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BexTopHas anreopa.
Bekrop — HanpaBIeHHBINA OTPE3OK.

PaBeHncTBO
(1) o3nauaer, yTo

a= (x, v, Z)
x, y, z — IMPOCKI N BCKTOPA HA OCU KOOPJAUHAT HUJIU €I'0 ,Z[eKapTOBBI KOOPpAWHATLI.

dopmyia
(2) mo3BoIsET TIO

|ﬁ|:\/x2+y2+22

KOOpJAWHATaM BEKTOpa OIPEACIUTE €TI0 MOIYIIb.
Ecm @, B, Y — YIJIbL, KOTOpPbIE BEKTOP 00pa3yeT ¢ MOJIOKHUTEIHHBIM

AZ .
Y a
HaIpaBJICHUEM ocen KooOpauHat, To COS O, COS B, COS"Y Ha3bpIBAIOTCI
B HAIPABIIOIMMH KOCHHYCAMHU BEKTOpa d .
o x=|ﬁ|cosoc, y:|5|COSB, z:|5|cosy, (3)
> 2 2 2
0 Y cos” a+cos” B+cos”y =1 4)
X Eciu n3BectHb! Havano Bekropa M (xl , V1 Zl) U KOHeIl
M, (xz , V2, 2> ) , TO KOOPJIMHATBI BEKTOPA HAXOAATCA 110 (hopMyIiam
5)

X=Xy =Xy, V==V, 252 — 2.
Ecan 5=(x1,y1,21) u b:(xZ,yz,Zz),TO

C_iib:(xl ixZ,yl iyz,ZliZZ) (6)H

oa = (O(.xl, oy, OLZI), rae O — mro0oe yucio.
BekTopsl, nexariye Ha OJJHOW WM MapalljieIbHbIX MPSIMBIX, Ha3bIBAIOTCS KOJUIMHEAPHBIMU.

HpI/I3HaK KOJJIMHEApHOCTH BEKTOPOB U U b

N _A )

Xy Vo Zp

- - -

Tpoiika BeKTOpoB I, j, K HasbIBaeTCs KOOPIMHATHBIM GA3HCOM:
7 |=|j|=|k|=1

Bexkropmt I, J, k HaIpaBJIeHH! 1o ocsaM cooTseTcTBeHHO OX, Oy, Oz B NONOXHUTENBHYIO

CTOpPOHY.
JIro0oit BekTOp a= (x, V, Z) MOXET OBITh TIPEJICTABIICH B BUJIC

a=xi+y+zk. (8)
CxaJIIpHBIM MPOU3BEJICHUEM BEKTOPOB c_i = (xl » Vs Zl) u b= (xz, Vo, 22) Ha3kIBaACTCA
YHUCII0, PABHOE TPOU3BEACHUIO MOAYJIEH 3THX BEKTOPOB Ha KOCUHYC yTiia MEXKy HUMHU.
Zz-b:|ﬁ|-‘b‘-coscp, (9)
a (10)

-2
(11) T.e. ckanspHbIi

KBaApaT BCKTOpa paBCH KBaJApaTy €ro MOAYyJIsd.



—

a-b=xx,+y v, +2,2,. (12) Ecmn d.Llb, o
XXy + Y1 ¥y + 2125 = 0. (13)
X1 Xp + V1 Vo 212y
\/x12 +J’12 +212 '\/xzz +J/22 +Zz2

Ecmu BEKTOp F H306pa>1<aeT CUIIy, TOYKA IIPUITOKCHUS KOTOpOfI INEpEMEIIACTCA U3 HadalJia B

cosQ =

(14)

KOHCII BCKTOpPa S , TO pa60Ta 9TOM CHUJIBI OIpCaACIIACTCA

W=F.S. (15)

—

BeKTOpHBIM TIpou3Be/ieHeM BekTopa ( Ha D Ha3pBaercs Takoii Bektop C = d X b,
KOTOPBIN yIOBJIETBOPSET CICAYIOLIUM TPEM YCIOBUAM:

1. | E| = | ZiHb ‘-Sil’l(p, rape (0 — yroa MEXAy BEKTOpamMu a u b;

2. cla n clb;

3. BEKTOP ¢ o0pasyer ¢ BeKTopaMu a ub «IIPABYIO» TPOMKY.
BekropHoe npon3BeieHHE 3aBUCUT OT MOPSIKAa COMHOKUTENEH

axb=-bxa. (16) Monynb
BEKTOPHOTO [PON3BE/ICHHS PABEH ILIOMIAIH [TAPAILIeTOrPAMMa, IOCTPOCHHOTO Ha BEKTOpax d W E :
S = ‘ a (17)
SAzl‘c_ixZ;‘. (18)
2

-

Ecnu BexkTopel d u b KOJUIMHEAPHBI, TO d X b = 0, B YaCTHOCTH, d X d = 0.

Eciu BCKTOPLI 3a/laHbl KOOpAWHATaAMU C_i = (xl B yl B Zl) ) b = (X2 B y2 B 22), TO

PG
a X b = xl yl Zl . (19)
Xy V2 Zp

Ecnu BexTop F M306paKaeT CUITy, IPUTOKEHHYIO B Kakoii-Hubyms Touke M | a Bektop d

uzet u3 Hekoropoii Toukn () B Touky M , To BekTOp a x F IpesICTaBIsieT cO00M MOMEHT CHIIbI F
otHocutenbHo Toukn  O:

mF=axF. (20)

CMeNIaHHBIM TIPOHM3BEJICHIEM TpeX BeKTopoB d, b, C HaspIBaeTcs 4mci0, pABHOE BEKTOPHOMY

MIPOU3BEICHHUIO axb, YMHOXXEHHOMY CKaJIIPHO Ha BEKTOP C,Te.
ZibE:(Zixb)-E:cY-(b XE) (21) CmemanHoe

—

MMPOU3BCACHUC Clb C paBHO O6’beMy napanjejaenuieaa, IoCTpOEHHOro Ha BeKTopax o, b, C , B3ATOMY

—

CO 3HAKOM «IIJIFOC», €CIIN Tp01711<a a, b, C IpaBas, CO 3HAKOM «MHHYC», CCJIU 3Ta Tp01711<a JICBasi.

V =zabc. (22) Ecnu BEKTOpEHI
KOMILUTaHAPHBI (JIEXKAT B OJJHOM TIOCKOCTH), TO
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abc =0.
C_i = (xl, Vi Zl), b= (xz, Vo, Zz), E = (X3, V3, 23) CMCHIAHHOC ITPOU3BECACHUEC ONPCACIIAICTCS
dbopmynoit

(23) [Jns BekTOpOB

S L T 4 T
abc=\|x, ¥y, z,| (24)
X3 V3 23

3ajnaya 1. Ha maTepuanbHyrO TOUKY AEMCTBYIOT CUJIBL:
FE=(2-11), F,=(-1,22), F,=(11-2).
Haiitu paboTy paBHOCHCTBYIOIICH dTUX CHJT jé MIPYU EPEMEIIEHUN TOYKHU U3 MTOJI0KEHUS
A(Z, —1, 0) B I0JIOKEHUE B(4, I, — l).
Pemienue. Haiiniem paBHOAEHCTBYIONTYIO
R=Fi+F+F=02-1+1,-1+2+11+2-2)=(2,2,1).

BekTop nepemernienus mo popmyne (5)

L —
S= 4B =(4-2,1+1,-1-0)=(2,2, - 1).
Hckomyro paboty Haxoaum 1o ¢popmye (15)

W=R-S=2-2+2-2+1-(-1)="7.

Bagaua 2. Jlanacuma F = (3, 4, —2) ¥l TOUKA €€ MPHI0KEHHUS A(2, -1, 3). Haiitu
MOMCHT CHJIbBI OTHOCUTCJIbHO Ha4Yajla KOOPAUHAT U YIJIbl, COCTABJIACMBIC UM C KOOPAMHATHBIMU OCSIMHU.
- - —
Pemenne. ITo popmyne (20) m, F'=r x F'.Bextop r = OA 1o dopmyne (5) umeer

KOODIMHATEL 7 = (2, -1, 3), o popmyne (19)

LTk I
FxF=2 =1 3 |=-107 +13] +11k.
304 -2

Urak, m F = (— 10,13, 1 1). Monyns MOMeHTa HaxoquM 1o popmyne (2):

mF| = (= 10)> +(13)> +(11)? = V390 ~19,748.
Hamnpagnsrommue kocurycel o popmyie (3):
-10 13 11
cosa,. = ———=—0,506, cosPp=———=0,658, cosy =———=0,557,
19,748 19,748 19,748
a YTJIBL, COCTABJILIEMBIC MOMCHTOM CHIJIBI C KOOp)II/IHaTHBIMI/I OCsAMU, CJ'Ie)IYIOH_[I/Ie
o=120°24", B=48°51, vy =56°9".

KonTposnb: 10mKHO ObITH 0052 o+ COS2 B+ COS2 v =1 Vnac:
(- 0,506)” +(0,658)° +(0,557)” = 0,999.
3agaua 3. Hammcath pasiosKeHHe BEKTOpa X = (5, 16, 2) 110 BEKTOpaM

p=(21,0), g=(0.-2,0), 7=(-152).

Pemenue.
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- - -

1. PasnoxxeHue BekTopa X 1o 6asucy p, ¢, ' uMeeT BUJI
X=0p+0,q+0a;3r
WIH B KOOPJIUHATHON (opMme
Xy =0 P+ 0agy t 03N
Xy =0 Py T 0agy T 037
X3 =0 p3 +0yq3 + A7
2. C y4eroM YHCIIOBBIX 3HAUYCHHH KOOPIMHAT BEKTOPOB P, é, F u X IOIyd4nM CHCTEMY
YpPaBHEHUN OTHOCUTEIBHO HEU3BECTHBIX oy, Ay, Oy
2-a;1+0-a,-1-05=5 2001 =5+ 03 o; =3
lroo;=2-a,+503=16 = <20,=0;+503;-16 = Ja,=-4
0-00;+0-0y +205 =2 oz =1 oz =1
3. Pa3noxeHue BEKTOpa X 110 BEKTOPaM ]_5, é, ¥ WMeeT BHI:
x=3p—4q+r.
Ormser: X =3p—4q +7.

— =
3amaua 4. B napamtenemunene ABCDAB;C,D; sexropm AB =p, AD =g,

H N
AAI =r obpasyrot 6asuc. Pasnoxuts Bektopet AG, AP, AN | 10 BbIOpaHHOMY 6asucy,

ecru touka G nenur pe6po DD; B otHOMIE-
nun 1:2; touka P —Touka nepeceuenus muaronaneii rpaun DD C;C ; Touxa N; — cepennna
peopa B Cj.

Pemenue.
ITocTpoum yeprex. HemocpeacTBeHHO U3 yepTexa ClaeayerT:

:AD+DG:§+§F,
> > > 1. - 1.
= AR+ AB+ BP==p+q+-—r,
2 2
= AB+ BN'+NJVI'=]3+%(}+F.
0 AG = +2 AP = L 5+d 1
TBCT: - - -
q 3 219 q -+ 2
- . 1. .
AN, p+5q+r

Ilpamasa u naockocmo.
Ax+By+(Cz+ D=0 - (25)

oO11ee ypaBHEHHE TUIOCKOCTH.
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A(x — xo) + B(y — yo) + C(Z — ZO) =0 — (26) ypaBHeHue
IJIOCKOCTH, IpoXosieit uepes Touxky M (xo y Voo Zo ) NEPIICHIUKYIISIPHO BEKTOPY
n=(4, B, C).
X z
—+ Y +—=1 — (27) ypaBHeHue

a b c
ITIJIOCKOCTH «B OTpeSKaX». 3;[er a, b, C — BCJIMYUHBI OTpe3KOB, OTCEKAEMBbIX IINIIOCKOCTBIO Ha OCAX

KOOpAUHAT.

Ax+By+Cz+D
=0 — (28) HopmaibHOE
+ \/A2 +B* + C?

YpaBHCHHE IIJIOCKOCTH.
J | Ax, + By, + Cz, + D)|
\/A2 +B%+C?

TOYKU Mo(xo, Vo, ZO) 1o mockoctn  AX +By +Cz+D=0.

X=XxXp Y= ZI—Z

Xp=X; Yo=Y Z—z;|=0 - (30)

X3 =X V3= 23724
YpaBHCHUC IIJIOCKOCTH, HpOXO,I[HH.IGfI 4epe3 TPU TOUKHU Al (xl, yl’ Zl)’ AZ]('XZ’ y2, Zz),
A3(x3, Y3 Zs)-

(29) paccrosinue oT

— (31) obmiee ypaBHEeHHE
A2X+B2y+ C22+D2 =0
npsiMol (TipsiMast 3aJlaHa MepeceyeHueM ABYX IIOCKOCTEM).
X —X, -y, Zz—2z,
= Yy = — (32) kaHoHMYECKOE
m n p

ypaBHeHue TpsiMoii, tne M, (xo s Voo ZO) — TOYKA, IPUHAUICSKAIIAS IPIMOi, d = (m, n, p) —

HAMpPaBJISIOLMN BEKTOP MpsIMOH (BEKTOp, MapasuieabHbIA MPSIMON).

xX=x,+mt
y=y,+nt - (33) mapamerpuieckue
z=2z,+pt

yYpaBHEHHS MIPSIMONA.

X—X - zZ—Zz
L — 2 = L _ (34) ypaBHeHue
Xop=X1 V2=V 22737

psIMOM, MPOXOAIIEH Yepe3 JIBE JaHHbIE TOUKH Al (xl , V1» Zl) , A2 (xz , Vo, 2o ) .
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mym-, +nn, +
cosQ = 12 1" P1Pa — (35) yrom mexnay

\/m12 +n? +py’ '\/m22 +m,7 + py’

ABYMs IIPAMBIMU, T'IC C_il = (ml, nl, pl) u C_iz = (n’I2 y n2 y pz) — HAaIIPaBJIAIOIINUEC BEKTOPLI

IMPpsAMBIX.

|Am+Bn+ Cp|

\//12+BZ+C2 -\/mz+nz+c2

MPSMOU U IUIOCKOCTBIO, TAE N = (A, B, C) — HOPMAJIbHBIN BEKTOP IIOCKOCTH, d = (m, n, p) -

siny = (36) yron mexmy

HaIpPAaBJISIONINN BEKTOP MPAMOM.

|— — —
:g A1A2 A1A3 A1A4 — 00BeM IMUpaMH bl A1A2A3A4, rac

v,

nupamuobl

Al(xl, yl’ Zl)’ AZl(xZ’ y2, 22), A3(X3, y3, 23), A4(X4, y4, Z4) — KOOpAUHAaThI BEPIIMH
nmupamMu/ibl.

Xo =X Va1 2272

Vnupamm)bl = X3 X V3TV Zz3 T2y (37)
Xg =X Vo= 2472

3amaua 5. JlaHbl KOOPAMHATHI BEPUITUH TUPAMUIBI A1(2, 1, — 1), A2 (3, 0, 1),

A3(2, -1, 3), A4 (0, g, O). Haiitu:

1) yron mesxny pepamu Aj A, u Ay Ay;

2) yron mexny peopom Ay Ay u rpanvio Ay Ay As;

3) o6bem mupamunsl V

4) paccrosnue ot touku Ay 1o mnockoctn Ay Ay Az

5) Touxy Ay, cummerpuunyio Touke A4 ortHOcHTensHO mockoctn A; Ay As;

6) Touxy AZ;' , cummeTpuuHyto Touke A, oTHOcuTensHO npsvoit Ay A5 .

Pewienue.
1) Yron mexay pebpamu Haxoaum 1o popmyne (35).

—
c_il = Al A2 = (3 -2,0-1,1- (— 1)) = (1, -1, 2) — HAaIpaBJIAIOIINN BEKTOP MPSIMON Al A2 ;

672 = ‘Z‘Zl = (0 -2,2-1,0- (— 1)) = (— 2,7, l) — HANpaBJISAIOMIMN BEKTOP NPSIMOMI Al A4.
1-(=2)=1-7+2-1 -7 1
JE (=12 422 (=22 + 72+ 12 V6-+/54 18
2) CocraBUM ypaBHEHHE IJIOCKOCTH Al A2 A3 , MPOXOJAIIEH uepe3 Tpu
TOYKH AI(Z, 1, — 1), A2 (3, 0, 1), A3 (2, -1, 3), o ¢popmyne (30)

x=2 y-1 z+1 x=2 y-1 z+1
3-2 0-1 1+1|=0, 1 -2 2 |=0,
2-2 —-1-1 3+1 0 -2 4

cosQ =



(r-2| 73 2-0-1ls a+e

_|_
(x-2)-0-(y- ) 4+(z+l) (-2)=0,
4y +2z—2 =0 — ypasnenue miockoctu A; A5 As;

= (0, 2, 1) — HOPMAaJIbHBIN BEKTOP IJIOCKOCTH;

a=AA, = (— 2,7, 1) — Hanpassomuii Bexrop npsvoit Ay Ay .
Haxomum yron Y Mexay npsmoi A1A4 u mwiockocteio Ay A, A3 o opmyne (36)
0-(-2)+2-7+1-1 15
JoP 122112 (-2 + 7212 Y554

3) Haxomum o6weM nupamust o Gopmyse (37)

siny = =09114.

— — —
A1A2 :(1,_1, 2), A1A3:(O,_2, 4), A1A4 =(_2, 7, 1)
I -1 2

y—+llo -2 % :il(—2+8—8—28)=—1(—30)=15.
6|—_2 7 1 6 6
4) PaccrosiHHE OT TOUKH A4 JI0 TIOCKOCTH Al A2 A3 HaxoauM 1o ¢popmyie (29).
_]2-8+0-1] 15

=35~ 6,69.

Jar1t 5

o !
5) UtoOBI HAaWTH TOUKY A4 , CHMMETPUYHYIO TOYKE A4 OTHOCHTEJIBHO IIJIOCKOCTH Al A2 A3,
ClIeTaeM Cleayrouiee.

CocTaBuM ypaBHEHUE IPAMOA, neprienmKyIspHoii ockoctu Ay A, Az, npoxonsmeit uepes
touky Ay 1o Gopmyne (32). 3a HaNpPABIAIOMMIA BEKTOD MPSAMO¥A a=n= (0, 2, l) oepem

HOPMAJIBHBIN BEKTOP IUIOCKOCTH, T.K. IIPsIMasi IEPIEHIUKYIISIPHA IIJIOCKOCTH:

x—0 y-8 z-0 x y-8 z
0 2 1 0o 2 1
CoctaBuM napamMeTpHueCcKue ypaBHEHUs 3Toi npsmoii o popmyne (33):
x=0
y=2t+8
z=1.

Haxo/mm TouKy nepeceuenns 1ol npsmoii ¢ miockoctbto Ay Ay A3

x=0
x=0
y=2t+8
1., = y=—6+8=2 = 22t+8)+1-1=0,
z =
z=1
2y4+z-1=0

5t+15=0, t=-3.
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[TomygaeM TOUKy M(O, 2, — 3); T.X.Touka Ay cuMMmerphuHa Touke A, OTHOCHTENHHO

9 !
mnockoctu A Ay Az, 1o Touka M sBnsercs cepenunoii otpeska A4 A4, nostomy

X4+ Xy 0+x, ,
Xy =——, 0= , x,=0;
M ) ) 4

Ya Y4 8+ 4 ,

=—) 2: B :—4,
Ym > 5 Y4

Zy + 2y 0+2z, ,
Zy =——+, —3= , zy =—0.
A4(0,—4,-6).

o rr o
6) UTtoOBl HAliTH TOUKY A4 , CHAMMETPUYHYIO TOUKE A4 OTHOCHUTEJIBHO IIPSIMOM A1A3,

COCTaBUM YpaBHEHHE IIOCKOCTH, MPOXOJISIIEH uepe3 Touky A, neprnenauKyaspHo npsamoit Al A3

10 popmyne (26). 3a HOPMAIIBHBIHA BEKTOP ILIOCKOCTH 71 = ( = (0, -2, 4) GepeM HampaBIISIOIHiA

BEKTOp IIPSAMOM Al A3 , T.K. INIOCKOCTb NIEPIEHANKYJIAPHA IIPSIMOM.

0-(x—0)—2-(y—3)+4-(z—0)=0, —2y+16+4z=0, y=2z—8=0. Ypasnenue

npsivoit Aj A3 cocrasnsiem o popmyine (34).

x—=2 y-1 =z+1 x=2 y-1_ z+1

2-2 —1-1 341 0 -2 4

IMapamerpuueckue ypapaenus npsmoit Ay As:

x=2

y=-2t+1

z=4r—-1.
Haxomum touky N nepeceuenns npsmoit A A3 n nockoctu:

(x=2

y==-2t+1

z=4r-1

y—2z-8=0,
—2t+1-2(41-1)-8=0, —10t-5=0, r:—%,
x=2, y:—z(—ljﬂzz, 224(_1)_ _3

2 2

" o
Urak, Touka V| (2, 2, — 3). Tak xak Touka A4 CHUMMETPUYHA TOYKE A4 OTHOCHUTEILHO MPSAMOU

Ay Ay, 10 Touka N smnsetcs cepemmmoit otpeska Ay Ay , Torma

x4, +x7 0+ xy
xN:u, 2= 4 x4 =4,
2 2




_yatyy 8+y4 "_ 4
yy ==, 2= .ovi=4
2 2
Zy +zy 0+z)
Zy =24 —3=—T2 [ =-6, touxa Aj(4 -4, -6).
2 2
Ax+By+C=0 — (38) obwree ypaBHEeHHE
MIPSIMOM.
X —X, -V,
= Yy (39) ypaBHEHHE NIPSMOH,
m n
npoxozasieit uepes Touxky M (xo , Vo ), a= (m, n) — BEKTOp, NMapauIeIbHbII MPSIMOH.
A(x - X, ) + B(y — yo) =0 — (40) ypaBHeHuUE

TpsAMOiA, Ipoxosiei yepes Touxy M (xo , yo) C HNEPIEHIUKYIISIPHBIM BEKTOPOM n= (A, B ) .
X=X _ V=N
Xp =X Vo=
MPOXOJIAIIEH yepe3 ABE TOUKU Ml (xl s yl) "u M2 (X2 , Vo ) .
X Y

—4+Z=1 - (42) ypaBHEHuUE NpsMOH B
a b

«OTpe3Kax», rae a, b — BCJIMYHHBI OTPE3KOB, OTCECKACMbIX HpHMOﬁ Ha OCiAX KOOpAHWHAT.

(41) ypaBHEeHUE IpsIMOH

v=kx+b — (43) ypaBHEHUE IPSIMON C

yriioBbiM kodbdunuentom K = 12Q u orpeskom b — orcexaempiv Ha ocu Oy .
Y=y, = k(x — xo) — (44) ypaBHeHue
TIpsAMOiA, Ipoxosiei yepes Touxy M (xo , yo) ¢ yri10BEIM K03 durmenTom K .

d_|AxO+ByO+C| B
VA? + B?
TOYKH Mo(xo,yo) o mpsmoit Ax + By+C =0.
Ax, + By, +C B

VA% +B?

(45) paccrosinue oT

8:

(45a) OTKJIIOHEHHE TOYKHU

M, (xo, yo) OT IPSIMOM.

A
k=—— — (46) yriosou
B
ko> urment npamoit Ax + By + C =0.
kl = k2 — (47) ycnoBue
NapauIeTbHOCTH MPSIMBIX.
1
kl =—— - (48) ycrnoBue
ky

HEepHEHIUKYIAPHOCTH MPSIMBIX.
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ky -k,
1+ kk,

TIPSIMBIMH C YIJIOBBIMH KO3 durmentamu K | H k 7.

1gQ = - (49) yronm Mexay IByMs

3agavya 6. JlaHbl cepeauHbl CTOPOH TPEYTOJbHUKA P(l, 2), Q(S, 1), R(— 4, 3). CocTaBUTH

YpaBHEHHUS €ro CTOPOH.

B(x:, v,) 1 cnioco6. Tak kak Toukun P, (), R sensiorcs cepenunamu oTpe3kos
AB, AC, BC, 1o
P Q xl+X2:1 X2+X3:5 xl+X3:_4
2 ’ 2 ’ 2 ’
Vit V2t )3 Nt )s
A(p 1) R C(xs, »s —:2, —:_1, —:3.
X,y (xs, y3) > > >
Pemaem nBe cuctemMbl ypaBHEHUM
Xp+xy =2 Yty =4
X2+X3=10 y2 +y3=_2
X1+X3:_8, yl +y3:6:
MoJTy4aeM
x) =8 Y =6
X5 =0 »»=0  A(-86), B(10,-2), C(0,0).
X3 = 10, y3 = —2,

TenepL COCTAaBJISIEM YPAaBHCHUS CTOPOH TPCYI'OJIBHUKA, KaK IIPAMBIX, ITPOXOAAIINX Y€pEe3 ABC TOYKH, 110

dbopmyne (41).
Vpasuenne AB

X8 _ V70 4i9p-22=0
10+8 —-2-6

Vpasuenne BC':
x—lO=y+2, X+ 5y =0,
0-10 0+2

Vpasuenne AC':
X8 _yoO0 0 40
0+8 0-6

2 cnoco6. He onpenenss koopaunar touek A, B, C, cocTaBum ypaBHeHue KakI0il U3 CTOPOH
tpeyrombunka ABC, xak npsimoii, mpoxonsmeii yepes ony u3 Bepuns tpeyronshuka POR
napasuleIbHO MPOTUBOJIEKAIIEH CTOPOHE.

Vpasuenne AB: npavas AB npoxomut uepes Touky P mapannensno sexktopy QOR = (— 9, 4).

Hcnons3yem ypaBaenue (39).
x—=1_ y-2
9 4

= 4x+9y-22=0.

—
Ypasuenne BC': npavas BC npoxomut uepes Touky () mapamiensho sektopy PR =(— 5, 1).
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x—5:y+1 = x+5y=0.
-5
—
Vpasuenue AC:npavas AC npoxonurt uepes Touky R mnapamiensho sektopy PQ = (4, — 3).
XA Y73 o syiap-0
4 -3

Oteer: 4x+9y—22=0, x+5y=0, 3x+4y=0.
3agaya 7. CocTaBUTb ypaBHEHHs KaTETOB IPAMOYTOJIbHOIO PABHOOEIPEHHOIO TPEYTOJIbHHUKA,

3Has ypaBHeHHe TunoTeHy3bl 2X + 3y —35 = 0 u Bepumny npsimoro yria (2, — l) .
B

N AB = BC (no ycnosuw), nostomy LABC = ZACB = 45°,
4s° kpc = —z ( mo popmyne (46)). Ypasnenns xatretoB AB u BC cocrasnsem mo
45° AN 3
A, %) ¢ Gopmyne (44): y+ 1= k(x — 2)
k+ 2
1g45° = —23 , (49)
1-—k
3
k+—
—5> ==L,
1-—k
3

Pemast T ypaBHEHUS, TOTYYUM:
1 1
k:g, y+1:g(x—2), Sy+5=x-2, x=5-T7=0.

k =-5, y+1:—5(x—2), y+1=-5x+10, 5x+y—-9=0.
Otger: x—35y—7=0, Sx+y—-9=0.
3agaua 8. B TpeyronbHHKE ¢ BEpIIMHAMU A(3, — 2), B(— 1, 1), C(S, — 7) HaiiTH

6uccextpucy Buyrpennero yrma ZABC.
B K 1) Cocrasum ypasnenus cropon yrna ZABC , Bocnons30Bapimch
dbopmymnoit (41).
515D Cropona BA:
x+1  y-1
341 —-2-1
Cropona BC':
x+1  y-1
o 541 —4-1

A
\ 2) Touku GMCCEKTPUCHI paBHOYAAJIEHBI OT CTOPOH yria. [IpupaBusem
N

—3x—-4y+1=0.

—8x—-6y—-2=0.

paccTosHUs OT NPOU3BOJILHOM Touku OuccekTpuchl M| (x, y) 10

cropor yrma BA w BC, Beramcnss ux mo gopmyne (45).
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|—3x—4y+H_j—8x—6y—2| |—3x—4y+1LJ—8x—6y—2|

V3% + 42 V8% +6° S 10
3 IMOCJICAHET0 PAaBECHCTBA I10JIy4acM CICAYIOIIHE ABa:
%—3x—4y+1y:—8x—6y—2 u %}3x—4y+ﬂzr{—8x—6y—2)
[Tocne mpeobpazoBaHus MOTyYaeM ypaBHEHUS ABYX MPSIMBIX, KOTOPBIE SBISIFOTCS OMCCEKTPHCAMU
BHYTPEHHET0 M BHEIIHEro yriioB 1pu Bepmmae B tpeyromsuuka ABC':
x—y+3=0 ()
u x+y=0. (6)
Jlnst GMCCEeKTpHCH BHYTpEeHHeEro yria Tpeyroisuuka BN oTknonenus sepius Tpeyronsauka A u

C wuMeroT pasHble 3HAKH, a [ OMCCEKTpHCHl BHemHero yrna BK — 3Haku OTKIOHEHHi OMHAKOBEL.
Haiinem otknonenust touek A u C ot npamoit (a) mo gpopmysie (40,a):

3-(-2)+2 7 5-(-7)+2 14

JiZe12 V2 V22 V2
cJle/l0BaTeNIbHO, ypaBHeHHE (a) — 310 ypaBHeHue npsimoii BK . Torna ypaBHeHMe GHCCEKTPHCHI

Buyrpennero yria tpeyronsauka ABC npu Bepunne B
x+y=0.

d 4 >0,

>0, Oc¢

Orser: X+ = 0.

2. JIuneiinas ajaredpa

Pemienue cucreM JiMHeliHbIX ypaBHeHnid meroaom Kpamepa
PaccMOTpUM HEOTHOPOJIHYIO CUCTEMY JIMHEHMHBIX YPaBHEHUI

allx + alzy + a132 = bl
ayx+ayny+anz=b )
a31x + a32y + Cl33Z = b3

Bsenem 0003HaueHN:

ap A4 a3 by ap apj
A= ay; dpy dp3z | — ONPEACIHTENb CUCTEMBI, Ax = b2 ay, drz|,
dz; d3zp dsj by as, axp
ajy, by oap ay, app b
Ay =1dr b2 ars |, AZ =|dy1 dn b2 — BCIIOMOT'aTE€JIbHBIE CUCTEMEI.
as; by as; as; ayp by

1. ycts A # 0, Torma cucrema (1) uMeeT eIMHCTBEHHOE PElIeHKE, KOTOPOE HAXOIUTCS MO
dopmynam

Ax Ay AZ

X = X , = X y — X .
2. Iycers A = 0. Bo3moxHEI 1Ba crydas:
a) eciu XOoTs Obl OJJMH U3 BCIIOMOTATEIbHBIX ONpEAEIUTENeH OTIAMYEH OT HYJIs, To cuctema (1)
HE UMEET PELICHNN;
0) eciM Bce BCIIOMOraTesIbHbIE ONPEAETUTEN paBHbl HYI0, TOo cucteMa (1) mubo He umeer
petieHui, 1100 uMeeT X OECKOHEYHO MHOTO.
ITpumep. PemuTh cucteMy JMHENHBIX ypaBHEHMM MeToioM Kpamepa
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3x+2y+z=5
x+y—z=0
4x —y+5z=3.
Pemenue.
3.2 1
A=1 1 —1|=35-1)-2(5+4)+1(—1-4)=—11%0, crenosarensro,
4 -1 5
CUCTEMA UMCECT CAMHCTBCHHOC PCIHICHUC. CocTaBuUM BCIIOMOTaTEIbHbIC OIpCaACIUTEIIA:
5.2 1 35 1 3 25
A=0 1 -1|=11, A=|1 0 —1|=-33, A=|1 1 0[=-22. Torm
3 -1 5 4 3 5 4 -1 3

x=—1, y=3 z=2.

Mampuuywl u doeitcmeus Hao Humu. Pewwenue cucmem MuHEUHbIX YPAGHEHUI CPEOCMBAMU
MampuyHO20 UCHUCTICHUA

Marpuueii nopsaka 71 X 1 Ha3bIBACTCs NPSAMOYIOJIbHAs CUCTEMA YUCEN

all alz coe aln
_| 421 A4 ary | —
A— n - azj
) Ayn

Crnoorcenue. CyMMON MaTpull A =(aij) u B= (b ) rae

i=12,....,m j=1,2,..., n, nasesaercsa marpuna CI( l]) (a +b )

O‘ICBI/II[HO, YTO CKJIAAbIBATH MOXHO MAaTpPUIIbI TOJIBKO OAHOI'O ITOpsAAKA.

Vunooicenue mampuy na uucio. Iponspenennem Matpursl A = (al-j) mauncno k # 0

HAa3bIBACTCA MaTpula C ( ) (ka )

Ymnoorcenue mampuy. IlponsBeaeHneM MaTpHUIbI A= (ay)
i=12,....m j=12,..,n) namarpuny B = (bl]) i=12,...n, j=12,..,k)

Ha3bIBACTCS MAaTpHULa C= (Cl]) nopsaka m X k rae C lbl j + a; 2b2 j +.. +ambn_/

€CTh C;; €CTh CYMMa NPOHM3BE/ICHHI YIEMEHTOB [ —Oif CTPOKH MaTpuubl A Ha COOTBETCTBYIOIIHE
SNEMEHTHI ] — Oro cTon6ua Matpunsl 5.

Onepaum{ YMHOXCHUS MaTpHll, B006H_[C roBOpsA, HC KOMMYTATHUBHA, T.C. AB * BA
O6DGW€HM€ mampuy. HYCTB OIPCACIIUTECIIb KBaHpaTHOﬁ MaTpulbl A OTJIMYCH OT HYJIA. B sTtom
CJIyuac MaTpulia Ha3bIBACTCA HCBLIpO)K,I[CHHOﬁ. I[J'ISI BCSKOM HCBBIpO)K,[[CHHOﬁ MaTpHllbl CYIIECTBYCT

oOpaTHast MaTpHIla A_l TakKas, 4To AA_I = A_IA =F , TIe E — €IMHUYHAs MaTpULa.
1. TpaHCHOHI/IpyeM ManI/II_Iy A , T.C. 3aMCHHUM €€ CTpOKI/I Ha CTOJ'I6I_IBI C TCMH XK€ HOMCpaMI/IZ
app dpp  dsg
r_
A =|ay ay axp
aiz dpyz dsj
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2. 3aMeHMM BCe 3J1eMeHThI MaTpulbl A HX anreGpandecKuMu TOTOJTHEHUSAMU:
~ All A21 A31
, —_—
A" = A12 A22 A32 .
A13 A23 A33
4

-1
3. OGparHas MaTpuia Haxogutes o popmyne: A = —— rae | A | — ONIpeaeNUTeIh

| 4

marpunsl A.
Banmmem cucremy (1) BBune AX =B, rne A= (alj) — MaTpHIA CUCTEMBI, KOTOPast

nmpearojgaracTcsa HeBBIpOX(HeHHOﬁ, B - BeKTOp'CTOH6CH CBO60,Z[HaH YJICHOB, X - BGKTOp-CTOJ’I6eH

Hen3BeCTHBIX. Toraa
-1
X=A4 B. (2) Otbickanue
pemienus o gopmyne (2) ¥ Ha3bIBAIOT MAaTPUUHBIM METOJIOM perieHus cucteMsl (1).

[Ipumep 1. HaiiTu cBsA3b MeXAYy KOOPIUHATAMH BEKTOPOB X = (xl, x2) un CX , TIoe
C=f(4, B).
(-5 -1 (1 =2 a2
A—(_3 _J, B_[O 0)’ f(4, B)=2A4"+74B.
Peinenue.
> =5 =D(=5 =1y _(25+3 5+1)_ (28 6] (56 12
24 ‘2(—3 —1](—3 —1)‘2(15+3 3+1J_2(18 4j_(36 8]’
(=5 =01 =2y _ (-5 10y _(-35 70
7AB—7(—3 —)[o o]‘7(—3 6j_(—21 42)’
_ (21 82) (ylj_c(xlj_(2lxl+82x2)
C—f(“’b)—(ls 507 \yy) ~ “\x,) ~ \U5x; +50x,)°

[Tpumep 2. Pemuth cucteMy cpecTBaMU MAaTPUYHOTO UCUUCIICHHUS:

3x+2y+z=5
x+y—z=0
4x —y+ 5z = 3.
Pemenue. 3mechb
3 2 1 5 X
A=|1 1 -1|, B=|0|, X=|y|.
4 -1 5 3 z
| a | = —11%# 0, nooromy cymecrByeT MmaTpuua A_l. Haiinewm ee.
3 1 4
1. A'=|2 1 -—1{.
1 -1 5

(4 —11 -3
2.4'=|-9 11 4]
-5 11 1
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—4/11 1 3/11
3.4 =] 9/11 -1 —4/11
5/11 -1 —=1/11

Torna
X -4/11 1 3/11\(5 -20/11+9/11 -1
X=4"'B= yvi=| 9/11 -1 —-4/11||0|=| 45/11-12/11|=| 3
z 5/11 -1 —=-1/11J)\3 25/11-3/11 2

Paur matpuusbl. Teopema Kponexepa-Kanesuiu

Onpeoenenue. Panrom matpunsl A Ha3bIBaeTCA HAMBBICIINIA MOPAIOK OTAMYHBIX OT HYJIs
MHHOpPOB (T.€. onpeaenureneil K -ro mopsxa, COCTaBIEHHBIX U3 JIEMEHTOB, CTOAIINX HA TIepeceueHIH
mobsix Kk ctpokum kK cronbuos marpumst A ).

O0o3Ha4yeHus: I’(A), rangA.

[Tpu BeIUMCIEHHH paHTa OOBIYHO UCTIOJIB3YIOT CIEAYIOIINE dJIEMEHTAPHBIC TPeoOpa3oBaHMs,
KOTOPBIE HE MEHSIOT €T0:

1) nepemena mMecTamu IByX CTPOK HJIH CTOIOIIOB;

2) yMHOKeHHE CTPOKH (CTONOIA) HA YHCIIO, OTINYHOE OT HYJIS;

3) npubasienue K cTpokH (CTONOILY) APYroif CTPOKH (CTONOIA), YMHOKEHHOIH Ha MPOM3BOJIBHOM,

OTJIMYHOE OT HYJISI, YHCJIO;

4) BHIOGpackIBaHME HYIEBOI CTPOKH (CTONONA).
[Tpu 3TOM cTaparoTCsi MPUBECTU MATPHILY K TPEYTOJIBHOMY HIIM KBa3UTPEYTOJIbHOMY BHILY.

PaccmoTrpuM cucteMy JINHEVHBIX YPaBHEHHU

rallx + Cllzy+...+a1nt = bl
Clzl.x + Cl22y+...+a2nt = b2
< 3)

Mycts A= (al]) ytne i=1,2,...,m, j=1,2,...,n, — marpuua cucremsr. Marpuia

apy  ap ap, | b
B=|%1 42 oy } b,
) An ‘ bm

Ha3bIBAETCS PACIIMPEHHON MATPULIEH CHCTEMBI.
Teopema Kponexepa-Kanennu. Cucrema (3) coBMeCTHa, T.€. UMEET XOTs Obl OJTHO pElIeHHE,

TOTJa U TOJIBKO TOTIa, Korga mngA = mngB .
[Ipumep. YCTaHOBUTH COBMECTHOCTh HJIM HECOBMECTHOCTh CHUCTEMbI JINHEHHBIX YPaBHEHHI

x+5y+4z+8t=1
2x—y+2z—t=0
Sx+3y+8z+1t=1.

Pemenue. Nmeem

B

I
\O]
|
[
(\o
I
[E—
O
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Boeiutem u3 3-i ctpoku 1-10:
1 5 4 3 |1
B~2 -1 2 -1 | 0|
4 -2 4 -2 | 0
Pa3znenum anemMeHTHI TpeThel CTPOKM Ha 2 U BBIYTEM U3 MIOJIYYEHHOM 3- CTpOKHU 2-10:
1 5 4 3 |1
B~2 -1 2 -1 | of.
0O 0 0 0 | O

Brruepkaem 3-10 CTpOKY:

3 (1 5 4 3 | 1)

2 -1 2 -1 1] 0

Ortcrona BUIHO, YTO rangA = rangB =2,TK, HaIllpUMeEp, OTIIMYEH OT HYJISI MUHODP BTOPOTO NOpsAKa
I 5
2 -1
CJIEIOBATENIbHO, CUCTEMAa COBMECTHA. (3aMETUM, UTO 3Ta CUCTEMA UMEET OECKOHEYHO MHOTO PEIICHUH,
T.K. PaHT €€ MaTPHUIIbl IPU ITOM MEHBIIIE YHCIIa HEM3BECTHBIX ).

JInHeliHbIe ONEPATOPbI U X MATPHIbI
Onpeoenenue. '0BOPAT, YTO B TMHEHHOM MPOCTPAHCTBE R" saman oneparop A
(mpeobpazopanue A ), eciu kaxaomy Bektopy X € R " HocTaBrneH B COOTBETCTBHE 110 HEKOTOPOMY
3aKOHY €IMHCTBEHHBIA BEKTOp ) € Rn .
Onepatop A wHaseIBaeTCs nuHeliHbIM, €CITH
1) A(x +y) = Ax + Ay,
2) A(kx) = KkAx.
Ilyctes €, €, €3 — 0a3uc B IPOCTPAHCTBE Rs. Tak kak Ael, A82 ,Ae3 — BEKTOPBHI
npoctpanctea R 3, TO KQXKIBIM U3 HUX MOYKHO €IMHCTBEHHBIM 00Pa3oM pa3JiokKUTh 10 0a3ucy:
Aey = ayje) +aze; +azpe;
Aey = apye; +aye; +aye;
Aey = ajze; +arze, +aszes.
Marpuna
apn  dp a3
A=|ay ay ay
d3; dzp dsz
Ha3bIBACTCS MaTPHIIEH JTMHEHHOTO onepaTopa (MHeitHoro peodpazosanns A B Gasuce e, e, e;3.
Ee J-if cronGer cocTaBieH U3 KOOPIUHAT Ae iz (JIuneitnbie omepaTOphl U KX MATPHIIBI MBI OyJIEM
0003Ha4YaTh OJAMHAKOBBIMU OYKBaMH).

Mycrs X = X(€] +X,€5 + X33 €R’. Torma Ax = xje; +x5e, +x}e3, rne
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, —
X] =ap X +apx, +apsx;
, —
Xy =dp1X) +dyyXy +d)3X3

' —
X3 =da31X] tdszpXy +d33X3

501050
Xy X1
Xy | = A| Xy
X3 X3

Haz[ oreparopaMu MOXHO ITPOU3BOJUTH HeﬁCTBHH CJIOKCHU A, YMHOXKCHHUA Ha YU CJIO, YMHOXCHHA
u O6paH_[eHI/ISI, IIpu 5TOM COOTBECTCTBYIOIIHC JIeHCTBHS IMPOU3BOOATCA HA/l UX MaTpHUIIaAMU. 3aMeTI/IM, 4qTo
IIPOU3BCACHUC OIICPaTOPOB AB €CTb IIOCJICAOBATCIIbHOC IIPUMEHEHHUE OII€paTopa B, a 3aTEM A .

(AB)x = A(BX).

Ilpeobpazosanue baszuca. Hzmenenue koopounam eekmopa npu nepexooe K HOBOMy 0a3ucy.
Hszmenenue mampuyol onepamopa. 1lycts B IpoCTpaHCTBE R3 JaHbl 1Ba Oa3uca: €1, €r,€3 1
81' , eé s eé , CBI3aHHbBIC COOTHOIICHUAMU

e| =Dbyje; +byey +b31e;
ey =bjpe; +bye; +byes
e3 = bjze; + byze, + bysze;.

Marpurna
bll b12 b13
B= b21 bzz 523
b31 b32 b33

Ha3bIBACTCs MAaTPULIEH MEPEX01a OT CTApOro Oasuca €1, €, €3 K HOBOMY 6a3Hcy el' , eé , eé .
HyCTb X1, Xp, X3 — KOOpAMHATHI BEKTOpa X B Oasuce €, €,€3,a xl', xé, xé — €Io

KOOpPJIMHATHI B Oazuce el' s eé B eé . Torma

X1 Xll xl' X1
X, | =8| x5 |, x5 =87 x,
X3 X3 X3 X3
Ilycts A — wmarpura omepatopa B cTapom Gasuce €|, €,, €3, torna marpuna A’ — sroro

-1
omepatopa B HOBOM Gasuce €], €5, €3 Haxomutes no popmyne A' =S AS.

2
Hpuwmep 1. Toctpouts matpuiy onepatopa A B mpoctpanctee R°: A — omeparop
3epKaIbHOTO OTpakeHHs oTHocuTenbHo ocu (JY W nmocyienyiomero nopopoTa Ha yroi 30° mpoTHs

YaCOBOM CTPEJIKH.
Pemenue. Jls TOTO, 9TOOBI MOCTPOUTH MATPHUILY OIlepaTOpa, HY>)KHO 3HATh, KaK OH JICHCTBYET Ha

OasucHbIC BCKTODPHI. CI[CJ'IaCM YCPTCIKHU. HYCTL C — OICpPaTop 3€pKaJIbHOI'0 OTPAKCHU, B -

omepatop nosopota. Torna A = BC.
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AN N

Ae,

Ce,=ey 4 7 Ce,
|
|

) f\ Cey K

Cel el

W3 pucyHKOB SICHO, 4TO
Aey = B(Ce)) =—cos30°e; —sin30" e, = —/3/2e,—1/2e,,
Ae, = B(Ce,) =—5in30°e; +cos30°e, =—1/2¢, + J3/2e,,

A:(—ﬁ/z —1/2)

-1/2 N3/2)

(HamomHaMM, 4TO KOOpJMHATHI BEKTOPA Ael 3aMUCHIBAIOTCS B TIEPBHIi cTon0en Matpumsl A, a
KOOpPJIMHATHI BEKTOpa A82 — BO BTOPOH).

Ilpumep 2. B Gasuce €], €y naH BEKTOp X = (4, — 2) . 3anucaTth MaTpUIly Iepexojia OT
Oasuca €, 6 K 6a3Hcy el', eé U HalTH KOOpAWHATBI BEKTOpa X B HOBOM Oasuce, ecinu
e; =—5¢;—3e,, e; =2¢e —Te,.

Pewenne. Mmeem:

(=5 2 -1_[=7/29 =2/29
B_(3 —7]’ B _(—3/29 —5/29)’

X\ _(-7/29 —2/2§Xi4)_(—24/2§) e B
(@j‘(—3/29 _5/20)\—2)=\"2/29 ) x=(-083 -007).

v ! o ! 4
Ipumep 3. Haiitu marpunty A’ numeiinoro oneparopa A B 6asuce €], €5, ecili U3BECTEH

ee BUJ B Oazuce €, €

A=(_14 _0), e; =—5e; +3e,, €} =2e;,—Te,.

Pemenue.
(=5 2 L (=7/29 —2/29
B‘(:s —i) B ‘(—3/29 -5/25)
e (<7729 —2/29Y( 1 -3(=5 2 _
4'=3 AS‘(—3/29 —5/23(—4 oj(3 —7)‘
_(—7/29 —2/2§Kf14 2;)_[2 5)
=\_3/29 —5/290 20 Zg)=\ 2 1)
CoGCcTBeHHbIE 3HAYEHHUS ¥ COOCTBEHHbIE BEKTOPbI JHHEHHBIX OIEPATOPOB M X MATPHI

o n o
Onpe()efzeHue. HCHYJ'ICBOI/I BEKTOp X € R Ha3bIBAE€TCS COOCTBEHHBIM BCKTOPOM JIMHCUHOT'O

onepatopa A (marpunel A ), eciu CymecTBYeT TaKoe YHCIO A, 9TO BBIIOJHAETCS PABEHCTBO
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Ax = Ax. Yucno A HasbiBaeTcs cOOCTBEHHBIM 3HaUEHHEM onepaTopa A , oTBedaromumm
COOCTBEHHOMY BEKTOPY X .

[IycTs A:(aij)’ i=12,....,m j=12,...,n —wmarpuua onepatropa A B

HekoTopoM Oaszuce. COOCTBEHHbIE 3HAYCHUS 7\41- ABJIAIOTCS PEILICHUSMHU XapaKTEPUCTUUECKOTO
YpaBHEHMsI 71 -OH CTEIEHH

an -\ apn ain
|A—7\‘E|: an 6122_7\. ar, - 0. 1)
a, Ay e Ay — M

KOOp,Z[I/IHaTBI COOCTBEHHOT'O BCKTOpa .xi = (i 1’ &2 y eeey él’l ), COOTBETCTBYIOIICTO

CO6CTBCHHOMy 3Ha4YCHUA 7L i » HAXOIATCA U3 CHCTCMBI ypaBHeHI/Iﬁ

(a1 =)&) +apkr+.+ap,, =0
) Ay &y +(an —A)Er+.. Fay,E, =0

\anlf;l + anzaz +.. .+(ann — 7\‘)&1’1 =0.
3aMeanue. B kxauectBe KOoOopJMHaT CO6CTBeHHOrO BCKTOpa MOKHO 6paTL HCHYJICBLIC

)

anre6pa1/1qecxne JOITIOJIHCHHSA 2JICMCHTOB JIr000H CTPOKHU MAaTpUIlbl (A — 7\’ZE) .

[Tpumep. Haiiti coOcTBEeHHBIE 3HAYCHHUS U COOCTBEHHBIE BEKTOPHI IMHEHHOTO MPe0Opa3oBaHMs,
3agaHHoro Matpunein A :

Pemenne. CocraBum xapaktepuctudeckoe ypaBuenne (1):

S ot 20w 22 14n 41320,

Orcioza HaxomuM cobcTennbie 3Havenns Ay =1, A, =13. IIna A; =1 cocrasum cucremy

ypaBHeHUH (2):

46, +48, =0
8&_,1 + 8&2 = O
Ota cucremMa uMmeeT 0ECKOHEYHO MHOTO pPeIeHui &1 =1, &2 = —I, rae ! — MPOU3BOIBHOE YHCIIO.

ITosTOMY B KauecTBe COOCTBEHHOTO BEKTOPA MOKHO B3Th, HAIIPUMED, BEKTOP X| = (1, — 1). (Bce

COOCTBEHHBIE BEKTOPBI, COOTBETCTBYIOLINE COOCTBEHHOMY 3HauUeHHI0 1, OyayT uMeTh Bua [ ( 1, - l) U

OyIyT JIe)KaTh HA OJTHOW MIPSIMO#, KOTOpasi Ha3bIBA€TCS COOCTBEHHBIM HaIlpaBJIEHHUEM MTPeoOpa30BaHUS

s 7\,2 = 13 anmanormuso momydmm:

—8C; +4¢, =0
88 -4, =0,

| =
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Te. &y =2&,. Monaras &| =, nomyuaem &, = 2f. B xauecTBe COGCTBEHHOrO BEKTOPA
BO3bMEM, HalpuMep, X, = (1, 2).

MoKHO OCTYNUTH U NO-Apyromy. s 7\,1 =1

(5-1 4 _(4 4
A‘lE‘(S 9—J_(8 J'

B xauecTBe KOOpAUHAT COOCTBEHHOTO BCKTOpa .xl BO3bMEM anre6pa1/1quKI/Ie JOITIOJIHCHUS DJICMCHTOB

IIEPBOI CTPOKU ITOM MAaTPULIBL: X = (8, — 8). Hns 7»2 =13

(-8 4
A—BE—(S _]

u X :(_4, _8)
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3ajaua 1.

Teopemuueckue ceedenusl.
B npsimoyronbHO# nekapToBoil cucteme koopauHaT OXYZ TOJOKEHUE 000U TOYKH

3a1a€TCsl TPEMS YHCIIAMU — KOOPOUHAMAMU A(X A YarZ A) (pucyHok 1).

Pucynok 1.

PaccrosiHue Mexay IByMs TOYKAMHU Al(xl, yl,Zl) uhA (Xz, Yo, 22) OIIPENENAETCS 110

dbopmyie

d =0 = x)7 + (v~ y)? + (2~ 2)? 1)
[lpu pemieHMy 3aAad aHAJMTHYECKONM TEOMETPHHM Ha IJIOCKOCTH HEOOXOIMMBI
CJIEYIOIIUE CBEAEHHUS O NPSIMOU JINHUU:
1) ecniu Touka M(X; y) aemut otpe3ok MiMy (Mi(xa,; y1) U Ma(xz, y2)) B OTHOIIICHHUH A,
TO KOOPJAMHATHI 3TOM TOUKH BhIpAKaroTCs opMyIaMu

:&+M2 :h+W2

, : 2
1+ 4 y 1+ 4 @)

ecin ke Touka M(X; Y) - cepeauna otpeska MiMa, TO

x=Xt% oy _NtYa. 3)

2 2
2) ypaBHEHHE TPSIMOM, Mpoxojsineid dyepe3 Touky Mi(Xi1; Y1) ¥ MMEIOIIEH JTaHHBIHI

yri0BOM KO3 GHUIUMEHT K, 3aIMChIBacTCS B BHJIC

y— ¥y =k(x—x); (4)
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3) ypaBHEHHE MPSAMO, MPOXOMASIIEH depe3 ABe JAaHHbIC TOUKH Mi(X1; Y1) U Ma(Xz;

Y2), AIMEET BH]I

X% _Y=h , Ipu 3TOM K = Ya= % yl (5)
X2=% Yo— W1 Xy =X

4) OCTpBI YroJ MEXAy IABYMs NPSMBIMH C YriIoBbIMH Koddduimentamu Ky u Kz
ompenenseTcs no Gopmyie

ko =k

6
1+ kK, |’ ©)

tgp =

IIpun 3TOM YCIOBHC IIAPAJUICIIBHOCTH IIPAMBIX HMCCT BHI k]_:kz, a YCIOBHC

HepHeHUKYIApHOCTH Ky = _ki (7)
2

A
5) ecau nmpsMasi Ha IUIOCKOCTH 3aJiaHa oowum ypasuenuem Ax+By+C=0, To k; = B

- €€ YIII0BOM KO3 DUIIUEHT;
6) eciim B oOmImIEM YpaBHCHHH TPSAMOW mMmoaenuTh Bce wieHbl Ha C # 0, momydnm
ypaBHEHUE MPSIMON B OTPE3KaX:

X Y C C.
—+==1, a=——,b=——; 8
a b AT B )

7) Touka mepecedeHus 1ByX NpsMbeix A1x+B1y+Ci1=0 u Ax+Byy+Cr=0 onpenensercs
U3 PEILICHHS] CUCTEMBI YPABHEHHUI

{Alx+ By+C; =0

: 9
Ax+By+C, =0 ©)

Vpasnenue oxkpyxcnocmu ¢ uentpom B Touke E(a,b) m pagmycom R wmmeer BuA

(x—a)’ +(y—b)* =R?. (10)

Ilpumep evinonnenus 3a0anus.

Hansl Bepmunel Tpeyroasauka ABC: A(—4;8), B(5;—4), C(10;6).
Haiitu: 1) nmuny croponst AB; 2) ypaBHeHUs1 cTopoH AB 1 AC B 00111€M BUIE B UX
yraoBble KO3(PGUUMEHTHI; 3) BHYTpEHHHH yroil 4 B paauaHaXx € TOYHOCTBIO

no 0,01; 4) ypaBuenne BoicoThl CD B 00memM Buje W €€ JUIMHY; S5) ypaBHECHHE
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OKPY>KHOCTH, JiJ1s1 KoTopoil BeicoTa CD ectb nuamerp.

Peuwenue:
1) Paccrosiaue d Mexay IByMs TOUYKaMH Ha IUIOCKOCTH orpeaeiseTcs mo ¢opmyie (1), B

KOTOPYIO MOJCTABIICHBI 3HAUEHUSI KOOPAUHAT ToueK A u B (monoxum z; =z, =0), Torna

AB = /(5 (-4)) +(~4-8)? =/81+144 =15.

2) YpaBHEHHE TIPSIMOM, IPOXOIAIICH Yepe3 ABE 3alaHHbIe TOUKH uMeeT BU (5):

[ToncraBuB B (9) KOOpAUHATHI TOYEK A U B, MOIy4YuM ypaBHEHHE NpAMOn AB:

Xx—(-4) y-8 Xx+4 y-8 Xx+4 y-8
5-(-4) -4-8" 9  -12° 3 -4

3y—-24=-4x-16, wm 4x+3y-8=0 (4B).

Jlnsg HaxoaeHus yrioBoro koddduimeHta Kag mpsiMoit 4B paspeniuM MOJydYCHHOE

8 4
YpPaBHEHHE OTHOCUTEIBHO Y. Y = —§X+§. Orcrona Kuag = ~3 [ToacraBuB B hopmyiy

x—(-4) y-8

5) koopaunatel Touek 4 u C, HalineM ypaBHeHue mnpsamon AC:. = ,
(5) xoop yp p 10-(4) 68

Xx+4 y-8 x+4 y-8
14 -2 7 -1

7y—-56=—x—-4 wmm X+7y-52=0 (AC).

Orcrona Kpc = —%.

3) Yron Mexnay AByMs MPSIMBIMH, YIJIOBbIe KOA(D(UIMEHTBI KOTOPBIX paBHBI Ki U Ky,

omnpenensiercs o dpopmyne (6). Yrom A, oOpasoBanubiii psiMbiMu AB u AC, HalaeM 110

dopmyiie (6), MoACTaBHB B HEE k1=kAB=—g, Ko =Kac :—%.
_1_(_4j 4.1 25
o= 3 3 7_21_4

a 1 4 . 4 25
1+ - || -—| 1+ —
(-4 va
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ZA=arctgl=45" =~ 0,79 pax.

4) Tak kak Beicota CD neprnienauKyssipHa CTOpoHe AB, TO yriioBbie KOA(GOUITUESHTHI 3TUX

MPSIMBIX CBSI3aHbI COOTHOIIEHUEM (7), TOITOMY

.1 __ 1.3
CD kAB _4 4
3

VYpaBHeHUE TPsAMON, MPOXOASAIIEH dYepe3 3aJaHHyl0 TOUYKY B 3aJlaHHOM YTJIOBBIM

koadduimenToM K nanpasinenuu, umeeT Buf (4). [ToacraBuB B (4) KOOpAMHATHI TOYKH

Cu kep = % , IOJTy4uM ypaBHEeHHE BbICOTHI CD:

y—6:§(x—10), 4y -24=3x-30, 3x—-4y-6=0 (CD).

Jns Haxoxkaenus aauael CD ompenenum koopauHatel Touku D, pemmB cucremy
ypaBHeHwUi (AB) u (CD):
4x+3y—-8=0
y , otkyma x=2,y=0, toectb D (2;0).
3Xx-4y-6=0

[ToxcraBus B popmyny (1) koopaunats! Touek C u D, Haxoaum:

CD =+/(10-2)2 + (6-0)? =64+ 36 =10.

5) Tak kak CD siBisieTcsl AMaMeTPOM MCKOMOM OKPY>KHOCTH, TO €€ IIeHTp £ ecTh cepeauHa

otpeska CD. Bocnonbs3oBaBmmcs hopmysnoii (3) neneHust oTpes3ka momnojam, MoJydrM:

_Ye+Yp _6+O_3
2 2 '

_Xc+Xp 10+2
2 2

XE 6! yE

CnepoBarenbHo, E (6, 3) u R:C—ZD:%:S. Ucnons3ys gopmyny (10), momyuaem

ypaBHEHHE UCKOMOW OKpYXHOCTH: (X — 6)*+(y — 3)?= 25.

3ajaua 2.

Teopemuueckue ceedeHus.
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Ecnu wu3BecTHbl Hauano Bektopa Mi(X(,Y1,z) u komern My(X,,Y,,2,), To

_)
KOOpAMHaTHI BekTopa d = M;M, HaxomsaTcs o popmynam

X=Xo =X, Y=Yo = V1, =15 — 14, (11)

a €TI0 AJIMHa OIIPCACIIACTCA BhIPAKCHUECM

a=x?+y%+12%. (12)

BekTop 8 ¢ koopauHatamu (X, Y, Z) MOJKET OBITh MPEJICTABIIECH PA3JIOKEHUEM 10 OPTaM B
BUJIC

d=Xi +yj+zk. (13)

Ecmu o, B, y — ymibl, KOTOpble BEKTOp a o0pa3yeT ¢ MOJIOKUTEIbHBIMU

HallpaBJICHUAMHA ocen KOOpAWHAT, TO COSQ, COSB, COSY HA3BIBAIOTCA HanpasiArouumu

KocuHycamu BeKTopa a (pucyHOK 2). Torna uMeroT MECTO COOTHOIICHUS

x=al-cosa,y=lal-cosp, z=lal-cosy, cos’o+cos’P+cos’y=1.
& a]-cos 3 4

—

Jlns BEKTOpOB @ = (Xl, Vi, Zl) ub= (XZ, Yo, 22) BBOJIATCS OIEPALMU CHOMNCEHUS W
YVYMHOIMCERUA HA YUCno TaKHue, qTo
atb=(% %,y 2Y,,21%2,) n Ad=(x, Ay, 4),

rue A — JIro00€e 4ucIo.

Q|

v

—| Yy

PucyHok 2.
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—

Ckanapuvim npouszeedenuem IBYX BEKTOpoB & u b (é-b) Ha3bIBACTCA YHCIIO,

paBHOC TIPOU3BCACHUIO JUJIMH JTHX BCKTOPOB Ha KOCHHYC yIjla ¢@ MCXKIY HHMHU,

a-b=\al-bl- WINA, €CJIM BEKTOPHI 3aJaHbl CBOMMHU KOOpAMHATaAMU, TO
a-b=1al-|bl-cos , ,

—

a-b=xX;+ Y1y, + 7147 (14)

B CKTOpbI, JICKAINIMC Ha OI[HOﬁ WM  1IapaJlICJIbHBIX  HIPAMBIX, HA3bBIBAIOT

—

Koiiuneapuoimu.  [IpU3HaK  KOJUIMHEAPHOCTH BEKTOPOB da ®W D sBiseTcs

IMPOIMOPHUOHAJIBHOCTb UX KOOPAWHAT:

L _N_4a (15)
X2 Y2 2

Ecin Bexktopel & u D B3aMMHO NepHEeHAMKYISAPHBI, TO X(Xo + YiY, +2Z, =0.

VYron Mmexy Bektopamu a u b ompenensiercs COOTHOIICHUEM:

—
—

X Xo + V1Yo + 42 _ (16)

COSQ = =
ab] x4y + 223G+ yE 42

VYpaBHEHUE IJIOCKOCTH, MPOXOIAIIEH Yepe3 TOUYKY Mo(xo,yo,zo) NEPHEHAUKYJIISIPHO

sektopy N =(A,B,C), nmeer Buz
A(X—Xy)+B(Yy-Yq)+C(z-24) =0. (17)

Ilpumep evinonnenus 3a0anus.

Hansl koopauHathl Tpex Touek: A(3; 0; -5), B(6; 2; 1), C(12;-12; 3).

- -
TpeOyercs: 1) 3amucats Bektopsl AB u AC B cucTeme opT U HATH MOJYJIH 3THX

- -
BEKTOPOB; 2) HaiiTh yrox mexay Bektopamu AB u AC; 3) cocTaBuTh ypaBHEHUE

%
IJIOCKOCTH, TPOXO0AsIel uepe3 Touky C nepneHauKyIsipHo BekTopy AB.

Pewenue:
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%
1) Haiinem koopaunatel Bektopa AB, monctaBus B popmyity (11) koopauHaTel TOYEK A 1
B, v 3anuiiieM pasioxeHue 3Toro Bekropa mno opram (13):
N = = e = - —
AB=(6-3)i +(2-0)J+(1+5k =31 +2] +6k.
[TogoGHBIM 06pa3zom

- — — - —
AC = (12 -3)7 +(-12-0)] + (3+5)k =9 —12] +8K .

- -
Monaynu BektopoB AB u AC HalizeMm, moAcTaBiisas uX KOOpAuHaATH B popmyiy (12):

‘ N

%
AB‘: 324+2%24+62=7, ‘AC‘:J&)Z +(-12)% +8% =17.

- —
2) Haiinem xocuuyc yria ¢ Mexay Bektopamu AB u AC. [Ijis 3TOro BBIYHCIMM HX

CKaJIsIpHOE Mpou3BeaeHue no popmysne (14):

- >
AB-AC=3-9+2-(~12) +6-8=51.

Torna o popmye (16)
51 -

3) Ilo ycioBuiO 3ama4yl MCKOMas ILIOCKOCTh MPOXOAUT depe3 Touky C(12; —12; 3)

%
nepreHauKysspHo Bektopy AB=(3,2,6). Iloacrasmsist B (17) A= 3, B= 2, C= 6,

Xo= 12, yo=—12, 2= 3, mony4um:
3x-12) +2 (y +12) + 6(z—3) =0,

uwm 3x + 2y + 62— 30 = 0 — uckomoe ypaBHEHHUE MJIOCKOCTH.

3ajaua 3.

TeopemuquKue ceeoenusl.
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BGKTOpLI Ha3bIBAKOTCA KOMILJIAHAPHBIMU, CCJIX OHH JICKAT B OI[HOﬁ IINTIOCKOCTH HJIN B

NMapasienbHEIX IIOCKOCTSX. YCI0BHEM KOMILIAHAPHOCTH TPeX BEKTOpoB d; =(Xq,Y1,Z;),

a, = (xz, y2,22), g = (X3, Y3, Z3)5IBJISI€TC$I PaBEHCTBO HYNIO KX  CMEIIaHHOTO
HpOI/I3BeI[CHI/IH:
XX Y1 7
(51’52753): X, Yo Zp|=0. (18)
X3 Y3 I3

Tpu BexkTOpa 00pa3yroT H6a3uc B TOM Cilydae, €ClIi OHU HeKOMNJIAHAPHBL.

Ecinu mns BekTopoB &;,8,,d; BbIomHsercs ycuosue (d;,d,,d3)#0, To oM 06pasyior

Gasuc, m moGoii uerBepthii BekTop b =(by,b,,b;) Moxer 6wITH mpenctaBieH

Pa3I0KEHUEM I10 ITOMY 0a3ucy B BUIE

—

b = aﬁl + ﬂaz + ﬂg, (19)
rie a, f, y — KOOpAUHATHI BEKTOpa b B Gasuce, 00pa30BaHHOM BEKTOpamHu aj,d,,ds.

KOOp,ZII/IHaTBI a, IB y ¥ HAXOJATCA U3 CUCTCMBI ypaBHeHHﬁI

axy + Xy + X3 =by
Y+ By, + 3 =b,. (20)
a21+,322 +7/23:b3

Ilpumep evinonnenus 3a0anus.

[Tokasate, uto BekTopsl d;(3; 1; 4), a,(2; 1; -1), a;(1; —1; 5) obOpazyroT 6azuc

TpeXMepHOro mpoctpancTBa. Haiitu koopaunatel BekTopa b (5; 0; 3) B 3TOM

Oasuce.

Pewenue:

BbruncnuM cmemaHHoe Npou3BeieHUe BEKTOPOB dp,d,,ds:

3 1 4
(3,,d,,85)=]2 1 -1=-11=0.
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Tak kak cMelIaHHOE MMPOU3BCACHHUC OTIMYHO OT HYJIA, TO BCKTOPbI HCKOMILIAHAPHBI W

—

obpasyror 6asuc. Koopaunatel Bektopa D B 3TOM 0Oasuce Haiinem, pasjoXuB €ro Io

BEKTOpaM aj,d,,d; CIeAyoluM o0pa3oMm:

a KOOpAMHATHI BeKTopa b B HOBOM 0asuce HaiifieM U3 cCUCTeMbl ypaBHeHH (20)

a-3+p-2+y-1=5 3a+20+y=5
a-l+p4-1+y-(-1)=0 WIH a+pf—y=0
a-4+p-(-)+y-5=3 4da — f+5y=3

Pemmnm 3Ty cructemy uis 3aaHHBIX BEKTOPOB MeTOAOM | aycca.

IIomeHnsieM MecTamu IICPBOC U BTOPOC YPABHCHUA

a+p-y=0
3a+20+y=5.
4o — f+5y =3

[locne 3TOro ymMHOXXHMM MNepBO€ ypaBHEHHUE Ha (—3) W CIOXUM cO BTOpbIM. Jlanee

YMHOKHM II€pBO€ ypaBHEHUE Ha (—4) U CI0KUM ¢ TpeTbuM. [lomyunm:

a+p-y=0
- +4y=5.
-54+9y=3

3aTeM yMHOXaeM BTOpPOE ypaBHEHHUE HA (—5) U CKJIAIIBAEM C TPETHUM:

a+pf-y=0
- p+4y=5.
—11y =-22

W3 nocnegnero ypaBHeHuss uMeeM y= 2. lloacrtaBisieM 5TO 3HAYE€HUE BO BTOPOE

ypaBHEHUE, Nody4yaeM f= 3 1, HaKOHEI, U3 MIEPBOT0 YpaBHEHUS HaXoauM o= —1.
Takum oOpazom, mojctaBuB B ypaBaenue (19) koopauHatel BekTopa b, momyqwnm

6:—51+352 +2§3
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3anaua 4.

Teopemuueckue cgeoeHus.
HeonHoposaHast cucteMa Tpex ypaBHEHHUH ¢ TPeMsT HEU3BECTHBIME B OOIIEM CITydae HMEeT
BHT
a1 Xy + &%y +ay3Xz =My
81X + 8y Xy + 83Xy =Ny
831X) + 8z X, + 8g3Xg = g
¥ MOXKET OBITh 3allMCaHa B MATPHYHOM BHJIC
AX=H, (21)
81 d;p Y3
rne A=|ay a, ay |-Marpuua KoO3XPQPHUIUEHTOB IPU HEU3BECTHBIX,
43 Az Az
X1

X= X2 - ManI/I]_Ia'CTOJ'I6€I_[ HCU3BCCTHEIX,

H =| h, | marpuma-cronder cBOOOIHBIX YICHOB.

Ecnu matpuna A — neswiposicoennas, TO €CTh UMEET ONpPENeIUTENb, OTIMYHBIA OT
HyJIs, TO cymiecTByeT Marpuna Al obpatHas k A, Tak uto A1'A=E (E - equnuuHas
MaTpuna). YMHOKUM 06e yacTu ypaBHeHus (22) Ha A u nomyuum

ALA-X=AlH,
WIH
X=A'H, (23)
nockonbky AA-X=E-X=X.
PaBeHcTBO (23) ABisieTCs pelieHueM CUCTEMbI ypaBHEeHUM (22).

Martpuiia, oOpatHasi K HEBBIPOKIACHHOW MaTpUIle A, HAXOIUTCS TI0 popmyIie
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1 Ar Ay Ay
A_lzg Ap Ap Agp |, (24)
Az Axp Ag

rne A; (1 =1, 2,3; j=1, 2, 3) — anrebpanyeckoe JOMOIHEHHE AJIEMEHTA djj, KOTOPOE
SBJSIETCA TPOU3BEICHUEM (-1)  ma muHOp (OIpeneNuTenh) BTOPOrO IOPAIKA,
IOJIyYEHHBIH BBHIYEPKHUBAEM I-ii CTPOKH U J-TO CTOJIOIA B OMpPEACIMTEIC MATPHUIBI A; A —

OIIPENEIIUTENIb MATPULIBI A.

Ilpumep evinonnenus 3adanus.

JlaHHyI0 cHUCTeMy ypaBHEHUM 3amucaTh B MaTpUYHON (OpME U PElIUTh €€ C
IOMOIIbIO OOPATHOM MAaTPHIIBL:

Xg —2Xy + X3 =1

2X1 +3X2 —X3 :8

Xg —Xo +2X3 =-1

Pewenue:
Beimuimem 1151 1TaHHOM CUCTEMBl YpaBHEHUH MaTpHIy KOA()(PHUIIMEHTOB IIPH HEU3BECTHBIX

A u cTosoerr cBoOO HBIX WwieHOB H:

1 -2 1 1
A=|2 3 -1, H=
1 -1 2 -1

Beruncnum  onpenenurens A M anreOpanyeckue JAOIOJHEHUs A; 3JIEMEHTOB

MaTpHULbI A
1 -2 1
A=|2 3 -1=10=-0,
1 -1 2

CIEe0BaTENLHO, MaTpuLa A uMeeT obpatHyro MaTpuiy AL,

1+1 3 - 1+2 2 -1 143 |2 3
All:(_l) ._1 2:51 A]_Z:(_l) .1 2:_5, A13:(—1) 1 :—5’
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L2 1 L1 Lpbo-2

A21 = (_1)2 t 1 2‘ =3, Azz = (_1)2 2. 1 2‘ =1, A23 = (_1)2 3. 1 —l‘ =-1
a2 1 211 P

A31 = (_1)3 t 3 _ =-1 Ay = (_1)3 2 ) !IZ 3, A33 = (_1)3 > 2 3|~ 7.

Torna nmo dopmyne (24) oOpaTHas MaTpHIla paBHa

. 5 3 -1
A_lzﬁ —5 1 3
-5 -1 7

ITo dhopmyne (23) HaxoauM pelieHrne JaHHOW CHCTEMbl YPaBHEHHU B MaTpUUYHOMN

dopme:
. 5 3 -1|] 1 5.1+3-8+(-1)-(-1) 30
X=At.H=—|-5 1 3|| 8|=1.] 5.1+1.843.(1) =~ o |=| ol
10 10 10
-5 -1 7]|-1 -5:1-1.8+7-(-1) -20| | -2

Orcroma x1= 3, xo= 0, x3= —2.
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