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3ajaua 1.

Teopemuueckue ceedeHus.
B npsimoyronbHO# nekapToBoil cucteme koopauHaT OXYZ TOJOKEHUE 000U TOYKHU

3a1a€TCSl TPEMS YHUCIIAMU — KOOPOUHAMAMU A(X A YarZ A) (pucyHok 1).

Pucynok 1.

Paccrostnue mMexny IByMsI TOUKaMH Al(xl, Y1, 21) U AQ(XZ, y2,22) OIIPEAENAETCS 110

dbopmye

d =\/(X2 —x)?+ (Y, — Y1)’ + (22— 7). 1)

[lpu pemieHnH 3afad aHAJMTHYECKONW TEOMETPHHM Ha IJIOCKOCTH HEOOXOIUMBI
CJIEYIOIIUE CBEAEHHUS O NPSIMOU JINHUU:

1) ecniu Touka M(X; y) aemut otpe3ok MiM, (My(x1,; y1) 1 Mo(xs, y,)) B OTHOIICHHUH A,

TO KOOPAMHATHI 3TOM TOYKU BhIpaXKaroTcs GopMyaamMu

=t o NitAY, (2)
1+ 4 1+ 4
ecim ke Touka M(X; Y) - cepeauna otpeska MiM,, To
Xy + X +
x=X1"% - _N*Ya. (3)

2 2
2) ypaBHEHHE TPSMOM, TpOXousIiei yepe3 ToUky Mi(Xy; Y1) U MMEOMIEH TaHHBIMI

yri0BOM KO3 GHUIMEHT K, 3aIichIBacTCS B BUJIE

y—y; =k(x—x); (4)
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3) ypaBHEHHE MPSAMOM, MPOXOMASIIEH depe3 aBe aaHHbie TOYKU Mi(Xy; Y1) U Mo(Xo;

Y2), IMEET BH]T

X=h _ Y0 , IpH 3TOM K = Ya= % yl (5)
Xo=X Yo— Y1 Xp =X

4) OCTpBI YroJ MEXAy IABYMs MPSMBIMH C YriioBbIMH Koddduimentamu K; m K
ompenenseTcs mo Gopmyiie

ko =k

6
1+kky | ©)

gy =

Inpun J3TOM YCIOBHUC IIAPAJUICIIBHOCTH IIPAMBIX HMCECT BHUJ k1=k2, a YCIOBHUC

HepHeHUKyIIpHOCTH K = _ki (7)
2

A
5) ecau mpsiMasi Ha IUIOCKOCTH 3a/laHa oowum ypasneruem Ax+By+C=0, To K, = B

- €€ YIII0BOM KO3 DUIIUEHT;
6) ecau B OOIEM ypaBHEHHMHM MPSAMOM mojeiauTh Bce wieHbl Ha C =0, momydum
ypaBHEHUE MPSIMON B OTPE3KaX:

Xy C C.
X Y g a=—" p=-—"- 8
a b e A B ®

7) Touka nepecedeHus AByX MpsAMbIX A1x+B1y+C1=0 u A,x+B,y+C,=0 onpenemnsiercs
U3 PELICHUS CUCTEMBI YPABHEHUI

A : (9)
2X+ Bzy+C2 :0

Vpasnenue oxpyxcnocmu ¢ uentpom B Touke E(a,b) m pagmycom R wmmeer BuA

(x—a)* +(y—b)* =R?. (10)

Ilpumep evinonnenusn 3adanus.

Hansl Bepmunsl Tpeyroabauka ABC: A(—4;8), B(5;—4), C(10;6).
Haiitu: 1) nnmuny croponst AB; 2) ypaBHeHUs: cTopoH AB u AC B 00111eM BUE U UX
yriaoBele KO3(PGUUIMEHTHI; 3) BHYTpPEHHHU yronl A B pajMaHax € TOYHOCTHIO

no 0,01; 4) ypaBuenne BoicoThl CD B 00memM Buje W €€ JUIMHY; S5) ypaBHECHHE
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OKPY>KHOCTH, JiJ1s1 KoTopoil BeicoTa CD ectb nuamerp.

Peuwenue:
1) Paccrosiaue d Mexay IByMsl TOUYKaMH Ha IUIOCKOCTH orpeaenseTcs mo ¢opmyie (1), B

KOTOPYIO MOJICTaBJICHbI 3HAUEHUSI KOOpAUHAT Touek 4 u B (nonoxum z; =z, =0), Torna

AB =/(5— (~4))? +(~4-8)? = /811144 =15.

2) YpaBHEHHE TIPSIMOMA, IPOXOIAIICH Yepe3 JABe 3a/laHHbIe TOUKH uMeeT BU (5):

[ToncraBuB B (9) KOOpAUHATHI TOYEK A U B, MOIy4YuM ypaBHEHHE NpAMOn AB:

X—(-4) y-8 X+4 y-8 Xx+4 y-8
5-(-4) -4-8' 9 -12° 3 -4

3y—-24=-4x-16, wm 4x+3y—-8=0 (4B).

Jlnsg HaxoXAeHus yrioBoro koddduimeHta Kag mpsMoil 4B paspeuiiM MOJyYCHHOES

8 4
YpPaBHEHUE OTHOCHUTEIIBHO Y. Y = —§X+§. Otcroga Kug = 3 [ToacraBuB B hopmyiy

Xx—(-4) y-8

5) koopaunatel Touek 4 u C, HalineM ypaBHeHue mnpsamon AC:. = ,
(5) xoop yp p 10-(4) 68

Xx+4 y-8 x+4 y-8
14 -2 7 -1

7y—-56=-x-4 wm X+7y—-52=0 (AC).

1
Orcroma Kac :—?.

3) Yron Mexnay HByMs MPSIMBIMH, YIJIOBbIe KOA(D(UIMEHTBI KOTOPBIX paBHBI K; U Ky,

omnpenensiercs o dopmyie (6). Yrom A, oOpasoBanHbiid npsiMbiMu AB u AC, HaliaeM 110

dopmye (6), moacraBuB B Hee Ky =K g = —g, Ko =Kac = —%.

_1_(_4j 4.1 25
tga=— [~ 3/ 3 7_21_4

1+ _L)-4 1+i 2
7 3 21 21
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ZA=arctgl=45" =~ 0,79 pax.

4) Tak kak Beicota CD meprnienauKyssipHa CTOpoHe AB, TO yriioBbie KOA(QGUIIMEHTHI 3TUX

MPSIMBIX CBSI3aHbI COOTHOIIEHUEM (7), TOITOMY

1 _ 1.3
CO=", T T 1T T,
kAB _ﬂ

3

VYpaBHeHUE TPsAMOM, MPOXOASAIIEH dYepe3 3aJaHHYl0 TOUYKY B 3a/laHHOM YTJIOBBIM

koadduimenToM K nanpasinenuu, umeeT Buf (4). [ToacraBuB B (4) KOOpAMHATHI TOYKH

Cu Kep = % , IOJTy4uM ypaBHEeHHE BhICOTHI CD:

y—G:Z(x—ﬂD, 4y -24=3x-30, 3x—-4y-6=0 (CD).

Jns Haxoxaenus aauael CD ompenennm koopauHaTel Touku D, pemmB cucremy
ypaBHeHwUi (AB) u (CD):
4x+3y—-8=0
y , otkyma x=2,y=0, toectp D (2;0).
3Xx—4y-6=0

[Toacrasus B popmyny (1) koopaunaTel Touek C u D, Haxoaum:

CD =+/(10-2)2 + (6-0)? =/64+ 36 =10.

5) Tak kak CD sBnsieTcsl AMaMeTPOM MCKOMOM OKPYKHOCTH, TO €€ IIEHTp £ ecTh cepeauHa
otpeska CD. Bocnonbs3oBaBmucs hopmysnoii (3) neneHus oTpes3ka nornosam, moaydrM:
_Xc+tXp 10+2 _Yc+tYp 6+0

X 3.
E 2 2 2 2

6, Vg

CnepoBarenbHo, E (6, 3) u R:%:%:S. Ucnons3ys popmyny (10), momyuaem

ypaBHEHHE HCKOMOM OKPYKHOCTH: (X — 6)?+(y — 3)? = 25.

3ajaua 2.

Teopemuueckue ceedeHus.



.
Ecim wu3BeCTHBI Hayalo BEKTOpa Ml(xl,yl,zl) U KOHel Mz(xz,yz,zz), TO

%
KOOpAMHATHI BekTopa d = M;M, HaxomsaTcs o popmynam
(11)

X=X, =X, Y=Y = V1, 2=2, — 74,

a €TI0 AJIMHa OIIPCACIIACTCA BhIPAKCHUECM
\a’\:\/x2+y2+zz. (12)

BCKTOp ac KOOpInHaTaM (X, Y, Z) MOJKET OBITH MMPpCaACTABJICH PA3JIOKCHUCM I10 OpTaM B

BHUIC
a=xi +Vyj+2zk. (13)

Ecmu o, B, y — ymibl, KOTOpble BEKTOp a o00pa3yeT ¢ MOJIOKUTEIbHBIMU
HaIpaBJICHUSIMU OCEH KOOpIMHAT, TO C€OSO, COSP, COSY Ha3bIBAIOTCA HANpAasIsiouumMu

KocuHycamu BeKTopa a (pucyHOK 2). Torna uMeroT MECTO COOTHOIICHUS

x=|al-cosa,y=1al-cosp, z=|al-cosy, cos’o+cos’p+cos’y=1.
el el el

JIns. BEKTOpOB a’:(xl,yl,zl) ub :(Xz,yz,zz) BBOJSITCSI ONEPALUM CAOHCEHUSL U

YVYMHOIMCERUA HA HUcao TaKHue, qTo
2d = (Ax, Ayy, A7),

éib=(X1iX2,y1iy2,Zli22) nu

rue A — JIr000€e 4uclo.

|
~.ly
v
<

PucyHok 2.
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Cransipuvim npousseoeruem JBYX BEKTOpoB & u b (é-b) Ha3bIBAETCA YHCIIO,

pPaBHOE TPOU3BEICHMUIO JUIMH JTHUX BEKTOPOB HA KOCHUHYC yIJla ¢ MEXKIy HUMH,

a-b :‘é‘-‘b‘-COSgo WIHM, €CJIM BEKTOPHI 3aJaHbl CBOMMH KOOpPJIWHATAMHM, TO

—

a-b =X + 1Y, + 7425, (14)

B CKTOpbI, JICKAINIMC Ha OI[HOﬁ WM  1IapaJlICJIbHBIX  HIPAMBIX, HA3bBIBAIOT

—

KoiiuneapHoimu.  [IpU3HaK  KOJUIMHEAPHOCTH BEKTOpOoB a ®W D sBiseTcs

IMPOIMOPHUOHAJIBHOCTb UX KOOPAWHAT:

_N_4a (15)

—

Ecnmu Bektopsl & M D B3auMMHO mnepneHIUKYISPHBI, TO X Xp + YqY, +2;Z, =0.

VYron Mexay BeKTopaMu a U D ompenensieTcss COOTHOIICHUEM:

—
—

0 _ X1 X + Y1¥o + 4425 (16)
=(ln 2 2 .2 [,2 2 2
\a”b‘ \/Xl +Y1 +7 \/X2+Y2 +17

VYpaBHEHUE IJIOCKOCTH, MPOXOIAIIEH Yepe3 TOUYKY MO(XO,yO,ZO) NEPIEHIUKYISIPHO

COSQ =

BEKTOPY N = (A, B, C), UMeeT BUJ
A(X—Xp)+B(y—Yo) +C(z—-25) =0. (17)

Ilpumep evinonnenus 3a0anus.

Hanbel koopauHathl Tpex Touek: A(3; 0; -5), B(6; 2; 1), C(12;-12; 3).

- -
TpeOyertcs: 1) 3anucats Bektopsl AB u AC B cucTeme OpT U HAUTH MOJYJIH 3THX

- -
BEKTOPOB; 2) HaiiTu yrox mexay Bektopamu AB u AC ; 3) coctaBuTh ypaBHEHUE

%
MJIOCKOCTH, TTpoxosie yepe3 Touky C MeprneHauKyIsipHo BekTopy AB .

Pewenue:
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%
1) Haiinem koopaunatel Bektopa AB, moncrtasuB B popmyiy (11) koopauHATh TOYEK A U
B, v 3anuiiieM pasioxeHue 3Toro Bekropa mno opram (13):
— - - — — — —
AB=(6-3)i +(2-0)]J+@Q+5k =31 +2] +6k.
[Tomo6HBIM 06pa3zom

— — - - —
AC =(12-3)i +(-12-0)j +(3+5)k =9i —12] +8k..

- —
Mopynu BektopoB AB u AC HaiineM, moacTaBiisist KX KOOpAUHATHI B hopmymy (12):

- —
‘AB‘: 32 422,62=7, ‘AC‘:\/92+(—12)2+82=17.

- -
2) Haiinem xocuHyc yria ¢ Mexay Bektopamu AB u AC. JIjis 3TOro BBIYHCIMM HX

CKaJIsIpHOE Mpou3BeaeHue no popmysne (14):

- -
AB-AC =3-9+2-(-12)+6-8=51.

Torna o popmye (16)

CoS@ = 7517 ~0,4286, ¢=~6437 =1,13 paxn.

3) Ilo ycnoBui0 3amayvi MCKOMas IJIOCKOCTh MPOXOAuT uepe3 Touky C(12; —12; 3)

5
nepreHauKysapHo Bektopy AB =(3,2,6). Iloacrasmsst B (17) A= 3, B= 2, C= 6,

Xo= 12, yo=—12, 2,= 3, mony4um:
3(x—-12) +2 (y +12) + 6(z-3) =0,

uwm 3x + 2y + 62 — 30 = 0 — nckomoe ypaBHEHHE TUIOCKOCTH.

3ajaua 3.

TeopemuquKue ceeoenusl.
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BGKTOpLI Ha3bIBAKOTCA KOMILJIAHAPHBIMU, CCJIX OHH JICKAT B OI[HOﬁ IINTIOCKOCTH HJIN B

MapajuIeNbHBIX TIOCKOCTAX. YCIOBHEM KOMIUIAHAPHOCTH TPeX BEKTOPoB 8 = (X, Yy,Z;),

d, =(X,,Y2,2,), 83=(X3,VY3,23)sBsIeTC  PABEHCTBO HYNI0 MX  CMEIIAHHOTO

HpOI/I3BeI[CHI/I$I:
XX Y1 7
(31’52’33): X, Yo Zp/=0. (18)
X3 Y3 I3

Tpu BexTOpa 00pa3yroT Haszuc B TOM CIydae, €CIU OHU HEKOMNIAHAPHYL.
Eciu /11 BeKTOpoB &;,8,,8, BhITOMHAETCA ycioue (d;,8,,d3)#0, To OHM 06pasyioT
Gasuc, u moGoit uerBeptsii Bektop b =(by,b,,b;) Moxer GeTh mpencrasmen
pasIoKEHHUEM T10 ITOMY 0a3UCy B BUJIE

b = ad, + Ba, + ya;, (19)
rie a, f, y — KOOpAUHATHI BEKTOpa b B Gasuce, 00pa30BaHHOM BEKTOpaMH aj,d,,ds.

KOOp,ZII/IHaTBI a, IB, Y HaXoOATCsSa U3 CUCTCMBI ypaBHeHHﬁI

oxy + Xy + X3 =y
ay, + By, + W3 =b,. (20)
azy + BLy + Y23 =D

Ilpumep evinonnenus 3a0anus.

IToka3zats, uto BekTopsl & (3; 1; 4), a,(2; 1, 1), d5(1; —1; 5) obpasyror Gasuc

TpeXMepHOro mpocTpaHcTBa. Haiitm koopamnatel Bektopa b (5; 0; 3) B 3TOM

Oasmuce.

Pewenue:

Bbruncinum cMelmanHoe NpoU3BEIEHUE BEKTOPOB 8y,d,,d;:

3 1 4
(8,,d,,8;)=2 1 -1=-11#0.
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Tak kak cMelIaHHOE MMPOU3BCACHHUC OTIIMYHO OT HYJIAA, TO BCKTOPbI HCKOMILIAHAPHBI U

—

obpasytor 6asuc. KoopmuHatel BekTopa b B 3TOM 0a3mce Haijem, pasjoXHB €ro IO

BEKTOpaM dy,d,,d3 CIEIyIOIUM 00pa3oM:

—

a KOOpJIMHATHI BEKTOpa D B HOBOM 0a3uce HalieM U3 CHCTeMbI ypaBHeHHH (20)

a-3+p-2+y-1=5 3a+2p+y=5
a-1+p4-1+y-(-1)=0 WIIH a+f-y=0
a-4+p-(-D)+y-5=3 4o — f+5y=3

Pemmm 3Ty cuctemy miid 3aaHHBIX BEKTOPOB MeTooM [aycca.

IIomeHnsieM MecTamu IICPBOC U BTOPOC YPpAaBHCHHUA

a+pf-y=0
3a+2p+y=5.
da— f+5y=3

[locne »TOro ymMHOXXHMM MNepBO€ ypaBHEHHUE Ha (—3) W ClOXuUM cO BTOpbIM. Jlanee

YMHOKHM II€pBO€ ypaBHEHUE Ha (—4) U CI0KUM ¢ TpeTbuM. [lomyunm:

a+p-y=0
- p+4y=5.
-54+9y=3

3aTeM yMHOXaeM BTOpPOE ypaBHEHUE HA (—5) U CKJIaJbIBAEM C TPETHUM:

a+pf-y=0
- +4y=5.
-11y=-22

W3 nocnegnero ypaBHeHus umeeM y= 2. lloacrtaBisieM 3TO 3HAYEHUE BO BTOPOE

ypaBHEHUE, MojydyaeM = 3 U, HAaKOHEII, U3 TIEPBOTO YpaBHEHUS HaxoauM o= —1.
Taxum oOpa3om, mmojictaBuB B ypaBHeHHe (19) KoopauHaThl BekTopa b , moxy4yum

b=-a, +3a, + 24,.
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3ajaua 4.

T€0p€mull€CKM€ ceeoenus.
Heonnopoanas cuctema Tpex ypaBHEHH C TpeMsI HEU3BECTHBIMU B OOIIEM CIIy4ae UMEET
BH/
g Xy + @ Xy + 83Xz =My
81X +8p Xy +8xX3 =Ny
831X + 8z X, +agXg = hy
M MOJKET OBITh 3alliCaHa B MATPUYHOM BHUJIC
AX=H, (21)
Q1 8 a3
rne A=|ay, ay, ay |-Marpuna Ko3PQPHUIUEHTOB IPU HEU3BECTHBIX,
d3; dzp ds3
X1

X= X2 - ManI/I]_Ia'CTOJ'I6€I_[ HCU3BCCTHBIX,

H =| h, | marpuma-cronder; cBOOOIHBIX YICHOB.

Ecnu matpunia A — neswiposicoenHas, TO €CTh UMEET ONpPENEIUTENb, OTIMYHBIA OT
HYJISI, TO CYIIECTBYET MaTpHIla Al obpatHas Kk A, Tak 4TO AA=E (E - emuHuuHas
MaTpuIa). YMHOKHM 06¢ 4acTi ypaBHenns (22) Ha A™ 1 momyanm

ATAX=A"H,
WIH
X=A"H, (23)
nockonmbky A A-X=E-X=X,
PaBeHcTBO (23) ABisieTCs pelieHueM CUCTEMbI ypaBHEeHUM (22).

Martpuriia, oOpatHasi K HEBBIPOKIACHHOW MaTpuIle A, HAXOIUTCS TI0 popmyIie
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1 Al An Ay
A_lzg A Ap Ay, (24)
A Ay Ag

rne A; (1=1, 2,3, j=1, 2, 3) — anreOpanyeckoe AOMOIHEHUE 3JIEMEHTa djj, KOTOPOE
"

SBJSIETCA TPOU3BEICHUEM (-1)"  ma mmHOp (OHpEmENHMTENH) BTOPOTO IIOPSAAKA,

MOJIyYEHHBIH BbIUEPKHUBAEM I-ii CTPOKH U J-TO CTOJIOIA B ONpPEACIMTEIC MATPHUIIBI A; A —

ONIPENEIIUTENIb MAaTPULIBI A.

Ilpumep evinonnenus 3adanus.

JlaHHy10 cHUCTeMy ypaBHEHUM 3amucaTh B MaTpPUYHOM (OpME MU pEluTh €€ C
IOMOIIbIO OOPATHOM MAaTPHIIBL:

2X; +3Xy — X3 =8

Xg — Xy +2X3=-1

Pewenue:
Beimuimem 1151 1TaHHOM CUCTEMBl YpaBHEHUN MaTpHIy KOA()(PHUIIMEHTOB IIPH HEU3BECTHBIX

A u crosioerr cBOOOMHBIX wieHOB H:

1 -2 1 1
A=2 3 -1|, H=
1 -1 2 -1

BerauciouM  onpenenurens A W anreOpamdeckue JONOIHEHMS A; DIIEMEHTOB

MaTpHULbI A
1 -2 1
A=2 3 -1=10«0,
1 -1 2

CJIeIOBATENbHO, MaTpuIila A UMeeT 0OpaTHYIO MaTPHILY Al

| 3 - 142 2 -1 43 2 3
All = (—1) . _1 2 = 5, A12 = (—1) . 1 2 = —5’ Al3 = (—l) . 1 ] _5’
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a2 1 2 L1 -2
A21:(_1)21'_1 2‘:3’ A22:(_1)22.1 2‘:11 A23:(_1)23.1 _1‘:_11
A __13+1._ 1__1 A __13+2.1 1_3 A __13+3.1 —2_7

31_( ) - ! 32_( ) — 9 33—( ) 2 3— .
3 - 2 _

Torna nmo dopmyne (24) oOpaTHas MaTpHIla paBHa

5 3 -1
A*:j% -5 1 3]
-5 -1 7

ITo dhopmyne (23) HaXoauUM pelieHrne JaHHOW CHCTEMbl YPaBHCHHU B MaTpUUYHOMN

dbopwme:
. 5 3 -1|[ 1 5.1+3-8+(-1)-(-1) . 30 3
X=AlH=2.l-5 1 3| 8|l=1.| -5.141.8+3.(-1) |==. 0 |=| o],
10 10 10
-5 -1 7||-1 -5-1-1-8+7-(-1) -20] | -2

Orcroma x1= 3, xo= 0, x3= —2.
3agaua S.
Teopemuueckue ceedeHus.
Yucino A HaswiBaoT mpeaeaoM GyHkuuu Y=f(X) B Touke a , eciau 3Ta QYHKIHS
OTpeiesieHa B HEKOTOPOH OKPECTHOCTH TOUKHM & , 32 UCKIIOYEHUEM, ObITh MOXKET, CaMOM

TOYKHU & , ¥ 715 Kakaoro &0 Haitnetrcs takoe 0>0, 4To /Uit BceX X, YIOBIETBOPSIOIINX

ycioBuio () < ‘x — a‘ < 0, BBITIOJHSAETCS HEPABEHCTBO ‘ f (x) — A‘ <g:

lim f(x)= A4, eciu Ve>0 35>0:Vx:0<‘x—a‘<5:>‘f(x)—A‘<e.

xX—>a

Boruucnenne — mpenenoB  apudMETHUECKHX — BBIPAKCHUM 11 (x)/ 7 (x),

f](x)° fZ(x), fl(x)— fz(x) no mpenenamM QyHKIUA [ I(x) u fz(x), U3 KOTOPBIX OHHU
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COCTaBJICHHI, HE BCCraa BO3MOXKHO. B »stux ClIydasax TOBOpAT, YTO BO3HHUKAKOT

HCOIIPCACIICHHOCTHU CICAYIOIINX BU/IOB!:

(gj | (fj (0-0), (00—00),(1@)-

I[JIH HaXOXACHUA IIPCACIIOB TAKUX HCOIIPCIACIICHHBIX BI)Ipa)KCHI/Iﬁ HYKHO

YUUTBIBaTh KOHKPETHBIN BUJ QYHKLIUU [ (x) u fr (x) Hanpumep,

lim < —0: (25)

X—0 X

0, eciu n>m

. n (x) _[®)_ )9 .
npejie OTHOIIEHHUS IBYyX MHOTOWICHOB |im =| — |=1—",ecmu n=m |
x—>00 <n (x ) m
0,eciu n<m.

. . . sinx (0
NePBEIN 3aMevarebHbIi npenen lim——=| — [=1; (26)
x=>0 X 0
N 3 : 1oy
BTOPO#i 3aMeuatensHblii mpenen lim|1+=| =(1)” =e. (27)
X—>00 X

Bennunna «(X) HasbBaeTcs Oeckoneuno manou npu X —a, ecau lima(x)=0.
X—>a

I[Be OECKOHEUYHO MaJjble BEJIWYHMHBI Ha3bIBAIOTCS OK8UBAJIEHNTHbIMU, CCIIN TIPCACIT HX

. X
oTHolIeHus paBeH 1, To ecth a(X)~ F(X), ecou IImﬁztgjzl. IToxg 3HaKOM

x—a B(x) \0
npezena obdas 06CKOHEYHO Maias BEJIMYMHA MOXKET ObITh 3aMEHEHA Ha DKBUBAJICHTHYIO
eit. [IpuBeneM TaGIMIy SKBUBAJICHTHBIX OECKOHEYHO MajIbIX Ipu X — 0 BeMUuH:
sinx ~ X, arcsinx~x, a*-1~x-Ina ¥ —1~x,

2
tgx ~ X, arctg x ~ X, 1—cosx~X7. (28)

Ilpumep evinonnenusn 3a0anus.

Beraucnutes npenernst:

2
ljm 42X +11X=3 6) lim (\/X2+3X—X),

x—>-3 3% +10X + 3 X—>o0
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2X _(2x =3\
B) lim r) lim :
x—0 arctg5x ' x—owo\ 2X+1

Peuwenue:

a) [loncranoBKa MpeebHOTO 3HAUYEHUS apTyMeHTa Xx=-3 MPUBOJUT K HEOIPEACTICHHOMY
0
BBIPKEHHIO BUJA ol

Jlyis ycTpaHeHus 3TON HEOoIpeIeICHHOCTH Pa3IoKUM YUCIIUTENb U 3HAMEHATEN b IpOo0u Ha
MHOXXHUTEIIX M COKpaTuM JApoOb Ha MHOXuUTeNb (x+3). Takoe cokpalmieHue 37ech

BO3MOYKHO, TaK KaK MHOXKHUTENb (X+3) OTIHYEH OT HyJIS IpH X— — 3!

lim

4x% +11x -3 4-(-3)* +11-(-3)-3 _(9)_
x—>-33x% +10x+3 3-(-3)* +10-(-3) +3

0

(Ax-1)(x+3) _ _ lim 4x-1_4-(-3)-1_13
X—>— 3(3x+1)(x+3) x>-33x+1 3-(-3)+1 8

6) IIpu x— 0 BBIpaKeHHE VX’ +3X —X JaeT HeolpeAeleHHOCTh Biaa (oo — oo). s ee

YCTPAHCHUA YMHOXHM H pPasaCliuM 3TO BbIPAKCHHC Ha vV X2 +3X+X, IIOCJIC YCTO

pa3enuM YUCIUTETh U 3HAMEHATEIb MOJIyYeHHOU Ipo0u Ha X , yUuThIBast popmyiy (25):

im (VX2 + 3x — x )= (00 — 00) = lim (\/x2+3x—xxx/x2+\3x+x)
fim (3 )= i (mH)

X% +3x— X2 . 3
= |lim —

X—”"\/x +3x+x X \/x +3X+ X X7® /1+ 41

B) [Ipu X — 0 mostyyuMm HeonpeieIeHHOCTh (%) . O603naunmM arctgox =y. Torma Sx=tgy

u y— 0npu x — 0. [Ipumensis cBoiicTBa npeaenoB u hopmyiy (26), umeem:

2him Y it 29922,
y—0 Y 5y—>0 y y-0cosy 5 5

1

2| -t
2 (oj . (5gy) 2
lim———=| = |=lim———~=

x—oarctgbx \0
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3Ty 3a/lady MOXKHO PCHUINTb, HCIIOJIb3YSA 3KBHBAJICHTHBIC 3aMCHBI OECKOHEYHO MaJIbIX

BenuuuH (28). [lockonbky npu X — 0 SKBUBaJIEHTHBI arctg5Sx ~ 5X, MOXKHO 3anucaTh

: 2X 0 . 2x 2
Iim———=| = |=lim—=—.
x—oarctgox \0/) x-05x 5

2X—3
2x+1

4x+5
F) HpH X —> 00 BBIpAKCHHE ( j ABJIACTCA HCONIPCACICHHOCTBIO BHIA (100). I[JIH

yCTpaHEHUS 3TOI HEONPEeIeICHHOCTH MPEACTaBUM OCHOBAHUE CTETICHH B BHJIE CYMMBI 1 U
OECKOHEYHO MaJloi (MpU X — 00) BEJIMYHHBI; MOCJIE Yero MPUMEHUM (QOpMYITy BTOPOTO

3aMeuaTeNbHOro npesaena (27):

_ 2% 3 4x+5 _ Ix+1—4 4x+5 _ 4 4x+5
lim = lim| =——— = lim|1+ -
x—o\ 2X+1 X—>00 2X+1 X—>00 2X+1

. (2x+lj(—4j.(4x+5) 4 s —16X—20
= lim| 14— | 4/ = lim e2x+1 = lime 21 =
X—>00 X+1 X—>00 X—>00
_16
] - ] _ 1
= lime 2 =lime®=—,

X—>00 X—>00 e8
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Bropoii cemecTp

[TPUMEPHI PEHTIEHUA 3AJJIAY

3anava 1.

Teopemuqecmte c6eoeHsl.

IIpouseoonoi ot ¢yukiuu Y = f(X) mo aprymeHTy X Ha3bIBaeTCs IMPEAeS OTHOIICHHUS

npupaienus GyHKIuu Ay K IpUpanieHuIo apryMeHTa Ax, KOr/aa MoclielHee CTPEMHUTCS K

HYJIIO:

[TpousBoaHas €CTh CKOPOCTh UBMEHEHUS! (YHKIUU B TOUKE X.

OTpIickaHue TPOU3BOIHOM Ha3bIBaeTcs qudpepeHmrpoBanueM QyHKIIHH.



19
OcHosHble npasunia oughghepeHyuposanus.
1. (C)' =0, rae C=Const.
2. (x)' =1
. (U(X)£v(x)) =u'(x) £V'(x)

4. (U(x)-v(x)) =u’(x)-v(x)+u(x)-v'(x), (C-ux))'=C-u'(x)

! !

(u(x)) _ U0 -v(x) —u()-v'(x) ( C ) _-C-v(x) (u(x)]':u’(x)
L v(x) v2(X) " Lv(x) vi(x) (U C C

F'u() =F -u'()

w

o1

»

Tabnuya npouszeoouvix dnemenmapusix gyurxyutl (U =U(X)):

1. (u")Y =n-u"t.u, 4. (sinu)’ =cosu-u’
2. (@")y=a"-Ina-u", (e")=e"-u, 5. (cosu)’ =—sinu-u’
3. (log, u)' = w6 (tgu)' =———-u’, 7. (ctgu)' =-— _12 -u’,
u-lna cos“u sin“u

H !/ 1 ! ! l !’

8. (arcsinu)’' = -u’, (arccosu)' =-— -u
1-u? 1-u?
9. (arctgu)’ = L -u", (arcctgu)’ =- U’
' 1+u? 1+u?

Ecnu B Tabmuie momoxuth U(X) = X, To U' =1,

Ilpumep evinonnenus 3a0anust.

Haitnute npousBoaHbie GyHKITUI:

a) y=In(2+sin3x);  6) y =39V +1)%; ) cos(xy?) -3y’ +4x =0.

Pewenue:
a) TOCJEAOBATENbHO MPUMEHAS NpaBwia AUPPEPEHIIUPOBAHUS  CIOXKHON (YHKLUH,

npaBuia u popmyibl audhepeHIuPOBaHNS, IMEEM:
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y' = (In(2 +sin 3x))' = # -(2+sin3x)"' = ;-(2# (sin3x)") =
2 +SIn 3x 2 +sIn 3x
= —_.0033)(.(3)()’ ZSL_SBX;
2 +sIn 3x 2 +SIn 3x

6) y' = ((3arctgﬁ +1)4)! _ 4(3arctgﬁ +1)3 ) (3arctgﬁ +1) =
— 4(327C9VX 4 1)3. 380V |3 (arotg/x) =

1
_4 3arctgﬁ+13.3arctgﬁ.|n3.—_ \/; r_
( ) 1+(x/§)2( )

1 1 2In3 Jx JX 3
"y 3arctgﬁ +1)3 .3arctgﬁ .In3. ) _ L garctgx _(qarctgvx | q
( ) L (02 2% W ( )

B) B JaHHOM CJIy4ac Q)YHKHHOHaHLHaH 3aBUCUMOCTBb 3aJlaHa B HeA6HOM BHUAC. I[JIH

HAXOXKICHHUS TPOHM3BOAHON Y' HyXHO mpoaudepeHIupoBaTh M0 MEPEMEHHONH X 00¢

4aCTH YpaBHCHH:A, CHHUTAA IIPH 3TOM Y (1)YHKI.[I/I€I‘/II OT X, a 3aTCM IIOJIYYCHHOC YPABHCHHUC

Pa3pClInTb OTHOCUTCIIBHO y,
—sin(xy?)- (xy?) —=3-2yy' +4=0;
—sin(xy®)- (Xy* + x(y?)) - 6yy' +4=0;
—sin(xy®)- (y* +2xyy’) - 6yy' +4=0;
— y?sin(xy?) — 2xyy'sin(xy?) —6yy’ + 4=0;
W3 mocieaHero ypaBHEHUS HAXOAUM Y
2yy’(xsin(xy2) + 3): 4 - y?sin(xy?);

,_ 4—y*sin(xy®)
y = : > :
2y(xsm(xy )+3)

3agaua 2.

Teopemuueckue ceedenus. ViccnenoBanue (yHKIUMU OJHOW HE3aBHCUMOM MepeMEeHHOU
OyaeM MPOBOIUTH MO CIEAYIONIEH cXeMe:
1. Haiinem obGnacTh onpenenenus GyHKITUU.

2. Uccnenyem (QpyHKIMIO HA HEMPEPHIBHOCTD.
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3. YcraHoBUM, SIBISETCS JM JaHHas (PyHKUMS YETHOM, HEYETHON WM (YyHKIHEH
oOuiero Bua.

4. Haiinem uHTEpBajbl BO3pacTaHus U yObIBaHUS (DYHKIIMU, TOUKU SKCTPEMYMa.

5. Haiinem nHTEpBaIBI BHITYKIOCTH U BOTHYTOCTH KPUBOM, TOUKH €€ Ieperuoa.

6. Haiinem acuMOTOTHI KPUBOIA.

Ilpumep evinonnenus 3a0anus.

2x -1
(x-1)°

HccnenoBath PyHKINIO Y = 1 TIOCTPOUTH €€ TpaduK.

Pewenue.

PeanuzyeM npuBeIeHHYIO CXEMY UCCIEA0BAHUS PYHKIUU:

1. ®ynkuusa onpezeneHa Npy BceX 3HAUCHUAX apryMeHTa x, kpome x=1.

2. JlanHasg (yHKUIMSA SBISETCS AIIEMEHTAapHOH, MOATOMY OHA HEMpPEephIBHA Ha CBOEH

o0JacTH ompeeIIeHus, TO eCTh Ha nHTepBanax (—oo;l) u (L+x).

B touke x=1 (yHKIMS TEepIUT pa3pbiB.

3. Jns ycTaHOBIEHMS] YETHOCTH WJIM HEYETHOCTH (YHKIUHU MPOBEPUM BBINOJIHUMOCTb
paBeHctB f(—x)= f(X) (torma f(X) — dernas ¢yukums) wam f(—x)=—-F(x) (msa
HEYeTHOW (PyHKIMM) [ Jr0OBIX X M3 00jNacTu  ompefesneHus  (PyHKUUU:

-2x-1 2x -1
f(_x)_fiiiiﬁf’ -—f(x)_n—E;:ESE.

CnenoBarenbro, f(—X)# f(x) u f(—x)#—"f(X), To ecTb naHHast GYHKIMS SBISETCS

dbyHKIMEH 0011IeTO BU/IA.

4. Inst uccnenoBanus (PyHKIIMU Ha SKCTPEMYM HalIeM ee TIEPBYIO MPOU3BOIHYIO:

,2(x-D°—(2x-1)-2(x-1)  2x
' (x-1)° e

Omnpenenum kputuueckue Toukn Gyakmuu: Y =0 mpu Xx=0, Y’ He cymecTByer mpu

X=1. Tem cambiM umeem naBe kputudeckue Touku: x=0, x=1. Ho Touka x=1 He

MPUHAICKUT 00JACTH ONpeAesIeHUs (PYHKITUHU, SKCTPEMyMa B HEH ObITh HE MOXKET.
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Pazo0nem uncioByro ochk Ha Tpu nHTepBayia (—0;0), (0;1), (L+x).

_ min + _

\ 0 /V 1 \ X

v

B mepBoM wu TpeTrheM HHTEpBaNax IMepBas IMPOU3BOJHAS  OTpHIIATEIIbHA,
CJIeIOBAaTENbHO, 3/1eCh (PYHKIUsI yObIBaeT, BO BTOPOM HMHTEpBaJie — MOJIOKHUTENbHA, U
nanHasi QyHkiusi Bo3pactaer. Ilpu mepexone uepe3 Touky X=0 mepBas mpou3BOAHA
MEHSIET CBOM 3HAK C MHUHYCA Ha ILUTIOC, IO3TOMY B 3TOM TOYKE (PYHKIIHS UMEET MUHUMYM:
Ymin = Y(0) =—1. 3nauur, A(0;—1) saBiseTcs TOYKOH MHHUMYMA.

5. Jlng onpeneneHus Touek neperuda rpapuka (pyHKIMM U MHTEPBAJIOB BBINYKIOCTH U

BOTHYTOCTH KPHMBOU HAWJIEM BTOPYIO MPOU3BOIHYIO:

y,,:_2.(x—1)3—x-3(x—1)2 9. 2x+1 |
(x-1° (x=1°*

Jlnst Bropo# npousBoauoit Y =0 npu x=-0,5 u y" He cymectByer npu x=1. Pa3o0bem

YHCIOBYIO OCh Ha TpH uHTepBana (—0;—0,5), (-0,5;1), (1;+0).

neperud
— + +

v

/\ -0,5 N\ 1 \/ X

Ha mepBom uHTepBasic BTOpas MpOM3BOAHAS Y" OTpHUIATENIbHA U Jyra HCCIIEayeMOn
KPHBO# BBIMYKJIa; HA BTOPOM U TpeTheM UHTepBaiax Y' >0, mostomy rpaduk sBiseTcs

BorHyThIM. [Ipu nepexoje uepe3 Touky X =-0,5 BTOpas mpou3BOHAS MEHSET CBOW 3HAK,

N 8
MOJTOMY B OTOW TOUKE KpHBas UMEET meperud: Y,,, = Y(-0,5) = e

CnenoBatenbHO, B(— % ;—g) — Touka neperuda rpaduka GyHKIIUH.
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2x -1
6. B Ttouke X=1 ¢dyHKUMS TEepnuT pas3pbiB, mpu4eM |im

——— =, [Ipamas x=1
x—1 (X—:I.)2

SBJIIETCSI BEPTUKAIBHOM acUMNTOTON rpaduka QyHkiuu. s ompeneneHus ypaBHEHUS

HAKJIOHHOM acuMIToThl Y = KX + b Bocmombs3yemcs popmynamu:

. f(x )
k=||m£, b = [im (f (x) —kx).
x—owo X X—>00
2x -1 2x -1
Torna K= |im =0, = |im =0
X—>00 (X—1)2 X—>00 (X—1)2

[Tpu HalineHHbIX 3HaueHUSX K u b mpsimas Yy =0 ecTh ropu3oHTaJIbHAS ACUMIITOTA

rpaduka ucciaenyeMoit GyHKIUU, TPEICTABICHHOTO HAa PUCYHKE 1.

-0,5

B

A

Pucynox 1. I'padux uccnenyemoit pyHKIuu.

3ajaua 3.

Ilpumep evinonnenusn 3adanus.

PesepByap, wumeronmu bopmy OTKPBITOI'O  CBEPXY MPAMOYIOJIBHOIO

napajuieienunesa ¢ KBaApPaTHBIM JHOM, HYXHO BBUIYIHTh BHYTPH OJIOBOM.
3

KakoBbl OJKHBI OBITH pa3Mepsl pe3epByapa Mpu ero eMkoctd 108 om”, 4ToObl

3aTpaThl HA €T0 JIy)KE€HHUE ObLIIM HAUMEHBIITUMU ?
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Pewenue. 3aTpatbl Ha NMOKpBITHE pe3epByapa OJOBOM OyAyT HAaWUMEHBIIMMH, €CIU MPHU
JAHHOW BMECTUMOCTH IUIONIA/Ib €T0 MOBEPXHOCTH Oy1€T MUHUMAJILHOM.

Oo6o3naunm depes a (Om) — cTOpoHY OcHOBaHWsA, D (Om) — BBICOTY pe3epByapa.
Torma muom@aas €ro MOBEPXHOCTH S =a2+4ab, a 00beM V:azb, WJIH, COTJIAaCHO

ycioBus, 108 = a’b. [TosTomy
108 , 432
+—.

:g n S=a’+4-a-—-=a
a a a

b

[lomydyeHHOE COOTHOIIEHHE YCTAHABIMBAET 3aBUCUMOCTh MEXIY IUIOLIAJBIO
MTOBEPXHOCTH pe3epByapa S (QyHKIHSA) U CTOpOHOW ocHOBaHWsA a (aprymeHt). O0macThb
omnpeneneHuss 3tod QyHkumu a>0, Tak Kak @ — cTOpoHa ocHoBaHus. Hcciemyem
byuknuio S Ha sKcTpeMyM. Haiinem mepByro mpousBoaHyo S', mpupaBHIEM €€ K HYIIO H

PCIINM ITIOJIYYCHHOC YPABHCHUC!

432 2a°-432

a’ a’

S'=2a 0.

Orciona a=6. Ilpoussoanas S'(a) He cymectByer npu a=0, HO 3TO 3HAYCHHE
aprymMeHTa He MpUHAIeKUT obnactu omnpenenenuss @ynknuu. Ilppy O<a<6
npomssoanas S'(a) <0, nmpu a>6 S'(a)>0. CrenoBarensHo, ipu a=6 QyHKIHS S
umeeT MHHHMyM. Ecim  a=6, to b=3. Takum o0pa3oM, 3arpaTbl Ha JTy)KEHHE
pesepByapa emkocthio 108 1 OyayT HAaWMEHBIIMMH, €CIM OH HMEET pa3Mephl

6(om) x 6(om) x 3(0m) .

3anaua 4.

Teopemuueckue ceedeHus.

[lepeMeHHass BeIMYMHA Z HAa3bIBACTCA (YHKYuel O08YX NepeMeHHbvlX X WU Y, eCiH
Kaxaoi mape 3HadeHud (X,y) W3 JaHHOW OOJacTH COOTBETCTBYET €IWHCTBEHHOE
onpexaeneHHoe 3HaueHue z = f(x,y).

Hius ¢byakmun  Z= f(X,y) BBOAATCS TOHATHS UYACMHbLIX NPOU3BOOHLIX TIEPBOTO

nopsaaKa, KOTOPbIC OIMPCACIAIOTCA BEIPAKCHUSIMMU:



25

G T L Ty A - ()
OX  Ax—0 AX ’ 0  Ax—0 Ay ’

U 4acnHblx np0u3600Hblx BTOPOTO IOpsaKa.

8_22_3@ 0’z _o%r_ofa :g(@j 2_ofa
ox? ox\ox)' oxay oyox ox\ey) ey\ox) oy? oyloy)

@ynkmus z= f(X,y) umeer B Touke My(Xy,Yo) Maxcumym (munumym), ecinu

3Ha4eHHe 3ToW (QyHKuuMu B Touke M, Ooibme (MEHbIIE), YeM 3HaYCHHUA (QYHKIHUU B
JMI000H TOYKE U3 OKPECTHOCTH ToUku M.

HeoOxoauMbIMKu ~ YCTIOBUSIMUA ~ CYIIIECTBOBAHUSL  okcmpemyma (MakCUMyma WIIH
MUHEMYyMa) auddeperimpyemoit GyHkimu z = f(X,y) sBIAeTCS paBEHCTBO HYIIO €€

YAaCTHBIX IIPOU3BOJHLIX IICPBOI'O ITOPAIKA:

z_,
OX
a_g,
oy

TO‘-IKI/I, B KOTOPLIX YaCTHBIC IIPOU3BOAHBLIC o6pa111a10Tc;I B HOJIb, HA3BIBAIOTCA

cmayuonapuvimu moukamu yakmun Z = f(X,y). st Toro 4ro0sl cTaroHapHas TOYKa
SABJIAJIaCh C-)KCTpCMyMOM, B Heﬁ JOJIDKHBI BBITIOJIHSTBCS docmamoqnble yCJlOGLl}Z.
0%z

2 2
N S
X

= > . A=AC-PB.
M, XayMo oy M,

O6o3HayuM A=

Ecmu B cratmonapuoii Touke M (Xg, Yo)
A>0,A>0,T0 M{ ecTb TOUKa MUHUMYMa;
A>0,A<0, 10 M| ecTp TOUKa MAKCUMYMa;
A <0, 1o BTOUKE M| HET 3KCTpeMyMa;

A =0, To TpebyeTcs TOMOTHUTEIHHOE NCCIEAOBAHUE.

Ilpumep evinonnenusn 3adanus.

HccnenoBath Ha SKCTpeMyM QYHKIUIO Z =2X + 4y — X2 — y2 +6.

Pewenue.
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1. Haiinem yacTHbIE MPOU3BOAHBIE 33JAHHON (PYHKIIHH

g:2—2x, @:4—2y
OX oy

2. 3anuieM HeOOXOAUMBIE YCIOBHS CYILIECTBOBAHUS IKCTpEMyMa
2-2x=0 Xx=1
= )
4-2y=0 y=2
3HaunT Touka M (L;2) sBisieTcs cTalMmOHApHON TOYKOW (DYHKIIHU.

3. IIpoBepuM BBINOJIHEHHE B TOUKE M HOCTATOYHOIO yCJIOBHS. lJIs1 3TOTO HAAEM BTOPBIE

YaCTHBIC ITPOU3BOAHBIC (b}’HKHI/II/I

2 2 2
Qé: 2 07 _o 9Z_ 5
OX OXoy

B touke M(L2) A=-2B=0,C=-2 u A=(-2)-(-2)-0=4. IlockoabKy

A=4>0,A=-2<0, touka M (1;2) siBisieTcs] TOUKOM MakcuMyMma. 3HaueHUue (DYHKIUH B

s10if TouKe 7|, =2-1+4-2-1° - 2° +6=11.

3agauva 5.

Teopemuqecmte c6eoeHsl.

@OyHKIUSA TBYX HE3aBUCHMBIX TMepeMeHHbIX Z = f(X,Yy) mpuHMMaer HauOombilee u
HauMCHbIIIee 3HadeHuss B obOmact D, orpanndyenHod mnmamer @(X,y)=0, aubo B

CTAallMOHAPHBIX TOYKAaX, PACMOJIOKEHHbIX BHYTpH obsactu D, nubo Ha rpanuie >tou
o0nacTu.

3amaya 00 OTBHICKAHWW HAMOOJBIIET0 M HAWMEHBIIErOo 3HAaYeHUW QYHKIUU
z= f(X,y) B3aganHoi obmactu D perraercs mo ciaeayronieMy IiaHy:
1. OnpenensieM cralMOHAapHbIE TOYKH (QYHKLMHU, PACHOJIOKEHHbIE BHYTpU obnactu D, u
BBIUKCIISIEM 3HAUCHUS (YHKIIUHU B 3TUX TOUKAaX.
2. Haxogum cranmoHapHblie TOYkd (yHKIMH Ha Tpanune @(X,Y)=0 obOmactu wiam Ha
OTJICBHBIX €€ y4acTKax, 3aJaHHbIX Pa3jIMYHBIMH YPAaBHCHHUSMH, U BBHIUHCISIEM 3HAYCHUS

(GYHKLIHU B 3TUX TOUYKAX.

3. I3 Bcex BHIYUCIICHHBIX 3HaYCHUN (YHKIIMH BHIOUpaeM HarOOIbIIEe U HAUMEHBIIIEE.



Ilpumep evinonnenus 3a0anus.
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Haiitu Haubomnpliiee u HauMeHbIIIEe 3HAUYCHUSI QYHKIMH Z = X2 + 2Xy —4X—-Yy B

TPEYroJIbHUKE, OTPAHUYEHHOM MpsiMbIMH X =0, y=2, y=X.

Pewenue.

1. Halinem cranmoHapHble TOYKM (PYHKIIMU M3 YCJIOBUN pPAaBEHCTBA HYJIO YaCTHBIX

MIPOU3BOIHBIX (PYHKITHH

0z

&_2x+2y—4—0 x=05
0z < =15
—~=2x-1=0 y=4

oy

Crammonapuass touka M (0,515) nexur BHyTpH
3aganHou o0nactu OAB.

3HadyeHue PyHKIMU B TOUKe M paBHO

2|, =05°+2-05-15-4-05-15=-175.

2. Vccnenyem noBeaeHre (PyHKIIMU HA TPaHUIIAX 00JIACTH:

a) Ha rpannne O4 y=X, 0<X<2, z=X%>+2X-X—4-X—X um Z =3x> —5X;

2'=6x-5, 2'=0 mpmu ng,Torz[a y:g (Tak KaK y=x).

B Touke C(ggj 3Ha4YC€HHUE (PYHKIIUU paBHO Z‘ c = 3(—

2
5" . 5__25
6 12

6

Brruucnum 3nauenust GyHKIMHA B KpaltHUX Toukax oTpe3ka OA.

B touke O(0;0) Z‘ o =0, B TOUKE A(2;2) 3nauenne QyHKIEE PaBHO

7,=3-2°-5.2=2.

0) Ha rpanune B4 y=2, 0<x<2, Z2=X>4+2X-2—4X-2 nmm z=x%-2;

2'=2x,7'=0 mpu x=0,a y=2 corjacHo ypaBHEHHUIO MPsIMOii BA.
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B touke B(O;Z) 3Ha4YeHue (PYHKIIMU PaBHO Z‘B =3.02-2=-2.
B) Ha Tpanuie OB X=0, 0<y<2, z=-y,
2/=-1#0 npum  Bcex Yye[0;2], crmemoBarenbHO, CTALMOHApHBIX TOYEK Ha

muauu OB HerT.

3. U3 Bcex BBIYMCICHHBIX 3HAYCHUU 3aaHHON (YHKIUU BBIOMpaeM HauOoJbIIee |

HauMEHbIIIee:
Z‘ A=2 — HanOoupiee 3HaYeHue GyHKImK B o0mactu OAB
25
z\ c="1, — HauMeHblllee 3HaueHne PyHKIuu B obnactu OAB
3anaua 6.

TeopemuquKue ceeoenus.

Ilepsoobpasnou ¢ynxyuen s yaxkuun f(X) HaswsiBaercs Takas ¢yHkus F(X),
yro F'(x) = f(X).
Heonpeoenennvim unmeepanom ot ¢yakmun  f(X) HaspiBaercs ee  oOrmas
nepBooOpazHas
[f(x)dx=F(x)+C .
®dynkums  f(X) HaspiBaeTcs moabIHTErpanbHOM (yHkmmen, F(X) — pesymbraTt

uHTerpupoBanus, C — MpOU3BOJIbHAS ITOCTOSTHHAS.

Csouicmea H€07’lp€0€ﬂ€HH020 uHmeepaJlaZ
L. [(u(x)+v(x))dx = [u(x)dx + [v(x)dx.
2. [A- f(x)dx=A- [ f(x)dx, rae 4 — nocrosiHHasL.

3. Ecim [ f(X)dx=F(x)+C u u=¢(x), 1o [ f(u)du=F(u)+C.

Tabauya npocmeuiux uHmMepaios:

1. fdx=x+C. 7. | =tgx+C.

COS™ X
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Xn+l dx
2. [x"dx= +C,(n=-1). 8. [——=—ctgx+C.
n+1 sin” X
3. jgzln\xhc. 9. [——— =arcsin~ +C
X ,/
X a* X 1 X
4. [a¥dx=——+C, [e"dx=e*+C. 10. [ 5——=—arctg—+C .
Ina x> +a’ a a
i dx
5. [sinxdx=—cosx+C. 11. | :—I X“a,c (a=0).

x2_g%2 2a x+a

n[x +vx% + ‘+C (A=0).

6. [cosxdx=sinx+C.

v

OcHognbie Memoovl UHMEeSPUPOBAHUSL
1. [TonBenenue nmoxa 3Hak auddepeHnuana:
a) K (QyHKUHMH, CTOSIIEN MmojJ 3HakoM auddepeHiurana, MOXHO MPUOABIATh WIH

BBIYUTATH MOOYI0 moctostHayto: df (X) =d(f(X) = A);

0) mnon 3Hak jauddepeHnranta MOXKHO IMOJBOJIUTH IOCTOSHHBIA MHOXXHUTEIb:
1
df(x):Zd(A- f(x));

B) o1 3HaK auddepeninana moasoautes Gpyukims mo npasury: f'(x)dx=df (x).
2. laTerpupoBaHue Mo 4acTsIM C UCTIOIb30BaHUEM (DOPMYIIBI:

fudv=uv—[vdu, rze u=u(x),v=Vv(x).
C MOMOIIIBIO 3TOTO METO/1A BEIYHCIISIIOTCS CIIEAYIONINE HHTETPaIbl

a) [a* - B, (x)dx, u=P,(x), dv =a*dx.

6) [sinax- P,(x)dx, u=P,(x), dv=sinaxdx.

B) [cosax- P, (x)dx, u=P,(x), dv=cosaxdx,

r) [Inax- B, (x)dx, u=Inax, dv=P,(x)dx,

m) [arcsinax- B, (x)dx, u=arcsinax, dv=P,(x)dx,

e) [arctgax- P, (x)dx, u=arctgax, dv=P,(x)dx,
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rae P,(X)— MHOrouseH n-0if CTeneHH.

3. UHTerpupoBanre METOI0M 3aMEHBI IEPEMEHHOM 10 hopmyie

[T (dx=] T (p®)de(t) =] f (V)¢ (t)dt, rne x=p(t).

Ilpumep evinonnenus 3a0anus.

Haiitn HEonpenesieHHbIE NHTETPAIBI:

N2 3
a) J.(arcsm X) X ax; 0) jx—“dx- B) [(3x+4)e¥dx.

N X2 —4x+3

Pewenue.

a) HCIIO0JIb3YyA OCHOBHBLIC CBOMCTBA HCOIIPCACICHHOIO MHTCTPajida XU BBIMMOJHASA ITOABCACHUC

dbynkuuii nox 3Hak qudepennnana, HailieMm HHTerpal

I(arc:sm X)? + X4 I(arcsm X)? dx +

X
——dX
V1-x? V1-x? \/1—x2

1
— [ (arcsin x)2d (arcsin x) + [ (L— x?) 2d (x_22) =

1
= [(arcsin x)*d (arcsin x) + (— %)j(l— x2) 2d(1-x%)=

1

— x2)2
:%(arcsin x)* —%-¥+C =%(arcsin x)> —V1-x? +C.

2

[TpoBepum pe3ynbTaT HHTETpUPOBaHUS TU(PEPEHITMPOBAHUEM

!

(%(arcsin x)° —V1-x% + Cj =

1
:%-3(arcsin x)? - (arcsin x)’ —%(1— x?) 2(1-x?)+C'=

_(arcsinx)®  —2x , o (arcsin X)? + X

%2 212 Ji-x®2

YTO COBIAJIAET C MOBIHTETPATBHOU (PYHKITHEH.




31
0) moabIHTErpaibHasg (QYHKIUS MPEICTaBIseT COO0OM HEMpPaBUIBHYIO PAMOHAIBHYIO
npo0Os. IIpencrtaBum 3Ty ApoOh B BHJIE CyMMBI MHOTOWICHA W MPABHJIBHON npobu. J[is

9TOT'O BBIIIOJIHUM JACJICHUC MHOI'OYJICHA HAa MHOI'OYJICH:

x3 —17 ‘x2—4x+3
x3 — 4x? 4 3x x+4
4x% —3x-17
Ax® —16X +12
13x - 29
Torma
3 —
j—x 17 dx = j( 4+—i3x 29 jdx jxdx+j4dx j—isx 29 dx =
X2 —4x+3 X —4Xx+3 —4x+3
2
:x_+4 Ii?;x 29
4x+3

Jlig Toro 4ToOBl HANTH MOCIEAHUM WMHTErpall, NPeJCTaBUM IPaBUIbHYIO ApoOb B BUJE
CYMMBI IpocTeHIMX ApoOei. [l 3Toro pasioXuM Ha MHOXHUTEIM 3HaMEHATEeNb po0u
X2 —4x+3=(x-1)(x-3) u Pa3JIoXKuM JIpoOb Ha MPOCTEUIITHE

13x - 29 A N B  A(X-3)+B(x-1)

(x-D(x-=3) x-1 x-3  (x=1)(x-23)
3HauuT 13x—29=A(x-3)+ B(x-1).

IMpu x =3 umeem 13-3—-29=B(3-1), otkyna B =5;
npu X =1 umeem 13-1-29=A(1-3), otkyna A=38.

ITomygaem 13x-29 = 8 + > 1 HHTETrpUupyeM
7 (x-D)(x-3) x-1 x-3 PPy
I 13x - 29 dx:j 8 dx+j 5 d _de(x 1) Id(x 3)
(x=1(x-3) x—1 X —

=8Inx -1 +5Inx-3+C
U OKOHYATCIIBHO HonyqaeM

3 2
jzx;ﬂdx=x—+4x+8ln\x—u+In\x—3\+C.
X“—4x+3 2

[TpoBepum pesynbTaT nudhepeHITIPOBAHIEM:
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!

2
(X—+4x+8ln\x—ﬂ+ln\x—3\+c) S48 L5
2 2 x-1 x-3

(A -D(x-3) +8(x~3) +5(x~1) _ x* 17
(x=1)(x+3) 2 _axe3’

YTO COBIIAJIAET C TIOJIBIHTETPATLHON (PYHKITHEH.
3ameuanue.
WMHTerpan oT NpaBWIBHOW pPAlMOHAIBHON NpoOHM CBOAUTCS K CYMME HWHTErPaJOB OT

npocreimux 1podeii. Hanboee yacto BcTpeyaroTcs CaeAyomue HHTErpaibl:

jidx: Alnjx—a|+C; ijdx :L(x —a) ¥ yc, (k=23..).
X—a (x—a) (—k+1)
B) IIPUMCHUM MCTOIOM MHTCIPHUPOBAHUA 110 HACTAM.
Mpumvem U=3x+4, dv=e>*dx, torma  du=3dx, V= %egx. ITo dopmyne
HHTCTPUPOBAHMA 110 YaCTAM II0JIy4acM
[(3x +4)e¥dx = (3x + 4)%e3x - j%e” . 3dx = %egx ~ [e¥dx =
:3XT+4e3X Sl oAt o —e¥(x+1)+C.

[TpoBepum pe3ynbTaT tuPPepeHIIIpOBAHUEM
@*(x+1) +C) =3 (x +1) + e =e>*(3(x +1) +1)=e** (3x + 4),

YTO COBNAJAET C MOABIHTETPATILHON (DyHKITUEH.

3agava 7.
Teopemuueckue ceedeHus.
AY Ecim nHa mockoctn Oxy 3amaHa
_y=1(x) durypa, OTrpaHUYCHHAs TBYMS
HerpepblBHBIME  JHEsME Y = f;(X),

S L y=A(()

y=f,(X) u BepTUKaIBHBIMH TPSIMBIMU

L > X X=a, X=b, 1o momangs S Takou
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b
burypsl MokeT OBITh BBIYHCIEHA O (Qopmye S=| (f,(x) - f1(xX))dx, rTae
a

f,(x) > f,(X) Ha orpeske [a,b].

Ilpumep evinonnenus 3a0anus.

BoruncnuTe miiomaas GUrypbl, OrpaHU4eHHON JIMHUSAMU Y = X2 + 4x, y=Xx+4.

Pewenue.

3a,Z[aHHBIC JJUHUHU OTI'PpaHUYIHMBAIOT HA INNIOCKOCTHU OXY KpHBOJ'IPIHGI?IHYIO Tpalicuuto,

U300paKEHHYIO HA PUCYHKE.

A
y

y=x"+4x
y=x+4

Y

Haitnem koopauHaThl TOYEK MEPECEUEHHS 3aJaHHBIX JIMHUN, JJI 3TOrO PEIIUM

CHUCTEMY YPaBHEHUI

2
YEXTHAX 02 ax—x+4, X2 +3x—4=0, oTKyxa X, =—4, X, =1.
y=Xx+4
Toraa uckoMas IIOIMIAAbL BEIYUCISLETCS 110 (POPMYIIE:
1
1 2 3
S=[(x+4-x —4x)dx=j(4—3x—x2)dx:(4x—%—%J =
—4 _

_4-3-1 11648852902 (6. e0).
2 3 2 3 "6
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3agaua 8.
Teopemuueckue ceedenus.
OOBeMBbI TeJl, 00pa30BaHHBIX BpaIlleHHUEM IUIOCKON (QUTYphI, OTPaHHMYCHHOM KPUBOU

y=f(x)>0, ocpto Ox n npsimeiMu X =&, X=Db,

b

1) Boxpyr ocu Ox, BeraucisroTes mo hopmyne V, =7z f 2(x)dx;
a
b

2) BOkpyr ocu Oy, BeIMUCIAIOTCA 10 hopmyie V, =27 [ xf (x)dx.
a

Ilpumep evinonnenusn 3ad0anus.

Beraucnute 06beMbl Teln, 00pa3oBaHHBIX BpallleHHeM BOKpyr oceii Ox u Oy

KPUBOJIMHEIHOTO TPEYrojbHUKA, OrPAHMYEHHOro KPHBOH Y =3/X, ockio Ox H

npsamMoit X =1.

Pewenue.
A
y | / y= 3\)/; 1) oO6beM Tena, MOIyYeHHOTO BPAlCHHEM
BOKpYT ocH Ox, paBeH
1
5
1 2 xé 3
V, :ﬂj(%) dX:ﬁ? :?ﬂ (xy6. ed.)
> 0 hd
0 1 ¥ 3 |y

2) 00beM Tena, OYYeHHOTO BpalieHueM BOKpyr ocu Oy, paBeH

72/

X/ 3

)

L 67
vy =27rjX-§/§dX=27r :7(Ky6. €o.).
0
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[TPUMEPBI PEHIEHWA 3AJTAY

3ajaua 1.

Teopemuueckue ceedeHus.
Huddepenunanbaple ypaBHEHHS, B KOTOPBIX TEpEMEHHbIE MOXKHO pa3ieluTh
NOCPEJICTBOM YMHOXEHUsI OO€HMX YacTeldl YpaBHEHHMS HAa OJHO M TO JK€ BBIPAKEHHUE,

Ha3bIBAIOT JTU(PdHepeHINATBPHBIMU YPABHEHUSAMHU C pa30eA0WUMUCT NePeMeHHbIMU.

dy fy(x
d—i=—fi((y; S fi(y)dy = f,(x)dx, (1)
win B tuddepeHuanbHon Gopme
fi(x)- fo(y)dx+ f3(x) f4(y)dy=0. (2)

Paznenum 06e yactu ypaBHeHUs (2) Ha mpousBeneHne PyHKIUi fz(y) f3(x)

mdx+Mdy:0 (2)

fs(x)  fa(y)
U, TIOCJIE HHTETPUPOBAHUS, TIOJIYYUM OO MHTErpas (00111ee pelIeHne) YpaBHEHUS:
j%dxﬂ'%dyzc.
3 2(Y)
[Ipu nenenun Ha fz(y) f3(X) MOXXET TMPOU30MTH TMOTEPsT HEKOTOPBIX YaCTHBIX
peruenmii. ITycts, Hanpumep, mpu Y=Y, nmeeM fp(Yo)=0, torna dyskmms y=y,
sBisieTcst pemeHneM ypaBHeHus (2'), T.K. dy=dyy=0. Pemennem Moxer Tarxxe OBITh

dyHKIHES X =Xg, eci f3(Xy)=0.

Ilpumep évinonnenus 3ad0anus.

Haiitu o0muii uaTerpan auddepeHuaibHOro ypaBHEH!sT NEPBOro MOpsaKa

x(y+1)dx—(x2 +1) ydy =0.
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Pewenue:
Jlannoe auddepeHIaabHOe ypaBHEHHE SBISCTCS YPaBHCHHEM C Pa3IeiISFOIIAMUCS
nepemenubiMy, npudeM i (X) =X, fo(y)=y+1L f3(x) = X2 +1; f,(y)=—y. Pazgenum

00e yacTu YPaBHCHUS Ha IIPOU3BCACHUC

fo(¥) fa(x) = (y+1)(x* +1)
H I10JIYy9YUM

xdx  ydy
——— =0.
x“+1 y+1

[IpounHTErpUpyeM nocienHee paBeHCTBO

xdx 1
IX2+1—I(1—y—+de:C,

UCIIOJIB3Y4 MOJIBEICHUE 1101 3HAK nuddepeHimana

1.(,2
sz(x +1)-jdy+fd(y+l)zc’

X2 +1 y+1

MOJIyYrM OOIIHi HHTETpant TudepeHInaTbHOTO ypaBHEHUS
1
Eln‘x2 +]4— y+Inly+1=C.

Ipu nenennn va f,(y)=y+1 norepsiHo gactHoe pemenne: y =—1.
3agava 2.

Teopemuueckue ceedeHusl.
HuddepennmansHoe ypaBHEHHUE MTEPBOTO MOPSIKA
y'+p(x)y=a(x), (3)
JMHEWHOE OTHOCUTEIHLHO UCKOMOM (PYHKIIMH U €€ TPOU3BOIHOM, HA3bIBACTCS JIUHELIHBIM.
VYpaBaenue (3) cBOAUTCS K ABYM YPaBHEHUSIM C PA3IECISAIOMIMMUCA MEPEMEHHBIMU

crnenyromuM obpa3om. 3anuiieM McKkoMyr (GyHknuoo Y(X) B BHIE NMPOMU3BEACHHS ABYX

byHKIIHIA: y:u(x)-v(x). Onna w3 9Tux QYHKOHA MOXET OBITh aOCOIIOTHO
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NIPOW3BOJIHLHON, a BTOpas OMNpPEACNIeTCS B 3aBHCHMOCTH OT IIEpPBOM TakK, YTOOBI WX
MPOU3BEICHUE YIOBIETBOPSIIO YpaBHEHUIO (3).

13 paBerctBa Y =U-V HaxoguM Y =U'-vV+U-V'. Torma B coorBercTBHE C (3) nMeeM
uv+uv' +p(x)uv=q(x) mm u'v+u (V' + p(x)v) =q(x). Beibepem B KauectBe V(X)
KaKoe-HUOY/Ib YaCTHOE PEIICHUE YPaBHCHUS

V+p(x)v=0, (4)
TOTJa JIUIS OThICKaHUS U(X) TOJyYuM ypaBHEHHUE
u'v=q(x). (5)
Haiinem v(X), paznensis mepeMeHHbIC B (4):

dv__

y p(X)dX, OTKyJla InV:—J. p(X)dX u v:e_I IO(X)dx_

3nas V(X), Hariaem U(X) u3 ypaBHeHUS (5):

(;—;J(v =q(x) = du= el IO(X)dxq(x)dx , Torzaa u :Iq(x)eI P0Gy 1 C

Oob1ee perieHre JMHEHHOTO ypaBHEHUS (3) UMEET BUJT

y=uy=e PO [J‘q(x)eI POy 4 C} .

Ilpumep evinonnenusn 3ad0anus.

Haiitu oOumiee pemenve auddepeHunanbHOro  ypaBHEHUS

nepBoro mopsiaka y' —2y =1.

Pewenue.

3anuiieM uckomyro GpyHKiuioo Y(X) B BHE MPOU3BEACHHS BYX (DYHKIIH:
y=u(x)-v(x), Torma y'=u"-v+u-v,
¥ [T0JICTABHM II0JITyYCHHBIE BBIPAKCHHUS B 3aJaHHOE YPAaBHEHHUE

u'v+uv' —2uv=1.
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Brraecem 3a ckoOkm U(X)
uv+u(v'—-2v)=1
¥, TpUpPaBHUBas K HYJIIO BbIP@KCHHE B CKOOKax, IOJy4UM © pEIIMM JBa

nuddepeHINaTbHBIX YPAaBHEHUS C Pa3eNIAIOIIUMUCS IEPEMEHHBIMHU:

vV —2v=0 uv=1

du
ﬂ=2dX d_82x =1
v X
Inv =2x du = e 2*dx
v =g u :_[e‘zxdx,

1¢ 1 _
u :——je 2Xd(—2x)=—=e X +C
2 2
3anuiieM ob1iee penieHue 3aaHHoro 1udepeHImaibHOro ypaBHEHUS B BUJIE

y :uv:(—%e‘zx +Cj-e2x, VT y=—%+Ce2X.

3anaua 3.

TeopemuquKue ceeoeHusl.

HuddepennnanbHoe ypaBHEHHE BUIA

y'+ay' +agy = f(x) (6)
Ha3bIBAETCS HEOTHOPOJHBIM JUHEHHBIM yPaBHEHHEM BTOPOTO MOPSJKA C MOCTOSHHBIMHU
K02(p(pULMEHTaMU & U Ay .

OOriiee  pelieHWe 93TOrO0  ypaBHeHHst Y=Y+Yy , rme Y— o0lmee pelieHue

COOTBETCTBYIOIIETO OJHOPOJHOIO YpaBHEHHUsS; Y — 4YacTHOE pelicHue ypaBHeHUs (6).
JuddepenunansHoe ypaBHEHHE

y'+ay' +a,y=0 (7)
SBJISIETCS OJHOPOAHBIM U HA3bIBAETCS COOTBETCTBYIOIIMM HEOJHOPOIHOMY YPaBHEHHIO

(6). OOmee pemieHrue OJHOPOJHOTO  ypaBHeHUs (7) HaxoAsIT 1O  KOPHAM

XapaKTepUCTUUYECKOTO YPABHEHHUS

r2+a1r+a2:0.
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XapaKkTepuCTUYECKOE YPABHEHUE MOXKET UMETh TPU CIIydasi IJIsl KOPHEH I} U Iy
1) xopnu xapaxmepucmuueckoeo ypasHeHus Oelicmeumenvhvle U pasiudnvle. 1 =, .
B oatoM cnydae oOmiee pemienue ypaBHeHus (7) 3amnuchbIBaeTCs B BHJIE
Y =Ce™” +C,e"?*, rie C,, C, —Npou3BONBHBIE IOCTOSHHBIE;
2) KOpHU Xapakmepucmuyecko2o ypasHeHus oeucmeumenvhvle u pasnvie. I =I,. B
3TOM ciy4yae oOmiee pemieHue ypaBHeHus (7) 3amuchiBaeTcss B BUJC
y =e"¥ (Cl + sz), rae C,, C, —npou3BoJIbHbBIE TOCTOSHHBIE,

3) KOPpHU XaApaKmepucmu4eCcKoeco YpAaBHEHUS — KOMNJIEKCHble CONpANCEHHble YUCid

,=axf-i, f#0. B atom ciaydae olmee penienue ypaBHeHHUs (7) 3aIHUCHIBACTCS

B Buge Y =e“*(C,cosBx+C,sinBx), rae C;, C, —npon3BOIbHbIC IOCTOSHHBIE.

YacTHOe pemiecHne Y  HEOJHOPOJHOTO ypaBHEHHs (6) MOXET OBITh HAMICHO METOIOM
HEONPEeICICHHBIX KOA(h(HUIMEHTOB B 3aBUCHMOCTH OT BHJA MPABOH YacTH YpaBHEHUS
f(x).

epevuii ciyuaii. TpaBast yacTs ypaBHenus (6) umeer Bua f (X)= P(X)emx, rie P(X)
— MHOrowiIeH. Torna ypaBHeHue (6) UMeeT YaCTHOE pelIeHUe BUIa

y* =xQ(x)e™, &)

rae Q(X) — TIOJHBIM MHOTOWIEH TOW K€ CTeNeHW OT X, 4YTO U P(X), HO C
HeonpeaeIeHHbIMU KO3 PUIIMEHTaMU;

k=0, eciii 4ncI0 M HE SABJISIETCA KOPHEM XapaKTEPUCTHUECKOTO YPaBHEHHUS,

k=1, eciii 4ncI0 M SBISAETCS MPOCTHIM KOPHEM XapaKTEPUCTHUECKOTO YPAaBHEHHUS,

k = 2, ecnm 4ucio M SBISIETCS JBYKPATHBIM KOPHEM XapaKTEPHUCTHYCCKOTO
ypaBHEHUSI.

[TpaBuino coxpansieT cBoto cwiry U mpu M = 0, koraa f(X)=P(X) — MHOTOIEH.

Heomnpenenennpie kodphUIHEHTH B MHOTOYJICHE Q(X) ONPEACTSIOT MOJCTAaHOBKOM

bynkuun (8) U ee MPOU3BOAHBIX B ypaBHEHHE (6) ¢ MOCIEAYIOIMM MNpPUPABHUBAHUEM

K02 (PHUITMEHTOB MPY OTMHAKOBBIX CTEMEHAX X B 00€UX YacTsIX ypaBHEHUS.
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Ilpumep evinoninenus 3a0anus.

Haiitu yactHoe pemienue nudepeHuanbHOro ypaBHEHUSI BTOPOTO MOPSJIKa,

YIOBJICTBOPATOUICC 3aIaHHBIM HAYAaJIbHBIM YCIIOBUSAMI

y'=3y' —4y=4x-1 y| =2, ¥

o =3

Pewenue. XapakTepucTHUE€CKOE YypPaBHEHHUE r>-3r—4=0 umeer nmBa Pa3IMYHBIX
NEHCTBUTENBHBIX KOpHS I} =—1, I, =4, crenosarenbho, ¥ =Ce * + C2e4X. [IpaBas yactb
ypaBHeHus umeeT Buna f (X) =4x-1= (4X—l)-eo'x, rie m=0 u He SABISETCA KOPHEM

XapaKTEPUCTHUECKOTo ypaBHeHHs. Torma dactHoe pemieHue npu K =0 wmem B BHIe

y =x"-(Ax+B)-e” = Ax+B, (y* )' =A, (y*)” =0. IToce HOJICTAHOBKHU B
nuddepeHranbHOe ypaBHEHHUE TOJIy4aeM
0-3A-4(Ax+B)=4x-1,
—-3A-4Ax-4B=4x-1,
—4A-x+(-3A-4B)=4-x+(-1);
X' —4A=4; A=-1
x°: -3A—4B=-1, -4B=-1+3A=-4, B=1
YacTHBIM perieHneM  sBiastetcss pyHkmus Y = AX+B=-1-Xx+1=1-X. OOGmum
pemenuem sBisercs Gynkims Y=y +Yy =Ce " + C2e4x —X+1.
Haiinem 3nauenune koHcTaHT Cj,C, M3 HauanbHBIX ycnoBuM. [[ng s3toro ompeaenum
y'=-Cie* +4Ce™ -1.
Torma y‘x=0 =C+C, +1=2, C, =0,
yl,_o=—Ci+4C,-1=3, {Cz =1.

HckoMbIM 4aCTHBIM peIIeHUEM SBIseTCS QYHKIHS Y = e —x+1.

Ilpumep evinonnenusn 3adanus.

Haiitu yactHOe pemienre nudpepeHnrnaIbHOro ypaBHEHUS BTOPOTO MOPSIKA,

YAOBJICTBOPAIOMICC 3a/laHHBIM HAYaJIbHBIM YCJIOBHUAM!
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y!!_4y!+4y — e2X’ y‘xzo — 2’ y’ Y0 :3.

Pewenue. XapakTepuCTHUYECKOE YpaBHEHUE r2—4r+4=0 uwmeer JIBYKPATHBIM

KOpeHb I, =2, crenoBatemsro, ¥ =e°*(Cy +Cyx). [IpaBas yacT ypaBHEHHsS HMEET BHI

f(x)=e”, m=2 sensercs pBykpatHBM (K=2) KOpHEM XapaKTEPHCTHYECKOIO

YpaBHCHU:A, TOrJa YaCTHOC PCIICHUC UIICM B BUAC

!

y =X Ae”, (y7) =xP-2Ae% + 2x- Ae®* = 2A¢% (X +X),

n

(v') =4Ae™ (X +x)+2Ae” (2x+1) = Ae™ (4x” +8x+2).

[Tocie MHOACTAHOBKM Y W ee HPOM3BOAHBIX B HCXoAHOe audepeHImanbHoe
YpaBHEHHE MOJIy4aeM

Aezx(4x2 +8X+ 2)—4-2Ae2x(x2 + x)+ 4Ae% . x% = e,

Aezx(M+&+278{Z>8x+Ao</[):e2X,

ZAGZX _ e2x’

2A=1, A:E.
2

« 1 oy o2
YacTHBIM pEIICHHUEM sBIAeTCS QYHKIHS Y :Ee - X°. OOLIUM pEIICHHEM SBIACTCS

dyskmus y =Y+ y* =e* (C1 + CZX) + %ezx X2,

Haiinem 3nauenue koHctanT C;,C, U3 HaualpHBIX yciaoBuH. [l 3TOro ompenenum
IPOU3BOJHYIO
1 A2X 2X [ 2

y'=e"(2C, +2C,x+C, )+ x“ + x|,

¥ IIOJTyYUM CHCTEMY yPaBHEHMI JUIA ONpeieNIeHHs 3HAYEHUH NPONU3BOJIBHBIX KOHCTAHT
—al.c, = -
' 0
y‘x=0=e (2C1+C2):3, C2:—1
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_ 1
VckoMbIM pelenneM spsetcst Gynkums y =Y +y* =™ (2-x)+ Eezx X2,

Bmopoti ciyuaii. IpaBast yacts ypaBHeHus (6) umeet Bug f(X) =acosnx+bsinnx.
Ecnu yricia +in He SIBISIOTCS KOPHSAMH XapaKTEPUCTHUECKOTO YPaBHEHHMS, TO
y* = Acosnx + Bsinnx.

Ecnu uncna £in ABIAIOTCS KOPHSIMH XapaKTEPUCTHUECKOTO YpaBHEHUS, TO YaCTHOE

PCIICHUC NMCCT BUI
y" =(/Acosnx+ Bsinnx)- x,
B ygacTHBIX ClIy4dasax, Korma a ujiIu b paBHO HYJIO, PCUHICHUC BCE paBHO HAagO HCKATb B

yKa3aHHOM OOIIIEM BUJIE.

Ilpumep evinonnenusn 3adanus.

Haiitu yactHOe pemienne qudPpepeHnaIbHOro ypaBHEHUSI BTOPOTO MOpsJIKa,
YAOBJIETBOPSIOIIEE 3aJaHHBIM HaYaJIbHBIM YCIIOBUSIM:

" ! i 1 , 1
y +4y +13y:55ln3X, y‘x:O :5, y‘x:O ZE'

Pewenue. XapaktepucTuueckoe ypaBHEHHE r? +4r +13=0 umeer KOpHHU

. 4444 -4.13 —4+-36 -4+6i
12— - -
' 2 2

=-2+3i,
2

Torma y =€ 2*(C,cos3x +C,sin3x).
Yucna +3i He ABISAIOTCA KOPHAMU XapaKTEPUCTHYECKOTO YPABHEHHS, [IO3TOMY

y" = Asin3x + Bcos3x,

(y* )' =3Acos3x —3Bsin3x,

14

(y") =-9Asin3x—9Bcos3x.

[ToncTaBnsieM Y U ee IPOU3BOJIHBIE B UCXOHOE YPABHEHHE U MOJTyYaeM
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—9Asin3x —9Bcos3x +4(3Acos3x —3Bsin3x) +13( Asin3x + Bcos3x) =C,
(4A-12B)sin3x+ (4B +12A)cos3x =5-sin3x + 0-cos3x;

1
sin3x: 4A—128:5} A=

8

cos3x: 4B +12A=0 B__3|
8

OO1iee pernicHUEe YpaBHCHHS UIMECT BT

y =& %*(C,cos3x + Cysin 3x)+£sin3x—§cos3x.

Haiinem 3nauenue xoHcTaHT Cj,C, M3 HaualbHbIX ycinoBHM. [l 3Toro ompeaenum

TIPOU3BOIHYIO

y' =26 (C,cos3x + C, sin3x) + e ~2* (~3C; sin3x + 3C, cos 3x) +
3 9 .

+—C0S3X + —sin3x
8 8

H 3aIIMIICM CUCTCMY ypaBHCHI/Iﬁ IJIA OIIPCACIICHUA 3HAYCHUH IIPOU3BOJIBHBIX KOHCTAHT

0 3 1
y‘x=0=e (C1+C2'0)_§:§;
AN =-2e°(C,+C,-0)+€e%(C,-0+3C,)+

| w

1
2
Cl:1+§:£’
8 8 2
o, 11,53
32 8) 8

HckoMbIM perieHreM siBisieTcst QyHKIUS

y =g X Ecos3x+§sin3x +lsin3x—§c033x.
2 8 8 8

KPATHBIE UHTEI'PAJIBI

Jleouitnon unmezpai 6 nPAMOY20abHbIX KOOPOUHAMAX

[lycts B orpannyeHHOW 3aMKHYTOH obmactu D  Ha mimockoctn OXy ompenerneHa

HenpepsiBHasg pynknus z = f(X,y). Pazoobem obmacts D Ha N oOnacreli ¢ mIomaasiMu

ASj , B KaXIoW W3 HHX BbIOEpeM MPOW3BONBHYIO TOYKy ( Xi , Vi ) M COCTaBUM
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n
unmezpanvuyro cymmy >, F(X;,Y;)AS; . Ilpemen 3T0oif cyMMBI NpH HEOTPAaHWUYCHHOM
i=1

YBEJIMYECHUH 4HClIa o0nacTedl pa30MeHusi U MpU CTPEMIICHUHM AMaMeTpa HaumOOJbIIeH

obnmactm max d; K HYJIIO Ha3bIBACTCA 080UHbIM unmezpaiom ot pynakmuu Z = f(X,y) mo

obmactu D :
n
[[fOay)dS=lim > f(x;,y;)AS;.
D max d; —0 ;=
DneMenTapHas mwomanb dS B mekapToBBIX KoopAuHaTtax dS = dxdy .

I[JIH BBIYMCIICHHS HBOﬁHOFO HHTCI'paJla BAJKHOC 3HAYCHHUC UMCCT BHI oomactu D.

a) 0)
y )
A y:(pz(X) | d A I I

] < 0
11 S
g S
Q\ ~

\/ = D

c
y=¢1(X)
0 a B X 0

Puc. 1.

Eciu obnacte D MOKET OBbITh 33/laHa TakK, Kak MOKa3aHO Ha puc.l.a, NBOMHOU

WHTETpaj BIUUCISIETCS 110 hopmyJie

b ¢2(%)
[[ f(x, y)dxdy=[dx [ f(x, y)dy. (1)
D a  01(x)

Ecoun obmacte D umMeer BHJ TakoM, Kak IOKa3aHO Ha puc.l.6, TBOMHON HHTErpall

BBIYHUCIIsIETCS 110 (popMyIie

d 2(y)
[[ f(x, y)dxdy =[dy [f(x,y)dx (2)

D ¢ ou(y)
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B Gosnee cnoxubix ciydasx obigactb D pazOuBarot Ha mpocteie obnact Tuna [ u Il u

HOJIB3YIOTCSL CBOUCMBOM A0OUMUBHOCMY JIBOWHOTIO MHTErpasa:

ecu D=D;+D, , 10 [[ £ (x, y)dxdy = [[ f(x, y)dxdy + [[ f(x, y)dxdy.
D D; D>

Jleotinoit unmezpa 6 NOJAPHBIX KOOPOUHAMAX

[Tepexom OT MPSIMOYTOJBHBIX JIEKAPTOBBIX KOOPJIUHAT K TMOJIAPHBIM BBIOIHICTCS TI0
bopmynam
_ e 2 2 _ 2 3
X=pCos g, y=psing, x“+y“=p (3)
IIPH YCJIOBHH, YTO IOJIOC IMOMEIICH B Havajie KOOpJIWHAT M IOJIAPHAs OCh HaIpaBlicHA

B1oJb ocu  OX . DIEeMEeHT IOy B OJISPHBIX KOOpAUHATAX UMEET BUI:

dS = pdpdg.

p=p2(p)

p=p1(p)

v

Puc. 2.

Ecnu o6nacte D 3ajmaHa Tak, Kak Moka3aHo HA  puc.2 (<<, p1(@) < p

< po(@) ), TO Iepexo K MOJIAPHBIM KOOPAWHATAM B JBOWHOM HHTErPAJIC BBIMIOJHICTCS IO

bopmyiie:
2 p2(9)
[[T(x,y)dxdy= [de [f(pcose,psing)pdp. (4)
D o1 p1(9)

Ecnu o6macte D oxBathiBaeT Hauano koopauHat, B (4 ) Hamo monoxutsh pi(@) =0

Ilpunoosicenus 0solinbvix unmMe2paioe
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[Tnomane mrockoi obmactu D Ha mmockoctr OXy BeIUUCHSAETCS IO PopmyIie:

S = [[dxdy. (5)
D

Ecrm D - INIOCKas INNIaCTHHKA, JICKalllasd B IINIOCKOCTH Oxy, C HOBerHOCTHOﬁ

IUTOTHOCTBIO 7 (X, Y), TO MaccCy IJIAaCTHHKH HaXOJAT 10 (popmyrie

m = [[7(x,y)dxdy. (6)
D

Ilpumep 1. C 1nOMONIBIO ABOMHOTO HHTErpajia BBIUKMCIUTH ILJIONMIAAb OOJIACTH,
OrpaHHYCHHOM IHHMAME Y =X - 11 y = 2.

Pewenue: Tloctpoum obmacts D. . I'pannma Y = X° — 1 - mapaGora, ock KOTOPOii

coBmajaetr ¢ ockto Oy, a BepiinHa pacroyiokeHa B Touke (-1,0). I'panwmma y =2 —

npsimasi, mapaienbHas ocu  OX. Obnmacte D cummerpuyHa oTHocuTelbHO ocu QY

MO3TOMY HaiieM IUIOIAAb TPaBON MOJOBUHKU 00JIaCTH Sj, a 3aTEM Y/IBOUM e€e.

A
y |2
x=\y+1
-1 0 1 X
Puc. 3.

Cnpoektupyem obaacte D Ha ock Oy 1 Bocosib3yeMcs JIJIsl BEIYHUCIICHUS
nBOMHOTO MHTErpaia Gopmynoi (13):

2 WJy+l
Sl—ﬂdxdy [dy jdx—jx\o Yy = jw/y+ 1dy == (y+1
-1

312

=2./3.

Torna momiaae Beeit oomactu D paBHa S = 2S; =4./3

Omeem: S = 4+/3.
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Ilpumep 2. Bpuuciuth I0IOMAAR TUIOCKOM 00JacTH, OrpaHUYEHHON KpHUBOM

(x2 + y2)2 =2ax®, (a>0).

Pewenue: Bpegem mnonsipueie koopauHatel ( 14 ), Torma ypaBHEHHE KpPUBOM

IpUMET BU]I ,04 = 2ap3 cos® @, Wa  p = 2acos® o .

Oo6nacte D mnokazana Ha puc. 4.

p=2acos’¢

vza
X

Puc. 4.

v

Dta 00J1acTh CUMMCTPHYHA OTHOCHUTCIIBHO OCH , IIO3TOMY JOCTATOYHO BbIYHCIHUTDL

IJIOIAAb BEpXHEH mnosioBUHBI obOmactu D U pe3yJbTar ynBOWTh. [l BepxHeu

MOJIOBUHBI yrosl @ MeHsieTcss ot 0 mo 7/2,a p mensercaor 0 no 2a cos® o,

I03TOMY
A 2ac0s3 % 5 2acos® % /

S_ [dp [pdp=| L d(pzlj‘ 4a? cos® (pdgp—a—j (1+cos2¢)3de =

2 0 0 2|, 29 4%

%

0

+

a 7 a’ 3.
= [ (1+3c0s2¢p +3cos” 2¢ + cos® 2(p)dgo_T (¢+§Sln2(p)
0
7 7

+§ [+ cosdg)dg +% [(@-sin?2p)dsing | =
0

ZET sin® 2¢
+=|sin2¢ —
. 2 3

A _i 7r+37z 57a°
4\2 4 '

0

2

a“ |\« 3.
=—|=+(p+—=5in2
Rk (o 5 ®)
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Omesem: Ilnomanp Bceit odmactn S = (xB.em.).

Ilpumep 3: C nomolplO JBOMHONO HWHTErpajla BBIUMCIUTH MAcCCy ILTOCKON

2

IJIACTUHKY, OTPAHUYECHHOM JIMHUSMU Y = x% Yy =X , C 3alaHHOM

IWIOTHOCTBIO 7(X,Y) =X° + Y.

Pewenue: Tloctpoum obmacte D (puc.6).

y y=Vx

v

Puc. 5

Ota obnacTe orpaHuveHa ByMs mapadosamu. [Ipoexiueit obnactu Ha ock Ox SIBIsiETCS
orpe3ok [ 0; 1]. Maccy miactuHku HaiigeM 1o ¢popmysae (17), BeIYUCIAL

IBOWHOM uHTErpan mo dQopmye (1):

1 Jx Vx
X 1 y2
m=[[(x* + y)dxdy = [dx [(x* + y)dy=[| x*y + 2| dx=
D 0 X2 0 2 2
X
i > X X! 27 % 30| 2.1 3 33

=[[x2+--x* - dx=Sx24+ -2 =S4 oo ==
0 2 2 7 4 25 7 4 10 140

0
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Omeem. M=—— el. MaccChl.
140

Ilpumep 4. Bprauciutb Maccy MIIOCKOU MJIACTUHKUA, OTPAaHUYEHHOW JTUMHUSMU

x2+y2=4x, x> +y2=6x, y=0, y=+/3x

HOBerHOCTHaﬂ IINIOTHOCTD Y =4/ X2 + y2 .

Pewenue: Tloctponm obnacts D. Ypasuenue X2 + y2 =4X  sBisieTcss ypaBHEHHEM
okpyxkuoctd (X —2)? +y? =4 ¢ nentpom B Touke (2; 0) u pagmycoM 2 . YpaBHeHHE

9 c

x® +y? =6X sBIseTCs ypaBHEHHeM OokpyxkHocTH (X —3)% + y?

nieatpoM B Touke (3; 0) um pamuycom 3. YpaBHenus y=0, y= V3x sagaror npsiMbIe

auHAU (CM. puc.6).
[lpu BBIUMCIICHMM MacChl IUIACTHHKH 10 ¢opmylie (6) mepeiseM K IOJISIPHBIM

koopauHataMm (3). Torga ypaBHeHust rpaHul] oojactu D nmpumyT BUI:

X% +y2=4x— p® =4pcosp —> p=4cosg,
X% +y2 =6X— p? =6pCcosp —> p=6CoS g,

y=0—->¢=0, y=\/§X—>go:%.

HOBerHOCTHaH IUIOTHOCTDH B IIOJIIPHBIX KOOpAHWHATAX ) = \/X2 + y2 = \/,02 = pP.

y=13 X

p=6C0SP

v

0 p=4cosp X
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Puc.6

Toraa Macca IIaCTUHKHA paBHA

6cosg

% 6 cos ¢ 77 3
m = HV(X y)dxdy= [de [p-pdp= I

0 4cosp

dp=

4.cos ¢

7 7 7
= [ (6° cos® p—4° cos go)dgo—% [ cos® godgp:% [ (1=sin? p)d(sin p) =
0 0 0

312 3

A 3
b 15243 1(?} ~1043.

_152( _sin® g
IE el
0

Omeem: 19+/3 €JI. MaccChl.

Tpoitnoii unmezpan 6 NPAMOY201bHbIX KOOPOUHAMAX

[lycte B obOmactu V, 3aJaHHON B MNPOCTPAHCTBE W OrPAaHUUYEHHOW 3aMKHYTOU

MIOBEPXHOCTHIO S, onpeiesicHa HenpepbiBHAsA GyHkims f(X,y,z) .Pazodbem obnacts V Ha N

YaCTUYHBIX oOmacteit AV , B Kaxko0i 001acTH BIOEpEM MPOU3BOIBHYIO TOUKY (X;,Yi,Zi) U

n

coctaBuM unmezpanviyio cymmy Y. T (X, ¥i, zi)AV; . [Ipenen stux cymm

i=1

P HEOTPAHWYEHHOM YBEJIIMYEHUU 4YHcia oOsiacTeld pa3OMeHHsl N U MpU CTPEMIIEHUH K

HYJTI0 AuameTpa HauOombineil oOxacti Max di Ha3BIBACTCS MPOUHbIM UHMESPALIOM OT

¢bynknuu f(x,y,z) mo odbmactu V :

”f(x y,2)dV = I|m Zf(x,,y,,z YAV, |

max d; —

B nexapToBbix koopanHaTax 3neMeHT oobema dV=dxdydz.
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Z A
z=¢p1(X,Y)
0 » Y
N R

B y=¢2(X)

Puc. 7.

[TycTth mpocTpancTBeHHast obnacte V mpoekTupyetcs B oonacts D Ha uiockoctu OXy

M OrpaHHYCHa CHH3y TIOBEPXHOCTBIO Z=1/1(X,Y), CBEpXy — MOBEPXHOCTHIO
Z=y,(X,y), a ¢ OOKOB — IWIMHIPUYECKON MOBEPXHOCTHIO C OOPa3yIOLINMH,

napamuiensHeiMu oc OZ. (cM. puc. 7). B aToM cinyyae TpoiHOW WHTETpan BBIYHCISETCS

o gopmyiie
(x,y)
JI] £ (x,y, 2)dxdydz = ﬂdxdywz [ f(xy,2)dz (7) wn
v D Z168Y)

b @2(X)  walxy)
[[[ f(x,y,2)dxdydz=[dx [ dy [f(xy,2)dz (7)
v a  ¢(x)  vxy)
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B dopmynax (18) u (18') BO3MOXKHO M3MEHUTH MOPSIOK MHTETPUPOBAHUS, MPOCKTUPYS

obnactb D B kakyro-1100 Ipyryr0 KOOPAUHATHYIO TIOCKOCTb.

Tpoiuinoit unmezpan 6 uuﬂuHOpuqecmtx u cd)epultecmtx Koopdunamax

A
z
M
o /r
z
P .
s X y
________________ ’ 4
X
Puc. 8.
JlexapTOBBI KOOPIMHATHI TOYKHU M(X,y,2) CBSI3aHBI

C L!M]luHapu'JQCKuMM KOOpAHMHATaAaMHu @, p, Z COOTHOILICHHUIMU:

X=pCOSp,y=psSinp,2=12 (8)

rne 0<@p<27, 0<p<+0w, —o0<7z<+00, IPUIEM x2+y2:p2_

CBsi3b MEXTy IEKApPTOBBIMU U c@hepureckumu KOOpIAUHATaMU O, O, p TOYKU UMEET
BU/I;
X=rcosesing, y=rsinpcosé, z=rcosd, 9)

e 0<@<2r, 0<@<rx 0<r<-+oo, mpuueM X° +y? +z%=r?
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Ilepexon B TpOHMHOM UHTErpalie K LWIMHAPUYECKUM KOOpJAHUHATaM

OCYIIECTBISETCS TT0 (POopMyIIe:

[[ f(x,y,2)dxdydz = [[[ f (pcosg, psin ¢, z) pdpdedz, (10)
V \Y&

rae V'’ - obnacTh M3MEHEHUS HWJIMHAPUYECKUX KOOPAHHAT, COOTBETCTBYIOIIas 00beMy V

[lepexon B TPOWHOM HHTEerpajle K C(HEpUYECKMM KOODAMHATAM BBLIIMOIHAETCS II0
dbopmye:
[[] £(x, y, 2)dxdydz = [[[ f (r cospsin &, rsin psin @, r cosO)r? sin ed@dr, (11) rae V’
v v’

- 0011acTh U3MEHEHUS C(hepUUECKUX KOOPIUHAT, COOTBETCTBYIOIIAsA 00beMy V.

Hpunosicenus mpoiHozo unmezpaia

O0beM NpOCTPaHCTBEHHOTO Tesia V HaxoauTcs mo Gopmyiam:

B IIPSIMOYTOJIBHBIX KOOpIMHATAX: V= ”_[ dxdydz (12)
Y
B IWUIMHIPUYECKUX KOOPJIUHATAX V= ”_[ pdpdpdz (13)
Vv
U B CPEpUICCKUX KOOpIUHATAX: V= ”f r?sinadrdpd6 . (14)
Vv

Macca Tena ¢ TWIOTHOCTRIO  ¥(X, Y, Z) , 3aHUMAIOIIETO IPOCTPAHCTBEHHYO 001acTh V |

HaxoaHUTCs 10 hopmyJie

m = [[[7(x,y,z)dxdydz, (15)
v

B KOTOPOH MpPU HEOOXOIUMOCTH MOKHO MEPEUTH K MWIMHAPUYECKUM WK CHEepUuuecKuM
KoopauHaTaM B cooTBeTcTBUU € (10) u (11).

Ilpumep 3. Bbluuciauts ¢ NOMOIIBIO TPOWHOTO HMHTErpajia o0beM Tena,
OTPaHUYCHHOTO YKa3aHHBIMU MOBEpXHOCTsIMU: Z =12,/2y, 2=2,/2y, 2

=0,z +y=0.5. Cpgenarth 4epTex TeJla U €r0 MPOCKIMHU B IIOCKOCTh

Oxy.



54

Pewenue: Teno orpanndeno causy miockocteio OXy (z = 0), cBepXy — MIOCKOCTHIO
z +y = 0.5, mapammensHoit ocu Oz. bokoBas MOBEpXHOCTH 0Opa3oBaHa  JBYMS
IIMHAPUYCCKAMU MTOBEPXHOCTAMHU (cM. puc. 10).

O6bem Tena Beraucisiercs mo Gopmyie (18):

05 122y 05-y 05 122y
V = mdv [dy [ dx [dz=[dy [(0.5-y)dx=
0 22y 0 0 22y

x=272y

/ X=122y
12 \\ 12 | |
\ 1/2

0
/ y 2 12 x

v

Puc.9

0.5 0.5
= [(05- y)(1242y - 2,2y)dy 1042 [(0.5\/y — y/y )iy =
0 0

RHSIE

0.5+1 1.5+1 ]

~10v2| 052 y
05+1 15+1

Omsem: \ = 2/3 (e0.%).
H
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Ilpumep 6. Haiitu o0BeM Tena, OTPAaHUYCHHOTO TOBEPXHOCTAMH Z = 9-x?% - y2,

E Z= X2 + y2 . CI[GJIaTB YCPTCIK TCJIa U CI'0 IIPOCKIUU B IINIOCKOCTDH Oxy

Pewenue: Teno orpaHnyeHO CHHU3Y MOBEPXHOCTHIO Mapaboiouia ¢ BEPIIMHONW B Hayaje

KOOpAUHAT (% z=x°+ y2), cBepxy — moaychepoit pammycom 3 (Z=+9- X% — y2 ).

[Ipoekuueint Tena B INIOCKOCTh (OXxy SBIETCS KPYr C LEHTPOM B Hadajle KOOPAMHAT,
pannyc KOTOpPOTO MOXKHO HAaWTH, WMCKIIo4Yash Z W3 ypaBHeHus mnapadononna. Ilomyunm

27

2,2

X“+y =—.
y 4

g z=N9-x*+y?
A

9/2z=x2+y*

Y v X2+y’=27/4

r /3 y QJs/m
A X
X

Puc. 10.

O6beM Tema V' yn0OHO BBIYMCINTE B WJIMHIPUYECKUX KoopauHaTax no dopmye (24).

B stom cnywae ypaBHeHue moiychepbl MPHHUMAET BUI Z=+/9 — ,02 , & YpaBHEHHE

2
napaboyionga Z = 5 p2 . Tornga
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*I 9-p° 2z e
v=[ffov - Jd(pj mp%-1d¢j (o= =27 Jpao-

9

°J3
_213/2 47, 3 3
:2,{1@ ) gp} :27{1 (9_9.3] +i.ﬁ.93] 71
0

2 3/2 9 4 3 4 18 16 3 16
Omeem: \I= ﬂ-ﬂ' (e0.).
16
N
Ilpumep 7 . Haiitu 00BbeM Tela, OTPAaHUYECHHOTO TTOBEPXHOCTIIMU Z = \/ 36 — x° — y2 :
2, 2
X"ty
Z= 3 CrenaTh 4epTex Tella U ero MPOeKIUHU B II0CKOCcTh OXY .

Pewenue:

ﬂk
< I
A
7=V36-x>

Pt Y y / X2+y?=27
N s y Q/¢

3 Ro X

X
Puc. 11.
w2 12

Teno orpaHn4eHoO CHU3Y ITOBEPXHOCTHIO KOHYCA Z = , @ CBEPXY - IOBEPXHOCTHIO

2 2 .
noychepsl Z=\/36 —X° —y° . Ilpoekmueli Tenma B 1ockocTh OXY SBISETCS KPYT C
IIEHTPOM B Hayajie KOOPJAWHAT. Y paBHEHUE OTPAaHUYHMBAIONIEH €T0 OKPYXKHOCTH ITOJTyYUM
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:\/36—x2—y2

MOCJIe UCKJIIOYEHHUS] W3 YpaBHEHHUH KOHYca M MOJTyC(ephL:

o2 2
WJIM TOCTIE MPOCTHIX Ipeodpa3zoBanuit: X° +y* =27.

Ob6bem Tema V ymoOHO BBIYUCIATH, TMEpPexXoAs K ChEepUuecKUM KOOpAUHATAM.
3anumeM B cepudeckux koopauHatax (9) ypaBHeHue cepbl U KoHyca: =6 u 6=46,,

o o z
rae 6, - yroma Ipu BepIIMHE KOHYCa, KOTOPBIM HaliieM U3 ypaBHeHus tg 0, = R_O (cMm. puc.
0

11). Mpr nHamm, 4to R, =33, Torma Z, :‘/237 3 (U3 ypaBHEHHs KOHYcCA).

3
CnenoBatenbHo, g6, =~ =3 u 6 =%. VYpaBHeHUE KOHYca B CcQepHUuecKuX

V3

T
KOOpJIuHaTax: 6 = 3

Torna o6bem Tena no gopmyse (14) pasen
V4
27 6 3 ”r
V =([[dV = [de[r?dr[sin@g=p["  —
v 0 0 0

6 V4
- (—cos 9)\0 =

0
3

:Zﬂ-%-(—cos%+cosO):27z-72-(—%+1)=727;.

Omeem: V=727 (e0.°).
H

Ilpumep 8 . Halitu wmaccy Tena, orpanndeHHoro nosepxHoctsmu X=0, y=0, z=0,

X+y+z=1, ecnu 3a7aHa ero mioTHOCTH Y(X, Y, Z)= Cnenatb

(x+y+z+1)>

4epTeK TAaHHOTO TEJa U €ro MPOCSKITUHU B TUIOCKOCTH OXY.

Pewenue: 3amanHoe Te0 OTpaHUYCHO KOOPIAMHATHBIMH IIOCKOCTSAMH M HAKJIOHHOM
IUTOCKOCTBIO (CM. puc. 12)
Maccy Tena BBIYUCIUM IO (bopMyne (15):

1-x  1-x-y
dx | d =
m= m(x+y+z) ng d £ (x+y+z)
1 1-x 1‘X‘y 111X
=|d y=—=1d dy =
gxg{ 2(x+y+z+1) } 2({)(!,(4 (x+y+1) ayan?Y

1-x

l —
__Ej'(u 1__)dx_
20 4 2 + X

:"j{ x+y+1}



58

1
2
:_1(_1u+5_|n‘1+x‘) :_£(1_|n2+1+|n1):
2 4 2 2 0 22 8
——1C_In2)~0,034
28
7 A y A
1 14 xy=l
X+y+z=1
D
0 > > >
D 1 y 0 1 X

Puc.12

Omesem: M=~0,034 (e0. maccwi).

B [Tpumep 9. Haiitu maccy tema ¢ miotHocTsio Y(X, Y, Z)=X*+Yy’, OrpaHHYEHHOTO
MOBEPXHOCTIMH Z=+/X° + Y2 | z=2-x’-y* . Chenatb 4epTexk Teld M ero IPOCKLUH B
m10ckocTh OXY.

. [,2 2
Pewenue: 3amaHHOe TENO OrpaHUYEHO MOBEPXHOCTSAMH KOHYyca Z=+/X" +Y“ u

napabomonma z=2-x’-y°. Ilpoekumeii Tema B IUIockocTh OXy SBISCTCS KDY,

OrpaHNYEHHbIH OKPYKHOCTBIO X°+Yy*=1 (cM. prc. 13).
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z ¢
z=x*+y?
A
7=2-x4y*
y / K=l
y N
X
X
Puc. 13
OrpaHuYMBaIOIIUE  TEJIO MOBEPXHOCTH  MMEIOT  IIPOCTHIE YPAaBHEHUS B

LAIMHIPUIECKOH CHCTEMe KOOPAMHAT (8): KOHyC z=p, mapaGomonn z=2-p°. Maccy Tena
BbIUMCIUM 10 ¢opmyne (15); 3anucaB (GyHKUHUIO TUIOTHOCTH B LMJIMHIPHUYECKUX
KOOpJAHWHATAX: y:pz. Torna

2r 1 2-p?
m=[[[;dv = [de[pdp [ p*dz=
Vv 0 0 P
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2r 1 ) 2—,02 2r 1 3 )
:Idcof[p ZL pdp = [do[ p°@2- p* - p)dp=
0 0 0 0

1
_T(Zp“_pf’ ® A1 1 4z
o 4 5 6 2 5 6" 15

Omesem: m:41_7; (eo. maccwi).
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