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HekoTopble npruMepsl pelieHus 3a/1a4 MaTeMaTU4ecKol (PU3MKH.

1.

Pemenue 3a5a4m 0 K0J1€0aHUSIX CTPYHBI.

Kak u Bcsikoe nuddepennmaibHoe ypaBHeHHE, YpaBHeHue (*) mmeeT Oec-
KOHEYHO MHOT'O pEUICHUN U I HAXOXKJIEHUS QyHKIUU u(X,t), ONUCHIBAIOIIEH
KoJie0aHUsl HEKOTOPO KOHKPETHOM CTPYHBI, HY’KHO BBIJIEJUTH U3 3TOI0 CEMEii-
CTBa OJJHO, UMEHHO JUIs 3TOM CTpyHBI. JIJi1 HTOr0 HY>KHO MCXOJAMUTHh U3 HEKOTO-
PBIX UCXOJHBIX YCIOBUI.

Bo-niepBbix, B HalllEM cilydyae CTpyHa 3aKpelljieHa 3a JBa KOHIIA B TOUKaX X
=0 u x =/ Torga cmelieHue B TUX TOYKAX B JIFOOOH MOMEHT BpeMeHU paBHO 0:

u(0,t) =0; u(/,t)=0 (1)

Otu ycnoBus (1) Ha3pIBatOT KpaeBbIMU (TPaHUYHBIMH) YCIOBUAMH 3a/1a4u.

OOBIYHO 33JaI0T €llle HEKOTOphle HauajbHbIe yciaoBus. Hampumep, B Ha-
YaJIbHBIII MOMEHT BpeMeHH t = 0 U3BECTHO CMeEIlleHue 000N TOUKU CTPYHBI U
M3BECTHA HayalbHas CKOPOCTh JHOOOW TOUKHU CTPYHBI, YTO BBIPA3UTCS PABEHCT-
BOM:

u(x,0)= f(x) (2
ou|
i @(x) 3)

t=0

rae f(x) u @(x)— u3BecTHbIe PYHKIINH, g—u - CKOpPOCTBb.
t

Takum oOpazom, pelieHue 3a1a4u 0 KojeOaHUU CTPYHBI CBOJIUTCS K pellie-
HUuto JauddepeHmaIbHoro ypaBHeHus (*), T.e. K HaXOXJIEHUIO (QyHKIUU 2-X
NEPEMEHHBIX U(X,t), YIOBIETBOPAIOMINN KPAaeBbIM yCIOBUSM (1) M HayaabHBIM
ycinoBusM (2) u (3). CyliecTByeT HECKOJIBKO CIIOCOOOB peleHus ypaBHeHus (*).
Pa30epem meton ®ypbe (pasaeiieHue NepeMEHHBIX).

bynem uckath perieHne B BUI€ MPOU3BEACHUS IBYX QyHKIINN

ux,t) =Fx) - @) , 4

F(x) — 3aBucut Tosbko ot X, O(t) — TOJIBKO OT t.

2 2
[HoacraBum (4) B (*). T.k. 2_1242 F'"(x) - @(t), Zt—?= F(x)®"(t), To F(x) -
X
D"(t) = a’ F"(x) - D(t) =>
') _ ) (5)
D(1) F(x)

Jleast yacth (5) 3aBUCHUT TOJIBKO OT t, MpaBas — TOJBKO OT X, HO T.K. OHU
paBHBI TpU JHOOBIX t > 0 1 M0ObIX 0 < X </, TO aKTUUECKU OHHU HE 3aBUCST HU
OT t, HU OT X, T.€.




Q') _F'(x)
a’o(t)  F(x)
Yucno C MoxkeT ObITh TOJIBKO oTpuniareabHbiM C < 0.
Ecan C > 0, To HUKaKOro KoJiebaTeIbHOro npouecca He OyIeT.

JHevictBurensHo, pu C > 0 moxeM cuutarh C = b*. Toraa umeem u3 (6)
LCI N F'(x) - b* F(x) =0 (7
F(x)
1o NMHEHOE 0HOPOHOE ypaBHEHHE 2-ro mopsiaka. k> — b® = 0 — ero xa-
PaKTEPUCTUYECKOE YpaBHEHHE.
k] =b
k, =-b ero xopuu. Toraa penienue (7) umeeT BUA
F(x) = Cie™ + Cre™ (8)

=(C = Const (6)

Hcnonw3zyeMm kpaeBbie ycioBus, T.€. uto u(0,t) = 0; u(e,t) = 0 npu mobom t.
Torpa u3 (8) umeem
0=Ce™ + Cpe™ 0=C +GC,
0= Clebl + Cze'bl nm 0= Clebl + Cze'bl

Ci=-C,. U3 2-0r0 C1” — Cie™” =0=>Cy(e" =™ )=0=>C, =0 1orza
Cz =0=>

F(x)=0.

Ho Toraa u u(x,t) = 0 (mipu mo0oM t), T.e. KoJeOaHui HET.
Ecin C =0, To F'(x) = 0. F'(x) = C. F(x) = C;x + C,. U3 xpaeBbIx ycnoBuii 0 =
G,

0=

C1€ + C2 == C1: 0

Caoga F(x) =0, u(x,t) = 0 => xosiebaHuii HET.

Urak, BoamoxHo b C < 0. OGo3naunM 11t yao6ersa C = —b’.

Toraa u3 (6) umeem jiBa TMHEWHBIX AU PepeHInaIbHBIX YpaBHEHUS 2-0T0
NOpsiJIKa C MOCTOSTHHBIMU KOA((UIIMEHTAMU:

F'(x) + b> F(x) =0 9)
@"(t) + a’b* P(x) =0 (10)
9)—-10)=>k*+b*=0 ki» =+ bi
k> + (ab)* =0 ki, = +abi KOPHH XapaKTepUCTU-

YECKUX YpaBHEHUIA.

HOTOMy pemicHrA UMCIOT COOTBCTCTBCHHO BU/I:

F(x) = C; cos bx + C, sin bx (11)

®d(t) = /I, cos abt + ]I, sin abt (12)
[Hoacrapnsist (11) u (12) B (4), mosiyduM pelieHUe ypaBHEHUs CTPYHBI (*)

u(x,t) = (C; cos bx + C, sin bx)( /I; cos abt + ]I, sin abt) (13)

Jto0 ol1iee perieHue ypaBaenus (*). Meto peleHus
nuddepeHImanbHOro ypaBHeHMs 2-0T0 MopsiJiKa B YaCTHBIX TPOU3BOAHBIX (*)
MyTEM €r0 CBEJICHUS K PEIIeHUIO 2-X OOBIKHOBEHHBIX THHEHHBIX



nuddepeHImanbHBIX YpaBHEHUH BTOPOTo nopsijka 0pl1 npuMeHeH Oypobe u
HOCHUT €ro Ha3zBaHue — Metoa Dypbe paszjenenus nepeMeHHbX. OH MIMPOKO
NPUMEHSETCS B YPAaBHCHUSIX MAaTEMATHUECKOH (QU3UKH.
[Iponomxum pemenue. Hamma KoHKpeTHasl CTpyHa 3aKpervieHa U B pelie-
Huu (13) aTo Hy)HO yuecTsb, T.€. u(0,t) = 0, u(/t) = 0. U3 (13) BugHO, YTO B TOU-
kKax X =0 u X =/ 10o/mKeH paBHATHCA ) MHOXKUTEIb, COJIEpKAIUH X, T.€.
{ Cicosbx +Cysinbx=> C;-1+C,-0=0
=> C] =0
Cicosbl/+Cysinb/=0 =C,sinb/=0
3neck C, # 0, T.K. nHaye cHoBa u(x,t) = 0 u KosiebaHus HE ObLIO Obl.
Torna
sinb/=0 (14)
(14) MOXKeT OCyIIECTBIATLCSA TOJIBKO ISl ONPEJIEIEHHBIX 3HaUeHUit b, T.K. [
(nmuHa ctpyHsbl) — nocrosinHas. Torna b/ =kn(k =0, £ 1;+ 2, ...). OTkyna
b= k—ﬂ: 0,+ Z,i Z—E,i 3—7[; == ﬂ;...
/ / / / /
b = 0 ciieBa pUBOJIUT K penieHuto (X,t) = 0 — IBMKEHUS HET.

Ecnu B (13) nojacraButh 3HaueHus b = % ub= —%, TO pasHulia Oyjaer

JIVIIb B 3HAKE

y sin bxX, HO HaJaM4ue MPOM3BOJIBHON MOCTOsIHHON C, Jie/aeT 3TH ABa pe-
IICHUS OJIMHAKOBBIMHU.

3HauuT, JocTaTOuHO Opath b > 0, T.€.

bzg n=1273,...) (15)
JIs KaKJ10T0 N IIOJyYMM COOTBETCTBYIOIIIEE PEIICHNE YpaBHEHUS (*).

un(x,t) = Cz(ﬂ] cos%m+ JI, sin ﬂalntjsin# (n=1,2,...)

[Tonaras C, - [1; = A,, C, - [I, = B, MoxewMm 3anucarh
up(x,t) = (An cos @t +B, sin@tj sin # (16)

T.x. B coctaB A, u B, Bxoast C,, JI; u C,, /I, , TO OHM €CcTh IPOU3BOJIbHBIE
IIOCTOSIHHEIC.
N3 (16) BuauM, 4TO KaxkJaash TOUYKa CTPYHBI ¢ aOCIMCCOW X C TEUEHUEM

o an
BPCMCHHA t COBCpHIACT KoJicOaTeILHBIC ABUXKCHUA C 4aCTOTOU w = T n aMIIJIn-

TYJ0N A=+ An’ + Bn’ sin% (oOmuii Buj KOJEOATENBHOTO JABUMKEHUS Yy =
Cicost + Cysinot = 4/C] + C; sin(wt +a) ). OTCIOJa BUAMM, YTO YacTOTa KoJjeba-

an
HUS OJIMHAKOBA JUI BCEX TOYEK CTPYHBI (o = — - HE 33BHCUT OT X), aMIUTUTy a

KoJIeOaHus JUId KakJIoW TOukd pasHas. T.K. 4acTOTHI OJMHAKOBHI, TO MaKCH-
MaJIbHOTO OTKJIOHEHHUSI BCE TOYKHU JIOCTUTAIOT B OJIMH M TOT K€ MOMEHT BpeMe-
HU. Bce xonebarenpHble ABIKEHUS Uy(t) HOCAT Ha3BaHME COOCTBEHHBIX KoyeOa-
HUI WIA CTOSYMX BOJH. DTO TapMOHUYECKUE KOJIeOaHUsI U TIOTOMY UMEIOT BHJT
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CHUHYCOM/JIbI B JItOOOK MOMEHT BpeMeHU. B 3aBucuMocTy oT n (HoMepa cTosiueid
BOJIHBI) 3aBUCHUT €€ BU]I.
Hanpumep, npun =1,

u(x,t) = (AI cosﬂTat + B, sin ﬂTatj sin%. AMIUIATY 1A A=+/4] + B; sin%, J0cC-

. TIX X T [
TUTaeT HauOOJIbIIEro 3HAYEHUS MIPU sin— =1, T.6. — === x =—- [IOCEPEIUHE.
[ [ 2 2
[Ipu npubmkennn k X = 0 u X = / ammuryja

ymenpmiaercss 40 0. Crosvas BOJHA MMEET BUJ,

npu n = 2, U,(x,t) =
A
. 2rat . 2mat) . 2mx 0 >1 -
=| 4, cos——+ B, sin sin——. [\
/ / / L

.2
A=./A; +B; smTﬂx. HauGonbiiee 3nauenue A npu g,

2T ok, P 0 x=Lk=1,x | N
) 2 / 2 4 AN

=

’-k|\
N
\.//
" |

5 o
=—] - HET TaKOu.

/ Imx 3/

I[Ipu x = - sin—=0, OpH x=—

p 2 / p 4
Sin2rz3l_ .3 B

a7 =S 577: =—-1 HauMcCHbIIIEC 3Ha4YCHUC.

/
TOUKE X = - y3el. Touka ocraercsa He MecTe mpu

konebanusax. CTosyas BOJIHA UMEET BUJI, YKa3aHHBII Ha BTOPOM PHUCYHKE.
COBEpIIEHHO aHAJOTMYHO CTOAYas BOJIHA IIPU N = 3 MMEET yXkKe 2 y3ia U

T.1O.

Tak kak ypaBHeHue (*) ecTb OJHOPOJAHOE JUHEHHOE, TO CyMMa €€ PEIICHUI
TOKE €CTh PELICHUE 1 MOTOMY (DYHKIIHS MPEICTaBICHA PSIOM

u(x,t) = Zun(x,t):Z[An cosn—;mtJan sin@t}sin% (17)
n=1 n=1

TOKE€ €CTh pelieHre ypaBHeHus (*), TOJBKO HY’KHO TpeOOBATh, YTOOBI ATOT PsiJT
MO’KHO OBLJIO TIOYJIEHHO JBaXK/Ibl JU(depeHIpoBaTh. JlecTBUTENBHO, TOIA

u  ,0'u & ou , &R 0%u, &|o%u , 0’u
—a = = —a L= ~—a =~ =0, T.e. W(X,t) pelieHue
ot? ox? = ot ; ox? ,,Z::‘ ot? ox? (<t p

().
910 peuieHue u(x,t) yIOBIETBOPSET KPACBBIM yCIOBUSM, T.K. UM yJI0OBJIE-

TBOpSET Jr00ast m3 GYHKIHI u,(x,t): u(0,t) = iun 0,0)=0, u(lt)= iun (1,t)=0.



B cocraB pemenusi (17) BXoAsST npou3Bosibbie KodpduuueHtsl A, 1 B,.

BriGepem 3Ti KO3DPUIUEHTH TaK, YTOOBI BBITOIHSIIUCH ¥ HAYAIbHBIC YCIOBUS
Ou

@0y uw0) =/t u (%) —pw.

t=0

Jliist aTOr0 HYX)HO, 4TOOB! hyHKIUA U(X,t) U3 (17) y10BIETBOpSIIA UM.

U(x,0)=> 4, Sm@ = f(x) (18)

ou X( mma | . nmat  7mna nmat) . nmux
Utk —=> —TAnsm ; +TBncos s1nT,T0

[a—”) =ZBn”1ﬂsin@=¢(x) (19)

Bcnomunas o paznoxenusix B psjabl @ypee dynkuuii f(x) Ha [0,/], u3 (18)
1 (19) BUguM, 4TO MOXKHO CUMTATH

]
A =% [r@ sin?dx (20)
0
B, -@:%L’go(x)sin@dx i
2 nmx
B, =—— [p(x)sin——dx (21)
nma l

Takum o6pazom, pyukius u(x,t) uz (17) ¢ kooapdunuentamu A, u B, on-
penensieMbiM 110 (20) u (21), u ecTh penieHue AUPHEpPeHIIUATLHOTO YpaBHEHUS
CBOOOIHBIX KOJIEOAHUI CTPYHBI, YA0BJIETBOPAIOIINX 33JJaHHBIM KPAa€BbIM M Ha-
YaJIbHBIM YCJIOBUSIM.

Cnoco0 pelreHust Ha3bIBaeTCsl "HAJIOKEHUEM CTOSYMX BOJIH", T.K. HOJyYa-
€TCs CI0XKEHUE OTCNIBHBIX CTOSYUX BOJIH.

Ecnu peub uzetT o cTpyHe My3bIKaIbHOTO MHCTPYMEHTA, TO CTOSIYME BOJIHBI
MMEIOT onpeieNieHHbI cMbici. Kaxias cTosiuast BOJIHA €CTh KoJeOaHus CTPYHBI,
BBI3BIBAIOLIAs OIpe/ieIeHHOe 3ByuyaHue. YeM Ooiibllle 4acToTa 3BYYaHHS © =
@ , TeM 0OJIbIIIE BBICOTA 3BYKA (3BYK TOHBIIE), UeM OO0JIbIlle aMILTUTY/ia KoJie-
Oanust A, TeM CUIIbHEE 3BYK.

OkasspiBaercs, 4To nmpu n — o, A, — 0 u B, — 0, T.e. ¢ Bo3pacTtanuem u
aMIUIUTYy1a A U, 3HAUUT, CUJIa 3ByKa YMEHBIIAETCs, a BEICOTA YBEJIMYMBACTCS.

HauGonbinyto cuily uMeeT 3BYK, JIOCTaBlsieMblid 1-0 CT. BOJIHOW MpU n =

OH Ha3bIBaeTCs OCHOBHBIM TOHOM CTpYHBI. YacToTa KojeOaHusA »; Hau-
MEHBIIAs, 3ByK CaMblii HU3KUI. YacTOThl M, M3, ... - KOJIEOAHUI CTPYHBI Ha3bI-
BAIOTCS YaCTOTaMU OOEPTOHOB.

T.k. HacTosIIee KoJeOaHKWE CKJIAABIBACTCA M3 OECUMCIEHHOr0 4ucia rap-
MOHHMYECKHX KOJEOAHUI, TO U 3BYK CKJIAJbIBacTCs U3 OECUMCIECHHOIO 4HCIIa
3BYKOB — OCHOBHOI'O TOHA 1 0OEPTOHOB.



OO6epTOHBI BAMSIOT Ha TEMOP 3BYKa, OKpPAacKy OCHOBHOI'O TOHA.
VY pa3imyHbIX MY3bIKaJIbHBIX UHCTPYMEHTOB OCHOBHOM 3BYK M OOEpPTOHBI
NOJ0MPArOTCS 110 pa3sHOMY. B 3TOM CekpeT ux pa3iIuyHoro 3By4aHusl.

2.

KoHeuHasi cTpyHa -- cxeMa pelieHust

Ug = Q% U, + f{x,0),0 < x <!

Ule=o = Uy (¥)

Ug|i=o = Uz (X]

+ 'paEH4HEIE YCI0BHA

JIBe rpanunpl x = 0;x =1

Ha kaxx10#i u3 rpanui] MoryT ObITh CJIEAYIONIUI rPAHUYHBIE yCIIOBHUS:
Lul,- = @(t)

My | = = @(t)

I (. + Aw)],= = p(t)

[IIar 1. ObHyeHre rPaHUYHBIX YCIOBHIA.

U=r+w

Hy>xHo HaiiTh QyHKIMIO (W, KOTOPAA MMEET TaKue )K€ TPaHUYHbBIE YCIOBHSI, KaK
1 QYHKITIS U.

Torna s byukimu v yciaoBust Ha rpanuiie oyayt = 0.

[ar 2. TlomyuwuTs 3aady aias GyHKIUU V. B NCX0HYIO 331249y MOJICTaBISIETCS
U =V + @ (w-HaiineHHast QyHKIHS)

v+ wlp=aiv+aw), +flxt)0<x <]

(V+ @ Memp = w1 (x)

(v + @ )eli=p = Uz ()

+ HyJIeBbl€ IPAHHYHEBIE VCI0BHA Ha QVEKIHI0 U

TO €CTh

Vg = @V + f(x,8),0 < x < [ mne f(x,0)=a*w,, — s + fx,1)
Vlpmo = Uy (X) =0 |45 = ﬁ1[JJ_}
Vplemp = Uy (X)) — 0, | g™, ()
+ HyJIeBble TPAHHYHEIE VCI0BHA Ha GVEKIIHIO T,
lar 3.
[Toaydennast 3aa4a emie pa3oUBacTCs Ha JBE 3a1a4M.
A UMEHHO, pelliCHUe HUINETCS B BUJC V=V, +V,, [Jic HOBbIC QYHKIIUY SBIISIOT-
Csl pEIICHUEM CJICIYIOINX 3a/1ad.
v, =aty, ,0<x <l
tt xXx
=0 = ul (X)
1f’1t|t:n:~:”2 (x)

+ HyJeBble TPaHHYHBIE VCI0BUA Ha QVEKIIHIO v,

Vi




v. =a?v, + f(xd),0<x<li
“tt “xx

vy |e=p=0
2 tlt 0
=+ HYJIEBLIe TDAHHYHEIE VCTOBHA HA q}}TEHHH}ﬂ V.

Llac 4

3ama4a i GyHKIME V, PEMIAETCS METOIOM pa3leIeHus! EPEMEHHBIX (UIIH
nHaue MeTo0M Dypre). Pelenne uiercs B BUIE NPOM3BEJCHHUS
v =T() - X(x)
[To/ICTaBIISAs 5TO BBHIPAKEHUE B YPaBHEHUE I QYHKIMHU V,, TTOJydaeM
T"(t)- X(x)=a’T(t)- X"(x).
Ionenum obe yactu Ha a’T - X
7"y X'(»)
aT(t)  X(x)
JlanbHeiilnee cBA3aHO €O CIIEAYIOIMM YTBEPKICHUEM.

JlemmMma 1.
Ecmn f(X)=g() Vx =(x,....,x,),y =(¥5-.-,¥,), TO f =g =const
JlokaszarenbcTBo: PukcupyeM y =y, , Toraa
J(x)=y(,)=C=const.
Ho

g(y)=f(x)=C = f=g=const.Y.T.1.
Kak cnencrue Jlemmnr 1

' _X'(x)
aT@) X(x)
Orcroj1a nojtyyaeM ypaBHEHUE OTHOCUTENbHO GyHKIMKU 7'(¢)
I;: T"—a*CT =0
¥ OTHOCHUTENHHO PyHKIMH X (X)
I, X' -CX=0
W3 HyneBBIX rPaHUYHBIX YCIOBHIA K ypaBHEHUIO { [ 100aBISIOTCS yCIOBHS Ha
byuknuio X Ha rpanunax — 571o 3aga4a [Htypma-JInyBUILs.
Pemuts 3anauy IlItypma-JInyBuiis o3Havaer, 4To HY»KHO HalTH HETPUBUAIb-

Hoe penienue X(xX) u onpeaenuts C mpu KOTOpOIi CYIIECTBYIOT HEHYJIEBBIE pe-
HICHUS.

=C =const

3aaava llltypma-JInyBusIs KMEET CUETHOE YUCIIO PA3IUUHBIX pelicHui {X | u
Ka)KJIOMY PELICHUIO COOTBETCTBYET KOHCTaHTa C,.



Janee ¥n pemaem ypasnenne I: T — a*C,T =0
m (17 r e (27 ron
2N il pld )
L&) =a, T "(t)+ b, T (£}
= Vﬂ Vin = T':"!Xﬂ
YpaBHeHUE JTUHEIHHO = ICHCTBY ST MPUHIIUIT CYEPIO3UIIUH:

131=ZT3{

Koaq)(bI/IuI/IeHTH ,,. b, HAXOJSATCS M3 HAYAIBHEIX YCIIOBHIA

s 1z
. tl=o v, = Z T.X,
Uy, le=o '

lar 5.

vy = Z}fﬂ{t).’{ﬂ

J1J1s1 BBITTOJIHEHHS HYJICBBIX HauaJ bHBIX YCIOBHIA Ha 1,

AocTaTo4Ho moTpeboBate ¥,(0) =y, (01 = 0.

Hamrgue GyvHKIHH X,, 00eCIeYHBEALT HyJICBbIC YCIOBUS Ha IPaHUIAX.
v, YOBJICTBOPSIET Y PABHEHUIO

2
2::‘“ Uy, +Jr[xt) .

A
(Zvﬂ&)ﬂf = a? Em(t)ﬂfﬂ + f(x,t)

tt " Lo

ZE},‘I‘;F —a® ﬂ]’rﬂ) X‘H = f[x, t)

n
F(x, t) packimanasiBaeTcs B psj 1o X, (x)
flt) =2, fOX,(x).

Torna 3a/:[at1a Kommu na

];“1 - ﬂzcﬂyﬂ = f';ll:tj
1 O{'5, )~y 0
U =& + 1?1 0 1?2
O 3agaue II1.-JI.

= }In I:t:] = :'?2 = Zn ?nl:t)‘gﬂ

PaccmoTtpum 6osiee obrnyro cutyarmio:3afgaqy I1.-JI ciemyromiero Buja:

r X +p(x)X +qx)X=CX,0 <x <1
@ np4 x = 0 ¥ x = [ 0IHO K2 rPaHHYHLIX YCIOBHUHA

TX(0)=0unu X(l) =0
X (0)=0umX' (=0
X HI(X + AX)|y—o =0 umunpu X =1
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Ipeamonoxum, urto X; u X, — perrenue 3agaun I11.-J1.
ITyctr X; — pellieHu#e COOTERTCTEVIOLIEe KOHCTaHTe C = C};
X, — pelleHHe COOTEETCTRYIOIIER KOHCTAHTe C = {,, Tormal * | #
Xy +pX{ +aX, = (X,
Xg'r + pXé e QXE = Cng.
Y MHOXKIM IIepBoe ypaBHeHue Ha X, * el %% a propoe Ha X, = e/ P%* i ppratem
U3 [EPBOTO BTOPOE.
Iodx(xirx, — X3'X,) + pel P& (XX, — X5X,) = (C, — C.)el P X X
e (X1 X5 2 A1) +pe 144z —AAq) =Ly — L) 142
JIeByI0 4acTh MOKHO MPECTABUTh KaK IPOU3BOIHYIO IPOU3BEICHUS

r

(el 2 (XX, — X1X,)) = (C, — el 74X, X,

W 4

[Ipounrterpupyem o0e yactu paBeHcTBa ot 0 10 /
I
oS PR OK,© - K OX WIS = (€= 6 [ o7k, Kt
O
el P DX, (D = X3 (X, (D] = [ (0)X2 (0) — X3 (€)X, (0]

13

=(C,—C,) J‘ el Paxx X dt
o

in JTEDBIX VCIOEHAX HATPAHH IAX JIEEAA HACTs [I0.TVYeHHOI'D PAEEHCTEA

paBEa Ky, CJIe0BaTeIbLHO
~1

] el Pixy X dt =0

“0

BBenem dynkiuto el pax p(x), KoTops Ha3pIBaeTcsl BecoBOl pyHkimeil. B
pe3yJIbTaTe MBI Oy UMM, YTO GYHKIUK X4 U X SBISIOTS OPTOrOHAILHBIME B
MHTETPAIBHOM CMBICIIE C BecoM 2( X).

®dynkimo V(x) MoxkHO pasioxuts B ps o pyuknusam Xy, (x). [peanonoxum,
YTO MBI IMEEM II0JJOOHOE pa3loKEHUE

Vix) = Z a, X, (x).

n

VMHOxkHM 00€ yactu Ha X, (%) p(x)u npousTerpupveM ot 0 1o /. Torna
JVOBX () dx = £y, a, [ KXo,

WNHuterpassl B ipaBoii yactu npu m # n pasHbl 0. OcTaercs TOJAbKO OJHO cJa-
raeMoe Ipu m = n, OTKyJa

Lo,
B _,|L VLx)_oXﬂdxl

ay, ="
J, eXzdx

D10 061mas Gopmyaa HAXOXKIEHUS KOIPDUIIUEHTOB pa3aoKeHus: GyHKIUU
Vix) B psan no yuxuusm X, (x) Ha orpeske [0;/].

11



[Tpumep B 00111EM BUJIE:

Upe = A% U, + G(x,1),0 < x < ]
Uilezg = Uy (X)

Ug|e=p = Uy (X)

h.'Ix=1:]l = {]

Uy |pe; =0

r I
th: =a lex

Vilt=o = us (x)
Vi li=0 = ua (%)
Vilg=o = V1x|t=ﬂ =0
V; = Tix)X(x)
T"X = a’TX":e*TX
:"".-'.’ X.’.’
2T X ¢
I.-T" —a?CT =0
H:X"—CX=0
Vilems = T(X)X(0)=0=X(0)=0
Vil = T(H)X0)=0=X{D)=0
C=0:C=212A=0
X'—1X=0
k2= =0k, =+4
X =C,ch{Ax) + Csh(ix)
X0)=¢, =0
X (O=ACch(A)=0=(,=0

X = O(ue untepecyer)

C=10
X”’={}
X=CI'J(.'+C2

X(0)=¢,=0
X'(I) =C, =0 = X = 0 (ue unrepecyer)
C<0C=—A2>0)
X"+ 12X=0
kZ+ A2 =0;k,, = Al
X =T, cosiAx) + €, sin(1x)
X(0)=¢C, =0 .
X'(D=ACcosAl=0=C2=0=2X=0
cosAi=10

Al =';—:rn,n= 0.1,..,0

ren <T(tin) n=tw
_ﬂ“"_z(.fn,}’n_ &

12



2

TCE 1 Yy
o =32 — _ -
C=C=—H=—7 (_2+n’}1
X(x) = mA X
X, [x}—cm,a X = sin— {——n)

[:T" —a*CT =10

T" +a*AiT =0

k?+a?22 =0

ki, = tad,i

T, (t) = a, cosad,t + b, sin ai,t
'b""'u (L‘X (x) = If'

= ZT X, —Z(arcosaL + b, sinal,t)sin 4, x

n=0

M3 HavalbHBIX YCJ'IOBI/II/I
o ]

Vile=o = E a,sind,x =u,{x}= E Uy, SINALX

n=0 n=0
~l

2 :
= ?J u, (x) sin A, x dx
u]

Vigle=o = Z abpdy SiNAnX = Uy (X}

n=0
7 [
ab, A, = ?f U, (x)sind,, x dx
0

I : y
b, = if u, (x) smﬂ.ﬂx dx = V,Haiineno

Uy

I, —Z]fﬂlj)’f (x) = Zyﬂtt}smlﬂx
Ya(0) = mm)—ﬁ
flx, th = Z f(e)sin A, x

=0

2
fu(th = —f fix,t)sin X, xdx

ﬁ'r“ + ﬂ'z ':L}'}"“l .1‘11 (—“

1 (0) =7.(0)=0
[Tpumep 1(KOHKpETHBIH):

a=%u,, —8t+ticos3x,0<x<m

U|p=g = Sin® x
Up|gmy = X% +cosdx
Uy |x=g =0

= 2nt

= Y, (£) = V;

ux|x=rr

13



U="T+ tw
iy |pee = 0
Wylyer = 2Tt = @ = x°
u=V+xt
Ve +0=4(v, +2t)— 8t +t?cos3x
Vie = 4V, +t%cos3x
Ul:=p = (V+x%t)|:2p = sin’x
Ugli=p = (v + X7 C)¢p=q = x7 + cos 4x
Vi|j=o = cos4x

Vie = 4V, +t=cos3x
- 1 1
Vlg_—::_i =sin“x = = — 5 CO0s 2x
2 2

V,|izp = cosdx
Vilx=o =0
I'r;clx=r|: =0
V=V,+V

ViV, =4V

1
Vilg=n = __ECGS 2X

2
Vi le=o = cos4x
V1x|x=ﬂ =0
V1x|x=rr =0

V, = T(OX(x)
T''X = 4TX":4TX

T” X”
AT X
I;T" —4CT =0
[ T—CX=0
I, X'(0)=0
l X'(@) =0
C>0:C=2{A>0)
X'—iX=0
Jr‘51,2 =x4

X =C,ch(Ax) + &,sh(Ax)
X'(0)=CA=0=0, =0
X'(m) = C,Ash(Ar) =0 = C, = 0 = X = 0 (ue unrepecyer)

C=0X"=0

X=Cx+G,

X(0=¢C =0

X(m) =¢ =0

X(x) = €, = 1 (pon3BOIBEHO)
X, =1



C<0:C=—2*(1>10)
X"+ FX=0
ky,=xAl
X =C, coslx + C,sin Ax
X'(0)=iC,=0=>0C, =0
X'(m) = —AC,sindr =0 = €y - 0=x=0
sindAmr =0
AT =Tmn
A=A, =mn=1x
C=C,=—43 = —n?
Xix)= E’;coslnxl:ﬁ = 1) =
C=0=X,(x)=cosnx
C=—n?=X=1
X,=cosnx,nz=1=X =cosnx,n=1,»
I:T"—4ACT =0
C=-n*=-A,n=10w
T" +4n°T =1
T"+4AT=10
ki3 = X2ni
T,i(t) =a,cos2nt + b, sin2nt
C=0
T"=20
T, = a, + byt
Oo1ee pemetine |

v, = Z T.X, = Z T. cosnx = T, X, + Z T.X,
n=1

n=0 n=0

= ag + byt + T (a, cos2nt+ b, sin 2ni) cosnx
AT ’

n=1
OmnpeaensieM d,,, b,
o0

Vile=g = ap + E a, Cosnx =

n=1

1
;a, =0n=1,345,..., 0

y iz = —3

2

! 2
—=cos 2x
2

B3] =

CI',,:,=

3| =

= 2]

Vili=g = by + Z b, 2ncosnx = cos4x

n=1
n=45b2n=1

by=—;b,=0n+4n>=10

=1
=0 =

_ 1
V,(x,t) == — -cos4tcos 2x + 3 sin8tcos4x

—~

I
(=2



Vo: Vi =4V,  +1t%cos3x

Uz|e= = 0
V2t|t=£.'- =0
I’fthv.::cn =0
Ve lemr =0

V, = Z ¥, (£) cos nx

y(0) =v"(m) =0
Y. =0n=3
vy = Yz (£1X;(x) = y3(t) cos 3x
{}rg” + 4% 3%y, = t?
Y2(0) =7'(0)
T" +4n*T =0
Yz =V 712
V2 gu = C1 €08 6L + C; sin 61
¥z = At*+Bt+C
Ye =24t+b
Ya =24
2A+4=3(AF+ bt +C) =1t°

1
36A=1=2A=—

36
B=0
2ZA+36C=0=C 2
= = = —_——
3621
— T, cos6t + C, sinbt +—t2 — —
Vz(ﬂ3=ﬂfﬁ=i=’@=362
¥3(0)=6C,=0=C( =0
2 1 2
_1.".=_ . 2_
Y5 (L) 362c056t—|—36t 362
V, = —(cos 6t + 18t2 — 1) cos 3x

" 362
u=w+V, +V;
[Tpumep 2(3-e rpaHUYHOE YCIIOBUE):
Upe =92, 0=x =2
Uli=g = x
Ugli=g =0
u|x=ﬂ = ﬂ
(u— u‘x.}l.-xr:? =0
(U=v)
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u=T()X(x)
T"X =9TX" (:9TX)
T'” _k”_c

ST X

[;T" —9CT =0

(X'-Cx=0
I, X0)=0

@) -x'2) =0
lomyuan C = 0;C = lzt:ﬁ,} 0)

XF.T _,_%ZX — 0 .
X = Cch{Ax) + Csh(ix)
X{0)=¢C, =0

X(Z X'(2) =Csh(22) — AC,ch(24) =0

C,(sh(22) — Ach(21)) =0 =
C,=0=X=0

sh(22) — Ach(21) = 0 (:ch(21)) =

th(21) =

Harmtack Touka (MOKHO TOCMOTpETh Ipaduuecku) A, y10BICTBOPSIOINIAs

ypaBHenuio thi24) = A

X =Csh{Ax)

C. = 1{camHu)

X*(x) = sh(Zx) (th(2X = 1)

C=()

2cnyqait: C=0=X" =0

X=Cx+0C

—

X(0)=¢C,=0 N
X(2)-X'(2) =2G, C_Cj_ﬂ:-Xzﬂ
Smy'-xaﬁ C<0;C=—-A(A=0)
X'+A2X=0

X =f{cos,&x +:::I;sin,&x

X(0)=¢C, =0

X(2)-X'(2)= u‘C?2 sin21—AC. cos 24 = 0
Orcrona 60 C, = 0, 4To IPUBOANT K TPHUBHATLHOMY PELICHHIO, KOTOPOE HAC
HE UHTEpecyeT, 100 sin 2A—Acos ZA = 0.TlogenuB Ha KOCUHYC, TTOJIYYHM
Clie/TyIollee YpaBHEHUE

tg2i=A4
I'paduyeckn MOKHO MOKa3aTh, YTO TO YPaBHEHHE UMECT OCCKOHCUHOE YHCIIO
pEIICHHIA, KOTOPBIC HENb3s HAWTH aHATUTHYECKH. MBI MX MPOCTO 0003HaAYaeM
A, 1 nanee paboraeM ¢ 3TUM OYKBCHHBIM 0003HAYCHUEM.
Takum o6pazom:
X = f; sind, x
C; = 1(camr)
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X, (x)=sini.x

Jlanee pemiaeM ypaBHeHUE OTHOCUTENbHO GyHKIMK T(t)
st C = (1*)?

T —G(X)T=0

T = a*chi3A't) + b*sh(34°t)

Juin € =—42;

T"+9A2T =0

I, = a, cos S;iiﬂi + b, sin34,1

u=T"X"+ Zrnxﬂ

= (a"ch(BAt) + b"sh(34°t) )sh(A"x)

[=a)

+ Z(an cos 34,t+ b, sin34,t) sinA, x

n=1

'11.;-':_-:0 = 3:1*5*3}!-*[4117} +Z 3-‘;“1:&-:41 Siﬂﬂ_ﬂ'x =0 =ph* = =

n=1
[==]
Ui]izg = a”sh(Ax) + Z @, sind,x =x
n=1

_ f; xoi(x)X, dx

[ p(x)Xzdx
X'"+px)X' +9X =—-CX
p = Q B HaweM cay4ae

n

Becosast hynkims (Bec) p = 2/ 74 = 1
J:; x sind, xdx

a, =
" _J; sin? A, x dx
a2 o 1 z 1 1 . i
] sin A, xdx = —j (1 —cos22,x)dx==|x ———sin24,x |}
o 2 ] a8\ Z.H.\H ')
28in 24, cos A 1
=1——-=sin3i, =1— : L —1——-cos?2
42, m 4, 7 05" 2
2 2 1

1 ‘X
I xsiniﬂxdx=——[ xdcos)lﬂx=—[,_£cos,lﬂx——sin,1ﬂx)|%
\'A"Té

"'0 “nuﬂ A"%’J_

2 1
= ——C08 24, + = sin 24, = [sin24, — 4, cos 24, = 0]
..win A3
= ——C0824,
"ﬂ“‘ﬂ
1 -
———C0S 24,

A
n ?li
1 —5cos? 24,

18



AHAJIOrM4YHO MOYKHO HallTH
2 - l Al *
. J, xsh(Ax)dx _ T ch(247)
2 Zf g -
[ sh2(Fx)dx 11— % ch? (277

Teneps MOKHO HanUCcaTh OTBET:

L]

u= (a*ch(ﬂ*tj)sh Ax)+ Z[aﬂ cos 3A,1) sin A,.x

n=1

3.
IIpumep AJs1 pe30HAHCHOTO CJIy4Yasl.

Au=r’sin5p, 2<r<3
u| =4

r=2
“|,~:3 =sing
Ecnu rickaTh perieHne Tak e, Kak B IpeIbIyIeM pIMepe, TO Oy YHTCS
clieyIonee:
u,=w=Ar"sin5¢p A= const

Jlist 570 PyHKIIMM OTpeOyeM BBHIIIOJHEHUE YPAaBHEHMUSI

1 1 .
Av=0,+-0,+—=0, =7’sin5¢ (2)
r r

Torxa noayunm
Aa(a —1)r*?sin5¢ + Aar® sin5¢ — 25A4r“ > sin 2¢ = r* sin 5¢
Jlanee, cokpaTuB Ha SinS¢ nMeeM
Ar* (o’ =25)=r".
Otkyna r* > =71
o—2=3
o=5.
COKpaTHB Ha 7 MOJIy4aeM
A(a® =25)=0-A4=1
EcTtecTBeHHO, UTO MOJIYyYEHHOE COOTHOIIIEHUE HE UMEET cMbIciia. To ecTh 3Ha-

4yeHusi A He CyIIECTBYET.

Ho 310 He 03HauaeT, uTo 3a/1a4a He penraeTcs. EJMHCTBEHHBIN BBIBOJI, KOTOPBI
w

OTCIOJIa CJIEJTYET, UTO PEIICHUE HY>KHO MCKaTh B JIPyTOM BHJIE.
IIpocTo MBI cunTany, 4To0 A KOHCTaHTA. B pe3yapTare nosy4uiib, 4To TaKou
KOHCTaHTBI HE CYIIIECTBYET.
3HAUUT UILEM TENEPh PEIICHUE B BUJIE
—_— —_— a ]
u,=w=A(r)r*sinS¢
Haiinennoe 3HaueHue o =5 UCIOIb3YEM, TO €CCTh
= 5 i
u, == Ar)r’ sin5¢
Ocraetcs onpeieauTh QYHKIUIO A(r).
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BhIuncliseM IpOU3BOIHBIE

o, = A'(r)r’ sin5¢ + 5A(r)r* sin5¢

o, = A"(r)r’sin5¢ +10A4'(r)r* sin5¢ + 20 A(r)r’ sin 5¢
®,, =—25A(r)r’ sin5¢

¥ TOJICTABJISIEM BCE B ypaBHEHHE (2).

A"(r)r’sin5¢ +10A4'(r)r* sin 5¢ + 20 A(r)r’ sin 5¢ +

+1(A'(r)r5 sin5¢ + 5A4(r)r*sin5¢) — %2514(;”);’5 sin5¢ = > sin 5¢
r r

CokpaTuB Ha sin5¢p u 7° ToIyuum

A"(r)r* +10A4'(r)r + 20A(r)r + (A'(r)r + 5A(r)) —254(r) =1

um A"(r)r* +114'(r)r =1

YToOBI MPOUHTETPUPOBATH 3TO YPABHEHUE JIOMHOKUM 00€ €ro 4acTH Ha r9.

" 11 ' 10 9
Toraa A"(r)r” +114'(r)r” =r W JEBYIO YaCTh MOXKHO CBEPHYTh KaK MPOU3-

BOJHYIO MPOU3BECHUS
A'(rr'y =r’.
HNuterpupyem

10

A" = [rar="—+C.
(r)r jr r oG

Tak kaKk Mbl XOTUM HaliTU XOTh KaKO€-HUOY/Ib pEHIEHUE, TO CAMbliA TPOCTOM
croco0 B35ATh KOHCTAaHTY KaK MOYHO ITPOLIE.
A nmenno Gepem C, = 0. Torya, cokpaTus Ha 7' TIOJTy9um

1 1

Ar)y=—- —.
") 10 r

Eme pa3 unterpupyem v nojiy4aem

1
Ar)=—-Inr+0C,.
(r) 10 r 2

OnAts ke 171t npocToThl BUuja GyHkuun A(r) 6epem C, =0 u Torja noiaydaem

1
A(r)y=——"+Inr, oTkya
(r) 10 y

u,=w=A(r)r’sin5¢ :%-r5 Inr-sin5¢

Jlanee nelicTByeM Takxke, Kak U B MPEJIbIIYIIIEM TPUMEPE:
UIIIEM pEIlIEHUE UCXOHOM 3a/1auu B BUJIE

U=v+o.

OyHKIUS VABJISIETCS PEIICHUEM CJIeYIONIEl 3a/1auun
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Av=0, 2<r<3

1
ow| =4-——2°In2-sin3
r=2 10 ¢

i | i
—o| =sing——3In3-sin5
r=3 ¢ 10 ¢

Jlanee Bocnob3yeMcesl TEM, UTO 0011ee pelieHue ypapHenus Jlarmnaca s
KOJIBLIA YK€ MOJy4EHO

v(r,9)=4,Inr+ B, + i(Anr” +C " )cosn(p +
n=1
+ (Bnr” +Dr™" )sin 0
Umiem kodbdunmenTs. OHU HAXOSTCS U3 CIELYIOIIMX CUCTEM:
AIn2+B,=4

A,In3+B,=0
B2+D2"=0
B3+D3"'=1

B2+ D2 =—1 22
10

B3 +D3” = ~ L33
10

CucTeMBl MOYKHO PEINUTH U HATH 3HaYCHU KOYPPUIMEHTOB.
Hapnesce, 94T0 KaXblil 13 Bac 10100HBIE CUCTEMBI MOXKET PEIIUTL M ITIOCKOJIBKY
BBIPKEHUA JJ11 KOO(POUIMEHTOB T10JIy4aTcsi JOCTATOYHO IIOXME, TO IIPU pe-
IIEHNUU NTOJOOHBIX 33/1a4 KOHTPOJILHOM U 3a4€Ta J0CTaTOYHO OyIET 3aI1caTh
CHUCTEMBI JIJI1 HAX0KAEHUA KOO()PHUIMEHTOB, HE pemas uX. To ecTh To, 4To yixKe
y Hac HanucaHo. M y4uThIBas, 4TO BCE OCTaIBHBIE KOD()OUIUECHTHI PaBHbI HY-
JIXO, 3aIIUCHIBAEM PE3YJILTAT.
Pewenue ucxoHon 3anaun
u=v+ow=A4,Inr+ B+

+<Blr + Dy )singo + (Bsr5 + Dsr_s)sinS(p + %rs In7 -sin 5@

Ha KOHTpoILHOI 3a1aua Oy/IeT cojlepKaTh JIBa claraeMbIX B IPaBoii 4acTy, Ha-
TIpUMep:
Au =rsin2¢ +r’sin5¢p, 2<r<3

u|r:2 =sin3¢

u|r:3 =Cos(Q

OnHO cnaraemMoe -- pe30HaHCHBI citydaii, a pyroe -- He pe30HaHCHBIN.
CoOTBETCTBEHHO (PYHKIUS @ OYyJET MPEACTaBISAThH OO0 JBa cllaraeMbIX.
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=0, + @, , KAKI0C U3 KOTOPBIX UIICTCA OTACJIBHO. OI[HO JJIA YpaBHCHUA
1 1 .
Aa)l = (wl rr +;(wl)r +I"_2(wl )(p(p = r51n2g0
Apyroe aJjist ypaBHCHUA
1 1 3 .
Aw, =(w,),, +;(a)2)r +7(a)2)(p(p =77 sinS¢.
COOTBETCTBEHHO 0, HaXO0AUTCA KaK B IIPUMEPC Hpezlblz[ymeﬁ JICKIMH, a 0, KakK

B HACTOSIIEM TIpUMEpE.
Jlanee Tak e Kak B 000uX nmpumMepax padoraem ¢ GyHKIHMEH @ .

Yro kacaeTcs 3a7a4 B Kpyre ¥ BHEIIHOCTH Kpyra, TO Ha KOHTPOJIbHOW UX HE Oy-
JIET, HO MOTYT TloracThcsl Ha 3auete. Ha mpakTuke 11 TpeHUPOBKU OyJIeT He-
CKOJIBKO ITPUMEPOB C HEPE3OHAHCHBIM ciyyaeM. [IpuHIun perenus Takoi xe,
KaK M JUIsl KOJIbI[a: C IOMOIIIBIO GYHKIMKN @ ypaBHeHue [lyaccoHna cBoauTes K
pelieHuto ypaBHeHus Jlarmaca, 1715t KOTOporo BUJ| OOIIETo perieHus yxKe Hail-
JeH. M octaeTcst TOJbKO onpeaenuTh KodhGUIIMEHTHI U 3aucaTh OTBET.

VYpasHenue Jlannaca:
Au=0 6 Q

Vpasuenue Ilyaccona:
Au=—f(x,t)6Q
ILmroc I'paHUYIHBIC Y CIIOBH.
Ecii Ha rpaHuie 061acT 3aj1ao 3uauenne dyuxman: | =1u,(x). To 3a1aua

nMenyetcs 3aaadeit Jlupuxie 1 ypasHenus Jlamnaca (Ilyaccona)
Eciu Ha rpanune obnactd 3ajjaHa MPOW3BOJHAs O HOpPMalM K TpaHHMIIE:

ou
on |,
naca (Ilyaccona).

Ecnu Ha rpantie 3agaHo 3-e rpaHUYHOE yCIIOBUE, TO 3a/ja4a HE UMEET CBOETO Ha-
3BaHUSI.

Peiienue mo6oii u3 3aaa4 s ypaBHeHus [lyaccoHa MOKHO Mpe/ICTaBUTh B BU-
Jile CyMMbI (DYHKIUI: 1epBasi U3 KOTOPBIX SIBJISETCS PEIICHUEM COOTBETCTBYIO-
et 3ajauu 1 ypaBHeHus Jlamiaca, a BTopas peiieHuem ypaBHenus Ilyacco-
Ha C HYJIEBBIM COOTBETCTBYIOLIUM YCJIIOBUEM Ha rpaHulie 00J1acTu.

Ho peanbHO yjno0Hee ykasbiBaeTcsl peliarh ypaBHeHHe IlyaccoHa HECKIBKO
HOJIPyTOMY.

Nnes cocTout B TOM, YTO Haiijid Kakoe-HUOY b peleHue ypaBHeHus Ilyaccona
(0 MOKHO CBeCTH pelieHue ypaBHeHus [lyaccona k pemienuto ypaBHenus Jlanm-
naca.

=U, (x ) , TO 3a/1aua Ha3pIBaeTcs 3anadeit Heiimana s ypaBaenus Jlam-
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Ecim  pemas ypasHenme Au=—f (X,Z ) Mbl HalJeM HeKylo (yHKIU-

roTAw = —f(X,t) , TO MpeIcTaBuB U =V + @ mnouyuuM, uto Av=0. ['pa-
HUYHBIE YCJIOBUSI HA HOBYIO HEU3BECTHYIO (PYHKIUIO V = (0 —U MOXHO HailTH,

HOCKOJIbKY (PyHKIUSI (0 M3BECTHA, a IPAaHUYHBIEC YCIOBUS HA QYHKIUIO U MOX-
HO B35ITh U3 YCIIOBUS 33/1a4U.

CanenyeTr OTMETUTS, YTO MOJTyUYEHHE 00IIEro peueHus ypasuenus Jlarmiaca nu-
KaK HE CBA3aHO C YCJIOBUSAMU Ha IPAHHUIIE.

Ypasuenue Jlamnaca Ui Kpyra, KOJiblla U BHEIIIHOCTU Kpyra.

Bo Bcex ciyuasx OyaeM paccMaTpuBarh pelIEHHs TaKUE, YTO ‘M(XX <M - orpa-
HUY.

KOJ'II)IIOI HepeXOI[I/IM K ITOJIIPHBIM KOOpAWHATAM:

1 1
Au=u, +—u, +—u, =0
r r
ur:Rl :ul(@)
ur:Rz :uz (@)
HNiem perienue B BUAE:
u=R(r)d(p)
R"® + lR'q) + LZRCD” =0 /DR
r r
2 " 1 !
7 (R +Rj y
r J)_ 9 _
R ()

u(r,go): u(r,(p + 27r)

LO"+ 27D =0, D(p+27)=D(p)

A=n,n =O,_oo

®(¢)=C, cosng +C,sinng

Ilpu n =0 umeem oxHo pemenne P (@) =1, npu n>1 umeercs ABa He3aBu-

CHUMBIX pellIeH s
© () —
D' (@)= cosng
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O (@) =sinng
OO6uiee peleHue npu 3ToM OyJIET UMETH BUJT
®, (@)= A4, cosng + B, sinng

I. ¥’R"+rR = 2’R =0 -- ypaBHenue Diinepa
A=0 rR"+R' =0,R' =y

&__or :>y=Cll:>R:C11nr+C2
y r r

JlBa He3aBUCUMBIX pelieHus R =Inr, R, =1

Ilpu A =n umem perieHne B Buae R =r".

o (a —l)r“ +ar® —n’r* =0

Cokpamast 7 monmygaem o’ =n’, o0 =+n, TO €CTh IMEEM JIBA HE3ABUCHMBIX
perieHust

Ry =r"s Ry

OO1ee pereHue noayvyaeTcs Kak JMHEHass KOMOMHAIUs 3TUX HE3aBUCUMBIX
pelIeHui

R =C r"+C,r"

Hrtak umeem

@, (¢)=A,cosng + B, sinng npu n>1
D, (@) =4, npu n=0

R (r)=Cr"+C,r", nx1

n=0 R(r)=C,lnr+C,

COOTBETCTBEHHO IPH KaXIOM 71 [OMydaeM peluerue u, (7,9).
uy(r,9)=®,-R,=C,,Inr+C,, =4, Inr+ B,

IIpu n2>1

u,(r,@)=(4,cosng + B, sinng)r" +(C,cosng + D, sinng)r™".

=r ",

OO6uiee pelieHue UMEET BUJL

u(r,p)= Zun (r,¢)=4,Inr+ B, + Z(An cosng + B, sinng )" +

n=0 n=l1
+(C, cosng + D, sinng)r™"
Mo3kHO 3anucaTh HHa4e
u(r,p)=A4,Inr+ B, + Z(Anr” +C ™" )cosngo +

n=l1 (1)

+(Bnr" +Dr™" )sin neg
1o cytu -- o1HO ¥ TO k€. CMBICIT B TOM, YTO PACKPBIB CKOOKH MBI IIOJIy4lM U B
TOM , U B JIpyTrOM JIMHEHHYI0 KOMOMHAIHIO IIPOU3BEICHUI HE3aBUCUMBIX pellie-
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Huit @ u R. Oana u pyrast popMa 3alucu CBA3aHbI TOJIBKO CO CIIOCOO0M
IPYIIIMPOBKHU CJIaracMbIX.

3agaua Jlupuxiie 11 ypaBHeHus Jlanmaca B KOJbIE.

Au=0, R <r<R,

1 1
Au =Uu,, +;M}, +7 op =0
ur:Rl :ul (QD)
—KOJIbY o
ur=R2 :uz ((p)

Jlist konbLa:

u|r:R1 =B,InR, + 4, + iRl” (A, cosng + B, sinng)+

n=1

+R"(C,cosng + D;sinng ) =u, ()

u|r:R2 =B,InR, + 4, + iR; (A4, cosng + B, sinng) +

n=1
+R," (C,cosng + D, sinng)=u,(¢p)
Eciii BCHOMHMTB pasioskenne GyHKIMHA Ha oTpeske [—7;7 ] B psijg Dypbe

f(QD) =U (@) =
=%fo(c) + Z(fn(c) cosnp + fn(s) sinngo) = % + Z(an cosng +b, sinng),
n=1 n=l1
TO JUIS HAXOXKAEHHS KOO(DOULMEHTOB UCIIOIB3YIOTS U3BECTHEIE (POPMYJIBI

o 17
5 =;If(<p)cosn<pdco

g 17 .
£ == f(p)sinnpde
7T /3
AHaJIOTUYHO U Ha JIPyroii rpaHuue

1 c < c .
g(qo) =U, ((P) =5g(() '+ Zl(g,ﬂ )cosn(p + g,(f) s1nnq0)

Kosddunuentst A4 ,B,,C, ,D, Haxo1uM U3 CHCTEM, IIPUYEM IIPH ITOM yn00HEe
MCIOJIB30BaTh pemenue B popme (1)
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VoA =B,InR + 4,
V) el)=B,InR, + 4,
fY-R'A4 +R"C,
g\ =Ri4,+RC,
fYO=R'B +R"D,

(s) _ pn —n
gn - RZBn +]22 Dn
Haﬁﬂﬂ KOS(l)(l)I/IHI/IeHTBI 3allMCbIBACM PCHICHUC B BUJIC (1) C HaﬁﬂeHHBIMH KOH-

KPETHBIMU KOA(PPUIIMEHTAMHU.
B o6uiem cityuae nostydaem peienue B Buje psja (1)

u(r,p)=A4,Inr+ B, + i(Anr” + Cnr_”)cosngo +
n=l

nu

+(Bnr” +Dr" )sin neg

Jlns kpyra:
Au=0, r<R,

r=R, =U ((P)

Pemenue JJE1 Kpyra MOJKHO ITOJIYUUTE U3 pCHICHUA AJIA KOJIbIa, YCTPEMUB
MEHBIIUN paJnyC KOJbIA K HYJIFO U YUUTHIBASI, YTO PELIEHUE JOJKHO OBITh OT-
PaHUYEHO.

HpI/I Rl —> 0B 06HICM PCUHICHUU IJIA KOJIbIda UMCIOTS CJIaracMbIC, CTPCMAINIHUCCA

u

K OCCKOHEUHOCTH. B CHJTy OrpaHUYEHHOCTH PEIICHHS STU ClIaracMble JOJKHBI
MCYC3HYTh.

A BO3MOXHO 3TO TOJIKO B CJIy4ae, €CJIM dTUX CJIaraéMbIX B PEIICHUN MTPOCTO HE
OyJeT, TO eCTh

B,=C =D, =0.

Torna o6iee perienne ypaBaenus Jlarmiaca auist Kpyra mpuMeT Clie Ty FOIIHii
BUJI:

u(r,p)=4,+ ir" (A4, cosng + B, sinng)

n=1

== £(9)= 4+ Y RI(4, cosng + B, sinng) =

n=l1

u

= %fo(c) + i(fn(c) cosng + fn(S) sin n(p) =>

n=1

) L) (e
== > B i > An =7 n
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BHemHocTh Kpyra.

Au=0, r>R,

r=R = 1/[0 ((P) :

AHaJOTMYHO PEUICHUIO JJIs1 KpyTa pelIeHUE JJIsi BHEIIHOCTU KPYTra MoJy4uM

ycTpemirsis 00BN paanyc KoJbla K 0ECKOHEYHOCTH.
COOTBETCTBEHHO IIPU R, —> 0 B 00IIIEM pEIIEHUHN AT KOJIbLA Oy Iy T CllaraeMble

u

CTpeMALINECs K GECKOHEYHOCTU. B CriTy OrpaHMYEeHHOCTH PEIEHUs OHU 10K~
HBI HCUE3HYTh. DTO MPOU30M/IET, ECIIM OTHX ClIaraeMbix He Oynet. To ecTh
By=A4 =B =0
W PEIEHNE /I BHENTHHOCTH KpyTa Oy/IET BBITIISIETh CIIEAYIOIIM 06pa3om

-
u(r,p)=4,+ > r"(C,cosnp+D,sinnp)

n=l1

COOTBETCTBEHHO

T =1 (@)=4, +Z.O:R1"’(Cn cosng + D, sinnp) =

n=l1

_ %fo(ff) n i(fn(C) cosng + fn(s) sin nq))
n=l1

u

1 c n C n
A==, C, =R S\, D, =R,

[Ipumep pelieHus 3a1a4u
Au=rsinp, 2<r<3

u|r= , =sin3g
u|r:3 =CcosQ
Haiinem yactHoe pemenue ypasHenus Ilyaccona.
1 1 .
Au=u, +—u, +—u,, =rsin2p
r r
N3 cTtpykTypsl oneparopa Jlamnaca B MOJISPHBIX KOOPAMHATAX CIEIYET, YTO HTO
pEIIEHHE MOKHO MCKaTh B BUJIE

u,=w=Ar"sin2p.

IToxcraBuB 310 BBIpaXkeHue B ypaBHeHue [lyaccona nomyunm
Ac(o —1D)r*?sin2¢p + Aor® > sin 2 — 4 Ar® > sin 2¢ = rsin 2¢p
Jlaniee, COKpaTuB Ha Sin 2¢) NOJIy4uM

AT (@l -4 =r.

OTkyna F =y

oa—-2=1
a=3.
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Takum obpazom A(a” —4)= A3’ —4)=1u 4 :%.

3HAUNT @ = %ﬁ sin2¢.

Jlanee uieM peleHre UCX0IHOM 3a/1a4u B BUJE
U=v+o.

OyHKIUS VABJISIETCS PEIICHUEM CIIEYIOUIEH 3a/1auu
Av=0, 2<r<3

v._, =sin3¢p — co|r:2 =sin3¢p — %23 sin 2¢

I, .
V|, =cosp—w| , =cosp- 533 sin 2¢
O6uiee pelenne ypasuenus Jlamiaca 1Jis KoJblia yKe MONyYeHO

v(r,p)=4,Inr+ B, + i(Anr” + Cnr_”)cosn(p +
n=l

+(Bnr” +Dr™" )sin 0

Ocraetcs HaiiTu ko3 dutiuenTsl. OHU HARYTCS U3 CIEAYIOMUX CUCTEM

Bce ocranbHble KOAQOUIMEHTHI paBHBI HYJIIO.
Pemmenune ncxognoi 3agaun

u :u(r,q)) = (Alr +Cr! )COS(p +

+(Bzr2 +D,r )sin 20+ (B3r3 + Dy~ )sin 3p + %r3 sin 2

5.
YpaBHenue Jlanjiaca B IapoBOM cJioe JJIsl CIy4asi paauajbHONl cHMMeT-

pum.
YpaBaenueM Jlamiaca Ha3bIBaeTCs ypaBHEHUE

Au=0,
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ou ul =4 a—z =4
u r=R - A =4 " 87’1 r=R
a) 6) Onl,_x 8) du 2) '
u _, = — =B ou
r=R, u =R, =B 6’,1 R % =B
r=R,

r
v=u,
v. +—v=0
r
ﬂ=—%di’
% r
1nM=—2ln‘r‘+C1
C C
v=—u=—+C,
r r

OTcroia BUIHO, YTO BBIIIOJIHEHUE YCIOBUS (2) HEBO3MOXHO.

IIpumepsr:
=2
) |):l — Q + C2
u =3 r

Q+C2=3:>C2: :>u:—;+4
2

ou

= =92
5) onl,. ou__ou_6C

- on or r’

ul| =3

r=2

Cl

1% =2 2
c =, Du=—+2
Lyc,=3 6 F r
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