MHNHOBPHAYKHN POCCHUA

denepanabHOE TOCYJAPCTBEHHOE OIOIKETHOE
o0pa3oBaTeIbHOE YUPEKIECHUE BBICIIET0 00pa3oBaHus
«TynbCKHUM TOCYJapCTBEHHBI YHUBEPCUTET»

NHCTUTYT NPUKIATHOW MATEMATUKU U KOMITBIOTEPHBIX HAYK
Kadenpa BeraucuTensHON MEXaHUKN U MAaTEMATHKH

YTBepkaeHO Ha 3aceaHnu Kadeapsl
«BpruuciauTenpbHas MEXaHUKA U MaTEMATHKAa
« 14 » suBaps 2021 r., nporokon Ne 5

C YYETOM M3MEHCHUU U JOTIOJIHECHU,
YTBEPKJICHHBIX Ha 3acelaHnuu Kadeapbl
«BpruuciaurenbHas MEXaHUKA U MAaTEMATHKA
«17» ntonst 2021r., mpotokon NelO,
BcTynaromux B cuity ¢ 1 centsopst 2021 rona

3aBenytouid kadenpoit

B.B. I'marones

METOINYECKHUE YKA3ZAHUASA
1O NMPOBEAEHUI0 MPAKTUYECKHUX (CEMUHAPCKNX) 3aHATHIA
10 AMCHHUILINHE (MOAYJII0)

" JIuneiinas anredpa u aHaauTu4yeckasi reomerpusi/Maremaruka - 1"

OCHOBHOI1 MPO(ecCHOHANBHOI 00pPa30BaTE/IbHOM MPOrPaMMBbI
BbICIIETr0 00Pa30BaHUA — IPOrpaMMbl DaKaJIaBpuaTa

10 HAMPABIICHUIO MMOATOTOBKH
12.03.02 OnrorexHuka

C HANPABJICHHOCTHIO (TTPOPHUIIEM)
OnTHKO-3JIEKTPOHHbIE NPUOOPHI U CUCTEMBI

dopma o0yueHus:: ounas

Nnentudukanmonusiii Homep oOpaszoBaTtenbHol mporpammbl: 120302-01-21

Tynaa 2021



Pa3paboTyuk MeTOANYECKUX YKA3ZAHU I

3otoBa C.B, cT. npenogaBarens kah BMM
(®HO, nomKHOCTh, YIeHAS CTETICHb, yI€HOE 3BaHNE)




3anaua 1.

Teopemuueckue ceedeHus.
B npsimoyronbHO# nekapToBoil cucteme koopauHaT OXYZ TOJOKEHUE 000U TOYKH

3a1a€TCsl TPEMS YHCIIAMU — KOOPOUHAMAMU A(X A YarZ A) (pucyHok 1).

Pucynok 1.

PaccrosiHue Mexay IByMs TOYKAMHU Al(xl, yl,Zl) uhA (Xz, Yo, 22) OIIPENENAETCS 110

dbopmyie

d =0 = x)7 + (v~ y)? + (2~ 2)? 1)
[lpu pemieHMH 3afad aAHATUTHYCCKOW TE€OMETPHHM HA IUIOCKOCTH HEOOXOIMMBI
CJIEYIOIIUE CBEAEHHUS O NPSIMOU JINHUU:
1) ecniu Touka M(X; y) aemut otpe3ok MiMy (Mi(xa,; y1) U Ma(xz, y2)) B OTHOIIICHHUH A,
TO KOOPJAMHATHI 3TOM TOUKH BhIpAKaroTCs opMyIaMu

:&+M2 :h+W2

, : 2
1+ 4 y 1+ 4 @)

ecin ke Touka M(X; Y) - cepeauna otpeska MiMa, TO

x=Xt% oy _NtYa. 3)

2 2
2) ypaBHEHHE TPSIMOM, Mpoxojsied depe3 Touky Mi(X1; Y1) ¥ MMEIOIIEH JTaHHbIHI

yri0BOM KO3 GHUIUMEHT K, 3aIMChIBacTCS B BHJIC

y— ¥y =k(x—x); (4)



4
3) ypaBHEHHE MPSMOH, MPOXOASIIEH Yepe3 JBe JaHHbIe TOUKU Mi(X1; Y1) U Ma(X2;

Y2), AIMEET BH]I

X% _Y=h , Ipu 3TOM K = Ya= % yl (5)
X2=% Yo— W1 Xy =X

4) OCTpBI YroJ MEXAy IABYMs NPSMBIMH C YriIoBbIMH Koddduimentamu Ky u Kz
ompenenseTcs mo Gopmyiie

ko =k

6
1+ kK, |’ ©)

tgp =

IIpun 3TOM YCIOBHC IIAPAJUICIIBHOCTH IIPAMBIX HMCCT BHI k]_:kz, a YCIOBHC

HepHeHUKYIApHOCTH Ky = _ki (7)
2

A
5) ecau nmpsMasi Ha IUIOCKOCTH 3aJiaHa oowum ypasuenuem Ax+By+C=0, To k; = B

- €€ YIII0BOM KO3 DUIIUEHT;
6) eciim B oOImIEM YpaBHCHHH TPSAMOW MoAenuTh Bce wieHsl Ha C # 0, momydnm
ypaBHEHUE MPSIMON B OTPE3KaX:

X Y C C.
—+==1, a=——,b=——; 8
a b AT B )

7) Touka nepecedeHus 1ByX NpsMbeiXx A1x+B1y+Ci1=0 u Ax+Byy+Cr=0 onpenensercs
U3 PEILICHHS] CUCTEMBI YPABHEHHUI

{Alx+ By+C; =0

: 9
Ax+By+C, =0 ©)

Vpasnenue oxkpyxcnocmu ¢ uentpom B Touke E(a,b) m pagmycom R wmmeer BuA

(x—a)’ +(y—b)* =R?. (10)

Ilpumep evinonnenus 3a0anus.

Hansl Bepmunsl Tpeyroabauka ABC: A(—4;8), B(5;—4), C(10;6).
Haiitu: 1) nmuny croponst AB; 2) ypaBHeHUs1 cTopoH AB 1 AC B 00111€M BUIE B UX
yraoBble KO3(PGUUMEHTHI; 3) BHYTpEHHHH yroil 4 B paauaHaXx € TOYHOCTBIO

no 0,01; 4) ypaBuenne BoicoThl CD B 00memM Buje W €€ JUIMHY; S5) ypaBHECHHE
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OKPY>KHOCTH, 117151 KoTopoit BbicoTa CD ectb nuamerp.

Peuwenue:
1) Paccrosiaue d Mexay IByMs TOUYKaMH Ha IUIOCKOCTH orpeaeiseTcs mo ¢opmyie (1), B

KOTOPYIO MOJCTABIICHBI 3HAUEHUSI KOOPAUHAT ToueK A u B (monoxum z; =z, =0), Torna

AB = /(5 (-4)) +(~4-8)? =/81+144 =15.

2) YpaBHECHHE TIPSMOM, IPOXOIAIICH Yepe3 JABE 3alaHHbIe TOUKH uMeeT BU (5):

[ToncraBuB B (9) KOOpAUHATHI TOYEK A U B, MOIy4YuM ypaBHEHHE NpAMOn AB:

Xx—(-4) y-8 Xx+4 y-8 Xx+4 y-8
5-(-4) -4-8" 9  -12° 3 -4

3y—-24=-4x-16, wm 4x+3y-8=0 (4B).

Jlnsg HaxoaeHus yrioBoro koddduimeHta Kag mpsiMoit 4B paspeniuM MOJydYCHHOE

8 4
YpPaBHEHHE OTHOCUTEIBHO Y. Y = —§X+§. Orcrona Kuag = ~3 [ToacraBuB B hopmyiy

x—(-4) y-8

5) koopaunatel Touek 4 u C, HalineM ypaBHeHue npsamon AC:. = ,
(5) xoop yp p 10-(4) 68

Xx+4 y-8 x+4 y-8
14 -2 7 -1

7y—-56=—x—-4 wmm X+7y-52=0 (AC).

Orcrona Kpc = —%.

3) Yron Mexay AByMs MPSMBIMH, YIJIOBbIe KOI(D(UIMEHTHI KOTOPBIX paBHBI K1 U Ky,

ompenensiercs 1o dopmyie (6). Yrom A, oOpasoBanubiii npsiMbiMu AB u AC, HalaeM 110

dopmyiie (6), MoACTaBHB B HEE k1=kAB=—g, Ko =Kac :—%.
_1_(_4j 4.1 25
o= 3 3 7_21_4

a 1 4 . 4 25
1+ - || -—| 1+ —
(-4 va
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ZA=arctgl=45" =~ 0,79 pax.

4) Tak kak Beicota CD neprnieHauKyssipHa CTOpoHe AB, TO yriioBbie KOA(QQUIIMEHTHI 3TUX

MPSIMBIX CBSI3aHbI COOTHOIIEHUEM (7), TOITOMY

.1 __ 1.3
CD kAB _4 4
3

VYpaBHeHUE TPsAMON, MPOXOASAIIEH dYepe3 3aJaHHyl0 TOUYKY B 3aJlaHHOM YTJIOBBIM

koadduimenToM K Hanpasinenuu, umeeT Buj (4). [ToacraBuB B (4) KOOPAMHATHI TOYKH

Cu kep = % , IOJTy4uM ypaBHEeHHE BbICOTHI CD:

y—6:§(x—10), 4y -24=3x-30, 3x—-4y-6=0 (CD).

Jns Haxoxkaenus aauael CD ompenenum koopauHatel Touku D, pemmB cucremy
ypaBHeHwUi (AB) u (CD):
4x+3y—-8=0
y , otkyma x=2,y=0, toectb D (2;0).
3Xx-4y-6=0

[ToxcraBus B popmyny (1) koopaunats! Touek C u D, Haxoaum:

CD =+/(10-2)2 + (6-0)? =64+ 36 =10.

5) Tak kak CD sBisieTcsl IMaMeTPOM MCKOMOM OKPYKHOCTH, TO €€ IEHTpP £ ecTh cepeanuHa

otpeska CD. Bocnonbs3oBaBmmcs hopmysnoii (3) neneHust oTpes3ka momnojam, MoJydrM:

_Ye+Yp _6+O_3
2 2 '

_Xc+Xp 10+2
2 2

XE 6! yE

CnepoBarenbHo, E (6, 3) u R:C—ZD:%:S. Ucnons3ys gopmyny (10), momyyaem

ypaBHEHHE UCKOMOMW OKPYXHOCTH: (X — 6)*+(y — 3)?= 25.

3ajaua 2.

Teopemuueckue ceedeHus.



-
Ecnu wu3BecTHbl Hauano Bektopa Mi(X(,Y1,z) u komern My(X,,Y,,2,), To

_)
KOOpAMHaTHI BekTopa d = M;M, HaxomsaTcs o popmynam

X=Xo =X, Y=Yo = V1, =15 — 14, (11)

a €TI0 AJIMHa OIIPCACIIACTCA BhIPAKCHUECM

a=x?+y%+12%. (12)

BekTop 8 ¢ koopauHatamu (X, Y, Z) MOJKET OBITh MPEJICTABIIECH PA3JIOKEHUEM 10 OPTaM B
BUJIC

d=Xi +yj+zk. (13)

Ecmu o, B, y — ymibl, KOTOpble BEKTOp a o0pa3yeT ¢ MOJIOKUTEIbHBIMU

HallpaBJICHUAMHA ocen KOOpAWHAT, TO COSQ, COSB, COSY HA3BIBAIOTCA HanpasiArouumu

KocuHycamu BeKTopa a (pUcyHOK 2). Torjia UMEoT MECTO COOTHOIIICHUS

x=al-cosa,y=lal-cosp, z=lal-cosy, cos’o+cos’P+cos’y=1.
& a]-cos 3 4

—

Jlns BEKTOpOB @ = (Xl, Vi, Zl) ub= (XZ, Yo, 22) BBOJIATCS OIEPALMU CHOMNCEHUS W
YVYMHOIMCERUA HA YUCno TaKHue, qTo
atb=(% %,y 2Y,,21%2,) n Ad=(x, Ay, 4),

rue A — JIro00€e 4ucIo.

Q|

v

— Y

PucyHok 2.
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—

Ckanapuvim npouszeedenuem IBYX BEKTOpoB & u b (é-b) Ha3bIBACTCA YHCIIO,

paBHOC TIPOU3BCACHUIO JUJIMH JTHX BCKTOPOB Ha KOCHHYC yIjla ¢@ MCXKIY HHMHU,

a-b=\al-bl- WINA, €CJIM BEKTOPHI 3aJaHbl CBOMMH KOOpIWHATAMHU, TO
a-b=1al-|bl-cos , ,

—

a-b=xX;+ Y1y, + 7147 (14)

B CKTOpbI, JICKAINIMC Ha OI[HOﬁ WM  1IapaJlICJIbHBIX  HIPAMBIX, HA3bBIBAIOT

—

Koiiuneapuoimu.  [IpU3HaK  KOJUIMHEAPHOCTH BEKTOPOB da ®W D sBiseTcs

IMPOIMOPHUOHAJIBHOCTb UX KOOPAWHAT:

L _N_4a (15)
X2 Y2 2

Ecin Bexktopel & u D B3amMHO NepHEHAMKYIAPHBI, TO X(Xo + YiY, +2Z, =0.

VYron Mmexy Bektopamu a u b ompenensiercs COOTHOIICHUEM:

—
—

X Xo + V1Yo + 42 _ (16)

COSQ = =
ab] x4y + 223G+ yE 42

VYpaBHEHUE IJIOCKOCTH, MPOXOIAIIEH Yepe3 TOUYKY Mo(xo,yo,zo) NEPHEHAUKYJIISIPHO

sektopy N =(A,B,C), nmeer Buz
A(X—Xy)+B(Yy-Yq)+C(z-24) =0. (17)

Ilpumep evinonnenus 3a0anus.

Hanbel koopauHathl Tpex Touek: A(3; 0; -5), B(6; 2; 1), C(12;-12; 3).

- -
TpeOyercs: 1) 3amucats Bektopsl AB u AC B cucTeme opT U HATH MOJYJIH 3THX

- -
BEKTOPOB; 2) HaiiTh yroa mexay Bektopamu AB u AC; 3) cocTaBuTh ypaBHEHUE

%
IJIOCKOCTH, TPOXOoAsIel yepe3 Touky C nepneHauKyIsipHo BekTopy AB.

Pewenue:
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%
1) Haiinem koopaunatel Bektopa AB, monctaBus B popmyity (11) koopauHaTel TOYEK A 1
B, v 3anuiieM paznokeHue 3Toro Bekropa no opram (13):
N = = e = - —
AB=(6-3)i +(2-0)J+(1+5k =31 +2] +6k.
[Tomo6HBIM 06pa3zom

- — — - —
AC = (12 -3)7 +(-12-0)] + (3+5)k =9 —12] +8K .

- -
Monaynu BektopoB AB u AC HalizeMm, moAcTaBiisas uX KOOpAuHaATH B popmyiy (12):

‘ N

%
AB‘: 324+2%24+62=7, ‘AC‘:J&)Z +(-12)% +8% =17.

- —
2) Haitnem xocuuyc yria ¢ Mexnay Bektopamu AB u AC. [Iyis 3TOro BBIYHCIMM HX

CKaJIsIpHOE Mpou3BeaeHue no popmysne (14):

- >
AB-AC=3-9+2-(~12) +6-8=51.

Torna o popmye (16)
51 -

3) Ilo ycioBHIO 3aJa4yl MCKOMas ILIOCKOCTh HPOXOauT depe3d touky C(12; —12; 3)

%
nepreHauKysspHo Bektopy AB=(3,2,6). Iloacrasmsist B (17) A= 3, B= 2, C= 6,

Xo= 12, yo=—12, 2= 3, mony4um:
3x-12) +2 (y +12) + 6(z—3) =0,

uwm 3x + 2y + 62— 30 = 0 — uckomoe ypaBHEHHUE TJIOCKOCTH.

3ajaua 3.

TeopemuquKue ceeoenusl.
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BGKTOpLI Ha3bIBAKOTCA KOMILJIAHAPHBIMU, CCJIX OHH JICKAT B OI[HOﬁ IINTIOCKOCTH HJIN B

NMapasienbHEIX IIOCKOCTSX. YCI0BHEM KOMILIAHAPHOCTH TPeX BEKTOpoB d; =(Xq,Y1,Z;),

a, = (xz, y2,22), g = (X3, Y3, Z3)5IBJISI€TC}I PAaBEHCTBO HYNIIO KX  CMEIIaHHOTO
HpOI/I3BeI[CHI/IH:
XX Y1 7
(51’52753): X, Yo Zp|=0. (18)
X3 Y3 I3

Tpu BexkTOpa 00pa3yroT H6a3uc B TOM Cilydae, €ClIi OHU HeKOMNJIAHAPHBL.

Ecinu mins BekTopoB &;,8,,d; BbIomHseTcs ycuosue (d;,d,,d3)#0, To oHE 06pasyior

Gasuc, m moGoii uerBepthii BekTop b =(by,b,,b;) Moxer 6wITH mpenctaBieH

Pa3I0KEHUEM I10 ITOMY 0a3ucy B BUIE

—

b = aﬁl + ﬂaz + ﬂg, (19)
rie a, f, y — KOOpAUHATHI BEKTOpa b B Gasuce, 00pa30BaHHOM BEKTOpamHu aj,d,,ds.

KOOp,ZII/IHaTBI a, IB y ¥ HAXOJATCA U3 CUCTCMBI ypaBHeHHﬁI

axy + Xy + X3 =by
Y+ By, + 3 =b,. (20)
a21+,322 +7/23:b3

Ilpumep evinonnenus 3a0anus.

[Tokasate, uto BekTopsl d;(3; 1; 4), a,(2; 1, -1), a;(1; —1; 5) obGpasyror Gazuc

TpeXMepHOro mpoctpancTBa. Haiitu koopaunaTtel BekTopa b (5; 0; 3) B 3TOM

Oasuce.

Pewenue:

BbruncnuM cmemaHHoe Npou3BeieHUe BEKTOPOB dp,d,,ds:

3 1 4
(3,,d,,85)=]2 1 -1=-11=0.
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Tak kak cMelIaHHOE MMPOU3BCACHUC OTJIMYHO OT HYJISI, TO BCKTOPbI HCKOMILJIAHAPHBI U

—

obpasyror 6asuc. Koopaunatel Bektopa D B 3TOM 0Oasuce Haiinem, pasjoXuB €ro Io

BEKTOpaM aj,d,,d; CIeAyoluM o0pa3oMm:

a KOOpAMHATHI BeKTopa b B HOBOM Oasuce HaiijieM u3 cucTeMsl ypaBHeHwHid (20)

a-3+p-2+y-1=5 3a+20+y=5
a-l+p4-1+y-(-1)=0 WIH a+pf—y=0
a-4+p-(-)+y-5=3 4da — f+5y=3

Pemmnm 3Ty cructemy uis 3aaHHBIX BEKTOPOB MeTOAOM | aycca.

IIomeHnsieM MecTamu IICPBOC U BTOPOC YPABHCHUA

a+p-y=0
3a+20+y=5.
4o — f+5y =3

[locne 3TOro ymMHOXXHMM MNepBO€ ypaBHEHHME Ha (—3) W ClOXuUM cO BTOpbIM. Jlaiee

YMHOKHM II€pBO€ ypaBHEHUE Ha (—4) U CI0KUM ¢ TpeTbuM. [lomyunm:

a+p-y=0
- +4y=5.
-54+9y=3

3aTeM yMHOXaeM BTOpPOE ypaBHEHHUE HA (—5) U CKJIAIIBAEM C TPETHUM:

a+pf-y=0
- p+4y=5.
—11y =-22

W3 nocnegnero ypaBHeHus umeeM y= 2. lloacrtaBisieM 5TO 3HAYE€HUE BO BTOPOE

ypaBHEHUE, Nody4yaeM f= 3 1, HaKOHEI, U3 MIEPBOT0 YpaBHEHUS HaXoauM o= —1.
Takum oOpazom, mojctaBuB B ypaBaenue (19) koopauHatel BekTopa b, momyqwnm

6:—51+352 +2§3
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3ajaua 4.

Teopemuueckue cgeoeHus.
HeonHoposaHast cucteMa Tpex ypaBHEHHUH ¢ TPeMsT HEU3BECTHBIME B OOIIEM CITydae HMEeT
BHT
a1 Xy + &%y +ay3Xz =My
81X + 8y Xy + 83Xy =Ny
831X) + 8z X, + 8g3Xg = g
¥ MOXKET OBITh 3allMCaHa B MATPHYHOM BHJIC
AX=H, (21)
81 d;p Y3
rne A=|ay a, ay |-Marpuua KoO3XPQPHUIUEHTOB IPU HEU3BECTHBIX,
43 Az Az
X1

X= X2 - ManI/I]_Ia'CTOJ'I6€I_[ HCU3BCCTHEIX,

H =| h, | marpuma-cronder; cBOOOIHBIX YJICHOB.

Ecnu matpuna A — neswiposicoennas, TO €CTh UMEET ONpPENeIUTENb, OTIMYHBIA OT
HyJIs, TO cymiecTByeT Marpuna Al obpatHas k A, Tak uto A1'A=E (E - equnuuHas
MaTpuna). YMHOKUM 06e yacTu ypaBHeHus (22) Ha A u nomyuum

ALA-X=AlH,
WIH
X=A'H, (23)
nockonbky AA-X=E-X=X.
PaBeHcTBO (23) ABisieTCs pelieHueM CUCTEMbI ypaBHEeHUM (22).

Martpuiia, oOpatHasi K HEBBIPOKIACHHOW MaTpUIle A, HAXOIUTCS TI0 popmyIie
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1 Ar Ay Ay
A_lzg Ap Ap Agp |, (24)
Az Axp Ag

rne A; (1 =1, 2,3; j=1, 2, 3) — anrebpanyeckoe JOMOIHEHHE AJIEMEHTA djj, KOTOPOE
SBJSIETCA TPOU3BEICHUEM (-1)  ma muHOp (OIpeneNuTeNs) BTOPOrO MOPAMIKA,
IOJIyYEHHBIH BbIUEPKHUBAEM I-ii CTPOKH U J-TO CTOJIOIA B ONpPEACIMTEIC MATPHUIBI A; A —

OIIPENEIIUTENIb MATPULIBI A.

Ilpumep evinonnenus 3adanus.

JlaHHyI0 cHUCTeMy ypaBHEHUM 3amucaTh B MaTpUYHON (OpME U PElIUTh €€ C
IOMOIIbIO OOPATHOM MAaTPHIIBL:

Xg —2Xy + X3 =1

2X1 +3X2 —X3 :8

Xg —Xo +2X3 =-1

Pewenue:
Beimuimem 1151 1TaHHOM CUCTEMBl YpaBHEHUH MaTpHIy KOA()(PHUIIMEHTOB IIPH HEU3BECTHBIX

A u cTosoerr cBoOO HBIX WwieHOB H:

1 -2 1 1
A=|2 3 -1, H=
1 -1 2 -1

Boeruncnum  onpenenutens A M anreOpanyeckue JONOJHEHUS A; 3JIEMEHTOB

MaTpHULbI A
1 -2 1
A=|2 3 -1=10=-0,
1 -1 2

CIEe0BaTENLHO, MaTpuLa A uMeeT obpatHyro MaTpuiy AL,

W 271 hs 23
=5, A, =(-1)"2. — 5 A, =(<1)". _ 5
_1 2 12 1 2 13 1 B

A11 = (_1)“1 )
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L2 1 L1 Lpbo-2
A21:(_1)21‘_1 2‘:3, A22:(_1)22.1 2‘:1’ A23:(_1)23'1 —l‘:_l’

a2 1 211 P
A31:(_1)31' 3 _ =-1 A32:(_1)32'2 !|:31 A33:(_1)33‘2 3:7-

Torna nmo dopmyne (24) oOpaTHas MaTpHIla paBHa

. 5 3 -1
A_lzﬁ —5 1 3
-5 -1 7

[To dhopmyne (23) HaxXoaUM pelieHre JaHHONW CUCTEMBbl YPaBHEHUN B MaTpUYHOMN

dbopwme:
. 5 3 -1 1 5:1+3-8+(-1)-(-1) 30
X=A1.H==.-5 1 3| 8 _ L -5.1+1-8+3-(-1) -1 0 |=| 0O].
10 10 10
-5 -1 7]|-1 -5:1-1.8+7-(-1) -20| | -2

Orcroma x1= 3, xo= 0, x3= —2.
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