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1. MOAYJb AEMCTBUTEJBHOI'O UMCJIA. YPABHEHUS U HEPA-
BEHCTBA, COAEPKAILIUE MOJIY.JIb

OnpenesieHue U cBOMCTBA MOIYJIS IeiCTBUTEIBLHOI0 YHCIIA.

OHDCI[GHCHI/ICI MOJAYJIEM 4YHCJIa X HA3bIBACTCA PACCTOAHHC (B CANHUYHBIX

OTpe3Kax) OT Havaja KOOPAUHAT IO TOYKH X. Moay/Ib AeiiCTBUTEIHHOI0 YHCJIA -
9TO a0COJIIOTHAS BEIMYKMHA 3TOTO YUCIIA.

[TorpocTy TOBOps, MPH B3ATHH MOIYJISA HYXKHO OTOPOCHTH OT YHCJIa €r0 3HaK.
Moaynes uncna a obo3Hayaercs |a]. OOpaTuTe BHUMAaHHUE: MOJYJb YMCIA BCErna
HeoTpuuateneH: |aj> 0.

6] =6, |-3| = 3, |-10,45| = 10,45

OnpeneneHue MOy

X, X=0;
X/=
—-X, x<0.
CaolicTBa MOJTYJIsI
1. Moynu MpOTHBOTOIOKHBIX YACEIT PaBHBI ‘a‘ = ‘_ a‘
2. KBajmpat Moaysist unciia paBeH KBapary 3TOT0 Yucia ‘ a‘Z _ g2

3. KBajparHsblii KOpeHb U3 KBAIpaTa 4ucia eCTb MOAYIb | /52 :‘a‘

9TOI'0 YHucCJjia

4. Mozynp 4Kciia €CTh YHUCII0 HEOTPUIATEIbHOE ‘a‘ >0

5. TIOCTOAHHBIN ITOJIOKUTENBHBIT MHOXHUTEIbL MOXKHO ‘C-X‘:C-‘X‘

BBIHOCHUTD 3a 3HAK MOTYJISI >0

6. Eciu ‘a‘ :‘b‘, TO a=+b

7. Monaynb mpousBefcHHus ABYX (M Oosiee) yucesl paBeH ‘a-b‘ :‘a‘ ‘b‘

MPOU3BECHUIO UX MOAYJIEN




Pemienne ypaBHeHHH M HEPABEHCTB, COAEPKALIMX MOAYIb.

YpaBHEHUS, COACPKANINEC MOIYJIb.

1. YpaBaenns Buaa |f (X)) = A, AeR pemarorcs ciienyomum o6pasom.

Eciu A< 0, To KOpHE# HET.

Eciin A=0, To ypaBHCHHIO ‘ f (X)‘ = A cootBercTtByeT ypaBHenue f(x)=0,

Ecimu A> 0, To ypaBHEHHIO ‘ f (X)‘ = A COOTBETCTBYET paBHOCUJIbHASI COBOKYII-

{u@:A
HOCTBb .
f(X)=—A

2. Ypasnenus Buna | f (X)| = g(X) pemarorcs ciienyromum o6pasom.

Vpagrenuto |f (X)| = g(X) coOTBETCTBYET paBHOCHIIbHAS COBOKYITHOCTD CHCTEM

g(x)>0
{f(X)=g(X)
g(x)=>0

{— f(x)=9(x)

3. Ypaenenns Buna | f (X)| =|g(x)| pemarorcs crexyromum oopasom.

Cmoco0 Nel

YpaBHCHHIO ‘ f (X)‘ = ‘g(x)‘ COOTBETCTBYET PaBHOCHUJILHOE ypaBHEHHUE

f2(x)=9g%(x)
Croco0 Ne2

YpaBHECHHIO ‘ f (X)‘ :‘g (X)‘ COOTBETCTBYET PAaBHOCHIIbHASI COBOKYITHOCTh

{ f(x)=9(x)

F(x)=-9(x)

4. Ypasuenns Buna | f (X)) =—f(x) u |f (X)| = f (X) pemarores crexyrommum
oOpa3om.

YpaBHEHHIO ‘ f (X)‘ = —f (X) cooTBeTCcTBYET paBHOCHIbHOE HepaBeHcTBO f(X) < 0.

YpaBHEHHIO ‘ f (X)‘ = f(X) cooTBeTCTBYET paBHOCHIbHOE HepaBeHcTBO f(X) > 0.



HepaBeHcTBa, cojeprkalime MOAYIb.

OCHOBHOI MeTOJ TpH PEIICHWU HEPABEHCTB, COJAEPAIIMX 3HAK MOy,
3akmrouaercs B crnenyromeM. OJ13 HepaBeHCTBAa pa30MBAIOT HA YaCTH, HA KaxJOu
U3 KOTOPBIX BBIPAKEHUSA, CTOAIIUE IOJ 3HAKOM MOJIYJISA, COXPAHSIOT 3HaK. Ha
KaXI0W TaKOW YacCTH PelIaloT HEPaBEHCTBO W TMOTYUYEHHBIC PEIICHUS O0BEIUHSIOT

B MHOKECTBO PEIICHUN UCXOIHOIO0 HEPABEHCTBA.
. HepasencrtBo Buna ‘ f (XX < g(x), rae f(X) 151 g(X) — HEKOTOpbIe (PYHKIIUU, MOKHO

pemaTb OCHOBHBIM MCTOAOM HWJIN CBCACHHCM K PABHOCUJIIBHOMY CMY HBOﬁHOMy

HCPABCHCTBY:
£(x) < gx) > —g()< F(x)< gx).
. HepaBeHCTBO B a4 ‘f(X) > g(X) MOJXHO p€IIaTb OCHOBHBIM MCTOAOM HJIM 3aMC-

HOM Ha PaBHOCWJIBHYIO €MY COBOKYITHOCTb JBYX HEPaBEHCTB: ‘f(XX > g(x)<:>

{f(X)> g(x),
f(x)<—g(x).

. Hepasenctsa Buna |f(x)>[g(x) u [f,(x)+|f,(x)+...+|f,(x) > g(x) pemarorcs
METOJIOM MHTEPBAJIOB (METOJI ONMCAH B MyHKTE 3.3) MO TOM K€ CXEME, UTO U aHa-

JOTUYHbIe ypaBHEeHUs. HekoTopble HepaBeHCTBA BUJIA ‘f(x){ > ‘g(x)‘ 1esiecooopas-
HO pelaTh, TIepeii/ia K paBHOCHIEHOMY HepaBeHCTBY T 2(X)> g2(X).

3agaum 19 peleHus:

Bapuant Nel.

(1-4) Pemmre ypaBHEHUSI.
DJX*-5=x"+4
2).21X +2|- 3X - 3 =5
3)[3- |X +1| =4
4).3- 2X =] 3+2X|



(5-6) Pemmre HepaBeHCTBA.

5)W X2 - 6X +9 <5
6)[5- 3X| =5

(7) Haitnute 4nciio UeiabiX peluieHuid HepaBeHCTBA, MPUHAIIICKAIUX TPOMEXKYTKY.
2X - 3> X +2;X €|- 45

(8-9) Haiinure mpou3sBecHIEe KOPHEH YpaBHCHHSL.

8).2|X +1|+3X - 1- |X +3 =4

9).X° +|X| =2

(10) Haitnure cpennee apudmeTnueckoe KOpHEH ypaBHEHHUS.

X7- 2X|+|X7- 3X +2)+

+|X?-5X +6/ =0

(11) Haitnure cymmy HeNbIX pelIeHU ypaBHEHUS, IPUHAIJICKAIINX OTPE3KY.

|- 6

TETA =1, X €|- &1

Bapuant Ne2.

(1-4) Pemmre ypaBHEHUSI.
D2X -6 =X +§
2)|X|- |X +1] =1
32+|X - 2| =5
4).3+8X =[3+8X|

(5-6) Pemmre HepaBeHCTBA.



5)/ X2- 16X +64 <4
6)/8- 2X| >3

(7) HaliguTe 4yncio 1enbIX pelieHrii HepaBeHCTBA, MPUHAJICKAIUX TPOMEKYTKY.
2X - 3> X +4;X €|- 45

(8-9) Haiimure npousBeacHe KOPHEH ypaBHEHHS.

8).2|X +1|+3X - 1- |X +2 =3

9).X°- 2|X|=8

(10) Haiinute cpennee apudmeTnyeckoe KOpHEH ypaBHEHUS.

X7 - 4X|+|X7- 7X +12)+

+|X?-2X -8 =0

(11) Halimute cyMMy LI€JIbIX pELICHUN YpaBHEHUS, IPUHAJJICKAIIUX OTPE3KY.

X -2
X +1]- 3

=1, X €|- 53



2. IEUCTBUA CO CTENNEHSIMH U PATTUKAJIAMHA. TOXKJIECTBEH-
HBIE IPEOBPA3OBAHMUS AJITEFPAMYECKUX BBIPAKEHU

JleiicTBHSI CO CTENEHAIMM U PAJIUKAJIAMM. YIPOIIEHHE BbIPAKEHU .

a.
OOBIKHOBEHHAs IpOOb — YHCIIO BUAA — ; & — IIeJI0e YKCio, b — HaTypalbHOE

yucio. /IBe apobu %:% paBHBL, €clid g.d =b-c. OCHOBHOE CBOMCTBO ApoOei

a a-c .
—=——,T1¢ C— JIIO6OC OTJIMYHOC OT Hy.TDI JCUCTBHUTCIIBHOC YHCJIO.
b -C

OCHOBHOE CBOWCTBO MPOMNOPIHHU: g-d =b-¢ (B BEpHOH MPOTOPITUN TPOU3-

BCICHUC KpaﬁHHX YJICHOB PAaBHO ITPOU3BCACHUIO CPCAHUX tIJ'ICHOB).

JleficTBUS C IPOOSAMU:

CnoxxeHnue Brruntanue YMHOXKEHUE Jlenenue
a c_ad+cb | a c_ad-cb| ac_ac | ac_ad
b d b-d b d b-d b d b-d b'd b-c

[IepecTaHOBKA YJICHOB IPONOPLIUH:

d

_C. a_¢
d’ b a

o |lo
s BE=

oo
o | T

a
b

I Ipon3BOIHBIE TPOTOPIINH.

Jlana niporopus % = % , CIIPABEJTUBBI CIETYIONIAE TPOIOPIIHU:

atb c+d, axc

a
a c b+td b

<
d




DopMyIbl COKPAIICHHOTO YMHOKCHUS

(a+b)* =a?+2-a-b+h? (axh)’=a®+3-a*-b+3-a-b” b’

a? —b?

(a-b)-(a+b) aSJ_rbS:(aJ_rb)-(azTra-b+b2)

DopMyabl KOPHEN KBAAPATHOT'O YPDABHEHUSI

a-x?>+b-x+c=0, AMCKPUMUHAHT D=b?> —4-a-C

D>0 D=0 D<0
_b+J/D b Cpenu neiCTBUTENBHBIX
b2 2-a -a qrcesl KOpHEH HeT

Ecnu 3aano kBagpaTHOe ypaBHEHHE B OOIIEM BHIE: g-X° +b-X+c=0, TO

b
JefeHreM ypaBHeHHs Ha @ # (0 MOXHO CBECTH K IIPHBEJEHHOMY, IZIe p=—,
a

DopMyJIbl KOPHEM PUBEACHHOTO KBaJIPATHOI'O YPABHEHMUS

2

X2 + p-X+ (=0, IMCKPUMHUHAHT D, :%_q
D, >0 D, =0 D, <0
p p Cpenu neiCTBUTEIIBHBIX
lez :__i’\'DO X1’2 = —— .
2 2 4UCeN KOPHEH HET

Teopema Buera. B npuBeieHHOM KBaJIpaTHOM ypPaBHECHUU X2 + p-Xx+q=0

CyMMa KOpHeH paBHa KO3(POHUIIMEHTY HPH X, B3ITOMY C IPOTHBOMOJIOXHBIM 3Ha-
KOM, a UX MPOM3BEICHUE — CBOOOTHOMY YICHY:
{xl +X, =—P;
X, - X, = Q.

OOparHas Teopema. Ecnu uncna t; u t, takoBsel, uto t +t, =—p, t;t, =q,

TO OHM SABJIAIOTCA KOPHAMM KBAaJpaTHOTO ypaBHEHHA X° + PX+(Q=0.



PaznoxxeHne KBaapaTHOTO TpPeXWieHa Ha JIMHCHHBIC MHOXKHMTEIIU. €CIIN X, 0 Xy

KOpDHM  KBaJpaTHOrO  ypaBHEHUs,  TO ax® +bx+c=a(x—x x—X,).

JIleiCcTBHUS CO CTETIEHAMU .

(a-b-c)” —a".p".c" am.a" = g™n am)n _ g™
a " a” am m-n 1 aO -n
— :—n —nza —n:—nza
b b a a a

JelicTBuUs ¢ KOPHAMU (KOPHU MPEATOIAraloTcsl apu(PMeTHIECKUMU):

Ya-b-c=Ya -¥b Ve \F Ya Wam _ gn
mE:% ah =gm

m/an _ m‘P/an-p (m an )P _m an.p m an P aq :m'p/an-p+m-q _

Ha? =a [Wa) =a, (a>0) "-a=—a (220

CBoiicTBa YMCIIOBBIX HCPAaBCHCTB

azb < b<a, a>bub>c = a=>c,
a>b < a+c>2b+c, a*>p? e \a\z\b\,

mycth ¢ >0, Torma a>b < a-c>b-c,
nycTb ¢ <(Q, Torma a>b<>a-c<b-c,

nycTb g3 >0b >0, TOrAa a2b<:>£sl-

a b

ToknecTBeHHbIE IPeodpa3zoBaHus ajaredpanyecKuX BbIPaKEHUI.

AJ'IF€6D8,I/IIIGCKI/IM BBIPDAXKCHUEM HA3bIBACTCA BBIPAXKCHHE, B KOTOPOM 4YHCJId
n 6y1(BBI COCIHMHCHDBI I[CﬁCTBHHMH CJIOKCHUA, BBIYUTAHUA, YMHOXCHHA, ACIICHUA,
BO3BCACHH B CTCIICHDb MJIM N3BJICUCHUSA apI/I(l)MCTI/I‘—IeCKOFO KOPHA.
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PaBeHcTBO, 00€ 4acTHM KOTOPOro NMPUHUMAIOT OJAMHAKOBBIE YMCIIOBBIE 3HA-
YEHUs NP JTHOOBIX JOMYCTUMBIX 3HAYEHUSX BXOMSIIMX B HEro OYKB, HA3bIBACTCS
TOXIECCTBOM.

Hampumep, kaxnas u3 GopMys COKpaIEHHOTO YMHOXEHUS IPEICTaBIIAET

co0oit TOXKIACCTBO, n0o jJeBasa u ImpaBas 9aCTU KaKJA0T'0 U3 paBCHCTB:
(a+b)’ =a’+2-a-b+b? (a+h)’=a®+3-a*-b+3-a-b? b’

a’—b’=(a—b)-(a+b) asib3:(aib)-(a2$a-b+b2)
paBHBI IPYT OPYTY IPH JIOOBIX 3HAYEHHSX g U . IIpH 5TOM OMHO BEIpA)KEHHE
npeobpasyeTcs B IPyroe — eMy TOXKIECTBEHHO PaBHOE.

HpI/I BBITIOJTHCHUHN TOXICCTBCHHBIX Hp606pa3OBaHI/Iﬁ aﬂre6pal/lquKHX BbI-
pa)KeHI/Iﬁ HCO6XOI[I/IMO 3HATb IIOPAAOK BBIIIOJIHCHHA HeﬁCTBHﬁ, HeﬁCTBHH C I[p0651-
MH U CTCIICHHBIMH BBIPAKCHUSAMU, (1)OpMy.TIBI COKpAaIICHHOI0 YMHOXXCHHA U JIP.

CJ'IGIIYCT HMCTb B BHUAY, UYTO IIPH TOXIACCTBCHHLIX Hp€06pa30BaHHHX OCTa-
HOTCA HCU3MCHHBIMU .

BCIIMYWHA JOITYCTUMBIX U3MEHEHUHN 6YKBGHHI)IX BCIIMYHNH,
00J1aCcTh AOITYCTHUMBIX 3HAYCHUU Ka)KI[Oﬁ nu3 6YKBCHHI>IX BCJINYHNH.

[TepBoe U3 3THX TpeOOBaHUH ABIIETCS 00s3aTENBHBIM IPH BCEX MPeoOpa3o-
BaHMAX, UMCIOINHUX HCJIBIO YIIPOIICHHUC BBIPAXKCHUA HIIM IIPUBCACHHC CI'O K HYXK-

HOMy Buay. Ecmm Hago, HampuMmep, IONOJHHUTH KBaIpaTHBIA TPEXWICH

X% +6-X—7 0 MOJHOrO KBajapara, TO, IpUOaBHB K HEMY 4HCI0 9, HEOOXOAMMO

TAKOE € YUCJIO U BBIUECTH, T.€.
2
X°+6-X—7=X"+6-x+9-9-7=(x+3)"-16.

ToxxnecTBeHHbIE TIPeOOpa30BaHUs IOCJIEAHETO BBIPAKEHUS MOXHO TIPO-

JIOJKUTh U IPUBECTU MCXOJHOE BBIPAXKEHUE K ITPOU3BEICHUIO ABYWICHOB:
2
(x+3)° —16=(x+3+4)-(x+3-4)=(x+7)-(x-1)
Bropoe TpebGoBaHne — HEU3MEHHOCTh 00JACTEH TOMyCTUMBIX 3HAYEHUU, HE

BCET/Ia BBITMIOJHSETCS MPU OOBIYHO MPUMEHSEMBIX HaMu Mpeoopa3zoBanusx. Cokpa-

2

TUB, Hampumep, IpoOb Ha pPa3HOCTh g-] W HaNUCaB PaBEHCTBO

a-1
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2

—a+1, Mbl 3aMeyaeM, YTO HApYUIEHO BTOpPOe TpeOOBaHUE, KOTOPOMY

a-1
JIOJKHO YJIOBJIETBOPATH TOKIECTBEHHOE NMpeoOpa3oBaHME: MpaBas 4acThb PABEH-
CTBAa UMEET CMBICI MPH JIOOBIX 3HAYEHUSIX g, a JIeBask TOJIBKO MPHU YCJIOBUU, YTO
a =1, T.e. IPOU3OIILIO U3MEHEHNE O0JACTH IOMYCTUMBIX 3HAYECHUN BEIUYMHBI g .
CrnenoBatenbHO, MpeoOpa3oBaHKe B JAHHOM CIydae HE SBIISIETCS TOXKIECTBEHHBIM.
OpHako 9TO HE 3HAYMUT, YTO HYXHO OTKa3bIBaThCS OT TaKUX MpeoOpa3oBa-
HUH, KOTOpPbIE U3MEHSIIOT 00JaCTH JOIMYCTUMBIX 3HaUE€HUU BeauuurH. Hajgo Tonbko
MpU KaXJIO0M TaKoM IpeoOpa3oBaHUM yKazaTh, KaK M3MEHWINCh O0JacTH JOMy-
CTUMBIX 3HAUYCHUN OYKBEHHBIX BEJIMYHH.

[lopsinOK BBITTOJTHEHUS] NEVUCTBUM

JICHCTBUS C OJHOYJICHAMM;
JEUCTBUS B CKOOKAaX;
YMHOXEHUE WU JIeJIeHHE (B MOPSIKE TOSIBICHUS);
CJIOKEHUE WIH BhIYUTAHUE (B TIOPAJIKE MOSBICHUS).
[Ipu necTBUSX C paguKaiamu ClieyeT UMETh B BUIY, YTO MpaBUiIa, Mo KO-

TOPBIM OHH BBIINIOJHAIOTCA, 6C3OFOBOpO‘-IHO BCPHBI JIMIIb IJIA apI/ICI)MCTI/I‘-ICCKI/IX

xopHeii. ITo onpenenennio kopeHb /3 HasbiBaeTcss apuQMETHUECKHM JIMIIL B TOM
cilydae, eClM YMCJIO A MOJIOKUTENFHO WM HyJb, a TaKKe IMOJIOKUTEIbHA MU

paBHa HYJIIO U BCJIMYMHA CaMOI'0 KOPH:I. Ecnu storo ne YUYUTBIBATb, TO MOKHO J10-

nycTuth omuoOKy. Hampumep, paBeHCTBO §/x2 =3/x BEpPHO JHIIL MPHU YCIIOBHH,
910 x> (0. [Ipr x < 0 HyKHO Imucath TaK: §/x% =3/—x.

AnajmornyHo paBeHCTBO $/(a—Db 2 _3 a—b) BEPHO IHUIIB B Cliydyae, €CJIu
p p y4

a>b. I[Ipu g <b OHO HEBEPHO M HYKHO IHCATh 6,/(61_[3)2 =3/(b—a). Oba cuy-

yas MO)KHO OXBATUTb TAKOM 3aIIHCHIO: ?/(a — b)2 — 3/ ‘a — b‘ :

12



Boimonants apudmerngeckue neficrsuns:

3; __S)); (5= 1) 42.10.

33+2,5 4,6—2 0,05 _
- — 5.2 +—=—=+5.7).
2,5—15 4,6423 £—0,125

(4V/27 — x/'_ \/W+3\/_

i

vy

NVUpOCTUTEL BBIPAYKEHUS:

22. (Q‘TH}"F JE) (ot Y2

23.

Va+vb
25—z Y
% + T

— y—|—y3 =32
w’ BbT —4
BbE 2

Va+vb

Y3

1

— /5b3.

‘-VIII_')UCI'I»ITI_: BLIDAZKETHWA W BLIMHC/IHTE HX 3HAYCHHA IIDH 3aJIAHITOM 3HAYCHHH [TapanMeT-

pOB:

28.

29.

30.

31.
32.

—2p-1_o—1.-2 4
mon mon ——(nln._l—l—2+m._ln)_1 npu m=0,003; n=0, 007.
m—2—n—2 m
be+4 b
(\/a T +4 C) (Vabe+2) npu a=0,04.
a a
+b2  a3{a—
s +b: S npu a=1,2; b=0,6.
(a2 — ab)3 a\/ﬁ—b\/_
Ve : Vit npu r=0,5.

1—zy/T .L'—|—\/_ +1
(a—i—r ) z2—(a— Ié) %upﬂ r=4a—4,1<a<?2.
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1)

2)

3.CTEIIEHHBIE ®YHKIINU. KBAJIIPATHBIE YPABHEHUS. PALIMO-
HAJIBHBIE YPABHEHUA U HEPABEHCTBA

Omnpenesienue u cBoicTBa cTeneHHbIX pyHkuuii. llocTtpoenne rpagukos cre-

MEHHBIX PYHKIMIA.

Oynkmun Y=X, y=x°, y=x°, y=1/X U T. I. ABISIOTCS YaCTHBIMU CITydasiMH CTe-
IeHHOM QyHKIUH, T. €. QyHKIMHU Y= X°, T/1€e P - 3aJaHHOE JIEHCTBUTENLHOE YUCIIO.
CpoiicTBa 1 rpadMK CTETICHHON (DYHKIIMH CYIIIECTBEHHO 3aBHCHUT OT TOTO, MPH
KAKMX 3HAYEHHMSAX X U P MMeeT cMbIcH crenenb Y=X’. [lepeiineM k mogo6HOMy pac-
CMOTPEHUIO Pa3IUYHBIX CIIy4yacB B 3aBUCUMOCTH oT
MOKa3aTessi CTEIEeHHU .
[TokazaTenb P=2n - 4eTHOE HAaTypaJibHOE Yncio0. B aToM cnydae creneHHas QpyHK-

st y=x=", Te N - HaTypaIbHOE YHCIIo, 00IafaeT ce-
100}
80t
601

JTYIOIUMHA CBOMCTBAMU:
00JIaCTh OMpeeNieHUs - BCE JICUCTBUTEIBHBIC YHCIIA, T.

€. MHOXeCTBO R; 407

MHO>KECTBO 3HAUCHHH - HCOTPHULATCIIBHBIC YKCJia, T. €.

y Gosbiie uiu pasHo O; Puc. 3.1
dyHkums y=x"" qetHast, Tak Kak X~ =(-X)*"

byHKIUs sBisieTcs yObiBaromiei Ha nmpoMexxyTke X<O u Bo3pacTaromieil Ha mpo-
MexyTke X>0.

I'paduk ¢yHkmum y=x"" mMeeT Takoil *Xe BHI, Kak
nanpumep rpaduk byrakimn y=x* (Puc. 3.1) 1107

[Tokazarens p=2n-1 - HeyeTHOE HATypaJbHOE YUCIO. B

ATOM Ciy4yae CTETeHHas (PYHKIUS yzxzn'1 , TIIe HaTy-

pajbHOE YUCII0, 001a1aeT CICAYIOIMIMMHU CBOUCTBAMU:

00J1aCTh OIpeeICHUS - MHOXECTBO R;

MHO>KECTBO 3HA4YECHUI - MHOXECTBO R;
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3)

4)

2n-1 2n-1_.,2n-1.
gynkumsa y=X""" HeyeTHAas, TaK KaK (-x)""t=xT"
(bYHKIUS SBIsIETCS. BO3pACTAIOIICH Ha BCEH IEWCTBUTEIBHON OCH.

2n-1 .
" MMeeT Takoi ke BHJ, KaK, HanpuMmep, rpadpuk QyHKIMU

['paduk GpyHKIIUN Y=X

y=x> (Puc. 3.2)

[TokazaTenb p= -2Nn, TA€ N - HaTypaJbHOE YUC0. B 3TOM ciydae creneHHas QpyHK-
—y “2N_—1 42N o .

s y=X ““'=1/x"" obiagaeT ciaeayonMMU CBOWCTBAMHU:

o0J1acTh ornpesiereHus - MHOXecTBo R, kpome X=0;

MHOKECTBO 3HAUCHUH - TTOJIOKUTEIIbHBIC uncia y>0;

dyuxmms Y=1/x*" yeTHas1, TaK KaK L(-x)*"=1/x";

dbyHKIUS ABIsSETCA BO3pacTaroiel Ha mpoMexkyTke X<0 u yObIBaromei Ha mpome-

xKyTKe X>0. oct Y

I'paduk Gynxmun y=1/x"" nMeeT Takoil ke BHI, KakK, ol
nanpumep, rpadux dyskman Y=1/x* (Puc. 3.3). P!
[MTokazatens p=-(2n-1), rae N - HaTypaibHOE YKciio. B 5

ToM ciydae crenennas dynkums y=x " oGmamgaer = 1};
CIEAYIOLINMU CBOMCTBAMU: Puc.3.3
o0JacTh onpeaeneHus - MHOXeCTBO R, kpome X=0; ol ¥
MHO’KECTBO 3HAUYCHUH - MHOXeCcTBO R, kpome y=0; [:-;

)

dyrkumst y=x " newernas, tak xax (-x) @Y =-x @D ,

=]
[

byHKIUS sBIsIETCs yObIBarONIeH Ha mpoMexyTkax X<0 u

x>0.

)

I'padux dyHKIMH y=x"®"Y ymeer Takoii ke BH, Kak,

HanpumMep, rpabux dyuxunn y=1/x° (Puc. 3.4)

KBaaparHnbie ypaBHeHusi. PanimonajibHble ypaBHeHUS

Ecnu BbIpaxkeHus, CTosIIME B JIEBOW U MPABOM YacCTIX YPABHEHUs, COCTAB-
JICHBI JIMIIb C TIOMOIIBIO ONEPALUN CIIOKEHUsI, BBIYUTAHNS, YMHOXKCHUSA, ACIICHUS

1 BO3BCACHH:A B LICJIYIO CTCIICHDB, TO YPABHCHHEC HA3LIBACTCA pPAllHOHAJIbHBIM.
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PannoHanbHOE ypaBHEHUE HA3bIBAECTCS HEJIBIM, WK aJaredpanvecKum, ec-
JIM B HEM HET JICJICHUS Ha BBIpAKEHUE, coAeprkaniee nepemMeHnyro. K nenbm ypas-
HEHUEM OTHOCSTCSI, HAIPUMED, JINHEWHbBIE U KBAaJIpATHBIC YPABHEHUSI.

PemenneM, Wiv KOpHeM YpaBHEHMs, Ha3bIBAE€TCS BCAKOE 3HAYEHUE HEU3-
BECTHOTI'O X, IIPU MOJICTAHOBKE KOTOPOro B 00€ YaCTH ypaBHEHHS MOJIy4aeTcs UC-
TUHHOE YUCJIOBOE PABEHCTBO. PelIuTh ypaBHeHUe - 3HAYUT HAWTU BCE €ro KOPHU
WIM JTI0Ka3aTh, YTO KOpHEN HeT. Pemras ypaBHEeHUE, Mbl IPUMEHSIEM K HEMY HEKO-
Topble npeodpazoBanusi. Eciau ucxonHoe u mpeoOpa3oBaHHOE YpaBHEHUS UMEIOT
OJIHU U T€ K€ KOPHH, TO OHH HA3bIBAIOTCS PAaBHOCWIBHBIMH. B yacTHOCTH, ypaB-
HEHUs1, KOTOPbIE HE UMEIOT KOPHEH, TAKKE CUUTAIOTCS PABHOCHIIbHBIMHU.

OcHOBHBIC TCOPCMEI Hp606pa3OBaHI/I}I YpPaBHCHUA B PABHOCHIIBHOC CMY:

Ecnu kakoif-mu0o daeH ypaBHEHHS MEPEHECTH M3 OJHOH YacTH ypaBHCHHS B
JIPYTYIO C IPOTHBOIOIOXKHBIM 3HAKOM, TO MOJYYHUTCS YPaBHEHHE, PAaBHOCHIBHOEC
JTAHHOMY.
Ecinu 06e yacTu ypaBHEHHS YMHOXHTD WM Pa3ICIUTh HA OJHO U TO K€ OTIHYHOE
OT HYJISI YKCII0, TO TOJIYYUTCS yPaBHCHHE, PABHOCUIBHOE TaHHOMY.
Ecnu 06e yactu ypaBHenus f(X)=g(X) yMHOXHUTh Ha OJJHO M TO YK€ BBIPAKCHHE
h(x), koTopoe:
a) UMEeT CMBICI BCIOTY B 00J1aCTH ompe/iesieHus (B 001aCTH TOMYCTUMBIX 3HaYe-
uuit) ypasaenus f(x)=g(x);
0) Hurae B 3ToM oOnacTu He oOparmmaercs B 0, TO MOTYYUTCS ypaBHCHHE
f(x)-h(x)=g(x)-h(x), paBHOCHIIEHOE TaHHOMY.
Keaopammuwie ypasnuenus.

ax? +bx+c=0, a=0.

Oynkmus | (X) =ax’+bx+c, rme a=0, HaspBaercs KBaJPaTUIHOM

bynkuuei. I'papuk 310l QyHKIIMU — napabona, KOOPAUHATHI BEPIIMHBI KOTOPOU

b 4dac-b?

PaBHBL: X, = ——,
07 2" 7" 4a

[Ipu a>0 BerBu mMapaboOJBI HAMPABIICHBI
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BBEpX, a mpu a<0 - BHM3. HaxoxeHue KOpHell ypaBHeHHS ax’ +bx+c=0,
a # 0 moapobHo M3n0kKeHo B myHkTe 2.1.
Ilenvte payuonansvhole ypagnenus.

MmuorounedoM N- oii crenedu (NeZ,n>0) oT mepeMeHHOM X Ha3LIBAETCH BbI-
PaAKCHUC

P,(x)=a,x" +a,x" ' +...+a, ,x+a, ,
rae 8,,&,...,d, — 33JaHHBIC JICHCTBHUTENbHBIC 4YHCIA, npudeM a, #0.

MHorowieHaMu HyJIEBOUW CTENEHHU SBIISIOTCS OTIMYHBIE OT HYJIS ACHCTBUTEIbHBIC
yuciaa. Yucno 0 €IUHCTBEHHBI MHOIOWIEH, CTENIEHb KOTOPOTO HE ONpEJIENICHA.

Vpasnenue P,(x)=0, rae P,(x) — mHorounen n-oif crenenu, N >1, Ha3biBaeT-
csl anireOpandyeckuM ypaBHEHUEM N -Oi CTEIEHH.

Eciu x, — kopens MHorowtena P, (x), T.e. P,(x,)=0, To P,(x) 6e3 ocrarka je-
muates Ha (X —X,):

P, (%)= (x =0 )P, 4(x),
rae P, ,(x)— muorounen crenenu N—1. Muorowten P, (X) MoxHO HaiiTu 1160
JIeTIEHHEM «yToJIKoM» MHorodnena P.(x) Ha (x —x,), 1460 TpynmupoBKoii ciiara-
eMbIX MHOTOUJIEHa P,(X) W BbIICIECHAEM M3 HUX MHOXKHTENS X —X,. OCHOBHBIMU
METOJaMU PEIIEHUs ypaBHEHHA P, (X): 0, rne P, (X) — MHOTOWIEH cTerneHu N (
N> 2), SBJISIOTCS METOJl PA3JIOKECHUS JICBOW YacTH YpaBHEHUS HAa MHOXHUTEIH M
METO]I BBEICHUS HOBOM MTEPEMEHHOM.
MHO0XECTBO pallMOHAIBHBIX YPABHEHH 3a TUTIOM U METOJOM PELICHUS

MO>KHO Pa3JeNTh Ha CIAEAYIOIINE:
1. PemieHue ¢ moMoumb0 NOACTAHOBKH. [Ipu pemeHnn HEKOTOPhIX palMOHab-
HBbIX YpaBHEHUI MMEET CMBICI BBECTH HOBYIO NEPEMEHHYIO, 3AMEHHUB €10 HEKOE
panroHanbHOe Belpakenne. Hanpumep, B ypasuernn aP?(x) + bP(X) + ¢ = 0, rme
P(X) - MHOrouscH, BBeJeM HOBYIO nepemeHHyio Yy = P(X). Pemraem kBagpaTHOe
YpaBHCHHUEC ay2 + by + ¢ = 0 OTHOCHTEIBHO Y ¥ BO3BpAIIACMCS K PEIICHHIO YPaB-
HeHuid P(X) =Y, rae Y - peleHus ypaBHEHHUSL.
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2. Pacnanammeecs ypaBHeHue. PammoHansHOE ypaBHEHHE Ha3bIBAe€TCS paciia-
JAIONIMMCSI, €CJIM ero MoKHO TipeacTaBuTh B Buae P(X)Q(X) = 0, rme P(X) u Q(X) -

1esble paloHanbHble GYyHKUUU. JJIg pelieHus] TaKuX YpaBHEHUU HYXKHO Mpej-

CTaBUTh  YpaBHCHHUE P(x)Q(x) = 0O B BHAE  COBOKYIHOCTH:
{Pm (x)=0,
Qu(x)=0.

3. OgHopoaHoe ypaBHeHHe BTOporo mopsiaka aP’(x) + bP(X)Q(X) + cQ?*(x) = 0.
Jlnist ero pemreHust paccMoTpuM jBa cirydas. [lepseiii - Q(X) = 0, Torna ypaBHeHUe
cBoauTcs K perieHuio ypaBHenus P(X) = 0. Bropoii cinyuait - Q(X) # 0, Torma uc-
XOIHOE ypaBHeHHEe MOHO mogenuth Ha Q(X) m momyamts a(P(X)/Q(X))? +
bP(x)/Q(x) + ¢ = 0. BBoaum 3ameny P(X)/Q(X) = t u moiy4aem KBajapaTHOE ypaB-
Henue at’ + bt + ¢ = 0. B oTBeT BKII0YAEM PELICHUs 00OKX CIIydaeB.

4. BukBajgpaTHoe ypaBHenue ax’ + bx* + ¢ = 0. JI1st pemeHus TAKOro ypaBHEHHs
nemaercst 3ameHa X- = t, X' = t2. TTociie TOICTAHOBKU HOBOM IIEPEMEHHOMN ITOTydacM
KBaJIpaTHOE ypaBHEHUE at’ + bt + ¢ = 0. Peums ero, IIPUXOIUM K YPaBHEHUIO X* =
ti, rae t; - KopHU ypaBHEHUS.

5. CHMMeTpHYHOEe ypaBHEHHe TPeThero mopsiaka ax® + bx? + bx + a = 0. Qs
ero pelIeHNs IPOBEAEM CIeAyIoNHe mpeodpasoBanns: ax® + bx® + bx + a = a(x® +
1) + bx(x + 1) = a(x + 1)(x* - x + 1) + bx(x + 1) = (x + 1)(ax® + (b - a)x + a). B uro-

Ire IIoJIydacMm pacimagaromceecs YPaBHCHHUC, peuracMm COBOKYIIHOCTbB:

X+1=0,
{ax2 +(b-a)x+a=0.
6. CuMMeTpHUecKoe ypaBHeHHe deTBepToro mopsaka ax’ + bx® + cx” + bx + a
=0. CrpynmupyeM ciaraeMbie 1 pasaeanM obe gact Ha X°. [Tomydnm
a( + 1/x%) + b(x + 1/x)+ ¢ = 0.
CnemaeM mojicTaHOBKY X + 1/X = t, Toraa X2+ 1/ =12-2. [Tomyyaem kBagpaTHOE
ypaBHeHue at’® + bt + (C - 2a) = 0. [Tocie ero perueHus BO3BPAIIAEMCS K HCXOTHOM

TIEPEMEHHOM X.
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7. Bo3epaTHoe ypaBHenue. Ypasrenue Buga ax’ + bx® + cx’ + dx + e = 0, rae a #
0, b # 0 u e/a = (d/b)?, Ha3bIBaeTCS BO3BPATHBIM YPABHEHHEM YETBEPTOTO MTOPS/IKA.
JITst €ro perieHust JeTHM ypaBHEHHE Ha X° M BBOIMM IepeMeHHyo t = bx + d/x,
IocJie 4ero moiydaeM KBagpartHoe ypaBHeue at’/b’ + t + ¢ - 2ad/b = 0. Pemmus
€ro, BO3BpAIacMcsl K UCXOAHOHN MepeMEHHOM.

8. YpaBHenusi Buaa (X + a)(x + b)(x + c)(x + d) =m, 2coe a + b = ¢ + d. B nannom
cllydae BBOAMM HOBYIO IepeMerHyio t = X° + (@ + b)X u momydaem xBampaTHOE
ypaBHenue (t + ab)(t + cd) = m. PemuB ero, Bo3BpariaeMcs K HCXOIHON IMePEMEH-
HOM.

JlpobHo-payuonanvHble ypagHeHus.

YpaBHeHHE BUIA gm EX; =0, rne P, (x) uQ, (x) MHOTOYJICHBI, Ha3bIBACTCS
X
n
P,(x)=0,
palMOHAJIBHBIM. JTO YPaBHEHUE PABHOCUIIBHO CUCTEME
Q,(x)=0.

OOuIux METOAO0B pelIeHUsl TPOOHO-pAllMOHANIbHBIX YpaBHEHUM, TEM HE Me-
Hee, HE CyIIecTBYeT. PeleHne 04eHb MHOTUX U3 HUX OCHOBAHO Ha YJAYHOM IpyII-
MUPOBKE U MOCJIEAYIONIEM MPUBEACHUN CTPYNIUPOBAHHBIX CJIaraeMbIX K 00IIeMy
3HamMeHarteno. B 6oliee mpoCThIX clydasx TPYNIUPOBKA HE TpeOyeTcs, a MHOTa
YpaBHEHHE MOKHO YNPOCTUTH, BBEAS HOBYIO NiepeMeHHyro. [Ipu pemenuun panuo-
HaJIbHBIX YPaBHEHUM BO3HUKAET OMACHOCTH IMOJIYYEHHS MOCTOPOHHUX PEIICHUH,
KOTOpasi Kynupyertcst MO0 MPOBEPKOM, JTMOO HAXOKIECHUEM 00JIACTH JOMYCTUMBIX
3HAYEHUH, JTUO0 MPOCTO yKa3aHUEM COOTBETCTBYIOIIUX OTPAHUYEHUUN U JabHEH-
HIEN TPOBEPKOM MX BBITOJHEHUS.

Pemenne npoOHO-paliiOHATBLHOTO YPAaBHEHUS! CBOJUTCS B KOHEYHOM HTOTE
K 3aMEHE MCXOJHOTO YpaBHEHUS IIEJIbIM ypaBHEHUEM, KOTOPOE PaBHOCUJIBLHO HC-
XOJIHOMY YPaBHEHUIO UJIU SBJISIETCS €T0 CJICACTBUEM.
[Ipu pemenun ApoOHOTO ypaBHEHUS IEI€CO00Pa3HO MOCTYIATh CIACAYIOMUM 00-
paszom:

1. ompenenuTh 001aCTh NOMYCTUMBIX 3HaUeHU niepemenHo x (O13);

2. HaWTU HAUMEHBIIUN 00N 3HAMEHATENh IPoOeH, BXOIAIINX B YPABHECHHE,
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3. YMHOXHUTH 00€ 4YaCTH ypaBHEHHsI Ha OOIIMI1 3HAMEHATEeNb U PUBECTH MOJOOHBIE;
4. pemuTh NOTyYUBIIEECs 1IeJI0€ YPaBHEHHUE.
Perenre HEKOTOPBIX BUAOB IPOOHO-PAMOHAIBHBIX YPaBHEHHUM:

1. YpaBuenne Buaa P(X)/Q(x) = 0. Pemaem ypaBuenue P(X) = 0. [IpoBepsieM, yemy
paBHo 3HadeHue Q(X;), rae X; - kopau ypaBuenus P(X) = 0. Ecau Q(X;) # 0, 3HauuT
OHU SIBJIAIOTCS perieHrueM ucxoanoro ypasuenus. Ecim Q(X;) = O - kopeHb BbIna-
JaeT u3 00JacTH OIpeIeTICHHsI UCXOAHOTO YPAaBHEHUS U €T0 HYKHO MCKIIIOUUTH U3
OTBeTA.

2. YpaBaenne Buaa aP(x)/Q(x) + bQ(x)/P(x) + ¢ = 0. BBoaum HOBYIO IepemMeH-
ayo t = P(X)/Q(X) u moirydaeMm cienyromee ypaBHenue: at + b/t + ¢ = 0. Wu mo-
cie nomHoxkeHus Ha t (t # 0) moaydyaeM KBaapaTHOE ypaBHCHHE at’ + ct + b = 0.
PemnB ero, Bo3BpanaeMcs K MCXOAHOU MEPEMEHHOM.

3. YpaBHeHue cocTosiiiee U3 CyMMbl apodeii. OuH U3 METOJIOB COCTOUT B TOM,
YTO HY’KHO [IEPEHECTU BCE YJICHBI YPABHEHUS B OJIHY 4acTh U CBECTH ypaBHEHUE K
Buy P(x)/Q(x) = 0.

PanuonajabHbIe HEPABCHCTBA

[lycts pyHKITMN f(x) 1 @(x) OHPECACIICHbI HA HCKOTOPOM MHOXCCTBE A.

[TocTaBuM 3a/auy: HaAUTH MHOXKECTBO X , HA KOTOPOM 3HAUY€HUS OAHOU W3 (PyHK-
i 6osblne (MEHbIIE) 3HAYEHUH APYroil U3 HHUX, IPyTMMH CIOBaMH, HAalTH Bce

3HAYCHUS X, JUIS KOTOPBIX BhIMoHsAeTCst HepaBeHCTBO: f(X)>¢(X) (f(X)<@(X)).

HpI/I TaKOM MOCTAHOBKE KaXXJ10€ U3 OTUX HCPABCHCTB HA3bIBACTCA anre6[3an—

YCCKUM HEPABCHCTBOM C HCU3BECTHBIM X .

Kak nipu perienun ypaBHEHUsI, TaK U TIPU PEIICHUN HEPABEHCTBA TpeOyeTcs
HAWTH BCE T€ 3HAUYECHUS HEU3BECTHOW BEJIIMYMHBI, JJIs KKIOTO U3 KOTOPBIX yKa-
3aHHOE COOTHOUIEHHUE OKa3bIBACTCsI BEPHBIM. 1103TOMY €CTECTBEHHO W ISl HEpa-
BEHCTB BBECTHU MOHSTHS, aHAJIOTUYHbBIE TEM, KOTOpPbIE ObLIIM BBEICHBI JJIsl YpaBHE-
HUM.

MHO%€eCTBO A Ha3bBIBAETCS MHOXKECTBOM (O6J’IaCTBIO) JOIMYCTHUMBIX 3HA4YC-

HUM HEU3BECTHOT'O AJI1 JaHHOI'O HCPAaBCHCTBA.
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MHOX€eCTBO X HAa3bIBAECTCI MHOKECTBOM pEIICHUI JAaHHOI'O HCPABCHCTBA.

Pemutn HCPABCHCTBO — 3HAYHUT HaWTH MHOXECTBO BCEX X, Il KOTOPBIX

AaHHOC HCPABCHCTBO BBIIIOJIHACTCA.

I[Ba HCPABCHCTBA HA3bIBAIOTCA PAaBHOCUJILHBIMH, C€CIIM MHOKCCTBA pemeHHﬁ
HUX COBIIaAArOT, T.C. CCJIN BCAKOC PCIHICHHUC KAKIOI'0 M3 HHUX ABJIICTCA PCHICHUCM

JIPYyToro.

3HaYeHNE HEU3BECTHOT'O Ha3hIBACTCS AONMYCTUMBIM JIsI HCPABECHCTBA, CCIIN

IIpX1 5TOM 3HAYCHUU 00e JacTu HCPaBCHCTBA UMCIOT CMBICII. COBOKYHHOCTI) BCCX

AO0IMyCTUMBIX 3HAYCHUH HEU3BECTHOI'O HA3BIBACTCSA 00JACTHIO OonpcaAcCICHUA HEPA-

BCHCTBA.

OcHOBHBIC TCOPCMEI Hp606pa3OBaHI/I}I HCPAaBCHCTBA B PABHOCHUJIbHOC CMY:

Kakoe-HuOyap ciiaraeMoe MOXHO TMEpPEHECTHM W3 OJIHOM 4YacTH HEpPaBEHCTBA B
JIPYTYIO C MMPOTUBOIOIOKHBIM 3HAKOM;

O06e JyacTu HepaBEHCTBA MOYKHO YMHOKUTh WM Pa3/IesIuTh HAa OJHO U TO OTIUYHOE
OT HYJISl MOJOKUTEIBLHOE YHCIIO; €CIIM 3TO YUCIO OTPHUIATENIbHOE, TO 3HaK Hepa-
BEHCTBA MCHSETCS Ha MPOTUBOIOJIOKHBIN;

Eciu HepaBEeHCTBO UMEET BH/T f(x). g(x) > ¢(X). g(x) WIN f(x). g(x) < (p(X)- g(x)
, TO JIeJeHre 00enx ero yacteil Ha g(x), KaK MPaBWIJIO, HEIOMYCTUMO, TTOCKOJIbKY
MO>KET MPUBECTH K TOTEPE PEIICHUHN.

Mexy pelieHusIMU HEPaBEHCTB M ypaBHEHUI MHOTro oo1iero. OTiaudue xe
COCTOUT B TOM, YTO PEHICHUEM HEPABEHCTB Yallle BCEro SBISIOTCS OCCKOHEYHBIC
MHOKECTBA.

3HAYUT, C/AeNIaTh MOJIHYIO MPOBEPKY OTBETA, KaK ATO JIeJIaeTCs IJiS ypaBHE-
HUM, HeTb3s. [109TOMy OUeHb BaXKHO MIPU PEIICHUU HEPABEHCTB MEPEXOIUThH TOJb-

KO K paBHOCHJIBHBIM HCPABCHCTBAM.

K paBHOCHIIBHBIM HEpaBEHCTBaM MPUBOJAT TOKIESCTBEHHbIE NPeoOpa3oBa-
HUSl, HE U3MEHSIOINE 00JaCTh JOMYCTUMBIX 3HAUCHUH.
CBoiicTBa YUCTOBBIX HEPABEHCTB MPUBEIEHBI B MyHKTE 2.1.

Penienne HepaBEHCTB, COAEPKAIINX KBAIPATHBIN TPEXUIICH
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a-x°+b-x+c.Ilyctb D=p? —4.a.c - AUCKPUMHHAHT KBaJPATHOIO TpeXdJie-

Ha.
Bun HepaBeHcTBa D<0 D>0 D=0
a>0 \/ \V/ » LL.
» xl IE X I[} X
X
a-x2+b-x+c>0| xe(-ww) | Xe(=0x]U[x,;0) X € (—a0;00)
_ _ Xe
a-x>+b-x+c>0 X € (—o0;00) X € (=0, ) U (¥p;00) (— 007X, ) U (Xg;0)

a-Xx’>+b-Xx+c<0Q | PEUICHUH HET X € (X} X,) pelIeHni HeT
2 5 : b
a-X“+b-x+c<0 | PeUCHUH HET X €[X;;%,] X ==
’ X
x X "
<0 /\ XY | /N
2 y : b
a-x“+b-x+c=0 Pemennii Het X €[X;%,] X0:_2_a
a-x2+b-x+c>0 | Pemennii ner X € (X;;X,) Pemenwuii Het
2 : _ _ Xe
a-x“+b-x+c<0 X € (—o0;0) Xe(—OO,Xl)U(Xz,OO) (—oo;xo)u(xo;oo)
a-xl+b-x+c<0 X € (—o0;00) Xe(—oo;Xl]u[Xz;oo) X € (—o0;00)

Pewienue yeasvlx payuoOHAaA/IbHblX HEPAGECHCM 6

€C/IM B HEPABEHCTBE f (X)< ¢(X) Gyskoun f (X) U (X) 331aHbI HETBIMH PAIHO-

HaJIbHBIMH BBIPAKCHUAMM, TO €0 HAa3bIBAIOT LICJIbIM pAllMOHAJIbHBIM HEPABCH-

CTBOM.

Eciu HepaBeHCTBO f (X) < gp(x) IPUBECTH K PABHOCUIILHOMY  f (x) — ¢(x) <0

N PA3JIOXUTH JICBYIO 4YaCTb Ha JIMHEWHBIC MHOXHUTCIIN, TO TAaKOC HCPABCHCTBO

MOXHO pCIINTb MCTOIOM MHTCPBAJIOB.
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CyTb 3TOro METOJ]a UHTEPBAJIOB B CIEAYIOIIEM:
Omnpenenuts 065acTh 3HaUeHUs nepemennon (O/13);
[lepeHecTn Bce B JIEBYIO YacTh U PEUINTh YPABHEHHUE, NPUPABHIB BBIPAKEHUE B
JIEBOM YacTH K HyJI0. Pa3lioKUTh HA MHOKUTEH, CKOOKH COKpAIllaTh HEIb3s,
HaiineHHble KOpHU ypaBHEHHSI HAHECTH HA YHCJIOBYIO OChb. ECIM KOpHHM BXOHST B
O/13, oHU pHUCYIOTCSI 3aKpalllEHHBIMHU, €CIU HE BXOJST, TO BBIOUTBHL. DTHU KOPHU
pa3OMBaIOT YKHCIIOBYIO OCh Ha MPOMEXKYTKH, HA KaXKIOM M3 KOTOPBIX BbIpaKEHHE,
CTOSIIIEE B JIEBOW YACTHU, COXPAHSIET 3HAK;
BbiOpath B KaXJI0M U3 MPOMEKYTKOB Kakoe-HUOY/Ib 3HaueHUe («IpoOHYI0» TOY-
KY) U OIIPEACIIUTD 3HAK BHIPAXKECHUS B 3TOW TOUKE;
BriOpaTh mpoMexKyTKH, B KOTOPHIX BBIpAKEHUE MMEET TpeOyeMbli 3HaK U 3alu-
caTh OTBET, B35B UX O0OBEIUHECHUSI.
Eciu HepaBEeHCTBO HECTPOIro€ HYKHO Y4ECTh KOpHH, Bxonsimue B O/I3 u npuso-

U C YPABHCHUC K HYJIIO.

Pewenue OpooHO-payuoHanIbHBIX HEPABCEHCM G

JIPOOHO parMoHaIbHBIC HEPABEHCTBA % > (0 MOXXHO IPHUBECTH K paBHO-
Q(x

P(x)-Q(x)>0

CUJIBHOMY HEPABEHCTBY 3 P (X) =0, TOrJa METOJ MHTEPBAJIOB IPUMEHUM U
Qu(x)=0
JUISL pelIeHUs: IPOOHO-palMOHATBLHBIX HEPABEHCTB.

1. PewnTb HEpPaBEHCTBA

1) x*+2x-3>0. 3) x* —2x+1>0;

2) —2x* +x+3>0; 4) —x* +4x-5>0.

2. PelwunTb HepaBeHCTBa MeTOAOM MHTEPBAIOB:

1)&_’:2&0; 2) %zo;
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3) (x—3)(x+2)20; 4) ()C—S)(x+22)2 <0:
x—5 (x=5)
(x 3) (x+2)
x—5 ’

3. PewnTb ypaBHeHMe
1) x* —10x* +9=0; 2) x* =3x*+2x* —6x=0;
3) (3x2—x—1)2 —~18x? +6x+6=0; 4) x® —4x* +2x+1=0;

4. PelwnTb ypaBHeHuUA:
1) x*~7x-6=0; 2) (x+2)x+4)x+6)x+8)=105;
3) 3x® -13x* +13x-3=0; 4) x* —5x° +4x* +5x+1=0.
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4. BEKTOPBI U UX TEOMETPUYECKUE TPUJIOXEHUA

I'eomeTpuyeckuii BEeKTOP MpEJCTaBIEH B ABYMEPHOM

B U TPEXMEPHOM TPOCTPAHCTBE B BUJE HANPABIEHHO2O
~ ompesKa, T.e. 0OTpe3Ka, y KOTOPOTO pa3inyaloT Hayajo

A a/’ H KOHEII.
Prc. 4.1 Ecau A - nawano Bekropa, a B - ero xoner, To BEeKTOp

0003HaYaeTCs CHMBOJIOM MJIM OJHOM CTpOYHON OYKBOM
d. B mureparype dyacto BeKTOp oOo3HayaeTcs kUpHbIM mpudrtom AB wmm a. Ha
pPUCYHKE KOHEIT BEKTOpa yKa3biBaeTcs crpenkoi (Puc. 4.1).
DOu3n4eCKUMH NMPUMEPAMM BEKTOPHBIX BEJIMYUH MOTYT CIIYXKHUTh MEPEMEUICHUE
MaTepUalIbHOW TOYKH, JIBUTAIOIICHCS B IMPOCTPAHCTBE, CKOPOCTh M YCKOPEHHE
ATOI TOUKH, a TAaK)KEe JEUCTBYIOIIAsl Ha HEE CHIIA.
JnuHO# (MM MO/IyJIeM) FeOMETPHUIECKOT0 BEKTOpa Ha3bIBACTCs JJIMHA ITOPOIK-
JAIOIIETO ero OTpe3ka u 06o3HayaeTcs | AB|.
Konnuneapnuie, pagnvie, KomnianapHnoie 6eKmaopbl.

Onpenenenue. BekTopsl, nexamue Ha OJHOM Nps-

MOW WJIM Ha MapauIebHBIX MPSMBIX Ha3bIBAIOTCS B B M
Al / HH"‘LN
KOJJTHHEAPHBIMH. A //
o /‘c
O6o3nauator: AB || AB,, AB || CD, -
AB ge || MN (Puc. 4.2) Puc. 4.2
Omnpenencare. BekTopsl Ha3bIBAIOTCS PABHBIMHM, €CJTH OHU:
B C
1) KomnuHeapHsr;
2) imeroT paBHBIC MOIYIIH;
3) OauHaKOBO HAIPaBJICHBI. A D
Puc. 4.3

[Mumyt: AB = CD, no AB # AC (Puc. 4.3)
B ¢usuke yacto paccMarpuBaroTCs 3aKpenJiéHHbIe BEKTOPbI, 33/laHHbIE
TOYKOW NPUJIOKEHUS, JJIMHOM U HAIIpaBJICHUEM. ECIM TOUKa NPUI0KEHUS BEKTOPa

HC MMCCT 3HAUCHUA, TO €TO0 MOXKHO IIEPCHOCUTH, COXPaHAAa JJIMHY WU HAIIPABJIICHUC B
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1)
2)
3)

J100YI0 TOYKY MPOCTPAHCTBA. B 3TOM ciiyyae BEKTOp Ha3bIBaeTCs CBOOOTHBIM.
Byaem paccmaTtpuBath TOJIBKO CBOOOIHBIE BEKTOPHI.

OHDGI{GHCHI/IC: TpI/I BCKTOpPAa HA3BIBAKOTCA KOMILIA-

HAPHBIMH, €CJIM OHH JICKAT B HEKOTOPOU OJHOM IIOCKOCTH _E,.
WK NapaijIe/IbHbl KaKoH-T0 oaHOM mtockocTH (Puc. 4.4). : :
[IpumepomM HEKOMIUIITAHAPHOM TPOWKHA BEKTOPOB MO-
TYyT CIYXUTh HampaBjeHHbIC pEOpa Kyba, MCXOIAIINE W3 Puc.d.4
OIHOMW BEPILIHUHBI.
Jluneitnvle onepayuu Hao 6eKMopamu.
Han BexkTopamMu mpoOM3BOJAAT pa3iMyHbIE AEHCTBUA (Omepaiuu). Y MHOXKE-
HUE BEKTOpa Ha CKajsip (YKMCIIO) M CJIOKEHHWE BEKTOPOB HA3bIBAIOT JIMHEWHBIMU
OTEpalHsIMH.

YMHOXXEHHE BEKTOpa Ha YMCIIO.

Omnpenencuue:. [lpousBeeHneM BEKTOpa d Ha CKaysp A Ha3bIBaeTCS BEKTOp D,

KOTOPBIM:
mmeet Moxyis |b =] 4 ||d];
KOJUIMHEApEeH BEKTOpY a;
HaIpaBIlieH TaK ke Kak BeKTop a mpu A >0 ¥ mpOTHUBOIMONIOKEHO BEKTOPY 8 mpu A
<0.

O6o3HavaeTcs nponssenenne b = 4 &. B wactHoctn, npu A = -1 umeeM (-
1)- a@. Bektop -d Ha3bIBaCTCS MPOTUBOIOJIOKEHHBIM BEKTO-

py a (Puc. 4.5). X\
Ecimt a=0 wiu A =0, To 4 -a=0 — HYJIEBOH BEKTOD.

-

-a
Puc. 4.5

EMy HC IIPUITUCBIBACTCA HUKAKOI'O OIIPCACICHHOI'O HaIlpaB-
JICHUA, HA4aJI0 U KOHCL COBIIaJarOT.

['eoMeTpHUyYeCKU CMBICI OTIepallii YMHOXEHHS BEKTOpa d Ha YMCIO A CO-

cTOUT B "pacTsokeHun" BekTopa d B A pas, (ecnu | A [>1, TO 3TO HEHCTBUTEIBHO
pacTsbkeHue, a pu | A |[<1, — 310 cxkaTHe) ¢ BO3MOKHBIM U3MCHEHHUEM HarpasJie-

HMU:.
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Ecim |€|=1, TOo BexkTop € Ha3BIBACTCSA CIAMHUYHBIM BEKTOPOM (OpTOM).

Bekrop a=a°|d|, ecnu a° eqHUYHBIN BEKTOp (OPT) BEKTOpa &.

Ecnmu nBa Bektopa du b kommmHeapHsbl, TO OJUH W3 HHUX JIMHEHHO BhIpa-

KaeTcs yepes apyroii: d=Ab (wmm b =18). OueBmmno A=+|a|/|b |.

n n ~
+"ecmaub HallpaBJICHbI OAMHAKOBO,

— CCJIM ITPOTHUBOIIOJIOKCHO.

Cnoxenue BCKTOPOB.

Omnpenenenue: CyMMOW BEKTOPOB &, d,,..., 8, Ha3bIBaeTca BEKTOp R,

3aMBIKAIONTUI JIOMAaHYI0 JIMHUIO, TTIOCTPOCHHYIO M3 HHUX IMapauIeIbHBIM IEePEHO-
COM, KOTJa KOHEI| MPEeIbIAYIIero BeKTopa SBJSETCsS Haya-
-~

JIOM CJIEAYIOLIETOo, IPUYEM Havajo ero B Hayaje BeKTopa &, b

_ = - x
, KOHEll B KOHIIe BekTopa &,. Obo3HavaroT: R= a, =%
a, +a, +..+4a,

N3 sToro obmiero npasuia JETKO CleAyeT YI00HOe b

Puc. 4.6
OpaBWIO HapajuiejorpaMMma JIJjIs1 HaAaXOXXICHUS CYMMbI JIBYX

BEKTOPOB: CyMMa JIByX BEKTOPOB d W b , mpuBen€HHBIX K oHOMY Hadaiy O, ecTb

BCKTOp—AHUaroHaJjib IapajjcjiiorpamMmma, IoOCTpOCHHO-

ro Ha BekTOpax a m b kak Ha croponax (Puc. 4.6) / _ /’?
N ot
/

C

N3 pucynka 4.6 BHIHO, YTO BEKTOpP—

JIMaroHaab R=da+b saBisgerca 3aMbIKaHuEM JI0-

MaHOW M3 BEKTOpPOB d M D, 4To corjacyercs ¢ 00-

Puc. 4.7

MM ITPaBUJIOM CJIIOKCHHA.

U3 O6HICFO JKC IIpaBuUJIa CIICAYCT W IPABHUIO INAPAJJICIICIIMIICA HAXO0XKIC-

HUSI CYMMBI TPEX BEKTOpPOB, NMPUBEACHHBIX B
onHo Havasio O (M HE KOMIUIAHAPHBIX): 3TO
€CTh BEKTOp—[MaroHajab MapajlieIenuIena,
MOCTPOCHHOTO Ha JIaHHBIX BEKTOpaX, Kak Ha

croponax (Puc. 4.7).




1)
2)

4)

6)

7)
8)

Onepanys BeIYUTaHHS BEKTOpoB d U b (00o3HauaeTcs a-b ) mormmaercs

KaK CII0)KECHHE BEKTOpa & C BEKTOPOM -0 , TPOTHBOIOJIOKEHHBIM BEKTOPY b .

Ha npakrtuke o Bekropam a u b, npuBenéuusiM B ogHO Havano O, cpa3y

crposat Bektop BA=&-b, xak maymuit u3 xKoHIla BMUTaeMOro BekTopa b B Ko-
Hell yMeHbIaeMoro Bektopa a. (Puc. 4.8)

CBONCTBA JUHEWHBIX OIEPAITHIL.

OTMeTHM BOCEMb OCHOBHBIX CBOWMCTB JIMHEHHBIX ONEpalnii HaJ BEKTOPAMH:

d+b=b+a (KOMMYTaTUBHOCTb CJIOKEHUS WU IEPEMECTUTEIIHLHOCTH )
a+b+c)=(@+b)+c (accoMaTUBHOCTD CIIOKEHUS UJIM COUYETATEILHOCTD)
3) a+0=a (cylllecTBOBaHME HYJIEBOI'O BEKTOPA)

Jlnst mro6oro BeKTOpa d CYIIECTBYET €My IMPOTHUBOIIOJIOXKEHHBIM BEKTOp —a8, Tak

gro d + (-a) =0

5 1-d=a (cyliecTBOBaHHUE BEKTOPA PAaBHOTO JaHHOMY)
a(fa)=(apf)a, (accoIMaTUBHOCTh YMHOXKEHUS HA CKaJISIP)
A@+b)=Ad+ b; (pacnpenenurenbHble CBOMCTBA OTHOCH-
(ax+ p)a=aa+ pfa. TEJIbHO YMHOEHUS Ha CKaJIsip)

[IpocTpaHCcTBO, B KOTOPOM OMpPENECICHBI JAHHBIC JTUHEUHBIE ONEpaluu Hal
BEKTOPAMH, HAa3bIBAIOT JTUHEUHBIM.

IIpoexyus eekmopa

IIpoekuueii Bekropa M;M, Ha 3anaHHyIO0

ock | HasbIBaeTcsa 4yHCIIEHHOE 3HAYECHHE BCKTOpa

N:N2 Ha ocu | (Puc. 4.10a). ITpoekiueit Bek-

Topa d Ha BEKTOP D Ha3bIBacTCs MPOCKITUS BEK-

TOpa @ Ha 0Ch, UMEIOIIYIO C BEKTOpoM b ou- Puc. 4.10a
HakoBoe Hanpasienue (Puc. 4.100).

npya=|ajcosa, rae a- yron Mexy BeKTopoM d u

oceio | . / '-

b
Puc. 4.1006
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2)

Ceolicmeo npoekyuii:

1) TIpoekiust CyMMbI BEKTOPOB Ha OCh paBHA CyMM€ ITPOSKIIMIA TUX BEKTOPOB, T.C.
Hp|(§ + B)IHp| a+ Hp|5 ;

MIPOEKITUS TPOU3BEICHUS BEKTOpa 8 Ha YMCio A paBHA MIPOU3BEICHUIO YUCTIa Ha

MPOEKITNIO BekTopa a, T.¢. [Ip; A-a=Allp,a.

Paznoocenue eekmopa no éazucy.

[TycTe 3amaHbl BEKTOPBL &;,d,,..., 8, U YACHA &y, y,..., &,. COCTABUM KOM-

6I/IHaI_II/IIO N3 3TUX BCKTOPOB, HUCIIOJIB3Ys TOJIBKO BBCIACHHLIC JIMHEHHBIE KOMOWHa-
MU CJIOXKCHHA M YMHOXXCHHA BCKTOpa Ha 4YHUCIIO. B camom O6HIGM ClIydyac OHa

uMeeT BUL: o,d; + a,d8, +...+ a,d,. Takue KOMOMHAIUKY HA3bIBAIOTCA JINHEHHBIMU
KOMOMHAIMAMH BEKTOPOBd,, 8,,..., d,,, & YUCIA O, Xyp,..., A, KODPPULMECHTAMH JIU-

HEWHOW KOMOWHAIINH.
Ecnu BekTop mpeicTaBiieH Kak JUHEHHAs KOMOWHAIMS HEKOTOPBIX BEKTO-
POB, TO TOBOPAT, UTO OH PA3JIOKEH IO ’TUM BEKTOpPaM.

Teopema 1. IlycTe naH HeHyJeBOM BeKkTopd. JIF0OOW KOJUIMHEApHBIA eMy

BEKTOp b MpeacTaBieH B BUIC D = od eauH-

B C
CTBEHHBIM 00Pa30M. -
Teopema 2. JIro60# BEeKTOp @ Ha TIJIOCKO- :
CTH MOYET OBITh Pa3JIOkKEH MO JIBYM HEKOJIJIUHE- E';
apHBIM BEKTOpaM € M €, E€IMHCTBEHHbIM o0pa- O -e":' A
1 Puc. 4.11

30M.
C_i:a]é] +6(2§2.
HexonnnHeapHble BEKTOPBI €; M €, B3ATHIE B ONPENEIEHHOM IOPSJIKE,

Ha3bIBAIOTCSI 0a3MCOM Ha TJIOCKOCTH, a KOA(PPUIMEHTHI JTMHEHHON KOMOWHAIUU

KOOpJMHAaTaMH BEKTOpa d B Oa3uce €U €.
Teopema 3. Eciu é;, é€,, €;Tpu HEKOMILIAHAPHBIE BEKTOPA, TO BCAKHH Y€TBEPTHIN

BCKTOP a PaCKIaabIBACTCs 110 HUM M 9TO Pa3JIOKCHUC CIMHCTBCHHO.
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ad=0€ +a,6, +as8;.

Onpenenenue:  JoOble [1Ba HEKOJUIMHEAPHBIX YIOPSAJOYECHHBIX (B3SATHIX B

OIIPEICIICHHOM TOPS/IKE) BEKTOpa Ha IUIOCKOCTH HA3BIBAIOTCS 0a3WCOM Ha JTOM

IJIOCKOCTH. JIroOBIe TPHU HCKOMIIJIAHAPHBIC YIIOPAJOYCHHBIC BCKTOPA B IIPOCTPAaH-

CTBE HA3bIBAIOTCA 0a31MCOM B IIPOCTPAHCTBC.

Takum 00pa3oM, B IPOCTPAaHCTBE C BBIOPaHHBIM 0a3sHCOM €;,€,,€3 HaM

YOAAJIOCh KAKIAOMY BCKTOPY IIOCTABUTH B COOTBCTCTBHUC TpOﬁKY YHUCCII - €0 KOOp-
JUHAT. TGHCpI) ITPHU BBIINIOJIHCHHUH BBCIACHHBIX onepauﬂﬁ HaJl BCKTOpaMH MOKHO

3aMEHHUTh T€OMETPUICCKUE TTOCTPOCHUS aHATUTHICCKUMHU BBIPAKCHUSIMH.

IlycTh @ = €, + 2,8, + 38,0 = B8, + .6, + Subs,

Torma a+b = (g + B8+ (ay + B5)E, + (a3 + 5)8s

u Aa= (/105])51 + (/16!2)52 + (/1053)53.

Taxkum oOpa3zoM, NIPU YMHOKEHHH BEKTOpa HA YUCJIO BCE €ro KOOPAMHATHI
YMHOXAIOTCSl Ha 3TO YUCIIO, a MPHU CIIOKEHUHU BEKTOPOB CKJIAIBIBAIOTCS UX COOT-
BETCTBYIOIINE KOOPIWHATHI, €CJIM OHH OTNPEIeTICHb OTHOCUTEIIEHO OJTHOTO M TOTO
ke Oasmca.

ﬂeKClleOGbl NPAMOY20/1bHblE KOOp()MHClWlbl

OnpeneneHue: AEKaApTOBOM CHUCTEMOW KOOPAMHAT HA3bIBAIOTCS COBOKYII-

HOCTh TOYKHU ¥ 0asuca. Touka O - Hayano koopauHat, OX,0y,0z - koopauHATHBIE
ocu, Oxy,0yz, OXz -koOopAMHATHBIC TIJIOCKOCTH.
Ocp OX Ha3BIBAIOT OCBIO abcyucce, ock OY - ockio opouram u ock OZ - 0ChIO
annjauxam.
YacTo UCnoib3yeTCs B IEKAPTOBOM CUCTEME KOOPIMHAT, 0a3UCHBIE BEKTO-

PbI KOTOPOM B3aMMHO MEPIIEHAUKYJISIPHBI 1 UMEIOT €IMHUYHBIC JIJINHBI:

i LjLK, mzmzﬂzL
z
. ~ M,
Pa3n0xuM npOU3BOIBHBIN BEKTOP d TpexMmep-
HOTO MPOCTpaHCTBa Mo opram. s sroro mo- k M M
d 2

ctpoum BektopOM , paBHEII BekTOpy 4

30

Puc.4.12



(Puc.4.12). Torma a=xi + y]+ ZIZ, MHA4Y€ BEKTOp & MOXXHO 3alucaTh B BUJIE:
a=(xy,z).

W3 eTMHCTBEHHOCTH Pa3IOKECHUS BEKTOpa & 10 OpTaM, CJICIYeT, YTO €CIIU
KOOPJMHATHI MOOBIX IBYX BEKTOPOB A(X,,Y,,Z,) 1 b(X,,Y,,Z,) paBHbL T..
Xa=Xp, Ya=Yb » Za=Zp, TO 3TH BEKTOPHI TOKE PABHBI.

BektopOM , maymmuii ot Hauana Toukn O K Touke M (X,Y,Z) Ha3bIBaeTcs
paouyc - 6eKmopom TOW TOYKH, U €r0 KOOPIWHATHI
OM (X, Y,Z) COBIAAIOT C COOTBETCTBYIOIIUMH KOOD-

JTUHATaMU TOYKU M.
ITyctp AB - BEKTOP, KOOPJAWHATHI Hayaja M KOHI[A

KOTOPOT'o M3BECTHBI A(Xz, Y1, Z1) u

B(X2, Y2,22). Torna xoopauHaTtsl Bektopa AB X Puc. 4.13
BeIpakaroTcsa o popmynam: X =X, —%,Y =Y, —V;,Z2 =2, — 7.
U3 puc. 4.13 BuaHO, ut0 AB =T, +T,.
Vcnonb3ys cBolicTBa npoexuuit, umeem: X = Ilp, AB = Ilp,, (F, — T,)= Xy — X, U
AHAJIOTWYHBIM 00pa3oM HaxomumY =Y, —VY,,Z = Z, — Z;.
Pasnosxenne BekTopa AB 1o opTam 6y/eT UMETh CJIeLyFOIIHil BUL:
AB = (X, = x )l + (¥, —y1)i +(z, — 2 K.
IlepeMHOMXk€EHME BEKTOPOB M CBOICTBA HE3aBUCUMOCTH BEKTOPOB MOAPOOHO

pacCMaTpuBarOTCA B KypCC BBICIIICH MaTEMaTHUKHU.

3anaum
1. JlaHbl BEKTOpHI d = 2i — 4] +ku b=—i+ ] +3K. Haitru np, ; b.

2. Haiftu xocuHycC yria, o0pa30BaHHOTO BEKTOPOM b=10i —2/2 -]—GR u

ocero OZ.

3. JlaHbl BEKTOPHI d = 5] +k u b= i+ 4] +3K. Haittu KOCHHYC yTJIa MEXITy

IMaroHaJIIMH MapayiesorpaMMa, IIOCTPOSHHOTO Ha BeKTopax du b.
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4. JlaHbl BEKTOpHl a =—6 i—5K u 5{5; J3; 6}. Bbruuciuth mp; (ﬁ + 5)

5. Haiitu xocuHyc yriia, o0pa3oBaHHOTO BekTopoM a=31—2)j+K u 0ChiO
oV.

6. JlaHbl BEKTOpHl &= {3; 1 —l} n b=-2i+ 3] + 4K . Haittn KOCUHYC yIJIa,
06pa30BaHHOTO BEKTOPOM & + b 1 ocbro OX.

7. JlaHbl BEKTOPHI AB=i- 3] +k u AC=2i+ 4] +K. Haiitn
np__(AB + 2AC).

8. Bpumciuth mnpoeknuio BekTopa  a=51+2]+5K Ha ock BekTOpa
b=2i- j+2k.

9. OnpenenuTh Yyroja MEXIY TUArOHASIMK MapajijiejiorpaMmma, MoCTPOSHHOTO
Ha Bektopax a=3i+4j+5k u b=4i+5j-3k.

— —

10. Ompenenutb, MpU KAKOM 3HAYEHUHM M BEKTOppl a=Mi+] u
b=3i-3]+ 4k nepneHaukyspHsbI.

11. OmpenenuTh, MpU KaKOM 3HAYeHUH o BeKTopel d=oi—3j+K wu
5{1; o, 2} B3aMMHO IEPIICHINKYISIPHBI.

12. JlaHbl BEPILUHBI TPEYTroJIbHUKA!
A(—ZL' - 2; 4), B(— 4; —2; O), C(3; -2 1). Onpenenuts BHYTPEHHUM Yroj IpU

BepiinHe B.

13. Jlanbl BepIIMHBI TPEYroJIbHUKA: A(S; 2 —3), B(5; 1 —1), C(l; -2 1).

OnpenenuTs BHYTPEHHUN YTrOJl IPU BEpLIMHE A.

14. Haiiti BekTop X, KOJUTMHEAPHBIA BEKTOPY 5{2; 1; —1} U YJIOBJIETBOPSIIO-

Ui ycioBputo X -a = 3.

15. JlaHbl IB€ TOYKHU M(— 5, 7, —6) u N(7; -9 9). Bprauciaute npoexuuto

BekTopa @{1, —3, 1} Ha och Bektopa MN.
16. JlaHbI BEKTOpBI: &8 = 2i — 4] +k u b=—i+ ] +3K. Beraucsuts mp, ,; b.
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17. HaliTi OCTpBIM yroj MeXAy AUaroHASIMU IapajulesorpaMma, IOCTPOEH-

HOT'O Ha BEKTOpax 5{2; 1 0}, b= —i + k.

18. anb! Tpu BekTopa: a{3; —6; —1}, 5{1; 4, -5}, C= 3i—4j+12k . Haiiru
p, (ﬁ + 6)

19. lansl Tpu BekTOpa: 5{1; -3 4}, 5{ 3, —4; 2}, C=—i+ ] + 4k . Haiitu
Hp5+é a.

20. HanTy oCTpBIi yroa Mexay AUaroHASIMU [TapajuiesiorpaMmMa, oCTPOEHHO-

ro Ha BEKTOpax 5{2; 1 O} 51 B:—Z]+R.

21. JlaHbI TpH BEKTOpA: 5{3;— 6;—1}, B{l; 4; — 5}, ¢=3i— 4] +12K . Bounic-

JWUTH TP, (6 + C).

22. Haiitn BeKTOp X, 3Hasi, 4TO OH MEPIEHAMKY/ISIPEH BeKTopaM a =21 —k u
b=3j
U YJIOBJIETBOPSIET YCIOBUIO X - (Zi —J+ k): —6.

23. Haiitu BekTOop X, KOJUIMHEAPHBIN BEKTOPY & = 2i+ ] —K u yIIOBJIETBOPSI-
IOIIUN yCI0BUIO X - b =6.

24. JlaHbl BEPILUHBI TPEYTroJIbHUKA!
A(—l; —-2; 4), B(— 4, —2; 0), C(3; -2 1). Onpenenute BHEUIHUM Yroja TpHU
BEpIIUHE A.

25. Jlanbl BepUIMHBI TPEYrOJbHUKA: A(3; 2 —3), B(5; 1 —1), C(l; - 2; 1)

OrnpenenuTs BHEIIHUI Yroy NPy BEPIIMHE A.

26. Jlan Bexrop @=3i+2j—K mutoukn M(3; —=1; 2) u N(4; —2; 1). Haiiru

mp_a.

27. B TpeyronpHUKE C BepIIMHAMH A(2; -1, 3), B(LL 1), C(0; 0; 5).

OnpenenuTs BHYTPEHHHAN YTOJI IIPU BEPILMHE A.

28. JlaHbl BEKTOPBI é{l; -1 2} u 5{2; -2; 1}. Halitu npoexmuro BeKTopa

€ =3d — b Ha HanpaBieHue BekTOpa b.
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29. JlaHbl BEpLIMHBI TPEYTOJIbHUKA! A(4; 1 O), B(2; 2; l), C(6; 3 1). Haiitn
MIPOCKITUIO BEKTOPA AB Ha CTOpPOHY AC.

30. [aubl Bektopsl d=3i-6j—K b=i+4j-5k, ©=3i+4j+2k.

Haiitu mpoekmuio BekTopa a8+ C Ha BekTtop b+ C.
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5. HOKA3SATEJIBHAA ®YHKLIMUS. IOKA3ATEJIBHBIE YPABHEHUSA
N HEPABEHCTBA

OmnpenesieHue ¥ cBOMCTBA NOKa3aTeJbHON QyHKkUuM. ['paduk noxkaszaresinb-

HOW (PYHKIUH.

OyHKIHMIO BUAA Y = a*, rme a> 0 u a # 1, HA3BIBAIOT NOKA3ZAMENbHOU @yHKyuetl.

OCHOBHBIE CBONCTBA IIOKA3aTENLHON QyHKIMK Y = a’;

CBoiicTBO a>1 O<ax<l1
OObnacTh ompeneIcHHs D(f) = (-o0; +00) D(f) = (-o0; +o0)
OO6nacTh 3HaYCHUH E(f) = (0; +o0) E(f) = (0; +o0)
MOHOTOHHOCTB Bospacraer Yo6niBaeT
HenpepbpiBHOCTB HenpepriBras HenpepriBHas

I'paduk nokazarenbHOM PyHKIUM

['padrxom nokazatenbHON PYHKIUU SBIAECTCI 9KCHOHEHMA.

y y
X X
y=2a y=2a
a=1 0=a=<1
1 X ! X
e . I
0 0

Puc. 5.1. I'paduku nokazarenbHbIX (PYHKITHI (9KCTIOHEHTHI)
Pa3zanunbie coco0bl pelieHus MOKAa3aTeJIbHbIX YPABHEHUIT U HEPABEHCTB.
Iloka3zamenvHbimMu HA3BIBAIOTCSA YPAaBHEHUS W HEPABEHCTBA, B KOTOPHIX HEM3BECT-
Has TIepeMEeHHasi HaXOIUTCS TOJIBKO B MOKA3aTENAX KaKUX-TH00 CTETIeHEH.

Pewenue nokazamenvhnwvix ypa(meuuﬁ
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Teopema 1. ITokasatensroe ypasHerne a0 = a?® (rge a > 0, a # 1) paBHOCHIB-
HO ypaBHeHHIO f(X) = g(X).

OcHoOBHBIE POPMYIIBI U ICUCTBUS CO CTETICHSIMMU:

a>0,b>0:
k
a’=1,1"=1; a"=%a* (keZ,neN) a=—; a‘-a’=a";
a
a_X:ax—y. (ax)y:axy. ax_bx:(ab)x. a_xz(ijx
a’ ’ ’ b )

OcHOBHBIC METOAbI PELICHUS OKA3ATEJIbHbIX YPABHEHUH

Merton npuBeieHUsI CTENEHEN K OJJTUHAKOBOMY OCHOBAHUIO.

Brinecenue 00111€ero0 MHOXKHUTENS 38 CKOOKH.

Merton BBeieHUS HOBOM ITIEPEMEHHOM.

MeTto NOYJIEHHOTO JIETICHUS.

['padpuueckuit meTo.

. YpaBHenuss Buga a’™=1. (Metox npuBeneHHus CTelneHeill K OJMHAKOBOMY
OCHOBAaHMIO).

P, (MeTox npuBeeHHs CTeNeHell K 0MHAKOBOMY

Il. YpaBuenusi Buaa a
OCHOBAHMIO).

I11. YpaBuenns: Buga Aoa™ ™ + A:a™* +4,a™, +  +4,a™* =M. (Bbinece-
HHe 001ero MHOKHUTEJIA 32 CKOOKH).

[IpuBeném oOLMI aNroOpuTM METOJA BBIHECEHHUS OOILIEro MHOXHTENA 3a
ckoOku Ha npumepe ypasaerns Aga™ o + A1a™ ™ +4,a™ S+ +A40a™ =M:
BBIHECEM OOLLMI MHOKHUTEIb 3a CKOOKM: a™ (doa®y + A1a"y +42d5+  +A4nd")=M:;
0003Ha4YMM BBIpaKEHUE B CKOOKax Aoako +A1ak1 +A2ak2 + +Anakn =N;

IIOJICTABUM 3aMEHy B M3HadalbHOE ypaBHeHue a N =M;

TIOJIy4HM IpocTeiiniee mokasarenbHoe ypasaenue a =M/N;

HAXOJUM pEIICHHE 3TOTO0 ypaBHEHUS MpH ycioBuH, uto ecau M/N<0, to ypaBHe-
HUE PEIICHUN HE UMEET.

IV. YpaBuenns Buga Aoa”™ + A1a* +4, =0. (MeTox BBegeHUs] HOBOIi IepeMeH-

HOI).
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[IpuBeném 00U aNropuT™M METOAA BBEJCHUSI HOBOW NMEPEMEHHOW Ha MpH-
mepe ypaBHeHust Aoa™ + Aya* +4; =0.

Ecnu B nmoka3arenbHOM ypaBHEHHH BCE OCHOBAaHHMS OJMHAKOBBI, a MOKa3aTe-
JIM CTETIEHEW — Pa3HbIE, TO:
MIPUBEIUTE K OJHOMY ITOKA3aTEI0 CTEIEHU U MOJIYYUTE YPABHEHUE C OJUHAKOBBI-
MU OCHOBAHMSIMH M OJIMHAKOBBIMU IOKA3aTEJIIMU CTEIEHEN, Hanpumep Ay (ax)2 +
Alax +A2 =O,
clenaiite 3aMeHy IIEPEMEHHOM, HAIIPUMED d =
pelINTe ypaBHEHHE OTHOCHTEIHHO 9TOH HOBOM mepeMenHoi (A y* + A1y +A4, =0);
cenaiTe 0OpaTHyIO 3aMEHYy MEPEMEHHOM U MOJIYYUTE COBOKYITHOCTh MPOCTEUIIINX
MOKA3aTEJIbHBIX YPABHEHUMN.
V. YpaBHeHus BUIA Aoa* +A1aX/ 22 +A4,0" =0. (MeTo MOYIeHHOI0 IeJIeHN).

O,Z[HOpOI[HLIe YpaBHCHUA BTOpOﬁ CTCIICHU B 06H_IeM BHUAC MOKHO 3aIlMCaThb TakK:
AOaZf(x) i Alaf(x)bf(x) i A2b2f(x) —0

rae Ay, Aq, Ay, @ b — HekoTOpbIE uncia, MpUYEéM a U b — MOJ0KHUTENBHEL U OT-

JIMYHBI OT €ANHUIIBI.

Y100l IPUATH K TAKOMY BHJLY, [IOYTH BCET/Ia YpaBHEHHE TPeOyeTCs peIBapu-

TCIJIIBHO HpeO6pa3OBaTI>. ‘—Iame BCCTO YPABHCHHUC 3aIIMCBIBAIOT B BUAC
f
Aa? ™ + A(a-b) ™+ AB2 ) =0
3anuiiem IMPHU3HAKH, KOTOPBIC ITO3BOJIAT OTIMYUTL OJHOPOJHOC YPAaBHCHHUC OT

YPaBHEHUN IPYyroro BUAA.

[Ipu3HAaKM OJHOPOJHOTIO MOKA3aTEIAbHOIO YPAaBHEHUSI BTOPON CTEIICHU

YPaBHEHHUE CONEPIKUT POBHO TPU CTEIEHU C Pa3HBIMU OCHOBAHUSIMU;
NoKa3aTelu JBYX CTENeHeW pOBHO B JiBa pa3a OOJbllle MOKa3aTels TpeThell crerne-
HU;
OCHOBAHHUE HTOMN TPEThEU CTEIEHU PABHO IIPOU3BEICHUIO OCHOBAHUM JIBYX APYTUX
CTCIICHEN.

[IpuBeném oOIMI aJrOpPUTM METOJla TOYJEHHOTO JCJICHUS Ha TMpUMEpe

ypaBHeHus Aga” + A 1@ b +4,b* =0.

37



Eciin B moka3aTeIbHOM YpaBHEHHH BCTPEUAIOTCS JBA PAa3HBIX OCHOBAHUS CTeE-
TICHEH ¢ pa3HBIMH ITOKA3aTeISIMH, TO:
NPUBEIUTE K OJUHAKOBBIM ITOKA3aTesM CTEICHEH M TMOJIyYHTe ypaBHEHHUE C
JIBYMsI pPa3HBIMH OCHOBAHHSMH W OJMHAKOBBIMU (HMJIM KPATHBIMH) MOKA3aTEIISIMH
CTEIICHEH;
paszennuTe Bce ypaBHEHHE MOYJICHHO HAa MEHBIIEe OCHOBAHUE B CTENEHU ypaBHE-
uus (Harnpumep Ha b* . 0). IIpeoOpasyiite 1poOH ¢ MOMOIIBIO TOKIESCTBA CTCIICHH
IpoOW M TOJyYWTEe TIOKA3aTEIbHOE YpPaBHEHHE C OJWHAKOBBHIMH OCHOBAHHSMH H
OJIMHAKOBBIMH TI0Ka3aTessiMu crenereit (Ao(a/b)” + A1 (a/b)™? +4,=0);
crenaiite 3ameny nepemenHoit ((a/b)”*=y);
PELINTE YPaBHEHHE OTHOCHTENIBHO YTOH HOBOM mepeMeHHOM (Agy” + A1y +A4, =0);
cenaiTe 0OpaTHyIO 3aMEHYy MEPEMEHHOM U MOJIYYUTE COBOKYITHOCTh MPOCTEUIIINX

IIOKAa3aTCIIbHBIX ypaBHCHHﬁ.

V1. YpaBaenns Buaa a’=f(x). (Fpaduuecknii cnocoo).

Pewienue nokazamenvhnwvix Hepasencmsa.

OmnpenencHue: H}’CTB d - TaHHOC ITOJIOXKMTECJIBHOEC, HC paBHOC CAMHHUIIC YN C-

no u b- mannHoe nelicTBuTEnbHOE umcno. Torma HepaBeHcTBa a” >b (ax Zb) u

a*<b (ax < b) Ha3BIBAKOTCS NPOCMEUUUMU NOKA3AMENbHLIMU HEPABGEHCTNEAMU.
PemieHnem HepaBeHCTBA C HEM3BECTHBIM X HA3BIBAIOT YHCIO X, IIPH MOJI-

CTaHOBKE KOTOPOTO B HEPABCHCTBO MOJYyYaeTCs BEPHOE YHCIOBOE HEPABEHCTRBO.
Pemmth HEpaBEHCTBO - 3HAYHT, HAUTH BCE €r0 PEIICHUS HIIH MOKa3aTh, YTO UX HET.
Teopema 2. Eciu a > 1, To Hepaserctso a ' > a ¢ ® paBHocuibHO HepaBeHCTBY
Toro ke cmbicia: f(x) > g(x). Eciu 0 < a < 1, To mokaszareabHOe HEPAaBEHCTBO

a'® > a9® papHocHIEHO HEpaBEHCTBY IPOTHBOIIONOKHOTO cMmbicha: f(X) < g(X).

Memoobi peuienua noKkazamenabHbIX HEPAGEHCME.
1. Iloka3aTe/ibHbIe HEPABEHCTBA, CBOASIIIIAECH K MPOCTEHIIINM.

2. MeTo/1 BBe/leHHsI HOBOM NepeMeHHOA.
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MeTtoa BbIHECEHHUS 00IIero MHOKUTEJIA 32 CKOOKH.

MeTo NOYJIEHHOTI0 AeJICHH.

MeTOIl panuoHaJIn3alun.

Metoa palMoHaIM3alMy 3aKI0YaeTCsl B 3aMEHE CJIOXKHOTO BhIpakeHHs F(X)
Ha Oosiee mpocroe BeipakeHue G(X), mpu kotopoit HepaBeHcTBO G(X)VO paBHO-
ciibHO HepaBeHCTBY F(X)VO B oOmactu onpenenenust Beipaxenus F(X). [lox 3Ha-

KOM V MOoApa3yMeBaeTcsl OAUH U3 3HAKOB >,<,> <.

u,-u, -...-u
JIro60e HepaBeHCTBO MPUBOINMO K BHIY ——2 " v 0,
Vy oV sV
rae Us,...,UpV1,...,Vk — HEKOTOpble (GyHKIMHU. JIOBOJBHO YACTO KAXKIYIO U3 HHX

MO’KHO 3aMEHUTbH Ha APYTYI0 3HAKOCOBMAJAIONIYI0 (DYHKLHIO HA 00JIaCTH Ompese-
nenwusi. [IpuBenémM OCHOBHBIE THIIBI BBIPAXKECHHM, JJIsI KOTOPBIX MOXKHO HCTOJIB30-
BaTh METO/] pallMOHATIN3ALIUY.

B niepBom cronbiie Tabmuibl — dyHkus F(X), KoTopyro Mbl paluoHaTH3H-
pyeM. Bo BTropom cronbie — dynknus G(X) — 3HakocoBmagaromas ¢ GyHKIueH
F(x) Ha obnactu e€ onpeneneHus. [Ipu 3TOM, UCHONB3Ys] METO]] pAIlMOHATA3AIIUH,
HeJb34 3a0bIBATh PO 001acTh onpeaeneHus QyHkuui. [Ipu pemenun 3agaun uc-
XOJTHO€ HEPABEHCTBO MIPE0Opa3yeTCsl B CUCTEMY: pallMOHATIM3UPOBAHHOE HEPABEH-

ctBO 1 O/[3 uCX0IHOrO HEPABEHCTRA.

Boipa:xenue F Boipaxenue G o3
h(x)"®—h(x)** (hC)—1)-(F)-g(x)) h(x)>0
h(x)'®@-1 (h(x)—1)-f(x) h(x)>0
f)"0-g(x)"" (fFCO—9(0)h(x) f(x)>0,9(x)>0

Teopema 3. ITokasarensroe Hepaserctso a(x)' ™ >a(x)™ pasrocuasHO cite-

a(x) >0,
JyIoIel CUCTeMe HepaBeHCTB: < a(X) # 1,

(@(x) -D(f (x) - 9(x)) 2 0.

39




23.

24.
25.
26.
27.
28.

29.

30.
31.
32.
33.

34.

35.
36.

Ll
Pemmure nokas aTe/IbHble YPABHEHNA!

v/ 12532z — i

4
32—z _[.32xr —q2z+1
2.6°+3.6"13=325.3"1,
49=+1 L 55. 71 _56=0.
32:1.'+5 _ 22:1:+7 4 321:+4 _ 22.1:+=1 -0

4. 32.1: . 22:1.'—; _32.1:+1 o 22:1.‘ —(.
]. o a—
6v2 (E) +36"T =66.

(2° =22 +2)" " =(a? - 20 +2)* "
3.92%F L 6F —2.3% =),

5*—1=y6+2-5%.
z— 4|V 5 = | — 4|2,

a
T
Haitru npounssenenne kopueil ypasnenns 02T — 1

- T 2
Haiiti cymmy xopueil ypapnenns 27 +2% 73— 27+l =7.95+6

Haitru cymmy kopreit ypasnenus: /xr — 1, -'3(2‘I +8.-27F — 6) =0.

HailTi HauMeHbIie He/ibe T, VI0BJIETBOPAIONINE HEPABEHCTRBAM:

24.
25.
26.
27.

28.

29.

30.
31.
32.

Frtl __3z+2- 9. 57 9.3z 1
Tz+2 _ 8:+2 <6- -Ta.-+1 —7. 8.r:+1_
22T _3.97 4 9<0.

gz+l _3z+3 -3¢ _ 3

9 2 4dx ] z+2
- = — _
(5) ()

6r—1 5

1
(0,2) 3—x {(E) :
pYF 2> plove2pg

r—3)9>1.
(z—3)"
(x+ 1)32_4 =1

Pemurn HeEpABEHNCTBA:

33.
34.

35.

3\f:13+1+1 _28_'_32—\;:1.'+1{:D.

(z4+1)= 36 <1,
647 _ 3.4 3

22 1] Sqr 1 4741
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JJOTAPUOMHNYECKAA @YHKIUSA. TOTAPUOMHNYECKUE YPAB-
HEHUSA U HEPABEHCTBA

Omnpenenenue u cBoiicTBa Jjorapupmudeckoi pynkuuu. I'padux jgorapud-

Muuyeckou pynkuuu. Jlorapupmuueckas pynkuus. Jlorapugmnol.

Omnpenenenne: JlorapumMoM THOJOKHUTEIBHOTO YMCIa D Mo ocHOBaHUIO @,

rae a > 0, a#l , Ha3pIBaeTCs MOKa3aTelb CTENEHU, B KOTOPYIO HaJ0 BO3BECTH YHC-

J10 &, 9YTOOBI TTOTYyYHuTH D.

1 1
Hanpumep: 1009,8 = 3, Tak kak 2°=18: log 3 9 =) . Tak Kak 3 > :§;
log,7 = 1, Tak kak 7' = 7.

9 —y. D10 paBencTBo crpa-

Omnpenenenue goraprupma MOKHO 3aKcaTh TaK: &
BeuuBo Tipu & > 0, b > 0, a#1. Ero 00bIMHO Ha3bIBalOT OCHOBHBIM JIOTapu(pMH-
YEeCKHUM TOKIAECTBOM.

JelicTBue Hax0XI€HUS Jjorapudma drciia Ha3bIBalOT JorapupmMupoBaHueM.
JleficTBUE HAXOXKICHHS YKCIIa MO ero JiorapudMy Ha3bIBAIOT MOTEHIIUPOBAHHEM.
CaoiicTBa orapumMoBs.

[Ipu BeINOTHEHUHU TPeOOpa30BaHU BBIPAXKEHHM, COAEpKAUX JTOTapu(Mbl, IPH
BBIUHCIICHUSAX U NPU PEIIEHUHA YPABHEHUM 4aCTO UCIIOJIb3YIOTCS Pa3InYHbIE CBOU-
cTBa JiorapugmoB. PaccCMOTpUM OCHOBHBIE U3 HUX.

[Tyctb a > 0, a#1 , b >0, ¢ > 0, r — moboe aericTBUTEIBHOE Yncio. Torma crpa-

BEJIJTUBBI (POPMYIIBIL:

IogaE:Iogab—logac | r
C og,b" =rlog,b

Ioga(bc):logab+logac’ | _
JlecATHYHBIC U HATYypaJIbHBIC JIOTapU(PMBI.
Jlns norapuMOB YHCEN COCTaBJICHBI CIICIIUAIbHbBIE TaOIUIbI (TaOIUIIBI Jorapud-

MOB). Jlorapu@mbl BEIYUCIIAIOT TaKXKeE C MOMOIIBI0 MUKPOKAJIbKYJIsiTOpa. Y B TOM
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U B IPyTOM CITy4ae HaXOJAATCA TOJIbKO AECITUYHBIC WM HaTypajibHbIE Jorapud-
MBI.

OHDGHGHCHHC: I[€CHTI/I‘IHI)IM JIOl“apI/I(I)MOM qucjia Ha3bIBarOT JIOl"apI/I(i)M 9TO-

ro gucia no ocaoBanuto 10 u mumry Ig b BMecto logyob.

Onpenenenue: HarypanbHbiM JorapudMoM yuciaa Ha3bIBaIOT JoTapudm

3TOr0 YHCJIa M0 OCHOBAaHHIO €, TJIc € — HPPALUOHATBHOE YUCIIO, MPHOIMKEHHO
pasHoe 2,7. [Ipu 3tom numryt In b Bmecro logeb

HppalioHaIbHOE YKCIIO € UTPAcT BAKHYIO POJIb B MATEMATUKE U €€ TPUIIOKCHH-
sX. HUCIIO € MOKHO TIPE/ICTABUTH KaK CYMMY:

1 1 1 1
e=1+-+—+ +ot—+ .. 1
1 1.2 1-2-3 1-2-3-...-n wme=Y —.

ex2,7182818284.

JI0CTaTOYHO 3HATh 3HAYEHUS TOJIBKO JECSITUYHBIX WIHM TOJBKO HATYPAJIbHBIX JIOTra-

pu(dMOB yuced, 4TOObl HAaXOIWUTh JIOTapU(Mbl YUCEN IO JHOOOMY OCHOBAHUIO.

JList 3T0rO0 HCIoNb3yeTCs (pOpMyYJIa 3aMeHbl OCHOBAHUS JIOTapu(ma:

b— log, b
log, a

rneb>0,a>0,a#l,c>0, c#l

log wm tak log, b-log.,a=1log b,

a

CaencrBust u3 GopmyJibl 3aMeHbl OCHOBaHNs Jiorapudgma.
[Tpu ¢ = 10 u C = e momyyaroTcst popMyIIbl Iepexoa K ASCATUIHBIM U HATypaslb-

HBIM JIoTapudmam:

Igh

Inb
log.b=—"—, log.b=—
Ja lga Ja

Ina’

Jlorapudmuueckas pyHkus, €€ CBONCTBA U Ipaduk

B maremartuke U €€ NpuiI0oKEHUAX YacTO BCTpeUYaeTcs Jorapupmuyeckas QpyHk-
uus Y = l0g, X , rae a - 3amannoe yucio, a > 0, a£l.

Jlorapupmuueckas pyHkuus 00J1a1aeT CBOMCTBAMM:

1) O6sacTh onpeaeacHus JorapupMUIECKON GYHKIIUH — MHOMXKECTBO BCEX MOJIO-
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KUTCIbHBIX YUCCII.

2) MHOXeCTBO 3HaUCHHI JTIorapru(pMUIecKor (H)YHKIUH — MHOXECTBO BCEX JIeH-

CTBHUTCJIbBHBIX YHCCII.

3) Jlorapudmudeckast GyHKIUS HE SBISICTCSA OTPaHUYCHHOM.

4) Jlorapudmuyeckas pyHkIus Yy = 10g, X ABJISICTCS BO3pACTarOIICH Ha TPOMEKYT-

ke (0;+o0) , ecniu a > 1, u yOwiBatomei, ecmm 0 < a < 1.

5) Ecan a > 1, to pyHkius y = 10g, X IpUHUMAET TOJI0XKHUTEIbHBIC 3HAUCHHSI TIPH X
> 1, orpunatenbhbie mpu 0 < X < 1. Ecmu 0 < a < 1, To ¢pyHkus Y = 109, X npuHH-
MaeT MoJiokuTeNbHbIe 3HaueHus npu 0 < x < 1, orpuniarenabHsie npu x > 1.

Ocb Oy siByisieTcsl BEpTUKAIBHOM acHMITOTOM Tpaduka GyHKIUH Y = 10g, X

1 I
¥ y=log _x 4
a1 y=log _x
1 1 O<a=l1
1 1
d X a X
1 a j a 1
-1 -1
Puc. 6.1

OtmeTtuMm, 4To Tpaduk 000 orapudmudeckoit pyHkuu Yy = 10g, X mpoxoauT
gepe3 Touky (1; 0).

[Ipu pemieHnn ypaBHEHHI 4acTO UCIIOJB3YETCS CIEAYIONIas TeOpeEMa:

Teopema. Eciu 109, X; =109, X, tie a > 0, a#1 , X3 > 0, X, > 0, T0 X1 = Xo.
Jlorapudmuueckas Gpynkuus Y = 109, X 1 nokaszarensHas GyHknus y = ', rae a >

0, a#1 , B3auMHO 0OpAaTHBL.
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Pa3zimuHble c1oco0bI pelieHust JOrapupMu4ecKuX ypaBHeHHil U Hepa-

BCHCTB.

OCHOBHBIEC METO/IbI pelIeHNUs JIOTapU(PMHUYECKNX YPABHEHMIA:

Ha ocHoBaHuM onpeneneHus Jorapudma.

MeToa noTeHIMpOBaHUS.

MeTton noCcTaHOBKH.

Merton norapupmMupoBaHusi.

OcHoBHBIE IPaBUJIA:

. HyxHo Haiitu 0o6sacte qonyctumMbix 3Hadenuit (O/13).

. C momouIpl0 OCHOBHBIX JorapuMuyeckux (Gopmyi HPUBECTH B ypaBHEHUHU K
jgorapupMam ¢ OJMHAKOBBIM OCHOBAHHEM CJIEBA U CIIpaBa OT 3HAKA PABEHCTBA.

. Ecnn ITYHKT 2 HCBO3MOJXXCH, TO BBOAUTCA ITIOACTAHOBKA.

Pewenue nozapugpmuueckux nepagencme.
[Tpu pemenuu norapuMUUECKUX HEPABEHCTB HEOOXOIMMO YUYUTHIBATh, YTO

>aP < <3P
Leema>0,a#1,10l0g, () 2b<=> | ()28, J0S T(0=a?
a>1 O<axl

< <aP > ab
2.ecmia>0,a# 1, 1o log,f(x) <b <=> O_f(x)_a um f(X)—a .
a>1 O<axl

g(x)=h(x)  [h(x)2g(x)
3.109 19 9(X) > log 1y h(x) <=> 1h(x)>0  m<g(x)>0
f(x)>1 0< f(x)<1

g(x)<h(x)  [h(x)<g(x)
4.109 19 9(x) <log ey h(x) <=> g(x)>0  m <h(x)>0

f(x)>1 0< f(x)<1
__[0<o(x)<1  [o(x)>1
5. 10g,() T(x)>0 = 10g, f(x)>10g, 1 <=> {0< f(x)<1” {f(x)>1'
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Nwmeerca He MeHee 4 TPUHLMITHAIBHO Pa3IMYHbIX THIOB MOAX0/Aa K PEILICHHUIO
Jorapu(pMUUECKUX HEPABEHCTB:
1. nepebop cinyyaeB «OCHOBaHUE OOJIBIIIE €IUHULIBI, «KOCHOBAHHE MEHBIIIE €/IUHU-
IBI»;
2. Iepexoj] K paBHOCHJIBHBIM COBOKYITHOCTSIM CCTEM HEPaBEHCTB, HE COJEPKa-
1IMX JorapumMoB, METO/1 pallMOHAIU3AIUY;
3. 00001IeHHBI METO] HHTEPBAJIOB;
4. rpaduuecKuil METO/I.
Merox panuoHaJIM3anuH.

HamomuuMm, B epBoM ctosdie Tadmumbl — QyHKus F(X), KoTopyro MBI pa-

roHanm3upyemM. Bo Bropom cronbie — dynkuus G(X) — 3HaKoCOBIaIaromast ¢
¢dynkiueit F(X) Ha odmacTu e€ onpeaenenus. [Ipu 3TOM, UCHIOIB3YS METOJT PaIO-

HalIu3annun, HCJIb3s51 3a0BIBaTh IIpo 001acTh OIIPpCACIICHUA (bYHKLIHﬁ

Boipa:kenue F Broipa:kenue G on3
1081100819900 (16115 (0) L((XX);(’I’Q(X)>°’“(X)>°’
lognef(x)—1 (h(x)—1)-(f(x)—h(x)) f(x)>0,h(X)>0,h(x)#1
10ghef(X) (h()—1)-(f(x)-1) f(x)>0,h(X)>0,h(x)#1
h(x)>0, f(x)>0,f(x)#1,

1091001 (0)ogato 0 (109~1)-(@0)~D-VG-D- @D 0o

Teopema 1. Jlorapudmudeckoe HEPaBEHCTBO
IOga(x) f(X) Z Ioga(x) g(x)
PaBHOCHIJIBHO CIEAYIOIICH CHCTEME HEPAaBEHCTB:
a(x) >0,
a(x) #1,
f(x) >0,
9(x)>0,
(a(x) -D(f (x) - g(x)) = 0.

Hepasenctsy log,,, f(x)-10g,, y(x)<0
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)

)
COOTBCTCTBYCT paBHOCHUJIbHAA CUCTCMaA y(X) >0

)

)

Pewenue nokazamenvHo-nozapughmuyeckux HepageHcma

PaccmarpuBasi mokazaTenbHO-TOTapU(pMUYECKUE YPABHEHUS, Mbl OTMETHIIH,
YTO ISl MX PEUIEHUS MCIOJIb3YyeTCs METO] Jorapu(pMupoBaHUs OOE€HUX dYacTeu
YPaBHEHUS 110 OAHOMY U TOMY K€ OCHOBAHHUIO. DTOT METOJ MPUMEHSAETCS U IS

pCIICHUS HOKa3amenbHo-102apumuieckux Hepasencme. 3nech Take f(x) >0
u g(x)>0 wu mnepexomum ot HepaBeHcTtBa f(X)>g(X)k HepaBEeHCTBY
log, f(x)>log, g(x), ectm a > 1 u k HepaBenctBy log, f(x)<log, g(x), ecnu

O<axl.
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PE.UIHTIJ }’[JH.EIIEIIHH:

log,(2x+1) —log, z=log, 64.

logs = —log, = — 2=0.

4log, 22 =logs(—z)+16.

log, 44=Ilogy 5logy 11 —2log,(x —2).

lngx:_r[B(Zx +1)]+log 5 3=logy(2x+ 1)

Aol A

19
6. log,;r+loggx+log, x= 17

7. %laga 2 +3log, mzélogES—]ogg
8. lcrgz(:c—l—l)—lag%(I—B):logQIQ.
?(J:—l-l}zg
2r—3

9. logy[(z+1)(2z —3)]+1og,
].D; nglf"'d_- ]Dgz_g ].'5 — _].

Haiitu nanbosbimme xopuu ypasnennii:
11. loga x —log, = —3=2'"822
12. log, z+log, % =1.
13. lg? 22 —lg2®+1=0.

x

+6
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Haittu nanbosbinme nesisle x, yI0BIETBOPSIONINE HEPABEHCTBAM:
8. lg5%** —1g25>1g5% 2 +1g5.
9. (r+1)log,,3—logg,27>0.
10. logg(x?—x)<1.
11. 5lss(2= <7,
12. log,log z(z—1)<1.
PE.T_L[HTI_: HepaBelcTBa:

14. logy(2z+4)+logy(z+1)<logy(4—x).
15. logq(2x+18)—logqy(z+5)<logy(6—x).

2 2
Hafitn nanmennmme HMEJIBLIE T, VIOBJIETBOPAIONHE HEPABEHCTBAM:

3
16. logq(r+2)—logg(z+2)> —3

3
17. log, . ;(5—x)>1.
19. log, 5(2x—9)<1.
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7. TPUHTOHOMETPUYECKHUE ®YHKIIUU. YPABHEHUS U HEPA-
BEHCTBA, COAEP KAIIIME TPUTOHOMETPUYECKHUE ®YHKIIUNU

IHocTpoenue rpagukoB TPUTOHOMETPHYECKUX (PYHKIUIA.

Cumnycom octporo yria ¢ Ha3bIBae€TCsl OTHOIIEHUE JUIMHBI KaTeTa, MPOTUBOJIE-
Kallero yriy ¢, K JJIMHE TUIOTEHY3bl MPSMOYTOJIBHOTO TPEYTOJIbHUKA C OCTPHIM
yrJIoM @, 1 0003Ha4daroT Sing. OTHOIIIEHUE JTMHBI MIPUJICKAIIECTO K YTy ¢ KareTa
K TUIIOTEHY3€ Ha3bIBAECTCS KOCUHYcom yria ¢, o0o3HayaroT COS¢. Tawnzencom
OCTpOTO yria ¢ Ha3bIBAE€TCS OTHOIICHHE JUIMHBI KaTeTa, MPOTHBOJIEKAIIETO K YTy
@, ¥ KaTeTa, mpujiekamiero K atomy yriy (tge). O6parHoe OTHOIICHUE JJINH KaTe-

Ta, IMPUWICKAIICTO K YITIY @, U KaTCTa IIPOTHUBOJICIKAIICTI'O, HA3BIBACTCA KOMAHZEH-

com (Ctg o).

KpOMe CHUHYCa, KOCHUHYCA, TAHI'CHCA M KOTAHI'CHCA HCIIOJB3YIOT CHIC CEeKaHC

SeCp = U KocekaHc COSecp = ——

Cos @ sing

BripakeHue, B KOTOPOM TEepeMEHHAas COACPIKUTCS TOJ 3HAKOM TPUTOHOMETPHY-
CKUX (YHKIIUN, HA3BIBACTCSI MPULOHOMEMPUYECKUM.

Cornacno teopeme ITudaropa u3 pucynkka (Puc.7.1) cinenyer:

— BEpIIMHA yIJIa ¢ MPAMOYTOJIBHOTO TPEYTOJIbHUKA

L
COBMEIIIEHA C HAYaJIOM KOOpJUHAT, ¥ 1
. =
— T'UIIOTEHY3a TPEYrOJIbHUKA, ABJIAIOIIAACS Takke n 5111 g-_'f*
paznycoM OKpYXHOCTH, paBHa eUHHMILIE, I = 1, ﬂj
— KOCHHYC SIBJISIETCS TPOEKIMEN panyca Ha OCh ::‘;
Cosg@
aocIuce,
Puc. 7.1

— CHHYC SIBJIIETCA MPOCKLUKUEN paguyca Ha OCb Op-
JTIAHAT.
Bcé 310 mpaBuibHO, HO MOKa TOJBKO JJIs OCTPBIX YIJIOB, KOrJa paanyc-

THIIOTCHY3a HaAaXOJUTC B HepBOﬁ YCTBCPTH.
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3HaKoBasi XapaKTePUCTHKA TPUTOHOMETPUYEeCKHUX (PyHKIIUIA.

V4

an

¥4

an

Y

AN

NPASINDA

sin oL

CoOsCl

N

tgo,ctga

Hauoosee Baskuble cBOMCTBA M rPaUKH TPUTOHOMETPHUYECKUX (PYyHKIMI

®yuk- | Odaacre |OOsacth | YéTHOCTD, | Ilepu- | I'padpuxku pyHkuumi
HUs  (onpeaesieHUus| 3Ha4e- HEYET- on, T
HUH HOCTH
y = sinx (—o0, ©) [-1,1] | meuérHas
y = COSX (—o0, o0) [-1, 1] yéTHaA
y=1tgx | (oo, ®)3a | (—o0,©) | HeuETHAs
HCKJIIOYCHH-
€M TOUYCK
7N + /2,
37€Ch N 11e5o0e
y =ctgx | (—oo,0)3a | (—o0, ) | HeuéTHas
HCKJTIOUCHU-

€M TOYeK TN,

37CCh N 1eyoe

O06001IeHre cuTyaly Ha Ciiydaid JroObIX yT-

JIOB OYEBMJIHBIM 00pa3zoM cneayer u3 pucyHka (Puc.

7.2), a IMEHHO, JJIs1 JIIOOBIX YIJIOB KOCHHYC, — IIPO-

CKIMSI €AMHUYHOTO pamuyca Ha ock adcuucc (OX),




CHHYC — TPOCKIHs eIMHUYHOTO paamyca Ha ock opauHar (Oy), mpuuém B Tex
ClTydasiX, KOTJa MPOCKIHS IOMagacT B OTPHUIATEIbHYIO 00J7acTh KOOPIWHATHBIX
ocell, QyHKIUSIM MPUITUCHIBACTCS 3HAK MUHYC.

Oynuknms f(X) HassiBaercs uéthoit, ecim f(—x) = f(X), u Heuérnoit, ecom f(—
X) = —f(x). I'padux y€THON PYHKIMH CHUMMETPUYCH OTHOCHUTEIHLHO OCH OpIHHAT
(Oy), a rpaduk HeYETHOW QYHKIIMM CUMMETPUYCH OTHOCUTEIILHO Hadaia KOOP/IH-
HaT. 13 rpadmKoB BUIHO, YTO KOCUHYC SIBIsIETCS Y€THOW (PyHKIIMEH, a CHHYC, TaH-

I'CHC U KOTAHT€HC — HEYETHBIC.

T
Teopema 1. 1 Ecniu T - ocHoBHO# mepuon ¢yukmuu f(X), To 4ucio «

SBJISICTCS OCHOBHBIM TiepuooM ¢yunkimu T (kx+Db).

ITepuonel ¢ynkuuit T, u T, Ha3plBalOTCA COM3MEPUMBIMHU, €CIH
CYLLECTBYIOT HAaTypallbHbIE Yhciia M u N, yro mT, =nT, =T.

Teopema 2. 2 Ecim nepuommueckue ¢ynkuuu f(x) m f,(X), umeror
comsMepumbie T, u T,, To OHM HMEIOT OOmMH mepuox mT, =nT, =T, KOTOPBIA
sBisiercst nepuojoM dynkuuit f(X)+ f,(x), f,(X)—f,(x), f,(X)- f,(X).

B Tteopeme roBopuTrcs 0 TOM, 4TO T sBIsSeTCA MEPUOAOM (DYHKIIMH
L)+ f,(x), f,(x)-f,(x), f(X)-f,(X), m He oOs3arenbHO sBIsAETCA
OCHOBHBIM TeprozioM. Harmpumep, ocHOBHOM niepro 1 GyHKIMHA COSX u SiN X - 27,
a OCHOBHOM MEPUO UX MPOU3BEICHHUS - 77 .

B oTtnnune oT TpuroHoMeTpudecKkux GyHKUUNA 0OpaTHbIE TPUTOHOMETPUYE-

CKHC (I)YHKI_II/II/I HC ABJIAIOTCA IICPUOIUICCKUMU.
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Hawuo6oJ1ee BaskHbIe CBOMCTBA U rPa@UKH 00OPATHBIX TPUTOHOMETPUYECKHUX

pyHKumit
®yukuus | ObaacTb Obaacre | YéTHOCTD, I'padpuxu pynkuumii
omnpeae/eHUus] 3HAYEHUN |HEYETHOCTD
y=arcsinx| xe|[-11] 7 || HeuéTHas 1—E
Yel--i5 . -
22 7 170 1 2
_EL 4
: -
y=arccos x| xe[-11] | ye[0;z] |obmero Bu- i
na  arc- ~_
cos(-a) = z- 1 0 1
arccos a
y=arctg x | xe (—oo;o0) HeuéTHas L
ye| -5 SRS
4] 2] o2 .
1N
y = arcctg x| xe (—oo;0) | ye(0;7) |obuiero Bu- HH\T
ke
2
na arcctg(- S
\\m__h
a)=rz- bl el 2
arcctg a

IIpeoOpa3oBaHue TPUTOHOMETPHYECKHUX BbIPAKEHHUIA.

OcCHOBHBIC TPUTOHOMETPUYECKHE (POPMYJIBI:

sin®x+cos®>x=1

¢ _sinx
COS X
1
1+tg°x = —=
cos” X

tgx-ctgx =1
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[Tone3Hsl Takxe (pOPMYJIbl NPUBEAEHHUS, KOTOPBIE ITO3BOJISIOT BBIPA3UTh 3HA-
YeHHs] TPUTOHOMETPUUECKUX (YHKIUI 7151 TI0OBIX YTJIOB Yepe3 3HAUE€HUSI TPUTO-
HOMETPUYECKUX (PYHKIUI YIJIOB IEPBOM YETBEPTH.

Hampumep: cos(180°+ a) = cos 180°- cosa — sin180°- sina =

(1) - cosa — 0 - sina = — cosa.

Yto6sb! n36€XaTh HEOOXOUMOCTH I0JIB30BATHCS MTOTOOHBIMU pacyETaMU, IPUMeE-
HSIOT MHEMOHHYECKOE MTPABUJIO:

1. Ecim BeIYMCseTCs TpUroHoMeTpruaeckue GyHKuuu yrioB 90° £+ a unm 270° + a
, TO CHHYC MEHSETCSl HA KOCHHYC, KOCUHYC Ha CHHYC, TAHT'€HC Ha KOTaHI'€HC, KO-
TaHreHC Ha TaHreHc. B cioyuae yrinos 180° + a wim 360° + a pyHKIMM ocTaroTcs
HEU3MEHHBIMH, T.€. CHHYC OCTAETCSI CHHYCOM H T.II.

2. 3HaK pe3ynbTara TaKoH ke, KaK y UCXOHOW (PYyHKIIMU B TOW YETBEPTH, B KOTO-
PYIO IONAaIaeT UCXOIHBIN YTOJL.

Hanpumep: cos(180°— a) = — cosa.

Kocunyc ocraércst kocunycom, moromy uro 180°. Mcxomusrit yron (180°— a) Bo
BTOPOI1 UETBEPTH, I'/I€ KOCUHYC, UICXO/HAsA (PYHKIUS, OTPUIATEIbHA, I0ATOMY 3HAK
MUHYC.

IlepeBoa rpagycHoii Mephbl yIiia B paAHAHHYI0 U 00paTHO.

[Tycth oo — rpanycHasi Mepa yria, f — paanaHHasi, TOr/ia CIipaBeIuBbl popmy-
7-a . 180 -8

s O =/
180
7 =314159265358979323846264338327%.

JBL f = , e 1pao~57°, 1° ~ 0,017 pao, = =180°,

(I)OpMyJIl)I CJIOKCHUA U BHIYUTAHUA aprMeHTOB:
sin(x £ y)=sinXxcosy £sinycosx tgx + tgy
cos(x £ y)=cosxcosy Fsinxsiny _1+tgxtgy'

IIpeoOpa3oBanue cymMmbl (Pa3HOCTH) TPUTOHOMETPHUYECKUX (PYHKIMIA B MPoO-

H3BEACHUC:
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: : . X*E XF
sinx £siny =2sin zycos y

. X
COS X —COS Yy =—-2sIn sin

cosx+cosy:ZCosX;ycosX;y 2 2

IIpeoOpa3oBanue npou3BeeHUsi TPUTOHOMETPUYECKUX (PYHKIMI B CyMMY:

sinxsiny = %(cos(x —y) —cos(x + y))
COSXCOSY = %(cos(x —y) +cos(X + Y))

DopMmyJibl IBOMHOI0 aprymMeHTa:

sin 2x = 2sin Xcos X 2 2tgx
_ _ g2x = .
c0S2X =C0s° X —sin® X =1—2sin? x = 2¢os? x —1 1-tg?x

@®opMyJibl IOHUKEHUS CTENEeHN:

1-cos2x 2 1+ cos2x 5 1—cos2x
_— COS" X=—— =

sin? x = tg°x .
1+ cos2x

®opMyJIbI MOJJOBUHHOIO yIJja:

. Xy, |1—cos(X) . Xy _ ., [1+cos(X).
sm(E)_iJ—2 ; (:03(2)_11/—2 ;

X, , [1—cos(x). Xy _ 1+ cos(X) .
tg(E)_i\/H cos(x)”’ ctg(z) i\/l—cos(x)’

X, 1-cos(x)  sin(x) . X sin(x) 1+ cos(x)

WG " 1reostd’ 292 T1mcos ~ sin(x)

3ameHa 4Cpe3 TAHI'CHC ITIOJIOBHUHHOTI'O yIJla:

Y XY

sin xcos y :%(sin(x +y) +sin(x - y)).
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29(7) 20tg (") 1-19°(3)

sin() =—%—;  sin(a)=—%—; cos(a) =—=;
1+19°() 1+etg? () 1+19°(})
ctg®(7) -1 29(2) 20tg(’,)

cos(a) = g tg(a) = R tg(a) = . .
Ct92(2)+1 1—t92(2) Ctgz(z)—l
1-tg% () ctg?(%) -1

ctg(«) :—az; ctg(«) =—2a;

2tg (E) 2ctg (E)

CooTHOIIEHHS ISl 00PATHBIX TPUTOHOMETPHYECKUX (PYHKINMIA:
cos(arccosx)=x; arccos(cosx)=x; sin(arcsinx)=x; arcsin(sinx)=x;
tg(arctgx)=x; arctg(tgx)=x; ctg(arcctgx)=x; arcctg(ctgx)=x;
T

. T
arcsin X + arccos X = 5 ; arctgx + arcctgx = E;

2

sin(arccos x) = cos(arcsin x)=v1- x*; tg(arcctgx)= ctg(arctgx)=

1
<
Jlnig pemieHus 3a/1a4y Ha YIPOUICHHE TPUTOHOMETPUUYECKUX BbIpaK€HUI TpeOyeTcs
JIOCTAaTOYHO XOPOUIO 3HAaTh MpaBWiIa NMPeoOpa3oBaHMs AIreOpanyvyecKuX BbIpaKke-
HUW U TpUroHOMETpuueckue Gopmybl (yMETh IPUMEHSATh UX KaK IO OJIHOM, TaK U

B KOMILJIEKCE).

IIpocreiilne TPUTOHOMETPUYECKHE YPABHEHHUS M HEPABEHCTBA.
Tpuzonomempuueckue ypagnenus.

Cnoco0bl penieHusi TPUTOHOMETPUYECKUX YPABHEHUI:

1. Pemienne npocTeiiliuX TPUrOHOMETPUYECKUX YPABHEHHUH
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sinx=a; =  x=(-1)arcsina+ k;

COSX = a; = X =ztarccosa + 27K;

rac keZ.
tgx =a, = X = arctgx + zk;
ctgx = a; = X = arcctgx + zk;

Ocob0  OTMETMM  HEKOTOpbIE  YacTHbIE  Cily4al  3JIEMEHTPaHbIX
TPUTOHOMETPUUYECKUX YpPAaBHEHHH, KOTJa peIIeHHe MOXET OBITh 3amucaHo 0e3

pUMEHEHUS 001X (GOpMYIT:

sinx=0= x = 7K, sinle:xz%+2;zk, sinx:—1:>x:—£+27zk,

cosx=0:>x:%+7zk, COSX=1=>x=27K, COSX=-1= X=rx+ 27K,
T T

tgx = 0= x = 7K, tgx:1:>x:2+7zk, tgx:—1:>x:—z+7zk,

ctgx:O:x:%+ﬂk, ctgx:1:>x=%+7zk, ctgx:—1:>x=—%+7zk,

rne keZ .

2. Ecnu ypaBHeHUE B pe3ysbTaTe CBOJAUTCS K BHAY SiNY =Sinz, 1ubo COSY =C0SzZ,
aubo tgy =tgz, ambdo ctgy =ctgz, roe y

M Z - BBIpAXXCHUS OT HCU3BECTHOTO X.

sin
y

Z y
U3 storo cienyet, 4To /C \ /‘ -7\
VARRNY’

0 0 Cos
) _ =7+ 27K, &
siny=sinz < {y k
y=m—2+27K.
Puc. 7.3 Puc. 74
COSY=C0SZ < Yy=zz+27K. te .
- / cig
tgy=tgz < y=z+zk /"\}i” / 7‘\
’ al
ctgy=ctgz < y=z+k. }\y ,ff/
Az zr
IlmekeZ.
Puc. 7.5 Puc. 7.6

3. [IpuMeHeHne CBOWCTB TPUTOHOMETPH-
YeCKHMX (PYHKIUM.
Ecnu ypaBuenue umeet Bun f(t)=g(t), f u g — cocraBinensl U3 TpUroHOMeT-

PUYECKUX BBIpAXKEHUU. PelieHre MOXKHO HalTH cpeln TeX t, KOTOphIE yI0BIETBO-
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pstot ypaBaenusim f(t)=a; g(t)=a, rae a — nelcTBUTEIIEHOE YMCITO, IPUHAIICKA-
niee odnactsam 3Havenui f(t) m g(t).

Pa3noxeHue Ha MHOXUTENN.

Meton Pas3JIOKCHUA HAa MHOKCTCIIM 3aKIIH0YaCTCA B CICAYIOMICM: CCJIIM

f(x)=f,(xX)f,(x)...f,(X),To Bcskoe pemenue ypaBHenus f(X) = OsBisgercs
pemienue coBokynHoctu ypasaenut f,(x) =0, f,(x)=0, ..., f (x)=0.
OO6parHOe yTBepXJIeHHE, BOOOIIE TOBOPS HEBEPHO: HE BCSIKOE pEIICHHE

COBOKYITHOCTH SIBJISICTCS PCIICHUEM YpaBHEHUS. OJTO OOBACHSICTCS TEM, YTO
pEUICHUST OTICIbHBIX YPAaBHCHHUH MOTYT HE BXOJUTh B OOJIACTh OIpPEICICHUS
¢yukmun f(X).
. PellleHHe TPUTOHOMETPHYECKHX YPaBHEHHH € TMOMONMIBI) Pa3HOO0OPa3HBIX
TPUTOHOMETPUYECKUX (popmy.r.

[Mlpy  pemieHMH  psga  YpaBHEHHH  TPUMCHSIOTCS  BCEBO3MOJKHBIC
TpUTOHOMETpHYEeCKHe (GOpPMYJIbl. PaccMOTpUM HEKOTOPBIC U3 HHX.
a) [IpumMeHeHHe TPUTOHOMETPUYECKHX (POPMYJ NMpeodpa3oBaHHsI CyMMbI H
Pa3HOCTH TPUTOHOMETPUYECKHX (PYHKIMI B MPOU3BeIEHHE.
0) Pemienue ypaBHeHHU# npeoOpa3oBaHHEeM MPOU3BEICHUS TPUTOHOMETPUIESCKUX
(GyHKUHNA B CyMMYy.
MeToa BBe/IeHHSI HOBBIX NepeMeHHBbIX.

Mero BBEeIeHHST HOBBIX MIEPEMEHHBIX MO3BOJIIET MPE0OPa30BaTh UCXOIHOEC
TPUTOHOMETPUYECKOE YPABHEHUE B IPYrou Tvn ypaBHeHHUU. [Ipu 3TOM BaxkeH BbI-
OOp OCHOBHOTO BBIPOKEHHS, Yepe3 KOTOPOE BHIPAKAIOTCS OCTAJBHBIC YACTH YpaB-
HEeHUs. Y100Hee CBOIUTH K BHUIY, KOT/Ia TAK)KE 3aBUCUMOCTH SIBJISIOTCS PaIlyo-
HaJbHBIMU. B yacTHOCTH 0003Ha4YMM depe3 R(COSX, SINX) pannoHaIbHOE BBIpaXKe-
HHE OTHOCUTEIBHO COSX U SiNX, TO €CTh BhIpAKEHHUE, MOTydaroIieecs: u3 COSX u SinxX
Y TIOCTOSTHHBIX C IMTOMOIIBIO OTIepalUil CIIOKEHHS, YMHOXKEHHS 1 JieneHus. Koneu-
HO, TpeOyeTCsI KOHTPOJIb 32 00JIACTHIO OMPECICHUS 1 MHOXECTBOM PEIICHHIA.

a) PaccmoTpuM ypasuenne Buaa R(cosx, sin®” x)=0 u R(cos™" X, sin x)=0.

B HCKOTOPBIX CIIydasaX yAacTCsAa CBCCTH TAKOC YPABHCHUC K PAIMOHAIIBHOMY
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YPAaBHEHHIO OTHOCHTENLHO SiNX mim COSX. MHorma ymoGHO pPyKOBOACTBOBATHCA
CJIEIYIOIUM IIPaBUJIOM BBIOOPA MOJACTAHOBKM. ECaM COSX BXOAUT B YPaBHCHUE B
YeTHBIX CTENCHSX, TO 3aMEHss BCIOLY COS°X Ha 1-Sin’X, mOMydrMM parHOHAIBHOE
ypaBHEHHE OTHOCUTENBHO SiNX. Ecim sxe SiNX BXOAWT B ypaBHEHHUE JIUIIb B YETHBIX
CTEIEHsIX, TO 3aMeHa SiN°X Ha 1-COS’X MPHBOMMT YPABHEHHE K PALHOHAILHOMY BH-
Iy OTHOCHUTEIILHO COSX.
6) PaccmoTpum ypasaenne Buaa R(tg x, cos “™x, sin®" x)=0.

Eciy B ypaBHEHHM BCTPEYAIOTCA TOJBKO tQ X, YETHBIE CTEIEHU CHHYCOB H
KOCHHYCOB, CUHYCBHI M KOCHHYCBI JBOMHBIX YIJIOB, TO MOXHO IIPEHTH K paIo-
HAJILHOMY YPaBHEHUIO C TIOMOMIBIO MOACTAHOBKHU: Y = tgX.

B) YpaBuenue Buaa R (Sinx£Cosx; sinxcosx)=0.

Pemaercst cnemyromedt 3ameHoit SinX+COSX =Y, (Sin X + COS x)2 =y 2

1+2sinxcosx = y?, +2sinxcosx = y? —1.

I') YHI/IBepcaJIbHaﬂ TPUTOHOMETPpHUYIECKAA MOACTAHOBKA.

X
OT10 noacraHoBka t =1g > OHa Mo3BOJISET CBECTHU K PALlMOHAJIBHOMY ypaBHE-

HUto Jr00oe ypaBHeHue R(Sinx, cosx)=0. Ecnu x#7+2 7k, k€7, TO ClipaBeIUBbI

TOXJIECTBA
X » X
SINX = X: 5 COSX = X: 5 -
1+t922 1+t 1+t922 1+t

[Tocne pemeHust HaO MPOBEPUTH OTACIBHO SBIISIOTCS JIH X= 72 TK, KEZ,
pEIIEHUSMHU UCXOIHOTO YPaBHEHUSI.
) OnHOpPOAHBbIE TPUTOHOMETPUYECKHE YPABHECHUS.

OnHOpOHOE ypaBHEHHE — ITO YpPaBHEHHE, B KOTOPOM Ka)JO€ CllaraeMoe

HMCCT OJIHY U TYXKC CTCIICHb.

a,sin" x +a,sin"™" xcos X + a, sin""? xcos® X +... + a,_; sinxcos" ' x + a, cos" x =0,
Tae 8,;8,;a,;...; &, - AEHCTBUTEIbHBIC YHCIA. N - TIOKa3aTeNb OAHOPOAHOCTH.

ScHo, yto eciu @, = 0, TO ypaBHEHUE IPUMET BUA:
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cos x(alsin”‘lx +a,sin"?X-cos X +...+a ,SinX-cos" X +a, cos”‘lx): 0,

PCIICHUAMH KOTOPOTO SBJIAKOTCA 3HAYCHUS X, IIPH KOTOPBIX COSX = O, T. €. UHCJIa
T
X= E +7mM, Ne Z. BTOpOG YPaBHCHHC, 3aIIMCAHHOC B CKOOKaX TaK)e SIBJISICTCS

OJHOPOIHBIM, HO cTeneHy Ha 1 Humke. Ecim ke @, # 0, To 5TH 4ncna He SBIAI0TCA

KOPHSIMU ypaBHEHHUS.
/2 .
N HaobopoT, npu X = 5 + 7n momyuuM: COSX =0, SINX =1 u B ucXoaHOM
ypaBHeHHHU 3, =0.

7T
Hrak, mpu a, #0, X# 5 + /M, CIEeN0BATENBbHO, COS X # 0, MO3TOMY MOXKHO

Pa3aCiInTb 00¢ yacTu YPaBHCHUSA Ha COSn X.B PE3YJIbTATC MOJIYy4aCM YPABHCHUC!
n n-1 n-2 —
atg X+atg x+a,tg” “x+...+a,4tgx+a, =0,
KOTOPOC, HO,HCTaHOBKOﬁ th = Y JICTKO CBOOMTCI K aJIFe6pqu€CKOMy:

a,y" +a,y"t+a,y"*+...+a,,y+a, =0.

OO0HOPOOHLIM mpucoHoMempuyeckum ypasHenuem 1-oii cmenenu Ha3bpIBaeT-
csl ypaBHeHue Bua: a-sinx+h-cosx=0.

[TycTs, Hanpumep, a#0. Torna ypaBHEHHIO HE YAOBICTBOPSIOT T€ X, IS KO-
TopbiX COSX=0. ITomenmuB Ha COSX 00€¢ 4YAaCTH YpaBHCHHS IIOJYYHM YpaBHCHHE
a-tgx+b=0.

O0HopoOHbIM YpasHeHUueM 2-01i cmeneny Ha3bIBaeTCsl ypaBHEHHUE BUIA!
a-sin®x+b-sinx-cosx+c-cosx=0.

Ecmn a#0, Torma pasgenuM obe 4acTH ypaBHEHHS Ha COS>X, HOTYUHM

YpaBHEHUE aztgx +btgx+c =0, xoTopoe TmMOACTaHOBKOW tgX=Yy  Jerko
NPUBOAUTCA K KBAIPAaTHOMY: ay’ +by+c=0.

. Pelrienne TPUTOHOMECTPHUICCKHUX ypaBHeHnﬁ ¢ MOMOIIBIO BBCACHHUHA BCIIOMO-

raTeJIbHOIro aprymeHnra.
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PaccmoTpuM ypaBHeHHE Buaa: acosX+hbsinx=c,

1) ecmu ¢ =0, TO ypaBHEHHUE OHOPOTHOE.

2) ecim ¢#0 u a® +b? % 0(To ecTh XOTs 6BI OJIHO W3 UKCEN A WM b He paBHO

0), To pa3jennuM 06e YacTH ypaBHeHHs Ha \a’ +b? | momyunm

a b : Cc
—az — c:osx+—_az Y sin X = ——az 0
a b a ‘ b i
T. k. ng;ﬁglﬂ W + W =1, To cyie-
CTBYET TaKOW Yroja ¢, 4To _a sin (D;L = COS¢@, Toraa
Jva? +b? a? +b?
Sin @ COS X+ COS@PSIN X = —————, sin(x+ )= ——

a® +b? Vva? +b?
c
Ja? +b?

C

va? +b?

1) ecin, >1T1.e a?+b?<c?, 10 KOpHEH HET.

2) eciy, <lrt.e a?+b?>c?, torma

x+(p:(—1)karcsin%+7zk,kez.
a“+b

: a :
X = —arcsin ————— + (—1)" arcsin +7K,keZ

c
vJa? +b? vJa? +b?
Tp”ZOHamempu'leCKue Hepaee”cmea.

'PeH_IeHI/Ie TpI/IrOHOMeTpI/I‘{eCKI/IX HepaBeHCTB C IIOMOIIIBEO eI[HHH‘{HOI?'I
OKPY’KHOCTH.

[Tpu pemieanu TpuroHoMerpudeckux HepaseHcTs Buga f(X) >0, roe f(x) -

OflHA M3  TPUTOHOMETPUYECKMX  (YHKUUH,  yIAOOHO  HCIOJIb30BATh
TPUTOHOMETPUUECKYIO OKPYXHOCTh JJIi TOTO, 4YTOOBl HauOoyiee HArjasgHO
NPECTaBUTh DEIICHUS HEPaBeHCTBA M 3amucarth OTBET. OCHOBHBIM METOIOM

peuicHusA TPUTOHOMCTPHUYCCKUX HCPABCHCTB ABJIICTCA CBCACHHUC UX K HpOCTeI;'IIHHM
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HepaBeHCTBaM THma SiNX>a. Pa3bepém Ha mnpumepe, Kak pemiath TakKue
HEPaBEHCTBA.
Jlji penieHusi HEpaBeHCTB C TAHTE€HCOM M KOTAHT€HCOM IIOJIE3HO MOHSITHE O

JIMHUU TAHT'€HCOB U KOTAHT'€HCOB. TaKOBBIMU SIBJISIFOTCS IpsAMBIC X = lu y = 1

(Puc. 7.8), xacaronuecss TPHTOHOMETPUICCKOW OKPY)KHOCTH. JIErKO 3aMETUTh, YTO
€CIIM TIOCTPOMTD JIyd C HAyaJioM B Hayaje KOOPJMHAT, COCTABIIIONINN Yroil « ¢

IMOJIOKUTCIIbHBIM HAIIPABJICHHUCM OCH a6CHI/ICC, TO JJIMHA OTPE3Ka OT TOYKH (1,0)

70 TOYKH NEPECEYEHMs] 3TOro Jyda C JIMHUEH TAHI€HCOB B TOYHOCTU paBHA
TAQHI'€HCY yIJla, KOTOPBIA COCTABJIAET JTOT JIyd C OChbIO abcuucc. AHaJIOrMYHOE
HaOJII0JIEHUE UMEET MECTO U JJI1 KOTaHT€HCa.

-HepaBencTBa ¢ 0OpaTHBIMHM TPUTOHOMETPUYECKUMH (PYHKIUSAMU yIOOHO
pemarb ¢ UCIOJIb30BaHUEM I'PAPUKOB OOPATHBIX TPUTOHOMETPUUYECKHUX (DYHKIIHMM.

HOKEDKGM, KaK 3TO ACJIACTCA Ha ITPUMCPC.

1. Ucnosib3yst MeTOl HHTEPBAJIOB.
OOmas cxema:

1) C momMonipo TPUTOHOMETPUIECKUAX (POPMYIT PA3JIOKUTH HA MHOKHUTEITH.

2) HaiiTi Touky pa3pbiBa U HyJIH (QYyHKIIMU, TIOCTAaBUTh UX HAa OKPYXKHOCTb.

3) Basthb r00yto Touky K (HO He HaliIcHHYIO paHee) U BBISICHUTH 3HAK MPOU3BEIe-
Hus. Ecnu mpousBeneHHe NOJOKUTENBHO, TO IOCTaBUTh TOYKY 3a €AMHUYHON
OKPYHOCTBIO Ha JIy4e, COOTBETCTBYIOIIEMY yIiIy. FIHaUYe TOUKYy MOCTaBUTh BHYT-
P OKPYHOCTH.

4) Eciiu HEeKOTOpbIC TOYKU PA3HBIX CEPHil COBMAJTAIOT, TO UX HA3BIBAIOT KPATHBIMH.
Touku, KOTOpBIE MOBTOPSIOTCS B YETHOM YHCIIE CEPHil, HA3bIBAIOT TOYKAMHU YET-
HOM KpaTHOCTH, a T€, YTO MOBTOPSIIOTCS B HEUETHOM YHUCIE CEPUil,— TOUKaMHU He-
4yeTHOM kpaTtHOcTH. [IpoBecTu nyru ciemyromum oopa3omM: Hadath ¢ ToukH K, ec-
JU clieayronias TOYKa HEYETHOM KpaTHOCTH, TO JAyra MepeceKkaeT OKpPYKHOCTh B
ATOM TOYKE, €CIIH K€ TOYKA YETHON KPaTHOCTH, TO HE MIEPECEKAET.

5) JIyru 3a OKpY>KHOCTHIO — TIOJIOKUTEIBHBIC MPOMEXYTKH; BHYTPU OKPYKHOCTH —

OTPULATCIIBHBIC IIPOMCIKYTKH.
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Penrenue TpUrOHOMETPUYECKUX HEPABEHCTB TPAPUUECKUM METOIOM

3amernm, uto ecmu f(X) - mepuommyeckas QpyHKIUS, TO IUISL PEIICHUS
HepaBeHcTBa f(X) >a (f(x) <a) HeoOXoIMMO HAWTH €ro pelicHHs Ha OTpe3Ke,
JuIMHA KOoToporo pasHa mepuony ¢ynkmum f(X). Bce pemenuss mcxomHoro
HEepaBeHCTBa OyIyT COCTOSATh W3 HAWJICHHBIX 3HAYCHWH X, a TaKkKe BCeX X,
OTJIMYAIONIMXCS OT HAWJCHHBIX Ha JII000e 1esoe yucio nepuonos Gynkmuu f(X).

AHaIIOTUYHO pelIalTcsi HepaBeHcTBa SiNX < a, COSX > a, U T.II.
CBeeHHE K 0THOMY HJIU HECKOJIbKHM HEPaBEHCTBAM.

B GonbImMHCTBE CiTydaeB PelICHUE TPUTOHOMETPHUYECKHX HEPABEHCTB MOX-
HO CBOJIUTH IPY MOMOIIY TOXAECTBEHHBIX TPUTOHOMETPUUECKUX MPEOOpa30BaHMiA
Y BBEJICHUS BCIIOMOTATEIBHBIX HEU3BECTHBIX K PEIICHUIO OHOTO WM HECKOJIBKUX

HCPAaBCHCTB.
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20.

21.

22,

23.

24,

25.

26.

27.

VIIPOCTUTD BbIPAKEHHUS:

tga+ctga+
1
cos(m/2—2a)
2c082a—1
2ctg (2—a)sin® (Z—a)’
sin 2ar — 2 sin « o Q
cr _l
sin2a4+2sinae © 2

sin Qms

(s

3 2
3| 20— —m | teos | 2aa——7m | +cos | —m+ 20 |.
5111( o 5 ) -:30&( o 3 ) COS (3 a)

1 —2cos? o
2tg(a—m/4)sin®(a+7/4)

CcoSs 5 (5111 a4+ sin 5)

sin & 7 COS 7 (1+coaa—|—cnb 2)

sin® (37 +a) sin®(—a)
Ctgg(ﬂ' o 23«1‘} ctgz (fk‘ o %’}1’) .

2cosa—1 COS o — Sin av 4tg v

1-2sinacosa cosa+sina 1—tgla’
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42,

43.

44.
45.
46.
47.

PE_LL'LHTI_: }’[JH,BIIEIIHHZ
14. sinx sin 3z +sin 4x sin 8x=0.
15. sin’x —2sinrcosr=3cos? r.
16. sin? 2z +sin’ 3z +sin® 4z +sin? fr =2.
17. 2cos2xr+2tg?z=5.

!

18. sin (SI—E) =sin r.

2

19. sin?zr+ E COs® r=—sin2r.

I
20. sinz+cosz—1=ctg E(GDS r—1).

21. 3sin®z—2+v/3sinxcosz+5cos?r=2.
22. 1+4+cosxr+sinz=0.

1 1
23. + —=2,/2.

_sinx cosx

Pemmrn HEPABCHCTBA Ha 3alaHNBLIX HTPOMEYVTKAX!

1
coST< 7 Ha [—2m,0].

3
Siﬂﬂ:}%_ na [ /2,37/2].
sin 2z +2sinx >0 na [0, 27].
(1—cosz)(tgx—+/3) <0 na (—7w/2,7/2).
Vh—2sinz=sinr —1 na (—m,0).

Haiitu nanmensiiiee HATYPAJILHOE PeIleHne HepaBencTBa

cos | < !
X —-.
2
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8. MPOU3BOIHAS. HCCJEJOBAHUE ®YHKIIMHN C IOMOIIBIO
MPOU3BOJIHOM

HaxoxaeHue npou3BOAHOM (PYHKIMH.

Onpeoenenue: Tlyctb 3anana pynkuus y= f(X) , onpeneneHnas B HEKOTOPOM HH-
tepaie. [Ipy kaxIoM 3HaYeHUHW apryMeHTa X B 3ToM uHTepBaiie GyHkus y= f(X)
UMeeT oIpeiesieHHoe 3HaueHune. Eciiu apryMeHT X moiy4yu1 mpupaiieHiue Ax, To u

(GYHKIUS MOTydnsia HEKOTOPOE OTpeesieHHOE TpupalieHue Ay = f (x + Ax) —f (x)

. Ecnu cymiecTByeT npeien OTHOLIEHUS

S(x+ Ax)- f(x)
Ax

mpu Ax —0

TO OH Ha3bIBaeTCs Mpou3BogHON (yHKImHU f(X)B Touke X 1 0003HaUYaeTCS:

y(¥)= 1im f(x+Ax)—f(x).

Ax—0 Ax

Ornepanyisi BBIYUCIICHUS MPOU3BOIHON Ha3bIBaeTcs AudepeHimpoBaHueM
byHKIHU.
I'eomeTpuueckmii cCMbICJ MPOU3BOAHOI QyHKIMHU y=F(X) B TOUKE X - 3TO TaH-
T'EHC yTJia HaKJIOHA MEX/IY OChIO aOCIIUCC U KacaTeabHOU K rpaduky 3Toi PyHK-
IIUH, TIPOXOIAIICH Yepe3 TOUKY ¢ aOCIHCCOM X.
. Eciin yron HaknoHa KacaTelibHOM OCTPBIi, TO TAHT€HC MOJIOKUTENbHBIN, a 3HAYHUT,
MIPOU3BOIHAS TTOJIOKUTEIbHA.
. Ecnu yromn HakJIOHa KacaTeJabHOW TyIOW, TO TAHTCHC OTPULIATEIIbHBIN, a 3HAUYUT,
MPOM3BOHAS OTPUIATEIIbHA.
. Eciin yron HakioHa KacaTeJIbHOM paBeH HYJIIO, TO TAHT€HC PaBEH HYJIIO, a 3HAUYUT,
MPOM3BOJIHASI paBHA HYIIIO.
. Eciin yron HakjioHa mpsiMoii, TO TAHTE€HC HE CYIIIECTBYET, a 3HAUYUT, TPOU3BOAHAS
HE CYILECTBYET.
IIpuBeneM TadJIMIly IPOU3BOAHBIX JJIEMEHTAPHBIX PYHKIMIA:

1) (C)=0 , C= Const
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2) (xn) —nx"! , neR, x>0

3) (ax):axlna ,a>0,a#1,x>0; (ex)zex , x>0

!

4)(10gax)= ,a>0,a#1, x>0

x-lna

!

(Inx) ! , x>0
x

!

5) (sinx) =cosx , xeR

!

6) (cosx) =—sinx, xeR
7) (tgx),z ]2 X2 tm,neZ
cos” x 2
8) (ctgx),z— ]2 , X#m,nez
sin” x
oy I
9) (arcsin x) = , x| <1
1-x?
’ 1
10) (arccosx) = ———, [x[<
1-x?
11) (arctgx)l = 7 » XER
I+x
' 1
12) (arcctgx) = - 5. XER.
I+x

HpaBn.ﬂa BBIYUCJICHUEC ITPOU3BO/THBIX.

IIponsBoxHas cyMMbl ABYX (yHKmmii: (U + v)'=u'+ V.
/

IIpon3BOIHAS IPOU3BEICHIS OCTOSHHOMN 1 (pyHKimn: (Cu)'=Cu’.

IIpom3BoHas Ipou3BeneHns AByX Gyrkimit: (uv)=u’ v+uv'.

/
n . Py _u'v—vu
POM3BOJHAs HACTHOIO ABYX QYHKUMIL| =~ | =———.

IIpoussoxnnas croxuoi pynxmmn y=F(g(x)):f’ (9(x))=f’ (9)-¢’ (x).

[Mpoussonnas Gpynkuuu Buna y=f(ax+b):
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y' = f (ax+b)= f' (ax+b)-(ax+b)'=a- f’ (ax+b).
Hccnenoanue pyHKuuM Ha IKcTpeMyM. MHTepBasibl Bo3pacTaHus, yObIBa-
HMS, BBIMYKJOCTH, BOTHYTOCTH. ACHMIITOTHKA.

OO0mas xapakTepucTUKA (PYHKIIUH.

Ecnn xaxIoMy 3HaYEHHIO TEPEMEHHOM X M3 MHOKECTBA X 10 HEKOTOPOMY
IIPaBUIIYy MOCTABJICHO B COOTBETCTBUE €JUHCTBEHHOE BIIOJHE ONPENEICHHOE 3HA-
YeHre Y, TO TEPEeMEHHYI0 Y Ha3bIBAIOT @yHKyueti OT X. 3amUCHIBAIOT

y=1f(x),xeX,yeYmwm f:X —>Y. I'oBopar emg, 4T0 (PYyHKIHSI OTOOpaKkaeT

MHOkKECTBO X Ha MHOKECTBO Y .
MHoxecTBO X Ha3bIBaeTCs 00JIACThIO ompeaesicHus PyHKIMH U 0003HaYa-

ercs D(f). MHoxecTBO Bcex Y €Y Ha3plBaeTCs MHOXECTBOM 3HA4YCHUH (DyHK-
muu U obosHavaercs E(f). x — HezaBucumas mepeMeHHasi BeJIMYMHA WIN apry-

MEHT, Y — CI)YHKL[I/IH HJIK 3aBUCHUMas IICpCMCHHaAsI.

Oyukuus Yy = f(X), onpenenennas Ha MHOKecTBe D HaswIBaeTcs wemnoil,
eciu g moboro X € D Bemoanasercs ycnoBue —Xe D u f(—x) = f(X); newem-
Hoti, eciu uist moooro X € D Beimonusiercs yeiaoBue —Xe D u f(—x) =—1(X).

I'padux yeTHOM PYyHKIIMM CUMMETPUYEH OTHOCUTENHLHO ocu (Y, HEUETHON —
OTHOCHUTEJIBHO Ha4aJla KOOPAUHAT.

Oyukuus Y = f(X) HaswpIBaeTcs nepuoduueckor Ha MHOXKecTBe D, eciu cy-
IIECTBYET Takoe 4Hciao 7>(, 4ro mpH KaxjaoMm 3HadyeHud XeD (X+7)eD m
f(x+T)= f(x). IIpu aToM urcno T Ha3BIBACTCS NePUOOOM (DYHKYUU.

Bo3pacranue u yobiBaHue pyHKUMH.

Oyukuus Y = f(X)Ha3pBaercs 6ospacmarower B untepBane (a;b), ecou
IUISL JTIOOBIX JBYX TOYEK X, M X, W3 yKa3aHHOTO MHTEpBaJa, YIOBJIECTBOPSIOLINX
HEpaBEHCTBY X, >X;, BbIIIOJNHsAETCS  HepaBeHCTBO  f(X,)> f(X), ecau

f(X,) = f(x), bynkuus Ha3bIBaeTCs HeybbI8AIOWEI.
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WNupiMu cOBaMU — 3HAUYEHUS BO3pacTaromlell (PyHKIMHU yBETUUUBAIOTCS Of-
HOBPEMEHHO CO 3HAYEHUEM apryMEHTA.

Oyukuus Y = f(X) HaswsiBaeTcs yowisaroweri B uateppaie (a;b), ecau ms
TIOOBIX JIBYX TOYEK X U X, M3 YKa3aHHOTO MHTEPBaJa, YIOBIECTBOPSIONINX HEpa-
BEHCTBY X, > X;, BbINONHAETCS HepaBeHCTBO f(X,) < f(X), ecmm f(X,) < f(X,),

(YHKIIHS Ha3bIBACTCS HEBO3PACMAIOWell.

Bospacraromume, HeBo3pacTaromiye, yoblBaoe U HeyobIBaomue pyHKIuu
Ha3bIBAOTCS MOHOMOHHbIMU. A BO3pACcTAIONIUE U YOBIBAIOIIUE — CMPO2O MOHO-
MOHHBIMU.

[Tycthb 3amgana ¢pynkus f(X). BozbMeM J1Be TOUKH Ha MpoMexyTke [a,0] x; u
X TIPH YCJIOBUH, YTO X, > X;. Torma GpyHKIMS Ha3bIBacTCsS BO3pacTarollell Ha Mpo-
mexytke [a,b], ecimm f(xp) > f(X;). @yHKIMSA Ha3bIBaeTCs yOBIBAIOIIEH Ha MpPOME-
xytke [a,b], ecimm f(X;) < f(Xy).

Ecim pynkums muddepenimpyema Ha OMPESIICHHOM MPOMEXYTKE U TPO-
U3BO/IHAST (DYHKIIMH B TOYKE X = ¢ IMOJIOKUTEIbHA, TO Ha 3TOM IPOMEKYTKE OHA
BO3pAacCTaerT.

JlelicTBUTENBHO, corilacHO Teopeme Jlarpanxka, ecimu x; > X3 u f'(c) > 0, to

¢dynkuus Bo3pacraet (Puc. 8.1).

(0)= f<xxzz>:;<xl>, 4

Frelx, —x)= f(x,)— F(x),

f(x,)> fx),

T.€. €CJIM JieBas 4YacTh PABEHCTBA IOJOXKHMTEJbHA, 3 X'l ¢ X-b .l
rae x; <C<X,umf'(c) >0, 1o f(xp) > f(xy). Prc. 8.1

[lpu yObiBaHMM (DYHKIIMM MOYKHO CIENarh aHa- Y| ™

JIOTUYHBIN BBEIBOJI.

e
—

e
e

Ecmu pynkuus nuddepenuupyema Ha omnpese-

JICHHOM IIPOMCIKYTKC U ITPOU3BOIHAA (bYHKHHH B




TOYKE X = ¢ OTpHIIATENbHA, TO HAa ITOM NPOMEKYyTKe oHa yObiBaeT (Puc. 8.2).
OmnsThb ke, cornacHo TeopeMe Jlarpamka, eciau x; < € < X, u f '(C) < 0, To dyHKIMA

yOBIBaeT.
o)X, —x)=f(x)— f(x),
f(x,)< f(x,)-
IKcTpeMyM (QYHKITHH.
Ecmu ¢ynkuus f(X) ompeneneHa Ha ONpeneIeHHOM MPOMEXKYTKE M CYIIle-
CTBYET Takas TOYKa A Ha ITOM IMPOMEXKYTKE,

gto f(X) < f(A) Bo Bcex TOUKax OKpPeCTHOCTH

TOYKU A, TO JaHHAsl TOYKA HA3BIBAETCSI TOYKOM A max
makcumyma (Puc. 8.3).
f(x)
Ecmu  ¢yskums f(X) ompenmenena Ha
OIpEICIICHHOM TPOMEKYTKE U CYIIECTBYET Ta- B min
Kasi Touka B Ha 3TOM mpomexytke, uro f(x) > }:

Puc. 8.3
f(B) BO Bcex TOYKaxX OKPECTHOCTH TOYKH B, To

JIaHHAs TOYKA Ha3bIBaeTCs TOukoil MunumymMma (Puc. 8.3).

Toukn MakcHMyMa 1 MUHUMYyMa Ha3bIBAIOTCS TOUKAMH dKCHpemMyma, a 3Ha-
YeHUs PYHKLNU B 3TUX TOUKAX — IKCMPEMYMaMu YHKYUU.

KacarenbHas k rpaduky pyHKIUU B JaHHBIX TOUKax napamieiabHa ocu OX.

Teopema (Depma — neobxooumoe ycnogue sxkcmpemyma). Ecim X, - Touka
skcTpemyma utst Gyukiun Y = f(X), To B 3T0# TOUKe mpou3BoaHAs HYHKIIUHU JIH-
00 paBHa Hymo (f'(X,)=0), 1160 He cymecTBYyeT.

Touku ob6mactu onpenencuus GyHkuuu f(X), B KOTOpBIX ee MPOM3BOIHAS

HE CYIIECTBYET WJIM paBHA HYJIIO, HA3bIBAIOTCS KPUMUYECKUMU MOYKamy PYHKITUH.

31ech HYXKHO OTMETHTh, YTO HE BO BCEX KPUTHUYCCKUX TOUYKAX (YHKIIHS
nMeet dxctpemyM. Harprumep GyHKIus Y = X° He HMeeT 3KCTpeMyMa, T.K. HE BbI-
noausiercs yeaosue f(X) <(>) f(Xo), T.e. B OKpECTHOCTH TOYKHU Xy 3HaYCHHE (YHK-

LIUU JOJKHO OBITh 0OJIbIIIE (MEHBIIE) 3HAUCHUS (DYHKIIMU B TOUKE Xo. Takum oOpa-
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3oM, GyHKmMS Yy = X° HMeeT  KPHTHYECKYl0 TOuky 1pH  x=0
(t.x. f'(0)=0), HO 3KCTpEeMyMa B ITOH TOUYKE HET.

B cuny teopembl @epma d3KCTpeMyMbl (PYHKIIUU HaXOISATCS CPEIH €€ Kpu-
TUYECKUX TOYEK.

Ilepsoe docmamounoe ycnosue skcmpemyma. Ecnu mpu nepexoje (ciesa

HaIpaBo) 4epe3 KPUTUUECKYIO TOUKY X, mpousBogHas f'(X) menser 3Hak c (+) Ha
(-), To TOuKa X, SBISETCA TOUKOW MakCMMyMa; eci ¢ (-) Ha (+), TO TOUKOH MUHH-

MyMa, €CJIM 3HaKa HC MCHACT, TO 3KCTPCMYyMa HCT.

Bmopoe docmamounoe ycnosue sxcmpemyma. Ilyctb B TOUKe X, IPOU3BOA-
Hasg paBHa Hymo f'(X,)=0, a Bropas mpomsBomuas f"(X,)=0. Torma, ecam
f"(X,) >0, T0 X, - Touka MmuHuMyMa; eciu f"(X,) <0, TO X, - TOUKa MaKCHUMYy-
Ma.
BeinykiocTs rpadpuka pynkuuu. Toukn nepernoa.

[Tycts 3amana ¢pynakuus y = f(X). [Ipenmonoxum, uro ¢pynkuus f(X) mudde-
pCHIIMpYEeMa Ha ONPeAeIICHHOM IMTPOMEKYTKE [X1;X3].

Bosbpmem npomexyTok [Xi; Xo]. Torma, ec-

¥y
JIU TIpU JII0OOM 3HAYEHUU X TAKOM, YTO X3<X<Xy, TOYKa Mepernoa
3Ha4YeHHEe (YHKIIMA MEHbBIIE 3HAYCHUS KacaTellb- B A
HOU B TOYKE X, A
T.e. f3(X) < fu(X), TOo dyHKUMS BBIMykIa BBEpPX
(Puc. 8.4). I'paduk GyHKIINK HA3BIBACTCS BBIMYK- e
JIBIM HA TIPOMEKYTKE [X1] X»], ecu oH pacmoo- = P;E 54 "3

JKEH HIDKE KacaTeJIbHOW, MPOBEEHHON B JI000M
TOYKE 3TOTO MHTEpBAJA.

Bo3bMem mpomexyTok [Xp; X3]. Torma, ecnu mpu jar000M 3HAYCHUU X Ta-
KOM, 9TO X,<X<X3, 3HaueHHE (YHKIHUU OOJIbIIEC 3HAYCHUS KACcATEIILHOW B TOUKE X,
1.€. f;4(X) > f(X), To dynxuus Beimykina BHu3 (Puc. 8.4). I'padux dyHKIMN Ha3bIBa-
eTCsl BOTHYTBIM Ha MPOMEXKYTKE [Xp; X3], €CITM OH PACIONIOKEH BBIIIE KAacaTeIbHOM,

MIPOBEICHHOM B JIIO00M TOYKE ATOTO MHTEpBAJIA.

70



Ecnu ¢yHkuus Bblykiia BBEpX, TO BTOpas MPOU3BOAHASA (PYHKIIUK MEHBIIE HYJI,
T.e. f"(x) <O0.
Ecnu QyHKIMA BBINYKIa BHH3, TO BTOpas MPOU3BOIAHAS (DYHKIIUM OOJIBIIE HYIIS,

T.e. f"(x) > 0.

Ilepsoe oocmamounoe ycnosue mouku nepecuba. Ilycts dynkuus f(X)
UMEET IEPBYIO MPOU3BOJHYIO B TOYKE X, M BTOPYIO IIPOM3BOJHYIO B HEKOTOPOMH

OKPECTHOCTHU 3TOM TOUKH (KpoMe, ObITh MOKET caMoi Touku). Toraa eciu npu re-

pexozie 4epe3 TOUKy X, BTOpasi IpOU3BOJHAS MEHSAET 3HAK, TO X, - TOYKa Ieperu-
oOa.

Bmopoe docmamounoe ycnosue mouku nepezuba. Ilycte B Touke X, QyHK-
mus f(X) uMeeT Mpou3BOHBIE 10 TPETHETO MOPSJIKA BKIIOYUTEIIbHO. Torma eciu
f"(x,)=0,af"(x,)#0, To X, — Touka mepern6a 3Toi PyHKINH.

AcMMITOTHI rpauka QyHKIHUM.

[Mpsimast muHUsT M Has3biBaeTcst acumnmomot rpadpuka ¢pynkmuu Y = f(X),

eciu paccrostare d oT Touku M, nexareid Ha >ToM rpaduke, A0 IPIMOH M cTpe-
MUTCSI K HYJIIO TP HEOTPAaHUYEHHOM yAAJICHUHU 3TOM TOUKH MO rpaduKy OT Hadasia
KOOpAMHAT B OECKOHEUYHOCTb.

AcHMITOTHI OBIBAIOT TPEX BHUAOB: BEPTHUKAIbHBIC, HAKIIOHHBIC M TOPHU30H-
TaJbHBIE.

HpHMaﬂ XIXO Ha3bIBACTCA 6€PpMUKAIb-

nou acumnmomou (Puc. 8.5) rpaduka ¢pyHkimm

f(X), ecmu x0T ObI OJUH M3 OJHOCTOPOHHHUX

npeneioB  lim f(x) u Iimof(x) paBeH Oec-
X—>Xg—

X—>Xp+0 -
>
KOHCYHOCTH.
XD X
OObIyHO BCPTHKAJIbHBIMH aACHMIITOTAaMU Pric. 8.5

SBJIIOTCS MIPSIMBIE B TOYKAX pa3pbiBa 2-ro poja.

[ToaTOMY MU OTBICKAHUS BEPTUKAJIBHBIX ACUMIITOT OIPEAEAIOT TOYKU ay,a,,...a,
OECKOHEYHOT0 pa3pbiBa (QYHKIMU. Toria ypaBHEHHE BEPTHKAIHHBIX ACHUMIITOT
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X=2a;,X=2a,,..., X=4a,. BepTukanabpHble aCHMOTOTHI MOTYT OBITH M Ha TPaHHLE 00-
nactu onpenenenus pyakuuu. Hanpumep, kak y Gyakmun y =InX.

[Tpsmas y = kX + b HaseiBaeTcst naxnonnou acumnmomot (Puc. 8.6) rpaduka
¢yuxouu  f(X) mpu X —>+oo (mpu X — —o0), ecin

lim (f (x) — (kx+b))=0 (COOTBETCTBEHHO,
Iirp (f(x) —(kx+b))=0).

VYpaBHEHUE HAKIOHHON aCUMIITOTHI K rpauKy

¢ynakun Yy = f (X)mmem Buge ¥y =kx+b, roe

Puc. 8.6

k= lim 0 u b= lim(f(x)—-kx).

x>t X X—>00

Ecimm xoTs Ol OJHH H3 IIPCACIOB kub ne CYICCTBYCT MJIN PpAaBCH Oecko-

HEYHOCTH, TO KpuBas Yy = f(X) HaKIOHHOW aCHMNTOTHI HE HUMECT. ACHMIITOTHI
rpaduka pyakmum Yy = f(X)mpu X — +oou X — —oo

MOTYT OBITh pa3HbIMH. [lo3TOMY Npu HaxoXiaeHun ¥

npezenoB K u b cieayeT oTAeIbHO paccMaTpUBATh y=b

CIIy4ai, Korga X — 400 M KOrja X — —o. e -
YacTHRIM CIlydaeM HAKJIOHHOW aCHUMIITOTHI

(mpu k =0) sBRsieTCS 2opuzoHmanvHas acumnmo- 17 Klr

ma (Puc. 8.7). Puc. 8.7

[Ipsimast Y =D sBiseTcs TOPU3OHTAILHOW aCUMITOTON Tpaduka (GyHKIHUN

f (X) mpu X — 400 (mpu X —> —o0) TorAa U TOJbKO Toraa, koraa lim f(x)=b (co-
X—>+00

otBeTcTBeHHO, lim f(X)=Db).
X—>—00

Hoanoe uccienosanmne pynkuuu. Illocrpoenue rpagpuka GpyHkuum.

[Topsimok ucciienoBaHus

|. OOuas xapakTepucTuka QyHKIUU.
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1.1. OGnacTh onpeaeneHus GyHKITUN.

1.2. IloBenenne GyHKIIMN B OKPECTHOCTSIX TOUEK pa3phiBa.

1.3. Touku nepecedeHus rpaduka ¢ OCIMUA KOOPIUHAT.
1.4. Cummetpus rpaduka.
1.5. IlepuoanunocTh rpaduka.
I1. NuTepBanbl MOHOTOHHOCTH U AKCTPEMYMBI (DYHKITUH.
2.1. HaxoxaeHue mepBoi MpOU3BOAHON (DYHKITHH.
2.2. OnpeneneHue KPUTHIECKUX TOYEK.
2.3. HaxoxaeHne nHTepBaIOB MOHOTOHHOCTH.
2.4. OnpeneneHue d3KCTPEMYMOB (DYHKITHH.
I11. MaTepBasbl BHITYKIOCTH U BOTHYTOCTH.
3.1. Brrunciienue BTOpOM MPOU3BOIHON (PYHKIIHH.

3.2. OnpeneneHue Touek neperuoa.

3.3. HaXO)KIIeHI/IG HHTCPBAJIOB BBIITYKJIOCTHU U BOTHYTOCTH.

IV. HaknoHnHble acuMIITOTHI Fpaduka QyHKIUH.

V. I'padux dpyHKIMM.

Hailirn MPOU3BOANLIC 38 aHbLIX (b}-'III{LLI«I.ﬁ y:y(.{] IIPH 3aJaHHbLIX 3Ha"49eHHAX apry-

MEHTa Tq:
Inx 1
=—, 9=
Y ;H—Ql' 0
2. y=3"—"——2¢*-3 1y=2
Y In3 ' o
3 Yy=— r“J' — V-"E—i—Bll'l T, rp=1
2—3x
4 Y= i_, t‘[j:2
2/
5 Y= \.i.:l'(}:]..
2—x
6. y=sinz(z®—2z+3), 20=0
7 V2 1
= , L=
SRRV TR L
1 m
B. y=————, ro=—.
Vetg® x 1
9 y=(1'2—3;r—|—1]€*‘ xp=0
10 yzSillQ?;t'+1~:t'(}=i-
2ctg 3z T ™
11. y= = Cos —., Tp=—
- "6 T 12
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AL 1y 14
12. B kakoit Touke kKpupoit y= —z’+2 kacarenuas HepueHInKy/Isspaa upaMoll r —y+1=

0?7

13. Haitrn cymmy KOODAMHAT TOYKH ¢ OTPHIATEILHON abCIUCCol, KacaTe/lbuas B KOTO-
poii k rpaduxy dbyuxuun f(x)=z>+2r+4 UPOXOAUT Hepes HAYAIO KOOP/IMHAT.

14. Ecom npamas y=3 — 5z asasgeTcs KacaTeabnoil K mapabone y=12+br+¢ B Touke ¢
abcruccoit (), To wemy pasna cymma b+c?

15. Haiitu smagenne x, npu Kotopom Kacatenbnaa K rpabuxy dyuxnmm f(r)=8-27"% ¢
yrioBeiM K03 dummentom k=2 In 2 nepecekaer ocn abenuce.

16. "epes Touky (2, —5) npoxoaar ase kacarenbusie K rpaduxy dyukunu f(r)=—3/+
1. Haiiru cymmy abemmcee Todex kacanms.

17. Hammcars ypaenenne kacarensnoii k kpusoll y=In(r — 1), napamnensnoil nupsamoli
y=2r—1.

18. Haiiru yros ¢ ocsio abcnuee kacarensioil K kpusoll y =z In x, nposegennoli B Touxe
nepecedennd 3Toll Kpusoil ¢ ocwio abemmcec.

19. Ilpu xakux suadenuax napaMerpa a upamad y=ar —2 Kacaercd rpaduka Qynkimn
y=1+Inz?

20. Halitu KOOPAMHATEI TOYEK Hepecedennd ¢ ocblo Or Tex KacarelbHbX K rpaduky

byuxmmn
_r+1

-3

y

3T
KOTOpLIe 00pasyioT ¢ ocio O yroj T

Halitn snadenna dyHKImil B TOYKAX MAKCHMYMA:

1
24, y=2$3—§$2—$+—.

8

1 1 13

25. y=—a°— —x*+T71—.
26. y:§$4—§:1:3—§:r2+5.

27. Haiitn Touxy munnmyma dynkmun f(z)=—9z° 4+ 90x* — 180z — 30.
Haiitin nanbosbinee n nanMmensinee suadenns (QyHKIMA HA 38JaHHBIX OTPE3KAX:
28. y=z"—6z?+1ma [-1,2].
29. y=sinzx-sin 2r 1a moJIHOM IePHOIE.
30. Haiitu snagenne poipakenusa m —3M, ecyiu m u M — nanmenbinee u nanbosbinee
snavenns dynkmun f(r)=—21% — 3224127 — 16 na orpeske [—1,2].
31. Haitrn naubospimee n nanmensiree suadens Oy KT

yz—:r.g—l-3

x| —2

na orpeske [—2,0].
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