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AHaJIMTH4YeCKAsl TeOMeTPHsi B IPOCTPAHCTBE R3
BexTopHas ajreopa

HexkoTopbie CBEICHUS U3 TCOPUU

BekTop — HanpaBIIEHHBINA OTPE30K.
PasenctBo

a=(x,,z) (D
03HAYaeT, 4To X, y, Z — HPOCKIHH BEKTOPA HA OCH KOOPIMHAT HIIH €ro JIeKap-
TOBBI KOOpI[I/IHaTLI.

dopmyiia
~ 2, .2, .2
|G| =x? + % +z 2)
II03BOJISET [10 KOOPAMHATAM BEKTOPA ONPEAEINUTE €r0 MOIYIIb.
4z 5 Ecnu a, B, Y — yriibl, KOTOpbIe BEKTOp 00pasyer
i C MOJIOYKHUTEIBHBIM HAIPaBICHUEM OCEH KOOPAMHAT, TO
B cosa, cos3, cosy Ha3BIBAIOTCS HAIPABIISIONIMMHU KO-
o CHHYCaMH BEKTOpa d .
0 >y x=|5|cos0c, y=|5|cosB, Z=|c7|cosy, (3)
2 2 2

cos” a+cos” PB+cos”y =1 4)

x
Ecnu u3BecTHbI Hauanno BekTopa M, (xl, Vi, Zl)

u KoHen M, (x2 , Vo, 22) , TO KOOpJIMHATHI BEKTOpa HaXoaATcs 1o (Gopmyam

X=Xy =Xy, Y=Vy— Y, Z2=2p 2. (5)
Benu d =(xp, y,z;) u b=(x5,,,2,),10
aib:(xli)(fz,yliyz,ZliZz) (6)

u od= (oaxl, o, OLZl), rIe o — Jr000e YUCO.
BCKTOPI)I, JICXKAIIIUEC Ha OHHOﬁ NJINn HapaHHeJ'II)HI)IX HpHMBIX, Ha3bIBAKOTCA
KOJIMHEapHBIMH. [IpU3HaK KOJUIMHEAPHOCTH BEKTOPOB d U b :
X,V oz
il S Gl U (7)
X Vo 2

Tpoiika BeKTOPOB i, j, kK Ha3bIBaeTCs KOOPAUHATHBIM Oa3HCOM:
7[=17]=[#]=1

Bekropsl I, j, k wampariensl o ocsim cootBerctBeHHO Ox, Oy, Oz B
HIOJIOXKHUTEIILHYIO CTOPOHY.
JIro0Ooii BEeKTOp a= (x, y, Z) MOYET OBITh IIPEJICTABIICH B BU/JIC

a=xi+yj+zk. (8)
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CKaISpHEIM IIPOU3BEIECHUEM BEKTOPOB ( = (xl, Vi 21) u

b= (x2 , Vo, 22) Ha3bIBAETCS YUCJIO, PABHOE MPOU3BEICHUIO MOTYJICH 3THX

BEKTOPOB HAa KOCUHYC yIJIa MEX]y HUMU.

ﬁ-5=|ﬁ|-‘l§"cosq), 9)
ﬁ-l;=|5|-npal;= I;‘-np];c?, (10)
i-a=a’=|al’, (11)
T.€. CKaJISAPHBINA KBaApaT BEKTOPA PaBEH KBAAPATy €r0 MOJIYJIA.
Zlb ZXI.X2 +y1y2 +2122. (12)
Ecin ﬁJ_E, TO
XIX2 +y1y2 +2122 = O (13)

X1 Xo +V1V2 2123

Ecmu Bektop F m300paxaeT CHiTy, TOYKA MIPHIIOKECHHSI KOTOPOU TIepe-

cosP =

(14)

MEIIaeTCsl U3 Havyajia B KOHEI[ BeKTopa S, TO paboTa 3TO# CHJIBI ONIpenessieTCs

W=F-S. (15)

—

BEKTOPHBLIM NPOM3BEIEHIEM BEKTOpA d Ha b Ha3bIBAeTCs TAKOM BEK-

TOp € = a X b, KOTOpPbI YIOBIETBOPSIET CIELYIOIMM TPEM YCIOBHSAM:
1. |¢|=

al ‘ b ‘ .SinQ, TIe ¢ — yroi Mexiy BekTopamu d u b;
2.¢1d n ¢lb;
3. BeKTOp ¢ 0OpasyeT ¢ BEKTOpaMH & U b «IIpaByio» TPOiiKy.
BeKTOpHOE NPOU3BEIEHHE 3aBUCUT OT HOPSIKA COMHOXKUTEEH
axb=-bxa. (16)
Mo1y1b BEKTOPHOTO POU3BEAEHHS PaBEH IUIONIA M TapalieorpamMmma, mo-
CTPOEHHOTO Ha BeKTOpax d W b:

Sz‘ﬁxb, (17)
1. -
SA=—axby (18)
2
Ecnu Bektopel @ u b xommuneapHsl, To @ X b = 0, B yacTHOCTH,
axa=0.
Eciu BeKTOpBI 3a1aHbl KOOPAUHATAMU  d = (xl, Vi, zl),
b Z(X2, y2, 22), TO
Pk
axb=\x y z| (19)



Ecmu Bektop F m300paxkaer cuily, MPUIIOKEHHYIO B KAaKOH-HUOY b
Touke M ,aBeKTOp d WIET U3 HEKOTOpor Toukrn O B TOYKy M , TO BEKTOp

a x F' npencrasnsger co60ii MOMEHT cuiibl F' oTHOCUTENBHO Toukn O
mF=axF. (20)

CMeIaHHBIM IPOU3BEICHUEM TPEX BEKTOPOB d, b, ¢ Ha3bIBaeTCs 4mC-

J10, paBHOE BEKTOPHOMY MPOU3BENECHHUIO d X b , yMHOKEHHOMY CKAIIPHO Ha
BEKTOp C, T.€.

ab5=(axb).5=a-(bxa)_ Q1)
CMenranHoe mpousBeaeHne abc paBHO 00bEMY IapaUIeIeNuIe 1, IOCTPO-

€HHOT'0 Ha BEKTOpax d, b, ¢, B3ATOMY CO 3HAKOM «ILIIOCY», ECIIU TPOMKa

—

a, b, ¢ mpasas, co 3HAKOM «MHHYC», €CIIH Ta TPOMKA JIeBasl.

V =+abc. (22)
Ecau BeKTOpbl KOMIUIaHAPHBI (JIEKAT B OJTHOM MIIOCKOCTH), TO
abc =0. (23)

—

Jnst Bextopos d = (X1, ¥1,2;), b =(x5, ¥5, 25), ¢ =(x3, y3, z3) cMewan-
HOE TIPOU3BEIEHUE OmpeiessieTcs: HopMyIon

S B
abc=\|x, v, z,| (24)
X3 V3 Z3

3agaya 1. Ha matepuanbHytO TOUKY AEHCTBYIOT CHIIBIL:
F=(2-11), F,=(-122), F,=(11-2).
Haiitn paboTy paBHOIECHCTBYIOMICH ATUX CHIT R P TIEPEMEIICHUN TOYKH U3
MOJIOKEHUS A(Z, —1, 0) B MTOJIOXKEHUE B(4, 1, - 1).
Pemienue. Halinem paBHOAEHCTBYIOIIYIO
R=F+F,+F=02-1+1,-1+2+1,1+2-2)=(2,2,1).
Bekrop nepememenus mo hopmyne (5)

= — >
S=AB =(4-2,1+1,-1-0)=(2,2,-1).
Hckomyto paboTy HaxoauM o popmyse (15)
W=R-S=2-2+2-2+1-(-1)="7.
3amaya 2. JlaHa cuiia F = (3, 4, — 2) U TOYKA €€ MPUIIOKCHUS

A(Z, -1, 3). HaifT MOMEHT CHJIBI OTHOCUTEIBLHO Havyajaa KOOPAUHAT U YTJIbI,

COCTaBXICMBIC UM C KOOPAWHATHBIMHA OCSAMMU.

= = E—
Pemenwne. Ilo dpopmyne (20) m, F x . Bekrop ¥ = OA 1o dop-

=r
myine (5) umeer koopaunatel 7 = (2, — 1, 3), mo popmyne (19
pMYy.
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~1 =—10i +13 +11k.
4

(ST \O Y
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Wtak, moﬁ = (— 10, 13, 11). Moayias MOMeHTa HaxoauM 1o ¢popmye (2):
| mF|= JE10)2 +(13)% +(11)% =390 ~ 19,748,

Hamnpagstomue kocuHycsl o ¢popmyie (3):

-1 1 11
cosa, = 0 =—-0,506, cosP = 3 = 0,658, cosy = = 0,557,
19,748 19,748 19,748
a yYI'JIbl, COCTAaBJIICMBIC MOMCHTOM CHJIBI C KOOPANHATHBIMHA OCAMM, CICAYIOIINC
o =120°24, B=48"51, Y =56"9".

KOHTpOJIb: J0JKHO GBITE COS” O+ COS” B+ cos® v =1. V¥ Hac:

(- 0,506)” +(0,658)° +(0,557)% = 0,999.

3amaua 3. Hamucarth pasioxeHUe BEKTOpa X = (5, 16, 2) 10 BEKTOpam
p=(21,0), ¢=(0,-2,0), 7=(-152).

PemeHue.
1. Pasnoxenue BekTopa X 10 6asucy p, ¢, ¥ HMEET BU
X=0p+0,q+0sF
WJIU B KOOPJMHATHOM (hopme
Xy =0 Py + 04 030
Xo =0 py +0yq) + 037
X3 =0 p3 +0yq3 + 0373,

2. C yueToM YHCIIOBBIX 3HAYEHHH KOOPIUHAT BEKTOPOB P, ¢, ' U X

II0JIy4YUM CUCTEMY YPABHEHUN OTHOCUTEIIBHO HEUM3BECTHBIX Oly, Oy, Ol3:

2-0L1+0-0L2—1-0L3=5 20L1=5+OL3 (11:3
1'(11_2'(124‘5'(13:16 — 20L2=OL1+50L3—16 — (122_4
O-OL1+0-OL2+20L3=2 (1321 (1321.

—

3. PasnoxeHue BEKTOpa X II0 BEKTOPaM p, ¢, ' UMEET BULL:
Xx=3p—-4q+r.
Otser: X =3p—4q +7.
% R

3amaua 4. B mapamnenerunene ABCDA;B;C;D; Bextopsr AB = p,
—_— —
AD =q, AA, =r ob6pasyror 6a3uc. Pasnoxuts Bektoper AG, AP,
—

AN, mo BeIOpanHOMY 6a3ucy, ecnu Touka G nenut pedbpo DD; B oTHOIIE-



Hun 1:2; Touka P — touka nepecedenus auaronanei rpanu DD C;C; Touka
N, — cepenuna peopa B (.

Pewenue.

[TocTtpoum yeprex. HemocpencTBEHHO U3 YepTexa CICAYET:

AG = AD + DG = §+%17,

AP = APl,+ A132+P2P,=%13+q“+ r,

¢ AN, = AB+ BN+NN, = pr—G+7.

IIpssMass U MJIOCKOCTH
IlnockocTth. Ee ypaBHeHUS

Ax+By+Cz+D=0 — (25)
o0111ee ypaBHEHHUE MJIOCKOCTH.

A(x—xo)+B(y—yo)+C(z—zo):0 — (26)
ypaBHEHUE TJIOCKOCTH, MPOXO el depe3 Touky M, (xo, Vo zo) TepIeHTU-
KYJIIPHO BEKTOPY 1 = (A, B, C).

X vy z

a b c¢ @7)

YPaBHCHHUC IINIOCKOCTHU «B OTPE3KaAXM. 3,Z[CCB a, b, C — BCJIIMYMHBI OTPE3KOB, OT-
CCKACMBIX IINIOCKOCTBIO HA OCAX KOOPpAHWHAT.

Ax+By+Cz+D

=0 - (28)
+ \/ A* +B? + C?
HOPMaJIbHOC YpaBHEHHUE IIJIOCKOCTH.

d_|Axo+Byo+CZo+D|
\/142+Bz+C2
paccTOSTHUE OT TOYKH Mo(xo, yo,zo) 1o wiockoctn Ax+By+ Cz+ D =0.
X=X Y=V Z—Z
Xp=X; Yo=Y Z—z;|=0 - (30)
X3=X1 V3=V Z3—Z

(29)




ypaBHEHHE MJIOCKOCTH, MPOXOIAIIEH Yepe3 Tpu TOUku 4, (xl, V1 zl) ,

Azl(x2’y2’22)a A3(x3’J/3’Z3)-

IIpsamas. Ee ypaBHeHus

Ax+By+Ciz+D; =0
{ 1 VT4 1 B 31)

06H_[ee YPaBHCHHUC HpﬂMOﬁ (HpﬂMaH 3aJaHa IICPCCCUYCHUCM IBYX HHOCKOCTeﬁ).

x_xO:y_yC‘:Z_ZO _ (32)
m n p

KaHOHHYECKOE ypaBHEHHUE IPsMOH, rae M, (xo, Vo Zo) — TOYKa, IIPHUHAJIJIC-
JKalas mpsaMoit, da = (m n, p) — HaIpaBJSIOMIMN BEKTOP MPSIMOii (BEKTOP,

napasuiesIbHbIN IpsIMON).

X=x,+mt
y=y,+nt - (33)
z=z,+ pt

[IapamMeTpUIECKUE YPABHEHUS IPAMOM.
X=X _Yy=»n _z2721 (34)
Xo=X1 Vo= V1 272

ypaBHEHUE MPSIMOi1, MPOXOIAIIel uepes JBe JaHHbIe TOUKH A, (xl, Vi Zl) ,

Az(xz’ Y2, 22)-

mymy + +
CosQ = 1 T T PP - (35)

\/’”12 +m? +pp’ '\/m22 +ny% 4+ py’?

YTOJI MEXTy JBYMSI IIPSIMBIMH, TS d| = (ml, ny, pl) U dy = (mz, n,, pz) —

HarpaBJIAIOIIHEC BEKTOPLI IIPAMBIX.

, |Am+Bn+ Cp|
siny = — (36)

\/A2 +B%+C? -\/m2 +n? +c?
YOIl MEXY NPSAMOM M IJIOCKOCTEIO, TIE N = (A, B, C) — HOPMAaJIbHBIN BEK-

TOP ILUIOCKOCTH, d = (m n, p) — HAIIPABJISIOIIUN BEKTOP MPSIMOM.

=% AIA; AIA; AIA; — o0beM nupamunel Ay A, A3 Ay,

v

nUpamuosl

rae Al(xl’yl’zl)’ A21(x2,y2,22), As(xs,J’3,Z3)a A4(x4,J’4:Z4) -

KOOPJIMHATHI BEPILIUH TUPAMU/IBL.



1|¥2=%1 V2= 27 #
Vnupa/wu()bl =— (X3 =X V3=V Z3—Z1| (37)
Xg =X Ya—=DV1 2472
3agavya 5. JlaHBI KOOPAMHATHI BEPIITUH THPAMHUIBI AI(Z, 1, — l),
A5(3,0,1), A3(2,—-1,3), A4(0, 8, 0). Haiirn:
1) yron mexxny pebpamu A; A, u A;Ay;
2) yron mexnay peopom A, A, n rpanbio Ay A4, As;
3) o6bem nupamunbl V' ;
4) paccrosiHue OT TOUkH A, 10 miockoctu A; A, As;

5) Touky Aj, CAMMETPUUYHYIO TOUYKE A, OTHOCHTEIBHO INIOCKOCTH
Ay Ay As;
6) TOUKy A,;', CAMMETPUYHYIO TOUYKe A, OTHOCHTENBHO MpsMoil A A3.

Pemienue.
1) Yrom mexnay pedpamu HaxoauM 1mo popmyne (35).

—_—
=414, =(3-2,0-1,1-(=1))=(1, -1, 2) — nanpasnsiowmuii Bexrop
npsimoit Ay A, ;

—

Gy =A;4;=(0-2,2-1,0—(=1))=(~2,7,1) — nanpasnsowmuii Bexrop
npssmoir Ay Ay .
1-(-2)-1-7+2-1 ~7 7

\/12 +(-1)> +2? -\/(—2)2 72412 V654 I8
2) CocraBuM ypaBHeHHUE IIOCKOCTH A; A5 Az, Ipoxozsiiieit yepes Tpu
toukn A;(2,1,—1), 4,(3,0,1), 43(2, -1, 3), no popmyne (30)

cosQ =

x=2 y-1 z+1 x=-2 y-1 z+1
3-2 0-1 1+1=0, | 1T -2 2 |=0,
2-2 —1-1 3+1 0 -2 4

-1 2 12 1 -1
-2\ §|-0-1)g a+Gols Tal-o

(x=2)-0—-(y—1)-4+(z+1)-(-2) =0,
_4y+4—2Z—2=0,
4y +2z—2=0 — ypaBHeHue miockoctu A; A, As;

n= (O, 2, l) — HOPMAaJIbHBIA BEKTOP IUIOCKOCTH;

—>
a= A4, = (— 2,7, 1) — HAIpaBJIAIOIUNA BEKTOp MpsAMoil A A, .
Haxomum yron y wMexnay npsamoir A; Ay u miockocteio Ay 4, A3 1o dop-
Mmyse (36)



0-(=2)+2-7+1-1 K
\/02+22+12-\/(_2)2+72+12 V5454

3) Haxonum o6bem nupamuasi o hopmyne (37)

=0,9114.

siny =

e R e
A4, =(1L,-12); 445=(0,-2,4); 44,=(-2,71).

V=t—| 0 -2 4[=+—(-2+8-8-28)=-—(-30)=15.
6|-2 7 1| 6 6

4) PaccrostHue ot Toukn A, npo mwiockoctn A; A, A3 HaxomuM 1o

dbopmyne (29).
d_|2-8+0—1| 15

Jarlt 5

5) YrtoObl HAMTH TOUKY Ay, CHMMETPUYHYIO TOYKE A, OTHOCHTEIHHO

= 3/5 ~ 6,69.

mwiockoct Ay A5 Ay, cienaem cienyroree.

CocTtaBuM ypaBHEHHUE NIPSMOM, IEPIIEHANKYISIPHOMN MIIIOCKOCTH
A, A, A5, npoxopsmieii uepe3 Touky A, 1o dopmyne (32). 3a HampasiIsio-
I BEKTOP OPAMOM d = 1 = (O, 2, 1) OepeM HOPMaJIbHBINA BEKTOP ILIOCKO-

CTH, T.K. IIpAaMada NCPICHAUKYJISIPHA IINIOCKOCTHU!

x—0 y-8 z-0 x_y-8_z
0 2 1 0o 2 1
CocTtaBuM MmapaMeTpUyYECKUe ypaBHEHUS 3TOH npsimoit o popmyne (33):
x=0
y=2t+8
z=1.

Haxoanm Touky nepecedeHns 3Toi IpsMoii ¢ iockocTeio Ay Ay Az

x=0
x=0
y=2t+8
1., = y=—6+8=2 = 2(2t+8)+1—1=0,
zZ =
z=1
2y4+z—-1=0

5t+15=0, t =-3.
[Tomygaem Touky M (O, 2, — 3); T.K. TOYKa A; CUMMeTpuYHa TOuke A, OT-
HOCUTENBHO TockocTu Ay Ay A3, To Touka M sBiseTcs cepeIMHON OTpe3Ka
Ay Ay, nosTomMy
X4 +xy _ 0+xy

Xm T, 0 5 , .X'A:O;

10



V4 + Vi 8+ 4 ,
:—, 2:—, :_4;
Ym > 5 Y4
Zy + 2y 0+2z, ,
Zay = , —-3= , zy = —6.
M 2 2 4
A4(0, -4, -6).

6) YtoObl HaiiTi TOUuKy A,  , CHAMMETPUYHYIO TOUKE A, OTHOCHTEIHHO
npsmoii Ay Az, cOCTaBUM ypaBHEHHE INIOCKOCTH, TIPOXOAAIIEH Yepe3 TOUKy
A, nepneHAMKYISpHO mpsmMoit 4| A; mo dopmyne (26). 3a HOpMaIIBHBIH
BEKTOP IUIOCKOCTH 7 = d = (O, -2, 4) OepeM HaIpPaBIISIONIMIA BEKTODP IPAMOM
A Az, T.X. INIOCKOCTb MEPICHIUKYIISIPHA IPSIMOH.
0-(x—0)-2-(y—3)+4-(z—0)=0, —2y+16+4z=0, y=2z-8=0.
Vpasuenue npsmoit  4; A; coctasisieM o Gopmyine (34).

x=2 y-1 =z+1 x=2 y-1_ z+1

2-2 —1-1 3+1 0 -2 4
[TapameTprueckue ypaBHeHUs mpamont A As:
x=2
y==-2t+1
z=4t-1
Haxomum Touky N mnepecedeHus npsiMoid A; A; ¥ IIIOCKOCTH:
(x=2
y==2t+1
z=4r-1
y—2z-8=0,

—20+1-2(41-1)-8=0, -101-5=0, t=—%,

x=2, y:—z(—ljﬂzz, 2:4(—1j—1=—3.
2 2

Urak, Touka N (2, 2, — 3). Tak kak Touka A, cuMMeTpu4yHA TOuke A, OT-

HOCHUTEIBHO NpsiIMOK  A; A3, To Touka N sBISeTCS cepeAnHOi oTpe3ka

Ay A}, Torma
Xq+ Xy 0+xy
xNzu, 2= 4 x4 =4,
2 2
+ " 8+ 1)
vl 8en L,

YN 5 >

11
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Zy =—=4—2, -3= ,  zj=-6, touka Ay(4,—4,-6).

AHaJIUTHYECKAsA TeOMeTPHUsi HA IUIOCKOCTH
HekoToprie cBenienrs u3 Teopuu
IIpavas Juuusa. Ee ypaBHeHue

Ax+By+C=0 — (38)
o0111ee ypaBHEHUE MPSIMOI.
X=X, _ Y=Y _ (39)
m n

ypaBHEHHUE TIPSIMOM, IPOXOIAIICH uepe3 Touky M, (xo, yo), a= (m n) -
BEKTOP, MAPAJIIETbHBIN MTPSIMOM.

A(x—xo)+B(y—yo)=0 — (40)
ypaBHEHHUE MPSIMOM, TPOXOIAIIeH uepe3 Touky M, (xo, yo) C IIEPIICHINUKY-
JIAPHBIM BEKTOPOM 1 = (A, B).

X=X _Y=hn
Xo =X V2=
ypaBHEHUE TIPAMOU POXOISIIIeH yepe3 a8e Touku M l(xl, )’1) u M, (xz, Vs )

£+X:1 —

a b

ypaBHEHHE MPSIMOM B «OTPE3Kax», TAe d, b — BETUYHHBI OTPE3KOB, OTCEKae-

(41)

(42)

MBIX MIPSIMOM HA OCSIX KOOPJIMHAT.

y=hkx+b — (43)
ypaBHEHHUE MPSIMOii ¢ YIIIOBBIM KO3 duiineHTOM k = g ¥ OTpe3koM b —
orcekaeMbiM Ha ocu Oy .

Y=o =k(x—x,) - (44)
ypaBHEHHUE TIPSIMOM, TPOXOIAIICH yepe3 Touky M, (xo, yo) C YIJIOBBIM KO3 (-
bunuentom k .

d=|AxO+ByO+C| B

(45)
VA% + B?
paccrositHue OT Touku M, (xo, yo) no npsmoit Ax + By+C=0.
Ax, + By, +C
=t T2V T (45a)

VA% + B?

OTKJIOHEHHE TOUKU M, (xo, yo) OT IIPSMOH.

12



A

k=—— — 46
3 (46)
yriioBoi kodddumuent npsimoin Ax + By + C =0.
kl = k2 - (47)
YCJIOBHUE TapajuIeIbHOCTH MPSMBbIX.
1
ky=—— — 48
1T (48)
YCJIOBUE MEPIECHINKYISIPHOCTH PSMBIX.
ky —k
g9 =| 1| - (49)
1+ kk,
YTOJI MEXTy ABYMS IPSIMBIMH C YTJIOBBIMU Kodpuuuentamu ky u k5.
3agaya 6. JlaHbl cepearHbI CTOPOH TPEYTOJbHHUKA
P(l, 2), Q(S l), R(— 4, 3). CocTaBUTh ypaBHEHHS €TI0 CTOPOH.
B(x;, v,) 1 cnoco6. Tak kak Toukn P, O, R sBustorcs ce-
penunamu otpe3koB AB, AC, BC, 1o
P 0 x1+x2:1’ x2+x3:5, x1+x3=_4,
2 2 2
A, v) R C (x5, ) yl+—y2=2’ MZ_L ng,_
2 2 2
Pemraem nBe cuctemsl ypaBHEHUN
xl+X2:2 y1+y2:4
X2+X3=10 %) +y3=—2
xl+X3=_8, y1+y3=6,
MOJy4aeM
X1 = -8 = 6
X, =0 y,=0  A(-86), B(10,-2), (0,0).
X3 = 10, V3 = —2,

Teneps cocTaBisieM ypaBHEHUS CTOPOH TPEYTObHUKA, KaK MIPSAMBIX, TPOXOS-
IIUX Yepe3 JABE TOUKH, 1o popmyne (41).
VYpaBHenue AB:

X8 _ y=6 o yiop_22=0
10+8 —-2-6

VYpaaenune BC':
x—10=y+2, X+ 5y =0,
0-10 0+2

VYpaBuenne AC':
X*+8 _ Ym0 a0,

0+8 0-6

13



2 crioco6. He onpenensis koopaunat Ttouek A, B, C, cocTaBUM ypaBHEHHE

KaXXI0U U3 CTOpOH Tpeyroyibhuka ABC , Kak MpsSMOM, TPOXOIAIIEH Yepes3 0/1-
HY U3 BEpIIUH TpeyrosibHuka POR mapaiiebHo MPOTUBOJICKAIICH CTOPOHE.

YpaBHenue AB: npsmas AB mpoxoaut yepe3 TouKy P mapauieabHO BeK-

—
topy QR = (— 9, 4). Hcnonb3yem ypaBaenue (39).
x=1_ y-2

-9 4
YpaBuenue BC: npsmas BC mpoxomut depe3 Touky () mnapajuiebHO BEK-

= 4x+9y-22=0.

—>

topy PR =(— 5, 1).
x—5:y+1

-5 1

Ypauenne AC:mupsmas AC npoxomuT dyepe3 Touky R TapaieIbHO BEK-

= x+5y=0.

—
topy PQ =(4,-3).
x+4 y-3
4 -3
Oteer: 4x+9y—-22=0, x+5y=0, 3x+4y=0.
3agaua 7. CocTaBUTH ypaBHEHUS KaTETOB MPSMOYTOJIBHOTO paBHOOE]-
PEHHOTO TPEYrOJbHHKA, 3HAsI ypaBHEHHE THIOTeHY3bl 2X + 3y —5= 0 u Bep-

= 3x+4y=0.

[IMHY MPSMOTO yTiia (2, — 1).
b N AB = BC (no ycnouio), nostromy ZABC = ZACB = 45",

o 2
45 kpc = -3 ( mo hopmyinie (46)). YpaBHeHus karetoB AB wu

45° AN
A ) ¢ BC cocraBisem o popmyne (44): y+1= k(x — 2).

k+2
tg45° = —23 (49)
1-—k
3
k+—
—- =1,
1-—k
3

Peliast 5Tv ypaBHEHHUS, TIOIYUHM:
1 1
kzg, y+1=g(x—2), 5y +5=x-2, x—5y—-7=0.

k=-5 y+1=-5x-2), y+1=-5x+10, 5x+y-9=0.
Oter: x—5y—-7=0, 5x+y-9=0.
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3anaya 8. B TpeyroiabHHKE C BEpIIMHAMHU
A(3, — 2), B(— 1, 1), C(S, — 7) HaiiTh OuccekTpucy BHyTpeHHero yria ZABC.

B__ g 1) CocraBum ypaBHeHus ctopoH yrna ZABC,
BOCITOJIH30BaBIINUCH (popmyiont (41).
3192 Cropona BA:
+1 -1
YT YT 3x—4p+1=0.
341 -2-1
Cropona BC':
x+1  y-1
= , —8x—-6y—-2=0.
4 c 541 —-4-1 4
\ N 2) Touku OMCCEKTPUCHI paBHOYAAIECHBI OT CTOPOH

yria. [IpupaBHsieM paccTosiHUASL OT TPOU3BOJIBHOU
TOUYKH OuccekTpucel M (x, y) 1o ctopon yria BA w BC, BBIMHUCISASL UX 11O
bopmyne (45).

|—3x—4y+1| |—8x—6y—2| |—3x—4y+1| |—8x—6y—2|
e dere 10
W3 mocneaHero paBeHCcTBa MOJIy4aeM CIeIyIoIIHe IBa:
2A-3x—4y+1)=-8x—6y-2 u 2(-3x-4y+1)=—(-8x-6y-2).

[Tocne npeoOpa3oBaHus MMOIy4aeM YpaBHEHUS BYX MPSIMBIX, KOTOPbIE SBISIOT-

cs1 OMCCEeKTpHCaMy BHYTPEHHETO U BHEIIIHETO YIJIOB MpH BepinnHe B Tpe-
yronbauka ABC':

x—y+3=0 (a)
u x+y=0. (0)
Jj1s GUCCEeKTPHUCH BHYTPEHHETO yIiia TpeyrojbHuKa BN OTKIOHEHUs BEpIIUH
tpeyroiabHuka A u C HMEIT pa3HbIC 3HAKH, a JIsl ONCCEKTPUCHI BHEIITHETO
yrima BK — 3HaKW OTKJIOHEHHWH OJIMHAKOBBI.

Haiinem otkinonenuss Touek A u C ot npsmoit (a) mo gopmyiie
(40,a):
s 3-(-2)+2 7 N _5—(—7)+2_14>
AN ENER Jie
ClieIOBaTeNIbHO, YpaBHEHHE (@) —3T0 ypaBHeHHe npsimMoii BK. Torma ypaBHe-
HUE OMCCEKTPUCHI BHYTPEHHETO yriia Tpeyroiibhuka ABC mnpu BepmmHe B:
x+y=0.

0, 8¢ 0,

OtBet: X+ =0.

JIMHUM BTOPOro NopaaKa

OKpYX HOCTb. YpaBHEHUE
(x—a)2 +(y—b)2 = R? (50)
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OTIpeJIeNIIeT OKPYKHOCTh paanyca R ¢ IEHTPOM C(a, b) . Ecnu uentp ok-

PY’KHOCTHU COBIAJIaeT C HAYAJIOM KOOpJIUHAT, T.. a = b = 0, To ypaBHCHHE OK-
PY>XKHOCTH TIPUMET BUJ]

x2+y2=R2. (51)
O6miee anredbpandeckoe ypaBHEHHE BTOPOU CTETIICHU
Ax* +2Bxy + Cy* +2Dx + 2Ey+ F =0
ecTh ypaBHeHHE OKpykHOocTH, eciit A =C #0, B=0, T.c.

Ax* + Ay* +2Dx+2Ey+ F =0. (52)
DJLIuIIC.
2 2
x° oy
— +t== I - (53)
a” b
ypaBHEHHE JIIUICA (KAHOHUYECKUN BU).
b2 =a2—cz, a>b. (54)
B sTom ciydae Goxychl iutnIica UMEIOT KOOPIUHATHI
Fi(—¢ 0) u F(c,0). (55)

Hauano koopaunat O — LEHTp CUMMETPHH JUIHIICA, & OCH KOOPAUHAT — OCH
CHUMMeTpHH 3JuHIica. Toukn Al(— a, 0), A4, (a, 0) , Bl(O, —b), B, (0, b)
HAa3bIBAIOTCS BEPIIMHAMY JJUIMIICA, d W b — Oonbluas U Majas noiyocu. Be-

JUYHUHAa

C
g=—<1 (56)
a
Ha3bIBACTCA SKCHCHTPUCUTCTOM JJIJIMIICA. BKCHGHTpHCI/ITeT XapaKTCPU3ycCT BbI-

TAHYTOCTD OJIJIMIICA, T.K. BBIPAKACTCA 4CPE3 OTHOLICHHUEC €TO HOHYOCGﬁ

c_Na-b* _ 1_@2_

E=—=
a a

(57)
OKpPY>KHOCTh MOKHO CYHTATh YaCTHBIM CIIy4aeM dJUIUIICA, Y KOTOPOrO
a=b,te. £€=0.

x=t= - (58)

SRS

YPaBHEHUS JUPEKTPUC.

Ecnu okycsl amumrica pacnosioxkeHsl Ha ocu Oy, TO ypaBHEHHUE 3J1-
nurca uMeet ToT ke Bua (58), Ho b > a. DoKychl UMEIOT KOOPAUHATHI:
K (O, — C) u F, (0, C). YpaBHEHUS TUPEKTPHUC
b
y=1—. (59)
€
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['unepboa.

2 y2
— =1 - (60)
a’ b?
KaHOHHUYECKOE YPaBHEHHUE THIIEPOOJIBL.
b*=c*—-a*, a<ec. (61)

@DOKyChl UMEIOT KOOPAUHATHI Fl(— c, 0) u F, (c, O). Ocu KOOpIMHAT SIBJISI-
IOTCS OCSIMH CHMMETPHUU TUIIEPO0JIbL, a Touka () — LEHTp CUMMETpuu. I umep-
0oJ1a rmepecekaeT 0ch aOCIMCC B TOYKaX Al(— a, O) , A, (a, O) , KOTOpBIC Ha-
3BIBAIOTCA €€ JEHCTBUTEIbLHBIMH BEPIIIMHAMHY, 4 BEJIMUYNHA d — JCHCTBUTCIIb-
HOM IMOJTyoChi0 rurep0osibl. Toukn BI(O, — b) u b, (O, b) Ha3bIBAIOTCS MHU-
MBIMH BEPIIIHMHAMH, & b — MHHMas OIyoCh. [IpIMOYTOIBHHK C IIEHTPOM B Ha-

HJaJIC KOOpAWHAT U CO CTOPOHAMM, ITapaJlJICIIbHBIMU KOOPAWHATHBIM OCAM U
MMpOXOoAAIINMHU 4CPC3 BCPIINHBI FI/IHep60JH>I, Ha3bIBACTCA OCHOBHBIM IIPAMO-
YTOJIbHUKOM rnnep6onm. Ero JuaroHajin

b
y=1t—x (62)
a
SBIISIIOTCSA ACUMIITOTAMH TUIIEPOOJIBI, T.€. MPSMBIMH, K KOTOPBIM HEOTpaHUYEH-
HO NPUOJIMKAIOTCA BETBU TUIEPOOIIBI.

DKCIIEHTPUCUTET TUTIEPOOIIBI

e=S>1. (63)
a
[ 2 2 2
8:£:a—+b: 1+(2) _ (64)
a a a

Eciu a = b, runep0oiia Ha3bIBAETCSI PABHOCTOPOHHEH. B 3TOM ciydae OCHOB-
HOU NPSIMOYTOJILHHK MPEBPAIaeTCs B KBaPaT, a SKCIEHTPUCUTET PaBEH /2 .
a
X=*— — (65)
€

JTUPEKTPUCHI TUIIEPOOJIBI.
Ecnu ypaBHeHue runep0oibl UMEET BHU]L

2 2
X y _
- +=>=1, (66)
a b
TO ACUMIITOTBI FI/IHep6OJ'IBIZ
— (67)
a
poxyest  F(0,—¢), F5(0, c).
b
y=1t— - (68)
€

YPAaBHEHUS JUPEKTPHUC.
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[lapaGoua.
Kanonunueckoe ypaBHeHHE 11apadoIIbI

2
y =2px (p>0), (69)
TZIe p — PacCTOsHUE OT (OKyca 10 TUPEKTPUCHL. Y paBHEHHUE TUPESKTPUCHI

X = —g, KoopauHaThl hokyca F (§ O) . Hagano koopauHaT siBisieTcst Bep-

IIMHOM T1apaboJIbl, 2 OCh a0CITUCC — €€ OChI0 CHMMETPHUHU. DKCIIEHTPUCHUTET T1a-
paboasl € =1.
B psje ciaydaeB paccMaTpUBAIOT MapaOoJIb:

a) y> =—2px, F(—%, O) —doxye, x =§ — ypasHenue aupexrpucer; - (70)

6) x2 = 2py, F(O, g) — dpoxye, y = —% ~ ypasnenne mupexrpucer;  (71)

B) x2 =22 Dy, F(O,—g) —(oxkyc, y = g — ypaBHEHHUE JUPEKTpUChl.  (72)

Jnst Bcex ciydaeB p > 0.
3amaga 9. Cpenu npsMbIX MapauieIbHBIX MpssMoit 2x + ) = 0, Beife-

2 2
JIMTH KacaTelbHbIC K OKpY)KHOCTH X~ + )~ = 1.

Pemienne. YpaBHeHHE BCAKON NMPSAMOM, MAPAIIIENBHON JAHHON, MOXKHO
3amnucaTh B BUJE
2x+y+c=0.
KacarenbHast K OKpYKHOCTH UMEET C HEH TOJIBKO OJHY OOIIYIO TOUKY, TO3ATOMY
COBMECTHOE PEILICHUE YPABHEHUU IPSIMON U OKPYKHOCTH JOJKHO UMETH TOJIb-
KO OJIUH OTBET.
W3 ypaBHEHUS NIpsAMOA  y = —2X — C.

y=-2x-c

x2+y2=1, x2+(—2x—c)2=1, 5x% +4dex+ct-1=0.
KBaapatHoe ypaBHCHHME UMECT TOJIBKO OHO PEIICHHE, KOTAa JUCKPUMHUHAHT
paBeH HYJIIO: (40)2 - 4. 5-(02 — 1) =0, otkyma c= +4/5.

WTak, HICKOMBIE KacaTeIbHbIC UMECIOT YPaBHEHUS
2x+y+«/§=0, 2x+y—«/§=0.

agaua 10. Jlan omwmmnc 9x° + 25y2 = 225. Haiitu: 1) ero momyocw;

2) okychl; 3) AKCIIEHTPUCHUTET; 4) YpaBHEHHUS TUPEKTPUC.

Pemienue. [lenum Ha 225, monydaem
x2 y2
+

259
Otcroma caenyet o dopmyie (53),uro a =135, b= 3. U3 popmynsr (54):
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?=a’-b*=25-9=16, c=4.
ITo popmyne (55): Fl(— 4, O), F2(4, 0).

4
DkcueHTpucurer (56): € = ‘_ g
a
YpaBHeHUs TUPEKTpUC coritacHo (58): x = +i = +§
’ P T T4/5 T4
4 25

Otser: a =5, b=3; F(-4,0), F,(4, 0); e=gi ¥=En

3agaya 11. CocTaBuTh KAHOHUYECKOE YPABHEHUE BJUIUIICA, Y KOTOPOTO
Majas moiyock 2+/6, a paccrosHue Mexny ¢pokycamu [F1f, = 8.

Pemenne. b=2v6, FF,=2c=8, c=4.

2
ITo popmyine (54): a?=b*+c%, a* =(2\/6) +42 =40, a=+/40 =24/10.

2 2
+y 1

40 24
3amava 12. AcuMnrToThl runiepOoIbl UMEIOT ypaBHeHuss 4y £3x =0, a

VYpaBHenue suunca coryiacHo (53):

paccrosinue Mexay pokycamu paBHo 20. Hamucath ee KaHOHMUECKOE ypaBHE-
HUE.

Peuienne. YpaBHEHHS aCUMOTOT ) = izx , coriacHo dopmyie (62):

b 3

—= r Kpome toro F1F5 =2¢ =20, ¢=10. Ilo popmyne (61):
a
c?=a’+b?, MOJTy4aeM CUCTEMY ypaBHEHHUI

b 3

a 4
a*® +b* = 100.
Pemras ee, monyuaem a =8, b= 6. CiemoBaTelbHO, KAHOHHYECKOE ypaBHE-
2 2
X )

HUE TUTIEPOOITHL: 36 =1L

2 2

3amaua 13. Jlana rumep6ona % - yT = —1. Haiiti koopauHATHI Po-

KYCOB ¥ BEPIIUH, JKCLIEHTPUCUTET, YPABHEHUS ACUMIITOT U JUPEKTPHUC.
Pemienne. ®oKychl JaHHOU rUNIEpOOIIBI pacioiokeHbl Ha ocu Oy .

a=1,b=3 c=va*+b* =J9+1=410. (61)
3Ha4HT (POKYCHl UMEIOT KOOPAUHATHI FI(O, — «/E) Fz(O, w/ﬁ) . Bepmunsr
A;(0, 1), 4,(0,1), B)(=3,0), B,(3, 0). Dxcuentpucurer no popmyse (64):
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V1
8=£=—0, e=+10
a 3
YpaBHEHUS aCHMIITOT: x=iéy = x=23y.
a

b
YpaBHEHUS IUPEKTPUC: Y =F— = y= iTO.
c

3amaua 14. Ilapabona c BepHIMHON B Hayajae KOOPJAUHAT IPOXOAUT ye-
pe3 TOUKy A( 1, - 2) U CHMMeTpHYHa oTHOcuTenbHO oc Oy, Hammcats ee

ypaBHeHUe. Halitu ¢hokyc 1 TUpeKTpHCy.
Pemienue. YpaBHeHue uckoMmoit napabosl no popmysne (72) umeer BUI

x?==2 py. Touka A( I, - 2) nexuT Ha mapadose. [loacTasisiem koopanHa-

1
ThI TOUKH A B ypaBHEeHHe: 1=-2p- (— 2) = p= 7 CrnenoBatenbHO, UC-

> 1 B 2
KOMOE ypaBHEHHUE Oyger X~ = - y wm y=-2x°.

1 1
®doxky mapaboier: F (O, — g) . YpaBHeHUe TupeKTpuUck corimacHo (72): y = 3

2 o
3amaga 15. Ha mapaGone y“ = 4x HaWTH TOYKH, PACCTOSHUS KOTOPHIX
OT JUPEKTPHUCHI PaBHO J.

Pemienue. YpaBHeHUE AUPEKTPUCH JaHHON Mapaboiabl X = —£,

2p=4, p=2, x =—1. Torna paccrosiuue ot ocu Oy 10 UCKOMOK

l = —§ =5—1=4T0YKH | 3TO pACCTOSIHHE OIPEICIUT KOOPJAUHATY X

JTaHHOM ToukH, T.c. X = 4. KoopauHaty ) HalijeM U3 ypaBHEHUs MapadoIIbl:
y2=4x, y?=4-4=16, y=+4.
Urak, M,(4,4), M,(4, -4).

BBenenue B anajuzs
1. Ilpenennt

[TycTh KakIOMy HATypalbHOMY 4HMCIy 7= 1,2,... TIpPUBEICHO B COOT-
BETCTBUE B CHJIIy HEKOTOPOI'O 3aKOHA YHMCIIO U,. Torma roBopsAr, 4To OIpeje-
JI€HA IOCICN0BATENbHOCTD YUCEN Uy, Uy, U3, ... WIH, KOpOUE, IOCIEA0BA-

TCIBHOCTD {un } OTI[GJ'H)HBIG quciia U, Ha3bIBAIOTCs €€ 3JICMCHTAMU.
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Onpenenenue 1.1. Yucno a Ha3bIBaeTCs MPEIEIOM MOCIEA0BATEIBLHOCTH

{un } , CCIN IJId JF000T0 TOJOKUTEIBHOTO YUCIa € HElfII[CTC?I 3aBUCALICC OT

HETo HaTypaJbHOe unciio N Takoe, uTo JAJis BCeX HATypalbHBIX yucen n> N

BBITIOJIHAETCS] HEPABEHCTRBO: | u,—a |< €. Ilpusrtom mumyt: [im u, = a.
n— oo

Ompenenenure 1.2. ToBopsaT, uro ¢yHkuus f (x) cTtpemutcs kA

( f (x)—) A) MPU CTPEMJICHUU K d (x - a), rme A W a —d4ucna, WK

lim [ (x) = A, ecin st moboro € >0 cymecTByer O = 8(8) > (0 Takoe,
x—>a

9TO |f(x)—A|<8 npu |x—a|<8.
Amnanornyto, [im f(x)zA, eclin |f(x)—A|<8 npu |x|>N(8) u

X—> 0

limf(x)zoo, €CITH |f(x)|>M pu |x—a|<8(M), roe M — npowus-
x—>a

BOJIBHOC ITOJIOXKHNTCIIBHOC YHMCJIO.

[Ipy BEIYKCIIEHUHN TIPEAEIIOB MOYKHO HUCIIOIB30BATh CJIEIYIONIUE TEOPEMEI.
1. Ecmu cymecTByloT KoHeuHble [im f) (x) lim f, (x), TO
X—>a X—>a

a) xli”z[fl(x)J—Ffz(x)]=xli”2f1(x)i£’zzf2(x)
6) lim| f1(x)- f2(x) |= lim fi(x)- lim f3(x)

6) lim fl(x; =2 (lim fo(x) = O).

X—>a
2. Ecom  [im f(x) =A=#0, I[limf, (x) =0 (4 —KOHEYHO), TO
Xx—>a

: fl(x)
[
xl—’;’/izfz(x)

ecnu  [im f(x) =A, [limf, (x) =00 (4 — KOHEUYHO), TO
x—>a

X—>a
lim M =0.

x—>a f2 (x)

DTH yTBEPKACHHS CIPABEJIMBBI, €CIIH BMECTO JBYX (QYHKUIUHA f; (x) u

= 0

b4

f2 (X) B34ATh COOTBCTCTBCHHO ABEC ITOCIICAOBATCIBbHOCTH: {lxln} u {Vn } .

B npocreimmx ciaydasx HaxOXICHHUE Mpeesia CBOJUTCS K MOACTAHOBKE
B JJAHHOE€ BBIPA)KEHHE MPEACIbHOTO 3HAYEHUSI apryMEHTa, 4acTo, OJHAKO, IIPU-
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XOJIUTCS, MPEKE YEM MEPEUTH K Mpeeny, IPOBOIUTh MPeoOpa3zoBaHuE TaHHO-
ro BBIPAXKEHMS. DTO CIENYET JeNarh B TEX CIy4asX, KOrja MMEIT MECTO Tak

.0 > : . 00. 1®. 0
Ha3bIBaeMbIe HeompeaeaeHHocTn: —; —; 0-00; oco—o0; 07; 17; oo,
o0

[Ipumep 1.1. Ilpu oTbicKaHUU TIpeaEaa OTHOLICHUS IBYX LEIbIX MHOTOYJICHOB
OTHOCUTEIBHO X IPU X —>00 WIM KA TPU K1 —>00 I NOCIEA0BATEIBHO-

o0
cTel (HeompeaeaeHHOCTh —) 00a 4ieHa COOTHOIICHHS TOJIE3HO IMpEIBapH-
o0

TEIBHO pa3[eNuTh HA X' WM, COOTBETCTBEHHO, N’ TH€ M — HaWBBICLIAS
CTENEHb ATUX MHOTOYJICHOB.

AHaJOTUYHBI TIPUEM BO MHOTHX CIIy4asX MOXXHO TPUMEHUTb U IS
npoOeil, coliepKallluX UPPalMOHATBHOCTH.

. 21 2 1
4,02 X (3+—2‘—4 3+ 57
a) lim 3x 2 1—(2) = lim x3 xz = lim x3 x2 =
x—o 5xt 4 3x 42 o0 x—>°0x4(5+_3+_4) x—>°05+_3 =
x> x

2 1
lim 3+ lim —— lim —
X—>0 x—)oox2 x—)00x4 3+40+0 3
_ = = —, crapuias crerneHp m =4,

2
lim 5+ lim %-f- lim—4 5+0+0
X—> 0 x—)OOx x—)OOx

4
JICIUTCA HA X

5 lim Wont -2 + 2+ 48 +21
oo Yt =34 240" + 90

3. n4(9——+—j +4-3 n3(8+—

= [lim

3n? - (9_2+_ +4n-3| 8+2—31j
. n
= lim
9

—> 0
" n- 4(1—%j+2n

n
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3. (9_%+i) +i.3(8+2}
n n*) n n’/ _3:49-0+0 J 8+0 _9
n—o ] 3 9 0-1-0+2- \/ 4
— 4 == +2- || 4+—
n

o0 2
(HCOHpeI[eJ'IeHHOCTB —, CTapuiasa CTCIICHb M = 2, ACIUTCA HA N )
o0

6) lim(3x+)Vx® +4x+5—Vx> +4x+7

X—> 0

[ ()=

(Bx+1)|Vx? +4x+5- Vx> +4x—7 -\/x2+4x+5+\/x2+4x—7]
= [lim =
x—® \/x2+4x+5+\/x2+4x—7

(3x+1)(x? +4x+5-x7 —4x+7)

x=® \/x2+4x+5+\/x2+4x—7
— im (3x+1)-12 (_x):
_’w\/x +4x+5+\/x +4x -7
12(“1) 12-3

= [lim d = : =18.
x>0 4 5 4 7 1+1

l+—+—+ [1+———

\/ x x? \/ x  x?

[Tpumep 1.2. Econ P(x) u (x) — [eJble MHOTOWIEHBI X, P(a)¢ 0 wu
Q(a) # (0, To mpezen panMoHaIBHON apodbu P/ Q mupum X —>a HAXOAUTCS

0
HermocpencTBeHHo. Eciun ke P(a) = Q(a) =0 (HeompeneneHHOCTD 6), TO

apobs P/ (Q pexoMeHayeTcsi COKPaTUTh OJUH WM HECKOJIBKO pa3 Ha (x — a).

x> —3x+2 0 (x—l)(x2+x—2) xZ+x=-2
lzm—— — | =Ilim = [lim 3 5
—>lx* —4x+3 \0 x—>1(x—1)(x3+x2+x—3) ol pxltx—3

z(gjzh-m (x=1)(x+2) X+2 142

= lim = =§
0 x—)l(x_l)(x2+2x+3) x—)lx +2x+3 1+2+3 6

1
-
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[Tpumep 1.3. OgHuUM K3 IPUMEPOB HAXOXKJICHUS MPEAEa OT UPPATUOHATBHOTO
BBIPAKECHUS SIBJSIETCS NEPEBOJ UPPALHUOHAIBHOCTH M3 YMCIMUTENS B 3HAMEHa-

TeJb WU HAa000pOT (HEONPEIeICHHOCTh 6).

o w335 N (9} (3-V5+x)(3+5+x)

i1 ox o :QTQJ?fa@+¢§:a:

i 9-5—x _
ﬁﬂo_y§:9@+4§:3

=lim————lim—= lim ——— 4-x

1
x—>41- V35 x 43451 x >41-Y5-x 6

. (4—x)(1+«/ﬁ+%/(5—x))

=—[im =

) 6XA4(1—§/§)(1+§/§+W)
. (4—x)(1+§/ﬁ+m)

=—[im =

6 x—>4 1-5+x
zt—x)[l+i/5—x+3(5—x)2
1 o) (1357 Yo -
=5 m 4 =g IS5 ) ) =

—%(1+1+1)=—%.
' (%/;—2)(%/x72+2§/;+4)
Zng_]Z%(x —7x—8)(%/x72+2%/;+4) )

o) lim——

—8x% —7x—8

=56

x—8 1
= lim = lim
_>8(x—8)(x+1)(%/x72+2%/;+4) 8 x+1(\/7+2«/—+4)
__ L1
S 9.12 108’

[Ipumep 1.4. Ilpu BBIYKCICHUH TPEIEIOB BO MHOTHUX CIy4YasiX HCHOJb3YIOT
«TEPBBIA 3aMeYaTEIIbHBIN ITPEIeIDy:

. Sinx
lim —=1,

x>0 x
CJICACTBUEM KOTOpOFO ABJISAFOTCS HpCI[CJ'IBIZ
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. lox . arcsinx )
lim X 1, lim =1, lim
x—0 Xx x—0 X x—0 X

arxigx

L.

] tg2 4x - arcsin® x B

x2

2 . 2
tgdx 5 ([ arcsinx )
{cos 3x cos Sx}. 4x X

a) lim ctg2 3x - ctg2 Sx

x—0

= lim
x—0

2 2 2 N
— Jim 16x> _{cos 3x  cos Sx}_ lim(tg4x) .lim(arcsznx) _

sin®3x  sin® 5x x2

x—0 Sil’lz 3x Sil’lz S5x | x—=0 4x x—0 X
| |
| cos?3x-16x> cos® 5x-16x° 7 9
= lim 3 — 3 1717 =
x—0 ; ;
(sm 3x) . 9x2 (Szn 5x) 5,2
'\ 3x 5x i
= lim Ecos?vc—ﬁcos2 5x}=ﬁ-l—ﬁ-1=@.
x—>0 9 2 9 25 225

2
(thx) 4x? 'V2Sil’l2 2x

. tg22x-«/1—cos4x 0 _ 2x
6) lim 5 =|—|=lim ' —
x>0  x%.arcsin3x 0 x—0 2 (arcsm 3xj 2y
3x
2 :
. tg2xj (Sm 2x)
! (— 442 %)
xl—l>no 2x 42 sin2x ) 2x * 8v/2
= - Aim — = [lim = )
1y 2TCSIN 3x x>0 3x 30 3x 3
im———
x—0 3x

[Ipumep 1.5. Ilpu BeIUKCIEHUH TIpEAEna BbIPAXKEHUA, COAEPHKALIETO TPUTOHO-
MeTpuieckne QyHKIUH, korna x —>a u a # (0, pekomeHmyercs mpeaBapu-
TEJIbHO IIPOBECTU 3aMEHY X —d = ).

T-X

cos—— 0
lim 6 =(—j=(x—3=y, y—0 mpu x > 3) =
-3 x-—3 0

dv+3 .
. Ay, 3

= [im 6 = lim—-cos(—y+—j= lim 6 6 _
y—0 y y—>0y

yo0 1)
6
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: T T
=——[im =——-1=——.
6y—>0 Ty 6 6
6
: o(x) _
[pumep 1.6. Tlpu BeIYUCIICHUH MPEAEIOB Buaa [lim [ f (x)] = c Heo0Xo-
Xx—>a

AUMO UMCTh B BUY, YTO

1) ecnu CyIIeCTBYIOT KOHeuHbIe ipeenbl A = [im f (x) B = lim (p(x),
Xx—>a Xx—>a

T0 c= A (A>0);

2)ecou lim f (x) =A#1, Ilim (p(x) = +00, TO BOMPOC O HAXOXKIECHUU
X—>a X—>a

mpeseNia ¢ PEIIaeTesi HEMOCPEACTBEHHO;
3)ecmn lim f (x) =1, [lim (p(x) = 00, TO CJEIYET BOCIOJIb30BATHCS
x—>a Xx—>a

1

«BTOPBIM 3aMeUaTeIbHBIM TIpeaeioM»: [im (1 + g(x)) g(x) = e, rme
x—>a

g(x)—)O npu x >a u e=2718....

2
X

2 _ -1 —0
a) lim (M} - (éj = ! =0, Tk
x—oo\ 2x“ 4+ x + 1 2 3

. 3xZ—x+1 3 . x2
lim ———=—, lim = —00,
x> 2x 4 x+1 2 x—o x — 1
sindx x+3 sindx sindx
0) lim( ) —43 = 64, T.x. lim = lim( ) 4 =4,
x—>0 X x—>0 X x—>0\ 4x
lim(x + 3) =3,
x—0
2x 2x
6) lim(3x+lj =(1°°)= lim(1+ / j _
x—>oo\3x —1 X—>00 3x—6
. 14x
26 T 5, 3v-6 1,7 377
= lim(1+ ! j 7o lim(1+ / ) ’ —e!Y3
X—>®© 3x—6 X—> 0 3Ix—6

3 3
2) lim(7—2x)x-3 = (loo) = lim[1+(6— 2x)]§

x—3 x—3
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(6-2x)3
1\ 3 lim
= lim4[1+(6—2x)]6o-2x =3 =0
x—3

2. beckoHneuHo Maibie U OECKOHEYHO OO0JIbINe (PYHKITUU

Ompenenenne 2.1. Ecom [lim f (x) =0, to QynkIUsa [ (x) Ha3bIBaeTCs Oec-
X—>a

KOHEYHO MAJIOW B OKPECTHOCTH TOUKU X =a (NpU X —> a).
CymMMa 1 pou3BeICHNE KOHEUHOIO YUCIIa OECKOHEYHO MaJbIX (YHKIIHMA
Opu X —> a €eCTh Takke 0ECKOHEYHO Majasi Iipu X —> d.

Ompenenenne 2.2. Eciu [ (x) u g(x) — OECKOHEYHO MaJIble P X —> a |
- f(x)
lim——=c¢, Toe ¢ — HEKOTOpPOE YHCJIO, OTIHUYHOE OT HYIA, TO (PYHKIUU
> g(x)
f (x) 5 g(x) Ha3bIBAIOTCS OCCKOHEYHO MaJbIMH OJHOIO IOpSIKa IIpU
x—>a, eciu c¢=0, To rosopsart, uro f (x) — OECKOHEUYHO Majias BBICILIETO
MOPSIKA IO CPAaBHEHUIO C g(x) nmpu x —> d.
beckoneuno manas f (x) Ha3bIBaCTCS OCCKOHEYHO MaJIOW TMOpsaKa 7

10 CPAaBHEHMIO C g(x) npu X — a, €ciu
limﬂzc, 0<|c|<+oo.
X—>a gn(x)

[pumep 2.1. Tlpu x—> 0 omnpeaenuTh MOPSAOK MAaJOCTH (YHKIIHH
{gx — SINX OTHOCUTEIBHO X.

. 1
, , Slnx( — ) (1 )
. X —Sinx . cCOoSX . Sinx\1—cosx
lim X TSmX lim = [lim =
x—=0 xn x—=0 xn x—0 xn COSX
. .2 X . 3X X .3 X X
2smx-sm2§ 4Sln35'COS§ Sll’l3§ COSE
= [im = lim =4 [im——=-lim—==
x—0 xn COSX x—0 xn COSX x—0 xn x—0 cosx
3 X 3 X X
Sln35 Sln35 4 sin> =
=4 [im——=-1=4lim——=—=—"[im

=0 x" x”o(x)n o 2" x>0 (xjn
2 2
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Orot npenen Oyaet paBeH koHcTante ¢ # (0 mpu n =3, cienoBareinb-
HO, QYHKIMS #gX — SINX HWMEET MOPSIO0K MAJIOCTH 7 =3 OTHOCHTEIBHO X
npu x — 0.

Cymma JByx OECKOHEYHO MajibiX Pa3IMYHbIX MOPSIKOB PaBHOCHIIbHA
TOMY U3 CIIaraeMbIX, MOPSIOK KOTOPOTO HHXKE.

[pumep 2.2. OmnpenenuTh MOPSIOK MAJTOCTH OTHOCHTENRHO X Tipu X —> ()

CYMMBI %/XT +\/)673 .

3[ 2 2
Cmaraemoe VX~ HMEET MOPSAIOK MajJOCTH — OTHOCUTEIBLHO X, a
3 3
ciaraeMoe VX~ — IOPSIOK 5, CIIEZI0BATENILHO, CyMMa MMEET HOPSIOK Majo-
2
CTH — OTHOCHUTEIbHO X Tipu X —> 0.
(%)
Ompenenenne 2.3. Eciu  [im ——=1, To OeckoHeyHO Maibie f (x) u
x—>a g(x)

g(x) Ha3BIBAIOTCS SKBUBAICHTHBIMKA IpU X —> a: [ (x)~ g(x).
Hanpumep, npu x — 0 Oyaem uMeTs:
sinx ~Xx, Igx~Xx, arcsinx -~ Xx,arctgx ~ x,
52
ln(1+x)~x, COSX ~ 1—7, e" —1~x, a*—1~x-lna (a;t l).

HpCI[C.]'I OTHOIICHHUA IBYX OECKOHEYHO MaJjbIX HE HU3MCHHUTCA, €CJIM YJICHBI
OTHOIICHUA 3aMCHUTDH DKBUBAJICHTHBIMH UM BCIIMYHHAMU.

[Tpumep 2.3.
2 9
34tg2x _ 53arcsin2 3x (34tg r - 1) _(53arcsm Y- 1)
a) lim > = lim 3 5 =
x>035in” 4x + Tarctg®x x>0 3-(4x) + 7'(x)
. 4tg2x-ln3— 3arcsin® 3x - In5 , 4In3-x° - 3ln5-(3X)2
= [im = [im =
x>0 5552 x>0 55,2
_4in3-27In5
55 '

In(1+3x) 3x

. — 3
6 lim ( 4 arcsin 2xj e ( 4. 2x) x (l) _ ks |
x—>0\  3rg8x x—>0\3-8x 3 27
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{120 of {02

ln(3 — Sx) — ln(3 + 7x)

x—0 2sinx x—0 2x
ln3+ln(l—§xj—ln3—ln(l+%x) _Ex_Zx
x—0 2x x—0 2x

Ompenenenne 2.4. Eciu  [lim f (x) =00, TO yHKIMS [ (x) Ha3bIBACTCS
xX—>a

OECKOHEUHO OOJIBIION MpU X —> a.
[TogoGHO TOMY, KakK .TO CAENaHO JjIsi OECKOHEYHO MaJIbIX, BBOJUTCS IO~
HATHE OECKOHEUHO OOJIBIINX PAa3TMYHBIX MOPSIKOB.

[Ipumep 2.4. Ilyctb x — co. Omnpenenuth MNOPSAOK OCCKOHEUHO OOJIBIION

X
f (x) = ) 10 CPAaBHEHHUIO C X .

+
5 5 5 5
. X ) X . X . X
lim x" = lim——— = lim 1 = [lim 1 =1
x—o| X + 2 X—)Ooxn(x-|-2) x—)OOxn+ -|-xn .2 x—)ooxn+
npu n=4.

Onpenenenne 2.5.

1) Mycts byuknus f (x) — 0OecKOHEeYHO Oouibllias Ui OECKOHEYHO Ma-

)
magsmpu X —> o u lim———=1, rie ¢ U O — KOHCTAaHTHI, TOr/1a (PyHK-
X—>0 ¢ . xa
mus y = cx® HasbIBaeTCs aCUMITOTHKON MJIM aCHMMITOTHYECKH IKBUBAJICHT-
HOU QyHKIHH [ (x) npu X —> 0.

2) Tycts Gyukuus f (x) — 0ecKOHEeYHO Oouiblliasg Ui OECKOHEYHO Ma-

flx
Jias HpI/I X—>a Hu llm % = 1, rn€¢ ¢ HU O — KOHCTAHTHBI, TOraa
X—> 0 C- (x — a)
o o
(bYHKHHﬂ y = C(x - Cl) HA3bIBACTCA ACUMIITOTHUKOU UJIN ACUMIITOTUYCCKH DK-

BUBAJICHTHOM QyHKIHU | (x) npu X —>da.

[Tpumep 2.5.
Q) HaliTu acuMnToTUKy (aCMMITOTHYECKOE TMpEeACTaBiIeHUE) (QYHKIUU

Jx+1—4/x npu X —> 0.
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(T T evE)  vios

«/x+1+«/§ _«/x+1+«/;_
1 1 1
_«/x+1+«/; 2«/;_2-x1/2,

CIIeIOBATENIbHO, ACUMITOTUKOW QyHKIMH [ (x) =vx+1—-+4/x mpu x —>©

Vx+1-+/x=

1l 12 1 1
ABISACTCS PYHKIUA —X ;, c=—;  o=——.
2 2 2
X
6) Haiitn acumMnToTHKY QyHKIMH [ (x) =3 P X — 1.
1-x°
X
[lpu x —>1 obyaxkuun [ (x) = ——— sBJseTcad 0ECKOHEUYHO OO0JIb-

X X

3/1_x3
. _ N | _ 1 .
LIOM: %/1_x3 3\/(1—x)(1+x+x2) 3/3(1—x) %(l—x)m

y 1 1) Y3
ACHUMNTOTUKON B TAHHOM CITydae sIBISETCS QYHKIUA ) = %( - x) .

¢) Haiitu acumnrotuky GpyHknuu f (x) =x>—3x+2 npu x —> 1.

B mannom ciydae mpu X —> 1 dyskmms  f (x) ABJISIETCSI OECKOHEYHO
MaJiou; f(x) = x> —3x+2= (x — 1)2(x +2) ~ 3(x 1)2

[TorygyaeM aCUMOTOTUKY ) = 3(x — 1)2; c=3;, a=2.

3. HenpepbsIBHOCTH (PyHKITUH.

Onpenenenne 3.1. Ecom x<a w x — a, 1O ycimoBHO numyT X — a— 0,
aHAJIOTUYHO, €ClI  X>a X —>a, 1o X —>a+0. Yucna

f (a — O) = lim f (x) u f (a + O) = lim f (x) Ha3BIBAIOT COOTBETCTBECHHO
x—>a—0 x—>a+0

npeaeaoM cieBa QyHKIuH f (x) B TOUKE @ W MPEJesoM cripaBa (pyHKIUU
f (x) B TOYKE @ (€CJIM 3TH YKCIIa CYIIECTBYIOT).
Jlnst cymecTBoBaHUs npezena GyHKIud | (x) npu X —>a Heo0xoau-

MO M JJOCTaTOYHO, YTOOBI UMEJIO0 MECTO PABEHCTBO: f (a — 0) =f (a + O).

Ompenenenne 3.2. Oyukius y = f (x) HAa3bIBACTCSI HETPEPBIBHOW B TOUYKE

a, ecnu
1) ona onpeneneHa B 3TOM TOUKE;

2) lim_of(x)z lim f(x)z lim f(x)zf(a).

x—>a+0
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Touky, B KOTOPBIX HAPYIIAETCS YCIOBUE HENPEPBIBHOCTH, HA3BIBAIOTCS TOUYKA-
MH pa3pbIBa.

[Tpumep 3.1.

1

a) Haiitu Touku paspeiBa GpyHKuuMM Y = 327%, [penensl clieBa M CIIPaBa B

J3THUX TOYKaX, CACIaTh CXEMaTHUYCCKHUU YCPTCIK.
1

®yrkiusa Y = 327X pMeeT pa3pelB B TOYKE X = 2, T.K. OHA B 3TOM TOY-

Ya Ke He onpeneieHa. [Ipu atom:
1 1

!
| LS

| lim 32-x =3+0 =37 = jo0;
|

|

|

x—2-0
lim 327x =3-0=3"" = =—=0.
- : x  x—>2+40 37 +oo

O 2

0) HaiiTu Touku pa3pbiBa U BEIMUYMHY CKayKa B 3TUX TOUKaX (PyHKIIUU
1

2x+3 4 4x -8
Y= 1 :
243 4 4
Toukoli pa3pbiBa TaHHON (QYHKITMH SIBJISIETCS TOYKa X = —3, T.K. B HEH
GbyHKIIUS HE OTpeiesieHA.

2V pax—g 27 -12-8 0-20

lim = = = -5;
x>-3-0  Hlx+3) L 4 27 4+ 4 0+ 4
1/(x+3) _
lim 2 tax=8 I, x.opu x > -3+ 0 umeem:

x—>-3+0  lx+3) | 4
21/(x+3) 44y —8 ~ 21/(x+3),

b

21/(x+3) L4~ 21/(x+3).
Bemuuuna ckauka A =1-— (— 5) = 6.

6) HailiTn ToukH pa3pbiBa, BEIUYHHY CKauka A W MOCTPOUTH rpaduk (HyHK-

f

— 3x, x<0

) T
iy =< 4sinx, O<x£§
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Jlannas QyHKIMS HEMPEPhIBHA JIJIST X € (— 00; 0) U(O; gj U(g, + OOj.

T
HCCHCI[YGM TOJIBKO TOYKH X = 0 um Xy = E, T.K. B HUX MCHJCTCA aHAJIUTH-

YeCKO€ BhIpaKEHUE (PYHKIIUH.

lim f(x) = lim (— 3x) = 0; lim f(x) = lim (4Sinx) = 0;

x—>—-0 x—>—-0 x—>+0 x—>+0
f (O) = —3x . =0, cremoBarensHO, B Touke X =0 ¢yHknus [ (x) Helpe-
xX=
PBIBHA.
: : . T LT
lim f(x)z lim (4smx)=4; f(—j =4sin—=4;
20 X=0 2 2
2
lim f(x)=lim (¥* +1)="—+1=3467,
i i 4
x—>—+0 x—)E—i-O

T
CJIICOOBATCIBbHO, TOYKa X = 5 — TOYKa pas-

pbiBa. BenunHa ckayka

2 2
A=d_| X 11 :3—n—z0,533.
4 4

v

JAuddepenunanbHoe ncyuciaeHne GyHKIMUA OJHOU MePeMEeHHOM

1. SKCTPEMYMbI ®YHKIIMA OJHOW NEPEMEHHOM

Oyukuus y = f (x) Ha3bIBaeTCs Bo3pacTaroiiei (yObIBaroieii) Ha He-
KOTOPOM MHTEpBaJie (OTpE3Ke), €Cln ISl IIOObIX TOYEK Xi, X,, MPHUHAIJIEHKA-
> 1 2

IIMX JAHHOMY MHTepBase (OTPEe3Ky), U3 HEPABEHCTBA X| < X, CIELyeT Hepa-
BEHCTBO [ (xl) <f (xz) ( f (xl) > f (x2 )) Ecmu f (x) HeTpepbIBHA HA OT-
peske [a; b] H f'(x) >0 (f'(x) < O) npu a<x<b, 1o f(x) BO3pac-

TaeT (yObIBaeT) Ha OTPE3KE [a; b] :
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B mpocreiimux ciydasx 00JacTh CyIecTBOBaHus QyHKIUU | (x) MOX-

HO pa30UTh HA KOHEYHOE YUCIIO TPOMEKYTKOB BO3pAaCTaHUs U YObIBaHUS (PYHK-
1Y (TPOMEKYTKOB MOHOTOHHOCTH ). DTH MPOMEKYTKH OTPaHUICHBI KPUTHYC-

Ay CKMMH TOukamu X (rae f '(x) =0 wm xe
y=f(x,) f'(x) He cymectsyer).

Ecnu cymecTByer Takasi ABYCTOPOHHSIS
OKPECTHOCTb TOYKU X, , UTO JJIs BCAKON

TOYKHU X # Xo ATOM OKPCCTHOCTHU UMCCT MC-

CTO HEPAaBEHCTBO | (x) > f (x 0), TO TOYKA

X, Ha3bIBaeTCs TOUYKOM MUHMMYyMa (QyHKIIUU

y= f(x) , @ YUCIIO f(xo) — MHHAMYMOM
byukun y = f (x) AHaJIOrU4HO, €CIIU AJI BCAKOW TOYKH X # X| HEKOTOPOU
OKPECTHOCTH TOYKH X| BBINOJHACTCS HEPABEHCTBO f (x) <f (xl), TO X Ha-

3bIBAETCS TOUKOM MakcuMyMma QyHKIHHA ) = f (x), a f (xl) — MaKCHMyMOM

¢bynkuun. Touka MUHUMYyMa WM MakCUMyMa (DyHKIIMHM Ha3bIBAETCS €€ TOUKOU
HKCTPEMYMA, & MUHUMYM HJIM MAaKCUMYM (PYHKIIMM — 3KCTPEMYMOM (YHKIUU.

Ecmm x, — Touka skcTpeMyma QyHKIUH f (x), To f '(xo) =0 wnmm xe

f '(x 0) HE CYIIECTBYET (He0oOX00umoe ycosue cyuecmeos8anus IKCmpemyma).
OO6paTHOe yTBEpKICHHE HE BEPHO: TOUKHU, B KOTOPBIX [ '(xo) =0 wm

f '(x 0) HE CYIIECTBYET (Kpumuyeckue mouku), He 0053aTeTBHO SBISIOTCS
TOYKAMH IKCTpeMyMa QyHKIuu | (x)

Jlocmamounbiii npuznax cyujecmeogarusi U OTCYyTCTBUS IKCTpEMyMa He-
pepbIBHON QyHKIMH [ (x) CJIEIYIOLIUI: €CIIU CYLIECTBYET TaKask OKPeCT-

Hocts (x, — 8, X, +8) KkpuTHueckoi Touku x,, uto f'(x)>0 mpn
Xo,—8<x<x, un f'(x)<0 mpn x, <x<x,+8, To X, — TOUKa MaKCH-
MyMa (QyHKIIHH f(x); CCITH K€ f'(x) <0 mpu x,—d<x<x, W
f'(x) >0 mpu x, <x<x,+0, TO X, — TOUKa MUHUMyMa (QyHKIHN f(x)
Eciu, HaKOHEII, HAWIETCSA TaKOE IMOJIOKUTEIBHOE YKCI0 O, 4T0 f '(x) co-
XpaHseT HEeM3MEHHBIN 3HaK MpH X, —O < X < X, + O, TO TOYKa X, HE SBI-
eTCsl TOYKOU IKCTpeMyMa GYHKIMA | (x)

Haumenvuee (naubonvuee) snauenue HenpepbiBHON QyHKIMN [ (x) Ha
JTAHHOM OTpPE3Ke [a; b] JTOCTUTACTCS WJIM B KPUTHUYCCKUAX TOYKAX (DYyHKIIUH,

WIN Ha KOHI[aX OTpe3Ka [a; b] :

[Tpumep 1.1. HaliTu s3KcTpeMyMbl U UHTEPBAJIbl MOHOTOHHOCTH (DYHKIIUU
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y=x-4—5x.
Ob6mnacth cymectBoBanus: —5x >0 = x <0.
4Y  Haxoaum KpUTHYECKHE TOUKH:

0 1 5x
'=N-5x+x-———-(—5)=+-5x — -
/ Y ) 2= 5x
~10x-5x —15x 3-(-5x) 3 N
24/ —5x 2V=5x 2+/-5x 2

[Mpu x <0 ¢yHKIUSA BCeraa BO3pacTaeT U MPUHUMAET HAHOOJIbIIIee 3HAUCHUE
B KpuTH4ecKoi Touke x = 0: y(O) = 0.

Ve

[Mpumep 1.2. HaiiTu s5KCTpeMyMBbl U UHTEPBAJIbI MOHOTOHHOCTH (DYHKITUU

y=Y(x+1)2-x).

OO6acTh CyIIECTBOBAHUS: X € (— 00; + oo) .

Haxoaum kpuTH4eCKrE TOUKM:

. (2-x)°=2(2-x)(x+1) (2-x)(2-x-2x-2) —x

et 22— Y’ 2-x)

=0 = x =0,

)

y' He cymectByeTr = X, = —1; x3 = 2. Iloiy4nnu Tpu KPUTHYESCKHE TOUKH.

x [(-o -1 -1 (-1 0) 0 (0; 2) 2 (25 +oo)

y' + HE CyII. + 0 — HE CYIII. +

Yo 7 max ™~ min e

li (x)= [i =+4o0; [i
x_fgioy (x) x_fgio%/(xﬂ)z(z_x) e -
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2y lim y'(x) = lim y’(x) = 400,

x—1-0 x— 140

b OHUIIMCHT KacaTeabHOH, TOTIpH X =—1 u
3 y X =2 KacarenbHas K rpaQuky QyHKIHuH
> mepneHauKyspaa ocu Ox.

y(=1)=0; »(0)= 4, ¥(2)=0.

| |

| |

: : Tak Kak y'(x) =k, rne k — yrioBoi Ko-
| |

| |

|

—1

O

[Tpumep 1.3. Haiitu riryOuHy OTKpBITOro O0acceiiHa ¢ KBaapaTHBIM THOM U

3
o0beMoM 256 M~ Takoro, YToObl Ha OOJIMIIOBKY €r0 CTEH U JiHA MOIIO Hau-
MEHbIIIee KOJIMYECTBO MaTepuasa.
[Tycth a — cTopoHa KBajpaTa OCHOBaHUs, /i — riyOuHa Oacceiina;

a’h=256 = a2=§, azﬁ, h>0;
h Vh
S=S60K+S0Ha=4ah+a2:4-£-h+§=64«/ﬁ+§=F(}z);

Jh h vh
64 256 32 256  32hY*-256 2(113/2 - 8),

“odh i NE R %
TN L F'(h) =0 = hV?=8, h=4 [lpu h=4 Benuuuna
~ 4'1 7 " F (h) =S Oyzner HauMEHBIIEH.

F'(h)

[pumep 1.4. JIBe mpsiMble skene3Hbie noporu A4, u BB nepnenaukyisp-

HBI IPYT K apyry u nepecekarorcs B nynkre C, npuuem AC = 800 kM u
BC =700 xm. I3 nyaktoB 4 u B 1o Hampasiienuto Kk C  0JJHOBpEMEHHO
BBIXOJISAT JIBA MTOE371a CO CKOPOCTSMHU cooTBEeTCTBeHHO 80 kM/4 m 60 km/u.
Yepes CKOIBKO YacoB MOCIE OTIPABICHUS PACCTOSIHHE MEXKTY MO€3/1aMu OyIeT
HaUMEHBIIUM ? y
OTMEeTHUM IOJIOKECHUE TI0E3]I0B B MOMEHT 4 I

1

t>0 toukamu K u M.
AK =80t; BM =60¢; b =80 kat/
CK = AC — AK =800 — 80¢: Ade¢ M
CM = CB - BM =700—-60¢; x4
2 _ 2 2 _ v, =60 KM/4
(KM)™ =(CK)" +(CM)”" = 2
= 2 2, & & *—> X
=(800—80¢)” +(700—60¢)"; KM mu- C Y e s

HUMAJIbHO, €CJIN MUHHUMAJIbHA BCJINYMHA

(KM)? = F(t) = (800 — 80¢)° + (700 60¢)*;
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F(t) = 2(800 — 80t) : (— 80) + 2(700 — 601) : (— 60) =
= —128000 + 128007 — 84000z + 7200¢ = 200007 — 212000 = 0; ¢ =10,6;
T~/ !~= 10,6 — Touka MuHUMYyMa QyHKIEH F' (t) Yepes 10,6

~ 10' 6/' 4acoB IOCJIe OTIPaBICHUS pACCTOSTHUE MEXTY MToe31amMu 0y-
’ T HAUMEHBIIIHM.

2. ACUMIITOTHBI

Ecnu Touka (x; y) HETPEPHIBHO MEPEMEIIACTCS M0 KPUBOH y = f (x)
TaK, 4TO XOTS ObI OJTHA U3 KOOPJAUHAT TOYKU CTPEMUTCS K OECKOHEUHOCTH, U
IIPU 3TOM PACCTOSIHUE TOUKH OT HEKOTOPOU MPAMON CTPEMUTCA K HYJIIO, TO 3Ta
npsiMasi Ha3bIBAETCS ACUMNIMOMOU KPUBOM.

Ecnu cymecTByeT 4uciao a Takoe, uto [lim f (x) = 00, TO MpsIMast
xX—>a

X = a SBIAETCA aCUMIOTOTOM (8epmuKanvHas acuMnmoma).

flx
Ecu CYLIECTBYIOT KOHEUYHBIC IPEAECIIbI lim ( )
XxX—>4o0o X

:kll/l

lim [ f (x) - klx] = b, Tonpsamas y = kyx + b; Oyner acumnToToit (npasas
X—> 400

HAKJIOHRHAA acwwnmoma).

flx
Eciu cylecTByIOT KOHEUHbIE TIpeaeabl  [im ( ) =k, u
xo-0 X

lim [ f (x) - kzx] =b;, Tonpsamas y = k,x+b, Oyzner acumnroroi (resas
x—>-2

HAaKIOHHASL ACUMNIMOMA).
I'paduk pyaknuun y = f (x) HE MOXXET UMETh 00JIee OJTHOM TIPaBOM U

0oJiee OTHOM JIEBOIT aCUMOTOTHI.

[Tpumep 2.1. Haiith acuMOTOTHI U HOCTPOUTH Tpaduk GyHKIIMU
3 cos(x - 1)

x—1
OOnacTh CylIecTBOBaHUS: X # 1.

NieM BEpTUKAJIBHBIE ACUMIITOTHI.
DyHKIMS UMEeT pa3phiB B TOUKEe X = 1, T.K. B HeW (QYyHKIUS HE OmpeiesicHa.

y=2x+

3 —1 .
i (22000} 5 3y e
x—=>1-0 x—1 -

3 —1 .
lim (2x+MJ=2+£=2+oo:+oo;
x—=>1+0 x—1 +0

CIIEZIOBATENBHO, X = | — BepTHKaIbHAs aCHMIITOTA.
UiieM HaKJIOHHBIC aCUMIITOTHI B BUjae ) = kx + b.
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= [im =0.

X—>too x—l

AV / _
:V/ k= Ilim @ = [lim l[2}6 +MJ =
I 7 x—>too X xX—>too X x—1
\V/
'// =2+0=2; bzxﬁziqw[f(x)—kx]:

// = [im {2x+w—2x}:
O / N xX—*ow x—1
’\ 1 X 3cos(x—1)

Cre10BaTeNbHO, MPH X —> £ 00 CYIIECTBYET aCHUM-
nTora ) = 2Xx.

2x2 -9

[Ipumep 2.2. HaiiTu acHMNTOTHI U MOCTPOUTH rpaduK GQyHKIUH Y = > .
x° -1

OO0acTh CyIIeCTBOBAHUS: xZ-1> 0; xZ > I, x>1 n x<-1.

2% -9 C2(-x)* -9 2x*-9

e O o e T e

x° =1

CJIEIOBATENIbHO, JaHHasl (PYHKIUS YETHAsL, U MOKHO MOCTPOUTH €€ rpaduk
TOJIBKO MPH X > 1, a 3aTeM OTPa3uTh €ro CAMMETPHYHO OTHOCHTEIHHO ocu ().

: 2%%2-9 2_-9
\\%\\ I RO lim = — o = x=1]-
Wl 5, =140, 21 +0
\\% : Y BepTUKalIbHas acumnrora npu x — 1+0.
N / Iycts x —> 1+ 00,
{ 2
| ( ; X : 2x° -9
I\\ //| k: llm f( ): lzm X =Y
! N/ : R X—>+ X X—>+00 5., X2 1
-1/ 1 >
i//\\\: ’ ) 2 9 2_%
: X -
/I/ ! = lim = [im X __19
: : \ X—>+00 2 1 X— +0 1
an 1R X l-— 1-—
/ 1B . x
// : | \\ 5
! ; .1 2x7 -9
/ ! \ b= lim [f(X)—kx]: lim |:\/27_2x:|:
X+ x40 A2 _q

%2 —9_2x. /xz—l (2x2—9)2_4x2(x2—1)

X—>+00 x2 —1 X—>+00 X2 . 1(2)62 — 940y /x2 . 1)
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an2
_ lim 32x° +81 o

X400 4 / 1 9 f 1
X - 1——2(2——24'2 1——2j
X X X

[Ipu x —+ o0 momyyaem acumnToTy y = 2x. ['paduk manHOW QyHKIIHMH TTe-

pecekaeT ocb Ox Tmpu 2x2-9=0, T.e. BTOUKAX X =+——.
V2
[Tpumep 2.3. Haiitu acuMOTOTHI M MOCTPOUTH Tpaduk HyHKIIHH
x> —2x%=3x+2
4—x?
OO6macTh CyIIeCTBOBAHMS: 4-x2%20 = x#2u x#-2.

y:

B roukax x; =-2 m X, =42 (yHKIUSA TEPHOUT Pa3pbIB, T.K. B HUX OHA HE

omnpeeeHa.
X7 =2x"-3x+2 —-8-8+6+2
lim > = = +o0;
x—>-2-0 4 x —0
X0 =2x*-3x+2 -8-8+6+2
lim = = —o0;
x—>—2+0 4 — 2 +0
| Y X =—2 — BepTUKaIbHAs aCUMIITOTA.
| ox-2xt3x42 8-8-6+2
U lim 5 = = —o0;
\\: x—>2-0 4 —x +0
AN X -2x7-3x+2 8-8-6+2
N lim = = 400;
N2 x—2-0 4 — x2 -0

X =2 — BepTHKaJIbHAs aCUMIITOTA.

|
]
|
]
]
]
=2, X
| S > HaxyioHHBIE aCUMIITOTHI ITPU X —> £ 00 UIIEM
: AN BBUge:. y=hkx+bh.
| BL\\\\\\ f(x) xP—2x% —3x+2
| *xe\\ k= [lim = lim 5 =
: x—>two X xX—tw x(4_x )
2 3 2
li - ; _ x_2 x_3 ! 1 b= 1i kx
x—>*oo 4 1 -1 x—)ioo[f( ) ]
— -
X

(X —2x? = 3x+2 =274 x+2
= lim +x| = lim = 2.

x—>to0 4_x2 X—>to0 4_x2

[lpuy x —t oo momydaem acUMITOTY y = —X + 2.
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3. HAIPABJIEHUE BOI'HYTOCTHU. TOYKHU NNIEPEI'MBA

ToBopst, uto rpaduk quddepeHnupyemoit pyHkmun y = f (x) 802HYM
6HU3 Ha UHTEpBAJe (a; b) (60eHym 66epx Ha UHTEpBAIC (al; bl)), eCIi TIpH

a <x < b pyra kpuBoil pacronoxeHa HHXe (M1 COOTBETCTBEHHO IIPU
1y a; < x < b; BbIIIe) KacaTeIbHOH, IPOBE-

JICHHOM B JIFOOOM TOYKE MHTEpBaja (a; b)

(unm uHTEpBana (al; bl)). JlocTaTOuHBIM

YCJIOBUEM BOTHYTOCTH BHU3 (BBEPX) Ipa-
buka y = f (x) SIBJISIETCS BHITIOJIHEHUE Ha

COOTBETCTBYIOILEM UHTEPBAJIEC HEPABEHCTBA
f'(x) <0 (f’(x) > O).

Touka (xo , f (xo )) , B KOTOPOH N3MEHSIET-

Csl HANpaBJIEHUE BOTHYTOCTU rpaduka QyHKIUH, Ha3bIBACTCS MOUKOU nepeuda.
Jlist abermccesl Touky neperuba x, rpaduxa GyHkmuun y = f (x) BTOpas
npousBogHas f "(x 0) =0 wm f "(xo) He cymiecTByeT. TOUKH, B KOTOPBIX
f "(x) =0 wm f ”(x) HE CYILECTBYET, HA3LIBAIOTCS KPUMUYECKUMU MOYKA-
mu 2-20 poda. Kputnueckas Touka 2-ro pojga X, SBIsgeTcs aOCHUCCON TOYKU
nepern6a, ecau  f "(x) COXpaHsIeT MOCTOSHHBIC 3HAKH B HHTEPBAIax
X,—-0<x<x, u X, <x<Xx,+0d, rie 0 — HEKOTOPOE MOJIOKHUTEIHHOEC

YHCII0, IPUYEM 3TU 3HAKH IIPOTUBOIIOJIOKHBI, U HE ABJIAETCS TOUKON neperuda,
ecu 3HaKu | "(x) B YKAa3aHHBIX BBIIIE NHTEPBAIaxX OJUHAKOBBI.

H[)I/IMCQ OHpCI[CJ'II/ITB HHTCPBAJIbl BOTHYTOCTH U BBIITYKJIOCTH, a4 TAKXKXC TOYKH

2
X

nepernda KpUBo y =e
2 2
Umeem: y'=-2xe " ; "= (4x2 — Z)e_x . IIpupaBHSB BTOPYIO IPOU3-

BOJIHYIO K HYJIIO, HAUJEM KPUTHYECKHE TOUYKU BTOPOTO poja:

1 1

X; =——F=, X, =——=. OTH TOYKH pa30MBaIOT BCIO 00JACTh CYLIECTBOBAHUS

V2

byHKIIUN (— w; + oo) Ha TPU UHTEpBAJA.

1 | | 1

o e Bl L el B LA
0

y” _|_ 0 .

y N neperuo M neperuo W
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1
[lonyunnu: KpuBast BOTHYTa BBEPX IIPH  x ¢ (_ 0 — Lj u Xe (— + oo)

> \/5 \/5,

| 1
Y BOTHYTA BBEPX MPHU x e( j Touku (i—; —j — TOYKHM meperuoa.
NeaG V27 Ve

4. IOCTPOEHUE I'PA®UKOB ®YHKIUU MO
XAPAKTEPHBIM TOYKAM

[Tpu noctpoenuu rpadguka pyHKIUU CIEYET, MPEKIE BCEr0, HAUTH 00-
JacTh CyIIECTBOBAHUS 3TOM (YHKIIMHU U BBIICHUTH NOBeIeHHE (DYHKIIMU Ha rpa-
HUllE ee 00JacTu cyuiecTBoBaHus. [lose3H0 Takke nmpeaBapuTeabHO OTMETUTD
HEKOTOpbIE 0COOEHHOCTH (PYHKIIMHU (€CIIU OHU UMEIOTCS): YeTHOCTb, IEPUOINY-
HOCTb U T.[I.

Jlanee Hy>KHO HaliTU TOYKH pa3pbiBa, ACUMIITOTHI, TOUKH SKCTpPEMyMa
byHKuun, Touky neperuda u T.4. HaiiieHHbIe 371eMEeHTHI TO3BOJISIIOT BBISICHUTh
oOmuii xapakrep rpaduxa GyHKIIHH.

[Tpumep 4.1. [IpoBecTu moJIHOE UCCIEAOBAHUE U TOCTPOUTH TpaduK HyHKIIHH

y=x-3 (x + 2)2
OO0acTh CyIIECTBOBAHUS: X € (— 00; + oo).
y(x) * y(— x) = (yHkIus ob1IEeTO BUAA.

Tak kak (pyHKIMS onpeaeseHa Ipu BCEX X, Wy HEE HET TOYEK pa3pbiBa, TO
BEPTUKAJIBHBIX aCUMITOT HET. HakiIOHHbIE aCUMIITOTBI IIPA X —> 1 00 HILEM B

Bujge: y = kx+b.

\/ X+ 2
= [im = [im \/ x+2 = +00, CJI€0BATEIbHO, HAKJIIOHHBIX

xX—>too xX—>*too

ACHUMIITOT TAKXe HET.
UccnenyeM GyHKIMIO IO MEPBOM MPOU3BOTHOM.

2 - 3(x+2)+2x
y'=[x-3(x+2)2}:(x+2)2/3+x-—-(x+2) V3 _ (3 ) 5x+6.
3 xX+2 Ix+2
=0 = 5x+6=0, x=-1.2;
y' mecymecteyer = x+2=0, x=-2.

x |[(-o -2 -2 (— 2; — 1,2) —12 | (-12; +x)

y' + HE CYIII. - 0 +




Y max min

Vmax = y(— 2) = 0 (xacaTeybHas B 3TOW TOYKE MEepHEHANKYIsApHA ocu  Ox ).
| Va Ymin = y(_ 1’2) = _1’2 ) 3V 0’6 ~ _1’06
: (kacarenbHas B 3TOM TOYKE Mapauieib-
| Ha ocu Ox).
: I/Iccnez[yi:M (GyHKUHIO IO BTOPOM Mpo-
| U3BOJIHOM.
—21 —-12 O X Syt 6
_2’4I I - " _ X + _
L <7106 Y _[ 22/3]_
| -1,30 (x+2)
|
1
! 5-x+2-(5x+6)-
3 2
3. (x + 2)
3 (x+ 2)2
C15(x+2)—(5x+6)  10x+24
3(x +2)¥x +2 3-3/(x+2)4 '
y"=0 npu x=-24; y" HecymecrByer npu x = —2.
x | (oo —24) -24 (-24; -2) -2 (-2; +oo)
y" - 0 + HE CYILECT. +
y M eperuo W o

Vnepecusa = V(= 24) = =24-3(-24)> = -130;  y(0)=0.

[Tpumep 4.2. IlpoBecTu moJiHOE UCCIEAOBAHUE U MOCTPOUTH Tpaduk HyHKIIMU
~ (2x + 1) ?

a x+2/)

OO0nacTh CyIIeCTBOBAHUS: X # —2.

y(x) * y(— x) — ¢yHKIUS 00IIeTo BUIA.
X =—2 — TOuYKa pa3phiBa, T.K. B HCH (PYHKIIHMS HE OMpe/IeiICHa.

C(2x+1\E (441’ o (2x+1) (4+1)?
lim =|——| =+ox; lim = —| =4
x—>2-0\ X + 2 -0 x—>2+0\ x + 2 +0

= x=2 — BCPTHUKAJIbHAA aCUMIITOTA.

HaxToHHBIC aCUMIITOTHI MPU X —>+ 00 HIIEeM B Bujae: y = kx +b.
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2
k= lim @z lim l(ﬂ) - 0;
x>t X x—>tox \x+2
2
_ 4,

2x+1)

x+2
[lpu x — t oo momydaem acummnrory y = 4.

b= lim [f(x)-kx]= lim (

x—>*oo X—>*oo

HccnenyeM QyHKIHIO TTO TIEPBOIA MPOU3BOTHOM.
' (2x+lj 2x+2)—(2x+1)  6(2x+1)
a x+2

(x+2)?  (x+2)7
=0 = 2x+1=0, x=-05;
y' He cymectByer = Xx=-2.

(_ ©; - 2) (_ 2, - 0,5) —05 | (-05 +o)

y' + — 0 +
[ Yy
I
I
I
|
______ H S
|
I
I \o,44]
~21 | X
]70,5 0,25 -
Y min

Vomin = y(— 0,5) =0.
HccnenyeM QyHKIHIO IO BTOPOI TPOU3BOIHOM.
‘. 2(x+2)* =3(x+2)° - (2x+1)
(x + 2)6 -
6. 2(x+2)—3(2x+1) 3 6(1—4x)_
. (x+2)*  (x+2)*
y'=0 = 1-4x=0;, x=0,25

"

y"" He cymectByer = X =-2.

"

y:

X 0,25




(- =2) | (=2 029) (025; +)

y” + + 0 —
Y > U neperuo M
2
L5 4
ynepezu6a = y(0’25) = (2’25j = 5 ~ 0,44.

[Tpumep 4.3. IlpoBecTu MoJIHOE UCCIEAOBAHUE U MOCTPOUTH Tpaduk HyHKIIMU

ex—3

x—3

OOunactb cymecrBoBanus: x —3#0; x # 3.

y(x) # y(— x) — ¢yHKIMSA 0011IeTO BUA.

B Touke Xx =3 QyHKIHSA TEPIUT pa3phIB, T.K. B HEH OHA HE OINpeeIicHa.

y:

x-3
. e

lim = —00,

x—>3-0x—3

3 = X =3 — BepTUKaJbHAS ACHMIITOTA.
ex

lim = +00

x—3+0x — 3

Hak/toHHBbIC aCUMIITOTHI MIIIEM B Buje: ) = kx + b.

1) x > oo,
[
_ x=3 _
. f(X) . e~ 3 . (e ) . e* 3
k= lim —= lim ——= lim ————= [im ——=

x—=+0o X x>+ x< —3x x>+ »H x40 2x — 3

(x —3x)
[
= [lim ——= [im —— =400, cnenoBaTeIbHO, IPU X —> +00

X—>+00 (2x—3) x—>+0 2

HAKJIOHHBIX aCUMIITOT HCT.

2) x > —0,
x-3
k= lim Mz lim c = 0 =0;
xX—>-© X x—>—-ox< —3x +©
x=3
. 4. € _
b B lez/loo[f(x) B kx] B xil)’iloo X — 3 O,

npu X —> —o0 moiaydaeM acumnroty y = 0.
HccnenyeM GyHKIHIO TTO TIEPBOI MPOU3BOTHOM.
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’ (ex—3] ex—3_(x_3)_ex—3 s x=3-1 s x—4

y = = = = e . ,
x—3 (x—32 (x—3)2 (x—3)2

y'=0 = x—4=0, x=4; y' HecymectByer = x=23.

x | (o 3) | (3 4) 4 (45 +)

y' - - 0 +

y | o> | >N | mn | —

Vmin = y(4) =e~ 2,72
HccnenyeM pyHKIMIO IO BTOPOH TPOU3BOIHOM.

s X4 o (1-3) —(x-4)2(x-3)

y =e +e - =
(-3 (r-3)
-3 2
&3 X2 Tx+12-x+5 € -(x —8x+17) "
= > = 3 ;o =0
-3 w3 (=-3)
/\y | "
: y"" He cymectByer = X =3.
|
|
: X (—o0; 3) (3; +oo)
e f--b-N Nz - "
, >
Y S : 4 oy N )
|
: -3 1
| _e _ ~
y(0)= =— ~ —,02.
| ©) -3 3¢?
[Tpumep 4.4. IIpoBecTu MOJHOE UCCIIEAOBAHUE U TOCTPOUTH TpaduK HyHKIIMH
xX+6
y=lIn -1
X
+6
OO0acTh CyIIeCTBOBAHUS: i > (.
X
x>0, x<-6. — — —

dyHKIMs 0011IeTo BU/IA.
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, x+6
lim |In —l|=—-0 = x=-6 — BepTUKaJbHAas aCUMIITOTA.
x—>—6—0 X

, x+6
lim | In —1|=40 = x=-0 — BepTUKaIbHAs aCUMIITOTA.

x—>—+0 X
HaktoHHbIC aCUMIITOTHI MIIIEM B Bujae: ) = kx + b.
xX+6
In -1
k= lim ﬂz lim —*— =0;
x—>to X X—> =t X
b= lim [f(x)-ke]= lim [lnx+6—1}: -1
X—>Foo X—> =t X

[lpy x — t oo momydaem acummnrTory y = —l.
HccnenyeM GyHKIHIO TTO TIEPBOI MPOU3BOTHOM.

x | (=0 —6) (0; +oo) ’ e rere 6 6

' Yy = : = = 0.
4 - N x+6  x? x(x +6)
y S~ S~ DKCTPEeMYMOB y ()YHKLUU HET.

HccnenyeM pyHKIMIO IO BTOPOM TPOU3BOIHOM.
_ —(x+6+x) 6(2x+6)  12(x+3)
y =-0 = = ;

xz(x+6)2 xz(x+6)2 xz(x+6)2

y"'=0 = x+3=0; x=-3 — He BXOAUT B 00JIaCTh CYLIECTBOBAHMSI.

a
: x | (- -6 (0; +o0)
|
: yH _ +
| Y N
—6, O g
________ _|___-_____§_—L—_
-1 Touek nepernba Her.
+
lnx 6—1=O = x= 6 :

|

|

|

[

: X e—1
|

|

|

HuTerpanbHoe ucuuciaeHue GyHKIUM OJHOM NEepeMEeHHON
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1. HeompeneneHHbIl HHTErpaJl

Ilepsoobpasnoil gynxyuen nius GyHkuua f(x) Ha3piBaeTcs Takas (yHKIUS

F(x),aro F'(x)=f(x).

Heonpeoenennvim unmeepanom ot Gynkium f(x) HazpIBaeTcs ee oOmas

nepBooOpaszHas

ff(x)dsz(x)+C .

Oynkius f(x) Ha3bpIBaeTCA MOJABIHTErpaibHOM (PyHKIMen, F(x) — pe3ynbrar

uHTerpupoBanusi, C — IpOU3BOJIbHAS IOCTOSTHHASL.

Ceoticmea HeonpeodeeHH020 UHMe2paa:

1. j(u(x) + v(x))dx = ju(x)dx + jv(x)dx.

2. jA - f(x)dx=A- [ f(x)dx, roe A — nocrosiHHasL.

3. Ecom jf(x)dx:F(x)+C uu=qp(x), T jf(u)duzF(u)+C.

Tabauya npocmetiuux uHmMe2paios:

1. jdx=x+C.
xn+1

2. [x"dx = +C,(nz-1).
n+1

3 [P 1 C.
X

4, jaxdx _4
Ina

5. [sinxdx=—-cosx+C.

dx xX—a
=—1In +C,(a#0).
sz—az 2a x+a ( )

+C, [e'dx=e"+C.

7.j d); =tgx+C.
cos” x
8. | _d;c =—ctgx+C.
sin” x
9. j\/i—arcsm +C.
1 X
10. j s =—arctg—+C .
x*+a* a a

11.
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6. [cosxdx=sinx+C. 12. |

%:1nx+\/x2+A‘+c,(A¢0).
x“+ A

OcHogHble Memoobl UHMeZPUPOBAHUSL:
1. [TonBenenue noj 3HaKk auddepenmnuana:
a) K QpyHKIMHU, cTOSIIIEeH Mo 3HAKOM JuddepeHimana, MOKHO TPUOABIATh

WJIM BBIUUTATH JIO0YI0 mocTossHHYI0: df (x) =d(f(x)* A);

0) moxa 3HaK auddepeHnuaia MOXHO MOABOIUTh MOCTOSHHBI MHOKUTEIIb:

&) = d (4 £(0);
B) mnona 3Hak AuddepeHnnrana NOABOAMUTCS (PYHKUUS MO MPaBUILY:
J'(x)dx = df (x).
2. lHTerpUpOBaHuE 10 YaCTsIM C UCIIOIB30BAaHHEM (DOPMYJIBL:
fudv =uv— fvdu , e u=u(x),v=v(x).
C TOMOIIIBIO ATOTO METO/1a BEIUUCIISFOTCS CIICYIONUE HHTETPAITbI
a) [a® - P,(x)dx, u=PF,(x), dv=a’dx.
6) [sinax- P,(x)dx, u=P,(x), dv=sinaxdx.
B) [cosax- P,(x)dx, u=F,(x), dv=cosaxdx,
r) [Inax- P,(x)dx, u=Inax, dv=P,(x)dx,
) f arcsinax - P, (x)dx, u=arcsinax, dv=P,(x)dx,
e) [arctgax - P,(x)dx, u=arctgax, dv=P,(x)dx,
rae P,(x)— MHOroO4JIeH 7-0OM CTEIEHHU.

3. MHTCTpHpOBaHUE METOIOM 3aMEHBI IIEPEMEHHOM 110 hopMmyIie

[fx)dx =] f(p®)dpt) =] f(p)¢'(t)dt, rne x =(t).

Ilpumep évinonnenus 3adanus.

Haiitn HEOTIPEAETIEHHBIE UHTETPAJIBI:
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. \2 3
jlaresiny) X o) X ar ) [Gr+ 4)e¥dr.
V1-x? —4x+3

Pewenue.
a) UCIIOJb3ysl OCHOBHBIE CBOMCTBA HEOIPEEICHHOTO WHTErpaja U BBITIOIHSS

nojaBeAeHue GyHKUMM O] 3HaK AuddepeHnnana, HailieM HHTerpa

J(arcsmx) X J(arcsmx) ot |
V1—x? V1-x* V1
LA
= [ (arcsinx)’ d(arcsinx) + [ (1 - x*) 2 d(%) =

1

= j(arcsinx)zd(arcsinx) + (— %jf(l - Xz)_id(l -x%)=

1

22
3 —%-¥+C=%(arcsinx)3 —N1-x* +C.

2

1 .
= —(arcsinx
3 )

[TpoBepuM pe3yapTaT HHTErPUPOBAHUS TUPPEepeHIMPOBAHUEM:

(%(arcsinx)3 —N1-x* +Cj =

1
= % -3(arcsinx)? - (arcsin x)’ — %(1 —x?) 21-x})'+C'=

B (arcsinx)2 2 0= (arcsinx)2 + X

Ji=x? 1=+ Ji—x?

YTO COBIAJIACT C MOJBIHTErPaTbHON (HYHKITUCH.
0) monsIHTETpanbHasT (QYHKIUS TPEACTABISIET COOOM HENMPaBUIBHYIO paIuo-
HaJIbHYIO Jpo0b. [IpencraBum 3Ty npoObh B BUAE CyMMBI MHOTOWICHA U Ipa-

BUJILHOU I[pO6I/I. I[J'I?I 9TOTI'O BBIIIOJIHUM ACJIICHHC MHOT'OYJICHA HAa MHOT'OYJICH:
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x> =17 ‘x2—4x+3

x> —4x? +3x ‘x+4

4x* —3x-17
4x> —16x+12
13x-29
Torna
3 J—
f—x 17 dx = f(x+4+—i3x 29)d fxdx+f4dx f—?x 29 dx =
—4x+3 x“—4x+3 —4x+3
2 J—
:x—+4x+f—i3)C 29 dx.
2 x°—4x+3

JI71st TOro 4TOOBI HAWTHU MOCIAEAHUN UHTETPa, IPEICTaBUM MPABUIBHYIO APOOH

B BUJIE CYMMBI ITPOCTEHIIUX JIpoOeid. J[Jist 3TOro pas3inokuM Ha MHOKHUTENN 3Ha-
MeHaTenb Apobu x> —4x+3=(x—1)(x—3) ¥ pasnokuM ApoOb HA IPOCTEi-

e

13x-29 _ A4 B _A(x-3)+B@x-1
(x=D(x-3) x-1 x-3  (x=D(x-3)

3HauuT 13x—-29=A(x-3)+ B(x-1).

5

IIpu x=3 umeem 13:3-29=B(3—-1), otkyna B=35;

npu x =1 umeem 13-1-29= A(1-3), otkyna 4=8§.

[Tomyyaem [3x=29 _ 8 + > Y UHTErpUpyeM
7 (x-D(x-3) x-1 x-3 PPy
(x—-D(x—-3) x—1 xX—
:81n\x—1\+51n\x—3\+c
Y OKOHYATEJIBHO I10JIy4aeM
3 2

T =k SIny— 1+ Infx— 3]+ C.
x°—4x+3

[TpoBepum pesynbTaT g hepeHIIUPOBAHUEM:
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!

2
[%+4x+8ln|x—l|+1n|x—3|+C] :2—2x+4+i+ >

x—1 x-3

_ (x4 —Dx=3) +8(x =3) +5(x 1) _ x> =17
(x =D(x+3) x?—4x+3

YTO COBIAJIACT C MOJABIHTErPaTbHON (HYHKITUCH.

3ameuanue.

HuTerpan oT mpaBWIbHON paliioOHAIBLHON IPOOH CBOJUTCS K CyMME MHTETPAJIOB
OT mpocTermux apooei. Hanboee gacTo BeTpeyaroTcsl ClICAyIOMNE MHTErpa-

JIBI:

A A A
dx = Aln|x — C; =
‘[x_a X 1’1|)C (1|+ I(X—G)k (—k+1)

(k=23,..).

(x - a)_k+1 +C,

B) IPUMEHUM METOJO0M HHTCTPUPOBAHUS 10 YACTSIM.
1
IpumeMm u=3x+4, dv=e> dx, torna du=3dx, v= §e3x. ITo dhopmyne

HHTCTPHUPOBAHUA 110 HACTAM IIOJTydacM

WA

j(3x+4)e3xdx:(3x+4)%e3x —f%e“ 3dx = e>dx =

+4 |
:3X €3x—

. _e3x+C:3X+4—1e3x

+C=e*(x+1)+C.

[TpoBepum pe3ynbpTaT AuddHepeHInpOBaHUEM
@@ (x+D)+C) =3 (x+ 1)+ = (3(x+1) +1)=e*Bx +4),

YTO COBIAJAET C MOJbIHTErPabHON (YHKITUEH.

2. OnpeneeHHbIN HHTErpaJl

y Ecnu na miockoctu Oxy 3a1aHa
_ y=/1 ) ¢durypa, orpaHudeHHas IABYyMS
HETPEPHIBHBIMU JUHUSMH
S L y=h()
y=h), y=/fr(x) n BepTH-
! b
50




KAJIbHBIMU TPAMBIMU X =a, X =b, TO Tuiomaab S Takol PUrypsl MOXKET OBITh

BBIYHMCIIEHA 110 (popMyIie

b
S=[(fo(x) = fi(x))dx, e f>(x)> f;(x) Ha orpeske [a,b].

Ilpumep 2.1 Beruucaute mimomanbk (GUrypel, OTpaHUYEHHOW JIMHUSIMHU

y=x+4x, y=x+4.

Pewenue.
3ajlaHHbIC JIMHUM OTrPaHUYMBAIOT Ha IIOCKOCTH OXy KPHBOJIMHEUHYIO

Tparenuio, N300paKeHHYI0 Ha PUCYHKE.

y=x2+4x
y=x+4

Y

BN
A iy

Halinem koopauHaThl TOYEK IEPECEUCHUS 3aJaHHBIX JIMHUAM, I 3TOTO

peLINM CUCTEMY YPaBHEHUU

{y:x2 +4x

, x2+4x=x+4, x2+3x—4:0,0TKyna x=-4, x, =1.
y=x+4

Torma nckoMas mIonaab BEIYUCIICTCS 10 hopMylIe:

1 3x? x° 1
S:j(x+4—x2—4x)dx:j(4—3x—x2)dx: 4x—7—? =
-4 4

:4—§—l+16+ﬁ—ﬁ:20é (8. €0.).
2 3 2 3 6
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OObembl Tell, 00pa30BaHHBIX BpalleHUEM IUIOCKOH (UTYphl, OrpaHUYEHHOU

KpuBoi y = f(x)=0, ocbto Ox U IpSIMBIMU X =a , X =D,

b
1) Bokpyr ocu Ox, BeUUCHAIOTCA 10 hopmyiie V, =7 f FH(x)dx;

a

b

2) Bokpyr ocu Oy, BEIYUCISIIOTCS 10 popmyre V), = 27rjxf (x)dx.

a

Ilpumep.2.2 BpiuucnuTh 00bEMBI TEN, 0OPA30BAHHBIX BPAIIEHUEM BOKPYT OCEH

Ox u Oy KpUBOIMHEHHOTO TPEYTONFHNKA, OTPAHHIEHHOTO KPUBOH y =3/ X , OCBIO

Ox u npsimont x =1.

Pewenue.

y=3/x 1) 00BbeM Tena, MOTYyYEHHOTO BPAICHHEM

BOKpYT ocu Ox, paBeH

| %
V. :ﬂj(%)zdx:n% :% (ky6. €0.)
> x 0 >
3 lo

2) 00beM Tena, MOJIyYeHHOTO BpalleHrueM BOKpyr ocu Oy, paBeH

%1

1
v, zznjx-i/;dx:%rx— :67ﬂ(1<y6. eo.).
0

sl

DOYHKIHMU HECKOJIbKHUX NePEeMEHHbIX

[lepemenHast BeIMUMHA Z HA3BIBACTCS YHKYUel 08YX NePeMEeHHbIX X U ),

€CJIM KaKJIOW Tape 3HaueHuM (X,)) U3 JaHHOW 00JACTH COOTBETCTBYET €JIMHCT-

BEHHOE OIpeJIeNICHHOE 3HaueHne z = f(x,)).
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Jns pyskuuu z = f(x,y) BBOIATCS MOHSITHUS YACMHBIX NPOU3BOOHBIX TIEP-

BOT'O IIOPAAKA, KOTOPBIC OMPCACIIAIOTCA BbIPAXKCHUAMMU

O i LOFAN —fxy) oz JOoy+AY) = (%)
OX  Ax—0 Ax ’ 5)/ Ax—0 Ay ’

U 4aCMHBIX NPOU3B0OHBIX BTOPOTO MOPSIKA:

Pro(m) Pz O ofem) o) P s
ox>  ox\ox ox )’ 6y2 oy \ Oy

Ox0y - 0yox - ox 5 - oy

@ynkuus z = f(x,y) uMmeer B Touke M (xq,yy) Makcumym (Munumym),
€CJIM 3HaueHue 3ToW QyHKUMM B Touke M Ooible (MEHBIIE), YEM 3HAUCHMS
(GyHKIMY B J1000H TOUYKE U3 OKPECTHOCTH TOUKU M .

Heo0xoquMbIMu  yCTIOBUSIMH CYILIECTBOBAHUSL dKcmpemyma (MakCUMyMa

Wi MUHUMYMa) auddepennrpyeMoit pyHkuuu z = f(x,y) SBISETCA PaBEHCT-

BO HYJIIO €€ YaCTHBIX ITPOU3BOJHBIX IICPBOTO IIOPAAKA:

%z _,
ox
%z _qy
Oy

TO‘-IKI/I, B KOTOPLIX YaCTHBIC ITPOMU3BOJIHBIC 06pau1a}0Tc;1 B HOJIb, Ha3bIBa-

I0TCSL CIMayuoHapHuiMu moukamu QyHkuuu z = f(x,y). Jas Toro urobsl cra-

HHUOHApHAasd TOYKa ABJIAIACh SKCTPECMYMOM, B HEeH JOJIDKHBI BBIIIOJIHATBHCA ooc-

0%z 0%z 0%z
mamounvle ycaosus. Q0o03HauuM A=—— , B= : Sl
oxdy|, o>

2
ox M,

A=AC-B?.
Ecnu B ctanimonapHoii Touke M (xy, o)
A>0,4>0,T0 M, ecTb TOUKAa MUHUMYyMa,;
A>0,4<0,T0 M ecTb TOUKa MAKCUMYMA;
A <0, 10 BTOUKE M, HET IKCTPEMYMA;

A =0, To TpebyeTcs JOMOJHUTEIHHOE UCCICAOBAHUE.
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Ilpumep. Uccnenosarsb Ha AKCTPEMYM GyHKIHIO

Z:2x+4y—x2—y2+6.

Pewenue.

1. Haiimem yacTHBIE MPOU3BOIHBIC 3aIaHHON (DYHKITUU

%:Z—Zx, %:4—2y.

ox oy

2. 3anuiieM HeoOXOIMMBbIE YCIOBUS CYILIECTBOBAHUS IKCTPEMyMa
2-2x=0 x=1
= ,
4-2y=0 y=2
3HauuT Touka M (1;2) gBisieTcs CTallMOHAPHOW TOUYKON (PYyHKIUU.

3. IlpoBepuM BBITIOJHEHUE B TOUKE M TOCTATOYHOTO yCinoBHS. Jjisi 3TOTO Hail-
JIEM BTOPbIE YAaCTHBIE TPOU3BOAHBIC (QYHKIIMU
2
0%z 0z 0%z
il ] 0 ve_

- =0, 2.
5)(2 8x8y 6}/2

b

B touke M(1;2) A=-2,B=0,C=-2 u A=(-2)-(-2)-0=4. Ilockonbky
A=4>0,A=-2<0, touka M (1;2) sABisgeTCs TOUYKOM MaKCUMyMa. 3HaY€HUE

(yHKUIHH B 3TOM TOUKE Z|M=2-1+4'2—12—22+6=11.

OyHKIUS BYX HE3aBUCHUMBIX MEPEMEHHBIX z = f(X,)) NpUHUMAET Hau-
Oonpllee W HaMMEHblllee 3HAaYeHUd B oOnacTtu [, OrpaHUYEHHOW JIMHHUEH
¢(x,y)=0, 1060 B CTAlMOHAPHBIX TOUKAX, PACIIOJIOKEHHBIX BHYTpU 00JIaCTH
D, nu60 Ha rpaHuIe 3TOK 00JIaCTH.

3agada 00 OThICKAaHUM HaWOOJBIIETr0 ¥ HAMMEHBIIETO 3HAYCHUN (PYHKIIMU
z= f(x,y) B3amaHHOU oOnacTu D pemaercs no ciaeayoeMy IUaHy:

1. OnpenenseM cTalMOHApHBIE TOYKU (DYHKIIMU, PACIOJIOKEHHBIE BHYTPH 00-

JaCTHu D, W BBIYUCIISIEM 3HAUYCHU A (bYHKHI/II/I B OTHUX TOYKax.
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2. Haxonum cranudoHapHble TOUKM (YHKUMM Ha rpaHule @(x,y)=0 obnactu

WIM Ha OTIENBHBIX €€ Y4YacTKax, 3aJJaHHbIX Pa3IMYHbIMU YPaBHEHUSIMU, U BbI-
YUCIISIEM 3HaY€HUs (PYHKIUU B ATUX TOUYKAX.
3. 3 Bcex BBIYMCIEHHBIX 3HAYEHUN (PYHKIMU BbIOMpaeM HauOoJiblliee U HaW-

MCHBIIICC.

Ilpumep. Haittu Hambonbplliee W HAaUMEHbIIEE 3HAYCHUS  (PYHKIUU
z=x?+2xy—4x—y B TPEyroJbHUKE, OIPAHHYCHHOM IPAMBIME X =0, y=2,

y=X.

Pewenue.

1. Haitnem cranmoHapHsie TOUKH (GYHKIIMH U3 YCIOBUHN PaBEHCTBA HYJIIO Ya-

CTHBIX MPOU3BOIHBIX (PYHKITUU

oz

— =2x+2y—-4=

o xX+2y 0 x=05
oz < =15
= =2x-1=0 Y=h
oy

Crammonapnas Touka M (0,5;1,5) nexut

BHYTpH 3a7iaHHOU o0nactu OAB.

3HadeHue PyHKIUU B TOUKe M paBHO

v

2, =05"+2:05-1,5-4-0,5-15=-175.
2. Uccnenyem noBenenre GyHKIIMU HA TPAHHUIAX 00JIACTH:

a)Ha rpanune O4 y=x, 0<x<2, z=x’+2x-x—4-x—x wm z=3x>—5x;

z'=6x-5,z'=0 npu x:%,Toraa y:% (Tak Kak y=x).

2
55 5 5 25
B touke C| —;— | 3HaueHue GyHKIUM paBHO z| . =3 —| —5-—=——.
(6 6j byuuan pasio 2 @ 6 12

Boeruucnum 3nauenus pyHKIIMU B KpalHUX TOYKax oTpeska OA.
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B Touke O(0;0) Z| 0= 0, B TOuke A(2;2) 3Ha4YeHUE (PYHKIIUHA PaBHO
z,=3-22-5-2=2.
0) Ha rpanuie B4 y=2,0<x<2, z=x’+2x-2-4x—2 wm z=x"-2;
z'=2x,z'=0 npu x=0,a y=2 corjacHO ypaBHCHHIO MpsiMoii BA.
B Touxe B(O;2) 3Ha4YC€HHE (PYHKIIUU PABHO z| g=3" 0% -2=-2.
B) Ha rpanule OB x=0, 0<y<2, z=—y;
z'=-1#0 mpu Bcex ye€ [0;2], CJIEIOBATEIILHO, CTAIIMOHAPHBIX TOYEK HA

muauu OB Her.
3. V3 Bcex BBIYMCICHHBIX 3HAYEHUH 3aJaHHOM (DYHKLIHMH BbHIOMpaeM HauOOb-

mec U HAMMCHBIICC:

z| =2 — HauOoJIbIlee 3HaYeHUE (PYHKIIUU B 00JIaCTH
OAB
25
z| c= T — HauMeHbIIIee 3HaueHue GyHKuuu B oonactu OAB

JAunddepenunaibHbie ypaBHEHUA

Huddepennmaibapie ypaBHEHUs, B KOTOPBIX MEPEMEHHBIE MOXHO pasfe-
JIUTH TOCPEACTBOM YMHOXKEHHSI 00EUX YacTeil ypaBHEHUS HA OJHO M TO K€ BbI-

paxeHue, Ha3bIBalOT MU depeHITnaTIbHBIMI YPABHEHUSIMU C pA30eIOUUMUCS

nepemMeHHbIMU:
& _L(x) _
dx_fl(y)_)ﬁ(y)dy_fz(x)dx’ (1)
i B nuddepennunansHoi hopme
filx)- o (y)dx+ f3(x) fa(y)dy =0. (2)

Paznenum 06e yactu ypaBHeHus (2) Ha IPOU3BEACHUE PYHKIUN

L(9)55(x)

) 4y=0 @)
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U, MOCJIe UHTETPUPOBAHMUSI, TTOTYUYHUM OOIIMI UHTETpall (00Iee pellieHne) ypas-

HCHMUA:

J%dx + J—d? Ey) ly=C.

2)’)

[Ipu nenenuu Ha f, ( y) f3(x) MOXET MPOUZ0UTH MOTEPS] HEKOTOPBIX YACT-
HbIX pemeHuil. IlycTs, Hanpumep, npu y =y, umeem f, ( yo) =0, Toraa ¢pyHK-
s y =), ABIAETCA pelieHneM ypaBHeHus (2'), T.K. dy =dy, =0. Pemenuem

MOJKET Take ObITh (PYHKIUS X = X, €CIIU f3 (xo) =0.

Ilpumep. Haittu o6muit maTerpan auddepeHnanibHOro ypaBHEHUsT TIEPBOTO

mopsizka x(y +1)dx — (x2 + l)ydy =0.

Peuwenue:
Hannoe nuddepeHnaibHOe ypaBHEHUE SIBISICTCS YpaBHEHUEM C pa3Jielisio-

HIUMHUCS IIEPEMEHHBIMU, IpuyeM S1()=x; fL()=y+]

f3(x) = x2+1; f4(y)=—y. Pazgenum o0e 4yacTu ypaBHEHHs Ha IPOU3BEACHUE

L (v) (%) =(y+1)(x2 +1)

H I10JIy4YUM

xdx  ydy
= =0.
x“+1 y+l1

[IpounTerpupyem nocieaHee paBeHCTBO

2= J(l‘ﬁjdy ¢

x“+1

UCIIOJIB3YS MOJIBEACHUE MO 3HaK nuddepeHiuana
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IZ (x2 )Idy+I do+l)_ .

y+1

MOJIy4rM OOITui uHTerpan AuddepeHInaIbHOr0 YpaBHEHUS
1
Eln‘xz +1‘—y+ln|y+1| =

Ipu nenenuu Ha f,(y)=y+1 morepsiHo yacTHOE peureHue: y =—1.

Huddepennmanbioe ypaBHEHUE TIEPBOTO TOPSIIKA
V+p(x)y=q(x), (3)
JMHEHHOE OTHOCUTENLHO UCKOMOW (DYHKIIMU U €€ MPOU3BOJHOM, Ha3bIBACTCS
JIUHEUHBIM.
VYpaBHenue (3) cBOAUTCS K JBYM YPAaBHEHHSIM C pa3AeNSIOMIUMUCA Tepe-
MEHHBIMH CJICAYIOIIMM 00pa3oM. 3amuiineM HCKOMyro (YHKIUIO y(Xx) B BHJE
pou3BeNIeHUs IBYX (PYHKIUH: y = u(x)-v(x). Opna u3 3TuX QYHKIUA MOKET

OBITh A0COJIFOTHO IMPOM3BOJILHOM, a BTOpass ONpEACseTcs B 3aBUCUMOCTH OT
MIEPBOM TaK, YTOOBI UX IIPOU3BEACHUE YAOBICTBOPSIO YpaBHEHHIO (3).

W3 paBenctBa y=u-v HaxoauM ) =u'-v+u-v'. Torma B COOTBETCTBHUE C
(3) mmeeM u'v+uv' + p(x)uv=g(x) wm u'v+u(v'+p(x)v) =¢(x). Beibepem

B KauecTBe V(X) Kakoe-HUOYJb YaCTHOE PEIICHUE YPABHEHUS

V+p(x)v=0, 4)
TOT/1a JI OTBICKaHUA u(X) MOJYy4YUM YpaBHEHUE
u'v=q(x). (5)

Haiinem v(x), pa3aensis nepeMeHHbIe B (4):
& = —P(x)dx, oTkyzaa Inv = _IP(X)dx uv= e_Ip(x)dx :
v

3Has v(x), Hailnem u(x) u3 ypaBHeHuUs (5):
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%v = q(x) = du= ejp(x)dxq(x)dx, TOor/Aa U :jq(x)ejp(x)dxdx+ C.
X

OO1mee pernieHue JIMHEHHOTO ypaBHEeHUS (3) UMEET BUJT

y=uv= e_Ip(x)dx [IQ(X)ejp(x)dxdx + C} .

Ilpumep. Haiitu obmiee pemenne auddepeHnanTbHOrO ypas-

HCHMsI TIepBOro mopsiaka y' —2y =1.

Pewenue.
3anuiieM uckomMyro GyHKIHUIO y(Xx) B BUJIE TPOU3BEICHUS IBYX (QYHKIIHA:
y:u(x)-v(x),Torz[a yvi=u'-v+u-v,
Y TI0JICTAaBUM TIOJIYYCHHBIC BHIPAXKCHUS B 3a/IaHHOE YpaBHEHUE
uv+u' —2uv=1.
BriaeceM 3a ckoOkH u(x)
u'v+u(v'=2v)=1
U, IPUPABHUBAS K HYJIIO BBIPAKEHHE B CKOOKAX, MOJYYUM U PEIIUM JBa JAUQ-

(dbepeHIMaTbHBIX YPAaBHCHUS C Pa3ACISIIOIIUMUCS ITePEMEHHBIMU

Vv =2v=0 u'v=1

Vv dx
Inv=2x du = e > dx
y=e* U= je_zxdx,

1 —2x 1 —2x
u=——|e “d(-2x)=——e " +C
2-[ (-2x) 2

3anumieM obIiee pernieHue 3agaHHOro auQdepeHIMaIbHOTO YPaBHEHHS B

BHUAC

y:uv:(—le_zx +Cj-ezx, WJIH y:—%+Ce2x.
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HuddepennmnanbHoe ypaBHEHUE BUA

V'+ay' +ayy = f(x) (6)
HA3bIBACTCS HEOTHOPOAHBIM JIMHEHHBIM ypaBHEHHEM BTOPOTO MOpSAKAa C IO-
CTOSIHHBIMU KOA((ULIMEHTAMU @) U a, .

OOGl1iiee pelleHre 3TOro ypaBHEHHsST y =) + ), Iie y — 00liee pelieHune co-
OTBETCTBYIOIIETO OJHOPOIHOTO YPAaBHEHUS;, )* — YaCTHOE PELICHUE YPAaBHEHUS
(6). AuddepenunaibHoe ypaBHEHUE

Vit+ay'+ayy=0 (7)
SIBIISIETCS. OJTHOPOAHBIM UM HA3bIBACTCS COOTBETCTBYIOIIMM HEOJHOPOIHOMY

ypaBHeHHto (6). OOiee pelnieHre OJHOPOAHOTO ypaBHeHHs (7) HaxoAsAT IO

KOPHSIM XapaKTEPUCTHYECKOTO YPaBHEHUS
r? +ar+a, =0.
XapaKTepuCTUYECKOE YPaBHEHHE MOKET UMETh TPH CITydasi IUIsl KOPDHEH 7 | 7 :
1) kopnu xapaxmepucmuuecko2o ypasHeHus OelcmeumesbHble U paz3iuy-
Hble: 1} #71,. B 3TOM ciydae oOiiee pemenue ypaBHeHus (7) 3amuchbiBa-
erca B Buge y=Ce™ +Cye™, tne C,, C, —pOU3BOJILHBIE MOCTOSH-
HEIE;
2) KOpHU Xapakmepucmuyecko20 YPasHeHus OeticmeumenbHvle U PAGHble:
1 =r,. B aTOM cilydae obuiee pemenue ypaBHeHus (7) 3amuchIBaeTCs B
Buge y =™ (C, + Cyx), rae C,, C, —IPOU3BOIBHBIC IOCTOSHHbIC;
3) KOpHU Xapakxmepucmuiecko2o ypasHeHuss — KOMNIEKCHbLEe CONPINCEHHbLE
uucna Hy=axf-i, B#0. B aTom ciydae obluee pelieHre ypaBHEHHs
(7) samuceiBactcs B Bume y=e” (CycosPBx+C,sinfx), rIe

C,, C, —1IpOU3BOJIbHBIE [IOCTOSIHHBIE.
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YacTHOe pelicHre )  HEOTHOPOIHOr0 ypaBHEHHUsS (6) MOXeT OBITh HaiaeHO

METOJIOM HEOIpeAeNeHHBIX KO (UIIMEHTOB B 3aBUCUMOCTH OT BHJa MPaBOi
YacTH ypaBHEHUS f(X).

epsvuii cayuaii. Hpasas yacts ypasaenus (6) umeer sun [ (x)=P(x)e™,

rae P(x) — MHOrowieH. Toraa ypaBHeHue (6) UMEeT YaCTHOE PEUIEHUE BUA

k
y =x"0(x)e™, (8)
rae O(x) — IOIHBIA MHOTOYICH TOM e CTeleHH oT x, uto u P(x), Ho ¢ Heol-

peaeneHHbIMU KO3 ULIMeHTaMU;

k = 0, eciin 4nucaO m HE SABIAETCA KOPHEM XapaKTEPUCTUYECKOTO ypaBHE-
HUS;

k =1, eciiu 4uciIO m ABISETCS MPOCTHIM KOPHEM XapaKTEPUCTUUECKOTO
ypaBHEHUS;

k =2, ecnu 4ucio m ABISIETCS IBYKPAaTHBIM KOPHEM XapaKTEpPUCTUUECKOTO
ypaBHEHUSI.

[IpaBusno coxpansier cBoto cuiay u npu m = 0, korga f(x)=P(x) — MHOTOUJIEH.
Heonpenenennubie k03¢PUIMEHTH B MHOTOYJIEHE Q(x) ONPEAEISIOT MOA-
CTaHOBKOW (pyHKIMH (8) M ee MPOU3BOJHBIX B ypaBHEHUE (6) C MOCIEAYIOMINM

pUpaBHUBAHKEM KOA(D(UIIMEHTOB IPU OJMHAKOBBIX CTEMEHAX X B 00€MX yac-

TAX YPABHEHHS.

Ilpumep.Haiitu yactHoe penierune nudhepeHnaisHOT0 ypaBHEHUS BTOPOTO

IopAAKa, YAOBJICTBOPAIOIICC 3alaHHBIM Ha4aJIbHBIM YCIIOBHAM:

V'=3)y' —dy=4x-1 y =2, )| _,=3

Pewenue. XapakrepucTuueckoe ypaBHEHHUE r?—3r—4=0 umeer 1sa pas-

JTUYHBIX JEUCTBUTEIBHBIX KOpHS n=-1,r=4, CJIEIOBATEILHO,

[IpaBas 4acTh YPaBHEHHS UMEET BU/]I
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f (x) =4x—-1= (4x — 1) -e*, rne m=0 W He ABNAETCS KOPHEM XapaKTEpPUCTH-

4eckoro ypaBHeHMs. Torja uacTHoe pemieHue npu k=0 wHmEeM B BHJE
* 0 0 * ! * "
y' =x"-(Ax+B)-e" = Ax + B, (y ) = A, (y) =0. Ilocne NOACTaHOBKH B

muddepeHImanbHOe ypaBHEHNE TTOTydaeM
0-34-4(Ax+B)=4x-1;
—-34-4A4Ax—-4B=4x-1,
—4A4-x+(-34-4B)=4-x+(-1);
X' —44=4; A=-1
x’: 34-4B=-1, —4B=-1+34=-4, B=1

YacTHBIM pemicHreM sBisieTcss Qyukuus y = Ax+ B=-1-x+1=1-x. O6-
UM penenueM siserca GyHkuus y=y+y = Ce " + Cze4x —x+1.
HarineM 3Hauenne koHcTant C;,C, U3 HAYaIbHBIX yCJIOBHW. 11 3TOro om-
penemnm ' =—Cie " +4C,e™ —1.
Torma y| _,=CG+Cy+1=2, {Cl =0,
y|._,=-C+4C,-1=3, (CG=L

4x

W cKOMBIM YaCTHBIM pellIeHuEeM sBisieTcsl QyHKUUs y =e ~ —x +1.

Ilpumep.Haiitu yactHoe penierue nudhepeHnaibHOT0 ypaBHEHUS BTOPOTO

IopAAKa, YAOBJICTBOPAIOIICC 3alaHHBIM Ha4aJIbHBIM YCIIOBHAM:

' —
o =3

" ' 2
V'=4y'+dy=e”, y| _ =2,

Pewenue. XapakTepucTU4eCKOe YpaBHEHUE r? —4r +4=0 umeer JIBYKpar-
HBII KOPEHb 7} =2, CIIENOBATEIbHO, ) = e (Cl + sz). [IpaBas yacTh ypaBHe-
HUSI UMEET BUI [ (x) =e”, m=2 sBngercs ABYKpaTHBIM (k =2) KOpHEM Xa-

PAKTCPUCTHYCCKOI'O YPAaBHCHHA, TOI'Ia YaCTHOC PCIICHNC NIIICM B BUJIC
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Vv =x?- 4™, (y*), =x%-24e™ +2x- Ae** =2A€2x()€2 +x),

4

(3') =44e™ (&7 +x)+24¢™ (2x+1) = 4™ (47 +8x+2).
ITocnne moacTaHOBKU y* U e MPOM3BOJHBIX B UCXOAHOE MU dhepeHInaIb-

HOE YpaBHEHHE MOJTy4aeM

A (47 +8x+2) 4247 (x7 + x) + 44 X7 =€,

Aezx(M+§x+278§[>8x+M):e2x,

24e* =™,

® 2x 2
YacTHbIM penieHueM sBIAeTCS PyHKIUA ) —Ee - x”.

OO61mum peleHnemM ABJISIETCS byHKUIHS

* 1
y=y+y =e*(C +C2x)+582x X%

Harinem 3Hauenne koHcTant C;,C, U3 HaYaIbHBIX yCJIOBHH. 11 3TOro oIn-
penenuM IpOoU3BOHYIO
Y = e (2C; +2Cyx+Cy ) + e (x2 + x) ,

Y TOJIYYUM CHCTEMY YPABHECHUHW JJISI ONPENCIICHUS 3HAYECHHN MPOU3BOJIBHBIX
KOHCTAQHT
—'.Cc =2, C =2
HNig=e"G=2, =
0
v =2+ Cy)=3, Cy=-1

_ 1
VICKOMBIM pelLIeHHEM SIBIseTcst GyHKIHS y =y + y° = e”* (2—x)+ Eezx X7

Bmopoii  cnyuau. IlpaBas dyactb ypaBHeHuss (6) wuMeeT BHI

f(x)=acosnx+bsinnx.

63



Ecnu yucna tin He ABISAIOTCS KOPHAMHU XapaKTEPUCTHYECKOTO YPAaBHEHUS,

TO
y" = Acosnx + Bsinnx.

Ecnm yucna tin ABISIOTCS KOPHAMH XapaKTEPUCTUYECKOTO YPaBHEHHUS, TO

YaCTHOE PEIICHUE UMEET BHI
y" =(A4cosnx + Bsinnx)- x.

B yacTHBIX ciydasix, Korja a Wik b paBHO HYJIIO, pelieHrne BCE paBHO HAJI0 MC-

KaTh B YKa3aHHOM OOIIIEM BHJIE.

Ilpumep.Haiitu yactHoe penierue nudhepeHInaibHOTO ypaBHEHUS BTOPOTO
MOPSJIKA, YAOBJIECTBOPSIONIEE 3aJaHHBIM HaYaJIbHBIM YCIIOBUSIM:

1
87

!

. 1
V'+4y +13y=>5sin3x, y| = Y. =7

Pewenue. XapakrepucTuueckoe ypaBHEHUE r? +4r +13=0 umeer KOpHU

)  4+4* 413 4436 -4+6i 543
1,2 = - - I
: 2 2 2

_ )
Torna y =e " (Cjcos3x + C,sin3x).
Uucna +3i He ABIAIOTCS KOPHAMHU XapaKTEPUCTUYECKOTO YPAaBHEHHS, T10-

ATOMY

y* = Asin3x + Bcos3x,

(y* )' =3Acos3x —3Bsin3x,

"

(y* ) =-94sin3x —9Bcos3x.

HOI[CTaBJ'IHeM y* " €C IIPOU3BOJHLIC B UICXOAHOC YPABHCHUC U I10JIYy4acCM

—9A4sin3x—9Bcos3x +4(34cos3x —3Bsin3x)+13(Asin3x+ Bcos3x) =C,
(44-12B)sin3x+ (4B +12A4)cos3x =5-sin3x + 0-cos3x;

0| —

3

sm3x:4A—JZB:5} A=

f— .
B=-2>
8

cos3x: 4B+124=0
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OO6ee perieHrne ypaBHEHHUS UMEET BUJT
y=e"*(C cos3x +C,sin3x)+ %sin3x 3 cos3x.

Harinem 3Hauenne koHcTtant C;,C, U3 Ha4YaIbHBIX yCJIOBHN. 11 3TOro om-
penenuM IpOU3BOHYIO
"= 272" (C cos3x + Cy sin3x) + e > (=3C; sin3x +3C, cos 3x) +
y = 1 X 728 X e 151 >Xx 7 COSIX

+§cos3x+25in3x
8 8

M 3allMaieM CUCTCEMY ypaBH€HHﬁ A1 OIIPCACIICHUA 3HA4YCHUU IMPOU3BOJIbHBIX

KOHCTAaHT
31
Hy=e(€cy0)-2=t
! 31
Vg =726 (G +Cy-0)+¢°(G 043G + 2=,
=131
§ 8 2
1

312 8) 8

HckoMbIM perieHreM sBisieTcs PyHKIus

y=e (%cos3x + %sin3x) +%sin3x —%cos3x.

Pann1

Cmenennbim psioom HA3BIBAIOT Pl BUAA

o0
a +a1(x—a)+a2(x—a)2+...+an(x—a)n+...:Zan(x—a)n,
n=0

©)

PacCIOIOKEHHBIN 110 CTENEHSIM JIBYYIeHa (x — a).
B cootBerctBuu ¢ Teopemoit AbGens psa (9) cxomutcs Ha WHTEpBaje

XE€E (a —R,a+ R) , @ U BCEX X, JISKAIINX BHE 3TOTO MHTEPBAA, P PACXOIUT-

cs. Uncio R Ha3bIBAIOT paouycom cxooumocmu CTeneHHoro psana. Ha xonmax
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uHTepBana (pu x=a— R v npu x =a+ R) BONpoC 0 CXOAUMOCTH U PacXou-
MOCTH JAaHHOTO PsiJia PEIIAeTCs] MHAUBUIYAIBHO JIJISl KaXKJI0I0 KOHKPETHOTO Psi-
Ja. Y HEKOTOPBIX PSAOB MHTEPBAI CXOAUMOCTH BBIPOXKIAeTCs B TOUKY (R =0),
y IPYTUX OXBaThIBAET BCIO OCh Ox (R =0).

CornacHo nmpusHaky [lanamOepa paguyc CXOAMMOCTH ONPEAEIAOT 10 (Hop-

MyJie

R=lim|- %2, (10)

n—o|dy, 4|

Ecnu Bocnionbe3oBarscs npuzHakom Komu, To

R=lim .

» .
n—>»0 /an

Ilpumep.HaiiTu vHTEpBaAI CXOAUMOCTH PsAJia U UCCIEIOBATH €0

o0 n

CXOOUMOCTDB Ha KpasiX HHTCpBajla —
n=11" 10

Pewenue.

Pannyc cxogumoctu onpenenum mo popmysie (10):

1

. |a . |(n+1)-10"" ‘
R=1lim|—"|=1im (n+1) —=
n—o|d, | n—>00 n-10"" ‘ n—o n n—»0

10-limn—+1:10-lim(1+l):10.
n

Ha xoHmax wHTepBasia: mnpu x=-—10 [OJydMM 4YHUCIIOBOM  psiA

0 (_ 1 O)I’l o0 (_ 1)}’1 .
E = E , KOTOPBIU ABJIACTCA 3HAKOYCPCAYIOIMMUMCA U CXOAUTCA I10
n- 10n n=l1 n
n:l =

teopeMe JlelOHuUIla, TaK KaK €ro 4jieHbl YObIBAIOT MO aOCOJTIOTHOM BEJIMYMHE

1 1 .1 o
I>=>=—>... u lim—=0. [Ipu x=10 moaydyuM rapMOHUYECKUN PS]I Z—,
n—o n n=1

KOTOpBIN pacxoautcs. Takum 00pa3om, JaHHBIN CTEIEHHOUW PsiJi CXOIUTCS TPH
x €[-10;10).
OcHOBHBIE 2JIEMEHTApHBIE (DYHKIIMN UMEIOT MPOCTHIE PA3JI0KEHHUS 110 CTEICHAM

X, KOTOPBIC ITPCACTABJICHBI HUXKC!:
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I 21 3! n!
3 5 7 2n-1
siny=>-2 42 1 (—l)n+1 al + ‘v’xe(—oo,oo),
o3 s 7 (2n—1)!

X X x x oyl X B
COSX = TRVTRRPTIT ( 1) (2n)!+ ‘v’xe( oo,oo),
(1+x) :1+ﬁx+m(m_l)x2+.. +m(m_l)"'(m_n+l)x”+...Vxe(—l,l)
2! n!
2 3 4 5 n
In(1+x)=x—"— %_% %_ +(_1)”—1%+... vxe(-11),
305 7 2n-1
arctgx:x—%+%—7+...+(—1)n_1;n_ +... Vxe(—l,l].

[Tpu mpuOIMKEHHBIX BBIYMCIICHHUSIX OMPEEICHHBIX UHTETPAIOB TpeOyeTcs
Pa3NOXUTh MOJIBIHTErPATBbHYIO (DYHKIIMIO B CTETICHHOM P, KOTOPHIN B Mpejie-
JaXx WHTEpBaja CXOAUMOCTH MOXET ObITh MOUYJICHHO MPOMHTErpupoBaH. Mc-
nosib3yst hopmyny Hetorona — JleliOHuila, onpeaeieHHbId UHTETPal BBIYUCIIS-
IOT KaK YaCTUYHYI CYMMY IOJYYarOLIErocsl YUCIOBOroO psaaa. Ecim psan 3Hako-
YepenyIoIUicsa, TO TOYHOCTh MPUOIMKEHHBIX BBIYUCICHUN HE MPEBOCXOIUT

MIEPBOTO U3 OTOPOIIECHHBIX YJICHOB.

Ilpumep. BpraucinTh onpeaeaeHHbll nHTErpain ¢ ToyHoctbio 10 0,001 myrem

Pa3oKEeHUs] TOABIHTErPAIbHONM (YHKUHMHM B P U MOWIEHHOTO MHTErPHPOBA-

b

HUS 3TOTO psiaa: I
0

sin x
dx.

X

Pewenue.
Hcnonb3yeM pasiokeHue B psI I PYHKIMKM Sin X M IMOACTABHM €TI0 B ITOJIbIH-

TErpajbHOE BBIPAKEHUE
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0,5 in 51 2n-1
J‘S xd :J'_x_x_+_ +(_)n+1 X _
) X o X 31 5! (2n—1)!
0,5 2 .4 2n-2
:J S +(-1)"! al dx =
n 31 5! (2n—1)!
35 1 2l 05
= x ==+ =+ (-1 +.. =
313 515 (2n-1)!(2n-1)
N SR S +(—1)"+1 ! +..~
2 2313 2%515 2" N 2n-1)1(2n-1)

~0,5-0,0069 + 0,00005 = 0,5 —-0,0069 ~ 0,4931~ 0,493.

B BbIuMCIIEHUSX TIPUBEACHBI MEPBBIC TPU YJICHA PSAa C COXPAHEHUEM 4Ye-
TBIPEX 3HAKOB MOCJIE 3aISITOM, TaK KaK 3aJaHHas To4HOCTh coctanisier 0,001.
Tpetuii wieH psjga oTOPOIIEH, TaK KaK OH MO BEJIMYUHE MEHbIIE 3aJaHHON
TOYHOCTH (O, 00005) <0,001. B oxoHUaTeIbHOM pe3yJbTaTe MPOBEJACHO OK-

PYTJIEHHE 10 TPEX 3HAKOB IOCIIE 3aIATOM.
Teopust BeposiTHOCTEH

IIpy KJIaccHYECKOM OIPEAEIECHUN GEPOAMHOCMb cOObIMuUs ONPENEIAeTCs
PaBEHCTBOM

P(A)=mj/n,
/1€ M — YUCIIO 3JIEMEHTAPHBIX UCXOJ0B UCIIBITAHUH, OJIArONMPUSITCTBYIOIIMX I10-
SIBJICHUIO COOBITUS A, n — 00IIee YUCIIO 3JIEMEHTAPHBIX UCXO/I0B UCIIBITAHHUS.
Yucnom couemanuti N3 | 31€MEHTOB IO k Ha3bIBAIOT KOJIMYECTBO KOMOMHAIUH,
COCTaBJICHHBIX M3 / 3JIEMEHTOB IO A, KOTOpPbIE OTIMYAIOTCSA XOTSA Obl OJTHUM

yjieMeHToM. Hucio coueTanui

|
ch=— 1t
k(1 - k)!

Ilpumep. B smuke umeercs 15 neraneit, u3 kotopsix 10 okparmenusix. Coop-
UMK HayJla4yy U3BJIEKAET TpU JAeTanu. HallTh BEpOsITHOCTh TOTO, YTO U3BJICUECH-

HBIC JCTAJIM OKAXYTCA OKPAIICHHBIMHU.

68




Pewenue:
a) 00IIIee YHCIIO BO3MOXKHBIX JIEMEHTAPHBIX UCXO0J/I0B UCIIBITAHUSI PABHO YUCITY

Croco00B, KOTOPHIMH MOXHO HW3BJIEYb TPU JETAIM W3 MATHAIIATH, TO €CTh
n= C135 ;

0) YMCIO HMCXOJOB, OJArONMPUATCTBYIOUIMX HHTEPECYIOUIEMY HAc COOBITHIO,
PaBHO YHCIY CIOCOOOB, KOTOPHIMHA MOKHO BBIOpATh TPU OKPAIICHHBIX JIETad
u3 10, To ecTb m = Cfo;

B) MUCKOMasi BEPOSATHOCTh PaBHA OTHOLIEHUIO OOIIEro YMciia UCXOAOB K YHUCITY

6J'IaI‘OHpI/I$[THBIX HCXO0O0B

10!
m Ciy, 37 lot120 7.8.9.10.121 24
no C Uoo7rst 712013014415 91

31121

Ilpumep. B naptuu u3 10 geraneit umeetcst 7 ctanaapTHbix. Haynauy otoOpa-
HBI 5 netasiei. OnpeaeuTh BEpOSITHOCTh TOTO, UTO CPeu OTOOPaHHBIX JeTalen

POBHO TPH CTaHAAPTHBIX.

Peuwenue:
a) 00I1Iee YHCIIO BO3MOXKHBIX JIEMEHTAPHBIX UCXOJ/I0OB UCIIBITAHUSI PABHO YUCITY

croco0OB, KOTOPHIMHM MOXHO U3BJIE€Yb ISTh JE€Talel U3 JECSITH, TO €CTb
n= CISO;

0) HalileM YUCII0 UCXOJI0B, OJaronpUATCTBYIOIIUX UHTEPECYIOEMY HAC COOBI-
TUIO (Cpear OTOOpPaHHBIX ISITH JIeTajeil pOBHO TPU CTaHAAPTHBIE): TPU CTaH-
JapTHBIE JIeTald MOXKHO BBIOpaTh M3 7 CTaHAAPTHBIX JeTalien C73 crocobamu;

Py 3TOM OCTalbHbIe (5—3=2) AeTalu NOHKHBI ObITh HECTAHAAPTHBIMHU, KOTO-

pbie MOXHO BbIOpaTh U3 (10—7=3) HecTaHAApTHBIX JA€TaNeil, UMEBIIUXCS B Map-
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TUH, C32 criocobamu. CrieaoBaTeIbHO, YUCIO OJIArONMPHUSTCTBYIOMIUX UCXOJI0B
2

m=Cs-Cs;

B) MCKOMasi BEpPOSITHOCTh paBHA OTHOIIECHHUIO OOIIETO YHciia MCXOJ0B K YUCITY

6J'IaI‘OHpI/I$[THBIX HCXO0O0B

71 3
m C% -C32 3141 2111 745451 A 4.5.5 5!
no C ! 2141100 2. 4. 71.8.9.10 4-8-10
515!

:é =0,375
8

BeposiTHOCTh COOBITHS A, KOTOPOE MOKET HACTYNUTh JIUIIb MPU TOSIBICHUU

OJHOrO M3 HECOBMECTHBIX cOObITMH (runores) H,,H,,..,H,,

00pa3yromux
IIOJIHYIO TPYIIILY, PaBHA CYMME IPOU3BEICHUN BEPOSTHOCTEN Ka)XJOM U3 TUIIO-
T€3 Ha COOTBETCTBYIOIIYIO YCIOBHYIO BEPOSITHOCTh COOBITHS A:

P(A)= P(H,)- Py (A)+ P(H,) By (A) +..ct P(H,) - By (A),
rne P(H))+P(H,)+...+ P(H,)=1.

[TpuBeneHnyto hopmyily Ha3bIBAIOT YOPMYN0LU NOIHOU 8EPOSMHOCTU.

Ilpumep. Nwmerorcs Tpu nmaptuu aetaneit no 20 geranei B kaxaou. Yucio
CTaHJIapTHBIX JAETAJEN B IEPBOM, BTOPOU U TPEThEN MAPTUAX COOTBETCTBEHHO
paBHo 20, 15, 10. U3 Haynady BEIOpaHHOM MApTUX HayAa4dy U3BJICUEHA AETAlIb.

HaiiT BeposSITHOCTB TOTO, YTO OHA OKaXKETC OpaKOBaHHOM.

Pewenue:
a) 0003HauuM uepe3 A coObITUE — B3ATas JeTajb IBIseTcS OpakoBaHHOW. MoX-

HO CJIeJIaTh TPU MPEATION0KEHN (TUIIOTe3bl): [ — AeTanb BbIOpaHa U3 epBOU
naptuy; f, — aeranb BbIOpaHa U3 BTOPOW mapTuu; /1, — neTans BeIOpaHa U3

TpeTbel nmapTuu. II0CKOIpKYy YMCI0 AeTaneil BO BCEX TPEX MAPTHUSAX PABHO, BeE-

POSITHOCTH T'HIIOTE3 PABHBI
1
P(Hl) :P(Hz) = P(H3) :g-
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0) yclioBHasi BEPOSITHOCTh TOTO, YTO JieTalb OyJeT OpaKOBaHHOM, €CJIM OHA B3S-

Ta U3 TiepBO mapun, Py (A) =0; ycnoBHasi BEpOSITHOCTb TOTO, YTO AETANIb OY-

. . 5 1
JeT OpakoBaHHOM, €ClI OHA B3sITa U3 BTOPOU TapuH, Py, (A) :2—0 :Z; YCJIOB-

Hasi BEPOSATHOCTb TOTO, YTO JIeTalb OyAeT OpakOoBaHHOM, €CIM OHa B3siTa U3

TpeThel napuu, £y (A)= % = % :

B) UCKOMasi BEPOATHOCTh TOTO, UTO BhIOpaHHAs HayJady JeTallb ABJIsSETCS Opa-

KOBAHHOM, HAXOAUTCS IO (POpMyJie TTOJTHON BEPOSTHOCTH

-0+

P(A) = %.

I 11
e—t ——
4 32

W | —

1
3

BeposiTHOCTh TOro, 4TO B HE3aBUCHUMBIX UCIBITAHUSIX, B KOXKIOM U3 KOTO-
PBIX BEpPOSITHOCTH TOsiBIIeHUs coObITUs paBHa p (0 < p < 1), coObITHE HACTYIIUT
poBHO k pa3 (6e3pa3nuyHO B KaKOW MOCIEIOBATEIBHOCTH), OMPEAETSAETC IO
dopmyne bepnynnu

P,(k)=C,p"q"™",
rie g =1—p — BEPOATHOCTH TOTO, YTO COOBITHE B KAXJIOM U3 UCIBITAHUN HE

IIOABHTCA.

Ilpumep. BeposiTHOCTh BCXOXKECTH ceMsiH MieHuIbl paBHa 0,9. KakoBa Bepo-

ATHOCTB TOI'O, YTO M3 YCTBIPCX IMOCCAHHBIX CCMAH BSOﬁHYT HC MCHCC TPCX.

Pewenue:

a) mycTh coObITHE A — U3 4 CeMsH B30IAYT HE MEHEe TPeX CeMsH; COObITUE B —
u3 4 cemsiH B30UAyT 3 ceMenu; coobiTne C — u3 4 cemsiH B3ouayT 4 cemenu. [lo
TEOPEME CII0KEHHS BEPOSITHOCTEN

P(A)=P(B)+ P(C).

0) BepositHoCTH coObITUH B 1 C onpenenum o ¢opmyne bepryrm:
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|
P(B)=P,(3)=Clp'q™? =—— 2 _.0,0%.(1-0,9)=0,2916,

- 31(4-3)!
P(C)=P,(4)=C;p*q**=0,9"=0,6561.
B) nckomas BeposiTHOCTE P(A)=0,2916+0,6561=0,9477.

Ecnan 4uciao noBTOPSIOMIMXCS UCHBITAHUI BEIUKO, TO ONPEIEICHUE BEPOSITHO-
ctu no dopmyne bepHymm 3aTpyaHEHO W3-3a TPOMO3JKOCTH BBIYUCICHUI. B
ATOM CJIy4ae MPUMEHSIOT MPUOTHNKEHHYIO (DOPMYITY, BRIPAKAIOIIYIO JIOKANbHYIO

meopemy Jlannaca:

£, (k)=

L o)
Jnpg

2
1 e 2 x:k—np

rae ¢(x) = Ton m :

3HadeHuss GQyHKUUH @(X) ONMPENEstoTCs U3 TaOJIULbl, TPUBEIECHHON B IIPUIIO-

KeHuu 1.

IIpr ManbIX 3HAYEHHAX BEPOATHOCTU p Ui BblUMCICHUA P,(k) NpUMEHSIOT

ACUMIITOTHYECKYIO ghopmyny Ilyaccona

k
Pn(k)z%-e_l, raec e=2,7182...; A =mnp.

Ota dopmyna ucnoaszyercs npuA <10, npuyeM yem MeHbIIE p U OOJbLIE 7,

TEM pe3yJbTaT TOUHEE.

Ilpumep. BeposSTHOCTb BCXOKECTU CEMSIH MILIEHUIBI paBHa 0,9.
Haiitu BeposiTHOCTH TOoro, yTo u3 400 MocessHHbIX CEeMSIH B30ii-

nyT 350 cemsH.

Pewenue.

a) w3 yciuoBus 3amaun  p=0,9;g=1-0,9=0,1;7=400; k=350. Torna
_350-400-0,9 10

X = =
\/400-0,9-0,1 6

~—-1,67;
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0) u3 Tabnuiel B ipuioxeHuu 1 Haxoaum @(—1,67) =¢(1,67) =0,0989 ;

B) UCKOMasl BEpOATHOCTh pPaBHA

1

1/400-0.9-0,1

P,,(350) ~ -0,0989 ~ 0,0165.

Ilpumep. Cpenu cemsn nmeHuubl 0,02% copaskoB. KakoBa
BEPOSITHOCTh TOTO, UTO TIpH ciydaitHom ot6ope 10000 cemsin

Oyner oOHapyXeHO 6 ceMsH COPHSIKOB?

Pewenue.
N3 ycnoBust 3agaun p =0,0002; n=10000;k=6. Torna A =10000-0,0002 =2.
Hckomast BEpOSITHOCTH paBHA

6
Pouo(6) z%-e_z z%.o,lm ~0,012.

Ecau BCPOATHOCTDb HACTYIIIICHHUA coObITHSA A B KaXXJI0M U3 n HUCIBITAaHUN MO-

CTOSIHHA M PaBHA p, TO BeposATHOCTb P, (k; <k <k,) Toro, uro coObiTHE 4 B Ta-
KHX UCIBITAaHUSAX HACTYNIUT HE MEHee k; pa3 u He Oonee k, pas, onpenemnsercs

110 MHTErpaabHOM Teopeme Jlamnaca popMysoi:

x2

B _x
Pk <k<ky)~— Je 2ax,

TIe o =

up= ,q=1-p.
\hpq npq

2
t
e %dt wmaseiBactcs ¢yukimeii Jlammaca. B mpuio-

O ey

1
OyHkuus O(x) =——-
N2m

KEHUU 2 AaHbl 3HaYeHUs dTor GyHkimu i 0<x<5. [lpu x>5 dynkuus

®(x)=0,5. IIpu oTpULIATEIBHBIX 3HAYCHUSIX X B CHJIYy HEUYETHOCTH (HYHKIIUU

Jlarmaca ®(—x) =—®(x). Ucnonb3ys ¢pynkiuto Jlannaca, umeem
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F(ky <k<ky,)=D(B)-DP(a).

Ipumep.IIpolieHT BCXOKECTU CEMSH MieHuIbl paBeH 90%. Halitu Bepost-

HOCTBH TOTO, 4TO U3 500 mocessHHbIX ceMsiH B30MIyT OT 400 10 440 cemsH.

Pewenue.
a) u3 ycnosus 3agaun p =0,9;g=1-0,9=0,1;n=500; k; =400; k, = 440.
400-500-0,9 ~440-500-0,9

~-7,45; = ~
\/500-0,9-0,1 P \/500-0,9-0,1

0) 13 TaOIUITBI B TIPUIIOKEHUHN 2 HAXOUM

D(~1,49) = —D(1,49) ~ —0,4319; D(~7,45)=-D(7,45)~-0,5.

-1,49.

Torma o =

B) HCKOMAasi BEPOSITHOCTh PaBHA

P,,,(400 < k < 440) ~ D(~1,49) — D(~7,45) =—0,4312+ 0,5 = 0,0681.
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