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AHATMTHYECKAs TeOMEeTPHUA
B npsmoyronbHON nekapToBoM cuctemMe KoopauHaT Oxyz TMOJOXKEHUE JI000H TOYKU

3a1a€TCS TPEMS YHCIIaMH — KOOPOUHAMAMU :A(x 1>V 452 A) (pucynok 1).

AZ
24 g
E-__- ----------- : A(xA,yA;ZA)
| IS, 4
A O v Va
X X4
Pucynok 1.

Paccrosuue Mexay maByms Toukamu A4 (x;,v,,z;) 1 4,(x,,v,,2,) onpenensercs mo

dbopmyie

d = =3) + (=) +(z=2) (1)
[Ipuy pemieHMM 3a7a4 AHATUTHYSCKOH TEOMETPHUH Ha TUIOCKOCTH HEOOXOIUMBI
CJICTYIOIINE CBEJICHUS O TPSIMOM JIMHUU:
1) ecnu Touka M(x, y) neaut otpe3ok M; M, (M;(x;; v;) u M5(x,; y»)) B OTHOLIIEHUU A,
TO KOOPJIMHATHI TOW TOYKH BBIPAKAIOTCS (hOPMYJIaMU

x|+ Ax, 1+ AY,
=, =, 2
* 1+A4 Y 1+ A4 @)

eciu ke Touka M(x; y) - cepenuna orpeska M;M,, To

x= TRy N7 ©
2 2
2) ypaBHEHHUE TPSMOU, MPOXOAAIICH uepe3 TOUKy M;(x;; y;) U UMEIOIIeH JaHHBIHI
yTJI0BOM KO (UIIMEHT A, 3alMUCHIBACTCS B BUJIE
y=y =k(x-x); @)
3) ypaBHEHHE TPSIMOM, MPOXOAIIEH Yepe3 JBe NaHHbIe TOUKU M;(x; y;) u Mo(xy,

V), AIMEET BU/T
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i W A 4 , IPY 3TOM kz—yz_yl; 5)
Xo =X Vo= Xy — X

4) ocTphIil yroia MeXIy ABYMs MPSMBIMU C yIJIOBBIMH Koddduimentamu k; u k;

onpeaesieTcs o hopmyiie

k2 _kl

, 6
1+ kK, ©)

1gp =

Opyd STOM YCIOBHE TNApaJUICNbHOCTA MPSIMBIX HMeeT BuUil k;=k,, a ycloBue

1

NEPIEHIUKYJIAPHOCTU k| = _k_;
2

(7)

5) ecnu npsiMasi Ha IUIOCKOCTH 3a7aHa oowum ypasnenuem Ax+By+C=0, to k; =——

- €€ YII10BOM KO3 (UILIUEHT;
6) ecnmu B 0OIIEeM ypaBHEHHMH MpPSMOUM MOJenuTh Bce wieHbl Ha C # 0, moaydum
YpaBHEHHE NPSIMOI B OTpE3Kax:

X y C C
_+_:1’ rea:——,b:——; 8
a b 8 A B ®)

7) Touka nepecedyeHus AByX Npsmbix 4,x+B;y+C;=0u A,x+B,y+C,=0 onpenensercs

U3 PELICHHS CUCTEMBI YPABHEHHIM

A2x+Bzy+C2:O ‘
YpaeHeHue OKpYotCHOCmu C LEHTPOM B TOYKC E(a,b) H paaunycom R wnwmeer BUI

(x—a) +(y-by =R>. (10)

Ilpumep. [1anbl Bepumnbl TpeyronbHuka ABC: A(—4;8), B(5;—4), (C(10;6).

Haiitu: 1) nnmuny croponsl AB; 2) ypaBHeHuUs: cTopoH AB u AC B 00111eM BUE U UX
yIao0Bble KO3(PGUUMEHTHI; 3) BHYTPEHHHH yroil A B paJMaHax C TOYHOCTHIO
no 0,01; 4) ypaBHenue BoicoThl CD B 00IIeM BUJE U €€ JUIMHY; 5) ypaBHEHUE

OKPY>KHOCTH, 11 KOTOpoi BbicoTa CD ecTh 1uamerp.

Pewenue:
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1) Paccrosinue d Mexay IByMsl TOUKaMH Ha IUIOCKOCTH omnpenensercs no gopmyne (1), B

KOTOPYIO MOJCTABJICHBI 3HAYE€HUSI KOOPAUHAT Touek 4 U B (monoxum z; =z, =0), Torna

AB=1(5-(=4)) +(~4-8) =81+ 144 =15.

2) YpaBHeHUE NPAMOI, MPOXOISIIEH Yepe3 IBE 3a/IaHHbIE TOYKU UMEET BU (5):

[ToxcraBuB B (5) KOOpAUHATHI TOUEK A U B, MOIy4uM ypaBHEHHE NPIMOn AB:

x—(-4)  y-8 x+4 y-38 x+4 y-38

5-(—4) -4-8 9 -12° 3 -4
3y—-24=-4x-16, wm 4x+3y—-8=0 (4B).

Jns HaxokaeHus yriioBoro kosdduimenta k,p npsMoll AB pa3pemuMm IMOTyYE€HHOE

4 8 4
ypaBHEHHE OTHOCUTEIBHO V: ) :—§x+§. Otcrona k45 :—g. [ToacraBuB B (hopmyny

x—(—4) :y—8

5) xoopauHaTel Touek 4 u C, HaiimeM ypaBHeHue 1ipsimon AC: ,
(5) xoop yp p 10-(4) 6-8

x+4 y-8 x+4 y-8
14 -2 7 ~1

>

Ty—-56=—x—-4 wm x+7y—-52=0 (AC).

Orcrona k- = —% .

3) Yroan mexay OByMs MpPSIMbIMH, YIJIOBble KO3(QQHUUMEHTHI KOTOPBIX paBHbI k; U ko,
onpeaensiercs o Gopmyne (6). Yron 4, o6pa3zoBanHblil npsiMmbiMu AB u AC, HaliieM 1o

(dopmyiie (6), moACTaBUB B Hee k| =k 45 = —g, ky =k, o= —%.

_1_(_4) 4 1 25

1 4 4 25 7
I+ - || - | 1+— —
7 3 21 21

/A =arctgl =45° ~ 0,79 pan.
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4) Tak xak BbicoTa CD nepneHANKYJIIpHa CTOPOHE AB, TO yrioBbie KOAP(HUIIMEHTHI 3TUX
MPSIMBIX CBSI3aHBI COOTHOIIIEHUEM (7), TOITOMY

1 1

kep =—"——= =
k45 _i
3

YpaBHEeHHE TIPAMOHM, NPOXOMSANIEH 4Yepe3 3aJaHHYIO TOYKY B 3aJaHHOM YIJIOBBIM

3
<

koaddurmenTom k Hanpasnenuu, umeeT Bug (4). [loncraBuB B (4) KOOpAWHATHI TOYKU

Cu kop= % , IOJIy4rM ypaBHEHUE BbICOTHI CD:

y—6:%(x—10), 4y-24=3x-30, 3x-4y-6=0 (CD).

s Haxoxaenus aiavabl CD onpenenuM KOOPAUHATHI TOUYKU D, pEIIMB CUCTEMY

ypaBHenuit (AB) u (CD):
4x+3y-8=0
{3)6—4)/—6 —0 otkyna x =2,y =0, Ttoectb D (2;0).

[ToacraBus B popmyny (1) koopaunatel Touek C u D, HaXOaUM:

CD =+/(10-2)% +(6-0)* =/64+36 =10.

5) Tak kak CD sBAsieTca TMaMETPOM UCKOMOW OKPYXHOCTH, TO €€ LIEHTp £ ecTh cepenHa
otpeska CD. Bocnionbs3oBaBmuch ¢popmMysnoi (3) neneHus oTpeska mornojam, moJydrM:

6+0
2 2

Xc+tXp

_10+2_6 _YctVp
2 2 ’

Vg 3.

Xg

D 1
CnepoBarenbHo, E (6; 3) u R:CT:?O:S. Ucnons3ys popmyny (10), momydaem

ypaBHEHHE UCKOMOMU OKPYKHOCTH: (X — 6)°+(y — 3)? = 25.

Ecnv wm3BecTHBI Ha4allo BEKTOpA Ml(xl, J’1a21) U KOHEI Mz(xz, yz,zz), TO

_)
KOOpAMHATHI BeKTOopa d = MM, HaxonsaTcs no popMysiam

X=Xy =X, V=Vy = V1, 2=27 — 21, (11)

a Cro AJIMHA OIIPCACIIICTCA BhIPAKCHUCM
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|Ei|:\/x2 +y2 +2%. (12)

BekTop @ ¢ koopauHaTamu (x, y,z) MO>KET ObITh MPEJICTABIEH PA3JIOKEHUEM 10 OPTaM B

BHUJIE
5=xf+y]+zl€. (13)
Ecmu o, B, y — ymibl, KOTOpble BEKTOp & o0Opa3yeT ¢ MOJIOKUTEIbHBIMU
HaAIpaBJICHUSIMU OCEW KOOpJMHAT, TO COSO, COSP, COSY Ha3bIBAIOTCA HANPAGIAIOUWUMU
KocuHycamu BeKTopa a (pucyHok 2). Torna uMeroT MECTO COOTHOIICHUS

x=ld|-cosa,y=l|d|-cosf, z=ld|-cosy, cos’a+cos’P+cos’y=1.

—_

JUI1 BEKTOPOB d =(x1, yl,zl) u b =(x2, yz,zz) BBOJATCA OIEPALUU ClIONCEHUA U

YVYMHOIMCEHUA Ha YUucmio TaKHue, qTo

ail;z(xlixZ,yliyz,ZliZZ) u lc_i:(/lxl,lyl,lzl),

rae A — Jr000€ YHCIIO.

INY

v

N.l
~.ly

Pucynok 2.

CkanapHulm npouszeedeHueM JIBYX BEKTOPOB a U b (ﬁ-b) Ha3bIBAETCSl YHCIIO,

paBHOE MPOU3BEIACHHUIO JUIMH 3TUX BEKTOPOB Ha KOCUHYC YyIrja (0 MEXIYy HUMH,

a-b =|&|-‘b‘-cos<p WM, €CITM BEKTOPHl 3aJaHbl CBOMMH KOOpJWHATaAMU, TO
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B CKTOpbI, JICXKAIIHUC Ha OI[HOﬁ WM  TIapaJllICJIbHBIX  IPAMBIX, HA3bIBAIOT

—

konnuneapuvimu.  llpu3HaK  KOJUIMHEAPHOCTM BEKTOPOB a W b sBusercs

MIPOIIOPUMOHAIBHOCTD UX KOOPIMHAT:

X Vo Zp

N _Aa (15)

—

Ecmu Bektopel @ W O B3aMMHO NEPHEHAMKYISAPHBL, TO XX, + V|V, +212, =0.

Yroa Mexay BEKTOpaMu a W b omnpenenseTcs COOTHOLICHUEM:

—

a-b XXy T V1Yo + 212y

(16)

cos(p =

T T2, 2. 202, .2..2°
|a|b‘ \/xl +y tz \/x2+y2+22
YpaBHEHUE IIJIOCKOCTH, IPOXOAALICH uepe3 TOuKy M, (xo, yo,zo) MEPIECHAUKYIISIPHO

BEKTOPY N = (A,B,C ), HMEET BU]T
Ax=xy)+B(y—yy)+C(z—25)=0. (17)

Ilpumep. J1anbl koopauHaThl Tpex Touek: A(3; 0; -5), B(6;2; 1), C(12;-12; 3).

- -
Tpebyercs: 1) 3anucath BekTopbl 4B 1 AC B cucTeMe OpPT U HAUTH MOAYJIN 3TUX

- -
BEKTOPOB; 2) HalTH yroa Mexay BektopaMu AB u AC; 3) cocTaBUTh ypaBHEHHUE

_)
IJIOCKOCTH, ITpoXoasier yepe3 Touky C NepHneHINKYISIPHO BEKTOPY AB.

Pewenue:

_)
1) Haiinem koopauHatsl BekTopa AB, mojacraBuB B popmyiy (11) koopauHatel Touek 4 u

B, v 3anuiieM pasiiokeHue 3Toro Bekropa no opram (13):

- — — — — — —
AB=(6-3)i +(2-0)j+(1+5k=3i +2j + 6k .

[Tono6HBIM 0OpazoM

- — — — - - —_
AC=(12-3)i +(=12-0)j +(3+5)k =9 —12 +8k.
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- -
Mopynu BektopoB AB u AC HaiifeM, OACTaBIsAA UX KOOpAUHATHI B hopmyiy (12):

‘ N

%
AB‘: 32422462 =7, ‘AC‘:\/92 +(=12)% + 8% =17.

- -
2) Haitnem xocunyc yriaa ¢ mexay Bektopamu AB u AC. JIns 3TOTO BBIYMCIUM HUX

CKaJISIpHOE Mpou3BeieHue no popmysne (14):

- >
AB-AC=3-9+2-(-12)+6-8=51.

Torna no hopmysie (16)

cosp = 517 ~0,4286,  @=~6437 =~1,13 pax.

3) Ilo ycnmoBuro 3amauyd MCKOMas IUIOCKOCTh MPOXOAHMT uepe3 Touky C(12; —12; 3)

%

NEepHEeHIUKYIIpHO BeKkTopy AB =(3,2,6). Iloacrasmsiss B (17) A= 3, B= 2, C= 6,

xX=12, y,=—12, z,= 3, NOAy4YnM:
3x—12)+2(y+12) +6(z—3) =0,

i 3x + 2y + 6z — 30 = () — uICKOMO€E ypaBHEHUE ILIOCKOCTH.

BGKTOpBI HAa3bIBAKOTCA KOoMniaHadpHbiMu, CCIM OHH JICKAT B OI[HOI71 IINTIOCKOCTH HJIN B

NapaJuIebHBIX IIOCKOCTIX. Y CIIOBUEM KOMIUIAHAPHOCTH TPEX BEKTOPOB d; = (xl, yl,zl),

a, = (xz, yz,Zz), a; = (x3, V3,23 )}IBHHGTCH PaBEHCTBO  HYJIIO WX  CMCIIAHHOTO
IIPOU3BEICHUS:
X1 )V g
(Gy,dy,d3)=|x, », z,|=0. (I18)
X3 V3 Zj

Tpu BekTOpa 00pa3yIoT 6a3uc B TOM CIIy4ae, €CId OHU HEKOMNAAHADHYI.
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Ecnu 11 BEKTOPOB &,,d,,d; BHINIONHAETCS ycIoBue (d,d,,d;)# 0, To OHH 06pasyioT
Gasuc, u moGol ueTBepThi BekTOp b =(by,by,b;) MOKET OBITH TpECTABIECH

pa3oKeHUeEM 10 3TOMY 0a3ucy B BUJIC

-

b:aal ‘+‘ﬁ6_i2 +7/C_i3, (19)
rze o, f, y — KOOpAuHaThl BeKTopa b B 6azuce, 00pa30BaHHOM BEKTOPAMU d,d,,d5 .
Koopnunate! a, £, y HaXOASATCS U3 CUCTEMbI YPAaBHEHUIA:

ax) + Bx, +yx3 = b

ay; + By, + s =b, . (20)
azy + Pz, +yz3 = b;

IIpumep. Ilokazats, uto BekTOpHl d;(3; 1; 4), a,(2; 1;-1), a;(1; —1; 5) obpazyrot

0a3uc TpexMepHoro mpoctpancTBa. Halitu koopaunatel Bektopa b (5; 0; 3) B aToM

Oasuce.

Pewenue:

Beluncnym cMeIaHHoe IPOU3BEAEHUE BEKTOPOB d,d,,d53 !

31 4
(G,dy,d;)=2 1 —1=-1120.
1 -1 5

Tak kKak CMEIIaHHOE IMPOU3BCACHNEC OTIIMYHO OT HYJIsI, TO BCKTOPbI HCKOMILJIAHAPHBI W

—

obpazyror 6azuc. Koopaumnatel BekTopa b B 3TOM 0a3uce HaiijieM, pPassIOkKUB €ro Io

BEKTOpaM d;,d,,ds CIEIYIOIUM 00pa3oM:

—

b=aa, +pa,+yas,

a KOOpIMHAThI BEKTOpa b B HOBOM GasHce HailIeM U3 CHCTEMBI ypaBHeHu# (20)
oa-3+B-2+y-1=5 3a+2B +y =5
o-1+p-1+y-(-1)=0 7M1t a+pB-y=0
a-4+pB-(-)+y-5=3 4o — B +5y =3
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Pemnm 3Ty cructemy s 3aaHHBIX BEKTOPOB MeToA0M [ 'aycca.

[IomensieM MecTamu IEPBOE U BTOPOE YPABHEHUSA

a+p-y=0
3a+2B+y=5.
4a — B +5y =3

[locne 3TOro yMHOXHM TIEpBOE ypaBHEHHE Ha (—3) M CIOXUM cO BTOpbIM. Jlanee

YMHOKHM IepBO€ ypaBHEHUE Ha (—4) U CIOXKUM ¢ TpeTbuM. [lomyunm:

oa+pB-y=0
-pB+4y=5.
~-58+9y =3

3aTeM yMHOXAaeM BTOPOE ypaBHEHHUE HA (—5) U CKJIaJbIBAEM C TPETHUM:

a+p-y=0
- B +4y=5.
—1ly =-22

N3 mnocnennero ypaBHeHusi mMmeem y= 2. lloacTtaBisieM 53TO 3HAY€HHUE BO BTOPOE

ypaBHEHHE, MoJiy4aeM = 3 U, HAaKOHEII, U3 TIEPBOI0 YPaBHEHUS HAXOAUM o= —1.
Takum 06pazom, nmojcTaBuB B ypaBHeHue (19) koopuHATHI BEKTOpA b, MOJIy4YUM
b =—a, +3d, + 2d;.
Penrenue cucreM JMHEHHBIX YPABHEHHU
HeonnopoHas cuctema TpexX ypaBHEHUM ¢ TpeMsi HEU3BECTHBIMU B OOIIIEM ClIydae UMeeT
BU/T

ayx; +apx, +ap;3x; =h
Ay X| + ayXy +ayx; =hy

az Xy + azXx, +az3x; =hy

1 MO>KET OBITh 3aIlicaHa B MaTpU4YHOM BHIAC

AX=H, (21)
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dip dip 43
rne A=|a,; a, a,; |-Marpuna Ko3QpQUINEHTOB 1P HEU3BECTHBIX,

az; dzp diz

X =| x, | - MaTpuIa-cToJI0EI] HEU3BECTHBIX,

H =| 7, | MaTpuna-crosnden cBOOOIHBIX UIECHOB.
hy

Ecnu matpunia A — neswiposicoennas, TO €CTh UMEET OIpeeIUTeNb, OTINYHBIN OT
HYJIS, TO CyllecTByeT Matpuua A, obpatHas k A, Tak uto A™A=E (E - exuHudHas
MaTpHIa). YMHOKHM 00e yacTh ypaBHeHus (22) Ha A™ 1 nonyunm

ATAX=A"TH,
WIH
X=A"H, (23)

nockonbky A™A-X=E-X=X.

PaBeHncTBO (23) siBAsieTCS pEICEHUEM CUCTEMBI ypaBHEHUM (22).

Martpuiia, oOpaTtHasi K HEBBIPOKIACHHOM MaTpuIle A, HAXOJUTCS TI0 popmyIie

1 Ay Ay A3

-1

A :X Ay Ay Ay |, (24)
A3 Ay Ay

rne A; (i =1, 2, 3; j=1, 2, 3) — anredpandeckoe IONOTHEHHE DJIEMEHTA ;, KOTOPOE
s

ABJISICTCS IIPOU3BEICHUEM (-1)"7  wa muHOp (OIpEIEIMTENb) BTOPOrO IMOPSIKA,

MOJIyYeHHBI BHIYEPKUBAEM i- CTPOKH U j-TO CTOJIOLA B OMpEAENUTeNIe MaTpULlbl A; A —

OIPENECIUTENb MATPHUILIBI A.

Ilpumep. [laHHyO0 CUCTEMY ypaBHEHMH 3amucaTh B MAaTPUYHOU (pOpME U PEIIUTH

€€ C MOMOIIbI0 00paTHON MATPHUIIHL:
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2X1 +3x2 — X3 =8

Pewenue:
Beimuimem 151 TaHHOM CHCTEMBl YpaBHEHUN MaTpHIy KO()(PHUIIMEHTOB TP HEM3BECTHBIX

A u crosoerr cBOOOTHBIX WwieHOB H:

I -2 1 1
I -1 2 -1

BerauciouM  onpenenurens A W anreOpamdeckue JONOJIHEHUS A; DIIEMEHTOB

MaTpULIbI A
1 -2 1
A=|2 3 —-1=10=%0,
1 -1 2

CIICIOBATEIbHO, MATPHIA A UMeeT 0OpaTHYIO MaTpuiy A .

2 -1

3 - 2 3
A — (_1)l+l . — 5, A — (_1)l+2 . — _5, A — (_1)1+3 . — _5,
11 _1 2 12 1 2 13 1 _1
- | I 1 I -2
A — _1 2+1 . — 3’ A — _1 2+2 . — 1’ A — _1 243 . — _1’
21 ( ) _1 2‘ 22 ( ) 1 2‘ 23 ( ) 1 _1‘
A . _1 341 | 1 _ _1 A _ _1 342 1 1 _ A _ _1 343 1 B 2 _ 7
31—( ) 3 _1— > 32—( ) 1—39 33—( ) " 3= 7

Torna no popmyie (24) oOpaTHas MaTpuila paBHa



5 3 -1
A‘1:% -5 1 3
-5 -1 7

[To dhopmyne (23) HaxoauM pelieHre JaHHOW CUCTEMbl YPaBHEHUN B MaTpUUYHOMN

dbopwme:
1 5 3 1] 1 5-1+3-8+(=1)-(-1) 30 3
X=A‘1-H=F)- -5 1 3|/ 8 =%)- —5.1+1-843-(~1) Lol ol
-5 -1 7||-1 =5-1-1-8+7-(-1) 20| (-2

Otcrona x;= 3, x,= 0, x3= —2.

BBenenue B anajus
Yucino A Ha3pIBaloT npenenoM (QpyHKIUU y=f(x) B TOUKE a , €CIHU 3Ta QPYHKIUA
orpeziesieHa B HEKOTOPOUW OKPECTHOCTU TOYKU @ , 3a UCKIIOYEHHEM, ObITh MOXKET, CAaMON

TOYKHU a , U ISl Kaxaoro &>() Haigercs takoe 6>(), 4To IJisi BCEX X, YAOBIETBOPSIOIINX

ycioBuio 0 < |x — a| < O , BBITIOJHAETCS] HEPABEHCTBO | f (x) — A| <g:

limf(x)zA, eciu Ye>0 36 >0:Vx:0<|x—a|<5 :>|f(x)—A|<8.
X—>a

Beluncnenne  mpenenoB  apu(pMETHUECKUX  BBIPAXKECHUN F1(x) fo(x),
f1(x)- £5(x), f1(x)= f>(x) mo mpenenam bymxmmit f;(x) u f5(x), u3 xKoTOpHIX OHM
COCTABJICHbI, HE BCErZJla BO3MOXHO. B 3THX cilyyasX TOBOpSAT, YTO BO3HUKAIOT
HEOIPENEICHHOCTH CIEAYIOINX BUIOB!

(%) , (3), (O-oo), (oo—oo) ,(100).
JI1sl HaX 0K EHUS TIPENIENIOB TAKUX HEOINPENEIECHHBIX BBIPAXKECHUI HYXKHO

YUUTBIBaTh KOHKPETHBIN BUJI QYHKIUHU [ (x) u f> (x) Hanpuwmep,

lim < =0; (25)

x—0 "
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0, ecau n>m

. P, (x) o0 a,
TIpeIesl OTHOIIECHHUS JBYX MHOTOUYJICHOB |im =|— |=1—",ectu n=m ;
X—>0 n (x) o0 m
0,eciu n<m.

. . . sinx (O
MEPBBIN 3aMevaTeNbHbIi Ipeaen lim ——=| — [=1; (26)
x=>0 Xx 0
y N : 1
BTOPOI 3aMedaTenpHbIii mpeen lim| 1+~ | =(1)" =e. (27)
X—>0 X

Benmnunna o(x) Ha3piBaeTcs Oeckoumeuno manou Mpu x —a, ecnm lima(x)=0.
xX—>a

I[Be OECKOHEUYHO MaJjble BEJIWYHMHBI Ha3bIBAIOTCS IK8UBAJIEHNHbIMU, CCIIN IIPCACI HX

OTHOIIEHUs paBeH 1, To ectb o(x)~ B(x), ecnu lim a(x) = (9) =1. Iloxg 3HaKoM

af(x) \0
npezena 1obdas 6eCKOHEUHO Majas BeJIHYHHA MOXET ObITh 3aMEHEHA Ha SKBHBAJICHTHYIO
eit. [IpuBenem TabauIly SKBUBAJICHTHBIX OCCKOHEUHO MAJIbIX MpU X —> 0 BETMYHH:
sinx ~ x, arcsinx~x, a —1~x-lna e’ —1~x,

2
tgx ~x, arctgx ~ x, 1 —cosx~2. (28)

Ilpumep.BparicniuTh MpeIEIIbL:

2 J—
2) lim 2 F1x=3 6) lim (\/x2+3x—x),

>3 3x2 +10x+3 x—>00
4x+5
B) lim— 2% r) lim (ﬁj .
x—0 arctgSx x>0\ 2x +1

Pewenue:

a) [logcTaHoBKka MpenebHOrO 3HAUYEHUS apryMeHTa X=-3 MPUBOJUT K HEONPEICICHHOMY

BBIPA’KCHHIO B 1A (%j .
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Jlist ycTpaHeHUs 3TOM HEeONpeIeICHHOCTH Pa3IoKUM YHCIIUTENb U 3HAMEeHAaTeNb Jpodu Ha
MHOXXHUTEIIM M COKpaTuM JApoOb Ha MHOXuTenb (x+3). Takoe cokpaiieHue 37ech

BO3MOYKHO, TaK KaK MHOXHUTEJb (X+3) OTIIMYEH OT HyJIs pu x— —3:

lim

s>-33x2 +10x+3 3 (- 3) +10-(-3)+3

4x* +11x -3 4-(-3)* +11-(-3)-3 (gj:
0

G -Dx+3) . 4x—1_4-(3)-1 13
Hz(3x+1)(x+3) Cx>33x+1 3-(-3)+1 8

0) IIpu x— oo BBIpaKECHHE x? +3x —x maer HEOMpeIeJICHHOCTh BuAa (o0 — o). [lst ee

YCTPAHEHHs] YMHOXKHM M DPasgeldM 3TO BBIPAKCHHE Ha VX~ +3X + X, [OCIE Yero

pa3ie UM YHCIUTEIh U 3HAMEHATEIb MOJIyYeHHOU IpoOu Ha X , yuuTbhiBast popmyiy (25):

5o o) x“fﬁxxlingii)?’x”):

2
= lim X 3 x = lim = lim — 3

x_’w\/x +3x +x x_’w\/x +3x+x Y% /1+ 41

B) [Ipn x — 0 moxyyuM HeolpeaeIeHHOCTh (%) O6o3naunm arctgSx = y. Toraa Sx=tgy

u y— 0npu x — 0. [Ipumensis cBoiicTBa npeenoB u hopmyiy (26), umeem:

2 0 2(1tgyj 2 s ) 2
lim—x:(—): lim2 o2 iy S L 222

x>0arctgdx \0) »y->0 y 5y-0 y y-0cosy 5 5

OTy 3amady MOXHO PEIIUTbh, WCIOJIB3YS SKBUBAJCHTHBIC 3aMEHBI OCCKOHEUHO MajIbIX
BennuuH (28). [Tockonbky npu x — 0 3KBUBaJIEHTHBI arctgSx ~ 5x, MOXKHO 3aMucaTh

2x 0 . 2x 2
lm———=| — |[=lim—=—.
x—0arctgdx \0) x-05x 5

2x-3
2x+1

4x+5
r) [Ipu x — oo BbIpakeHHE ( j ABJISIETCA HEOIPEAEIECHHOCTRIO BUAA (1°° ) Jns

YCTPAHCHUA ATOM HCOIIPCACICHHOCTH IIPCACTaAaBUM OCHOBAHHC CTCIICHU B BUJIC CYMMBI lu
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OECKOHEYHO MayIof (IpU X —> ©0) BEIUYMHBI; MOCIIE YEero MPUMEHUM (OpMYITy BTOPOIO

3ameydaTesnbHOoTOo npeaena (27):

C(2x=3\"T (ax41-aNPT _g4 B
lim = lim| —— = lim| 1+ =

x—o\ 2x +1 X—>0 2x+1 X—>© 2x+1
A (2x+1j.(_4).(4x+5) -4 (4x+9) -16x-20
— lim|1+— R — lim e2++! —lime 2 =
X—>00 2x +1 X—>0 X—>00
16 |
= lime 2 = lime™ =—.
X—>»00 X—>00 e

AnddepenunanbHoe ucuucaeHne GyHKIUA OAHON NepeMeHHOI

Ilpouseoonoii o pyHKIMH Y = f(X) MO apryMEHTY X Ha3bIBAa€TCA MPEJeSI OTHOIICHUS

npupaiieHus GyHKIuu Ay K IpUpaieHuIo apryMeHTa Ax, KOrjaa mocjielHee CTPEMUTCS K

HYJIIO:

, .. A
yV =1lim =
Ax—0

[Tpon3BogHAs €CTh CKOPOCTh U3MEHEHUS (YHKIIUU B TOUKE X.
OTbIcKaHue TPOU3BOIHON Ha3bIBaeTCs nudhepeHITMpoBaHrEM (YHKITUH.
OcHoenvle npasuia oughgheperyuposanus:

1. (C)' =0, rne C=Const.

2. (x)' =1

3. (u(x)v(x)) =u'(x)£v'(x)

4. (u(x)-v(x)) =u'(x) - v(x)+u(x)-v'(x), (C-u(x))'=C-u'(x)

!

5 [u(x)j _ () v(x) —u(x)-V'(x) [ C j _-CV(x) (u(x)j' _u'(x)
v(x) V2 (%) T () vz(x) ’ C C
6. F'(u(x))=F, -u'(x)
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Tabauya npouzsoonvix snemenmapHuvix yuxyuti (u =u(x)):

1. "y =n-u""u', 4. (sinu)' =cosu-u'
2. (@a")Y =a" -Ina-u", (") =e" -u', 5. (cosu) =—sinu-u'
! 1 ! ! ! ! 1 !
3. (log,u)' = ‘u', 6. (1gu) =———-u', 1. (c1gu)' =————-u,
u-lna cos” u sin“ u
: ! 1 !’ ! 1 !’
8. (arcsinu)’ = ‘u', (arccosu) =-— ‘U
1—u? 1—u?
9. (arctgu)' = -u', (arcctgu) =-— u'
1+u? 1+u?

Ecnu B Tabmuie monoxuth u(x)=x, 1o u' =1.

Ilpumep. Hailinute Npou3BOAHBIC (PYHKIIUN:

a) y=In(2+sin3x); 6) y:(3amg‘/; +1D* B) cos(xy?)=3y% +4x=0.

Pewenue:
a) TOCIEJO0BAaTeIbHO TMPUMEHAS TMpaBwia IuQQPEepeHIIMpOBaHUs  CIOXKHOW (YHKIIUU,

npaBuia U Gopmyiibl AU depeHInpoBaHus, UMEEM:

¥ =(In(2 +sin3x))" = ; -(2+sin3x)' = ; -(2"+(sin3x)") =
2 +sin3x 2 +sin3x
= : -cos3x-(3x) = M;
2 +sin3x 2 +sin3x

6) yr _ ((3arctg\/; + 1)4)r _ 4(3arctg\/; + 1)3 . (3arctg\/; + 1)' _
— 4(3arctg\/; + 1)3 . 3arctg\/; . 1n3 . (arctg\/;)' —

|
—4 3arctg\/; +1 3 ‘3arctg\/; .In3- . \/; r_
( ) 1+(\/;)2 ()

_ 4(3arctg\/; + 1)3 ‘3arctg\/; .In3- 1 2In3 ‘3arctg\/; . (3arctg\/; + 1)3

1
1+(Wx)? 2vx 1+
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B) B JAHHOM cCiy4ae (PyHKIHMOHaJIbHas 3aBUCUMOCTb 3aJaHa B HeAeHoM Buue. s

HAXO0XJICHUS TPOU3BOJHOM )’ HYKHO mpoauddepeHupoBaTh Mo MepeMEHHOW X 00e

YaCTH YpaBHEHUS, CUUTAs MPHU 3TOM y PYHKIUEH OT X, a 3aTE€M IOJIYyYEHHOE ypaBHEHHE

pa3penIuTh OTHOCUTEIBHO '
—sin(xy?) - (x?) =32 +4=0;
—sin(xy?) - (xy? + x(y%)) =6y +4=0;
—sin(xy?) - (y? +2x") =6y +4=0;
— y?sin(xp?) — 2xpy'sin(xy?) — 6y +4=0;
W3 mociieiHero ypaBHEHUS HAXOAUM )’
2yy’(xsin(xy2) + 3): 4 — y2 sin(xyz) ;

o 4=y sin(o®)
2y(xsin(xy2) + 3)‘

HccnenoBanre (QyHKIIMU OJHOM HE3aBUCHUMOW IEpPEeMEHHON OyJeM NpOBOJAUTH IO
CIIEYIOIIECH CXEME:

1. Haitnem ob6siacth onpeneneHust GyHKIIUH.

2. Uccnenyem QpyHKIIMIO Ha HENIPEPHIBHOCTb.

3. YcraHoBuM, SIBIIETCS JM JlaHHAsE (PYHKIMS YETHOM, HEUYETHOM Wi (yHKIHEH

oOuiero Buja.
4. Hailinem uHTEpBajbl BO3pacTaHus U YObIBaHUS (PYHKIIMU, TOUYKU IKCTPEMYyMa.
5. HaiineM nHTEpBasbl BHITYKIOCTH U BOTHYTOCTU KPUBOM, TOUKH €€ Ieperuoa.

6. HalimemM acuMITOTBHI KPUBOM.

2x -1
ITpumep. VccnenoBaTh QyHKIHIO y = X

1 TIOCTPOHTH €€ Tpaduk.
(x—1)?

Pewenue.

Peanusyem npuBeneHHYIO CXeMy UcCle0BaHUS (DYHKIIUH:
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1. ®yHKIMA onpeeneHa Npyu BCEX 3HAYCHUAX apryMEHTa X, KpoMe x=1.

2. JlanHas QyHKIUS SBISETCS SJIEMEHTApHOM, MOATOMY OHA HENpephbIBHA Ha CBOEH

00J1aCTH onpeaeneHus, To ecTh Ha nHTepBayax (—oo;1) u (1;+00).

B touke x=1 yHKIMS TepnUT pa3phbiB.

2x — 1 2x — 1
lim—= G o, iIm—= G

x—14+0 x—1-0

3. JIns ycTaHOBIEHHUsS YETHOCTH WM HEYETHOCTH (DYHKLUHU NPOBEPUM BBIMOIHUMOCTh
paBeHCTB f(—x)= f(x) (torma f(x) — dyerHas QyHkums) wmm f(—x)=—f(x) (m1s
HEYETHOW (PyHKIMM) 18 J00bIX X M3 o0jNacTu  omnpefeneHus  (yHKIUU:
—-2x-1 2x -1

e S =

(—x—1) (x—1)

CnenosarenbHo, f(—x)# f(x) u f(—x)#—f(x), To ecTh JaHHAas PYHKIIUS SBJISICTCS

f(=x)=

dbyHKIMEH 00111eTO BUIA.

4. Ins uccnenoBanus (PyHKITMU HA SKCTPEMYM HaliJIeM €€ TIEPBYIO IPOU3BOIHYIO:

(x-1* (x-1)°

Omnpenenum Kputndeckue Touku ¢yHkmuu: y' =0 npu x=0, ' He cymecTByeT npu

y,:2(x—1)2 —(2x-1)-2(x-1) _ 2x

x=1. Tem cambiMm umeem naBe kputuueckue Touku: x=0, x=1. Ho Touka x=1 He
MPUHAICKUT 00JIACTH OTNpeeeHus] GYHKIIUU, IKCTpEMyMa B HEil OBITh HE MOXKET.

Pa3o6neM unciaoByto ock Ha Tpu uHTEepBaya (—0;0), (0;1), (1;+0).

\ 0 /' 1 \ X

B nmepBom u TperbeM HHTEpBAJIAX IEPBas NPOU3BOAHAs  OTPULATEJIbHA,

v

CJIICA0OBATCIbHO, 34CCHh (bYHKI.U/I?I Y6BIBaeT, BO BTOPOM HHTCPBAJIC — IIOJOXKHUTCIIbHA, U

naHHas (yHkius BospactaeT. Ilpu mepexoge uepe3 Touky x=0 mepBas HpOU3BOHAS
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MEHSIET CBOM 3HAK ¢ MUHYyCa Ha ILUIIOC, TIOATOMY B 3TOM TOUYKE (DYHKIUS UMEET MUHUMYM:
Ymin = V(0)=—1. 3nauut, A(0;—1) sBisieTcst TOUKOW MUHUMYMA.

5. lng ompenenieHus Todek meperunda rpaduka QyHKIUMHM U MHTEPBAIOB BBITYKIOCTH U

BOTHYTOCTH KPUBOW HAWJIEM BTOPYIO TPOU3BOIHYIO:

20—
(x-1)° (x-1*

yn__z.(.x_l)s—X'?)(.x—l)z_ 2x +1

Jlis Bropoit mpousBoguoi y" =0 mpu x=-0,5 u y" He cymectByeT mnpu x=1. Pazobbem

YUCJIOBYIO OCh Ha Tpu MHTepBana (—o0;—0,5), (-0,5;1), (1;400).

eperud
— + +

/N -0, \/ 1 \/ X

v

Ha mepBoM mHTepBajie BTOpasi MPOU3BOJHAS )" OTPHIIATENIbHA M JyTa HCCICIyeMOi
KPHBOM BBIMTYKJIA; HA BTOPOM U TPETheM HUHTEpBaiax )" >0, modromy rpaduk sBiseTcs

BOrHYTBIM. [Ipu nmepexone uepes Touky x =—0,5 BTOpas npon3BOAHAs MEHSET CBOM 3HAK,

. 8
MOSTOMY B 3TOW TOYKE KPHBAsi HMECT Neperud: y,., = ¥(-0,5) = s

1
CrnenoBarteinbHO, B(— 5;—;) — To4ka neperuda rpaduka GyHKIMH.

6. B Touke x =1 dyHkums tepnuT 6ecKOHEUHbIN pa3pbiB (cM. 1. 2). Torna mpsimas x =1
SIBJISIETCS] BEPTUKAJIBLHOW acCUMITOTOM rpaduka GyHKIIUH.

Jns ompeneneHus: ypaBHEHHSI HAKJIOHHOW acUMNOTOTBl Yy =kx+b BOCHOJIb3yeMcCs

dbopmynamu:
X
k=1im 22, b= fim (/) - k).
x—0o X X—>0
Torma k= lim£=0, b= hmzx—_lz:()

X—>o ()C—l)2X X—>0© (X—l)
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[Ipu HaiineHHbIX 3HaUYEeHUSIX k U b mpsmass y =0 ecTb rOpU3OHTAIbHAS ACUMIITOTA

rpaduka ucciaeayeMon (GyHKIHMH, MPEACTaBICHHOTO Ha PUCYHKE 1.

-0,5

B

A

Pucynox 1. I'padux ucciaenyemoit hpyHKIUU.

Ilpumep. PezepByap, umeronuii  GopMy OTKPBITOTO CBEPXY MPSIMOYTOIHHOTO

napajielienuneaa ¢ KBaApaTHbIM JHOM, HYXXHO BBUIYAUTb BHYTPHU OJOBOM.
3

KakoBbl TOJKHBI OBITH pa3Mepsl pe3epByapa npu ero emMkoctu 108 om”, 4ToObl

3aTpathl Ha €T JIy>)KeHUE ObUTH HAMMEHBIITMMU?

Pewenue. 3atpatbl Ha TOKpBITHE pe3epByapa OJOBOM OYIyT HAMMEHBIINMH, €CIIA MPHU
JTAHHOW BMECTUMOCTH TUIOIIA/Ih €T0 MIOBEPXHOCTH Oy1e€T MUHUMAJILHOM.

O6o3HauuM yepe3 a (Om) — CTOPOHY OCHOBaHMS, b (Om) — BBICOTY pe3epByapa.
Toraga miom@aab €ro MOBEPXHOCTH S =q? +4ab, a o0beM Vzazb, WJIH, COTJIAaCHO

yerosus, 108 = a®b. [Tosromy
108 , 432
+—.

1
:g u S:a2+4-a-—2:a
a a a

b

HOJ'Iy‘ICHHOC COOTHOHICHHUC YCTAaHAaBJIMBACT 3aBUCHMOCTb MCKAY ILIOIIAABIO

MIOBEPXHOCTH pe3epByapa S (PyHKIHS) M CTOpOHOM ocHOBaHUA a (aprymeHT). O6GaacTh
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onpenaeneHuss 3tod ¢yHkuuu a >0, Tak Kak @ — CTOpoHa ocHoBaHus. Hcciemyem
dynknuto S Ha sKcTpeMyM. HaitneM mepByro mpou3BoaHyi0 S', MPUpaBHSIEM e K HYIO U

PCIINM ITIOJIYYCHHOC YPAaBHCHHUC!

432 2a°-432

2 2
a a

S'=2a 0.

Otcioga a=6. Ilpoussomnas S'(a) He cymectByeT npu a =0, HO 3TO 3HAYECHHE
apryMeHTa He TMPUHAUISKAT obnactu omnpenenenuss ¢yakmuu. llpu 0<a<6
npousBogHas S'(a)<0, npu a>6 S'(a)>0. CnemoBaTelbHO, IPU a =6 QYHKIHUSA S
uMeer MUHUMYM. Ecim  a=6, to b=3. Takum oOpa3om, 3aTpaTbl Ha Jy>KEHUE
pesepByapa emkocThio 108 2 OyayT HaWMEHBIIMMH, €CJIM OH HMEET pa3Mepbl
6(0m) x 6(0m) x3(0m) .

DOyHKIHMA HECKOJBbKHUX NIepeMEeHHbIX

[lepemeHHass BeIWMYMHA z HA3bIBACTCA (DYHKYueu O08YX NEPeMeHHbIX X WU ), €CIH
KOKI0M mnape 3HayeHud (X,)) U3 JaHHOM OOJacTM COOTBETCTBYET €IMHCTBEHHOE

OmpeIeNICHHOE 3HaueHue z = f(x,y).
Jins pyHkmuu z = f(x,y) BBOIATCA TIOHATHS YACHMHbLIX NPOU3BOOHBIX TICPBOTO

IMopAaAaKa, KOTOPLIC OIIPCACIIAIOTCA BBIPAKCHHUAMMU:

0z _ lim SE+Ao) - fy) 0z SOny+AY) = f(xy)
OX  Av—0 Ax ’ 0V  Ar—o0 Ay ’

U YACMHBIX NPOU3BOOHBIX BTOPOTO TIOPSIIIKA:
Pr_o(m) Pz 2 ofem) o) P
o2 ox\ax) axdy odyox ox\dy) oylox) ot oyl oy .

@Oynkuus z= f(x,y) umeer B Touke M (xq,y) Makcumym (Munumym), €Ciu

3Ha4eHHue 3TOW (QYHKUMU B Touke M Oonblue (MEHbILIE), yeM 3HAYeHHA (QYHKLIUU B
1000 TOYKE U3 OKPECTHOCTH TOYKH M .

HeoOxoaumbiMKi  YCTIOBUSIMUA ~ CYIIECTBOBAHUSL 9kcmpemyma (MakCuMyma WIH

MuHUMyMa) auddepenuupyemoin GpyHkuuu z = f(x,)) SBISETCA PABEHCTBO HYJIO €€

YAaCTHBIX IIPOU3BOJHBIX IICPBOTO MMOpAAKA:



%z _,
ox
%z _qy
Oy

TO‘-IKH, B KOTOPBLIX YaCTHBIC IIPOM3BOAHBIC 06pa1ua}0Tc;1 B HOJb, HA3bIBAIOTCIA

cmayuonapuvimu mouxamu GyHkuuu z = f(x,y). i Toro yToObl CTallMOHApHAs TOYKa

ABJIAJIACb OKCTPEMYMOM, B HEH JOJDKHBI  BBIIIOJIHATBHCA oocmamovyHble ycioseusl.

5z ?z| o

O6o3naumMm A=—— , B= , C=— ,AzAC—BZ.
8x8yMO oy M,

2
ox M,

Eciu B ctanmonapHoi Touke M (X, Y,)
A>0,4>0,10 M, ecTb TOUKa MUHUMYMA;
A>0,4<0, 10 M, ecTb TOUKAa MAKCUMYMa;
A <0, 10 B TOUKE M HET IKCTPEMYMA;

A =0, To TpedyeTcs TOMOJHUTEIHLHOE UCCIICOBAaHUE.

Ilpumep.ViccnenoBath Ha IKCTPEMYM PYHKIUIO z =2Xx + 4y — x? - y2 +6.

Pewenue.

1. Haitnem yacTHbIE MPOU3BOHBIC 3aTAaHHOU (PYHKIIUH

@:Z—Zx, @:4—2y.
ox oy
2. 3anuiieM HeoOXOAUMbIE YCIOBHSI CYIIECTBOBAHUS HKCTPEMyMa
2-2x=0 x=1
< )
4-2y=0 y=2

3HauuT Touka M (1;2) sBisieTCs CTallMOHAPHON TOYKON (DYHKIIUH.

3. IIpoBepuM BBINOJIHEHHUE B TOUKE M AOCTATOYHOIO yCJIOBHS. JlJIsl 3TOTO HAAEM BTOpBIE

YaCTHBIEC MPOU3BOJHBIE PYHKIIUU
8_22 B d%z B

o2 -

) 0

= 2.
Ox0y 8y2

>
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B Touke M(;2) A=-2,B=0,C=-2 u A=(-2)-(-2)-0=4. TlockonbKky

A=4>0,A=-2<0, touka M (1;2) siBAsieTCs TOUYKONW MakCUMyMa. 3JHA4€HHE (PYHKIUU B

s1oM TOuKe z|, =2-1+4-2-1° -2° +6=11.

OyHKIMA ABYX HE3aBHCHUMBIX IEPEMEHHBIX z = f(X,y) NpPUHUMAET HauOOJbIICE U
HaWMEHbIlIee 3Ha4YeHUs B oOyactu D, orpanuueHHoW nuHUeH @(x,y)=0, mbo B

CTAIlMOHAPHBIX TOYKAX, PACIOJOKEHHBIX BHYTpU oOsactu D, nub0 Ha TpaHUIE ITOU
obJacTu.
3amaya 00 OTHICKAHWM HAWOOJNBIIETO0 ¥ HAUMEHBIIETO 3HAYCHUH (OYHKIMH

z= f(x,y) B3agaHHO# objactu D pemiaercs 1o ciaeayoneMy miaHy:

1. OnpenensieM cTanMOHAapHbIE TOYKH (YHKLHHU, PACIONIOXKEHHbIE BHYTpH oOnactu D, u
BBIYKCIIIEM 3HAUEHUS] (PYHKIUU B 3TUX TOUYKAX.

2. Haxonum cramuoHapHble TOYKM (GYHKIMUA Ha rpaHuiie ¢@(x,y)=0 oOmactu wiud Ha
OTJIEJBHBIX €€ Y4acTKaX, 3aJaHHbIX Pa3IM4YHBIMUA YPABHEHUSMH, U BBIYUCIISIEM 3HAYEHUS

(YHKUIHU B 3TUX TOYKAX.

3. I3 Bcex BBIYMCIICHHBIX 3HaYEHUN (QYHKIIMH BHIOMpaeM HauOOJbIIIEe M HAMMEHBIIIEE.

Ilpumep. Haiitu  HauOonbliee ¥ HaWMEHbIIEE  3HAYCHUS byHKUMN

z=x>+ 2xy —4x — y B TPEYrOJIbHUKE, OTPAaHUYEHHOM IpsiMbIMU X =0, y =2, y=Xx.

Pewenue.

1. Halizem cranuoHapHble TOYKM (PYHKIUU M3 YCJIOBUM pPAaBEHCTBA HYJIO YACTHBIX

MPOU3BOAHBIX HYHKIIUU

oz
a—2x+2y—4—0 x=05

o = =
= =2x-1=0 y=1s

Oy

v
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Crammonapnas Touka M (0,5;1,5) nexxut BHyTpH 3aaHHON 00acT OAB.
3HadeHne PyHKIMU B TOUKe M paBHO
z, =05"+2-05-15-4-0,5-15=-175.
2. Uccnenyem noBenenue PyHKIIMU Ha TpaHUIIAX O00JIACTH:

a)Harpanuie O4 y=x, 0<x<2, z=x’+2x-x—4-x—x wm z=3x>—5x;

z'=6x-5,2z'=0 npu x:%,Toraa y:% (Tak Kak y=x).

2
55 5 5 25
B touke C| —;— | 3HaueHue PyHKIUU paBHoO z|,, =3 — | —5-—=——.
(6 6) by P c (6] 6 12
Boeruncium 3nadeHust GyHKIUKA B KpaitHUX ToYkax oTpe3ka OA.

B touke O(0;0) z| o =0, B TOUKE A(Z;Z) 3HauYeHHUE (PYHKIIUU PaBHO
7,=3-2"-5-2=2.
0) Ha rpanune B4 y=2, 0<x<2, z=x’42x-2-4x—2 wm z=x>-2;
z'=2x,z'=0 nmpu x=0,a y=2 corjacHO ypaBHECHHIO psIMoii BA.
B Touxe B(0;2) 3HauYeHUE (PYHKIIMU paBHO z| =3 0% -2=-2.
B) Ha rpanute OB x=0, 0<y<2, z=—y;
z'=—1#0 npu BCEX )Y€ [0;2], CIIEOBATEIILHO, CTAllMOHAPHBIX TOYEK Ha

auaun OB Her.
3. W3 Bcex BBIYMCIEHHBIX 3HAYEHUN 3aJaHHOM (YHKUMM BbIOMpaeM HauOojblliee U

HAaMMCHBIIICC:

z| =2 — HauOoJibliee 3HaueHne pyHkuu B odnactu OAB

__2

z| =71, — HauMeEHbllee 3HaueHne PyHKuuu B oosnactu OAB

HNuTerpanbHoe ucuncjiaenre GyHKUMHA OAHOM NepeMeHHOH

llepsoobpasnoti ¢hynkyueu nns pynxkuuu f(x) HaszpiBaeTcs Takas GyHkius F(x),

gro F'(x)= f(x).
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Heonpeoenennvim unmeeparom ot ¢GyHkiuu  f(x) Ha3piBaeTcss €€ oOmias
nepBooOpazHas
ff(x)dsz(x)+C.
@®yukius  f(x) Ha3bplBaeTCcd MOABIHTETpaJbHOM (yHKIMer, F(x) — pe3yapTaT

uHTEerpupoBanus, C — MPOU3BOJIbHAS ITOCTOSTHHAS.

Ceoticmea HeonpeodesleHH020 UHmezpala:
1. j(u(x) + v(x))dx = ju(x)dx + jv(x)dx.
2. jA - f(x)dx=A- [ f(x)dx, roe A — nocTosHHasl.

3. Ecom jf(x)dx:F(x)+C uu=qp(x), T ff(u)du:F(u)+C.

Tabauya npocmeluux unmespaios:

l.jdx=x+C. 7. s =tgx+C.
CoS” X
xn+1
2. [x"dx = +C,(nz-1). 8. [ —=—ctgx+C.
n+1 sin” x
3. j@:1n|x|+C. 9. [—= —arcsm *ic.
X \a?
X ax X X d.x 1 X
4. ja dx = dx=e" +C. 10. | s =—arcig—+C .
na X" +a a a
: dx 1., x—a
5. [sinxdx=—cosx+C. 11. | >=——In +C,(a#0).

2 —a®* 2a x+a

x+x? +A‘+C,(A¢O).

(o)

. [cosxdx=sinx+C. =In

12 J‘L
Vx?+ 4

OcHogHble Memoovl UHMEe2PUPOBAHUSL:
1. ITonBenenue nox 3Hak auddepenimana:
a) Kk GyHKOMM, CTosIed moj 3HakoMm auddepeHimana, MOXHO MPUOABIATh WIH

BBIYMUTATH JIIOOYI0 NOCTOSHHYIO: df (x) =d(f(x)* A);
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0) mnox 3Hak auddepeHnraia MOXKHO TIOJBOJUTh TMOCTOSHHBIM MHOKHUTENb:

&)= d(4- £(0);

B) MO 3HaK AuddepeHIraia moaBoauTcs GyHKIMS mo npaBuiny: f(x)dx = df (x).
2. HTErpupoBaHue IO YacTSIM C MCITOJIb30BaHHEM (DOPMYJIBL:

judv =uv — jvdu , e u=u(x),v=v(x).
C IOMOIIIBIO 3TOT0 METO/Ia BBIYMCIISIOTCS CAEIYIOIINE HHTEIPAIIbI

a) [a* - B, (x)dx, u=P,(x), dv=a“dx.

6) [sinax- P,(x)dx, u=PF,(x), dv=sinaxdx.

B) [cosax- P,(x)dx, u=PF,(x), dv=-cosaxdx,

r) [Inax- P,(x)dx, u=Inax, dv=P,(x)dx,

) jarcsin ax - P,(x)dx, u=arcsinax, dv=P, (x)dx,

e) [arctgax - P,(x)dx, u=arctgax, dv=P,(x)dx,

rae P,(x)— MHOro4eH n-Oi CTENEHH.

3. NaTerpupoBanrie METOA0M 3aMEHbI IEPEMEHHOM 10 GopmyIie

[ f(x)dx =] flp@)dop(t) =] f(pt)¢'(t)dt , rae x=p(7).

Ilpumep. HaiiTn Heolpe1eICeHHbIE UHTETPAJIBL:

N2 3
jlaresiny) X o) X ax; ) [Gr+ e
V1= x? —4x+3

Pewenue.
a) UCTO0JIb3Ysd OCHOBHBIEC CBOMCTBA HEOMPEACICHHOTO UHTErpajia U BBIMOJHSISA MOABEICHUE

byHkuumii noA 3Hak quddepennnana, HainaeM HHTerpal

dx+ |

J(arcsmx) + X d J(arcsmx)
Ji-2? J1-x2 F
1 2

= [(arcsinx)*d(arcsinx) + [ (1 — x* ) 2 d(%) =
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1

= j(arcsinx)zd(arcsinx) + (— %jf(l - xz)_Ed(1 -x*)=
1

AN
=§(arcsinx)3 —%-%+ C=%(arcsinx)3 —J1-x% +C.

2

[TpoBepuM pe3yabTaT UHTETpUPOBaHUS AP HEepEeHIUPOBAHUEM:

l arcsinx)’ —\/1—x2 +C | =
3

1
= % -3(arcsinx)? - (arcsin x)’ — %(1 —x?) 21-x}+C'=

B (arcsinx)2 —2x 0= (arcsinx)2 + X

J-2 202 i

YTO COBIAJACT C MOABIHTETPATLHON (DYHKITHCH.

0) monbIHTETpaibHas (QYHKIMA TPEICTaBIACT COOON HENMPAaBWIBHYIO PAIMOHATLHYIO

npoOb. IlpencraBum 3Ty ApoOb B BHJIE€ CyMMBbl MHOTOYJIEHA U MpaBUIbHON ApoOu. s

9TOT'O BBIIIOJIHUM JCJICHUC MHOI'OYJICHA HA MHOT'OYJICH:

x> =17 ‘x2—4x+3

x> —4x? +3x |x+4

4x* —3x-17
4x* —16x+12
13x-29
Torna
3 J—
j—x 17 dx = j( +4+ 13x 29]&’ = [xdx + [4dx + —i3x 29 dx =
x°—4x+3 x2 —4x+3 x“—4x+3
2 J—
:x—+4x+fi3x—29dx.
2 x“—4x+3

Jlist Toro 4TOOBI HAWTHU TOCJEIHUNW WHTErpajl, MPEJCTaBUM IMPaBUIBLHYIO JApOObh B BHUJC

CYMMBI IpocTeHuX ApodOei. [ 3Toro pasznokum Ha MHOXHUTEIM 3HAMEHATellb Ipo0Ou

x?—4x+3= (x —1)(x —3) u pa3noxum ApoOb HA MPOCTEHIITNE
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13x-29 _ 4 B _A(x-3)+B@x-1)
(x-1D(x-3) x-1 x-3  (x=D(x-3)

3HaUUT 13x—-29=A(x-3)+ B(x—1).

5

[Ipu x =3 umeem 13-3-29=B(3—-1), otkyna B=35;
npu x =1 umeem 13-1-29=A4(1-3), orkyna A=8.

[Tosyuaem [3x=29 _ 8 + > U UHTETPUPYEM
T T =3) x-1 x-3 PRy

J 13x-29 dx:j 8
(x—=D(x-3) x—1

5 d(x 1) d(x 3)

dx+f

=8

=8lIn[x -1+ 51n\x -3+ C

+5]

M OKOHYATCJIbHO ITOJIy4YacM

J

[TpoBepum pesynbTaT nudhepeHIIuPOBAHUEM:

3 2
X = ks SIn— 1]+ Infx -3+ C.
x“—4x+3 2

!

2
[%+4x+8ln\x—l\+ln\x—3\+C] :2_2x+4 PN B

x—1 x-3

_(+HE-D(x-3)+8(x=3)+5(x-1) _ w317
(x=D(x+3) X2 —4x+3’

YTO COBIAJACT C MOABIHTETPATLHON (DYHKITHCH.

3ameuanue.

WNHTerpan oT mpaBWIbHOW pallMOHAIBHOM JpOOU CBOJUTCS K CyMME HWHTErpajioB OT
npocTeimux apooeit. Hanbonee 9acTo BCTpedaroTes CIeyIONNe HHTETPAJIbI:

f A A

dx = Aln‘x - a‘ +C; j—dx = —1)(x — a)_k+1 +C,(k=23,.).
B) IPUMEHUM METOJO0M UHTETPUPOBAHUS 10 YACTSIM.

xX—a (x_a)k (—k+

[Ipumem wu=3x+4, dv= e>*dx, Torna du =3dx, V= %e”. ITo dopmyne

HHTCTPUPOBAHUA 110 YAaCTAM I10JIyIaCM

3x+4
X e3x

.[(316+4)e3xa’x:(3x+4)%e3’C —f%e” 3dx = —fe3xdx=
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3x+4-1

3x+4 1
X e3x_

3 —e +C= T +C=(x+1)+C.

[TpoBepum pesynbTaT nuddepeHIupOBaHUEM
@@ (x+D)+C) =3 (x+ )+ = (3(x+1) +1)=e*(3x + 4),

YTO COBIAJAET C MOABIHTETPAIbHON (DYHKITHCH.

AV Ecmn na miockoctn Oxy 3anaHa
Y=/ (%) dburypa, OrpaHUYECHHAasA JIBYMsI

HENPEPBIBHBIMU  JUHUAMH V= fi(X),

> - y= A y=f>(X) 1 BEpTUKAIBHBIMH HPSIMBIMU

3 L x=a, x=b, To mnmomanb S TaKoH

burypel MoOKeT OBITh BBIYKCICHA TIO

b
bopmyne  S=[(f>(x) = f1(x))dx, t1e f5(x)> f;(x) Ha otpeske [a,b].

Ilpumep. BeraucanTs mionaab GUrypbl, orpaHuYeHHON JTUHUSMUA

y:x2+4x, y=x+4.

Pewenue.

3ajaHHbIe JIMHUM OTPAHUYMBAIOT HA IJIOCKOCTU OXy KPUBOJIMHEHHYIO Tpameluio,

U300pAKEHHYIO Ha PUCYHKE.

A
y

y=x"+4x
y=x+4

Y
=

Hainem S KOOPIUHATHI TOUYEK

nepeceyeHus 3aJIaHHBIX JIMHUH, JJISI 3TOTO

peuM CHUCTEMY YpaBHEHUU
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)
{y—x +4x’ x2+4x:x+4, x2+3x—4:0,0TKYIla X =-4, x, =1

y=x+4

Torma nckomasi 10N b BEIYUCISIETCS 110 (hopMyJIe:

1

1 2 2 3xr xP
S = j(x+4—x —4x)dx:j(4—3x—x Ydx = 4x—7— Z
4

:4—§—l+16+ﬁ—ﬁ=20§ (k8. €0.).
2 3 2 3 6

OObembl Tesl, 00pa30BaHHBIX BPAIIEHUEM IUIOCKOM (QUIYpbl, OIpAaHMYEHHON KpHUBOU

y=f(x)=0, ocsto Ox U IpIMBIMU X =a , X =D,

b
1) Bokpyr ocu Ox, BBIUUCIIAIOTCS 110 popMmynie V. =7 f f 2(x)a’x;

a

b
2) Bokpyr ocu Oy, BBIYHCIAIOTCS 10 popmyiie V), = 27rjxf (x)dx.
a

Ilpumep.Berarciiuts 00beMBI TEJI, 00pa30BaHHBIX BpallleHHEM BOKpYT oceit Ox u Oy

KPHUBOJIMHEMHOTO TPEYTrOJIbHUKA, OTPAaHUYEHHOIO KpPHBOM yz?{/;, ocer0 Ox m

npssmMon x =1.

Pewenue.
A
y | / y= {/} 1) oObeM Tena, MOTYyYEHHOTO BpalleHuEM
BOKpYT ocu Ox, paBeH
1
5
. %
V. :ﬂf(%) dx:ﬂxT :3?” (xy6. ed.)
> 0 b
0 1 ¥ 3

2) 00beM Tena, OJyYeHHOTO BpallieHneM BOKpyT ocu Oy, paBeH



33

VAL

x3

Kl

1
v, :27rjx-3\/;dx=27r :677T(Ky6. e0.).
0

JAuddepenunaibubie ypaBHEHUA

Huddepennmansuble ypaBHEHHS, B KOTOPBIX IIEPEMEHHBIE MOXHO pPa3eiIUTh
MOCPEACTBOM YMHOXXEHHUSI 00€MX YacTe ypaBHEHHMS Ha OJIHO U TO K€ BBIpakKeHUE,

Ha3bIBAIOT AU PEepeHINaTbHBIMU YPABHEHUSAMU C PA30ENAIOUUMUC NePEMEHHbIMU:

dy _ fa(x)

dx_fl(y)_)ﬁ(y)dy:fZ(x)dx’ (1)
win B tuddepeHuanbHon hpopme
fi(x)- fo()dx+ f3(x) fa(y)dy=0. (2)
Paznienim 06e yactu ypaBHeHus (2) Ha npoussenerue GyHkuuit f5 () f3(x)
() gy Sa0) g, 2)

f(x) L)
U, MIO0CJI€ UHTErPUPOBAHUS, TIOJyUYUM OOIIMiA HHTETpall (00l1ee peleHrne) ypaBHEHHUS:
Ide + jMdy =C.
f3(x) £ ()
Ilpu nenenuu Ha f,(y)f3(X) Moxer mpom3oifTH MOTeps HEKOTOPHIX YACTHBIX
pewennii. [lycts, Hampumep, mpu y =y, umeeM f5(y)=0, Torna QyHkumus y =y,
ABIIIETCS pelieHueM ypaBHeHUs (2'), T.K. dy =dyy=0. PemenneMm MOXeT Takxke OBITh

dyHKumst x = x,, ecnn f3(xy)=0.

Ilpumep. Haittu o61mmii unrerpan qudpepeHnnan-HOT0 ypaBHEHHS TIEPBOTO MOPSIKa

x(y+1)a’x—(x2 +1)ydy:O.
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Pewenue:
Jannoe nuddepeHnranibHOoe ypaBHEHUE SBISETCS YpPaBHEHHEM C Ppa3JeIsIOIIUMUCS
nepeMeHHbIMH, npuueM fi(x)=x; f,(y)=y+1; f3(x)= X +1; f4(y)=—y. Paznenum

00€ yacTu ypaBHEHH Ha MPOU3BEICHHE

L (v) (%) =(y+1)(x2 +1)

H I10JIY4YUM

xdx  ydy
>~ =0.
x“+1 y+l1

[IpounTerpupyem noclieiHee paBeHCTBO

dex j(l‘ﬁjdy c.

x2+1

UCIIOJIB3Y4 MOJIBEICHUE 1101 3HaK auddepeHimana

d(x +1) J‘d J y+1
y+1 ¢

J‘ 2
MOJIyYHM OOIIUI HHTEeTrpal IudpepeHIaTbHOTO YpaBHEHUS

%ln‘xz +1‘—y+ln|y+1|:

Ipu nenennu Ha f,(y)=y+1 HoTepsiHO YacTHOe peureHue: y = —1.

HuddepenmanbHoe ypaBHEHUE TIEPBOTO MOPSIKA
V+p(x)y=4q(x), 3)
JUHEWHOE OTHOCHUTEILHO HCKOMOM (YHKIIMH U €€ IPOU3BOIHOM, HA3bIBACTCS IUHELIHBIM.
VYpaBuenue (3) CBOAWTCS K JABYM YPaBHEHUSM C Pa3CISIIONTUMUCS TMEPEMEHHBIMU

cienyomuM o0pa3oM. 3amnuiieM UCKOMYI (QYHKIUIO )(X) B BUJIE MPOU3BEICHUS JIBYX
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byHKIIMIA: y:u(x)-v(x). Omna w3 »otux GQyHKOUA MOXET OBITh aOCOJIOTHO

MPOU3BOJIBHOW, a BTOpasi OMPENENSeTCs B 3aBUCHMOCTA OT TEPBOM TakK, YTOOBI MX
MPOU3BEACHUE YIOBJIECTBOPSIIO ypaBHEHHUIO (3).

W3 paBeHnctBa y =u-v HaxomauM y' =u'-v+u-v'. Torma B cooTBeTcTBHE C (3) MMeeM
u'v+uy' + p(x)uv=q(x) wm u'v +u(v' + p(x)v) =¢(x). Beibepem B KkadectBe V(x)

KaKoe-HUOY/Ib YaCTHOE PEILICHNUE YPaBHEHUS

v'+p(x)v:0, (4)
TOT/Ia 11 OTBICKAHUS u#(X) MOJIyYUM ypaBHEHHE
u'v=gq(x). (5)

Haiinem v(x), pa3aesnss nepeMeHHbI€ B (4):

_

—p(x)dx, otkyna Inv = —Ip(x)dx Hv= e_Ip(x)dx,
v

3Has v(x), HaiineM u(x) u3 ypaBHeHus (5):

%v = q(x) = du= ejp(x)dxq(x)dx, TOTHA U = jq(x)ejp(x)dxdx +C.
X

OO11ee penieHne JIMHEHHOTo ypaBHEHUS (3) UMeeT BUJ

y=uv= e_Ip(x)dx [IQ(X)ejp(x)dxdx + C} .

Ilpumep. Haiitu o6mee pemienue auddepeHIuaibLHOro

ypaBHEHHsI TIEPBOTO mopsiaka y' —2y =1.

Pewenue.

3anumieM UCKOMYIO QYHKITMIO y(Xx) B BUJE IPOU3BEIACHUS ABYX (DYHKITHI:
y=u(x)-v(x),torma y'=u"-v+u-v,
Y TIOJICTABUM MOJIyYEHHBIE BBIPAXKEHUS B 33JJaHHOE YPABHEHUE

uv+uw' —2uv=1.
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BrineceM 3a ckoOku u(x)
u'v+u(v'=2v)=1
W, TpUpaBHUBAas K HYJIIO BBIPAKEHHE B CKOOKax, TOJYy4YMM U pElIUM JiBa

U pepeHInaNbHBIX YPABHEHUS € PA3AeISIIOIIUIMUCS TEPEMEHHBIMU:

VvV =2v=0 u'v=1
dv —2dx ﬂezx =1
v dx
Inv=2x du=e > dx
y=e? u= Ie_zxdx,

_ 1 —2x _ 1 -2x
u——EIe d(—2x)——Ee +C

3anuiieM ob1iee perieHue 3aJaHHoro 1uddepeHIManbHOT0 YpaBHEHUS B BUJIC

y:uv:(—%e_zx +Cj-ezx, VIIH y:—%+Ce2x.

HuddepeHunansuoe ypaBHEHHE BUIA

V'+ay' +ayy=f(x) (6)
HA3bIBACTCSI HEOAHOPOJHBIM JIMHEHHBIM ypaBHEHHEM BTOPOTO TOPSAJIKA C MOCTOSHHBIMU
ko3 dunreHTamMu a; 4 a,.

OOmiee pelleHne JTOrO0 ypaBHEHHS y=y+)y , Tme J— o0Olee pelieHne
COOTBETCTBYIOIETO OJHOPOJHOIO ypaBHEHHUS; ) — YaCTHOE pelleHue ypaBHEHHs (6).
JuddepenunansHoe ypaBHEHUE

Vit+ay' +ay=0 (7)
SIBIIIETCS. OAHOPOJTHBIM M HA3bIBACTCS COOTBETCTBYIOIIUM HEOJHOPOIHOMY YPaBHEHHIO
(6). OoOmee pemieHre OJHOPOAHOTO ypaBHEHHA (7) HaxoAAT 1O  KOPHSIM
XapaKTePUCTHUECKOTO YpaBHEHUS
r2+a1r+a2 =0.

XapaKkTepuCcTUYECKOE YPABHEHUE MOYKET UMETh TPU CIlydast Il KOPHEN 1 U 75 :
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1) xopnu xapaxkmepucmuuecko2o ypasHenus OetcmeumenbHvle U pa3iuynvle: 1 #7, .
B »stom cnydsae oO6miee penienue ypaBHeHust (7) 3amuchiBaeTCa B BHUJE
¥y =Ce™ +Cye™, rne C,, C, —pou3BOILHBIE TIOCTOSHHBIE;

2) KOpHU XapaKmepucmuyecko2o ypasHeHus oeticmeumenbHvle U pasHvle: 1 =r,. B
ATOM ciyyae ofmiee pemieHue ypaBHeHHs (7) 3amucbiBaeTca B BHUJE
y =€ (C +Cyx), rne C,, C, —IpOU3BONBHBIC IOCTOSHHBIC;

3) KOPHU XApAdKmepucmu4ecKkoco ypaBHeHUA — KOMNJIEKCHble CONpAJNCEHHble YUCA

Hap=axp-i, f#0.BoTom ciaydae obuiee penieHne ypaBHeHHs (7) 3aUChIBACTCS

B Buge y =e”*(C cos fx+C,sin fx), rae C,, C, —IpOU3BOIBHBIC IOCTOSHHEIE.

YacTHOE pelieHre ) HEOJHOPOJHOrO ypaBHEHHUS (6) MOKET OBITh HAWIEHO METOIOM
HEOoMpeAeIeHHBIX KO3(P(UIIMEHTOB B 3aBUCUMOCTH OT BHJIa MPAaBOM 4YaCTU YpaBHEHUS
S ().

epsvuii cyyaii. TpaBast yactb ypasuenus (6) umeer Bun f(x)=P(x)e™, roe P(x)
— MHOrouwieH. Torna ypaBHeHue (6) UMEET 4acTHOE pellieHHE BUa

v =x'0(x)e™, ®)

rae Q(x) — TMOJIHBIM MHOI'OWICH TOM K€ CTCNEeHH OT X, 4YTO U P(x), HO C
HEONpeIeICHHBIMU KO3 HUIIUCHTAMU;

k=0, ecu 4UCII0 M HE SIBISETCS KOPHEM XapaKTEPUCTUUECKOTO YPaBHEHHUS;

k=1, ecnv 9UCIIO M SBISAETCA MPOCTHIM KOPHEM XapPAKTEPUCTUUECKOTO YPABHEHUS;

k = 2, eciu 4ucio m ABISETCS JBYKPATHBIM KOPHEM XapaKTEPUCTUYECKOTO

YpaBHEHUS.
[IpaBumno coxpanset cBoro cuity u ipu m = 0, koraa f(x)=P(x) — MHOTOYJIEH.
Heonpenenenusie K03 (GUIMEHTHI B MHOTOYJICHE Q(x) ONPEACIISIIOT MOJCTaHOBKOM

¢bynkuuu (8) U ee MPOU3BOAHBIX B ypaBHEHHE (6) ¢ MOCIEAYIOIIUM NPHUpPABHUBAHUEM

K03(UIIMEHTOB IIPU OJIMHAKOBBIX CTEIICHIX X B 00CHUX YacCTSAX ypaBHEHHUS.

Ilpumep. Haiitu yactHOe pemieHue Au@pdepeHuanbHOro ypaBHEHU BTOPOro
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IopAaKa, YAOBJICTBOPAIOIICC 3a/JaHHBIM Ha4aJIbHBIM YCIIOBUAM:

V'=3)y' —dy=4x-1, y| =2, )| _,=3.

Pewenue. XapakTepuUCTUUYECKOE YpPaBHECHHUE ¥ —3r—4=0 umeer xsa Pa3IAYHBIX
JeWCTBUTENBHBIX KOPHS 7, =—1, 1, =4, cienoBatenbHo, y = Cie ™ + Cze4x . IIpaBas yacth

ypaBHeHust umeer Bun f(x)=4x—-1=(4x-1)-€"*, rne m=0 u He sBIsCTCS KOPHEM

XapaKTEPUCTHUECKOTO ypaBHEHHUs. Torma yactHoe pemieHue npu k=0 wuiieMm B BHUAC

y =x"-(Ax+B)-e" = Ax+ B, (y*), = A, (y* )” =0. ITocne TIOICTAHOBKH B

muddepeHranbHoe YpaBHEHHE MTOTy4aeM
0-34-4(Ax+B)=4x-1;
—34-4A4Ax—-4B=4x—1,
—4A4-x+(-34-4B)=4-x+(-1);
X' —44=4; A=-1
x": -34-4B=-1, —4B=-1+34=-4, B=1
YacTHBIM pelneHreM sBistercss QyHkuust )y = Ax+B=-1-x+1=1-x. OOumum
perieHneM sBsieTcs pyHKms y =3 +y* = Cle ™ + Cpe™ —x+1.
Haiinem 3Hauenne xoHctaHT C;,C, W3 Ha4YalbHBIX YCIOBUH. JUJIs 3TOro OIpeneinum
V' =—Cie ™ +4Ce™ —1.
Torma y| _,=C+C,+1=2, {Cl =0,
y| _,=—C+4C-1=3, (&=L

4x

W cKOMBIM YaCTHBIM peIIeHUEM SBIsieTC QyHKIMS y=e ~ —x +1.

Ilpumep. Haiitu yactHoe penienue auddepeHmaibHOr0 ypaBHEHUS BTOPOTO

nopsaKa, yioBJICTBOPAIOIICC 3a/JTaHHBIM HAYaJIbHBIM YCIIOBUSM:

!

x=0 =3.

" ! 2
V'=4y'+dy=eT, y| _ =2,
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Pewenue. XapakTepucTUyeckoe ypaBHEHHUE P —4r+4=0 wumeer JIBYKPATHBIN
KOPEHb 7 =2, CII€JOBATEIbHO, ) = ezx(Cl + sz). IIpaBas yacTh ypaBHEHHsSI UMEET BUJ

f (x) =e’*, m=2 sBndgercs JABYKpaTHBIM (k=2) KOpPHEM XapaKTepHCTHYECKOIO

YpaBHCHUA, TOrJa YaCTHOC PCIICHUC UIIIECM B BUAC

!

y =x?- 4™, (y*) =x%-24e™ +2x- Ae** =2A€2x()€2 +x),
( y) - 4Aezx(x2 +x) +24e* (2x+1) = Aezx(4x2 +8x + 2)_

Ilocnne mnoncraHoOBKHU y* W ee IMPOU3BOJHBIX B UCX0AHOE auddepeHnaibHoe

ypaBHEHHE MOJIy4aeM

A% (47 +8x+2) 4247 (x7 + x) + 44 X7 =™,

Aezx(M+§x+278§[>8x+M):e2x,

2A82x 282x,

* 1 2x 2
YacTHbIM perieHrueM sBisieTcs QPyHKIus y :56 -x”. OOIIMM peIlIeHUEM SBIISICTCS

dyHKIUA y =7+ y* =™ (C+Cox)+ %ebc x2.
Haninem 3nauenue xoHcranT C),C, U3 HadalbHBIX YCIOBUHU. [ 3TOro ompenenum
IIPOU3BOJHYIO
V=™ (20 +2Cx +Cy ) +e** (x2 + x) :
Y MIOJIy4UM CHCTEMY YPaBHEHHMH I ONIPENEICHUS 3HAUEHUH IPOU3BOJIbHBIX KOHCTAHT
y|x:0 = ¢’ C=2, (=2
v, =€"(2C+Cy)=3, C,=-1

_ 1
VICKOMBIM pelIeHHEM SBISeTCs QYHKIHS V= + y* = e> (2 — x) + Eezx -x7.

Bmopoti ciyuaii. IlpaBas yacth ypaBHeHus (6) umeeT BUn f(x) = acosnx +bsinnx.
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Ecnu uncna +in He ABISIOTCS KOPHIMU XapaKTEPUCTUUYECKOIO YPAaBHEHHUS, TO
y" = Acosnx + Bsinnx.

Ecnu uncna +in ABISIOTCS KOPHSAMH XapaKTEPUCTHYECKOTO YPABHEHHS, TO YaCTHOE

pelleHre NMeeT BUJL
y* =(Acosnx+ Bsinnx)- x.

B wacTHBIX ciyuasix, KOTJla @ WM b paBHO HYJIO, pEIIeHUE BCE PaBHO HAJI0 MCKATh B

yKa3aHHOM OOIIIEM BH/JIE.

Ilpumep. Haiitu yactHoe pemienue auddepeHmaib-HOr0 ypaBHEHUS BTOPOTO
MOPSJIKA, YAOBJIETBOPSIOILIEE 38 JaHHBIM HAYAJIbHBIM YCIIOBHSIM:

1
g 7

1
x=0 E :

V'+4y +13y=5sin3x, y| =

Pewenue. XapakTepucTUYECKOE YPABHEHUE r? +4r+13=0 umeer KOpHU

)  4+4* 413 4436 -4+6i 543
1,2~ = = =—<«TJI,
: 2 2 2

_ )
Torna y =e - (Cjcos3x + C,sin3x).
Uncna +3i He ABNAIOTCA KOPHSIMHU XapaKTEPHCTUYECKOTO YPABHEHHS, TIO3TOMY
y* = Asin3x + Bcos3x,

(y* )' =3Acos3x —3Bsin3x,

"

(y* ) =-94sin3x —9Bcos3x.

HOI[CTaBJ'IHeM y* " €C IIPOU3BOAHBIC B UCXOIHOC YPABHCHUC U I10JIy4acM

—9Asin3x —9Bcos3x+4(34cos3x —3Bsin3x)+13( Asin3x+ Bcos3x)=C,
(44-12B)sin3x+ (4B +12A4)cos3x =5-sin3x + 0-cos3x;

]
sin3x: 4,4—123:5} A=~
j—

8
cos3x: 4B+124=0 B:—E '
8

O61iee perieHUe YpaBHEHUSI UMEET BUJT
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“2x . 1. 3
y=e""(C cos3x+C,sin3x)+ gsm3x —~ gcos3x.
Haninem 3nauenue xoHctanT C),C, W3 HadalbHBIX YCIOBUH. [ 3TOro ompenenum
IIPOU3BOJIHYIO

¥'=-2e72"(Ccos3x + C, sin3x) + e > (-3C; sin3x +3C, cos 3x) +

+§cos3x+2sin3x
8 8

" 3allMIIEM CUCTEMY ypaBH€HHﬁ AJI1 OIIPCACIICHUSA 3HAYCHUM IMPON3BOJIbHBIX KOHCTAHT

3 1
y|x:0:eO(C1+C2'0)—§=§,
i :0=—260(C1+C2'0)+60(C1-0+3C2)+§:%,
1.3 1
973877
1(1 5] 3
=7 Tt+t= |==Z
302 8) 8

W cKOMBIM pelieHreM sIBsieTcst QyHKIUS

y=e (%cos3x + %sin3x) +%sin3x —%cos3x.

Paabl

Cmenennvim ps0om Ha3bIBAIOT PsJl BUIA
o0
a +a1(x—a)+a2(x—a)2 +...+an(x—a)n +...= Zan(x—a)n, 9)
n=0

PaCIONI0KEHHBIN MO CTENEHSIM JIBY4YJIeHA (x — a).
B cootBeTcTBUM ¢ TeopeMoit AbGens psan (9) cxoauTcs Ha UHTEpBAJE X € (a —R,a+ R) ,

a i1 BCEX X, JIEKAIIMX BHE 3TOr0 MHTEpBaia, psAl pacxomurca. Yucio R Ha3bIBAIOT
paouycom cxooumocmu cTeneHHoro psaa. Ha xonmax maTepBana (mpu x=a— R u npu

X=a+R) Bompoc O CXOIUMOCTH U PACXOAUMOCTH JAHHOTO psla pelaeTcs
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WHIUBUIYAIBHO [JIsl KaXKJIOTO KOHKPETHOrO pAna. Y HEKOTOPBIX PSAOB HWHTEpBA
CXOJIMMOCTH BhIpOkaaeTcs B TOUKy (R =0), y Apyrux oxBaThIBaeT BClO och Ox (R =00).

Cornacno npusHaky Jlamambepa paginyc CXOIUMOCTH ONPEACINAIOT o hopmyie

R=lim|- %2, (10)

n—>0 an+1

Ecnu Bocnionbe3oBatbces npuszHakoM Komu, To

R=lim—.

oo n
n— an

Ilpumep. HailTu uHTEpBAII CXOIMMOCTH PSAJIa U UCCIIEN0BATh €T0

x}'l

00
CXOOAMMOCTD Ha KpasidxX MHTCPBAJad Z ,
n=1 1" 10

Pewenue.

Pamunyc cxogumocTu onpeaenum o Gopmyse (10):

n+l1
R = lim |-%_| = [im |+ 110 ‘zlo.nm”—”:lo-1im(1+l):1o.

n—wo|d, || n—o n-10"1 n—w n n—»o n

. o0 (_10)7’1 o8] (_1)1’!
Ha xoHmax uHTepBana: npu x =—10 MoJIyduM YHCIOBOU Psif Z—z Z—,

n
n=1 n-10 n=1

KOTOPBIN ABJISIETCS] 3HAKOUEPEAYIOIMUMCS U CXOAUTCS TI0 TeopeMe JIelOHuIa, Tak Kak ero

1 1 .1
WICHbl YOBIBAIOT O a0CONIIOTHOW BenuuuHe 1> > > 3 >.. u lim—=0. Ilpu x=10
n—on

o8]
MOJIyYUM TapMOHUYECKUHN Pl Z—, KOTOpbIN pacxonutcs. Takum o0pa3om, JaHHBIMI

n=1

cTeneHHou pan cxoautcs npu x €[—10;10).

OcHOBHBIE 3JIeMEHTapHble (YHKIIUA HMEIOT TPOCThIE PA3NIOKEHHS IO CTEMNCHSIM X,

KOTOpBIe Hp CACTABJICHBI HUXKC:
2 X3 xn

P i I S Vx € (—o0,),
I 21 3! n!



3 5 7 n—1
Slnx:——x— r X (—l)n+1 al + ‘v’xe(—oo,oo),
no3 st 7 (2n-1)!
2 4 6 .8 2
cosx=1-— T 41 _ (—l)n+1 Al ‘v’xe(—oo,oo),
21 4 6 8l (2n).
(1+x) :1+ﬁx+m(m_l)x2+.. +m(m_l)"'(m_n+l)x”+...Vxe(—l,l),
2! n!
2 ¥ X n-1x"
n(l+x)=x-2 X X X YT vxe(-L1
n(l+x)=x T s +(-1) —+ xe(-11),
3.5 7 2n-1
arctgx:x—?+%—7+...+(—l)n_l;Cn_1+... Vxe(—l,l].

[Tpu npubIMKEHHBIX BBIYUCICHUSAX OMPEAEICHHBIX MHTETPAJIOB TPEOYETCS Pa3I0KUTh
NOJBIHTErPANIbHYI0 (YHKIMIO B CTENEHHOM psl, KOTOPbIM B IIpeaenax HWHTepBaia
CXOAMMOCTH MOXKET OBITh MOWIEHHO NpouHTerpupoBaH. Mcnons3ys popmyny HeroTona —
Jleitbnuma,  ONpEAENICHHBIA  WHTErpajl  BBIUMCIAIOT KaK  YaCTUYHYI0  CyMMY
IIOJIYYaIOIIEerocs 4YUCIOBOrO psaa. Ecimm psaa  3HaKouepeayroLUKCs, TO TOYHOCTH

HpI/I6J'II/DKeHHI>IX BBIUMCJICHUH HE IMPCBOCXOOUT IICPBOI'O U3 OT6pOHIeHHI>IX YJICHOB.

Ilpumep. BpruuciuTh ONpENENCeHHbIA MHTETpall ¢ TOYHOCTHIO 110 0,001 myrtem

Pa3NoKEeHUS TIOIBIHTETPATbHON (YHKIIUU B PSAJl U MOWICHHOTO UHTETPUPOBAHUS

ATOTO psija: J
0

sin x

dx

X

Pewenue.

Hcnonb3yem pasznoxeHue B psij s GYHKIHUUA SINX U MOJCTABUM €T0 B MOJIBIHTETPATbHOE

BBIPAKEHUE
5 _
sin x 1 roox nel x>
J‘ dxzj— X——'+—' (—1) | X =
) X X 31 5 (Zn — 1).
0,5 _
244 (2n2
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0,5
X3 x5 il xzn—l
=| x———+—+...+(-1) +o. || =
313 515 (2n-1)!(2n-1) .
N S SN +(—1)"+1 ! +..=
2 2%313 2515 22" (2n-1)(2n-1)

~0,5-0,0069 + 0,00005 = 0,5 —-0,0069 ~ 0,4931~ 0,493.

B BrruncieHusx IMPUBCACHLI IICPBLIC TPHU WICHA psiAga ¢ COXPAHCHUCM YCTBIPCX 3HAKOB

IIOCJIE 3alsITOM, Tak Kak 3amaHHas TodHOcTh cocrtasisieT 0,001. Tpermit umen psna

OTOpOIIIeH, TaK KaK OH II0 BEJIMYHWHE MEHBIIE 3aJaHHOW TOYHOCTH (0, 00005) <0,001. B

OKOHYATEJIbHOM PEe3yJIbTaTe MPOBEACHO OKPYTJIEHHUE 0 TPEX 3HAKOB MOCIIE 3AISITOM.

Teopust BeposiTHOCTEH

[Ipu KiTaccu4ecKoM ONPEACICHUN 8ePOSIMHOCMb COObIMUS OTIPEIICTIACTCS PABEHCTBOM
P(A)=m/n,
TJIe M — YHUCIIO AJEMEHTAPHBIX MCXOJI0B WCIBITAHUH, OJIATOTPUSTCTBYIOIINX ITOSBIICHUIO
coObITHS A, n — 00LIEE YNCIIO0 HIEMEHTAPHBIX UCXO00B UCIIBITAHHUS.
Yucnom couemanuii W3 [ 5IESMEHTOB 1O Kk HaA3BIBAIOT KOJIWYECTBO KOMOHWHAIIUM,
COCTaBJICHHBIX M3 [ AJIEMEHTOB MO k , KOTOPHIE OTIMYAIOTCS XOTS ObI OJHUM DJIEMEHTOM.

Yuciio coueTanuit

!
o :#.
k(I -k)!

Ilpumep. B smuke umeercs 15 aeranei, u3 Kotopbix 10 okpanieHHbIX.
COopmuk Hayauy u3BJeKaeT Tpu aAeTanu. HailTu BeposSTHOCTb TOTO, YTO

H3BJICYCHHLBIC ACTAJIN OKAXKYTCA OKpAalICHHBIMH.

Peuwenue:

a) 06H1€€ YKUCJIO0 BO3MOZKHBIX 3JICMCHTAPHBIX UCXOA0B HUCIIBITAHUA PAaBHO YUCITY CHOCO6OB,

KOTOPBIMU MOZKHO HM3BJICYDb TPU ACTAJIN U3 IIATHAAUATH, TO CCTh 71 = C13 55
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0) YKCIIO UCXO0/I0B, OJArOMPUATCTBYIOIINX UHTEPECYIONIEMY HAaC COOBITHIO, PABHO YHUCITY
Croco0O0B, KOTOPHIMHU MOKHO BBIOpATh TPH OKpalleHHBIX AeTanu u3 10, To ecTh m = Cfo;

B) KCKOMasi BEPOATHOCTh paBHAa OTHOIIECHHUIO OOILIEr0 YHUCIa HCXOJ0B K YHCITY

6HaFOHpI/IHTHLIX HCXO0OA0B

10!
m Ci, 37 10t120 7.8.9.10-121 24
n o C Uoo7rst 712113014415 91
31121

Ilpumep. B naptum u3 10 neraneii umeercst 7 crangapTHeiX. Haygauy
oToOpaHsl 5 neraneid. OnpenenuTb BEPOSITHOCTh TOTO, UTO CPEAN OTOOPAHHBIX

JIETAJIE POBHO TPU CTAHAAPTHBIX.

Pewenue:

a) 06H1€€ YKUCJIO0 BO3MOZKHBIX 3JICMCHTAPHBIX UCXOA0B HUCIIBITAHUA PAaBHO YUCITY CHOCO6OB,

KOTOPBIMH MOYHO H3BIIeUb IIATh JeTaleil 3 JecaTH, T0 ecTh 1= Ciy;

0) HaiiAeM YUCJI0 UCXO/I0B, 0JaronpusITCTBYIONINX HHTEPECYIOIIEMY HAC COOBITHIO (Cpeau
OTOOpaHHBIX IATH JETAJed POBHO TPH CTAaHIAAPTHHIC): TPH CTAaHIAPTHHIC IETaTd MOYKHO
BbIOpaTh M3 7 CTaHAAPTHBIX JeTalel C73 crnoco0aMu; MpU 3TOM OCTallbHbIE (5—3=2)
JeTand JOJDKHBI OBITh HECTaHJApPTHBIMHU, KOTOpbIE MOXKHO BbIOpaTh u3 (10-7=3)

HECTAHJIAPTHBIX JI€TaJel, MMEBIINXCSA B APTHUH, C32 cnocobamu. CienoBaTeabHO, YUCIIO

0JIarONPHUSATCTBYIOIIUX UCXOJIOB M1 = C;’ -C32 ;
B) HCKOMasi BEpPOSITHOCTh paBHAa OTHOIICHUIO OOIIEr0 YHCiIa HCXOAOB K YHUCITY

6HaFOHpI/IHTHLIX HCXO0A0B

70 3
3.02 O 1.51.51 . H.5.5) !
P(A):ﬁ:C7 5C3 _ 314! '2!.1!: 7ESES /7’{ ,4’{ 5.5t 5! 22209375
3, 10! 2141100 2-40.71.8.9.10 4-8-10 8
51.5)

Teopemuqecmze ceeoeHsl.
BepOHTHOCTI:: coOBITHS A, KOTOPOC MOXKET HACTYIIUTD JIMIIB ITPH ITOABJICHUHU OJHOI'O U3

HECOBMECTHBIX cOObITUH (runores) H,, H,,...,H,, o0pa3ylomux NOJIHYIO IPyIITy, paBHA
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CyMME IIPOU3BEINCHUN BEPOATHOCTEM KaXXJOM M3 THUIOTE3 HA COOTBETCTBYIOLIYIO
YCJIOBHYIO BEPOATHOCTh COOBITHUS A:
P(A) = P(H,)- By () + P(H,) Py, (A) + ...+ P(H,) - Py (A),
rne P(H))+P(H,)+...+P(H,))=1.

[TpuBenennyo Gopmyy Ha3bIBAIOT hOPMYIOL NOTHOU 8EPOSAMHOCHIU.

Ilpumep. Wmerotcs Tpu naptuu aeranei no 20 geraneit B kaxaou. Yucio
CTaHJApPTHBIX JIETAJIEW B IEPBOM, BTOPOU U TPEThEN MaPTUAX COOTBETCTBEHHO
paBHo 20, 15, 10. 13 naymgady BeIOpaHHO#M mapTuu HayAady U3BJICUEHA JACTAlIb.

HaiiTu BEeposITHOCTh TOTO, YTO OHA OKAKETCS OpaKOBaHHOM.

Pewenue:
a) 0003HaYMM uepe3 A coObITHE — B3Tas JeTajb ABIsSeTCS OpakoBaHHONW. MOXHO cjenaTh

TPHU NPENOIO0KEHHs (TUIOTe3bl): [, — netans BeIOpaHa u3 nepBoi naptuu; H, — neranib
BbIOpaHa M3 BTOpPOM napTuu; /1, — geranp BbIOpaHa u3 Tperbeil maptuu. Ilockosbky

YHUCJIO JETAJIEW BO BCEX TPEX MAPTHUAX PABHO, BEPOSTHOCTU TUIIOTE3 PABHBI

1
P(H1)=P(Hz)=P(H3)=§-
0) ycioBHas BEPOSITHOCTh TOTO, YTO JeTaidb OyaeT OpakOBaHHOWM, €CJIM OHa B3fATa U3

IIEpBOU MapHH, PH1 (A) =0; ycioBHast BEpOSITHOCTb TOTO, YTO JI€Tallb Oy/1eT OpakOBaHHOM,

. 5 1

CIIM OHA B3fTa U3 BTOPOH mapuu, Fj (A)= 20 = Z; YCJIOBHAsl BEPOSITHOCTH TOTO, UTO
. . 10 1

jetanb Oy/eT OpakOBaHHOM, eCIIM OHa B35iTa U3 TpeThel napuu, Py (A4) = 0 =7

B) MCKOMasi BEPOSITHOCTh TOTO, YTO BhIOpaHHas Hayaaudy AETallb SIBISIETCS OpakOBaHHOM,

HAXOJUTCS 1O (OPMYJI€ MOTHOM BEPOSTHOCTH

11
P(A)==-0+ +—==
(4) 32

1
R

W | =
NG

1
3

Teopemuqecm{e ceeoenusl.
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BeposiTHOCTH TOro, 4TO B HE3aBUCHUMBIX MCIBITAHUAX, B KaXJOM H3 KOTOPBIX
BEPOSITHOCTh MOsBIEHUs coObITUs paBHa p (0 < p < 1), coObITHE HACTYNUT POBHO k pa3

(6e3pas3nmuuHo B KaKOM MOCIEA0BATEILHOCTH ), OpeaesaeTcs o gopmyne bepuyiiu
k _k n-k
P((k)y=C,p"q" ",

rae g =1— p — BEpOSATHOCTH TOT'O, YTO COOBITHE B KAXKJOM U3 UCIIBITAHUIN HE TTOSBHUTCS.

Ilpumep. BeposTHOCTb BCXOKECTHU CEMSH MieHuIlbl paBHa 0,9. Kakopa

BCPOATHOCTD TOI'O, YTO U3 YCTBIPCX ITOCCAHHBIX CCMAH B30ﬁHYT HC MCHCC TPCX.

Pewenue:

a) MycTh coObITHE A — U3 4 CeMsIH B30MAYT HE MEHEE TPEX CeMsiH; coObITHE B — 13 4 ceMsH
B30MIyT 3 ceMenu; coobiTue C — u3 4 cemsiH B3ounyT 4 cemenu. [lo Teopeme cioxeHus
BEPOSITHOCTEU

P(A4)=P(B)+ P(C).

0) BeposiTHOCTH coObITHI B 1 C onpenenum 1o ¢popmye beprysm:

|
P(B)=P,(3)=C3p’q"* " = ﬁo& (1-0,9)=0,2916,

P(C)=P,(4)=C; p*q**=0,9"=0,6561.
B) UCKOoMas BepoATHOCTh P(A4)=0,2916+0,6561=0,9477.

Ecnyu yucimo mOBTOPSAIONIMXCS HCHBITAHUN BEJIUMKO, TO OMNPEAECICHHUE BEPOSTHOCTH IO
dbopmyne bepHymin 3aTpyaHEHO H3-3a TPOMO3JKOCTH BBIUMCICHHM. B 3TOM ciydae

IPUMEHSIOT NMPUOIMKEHHYIO (DOPMYITy, BRIPAXKAIOLLYIO JIOKAIbHYI0 meopemy Jlannaca:

L o)
Jnpg

£, (k)=

2
k—n
e 2 ux= P

rac QD(X) \/— E

3HadeHust PyHKIUU @(X) OMPENeIIIOTCS U3 TaOJIUIIbI, TPUBEICHHON B IPUIOKEHUU 1.
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Ilpy ManbIX 3HAa4eHHAX BEPOSTHOCTH p 1 BbluMclIeHMs P, (k) nOpuMeHsoT
ACUMIITOTUYECKYIO ghopmyny [lyaccona

k
Pn(k)z%-e_’l, rae e=2,7182...; A =mnp.

Ota Qopmyna ucnoiabdyercss npuA <10, nmpuuem uyeMm MeHbIIE p U OOJbIIE 7, TEM

pe3ysbTaT TOYHEE.

Ilpumep. BeposATHOCTH BCX0XKECTU CEMSH MIIEHUIBI paBHa 0,9. HailTu BEpOSTHOCTH

Toro, 4to u3 400 nocessHHBIX ceMsIH B30UAYT 350 ceMsH.

Pewenue.

a) nu3 yCJIOBUS 3aJ1a49u p=0,9,9g=1-0,9=0,1; n =400; £k =350. Torma

_350-400:09 10, o

\/400-0,9-0,1 6

0) 13 TabauIel B npuioxkenuu 1 Haxogum @(—1,67) = @(1,67) =0,0989;

B) HCKOMasi BEPOATHOCTh paBHA

1

P, (350) =
00 (330) \400-0.9-0,1

-0,0989~0,0165.

Ilpumep. Cpemu cemsad nmeHunsl 0,02% copHsakoB. KakoBa BEpOATHOCTH TOT'O, YTO
2 2

npu ciaydaiiHoMm ot6ope 10000 cemsiH OymeT oOHApYKEHO 6 CeMSTH COPHSIKOB?

Pewenue.
N3 ycmoBust 3amaun p =0,0002; n=10000; £k =6. Torma A =10000-0,0002=2.
Hckomast BEpOSITHOCTh paBHA

26
Po(6)% =€ z%-o,lsss ~0,012.

Ecau BCPOATHOCTb HACTYIIJICHUA coObITHS A B KaXXJJOM H3 n HCIIBITAaHUN NOCTOSIHHA U

paBHa p, TO BepoATHOCTb P,(k; <k <k,) TOro, 4ro coObiTie 4 B TaKHX HCIBITAHUAX
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HACTYIIMT HE MEHee k; pa3 U He Oojee k, pas, OIpeAeiseTcs 0 UHTETPaIbHON TeopeMe

Jlannaca popmyoii:

B _
Pk <k<ky)~— e

.l ey S

\V1pq

1 7
Oyukuusa O(x) = Ie 2dt waseiBaetcs (pynkiwmeit Jlammaca. B npunoxenun 2
0

\N27m
naubel 3HadeHus 3Tod Qynkmuu mug 0<x<5. I[lpu x>5 ¢yskuua P(x)=0,5. Ilpu

OTPUIIATETIFHBIX 3HAUCHUSX X B CHIIy HeueTHOCTH (¢yHkiuu Jlammaca @(—x)=-D(x).

Ucnonb3ys ¢pynkiuio Jlamnnaca, nmeem

F(k <k <ky,)=D(B)-D(a).

Ilpumep. IIpoueHT BCXOXKECTH CEMSIH MIIEHUIBI paBeH 90%. HailTu BEpOSITHOCTH

toro, uto u3 500 nmocessHHBIX ceMsiH B3ouayT oT 400 1o 440 cemsH.

Pewenue.
a) u3 ycnosus 3agaun p =0,9;g=1-0,9=0,1;n=500; k; =400; k, = 440.
400-500-0,9 ~440-500-0,9 _

~-T7,45; PB= ~
4/500-0,9-0,1 \/500-0,9-0,1

0) 13 TaOJIUIBI B MPUIIOKEHUHU 2 HAXOAUM

D(~1,49) = —-D(1,49) ~ —0,4319; D(~7,45)=-D(7,45)~—-0,5.

Torma o = —1,49.

B) HCKOMasi BEPOATHOCTh paBHA

P,y (400 < k < 440) ~ D (~1,49) — D(=7,45) =—0,4312 + 0,5 = 0,0681.

Jluckpemmnoii Ha3bIBAIOT CAYYAUHYIO GeIUYUHY, BO3MOKHBIE 3HAUEHHUS] KOTOPOU €CTh
OTJZIEJIbHBIE U30JIMPOBAHHBIE YHCIIA, KOTOPBIE 3T BEJIMYMHA IPUHUMAET C ONPEACICHHBIMA
BO3MOXHOCTSIMU. 3aKOHOM pacnpedeneHus TUCKPETHON ciydyallHON BEIMYMHBI HA3bIBAIOT

nepeyeHb €€ BO3MOKHBIX 3HAYEHUI U COOTBETCTBYIOUIUX UM BEPOSITHOCTEH. DTOT 3aKOH
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MOXET OBITh 3a/laH B BHJI€ TaOJIMLBI, MEpBas CTPOKAa KOTOPOU COACPKUT BO3MOKHBIC

n
3HAYEHHS X;, a BTOpask — BEPOATHOCTH p;, IPUIEM z p;=1:
i=1
X )Cl x2 coe xn

P D Py . Py

XapakTepUCTUKON  CPEOHEr0  3HAYEHUs  CIYyYallHOM  BEJIMYMHBI  CIIYXKHUT
MaTeMaTH4YecKoe OkuaaHue. Mamemamuueckum odxcuoaruem ITACKPETHON CiydallHOU
BEJIMYMHBI HA3bIBAIOT CYMMY IIPOU3BEIACHUN BCEeX €€ BO3MOXKHBIX 3HAUYCHUN Ha HX

BEPOSTHOCTH:
n
M(X)=xp|+ XDy + .t X, D, = D X;D; - (1)
i=1

CBoiicTBa MAaTEMaTHYECKOTO OKUJAHUA

1) MAaTEMaTUYECKOE OXKHUIAAHUE TIOCTOSIHHOW BEJIWYMHBI pPAaBHO  CaMOH
MMOCTOSIHHOM;

2) MIOCTOSIHHBIA MHOKHTEIb MOXKHO BBIHOCHUTH 3a 3HAaK MaTeMaTH4YeCKOTO
OXKUJIaHU A,

3) MAaTEMAaTUYECKOE OXKHUIAAHWUE TPOM3BEACHUS B3aMMHO  HE3aBHUCUMBIX

CIIy4YallHbIX BEJIMYMH PABHO MPOU3BEACHHUI0O MATEMATHUYECKHUX OKUIAHUN
COMHOKUTEJICH;

4) MAaTEMATHYECKOE OKHUJAHUE CYMMBbI CIy4YalHBIX BEIMYUH PABHO CYMME
MaTEMaTHUYCCKUX OKUJIAHUU ClIaracMbIX.

Jlucnepcuer C1y4ailHOM BEJIMYMHBI HA3bIBAIOT MATEMATUYECKOE OXKHUIAHUE KBaJpaTa

OTKJIOHCHUA CHy‘IﬁfIHOfI BCJIMYHUHEBI OT €€ MAaTEMATHUUYCCKOT'O OKUJIAHU A
D(X)=M[X -M(X)]. (2)
Jlucniepcuio y100HO BEIYUCISTH 1O (hopmyJie
D(X)=M(X*)~[M(X)T. 3)

CBoiicTBa IUCIEPCHUH:
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1) nucnepcusi MOCTOSIHHOW BEJIMYMHBI PaBHA HYJIIO;

2) MOCTOSIHHBII MHOKUTEIh MOKHO BBIHOCHUTH 32 3HAK JMCIEPCHUM, BO3BOJS €r0 B
KBaJpar;

3) nucrnepcusi CyMMbl HE3aBUCHUMBIX CIIyYailHBIX BEJIMUMH paBHA CyMME AMCIEPCHIA
ClIaracMbiX.

Cpednum keadpamuueckum OMKIOHeHUeM CIy4alHOW BEJIWYMHBl Ha3bIBAIOT

KBaJpaTHBIM KOPEHB U3 TUCTIIEPCHUU:

o(X)=D(X). (4)

CpenHee KBaJpaTU4YeCKOE OTKIOHEHHE CIy4YalHOW BEJIMYMHBI XapaKTEPU3YET pacCEsiHUE

BO3MOYKHBIX 3HAYECHHUM CIIyYalHOM BEJIUYMHBI BOKPYT €€ CPEAHEr0 3HAUECHUS.

Ilpumep.

3agaH 3aKOH pacHpeiesieHusi JUCKPETHOW ciy4yaiiHoW BenuuuHbl X. Haiitu ee

MAaTCMaTUICCKOC OXKUIAHHUC, TUCIICPCUIO U CPCAHEC KBAAPATHUICCKOC OTKIIOHCHHC.

X 40 42 41 44
P 01 03 02 04

Pewenue.
a) BprumcauM MaTeMaTHYeCKOe OXKHJAaHWE IO 3aJaHHOMY 3aKOHY pacIpeneicHUs
JUCKPETHOM CIIy4aifHOW BETMYUHBI, TTOJIB3YsICh opmynoi (1):
M(X)=40-0,1+42-0,3+41-0,2+44-0,4=42,4;
0) BBIYUCIIMM JIMCIIEPCUIO, BOCTIONB30BaBIIUCH (hopMyiioi (3). s 3Toro cocTaBUM 3aKOH
pacrpeneneHus Kpaapara ClIy4anHOW BEJIMYUHBI:

X 407 42% 417 447

P 0,1 03 02 04

Torma M(X?)=407-0,1+42%-0,3+41%-0,2+44>.0,4=1799,8;
D(X)=1799,8—42,4> =2,04.

B) CpeaHee KBaIpaTHICCKOE OTKIIOHCHHE BRIYUCIMM 110 hopmyde (4):
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o (X)=+/2,04 ~1,43.

Dyuxyueii pacnpeoenenus (MHTErpaibHOM (QYHKIIMEH pachpeneseHus) Ha3bIBaloT
byakuuo F(x), omnpenensionryro s KaKI0TrO 3HAYEHUS X BEPOSTHOCTh TOTO, YTO
ciy4daiiHas BeJInurHa X MMPUMET 3HAYEHUE, MEHBIIIEE X, TO €CTh

F(x)=P(X <x).

CBolicTBa MHTETPAIbHON (DYHKIIMH PACIIPEICIICHHUS

1) 3HaueHust GyHKIMU pacupeeeHUs] TPUHATIEKAT OTPE3KY [O;l];

2) gyHKuuMA pacnpenenaeHus: ecTh HeyObIBaloImast PyHKIUS;

3) BEpOSITHOCTBH TOTO, YTO CIIydailHas BeJIMYMHA X MPUMET 3HAYCHHE, 3aKIIOYEHHOE B
WHTEpBaJe (a;b) , paBHa mpHpanieHUuI0 (YHKIMK paclpenesieHus Ha 3TOM
untepBaie: P(a< X <b)=F(b)—-F(a);

4) BEepOATHOCTh TOrO, YTO Ciy4yaliHas BeIMYMHA X TPUMET OJHO OIpPEACIICHHOE
3HA4YEHUE, HAIIPUMED, X, PABHA HYJIIO;

5) ecnu Bce BO3MOXHBIE 3HAUECHMSI CIy4aillHOW BETUYMHBI X MpUHAIJIEKAT UHTEPBATY
(a;b), 0

F(x)=0 Vx<a; F(x)=1 Vx>b.
Juppepenyuanvroii  pynxyuei pacnpedenenus f(x) HEIPEPBIBHOW CIydaitHOMN
BEJIMYMHBI HAa3bIBAIO TIEPBYIO IPOU3BOJIHYIO OT (DYHKIIMH PACIIPEICIICHUS:
fx)=F'(x). (5)
Ecnu 3amana nuddepennmansuas QyHkuus pacapeneynenus f(x), BEpOSATHOCTh TOTO,

YTO Clly4alHas BeJIWYMHA X MPUMET 3HAYCHHE, 3aKIIFOYEHHOE B UHTEPBAJIC (a;b), paBHa
b

P(a <X<b)=jf(x)dx.
a

Mamemamuueckoe odcudanue HENPEPHIBHON CiIydaHON BENWYWHBI X, BO3MOKHBIE

3HAYEHUS KOTOPOU MPUHAJIEKAT BCE YUCIOBOM OCH, ONIPEAEIISAETCS PABEHCTBOM

M(X)= T xf (x)dx.

—00
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Ecnu Bce BO3MOKHBIE 3HAUEHUs CIIyYalHOW BENWYMHBI X NPUHAIJIECKAT UHTEPBAILY

(a;b), 1o

b
M(X)= j xf(x)dx . (6)

Jlucnepcueu nenpepwvignou ciydauHou eeauyurst X, BO3MOXKHBIE 3HAYEHUS KOTOPOU

IIPUHAJIEKAT BCEN YMCIIOBOU OCH, ONIPENIEIISIETCS PABEHCTBOM

D(X)= T[x —M(X)]2 f(x)dx wm D(X)= szf(x)dx — [M(X)]2 :

—© —00
Ecinyu Bce BO3MOJKHBIE 3HAYEHMS CIIyYalHOM BEIWYMHBI X IPUHAIECKAT UHTEPBAILY

(a;b), 1o

b b
DX)=[[x-MX)] f)dx  wm  DX)=[xf()dx-[MX] . (7)

Ilpumep. HenpepwiBHasi ciydaiiHas BenuuyuHa X 3aJaHa MHTETPAIbHOW (YHKIMEH
0,x<0,

pacnpenenenus F(x)= x,0<x<],

I,x>1.

TpeOyetrcss Haiitu nuddepeHmanbay0 GYyHKIHUIO pachpeneieHusT MaTeMaTuiecKoe

OXKNIAHUEC U TUCIICPCHUIO.

Pewenue.
a) Ilo onpenenenuto (5) Haitnem guddepeHnmanbayo GyHKIUIO pacnpeneneHus f(x)
KaK TIPOM3BOJIHYIO OT 3aJJaHHOW MHTETPANbHONW (DYHKIIMH pacIpeaCIICHUS
0ide x<0,
F(x)=43x"ide 0<x<l,
0ide x>1.
0) MaTeMaTuYecKoe OKUJIaHWue BbIYHCIUM 110 dopmyie (6). Tak kak dyHkmms f(x)

npu x <0 u x>1 paBHa Hy/IIO0, TO UMEEM



1 1 33
M(X)=jxf(X)dx=Jx-3x2dx=T ==,
0 0 0

B) BBIUKCIIUM Jictiepcuto 1o dhopmyiie (7)

+—|=
5 8 16

Ecnu 3amana nuddepennmansaas QyHkuus pacnpeneyieHus f(x), BEpOSATHOCTb TOTO,

YTO CIy4dainHas BeJInurHa X IIPUMET 3HAYEHUE, 3aKIIOUCHHOE B UHTEPBAJIE (a;b) , paBHa
b
Pla< X <b)= j F(x)dx. (8)
a

BeposiTHOCTh BBINMOJTHEHUSI CTPOTHMX HEPABEHCTB a < X <b ompenenseTcs Tou xKe
bopmyIion.

Hopmanonvim Ha3pIBalOT pacnpeiesieHUe BEPOSITHOCTEW HENPEPBIBHOW CIIyYaWHOU
BennuuHbl X, nuddepeHumanbHas (YyHKIUA pacrpeieieHuss KOTOpOro  HMMeeT BU/I

_(x—a)2

2
f(x)= e 2°° . rme a — MaTeMaTH4YecKoe OXKHIaHHEe, O — CpeaHee
oN2n

KBaJIpaTU4ECKOE OTKIOHEHUE X.
Ecmn cnywaniHas BemnunHa X pacnpefeneHa IO HOPMAallbHOMY  3aKOHY, TO
BEPOSATHOCTH TOT'0, YTO X IIPUMET 3HAYECHUE, 3aKIIOYEHHOE B UHTEPBAJIEC (a;ﬁ ) , paBHa

P(a<X<ﬁ):®(ﬁ;aj—®(a_aj, (9)

o

l‘

rae O(x) = 2dt — ¢pyukuus Jlamnaca (mpuBecHA B PHIOKCHUH 2).

O'—.R

7'L'

BGpOHTHOCTB TOro, 4Tro a0COII0OTHAs BEIWYMHA OTKJIOHEHHUS MEHBIIIE MOJI0KUTEIIHHOTO

yuciaa o , onpeaensercs no Gopmyie
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P(|X—a|<5):2q>(§j. (10)

o

Ilpumep. ]JlnvunHa aeTanu npeACcTaBiIsIeT cOOONH HOPMAJIBHO PACTIPE/ICICHHYIO CIIy4YaiiHyIO
BEJIMYMHY C MaTeMaTH4YeCKUM oxujaaHuemM 40 MM M CpeJHUM KBaJPaTUYCCKUM
OTKJIOHEHHEM 3 MM. HaliTu BEpOSATHOCTH TOTO, UTO JIMHA MPOU3BOJIBHO B3SITOM J€Talv
Oyner Oosbumie 34 MM U Mesble 43 MM. OnpenenuTs BEPOSITHOCTb TOTO, YTO JJIMHA

JIETAJIM OTKJIOHUTCS OT €€ MaTEMAaTUYECKOro OKUIaHUs He 0ojiee ueM 1,5 MM.

Pewenue.
a) I1o ycnoButo 3agaun a =40, =34, B =43,0 =3. Torga no popmyiie (9)

P(34< X <43)= @(@) - @(343;40) = (1) - D(-2) =

=D(1)+Dd(2)~0,3413+0,4772 = 0,8185.
0) BEPOSITHOCTH TOro, 4To0 a—-0 <X <a+6, rne a=40,0 =1,5, BbIUUCIUM TIO
dbopmyie (10):

1>35j —2.0(0,5)~2-0,1915~0,383.

P(X —40/<1,5) :2-@(

KoMIuIeKCHBIE YHCIa

Komnnexcrnvim wuciom Ha3bIBaeTCs BEIpOXKCHUE BUJIA
z=x+iy, (11)
T/€ X, ) - BEIIECTBEHHbIE (J€HCTBUTENIBHBIE) UHCIIA,
I =+/—1 - MHUMas equHHAIIA.
Uucno x Ha3bIBAIOT OelicmeumelbHoU 4acmspio KOMIUIEKCHOTO Yuciia z U 0003HAYal0T

x=Rez, a uucino y - muumou uacmeio uucia z:y=Imz. MuHumas eguHuna i
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MPEACTABIACT COO0M KOPEHb KBAJPATHOTO ypaBHEHUS 22+1=0 , TO €CTh i> =—1. 3amucs
KOMIUIEKCHOTO uyucia B dopme (11) Ha3pIBalOT aneebpauveckum npeocmasieHuem

KOMIUIEKCHOTO Yuciia. YUCIo Z = X —iy Ha3bIBAIOT CONMPSHKEHHBIM KOMILIEKCHOMY YHCITY
(11).
Mooynem KOMIUIEKCHOTO YHUCJa Ha3bIBAIOT BEIUYHUHY |z|=«/)c2 +y?, apeymenmom

KOMILIEKCHOTO yucia HAa3bIBAIOT BEJIIMYMHY Q=argz TaKYIo, 4TO

cosp=—2 .

IIPOTUB 4acoBOM CTPCIKH, CYUHTACTCA IIOJIOXKHUTCIIBHBIM, B IIPOTHUBHOM CJIy4ac —

sing = Q=argz= arctg% , TJI€ YIoJI ¢, OTCUATHIBACMBII

OTpULATENLHEIM.  KOMIUIEKCHOE  YMCIIO  z=X+iy  MOXHO IIPEIACTABUTH B
MpUu2oHOMempuyecKkoll (popme
z=|z|cos¢ +ilz[sing =|z[(cosp +ising) . (12)
O6o3HaunM e'? =cos@ +ising, Torga MOXHO IEPEUTH OT TPUTOHOMETPHYECKOM
dbopMBbI nipecTaBiIeHU KOMIUIEKCHOTO uKcia (12) k noxazamenvuou gpopme:
z=|ze'?. (13)
PaccMOTpUM OCHOBHBIE anrebpandecKue OINEpalud HajJ KOMIUIECHBIMHM YHCJIAMU
ZI =Xty U 2y =Xy +1),.
1. Cnoxenne: z)+ 2z, =(x+x; ) +i(y +12).

2. Beiunranue: z; -z, :(xl —xz) +i(y1 —yz).

3. YMHOX€EHHE: Zz| -2, :(xl +iy1)-(x2 +iy2) =(x1x2 —ylyz) +i(x1y2 +x2y1).

Zy Zy Zy XXy + +il vixs — x
4. lenenne: —L="1 22 — X2 T Nya (y12 1y2)-

2 2
Zz Zz . Zz x2 + y2

5. Bo3BeneHHe KOMIUIEKCHOTO 4YHCJIa B CTEMEHb: B JITOM Cily4yae YJI0OHO OT

anreOpanyecko (GopMbl TPEACTaBICHUS YUCIA Z =X+ [y TMEPEUTH K MOKazaTeIbHOUN

. oo ip n_|_|n_ing o
dbopme: z —|z|e . Torna z —|z| e’ , W, 3alUChIBasl pe3ybTaT B TPUTOHOMETPUUECKOMN
dbopme, oTyduM Tak HazbiBaeMyto hopmyny Myaspa:

z" =|z|" (cosng + isinng). (14)
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6. l3BnedyeHne KOpHA M3 KOMIUIEKCHOTO 4YHCJA: KOPHEM #-OW CTENEHU W3
KOMIIJIEKCHOT'O YHCJIA Z HAa3bIBAETCA TAKOE KOMIUIEKCHOE YHUCIIO W, YTO IMPU BO3BEICHUU
€ro B 71-yI0 CTENEHb MonyYnM z: Xz = w, ecomn w" =z

JIns1 Ka)K10ro KOMIUIEKCHOTO YKCJIa MOYKHO HAWUTHU 71 3HAYCHUM KOPHS 71-OM CTETIEHHU 110

dbopmyie

(¥z) = |Z|(cosw+isinwj, k=01,2..,n-1.  (15)
n

n

Ilpumep. 3ananbl KOMIUIEKCHBIE uucia. TpeOyercss a) BBINOTHUTH JCUCTBUS Haj
KOMILJIEKCHBIMU 4YHCIIaMU B alireOpanyeckod opme; 0) HAWTH BCe 3HAYEHHS] KOPHS U

MIPEICTaBUTh OTBET B alireOpandeckoit opme:

1-i Y’
a) (—j —i*; 6)—i.
1+1

Pewenue.

o (1t] - (U] [t

. 2 N2
:[w] —i-(—l):(_—ZZj ti=—1+i,
1-(-1) 2

B npeoOpazoBaHusIX UCTIONB30BAIN TOT (DAKT, YTO i?=—1.

0) I BBIYMCIICHHS Q/—_z MIPEJICTaBUM YHUCIIO —i B TPUTOHOMETPHYECKOH (opme.
0 . _1 o . o . . )
[TockonbKy |—i| =1, cosp= T =0,sing = T =—1,p=270", To —i=c0s270 +isin270 .
Haiizem ¥—i o dhopmyite (15):

()

b k:O’1)273747

k+1

_%[Coszm +360°k . . 270°+360 kJ

(é/—_l)k 1 :1-(cos(54° +72°k) + isin(54° +72°k)), k=0,1,2,3,4,
+

npu k=0 (5 —1)1 =co0s54° +isin54°,
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npn k=1 (ﬂ—_l)2 = cos126° +isin126°,

5—1) — cos198° +isin198°,

(
mpn k=3 (R 1)4:cos270°+isin270°,
(

npu k=4 (3 —1)5 — c0s342° +isin342°,
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