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    ,  (*)  -
       u( ,t),  

   ,     -
 ,    .      -
  . 

- ,            
= 0   = l.           0: 

u(0,t) = 0;  u(l,t) = 0                                                                     (1) 
  (1)   ( )  . 

     . ,  -
   t = 0       
     ,   -

:  
( ,0) ( )u x f xã                                                                            (2) 

 

           
0

( )
t

u x
t ã
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ã

j
                                                                                  (3) 

 
 ( )f x   ( )x –  , 

t
u
j
j  - . 

 ,        -
   (*), . .    2-  

 u(x,t),    (1)   
 (2)  (3).      (*). 
   (  ). 

         
u(x,t) = F(x) · (t)   ,                                                                        (4) 

F(x) –    , (t) –   t. 

 (4)  (*). . . 2

2u
j

j = F''( ) · (t), 2

2

t
u

j

j = F(x) ''(t),  F(x) · 

''(t) = 2 F''( ) · (t) =>  

)(
)(''

)(
)('' 2

xF
xFa

t
t

ã                                                                         (5) 

  (5)    t,  –   ,  . .  
   t  0   0    l,       

 t,   , . . 
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t

ããã
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)(''

2                                                              (6) 

       < 0. 
  > 0,      . 

,   > 0    = b2.    (6)  
2

)(
)('' b

xF
xF

ã   F''( ) – b2 F( ) = 0                                                     (7) 

    2-  . k2 – b2 = 0 –  -
 .  

k1 = b 
k2 = -b   .   (7)    

F( ) = 1ebx + 2e-bx                                                        (8) 
 

  , . .  u(0,t) = 0;  u(e,t) = 0   t. 
  (8)  

                                              0 = 1eb0 + C2e-b0              0 = 1 + C2 
                                              0 = 1ebl + C2e-bl         0 = 1ebl + C2e-bl 

 
1 = –C2.  2-  1ebl – C1e-bl = 0 => 1(ebl – e-bl ) = 0 => 1 = 0  

2 = 0 => 
F(x)  0.  

   u(x,t)  0 (   t), . .  . 
  = 0,  F''( ) = 0. F'( ) = . F( ) = 1  + C2.       0 = 

C2 
                                                                                                                            0 = 

1e + C2 => 1= 0 
 F(x)  0, u(x,t)  0 =>  . 

,    < 0.     = –b2. 
  (6)      2-  

   : 
F''( ) + b2 F( ) = 0                                                             (9) 
''(t) + a2b2 ( ) = 0                                                          (10) 

 
9) – 10) => k2 + b2 = 0                     k12 = ± bi 
                   k2 + ( b)2 = 0                k12 =  ± abi           -

 . 
 

    : 
F( ) = 1 cos bx + C2 sin bx                                                           (11) 

(t) = 1 cos abt + 2 sin abt                                                         (12) 
 (11)  (12)  (4),     (*) 

u(x,t) = ( 1 cos bx + C2 sin bx)( 1 cos abt + 2 sin abt)                                (13) 
    (*).   

  2-      (*) 
     2-    
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 (13)   , . . u(0,t) = 0, u(l,t) = 0.  (13) ,   -
  = 0    = l   0 ,  , . . 

                                            1 cos bx + C2 sin bx =>   1 · 1 + C2 · 0 = 0  
=>  1 = 0   

                                            1 cos bl + C2 sin bl = 0  => C2 sin bl = 0 
 2  0, . .   u(x,t)  0     . 
  

sin bl = 0                                                                            (14) 
(14)       b, . . l 

(  ) – .  bl = k (k = 0, ± 1; ± 2, …).  
b = 

l
k : 0, ± 

l
, ± 

l
2 , ± 

l
3 ; …; ± 

l
n ;… 

b = 0     (x,t) = 0 –  . 
  (13)   b = 

l
n   b = –

l
n ,    
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 . 

,   b > 0, . .  
b = 

l
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1cost + C2sin t = )sin(2
2

2
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    . . .  ,  -
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3

2

3

sin5 , 2 3
4

sin
r

r

u r r
u

u
ã

ã

Ü ã ä ä

ã

ã  
    ,    ,   

: 
sin5u Arã ã , A constã  

       
3

2
1 1 sin5rr r r
r r

Ü ã õ õ ã                                        (2)            

  
2 2 2 3( 1) sin5 sin5 25 sin 2 sin5A r A r Ar ró ó óó õ ó ã  

,   sin5   
 2 2 3( 25)Ar ró ó ã . 

 2 3r ró ã  
2 3ó ã  
5ã . 

  3r   
2( 25) 0 1A Aó ã I ã . 

,      .   -
 A  . 

   ,    .  ,  
 ,          . 
  ,   .   ,   

  .  
      

( ) sin5u A r rã ã  

  5ã  ,   
5( ) sin5u A r rã ã  

    ( )A r . 
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5 4( ) sin5 5 ( ) sin5r A r r A r r~ã õ  

5 4 3( ) sin5 10 ( ) sin5 20 ( ) sin5rr A r r A r r A r r~~ ~ã õ õ  
525 ( ) sin5A r rã ó  

     (2).  
5 4 3

5 4 5 3
2

( ) sin5 10 ( ) sin5 20 ( ) sin5
1 1( ( ) sin5 5 ( ) sin5 ) 25 ( ) sin5 sin5

A r r A r r A r r

A r r A r r A r r r
r r

~~ ~õ õ õ

~õ õ ó ã
 

  sin5    3r      
2 3( ) 10 ( ) 20 ( ) ( ( ) 5 ( )) 25 ( ) 1A r r A r r A r r A r r A r A r~~ ~ ~õ õ õ õ ó ã  

  2( ) 11 ( ) 1A r r A r r~~ ~õ ã  
         9r . 

  
11 10 9( ) 11 ( )A r r A r r r~~ ~õ ã        -

  
11 9( ( ) )A r r r~ ~ ã . 
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r
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2
1( ) ln

10
A r r Cã I õ . 

      ( )A r   2 0C ã     
1( ) ln

10
A r rã I ,  

5 51( ) sin5 ln sin5
10

u A r r r rã ã ã I I . 

  ,     : 
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2 2 2

5
3 3 3

0, 2 3
14 2 ln 2 sin5

10
1sin 3 ln3 sin5

10

r r r

r r r

v r

v u

v u

ã ã ã

ã ã ã

Ü ã ä ä

ã ó ã ó I

ã ó ã ó I
 

  ,       
   

ø ÷ ø ÷
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0 0
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, ln cos
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n

n n
n n
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{
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 .     : 

0 0
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ln 2 4
ln3 0

A B
A B
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3
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1
1 1

1
1 1

2 2 0
3 3 1

B D
B D

ó

ó

4 õ ã1
3

õ ã12
 

5 5 5
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12 2 2 ln 2
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13 3 3 ln3
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B D

B D

ó

ó

4 õ ã ó11
3
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,            

     ,   -
         

   ,   .   ,   
  .   ,      -

,  . 
    

ø ÷ ø ÷
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1 5 5 5
1 1 5 5
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1sin sin5 ln sin 5
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u v A r B

B r D r B r D r r ró ó

ã õ ã õ õ

õ õ õ õ õ I
 

         , -
: 

3
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3
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u
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1 2ã õ ,     .      

1 1 1 12
1 1( ) ( ) ( ) sin 2rr r r
r r

Ü ã õ õ ã
 

   
3

2 2 2 22
1 1( ) ( ) ( ) sin5rr r r
r r

Ü ã õ õ ã . 

 1       ,  2   
  .  

          . 
 

       ,      -
,     .      -

    .    , 
   :         

  ,       -
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2

1 2
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cos sin

I

n n
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ø ÷( ) sins
n nÚ ã  

       
ø ÷ cos sinn n nA n B nÚ ã õ  

 
2 2. 0II r R rR R~~ ~õ ó ã  --   

1 1 2

0 0,
1 ln

rR R R y
dy dr y R C r C
y r r

~~ ~ ~ã õ ã ã

ã ó ãâ ã ãâ ã õ
 

   1 2ln , 1R r Rã ã  
 nã     R rã . 

ø ÷ 21 0r r n ró õ ó ã  
  r   2 2 ,n nã ã o ,      

 
(1) (2),n nR r R róã ã . 

        
 

1 2
n n

n n nR C r C róã õ  
  

ø ÷ cos sinn n nA n B nÚ ã õ   1n m  
ø ÷0 0AÚ ã   0n ã  
ø ÷

ø ÷
1 2

0 10 20

, 1
0 ln

n n
n n nR r C r C r n

n R r C r C

óã õ m

ã ã õ
 

   n   ø ÷,nu r . 
ø ÷0 0 0 10 20 0 0, ln lnu r R C r C A r Bã I ã õ ã õ  

 1n m  
ø ÷ ø ÷ ø ÷, cos sin cos sinn n

n n n n nu r A n B n r C n D n róã õ õ õ . 
    

ø ÷ ø ÷ ø ÷

ø ÷

0 0
0 1

, , ln cos sin

cos sin

n
n n n

n n
n

n n

u r u r A r B A n B n r

C n D n r

{ {

ã ã

ó

ã ã õ õ õ õ

õ õ

; ;  

   

ø ÷ ø ÷

ø ÷

0 0
1

, ln cos

sin

n n
n n

n

n n
n n

u r A r B A r r n

B r D r n

{
ó

ã

ó

ã õ õ õ õ

õ õ

;
                                 (1) 
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1 1
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2 2
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n n

af f n f n a n b n
{ {

ã ã
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