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AHaJIUTHYECKAsl TeOMeTPHs B IPOCTPaHCTBe R
BekTopHas ajreopa

HGKOTODBIG CBCACHUSA N3 TCOPHUU

BekTop — HanpaBiIeHHBIA OTPE3OK.
PaBsencTBo

a= (x, y, z) (1)
O3Ha4aeT, 4T0 X, ), Z — MPOEKIUU BEKTOpa Ha OCH KOOPAMHAT WU €T0 JIeKap-

TOBBI KOOPJIMHATHI.

dopmyiia
~ 2, .2, .2
|a|:\/x +y°+z (2)
TI03BOJISIET 110 KOOPIUHATAM BEKTOPA OIPEACIUTD €r0 MOYIIb.
12 5 Eciu o, 3, ¥ — yriisl, KOTOpbIe BEKTOp 00pasyeT
i C MOJIOKUTEIBHBIM HAIIPABJICHHEM OCell KOOPAUHAT, TO
B cosa., cosP, cosy Ha3bIBAIOTCS HAMPABJISIONIMMH KO-
a CHHyCaMH BEKTOpa d .
7, >y x=|c_i|cosoc, y=|c7|cosB, Z:|c7|cosy, (3)
2 2 2

cos” a+cos”B+cos”y =1 4)

x
Ecnu n3BecTHb! Havano Bektopa M l(xl, Y1 Zl)

u KoHen M, (xz, Y, 22) , TO KOOPJIMHATHI BEKTOpa HaXOATCs 10 hopmysiam

X=Xy =Xy, Y=Yy—), Z2=2) 2. (5)
Ecmn c_i=(x1,y1,zl) n b:(xZ,yz,Zz),TO
5ib=(x1ix2,y1iy2,zli22) (6)

n ad=(ox;, oy, 0z;), rae o — 106oe YucIo.
BCKTOPBI, JISKAIIEC Ha OHHOﬁ WJIA TTapaJICJIBHBIX IIPAMBIX, HA3bIBAKOTCA
KOJUIMHEAPHBIMH. [IpU3HAK KOJUIMHEAPHOCTH BEKTOPOB @ W b :
X z
M_N i U (7)

Xy Vo Zp

_ =

Tpoiika BEeKTOPOB [, j, K Ha3bIBa€TCsS KOOPAUHATHBIM Oa3HCOM:
7=17]=|k]=1
BekToper i, j, k wHampasieHsl o ocsim cootBerctBenHo Ox, Oy, Oz B
TIOJIOKUTEIHHYIO CTOPOHY.
JTro6oii BEKTOp d = (x, v, Z) MOJKET OBITh TIPEJICTABJICH B BHJIC

a=xi+yj+zk. (8)



CKaInSpHLIM IPOM3BENEHUEM BEKTOPOB d = (xl, Y1 Zl) u

b= (xz , Vo, 22) Ha3bIBACTCS YHCIIO0, PABHOE ITPOU3BEICHUIO MOAYJIECH ATHX
BEKTOPOB Ha KOCHHYC YyIJla MEXy HUMH.

5-I;=|c7|-‘l;‘-coscp, 9)
5-5:|Ei|-npal;=‘l;‘-np5&', (10)
i-a=a’=|al’, (11)
T.€. CKaJIAPHBINA KBAAPaT BEKTOPA PaBeH KBaJpary ero MOIyJs.
Eib :xl.X2 +y1y2 +2122. (12)
Ecmu dlb, 1o
XI.X2 +y1y2 +21Z2 = O (13)

XXy +V1V2 2125
\/xlz +y12 +Zl2 '\/x22 +J’22 +222

Ecmu Bektop F m300paxkaer cuily, TOYKa IPHIIOKEHUS KOTOPOH mepe-

cosQ = (14)

MEIIaeTCsl U3 Havyajia B KOHEI[ BEKTopa S , TO padoTa 3TOH CHIIBI ONPEIENIIeTCs
W=F-S. (15)

-

BEKTOPHBIM MIPOU3BEICHUEM BEKTOPA ¢ Ha b Ha3bIBAETCH TAKOM BEK-

TOp € = da X b, KOTOPBII yIOBIETBOPSET CAEAYIOIUM TPEM YCIOBHSM:
1. |5| = 5|-‘b ‘-sin(p, I71e (O — YyroJ MeKIy BEKTopamMd d | b;
2. ¢la w clb;
3. BEKTOp ¢ 00pasyer ¢ BEKTOpaMU a M b «mIpaByro» TPOUKY.
BeKTOpHOE MPOU3BENECHHE 3aBUCUT OT IOPSAAKA COMHOKUTETIEN

Gxb=-bxa. (16)
MOI[y.]'II) BCKTOPHOI'O IIPOU3BCACHUS PABCH INIOIIAIHN ITapaJlyICIoIrpaMmMma, I10-

CTPOEHHOTO Ha BEKTOpPax d M b:

S=|ixb)| (17)
1. -
SA:—{axby (18)
2
Ecmu Bektopsl @ u b xommmHeapHsl, To d X b = 0, B wacTHOCTH,
axa=0.
Eciu BeKTOpBI 33/1aHb1 KoopauHatamu  d = (X, i, z1),
b = (XZ, Vo, Z2), TO
R
axb=|x y z| (19)



Ecnu Bektop F m300paxkaer cuiy, NPUIIOKEHHYIO B KaKOH-HUOYAb
Touke M ,aBEKTOp d WIET U3 HEKOTOPoi Toukn (O B TOYKy M, TO BEKTOp

a x F' npencrasnser co6oil MoMeHT cunbl F' otHOCUTenbHO Toukn O):
mF=axF. (20)

—

CMenIaHHbIM IMPOU3BCACHHUCM TPCX BCKTOPOB C_i, b, E Ha3bIBACTCA YHC-

J10, PAaBHOE BEKTOPHOMY IIPOU3BENECHUIO ¢ X b, yMHOKEHHOMY CKAJIAPHO Ha
BEKTOpP C, T.€.

abaz(axb)-5=a-(bx5). (1)
CMelannoe nmpousBeieHe abc paBHO 00BEMY MapauIeNenuIena, oCcTpo-

CHHOI'O Ha BCKTOpPaxX C_i, b, E , B3 TOMY CO 3HAKOM «ILIFOC)», CCIIN TpOﬁKa

—

a, b, ¢ npapas, co 3HAKOM «MHHYC», €CJIU OTa TPOUKA JIEBas.

V =+abc. (22)
Ecm BCKTOPbI KOMILIIAHAPHBI (JIG)KaT B O,Z[HOI>'I HJIOCKOCTH), TO
Ghé =0. (23)

JI71s BEKTOPOB d = (xl, Vi, zl), b= (xz, V2, 22), ¢ = (x3, V3, 23) CMeIIIaH-
HOE ITPOM3BEJECHHUE ONpeensieTcss GopMyIIoi

. X1 V1 4
C_ibE = X2 y2 22 . (24)
X3 Y3 Z

3anaya 1. Ha maTepuanbHyo TOUKY JEHCTBYIOT CUJIBL:
F=(2-11), F=(-122), K=(1-2).
Haiitu paboTy paBHOJIEHCTBYIOIIEN 3TUX CHUII R IIpY IIEPEMEILIEHUN TOYKHU U3
[IOJIOKEHUS A(Z, -1, 0) B IIOJIOJKEHUE B(4, 1, — 1).
Pemienue. Haliem paBHOAEHCTBYIOIIYIO
R=F+F+F=(2-1+1,-1+2+1,1+2-2)=(2,2,1).
Bexrop nepememenus mo gopmyne (5)

= S
S= 4B :(4—2, I1+1, —1—0):(2, 2, —1).
Hckomyro paboty HaxoauM o popmyne (15)
W:R-S:2.2+2-2+1-(—l): 7.
3anava 2. [lana cuna F = (3, 4, — 2) Y TOYKA €€ TPUIIOKCHHUS

A(2, -1, 3). Haittn MOMEHT CUJIbl OTHOCUTENIBHO HAaYajla KOOPIWHAT U YIJIbL,

COCTaBJIAACMBIC UM C KOOPAWMHATHBIMU OCAMM.

—

—

Pemenue. ITo popmyne (20) m F =r X x F . Bektop 7= OA 1o dop-

myiie (5) MMEET KOOpAMHATEI 7 —( ) o ¢popmyie (19)



w

FxF = =—10i +137 +11k.

W N =y
N
e

-2

Hraxk, moﬁ = (— 10, 13,1 l). Moysib MOMEeHTa HaxouM 1o popmyiie (2):
|m,F | =J(=10)* +(13) +(11)* = /390 ~ 19,748,

Hanpasistomue KocuHychl o ¢popmyite (3):

coso. = _—10 =—0,506, cosP = L = 0,658, cosy = L =0,557,
19,748 19,748 19,748
a yIJIbl, COCTABISEMbIE MOMEHTOM CHJIBI ¢ KOOPIUHATHBIMU OCSAMM, CIIEIYIOLIHE
o =120°24', B=48°51, vy =569,

KoHTposnb: OMKHO OBITH cos® o+ cos” B+ cos’ v =1 VY Hac:
(- 0,506)% +(0,658)” +(0,557)" = 0,999.
3azaua 3. Hamumcats pasnokeHue BEKTOpa X = (5, 16, 2) 0 BEKTOpaM
p=(210), §=(0,-2,0), F=(-1,52).
Pemienue.
1. Pasnoxenue BekTopa X 10 6asucCy p, ¢, ’ HMMEET BU/
X=0p+0,g+asF
WJIU B KOOPJMHATHOM (hopme
Xp =0 pp +0sg; + 030
Xy =0y Py +0pg) + 037
X3 =0 p3 +0aq3 +03l3.

2. C y4eToM YHCIIOBBIX 3HAYEHHMI KOOPAUHAT BEKTOPOB P, ¢, 7 H X

IIOJIy4YUM CUCTEMY YPABHEHUN OTHOCUTEIIBHO HEM3BECTHBIX Oly, Oy, Ol3:

2(X,1+OG,2_1(X,3:5 2&1:54‘(1,3 (11:3
1‘&1—2'(124‘5'0,3:16 — 2(12:(114‘5&3—16 — (122—4

—

3. Pa3noeHue BEKTOpa X I10 BEKTOpPaM p, ¢, I HUMEET BULL:
X=3p—4qg+r.
Otser: X =3p—4q +7r.

>
Banaua 4. B napamenenunene ABCDA,B,C,D; Bextopsr AB = p,

—_—  — _
AD =q, AA; =r obpa3sytor 6a3uc. Paznoxuts Bektopet AG, AP,

—
AN, 1o BeiOpanHOMY Oasucy, eciau Touka G nenut pedbpo DD, B oTHOmIE-



Hun 1:2; Touka P — touka nepecedenus quaronaneu rpanun DD;C;C; Touka
N, — cepenuna pebpa B;C;.

Pemenue.

[Toctponm veprexx. HemocpencTBeHHO U3 YyepTexa cleryeT:

,ﬂ}:Ab+Dd:§+§R

N
7

AP = API+APZ+P2P—

Lo
2

¢ AN, = AB+ BN+NN, = p+—G+7.

> 2. —

Otser: AG =g+—r, AP =

IIpssmMasg U MJIOCKOCTH
IliockocTth. Ee ypaBHeHUs

Ax+By+Cz+ D=0 - (25)
oO111ee ypaBHEHUE TIJIOCKOCTH.

A(x—xo)+B(y—yo)+C(z—Zo)=0 — (26)
ypaBHEHHE TUIOCKOCTH, IPOXOASIICH uepe3 Touky M, (xo s Voo ZO) MIEPIICH TN~
KYJIIPHO BEKTOPY N = (A, B, C).

SAPAT 27)
a b c
ypaBHEHHUE IIIOCKOCTH «B OTPE3Kax». 31ech a, b, ¢ — BEIUYNHBI OTPE3KOB, OT-

CEKAaeMBIX MJIOCKOCTBIO Ha OCAX KOOPAMHAT.
Ax+By+Cz+D

+ \/A2 +B?+C?
HOPMAaJIbHOE YPABHEHHE IIOCKOCTH.
g | Ax, + By, + Cz, + D|
\/A2 +B?+C?

paccTosiHue OT TOYKu M, (xo, Vo ZO) no iockoctt Ax+ By + Cz+ D =0.

X=X Y=V Z—Z

Xp=X; Vo= Z—z|=0 - (30)

X3=Xp V3= 2372

=0 — (28)

(29)




ypaBHEHHE IIOCKOCTH, IPOXOAAIICH Yepe3 TpU TOUKH A, (xl , V1 Zl) ,

A21(x2,y2,22), A3(X3JJ’3,23)-

Ilpavas. Ee ypaBHeHus

Ax+By+Ciz+D;, =0
{ 1 VT 1 B (31)

06H1€:e YpaBHCHHUC HpﬂMOﬁ (Hp}IMaH 3aJlaHa IICPeCCUCHUEM JIBYX HHOCKOCTCI?I).

X=X _Y=YVo 272 _ (32)
m n )%

KaHOHMYECKOE ypaBHEHHE MpsIMOH, rae M, (xo, Vo ZO) — TOYKa, IPUHALJIe-
Kalas mpsamMoit, a = (m n, p) — HaIpaBJSIOMIHNA BEKTOP MPAMOU (BEKTOP,

napajuieIbHBIN MPSIMOiA).

X =Xx,+mt
y=y,+nt - (33)
z=2z,+pt

IIapaMEeTPUUECKNUE YPABHEHUS MTPSMOM.

X=X — Y—=M" _ Z—Z (34)

Xo =X Vo= MV1 22
YpPaBHEHHUE NPAMOU, MPOXOAAIICH Yepe3 JIBE TAHHBIC TOUYKHU Al(xl, Vi zl) :

Az(xz’ Y2, Zz)-

+ +
cosQ = T T T PP - (35)

\/m12 +m? +py’ ‘\/m22 +my% + py’

YTOJI MEKILY JABYMSI IIPAMBIMH, T€ ] = (ml, n, Pl) U dy = (mz, n,, pz) —

HanpaBJIAIOIIHUC BEKTOPLI ITPAMBIX.

_ | Am+ Bn+ Cp|
siny = - (36)

\/A2 +B%+ C2 -\/m2 +n?+c?
YTOJI MEXKIY NPSIMOM U IJIOCKOCTBIO, T1IE n= (A, B, C) — HOpPMAaJIbHBIN BEK-

TOP IUIOCKOCTH, d = (m n, p) — HaIpPAaBJISAIOUIMNA BEKTOP IPSAMOM.

=% A Ay A Ay A A, | — obvem mpamuzst A, Ay A3 A,

V

nupamuobl

rae Al(xl’yl’zl)’ A21(x2)Y2:Zz)’ A3(X3,J/3)Zs)’ A4(x4))/4’24) -

KOOPJIMHATHI BEPIIVH ITUPAMU/IBI.



1[¥2=X1 V271 22724
Vnupafwm)bz =\ X3 X V3TV 23721 (37)
Xg=X1 Va=)1 2472
3amaya 5. JlaHbl KOOPAMHATHI BEPIIUH MTAPAMU/IBI A1(2, 1, - l),
A>(3,0,1), A5(2,-1,3), 44(0,8,0). Haitru:
1) yron mexny peopamu A; A, n A Ay;
2) yron Mexay peopom A, A, wn rpansio A; A, As;
3) 00beM nupaMuasl V;
4) pacctosiHue oT Touku A, 1o miockoctu Ay A, As;

5) Touky Aj, CAMMETPUUYHYIO TOUYKE A, OTHOCHTEIHHO IIOCKOCTH
A4y 43

6) Touky A, CAMMETpUYHYIO TOUYKE A, OTHOCHTENHHO MpsiMoit A A;.

Pemienue.

1) Yron mexny peOpamu Haxoaum 1o popmyne (35).
N —>
ay =414, =(3-2,0-1,1-(-1))=(1, -1, 2) — nanpaensiowmuii sexrop
npsmoit A, 4, ;

N
a, = A4y = (0 -2,2-1,0- (— 1)) = (— 2,7, 1) — HaIpaBJISIONIUN BEKTOP
npsmoit Ay Ay.
1-(-2)-1-7+2-1 =7 T
S22 422 -2+ 72412 YO58
2) CocraBuM ypaBHeHue iockoctu  A; A, Ay, mpoxosiei yepes Tpu
TOYKHU A1(2, I, — 1), A2(3, 0, 1), A (2, -1, 3), o popmyie (30)

cosp =

x=2 y—-1 z+1 x=2 y—-1 z+1
3-2 0-1 1+1|=0, 1 -2 2 |=0,
2-2 —-1-1 3+1 0 -2 4
-1 2 1 2 1 -1
a3 Zofs ooy 3o

(x=2)-0-(y-1)-4+(z+1)-(-2)=0,
—4y+4-2z-2=0,
4y +2z—2 =0 — ypasaenue miockoctu A; A, As;

n= (O, 2, 1) — HOPMAJILHBIA BEKTOP IIOCKOCTH;

—
a=A Ay = (— 2,7, 1) — HANpaBJIAIOMINIA BeKTOp nmpsiMoit A A,.
Haxomum yron  wexny npsimoit 4y A, u mnockocteto Ay A, A3 1o dop-
Mmyse (36)



0-(-2)+2-7+1-1 15
V02 422 412 -\/(—2)2+72+12 V5454

3) Haxomum o6beM nupamuasl mo popmyse (37)

=0,9114.

siny =

E— —> —>
A1A2 :(1,—1, 2), A1A3 :(O,_Z, 4), A1A4 :(_2, 7, 1)

=12 1
V=t—| 0 -2 4|=+—(-2+8-8-28)=——(-30)=15.
6|-2 7 1| 6 6

4) Paccrosnue ot Toukn A, mo miockoctn A; A, A3 Haxomum mo

dbopmyne (29).
d_|2-8+0—1| 15

NZENEEING

[V !
5) YtoObl HaliTH TOUKY A4, CHMMETPUYHYIO TOUYKEe A, OTHOCHTEIHHO

=35~ 6,69.

mwiockoctu Ay A, Az, caenaeM cienyrouiee.

CocTaBUM ypaBHCHHUE MPSMOH, MEPICHANKYIAPHON IIJIOCKOCTH
A, A, A5, npoxopsmieit uepe3 Touky A, 1o ¢popmyne (32). 3a HampasIsio-
U BEKTOP NPAMON @ = 1 = (0, 2, l) O0epeM HOpMaJIbHBIH BEKTOP ILIOCKO-

CTH, T.K. IIpsAMasd NCPIICHAUKYJISIPHA IIIIOCKOCTH!

x-=0 y-8 z-0 x_y-8_z
0 2 1’ o 2 1
CocTaBuM MapaMeTpUIeCKre YpaBHEHHUS 3TOM MpsMoit o Gopmyre (33):
x=0
y=2t+8
z=1.

Haxoanm Touky nepecedeHns 3ToH MpsiMOii ¢ MIOCKoCThio A Ay A5

x=0
x=0
y=2t+8
., = Jy=—6+8=2 = 2(2t+8)+1—1=0,
z =
z=1
2y4+z—-1=0

5t+15=0, t=-3.
[Tomygaem Touky M| (O, 2, — 3) ; T.K. Touka A, cumMmeTpuuHa Touke A, OT-
HOCHTEJBHO TIockocTH Ay Ay A3, To Touka M siBisieTcs: cepeIMHON OTpe3Ka
Ay A}, nosTomy
X4+ Xy _ 0+xj

Xy T, 0 > , X&:O;

10



_Yatyi 5 _ 8+

’ ) / :_4’
Ym 5 5 Ya
Zy + 2y 0+2z, ,
Zayy = , —-3= , zy = —0.
M 9 9 4
A&(O, —4, — 6).

6) YtoObl HaiiTi TOUKy A, , CAMMETPHUYHYIO TOUKe A, OTHOCHTEIHHO
npsiMoii  A; Ay, COCTaBMM ypaBHEHHE IUIOCKOCTH, IPOXOISIIEH Yepes TOUKy
A, mepneHaukyisipHO npsiMoit 4y Ay 1o gopmyne (26). 3a HOpMaNBHBII
BekTop mwiockoct 7 = d = (0, — 2, 4) GepeM HaNpPABISIOWKIA BEKTOP IPAMOii
A; A5, T.K. IIOCKOCTH MEPHEHANKYIISIPHA MTPSIMOU.
0-(x-0)-2-(y—3)+4-(z—0)=0, —2y+16+4z=0, y=2z-8=0.
Vpasuenue npsmoit 4; Ay cocrasisem o popmyne (34).

x—=2 y-1 z+1 x=2 y-1_ z+1

2-2 —1-1 3+1 0 -2 4
[TapameTprueckue ypaBHeHUs mpamont A Ay
x=2
y==-2t+1
z=4r-1
Haxoxnm Touky N mnepecedenus npsimoit A; A; ¥ miockocTu:
(x=2
y=-2t+1
z=4r-1
V- 2z—8=0,

—20+1-2(41-1)-8=0, —101-5=0, t=—%,

x=2, y:—Z(—l)+1:2, 224(—1j—1=—3.
2 2

Urak, Touka N(2, 2, —3). Tak kak Touka A; CHMMeTpUYHA TOUKe A, OT-
HOCHUTENIBHO NpsiMoii Ay A3, To Touka N SBJIsIeTCS CEpeMHOI OTpe3Ka
A4 Ay, Torna
Xy + x4 0+x
xy=—2—"2% 2= 4 xi=4,
2 2
"
Y4 t+V4 8+ y4 "
yy =22 oo vi=—4,
2 2

11



+ " 0+ 44
Zy = Z4 : 24 . —3= 224 ,  zj =—6, TOuKa AZ{(4, -4, - 6).

AHaJIUTHYECKAsA TeOMeTPHUsl HA INUIOCKOCTH
HexoTtopelie cBeieHUs U3 TEOpUU
Ilpavas guuusa. Ee ypaBHeHnue

Ax+By+C=0 — (38)
oO1iee ypaBHEHHUE TIPSIMOM.
X=X, Y-V,
= - 39
- » (39)

ypaBHEHHE MPSIMOH, MPOXOAIIeH yepe3 Touky M, (xo, yo), a= (m n) -
BEKTOD, APAJUICTBbHBIN MPSMOM.

A(x—xo)+B(y—yo)=O — (40)
ypaBHEHHE MPSIMOH, MPOXOIAIICH yepe3 Touky M O(xo , yo) C IIEPIICHAUKY-
JIAPHBIM BEKTOPOM 71 = (A, B).

X=X _ V=N

Xp =X V2=

ypaBHEHHUE MPSIMO MTPOXOoaAIel yepe3 ABe Touku M 1(x1, yl) u M, (x2 , y2) .
XV _q_

— 4+ =
a b

ypaBHEHHUE MPSIMOI B «OTpE3Kax», ryie d, b — BEeJIMUYMHBI OTPE3KOB, OTCEKae-

(41)

(42)

MBIX MPSIMOM HA OCSIX KOOPJAUHAT.
y=kx+b - (43)
ypaBHEHHUE MPSIMOii ¢ YIIIOBbIM KO3 duiimeHToOM k = g U oTpe3koM b —
oTcekaeMbIM Ha ocu Oy .
y=Yo=k(x—x,) - (44)
ypaBHEHUE MPSIMO¥, Ipoxosiie uepe3 Touky M, (xo , yo) C YIJIOBBIM K03 (-
durrieHToM £ .

Ax, + By, + C
g A+ By Cl 5)
VA% + B2
pacctostaue oT Touku M (x,, yo) no npsimoit Ax + By + C=0.
Ax, + By, +
g At B. +C (45a)

VA% +B?

OTKJIOHEHHE TOYKH Mo(xo, yo) OT MPSIMOIA.

12



A

k=—— — 46
Z (46)
yrioBoii ko3¢ unuent npsimoir Ax+ By +C =0.
kl == kz - (47)
YCIIOBHUE MapalICIbHOCTH TPSIMBIX.
1
ky=—— — 48
1 0 (48)
YCIIOBHE MEPIICHINKYIIPHOCTH MPSMBIX.
kZ B kl
o =|—— 49
= T kk, (49)
YTOJl MEXAY ABYMsI IPSIMBIMH C YIJIOBBIMH Kod(durmenramu k; u k.
3agauya 6. JlaHbl cepearHbI CTOPOH TPEYTOJbHUKA
P(l, 2), Q(S 1), R(— 4, 3). CocTaBUTh ypaBHEHHS €TI0 CTOPOH.
B(xs, v,) 1 cioco6. Tak kak Toukn P, O, R sBustorcs ce-
penunamu otpe3koB AB, AC, BC, To
P 0 x1+x2:1’ X2+X3:5’ X1+X3:_4’
2 2 2
A, v)) R C(xs, y3) yl+—y2:2’ y2—+y3:_L M:?,
2 2 2
Pemraem nBe cucrtembl ypaBHEHUN
X;+x,=2 Yit+y, =4
X2+X3:10 y2 +y3:—2
X1+X3:_8, y1+y3:6,
oJIy4acm
xp=-8 Yy =6
X, =0 v, =0 A(— 8, 6), B(IO, - 2), C(O, O).
X3 = 10, V3 = _2,

Teneps cocTaBisieM ypaBHEHUS CTOPOH TPEYTOJIBHUKA, KaK TIPSAMBIX, TTPOXOs-
IIMX Yepe3 ABe TOUKH, 1o popmyrne (41).
VYpaBHenue AB:

X8 _ =0 oy m—0,
10+8 —-2-6

VpaBuenne BC':
x—lO:y+2, X+ 5y =0,
0-10 0+2

VYpaBuenne AC':
X8 _ Y76 s iap=o

0+8 0-6
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2 cioco6. He ompenensisi koopaunat Touek A, B, C', cocTaBUM ypaBHEHHUE

Ka)XJI0# U3 CTOpoH TpeyronbHuka ABC, kak npsMoi, Mpoxosiieil yepes o-
HY U3 BEpIINH TpeyroibHuka POR mapaniensHo MPOTUBOJISKAIICH CTOPOHE.

YpaBHenue AB: npsmas AB mnpoxoaut yepe3 TOUKy P mapaiienbHO BeK-

—
topy QR = (— 9, 4). Hcnonszyem ypaBuenue (39).
x—1_ y-2

-9 4
YpaBuenue BC': mpsmas BC mnpoxoaut dyepe3 TOUky () mMapauieinbHO BEK-

= 4x+9y-22=0.

—_—>
topy PR =(-51).
x—5:y+1
-5 1

Ypauenne AC:mpsmas AC TpoxoauT uepe3 TOUKy R TapaieibHO BEK-

= x+5y=0.

—
Topy PQ = (4, — 3).
x+4 y-3
4 -3
Oteer: 4x+9y—-22=0, x+5y=0, 3x+4y=0.
3agaua 7. CocTaBUTh YpaBHEHHS KaTETOB MPSIMOYTOJIBHOTO PaBHOOEI-
PEHHOTO TPEYTONbHUKA, 3Hasl ypaBHEHHE THIIOTeHY3bl 2X + 3y —5=0 wu Bep-

= 3x+4y=0.

HIMHY MPSMOTO yTiia (2, — 1).

b N AB = BC (mo ycnosur), mostomy ZLABC = ZACB = 45°,

o 2
45 kpc = -3 ( mo popmyiie (46)). YpaBueHus kateTtoB AB u

45° AN
AQ. A ¢ BC cocrasisem o hopmyine (44): y+1= k(x — 2).

k+z

1g45" =|—> |, (49)
1-—k

3

k+—

—5> = L.

1-—k

3
Pelast 5TH ypaBHEHHS, IOJIyYHM:
k:%’ y+1:%(x—2), 5p+5=x-2, x—5y—7=0.

k=-5 y+1=—5(x—2), y+1==-5x+10, 5x+y-9=0.
Oteer: x—5y—-7=0, S5x+y—-9=0.
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3agaya 8. B TpeyrosibHUKE C BEpPIIMHAMHU
A(3, — 2), B(— 1, l), C(S, — 7) HaiiTh OuccexkTpucy BHyTpeHHero yrima LABC.

B__ g 1) CocraBum ypaBHeHUs cTopoH yriia LABC,
BOCITIOJIb30BaBIIUCE hopmyion (41).
3192 Cropona BA:
+1 -1
oY 3x—dp+l=0.
341 -2-1
Cropona BC:
x+1  y-1
= , —8&x—-6y—-2=0.
4 c 541 —4-1 d
\ N 2) Touku OMCCEKTPUCHI PABHOYAAICHBI OT CTOPOH

yrna. [IpupaBHsieM paccTOSIHUSL OT MPOU3BOJILHON
TOYKU OMCcceKTpuchl M| (x, y) 1o ctopon yrnma BA u BC, BeMUCISSA UX 1O
dbopmyne (45).

|-3x—4y+1| |-8x—-6y—2| |-3x—4y+1| |-8x—6y-2]
e deee S 10
W13 nocneaHero paBeHcTBa MOJIyyaeM ClIEAyIOIIUe JBa:
2A-3x—4y+1)=—8x—6y—2 u 2(-3x—4y+1)=—(-8x—6y-2).

[Tocie mpeoOpazoBaHus MMOTyd4aeM YPaBHEHHUS ABYX MPSIMbBIX, KOTOPBIE SBIISIOT-

st OMCCEKTpUCaMH BHYTPEHHETO M BHEIIIHETO YIIIOB MPH BepirHe B Tpe-
yronbauka ABC':

x—y+3=0 (a)
U x+y=0. (0)
Jy1s GUCCeKTpHUCH BHYTPEHHETO yIJia TpeyrojibHiuKa BN OTKIOHEHUS BEPIIUH
tpeyroiabHuka A u C HMMEIOT pa3HbIC 3HAKH, a IS OUCCEKTPUCHI BHEIITHETO
yrnma BK — 3HaKd OTKJIOHCHUH OJIMHAKOBBI.

Haiinem otknonenus touek A u C ot npsmoit (a) mo popmyre
(40,a):
5 3—(-2)+2 7 0 _5—(—7)+2_14>O
e R T e
clIeIoBaTeNbHO, YpaBHEeHHE (a) — 3To ypaBHeHue npsimoit BK. Torna ypaBHe-
HHUE OMCCEKTPUCHI BHYTPEHHETO yria TpeyroibHuka ABC mnpu BepmmHe B
x+y=0.

oJe

OtBer: x+y = 0.

JIMHUM BTOPOro NopaaKa

OKpyX HOCTb. YpaBHEHUE
(x—a)2 +(y—b)2 = R? (50)
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OIpeeIIIeT OKPYKHOCTh paguyca R C IEHTpOM C(a, b). Ecmu nienTp

OKPY>KHOCTH COBIIaJIa€T C HayaoM KoopauHat, T.e. a = b =0, To ypaBHeHHE
OKPY>KHOCTH IIPUMET BUJL

x> +y? =R?, (51)
OOmiee anredpandeckoe ypaBHEHUE BTOPOH CTEIICHH
Ax? + 2Bxy + Cy2 +2Dx+2Ey+F =0
ecTh ypaBHeHHE OKpyHOCcTH, eciit A=C#0, B=0, T.c.

Ax® + Ay* +2Dx+2Ey+F =0. (52)
DJLIUIIC.
2 2
=1 (53)
a” b
ypaBHEHHE UIUICA (KAHOHUYECKUU BU).
b =a® -2, a>b. (54)
B sToMm ciaydae Gokychl aiumnca UMEIOT KOOPAUHATHI
Fi(—¢, 0) u F(c,0). (55)

Havano xoopanHatr O — LEHTp CHMMETPHH 3JUTUIICA, 2 OCH KOOPAMHAT — OCH
CUMMETPHH AuIHIca. TOYKH Al(— a, O), Az(a, O), BI(O, —b), B, (0, b)
Ha3bIBAIOTCS BEPLIMHAMHE JUTHIICA, @ W b — Oonblias u Manas moiyocu. Be-

JJMYHUHAa

c
e=—<1 (56)
a
Ha3bIBACTCA SKCHCHTPUCHUTCTOM 3JIIIMIICA. 3KCH€HTpI/ICI/ITeT XapaKTCPU3yc<CT BhbI-

TAHYTOCTH DJIJIMIICA, T.K. BEIPAXKAETCS YEPE3 OTHOLIEHUE €0 MOIYOCei
[2 .2 2
a“—b b
— = 1-=] . (57)

C
E=—=
a a

a
OKPY)KHOCTB MOXHO CHHUTATh 4YaCTHBIM cnyqaeM JJIJINIICA, y KOTOpOFO
a=b,te. £€=0.

x== (58)

RS
I

YPaBHEHUS JUPEKTPUC.
Ecnu oxycsl amummnca pacnoioxensl Ha ocu (Jy, TO ypaBHEHHE dJI-

aurca uMeet ToT ke Bua (58), Ho b > a. DoKyChl IMEIOT KOOPAMHATHI:
FI(O, — c) u b, (0, c). YpaBHEHUS TUPEKTPHUC

b (59)

y=*—
S
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['unepOomna.

52 y2
— =1 - (60)
a’ b?
KaHOHMYECKOE YPaBHEHHE TUIEPOOJIBL.
b =c*-a® a<ec. (61)

@DOKyChl UMEIOT KOOPAUHATHI Fl(— c, O) u F, (c, O). Ocu KOOpIUHAT SBIISI-
I0TCSL OCSIMA CHMMETpPHU TUIepOosbl, a Touka O — 1eHTp cummerpun. ['unep-
OoJa mepeceKaeT och a0CIMCC B TOUKAX Al(— a, 0), A4, (a, O) , KOTOpBIE
Ha3bIBAIOTCS €€ JeHCTBUTEILHBIMI BEPIIMHAMHY, a BEIMYNHA ( — JICHCTBH-
TEeJIBHOM MOMTyOChIo Tunepooisl. Touku BI(O, - b) u b, (O, b) Ha3bIBAIOTCS
MHHUMBIMH BepIINHAMH, @ D — MHHMas 0Iyoch. [IpsIMOYTONBHHK C ICHTPOM B

Hayaje KOOPAUHAT U CO CTOPOHAMMU, NapaJUIEIIbHBIMU KOOPAUHATHBIM OCSIM U
IPOXOIALUIMMH Yepe3 BEPILINHBI TUIIEpOO0IIbl, HA3bIBAETCA OCHOBHBIM IIPSIMO-
YTrOJIbHUKOM runepoosl. Ero quaronanu

b
y=t—x (62)
a
SBIIAIOTCS ACUMIITOTAMU TUIEPOOJIBI, T.€. MPAMBIMH, K KOTOPHIM HEOTPaHUYEH-
HO NPUOIMKAIOTCA BETBU TUIIEPOOJIBI.

DKCIEHTPUCUTET TUIIEPOOJIBI

e=S>1. (63)
a
2 2 2
L_C_Na +b” _ “(5)- (64)
a a a

Eciu a = b, runepOoiia Ha3bIBacTCS paBHOCTOPOHHEH. B 3TOM ciiydae ocHOB-
HOUW NPSIMOYTOJIbHHK MPEBPAIIACTCS B KBAPAT, a SKCICHTPUCUTET paBeH 2 .
a
x=1t— — (65)
€

JTUPEKTPUCHI TUTIEPOOITBI.
Ecnu ypaBHeHue runep0oibl UMEET B

2 2
X oo
-t = 1, (66)
a b
TO AaCUMIITOTBI rHHep6OHBI:
x== b v, (67)
a
hoKyChI FI(O, — c), Fz(O, c).
y=t2 - (69)
€

YPaBHEHUS JUPEKTPHUC.
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[Tapabomna.
KaHonuueckoe ypaBHeHHE MapadoIIbl

2
y© =2px (p>0), (69)
rIe p — paccTosHue oT (oKyca 0 AUPEKTPUCHL. YpaBHEHHE JUPCKTPHUCHI

X = —g, KoopauHaThl hokyca F (% O) . Hawano koopauHar siBisieTcst Bep-

IIMHOM 1MapaboJibl, @ OCh a0CITUCC — €€ OCBIO CUMMETPUHU. DKCIICHTPUCHUTET I1a-
pabonbl € =1.
B psifie citydaeB paccMaTpUBAIOT apaboIIbL:

a) y2 =-2px, F (— g, Oj —dokyc, x = g — ypaBHeHue nupektpuchl;  (70)
2 _ P __bp :
0) x“ =2py, F|O0, 5) dokyc, y = 5 ypaBHeHHEe qupekTpuchl;  (71)

B) x2==2 Dy, F(O,—g) —okyc, y = g — ypaBHEHHE JUPEKTpUChl.  (72)

Jst Bcex cimydaeB p > 0.
3amaua 9. Cpeau npsSMbIX MapauieabHbIX MpsiMor 2x + ) = 0, Bbize-

2 2
JINTb KacaTeJIbHBIC K OKPYKHOCTH X+ y = 1.

Pemienune. YpaBHeHHE BCAKON MPSAMOU, MAPAIUIENBHON JAHHOM, MOXKHO
3anMcaTh B BUJE
2x+y+c=0.
KacarenbHast K OKpYKHOCTH UMEET C HEH TOJIBKO OJIHY OOIIYIO TOUKY, IO3TOMY
COBMECTHOE PELICHUE YPABHEHUN NPSMOMN U OKPYKHOCTH JOJIKHO UMEThH TOJIb-
KO OZIMH OTBET.
W3 ypaBHEHHUs mpsMoit y = —2x — C.

y=—2x-c

x2+y2:1, x2+(—2x—c)2:1, 5x2 +4ex+ct-1=0.
KBaspaTHOE ypaBHEHHE UMEET TOJBKO OJIHO PEIICHUE, KOTAa JUCKPUMHUHAHT
paBeH HYJIIO: (40)2 — 4-5-(02 — l) =0, otkynma c= +4/5.

I/ITaK, HCKOMBIC KaCaTCJIbHBIC UMCIOT YPABHCHUA

2x+y++/5=0, 2x+y—~/5=0.

3amaga 10. Jlan smmumc 9x2 + 25y2 = 225. Haiitu: 1) ero mosyocwu;

2) okychl; 3) SKCHEHTPUCHUTET; 4) YpaBHECHHUS TUPEKTPUC.

Pemienue. [lenum Ha 225, monydyaem
X2 yZ
+

25 9
Orcrona cieayet mmo popmyne (53),uyto a=135, b= 3. U3 hopmynsr (54):
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¢*=a*-b*=25-9=16, c=+4.
Tlo popmyine (55): Fi(—4,0), F,(4,0).

4
OkcreHTpucureT (56): € = - —.
a 5
YpaBHeHUs TUPEKTpHUC corylacHO (58): x =+t —— = +§
P PP 4/5 4
4 25

OtBer: a =5, b =3; Fl(—4,0), F2(4,O); gzg; X = +?

3agauya 11. CocTraBuTh KAHOHUYECKOE YPABHEHUE AIUINICA, Y KOTOPOTO
Maias moiyocb 2+/6, a paccrosnue Mexny ¢poxycamu [F1f5 =8,

Pewenne. b=26, FiF,=2c=8, c=4
2
ITo popmyie (54): a’=b*+c?, a’ = (2\/8) +4% =40, a =+/40 =24/10.

2 2
Y

+
40 24
3agaga 12. AcuMnTOoTH TUNIepOOIBI HMEIOT ypaBHeHust 4y +3x =0, a

VYpaBHenue suurnca corsiacHo (53):

PaCCTOAHNUC MCKIY (I)OKycaMI/I PaBHO 20. HanmucaTh €e KaHOHUUYECKOE YpaBHC-
HHUC.

Peuienne. YpaBHEHHS aCUMOTOT ) = 4x coriacHo Gopmyie (62):
b 3
—= rh Kpome Toro Ff;, =2c¢ =20, ¢=10. Ilo popmyne (61):
a
c? =a’+b% MOJIy4aeM CUCTEMY YpaBHEHUH
b_3
a 4
a® +b* =100.
Pemas ee, monydyaem a =8, b= 6. CrenoBareibHO, KAHOHUYECKOE ypaBHE-
2 2
HUE TUNIEPOOIIBI: A A
64 36

2 2

3amaua 13. Jlana rumep6ona % - yT = —1. Haiitu xoopauHats! ¢o-

KYCOB U BEPILUH, JKCLIIEHTPUCUTET, YPABHEHUSA aCUMIITOT U JUPEKTPUC.
Pemenne. @okycel naHHO rumepOoIbl pacnonoxkensl Ha ocu Oy .

a=1b=3 c=va’+b> =J9+1=410. (61)
3HauUT POKYCHl UMECIOT KOOPAMHATHI FI(O, — \/ﬁ) FZ(O, \/E) Bepiunsr
AI(O, — 1), A2(0, l), Bl(— 3, 0), 82(3, O). DKCIEHTPUCHUTET 110 popMmyiie (64):
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10
S I T)
a 3
b
VYpaBHEHHS aCUMITOT: X =*—) = Xx =x3y.
a
b 3
YpaBHeHUs QUpEeKTpUC: y=Ft— = y= iﬁ'
c

3amauya 14. ITapaGona c BepIIMHON B Hayaie KOOPAUHAT IPOXOIUT Ye-
pe3 TOUKy A(l, — 2) U CUMMETpUYHa oTHOocHTeapHo ocu (Oy. Hamwucats ee

ypaBHeHue. Haiitu pokyc u nupexrpucy.
Pemienne. YpaBHeHue uckomoi napadosisl mo ¢popmysne (72) uMeeT BUI

x2 =22 py. Touka A(l, — 2) JeKUT Ha mapabode. [ToacraBiseM KoopauHa-

1
ThI TOUKH A B ypaBHEeHHe: |1=-2p- (— 2) = p= vk CrnenoBatenbHO, HC-

1
KOMOE ypaBHEHHE OyIeT x? = ) Yy WM Y = —2x?.

1 1
®oxky napaboier: F’ (0, - gj . YpaBHeHUE TUpEKTpUCH coriacHo (72): y = 3

2 o
3agaua 15. Ha mapaGone y“ = 4x HaWTH TOYKH, pACCTOSHHS KOTOPHIX
OT TUPEKTPUCHI PABHO 3.

Pemienue. YpaBHeHUE AUPEKTPUCH JaHHOUM Mapaboibl X = —g,

2p=4, p=2, x=—1. Torna paccrostaue ot ocu (Jy 10 UCKOMOW
/ p

=4 - 5 =5—1=4T0YKH | 3TO PACCTOSHHE ONPECICIUT KOOPIAUHATY X

naHHOW TOYKH, T.e. X =4. KoopnuHaty ) HaiijeM U3 ypaBHEHHs apaOoIIbL:
y2=4x, y?=4-4=16, y==4.
Utak, M;(4,4), M,(4, —4).

BBenenue B anaaus
1. Ilpenennl

[TycTh KakaoMy HaTypallbHOMY 4ucily n =1, 2, ... TpHUBEIECHO B COOT-
BETCTBHE B CHIIy HEKOTOPOTO 3aKOHA YHCIO U,. Torma roBOpAT, 4TO Ompeje-
JIeHa TOCIIe0BATeIbHOCTh YHCeN Uy, Uy, U3, ... WIH, KOpOYE, MOCIEI0Ba-

TCIBbHOCTD {l/tn} OTI[CJ'IBHI)IG quciaa U, Ha3bIBAKOTCA €€ 3JICMCHTAMMU.
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Onpenenenue 1.1. Yucno a Has3bIBaeTCs NPENEIOM MOCIEAOBATENbHOCTH

{un} , €CJIN OJIdA JI000T0 MOJ0KUTEIBHOTO YHCIa € HAWAETCS 3aBUCAIIEE OT

HEro HaTypajibHOe yucio /N Takoe, 4To AJs BCeX HaTypalbHbIX uucen n> N

BBITIOJIHSIETCS] HEPABEHCTBO: | u,—a |< €. Ilpu otom mumyt:  [im u, = a.
n—» 0

Ompenenenie 1.2. ToBopsT, uro ¢yHkius f (x) crtpemutcs kA

( f (x)—) A) IpU CTPEMIICHUH K (x - a), rne A W a —4ucia, Wiu

lim (x) = A, ecnn mis moboro € >0 cymectByer O = 8(8) > (0 Taxkoe,
x—>a

4TO |f(x)—A|<8 npu |x—a|<38.
Awnanoruuto, [im f(x)zA, eCITu |f(x)—A|<8 pu |x|>N(8) u

X—> 0

limf(x):oo, eCITH |f(x)|>M pu |x—a|<8(M), rne M — npowus-
xX—>a

BOJIBHOC ITOJIOXKHUTCIIBHOC YHCJIO.

[Tpu BBIYUCICHUH MPEICTIOB MOKHO HUCIIOIB30BATh CIICAYIOIINE TCOPEMBI.
1. Ecmu cymecTByloT KoHeuHble [im f| (x) lim f, (x), TO
xX—>a xX—>a

a) xll_lzz[ fl(x)ifz(x)]:xli’:/éfl(x)ixlzréf2(x)
6) lim| f1(x)- f2(x) |= lim fi(x)- lim f3(x)
lim fl(x)
. fl(x) _ x—a )
D) lim f5(x) (xlfif 2(x) 7 Oj'
2. Ecnu [lim f(x) =A+#0, Ilim fz(x) =0 (4 —xoHeYHO), TO
: fl(x)
[
xl—% fz(x)
ecmn lim f(x)=A, lim fy(x)=0 (4 —xoneuHo), o
lim fl(x)

x—a f2 (x)

DTH yTBEPKACHHS CIPABEIIHMBBI, €CIIH BMECTO IBYX (QYHKIHMHA [ (x) 17}

= 0

b

=0.

f2 (X) B35Tb COOTBECTCTBCHHO ABC ITIOCIICIOBATCIBHOCTH. {Z/ln} u {Vn } .

B npocrenmmx ciryyasx HaXOKJIAEHHUE TMPeEAesa CBOIUTCA K MOJACTAHOBKE
B JIAHHOE BBIPAXKEHUE NPEAECIBHOTO 3HAYEHUS apryMEHTAa, 4acTo, OQHAKO, MPU-
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XOJUTCS, IPEXKIE YeM MEePENTH K Mpeeny, MPOBOAUTh IpeoOpa3oBaHUE JaHHO-
ro BBIp@XEHMs. DTO CIEIyeT JAejaTh B TEX ClydyasiX, KOIrJa UMEIT MECTO TaK

. O. 0 . . n0. qo. 0
Ha3bIBAEMbIC HEOTIPEICIICHHOCTH: — ; ; 0-00; c0o—00; 07; 17; oo,
o0

[Ipumep 1.1. HpI/I OTBICKAaHUHU IIPCACIIa OTHOIICHNA IBYX LCJIbIX MHOTI'OYJICHOB
OTHOCHUTCJIIBHO X IpU X —>00 HJIH K1 IPH 1N —>00 IJIA IOCICIAOBATCIBHO-

o0
CTCHU (HGOHpGI{GJ’IeHHOCTB —) 00a 4JeHa COOTHOIICHUS I0JE3HO nmpcaBapu-
0 0]

TeNIbHO Pa3[eluTh HA X WU, COOTBETCTBEHHO, 7' IJle /M — HauBbICIIAS
CTETICHb ATUX MHOTOYJICHOB.

AHaJOTUYHBI TIpUEeM BO MHOTHX CIIydasX MOKHO TPHUMEHUTh W MJIA
npo0eil, coliepKalluX UPPAUOHATIBHOCTH.

3+

a) lim

x—o 5xt 4 3x 42 o0

) : (3+ 2 lj
3x" +2x —1 00 _ 2 x4 _
=== lim 3 = lim
3

2
2
x_>°ox4(5+ +i) e 5+i3

1

x4
2

—

2 1
lim 3+ lim — — [im —
— = =—, crapuias cTeneHp m =4,

lim5+lim%+limi4 5+0+0 5
X—> 0 X—>0 x X—>0 x

4
JCIIUTCSI HA X

5 lim Wont —2nd 12+ 48 +21

oo Yt Z 342440t + 9n
3. \/n4(9——+—)+4 3n3(8+21
= [lim
—> 0
" 4/}14(1—— 12 n4(4+%j
n
3n° \/9—3+— +4n- 3(8+ lj
= [lim 1

n— 0
n- 4/(1—— +2n% - || 4+ j
n

\O)

98]

O

98]
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3-\/(9—%+ij+i-3(8+2)
n n4 n n3 _3 9-0+0 '\/ +0

9
= lim = —
n—swo | 3 9 0-41-0+2- ,/ 4
— 4 l=— ] +2- 4+ —
n n n
(HEONpEIEIEHHOCTh f, crapiias CTeleHb m = 2, IeIUTCA Ha n’ ).
o0

x—>oo

8) llm 3x+1 \/x +4x+5- \/x +4x+7 [=|oo- oo o0
| -

(3x+1)\/x +4x+5—\/x +4x -7 -\/x +4x+5+\/x2+4x—7l
= lim =
X Vx2 +dx+5+x2 +dx—7
(3x+1)(x2+4x+5—x2—4x+7)
= [lim =
o0 )2 pdx 1 54x? 1 dx—T
_ i (3x+1)-12 (_xj:
_’OO\/x +4x+5+\/x +4x -7
12(3+1j 12-3
X—> 00 4 5 4 7 I+1
\/1+—+—2+\/1+———2
X Xx X X

[Mpumep 1.2. Ecnu P(x) u Q(x) — IIeJIble MHOTOWIEHBI X, P(a) =0 wm
Q(a) # 0, TO mpeaen pamuoHanbHOM Apodbu P/ O mupu x —>a HaxoaUTCS

0
HENOCPEeACTBEHHO. Ecnum xe P(a) = Q(a) =0 (HeompeaeIeHHOCTh 6), TO

apobs P/ pexoMeHIyeTcsi COKpaTUTh OJUH MIIA HECKOJIBKO pa3 Ha (x - a).

2302 (0, CWED) e
x>1xt —4x+3 \0 x—>1(x—1)(x3+x2+x—3) solxd 4x? 4x—3

:(%):hm (x—1)(x+2) i x+2  1+2

x—>1(x_1)(x2+2x+3) iolx2 +2x+3 142+3

3_1
6 2
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[Tpumep 1.3. OnHUM U3 IPUMEPOB HAXOXKICHUS IIPEAeia OT UPPALUOHATIBHOIO
BBIPAXEHHUS SBIIACTCS IIEPEBOJ UPPALMOHAIBHOCTA U3 YUCIIUTENSA B 3HAMEHa-

TeJb WK HAa000pOT (HEONPEIECTIEHHOCTh 6).

_f5tx (2)_im(3—J§Ia
—>4(1—§/E)(3+

: 9-5-x B

:x”i’i(l_yﬁ)(wmy

lzm
a) 0

(3+«/ﬁ)
—41-35-x 5+x

)

=lim————lim—— 878 = [im ———

1
x>41-3/5—x x>43+/5+x xo41-35-x 6

L s

=— lim =

-_6x%4(y—ﬁ§i§)(y+¥§:}¥+#@;j;fq
| (4—x)(1+ﬂ+ﬂ)

=— lim =
6x—4 I-5+x

6 x—4 x—4 6 x—4

1
—(1+1+1)=—=
6(++)

2
Vea (o (ﬂ?—@@&3+2¥§+ﬂ
0) lzm2—=(—j=hm
x>8x —Tx—8 \0 x_>8(x2—7x—8)(%/x72+2%+4)

Al = lim !

¥ x+1)(3x2+2§/;+4) X*S(x+l)(\/7+2\/—+4)

ITpumep 1.4. Ilpu BBIYKCICHUU TPEIEIOB BO MHOTHX CIIy4asX HCIOJb3YIOT
«TEPBBIA 3aMEYaTEIbHBIN ITPEICID):

. sinx
lim =1,
x—>0 Xx

CJICACTBHUEM KOTOPOTI'O ABJIAIOTCA IIPEACIIBI:
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tox . arcsinx . arxtex
lim =— & =1, lim =1, lim &

x>0 X x—0 X x—0 X

=1.

D) 2 tg2 4x - arcsin® x
a) lim|ctg”3x —ctg Sx]- =

x—0 x2
2 i 2
tgdx > (arcsinx )
2 2 (—j * 16x * ( ) X
.| cos®3x cos® 5x 4x X
= lim| ————————| 2 -
x=>0 sin” 3x  sin” S5x X

2 2 2 N2
 lim 162 - 6052 3x cos2 Sx | lim(tg4xj . lim(arcsznxj _
x>0 sin” 3x  sin” 5x

x—0\ 4x x—0 X
2 2 2 2
-1 -1
— im cos 3x2 ox~  cos 5x2 6x 122
x—0 ; ;
(sm?;x) .0y (SlnSx) 9552
'\ 3x Sx
= [im Ecos3x——cos Sx} @
x—>0 9 225

( g2xj 4x? N 2sin® 2x

(arcsin Sx)
S 3y
3x

2
6 lim tg 22x J1-cos4x ( 9)
x=>0  x°.arcsin3x 0

tg2x sin2x
lim (—j 4\/5( ) x
x—>0\ 2x ) A2 sin2x . 2x 8v/2
= - Aim ——— = [im = )
. oaresin3x x—0 3x x—0 3x 3
lim ———
x—0 3x

[Ipumep 1.5. Ilpm BeIUKCIEHUH TIPEAENa BRIPAKEHUS, COAEPKAIIETO TPUTOHO-
MeTpuueckre GyHKnuu, korna x —>a u a # (0, pexoMeHayercs mpenBapu-
TEJIbHO IPOBECTU 3AMEHY X —d = ).

T-X

cos —— 0
lim 6 :(—)z(x—Szy,y—>0 npu x —3) =
=3 x—3 0
. +3 .
o T T3) o omomy
= [lim 6 = lim—-cos( Y + ) = [im 6 6 _
y—0 y y—)Oy y—0 :

Ty
6
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. o T
=——lim =——-l=——.
6y—>0 Ty 6 6
6
: o(x) _
ITpumep 1.6. Ilpu BBIYUCICHUHN MPEACIOB BUAA lzm[ f (x)] = Cc Heo0XO0-
Xx—>a

AUMO UMCTb B BUTY, UTO

1) ecnu cymiecTBYIOT KOHeUHbIe mipenensl A = lim f (x) B = lim (p(x),
xX—>a xX—>a

10 c= A5 (4> 0);
2)ecmu lim f(x)=A#1, [lim@(x)= 00, To BOIPOC 0 HAXOKIAEHUH
X—>da X—>da

IpeneNia ¢ PEIIaeTesl HEMOCPEACTBEHHO;
3)ecu lim f (x) =1, [lim (p(x) =00, TO CJIEAYeT BOCIIOIB30BATHCS
x—>a Xx—>a

1

«BTOPBIM 3aMeYaTeIbHBIM TIpeaeaom»: [im (1 + g(x)) g(x) = e, rae
xX—>a

g(x)—)O npu x >a u e=2718....

x2

2 — o0
a) [lim (M} . (éj = ! =0, T.K.
x>0\ 2x  +x+1 2 3

3

_ 3x?—x+1 3 Cox?
im ————=—, lim —— = —o0.
x>0 2t 4 x+1 2 x>0 x—1
. x+3 . .
6) zim(Sl”4x) _ 43— 64, k. lim S zim(””‘bc) 4=4,
x—0 X x>0 Xx x—0 4x
lim (x + 3) =3.
x—0
2x 2x
1 - :
6) llm(3x+ ) :(1 ): lim (1+ U j —
x—oo\ 3x — | X—>0 Ix—6
. ldx
3x_6. 7 Dx ﬂ xli>moo3x—6
= [lim (1+ / ) 7o lim (1+ j ’ —el¥3
X—>00 Ix—6 X—> 0 3x—6

3 3
&) lim(7-2x)5 = (17) = lim[1+ (6 - 2x)]+=3 =

x—3 x—3
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1
= lim3[1+(6— 2x)]6-2x = =70
x—3

2. beckoHeyHO Mable U 0ECKOHEYHO OOJIbIINe PYHKIIUH

Ompenenenue 2.1. Ecnu [lim f (x) =0, to pynkuus f (x) Has3bIBacTCs Oec-
xX—>a

KOHEYHO MaJIOl B OKPECTHOCTH TOUKH X =a (Ipu X — a).
CymMa 1 pou3BeIEHHE KOHEYHOTO Ynciia OECKOHEYHO MalbIX (DYyHKIIUI
OpU X —> a €CTh TaKke OECKOHEYHO Majasi Iipu X — d.

Ompenenenue 2.2. Ecmu f (x) U g(x) — OECKOHEYHO Malble IpU X —> a U
/)
lim——~=c¢, re ¢ — HEKOTOPOE YHCIIO, OTIMYHOE OT HYJS, TO (PYHKIHU
x—a g(x)
f (x) 17} g(x) Ha3bIBAIOTCS OECKOHEYHO MajbIMU OJHOTO TOpsAKa IpHU
x—a, eciu ¢ =0, TO rosopsrt, uto f (x) — OECKOHEYHO MaJiasi BBICILErO
NOPsIZIKA IO CPABHEHUIO C g(x) opu x — d.
beckoneuno mamas f (x) Ha3bIBaeTCsI OECKOHEYHO MAJIOM MOpsiiKa H
IO CPAaBHEHUIO C g(x) opu X — a, eciu
AC)
lim
X—a gn( x)

=c, 0<|c|<+oo.

Ipumep 2.1. Tlpy x—>0 onpenenuts MOPSAOK MAIOCTH (YHKIUH
{gxX — SINX OTHOCHUTEIIBHO X.

. 1
. X —Sinx . COS X . Sinx\1—cosx
lim XTSI lim = [im =
x—0 xn x—0 _xn x—0 xn COSX
. .2 X .3 X X .3 X X
2smx-5m2§ 4Sln3E-COS5 Sm35 COSE
= [im = lim =4 [im —=- [im—= =
x—0 xn COSX x—0 xn COSX x—0 xn x—0 cosx
31X L3 X LA X
sin> E sin> E 4 sin® =
=4 [im—=-1=4lim——=—=—"[im

=0 x" x"‘)(x)n X 2" x>0 (xjn'
2 2
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Otot npenen Oyxaer paBeH koHcTanTe ¢ # (0 mpu n =3, cienoBarenb-
HO, QyHKIMA £gX — SINX WMEEeT MOPAJOK MAIOCTH M =3 OTHOCHTEIBHO X
npu x — 0.

CymMma nByX OCECKOHEYHO MAaJbIX Pa3IMYHBIX IMOPSIKOB PaBHOCHIIBHA
TOMY U3 CJIaraeMbIX, MOPSA0K KOTOPOTO HUXKE.

[Mpumep 2.2. OmnpenenuTh MOPAIOK MaJIOCTH OTHOCUTEIbHO X Tipu X — 0

eysnt Vx® +x

32 2
CnaraeMmoe VXx° HMeeT MOPSAOK MAJOCTH — OTHOCHUTCIBHO X, a
3 3
clmaraeMoe VX~ — IMOPSIOK E, CIIEZI0BATENILHO, CYMMa MMEET IOPSIOK MajIo-
2
cTH — oTHocuTenbHO X mpu x — 0.
- f(x)
Ompenencare 2.3. Ecimu [im ——= =1, 1O GecKOHEYHO Maibie f (x) "
x—a g(x)

g(x) Ha3BIBAIOTCS SKBUBAICHTHBIMU IIPU X —> @ [ (x) ~ g(x).
Hampumep, npu x — 0 Oynem umers:
sinx ~Xx, Igx~X, arcsinx -~ Xx,arctgx ~ x,
2
X
ln(l+x) ~X, COSX~ 1—7, et —1~x, a" ' —1~x-lna (a # 1).

Hpezlen OTHOLICHHUA ABYX OCCKOHEYHO MaJjbIX HE HU3MCHHTCS, €CJIM YJICHBI
OTHOIICHHUA 3aMCHUTDh OKBUBAJICHTHBIMHW UM BCINMYUHAMM.

I[Tpumep 2.3.
D) ) 4tg2x 3arcsin® x
34tg x 53arcsin 3x 3 —1/-15 -1
x>03s5in” 4x + Tarctg“x  x—0 3. (4x) +7. (x)
, 4z‘g2x-ln?a—?ﬁarcsin2 3x-In5 . 4ln3-x2—3ln5-(3x)2

= lim = lim =

x>0 552 x>0 55,2
_4[n3-27In5
55 '

In(1+3x) 3x

- — il 3
) lim(4arcsm2xj x =lim(4'2xjx z(l) zi.

x—>0\  3rg8x x>0\ 3-8x
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-2 of 1072

ln(3 — 5x) — ln(3 + 7x)

6) lim = lim =
x—0 2sinx x—0 2x
ln3+ln(l—§xj—ln3—ln(1+%xj _Ex_Zx
= lim = lim 3 3 2.
x—0 2x x—0 2x

Omnpenenenne 2.4. Eciu [lim f (x) =00, TO yHKIMS [ (x) Ha3bIBACTCS
Xx—>a

OE€CKOHEYHO OOJIBIION MPH X —> A .
[Togo6HO TOMY, KaK .TO CIENaHO JJIsi OECKOHEUHO MallbIX, BBOJUTCS I10-
HATHE OECKOHEYHO OOJBIINX PA3IUIHBIX MTOPSIKOB.

[Ipumep 2.4. Ilyctb Xx —> 00. Onpenenuth NOPSA0K OECKOHEUHO OOJBIION

X
f (x) = 10 CPAaBHEHHIO C X .
X

+
5 5 5 5
. X . X . X . X
lim x" = lim ———— = lim 1 = lim —— =1
x| X+ 2 x—)oox”(x+2) x—o x™ L") xoeo T
npu n=4.

Onpenenenue 2.5.
1) Tlycts Gyukmms [ (x) — 0OeckoHeYHO 0oJibIasi WK OECKOHEYHO Ma-

X
Jasi IpU X —> 00 | lim&
X—>0 . x

=1, rme ¢ ¥ O — KOHCTaHTHI, TOraa QPyHK-

IS Y = CX" Ha3pIBAETCAd ACHMITOTUKON MITM aCHMITOTHYECKH IKBHBATIEHT-
HOW QyHKIHH [ (x) npu X —> .

2) Ilycts pyakmus  f (x) — 0OeckoHeYHO 0oJibllasi WK OECKOHEYHO Ma-

)
Jiasd HpH X—>ad Hu llm —_— = 1, rme ¢ u o — KOHCTAHThI, TOTAa
X—> 0 C- (x — a)a
[0 o
Q)YHKHI/UI y - C(x - a) HA3bIBACTCA ACUMIITOTUKOU UJIN ACUMIITOTHUYCCKH OK-

BUBAJIEHTHOM QyHKIMH [ (x) opu x —> d.

[Tpumep 2.5.
Q) HaiiTu acuMnToTuKy (aCMMITOTHYECKOE NPEACTaBICHHE) (DYHKIIUU

Jx+1-+/x npu X —> 0.
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(V- VR)VarT+v7)  yaios

\/x+1+\/; _\/x+1+\/;_
1 1 1
_\/x+1+\/; 2\/;_2-x1/2’

CIICIOBATEIBHO, ACUMITOTUKOW QYHKIMHA [ (x) =Jx+1-+x IpH X —> 0

Jx+1-+/x=

1 _ 1 1
ABISeTCS QYHKIUSA —X 1/2; c=—; o=-—.
2 2
X
0) Haiitn acumMnToTHKY QyHKIMH f (x) =— npu x — 1.
3 1— x3
[lpu x —>1 obysxkuun f (x) - SBIIAETCSI OECKOHEYHO OOJIb-
3 1— x3
X X 1 1

IOW; = ~ =

Y1-3 3\/(1—x)<1+x+x2) 3/3(1-x) %(1_)6)1/3'

y 1 -1/3
ACHUMITOTHKOW B JAHHOM CJy4ae sBJsieTcs QyHKIUS ) = %(1 — x) :
6) Haiitn acumntoTuky QyHKIUH [ (x) = x> —3x+2 npu x — 1.

B nannom ciydae npu x —> 1 dyakmms [ (x) SABJISIETCSI OECKOHEYHO
MaJiou; f(x) =x’ —3x+2= (x - 1)2()6 + 2) ~ 3(x 1)2

[TomrygyaeM aCUMOTOTUKY ) = 3(x — 1)2; c=3 a=2

3. HenpepwiBHOCTH (PyHKITUH.

Omnpenenennie 3.1. Eciu x<a um x —>a, 1O ycinoBHo numyt x —> a— 0,
QHAJIOTUYHO, eclii  Xx>a x—>a, 1o x—>a+0. Yucna

f (a — 0) = lim f (x) u f (a + 0) = Ilim f (x) Ha3bIBAIOT COOTBETCTBEHHO
x—>a—0 x—>a+0

npeaenaom cieBa GyHKImMH f (x) B TOUKE @ U MpPEJesioM crpaBa (yHKIIUU
f (x) B TOUKE @ (€Ciu 3T YHClia CYIEeCTBYIOT).
Jlnst cyrecTBOBaHUs npezena GyHKIUH | (x) npu X —a Heobxoau-

MO | JIOCTATOYHO, YTOOBI HMEJIO0 MECTO PABEHCTBO: [ (a — O) =f (a + O).

Ompenenenne 3.2. ®yukius y = f (x) Ha3bIBACTCS HENPEPHIBHOW B TOYKE

a, eciu
1) oHa onpesiesieHa B 3TOW TOYKE;

2) lim_of(x) = lim f(x) = [im f(x) = f(a).

x—>a+0
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Touky, B KOTOPBIX HAPYLIAETCS yCIOBUE HENPEPBIBHOCTH, HA3BIBAIOTCS TOYKA-
MU pa3pbIBa.

[Ipumep 3.1.

1

a) Haiitu Touku paspeiBa GpyHKmuM Y =327X, mpenensl clieBa W CIOpaBa B

9THUX TOYKaX, CACIaThb CXEMaTHUYCCKHUU YCPTCIK.
1

®ynkuus y =327* uMeerT pa3phlB B TOUKE X = 2, T.K. OHA B 9TOM TOY-

Ya Ke He omnpeneneHa. [Ipu stom:
1 1

|
| 1

: lim 32-x =3+0 =3 = jo0;
|

|

|

x—>2-0
L L 11
lim 32-x =3-0=3"% = =—=0.
p ' x X240 3t 4o

rd

O 2]

0) HaiiTu Touku pa3pbiBa U BEIMYMHY CKAaYKa B 3TUX TOYKAX (DYHKIIUU
1

2x+3 4 4x -8
Y= 1 :
243 4 4
Toukoii pa3pbiBa JaHHOW (YHKIIUU SBJISETCA TOYKa X = —3, T.K. B HEH
GbyHKIIUS HE OTIpeIesiCHA.

2V03) pax—g 27*-12-8 0-20

lim = = =-5;
x—-3-0 21\(x+3) 14 27® 44 0+4
1/(x+3) _
lim 2 tax-8 _ I, Tx. opu x —> -3+ 0 umeem:

x—>-3+0  pl(x+3) 4
21/(x+3) Ay —8 ~ 21/(x+3)_

b

21/(x+3) L4~ 21/(x+3)-
Benmvuuna ckauka A =1-— (— 5) = 6.

6) HaiiTu ToukH pa3pbiBa, BEMUYMHY CKauka A U MOCTpOUTh rpaduk PyHK-
— 3x, x<0

. T
iy =< 4sinx, O<x£§
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JlanHast QyHKIHS HETIPEPBIBHA U1 X € (— 00; O) U(O; %) U(%, + OO).

T
I/ICCJ'ICI[yeM TOJIBKO TOYKHU X = 0 u Xy = 5, T.K. B HUX MCHACTCA aHAJIUTH-

YECKOE BBIPAXKECHUE (PYHKIIUU.

lim f(x) = lim (— 3x) =0; lim f(x) = lim (4Sinx) =0;

x—>—0 x—>—0 x—>+0 x—>+0
f (0) =—3x . =0, cnemoBarenbHo, B Touke X =0 dyHKIMS [ (x) Herpe-
xX=

pHIBHA.

) ) . T . T

lim f(x) = lim (4 sin x) =4; f(—j =4sin—=4;
i i 2 2
x—>—0 x—)E—O

2
lim f(x)= lim (x*+1)="—+1=3467,
x40 x—>g+0( ) 4

T
CJIICAOBATCIBbHO, TOYKA X = 5 — TOYKa pas-

pbiBa. BennunHa ckauka

2 2
A:4_(E_+1] :3—n—z0,533.
4 4

JAuddepenunanbroe ucuuciaenue GyHKIUU OJHON NIEePEeMEHHOMI

1. SKCTPEMYMbI ®YHKIIMA OJHOW NMEPEMEHHOM

Oyukuus Yy = f (x) Ha3bIBAaETCS BO3pacTarolieil (yobiBaromieil) Ha He-
KOTOpPOM MHTEpBase (OTPE3KE), ECIM JUIsl JIOOBIX TOYEK X|, X,, IPHUHAJIEKA-

IIUX JAaHHOMY HHTepBaiie (OTPE3KY), U3 HEPAaBEeHCTBAa X| < X, CIEIyeT Hepa-
BEHCTBO [ (xl) <f (xz) ( f (xl) > f (x2 )) Eciu f (x) HeMpepbIBHA HA OT-
peske [a; b] u f’(x) >0 (f'(x) < 0) npu a<x<b, To f(x) BO3pac-

taeT (yObIBaeT) Ha OTPE3KE [a; b].

32



B mpocreiimux ciydasx 001acTh CymecTBOBaHUS GYHKIMA | (x) MOX-

HO pa30uTh HA KOHEYHOE YUCIIO IPOMEXKYTKOB BO3pacTaHUs U yObIBaHUS (PyHK-
U (IPOMEKYTKOB MOHOTOHHOCTH ). DTU IPOMEKYTKH OIPAaHUYEHBI KpUTHY E-

cknmu Toukamu X (rae f'(x) =0 wm xe
f '(x) HE CYIIECTBYET).

Eciu cymiecTByeT Takast JIByCTOPOHHSISI
OKPECTHOCTh TOYKH X, , YTO JUISl BCSIKOU

4

TOYKU X # X, ATOM OKPCCTHOCTHU UMCCT MC-

CTO HEPABEHCTBO f (x) > f (x 0), TO TOYKA

X, Ha3bIBAETCs TOUKOH MUHMMYyMa (DyHKIUU

y= f(x) , @ YUCIIO f(xo) — MUHHMYMOM
Gynkuun y = f(x). AHanOrnuHO, eciIu A1 BCAKOH TOUKH X # X| HEKOTOpOii
OKPECTHOCTH TOYKH X| BBIMOJHICTCS HEPABEHCTBO f (x) < f(x1),10 x|

Ha3BIBACTCS TOYKON MakcuMyMa QyHKIMH Y = f (x) ,a f (xl) — MaKCHUMY-

MOM (QyHKUIMH. Touka MUHUMyMa WM MakCUMyMa (DYHKIIMHM Ha3bIBAETCS €
TOUKON IKCTPEMYMa, @ MUHUMYM WJIM MaKCUMyM (PYHKIIMH — 3KCTPEMYMOM

¢ynkimu. Ecnmn X, — Touka skcTpemyma GyHKuuu f (x), 0 f '(xo) =0

Wi ke [ '(xo) HE CYIIECTBYET (Heobxooumoe yciosue cyuecmeosanus IKC-
mpemyma). OOpaTHOE yTBEPKAECHNUE HE BEPHO: TOYKH, B KOTOPBIX [ '(xo) =0
win | '(x 0) HE CYIIECTBYET (Kpumuueckue mouxu), He 00s13aTEIbHO SIBISIOT-

Csl TOYKaMH SKCTpeMyma QyHKuu | (x)

Jlocmamounwiii npusHax cyuwecmeosaHusi 1 OTCYTCTBUSL SKCTPEMyMa He-
pepbIBHOM QyHKIUH | (x) CJIEIYIOIIMMI: €CIIN CYIIECTBYET TaKasi OKPECT-

Hocts (x, —8, x, +8) kpurtuueckoii Toukn x,, yro f'(x)>0 mnpu
Xo,—8<x<x, u f'(x)<0 mpn x, <x<x,+8, To X, — TOUKA MAKCH-
MyMa GYHKIIHH f(x); CCITH JKE f’(x) <0 mpu x,-d<x<Xx, W
f'(x) >0 npu x, <x<x,+0d, TO X, — TOYKa MUHUMyMa HYHKLIHH f(x)
Eciu, HaKOHell, HaiIeTCS TaKOe MOJI0KHUTEIBHOE YUCIO O, 4T0 [ '(x) co-
XpaHseT HeM3MEHHBIH 3HaK Ipu X, —0 < X < X, + O, TO TOYKa X, HE SBIs-
eTCsl TOYKOU IKCTpeMyMa GYHKIMA | (x) :

Haumenvuee (naubonvuiee) snauenue nenpepbisaoil dynkuun f(x) na
JTaHHOM OTpE3Ke [a; b] JOCTUTACTCS WM B KPUTHIECKUX TOUKAX (DYHKITHH,

WIN Ha KOHIIaX OTpe3Ka [a; b] :

[Tpumep 1.1. HaiiTu 3KCTpeMyMbl 1 HHTEPBaJIbl MOHOTOHHOCTH (DYHKIIUU
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y=Xx-+v—35x.
Oo6mnacts cymiectBoBanust: —5x >0 = x<0.
4 Haxoum KpUTHYECKHE TOYKH:

O 1 5x
'=N-5x+x-———-(—5)=+-5x — —
/ 4 Nar-aab) 2J=5x
~10x-5x  —15x  3-(-5x) 3 N
= = = ==.J=5x>0.
2+ —5x 24/=5x 2+-5x 2

IMpu x <0 ¢yHKIKS BCera BO3pacTaeT U MPUHUMAET HauOOJIbIIee 3HAUCHHE
B KpuTHYecKoi Touke X = O: y(O) =0.

Ve

[Ipumep 1.2. HaiiTu 3KCTpeMyMbl U HHTEPBAJIbl MOHOTOHHOCTH (DYHKIIUU

y=Y(x+1)2-x)%.

OO6nacTh CyIIECTBOBAHUS: X € (— 00; + oo) :

HaXO,Z[HM KPUTHYCCKHUC TOYKHU:

. (2-x)°=2(2-x)(x+1) (2-x)(2-x-2x-2) —x

Y2 2-0¢ 3P0t Yxe)P(2-x)

=0 = x =0,

)

y' He cymecTByeT = X, = —1; x3 =2. Tloiy4niu TpU KPUTHYECKHE TOUKH.

x |[(=es =D -1 |(-1 0)| 0 (0; 2) 2 | (B +=)

y' + HE CYIII. + 0 — HE CYIII. +

y | _~— - max ~ min e
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2y lim y'(x) = lim y'(x) = +00,
: x—>1-0 x—>1+0
: Tak xak y'(x) =k, rme k — yrioBoii ko-
: 3¢ UIMEHT KacaTebHOU, ToIpu X =—1 U
) ¥ X =2 xacarenbHas K rpaQuky QpyHKIHH
> mepneHauKyasipHa ocu  Ox.

W(=1)=0 1(0)=¥4 y(2)=0

—1

O

[Ipumep 1.3. Haiitu rmyOuHy OTKpBITOro 6acceiiHa ¢ KBaJIpaTHBIM JTHOM U

3
o0beMoM 256 M~ Takoro, 4ToObl Ha OOJIMIIOBKY €r0 CTEH U JTHA MOIIIO
HaMMEHbIIee KOJIMYECTBO MaTepHraa.
[lycth a — cTopoHa KBajpaTta OCHOBaHUs, /I — TriyOuHa OacceiiHa;

, 256 16 .
a :7, a:ﬁ, h>0;
S:S&)ﬁsm:4ah+a2:4-%%+%:64ﬁ+%:1ﬁ(k);
_ 64 256 32 256 3212 —25622(113/2 _8).

2Nh nr AR R h? h? ’
T~ L F'(h)zO — h¥?=8;, h=4 [lpu h =4 Benmuuuna
~ 41 7 ! F (h)=S OyJieT HaMMEHBIIICH.

a’h =256

F'(h)

[pumep 1.4. JIBe npsimble sxene3nbie noporu AA4; m BB, nepnenaukymsp-

HBI APYT K Apyry u nepecekarorcs B nyukre C, mpuuem AC =800 kM u
BC =700 xm. I3 nynktoB A u B 1o Hampasiienuto Kk C 0JHOBPEMEHHO
BBIXOJIST JIBA MTOE37a CO CKOPOCTSAMHU cOOTBETCTBeHHO 80 kM/u 1 60 kwm/4.
Yepes CKOJBKO YacOB MOCIIC OTIPABICHHS PACCTOSHUE MEXIY MTOe31aMu OyIeT
HAaWUMEHBIITUM ? y
OTMETHM TIOJI0KEHHUE MTOE3/I0B B MOMEHT 4 I

1

t>0 toukamun K u M.
AR =80 BM =60 v, =80 kM/u
CK =AC—- AK =800—80¢; Ae 1
CM =CB—-BM =700-60r; e
(KM)* =(CK)* +(CM)’ = v, =60 KkM/1
—
2 2
= J— _ . _ C <@ ® ._)x
(800 80t) + (700 60t) ; KM wmm o h e

HUMAJIbHO, €CJIN MUHHMAaJIbHA BCINYNHA

(KM)? = F(t) = (800 - 80¢)* +(700 - 60¢)*;
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F(t) = 2(800 — 80t) : (— 80) + 2(700 — 60t) : (— 60) =
= —128000 + 128007 — 84000z + 7200¢ = 200007 — 212000 = 0; ¢ =10,6;
—~7 _ [~= 10,6 — Touka MunuMyma QyHKIud F (t) Yepes 10,6

\ 10' 6/, 49acCoB IIOCJIC OTIIPAaBJICHUA PACCTOAHUEC MCXKY ITOC31aMU 6y—
’ JACT HAMUMCHBIIINM.

2. ACUMIITOTBI

Ecnu Touka (x; y) HETPEPHIBHO MEPEMEIIAeTCs 0 KPUBOH Yy = f (x)

TaK, 4TO XOTs ObI OJJHA U3 KOOPAUHAT TOUKH CTPEMUTCS K OECKOHEUHOCTH, U
IIPY ATOM PACCTOSTHUE TOYKHU OT HEKOTOPOU MPSIMOM CTPEMHUTCS K HYIIO, TO ITa
npsiMasi Ha3bIBACTCS ACUMNIMOMOU KPUBOM.

Ecnu cymecTByer uncino a Takoe, 9ro lim f (x) = 00, TO MpsAMas
XxX—>a

X =@a SBISICTCS aCHMIITOTOH (8epmuKaibHas ACUMIIMOMA).

flx
Ecmmn CYIIECCTBYIOT KOHCYHBIC ITPCCIIbI llm Q = kl u
x>+ X

lim [ f (x) — klx] = b, Tonpsimass y = k;x +b; Oyner acumnroToit (npasas
X—>+00
HAKJIOHHASL ACUMNIMOMA).
f(¥)
Eciu cyIecTBytoT KOHEUHBIE IPEACIIbI  [im =k, u
xX—>-0 X

lim [ f (x) — kzx] =Dy, TonpsiMast y = k,x +b, Oyzner acumnToToi (esas
x—>-2

HAKIOHHASL ACUMNMOMA).
I'paduk pysknun y = f (x) HE MOXXET UMETh 00Jiee OJTHOM MpaBol U

0oJ1ee OJTHOM JIEBOU aCUMITTOTEI.

[Tpumep 2.1. Haiitu acuMnOTOTHI U NOCTPOUTH TpaduK GyHKIIHH
3 cos(x — 1)

x—1
O06acTh CyIIECTBOBAHHUS: X # 1.

NieM BEpTUKAIBHBIE ACUMITTOTHI.
OyHKIMS UMEeT pa3pbiB B TOUKEe X = 1, T.K. B Hel QyHKIUS HE OnpeaeeHa.

3 -1 .
lim (2x+Mj :2+3—;=2—00=—00;

y=2+

x—>1-0 x—1 —

3 -1 .
lim (2x+Mj:2+ﬂ:2+w:m
x— 140 x—1 +0

clIeIoBaTeabHO, X = 1 — BepTHKaJIbHAS aCUMIITOTA.
Hiem HaKJIOHHBIC aCUMITOTHI B BUIe y = kx + b.
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Ay / .
:\/’ k= lim E: lim l(2x+wj=
| / x—>to X x—>too X x—1
\V/
'// =2+0=2; bzxﬁlfoo[f(x)_kx]:

/ = [lim {2x+w—2x}:

O |/ R x—>+oo x—1
1 x 3
_ i 3c0s(x 1):0.

Xx—>*oo x—1
CreqioBaTeNbHO, MPH X —> 1 00 CYIIECTBYET ACHMII-
TOoTa ) = 2X.

f—_—— e —— — - — =T — —

2x% -9

[Tpumep 2.2. HaiiTh acHMOTOTHI U MOCTPOUTH rpauK QyHKIUH ) = > .
x° -1

OO05acTh CyIIECTBOBAHHUS x2-1> 0; xZ> I, x>1 unu x<-1L

2
2x* =9 (=) 2(-x)"-9 2x*-9
2 2 2
x =1 \/(—x) -1 \/x -1
CIICIOBATENBHO, JaHHas QYHKIIMS YeTHAsI, U MOKHO MOCTPOUTH €€ TpauK
TOJILKO MPH X > 1, a 3aTeM OTPa3uTh €ro CAMMETPHUYHO OTHOCHTEIBHO ocu Oy .

2x?-9 2-9
lim =

x—> 140 /x2 1 a +0

BepTUKaIbHas acumnTota mpu x —> 1+ 0.
[Mycte x — 1+ 0.

= yx)=x(=%)

=—0 = x=1-

2_
ke gim POV gy 229
. x>+ X x_)+OOX"/x2—1
> 2 0
2 _ 2
= lim 2x -9 lim X_ -2
X—>+0 5 X—>+00 1
X 1—-— 1——2
X X

2x% —9—2x-Vx? -1 (2x2—9)2—4x2(x2—1)

= lim = lim =
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an2
_ lim 32x° +81 o

HANPES /1—%{2—%”. /1—%)
X X X

[Ipu x —+ 00 moaydaeMm acuMmnToTy y = 2x. I'paduk maHHO#M QyHKIIHH ITe-

pecekaet ocbk Ox Tpu 2x2-9=0, T.e. BTOUKAX X =+——.
J2
[Tpumep 2.3. HaiiT aCHMITOTHI U TIOCTPOUTH rpaduK GYHKITUH
x> —2x%=3x+2
4—x*
OoOmnacTh cyiiecTBoBanus: 4 — x2 20 = x#£2 u x#-2.

y:

B roukax X; =—2 ®u X, =+2 QYHKIUS TEPIHUT Pa3pbiB, T.K. B HUX OHA HE
onpejieNeHa.
Cox0=2x?-3x+2 —8-8+6+2
lim = = +o0;
x—>-2-0 4 — x?2 -0
Cox0=2x7-3x+2 —8-8+6+2
lim = = —o0;
x—>—2+0 4 — x2 +0
| PN X =—2 — BepTUKaJIbHAs aCUMIITOTA.
| I
N | L ox0-2x? -3x+2 8-8-6+2
! I lim = = —o0;
X | x—2-0 4—x? +0
N\
N ! x> -2x?-3x+2 8-8-6+2
LN ' lim = = 400,
I \\2 : x—>2-0 4 — x2 -0
! /ﬂx\ ! X X =2 — BepTHKaIbHAas aCHMIITOTA.
= : N >  HaxkJIOHHBIE ACUMIITOTHI IPH X —> 00  HILEM
: 12N B BUnE: V=hkx+b.
| NN 3 2
NON X x7 =2x"—=3x+2
| : BN k= lim f( ) = lim =
: ] x—>to X x—>*owo x(4 —_ x2)
|
2 3 2
li - x_ x_2 x_3 1 1 b= 1i f( ) kx
= um = =—1; = [im X)— =
X—> 300 i _1 -1 x—)ioo[ ]
2
X

2.

X—>*o0

C(xP=2x?=3x+2 L =2xP+x+2

= lim 3 +x|= lim =
4—x

[lpu x — o0 momydaem acCUMOTOTY Y = —X + 2.

X—>to0 4_x2
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3. HAIIPABJIEHUE BOI'HYTOCTHU. TOYKHU IIEPEI'MBA

ToBopsT, uto rpaduk auddeperiupyemoit pyukuun y = f (x) B02HYM
6HU3 HA UHTEpBAJe (a; b) (602Hym seepx Ha MHTEpBAIIC (al; bl)), €CIIH TIPHU

a < Xx < b nyra KpuBOi pacronoxeHa HIKe (MM COOTBETCTBEHHO NPH
Ay a; < x < b; BbIllIe) KacaTeabHOM, TIPOBE-

JIEHHOM B JIFOOOM TOUKE MHTEpBaJia (a; b)

(nnu MHTEpBaa (al; bl)). JlocTaTOYHBIM

=f(x) ycnoBUEM BOTHYTOCTH BHH3 (BBEPX) I'Pa-
duka y = f (x) SBJISIETCS BBIIIOJIHEHHE Ha

| |

: : COOTBETCTBYIOIIEM MHTEPBAJIC HEPABECHCTBA
| | ' '
Xo b, f (x)<0 (f (x)>0).

Touxa (xo, f(x, )), B KOTOPOI U3MEHSET-

@ L — — —— — —

CsI HATPaBJICHUE BOTHYTOCTH rpaduka QyHKIMH, Ha3bIBACTCS MOUKOU nepe2uba.
Jlst abcuuccesl TOUkM neperunba X, rpapuxa QyHkuun y = f (x) BTOpas

4 "
npousBogHas f (x O) =0 wm f (xo) He cymiecTByeT. TOYKH, B KOTOPBIX
f "(x) =0 wmm f "(x) HE CYIIECTBYET, HA3bIBAIOTCS KPUMUYECKUMU MOYKA-
mu 2-20 pooa. Kpurudeckast Touka 2-To poja X, sBISETCS aOCLHUCCON TOUKH
neperuba, ecnu  f ”(x) COXpaHSET MOCTOSHHBIC 3HAKK B HHTEPBaIax
X,—0<x<x, u x,<x<x,+0, rae O — HEKOTOPOE IOJIOKHUTEIHHOE

YKCII0, IPUYEM 3TH 3HAKU IPOTUBOIOJIOKHBI, U HE SIBJISIETCS TOUKOM neperuoa,
eciv 3HaKu [ "(x) B YKA3aHHBIX BBIIIE NHTEPBAIaX OJUHAKOBBI.

H[ZI/IMC[Z OHpeI[CJ'II/ITB HHTCPBAJIbl BOTHYTOCTHU M BBIITYKJIOCTH, a TaKKE TOUKH
2

neperu6a KpuBoit y =e

2 2
Umeem: y'=-2xe * ; y"= (4x2 — 2)e_x . IIpupaBHAB BTOPYIO IIPOM3-

BOJIHYIO K HYJIIO, HAUJEM KPUTHYECKHE TOUYKH BTOPOTO poja:

1 1

X; =——F=, X, =——=. OTH TOYKH pa30UBaIOT BCIO 00JACTh CYIIECTBOBAHUS

1 1 1 1

V2
)

S -

byHKIIUN (— 0; + oo) Ha TPU MHTEpBAJIA.

B w e | s
0

yH + O _

y o neperuo M neperut -
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1
[Tomyunnu: KpuBasi BOTHYTa BBEPX MPU  x e (_ 0; — L) U Xe€e (_ + ooj

V2 J2'

1 1
U BOTHYTa BBEpX IPH x e( j Touku (i—; —) — TOYKH Ieperuoa.
eI V27 e

4. IOCTPOEHUE TPA®UKOB ®YHKIUI IO
XAPAKTEPHBIM TOYKAM

[Tpu nocTpoenuu rpaduka GyHKINU CIETYET, IPEKIE BCET0, HAUTH 00-
JacTh CYIIECTBOBAHUS 3TON (YHKITUHU M BBIICHUTH TIOBeICHNE (DYHKIIMU Ha rpa-
HUIIE ee obnacTu cymiectBoBanus. [lone3Ho Takxke npeaBapuTeIbHO OTMETUTh
HEKOTOPBIE 0COOEHHOCTH (DYHKIIUHU (€CIIM OHH UMEIOTCS): YETHOCTD, IIEPUOIH Y-
HOCTbD U T.[I.

Jlanee Hy>KHO HaliTH TOYKU pa3pbiBa, ACUMITOTHI, TOUKH 3KCTpEMyMa
byHKIIMHM, TOUYKH nieperuda u T.1. HaiineHHble 31eMeHTHI TO3BOJISIOT BBISICHUTD
oOuuit xapakrep rpaduka GyHKIUH.

[Tpumep 4.1. [IpoBecTu MOJHOE UCCIEIOBAHKUE U MOCTPOUTH rpaduK GyHKIIUU

y=x-\3/(x+2)2.

OO6nacTh CyIIECTBOBAHUS: X € (— 0o, + oo).

y(x) * y(— x) = (yHkus obI1Iero BUaA.
Tax xak QyHKIMS onpeneseHa Mpu BCeX X, Wy Hee HeT TOUEK pa3phiBa, TO
BEPTUKAJIbHBIX ACUMITOT HEeT. HakJIOHHBIE aCUMITOTHI IPH X —> £ 00 uIeM B

Bune: y =kx+b.

\/ X+ 2 Ny
= llm = llm .X+2 = +OO CJIECOO0BATCIIbHO, HAKIIOHHBIX

x—>to0 X—>+oo

ACHUMIITOT TAKXKe HET.
HccnenyeM GpyHKIMIO IO MEPBOM MPOU3BOIHOM.

f=[w3@+2f}=&+2fg+m§(X+@40:3&:2“Qx:fx+6

=0 = 5x+6=0, x=-12;
y' e cymecteyer = x+2=0, x=-2.

x+2 x+2

x (o =2) | =2 (=2, -12) | —L2 | (12 +«)

y' + HE CyIII. - 0 +




Yy max min

Vonax = y(— 2) = ( (kacareybHas B 3TOM TOUKE MEpIEeHANKY/IsIpHA ocu  Ox ).
| Va ymin = J/(— 1;2) = _1,2 . ’\3/ 0,6 ~ _1,06
: (kxacaresibHasi B 3TOM TOYKE Mapaieib-
| Ha ocu Ox).
: Hccnenyem GyHKITUIO IO BTOPOI IIPO-
| U3BOJIHOM.
—21 -12 O X Sea6
-2 4' ! i " X+
> ' L~ 1-1,06 y ={—}=
= e ] > 2/3
| ~1,30 (x+2)
|
1
! 5-x+2—(5x+6)- ;
B 3. 3\/(x + 2) B
3 (x + 2)2
C15(x+2)—(5x+6)  10x+24
3(x +2)/x +2 3,3/(x+2)4 '
y"=0 mpu x=-24; " He cymecTByeT npu X = —2.
X (— 0; — 2,4) -24 (— 24, -— 2) -2 (— 2; + oo)
y" — 0 + HE CYIIECT. +
y M reperuo U i

Vepecusa = V(= 24) = -24-Y(-24)> =130,  »(0)=0.

[Ipumep 4.2. IIpoBecTu NOJHOE UCCIENOBAHUE U MMOCTPOUTH rpaduK QyHKIUU
_(2x+lj2

r= x+2/

O06J1acTh CyIIECTBOBAHHS: X # —2.

y(x) #* y(— x) = (QyHKIUA 00111eTO BUIA.
X =—2 — TOuYKa pa3phiBa, T.K. B HCH (PYHKIIHS HE ONpe/IeiICHA.

(241D (4412 C(2x+1)? (4+1)?
lim =|——| =+o0; lim = —| =4
x—>2-0\ x + 2 -0 x—2+0\ x + 2 +0

—> X =2 — BepTUKaJIbHAs aCUMIITOTA.

HakoHHBIC aCUMITOTHI P X —> + 00 wiiem B Buge: ) = kx + b.
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2
k:lmzigzzzmzl(giig ~ 0;

x—>t0 X x—>towo X xX+2

2x+1)°

= [i - = [i =4.
b xﬁljfoo[f(x) kX] xﬁl?_goo( X+ 2)

[lpu x =t oo momydaeMm acummnrory y = 4.

Hccnemyem QyHKIHIO IO IEPBOI TPOU3BOTHOM.

, (h+?2@+@{hﬁ0 6(2x +1)

y =2 - 7 = 5

x+2 (x + 2) (x + 2)

y'=0 = 2x+1=0, x=-0,5;

y' He cymectByer = x=-2.

X (— 00, — 2) (— 2; - O,S) -05 (— 05 + oo)
y' + - 0 +
[ Y
I
I
I
|
______ H S
|
I
I ,44/‘
—21 | X
] -0,5[ 0,25 -
Y min

Vmin = ¥(=05) =0.
HccnenyeM QyHKIHMIO IO BTOPOI TPOU3BOIHOM.
62@+2f—3Q+2fW?x+U_
(x + 2)6 -
2(x +2) - 3(2x + 1) B 6(1 —4x) _
(x+2)*  (x+2)*
y'=0 = 1-4x=0;, x=0,25

rn

y" HecymectByer = X =-2.

rn

y:

X 0,25




(s =2) | (=25 025) (025; +o)

yu + + O _

y o o neperuo M

2
L5 4
e =029 = 555] =5 =0

[Mpumep 4.3. IIpoBecTu MOJHOE UCCIAEAOBAHNUE U TIOCTPOUTD Ipaduk PyHKIHH

ex—3

x—3

O06nactb cymectBoBanus: x —3#0; x# 3.

y(x) * y(— x) — (QyHKUUA 001IEro BUAA.

B Touke x =3 (yHKIMS TEPIUT pa3peiB, T.K. B HEH OHA HE ONpeesIcHa.

y:

. ex—3
lim = —o0,
x—>3-0x—3
; > = X =3 — BepTUKaJbHas aCHMIITOTA.
e’
lim = 400
x—>3+0x — 3
Haks1oHHBIC ACUMIITOTHI MIIIEM B Bue: ) = kx + b.
1) x — oo,
!
-3
-3 e’ x=3
e e . ( ) e
k= lim Q: lim ——= lim ————= [lim —— =
xX—>+0 X x>+ x< —3x x>+ x—+0 2x — 3
(x — 3x)
!’
(ex_3) ex_3
= [lim ——— = [im —— =400, ciemoBaTeIbHO, PH X —> +00

X—> 400 (2x _ 3) X—>+00

HAKJIOHHBIX aCUMIITOT HCT.

2) x — —0,
x-3
ke gim Ty €0 - 0:
x——-0 X x—>—w x“° —3x + o0
x-3
. _ g€
b= lim [f(x)=ke]= lim ~——=0,

npu X — —o0 noiydaeM acumnrory y = 0.
Hccnenyem QpyHKIHIO 11O IEPBON TPOU3BOIHOM.
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, (eX3] ex_3-(x—3)—ex_3 ex_3_x—3—1_ 3 x—4

y' = = = =e :
X3 (x=3)° (x=3)° (x=3)°

y'=0 = x—4=0, x=4; y' HecymectByer = x=3.

x | (- 3) (3; 4) 4 (4, +o0)

y' - - 0 +

y ™~ ~ min 7

Vomin = y(4) =ex 272
HccnenyeM QpyHKIMIO 11O BTOPOM TPOU3BOIHOM.

s x4 s (123)° —(x-4)2x-3)

y ' =e +e - =
(-3 (r-3)
-3 2
&3 X T7x+12-x+45 € -(x —8x+l7). "y
= 5 = 3 ; y"#0;
(-3 53 (+-3)
/\y | "
: y" HecymectByer = Xx=3.
|
|
| x | (-3 (3; +o)
)
| R " . +
, >
Y 3: 4 o y M U
|
| 5
! _¢ _
W0)=—=——%5=—,02.
| ( ) -3 33
[Ipumep 4.4. IIpoBecTu MOJHOE UCCIENOBAHKUE U MIOCTPOUTH rpaduK GyHKIIUU
x+6
y=In -1
X
+6
OO0acTh CyIIeCTBOBAHUS: s > (.
x
x>0, x<—6. = — =

DyHKIMS 0011IeTo BU/IA.
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. x+6
lim |In —1|=—-0 = x=-6 — BepTHKaJIbHAs ACHMIITOTA.
x—>—6-0 X

. x+6
lim | In —1|=+0 = x=-0 — BepTUKaIbHAs aCUMIITOTA.

x—>—+0 X
HaknoHHBIE aCHMITOTHI UILEM B BUIe: V = kx +b.
x+6
In -1
b= tim Ty —x g,
x—>to X X—> %o X
b= lim [f(x)—kx]= lim [lnx+6—1}: =)
X—>Foo x—> oo X

[lpu x =t o0 momydaem acumnrory y = —l.
HccnenyeM QyHKIHIO TIO MEPBOIA MPOU3BOTHOM.

x |z —6) (6 ) , x x—-x-6 -6

' Yy = . = = 0.
Y — - x+6  x? x(x +6)
Y ~. | DKCTPEMYMOB y (YHKIHH HET.

HccnenyeM QpyHKIMIO 11O BTOPOM TPOU3BOIHOM.
"o g —(x+6+x) 6(2x+6) 12(x + 3)
y"'==6- = = :
xz(x+6)2 x2(x+6)2 xz(x+6)2

y"'=0 = x+3=0;, x=-3 — He BXOAUT B 00JIACTb CYLIECTBOBAHM.

Va
| x | (= =6 | (0; +oo)
|
: y” _ +
| y M U
6 O X
________ _|_________¥-_
-1 Touek nepernba Her.
+
lnx 6—120 = Xx= 6 X

|

|

[

[

: X e—1
[

[

|

{5

HNuTerpanbHoe ucuncieHue (PyHKUUHM OJJHOM NepeMeHHOU
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1. HeonpenejieHHbIM HHTErPaJI

Ilepsoobpasnoii gyuxyuenu s ¢yaxiuu f(X) HaspBaeTcs Takas (QyHKIHS

F(x), uto F'(x) = f(x).

Heonpeoenennvim unmezpanom ot byukiuu f(X) HaspiBaeTcs ee oOrmas

nepBooOpa3zHas

[fQdx=F(x)+C .

®dyukuus f(X) HaspIBaeTcs moAabIHTErpaibHOM GyHKIHMEH, F(X) — pesymbraTt

HHTCTPUPOBAHUA, C - IIPONU3BOJIbHAA ITOCTOSHHAA.

Cesoticmea HeonpeodeleHHO20 uHmezpaa.

L. [(u(x) + v(x))dx = [u(x)dx + [v(x)dx.

2. [A- f(x)dx=A-[ f(x)dx, rae 4 — nocrosiHHasL.

3. Ecim jf(x)dX:F(X)+C u u=p(x), 10 jf(u)du:F(u)+C.

Tabauya npocmetiviux uHmMe2pPanos:

1. f[dx=x+C.
Xn+1

2. [x"dx= +C,(n=-1).
n+1

3. j%zln\xhc.

X

4. [a* dx=——+C, [eXdx=e*+C.

Ina

5. [sinxdx=-cosx+C.

% LnX=2, ¢ (ax0).
X‘—a° 2a X+a

7. -2 _tgx+cC.
COoS™ X

dx

8. =—ctgx+C.
Jsin2x

= arcsm +C.

9u7

10. |

:Earctg§+c :

x°+a’ a a

11.
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X + VX2 +A‘+C,(A¢0).

: dx
6. [cosxdx=sinx+C. 12. j—zln‘
VX% + A

OcHosHble MemoObl UHMe2PUPOBAHUS.
1. ITonBenenue nox 3Hak quddepenimana:
a) K QyHKIIMH, CTOsIIEH 1Mo 3HakoM JauddepeHnnaia, MOKHO MPUOaBIATh

WIN BBIYUTATH JTI0OYI0 moctostHHyto: df (X) =d(f(X)+ A);

0) mox 3Hak quddepeHIrana MOXHO MOABOJAUTL MOCTOSHHBIH MHOXHTEb:
df () =+ (A- £ (x):
B) mnoj 3Hak JguddepeHnurana MNOABOAUTCA (YHKIHUS MO MPaBUILY:
f'(x)dx =df (x).
2. aTerpupoBaHue Mo 4acTsAM C UCII0JIb30BAHUEM (DOPMYIIBI:
fudv=uv—[vdu, rae u=u(x),v=Vv(x).
C MOMOIIIBIO ATOTO METO/Ia BEIYUCIISIOTCS CIICAYIOIINE HHTETPAIIBI
a) [a" - P,(x)dx, u=P,(x), dv=a’dx.
6) [sinax-P,(x)dx, u=P,(x), dv=sinaxdx.
B) [cosax- P, (x)dx, u=P,(x), dv=cosaxdx,
r) [Inax-P,(x)dx, u=Inax, dv=P,(x)dx,
n) [arcsinax- P, (x)dx, u=arcsinax, dv=P,(x)dx,
e) [arctgax - P,(x)dx, u=arctgax, dv=P,(x)dx,
rae P, (X)— MHOrOYIIeH 1-0ii cTereH .

3. MHTETpHpOBaHUE METOIOM 3aMEHBI TIEPEMEHHOM 110 hopmyIie

[T(dx=[f(pt)de®) =] f (p()¢'(t)dt, rne x=g(t).

Ilpumep évinonnenus 3adanus.

Haittu HeonpeaeaeHHble UHTETPaIb:
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3_
j(arcs'”x) Xax; 6) [ dx; ) [(3x+4)ePox.
N X°—4x+3
Pewenue.

a) HCIIOJIB3YysT OCHOBHBIC CBOMCTBA HCOIIPCACICHHOTIO MHTCTPAJIa WU BBIITOJIHASA

noaBeAcHUEe QYHKINUNA O] 3HaK nuddepeHiana, HaiaeM HHTerpal

I(arcsmx) + Xy I(arcsmx) dx+ [
V1-x? \/7 \/7

1
= [(arcsinx)?d (arcsin x) + [ (1~ XZ)_Zd(X—;) =

1

= [ (arcsin x)d (arcsin x) +(— %)j(l— x?) 2d(1-x?) =

1

—x2y2
:%(arcsinx)3 —%-¥+C :%(arcsinx)?’ —V1-x?+C.

2

[IpoBepum pe3yabTaT HHTErpUpPOBaHUS TU(DPEPEHIIMIPOBAHUEM:

(% (arcsinx)® —V1—x% + C) =

1
:% -3(arcsin x)? - (arcsin x)’ —%(1— x2) 2(1-x%) +C'=

_(arcsinx)®  —2x e (arcsin x)% + x

V1-x2 21i-x2 1o

YTO COBNAJACET C MOABIHTETPAIIBHON (PyHKIIHCH.

0) moxsIHTErpanbHasi (QYHKIHS TPEACTABISIET COOON HEMpaBUIILHYIO pPaIfo-
HaJbHYIO 1poOb. [IpenctaBum 3Ty npoOb B BHJIE CyMMbl MHOTOYJIEHA U TIpa-

BUJILHOU I[p06I/I. I[JIH 9TOT'O BBIIIOJTHHUM ACJIICHHUC MHOI'OYJICHA HA MHOT'OYJICH:
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x3 17 ‘x2—4x+3

x> —4x*+3x  [x+4

4x% —3x -17
A% —16X +12
13x-29
Torma
3 J—
j—x dx = j( —i?;x 29 jd = [xdx + [4dx + I—i?;x 29 dx =
X2 — 4% +3 X —4x+3 —4x+3
2 J—
=X—+4x+j—i3x 29 dx.
2 X —4x+3

I[JI?I TOT'O YTOOBI HAWTHU HOCJIG,ZIHHﬁ HHTCTpAJ, IPCACTABHUM IIPABUIBHYIO ,Z[pO6B

B BHJIC CYMMBI MPOCTEHIIHNX ApoOei. [l 3TOro pa3iokuM Ha MHOXKHTEIIN 3Ha-
MeHaTenb Apoou X2 —4x+3=(x—1)(x—3) u pasnoxum ApoGb Ha MPOCTEii-

e

13x-29 _ A B _AX-3+B(x-1)
(x-D(x-3) x-1 x-3  (x=1(x-3)

3HaunT 13X —29=A(Xx-3)+ B(x-1).

ITpu x=3 umeem 13-3-29=B(3-1), otkyna B=5;
npu X=1 umeem 13-1-29=A(1-3), otkyna A=8.

13x - 29 8
[Tonyuaem = + Y UHTETPUPYEM
(x-)(x-3) x-1 x-3
13x — 29 d (x 1) d (x 3)

+5]

8 5
I(X—l)(X—3)dX:IX—1dX+JX dx =8

:8In\x—ﬂ+5ln\x—3\+c

N OKOHYATCJIIbHO ITOJIYy4acM

J

[TpoBepum pesynbsTaT audhepeHIUPOBAHUEM:

3 2
Zx;ﬂdx:x—+4x+8ln\x—u+In\x—3\+C.
X°—4x+3 2
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!

2
(%+4x+8|n\x—ﬂ+ln\x—3\+€} :2—2X+4+i+i:

_ (XA =1)(x=3) +8(x=3) +5(x 1) _ x3 —17
(x-1(x+3) x2—4x+3

YTO COBMNAJAET C MOJABIHTEIPATIBHON (PyHKIIHECH.
3ameuanue.
HHTerpan oT npaBUIbHON PallMOHAIBHOM IPOOU CBOJUTCS K CyMME UHTETPAJIOB

oT mpocredmux Apodei. Hanbosee yacto BcTpeyaroTcs CleIyrolue WHTerpa-

JIBI:

A A —k+1
———dx=Alnx—a/+C; dx= - C,
Ix—a x=Alnx —al+ I(x—a)k X (_k+1)(x a) "+
(k=23,.).

B) IPUMEHUM METOIOM MHTEIPUPOBAHUS 110 YACTSM.
1
Ipuvem U=3x+4, dv=e¥dx, torna du=3dx, v= gesx . Tlo popmyie

HHTCTPUPOBAHUA 110 HaCTAM I10JIydacM

3X + 463)(

j(3x+4)e3xdx=(3x+4)%e3x —f%e?’x -3dx = ~ [e¥dx=

:3X+4e3x —183)(
3 3

3X+4-1 3

+C= +C=e¥(x+1)+C.

[IpoBepum pe3ynbpTaT 1uddhepeHunpoBaHuEM
€ (x+1)+C) =3 (x+1) +e¥* =e>*(3(x +1) +1)=e**(3x + 4),

YTO COBIMAJAET C MOJBIHTErpabHON (YHKITUEH.

2. OnpeneeHHbIH HHTErPaJl

AV Ecnu Ha mmockoctu Oxy 3ajaHa
_y="1,(x) durypa, orpaHWuYEHHas IBYMs

HETIPEPHIBHBIMU JTMHUASIMA

TR YRR o), y= 6K 0 s

A b i




KaJbHBIMH TPSMBIMA X =a, X=0D, To tiomans S Takoil GuUrypsl MokeT ObITh

BBIYHCIICHA 110 (hopMyJie

S= tf(fz (x) - fl(x))dx, roe f,(X)> f;(X) Ha oTpe3ke [a,b].

Ilpumep 2.1 Boruucnuth miomans  GUrypel, OTpaHUYEHHON JUHUSMHU

y=x2+4x, y=x+4.

Pewenue.
3ajaHHbIE JIMHUM OTPAHWYUBAIOT HA IUIOCKOCTH OXy KPUBOJUHEHHYIO

TpaliCuuro, I/1306pa)K€HHy10 Ha PUCYHKC.

y = X% +4x
y=x+4

Y
=

Halinem koopauHaThl TOYEK IEPECEUCHUS 3aAHHBIX JIMHUM, I 3TOTO

pELINM CUCTEMY YPABHEHUN

{y:x2+4x

, X2 +4x=x+4, x*+3x—4=0, otkyna X =—4, X, =1.
y=x+4

Torma uckomas miIonaas BEIYUCIICTCS 10 hopmyJie:
1
1 2 3
S=[(x+4-x° —4x)dX:j(4—3x—x2)dx:(4x—%—%j =
-4 .

:4—§—1+16+§—%:20§ (ke. €d.).
2 3 2 3 6
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OObeMbl Tes, 00pa30BaHHBIX BpalIEHHUEM IUIOCKON (DUTyphl, OrpaHUYeHHOU
kpuBoii ¥ = f(X) >0, ocbto Ox u ipsimbIMU X =a, X=b,
b

1) Boxpyr ocu Ox, BEIMHCISIOTCS 10 popmyrne V, = ﬂj f 2(x)dx;
a

b
2) Bokpyr ocu Oy, BeraUCISIOTCS 1Mo dpopmyite V,, = 27 | xf (X)dX.
y

a

Ilpumep.2.2 Beraucnutb 00beMbl TeJ, 00pa30BaHHBIX BpAIEHHEM BOKPYT OCeil

Ox n Oy KpUBOJIMHENHOIO TPEYTOJIbHUKA, OTPAHUYEHHOTO KPUBOU Y = 3/x, ocbio

Ox u psimort X =1.

Pewenue.
A
4 / y =3/x 1) 0OBeM Tena, IOMYYEHHOTO BPallcHHEM
BOKpYT ocu Ox, paBeH
1
5
1 %
2 X 3

V, =7ZI(?</;) dx= e 2?7[ (kv6. e0.)

0 1 o 0 3

2) 00beM Tena, MOJIy4eHHOTO BpalieHrueM BoKpyr ocu (Jy, paBeH
!
x/3

L 67
vy =27Z'J-X'§/;dx=272' =7(Ky6. €o.).
0

V
3o
DOYyHKIMU HECKOJIbKHUX NePeMEHHbIX

[TepeMeHHast BeMYMHA Z HA3BIBACTCS (DYHKYUEU 08YX NepeMeHHbx X U Y,
eCIIM KaKJI0W mape 3HavyeHui (X,y) U3 JaHHOH 00JaCTH COOTBETCTBYET CIMH-

CTBEHHOE ompeenennoe 3uauenne z = f (X, ).
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s pyakuu Z = f(X,Y) BBOAATCS MOHATHS YACMHBIX NPOU3BOOHLIX TIEP-

BOI'O HOpSII[Ka, KOTOpBIe onpeﬂenmoTc;[ BBIpa)KeHI/IﬂMI/IZ
az—lim f(x+Axy) - f(xy) az f(xy+Ay)-f(xy)

—= = lim
OX  Ax—0 AX Y Ax>0 Ay

U 4acmHblx I’lpOMS’@O()Hle BTOPOTO IOpPsAAKA:

fﬁ_é{@) £f£_23,29£2.nie2j ’z_ofa
ox2 ox\ox)' exoy oyox ox\dy) oy\ox) oy oylay)

@Oynkmus z = f(X,y) umeer B Touke My(Xg,Yq) Mmarcumym (munumym),
€clIi 3HaueHue Tol QyHkuuu B Touke M, Oosbie (MeHbIIE), YeEM 3HAUCHHUS
(GyHKIMY B JI000H TOUKE U3 OKPECTHOCTH TOUKU M.

HeoOxoauMbIMu  yCIOBUSIMU CYIIECTBOBAHUS dKcmpemyma (MakCUMyMma

win MuHUMyMa) nuddeperuupyemoit Gpynkinuu Z = f(X,y) sBusgercs paBeH-

CTBO HYJIO €€ YaCTHBIX IIPOU3BOJHLIX IICPBOI'O IMOPSAAKA:

% _g
OX
a_g
)

TO‘-IKI/I, B KOTOPBIX YaCTHBIC ITPOHU3BOJAHLIC 06paHJ;aIOTC$I B HOJIb, Ha3bIBa-

10TCA cmayuonapuvimu moukamu Gyukiuun Z = f(X,y). Jlas Toro uroOsl cra-

OUOHApHasA TO4YKa SABJIAJIACH 3KCTPEMYMOM, B HEH JOJIDKHBI BBIIIOJIHATBHCA 00-

0’z 0%z 0%z
cmamounvie ycrosusn. Obosmaumm A=— , B= v C=—
OX M, Xoy M, oy M,

A=AC - B?,
Ecmu B crarmonapuoit Touke M (Xg, Vo)
A>0,A>0,T0 M, ecTh TOUKa MUHUMYMa;
A>0,A<0,T0 M{, ecTb TOUKa MAKCUMYMA;

A <0, o BTOouke M HET 3KCTpEMyMa;

A =0, To TpedyeTcs TONMOJHUTEILHOE UCCIICIOBAHHE.
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Ilpumep. UccnenoBath Ha AKCTPEMYM byHKIMIO

z=2X+4y—-x?—y? +6.

Pewenue.
1. Haitnem gacTHbIe TPOM3BOAHBIC 3aJaHHON (PYHKITUM

QE:Z—ZX, 95:4—2y
OX oy

2. 3anuiiem H€O6XOI[I/IMI)I€ YCIIOBHA CYHICCTBOBAHUA SKCTPCMYyMa

2-2x=0 x=1
p— ,
4-2y=0 y=2
3HauyntT Touka M (1;2) sBnsieTcs cTaiMoHapHOW TOYKON (QYHKIIUH.

3. IIpoBepuM BBINIOJHEHHE B TOYKE M OOCTATOYHOrO YyciuoBus. st 3TOro
HalJIeM BTOPbIE€ YaCTHBIE MPOU3BOIHBIE (PYHKIIUU
0%z 0%z 0%z
=—2 ——=0 — =
oxoy oy

—=— —2.
B touke M (3,2) A=-2,B=0,C=-2 u A=(-2)-(-2)—0=4. IlockoabKy

Ox?

A=4>0,A=-2<0, touka M (1,2) sBisgercs TOYKOW MakCMMyma. 3HAUYCHHE

yHKIHK B 5TOIT TOUKE Z,, =2.1+4-2-1> 2% +6=11.

OyHKIKMS JABYX HE3aBUCHMBIX MepeMeHHBIX Z= f(X,y) mpuHHMaer
HanOoJIbIIce ¥ HAMMEHbIIee 3HA4YCeHUs B oOnactn D, orpaHuyeHHOUW IMHMEH
@(X,y) =0, mbo B CTallMOHAPHBIX TOYKAX, PACIOJIOKCHHBIX BHYTPU 00JIaCTH
D, 1160 Ha rpaHuiie 3Toi 00JacTH.

3anaya 00 OTHICKAHWU HAWOOJIBIIET0 U HAUMEHBIIEr0 3HaYeHUH (QYyHKIIUU
z=f(X,y) B3amanHo# obmactu D permaercs o ciieayromemMy rmiaHy:

1. OnpenenseM cTaMOHapHbIE TOYKH (DYHKIIMHU, PacnoyioKeHHbIE BHYTpH 00-

JJaCTHu D, H BBIYHCJIACM 3HAUYCHUA (bYHKHI/II/I B OTHUX TOYKax.
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2. Haxomum cranmoHapHbie TOYKH (pyHKIMM Ha rpanune @(X,Yy)=0 obmactu

WM Ha OTIEIBHBIX €€ y4aCTKax, 3aJaHHbIX PAa3JIM4YHBIMU YPABHEHUSIMU, U BbI-
YHCIIAeM 3HaUYeHUs! (QYHKIIUU B 3TUX TOUKAX.
3. U3 Bcex BBIYUCICHHBIX 3HAYCHHH (QYHKIIMH BbIOMpaeM HauOOJbIIEee U

HAaWMMCHBIICC.

Ilpumep. Haittu Haubonpliee W  HaUMEHbIIEE 3HaYeHUA  (DYHKIUMHU

z=x%+ 2Xy —4X — Y B TpeyroJibHUKE, OrpaHuYeHHOM npsaMbiMu X =0, y =2,

y=X.

Peuwenue.

1. Haiinem cranuMoHapHble TOYKH (PYHKIIMU U3 YCJIOBUW pPaBEHCTBA HYIIIO

YAaCTHBIX ITPOU3BOAHBIX (IJYHKLII/II/I

A az
y — = — =
ax 2X+2y—-4=0 x=05
oz < 1y=15
X _ox-1=0 y=4
oy

Crammonapnas touka M (0,51,5) nexut

BHYTpH 3a7aHHOU oOnactu OAB.

3HaueHue PyHKIUU B TOUKE M paBHO

v

Y 4,=05+2.05-15-4-05-15=-175.
2. Uccnenyem noBenenre (GyHKIIMU HA TPAHUIIAX 00JIACTH:

a) Ha rpannie O4 y=X, 0<X<2, z=x>+2X-X—4-X—X wm z=3x? —5X;
, , 5 5
z2'=6x-5, 2’=0 mpu X=€,TOFIIa y:E (Tak KaK y=x).

2

55 5 5 25

B touke C| —;— | 3HaueHue aBHo z|. =3 —| -5-—=——.
TOYK (6 6) HaueHue (PyHKIUH paBH ‘c (6} c B

Breraucnum 3nauenus GyHKIIMU B KpalHUX Toukax oTpe3ka OA.
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B Touke O(0;0) Z‘ o =0, B TOUKE A(2;2) 3rauenne hyHKIMHE PaBHO
2|, =3-2°-5.2=2.
0) Ha rpanmie B4 y=2, 0<x<2, 2=X°+2X-2—4X—2 w7 =X -2
2'=2x,2'=0 npu Xx=0,a y=2 coriacHo ypaBHCHHIO MpsiMOii BA.
B touke B(O;Z) 3Ha4YeHUE (PYHKIIUU PaBHO Z‘B =3.0°-2=-2.
B) Ha rpanune OB x=0, 0<y<2, z=-y,;
2'=—1#0 npu Bcex Y €[0;2], cnemoBatensho, cTanuoHapHBIX TOUEK HA

munun OB Her.
3. W3 Bcex BBIYMCICHHBIX 3HAYEHUI 3aJaHHOW (YHKLIHMH BBIOMpPAeM HauOOJIb-
1iee 1 HauMEHbIIEE:

Z‘ A=2 — HauOoJIbllee 3HaUeHUE (PYHKIUU B 00J1acTU

OAB

25
= — HauMeHblee 3HaueHue GyHKuuu B oonactu OAB

z], 10

JudppepeHunanbHbIe yPABHEHHUS

Huddepennmanbapie ypaBHEHUS, B KOTOPBIX MEPEMEHHBIE MOKHO pasie-
JIUTH TIOCPEACTBOM YMHOXKEHHS 00€MX YacTeil ypaBHEHUSI HA OJHO M TO KE BbI-

pakeHue, Ha3bIBAIOT TUDPEpEeHIINATBHBIMA YPABHEHUSMU C paA30eI0UUMUCS

nepemMeHHbIMU:
dy _ f2(x)
—=—2—<— f(y)dy = fy(x)dx, (1)
dx f1(Y) 1( ) 2( )
wiK B 1u(depeHunansHoi popme
fi(x)- fo(y)dx+ f3(x) f4(y)dy=0. (2)

Pazpenum o6e yactu ypaBHeHus (2) Ha mpou3BeieHne PyHKIUN

f2(y) f3(x)

dx + f4(y)dyzo 2)
fa(y
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U, TIOCJIC UHTErPUPOBAHMSI, TIOTYYUM 001U nHTEerpai (obIiee peuieHue) ypas-

HCHMUA:

j%m j%dyzc.

Ipu nenennu Ha fy(y) f3(X) MoxkeT nponsoiity moTepst HEKOTOPBIX YacT-
HbIX peweHnit. [lycts, Hanpumep, npu Y =Y, umeeM f,(Yq)=0, Toraa ¢pynx-
st Y =Y, sBisercsa pemenneM ypaBHeHus (2'), T.x. dy =dyy =0. Pemennem

MOXET TaKxke ObITh QYHKIHS X = Xg, ecin f3(Xg)=0.

Ilpumep. Haittu o6uit maTerpan nuddepeHimaibsHOr0 YpaBHEHUST TIEPBOTO

nopska x(y-+1)dx——(x2-kl)ydy::O.

Pewenue:
Jannoe nuddepeHnanbHOe ypaBHEHUE SBISETCS YpPaBHEHUEM C pa3feisiio-

HIAMHUCS NEPEeMEHHBIMH, npudeM fi(x)=x; f,(y)=y+1

fa(X) = X2 +1; f,(y) =-y . Pa3nennm obe yacTu ypaBHEHHS Ha TPOU3BEICHUE

f2(¥) fa(x)=(y+1)(x* +1)
H I10JIy4YUM

xdx  ydy
>~ =0.
x“+1 y+1

[IpounTerpupyem nocieaHee paBeHCTBO

Xax 1
IX2+1—I[1—mjdy=C,

UCIIOJIB3YS MOJIBEACHUE MO/ 3HaK nuddepennmnana
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1d(x2+1)

J’ 2

d 1
X2 +1 —J.dy+.[ (y+):C’

y+1

MOJYYUM OO MHTErpan 1uddepeHInaIbHOI0 ypaBHEHUS
1
EIn‘x2 +]4— y+Inly+1=C.

[Ipu nenenun Ha f, ( y) = Y +1 norepsiHO yacTHOe penieHue: y =—1.

HuddepeHnmanibHOe ypaBHEHUE TIEPBOTO TOPSIKA
y'+p(x)y=a(x), (3)
JUHEHHOE OTHOCHUTEIHLHO MCKOMOH ()YHKIMHM M €€ IMPOU3BOJHOMN, Ha3bIBACTCS
JIUHEUHBIM.

VYpaBHeHue (3) CBOAMTCSA K JIBYM YPaBHEHUSM C pa3JCiISIOIIMMUCS Tepe-
MEHHBIMH CJICIYIOIIAM 00pa3oM. 3amuiieM UCKoMmyro QyHkuuioo Y(X) B BUie
IIPOM3BEJICHUS IBYX (PYHKIUH: Y = u(x)-v(x). OpHa U3 3TUX QYHKIUHA MOXKET
OBITH a0COJIFOTHO IIPOM3BOJIBHOM, a BTOpas ONPEACISICTCS B 3aBUCHMOCTH OT
MIePBOM TaK, YTOOBI UX IIPOM3BEICHUE YAOBICTBOPSIO YpaBHEHUIO (3).

W3 paBencTBa Y =U-V HaxoauMm Y =U'-V+U-V'. Torma B COOTBETCTBHUE C
(3) mmeem UV +UV'+ p(x)uv=q(x) mm uV+u(V + p(x)v)=q(x). BeiGepem

B KadyecTBe V(X) Kakoe-HUOY/bh YaCTHOE PEIICHUE YPABHCHUS

V4 p(x)v=0, (4)
TOTJa JIJIs OThICKAaHUA U(X) MOJydruM ypaBHEHHUE
u'v=q(x). (5)
Haiinem V(X), pa3aensis nepeMeHHbIC B (4):
dv_ —p(x)dx, orkyza Inv = —j p(x)dx u v= e PMgy
\'

3nas V(X), Haiigem U(X) u3 ypaBHenus (5):
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—v=gq(x) = du:efp(x)dxq(x)dx,mmau:jq(x)ejp(x)dxdx+c.

OO11ee penieHue JIMHEMHOTO ypaBHEeHuUs (3) UMeeT BUJ

y=uv= o] PO [J.Q(X)eI POXJ gy 4 C} :

Ilpumep. Haiitu obuiee peuenue nuddepeHuaIbHOro ypas-

HEHUS TEepBOro mopsaka y' —2y=1.

Pewenue.

3amnuireM UCKoMyIo GyHKIHI0 Y(X) B BHIE IPOU3BEACHUS ABYX (DYHKITHIA:
y=u(x)-v(x), torma y'=u"-v+u-v',
H II0ACTaBUM ITIOJTYUYCHHBIC BBIPAKCHHA B 3aIaHHOC YPABHCHHC
uv+uv'—2uv=1.
Brinecem 3a ckoOku U(X)
uv+u(v'—2v)=1
U, TPUPABHUBAS K HYJIO BBIPAKEHHE B CKOOKAxX, MOJYYUM M PEIIUM 1B TU-

(dhepeHIMaNbHBIX YPAaBHEHUS C Pa3ICIISIONIMHCS TTePEMCHHBIMU:

V—2v=0 uv=1

dv_ 2dx d_uegx =1

V dx

Inv = 2x du = e ?Xdx
v =e2¥ u :je‘zxdx,

1 —ox 1 _ox
u=——|e "d(-2x)=—=-e " +C
ZJ (-2x) 2

3anumiem oOIIee perieHue 3agaHHoro auddepeHImaipHOr0 ypaBHEHUS B

BUJIE

y:uv:(—%e‘zx +Cj-e2x, 17 y:—%+Ce2X.
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Huddepennuanbioe ypaBHeHHE BUIA
Y +ay +ayy = f(X) (6)
HA3bIBACTCSI HEOJHOPOAHBIM JHHEHHBIM ypaBHEHHEM BTOPOTO MOPSAJKa C IMO-

CTOSIHHBIMU KO3(puLeHTamMu 8 u a, .
OGr1ee peleHre 3Toro ypaBHeHus Y=Y+ Y, rae Y- o0liee peleHne co-

OTBETCTBYIOIIETO OJHOPOIHOIO YPAaBHEHHUS; Y — YaCTHOE PENIEHUE YPaBHEHHS
(6). InddepennmanpHoe ypaBHEHUE

y'+8y' +a,y =0 (7)
SBJIICTCSI OJHOPOJTHBIM M HA3bIBAETCS COOTBETCTBYIOIIMM HEOIHOPOIHOMY
ypaBHeHHto (6). OOlee penieHue OJHOPOAHOTO ypaBHeHUs (7) HAXOHAST MO

KOPHSIM XapaKTepUCTHUECKOTO YPaBHEHUS
r2+a1r+a2 =0.
XapaKkTepuCTUYECKOE YPaBHEHHE MOKET UMETh TPU CiTydast JUlsl KOpHEH I} U Iy
1) kopHu xapakmepucmuuecko2o ypasHeHusi OeticmeumenbHbvle U pasiuy-
Hule. I #I,. B aToM ciaydae oOuiee pemeHue ypasHeHus (7) 3anuchbiBa-
erca B Bume Y =C.e"™ +C,e?*, rme C,, C,—npousBoibHBIE MOCTOSH-
HbBIE;
2) KOpHU Xapakmepucmuyecko2o YpasHeHusi OelicmeumenbHble U PasHble.
I =r,. B aTOM ciy4ae obmiee pemeHne ypaBHeHus (7) 3anMCBIBAeTCs B
Bune y =e" (C,+Cyx), rme C,, C, —pon3BONIbHBIC OCTOSHHBIC;
3) KopHu Xapakmepucmuuecko2o ypagHeHus — KOMNJIEKCHble CONPSHCEHHbIE
wucna hy=at - I, ##0. B aToM ciy4ae obiiee peiieHrne ypaBHEHHUS
(7) sanuceBaetcs B Bume Y =e%(CycosBx+C,sinBx), rae

C,, C, —1pou3BoJbHbIE IOCTOSTHHBIE.
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YacTtHOe pemicHHe Y HEOJHOPOIHOTO ypaBHEHHs (6) MOKET OBITh HalIEHO

METOZIOM HEOIPEIEICHHBIX KO3()(QHUIIMEHTOB B 3aBHCHMOCTH OT BHUAA MPaBOMH
gyactu ypaBaeHus f(X).

Ilepswiii cnyuaii. [lpaBas yacte ypaBHeHus (6) nmeer Buj f (X) = P(X)emx,

rae P(X) — MHOTOWIEH. Torna ypaBHeHue (6) UMeeT YaCTHOE pelieHue Buaa

y* =x*Q(x)e™, (8)
rjae Q(X) — IIOJIHBIA MHOTI'OYJIEH TOM K€ CTEIIEHH OT X, YTO U P(X), HO C HC-

oTpeAeeHHBIMH KO3 PUIIeHTaMH;

k = 0, eciu 9rciio M He SABISIETCS KOPHEM XapaKTEPUCTHUECKOTO ypaBHE-
HUS,

k = 1, ectu 4uciio M sBISETCS MPOCTBHIM KOPHEM XapaKTEPHCTUYCCKOTO
YPaBHEHMUS;

K = 2, ecrmit 9rciio M sIBJIIETCS. IBYKPATHBIM KOPHEM XapaKTEPUCTUICCKOTO
YPAaBHEHHS.

[TpaBuno coxpanset cBoto cwry u ipu M = 0, koraa f(X)=P(X) — mHOTOWIEH.
Heonpenenennbie koodduipueHTsr B MHOrowieHe Q(X) Ompeiensior moa-
cTaHOBKOM (hyHKIMU (8) U €€ MPOU3BOJIHBIX B YpaBHEHHUE (6) ¢ MOCIEAYIONTUM

PUPABHUBAHHEM KO3(P(PUUMEHTOB NPU OAMHAKOBBIX CTEMEHSX X B 00eux ya-

CTAX YPaBHCHUS.

Ilpumep Haiitu yactHoe pemienne nudhepeHmaibHOT0 YpaBHEHUST BTOPOTO

IopAAKa, YAOBJICTBOPAOIICC 3aldHHBIM HaYaJIbHBIM YCJIOBUAM:

y' =3y’ —4y=4x-1 y| =2, y| _,=3

Pewenue. Xapakrepuctuueckoe ypaBHEHUE r>—3r-4=0 umeer sBa pas-

JIMIHBIX e CTBUTEIBHBIX KOPHSA n=-1r=4, CJICJIOBATEIILHO,

V=Ce ¥ +Ce* . IIpaBas JacThb aBHEHUS AMEET BU/JI
1 2 p yp
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f(x)=4x-1=(4x-1)-e”, rae M=0 u He SBILETCS KOPHEM XAPAKTEPHCTH-

4eCKOro ypaBHeHus. Torma uactHoe pemienue npu k=0 wmem B Buze

4

y =x"-(Ax+B)-e”* = Ax+B, (y*)I:A, (y) =0. Ilocne HOACTAaHOBKH B

nuddepeHnanb Hoe ypaBHEHHE MMOJydaeM
0-3A-4(Ax+B)=4x-1,
—3A-4AX—4B=4x-1;
—4A-x+(-3A-4B)=4-x+(-1);
xt: —4A=14; A=-1
x°: —3A—4B=-1 -4B=-1+3A=-4, B=1

YacTHbIM pemieHneM sBisercs Gyukmus Y = AX+B=-1-x+1=1-x. O6-

UM peleHueM aBisercs Gpynkuus Y=y +y =Ce * + C264X - X+1.
Haiinem 3nHauenne koncranT C;,C, M3 HavanpHbIX ycioBuil. s 3TOrO
r_ —X 4x
onpenenum Yy =-Cie””" +4C,e™" —1.
TOFI[a y|X=0 = Cl + C2 +1= 2, {Cl = 0,
y| _o=-C+4C,-1=3 (C2=1.

W cKOMBIM YaCTHBIM peLlIEHUEM ABIISIETCS QYHKUIUS Y = e —x+1.

Ilpumep Haiitu yactHoe pemienne nudhepeHmaibHOT0 YpaBHEHUS BTOPOTO

IopAAKa, YAOBJICTBOPAOIICC 3aldHHBIM HaYaJIbHBIM YCJIOBUAM:

y' —4y' +4y =e?X, V\oo=2 Yl|_,=3

Pewenue. XapakTepucTuueckoe ypaBHEHUE r>2—4r+4=0 umeer JIByKpart-
HBIIl KOpeHb I} =2, CllefloBaTeNbHO, Y = e (Cy+C,x). Ipasast yacTs ypaBHe-
2X

Hus umeet Bug f (X) =e”, m=2 ssisgercsa ABykpaTHbIM (K =2) kopHeM Xxa-

PAKTCPUCTHUICCKOI'O YPAaBHCHHUA, TOTrAd YaCTHOC PCUHICHNUEC NIIICM B BUJIC
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V' =x2- Ae?, (y) = 22867 + 2x- Ae? = 2867 (x2 + x),

)

I[locne MOACTAaHOBKM Y M €€ NPOM3BOAHEIX B MCXOOHOE AH(depeHIHaTb-

= 4Re” (X +x) + 2Ae™ (2x+1) = Ae™ (4x° +8x +2).

HOE YpaBHEHHE MOTyYaeM

Ae?¥ (4x2 +8x + 2)— 4-2Ae2"(x2 + x)+ 4Pe?* . x? =e?X,

Aezx(;l«{!+?3x+278{‘(>8x+;b({)=e2x,

2Ae2x _ e2x’

2A=1, A:E.
2

1
YacTHBIM pelIeHHEM ABISETCS PyHKIHA Y = EGZX X2,

OO61mmm peneHnemM ABJISIETCS byHKUIHS

Haiinem 3nHauenue koHcranT C;,C, M3 HavanpHbIX ycioBuil. s 3TOrO
OIIpEEIUM IIPOU3BOAHYIO
1 A2X 2X (2
y'=e“"(2C, +2Cx+Cy ) +e“" (X" + x|,
U TOJIY4YUM CHCTEMY YPaBHEHUM JUIsl ONPENEICHUs 3HAYCHUHN ITPOU3BOJIBHBIX
KOHCTaHT
| =€e"-C,=2, C =2
Wyo =€°-Cr=2 1=
' _ a0 _ —
yl,_o=€"(2C;+C;)=3, C,=-1

= 1
VcKOMBIM peleHueM siBaserca GyHkius Y=y + Yy = e (2 - X) + §e2x X2,

Bmopoii  cnyyau. IlpaBas dactb ypaBHeHust (6) u©MeeT  BUJ

f (x) =acosnx +bsinnx.
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Ecnu ducna +in He SIBISAIOTCS KOPHSMHU XapaKTEPUCTHUECKOTO YpaBHEHUS,

TO
y* = Acosnx + Bsinnx.

Ecnu uncna +in SBISIOTCS KOPHSMHU XapaKTEPUCTHUECKOTO YpaBHEHUS, TO

YaCTHOC PCUICHUC UMCCT BUJ
y" =(Acosnx+Bsinnx)- x.

B wacTHBIX ciydasx, korja a win b paBHO HyITto, pernieHre BCc€ paBHO HAJIO MC-

KaTb B YKa3aHHOM 06H_[€M BUAC.

Ilpumep Haiitu yactHoe penienne nudhepeHnaibHOT0 ypaBHEHUST BTOPOTO
MOPSAJKA, YAOBIETBOPSIONIEE 33 IaHHBIM HAYaIbHBIM YCIIOBUSIM:

" ! i 1 ' 1
y'+4y +13y =5sin3X, y\xzo=§v y‘x=O:§'

Pewenue. XapakTreprCTHUECKOE YPaBHEHUE r? +4r +13=0 umeer KOpHU

o _AEN47-4.13 44436 A4L6i_ o
12~ Bl - S
, 2 2 2

torma y =€ 2*(C,cos3x +C,sin3x).
Yucna +3i He SBISIOTCS KOPHAMH XapaKTEPUCTUUECKOTO YPaBHEHHMS, I1O-
3TOMY

y* = Asin3x + Bcos3x,

(y*)' =3Acos3x —3Bsin3x,
(y*)” =-9Asin3x —9Bcos3x.

HOI[CTaBJ'IﬂeM y* " €C IIPOU3BOIHBIC B HCXOJHOC YPAaBHCHHUC U I10JIy4acM

—9Asin3x —9Bcos3x + 4(3Acos3x —3Bsin3x)+13( Asin3x + Bcos3x) =C,
(4A-12B)sin3x+ (4B +12A)cos3x =5-sin3x + 0 - cos 3x;

1
sin3x: 4A—1ZB:5} A=—

8
cos3x: 4B +12A=0 g__ 3|
8
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OO6muee perieHue ypaBHEHHS IMEET BU]T
y =& *(C,co83x +C,sin3x) + %sin 3x— > cos3x.

Haiinem 3nauenune koHctaHT C;,C, W3 HayanbHbIX ycloBuHM. [l 3TOTO
ONPEAECIUM ITPOU3BOIHYIO
y' =26 *(C,cos3x + C,sin3x) + e 2*(~3C, sin3x + 3C, cos3x ) +

+§c053x + gsin 3X

M 3allMaieM CUCTCMY ypaBHeHI/Iﬁ IJIs1 OIIPCACIICHUSA 3HAYCHUU IMPOU3BOJIbHBIX

KOHCTAQHT
Y, o= e?(C,+C,-0)-

y|,_o=-2¢"(C;+Cy-0)+e°(C;-0+3C,)+

OOIoo
I\)IH

C]_: =

1,3.1
8 8 2
c, 1(1,5)_3

3\2 8) 8
W ckoMBIM perieHueM sBsieTcs (PyHKIUsS

y=g2 (lcos3x +sin 3xj +Lsinax—3cosax.
2 8 8 8

Panw1

Cmenennvim pﬂ()Oﬂ/l HAa3bIBAIOT psAJ BUAA
e 0]
8o+ (x—a)+ay(x-a) +...+a,(x-a)" +...= Y a,(x-a)",

n=0

©9)

PaCIOJI0KEHHBIN 1O CTEMEHIM ABYyWICHA (x — a).
B cootBerctBuM ¢ Teopemoit AbGens psa (9) cXomuTcs Ha WHTEpBaie
Xe (a -R,a+ R) , a IS BCEX X, JIekKAIIUX BHE 3TOT0 MHTEpPBaa, Psi/i paCXOIUT-

cs. Yucno R Ha3bIBaOT paduycom cxooumocmu creneHHoro psana. Ha konmax
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uHTepBana (mpu X=a—R u npu X=a+ R) Bonpoc 0 cXxoauMocT U pacxoau-
MOCTH JaHHOTO psAJia PelIaeTcss MHANBHIYaTbHO IS KAKAOTO KOHKPETHOTO Psi-
na. Y HEeKOTOPBIX Ps0B HHTEPBAN CXOAMMOCTH BhIpokaaercs B Touky (R =0),
y JPYTUX OXBaThIBaeT BCIo ock Ox (R =).

CornacHo mpusHaky [lamamOepa paanyc cXOIAUMOCTH ONPEIEISIOT Mo Gop-
MyJie

R=lim|-2 (10)

Ecau Bocnosib30BaThCs IIPU3HAKOM KOIHI/I, TO

R=lim_L_

n—oo a,

Hpumep.HaﬁTH HHTCPBAJI CXOOAUMOCTHU psiadga U UCCICAOBATL €TI0

00 n

CXOINMMOCTD Ha KpasgX HHTCPBaJa n

Pewenue.

Pannyc cxogumoctu onpeaenum 1o hopmye (10):

_10-lim "+ _10. Iim(1+1J:10.
n

n+1
R = lim|-2n| = [jm| ("D -10

n—ooldy,q| N n.]_O”_1 n—»ow N N—0

Ha konmax wHTepBana: mnpu X=-10 noJy4uMM YHCIOBOM psf

00 n o0 n
(-10) &) y
lOn = Z , KOTOPBIU SABJIAICTCS 3HAKOUYCPECAYIOIHUMCS U CXOAUTCS I10
n=1 N" n=1

Teopeme JlelOHuMIa, Tak KaK €ro 4jeHbl YOBIBAIOT MO aOCOJIOTHOW BEIMYHMHE

1 1 .1 -
1>=>=>... u lim==0. Ilpu x=10 moayyuM rapMOHUYECKHU PS] Z—,
2 3 n—oo N n—1

KOTOpBIN pacxomautcs. Takum 0Opa3om, JaHHBIN CTETICHHOU DSl CXOIUTCS TIPH
x €[-10;10).
OcHOBHBIE 2JIEMEHTapHbIE (DYHKIIMH UMEIOT MPOCTHIE PA3JIOKEHUS IO CTETICHIM

X, KOTOPLIC IIPCACTABICHBI HUKC!
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ele+%+%+a+ LwRsR VX & (—00,0),
3 5 7 2n-1
smx:%—% %—%+ (—1)“1(2)(n 1)|+” VX € (—o0,00),
2 4 6 8 2n
cosx=1-> 42 X X _ (—1)”+1X +... VXe(-o0,0),
21 41 6! 8l (2n)!
(1+x)m_1+m +m(m—1)X2+“ +m(m_l)"'(m_n+l)x”+...VXe(—l,l)
2! n!
2 3 4 5 n
In(1+x):x—x— X?—XT Xg— +(—1)”_1XF+... VXE(—l,l),
345 T Ly
arctgx_x—?+€—7+...+(—1) TR vxe(-11].

[Tpu mpuOIMKEHHBIX BBIYMCICHUIX ONPEIEICHHBIX UHTETPAIOB TpeOyeTcs
Pa3NOXUTh MOJBIHTETPATIbHYIO (YHKIIUIO B CTETICHHOW Psifl, KOTOPBIA B Tpese-
JaxX WHTEpBaja CXOAUMOCTH MOXET ObITh MOUYJIEHHO MpPOUHTErpupoBaH. Mc-
nosib3yst hopmyiny HeroroHa — JleliOHuIa, onpeneeHHbIA HHTErpajl BHIYUCIIS-
IOT KaK YaCTUYHYIO CYMMY MOJIy4arollerocssi YuciaoBoro psaa. Ecinu psg 3Hako-
YepeIyIOUIUNHCs, TO TOYHOCTh MPHUOJMIKEHHBIX BBIYMCICHHN HE MPEBOCXOJUT

MIEPBOTO U3 OTOPOIICHHBIX YICHOB.

Ilpumep. Borauciuth onpeaeiaeHHbl uHTErpan ¢ TouHocthio A0 0,001 myrem

Pa3NoKEeHUs] MOJBIHTErPAIbHON (PYHKIMHU B P U MOYIEHHOTO MHTETPUPOBa-

0,5 .
SN X
HUS OTOTO psijia: I ——dx.
0 X

Pewenue.
Hcnosnb3yem pas3nokeHue B psia Aisd GYyHKIMHE SN X U MOJACTaBHM €ro B MOJIbIH-

TErpajabHOE BhIPaXKEHUE
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) D 3 5 2n-1
J‘wd :jl x— 2 X (- )n+l X dx =
. X ) X 31 5 (2n-1)!
0,5 2 4 2n-2
:J‘ _X_+_ ( 1)I’H-l X dX:
AU (2n-1)!
0,5
[y X, ¥ (-1)™? X + —
313 515 (2n-1)i(2n-1)
N S S +(_1)n+1 1 T
2 2%313 2%515 22" 1(2n-1)(2n-1)

~0,5-0,0069 +0,00005~ 0,5-0,0069 ~ 0,4931~ 0,493.

B BBIYHCIIEHUSAX MPUBEICHBI TIEPBBIC TPH WICHA PsJa ¢ COXPAaHCHUEM Ye-
TBIPEX 3HAKOB ITOCJIC 3aIATON, TaK KaK 3aJlaHHas TouHOCTh cocTanisieT 0,001.
Tpetnii wieH psiga oTOPOIIEH, TaK KaK OH MO BEJIMYMHE MEHBIIE 3alaHHOU
TOYHOCTH (0,00005) <0,001. B okxoHYaTeIBHOM pe3yJbTaTe IPOBEICHO

OKPYTJIEHHE JI0 TPEX 3HAKOB ITOCJE 3aISITOM.
Teopust BeposiTHOCTEH

[Ipu kmaccuyeckoM OMPENCIICHUU BepOsiMHOCHIb COOblmuUs ONPENEseTCs
PaBEHCTBOM

P(A)=m/n,
/1€ M — YUCJIO0 DJIEMEHTAPHBIX UCXOJI0B UCIIBITAHUN, OJaronpusTCTBYIOIIUX MO-
SIBJICHUIO COOBITUSA A, n — 00IIee YUCIIO DJIEMEHTAPHBIX UCXO/I0B UCTIBITAHUS.
Yucnom couemanuii u3 | snementoB mo K Ha3bIBaIOT KOJIUYECTBO KOMOMHAIIHIHA,
COCTaBJICHHBIX M3 | 31eMEeHTOB Mo K, KOTOpBIE OTIMYAIOTCS XOTS OBl OJHHM

3JIeEMEHTOM. YHcio coueTaHui

C,k:L.
kI(I —k)!

Ilpumep. B smuke umeercs 15 neraneit, u3 kotopsix 10 okpamenasix. Coop-
IIMK HayJla4yy U3BJIEKAeT TpU JeTainu. HaliTh BEpOosITHOCTh TOTO, YTO U3BJICUECH-

HBIC ACTAJIN OKAXXYTCA OKpAIICHHBIMU.
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Pewenue:
a) 0011ee YuCiI0 BO3MOXKHBIX DJIEMEHTAPHBIX MCXO0J/I0B UCIIBITAHKS PABHO YUCITY

CIIOCOOOB, KOTOPBIMM MOXXHO H3BI€Yb TPHU JAETald U3 MATHAALATH, TO €CTb
_ 3.

n=Cpg;

0) 4HMCIO HMCXOOB, OJIATONPUATCTBYIOUIMX HHTEPECYIOIEMY HAC COOBITHIO,

PaBHO YHCIy CIIOCOOOB, KOTOPBIMU MOKHO BBIOpPATh TPU OKPALIEHHBIX IETAIH

u3 10, To ecth M =CJy;

B) MCKOMasl BEPOATHOCTh PaBHA OTHOLICHUIO OOILEro YMCIIa UCXOMOB K YUCIY

6J'IaI‘OHpI/I$ITHBIX HCX0a0B

10!

m CY 371 100121 74.8.9.10-121 24
P(A)=—=—3="Ter = = =—~0,26.
n ci I 71151 74.121.13.14.15 91

3L12!

Ilpumep. B naptuu u3 10 geraneit umeetcst 7 ctangaptHeix. Haynauy oroOpa-
HbI 5 getaneil. OnpenenuTs BEpOATHOCTh TOTO, YTO CPEeIH OTOOPAHHBIX JIeTajel

POBHO TPH CTaHIAPTHBHIX.

Pewenue:
a) 00IIee YMCIIO BO3MOXHBIX JIEMEHTAPHBIX UCXOJIOB UCIBITAHUS PABHO YUCITY

Croco0OB, KOTOPBIMM MOXHO H3BJI€Ub MATh JAETaled M3 JeCATH, TO €CThb
n=Cp;

0) HaliIeM YUCII0 UCXOMI0B, OIAroNpUATCTBYIOIIMX UHTEPECYIOLEMY HAC COOBI-
TUIO (Cpear OTOOpPaHHBIX MATH JETajeil pOBHO TPU CTAHAAPTHBIE): TPU CTaH-
JApTHBIC JIETAI MOKHO BbIOpaTh M3 7 CTaHAAPTHBIX JAeTallel C73 crocobamu;

IpU 3TOM OCTanbHble (5—3=2) AeTanu IOJKHBI ObITh HECTAaHJAPTHBIMH, KOTO-

pbie MOXKHO BbIOpaTh U3 (10—7=3) HecTaHAAPTHBIX AETalei, UMEBIIUXCS B Map-
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2
tun, C; cnocobamu. CrenoBarenabHO, YUCIO OJAronpUsATCTBYIOUIMX HUCXOA0B
m=C3.CZ;
B) MCKOMasi BEPOSTHOCTh paBHA OTHOIIEHHUIO OOILEro YMciaa MCXOAOB K YHCIY

6J'IaI‘0HpI/I$ITHBIX HCXoa0B

71 3
3.C2 A A .5L.5I .M .5.51 I
P(A):m:q 5(33:3!_4! I2!.1!:7.5.5.: M550 5l 3 o478
n  Cp 10! 2141100 2-4.71.8.9.10 4.8-10 8
5151

BGPOHTHOCTL COOBITHSA A, KOTOPOC MOKCT HACTYIIUTD JIMIIb IIPU IMOABJICHUU

OJJHOTO W3 HECOBMECTHBIX coObITMH (rumore3) H,, H,,...,H,, obpa3syromux
IOJIHYIO TPYIIY, paBHA CyMM€ IIPOU3BEJCHUI BEPOATHOCTEH Ka)KIOW U3 TUIIO-
TE€3 Ha COOTBETCTBYIOIIYIO YCIIOBHYIO BEPOATHOCTb COOBITUS A

P(A)=P(Hy)- By (A)+P(H,)- Py (A) +....+ P(H,)- Py (A),
rne P(H;)+P(H,) +...+ P(H,)=1.

[IpuBeneHnyto Gopmyiry Ha3bIBAIOT YOPMYA0LU NOIHOU 8EPOSIMHOCU.

Ilpumep. Nmerorces Tpu naptuu aetaneit no 20 geranei B kaxaoun. Yucno
CTAaHJAPTHBIX JIETAIEN B IEPBOW, BTOPOM U TPETHEU MAPTHUAX COOTBETCTBEHHO
paBHo 20, 15, 10. VI3 Hayaady BbIOpaHHOW NMAapTUU Hay/layy U3BJIEUYCHA J1€Talb.

HaiiTu BEposITHOCTB TOTO, YTO OHA OKaXKETCA OpaKOBAHHOM.

Pewenue:
a) 0003HauuM uepe3 4 coObITUE — B3Tas JeTallb SIBIsSETCS OpakoBaHHON. Moxk-

HO CJIeJIaTh TPU MPENOJIoKeHus (runore3sl): H; — nerans BeiOpaHa U3 NepBoil
naptuu; H, — nertans BbIOpaHa u3 BTOpod maptuu; H,; — nerans BelOpaHa u3
TpeTber nmapTuu. I10CKONBKY 4KCIIO IeTaner BO BCEX TpexX MapTUsAX paBHO, Be-
POSITHOCTH TUIIOTE3 PABHbI

P(H,) = P(H,) = P(H;) = =.
3
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0) ycIoBHast BEpOSITHOCTh TOTO, YTO JIETalb OyneT OpakoBaHHOM, €CIIM OHA B3S-

Ta U3 NEPBOM NApUHU, PHl(A) =0; ycJ0BHasI BEpOSITHOCTh TOTO, UTO JETalb OY-

. . 5 1
T OpaKOBAaHHOM, €C/IM OHa B35iTa U3 BTOPOil mapuu, Py (A) = 20" Z; yCIIOB-
Hasi BEPOSITHOCTh TOTO, YTO JIeTalb Oy/eT OpakOBaHHOM, €CIIM OHA B3ATa U3 Tpe-
. 10 1
Thell mapuu, Py (A)=—=—.
3 20 2

B) HCKOMas BCPOATHOCTDL TOI'O, 4YTO BI)I6paHHa}I Hayaady ACTAJIb ABJIICTCA 6pa-

KOBAHHOM, HAXOAUTCS O (POpMYyJie TOJTHONU BEPOSTHOCTH

PIERIE

1 MR
3 34 32 4

P(A) =

BeposiTHOCTH TOr0, YTO B HE3aBUCHUMBIX HCIBITAHUIX, B KaXJIOM U3 KOTO-
PBIX BEPOSATHOCTH MOsiBIICHUsT coObITHs paBHa p (0 < p < 1), cOObITHE HACTYITUT
poBHO K pa3 (0e3pa3ianuHO B KaKOW MOCJCIOBATEIBLHOCTH), OMPEACIACTCS IO
Gopmyne Bepnynnu

P (k) =Cqyp“a™™",
rie q=1—p — BEpOSATHOCTH TOTO, UTO COOBITHE B KAXKJIOM U3 UCIIBITAHUN HE

IIOABHTCA.

Ilpumep. BeposiTHOCTb BCXOXKECTH ceMsiH MieHulbl paBHa 0,9. KakoBa Bepo-

ATHOCTB TOI'O, YTO M3 YCTBIPCX IMOCCAHHBIX CCMSH BSOﬁﬂYT HC MCHCC TPCX.

Pewenue:

a) MycTh coObITHE A — U3 4 CeMsH B30IAYyT HE MEHEe TpeX CeMsiH; coObITHE B —
u3 4 ceMsiH B30iayT 3 ceMeHu; coobiTue C — u3 4 ceMsH B30iiayT 4 cemenu. 1o
TEOPEME CIIOKEHHS BEPOSITHOCTEN

P(A)=P(B)+P(C).

0) BeposiTHOCTH coObITHIA B 1 C onpeaenum mo dopmyse bepaysu:
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41
P(B)=P,(3)=C;p°q*? = m 0,9°-(1-0,9)=0,2916,

P(C)=P,(4)=C;p*q**=0,9*=0,6561.
B) rckomas BepostHocTh P(A)=0,2916+0,6561=0,9477 .

Ecnu 4ncno moBTOPSAIOMIMXCA UCTIBITAHUN BEJIUKO, TO ONpE/eiIeHUE BEPOSITHO-
cty 1o ¢opmysne bepHyuM 3aTpyAHEHO U3-3a TPOMO3JKOCTH BbIYMCIICHUI. B
ATOM ClIy4ae IPUMEHSIOT MPUOTMKEHHYIO (hOPMYITY, BBIPAKAIOILYIO JIOKANbHYIO

meopemy Jlannaca:.

P (k) =

\/nl—q-(p(X),
p

X2

e 2 lex—k_np

rae ¢(X) = \/_ \/@ :

3nayeHus QyHKIUH @(X) ONMPEAEISIOTCS U3 TAOJIUIBI, PUBEACHHON B MIPHIIO-

KEeHMH 1.
[Ipm manmeIx 3HAYEHUSIX BEPOSTHOCTH p s Bbruucienus P,(K) mpumensior
ACUMIOTOTHYECKYIO popmyny Ilyaccona

k
P (k)~/1— e ", rne e=2,7182...; A =np.

Ota dopmyna ucnonszyercs npu A <10, npuueM yem MeHblIE p U OOJIbLIE 7,

TEM pe3yJbTaT TOUHEE.

Ilpumep. BeposTHOCTb BCXOKECTH CEMSIH MIIEHUIIbI paBHa (,9.
Haiitu BeposiTHOCTH TOro, uyTo n3 400 MOCEIHHBIX CEMSIH B30M-

ayT 350 ceMsiH.

Pewenue.
a) w3 yciaoBus 3amaun  P=0,9;0=1-0,9=0,1;,n=400;k =350. Tornma

_350-400-09 10, ..
J400-0,9-01 6
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0) u3 Tabnuikl B mpmwioxkenun 1 mHaxomum ¢(—1,67) = ¢(1,67) =0,0989;

B) HCKOMasi BEPOSITHOCTh PaBHA

P, (350) ~ .0,0989 ~ 0,0165.
i00(350) 400-0.9-0,1

Ilpumep. Cpenu cemsan nmenunsl 0,02% copaskoB. Kakosa
BEPOSATHOCTh TOTO, YTO MpH ciydaiiHoM otoope 10000 cemsn

OyzeT oOHapyKeHO 6 CeMsIH COPHIKOB?

Pewenue.
W3 ycnosus 3agaun p =0,0002; n=10000; k =6. Torma A =10000-0,0002=2.
Vckomasi BEpOSITHOCTh paBHA

6
P.0000 (6) = % RS % .0,1353~0,012.

Ecan BCPOATHOCTDb HACTYILJIICHHUA cOOBITHS A B Ka>XJ10M U3 71 HCIIBITAHUH I10-

CTOSIHHA W paBHa p, To BeposTHOCTh P, (K <k <k,) Toro, uto coObitue 4 B Ta-
KUX UCIIBITAHUSIX HACTYIHUT HEe MeHee K; pa3 u He Oosiee K, pas, onpexpensercs

10 MHTErpaabHOl Teopeme Jlamnaca hopMyInoii:

P (k <k <k,)~

e a:kl_np uf=

. 9=1-p.
Jnpg npg

t2
Oynkmus O(X) = e 2dt maseBactcs pynkuumeit Jlamnaca. B mpuio-

O ey <

1
\N2r
KeHun 2 maHbl 3HaueHus 3To GyHKimu st 0<X<5. [lpu X>5 dynkmus

®(x)=0,5. [Ipu oTpHUIATEIHHBIX 3HAYEHUSX X B CHIY HEYCTHOCTH (PYHKIIHH

Jlarumaca ®(—X) =—d(X) . Ucnonb3ys Gynkimro Jlamnaca, umeem
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P,(k; <k <k,) = D(B) - D(a).

Ilpumep.IIpoueHT BCX0KECTU ceMsiH neHulbl paBeH 90%. Halitu BeposT-

HOCTB TOTO, 4TO U3 500 mocessHHbIX ceMsiH B30MayT OT 400 10 440 cemsH.

Pewenue.
a) 3 ycnous 3anaun P=0,9;9=1-0,9=0,1; n =500; k; =400; k, =440.

400-500-0,9 _
/500-0,9-0,1

_440-500-0,9 _
/500.0,9-0,1

Torma o = -1,49.

—7,45; B

0) 13 TaOIUIBI B IPUJIOKEHUHN 2 HAXOIUM
d(-1,49) =—D(1,49) ~—0,4319; D(—7,45)=—D(7,45)~-0,5.
B) HCKOMasi BEPOSITHOCTh PaBHA

P,y (400 < k < 440) ~ ®(~1,49) — d(~7,45) = —0,4312 + 0,5 = 0,0681.
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