.
o

&
Fuc. 1.

Haiinem Bun pyHKIMH pacipeaesieHus sl HOpPMaJbHOTO 3aKOHA:
X (t-a)’
1 —

e 2 dt. (2)

o

[lepen Hamu Tak Ha3bIBaEMbId «HEOEPYIIMICS» HHTErpall, KOTOPBIN
HEBO3MOXKHO BBIPAa3UTh 4epe3 dJeMeHTapHble (yHKIuU. [loaTomy s
BbIUKCIIeHUsT 3HaueHuit F(x) mnpuxomurcs mnoib3oBaThesi Tabmunamu. OHU
COCTaBJIEHBI U1 ciay4dast, kornaa=0,ac=1.

Onpenenenue 2. HopmaneHoe pacnpeneneHue ¢ napamerpamu a = 0, o =
1 Ha3bIBaeTCSI HOPMUPOBAHHBIM, a €r0 (DYHKIUS pacrpeeeHus

:

Fa)= f()d=

D(x) = ﬁ e 2dt 3)

- dbynkuueit Jlamnaca.

3ameuaHue. CDYHKI_[I/IIO pacnpCaciaCHus AJIA IIPOU3BOJIBHBIX IIapaMCTPOB

X—da
MOJKHO BBIPAa3uThb 4YCPC3 (I)YHKI_II/IIO Hannaca, CCIIn CACIaTb 3aMCHY: ¢ =

o

Torna F(x) = L

Var

Havitem  BepoATHOCTH mNOMagaHusg  HOPMAJIbHO  pPacCHpeAeiICHHON
CIIy4aliHOM BEJIMYMHBI HA 3a/IaHHBIN UHTEPBAII:

pa<x<p)=F(B)-Fa)y=d P=% _¢p =2 (4)
o o

IIpumep. CiyuainiHag BenmnunHa X MMEET HOPMAIBHOE PACHPENCIICHUE C
napaMeTrpamu a = 3, 6 = 2. HaliTu BEpOSTHOCTB TOT0, YTO OHA IPUMET 3HAYCHHE
u3 uHTepBania (4, 8).

Pewenue.

81



p(d<x<8) =F(®)-F(4)=d % ) % = ®(2,5)— D(0,5) = 0,9938 — 0,6915 = 0,3023.

[IpaBuiIO «Tpex CUrM».

Haiinem BepOATHOCTH TOTO, YTO HOPMAJILHO paclpejieiieHHas CiydaiHas
BEJIMUMHA MPUMET 3HaYCHHUE U3 UHTepBaia (a - 36, a + 30):

pla—30 <x<a+30)=0(3)-d(-3)=0,9986-0,0014 = 0.9973.

CnenoBaTtesibHO, BEPOSTHOCTh TOTO, UTO 3HAYCHUE CIyYaWHOW BEIWYHHBI
OKaxkeTcsi BHe 3Toro mHrepBana, paBHa 0,0027, to ectb coctaBusier 0,27% u
MOXKET CUMTAThCS MpeHeOpekuMo Masoil. Takum oOpa3om, Ha MPAKTHKE MOMKHO
CUMTaTh, YTO BCE€ BO3MOXKHBICE 3HAUYEHHS HOPMAJIBHO pPAacHpeaesICHHOM
CIIy4aliHOI BEJIMUMHBI JIEKaT B MHTEpBaje (a - 36,a + 30).

[Toy4yeHHBIN pe3yJabTaT MO3BOJISAET CPOPMYIMPOBATH TMPABHUIIO «TPEX
CUTM»:. €CIM clly4yailHas BEJIMYMHA pacIpeleieHa HOPMAJIbHO, TO MOJIYJb €€
OTKJIOHEHHUS OT X = a HE IIPEBOCXOAUT 3G.

OCHOBHbI€ NOHATUA MaTeMaTU4YeCKON CTaTUCTUKN

MareMarnyeckasi CTaTUCTHKA - HAyKa, 3aHUMAIOIIASICS ONPEICIICHUEM I10
ONBITHBIM JaHHBIM (TIOJIyYEHHBIM Ha OCHOBE HaOJIIOJCHUN) BEpPOATHOCTEH
AJIEMEHTAPHBIX COOBITMA W WX XapaKTEPUCTHKH, KOTOPHIE B TEOPHH
BEPOSITHOCTEW IMPEANOJIarajiIiCh 3aJaHHbIMU. Yame, BIpoYeM, IPUXOAUTCS
OTpeNesaTh Ha OCHOBE HAOJIONECHMM HaJl CIIy4ailHOW BEJIMYMHON €€ 3aKOH
pacupenencHus.

MeTtoabl MaTEMaTUYECKON CTATUCTUKU PA3ACIISIOTCS Ha!

1. mapameTpuyeckue MeTOAbl
2. HemapaMeTpUYECKUEe METObI

B nanbHelemM paccMaTpUBAKOTCS TOJIBKO HENPEPBIBHBIE U JUCKPETHBIC
BenmunHbl. [lox 3akoHOM pacnpenenenus CB. NOHMMAaeTCs COOTHOIIECHHE,
YCTAHABIMBAIOUIEE CBS3b MEXKIY BO3MOXHBIMH MHOXECTBAMHM 3HAYCHUU
CIIy4alHOW BEJIMYMHBI U COOTBETCTBYIOIINM UM BEPOSTHOCTSIMH.

['eHepaibHOM ~ COBOKYIHOCTBIO - HAas3bIBaCTCA  COBOKYIHOCTD,
BKJIIOYAIONIasi B ceOs Bce BO3MOXKHBIC 3HaueHUsS MaHHBIX CB, a ee uncnoBbie
XapaKTEPUCTUKUA TE€HEPAIbHBIMU. TaKyl0 COBOKYIIHOCTb IPAKTUYECKU TPYIHO
co37aTh B CHJIy OECKOHEUHOTO €€ 00beMa, MOATOMY 4Yalle BCEr0 CTAaTUCTUKA
OIIEpUpPYET C HEKOTOPOM YACTBKO T'E€HEPAIBHOM COBOKYIHOCTH, KOTOpasd
Ha3bIBAE€TCAd - BHIOOPKOM. a €€ YHCIIOBBIE XapaKTEPUCTHKU BBIOOPOYHBIMH,
MOJICYMTAHHBIMU Ha OCHOBE pPealiu3allui BEIOOPKHU.

[Tog cnywaiiHOi TOBTOpHOM BBIOOpKOM oOOBEMa n  MOHUMAIOT
COBOKYITHOCTb CIy4ailHbIX BeIMYUH X, ,....X , HE 3aBUCUMBIX MEXIY COOOil.

IlycTh B pe3ynbTaTe 1OCTATOYHO OOJIBIIOrO YUCIa HAOMIOACHUHN 3a UTPOIt
C TIOMOIIIBIO OJTHOM M TOM K€ KOCTU MBI TIOJIYYUJIN CJICAYIOIINE JaHHBIE:
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I'panu 1 2 3 4 S 6 Htoro
Hab6monenus (140 |80 200 400 100 80 1000

[TonoOuyro Tabnuiy HabmroaeHui 32 CB "acTo Ha3pIBatOT BEIOOPOYHBIM
pacrpenieieHueM, a COOTBETCTBYIOIIYIO €W KapTUHKY (IuarpamMmy) —
TUCTOTPaMMOM.

Kakyro xe nHdopmaiuio HeceT Takas TabJIWYKa WM COOTBETCTBYIOIIAS
el rucrorpamMma?

IIpexne Bcero, BClO, — TaK KaK MHOTJA M TAaKUX JAAHHBIX O 3HAYCHHSX
CIy4yallHOM BENWYUHBI HET W MX MPUXOAUTCS JUOO0 J100BIBATH (IKCIIEPUMEHT,
MOJICIMPOBaHUE), JIMOO CUHUTATh MCXOJbl TAKOTO CJOKHOTO  COOBITHS
PAaBHOBEPOSITHBIMA — I10 1/6 Ha JIF0OOW U3 UCXO/OB.

450 Puc. 1 C
400 | APYroi CTOPOHBI — OYEHD
350 + Majo, 0COOEHHO B
300 | uudpoBoMm, YUCIIEHHOM
250 + OIMMCAaHUH CB. Kak,
200 400 HampuMep, OTBETUTh Ha
150 1 BOIIPOC: — @, CKOJIBKO B
100 /I 200 CpPEIHEM MBI BBIMIPHIBACM
1 50 11 o0 38 OIHO OpOCaHHE KOCTH,
A ) eciu BBIUTPBIII
COOTBETCTBYET

BBINABILIEMY YHCIIY Ha TPaHU?

DOMnupudeckast yHKITUS pacupeIeIeHus

N DMIupudecKas yHKIHMS
JFBA . pacmpejeneHHs ONpeeNseTcs CleayIOnM
— obOpazom
0, npnx< x,

Fo (xX)= kln,npux,, Xx<Xx

; (k+1)
— T ! 1, npux x,

SR S ¢ x x Ha pucyHke npuBeIeH XapakTepHBIN
BH]I AMITUPAYECKON byHKIIUU

pacrpeneneHus

83



MatemaTtnyeckue metoabl nNpPpoBepPKU rmnoTte3
2
n

CYMMBI IT HC3aBUCHUMBIX CTAHAAPTHBIX HOPMAJIbHO PACIIPCACICHHBIX CJ'Iy‘-IElﬁHBIX

1.Xu-kBagpar pacrmpenenenue ( y< -pacnpenelieHue) — pacripeciicHue

BEJINYHH Z,% =X 12 X244 X 5 [TapameTp 1 Ha3bIBAETCS YMCIOM CTENECHEU

2
CBOOO/IBI - pacrpeeseHusl.
" 3 I I I Herpyano mposeputh, uto M ;(5 =
2_ 2_

ol ] H,TaKKaKM}(,I—l,aD}(n—ZH.C
pOCTOM M — 4YHCla CTENEHEN
CBOOOIBI Y - pacrpenaesieHus
0.02 [~ -| YMEHBIIAETCA  aCUMMETpHs, U
HOPMUPOBaHHAas

L . tp"
o 0y @ 60 Wi, 80 0 BEIIMYMHA W C pocTom

T DHMIOTHOCTE IF-EEASP AT DAcITp e mereHELT

~ HECHHAA TfAREITA A0ESQHTENEHOTO BMHTERE AT n— HpI/I6HI/I)Ka€TCSI 110
P T ER SLIE AR SR HOTH KHLCRRONT pacupeaeaeHUIo CTaHIapTHOMY

HOPMAJIBHOMY 3dKOHY. B Ta6J'II/II_[aX C IBYMA BXOJaMH II M Y IIPUBOAATCA
SHAYCHHUA OAHOCTOPOHHHX KBaHTHUJICH

X 5 - pacupenenenus. Ha puc npuBenena "+ | |

IINTIOTHOCTD }(,27 - pacClpCaAcCiIiCHUuA U

MPUBEICH JIOBEPUTEIbHBIM  HHTEpBa
2 2 2

P(Zn<)(n <Zr2):720’95 )

OIpENECIAEMbIN c MTOMOILBIO

OJIHOCTOPOHHUX KBaHTHUJIEH.

02

2. Pacnpenenenune CrblofieHTa o ' '

—4 I 2 4
ABIACTCA  CICAYIOIIMM IIO BAXHOCTH — TMOTHOCTE CTAHAAPTHOTD HOPMATRIOTD P aciIp e AeTe T

2 — INMOTHOCTE I:I&GHI:IE,E[E-JIEI-EIFICTLID,I[EHT&
mocne y, - Cnyuaiinas BenuuuHa T,

HMCCT paCIIpCACIICHUC CTBIOIIGHTEI, CCJIM OHa paBHa OTHOIICHHIO CTEIHI[EIpTHOfI
HOPMAJIBHO paCHpCHGHGHHOﬁ N KOPHA KBaApPaTHOI'O H3 cnyqaﬁHoﬁ BCJIMYHUHBI

2
x /n

Zn
[ 2
‘n

PUOTNKACTCS K HOPMATBHOMY
JIByCTOPOHHUI KBAaHTUIb ty/2, (n-1) OOJIBIIIE COOTBETCTBYIOUIETO KBAHTUIIS
Uy2 CTAaHAAPTHOTO HOPMAJIBHOTO 3aKOHA (CM.PHUC).

BHJIA, T.€., Th= C pocroMm mapamerpa 1. t, -pacupenciacHUe
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1 | | , | Pacnpenenenne ®@umepa F, «
= (IMCcTIepCUOHHOE OTHOIIICHUE)

-1 HMCCT cnyqaﬁHa;I BCJIMYMHA paBHA

= X 2 m
OTHOIIICHHUIO -n__ ABYX
INIOTHOCTE F-pachpe geme o n 12

n

0s

04
CJ'Iy‘-IElﬁHBIX BCJIMYNH HMCIOIIHUX

| pacnpenenenue ;(5 , TpuyeM

|

|
Fi,t, oy 1 2 3 # 5

KaXIasi U3 HUX JEJINTCA Ha YHCIIO
CBOHUX CTEEeHEH CBOOO/IBI.

Keautwmm F, .~ Haxomsres u3 tabiuy ¢ Tpems Bxoaamu. Kpome Toro,

2
2 2 m
pacnpenenenuss Cteronenta — u Oumepa Fy — 5 © POCTOM Il WM T
n
nx
n

pacnpenenenue dOuiepa TpUOIMKACTCS K HOPMAIbHOMY, MIO3TOMY KBaHTUJIU B
Ta0JIMIaX MPUBEACHBI JUIS HE OOJIBIINX 3HAUYCHUN CTeneHed cBOOOIbI, a IPH UX
3HAYUTEIbHBIX 3HAUYCHHSIX OHM 3aMEHSAIOTCA COOTBETCTBYIOIIMMH KBAaHTWIAMHU
CTaHAAPTHOI'O0 HOPMAJILHOTO 3aKOHA
ACHMITOTUYECKHE YTBEPKICHUSI TEOPUU BEPOATHOCTEH,
MPUMEHSIEMBIE B MATEMAaTUYECKOU CTATUCTUKE

VYcnoBus IMKUPOKOro IPUMEHEHUS HOPMAJIbHOIO PACIPEIEICHUs CBA3AHbI
C ICHTpAIbHON TpeaenbHON Teopemoii YeOnimeBa, KOTopas YTBEpPKAAeT, 4TO
pacmpenenenre, Kakoro—mbo mpu3Haka (mapaMmerpa) mpu JEHCTBUU HA HETO
OOJIBIIOrO YUCIIA HE3aBUCUMBIX IPUYHUH CBOAUTCS K HOPMAJIbHOMY HE3aBUCUMO
OT BUAA UCXOAHOTO pacmpenenenus. CormacHO HepaBeHCTBY YeOwiieBa mpu
ar000M THTIE pacmpeneieHuss He MeHee 88% ero 3HayeHuil OyayT B AMara3oHe
+\- 3.

BonbmMHCTBO BaXKHBIX 3aja4, KOrja uMmeeTcss OejHas anpuopHas (10
IOPOBEJCHUS OMNbITa) MHPOpMAIUs O 3aKOHE pacHpelesieHus HaOIoaaeMon
CIIy4yallHOM BEJIMYMHBI, CBA3aHO C OOJBIIMMH OObEMaMU BBIOOPKH N, YTO
MaTteMaTH4ecku (opMan3yeTcs KaKk h—> o0 M PEIIaroTCsd Ha OCHOBE 3aKOHA
OOJIBIIMX YUCEN U LUEHTPAIBHON MPEACIIbHON TEOPEMBI

3akoH Oospmux uucen. Ilog 3akoHOM OOJBIIMX YHCENT NMOHUMAIOT Psij
T€OpeM, OOBEIUHEHHBIX HJEEH YCTOMYMBOCTH CpPEAHMX pE3yJIbTAaTOB IpHU
00JIBIIIOM YHuCIie HAOTIOICHUH.

Teopema UYeObimena. IlycTh momapHO HE3aBUCUMBIE CIy4yalHBIC
BEJINYUHBI X

(1=1,2,...) DXi< C - HekoTopasi KOHCTaHTa. Toraa npu n— o0 UMEET MECTO
CXOIMMOCTh 10 BEPOSATHOCTH BbIOOPOYHBIX CpeaHux Xa

1 n n

p 1
X; "—>— MX;, 1.e. aus mo00ro 10cTaTOYHO Maioro >0

i=1 n;_
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n n
- 1
limP | X;—- M(X;)<e =1,>0
n— — j—
i=1 i=1
[locnennee yTBepkIeHUE CIAeAYyET U3 HepaBeHCcTBa Ueonliena:
Ecmu cnywarinas BemnunHa X wuMmeer KoHeuHsle MX u DX |, 1O
CIIPABE/JIMBBI OLICHKH U1 BEPOSITHOCTEN MONAJaHUS CIy4alHOW BEJIMYMHBI X

Ha XBOCTBI paCIIpCACIICHUA U B € ~-OKPCCTHOCTb MATCMATHYCCKOI'O OJKNAaHU

P(X - MX[>e)< 2 i P(X - MX|< £)>1- 2
el ted

Teopema MapkoBa. Cayuaiineie BenuuuHbl X; (1=1,2,...) yIOBIETBOPSIOT
n

ycnoBuro —D  X; -0 npnu n— . Torma nna mo6oro €>0 umeeT mMecTo
n i=1
n n
CXOAUMOCTH II0 BEPOATHOCTH lim P % Xi— M(X;)<e =1,e>0
n— i=1 i=1
Kpome cxomuMocT 1O BEpPOSTHOCTM B MPUIIOKEHUSAX BCTPEUYACTCA
CXOIMMOCTh B CpEIOHE KBAJPATUYECKOM, T.€. CPEIHUW KBAApPAT OTKIOHEHUU

coy4aiiHOi mocnemoBarensHocTH lim M( X, - M X, )? = 0, kopoue
n—

1 n
— (X, -MX;) ““>o0,
M

HGHTpaJIBHaH [npcacibHas TCOpCMa
n

1
HopmupoBanHas m neHTpupoBaHHas cymMma Z, = T (X; —a) monapHoO
o\ n i=1

HE3aBUCHUMBIX OJIMHAKOBO PpACMPENCICHHBIX CIy4allHbIX BEJIWYMH X; C
MaTeMaTH4ecKuM OXHaaHneM Mx; = a u gucnepcueit DXi = o2 pacnpezernena
aCUMIITOTUYECKU HOpMaJIbHO co cpeanuM 0 u aucrniepcuent 1

Zn~N (0;1) mpu m —> o0

Omnupudeckass (GYHKIUS paclpeereHus urpaetr (pyHIamMeHTaIbHYIO
pOJb B MAaTEMAaTUUYECKON CTAaTUCTUKE. BaxkHelilee ee CBOMCTBO COCTOUT B TOM,
YTO TIPH YBEIWYEHUW YHCIIa HAONIOACHWUN Haa CIydyalHON BeIMYMHOW X
NPOUCXOANT CONMKeHne HToW (yHKIMM ¢ TeopeTudeckord. CMBICI 3TOTo
YTBEPKIAECHHUS PACKPBIBAET CIEAYIONIasi TeOpemMa

Teopema 1. Ilyctes Fiu (X) - sMmnupuueckas (GyHKIHUS pacnpeneicHus,
noctpoeHHass 1no BbIOOpke X=(Xi, X2, .., Xu) U F(X) - coorBercTByromas
Teopernueckas GyHKuus pacnpeneneHus. Toraa st modoro X € R u aro6oro
JOCTATOYHO MaJtoro £>0

lim A{|F,(x) - F(x)| <) =1

[Io cBoemy ompeneneHuto sMmnupuueckas (yHkus pacopeaeneHus Fn (x)
Cly4yaiiHas BeTUYMHA W B HEW COACPIKUTCS BCS CTaTUCTHYECKas WH(POpMAIUs O
HaOmogaemMoit ciydaitHoit BenumunHe X. s mro6oro x € R 3nauenue Fy (x) -
clly4JaiiHas BeJIMYMHA, pealn3alui KoTopoi sistorcs uucna 0, Vo, 2/n,..., "W/,
"/y = 1, mpu 3toM P(Fy (X) =/n ) = P (1 n (X) = k). Ho u3 omnpenenenus
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cilyyailiHas BEeJMYWHA L ; (X) pacmpenaesieHa Mo OMHOMUaIbLHOMY 3akoHy Bi( m,
p), rie p= P (X< x) = F(x), mosromy P(Fr (x) =%n ) = C,l,,< F(x)* (1 - FX))™X, u

OTHOCHTENbHAs yacTtora Fn (X) =X/, Opu I — o CXOZUTCA B CHIY 3aKOHA

00X yucen (B cuity Teopembl bepHyim) mo BeposaTHocTH K F(x).
[IpenenbHble TEOpEeMbl MJIsi AMIUPUYECKON (PYHKIIMK pachpeeeHus

CrpaBe[UB CIEAYIOMMM Topa3io 0ojiee CUIIbHBIN PE3ybTaT, TPUHAAICKAIIUMA

B.U. I'nusenko (1933)

Teopema 2. B ycnoBusix teopemst 1.1

P( lim sup|F,(x)- F(x)|l=0)=1

n—- sy R
I[pyI‘I/IMI/I CJI0OBaMHU YTBCPKICHUC TCOPCMBI, O3HAYACT, YTO OTKIOHCHHC
D= D (X) = sup|F,(x) - F(x)|
X R

IMIOUPUYECKON (YHKIUU pacHpelesieHnss OT TEOPEeTUYECKOM Ha Bceil ocell c
BEPOATHOCTBbIO | OyIeT CKOJIBKO YroAHO Malo HpU JOCTATOYHO OOJIBIIOM
00beMe BHIOOPKH.

[IpuBenem eme oauH pe3yibTaT, npuHamiexkamuid A.H.Koamoropoy
(1933), KoTOpBIi MO3BOJISIET MIPU OOJBIIUX I OIEHUBATH BEPOATHOCTHU 3aJIaHHBIX
OTKJIOHEHUH CITy9aliHOM BEIWYUHBI Dy 0T Hys

Teopema 3. (Kommoroposa) Eciu ¢ynkuusa Fu(x) HempepbiBHa, TO mpH
T1000M puKCHpOoBaHHOM t >()

imP(/nD, t)=K(t)= (-1)/e”"

jee

[Ipu »sTomM mpenenbHyto GyHKOHIO pacnpeaenenus K(t) MoxHO ¢
XOPOIIMM MPUOJIMKEHUEM UCITOJIB30BATh JIJIS TIPAKTUICCKUX PACUCTOB yKE MPHU
n > 20. YpoBeHb 3HAYMMOCTU O IPUHUMAETCs yaimie Bcero B npenenax 0,10 —
0,20

Teopemy KoamoropoBa o0OBIYHO MPUMEHSIOT JJIi  TOTO, YTOOBI
OTpEeACTUTh TPAHUIIBl, B KOTOPHIX C 3aJaHHOW BEPOSTHOCTHIO HAXOIUTCS
Teopetudeckas ¢GyHKus pacnpeaeneHuss F(x), ecnu ona HeusBectHa. IlycTh
s 3amaHHoro kodddummenta gosepus Y € (0;1) ymcno t, (Ha3pBaemoe
KBaHTWIEM) omnpenensiercs ypaBHeHueM K(t,) = y. Torma u3 yTBepKIeHUS
Teopembl Konmmoroposa umeeM P(A=+/nD,< t,) =P(Fq (x) — t,//n <F(x) < Fu (x)
+ t, /+/n nna Beex x)—> K(t,) =y npu m—>oo. YuursBas cBoiictBo 0 < F(x) < 1
HEpPaBEHCTBO MOYKHO YTOUHHTH cieayrommM obpaszom: max(0, Fy (x) — ty/+/n)<
F(x) < min( Fu(x) + ty /+/n,1). O6nacts, onpenenseMas STUMH HIKHEH U
BEPXHEH rpaHUIlbl, Ha3bIBACTCS ACUMITOTHYECKON - JOBEPUTEIHHON 30HOM st
TeopeTnueckord (yHkiuu. g ompeneneHds YUCIOBBIX 3HAYCHWM t, TpuU
pPa3IMYHBIX Y  MOXHO BOCIIOJIB30BAaThCS TaOyIUPOBAaHHBIMU 3HAYCHUSIMU
bynkuuu K(t).
vy 10,50 {0,60 0,70 (0,80 |0,90 |0,95 [0,98 |0,99 |0,999
ty | 0,828 1 0,895 10,974 | 1,073 | 1,224 | 1,358 | 1,510 | 1,627 | 1,950
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Chopmynupyem erie OJIMH BaKHBIA PE3yJibTaT BBIOOPOYHON TeEOpuH,
npuHaaexanmii H.B.CmupuoBy (1944), koTOpbIii OOBIYHO HMCHOIB3YIOT JUIS
MIPOBEPKH TPEAINOI0KEHUs (TUIIOTE3bI) O TOM, YTO JBE€ BHIOOPKH TOJYYEHBI U3
OJIHOTO M TOTO K€ paclpeIeSICHUS

Teopema 4. (CmupnoBa) Ilyctb Fin(x) u Fam(X) - nBe smmupuueckue
byHKIMM pachpenesieHusi, TMOCTPOCHHbIE Ha OCHOBE JBYX HE3aBUCHUMBIX
BBIOOPOK 00OBEMA I ¥ T U3 OJIHOTO U TOTO K€ pacipeiesiCHus: U
Du:= sup |F1n(X)—F2m(X)|

R

Torma, ecaum  Teopernueckass IUIOTHOCTH  pacnpeneneHus — F(x)

HEIpepbIBHA, TO MPH JIIOOOM PUKCUPOBAHHOM t >()

nm

P( mD,,,m t ) = K(t), rne ¢ynxumus K(t) ompenenena B Teopeme
Konmoropoga.

Bri6opounbie XapaKTepUCTUKU

Boi6opounsie MomeHThl. [lycte X=(Xi, X ,..., X.) - BbIOOpKa U3

pacnpenenenus ¢ F(x) u Fy(x) - Teopetnueckoit u sMmupudeckor QpyHKImen
pacnpenenenus. Kak F(x) craBar B cooTBeTcTBUE Fri(X), M1000# TeopeTHueckoit
xapaktepuctuke g= | g(x)dF(X) MOXKHO IOCTaBHTP B COOTBETCTBHE €€
cratuctrnaeckuii G=G(X), BBIYUCIsIEMbIH 110 (hopMyIie
n
G=lg(Fi0) =, 9(X).
i
Crnydaifayto BenuunHy G Ha3bIBAIOT ASMITMPUYCCKON WM BBEIOOPOYHOM
XapaKTEpUCTUKOM, OTBETCTBYIOIIEW TEOPETUUYECKON XapaKTEepHUCTHKE g. Takum
o0Opa3oMm, BBIOOpOUYHAs XapakTEpPUCTUKAa - OTO CpeaHee apudmeTuyecKoe
3HaueHne GyHKIuH g(X) TSI SJIEMEHTOB BHIOOPKH X.
Ecimm g(x) = x*, 10 G - BBIOOpPOUHBI MOMEHT K-ro MmopsiaKa, KOTOPBIH

n
OyneM 0003Hauath Ak : Ax=Ak(X) 1 xk
M
ITpu k =1 BenuuuHy Ak Ha3bIBalOT BHIOOPOYHBIM CPEIHUM M 0003HAYAIOT
CHMBOJIOM:
_ 1 n
X=A=—- X ;
i=1 B
3HayeHus ClaydyalHbIX BeauduH Ax u X IS 3aJlaHHOM peanu3anuud U
BbI60_pKI/I X OyaeM 0003HaYaTh COOTBETCTBYIOIIUMH CTPOUYHBIMU OYKBaMH ax W
ar— X.
AHaJIOTUYHO, IEHTPAJIbHBIM BBEIOOPOYHBIM MOMEHTOM K-ro Tmopsaka
n

o 1 —
HA3bIBAIOT CIyYalHyI0 BemmuuHy Mk = M(X) = — (X, - X)k
n.
i=1
I[Ipu k =2 Benmuuumny My Ha3bIBalOT BBIOOPOYHON JUCHEpCHEl U
0003Ha4Yar0T CUMBOJIOM

S2=82X):S2=M,=

_1 n (Xi_>_()2
n i=
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3HayeHus ClOydaiHeix BeawmduH My u S? Ul 3aJaHHON pealu3ain
BBIOOPKH X 0003HAYAIOTCS CTPOYHBIMU OYKBAMH My K M2 = 82,

Mexy BbIOOPOYHBIMH U LIEHTPAJIbHBIMU BBIOOPOYHBIMH MOMEHTaMHU
COXPAHSIIOTCS T€ K€ COOTHOIICHHUE, YTO U MEXKIY TEOPETHICCKUMH Ok = MX X i
ZM(X— Otl)k. B gyactooctu G; M3 = A3 — 3X A, +2 X3M4=As—4X Asz+6
AoX 2 — X*

MoMeHTbI  BBIOOPOYHOTO CpPEAHET0O H  BBIOOPOYHON  JUCTIEPCHUHU.
Breibopounas xapakrepuctuka G sBISETCS CIy4alHOW BETUYMHOHN, TOSTOMY
MOXHO TOBOPHUTH O €€ paclpeneieHHH, KOTOpPOe HAa3bIBaIOT BBIOOPOUYHBIM
pacrpeneneHueM, U paccMaTpUBaTh XAPAKTEPUCTUKU ITOTO PACHpPEACIICHUS.
OcTaHOBUMCSI HAa HEKOTOPBIX XapaKTEPUCTUKAX CpeAHero X M JHUCIIEpCUN
BBIOOPKH S 2. Tak Kak Il TOBTOPHOM BHIOOPKH Xi HE3aBHCHMBIE U OJTHHAKOBO
pacnpeesieHbl TaK e, Kak HaOJrogaemast cilydaiiHas BeJIuurnHa X, TO

- 17 - 1" o1 c?

M X=- MX;=MX=a;;D X=— DX=-DX=—

M n" i n n

Tak Kak LEeHTpaJbHblE MOMEHTHI My HE 3aBHUCHUT OT Hayaja OTCUETAa HA
IIKaJe 3HAYEHUM CIlydallHOW BeNMMUYMHBI X, TO 0€3 OrpaHWYeHUs OOIIHOCTH C
caMoro Haydajaa MOYKHO CUMTaTh, 4To 1= MX = 0 (B NpOTUBHOM IepeiieM K
LEHTPUPOBAHHOM ciydaitHoi BenuuuHe X’ =X— o). C y4eToM 3TOro nojayunum

_ 2 2
MS2=MA,—-M X?=g2— & ={n=1o"

n n
[pencraBum S? B BHUJIE
2
17 1 " n-1" 2
S? = - X-— X, =— X?-— X X; . llpunnmas Bo
n. n - n - n<:_;
i=1 i=1 i=1 i<j

BHHUMaHUE MX = () BEIYHCIIUM MOMEHTBI BBI60pO‘-IHOI>i AUCIICPCHUHA

(n—1)>2 " 2(n-1)% +4 (n—1)? (n-1)7%+2
MS2=M ~——5— X'+=——F—— X’X? =5 —pu+ 515
n = n i<j n n

—1)? -3
Orcrona nmonyyaem DS 2=M(S 2 )>— (MS 2 )*= (n n3) (g - ((Z_ 1; u%)

OrneHKkM TMapaMeTpPOB 3aKOHOB PACIPEACIICHUS TMOAPA3ACISIIOTCS Ha
TOYCYHBIC W UHTCPBAJIbHBIC.

Toueuynass oreHKa HEW3BECTHOTO TapameTpa 0 ompenenseTrcs OIHUM
arcioM 6 (X1, X2 ..., Xn),

MHTEPBAIbHAS - ABYMs unciaMi O 1(X1, X2 ..., Xo) # 0 2(X1, X2 ,..., Xn)
KOTOpbIE SIBJISIIOTCA  CIYyYaWHBIMH KOHIIAMH  JIOBEPUTEJIIBHOIO HWHTEpBaa,
HaKpBIBAIOMICTO OIICHUBAaeMbI mapamerp O ¢ 3aJaHHON JTOBEPUTEIHHOU
BEPOSITHOCTHIO P (HEKOTOPHIX ydeOHHUKAX 3Ta BEPOATHOCTH 0003HAYAETCs KaK 1-
o win ). UHTepBanbHbIe OLIEHKU KaK MPAaBUIIO CTPOSITCS HA OCHOBE TOYCUHBIX.

CBoiicTBa TOYEUHBIX OLICHOK
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1. Hecmemmennocts: € (X1, X2 ..., Xn) KaK CllydaiiHas BEJIUYMHA MMEET

MaT. OKHMJIaHH€e PaBHOE HCTUHHOMY 3Ha4YeHHIo mapamerpa —»M 6O ( xi, X2 ..., Xn)
=0.
2.CoCToATENBPHOCTD: IIPU BO3pacTaHuy 1 lim P(Jé?(x1 yees X ) — 49‘ < g)z‘l , €>0.
n—

Ecnu onienka @ @ (X1, X2 ..., Xn) UIMEET BHUJ] CPEIHETO 110 BHIOOPKU HEKOTOPOM
(GyHKUMA HAOMIOJEHUS, TO CBOMCTBO COCTOATEIBHOCTH CJEAYyeT W3 3aKOHA
OOJIBIINX YUCEIL.

3.D¢dexruBnocts: Eciu nmeercs nse oueHku 6 1(xi1, Xz ..., Xn) 1 6 2(x1,
X2 ,..., Xn), TO olleHKa @ (X1, X2 ..., Xn) dpdexruBnee, yeM O 2(Xi, X2 ,..., Xn),
ecan aucnepcud D (6 1) < D( 6 2). HWKHIOI TIpaHuIly s JUCIIEPCUH
TOYCYHOM OLICHKH IMapaMeTpa JaeT HepaBeHCTBO Pao - Kpamepa.

Haunbonee mnpuMeHseMbIMH METOAAMHU IIOJYUYCHHUS TOYCYHBIX OIIEHOK
SIBJISIIOTCSI METO/IBL: 1) MAaKCUMAJILHOTO MPABAOIIO 00 U 2) MOMEHTOB.

HwxHss rpanuia gucrnepruy TOYSYHOM OICHKHU TTapaMeTpa

HepaBeHcTBa Pao-Kpamepa

B npenmnonoxenuu, yto ouenka € (xi, X2 ,..., Xn) HecMeleHas, 1.e. M( 6

(X1, X2 ,..., Xn)) = 0, ee kKadecTBO Xapakrepuzyemoe ee aucrnepcuein D( 0 (xi,
X2 .., Xn )) UMEET HWXKHIOIO TpaHUIly, ONpeAessieMyl0 HepaBecTBoM Pao-
Kpamepa

11
J(0,n) nJ(O)

b

D(6)=M(0 (x1, X2 ,..., Xn))- B)> =

Aln f(x|6) °
a0

OJIHOM HaOmoJeHMHM Haja c¢.B.X o mapamerpe 0 . B cuminy agIuTHBHOCTH
undopmarusa Pumiepa o mapamerpe O coaepikamascs B MOBTOPHOM BBIOOPKE
obwema 1 paBHa J(0,m) = i J(0). Jlns onenkm MHOTOMEPHOI'0 TIapamMeTpa (01...65)

rae J(0)=M - uHpopmanms Duriepa, coaepiKamiascs B

HCIIONB3YOT BEKTOPHYIO CITydaiHyto Benmauny (60 1, ..., 6 s) XapaKTepHCTUKOM

KAauecTBa ABJAETCS KOBApHAIMOHHAsA (mucrepcuonHas)MaTpuma Cov( 6 ) ¢

yneMenTamu cii( 6 i; 0 j) BEIpaXKaloOIIue KO BapHAIMK MEXTy TapaMeTpamu 0i u

® 3. JO 06 ) - uHpopMmanuoHHAs  MaTpula C  BJIEMEHTaMU

2ln f(x]|0) 2ln f(x]6)
0. o0

i J

Jii(6)=M . HepaBeHCTBO Pao - Kpamepa mpuHuMaet

MaTpHuHblii Bix D(0 ) % J1(0)

Cnenyer OTMETUTh, UTO JIOKa3aTeIbCTBO HepaBeHCTBa Pao - Kpamepa
OCHOBaHO Ha TMPENOJIOKEHUN TOCTATOUYHOM TTAJAKOW 3aBUCHMOCTH TUIOTHOCTH
OT mapamMeTpa, uYToObBl MOXHO ObUI0 AuQPEpPEeHINpPOBaTh TOJ 3HAKOM
MaTEeMaTHYECKOTO OXHUJAHUS 10 BXOJSIIEMY TMapaMmerpy, €clu JTH
MPENO0JIOKEHUS HApyIIatTCs, TO HepaBeHCTBO Pao — Kpamepa nepectaet ObITH
BEpHBIM, KaK HAapuUMep B Cllydyae mapaMeTpa, KOTOPBIA OMpeessieT HOCUTEb
pacmpeneneHus, B OJTOM CJlIy4ae MOTYT BO3HUKaTh, TaK Ha3bIBaeMbIe
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cynepapdextuBabie ouenku. HepaBenctBo Pao — Kpamepa nHetpyaHo
0000IIMUTh HA CITy4Yald HAJTUYMS CMEIICHHS] Y pacCMaTPUBAEMBIX OIICHOK.

Metoa MakcCuMaIbHOTO TPABAONIOA00MS

Merton MakCUMabHOTO MPaBAONO00MsI OCHOBAaH Ha MOHATUU (YHKIIUU
npaBgonogoous BeIOOPKH L(X1, X2,....Xn; O ), KOoTOpas paBHa Jorapudmy
COBMECTHOTO 3aKOHa pacmpeeseHus: B JTUCKPETHOM ciydae
In{P(Xi=x1|0)-P(X2=x2|0)- ... - P(Xy=xu4|0)} u B HENpEepHIBHOM CJIydae paBHa
In{f(x1]0)-f(x2|0)-...-f(xa|0)}. B kauecTBe OlLIEHKU MpU 3aJaHHBIX pe3yJIbTaTaX
HAOMIONCHUAX X1, X2,..,Xn NPUHUMAETCS TO 3Ha4deHHe O (X1, X2,..,Xn) IPH
KOTOPBIX (PYHKIMS TPpaBAOMOA00MS TNPUHUMAET HaWOOIbIIee 3HAYCHHE.
Hcnonp3oBanue morapudma COBMECTHOTO 3aKOHA pacHpe/IesieHns 00yCIOBICHO
€ro MOHOTOHHOCTBIO U BBINMYKJIOCTBIO M YIOOCTBOM B3ATHS YaCTHBIX
mpou3BOAHBIX OT L(0), KoTophie, mpupaBHUBAS K HYJIIO, HAXOJUM KPUTHUYECKOE

3uauenne O (X1, X2,...,Xn)— OIIEHKY MaKCHMaJIbHOTO mpaBaonoaoous . Kax
MIPaBUJIO OIEHKH MaKCHMAaJbHOTO MPaBAomno100us 3G (HEKTUBHBI TaK KaK JJIs X
MOJTYYEHHMsI UCTIONBb3YeTCsl BCSI MH(OpMAIUs O MapaMeTpe, COCPEAOTOUYCHHAs B
JAHHOW BBIOOPKE C JAHHBIM 3aKOHOM pacIpeecHuUs

MeToa MOMEHTOB.

B cuny 3akoHa Oo0dbIIMX YHCENT BBIOOPOYHBIE MOMEHTHI MPUHUMAIOT
ONMM3KMe K 3HAYCHUSM TEOPETHYECKHMX MOMEHTOB. [IpupaBHUBas 3T Onu3KHe

3HAYEHHS MOJydacM YpaBHEHHE JUIA HaAXOKAeHUS OueHKH 6O (X1, X2,...,Xn)
HEU3BECTHOrO napamerpa 0.

EcTecTBEeHHO, YTO NpH NOCTPOEHUH OLEHOK MO METOTYy MOMEHTOB
UCIIOJIb3YETCs JTUIIb Ta HH(GOpMAIUS O apaMeTpe, COCPEAOTOUECHHAs B JAHHOMN
BBIOOpKE, KOTOpas COJAEPKUTCA B MCIOJIb3YEMOM BBIOOPDOYHOM MOMEHTE,
M03TOMY OLIEHKH METO0J1a MOMEHTOB He Bceraa 3(hPEeKTUBHBI.

[losicHUM NpUMEHEHHE ATHUX METOJIOB Ha MPUMEPE HOPMAJIBHOIO 3aKOHA
pacmpeneseHus ¢ IByXnapaMeTpUIECKOM INIOTHOCTBIO

2 1 (x—a)2
f(x|a,0°)=———exp ———— , npu mobom X. [IpuueM Maremaruueckoe
o~N2r 252
oxuganre MX = a u qucnepcus DX = 62,

ITycth (X1, X2,...,Xn) HE3aBUCUMBIC HAOIIOJCHUS, UMEIONINE HOPMAJILHOE
pacrpeneneHue Ccily4allHOM BEJIWYMHBI C HEU3BECTHBIMU MAaTEMaTHYECKUM
OXHJIAHHEM a M ¢ . HalijileM ToueuHbIe OI[EHKH ITapaMeTPOB a U G2 [0 METO.LY
MaKCHUMAaJIbHOTO TMPaBIONO00MS W METOJy MOMEHTOB Ha OCHOBE BBIOOPKH
o0beMa n ¥ €€ MaTeMaTH4eCKOe 0KHIaHKE.

®dyuknus npasponoxodus pasHa L(a, 62) = In{f(x)) - f(x2) ... - f(xn)} =

n n 2 1N 2
-5 In2n - 5 Inc*- — (xl.—a) . €€ 4YacTHas MpOu3BOJHAs IO a:
G .
i =1

n —
X. = X.
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N3 cBolicTBa MaTEeMaTHYECKOTO OXHUJAHUS M TOBTOPHOCTH BBIOOPKHU
M( X)) =a, T.e. X - HECMEIIECHHAas OIlEHKa reHepaibHoro cpennero M(X) = a.

HaﬁHCM, HCIIOJIB3YA CBOMCTBA AUCIICPCHH U ITIOBTOPHOCTD BBI60pKI/I JAUCIICPCHUIO

- 1 2
D(x) =7 © , T.e. qucniepcus BbIOOPOYHOTO CPEAHETO B M pa3 MEHBIIE

JUCTIEPCUU OJTHOTO HaOIIOACHUS U, CIEJ0BaTENIbHO, B CHIIY 3aKOHa OOJBIIMX
YHCEJI COCTOATEIIBHA.

JIns  HaxXoXKIEHUS OLEHKM IapaMeTpa o~ HAaxOAWM  YacTHYIO
IIPOU3BOJHYIO

5 , 1N 2 n
L(a,c°)mo o°: —; (xl.—a) ——2=0
20" j _1 20
— 2 ~2 1 n —\2
Y 3aMEHsIS @ Ha OLEHKY X IMOJIYYMM OLIEHKY Imapamerpa ¢ © =— (X —X)
n i

Ucnonb3yst cBoWCTBa MaTEMAaTHUYECKOTO OXHUJAHUS U JUCTIEPCHHU

HE3aBUCHUMBIX OJIMHAKOBO PACIpPEACICHHBIX BEIWYUH Xi, X2 ,..., Xn MOXKHO
A2 A2 n-1 _2
MoKasaTh, YTO © - CMeIleHHas omneHka M(0 ) = —— O | HO 3TO CMEIIEHHE
n
ACUMIITOTUYECKU MaJo.
n
~2 ~2 -
[IpencraBuB © B BUIE © = % (Xi —a)2 —n(x—a)2 158105
i=1
2

2 o N o9 4 D
C =— Vi~ Y; > TJIeYi - HE3aBUCHMbIE CTAHIAPTHBIE HOPMAIILHO

n . .

i=1 i=1

pacripesieIleHHbIe CIyJaiHble BeTNUNHBI, HaXoquM M( O 2) = 6%(n—1)/n. Teneppb
HaxomuM M(5°)? = o*n— 2{3n+tn(n-1)-2(3+(n-1))+3}=c*n — 2(n*>-1) u D(62)

—M(62)2 = M 2 (62) =26%(n-1)/ 2.
OT cMemeHHs MOXHO H30aBUTCS paccMaTpuBas —HCIPABICHHYIO
1.1 2 2
BBIOOpOUHYIO aucrepcuio s> = —— (X, —X)* , npu 3toMm M s*= ¢° u
n=1j_q !
Ds?>=2c6%/(n-1).

[TokaxkeM Tak)Ke HEKOPPEIMPYEMOCTh OIEHOK X W §°, T.e. HX
K03 PUIMEHT Koppensanuu (BTOPOH IEHTPATbHBIA CMEIIaHHBIA MOMEHT) paBeH
Hymo R(X, s?) ==M ( x—a)(s>-c?)

o 1 < n 2

R =M(x —a)s’=—— M( x —a) (x. —a)= —

n-1 SRR
=1

[IpupaBHUBas MO METOJly MOMEHTOB BBIOOPOYHBIE M TEOPETHUECKUE
MOMEHTHI [TOJIYYUM T€ JKE OLIEHKH U1 4 ¥ G>. DTO COBIAICHUE OOACHIETCS TEM ,
YyTO JUIi HOPMAJBHOTO pacmpeiesneHuss uHdopManus O MaTeMaTUYeCKOM
OXKHUJIAaHUU a TIOJHOCTBIO COJACPKUTCSA B BBIOOPOYHOM cCpeaHeM X , a
HH(OpPMAIMsE O G > IMOJHOCTBIO COCPEJIOTOYEHA BO BTOPOM IIEHTPAIBHOM

n(x — a)2 =0
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BBIOOPOYHOM MOMEHTE. B T10JI00HBIX ClTydasiX MOKHO TOBOPHUTH O JJOCTATOYHOM
BBIOOPOYHOM CTATUCTHUKE JJI JAHHOTO TTapaMmeTpa

Iycte 0 (X1, X2,..., Xn) TOUECUHAs OIIEHKA HEM3BECTHOTO MapameTpa O
HaliIeHHAs IO BBIOOpKE 00BEMa N, YeM MEHbIIE CiydaifHas pasHocTh |6 —0 |,
TeM JIydllle KadecTBO OIEHKH. 3Has pacmpenencane CB @ n 3amaBImmchk
HEKOTOPBIM  TOJIOKUTEIBHBIM YHCIOM €  MOXHO HAWTH BEPOSITHOCTH
BEITIONTHEHNS HepaBeHCTBa P(| 0 —0 |<g€)=Y, KOTOpyIO0 Ha3BIBAOT JOBEPUTEIBHOI
BEPOSITHOCTHIO.

WNHTepBanbHbIe OLIEHKH MapaMeTpOB

JloBepHUTEIbHBIM ~ MHTEPBAJIOM JUIsl HEW3BECTHOTO TapameTrpa 0
HA3pIBACTCS HWHTEpPBAJ] CO CIyYalWHBIMA TpaHUIAMH, 3aBHCSIIHAMH  OT
pe3ynbTaTOB BEIOOPKU, KOTOPBIA HAKPHIBAET HCTUHHOE 3HAYCHHUE TTapameTpa 0 ¢
3aIaHHOM  BEpOSITHOCTBIO (moBepusi). Ilpu mocTpoeHHH 1OBEPUTEIHHOTO
WHTEpBaia IS mapaMmeTpa 0 3a7aloT 3apaHee JOBEPHUTEIBbHYIO BEpPOSTHOCTH
y=1—-0o (MOXHO 3amaBaThb BEPOSITHOCTb O TPOTHUBOIOJIOXKHOTO COOBITHS -
ypoBeHb 3Hauumoct o= 0,1; 0,05; 0,01) u mo Hell HaXOAAT TOYHOCTh € WU
MIOJIOBUHY JIJTMHBI JIOBEPUTEIHLHOTO MHTEPBAJIA

0 (X1, X2 ..., Xn)—€ <0 <0 (X1, X2 ..., Xn)T€
HAKPBIBAIOIIIETO HEW3BECTHBIM HEU3BECTHBIM Mapamerp O ¢ BEPOSATHOCTHIO
vy =1 — o . Takum oOpa3zom 00beM BBIOOpKH N, JJWHA WHTEpBaNa 2 € U
JIOBEPUTEIIbHASI BEPOATHOCTH 1—0l CBSA3aHBI C IPYT JPYTOM U 3a]1aB JIOOYIO Mmapy
BEJTUYMH MOKHO HalTH TPETHIO.

[Tycth X1, X2 ..., Xn HE3aBUCHUMBIC CIIy9alHBIC BEIWYUHBI HMEIOITHE
HOPMaJIGHOE pacIpele/icHHe ¢ HM3BECTHOM JIUCIIEPCHEN G 2 M HEM3BECTHBIM
napameTpoM a. [lockonbKy ToueuyHasi OlleHKa 8= X HMMEEeT HOPMAaJIbHBIA 3aKOH
pacnupenenenns N(a; 62/n), To Py MOCTPOSHUH JOBEPUTEILHOIO HHTEPBAJIA IS
a HCIIONIb3yeM CTaHAAPTHYI0 HOPMaIbHO pactpenerennyio CB U =V n( X -a)/o
pacmpesiefieHHyl0 1o HopMmaidbHOoMy 3akoHy N(0;1), MIOTHOCTH KOTOPOTO

_ 1 1,2 y .
o (u)= —exp(—zu ) - HaszpIBaeTcs JoKaimbHOM (yHkuueit Jlamaca, a ee

J2r

bynkuus pacnpenenenus F(u) BbIpa)kaeTcsi yepe3 HEUETHYIO HUHTETPAIbHYIO

u
bynkuuro Jlammaca ®d(u)= @(x)dx  F(u)=0,5+ ®(u), 3HaueHus GyHKIUNA

0
Jlanmaca mpuBeneHpl B Tabnuiax (Kak TMPaBWIO B TMPUIOKEHHSX) JHOOOTO
y4deOHHKaA IO TEOPUU BEPOATHOCTEH W MATEMAaTHYECKOW CTATUCTUKH TOJBKO IS
MIOJIOKHUTEIIBHBIX 3HAYCHUH apTryMEHTa C YIETOM UX YeTHOCTH U HEYCTHOCTH.
[Tockonbky BeposiTHOCTH Tomaganus noboit CB X pacmnpeneneHHO# 1o
3akony N(a;0?) B uaTepBai (o;3) BeIpaXkaeTcs yepe3 3HaUECHHUs WHTETPAIbHOM
¢bynkuuu Jlamnaca,

Pa<X<p)=0 L= —@(“;a)a
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TO BBEJEM IOHSATHE JBYCTOPOHHErO KBAHTWUJIS U y 2 HOPMAIBHOTO 3aKOHA
onpenaensemMoro 1o Ttabmuuie ¢yHkuuun D(u) Kak 3HAUYCHHE CTaHAAPTHOU
HOpMasibHO pacupenenenHo CB U = u,» takoe, uto P(-uy2 < U < uyn)=2D(uy2 )
=Y

CrnenoBaTelbHO JOBEPHUTENBHBI HWHTEpBAT IS TapaMeTpa a Ipu

o u o u
2 ca< X+ 712

Jn Jn
napaMmerp a ¢ JIOBEPUTEIbHOU BEpOSTHOCTHIO ¥ =1—0. TOYHOCTh HHTEpBaILHON
ou

yl2

in

B cnyuae HeW3BECTHOI AMCIIEPCHUU CpellHEe KBAPaTUIECKOES OTKIOHEHUE

U3BECTHOM AUCIICPCHUHA 02 UMEET BUI X — N HAKPbIBACT

OILIEHKH (TI0JIOBMHA JUIMHBI MHTEPBaJa) paBHA €=

G 3aMEHSETCS Ha OILICHKY S =\/? Y TIPU TIOCTPOCHUH JIOBEPUTEIHLHOTO HHTEPBAJIA
UCIIOIB3YETCSl ABYCTOPOHHHM KBAaHTUIb ty o m-1) pacupencneHuss CThIOACHTA,
ONpEeae/IIEMOT0 U3 TaOMWIBl HMEIOIEH JBa BXOJa: JOBEPUTEILHYIO
BEPOSATHOCTh Y =1 —a, 9ucio cremeHe cBoOoasl k=n— 1. IlomoBrUHA IITUHBI
JIOBEPHUTEILHOTO WHTEpBajia JUIsl CPEIHETO TPHU HEW3BECTHOW JTUCIICPCHH

st
¥ 12,(n-1) . 3
E= \/_ HpI/I TOM K€ HUCIIC Ha6JII0116HI/II/I n 6OHBHIC qycMm HpI/I N3BCCTHOU
n
I[I/ICHepCI/II/I. CaM I[OBepHTeHBHBIﬁ HHTepBaJI HUMCECT BHUI
X — S biany <a<X+ L2y

Jn Jn
JIOBEpUTENBHBINA UHTEPBAII ISl AUCIIEPCUHN 3a0AETCS HEPABEHCTBOM:

Lin-1) _ 2 L) 2 )
> o< 5 ,r,u,e;(a,(n_“ KBaHTWIIA ¥
Xy 12,(n-1) X1-y12,(n-1)
pacmpeieNieHds,  OMpeaeaseMoro W3  TaOaWIBl ¢  JABYMsS  BXOJAMH:
I[OBepI/ITGJIBHOP'I BCPOATHOCTEIO O KW YHCIOM CTEIICHEN CBO6OI[BI k = n — 1
N3Biekasa KOPpHH KBaJApPATHBIC II0JIYYHMM HHTCPBAJIbHYIO OLCHKY C TCM IKC

KO3 GUITUEHTOM A0BEpUs 1—0l U1 CpeTHEr0 KBaAPaTHIECKOTO OTKIIOHEHHS C.
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