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JIUHEMHAS AJITEBPA

Pemenue cucreM JMHeHbIX YpaBHeHnH meToaoM Kpamepa

PaCCMOTpI/IM HCOOHOPOAHYIO CUCTEMY JIMHEWUHBIX ypaBHeHI/Iﬁ
al 1x + alzy + a13Z = bl
Ay X +aypy+apz=b (1)
a31x + a32y + a33Z = b3

BBeI[eM 0003HAYECHUS:

dip dip dps

A=la,, ay, aj3| — oNpeneauTeNb CUCTEMBI,
asz; dzp dsjz
by a;p, a ay, b ap aj, ap b
Ay =|by ay ayl, Ay =lay by ay| A,=|ay ap b| -
by as, asx as; by as; as; aszy by

BCIIOMOTI'aTeJIbHbIE CUCTEMBI.
1. ITycte A # 0, Torna cuctema (1) mMeeT eAMHCTBEHHOE PEIICHHE, KOTOPOE
HaxoJUTcA 1o popmyram

Ax AJ’ Az
X=—, y=—, z=—=.
A A A
2. Ilycte A = 0. Bo3MOXHBI Ba cITydas:

a) ecJM XOTs OBl OJIMH M3 BCIIOMOTATENbHBIX OMPEACTUTENeH OTINYEH OT HYJIS,
To cuctema (1) He MMeeT pelieHui;

0) ecnu Bce BCIIOMOTATENbHBIEC OMPEACIIUTENS paBHBI HYIIO, TO cucteMa (1)
1100 HE UMEET pelIeHU, MO0 UMEEeT X OECKOHEYHO MHOTO.

[Ipumep. Pemmnts cucteMy JIMHENHBIX ypaBHEHUN MeTogoM Kpamepa

3x+2y+z=35
x+y—-z=0
4x —y+5z=3.
Pewenue.
3 2 1
A={1 1 -1|= 3(5—1)—2(5+4)+1(—1—4):—117& 0,
4 -1 5
CJICZIOBATEIILHO, CUCTEMa UMEET SIMHCTBEHHOE penieHre. COCTaBUM BCTIOMOTATEIIbHBIC
OTIPEICITUTEIS:
5 2 1 3 5 1 3 2 5
A={0 1 -1|=11, A={1 0 —-1{=-33, A=|1 1 O0|=-22. Torna
3 -1 5 4 3 5 4 -1 3

x=-1,y=3 z=2.



MaTtpuubl ¥ AeiicTBUSA HAJA HUMU. PenieHue cucremM JTMHEHHBIX
YPaBHEHHMH CpeICTBAMM MATPUYHOI'0 UCYMCJICHUSA
Marpuuei nopsiaka 7 X 1 Ha3bIBAETCA NPSIMOYTOJIbHASA CUCTEMA YU CET

all a12 Clln
_| 421 Aax Arp | _
A= " | =(ay
aml amz amn

Cnoorcenue. Cymmoit matpun;, A = (aij) nu B= (bl]) , e

i=12,...,m j=1,2,.., n, HaspiBaercs Matpuna C = (cy) = (aij +bl-j).
OYeBHIHO, YTO CKJIAIBIBATH MOXKHO MATPHUIIBI TOJBKO OJHOTO MOPSIKA.

Vmnooicenue mampuy na yucno. IlponsBeneHneM MaTpuibl A = (al-j) Ha YHUCJIIO

k # 0 wnaszwiBaetcs marpunia C = (cy) = (kaij )

Ymnoorwcenue mampuy. IlpowsBenenneM MaTpuibl A = (al-j)

(i=12,....m, j=1,2,...,n) HaMaTpHUIly B:(bl-j)
(i=1,2,...,n, j=1,2,..., k) Ha3bIBacTCS MaTpuIia Cz(cl«j) nopsaka m x k, rae

¢ = anbyj +ajby+..+a;,b,;, ToecTh ¢; €cTh CyMMa NPOM3BEIECHUH JIIEMEHTOB

[ — Ol cTpoKu MaTpullbl A Ha COOTBETCTBYIOIIME AJIEMEHTHI j — OTO CTOJIONA
MaTpuibl B.

Onepanusi yMHOKEHUSI MaTpull, BOOOIIE rOBOPsI, HE KOMMYTaTUBHA, T.€.
AB # BA.

Obpawenue mampuy. TlycTb onpenenuTenb KBaAPaTHON MaTpullbl A OTIUYEH
OT HyJis. B 3TOM ciydae maTpuiia Ha3bIBa€TCSl HEBBIPOXKACHHOM. {151 BCsAKOM

HEBBIPOXKICHHOM MaTPUIIbI CYIIECTBYET OOpaTHast MaTpHIla A7 TaKast, 4TO
A4 = 4'4=E, rpe E — equununas MaTpuIIa.
1. Tpancnonupyem Matpuiy A, T.€. 3aMEHHM €€ CTPOKH Ha CTOJIOIBI C TEMH JKE
HOMCPAaMM:
djp 4z 4z
A'=|ap ay axp
aj3 dpz dszz
2. 3aMeHI/IM BCC DJICMCHTBI ManI/II_IBI A nux aJ'IFC6paI/I‘I€CKI/IMI/I JOITOJIHCHUSIMU .

~, Al 1 A21 A3 1
4" = A12 A22 A32
A13 A23 A33
3. OOparHast MaTpuIla HAXOIUTCS TTO hopMyIIe: A7l = — TIe

| 4

| A | — ONPEICITUTENTh MATPHUIIBI A.



3armmmmem cuctemy (1) BBuge AX =B, tne A= (al-j) — MaTpHIla CUCTEMBI,
KOTOpas IpeIojiaraeTcss HEBBIPOXKICHHOW, B — BEKTOP-CTOJIOCI] CBOOOIHAS WICHOB,
X — BekTop-cronbel Heu3BeCcTHRIX. Toraa

X=4"B. ()
Oteickanue pemieHus mo hopmyie (2) U Ha3bIBAIOT MATPUIHBIM METOJIOM PEIICHUS
cuctemsl (1).
[Tpumep 1. HaiiTu cBsA3b MEXK Iy KOOpAWHATAMU BEKTOPOB X = (xl, x2) u CX,

rae sz(A, B).
A:[jgjj) Bz(é'B%,fpiBysz+ﬁAB

Peinenue.

242 =225 CY23 ZU-A583 3= §-58 )
=123 "o o)-103 -3 B)
c=rn)=(3s §) (1)=d2)=(aise)

IIpumep 2. PemmuTh cuctemy cpeicTBaMy MAaTPUYHOIO HCUHUCIICHHUS:

3x+2y+z=5
x+y—-z=0
4x —y+5z=23.
Pemenue. 3nech
3 2 1 5 X
A=|1 1 -1|, B=|0|, X=|y]|
4 -1 5 3 z
| a | =—11# 0, mosTOoMy CylIecTByeT MaTpHIia A~ Haiizewm ee.
3 1 4
1. 4'=12 1 -—1].
1 -1 5
N 4 —-11 -3
2.A'={-9 11 4 ].
-5 11 1

—4/11 1 3/11
3.4 =] 9/11 -1 —-4/11].

5/11 -1 —1/11
Torna



X -4/11 1 3/11)\(5 -20/11+9/11 -1
X=4"'B= yi=| 9/11 -1 —-4/11||0|=| 45/11-12/11 |=| 3
z 5/11 -1 —-1/11\3 25/11-3/11 2

Paunr marpuusl. Teopema Kponekepa-Kanesiun

Onpeoenenue. Panrom Matpunbl A Ha3bIBAETCS HAMBBICIITUN MTOPSIOK
OTJIMYHBIX OT HYJISI MUHOPOB (T.€. ONIPEICIUTENCH K -TO MOPSIKa, COCTABICHHBIX U3
9JIEMEHTOB, CTOSIIUX Ha MEPECCUCHHH JTIOOBIX & CTPOK M k CTONOIOB MaTpuibl A ).

O0o03HaueHus: r(A), rangA.

[Tpu BBIYHCIIEHUH paHTa OOBIYHO UCTIONB3YIOT CIEAYIONINE JIEMEHTapPHbBIE
npeoOpazoBaHusl, KOTOPbIE HE MEHSIOT €T0:

1) mepeMeHa MecTaMH JIBYX CTPOK MJIH CTOJIOIOB;

2) YMHOXCHHE CTPOKH (CTOJI0I1a) HA YKCIIO, OTIMYHOE OT HYJIS;

3) npubaBiIeHUE K CTPOKH (CTOJIOIY) APYroi CTPOKH (CTOJIOIA), yMHOKESHHOM Ha

IPOU3BOJIBHON, OTIIMYHOE OT HYJIS, YHCIIO;

4) BeIOpachIBaHUE HYJIEBOM CTPOKH (CTOJIOIA).
[Ipu 5TOM cTaparoTCsi MPUBECTH MATPUILY K TPEYTOIBHOMY HIIA KBa3UTPEYTOIHLHOMY
BUTY.

PaccmoTpum cucteMy TMHEHWHBIX YpaBHEHUN
(a1 x + apy+.. +ay,t = b
Ay X +apy+..+a,,t =b,

(3)

apip dpp ay, | b
B=| %1 92 dop } b,
aml amZ amn ‘ bm

HAa3bIBACTCA PACIIMPEHHON MAaTPULIEW CUCTEMBI.
Teopema Kponexepa-Kanennu. Cuctema (3) coBMeCTHa, T.€. UMEET XOTS ObI
OJIHO pEIlIeHHe, TOT/Ia U TOJIBKO Toraa, korna rangA = rangB.

[Ipumep. YcTaHOBUTH COBMECTHOCTh UJIM HECOBMECTHOCTh CUCTEMbI JIMHEHHBIX
x+5y+4z+8t=1

ypaBHEHHUIA 2x—y+2z—-t=0
Sx+3y+8z+t=1

Penienne. Nmeem



B=|2 -1 2 -1 | o]
5 3 8 1 | 1

Bprurem u3 3-i1 ctpoku 1-1o:

1 5 4 3 | 1

B~12 -1 2 -1 | 0}
4 -2 4 -2 | 0

Pa3znenum s1nemMeHThl TpEThel CTPOKU Ha 2 W BBIYTEM M3 TOJy4YeHHOMU 3-i1 cTpoku 2-10:

I 5 4 3 | 1

B~|12 -1 2 -1 | 0]
0O 0 0 O | O

Brruepkaem 3-10 CTpOKYy:

1543\1)
3(2—12—1\0'

Otcrona BuIHO, 4T0 rangA = rangB = 2, T.x., HarpuUMep, OTINYEH OT HYJIST MUHOP
BTOPOTO MOPSIKA

2 -1
CJICA0BATCIbHO, CHCTEMA COBMCCTHA. (BaMeTI/IM, YTO 3Ta CUCTEMa NMEET OECKOHEYHO
MHOTO pemeHHﬁ, T.K. paHT’ €€ MaTPHULBI IIPHU 3TOM MCHBIIIC YHCJIa HGI/ISBGCTHBIX).

2 )

JIuHelHbIe ONepaTopbl U UX MATPHULbI

Onpeodenenue. ToBopAT, 4TO B TMHENHOM npocTpaHcTBe R” 3aman omeparop A
(npeoGpazoBanue A ), ecliu Kaxka0My BeKTopy X € R” 1ocTaBleH B COOTBETCTBHE 10
HEKOTOPOMY 3aKOHY €JIMHCTBEHHBIN BekTop y € R”.

Omnepatop A Ha3bIBACTCS JIUHEUHBIM, ECITU

1) A(x +y) = Ax + Ay,

2) A(kx)— kAx.

Ilycts e, e,, €3 — 0a3uc B IPOCTPAHCTBE R Tax xax Ae;, Ae,, Aey —

BCKTOPbI IPOCTPAHCTBA R3 , TO Ka)K)IBIﬁ N3 HUX MOXHO CIMHCTBCHHBIM O6p330M
Pa3JIOKUTh 1O 0A3UCY:

Ael - allel + a2162 + a3le3

A82 - a1281 + a2262 + a32€3

A€3 = a13el + 612362 + Cl33e3.

Marpuna

iy dip 43
A=|ay ay axy

asz; dzp dsjz



Ha3bIBAaeTCS MAaTPUIIEH JTMHEHHOTo onepaTopa (JIMHeWHOro rpeodpa3zoBanus A B
Oasuce e, e,, e3. Ee j-ii cronber cocTaBiieH U3 KOOPAUHAT Ae iz (JIuneitnbie

OTIepaTOPHhl M UX MATPHUIILI MBI Oy/IeM 0003HAYaTh OJMHAKOBBIMU OYKBaMH).
TlycTh X = Xj€; +Xyey +x3¢3 €R>. Torna Ax = xje, +xhe, +x4es, re
X| =apX; +apX; +ap3x;
Xy =ay1X| +anXx; +ayx;

, —
X3 =az1X) tazpXy +ad33X3

17001
X X1
x5 | = Al xy
X3 X3

Haz[ orrcpaTopaM MOKHO IIPOU3BOIUTH I[GﬁCTBPISI CJIOKCHHUA, YMHOKCHHA Ha
YKnCJI0, YMHOXCHHUA U O6paHI€HI/ISI, IIpHU 5TOM COOTBCTCTBYIOIINUC IIGfICTBPI?I IIPOU3BOAATCA
HaJa UX MaTpHUIaMH. 3aM€TI/IM, 4TO IIPOU3BCIACHUC OIICPATOPOB AB ectb

MocJieIoBaTeIbHOE IPUMEHEHUE oriepaTopa B, a3arem A4: (AB)x = A(BX )
IIpeobpazosanue 6azuca. UzmeHnenue KOopouHam 6eKmopa npu nepexooe K

3
Hosomy 6aszucy. Hszmenenue mampuysl onepamopa. IlycTb B IpocTpancTBe R~ HaHbI
nBa 6asuca: e;, ey, e; U e[, €y, €3, CBI3aHHBIC COOTHOIICHUSIMH

, —

e; = bye; +byjey + b3
' —

ey =bjpe tbye, +bye

, —
e3 = byse) + byze; +byses.

Marpuna
bl 1 b12 bl 3
B = b21 bzz b23
b31 b32 b33

Ha3bIBACTCS MATPHILICH MEPexofia OT CTaporo 6asuca ey, €,, e; K HOBOMY 0asucy
e, e, es.

[Tycte Xy, X,, X3 — KOOpPAMHATHI BEKTOpa X B 0asuce e, €5, €3, a
X{, Xy, X3 — €ro KOOpAHHATHI B Oasuce ey, e, e3. Torma

X x X X

1 1 1 1 1
Xy | =8| x5 |, X | =8 x,
X3 X3 x5 X3

[Tycte A — martpuiia oriepatopa B crapoM 6asuce e, €,, €3, TOrja MaTpuiia
A" — aroro omeparopa B HOBOM 0asuice e[, €, €3 HaXOAUTCS 1o GpopMyIie

A =8548



2.
[Mpumep 1. [Moctpouts MaTpuity omneparopa A B mpocTpanctBe R°: A —
OIEPaTOp 3ePKATBLHOTO OTPAKEHHSI OTHOCUTENBHO oclt (J) U MOCIEAYIOMIETo MOBOPOTa

Ha yroa 30° mpoTUB YaCOBOW CTPEJNIKHU.
Pemienue. Jlnst TOro, 4T0OBI MOCTPOUTH MATPUILY ONEPaTOPa, HYKHO 3HATH, KaK
OH JieficTByeT Ha O6a3ucHbIe BeKTophl. Cremaem ueprexu. [Iycts C — omeparop

3epKaJIBHOTO OTpakeHusi, B — omepatop moBopota. Torma 4 = BC.

N N

C€2: ez /N K\ Cez

I
) / \ , Cey |
-~ I\

C61 el

v

W3 pUCYHKOB SICHO, YTO
Ae; = B(Ce)) =—cos30° e, —sin30°e, = —J3/2e, -1/ 2e,,
Ae, = B(Ce,)=—sin30"e; +cos30°e, =—1/2¢; + J3/2e,,
A:(—\/E/z —1/2)
-1/2 3/2)
(HaroMHHM, 9TO KOOPIMHATHI BEKTOpa Ae| 3aluChIBAIOTCS B EPBBI CTONOEII
Mmatpuipl A, a KoopAWHATH BeKTopa Ae, — BO BTOPOIi).

[Tpumep 2. B 6a3uce e, e, 1aH BEKTOp X = (4, — 2). 3anmcaTh MaTPUITY
niepexoja ot 6asuca e, e, K 0asucy e, e, W HalWTH KOOPAUHATHI BEKTOpa X B
HOBOM Oasuce, eciu e = —5e; —3e,, ey =2¢;—Te,.

Pewenune. Mmeem:

(=5 2 1 _(=7/29 -2/29

3'4:3 —7} B ‘[—3/29 -—5/2§)

X1\ _(-7/29 —2/2§N:4)_(—24/22) e B
(g)‘(—3/29 _5/200\-2)=\ Z2/29 ). x=(-083 ~007).

[pumep 3. Haiitu matpuiy A’ muHeiiHoro orneparopa A B 6asuce e, e,

€CIIM U3BECTEH €€ BUJ B 0aszuce e, e,:
A:[_14 _O)’ e; = —5e; +3e,, e; =2e;—Te,.
Pewenue.
(=5 2 -1 _(=7/29 -=2/29
5=(3 2) s7=(T35 T3/%)

e (7729 —2729Y( 1 —3\(=5 2)_
A'=5 AS‘(—3/29 —5/23(—4 0)(3 Z )‘



_[—7/29 —2/29)(—14 23)_(2 5)
- \=3/29 -5/29)\L20 -8/ \-2 -1

CoOcTBeHHbIE 3HAYEHUS U COOCTBEHHBIE BEKTOPbI
JMHEHMHbIX onepaTopoB U UX MaTpull

Onpeoenenue. Henynesoit Bektop x € R” HasbiBaeTcsi COGCTBEHHBIM BEKTOPOM
NUHEeHHoro onepatopa A (MaTpuubl A ), €CIH CyIMIECTBYeT TAKOE YUCIO A , 4TO
BBIIIOJTHACTCSA PaBEHCTBO Ax = Ax. Unciao A Ha3bIBaeTcst COOCTBEHHBIM 3HAUCHHEM
oneparopa A, OTBE4aroUIUM COOCTBEHHOMY BEKTOPY X .

[lyctp A = (al-j), i=12,...,m j=12,...,n —marpuma oneparopa A4 B
HeKoTopoM Oazuce. COOCTBEHHBIE 3HAUCHUST A ; SBIISIOTCS PEIICHUAMA
XapaKTEPUCTUYECKOTO YPABHEHUS #1-OW CTEIIEHU

apn — 7b an a1,
a -
| A—\E | — 21 ayy — A n |20 (1)
a, a,, e Ay — A
KoopanHaTsl COOCTBEHHOIO BEKTOpa X; = (ﬁl, Er, .., & n) COOTBETCTBYIOIIETO

COOCTBEHHOMY 3HAUCHHUS A ;, HAXOIATCS U3 CUCTEMbI ypaBHEHHI

(a1 =)&) +apkr+.tap,g, =0

) az &y +(az —A)Ey+. +ay,E, =0

(2)

\anlil + an2§2+"'+(ann - 7\’)&.’11 =0.

3ameuanue. B xauecTBe KOOPAUHAT COOCTBEHHOTO BEKTOPA MOXKHO OpaTh
HEHYJIEBbIC alTreOpanvecKue JOMOTHEHHS DJIEMEHTOB JTF000M CTPOKU MaTPHIIbI

(4—NE).

[Tpumep. Haiitu coOCTBEHHBIE 3HaUCHMS 1 COOCTBEHHBIE BEKTOPHI TUHEUHOTO
npeoOpa3oBaHus, 3aJaHHOTO MaTpulleid A :

)

Pemienne. CoctaBum Xapakrepuctuueckoe ypaBuenue (1):

S ot =0 wm 22 -1aav13=0

Orcrofa HaxoauM cobcTBeHHbIe 3HaueHuss Ay =1, A, =13. JIna A; =1 cocraBum
cucteMy ypaBHeHUn (2):

45, +46, =0
8&1 +8§2 = O



Ota cucteMa uMeeT OECKOHEYHO MHOTO PeIlIeHUN ﬁl =1, @2 =—t, roe t —
MPOU3BOJIBHOE uncio. [[03TOMy B KauecTBe COOCTBEHHOTO BEKTOPA MOKHO B3ATh,
HanpuMep, BEKTOp X = (1, — 1). (Bce coOcTBeHHBIE BEKTOPHI, COOTBETCTBYIOIINE

cOOCTBEHHOMY 3HaueHUI0 1, OyayT UMETh BH]T t( 1, - 1) U OyIyT JeXaTh Ha OJTHOM

NPSMOii, KOTOpasi Ha3bIBAeTCS COOCTBEHHBIM HaIlpaBJIeHHEM NpeoOpazoBanus A ).
s A, =13 aHANOrMYHO MOTYYUM:

—8¢; +4E, =0
1 =
88 —4&, =0,
T.e. &, =2&,. lonaras &; = ¢, momyuaem &, = 2¢.B kauecTBe COOCTBEHHOTO
BEKTOPa BO3bMEM, HAIIPUMED, X, = (1, 2).

MoskHO nocTynuTh 1 mo-apyromy. st A, =1

(5-1 4 (4 4
a-1e=(%5"1 Gt )-8 9

B kauectBe KOOpOHHAT COOCTBEHHOTO BCKTOpa X; BO3bBMCM anre6paﬂquKHe

JOTIOTHEHHS JIEMEHTOB MIEPBOW CTPOKU ITOW MATPHIBL: X| = (8, — 8). s A, =13

(-8 4
A—BE_(S _]

H Xy :(_4,_8)

3
Ananumuueckas ceomempusl 6 npocmpaHcmee R

BekTopHas ajareopa

HexkoTopble cBEACHUS U3 TCOPUM

BekTop — HanpaBiIEHHBINA OTPE3OK.

PaBencTBo
a=(x,y,z) (1)
O3HAYaeT, YTO X, V, Z — MPOEKIMU BEKTOPA HA OCU KOOPAMHAT WK €TI0 JI€KAPTOBBI
KOOPJIMHATHI.
dopmyia

|Zz|:\/x2+y2+z2 ()

IMO3BOJEICT IO KOOpJAWHATAM BCKTOPA OIIPCACIINTD €0 MOJAYJIb.



a2 Ecnu o, B, Y — yriibl, KOTOpbIe BEKTOP 00pasyer ¢

N
Sl

MOJIOKUTEIBHBIM HAIIPaBJIECHUEM OCE KOOPAHMHAT, TO
B cosa., cosP, cosy Ha3pIBaIOTCS HANIPABIBIIOMINME KOCHHYCaMU

o BEKTOpa d .
bty x=laleose, y=|aleosp. z=lafeosr. @

cos® o+ cos’ B+ cos’ y=1 (4)

X
Ecnu u3BecTHbI Hauasno Bektopa M, (xl, Vi Zl) U KOHEIl

M, (xz, Vo, 2y ) , TO KOOPJMHATHI BEKTOpa HAX0IATCs 10 (hopmyiam

X=Xy =X|, Y=Yy—Y, Z2=2 —Z. ()
Bcrn d =(x), y;,2) u b=(xy,¥,,2,), 10

ad = (o), oy, 0z ), Tae O — M0G0E YHCIIO.
BekTopsl, Jiexkalme Ha OXHON WIIH MapauIeIbHBIX IPSIMBIX, Ha3bIBAIOTCS
KOJIJIMHCAPHbIMU. HpI/ISHaK KOJUIMHCAPHOCTHU BCKTOPOB C_i u E .
n_on_an -
X V2 22
l; HAa3bIBACTCA KOOPANMHATHBIM 0asucom:

i|-17]- ¢ -,

- -
4

Tpolika BEKTOpOB I,

—_ -

Bekropsl i, j, k wmampasiensl mo ocsim coorBerctBenHo Ox, Oy, Oz B
MOJIOYKUTEIBHYIO CTOPOHY.
JIro6oli BEKTOp @ = (x, V, Z) MOXKET OBITh MPEJICTABICH B BUJIC

d=xi+y+zk. (8)

CKaJSIpHBIM OPOU3BE/ICHHEM BEKTOPOB d = (xl, Vi Zl) u b= (xz, V2, Zz)

HAa3bIBAECTCS YHUCIIO, PABHOE ITPOU3BEICHUIO MOAYJIEH 3TUX BEKTOPOB HAa KOCUHYC yIJla
MEXAY HUMHU.

5-15=|c7|-‘l;"cosq>, 9)
a I;=|c_i|-npal;=‘l; ‘np;a, (10)
i-a=a*=|al’, (11) Tee.

CKaJIIPHBINA KBAJpaT BEKTOPA PaBEH KBAAPATy €ro MOJIYJIS.
G-b=X1Xy+ YV +2125. (12) Ecim
alb , TO
XXy + V1 Vs + 212, = 0. (13)



XXy + V1 V2 2125 (14)
\/Xlz +J’12 +212 ‘\/X22 +)’22 +222

Ecnu Bektop F u300pakaer cuily, TOUKa MPUIOKEHHS] KOTOPOH mepeMeniaeTcs

cosQ =

N3 HadadJla B KOHCI] BCKTOpPa S , TO pa60Ta 3TON CHUJIBI OIIpCACIIACTCA
W=F-§. (15)

BekTOpHBEIM ITPOU3BEICHUEM BCKTOpa Ei Ha b Ha3bIBaeTCs TaKOU BCKTOP

¢ = a X b, KOTOpPBI yIOBIETBOPSAET CIEAYIOLIMM TPEM YCIOBUSIM:
1|¢|=| ZiHb ‘-Sin(p, rae @ — yroJ MeXIy BekTopamu d u b
2.¢cla u clb;
3. BEKTOp ¢ 00pa3yeT c BEKTOpaMu d U b «IIpaByro» TPOMKY.
BeKTOpHOE IPOM3BEICHUE 3aBUCUT OT HOPSAIKA COMHOKUTENEH
axb=-bxa. (16)
Moy BEKTOPHOTO IIPOM3BEICHNUS PaBEH ILIOIIA/M NapalIeIorpaMMa, HOCTPOEHHOTO
Ha BEKTOpax @ W b:
S= ‘ axbl, (17)
1. -
SA =—|a X b .
2

(18)

-

Ecmu Bektopsl @ u b xommHeapusl, T0 @ X b = 0, B yactHocTH, a X a = 0.

—

Ecau BEeKTOpHI 3a1aHbI KOOPJAMHATAMH (= (xl, Vi Zl), b= (x2 sV, 22), TO

N
Ei X b = xl yl Zl . (19)
Xy Vo 2y

Ecmu Bektop F m300pakaer cuity, MPUIOKEHHYIO B KaKOW-HUOY b Touke M , a
BEKTOpP d WJET U3 HeKOTopoit Toukn O BTOuKky M , TO BeKTOp @ X F

MPEACTABISICT COOOM MOMEHT CHJIbl F oTHOCHUTEIbHO Touku O

mF=axF. (20)

—

CMeIIaHHBIM OPOU3BEIEHUEM TPEX BEKTOPOB d, b, ¢ Ha3BIBAETCS YHCIIO, PABHOE

BEKTOPHOMY IPOM3BENEHUIO d X b , YMHOKEHHOMY CKaJIIPHO Ha BEKTOP C, T.€.

abaz(axb)-aza.(bxa). (21)
CMemmanHoe mpousseieane ab¢ paBHO 00bEMy IapaIeennIe a, IOCTPOSHHOTO Ha
BEKTOpax d, b, ¢, B3ATOMY CO 3HAKOM «ILIKOCY, €CIIU TpoiKa d, b, ¢ mpasas, co
3HAKOM «MHUHYC», €CJIU OTa TPOMKa JIeBas.

V =zabc. (22) Ecmu
BEKTOPBI KOMIUIAaHAPHBI (JIEkKAT B OJHOM MIIOCKOCTH), TO



abé =0. (23) Jns

BCKTOPOB C_i = (Xl, Y15 Zl)’ b = (.X2, Vo, Zz), E = (X3, y3, Z3) CMCIIIAHHOC
IIPOMU3BCACHUC ONIPCACIIACTCA Cl)OpMy.HOﬁ

D Y B G B
abc=\|xy ¥y, zy| (24)
X3 V3 Z3

3azmaya 1. Ha MaTepualibHyIO TOUKY I€UCTBYIOT CHJIBIL:
, P :(—1, 2, 2), P :(1, 1, —2).

Haiitu pa®oTy paBHOACHCTBYIOMICH 3THX CUJI R TpHU NMepeMeIIeHIH TOUYKH U3
MIOJIOKEHUS A(Z, -1, 0) B IIOJIOKEHUE B(4, 1, — 1).

Pemenne. Halimem paBHOIEHCTBYIONLYIO
R=F+F+F;=2-1+1-1+2+11+2-2)=(2,21).
Bexkrop nepemenienust o popmyne (5)

= E—
S= 4B =(4-2,1+1,-1-0)=(2,2,-1).
Hckomytro paboty HaxoauM 1o Gopmyiie (15)
W=R-§=2-2+2-2+1-(-1)=7.
3agaua 2. Jlana cuia F= (3, 4, — 2) U TOYKA €€ MPUII0KEHUS A(Z, -1, 3).

HaiiTh MOMEHT CHIIBI OTHOCHUTENBHO Havalla KOOPAWHAT U YIJIbl, COCTABIIAEMBIE UM C
KOOPAWHATHBIMHU OCSIMU.
—

Pewenue. ITo ¢popmyne (20) mF=7xF. Bektop 7 = OA 1o ¢popmyne (5)

UMEET KOOPAMHATLL 7* = (2, -1, 3) , o hopmyie (19)
k
3

i I
FxF= -1 =—10i +13j +11k.
4

W N

-2
Urak, moﬁ = (— 10,13, 1 1). Moayns MOMeHTa HaxoauM 1o hopmyre (2):

| m.F|= J(=10)2 +(13)% +(11)> = V390 ~ 19,748,

Hampasnsitomue kocunycs 1o dpopmyne (3):

cosaL = —10 =—-0,506, cosP = B = 0,658, cosy = 1 = 0,557,
19,748 19,748 19,748
a yTIIbl, COCTAaBIISIEMbIE MOMEHTOM CHIIBI C KOOPAMHATHBIMH OCSIMH, CJIEIYIOIINE
o =120"24, B=4851, Y =56"9'.

KoHTposb: 10WKHO OBITH cos® o+ cos® B+ cos® vy =1. VY Hac:

(- 0,506)> +(0,658)° +(0,557)” = 0,999.



3agada 3. Harmucars pasnoxenne Bekropa X = (5, 16, 2) no BexTopam
p=(21,0), ¢=(0,-2,0), 7=(-152).
Pemenue.
1. Paznoxenue BeKTOpa X 10 0a3ucy p, ¢, ¥ UMEET BUJL
X=0,p+0,g+0as3r
WM B KOOPJIUHATHOU opMme
Xp =0 Pt 0yq; +03n
Xy =0 Py T0aqy T 037
X3 =0 p3 +0rgs3 + 7.
2. C y4eTOM YHMCIIOBBIX 3HAYEHUI KOOPAMHAT BEKTOPOB P, ¢, ¥ M X MOIY4YUM
CHCTEMY YPaBHEHHIH OTHOCUTEIILHO HEU3BECTHBIX OLy, Oly, OL3:
2-a;+0-a,-1-03=5 2001 =5+ 03 o =3
lray—2-a,+5-03=16 = {20, =0;+50;-16 = <o, =-4
0-00;+0-05 +2053 =2 oy =1 oz =1
3. Pa3noxkeHue BEKTOpa X II0 BEKTOpaM p, ¢, ¥ HMMEET BUI:
Xx=3p—-4q+r.
Oteer: x =3p—4qg +7r.
.

Bagaua 4. B mapamwtenenunene ABCDA,B,C,D; Bextopst AB = p,

s —

AD =¢q, AA; =r ob6pasytor 6asuc. Paznoxuts Bektopet AG, AP, AN, no
BeIOpaHHOMY 0asucy, eciau Touka G penut pebpo DD, B oTHOIIe-
Huu 1:2; Touka P — touka nepeceuenus auaronaneii rpanu DD, C;C; touka N;| —

cepeauna peobpa BC;.

Pemenue.
[Toctpoum yeprex. HemocpeaACTBEHHO U3 UepTeka CIEAYET:
= AD+ DG :c}+§?,
1. . 1.
= AR+ AR+ BP=—p+q+—r,
2 2
= AB+ BN+NN1 p+;§+F
) AG =q + 2 AP 1 p+q+ 117
TBET: — =— —r,
Ay 2Py
- . 1. .
AN =p+—q+r



IIpsimasi M MJIOCKOCTH
IL1ockocTh. Ee ypaBHeHus1

Ax+By+Cz+ D=0 — (25)
o011ee ypaBHEHHUE TNIOCKOCTH.
A(x—xo)+B(y—yo)+C(z—Zo)=0 — (26)

ypaBHEHHUE IIIOCKOCTH, IPOXOAIei uepes Touky M, (xo s Ve zo) TepreHANKYIISPHO
BEKTOPY 1 = (A, B, C).

X z

IR . 27)

a b c
ypaBHEHHeE IIOCKOCTH «B OTPE3Kax». 31ech a, b, ¢ — BEIMUYMHBI OTPE3KOB, OTCEKAEMbIX

INIOCKOCTBIO HA OCAX KOOPpAWHAT.
Ax+By+Cz+D

=0 - (28)
+ \/A2 +B% +C?
HOPMAJIbBHOC YPAaBHCHHC IIJIOCKOCTH.
g | Ax, + By, + Cz, + D|
\/A2 +B%+C?

paccTostHUE OT TOUuku M (xo, Vo Zo) 1o mwiockoctd Ax+ By + Cz+ D = 0.

X=X Y= Z=Z

Xy=X; Yp—» Z-z|=0— (30)

X3 =X V3=V 2372

ypaBHEHUE TIOCKOCTHU, TPOXOAILIEH Yepe3 TPU TOUKH Al(xl, Vi Zl) :

A21(X2,y2’22)’ As(xs’J’3:Z3)-

(29)

Ilpavas. Ee ypaBHeHust

Ax+By+Ciz+D; =0
— (31) obmee
ypaBHEHHE NIPsIMOH (TIpsiMast 3a7aHa MepeceyeHueM JIBYX MIIOCKOCTEM).
X=X _Y=Vo _Z7Z _ (32)

m n p
KaHOHUYECKOE ypaBHEHHUE MpsMoit, rine M, (xo » Voo Zo) — TOYKA, IPUHAJJICKAITAs
IpsAMOM, a = (m n, p) — HANpaBJISIOMIAA BEKTOP MPSIMOM (BEKTOp, MapasuiesIbHbIMA

psIMOiA).



xX=x,+mt
y=y,+nt - (33)
z=2z,+pt
[TapaMEeTPUUIECKUE YPABHEHHUS IIPSIMOM.
X=X _VY=h _ 277 (34)

Xo =X Vo= V1 22772
ypaBHEHHUE MPSIMOM, IPOXOASIIEH Yepe3 JBe JaHHbIE TOUKH A (xl, Vi Zl) ,

Az(xz, Y2, Zz)-

mim, + nin, +
cosQ = 1My TNy + PP _ (35) yrom

2 2 2 2 2
\/ml +n +p ‘\/mz +n, +P22
MEXKJTy IBYMS OPSAMBIMH, TIE d| = (ml, ny, pl) U d, = (mz, n,, p2) -
HaHpaBHSIIOIHI/Ie BGKTOpBI HpHMI)IX.

L |Am+Bn+ Cp|
siny = - (36) yron

\/A2 + B+ C2 -\/m2 +n?+c?
MEXKIy IPAMOM U IIIOCKOCTBIO, TIE 7 = (A, B, C ) — HOPMAJIBHBIM BEKTOP IJIOCKOCTH,

d =(m, n, p) — HanpaBIAIOLMIi BEKTOP IPMOii.

1 ,
= P A Ay, AjAy AjA4| — obvem nupamunsl A; A, A3 Ay, Toe

VnupaMudbl
Al(xp Y1 Zl)’ A21(x2’ Yo Zz)’ A3(X3: V3, 23)’ A4(x4’ Va Z4) — KOOpAHHATBI
BEPIIUH MHPAMU/IBL.
1|¥2=%1 V2= 2274
Vnupafwudbl =—|X3 =X V3=V 23— 21| (37)
Xg =X Va—V1 2472
3ajaya S. JlaHBI KOOPAMHATHI BEPIIUH MTHPAMUIBI A1(2, 1, - l), A2(3, 0, 1),
A3(2,-1,3), 44(0,8,0). Haitru:
1) yron mexny peopamu A4, n A Ay;
2) yron mexny peopom A; A4 n rpansio A A, As;
3) 00bem mupamuasr V]
4) paccrosiHue OT TOukH A, 1o mnockoctn A; A, As;
5) Touky Aj, CAMMETPHYHYIO TOUKe A, OTHOCHTENBbHO miockoctd A, A, As;
6) Touky A, , CHMMETPHUHYIO TOUKe A4 OTHOCHTEIBHO mpsiMoit A Aj.

Pemenue.
1) Yron mexnay pebpamu Haxoaum no Gopmyne (35).



e

a, = A4, = (3 -2,0-1,1- (— 1)) = (1, —1, 2) — HANPaBISIONIMI BEKTOP MPIMOM
A1 4,;

—>

a, = Aj Ay = (O -2,2-1,0- (— l)) = (— 2,7, l) — HaIpaBIIIOIIUI BEKTOp NPsIMOi
Al A4 .

1-(-2)-1-7+2-1 -7 1
JRe(-1)2 422 2P+ 72412 Vo5 I8
2) CoctaBuM ypaBHeHHe miockoctd Ay A, Az, nmpoxoasieii depes Tpu
TOYKH A1(2, 1, — 1), A, (3, 0, 1), A (2, -1, 3), o popmyie (30)

cosQ =

x=2 y-1 z+1 x=2 y—-1 z+1
3-2 0-1 1+1(=0, | -2 2 |=0,
2-2 —-1-1 3+1 0 -2 4

-1 2 1 2 I -1
=2} 55 d-0tfo Blseetfo Tl

(x—2)-0—(y—1). 4+(z+1) (-2)=0,
—4y+4-2z-2=0,
4y +2z—-2 =0 — ypaBaenue miockoctu Ay A, As;

n= (0, 2, 1) — HOPMAJIbHBIN BEKTOP IJIOCKOCTH;

a=A A, =(—2 7, 1) — nanpasmsomumii Bexrop npsmoii A Ay.
Haxomum yron vy wexnay npsimoir A4, A, n mnockocteio A; A, A3 mo dopmyne (36)
0-(—2)+2-7+1-1 15
Vo2 +22 412 -\/(—2)2 72412 V5454

3) Haxoaum o6bem nupamusl o Gopmyie (37)

siny =

=0,9114.

—> E— —>
A1A2 - (1, _1, 2), A1A3 :(O, _2, 4), A1A4 :(_2, 7, 1)

1 -1 20 1
V=£—| 0 -2 4|=+—(-2+8-8-28)=——(-30)=15.
6|-2 7 1 6 6

4) PaccrosHue oT Toukn A, 1o maockoctn A; A, A3 naxomum mo dopmyie

(29).

2-8+0-1| 15
_| 15 3p5. 6,69.
NZESEENE
5) Yro6bI HaiiTH TOUKY A4, CHMMETPHUUYHYIO TOYKE A, OTHOCHTEIBHO
mwiockoctu A, A, A5, cienaem ciemyromiee.



CocTaBUM ypaBHEHHE MPSAMOM, NEPIEHAUKYIAPHOI miockoctu Ay A, A5,
npoxoJsIeii yepe3 Touky A, 1o ¢popmyne (32). 3a HapaBISIOMINI BEKTOP MPSIMOi
a=n-= (0, 2, l) OepeM HOpMaJIbHBII BEKTOpP TUIOCKOCTH, T.K. IpsMast

MEePIICHIUKYJISIpPHA TIOCKOCTH:

x—0 y-8 z-0 x_y-8 z
0 2 1 o 2 1
CocraBUM MMapaMeTpUICCKUE YpaBHEHUS 3TOH TIpsaMoit o dopmyie (33):
x=0
y=2t+8
z=1.

HaxonuM Touky nepecedeHus 3Toi npsiMoi ¢ IockocTeio Ay A, A3

x=0
x=0
y=2t+8
1., = <y=-6+8=2 = 22r+8)+1-1=0,
z =
z=1
2y +2-1=0

5t+15=0, t =-3.
[Tomrygaem Touky M (0, 2, — 3); T.K. TOYKa Aj CHMMETpUYHA TOYKE Ay
OTHOCHUTEINIBHO IIIOCKOCTH A; Ay A3, To Touka M sBnAeTCS cepeluHON OTpe3Ka

Ay Ay, modTOMY

X4 +X) 0+xy , _
Xy = ——, 0= , x, =0;
M 7 7 4

Vs + Vi 8+ :

=, 2: , :—4’
Ym > 5 Y4

Zy + 2y 0+2z, ,
Zy = , -3= , zy = —0.
M 5 > 4
A4(0,—4,-6).

6) YtoObl HaliTH TOYKY A, , CHAMMETPHUYHYIO TOYKE A, OTHOCHTEIBHO MPSIMOii
A A5, cocTaBuM ypaBHEHHUE INIOCKOCTH, TIPOXOIAIICH depe3 TOUKy Ay
HEePIeHANKYIApHO mpsaMoit  A; A3 1o ¢popmyre (26). 3a HOpMaTbHBII BEKTOP
mwiockoctn 7 =d = (0, — 2, 4) Gepem HanpassOLMii BekTOp IpsiMoii A; A3, T.k.
MJIOCKOCTh MEePHEHANKYIISIPHA MPSIMOiA.
0-(x—0)—2-(y=3)+4-(z—0)=0, —2y+16+4z=0, y=2z-8=0.
Vpasuenue npsimoii  4; A; cocrasisieMm 1o popmyne (34).

x-=2 y-1 z+1 x—=2 y-1_ z+1

2-2 —1-1 3+1 0o -2 4

[TapameTprueckne ypaBHeHUs NpsiMoit A; A3




x=2

y=-"2t+1

z=4r-1
Haxomaum Touky N nepecedeHus npsiMmoit A; A; ¥ INIOCKOCTH:

x=2

y==2t+1

z=4t-1

y—2z-8=0,
—2t+1-2(4r-1)-8=0, —10t-5=0, t:—%,
x=2, y:—Z(—l)+1:2, 224(—1j— =-3.

2 2

Urtak, Touka N(2, 2, —3). Tax kak Touka A cuMMeTpudHa Touke A

OTHOCHTENBHO NpsiMoii 4 A3, To Touka N sBISETCS CepeanHOi oTpeska Ay Ay,

Toraa
X4+ Xy 0+xy .
Xy =——"732 2= . xi=4,
N 2 2 4
Vst yy 8+y4 "
=22 "2 2= , =4,
YN ) 5 Va4
+ " 0 + n
S B S WAy zj =—6, Touxa Aj(4,—4,-6).

Z b
N 2 2



AHAJIUTHYECKAs] TeOMeTPHUsl HA IJIOCKOCTH
Hexoropsie cBeneHus U3 Teopun
Ilpavas Juausa. Ee vypaBHeHue

Ax+By+C=0 — (38) obmee
ypaBHEHHUE TPSIMOIA.
X=X, Y=Y, _ (39)
m n

ypaBHEHHUE TIPSIMOM, TTPOXOJISIIICH uepe3 Touky M, (xo, Vs ) a= (m n) — BEKTOD,
MAPAUIETBHBIN TTPSAMOM.

A(x—xo)+B(y—yo):O — (40)
ypaBHEHHUE TIPSIMOM, TTPOXOISIICH uepe3 Touky M, (xo, yo) C MEPNEHAUKYIISIPHBIM
Bexktopom 7 = (4, B).

X=X _Y=n
Xo =X V2=
ypaBHEHHUE MPAMON poXosiel yepes aBe Touku M (xl, Y1) u M, (x2 , Vo )

(41)

Xy
Sz =1 - 42
_+ (42)

ypaBHEHHE MPSIMOM B «OTPE3Kax», Iie d, b — BEIMYHHBI OTPE3KOB, OTCEKAEMBIX
PSIMOM Ha OCSAX KOOPIMHAT.
yv=kx+b — (43)
ypaBHEHHE MPSIMO C YIIIOBBIM KOOPPHUIIMEHTOM Kk = (g H OTPE3KOM b —
orcekaembIM Ha ocu Oy .
y—y. =k(x—x.) - (44)
ypaBHEHHE TIPSIMOU, IPOXoAsIIen yepes Touky M (xo, yo) C YIJIOBBIM

K03 GUIECHTOM K .
d_|AxO+ByO+C|
VA% +B?
paccTostHuE OT Touku M (xo, yo) no npsimoir Ax + By +C =0.
5 Ax, + By, +C
VA? +B?
OTKJIOHEHUE Toukn M O(xo, yo) OT MPSIMOM.
A

k:—E - (46)

yrioBoi koaddurment npsamoir Ax+ By +C =0,
kl = k2 - (47)

YCJIOBHE NAPAJJIEIbHOCTH MPSMBIX.

(45)

(45a)



1

ki =—— — 48
1 0 (48)
yCJIOBHE TIEPIEHIUKYISIPHOCTH TIPSMBIX.
k2 B kl
top=|——| — 49) yron
8P =|7, o, (49)y

MEX]Ty IBYMsI IPSIMBIMU C YIJIOBBIMU Kodbduimentamu k; u k.
3amaya 6. JlaHbl cepeIMHbI CTOPOH TPEYTOIbHUKA P(l, 2), Q(S, 1), R(— 4, 3).
CocTaBUTh ypaBHEHUS €r0 CTOPOH.

B(x:, v,) 1 crioco6. Tak kak Touku P, O, R SBIAIOTCS cepeMHAMHU
orpe3skoB AB, AC, BC, To
P, Q xl+X2 :L XZ +X3 :5’ xl+X3 :_4,
2 2 2
A(xl’yl) R C(x3,y3) yl_‘_—yzzz’ );22&:—1’ )}1—;—)}3:3
Pemaem n1Be cucteMbl ypaBHEHUN
Xp Xy =2 yity, =4
x2 +X3:10 y2 +y3:_2
X1+X3:_8, y1+y3:6,
MoJIy4yaeM
xp =8 Yy =6
X, =0 v, =0 A(— 8, 6), B(IO, — 2), C(O, 0).
X3 = 10, y3 = —2,

Teneps cocTapiisieM ypaBHEHUSI CTOPOH TPEYTOJIbHUKA, KaK MPSMBIX, TPOXOISIINX Yepe3
JIBE TOUKH, 110 hopmyre (41).
VYpaBHenune AB:

X8 _ =0 4oy m—n
10+8 —-2-6

VYpaeuenne BC':
x—10:y+2’ X+ 5y = 0.
0-10 0+2

Ypaaeane AC:
X8 _ Y70 s iap=0
0+8 0-6

2 crioco6. He onpenessist koopaunar Touek A, B, C, coctaBUM ypaBHEHUE KaKI0H U3

cTOpoH Tpeyronbanka ABC , kak mpsMOii, POXOASIICH Yepe3 OJIHY U3 BEPIIUH
tpeyroyibhuka PQOR mapaienbHO MPOTUBOJICKAIIEH CTOPOHE.



YpaBuenne AB: npsmas AB TpoxomauT yepes3 TOUKy P mapaieabHO BEKTOPY

—
OR = (— 9, 4). Hcnons3yem ypaBuenue (39).

2loym2 L 4eiop-—22-0,
-9 4
YpaBuenue BC: mpsmas BC mpoxomut yepe3 Touky () mapauieabHO BEKTOPY
—>
PR =(-5,1).
-5 +1
LA 4 = x+5y=0.
-5 1
VYpasuenne AC:mupsmas AC mOpoxoauT dyepes TOUKy R IMapauielIbHO BEKTOPY
—>
PO = (4, — 3).
+4 -3
AR A =  3x+4y=0.
4 -3

OtBet: 4x+9y—-22=0, x+5y=0, 3x+4y=0.

3amaya 7. CocTaBUTh ypaBHEHUS KaT€TOB MPSIMOYTOJILHOTO PaBHOOEAPEHHOTO
TPEYTrOJbHUKA, 3HASI YpaBHEHUE TUTIOTeHY3bl 2X + 3y —5 =0 wu BepmmHy npsamoro

yria (2, — 1).
B

N AB = BC (mo ycnosum), mostomy £LABC = ZACB = 45°,
457 kgc = —% ( mo popmyne (46)). Ypasuenus karetoB AB u BC
45°
A ) C cocraBiisieM 1o opmyiie (44): y+1= k(x — 2).
k+ 2
1g45" =|—>|. (49)
1-—k
3
k+ 2
—> =l
1-—k

Perast 3TH ypaBHEHUS, TOTYIHM:
1 1
k:g, y+l=g(x—2), S5p+5=x-2, x—-5y-7=0.
k =-5, y+1=—5(x—2), y+1==-5x+10, 5x+y-9=0.
Oter: x—5y—-7=0, S5x+y—-9=0.
3amaua 8. B TpeyrosbHHUKE C BEPIIMHAMH A(3, — 2), B(— 1, 1), C(S, — 7) HaWTH
ouccektpucy BHyTpeHHero yriia ZABC.



B__x 1) CocraBum ypaBHeHHs cTopoH yria ZABC,
BOCTIOJIb30BaBUINCH (popmysion (41).

5102 Cropona BA:
1 -1
YT 3x—4psi=0
341 —-2-1
Cropona BC':
1 -1
X _ YTl _gy—6y-2=0.
4 c 5+1 —4-1
\ N 2) Touku OMCCEKTPHCHI paBHOYIAIEHBI OT CTOPOH YIIIa.

[IpupaBHseM paccTOSHUS OT TPOU3BOIBLHON TOUKH
ouccekTpucel M| (x, y) 1o cropoH yriia BA wu BC, Beramucisis ux mo ¢popmyne (45).

|—3x—4y+1|_|—8x—6y—2| |—3x—4y+1|_|—8x—6y—2|

V32 1 42 Vg2 162 5 10
N3 nocneguero PaBCHCTBA I10JIy4acM CICAYIOIIMC IBA:
2A-3x—4y+1)=-8x—6y—-2 u 2(-3x—-4y+1)=—(-8x-6y-2).
ITocne Hp606pa30BaHI/I}I IIOJIYy4aCM YpPpaBHCHUS ABYX IIPAMBIX, KOTOPBIC ABJIAIOTCA
OHMCCeKTprUcaMu BHYTPEHHETO M BHEIIIHETO YTJIOB MPU BEPIIMHE B TpeyroibHUKa

ABC':

x—y+3=0 (a)
u x+y=0. (0)
J1i1st OMCCEeKTPUCH BHYTPEHHETO YIJIa TPEYroJibHUKAa BN  OTKIOHEHHUS BEpIIUH
tpeyronbHuka A m C HMEIT pa3HbIC 3HAKH, a JJIT OMCCEKTPUCHI BHEIITHETO yIIia
BK — 3Haku OTKJIOHCHHMH OJIMHAKOBEI.
Hatinem otkinonenus touek 4 u C ot npsmoii (a) mo ¢popmyine (40,a):

3-(-2)+2 7 5-(-7)+2 14

e 2 i 2
cJieIoBaTeNbHO, ypaBHEHUE (a) —3T0 ypaBHeHue npssmoi BK. Toraa ypaBHeHue

OMCCEeKTPUCHI BHYTPEHHETO yria TpeyroiabHuka ABC mpu BepmuHe B
x+y=0.

d 4 >0,

>0, &,

OtBet: x+y=0.



JIMHUHM BTOPOI0 NOPSAKA

OKpY>KHOCTb. YpaBHEHUE
(x—az)2 +(y—b)2 = R? (50)

OTpeJeNsIET OKPYKHOCTh pajguyca R ¢ IEHTpoM C(a, b). Ecnu neHTp oKpy>KHOCTH

COBIIAJIa€T C HAYAJIOM KOOPJAHHAT, T.. a = b = (), To ypaBHEeHUE OKPYKHOCTH MPUMET
BUJ

x° +y2 = R?. (51)
Ob6miee anrebpandecKkoe ypaBHEHHE BTOPOU CTETICHH
Ax? + 2Bxy + Cy2 +2Dx+2Ey+F =0
eCTh ypaBHeHHE OKpyx)HocTH, eciii A= C#0, B=0, Te.

Ax* + Ay* +2Dx+2Ey+ F =0. (52)
DJLIUIIC.
X2 P
—4+—==1- (53)
a’ b
ypaBHEHHE dJIIHIICa (KAHOHUYECKHUI BH).
b =a® -2, a>b. (54)
B o10M citydae hOKyChI 3JUTHIICA HMEFOT KOOPIHHATHI
Fl(_ C, 0) u Fz(c, O) (55)

Hauano koopauaar O — LEHTP CHMMETPHH DIUINIICA, @ OCH KOOPIHHAT — OCH
CUMMETpHUH dJuaurnca. Touku Al(— a, O), Az(a, 0), Bl(O, —b), B, (O, b)
HA3bIBAIOTCS BEPUIMHAMM DIUIMIICA, ¢ W b — Goiblnas v Maas moiyocu. Bennuuna

c
e=—<1 (56)
a
HaA3bIBACTCA SKCLUCHTPHUCUTCTOM JJIJIHIICA. QKCHCHTPI/ICI/ITGT XapaKTCPU3yCT BBITAHYTOCTD

QJIJIMIICA, T.K. BBIPAXKACTCA 4€PE3 OTHOMICHUEC €10 HOHyOCGﬁ

< Va® - b’ 1_(é)2_

e=-=22"" - (57)

a a a

OKpY>XKHOCTh MOKHO CYMTATh YACTHBIM CIIy4aeM DIUIMIICA, Y KOTOpOro a = b, T.e.
e=0.

xX=x= (58)

M|
|

YPaBHEHHUS AUPEKTPUC.
Ecnu dokycel smmrca pacnosioxensl Ha ocu (Jy, TO ypaBHEHHE DIIIMIICA UMEET

tot ke Bu (58), HO b > a. DOoKyChl MIMEIOT KOOPAUHATHI: Fl(O, — c) u F, (0, c).

YpaBHEHUS JUPEKTPUC



yzig. (59)
['unepboia.
2 2
X Yoo
a—2 - b_2 = 1 - (60)

KaHOHWYECKOE YpaBHEHUE TUIepOOIbl.

b*=c’>-a* a<c. (61)
DOKyCBl UIMEIOT KOOPAUHATHI Fl(— c, 0) u F, (c, 0). Ocu KOOpAMHAT SABJISAIOTCS OCAMH
CHMMETpUH rurepooisl, a Touka (O — HeHTp cumMeTpu. [ unepbora mepecekaer och
a0cmmcc B Toukax A (— a, O), A, (a, O) , KOTOpBIE Ha3bIBAIOTCA €€ eHCTBUTEIbHBIMU
BEpUIMHAMHU, a BEJIMYMHA a4 — ACHUCTBUTEIBHOU MOITYOChIO0 runepOobl. Touku
Bl(O, — b) u B, (O, b) Ha3bIBAIOTCSI MHUMBIMH BEpPIINHAMU, @ b — MHHMas T0JIyOCh.

[IpsAMOYTOJIBHHK C UEHTPOM B Hayaje KOOPAUHAT U CO CTOPOHAMHU, MapalieIbHbIMU
KOOPJIMHATHBIM OCSIM M MPOXOSLUIMMHU Yepe3 BEPIIUHBI THUIIEPOOIIbI, Ha3bIBAETCS
OCHOBHBIM IPSIMOYT'OJIBHUKOM TH1ep0oJibl. Ero nuaronanu

b

y==*x—Xx (62)
a

SBJISIFOTCSI CUMITTOTaMU TUIIEPOOJIBI, T.€. IPSIMBIMH, K KOTOPHIM HEOTPAHUYEHHO
MPUOJINKAIOTCS BETBU TUIIEPOOJIBI.

OKCIEHTPUCUTET TUTIEPOOITBI

e=S>1. (63)
a
/ 2 2 2
Szfza—erz p{éj _ (64)
a a a

Ecnu a = b, runepbosia Ha3pIBaeTCs PABHOCTOPOHHEH. B 3TOM ciiyyae OCHOBHOM
IPSMOYTOJBHUK MPEBPAIIACTCS B KBAIPAT, a SKCIIEHTPUCUTET paBeH /2 .

x=+2 _ (65)
€
JTUPEKTPHUCHI TUTIEPOOITHI.

Ecnu ypaBHeHUe rumepOoIibl IMEET BUJ

2 2
X y:1

+— (66)
272

a
TO aCHUMIITOTHI FI/IHep6OHLI:

xzigy, (67)



(boKyChI Fl(O, — c), Fz(O, c).

b
y=t7 - (68)
€
ypaBHCHUS JUPCKTPHC.
[TapaGoua.
KanoHnueckoe ypaBHEHHE TTapaOOITbI
2
y© =2px (p> O), (69)
rie p — paccTosiHue oT (GoKyca 10 TUPEKTPUCHL. Y PaBHEHHUE TUPEKTPUCHL X = —E,

KOOpAWHATHI pokyca [ (% O) . Hauano koopauHar siBiiseTcst BEpIIMHON napadoibl, a

0Ch a0CITUCC — €€ OCBI0 CUMMETPHUH. DKCIIEHTPUCUTET Napadonbl € = 1.
B psae cinyyaeB paccMaTpuBarOT HapadoJIbl:

a) y2 =—2px, F (— § 0) —pokyc, x = g — ypaBHeHue TupeKTpucer;  (70)

@xzzymffagjﬂquy=—§—YWMWMH@“Wmm (71)

B) xt=22 py, F (0,—%) —dokyc, y = g — ypaBHEHUE AUPEKTPHUCHL.  (72)
Jlns Bcex cimydaeB p > 0.
3amavya 9. Cpenu NpsSMBIX HapalIeIbHBIX MPAMON 2x + ¥ = 0, BBIICIHUTD

2 2
KacarebHbIC K OKpY)HOCTH X~ +y~ = 1.

Pemienue. YpaBHeHUE BCAKOUM MPSAMOI, MapaieIbHON JAHHOM, MOKHO 3aUCaTh

B BHJIC
2x+y+c=0.
KacarenpHast K OKpY>KHOCTH UMEET C Hel TOJILKO OJTHY OOIIYIO TOYKY, TTO3TOMY
COBMECTHOE pPEIICHHE YPaBHCHUN NIPSIMON M OKPY>KHOCTH JTOJDKHO UMETh TOJIBKO OJMH
OTBET.
W3 ypaBHEeHHS TIpsIMON Y = —2X — C.

y=-2x—c¢
{x2+y2=1, x2+(—2x—c)2:1, Sx2+4ex+c2—1=0.
KBaapatHoe ypaBHEHHE UMEET TOJIBKO OJHO PELICHHE, KOTAa JUCKPUMHUHAHT paBeH
HYJIIO: (40)2 —4. 5-(02 — l) =0, oTkyma c= +4/5.
WTak, NCKOMBIE KacaTeabHbIC MMEIOT YPaBHCHHUS
2x+y++/5=0, 2x+y—~/5=0.

agaua 10. Jan smwmme 9x + 25y2 = 225. Haiitu: 1) ero monyocu; 2)
(bOoKyChI; 3) SKCHEHTPUCHUTET; 4) ypaBHEHUS TUPEKTPUC.



Pemenue. [lenum Ha 225, nojiyyaem

2 2
X
Xy

25 9
Ortcrona cieayet o popmyinie (53),utro a =35, b= 3. U3 hopmynsr (54):

c=aq?>-b>=25-9=16, c==+4.
ITo popmyne (55): Fl(— 4, 0), F (4, O).

4
Okcuentpucurert (56): € = c_z
a 5
YpaBHeHus qupekTpuc cormacHo (58): x =+—— = +§
’ i 4/5 4

Otser: a =5, b=3; Fl(—4,0), F2(4,O); 82%; x=i§.

3agaua 11. CocTaBUTh KAHOHMYECKOE YPABHEHUE IJUIMIICA, Y KOTOPOTO MaJIast
noiryock 2+/6, apaccrosHue Mexnay pokycamu [F, = 8.

Pewenne. b =26, FF,=2c=8, c=4
2
Tlo dopmyse (54): a> =b* +c2, a® = (2\/6) +4% =40, a=+/40 = 24/10.

2 2

X
YpaBHeHue smumrnca corjgacHo (53): — + Y o_

40 24
3amavya 12. AcumnToTsl TUIIepOobl UMEIOT ypaBHeHUs 4y £3x=0,a

paccrosinre mexay poxycamu paBHo 20. HamucaTh ee kaHOHUYECKOE ypaBHEHUE.

b 3

Pemenuie. YpaBHEHHUS aCUMOTOT ) = 4x cornacHo popmyne (62): —.
a

Kpome Toro F|F, =2c¢ =20, ¢ =10. Ilo popmyrne (61): c? =a’ +b?, MoJTyJaem
CUCTEMY YPAaBHEHHI

b 3
a 4
a’ +b* =100.
Pemas ee, monyyaem a =8, b= 6. CrienoBareibHO, KAHOHUUECKOE YPABHCHHE
2 2
rUnepOOoIbL: ol A
64 36
2 2

3amaua 13. Jlana rumepOoiia % - yT = —1. Haiitu koopauHatsel HOKYCOB U

BEPILMH, SKCIUEHTPUCUTET, YPABHEHUSI aCUMITOT U JUPEKTPUC.
Pertenne. ®okychl JaHHOM rUIepOOIIBI pacoiokeHbl Ha ocu Oy .

a=1,b=3, c=va’+b*> =J9+1=410. (61)



3HAYUT POKYCHl HMEIOT KOOPINHATHI F1<0, — \/E) FQ(O, \/E) Bepmmabl
Al(O, — 1), Az(O, l), Bl(— 3, O), B2(3, 0). DKcHeHTpucHTeT 110 hopmyiie (64):

., e=410.
b

VYpaBHeHUs acUMOTOT: X =t—y = x =13y.
a

b 3
YpaBHEHUSA JUPEKTPUC: Yy =F— = y==*t—.
c 10
3amaya 14. Ilapabosia ¢ BepIIMHOK B Hayaie KOOPAUHAT MPOXOAUT YEpe3 TOUKY

A( I, — 2) ¥ CUMMETpUYHa oTHOocuTesbHO ocu (Jy. Hammcats ee ypaBHeHue. Haiitu

(OKyC U TUPEKTPUCY.
Pemienue. YpaBHeHne UCKOMOM mapaboJibl o popmyne (72) uMeer BUJ

x2 =22 py. Touka A(l, — 2) JICKHUT Ha mapadoite. ITogcraBisseM KOOpAMHATHI TOUYKH

1
A BypaBHenue: 1=-2p- (— 2) = p= s CnenoBaTenbHO, NICKOMOE ypaBHEHUE

1
Oynmer x? :—Ey 17001 y:—2x2.

1 1
®doky mapaboser: F (0, - gj . YpaBHeHue qUpeKTpuchl cornacHo (72): y = g

2 o
3anava 15. Ha mapaGosne y~ = 4x HaWTH TOYKH, pACCTOSHHS KOTOPBIX OT
JTUPEKTPUCHI PABHO 3.
. __P
Pemenue. YpaBHeHHE TUPEKTPUCHI TaHHOM Mapadoibl X = ——,

2p=4, p=2, x=—-1. Torna paccrosiuue or ocu Oy 10 UCKOMO

(=4 —g =5—1=4T104YkK ® ATO pacCcTOSHUE ONPEACTUT KOOPJIUHATY X JTaHHOU
ToukH, T.e. X = 4. Koopaunary y Haiinem u3 ypaBHEHUs mapadoIIb:

vy =4x, y?=4-4=16, y=+4.

Urak, M1(4,4), M2(4, — 4).



KBanparuunsie ¢popmbl. [IpuBeeHne kK KAHOHMYECKOMY BHAY
YPaBHEHUI1 BTOPOro NOpsiaKa

Onpeoenenue. KBampatuanoit opmoii F' (x, y) HAa3bIBACTCS OJHOPOJAHBIN

MHOTI'OYJICH BTOpOﬁ CTCIICHU OTHOCUTECJIBHO X, V.

F(x, y) = allxz +2ap,xy + azzyz.

A= (an ‘112)
dip an
Ha3bIBACTCSl MATPHUIICH KBapaTUIHOW (popMbl. 3aMeTuMm, 4to Matpuna A sBiseTcs

CI/IMMeTpI/I‘IGCKOﬁ, T.C. Cll-j = ajl- , IO3TOMY €C COOCTBEHHEBIC 3HAYCHUS IIGIZCTBHTGJII:HBI, a

COOTBETCTBYIOIIME COOCTBEHHBIE BEKTOPbI OPTOTOHAJIBHBI.
Ilycth

Marpuua

g1 = by + by,

82 = bppey +byey
— HOPMHPOBAHHbIC COOCTBEHHBIC BEKTOPHI MATPUIBI A, COOTBETCTBYIOIIUE
COOCTBEHHBIM 3HaYCHUSIM A, A, B OPTOHOPMUPOBAaHHOM Oa3uce e;, e,. Bekropsl

g1, &, B CBOIO 04Yepeib, 00pa3yloT OpPTOHOPMHUPOBAHHEIH Oa3uc. Matpuma S
nepexoza ot 6asuca e, e, K 0asucy g, g, OIpelenseT IOBOPOT CUCTEMBI
KOOPJIMHAT HA yTOJI (P TPOTHB YaCOBOW CTPEIIKH, KOTOPBIM MOYXHO OTPEACIUTh U3

(bll blz) (coscp — sin (p)
S = = . .
byy by sin@  cos®

JIi1st TOrO, YTOOBI COXPAHUTH OPUCHTAIIUIO OCEH KOOPIUHAT, MATPHILY S CleIyeT

paBEHCTBa

CTPOUTH TakK, YTOOBI €€ ornpeaenurTeas Obl1 paped +1. Ecnu | S | = —1, T0 Hy)HO

IIOMEHSTh MECTaMU CTPOKH (TIOMEHSTh MECTaMH BEKTOPHl g1, &5 ).
dopmyiibl Ipeodpa3oBaHus KOOPAUHAT MPH MEPEX0/Ie K HOBOMY 0a3HCy UMEIOT
BU]
X =byxy +bppy1,
Y =Dbyxy +byyy.
[Tpu momonu 3TuX hopmyna KBaapaTudHas popma F (x, y) npeodpaszyeTcs K Tak
HA3bIBAEMOMY KAHOHUUECKOM) 8UOY
F(xy, )= hixy” + Ry’
PaccmoTpuM ypaBHEHHE BTOPOTO TIOPSIIKA
a, 1x2 +2ap,xy+ a22y2 =b,



JIEBOM 4aCThIO KOTOPOTO SIBJIsieTCA KBagpaTuuHas Gopma. [loBTopsis npuBeIeHHBIE BhIIIE
paccyXIeHUs, MBI IPUBEAEM 3TO YPABHEHUE K KAHOHUYECKOMY 8Ud)y, U3 KOTOPOTO JIETKO
ONPENEIIAETCS TUIl COOTBETCTBYIOIIEN KPUBOM.

3ameuanue. Ecnu B ypaBHEHUHU BTOPOTO MOPAJIKA €CTh JIMHEHHBIC WICHBI, TO
KpoMe npeoOpa3oBaHus TOBOPOTA HEOOXOAUMO OCYIIECTBUTH €€ CABUT CUCTEMBbI
KOOPIUHAT (IJIs1 3TOTO CIIEAYET BBIACIUTD MOJTHBIE KBAAPATHI 10 IEPEMEHHBIM X1, V{).

[Ipumep IlpuBecTr kK KAHOHUYECKOMY BHY YPAaBHEHHE JIMHUK BTOPOTO MOPSAKA,

MIOCTPOHTH €€, YKa3aTh YroJj [I0BOpoTa: — x? - y2 +4xy = 1.

Pemienue. 3anuiieM MaTpuIly KBaapaTHUHON (HOPMBI:

(-1 2 )
A‘(z iy
Haiinem ee coOCTBEHHBIE 3HAUECHUS:

[A-ag|=|"0M 20, (-1-2)? 420, 2, =1 Ay =3

Onpenennm coOcTBeHHbIE BeKTOpHL. st A =1 marpuma A4 —AE wumeer Bux
3 2
2 =27
Orcrozia HaXOIUM COOCTBEHHBIH BEKTOp €] = (— 2, — 2). s Ay =-3

A{—QE:@ g)
U e, = (2, — 2). Hopmupyem coOCTBEHHBIE BEKTOPHI:
gi=ei/|e|=(-2/8, -2/V8)=(-1/42, -1/2),
g =€ /|ey|=(2/8, -2/8)=(1/+2, -1/42)
3anuieM MaTpuily repexoaa K HoBoMy 0a3ucy (MaTpuily oneparopa nmoBopoTa):
g (— 1/:2 1742 j _ (cgscp —sin(p)
—1/2 =1/A2 Sin®  cos®

VYron noBopoTa paBeH 225°. ®opmy npeoOpa3oBaHUs KOOPIAUHAT UMEIOT BU]I

x=—1/2x;+1/2y,,

HOI[CTaBI/IM 9TH BBIPAKCHUA B UCXOJHOC YPABHCHUC!

—(— 1/32x, + 1/\/5)/1)2 —(— 1/32x; -1/ \/Eyl)z +
F A= 1/ 20 +1/ V2 (= 1/ V2%, =1/ Y2y, ) =
=-1/ 2(y12 —2x1)1 +x12)— 1/2(x12 +2x1)1 +y12)+

+ 2(X12 _y12) = xlz — 3_)/12 = 1

Ntak, MbI OJyYMJIM KAHOHUYECKOE YpaBHEHUE TUIIEPOOJTBI



[TocTpoum ee.




IHPEJEJIbBI

1. ITpenensr
[TycTh Kaxa0My HATYpalbHOMY YuCiIy 7 =1, 2, ... TpPUBEIEHO B COOTBETCTBHE B
CHWIIy HEKOTOPOIO 3aKOHAa YHUCIO u,. Torma roBopsT, YTO oOmpenenaeHa
NOCIEI0BATEIBHOCTD YACEN Uy, Uy, U3, ... WIH, KOPOYE, MOCIEIOBATEIBHOCTD {un}

OTI[eJIBHI)Ie quciia U, Ha3bIBAIOTCs €€ 3JICMCHTAMU.

Ompenenenne 1.1. Yucno a Ha3pIBaeTCsA MPEEIOM IOCIEAOBATENLHOCTU {un},
€CaM A JI000ro IOJIOKWUTENBHOIO YHWCIa €  HaWJeTCd 3aBHCAINEC OT HEro
HaTypanbHOe uuciao N Takoe, YTO JUIA BCEX HATypalbHbIX uucen n> N

BBIIIOJIHAETCS] HEPABEHCTBO: | u,—a |< €. Ilpu atom mumyt:  [im u, = a.
n— 0

Ompenenenvie  1.2.  ToBopst, uro QyHKIMS  f (x) ctpemurcs kA
(f(x)—)A) OpU CTPEMIIEHUH K a(x—)a), rne A w a-—uucna, WM

lim (x) = A, eciu g moboro €>0 cymectByer O = 6(8) >0 Takoe, 4TO
XxX—>a

|f(x)—A|<8 mpu |x—a|<38.
AHanoru4Ho, limf(x)zA, eciu |f(x)—A|<8 npu |x|>N(8) u

X—> 0
lim f(x) =00, ecliu | f(x)|> M npu | x—a|< S(M) rae M — mpousBoIbHOE
X—>a

ITOJIOXKUTCIIBHOC YHCIIO.

[1pu BHIYKCIIEHHH TIPEIEIIOB MOKHO HCIIOIB30BATh CIEIYIOIINE TEOPEMBI. 1.
Ecnu cymiecTBytoT KoHeuHble [im f (x), lim f5 (x), TO
xX—>a xX—>a

a) XIEZZ[fl(x)ifz(x)]:ji’lefl(x)iﬁ’;'zfz(x)
6) lim| f1(x)- f2(x)|= lim fi(x)- lim f3(x)
lim fl(x)
) fl(x) _ x—a .
RS lim 7209 (fi”éf 2(x) 7 Oj' >
Ecm [im f(x)= A#0, [lim fz(x)z 0 (4 —xoHeuHO), TO
lim M

x—>a fr (x)

ecnu  [im f(x) =A, [limf, (x) = 0 (A — koHEUHO), TO
x—>a xX—>a

= 00

b



fix)

lim ——~% =0.
x—a fz(x)

DTH yTBEP)KACHHS CHPABEIJIMBBI, €CII BMECTO IBYX (YHKIUH f) (x) u fr (x)

B34THb COOTBCTCTBCHHO ABC ITOCJIICA0OBATCIIBHOCTH. {Mn} u {Vn } .

B npocreiimmx ciydasix HaxoXKJIeHUE Mpejiesa CBOJAUTCS K MOJCTAaHOBKE B JaHHOE
BBIPAKEHUE TMPEJCIbHOTO 3HAYEHUSI apryMEHTa, 4acTo, OJHAKO, MPUXOAMUTCS, MPEkKIE
yeM IMepedTh K Tpeneny, MPOBOJUTh MpPeoOpa3oBaHUE JIAHHOTO BBIPAKEHHS. ITO
clenyeTr JnaenaTb B TEX CHOy4yasx, KOIJa UMEIT MeCTO TaK Ha3blBaeMble

0 o0 0 0
HEONPEICIICHHOCTH: 6; —: 0-00; c0o—o0; 0°; 17; .
o0

Ilpumep 1.1. Ilpm OTBICKAHMM TIpEAEia OTHOWICHHS MABYX LENBIX MHOTOYICHOB
OTHOCUTENBHO X IIPU X —>00 WIM N TpU H1 —>00 IS TOCIEI0BATEIBHOCTEN

o0
(HeompeaeneHHoCcTh — ) 00a YjieHa COOTHOILLIEHHUS MOJIE3HO NPEABAPUTEIBHO PA3/IETUTh
o0

Ha X" WK, COOTBETCTBEHHO, 71" Tie 711 — HAMBBICIIAS CTEHEHb STUX MHOTOYICHOB.
AHanOrnyHepli MpUEM BO MHOTUX CIydasgX MOKHO NPUMEHUTb U JUIsl IpoOeid,
COZIEpIKAILUX UPPALUOHATIBHOCTH.

4 2 1) 2 1
x| 3+ —=—-— 3+———
Co 3t +2x? -1 o0 . ( x2 x* - x> x*
a) lim 2 =|—|= Ilim 3 5 = lim 3 7
x>0 S5x " +3x+2 0 x—>°0x4(5+_+_j x_”°5+_3+_4
I x> x
2 1
lim 3+ lim —— [im —
o T 34040 3
_ 3 T 040 5 Crapwascrenci m=4,
lim 5+ lim —+ [lim —
X—>0 x—>00x3 x—>00x4

4
JIEJIUTCA HA X .

C3Jont 203 42 + 43803 +21
0) lim =
oo A4 3 0ant +on

3. n4(9—%+l4j +4-3 n3(8+2—§j
n n n

= [im




3-\/(9—%+i)+i-3(8+2)
_ lim n n*) n n/ 3-49-0+0+0-Y8+0 9

l = - _
nso | 3 9 0-¥1-0+2-v4+0 4
41 1- +2- |4+

2
(HeompeIeICHHOCTh — , CTapIiasi CTENeHb 7 = 2, JEeIUTCsI Ha n” ).
00

6) lim (3x + 1)

X—> 00

\/x2+4x+5—\/x2+4x+7]:[oo-(oo—oo)]:

\/x2+4x+5—\/x2+4x—7 .

(3x+1)

= [im
X—> 00

\/x2+4x+5+\/x2+4x—7]

\/x2+4x+5+\/x2+4x—7

(3x+1)(x2 +4x+5—x2—4x+7)
= [im
X o \/x2+4x+5+\/x2+4x—7

— lim (3x+1)-12 (_xj B

x_’w\/x2+4x+5+\/x2+4x—7 B

X
12(3+l) 12-3
= lim al == 2o 18
X—> 00 4 5 4 7 I1+1
I+—+—=+ JI+———
X Xx X Xx

[Ipumep 1.2. Ecmm P(x) u Q(x) — IeJble MHOTOWICHBI X, P(a) =0 wm
Q(a)i 0, T1o mpemen paummoHanpHOR apoobum P/ nupum X —>a  HaXOIWUTCH

0
HerocpeaAcTBeHHO. Ecim ke P(a) = Q(a) =0 ("HeompeaeICHHOCTh 6), TO JIpOOb
P/ Q pexomenmyercst COKpaTHTh OJMH MK HECKOJIBKO pa3 Ha (x — a).

CxP-3x+2 (0) , (x—l)(x2+x—2) X2 +x-2
lim——= = lim

4 0 3, 2 = lim ——— -
x=>1x" —4x+3 \O x—>1(x—1)(x +x +x—3) x>1x7 +x° +x-3




:(szﬁm (x—1)(x+2) x+2 142 %

= lim —E
0 x—)l(x_1)<x2+2x+3) x—)lx +2x+3 1+2+3 6

[Ipumep 1.3. OnHUM U3 NIPUMEPOB HAXOKACHUS MPE/eaa OT UPPALUOHATIEHOTO
BBIPAKECHUSA SIBIIIETCS MIEPEBO UPPALUOHAIBHOCTH U3 YHCIUTENS B 3HAMEHATENb WU

HA000pOT (HEOMPEACACHHOCTD — ).

o lim _m_(gj_ im(3—ﬁ)(3+ 5+x)_
—al-Y5-x \o/ %4(1—%/ﬁ)(3+ 5+x)

= lim Poo-x

H4(1_ %/ﬁ)(u M) i

= lim - lim = |lim ———

1
—41=35—x —>43+/5+x —>41-35—x g
{ (4—x)(1+ 5-x+3 (S—x)j

=—lim =

6x—>4(1_§/ﬁ)(1+m+§/(5—7x)2)
1 (4_x)(1+%/ﬁ+ﬂ]

=—lim =
6x—4 I-5+x

o (4—x)[1+%/ﬁ+3,/(5—x) j :—llim(l+m+3/7(5—x)2) _

6 x—>4 x—4 6 x—>4

1 1
=——(1+1+1)=——.
6(++) >

5 lim%—_zz(g):lim (%/E—z)(%/?+2%/¥+4) )
x>8 2 —7x—8 0 x—>8(x2 —7x—8)(%/x72+2§/;+4)

: x—38 B 1
:xl_%( )(x+1)(\/7+2\/—+4) xh_%(x+1)(\/7+2\/—+4)
:9._112:1_38.

[Ipumep 1.4. [Ipu BeIYMCIEHNH PEAETOB BO MHOTHX CIIY4asiX UCIOJIb3YIOT «IIEPBBII
3aMeYaTeIbHbIN IIPEIei):



SInXx

lim =1,
x>0 X
CIIEZICTBHEM KOTOPOTO SIBIIIOTCS MPEAEIbI:
Jim 185 tgx _1 lim arcsinx _ 1 lim arxigx _ L
x—>0 Xx x—0 X x—0 X
2 )
tg”4x -
a) lim ctg2 3x—ctg25x]- g X a;csm T
x—0 X
2 . 2
tgdx 5 ([ arcsinx 5
e ] (52 e (2
. | cos”3x cos” S5x 4x X
= lim 2~ 2| 2 -
x>0 sin“ 3x  sin” Sx X
2 cos® 3x  cos” 5x tgdx 2 arcsinx)’
= [lim16x~ -  SR— Aim| =——| - lim =
x—0 sin“ 3x sin“ S5x | x—0 4x x—0 X
| cos?3x-16x2 cos? 5x-16x° 2’ 9
= [lim 3 — 5 1717 =
x—0 ; ;
(Szn3x) 9x2 (Sanx) 95,2
3x Sx |
1 2
= lim —60053x——cos 5x :— l—— 1—i6.
x—0 225

2
(thx) 4x? N 2sin® 2x

( arcsin 3xj 3y

0) lim

tg22x J1-cosdx (9
x>0 x2 . aresin3x 0 x—>0

3x
tg2x . sin2x
lim (—j 42 ( j - 2x
x—>0\ 2x 42 sin2x ) 2x 82
= Aim —— = [im = .
lim arcsin3x x—0 3x x—0 3x 3
x—0 3x
IIpumep 1.5. [Ipy  BbBIUMCIECHMM  TIpeAEna  BBIPAKEHUSA,  COJEPXKAIIETO
TPUTOHOMETPHUYCCKHE (PYHKIMH, KOIaa X —a u az0, PEKOMEHIYETCSI

MPEIBaPUTEIIBHO MPOBECTH 3aMEHY X — d = ).

T-X

coS—— 0

lim 6 =(—)=(x—3=y, y—0 mpu x >3) =
>3 x—-3 0




n-(y+3)

T . Ty
CcoS 1 n-y - — g - Sin T
= [lim 6 = [lim —-cos(—+—j = lim =
y—0 y y—>0y 6 2 y—0 Ty
6
SinM - -
- Tim—06 Ty T
6y->0 T-) 6 6
6
[pumep 1.6. Ilpu BeIYKMCICHUH IPEACIIOB BUuaa [lim [ f (x)](p(x) = ¢ HEe00XO0IUMO
Xx—>a

HMCTb B BUY, UTO

1) ecnu cymIeCTBYIOT KOHEUHbIC nipeeabl A = lim f (x) B = lim (p(x),

Xx—>a x—>a
1o c=A4" (4>0);
2) ecniu lim f (x) =A#1, I[lim (p(x) = F00, TO BOIPOC O HAXOXKICHUH
Xx—>a Xx—>a

npeacia ¢ peuacTCsa HEIMOCPCACTBCHHO,

3)ecnu lim f (x) =1, Ilim (p(x) = 00, TO CIEAYET BOCIOIb30BATHCS
x—>a Xx—>a

1
«BTOPBIM 3aMeYaTeIbHBIM Mpeaeaom»: lim (1 + g(x)) g(x) = e, rae
X—>a

g(x)—)O npu x >a u e=2,718....

x2

2 —00
— 1] x-1 1
Cl) lim (3)6'2—)6'4'} = (éj = o 0, T.k.
x>0\ 2x" +x+1 2 3

o 3x?-x+1 3 o x?
lim ——— == lim =— = —o0.
x>0 2x? 4 x4+1 2 x>0 x —1
. x+3 . .
6) lim(sm 4x) — 4% =64, . lim S _ lim(sm 4xj 4=4,
x>0\ X x>0 X x—0\ 4x
lim(x + 3) = 3.
x—0

2x 2x
6) lim(3x+lj =(1°°)=zim(1+ ! ) -
x—oo\ 3x — 1 3

X—> 0 x—6



3x—6 7 3x—6 ] fim

7 T 3 7 7
= lim (1 + ) 2 | lim (1 + ) = !¥3,
X—> 00 3x—6 X—> 0 3)6—6

3 3
&) lim(7-2x)v3 =(17) = lim[1+ (6~ 2x)]v=3 =

x—3 x—3
(6-2x)3 . 18-6x
1 v—3 lim ‘
= [im [1+(6—2x)]6—2x — g3 X3 _ 76
x—3

2. beckoHeuHO Masibie 1 OECKOHEUHO OOJIbIIINE (PYHKIINH

Ompenenenvie 2.1. Ecimu [im f (x) =0, to pyHkuusa f (x) Ha3bIBAETCS OECKOHEYHO
XxX—>a

MaJIOi B OKPECTHOCTH TOUKH X =a (pu X —> a).
CyMMa 1 mpou3BeIeHuEe KOHEYHOT0 Yrcia OECKOHEUHO MalbIX (PYHKIUN TIPU
X — a ecTh Takke 0ECKOHEUHO Majasi ipu X —> d.

Omnpenencane 2.2. Ecau f (x) u g(x) — OECKOHEYHO MAJIbIE TIPU X —> a4 U

)
m——=¢, TA€ C — HCKOTOPOC YMUCJIO, OTIIMYHOC OT HYJIA, TO (bYHKLII/II/I f (x) u
x—a g(x)

g(x) Ha3bIBAIOTCSI OECKOHEYHO MaJIBIMK OJIHOTO MOpsiaKa mpu X —> a, ecau ¢ = 0,

TO FOBOPAT, uTO | (x) — OECKOHEYHO Majiasi BBICILIETO MOPSAKA MO CPABHEHUIO C g(x)

nmpu X — a.
Beckoneuno mamas [ (x) Ha3bIBaETCS OCCKOHEYHO MaJIOW MOpsaKa 71 TI0

CPABHEHUIO C g(x) npu X — a, eclu

/(x)

lim —==c¢, O<|c|<+oo.
Xx—>a gn(x)

[Mpumep 2.1. Ilpu x — 0 ompeaeauTh MOPSAAOK MATOCTH GYHKIIMU ZX — SiNX

OTHOCUTCIIBHO X.

) 1
t / smx( B sinx(1- cosx)
) X — SINX . COSX ) -
lim Xz smx lim = [im =
x—0 _xn x—0 _xn x—0 xn COSX
. .2 X . 3X X .3 X X

2sinx-sin’ = dsin® = . cos= sin° = CcoS—

= [im 2=lim 2 2=4lim 2-lim 2 _

x—0 xn COS X x—0 _xn COSX x—0 _xn x—0 cosx



.3 X . 3X . 3X
sin” — sin” — 4 sin” —
=4 [im 2-1:4lim—2:—-lim

=0 x" x"‘)(x)n yn 2" x>0 (xj".
2 2

Orot npenen Oyaer paBeH koncrtaute ¢ # 0 npu n = 3, cliegoBareabHO,
GyHKIUS 1gX — SINX WMEET MOPSIOK MAIOCTH 7 =3 oTHOcuTenbHO X mpu x — 0.

CyMmMa 1ByX 0€CKOHEYHO MAJIbIX Pa3IMYHbIX MOPSIKOB PABHOCHIIbHA TOMY M3
CJIaraeMsIX, MOPSAOK KOTOPOTO HUXKE.

[Mpumep 2.2. Onpeaenuth MOPSAOK MAIOCTA OTHOCUTENIEHO X Tipu X —> 0 cymMMmBbl
Vx? +4x3 .
2

3/ .2
Cnaraemoe X HMCCT MOPAAOK MAJIOCTU — OTHOCHUTCIIBHO X, a CJlaracMoc

[.3
X — NOpAAOK 5 , CJICAOBATCIIbHO, CYMMa UMECT IOPAJOK MaJIOCTH E

oTHOcUTeNbHO X Tmpu X — 0.

Ompenenenne 2.3. Ecnu [lim MZ 1, To 6eckoHeuHO Manbie [ (x) u g(x)
x—>a g(x)

Ha3bIBAIOTCS YKBUBAJIICHTHBIMU NIPH X —> @ f (x) ~ g(x).

Hanpuwmep, npu x — 0 Oyzaem umeTh:
sinx ~Xx, Igx~Xx, arcsinx~ Xx,arctgx ~ x,
2
ln(1+x)~x, COSX ~ 1—7, et —1~x, a" —1~x-lna (a¢ 1).

HpGI[GJ'I OTHOHICHUS ABYX OCCKOHEYHO MaJIbIX HE HU3MCHUTCA, CCJIN YJICHBI
OTHOIICHUA 3aMCHUTH OKBHUBAJICHTHBIMH UM BCIIMYMHAMM.

IIpumep 2.3.

2 .2
34tg2x . 53arcsin2 3x (34tg r - 1) _(53arcsm Y- 1)

a) lim > = lim 5 5 =
x>03s5in” 4x + Tarctg“x  x—0 3-(4x) + 7-(x)
 4tg’x-In3-3arcsin® 3x-In5 4in3-x* - 3ln5-(3x)2

= [im 3 = lim > =
x—0 55x x—0 55x
_ 4In3-27In5
55 '
In(1+3x) 3x

. (4darcsin2x) x C(4-2x) x N1
6) lim| ——— = lim == =—.
x>0\ 3tg8x x>0\ 3-8x 3 27
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ln(3 — 5x) — ln(3 + 7x)

6) lim = lim =
x>0 2sinx x—0 2x
ln3+ln(1—§x)—ln3—ln(l+%xj _Ex_Zx
= [lim = [lim 3 3 _ —2.
x—0 2x x—0 2x

Omnpenenenvie 2.4. Ecnu [im (x) =00, T0 QyHKIHUSA [ (x) Ha3bIBaeTCsl 0ECKOHEYHO
Xx—>a

OOJIBIIION TIPH X — 4.
[TogoGHO TOMY, KaK .TO CI€TIaHO JIJIsi OECKOHEUHO MaJIbIX, BBOJAUTCS MMOHSITHE
0ECKOHEYHO OOJIBIINX PA3TMYHBIX MOPSJIKOB.

[Ipumep 2.4. Ilycts x — 0. OnpeneauTs NOPAI0K OECKOHEUHO OOJIBIIION

f (x) = 10 CPABHEHUIO C X .
+
5 5 5 5
. X . X . X . X
lim x" | = lim ———— = lim 1 = lim ——=1
x—>o0| X+ 2 x—)oox”(x+2) x—o ™ L) xooo
npu n=4.

Onpenenenue 2.5.
1) Mycts pyakmus [ (x) — OecKOHEeUYHO OoJbIIast MJId OECKOHEYHO Majias Mpu

X—>o© u lim&
x—)Ooc.x

=1, rie ¢ U o — KOHCTaHTHI, TorAa QYHKIUS Y = cex®

Ha3bIBACTCS ACHMITOTHKON MM aCHMIITOTHYCCKH SKBUBAICHTHOW QDyHKIUU f (x) pu
X —> 0,
2) Tlycts QyHkms f (x) — OeckoHeUYHO OOoJIbIas WM 0ECKOHEYHO MaJtas IIpu

x—>a u lim —f(x)

- 1, rae ¢ u a — KOHCTaHTBI, TOraa (bYHKHI/IH
X—> 0 C- (x —_ a)

o 9 )
y= C(X - CZ) Ha3bIBAaCTCA aCUMIITOTHKOU MJIN AaCUMIITOTHYCCKHU DKBHBAJICHTHOMU

byukiun  f (x) npu X —>da.

Ilpumep 2.5.

a) Haiitn acuMnToTUKY (AaCUMOTOTHYECKOE TIpeicTaBieHne) QyHKIuu ~x + 1 —+/x
mpu X —> 0.,



(ErT VT T T 697)  yaiox

Jx+1++/x _\/x+1+\/;_
1 1 1

_\/x+1+\/§ 2\/;_2-x1/2’

CJICOOBATCIbHO, ACUMIITOTUKOM q)YHKHI/II/I f(X) =AX+1—+X IOpuU X —> O ABIACTCA

Jx+1-+/x=

l 12 1 1
HKIHA —X ~; Cc=—; O=——.
by 2 2 2
0) Haiitu acumnroTuky QyHkimu [ (x) - npu x —> 1.
3 1—x 3
IMpu x —> 1 dbyukuuu f (x) = % ABJISIETCS] OECKOHEYHO OOJIBIION:
l-x

x x o i |
?{/I—x3_3\/(1—x)(1+x+x2) m i/g(l—x)l/3

A y 1 - )3
CUMIITOTUKOM B JAHHOM Clly4yae sIBJIAeTCS PYyHKIUS y = %( — x) .

¢) Haiitu acumMnToTHKY QyHKIMH [ (x) =x>—3x+2 opu x — 1.

B nanHoMm cinyuae mpu X — 1 QyHkims f (x) ABJISIETCS] OECKOHEUHO MaJIOW;

f(x)zx3 —3x+2:(x—l)z(x+2)~3(x—21)2.

[Tomyyaem acCUMITOTHKY ) = 3(x — 1) c=3 oa=2

3. HenpepwiBHOCTH (PyHKITHH.

Omnpenenenre 3.1. Ecim x<a u X —> a, TO yciaoBHO numyt x — a— 0,
AQHAJIOTUYHO, eclii X>a X —> a, o X —> a+0. Yucna

f (a - 0) = lim f (x) u f (a + O) = lim f (x) Ha3bIBAIOT COOTBETCTBEHHO
x—>a-0 x—>a+0

npeaeoM cieBa QyHKIMA [ (x) B TOUKE ¢ U MIpeaeaoM crpaBa GyHKIHA [ (x) B

TOYKE @ (€CJIM ITH YMCJIa CYIIECTBYIOT).
Jlnst cymectBoBaHus npeaenia GyHKiyun [ (x) npu X —> a HeoOXOAMMO U

JI0CTATOYHO, YTOOBI MIMEJIO MECTO PABCHCTBO: f (a — 0) =f (a + O).

Ompenenenvie 3.2. Oyukus y = f (x) HAa3bIBACTCS HEMPEPHIBHOW B TOUKE d , €CIIU

1) oHa ompeencHa B 3TOM TOUKE;

2) lim_of(x) = [im f(x) = [im f(x) = f(a).

x—a+0



Touku, B KOTOPBIX HApyIIaeTCsl YCIOBHE HEMPEPHIBHOCTH, HA3bIBAIOTCS TOUKAMHU
pasphbiBa.

Ilpnmep 3.1.

1

a) Haiitu Touku paspeiBa pyHKIMM y = 327X mpeesbl CJI€Ba M ClpaBa B OTUX

TOYKax, CACIIATh cXeMaTU4yeCKui YCPTCIK.
1

®yrkuus y = 32"* uMeeT pa3phiB B TOUKE X = 2, T.K. OHa B 3TOH TOUKE HE

Ya onpeneineHa. [Ipu stom:
1 1

lim 32-% =3+0 = 3+* _ +00;

x—2-0
1
1 1

|

|

|

|

|

i R

| lim 32-x =370 =37 = — =—=0.
A ' x x—2+0 3 + o0

I 7

|

O 2

6) HaiiTu Touku pa3pbiBa U BETUYMHY CKauKa B 3THX TOYKaX (PyHKIIUU
1

2¥+43 4 4x -8
Y= 1 .
243 4 4
Toukoli pa3psiBa JaHHOW QYHKIMH SIBISCTCS TOYKAa X = —3, T.K. B HeH QyHKIHS
HE OIIpeeIIcHa.

2V pax—8 27 -12-8 0-20

lim = = =-5;
x—>-3-0  lx+3) | 4 27% 4+ 4 0+4
1/(x+3) _
lim 2 tAx-8 I, Tx.upu x > -3+ 0 umeem:

x>-3+0 o lx+3) L 4
21/(x+3) L4y —8 ~ 21/(x+3) .

b

21/(x+3) L4~ 21/(x+3).
Benmuuuna ckauka A =1-— (— 5) = 6.

6) HaiiTi Touku pa3peiBa, BeMUUMHY CKauka A W mocTpouth rpaduk GpyHKIMN
— 3x, x<0

. T
y =<4sinx, O<xS5

T
x2+1, — < X.
2

Jannast GyHKLIMS HENPEphIBHA I X € (— 00; O) U(O; E) U(E; + ooj.




I/ICCHGI[yeM TOJIBKO TOUKH X; = O n Xy = —, T.K. BHHX MCHACTCS aHATTUMTHUICCKOC

| a

BBIpaXKCHHE (PYHKITUH.

lin_1 f(x) = lim (— 3x) =0; lim f(x) = lim (4Sinx) =0;

——0 x——0 x—>+0 x—>+0

f (O) =—-3x 0= 0, cnemoBareibHO, B Touke X = 0 ¢yukuus f (x) HEeTpepbIBHA.
X=
lim f(x) = [im (4 sin x) =4; f(ﬁj = 4Sin£ =4;
i T 2 2
x—>—70 x—>—70

2
lim f(x) = [lim (x2 + 1) I 1=23,467,cneno
x—>§+0 x—>§+0 4

T
BaTEJIbHO, TOUKA X = 5 TOYKa pa3pbiBa. Bennuuna

CKa4dKa

v

2 2
A=4— TE_+1 :3—n—z0,533.
4 4




JANPOPEPEHIIMPOBAHUE U IIOCTPOEHUE ' PA®OUKOB

3KCTPEMYMbI ®YHKIIMA OJHOM IEPEMEHHOM

Oyukius y = f (x) Ha3bIBAETCS BO3pacTaroliei (yObIBaloIIei) HAa HEKOTOPOM
MHTEepBase (0Tpe3Ke), €CIU IS JTIOOBIX TOYEK X|, X,, HNPUHAUICKALIUX JTaHHOMY

UHTEpBaJIE (OTPE3KY), U3 HEPABEHCTBA X| < X, CJIENYyEeT HEPABEHCTBO

f(xl) < f(xz) (f(xl) > f(x2 )) Eciu f(x) HEMpephIBHA HA OTPE3Ke [a; b] u
f '(x) >0 ( f '(x) < O) npu a<x<b, o f (x) Bo3pacTaer (YOBIBAET) Ha OTPE3KE
[a; b].

B mpocreiinmx ciydasix 00jacTh CyIIECTBOBaHHUS (GYHKIMH  f (x) MOXHO

pa30UTh Ha KOHEYHOE YHCJIO IPOMEXKYTKOB BO3pacTaHUs W yObIBaHUS (yHKIIHA
(TPOMEKYTKOB MOHOTOHHOCTH ). DTH MPOMEKYTKH OTPaHHYCHBI KPUTUICCKUMH TOYKAMHU
AV x (rme f ’(x)=0 um ke  f '(x) He
y=f(x) CYILIECTBYET).

Ecimn  cymectByeT Takas ABYCTOPOHHSS
OKPECTHOCTh TOYKH X,, 9TO JJIs BCAKOW TOUYKHU

AS) "

X #X, OTOM  OKPECTHOCTH HMMEET MECTO

|
!
!
!
| nepasencrso  f(x)> f(x,), TO Touka  x,
|

O

Ha3bIBAETCA  TOUKOH  MHUHHUMyMa  (DyHKIHH
X1 Xo y=f(x), a wmeno  f(x,)— MuHEMYMOM

byukmuu  y = f (x) AHAJOrMYHO, €CJIIM I BCAKOM TOYKH X # X| HEKOTOPOU
OKPECTHOCTH TOYKH X| BBIMOJHACTCS HEPABEHCTBO [ (x)< f (Xl),TO X| Ha3bIBaeTCA

TOYKOW MakcuMyma QyHKIUH ) = [ (x), a f (xl) — MakcuMyMoM (yHkuuu. Touka

MUHHUMYMa WM MakcuMyMa ()YHKLIHMH Ha3bIBa€TCs €€ TOYKOM IKCTpEMyMa, & MUHUMYM
WIN MaKCUMYM (YHKUUHM — 3KcTpeMyMoM (yHkumu. Eciim X, — ToYka dKcTpeMyma

byukiun (x), 0 f '(xo) =0 wm xe f '(xo) HE CYIIECTBYET (HeoOxooumoe
yenosue cyujecmeosanusi sxcmpemyma). OOpaTHOE YTBEpI)KIACHHE HE BEPHO: TOYKH, B
KOTOpBIX [ ’(x0)=0 win f '(xo) HE CYLIECTBYeT (Kpumuueckue mouxu), HE

00s13aTENILHO SIBSIFOTCSI TOYKAMH SKCTpeMyMa GpyHKIuu f (x)

Locmamounwiti  npusHax — cywjecmeoéanus W OTCYTCTBUSL ~ DKCTpEMyMa
HerpepbiBHOW (GyHKIUH [ (x) CIEAYIOIIUM: €CIIM CYIIECTBYET Takas OKPECTHOCTH

(xo -9, X, +8) KPUTHYECKOH TOYKH X,, 4YTO f'(x) >0 mpu x,—-0<x<x, H®
f’(x) <0 mpu x, <x<Xx,+0, TO X, — TOYKa MaKCUMyMa (DyHKIUH f(x); eciu
ke f'(x)<0 mpu x,-8<x<x, u f'(x)>0 mpu x,<x<x,+8, 10 X, -

TOYKA MUHUMYyMa QYHKIUH (x)



Eciu, HakoHel, Hal{IeTCs Takoe MONOXKHUTENbHOe yucno 8, uro f'(x) coxpanser
HEU3MEHHBIH 3HaK mpu X, —0<x<Xx,+0, TO TOUuKa X, HE SABIACTCA TOUKOM
sxcrpemyMa dyrkumn f(x).

Haumenvuiee (naubonvuiee) snauenue HenpepsisHoil Gynkumn f'(x) Ha naHHOM
otpeske [a; b] mocthraercs MM B KPUTHYECKMX TOYKAaX (YHKIMH, WX HA KOHLAX

OTpe3Ka [a; b] :

[pumep 1.1. HaliTu skcTpeMyMbl U HUHTEPBAIbl MOHOTOHHOCTH QYHKIIUU

y=x-+-5x.

AY
o I
Ob6mnacth cymectBoBanust: —3x =20 = x<0.
Haxoaum KpUTHYECKUE TOYKH:
1 5x
"==5x+x- (=5)=+/-5x - =
Y 2+ —5x ( ) 2+/—5x

~10x-5x —15x 3-(=5x) 3
= = = =—-4/=5x 20.
24=5x  24-5x  24-5x 2
[Mpu x <0 ¢yHKOUSA BCeraa BO3pacTaeT v MPUHUMAET HAaHOOJIbIIICE 3HAUCHNUE B
KpuTHYeckor Touke x = 0: y(O) =0.

[Ipumep 1.2. HaiiTu s3KkcTpeMyMbl U HHTEPBAIbl MOHOTOHHOCTH (DYHKLIUU

y =Y +1)2-x).

OO6nacTh CylIECTBOBAHUS: X € (— 0o; + oo) :

Haxoaum kputnueckue TOUKU:

y,:(z—x)z—2(2—x)(x+1)_(2—x)(2—x—2x—2) x

3P 122-0"  3Yar22-00 Yrr)P2-x)

=0 = x =0,

y' He cymiecTByeT => X, = —1; X3 = 2. Tlody4nsiu Tpu KPUTHYECKHE TOUKH.

x | (- =) -1 |(-1 0) 0 (0; 2) 2 (2; +o0)




y' + HE CYIII. + 0 — HE CYIII. +

yo| _ 7 max ~ min P

lim y'(x)= lim = 400;
X—2+0 x—>2+03 X+1 (2 X)

— X
I|m =—00

lim y’(x): lim y'(x):+oo.

x—1-0 x—1+0
Tak kak y'(x) =k, tne k — yriaoBoit ko3(GUIMEHT KacaTeIbHOU, TO IPH X = —1 H

X =2 xacarenbHas K rpaduky GyHKIUY neprneHauKyaspaa ocu  Ox.

y(=1)=0; p(0)=¥4; y(2)=0.

[Ipumep 1.3. Haiitu rmyOuHYy OTKpBITOrO 0acceitHa ¢ KBaApaTHBIM THOM U 00BEMOM

3
256 M~ TaKoro, 4To0bl Ha OOJUIIOBKY €ro CTEH U JHA MOIUI0 HAMMEHbIIIee KOJTUIECTBO
Marepuana.
[Tycts a — cTopoHa KBajapaTa OCHOBaHMs, /1 — TiyOuHa OacceliHa;

a’h=256 = a°= 226, a= 1—; h>0;
S=Ss,. +Sy, =4ah+a* =4 \/% he 2 p 0 _ 6ai + 35_}26 F(h);

64 256 32 256 _ 32132 — 256 32(}13/2 8)_

2Wh n2 B R h? h? ’

T~ L F(h)zO — K2 =8, h=4 IMpu /4 =4 Bennunna
~~ 41 7 ! F(h)=S Oymer HaMMEHBIIIEH.

F'(h)=




Ilpumep 1.4. JIBe npsimble xkene3Hble foporu AA4A; u BB nepneHIuKyspHbI APYT K

npyry u nepecekatotrcst B mynkre C, mpuuem AC =800 xm u BC = 700 km. 13
nyHKTOB A u B mo Hampasiennio Kk C  OJHOBPEMEHHO BBIXOJST JIBa MOE3/1a CO
ckopoctsiMu cootBeTcTBeHHO 80 km/u u 60 km/4. Uepes CKOJIBKO YacoB Mocye
OTIIPABIICHHSI PACCTOSIHUE MEXKIY Ioe31aMH Oy1eT HAMMEHBIIUM ?

OTMeTuM MON0KEeHUE MOe370B B MOMEHT ¢ > () y
toukamu K u M. I
AK =80t; BM =60t; 4

CK = AC— AK =800-80¢; =80 km/
CM = CB— BM =700 - 60¢; Agq Mo EEE
(KM)* = (CK)* +(CM)’ = K 3
) , v, =60 KM/4
= (800—80¢)” +(700—60¢)"; KM —
MHWHHUMAJIBHO, €CJIM MUHHUMAJIbHA BCJINYHWHA C A} é Bl x

(KM)? = F() = (800 - 80¢) + (700 — 60¢)*;

F(¢) =2(800—80r)- (—80) +2(700 — 60¢)- (~ 60) =
= —128000 + 128007 — 84000 + 72007 = 20000¢ — 212000 = 0; =10,6;

T~ _ t =10,6 — Touka MuHUMYyMa QyHKIMHA F (t) Yepes 10,6 gacos

~. 10' 6/ TI0CJIE OTIIPABJICHUS PACCTOSHHE MEKIY MOE31aMU OyIeT
’ HAMMEHBIIIIM.

ACUMIITOTHBI

Ecnu Touka (x; y) HETPEPBIBHO TIEPEMEIIaeTCst 0 KPUBO y = f (x) TaK, 4TO

XO0Ts ObI OJTHA U3 KOOPJIUHAT TOUYKU CTPEMUTCS K OECKOHEYHOCTH, U TIPU STOM
pacCTOSIHHE TOYKH OT HEKOTOPOM MPSIMOM CTPEMHUTCS K HYJIIO, TO 3Ta NpsiMas
Ha3bIBACTCS ACUMNMOMOL KPUBOM.

Ecnu cymiectByer yucio a Takoe, uto [lim f (x) =00, TO IIpsIMast X = d
xX—>a

SIBJIICTCSL ACUMIITOTOU (8epmuKaibHasi aCUMnmMoma).

Ecnu cyliecTBYIOT KOHEUHbIC TIpeienisl  [im ——= =k, u
X—>+o0o X

lim [ f (x) — klx] = by, Tonpsmas y = kyx +b; Oyner acumnroroit (npasas
x—>+00

HAKJIIOHRHAA acwwnmoma).

fx
Eciu cyIecTByIOT KOHEUHbIE TIpeAeibl  [im ( ) =k, n
X—>—00 X

lim [ f (x) — kzx] =b,, Toupsimas y = k,x+b, Oyner acumnToToi (esas
x—>-2

HAKOHHASL ACUMINIMOMA).



I'paduk pyaknuun y = f (x) HE MOXET UMETh 0oJiee OTHOM MpaBoit u Oosee

OJHOM J1€BOW aCUMITOTEIL.

3cos(x—1)

[Tpumep 2.1. HaifTu acUMIITOTHI ¥ TOCTPOUTH IpaduK GyHKIMU ) = 2X + "
x [—

OO0macTh CylecTBOBaHuS: X # 1.
Niem BEpTUKAIBHBIE ACUMIITOTHI.
@OyHKIMS IMEET pa3pbiB B TOUKE X = 1, T.K. B HEeW (DyHKIHS HE ONpe/eieHa.

3 -1 .
lim (2#] D) P,
x—>1-0 x—1 —
_ 3cos(x—1) -1
lim | 2x+————% | =2+— =2+ 00 = +0;
x—14+0 x—1 +0

CJII€O0BATCIIbHO, X = I - BCPTHUKAJIbHAsA aCUMIITOTA.
I/IIHGM HAKJIOHHBIC aCUMIITOTBLI B BUJC ) = kx +b.

X—> oo x—1

CrnenoBaTrenbHO, MPU X —> 00 CYIIECTBYET aCUMIITOTA

2V / _

T G N, 1(2“%):
| / x—too X X—>+o0 X x—1
\V/
L/ =2+0=2; b= imf [/ (x)—kx] =
|/ X—>Fo0
f _

O |/ : R xX—>+o0 x—1
hl x B
| _ i Se0sx=1)
|
|
|
|
|
|

[lpumep 2.2. HaiiTu acHMIITOTHI ¥ TOCTPOUTH Tpadux
2x2 -9
x? -1
OO0acTh CyIICCTBOBAHUS: x2-1> 0; x2> I, x>1 n x<-1.

2
2x* =9 (=) 2(-x)" -9 2x*-9
2 2 2
x° -1 \/(—x) -1 \/x -1
CJIeI0BaTENIbHO, JaHHAs (DYHKIIUS YETHASI, U MOKHO MOCTPOUTH €€ TpaduK TOJIbKO MPU
x > 1, a3aTeM OTpa3uTh €ro CAMMETPHYHO OTHOCUTENIBHO ocu Oy.

byHKIMH Y =

= y(x)=y(-x)



2?2 -9 2-9
llm = = —00 = XII—

x> 140 /xz 1 +0
BepTHKabHasg acumnTora mpu x — 1+ 0.
[Myctb x — 1+ 0.

2
ko tim L)y 220

X X—>40 X X+ 3, /x2_1
' 2x% - 2_%
= lim = lim —X—
X—> +00 2 1__ X—> +0 1

b= lim [f ]— llm{ xz_l—zx}—

X—>+00 X—>+00
2 2 2(.2
P —9-2xWxt-1 (2x —9) - 4% (x —1)
= [im = [im =
X—>+o0 x2 -1 x> +00 x2—1(2x2—9+2x-\/x2—1)
2
_ lim 1 32x 9+81 1 0.
X—> +00 3
X - 1——2£2——2+2 1——2j
X X X

[MIpu x — + o0 momydaem acumnTory y = 2x. ['paduk ganHo# QyHKIMM Tepecekaer
ocb Ox mpu 2x2-9=0, T.e. BTOUKAX X = +T

[Ipumep 2.3. HaiiT acHMIITOTHI ¥ TOCTPOUTH Tpaduk GyHKIIUU
x3 —2x? 3x + 2

4—x?
O0acTh CyIIeCTBOBAHHUS: 4-x>20 = x#2u x#-2.

y:

B Toukax x; =-2 um x, =+2 (yHKIHA TEpIHT pa3pbIB, T.K. B HUX OHA HE
OIpEAEIICHA.
X2 2x? —3x+2 —8-8+6+42
lim = = +o0;

x—>—-2-0 4 — 2 -0



X0 —2x* =3x+2 —8-8+6+2

lim —00;
X240 4— 2 +0
N | 2 Yo X =—2 — BepTUKAIbHas aCUMIITOTA.
I
N | | X3 —2x?3x42 8-8-642
AU ! lim = = —00;
X | x—2-0 4 — x2 +0
AN
AN ! x> =2x?-3x+2 8-8-6+2
RN ' lim = = +o0;
2 x—2-0 4 — x? -0
_2: /&\\ | . X= 2 — BepTHKaJbHASA aCHMIITOTA.
: i\\ > HakJIOHHBIE aCUMITOTEI I[P X —>+ 00 HILEM B
: :2;\\ Buzae: vy =kx+b.
| | NN 3 2
N X x> —=2x"-3x+2
| : *>\<\\ k= lim f( ) = lim > =
: : x—to X X—> oo x(4_x )
2 3 2
li - ; _ x_2 x_3 ! 1 b= 1[i kx
= um = =—1; = [im X)— =
x—>+0 4 -1 x—>ioo[f( ) ]
——1
2
X
. x> —2x?—3x+2 . —ox? 4 x+2
= [im +x|= lim =2.
X—>to 4— 2 x>t 4 x2

[lpy x —t oo momydaeMm acCUMITOTY y = —X + 2.
HAINIPABJIEHUE BOTHYTOCTU. TOYKHN NEPEI'UBA

["oBopsT, uto rpaduk quddepenupyemoit pyHkuun y = f (x) 802HYM 6HU3 HAa
WHTEpBaJIC (a; b) (602Hym 66epx Ha UHTEpBAJIC (a 15 bl)), eCII TIpH
a < x < b nmyra kpuBO# pacroyiokeHa HrKe (WIn
Y% COOTBETCTBEHHO IpU @ < X < b; BbIIIe)
KacaTelbHOM, MPOBEJCHHON B JIFOOON TOUKE
UHTEpBaja (a; b) (vm nHTEpBaa (a 15 bl)).

y=f () JIOCTaTOYHBIM yCIOBHEM BOTHYTOCTH BHHU3

| (BBepx) rpadpuka y = f (x) SIBIISICTCSI

: BBIIIOJHEHUE HA COOTBETCTBYIOIIEM HHTEPBAJIE
| | ;x HCpaBCHCTBA

|
!
!
|
a h Xo 4, b f'(x)<0  (f'(x)>0)

Touka (xo , (xo )), B KOTOPOW M3MEHSIETCSl HAMIPaBJICHUE BOTHYTOCTH rpaduka

0

(yHKLIMH, Ha3bIBAETCS MOYKoU nepecuda. JIns abcuuccsl TOUKU nepernda x, rpaduxa



byukmmn y = f (x) BTOpast MPOM3BOAHAS [ "(xo) =0 wm f "(xo) HE CYIIECTBYET.
Touku, B KOTOPHIX [ "(x) =0 wm f ”(x) HE CYIIECTBYET, HA3bIBAIOTCS
Kpumuueckumy moukamu 2-20 pooa. Kpurudeckasi Touka 2-ro poga X, SIBISICTCS
abcumccoii Touky nepern6a, ecmn f”(x) coOXpaHseT IOCTOSHHbIE 3HAKA B HHTEPBAIAX

X,—-0<x<x, m X, <x<Xx,+0, rae 0 — HEKOTOPOE IOJOKUTEITEHOE YNCIIO,
IPUYEM 3TH 3HAKH IIPOTUBOIIONOKHEL, U HE SBIISIETCS TOYKOW Mepernoda, ecim 3HaKu
/"(x) B ykasaHHBIX Bblle HHTEpBaTAX OXMHAKOBBI.

[Mpumep. OmnpenenuTs HHTEPBAIbl BOTHYTOCTH M BBITYKJIOCTH, & TAKXKe TOUKH mepernda
2
KpUBOH y=e¢e

2 2
Umeem: y' =-2xe * ; "= (4)c2 — 2)e_x . TIpupaBHSB BTOPYIO MPOU3BOIHYIO K

1 1

HYIIO, H&IZIIGM KPUTHYCCKHUC TOYKH BTOPOI'O poaa: X; =———=, Xy = —F—. OTH TOYKHU

Np) V2

pa30MBarOT BCIO 00JIACTh CYIIECTBOBAHUS (DYHKIIMH (— o; + oo) Ha TPU UHTEpBaJa.

1 1 1 1

o[ G & & 7 % )
0

yﬂ + 0 _

y N neperuo M neperuo -
ITo KpuBas BO a BBEpX Ip ( lj xe( 1 +oo)
JIyYWJIA: KPUBas BOTHYTA BBEPX IIPU x | —o0; ——— | M — u
V2 J2

BOTHYTa BBEPX IPH x e( — TOYKHU neperuoa.

_%;%) . Touknu (i%; %)

MMOCTPOEHUE TPA®UKOB ®YHKIHUI IO
XAPAKTEPHBIM TOYKAM

[Ipu noctpoenuu rpadrka GyHKIUU CIEAYET, MPEKIE BCEro, HAUTU 00JIaCTh
CYILIECTBOBAHMS 3TON (DYHKIIUU U BBISICHUTD MOBeJeHNE (DYHKIIMU HA TPAHUIIE €€
obOnacTu cyiectBoBanus. [lone3Ho Takxke npeBapuTEIbHO OTMETUTh HEKOTOPbIE
0COOCHHOCTH (PYHKIIMH (€CJIM OHU UMEIOTCS): YeTHOCTh, IEPUOJIUYHOCTD U T.]I.

Jlanee Hy>KHO HaliTU TOYKH Pa3pbiBa, ACUMIITOTHI, TOUKH 3KCTpeMyMa (DyHKIIHH,
TOYKH Tiepernda u T.11. HaliileHHbIe 37IeMEHTHI TTO3BOJISIOT BBIICHUTH OO XapakTep

rpaduka QyHKIIIH.

[Ipumep 4.1. IIpoBecTu MoTHOE UCCIETOBAHUE U TIOCTPOUTH rpaduK PyHKITUU

y:x-3(x+2)2.



OO0macThb CymCCTBOBAHUA: X € (— 0, + OO)

y(x) # y(— x) = ¢yHKIMA 00IIero BUIA.

Tak kak QpyHKLUS OllpesiesieHa IPpU BCEX X, Uy Hee HeT TOYEK pa3pbliBa, TO
BEPTUKAJIBHBIX ACUMITOT HET. HakIOHHBIE aCUMIITOTHI IPU X —> 1 00 UIIEM B BUJIE:

y=hkx+b.

\/ x + 2
k= lim = [lim \/ x+2 = +00, CJIEOBATEIIBLHO, HAKJIOHHBIX

X—>to0 X—> oo

ACUMIITOT TAKXKE HET.
Hccnenyem QpyHKIMIO 11O IEPBOM MPOU3BOAHOM.

: 2 v, 2 3 3x+2)+2x  5x+6
y:[x'3(x+2)} (e 277 e S (v 4 2) 70 (3x-|)—2 T xe2
y'=0 = 5x+6=0, x=-12;
y' He cymectByer = x+2=0, x=-2.

x (o =2) | =2 |(-2; —12)| 12 | (-12 +x)

y' + HE CYIII. - 0 +

Yo max ~ min 7

Vnax = y(— 2) = 0 (kacarenbHas B 9TOW TOYKE MEepHCHIUKYIspHA ocu  OX ).

Va Vomin = y(— 1,2) =-1,2-3/0,64 ~ —1,06
(kacaTenmpHasl B 9TOM TOYKE MapasuiebHa OCH
Ox).

Uccnemyem QyHKIMIO IO BTOPOMH
MIPOM3BOHOM.

-1 —-12 O X
24 N o T | X0 g
-1 g > (.X+2)2/3

| ~1.30

I
' 5'3\/x+2—(5x+6)- 1
3-3(x+2)

3 (x+2)2 )

C15(x+2)-(5x+6)  10x+24

e+2¥x+2 3 Yr+2)t

y"=0 mpu x=-2,4; y" HecymecrByer npu x = —2.

X -24 -2




(— 0; — 2,4) (— 24, - 2) (— 2; + oo)

y" - 0 + HE CYILECT. +

y a neperuo U J

Viepecusa = V(—24) = -24-3(-24)> =-130;  y(0)=0.

[Mpumep 4.2. TlpoBecTH NOTHOE KCCIICIOBAHNUE M MTOCTPOUTH rpaduk GyHKITUH
_(2x+lj2

a x+2/

OO05acTh CyIIECTBOBAHHS: X # —2.

y(x) * y(— x) = (yHKuMs 001IeTO0 BUA.
X =—2 — ToYKa pa3pbIBa, T.K. B HEH (PYHKIIUS HE OMpe/IeIIcHA.

22+ 1\ (4+1)? C(2x+1) (4+1)?
lim =| ——| =+o0; lim =| ——] =4
x—=2-0\ x + 2 -0 x—240\ X + 2 +0

= x=2 — BCPTHKAJIbHAsA aCUMIITOTA.

HaxksoHHBIC aCUMIITOTBI TPH X —> £ 00 WIeM B Buae: y = kx + b.

2
ke gim T8 _ hm-l(giii) =0

x—>to X x—too X xX+2

b:lm[ﬂ@-h}:ﬁm(h+gzz4

x—> %00 x—>too\ x + 2
[lpu x — oo momydaem acumnrory y = 4.
Uccnenyem QyHKITHIO TTO TIEPBOIA TPOU3BOTHOM.
, 2x +1 2(x+2)—(2x+1) 6(2x+l)

y = 2 . . 2 = 2 ;

x+2 (x + 2) (x + 2)
y'=0 = 2x+1=0, x=-0,5;
y' He cymectByer = X =-2.

X (— 0, — 2) (— 2, - 0,5) =05 | (-05 +ox)

y' + — 0 +

yo| ~ min 7




|

| Ymin = ¥(=0,5)=0.

: HccnenyeM QpyHKIHIO IO BTOPOW MTPOU3BOTHOM.
3 2

______ I P y”:6-2(x+2) —3(x+2) -(2x+1):

| / (x+2)°
) M X _ g 2x+2)-302x+1) 6(1-4x)

I'-05] 0.25 (x N 2)4 (x N 2)4 :

yl!:O = 1—4)(::0’ x:0,25,
y" Hecymecteyer = x=-2.

X (-0 -2) (—2; 025 025 (0125; " oo)

yH + + 0 —

s ~ > neperuo M

2
) 4

Ynepeauba = y(0,25) = (2’25j = 5 ~ 0,44.

[Ipumep 4.3. IIpoBecT NOJHOE UCCIEAOBAHUE U OCTPOUTH rpaduK PyHKIIUU

ex—3

x—3

Oo6mnacth cymectBoBanus: x —3# 0;  x # 3.

y(x) #* y(— x) — (yHKIMS 0011IeTO BUIA.

B Touke x =3 QyHKIUSA TEpOUT pa3phiB, T.K. B HEH OHA HE ONPE/IEIICHA.

y:

. ex—3
lim = —o0,
x—>3-0x—3
; > = X =23 — BepTUKaJIbHAsI aCHMIITOTA.
e
lim = 400
x—>3+0x —3
HaxkoHHBIE aCHMITTOTHI UIIEM B BUae: ) = kx + b.
1) x - 4o,
!
_ x—3 _
e ) e
k= lim —= = l[im = lim ———= Ilim —— =
X—>+o X x—>+02x—3

x—>+wo x“° — 3x x—>+oo(

x2 —3x)



!

x—3
(e ) ex—3
= [im ——= lim = +00, CJIEI0BATEIBHO, IPH X —> +00
X—> +00 (2x _ 3) X—> +00 2
HAKJIOHHBIX ACUMIITOT HET.
2) x = —o,
x=3
AL . e 0
k= Ilim Qz lim = =0;
X—>-0© X x—>-ox“ -3y +©
ex—3
b= lim [ f(x)-kx]= lim =0,
X—>—0 x—>—0X—23

npu X — —o0 mojdydaem acumnroty ) = 0.

HccnegyeM (pyHKIMIO 1O NEPBOM MPOU3BOAHOM.
!/

x=3 o (x=3) - ~3-1 —4
yr:(e ) _e (x ) ¢ :ex—3'x _ex—?) X

X3 (x-3)° (-3 (x-3)7
y'=0 = x—4=0, x=4; y' He cymectByer = x =3,
x | (o5 3) | (3 4) 4 (4, +)

y' - - 0 +
y ~ ™~ min —
Vmin =V(4) = e~ 2,72.
HccnenyeM pyHKIUIO 1O BTOPOI MPOU3BOIHOM.
2

ynzeﬁ3.x—42+eks(x—$ —@—fgzu—s):

(-3 ()

e xT—Tx+12-x+5 ex_3-(x2—8x+17) ,

B ' = Yy

x—3

(x=3)° (x-3)°



/\y |
| y" He cymectByer = x=3.
|
|
! x (—o0; 3) (3; +oo)
etk-- :_ _ , . " _ +
! >
Y | 4 oy M U
|
|
| -3 1
e
| 0)=——=——%~=—,02
[Ipumep 4.4. IIpoBecTH MOJIHOE UCCIEAOBAHUE U MOCTPOUTH rpaPuK PyHKIUU
x+6
y=In — 1.
x
+6
O05acTh CyIIECTBOBAHHUS: al > 0.
X
x>0, x<-6. = — s

_ 6 0 x
OyHKIUs 00IIEro BUIA.

. x+6
lim |In —1|=—-0 = x=-06 — BepTUKaJbHAas aCHMIITOTA.
x—>—-6-0 X

. x+6
lim | In —1|=40 = x=-0 — BepTuKaNbHas aCUMIITOTA.
x——+0 X

HakioHHBIE aCHMIITOTHI UIIEM B BUae. ) = kx + b.

mx+6_1
k= gim 2O _x
X—>Fo X xX—>+oo X
b= lim |f(x)-kx]= lim |:lnx+6—1}:—1_
x—>too X—>too X

[lpu x — oo momydaem acumnTory y = —l.
Hccnenyem QpyHKINIO 110 IEpPBOM MPOU3BOAHOM.

x | (o —6) (0 +e0) , X x—-x-6 -6

= . = 0.
y - - 4 xX+6  x2 x(x+6)¢

y ™~ ™~ DKCTpeMyMOB Yy GYHKIIUH HET.




UccnenyeM QpyHKIIHIO IO BTOPON MPOU3BOHOM.
" g —(x+6+x) 6(2x+6)  12(x+3)
y == = = ;
xz(x+6)2 xz(x+6)2 xz(x+6)2

y'=0 = x+3=0; x=-3 — He BXOIHUT B 00JIaCTh CYILICCTBOBAHHSL.

Va
| x | (- —6) (0; +oo)
| "
| y - +
|
I y M U
—6= O X
________ - ——=2-
-1 Touek nepernda Her.
lnx+6—1:O = x= 0 ;

|
|
|
|
| X e—1
[
[
[
|

OmnpeneJieHHBI 1 Heonpe/ieJIeHHbI HHTErPaJibl
Teopemuueckue ceedenus.

Ilepsoobpasnou gpynurxyuent nas dpyakuu f (X) HaspiBaeTcs Takas GpyHkus F(X),
gro F'(x) = f(X).
Heonpeoenennvim unmeepanom ot ¢yukuuu f(X) HaspBaeTcs ee  oOmas
nepBooOpa3Has
[f(Qdx=F(x)+C .
@dyukius  f(X) Has3pBaeTCs MOABIHTETpabHON (QyHKIHEH, a Beipakenue f(X)dx —
MOJBIHTETPAIbHBIM ~ BBIpaXkeHneM, F(X) — pesymbrat wuHTerpupoBanus, C —

MPOM3BOJIbHAS TTOCTOSIHHAS.
Ceoticmea HeonpedeleHH020 URmMe2paa.

1. [(u(x) + v(x))dx = [u(x)dx + [v(x)dx.
2. [A- f(x)dx=A-[f(x)dx, rae 4 — nocrosHHas1.

3. Bemu [ f(x)dx=F(x)+C nu=¢(x), o [ f(u)du=F(u)+C.



Tabnuia mpocTeNIMX HHTETPaIoB:

1. [dx=x+C.
Xn+1
2. [x"dx= +C,(n=-1).
n+1
3. (X i+ C.
X
aX
4. [a¥dx=——+C, [e*dx=e*+C.

Ina

5. [sin xdx=—cosx+C.

6. [cosxdx=sinx+C.

dx
7. =tgx+C.
jcos2 X

8. | d>2< =—ctgx+C.

sin“ x

9. | de Z:Earctg5+c :
X +a” a a

=2 nX28. ¢ (a20).
—a 2a X+a

11. jm In‘x+\/x + ‘+C(A¢O)

10. |

X2

X
=arcsin — + C.

12{\/7

OcHogHble Memoovl UHMESPUPOBAHUSL.
1. Ilonenenue nox 3Hak auddepeHnuana:
a) moj 3HakoM JuddepeHnraTia MOXHO MPUOABIATH WM BBIYUTATh JIIOOYIO

nocrosaayio: df (X)=d(f(x)+ A);



0) nox 3Hak auddepeHnransa MOXKHO IOJABOAUTH IOCTOSHHBIA MHOXUTEIIb:
1
df (X)=Kd(Af (X)); B) mom 3Hak mupdepeHnMaNa TOABOIUTCS (DYHKIUS 110

npasuy: f'(x)dx =df (x).
2. IHTerpupoBaHKe MO0 YaCTsIM C HCIOIb30BaHHEM (POPMYJIBL:
fudv=uv—[vdu, rae u=u(x),v=v(x).
C MOMOIIIBIO ATOTO METO/1a BEIYHMCIISFOTCS CJICYIOINE HHTETPaJIbI
a) [a* - P,(x)dx, u=P,(x), dv=a*dx.
6) [sinax-P,(x)dx, u=P,(x), dv=sinaxdx.
B) [cosax- P,(x)dx, u=P,(x), dv=-cosaxdx,
rae P, (X)— MHOro4sIeH n-0i CTEereHH.

3. MHTerpupoBaHre METOI0M 3aMEHBI IEPEMEHHOH 110 hopmyJie

[ TO)dx=[f(p)de(t) = f (p(t)e'(t)dt, rae x=p(t).

Ilpumep evinonnenus 3a0anus.

Haittu HeonpeneneHHbIe HHTErPAJIBL:

: 2 3
a) (GOSN T X4 6) jzx;ﬂdx; B) [ (3 +4)e%dx.

VJ1—x2 X®—4x+3

Pewenue.
a) WCIOJb3yS OCHOBHBIE CBOMCTBAa HEOINPEAECICHHOIO WHTErpajla M  BBITOIHSIA
nojBeAeHUe PYyHKIMN 1o 3HaK AuddepeHnmana, HailieM HHTerpa
N2 N2
arcsin x)- + X arcsin x
| ( ) dx =] ( ) dx +

V1-x? V1-—x? J\/1—x2

= [(arcsin x)*d (arcsin x) + (- 0,5)[ (1 - x*) *°d(1 - x*) =

dx =




2105
= %(arcsin x)3-05- % +C= %(arcsin x)> —V1-x? +C.

[IpoBepuM pe3yabTaT UHTErpUpOBaHus AU(hepeHITUPOBAHUEM:

!

(%(arcsin x)® —V1-x° + Cj _

= % -3(arcsin x)? - (arcsin x)' —0,5(1— x2) *°(1—x?) +C' =

_(arcsinx)®  —2x , o (arcsin X)? + X

h-x2 2h-x2 J1i-x?

9TO COBIIaAACT C HOHBIHTeraHBHOﬁ (IJYHKIIHGI‘;I.

0) B 2TOM cllyyae MOJBIHTETpaIbHAsT (YHKIMS TMPEACTaBIseT cOoO0M HEmpaBUIBHYIO
pauuoHanbHyl0 npoOb. IlpeacTtaBum 3Ty 1poOb B BHUJE CYMMbl MHOTOWIEHA U

HpElBHJIBHOﬁ I[pO6I/I. ]_—[HH 9TOTI'O BBIIIOJIHUM JCJICHUC MHOI'OYJICHA HAa MHOI'OYJICH:

x3 —17 ‘x2—4x+3
x° —4x*+3x  |x+4
4x% —3x —17
4x° —16x —12
13x-29
Torma
3
X 13x - 29 13x - 29
—dx —Jd = [xdx + [4dx + [ =222 dx =
Ix —4x+3 I( X2 —4x+3 =l Jadx+] X2 —4x+3
2
:_+ x| i:ax 29
—4x+3

Jliis Toro 4toObl HAMTH MOCIEIHUN MHTErpaj, NMPeACTaBUM MPaBUIbHYIO JpoOb B BUIC
CYMMBI IipocTedmmx Apooeit. st 3Toro pa3iokuM Ha MHOXKUTEIN 3HAMEHATENb ApOOu
x> —4x+3=(x-1D(x-3) u Pa3lIoKUM JIpoOh Ha IIPOCTEHIIHE

13x-29 A N B
(x-1)(x-3) x-1 x-3

[Mpu X =3 umeem 13-3-29=B(3-1), otkyna B =5;

, 13x—29=A(x-3)+B(x-1).




npu X =1 umeem 13-1-29=A(1-3), orkyna A=8.
13x — 29 8

IHomyuaem = + U UHTETPUPYVEM
7 x-D)(x-3) x-1 x-3 PPy
| 13x - 29 dx= | 8 dx+ [ > dx =8| dx +5| dx =8Inx -1 +5Inx-3+Cu
(x=D(x-3) x—-1 X—3 x—-1 X—3
OKOHYATCJIBbHO HonyqaeM
3 2
jzx—ﬂdx=x—+4x+8ln\x—ﬂ+In\x—3\+C.
X —4x+3 2

[IpoBepum pe3yibTaThl qudPepeHIInPOBAHUEM:
!

2 3 _
X—+4x+8|n\x—u+ln\x—3\+c _2X g 85 Xl ,
2 2 x—1 x-3 x%-4x+3

YTO COBMNAJAET C MOABIHTETPAIbHON (DYHKITUEH.

3ameuanue.
WNHTerpan oT NpaBUIBHON pallMOHAIBHOM JPOOM CBOAUTCS K CyMME HHTETpPajioB OT

npocreimux apodeit. Hanboee yacTo BcTpeyaroTes Cleayoe HHTETPaibl:

jXAladx Alnx—al+C; j(xfka)kdx:(_':‘k+1)(x—a)‘k+1+c,(k:2,3,...);

de—mln‘x + px+q‘ arctg 2X+p
X2+ pX+q 2 1/4q p 1/A]_q p

B) 9TOT MHTErPaj HaXOAUM METOAOM MHTEIPUPOBAHHMS 10 YaCTSM.
1
Ipumem Uu=3x+4, dv=e**dx, Torma du =3dx, V= éesx . Ilo dopmymne

WHTETPUPOBAHHUS 10 YACTAM ITOIYy4aEM

j(3x+4)e3xdx:(3x+4)%e3"— [Ze¥ 3dx= ~ [e¥dx=

+C=e¥(x+)+C.

[TpoBepum pesynbTaT nuddepeHITIPOBaHIEM

e (x+D)+C) =3e>*(x+1) + e =e¥*(Bx + 4),



YTO COBMAAAET C MOABIHTETPAIbHON (YHKIIUEH.

Hpm]o;lcemm ONpEeacJCHHbIX HHTETPaJjioB

Teopemuueckue ceedeHus.
Eciu na mockoctn Oxy 3amaHa
_y="1(x) dburypa, OrpaHWYCHHAS TBYMSI
HenpepbIBHBIMU ~ KpuBbIMH Y = f;(X),

y=f1(x)

y = f,(X) ¥ BepTUKaNbHBIMU TPSIMBIMH

Y

x X=a, X=Db, To mrom@ags, S TaKou

(1)I/IprBI MOJKET OBITH BBIYHCJICHA IIO

b
gopmyne S = [(f,(x) - f,(x))dx.

Ilpumep evinonnenus 3a0anus.

Boraucnuts minomans GUrypsl, orpaHU4eHHON JTUHUSMU Y = X? + 4X, y=X+4.

Pewenue.

3agaHHbIE JIMHUA OTPAaHWYMBAIOT HA IJIOCKOCTH OXy KPUBOJMHEWHYIO TPAICLUIO,

M300paKEHHYIO Ha PUCYHKE.

y = X% +4x

A
y

y=x+4

Y
=




HailineM KoopaMHAThl TOUYEK TNepeceueHus 3aJaHHBbIX JUHHUM, A 3TOTO PElIuM
CUCTEMY YpaBHEHUMU

{y=x2+4x

, X2 +4x=x+4, x*+3x—4=0, orkyma X =—4, X, =1.
y=x+4

Torna uckomas MmiIomaab BEIYUCISIETCS 10 hopmyJie:

1
1 2 2 3X2 X3

S=[(x+4-x —4@dw:K4—3X—X)m@:4x—____?; —
—4 .

:4_§_£+:|_6+4_8—%=20§ (rs. €0.).
2 3 2 3 6

T€0p€mull€CKu€ CBEOeHUS.

OObembl Tell, 00pa30BaHHBIX BpAIEHUEM IUIOCKON (PUTypbl, OTpaHUYCHHOU KPUBOM

y=T1(x)>0, ocsto Ox u mpsiMmeiMH X =a, X=b,

b
1) Bokpyr ocu Ox, Beraucisitores mo gopmyne V, =7 I f2(x)dx;
a

b
2) Bokpyr ocu Oy, BeHUCIAIOTCS 1o hopmyre V, = 27 xf (x)dx.

a

Ilpumep evinonnenus 3a0anus.

Beraucnute 06beMbl Ten, 00pa3oBaHHBIX BpalieHHeM BOKpyr oceidi Ox u Oy

KPUBOJIMHEIHOTO TPEYroibHUKA, 0OPa30BAHHOrO KpuBOH Y =3%/X, ocklo Ox m

npsMoit X =1.

Pewenue.

y | / y=3/x 1) oObeM Tena, MOJYYCHHOTO BpaIlleHUEM

BOKpYT oc Ox, paBeH

Y




V, =z (%/;)2 dx =72 = 3?7[ (ky6. €0.)

0

2) 00beM Tena, OYYSHHOTO BpalieHueM BOKpyT ocu Oy, paBeH

7 1

x/3

sl

1
Vv, = 27[ X xdx =27 = 677[ (kv6. e0.).
0



ITOHATHUE ®YHKIIMW HECKOJIbKUX ITEPEMEHHDBIX.
YACTHBIE ITPOU3BOAHBIE

[Tycts kaxaol ynopsiodeHHou mape gucen (X, Y) u3 Hekoropoii odmactu D(X, y)
COOTBETCTBYET ormpenenaeHHoe uncio Z € £ R. Toraa z na3spiBaeTcs pyHKUMEH IBYX
MEePEeMEHHBIX X M ), X, ) — He3aBUCUMBIMH TEPEMCHHBIMU WM aprymeHTamu, D —
00JIaCTBIO OTIPENICIICHHSI HIIH CYIIECTBOBAHMUS (DYHKIIMH, a MHOXKECTBO £ BceX 3HaYCHUI
byHKIMH — 007acThi0 e¢ 3HaueHWil. CUMBONIMYECKM (QYHKIHS JABYX I€PEMEHHBIX
3aliChIBACTCS B BHAe paBeHctBa Z=f(X,y), B koropom f oGosHauaer 3akoH

COOTBETCTBHS. DTOT 3aKOH MOXKET OBITh 3aJlaH aHAIUTUYECKH ((HOpPMYJI0if), C TOMOIIIBIO
Tabnuipl unu rpaduka. Tak kak BCSKOE ypaBHEHHE Z = f(X,y) oTnpeeNsieT, BoooIIe

rOoBOpsi, B IPOCTPAHCTBE, B KOTOPOM BBEJIE€HA JEKAPTOBa cUCTeMa KoopauHaT Oxyz,
HEKOTOPYIO MOBEPXHOCTh, TO NOJ TpaduKoM (QYHKIHH JBYX MEPEMEHHBIX Oyaem
MOHUMATh TTOBEPXHOCTh, 00Pa30BaHHYIO MHOXECTBOM To4YeK M(X, y, Z) MPOCTPAHCTBA,
KOOPJIMHATHI KOTOPBIX yIOBJIETBOPSIOT YPABHEHUIO Z = f(x,y) (puc. 1).

|
23

< \\\\\\\\\\\\‘§ =

2
oV 72
x A
Puc. 1 Puc. 2

['eomerpuyecku obnacth onpeaenenust pyHkiuu D oObdHO TIpeacTaBiIsieT coooi
HEKOTOPYI0 4acTb IUIOCKOCTH Oxy, OrpaHUYEHHYK JIMHUAMH, KOTOpPBIE MOTYT
MpUHAAJICKATh WIM HE TPUHAIEkKaTh 3ToM obOnactu. B mepBom ciyuae obGmactes D
Ha3bIBAETCS 3aMKHYTOM 1 0003HavyaeTcsi D, BO BTOPOM — OTKPBITOM.

Omnpenenenre QYHKIIMU JIBYX MEPEMEHHBIX JIETKO OOOOIIMTH Ha CAydall Tpex u
OoJpIIEr0 4YHCla TMepeMeHHbIX. BenuunHa y Ha3piBaeTcss (YyHKIHEH NEepeMEHHBIX
X1, X2, ey Xn, €CIM KQXKIOH COBOKYIHOCTH (X1, X2, ..., Xn) TIEPEMEHHBIX X1, X2, ..., Xn W3
HEKOTOpOW 00JIacTH N-MEPHOTO MPOCTPAHCTBA COOTBETCTBYET OIpPENEICHHOE 3HAUCHUE
¥, 4TO CUMBOJIMYECKH 3aIIUCHIBAETCS B BUJE Y = 1‘(X1 Xy, ...,Xn) . Tak xak COBOKYIHOCTh

3HAYEHUN HE3aBUCHUMBIX IIEPEMEHHBIX X1, X2, ..., Xn ONPENEIAECT TOYKY H-MEPHOTO



npocrpaHcTBa M (Xl Xy ...,Xn) , TO BCAKYIO (DYHKIIMIO HECKOJIBKHUX MEPEMEHHBIX OOBIYHO

paccMaTpUBalOT Kak (PyHKIIMIO Touek M MpOCTpaHCTBA COOTBETCTBYIOIIEH pa3MEpPHOCTH

y = f{(M).
Yucino 4 Ha3biBaeTcs npeaeaoM Gpyukuuu z = f (X,y) B Touke Mo(xo, 10), €CIIH 17151

mro6oro € > 0 cymectByet 0 > 0, Takoe, YTO MPHU BCEX X, ), YAOBIETBOPSIOLINX
yCIOBUSIM ‘X - XO‘ <o H \y — yo\ < 0, CIpaBeUIMBO HEPABEHCTBO

‘f(x,y)— A‘<g.
Ecim A — npenen pynxuuu f(X, y) B Touke Mo(xo, y0), TO MHAIIYT:
A= lim f = lim f :
i ()= fim, 1613
Yy—=Yo

Oyukuus z = f (X,y) HA3bIBACTCS HEMPEPBIBHOM B TOuke Moy(xo, Vo), eciu

CIIpaBCJIMBO PABCHCTBO

lim £(x)= 1 (X.%5)
y—>yg

Hampumep, pyukius z = ]/ (2X2 + y2) HeMpepbIBHA B JTI000M TOUYKE MIOCKOCTH, 32

uckirouenuem touku M(0, 0), B KoTOpoi (GYHKIIHS TEPIUT OCCKOHECYHBII pa3phIB.
@OyHKIMS, HEMPEPhIBHAS BO BCEX TOUKAaX HEKOTOpoi obnactu D, Ha3zbIBaeTcs
HEMPEPHIBHOM B JAHHOW 00J1aCTH.
Ecnu mepeMeHHOM x 1aTh HEKOTOPOE MPHUpPAIICHUE AX @ Y OCTaBUTh TTOCTOSHHOM,
To pyHKIWM Z = f (X,y) MOJIYYHT MpUpanieHue A, Z, Ha3bIBaeMO€ YaCTHBIM
npupaimeHreM (pyHKIIMH Z TI0 TIEPEMEHHOH X'
Az=f(x+Axy)- f(xy).

AHAJIOTUYHO, €CJIM NIEpEMEHHAs Y MOJIy4daeT npupaiieHue Ay, a x octaercs
MMOCTOSIHHOM, TO YaCTHOE MpUpalieHne GyHKIHN Z 1o MePEeMEHHON y

Az=f(x,y+Ay)-f(xy).

Ecnu cyiiecTByrOT peessr:

. A,z oz ., .,

A = = = ).
A

lim _YZEQEZ' = f/(x.y),

A0y 5‘y y

OHH HA3bIBAIOTCA YaCTHBIMHU IIPOHU3BOJIHBIMHU (I)YHKI_II/II/I z=f (X,y) I10 II€ PCMCHHBIM X U

y COOTBETCTBEHHO.
AHAJIOTUYHO OTPEEAI0TCS YaCTHBIE MPOU3BOIHbIE (DYHKITUH JTH000TO Yncia
HE3aBUCHUMBIX NMEPEMEHHBIX.
Tak kak 4acTHasi MPOU3BOIHAS T10 JIFOOOW TTEPEMEHHOM SBISETCS TPOU3BOTHOM T10
ATOM MEPEMEHHOU, HAUJICHHOW IIPU YCIOBUH, YTO OCTAJIBHBIE IEPEMEHHBIE —
MOCTOSIHHBI, TO BCE MpaBwiia U hopmysl qudepeHtupoBanus GyHKIHN OHOMI



HepeMeHHOﬁ IMPUMCHUMBI JJI1 HAXOXACHUA YaCTHBIX ITPOU3BOAHBIX (i)YHKI_II/II\/i JF000T0
quciia ICPpCMCHHbIX.

TTIOJIHBIN JIUDDEPEHIIMAIL ANOPEPEHIIMPOBAHUE
CJIOXKHBIX 1 HEABHBIX ®YHKIINN

[TonubIM npupamnieHueM QyHkiuu Z = f (X,y) Ha3bIBACTCS PA3HOCTH
Az=f(x+AX,y+Ay) - f(x,y).
['maBHas 4acTh MOJIHOTO mpupareHus GyHkiun z = f (X,y) . IMHEWHO 3aBUCAILIA

OT IPUPALICHUI HE3aBUCUMBIX MEPEMEHHBIX AX U AY, Ha3bIBACTCS MMOJHBIM
auddepennranoMm GyHKIUU U 00o3HadaeTcs dz. Ecnu QyHKIMS nMeeT HepephIBHbIC
YacTHBIE MTPOU3BOAHBIC, TO MOJIHBIN qUud(epeHnan CymecTByeT U paBeH

dz = —dx + —dy, 1
z X+8yy (1)

rae dx = Ax, dy = Ay — npou3BOJIbHBIC IPUPALICHUS HE3aBUCUMBIX IIEPEMEHHBIX,
Ha3bIBaeMble UX AuddepeHImaIamu.

Jiis GyHKIMU 1 TepeMeHHbIX Y = f (Xl,x2 , ...,Xn) MOJTHBIN T depeHIman
OTIPEIEIACTCS BEIPAKCHUEM

oy oy oy
dy = dx, + dx, + ...+ ——dx.. 2
y X, ! X, 2 X, )

IHonubii I[H(b(bepeHI_[HaH 9acCTO UCIIOJIBb3YCTCA IJIA HpI/I6HI/I)KeHHBIX BBIYUCJICHUN
3HaUYeHMH (PYHKIMH, TaK Kak AZ ~dz, T. e.
f (X +AX, Yo + AY) = f(Xg,Yp)+dz(Xg,Yo)-
Oyuxuust = f(u,v), rae u=@(X,y), v=1y(X,y), HasbBacTCs CIOKHOI

dbyHKIMEH nepeMeHHbIX X U Y. 711 HaX0KIeHNs YaCTHBIX TPOU3BOIHBIX CIIOKHBIX

(hYHKITUH UCTIONB3YIOTCS Cleayronie GopMybl:
0z 0z ou N 0z oV

X ouox  ovox

a_aw, oo ©
oy dudy ovoy
B ciyuae, koraa U=@(X,y), V=y(X,y), Bropas u3 popmyi (3) ucuesaer (T. e.
TIpeBpAIAeTCs B TOKIECTBEHHbIH HYIb), a TIepBast IIpe 00pasyeTcs K BUIY
dz_8zd_u+82dv (@)

dx oudx ovdx
Ecmm ke u =x, V=y =wy(x), To popmyina (4) uMeeT BU]

dz _oz  ozdy

dx_8x+8y&' ©)



. dz . .
B nocnenneit popmyiie — Ha3pIBaeTCS MOTHOW MPOU3BOIHON GYHKIHU (B OTIIMYHE OT
o . 0z
YJaCTHOM IIPOU3BOTHOU 6_)
X

Ecnu ypaBHeHue F(X,y) =0 3agaeT HEKOTOPYIO (BYHKIIHIO (X) B HEIBHOM BHJIC

HFy’(x,y);tO,To

dy  F/(xy)
= =-— : (6)
dx  F/(x,y)
Ecnu ypaBHeHue F(X,y,z) =0 3amaeT GyHKIHMIO ABYX MepeMeHHBIX Z(X, V) B
HESIBHOM BUJE U FZ'(X,y,Z) =0, To cupaBeNIUBHI (HOPMYJIBI:
dz_ F(xyz) dz_ F(xy.z2) @

dx F;(x,y,z)’@_ F/(x.y.2)

YACTHBIE ITPOM3BOAHBIE BBICIIMX ITOPAIKOB.
KACATEJIbHAA IINIOCKOCTDb 1 HOPMAJIb K ITOBEPXHOCTHU

YacTHBIMU IMPONU3BOAHBIMH BTOPOI'O IMMOPAAKA HA3BIBAIOT YaCTHBIC ITIPONU3BO/IHEBIC,
B3ATBIC OT YaCTHBIX ITPOU3BOJHBIX IICPBOT'O MMOPAAKA:

0%z a(azj
S = | = f" ] ]
ox>  ox\ox «(xY)
o’z ooz ,
3ol ),
0%7 a(azj

=— | |~ f” ] ’
oxoy Ay \ox a(xY)

0’z 0 eéz
=S| 2= fa(ay).
oyox ox\oy
AHaJ'IOFI/I‘IHO Ol'[peI[eJ'ISI}OTCﬂ YJaCTHBIC HpOI/IBBOI[HBIG TpeTBeFO )41 60nee BBICOKUX
n

z
gk oy o3HauaeT, uTo Gynkuus z K pas npoaudpepenuuposana mo

HIEpEeMEHHOW X U 7 — K pa3 1o nepeMeHHoH y.
YacTHble IPOU3BOAHBIE fx’;(x,y) u fy’;(x,y) Ha3bIBAIOTCS CMELIAHHBIMH.

MOPSAKOB. 3aINCh

3HaYCHHS CMEIIAHHBIX MPOU3BOIHBIX PABHBI B TE€X TOYKAX, B KOTOPBIX ATH MPOU3BOIHBIE
HETIPEPHIBHEI.
[onuerii quddepenuuan sroporo nopsaaka d’z Gpynxuuu z = f (X,y) BBIPAXKAETCS

dhopmyon

2 2
de2+2 02

d%z=
x> OXoy

0°z , 5
dxdy + —-dy~.
y 6y2 y



Ecnu moBepxHOCTh 3a/1aHa ypaBHeHUEM Z = f (X,y) , TO YPaBHEHHUE KacaTeJIbHOU
TJIOCKOCTH B TOUKe Mo(xo, Vo, Zo) K JAaHHOM MTOBEPXHOCTH:
L—1y= fx’()(o’yo)(x_xo)Jr f);(XO’yO)(y_yO) (8)
a KAaHOHWYECKUE YpaBHEHUS HOPMaJIH, IIPOBEACHHOM depe3 Touky Mo(xo, o)
MMOBEPXHOCTH:

X=Xo _ Y=Y _Z-1,
fr Cfr o1 ®)
x(XO!yO) y(XO!yO) -
B ciyuae, Korja ypaBHEHHE IIaJKOM MOBEPXHOCTH 331aHO B HEIBHOM BHJIE:
F(X,y,z) =0,u F(X0 Yo ,ZO) =0, To ypaBHEHHE KacaTeJIbHON IJIOCKOCTH B Touke Mo(xo ,

Yo, Zo) UMEET BU]T
Fx'(xo Yo ’Zo)(x - Xo) + I:y'(xo Yo ’Zo)(y - YO) + I:z'(xo Yo ’Zo)(z - Zo) =0, (10)
a ypaBHEHHE HOPMAJIU —

X—Xp _ Y—Yo _ L— 17, . (11)
Fx'(xo’)’oizo) Fy'(xo’yoizo) Fz'(xo’YO’Zo)

OKCTPEMYM ®VYHKIHNU ABYX ITEPEMEHHbBIX

Touka Mo(xo, yo) Ha3bIBaeTCA TOYKOW JIOKAJIBHOIO MaKCMMyma (MHHHMYyMa)
byHKIUH Z = f(x,y), ecnu s BceX Touek M(x, y), oTamuHbBIX OT Mo(xo, yo) U

IMpUHAJICKAINUX JOCTATOYHO MaJjiou ee OKPECTHOCTH, BBIITOJIHACTCA HCPABCHCTBO

f(%0:Y0) 2 f(X.Y)(f(X.Yo)< F(X.Y)).

MakcuMyM Wi MHHUMYM (YHKIHUU Ha3bIBaeTCs €€ dKCTpeMyMoM. Touka, B KOTOPOii
JTOCTUTACTCS SKCTPEMYM (DYHKIIMH, HA3bIBAETCS TOYKON dKCTpeMyMa (yHKITHH.

Teopema 1 (HeoOxoaumblie ycaoBusi 3KcTpemyma). Ecimm touka Mo(xo, yo)
SIBTISIETCS TOUKOM sKkcTpemyma dynkuun f(x, y), 10 f/(Xg,Yo)= f/(X.Yo)=0 mmm xotst

OBI OJTHA U3 3TUX NIPOU3BOIHBIX HE CYIIICCTBYET.

Touku, MIs1 KOTOPBIX 3TH YCJIOBHS BBIMOJTHEHBI, HA3BIBAIOTCS CTAI[MOHAPHBIMHU
WM KPUTHYCCKUMH. TOYKM DKCTpEMyMa BCEraa SIBJISIOTCS CTAllMOHAPHBIMH, HO
CTaIlMOHApHAs TOYKAa MOXKET W He OBITh TOYKOW 3KcTpemMyma. UTOoOBI cTamuoHapHas
TOYKa OBIJJa TOYKOM DSKCTPEeMyMa, JOJKHBI BBITONHITHCS JOCTATOYHBIEC YCIOBUS
dKCTpEMyMa.

Jlyist Toro 4To06b! cHOPMYITUPOBATH JOCTATOUYHBIE YCIOBUS dKCTpeMyMa (DYHKITUU

ABYX HNEPEMEHHBIX, BBEIEM clenyrole 0003HaueHus:: A= fx';(xo,yo), B= fx’y’(x0 ,yo),
C=f(X.Yo), A=AC- B2
Teopema 2 (1ocTaTo4HbIe YCJIOBHs IKCTpemyma). Ilycts Gynkuums z= f(X,y)

MMEEeT HEeNpephIBHbIE YACTHBIEC MPOU3BOJHBIE 10 TPETHETO MOPSAKA BKIIOYUTEIHHO B
HEKOTOPO# 00J1acTH, coieprKallell CTalnoOHapHyI0 ToUKy Mo(xo, yo). Torma:



1) ecmu A >0, To Touka Mo(xo, yo) SABISETCS TOYKOH 3KCTpeMyMa sl JTaHHOM
byskuuu, mpudeM My Oynet Toukoit Mmakcumyma ipu A < 0 (C < 0) 1 TOUKON MUHHMYyMa
npu A >0 (C > 0);

2) ecn A < 0, To B Touke Mo(xo, Vo) IKCTpeMyMa HET;

3) ecmu A =0, TO 3KCTPEMYM MOXKET OBbITh, & MAXET U HE ObITb. OTMETUM, YTO
ciryyail 3 TpeOyeT JOMOIHUTENbHBIX UCCIIEIOBAHUI.

OKcTpeMyM QYHKIUH Z = f(X,y), HAWJICHHBIA TIpU  YCIIOBUU (p(X,y) =0,

Ha3bIBACTCSI YCJIOBHBIM. Y PaBHEHUE (p(x,y) =0 mHa3pBaeTCsd ypaBHCHUEM CBSI3H.
['eomeTpruyeckn 3ajadya OTHICKAHUS yCIOBHOTO JKCTPEMyMa CBOJUTCS K HAXOXJICHHUIO
AKCTPEMAIILHBIX TOYEK KPHBOM, MO KOTOPOW MOBEPXHOCTh Z = f(X,y) nepecekaeTcs ¢
UAJIMHIPOM (p(X,y) =0.

Ecnu u3 ypaBHeHuUst cBsi3u (p(X,y) =0 HaiiTh y = y(X) ¥ MOJACTaBUTh B (DYHKITUIO
Z= f(x,y), TO 3a/Jada OTHICKAHUS YCIOBHOTO 3KCTpEMyMa CBOJMTCS K HAXOXICHHUIO
aKCcTpeMyMa QYHKITUN OJHOU TiepeMeHHon Z = f (X,y(x)) :

Huddepennmpyemas GyHKIMS B OTpaHUYCHHOM 3aMKHYTOM o0nactu D mocturaer
CBOEro HauOOJIbIIIETO (HAMMEHBIIIETO) 3HAYCHHUS JINOO B CTAIIMOHAPHOM TOUKE, JIeXKaIeh
BHyTpH obnactu D, mubo Ha rpanune stoit obnactu. [l OThICKaHWS HAUOOJBIIETO U
HAaMMEHBIIIETO 3HAYEeHUW (YHKIMM B 3aMKHYTOM oOnactu D HeoOXonuMo HaillTh Bce
KPUTUYECKHUE TOYKH, JIe)Kalue BHYTPU JIAHHOM 00JIaCTU M HA €€ TPaHHUIIe, BBIUYUCIUTH
3HaUYCHUS (PYHKIIMU B ATUX TOYKAX, a TaKKE BO BCEX OCTAJbHBIX TOUKAX TPAHMIIBI, a
3aTeM ITyTeM CPaBHEHHUsSI MOJIYYCHHBIX YHCET BBHIOpATh HAWOOJbIIEE M HANMCHBIIECE U3
HUX.

IMPUMEP PEIHEHM A TUITOBOI'O PACUETA

1. Haiitu oOnacte omnpegenenuss D u  obOnacte 3HaueHuidl E  QyHKUUU
z:ln(y—x2 +2x).

JlanHast (QYHKIMS oOIpeneiaeHa B TeX ToukaxX IJIOcKocTd Oxy, B KOTOPBIX
y—x?+2x>0, mmn y>x?—2x. TOYKHM IUIOCKOCTH, ISl KOTOPBIX Y =X° —2X,

o6pasytor rpanmiy obmactu D. Vpasuenme Y =X°—2X 3amaer mapabony (puc. 1,

MOCKOJIbKY Tapaboyia He MpUHAICKUT objacth D, To oHa u300pakeHa MITPUXOBOUN
nuHuer). Jlanee, JErko MNPOBEPUTH HEMOCPEJACTBEHHO, YTO TOYKH, JJIsI KOTOPBIX

y > X% — 2X, pacronoyxeHs! Bbiiie mapadoist. O6macTs D sBIseTcst OTKpBITOH (Ha puc. 2
OHa 3alITPUXOBAHA) U €€ MOKHO 33/1aTh C MTOMOIIbIO CUCTEMbI HEPABEHCTB:
D:{—oo<X<+oo, x? —2X<y<+oo}.
Tak kak BBIpa)KEHHE IOJI 3HAKOM Jiorapudma MOXXET MPUHUMATh CKOJIb YTOJHO
Majble U CKOJb YTOJHO OOJIBIIIME TOJIOKHUTEIIbHbIE 3HAYEHUS, TO OOJACTh 3HAYCHUI

byHKIIH
E:{—oo<z<+oo}.



2. Berauciauth npeaen

2 2

. X< +
A= lim - 2y :

X—>00 _

e Xty +1-1

[IpeoOpazoBaB BeIpaXeHUE TOT 3HAKOM TIpeiesa, MOIYyIuM
(x2 + yz)( X% + y? +1+1)5‘i
A=1lim

§j§(1/x2+y2+1—1)( x2+y2+1+1)
2 .2 2 241 1)
= lim (X id )( Ty :Iim(\/x2+y2+l+l)=2.

X—>00 x2 + y2 +1-1 X—>0
y—0 y—

3. Beruncnuth npuOINKEHHO (1,02)3’01.

Paccmotpum dynknmio Z= X’ . IlpuXo=1nyo=3 umeem 0 =13=1, Ax=1,02 -

1=0,02, Ay = 3,01 - 3 =0,01. Haxogum nonusiii quddepeniman Gynkuuu z = X’ B
10001 TOUKe:

dz = yx’Ax + x¥ InxAy.
Berumcisiem ero 3nauenue B Touke M(2, 3) nmpu nanHbIx npupameHusx AX = 0,02
u Ay = 0,01:
dz=3-1°-002+1°-In1-0,02=0,06.

~7,+0dz=1+0,06=106.

Torma z = (1,02)3’01

4. HaliTu ypaBHEHHE KacaTelIbHOW IMIOCKOCTH U YPABHEHUE HOPMAJIH K
noBepxHocTH X° + y° +2° + xyz — 6 =0 B TouKe Mo(1, 2, —1).
BrrurciisieM 3HaYCHHS YaCTHBIX MPOM3BOAHBIX B Touke Mo(1, 2, —1):
F/(X0,Y0,20) = (Sx2 + yz) v, =1
' 2
Fy (X0, Yo.20) = (3y® +x2) | =11,
F,(%0.Yo.2o) = (322 + xy) | m,=5.

[Toacrasmnss ux B ypaBHenus (10) u (11), mosryqaem COOTBETCTBEHHO YpaBHEHHE
KacaTeJIbHOM IIIOCKOCTH

(x-1)+11(y-2)+5z+1)=0
N KaHOHHUYCCKOC YPAaBHCHUC HOPMAJINU
x-1 y-2 z+1
1 11 5

5. Onpenenuts pa3Mepbl NPSIMOYTOJIBHOTO Napaljiesienune1a HanOoJIbIIEro
o0beMa, MoJIHAs MOBEPXHOCTh KOTOPOIro UMEET JaHHYIO TUIOHIAAb S.
O6beM npsIMOYTONIbHOTO Napasuienenunena V = Xyz, rie x, y, Z — u3MepeHust

apajuIeNenuIesa, a oAb ero NOBepXHOCTH S = 2(XY + XZ + YZ), oTKyza



S —2xy Sxy — 2x7y?
- V=YY (k).
2(x+y) 2(x+Y) (x¥)
Harigem skctpemym dynkuuu V = V(X, y):

oV yz(S —2x% - 4xy)
ox 2(x + y)2 o
oV x2(8—2y2—4xy)
oy 2(x +y)* o

S —2x% —4xy =0,
S —2y? —4xy_0}
Tak kak x > 0, y > 0, To U3 MocaeaHel CUCTEMBI CIIEIYET, UTO X =Y = \/%
[Tonyunnu eTMHCTBEHHYIO CTAIlMOHAPHYIO TOUKY I\/Io(\/% , JST6) , KOTOpas siBisieTcs

Toukoi Makcumyma ¢yHakimn V = V(X, ) (T. €. 3a1a4a UMEET PEUICHHE), ITO3TOMY
IIPOBEPSATH BBIINOJIHEHUE JOCTATOYHBIX YCIOBUN MakCUMyMa HET HeoOxoaumocTtu. Jlanee
HaxoJIuM

. S-S/3 253
=456 ayse

Takum 06pa3oM, HanOOITBIIHI 06BEM UMEET KyO ¢ peOpoM, paBHBIM +/S/6.

6. BeruncimTh 3HaUYCHHUS YaCTHBIX MTPOU3BOIHBIX fx’( I\/IO) , fy' ( M, ) , fz’( MO) IS

naHHoW GyHKIMKH f (x,y,z) = /Xy c0SZ B Touke My(1, 1, ™/3) ¢ TOYHOCTBIO IO IBYX
3HAKOB MOCJIE 3aIIATOM.

Haxoaum gacTHbIC IPOU3BOIHBIC JAHHON (DYHKIIMH, 3aT€M BBIYHUCIISIEM HX
3HaueHus B Touke Mo(1, 1, n/3):

fx’(x,y,z):ﬁcosz, fo(1,1,7/3)=0,25,
Fi(x,y.,2) = 2\;‘X_ycosz, f,(1,1,7/3)=025,

f(xy.z)

—Jxysinz, f,(1,1,1/3)=-086.

2
o o X
7. BeunciuTh 3Ha4€HUE MPOU3BOIHON CIOKHON (DYHKIIMU Z = arcCos— , rje

x=1+Int, y= —2e_t2+1, npu to = 1 ¢ TOUHOCTHIO A0 JIBYX 3HAKOB IOCJIE 3aMsATOM.
Ha ocHoBanuu ¢opmyinsl (4) nmeem
z ozdx oz 1 2x 1 1 NG
dz_cedx czdy (— —J(— 2e_t2+1)(— 2t).

- 5

dt oxdt  oydt L-xyr vz JioxtyEl y



[Ipu to = 1 mosmywyaem, yto X = 1,y = -2,
dz 4

dtly 3

8. Beruncnuth 3HaYEHUsI YaACTHBIX MTPOU3BOIHBIX (YHKITMH Z(X,y), 3aJaHHOMI

HESIBHO YPAaBHECHHEM 4x3 — 3y3 +2Xyz —4xz2=3—- 72 B TOUKE Mo(0, 1, —1) ¢ TOYHOCTBIO
710 IByX 3HAKOB IOCJIC 3aISTOM.

B namnom cywae F(X,y,z) = 4x® — 3y® + 2xyz — 4xz + 2° — 3, nostomy
Fi=12x* +2yz-4z, F/=-9y*+2xz, F/=2xy-4x+2z.
CnepnoBarenbHo 110 popmyinam (7):

dz _ F/  12x*+2yz-4z dz_ Fj  -9y*+2xz

dx F/ 2xy—4x+2z ' dy F/  2xy—4x+2z

dz dz
Beruncisiem 3Hauenns — u — B Touke Mo(0, 1, —1):

dx dy
dz(O, 1,— 1) _q dz(0,1,-1)

, =—-4p5.
dx dy

9. HccrnenoBath Ha JTOKATBHBIN SKCTPEMYM (QYHKIUIO Z = Xy(X +y- 2). Haxonum
NIEPBBIE YaCTHBIC TPON3BOIHBIC JAHHON (YHKITHH:
zp=2Xy+y> -2y, z, =X +2xy - 2X.
[IpupaBHHBas UX HYJIIO, TOJIYyYaeM CUCTEMY YPaBHEHUU
y(2x+y-2)=0,
X(X +2y—2) :0}
U3 KOTOPOH ompejeNisseM cTalmoHapHble TOukH manHoi ¢yHkiuu: Mi(0, 0), M(2, 0),
M;3(0, 2), M4(2/3, 2/3). C nomoinpto TeopeMbl 2 U3 § 4 BBIACHUM, KaKHe U3 3THX TOYCK
SBIISTIOTCSL  TOYKaMU dKcTpemyma. Jlas 3TOoro BHauyaje HaWIeM BTOPbIC YACTHBIC

MIPOU3BOJIHBIC TAHHOW (DYHKIIUHU:

Zy =2y, Iy, =2X+2y-2, 7j, =2X.

[ToncraBisii B TOJYYEHHBIE BBIPAXKEHUS [IJII  MPOU3BOJHBIX KOOPJIUHATHI
CTAllMOHAPHBIX TOYEK W HCIOJIb3YsA JOCTATOYHBIC YCIOBHS JKcTpemyMma (cm. § 4),
uMeeM: i Touku M1 A =—-4 <0, T. e. 5KCTpeMyMa HeT, st Touku Mo A =-4 <0, T. €.
dKCTpeMyMa HeT, Jisi TOuku Mz A=-4<0, T. e. dKCTpeMyMa HET, JJI1 TOYKU M,
A=12/9>0, A=4/3>0, 1. e. UMeeM TOUYKY JIOKAJHHOTO MHHUMyMa (DYHKIIUH, B
= 2(2/3, 2/3) =-8/27.

KOTOPOU Z;,

10. Haittu HauGonblee 1 HAUMEHbIIeE 3HAUCHHS (GYHKIHH Z = XY — Y° + 3X + 4y
B o6nactu D , orpanudenHoit muansamMu X =0, y=0, X+ Yy —1=0 (puc. 3).



Puc. 3

BpisicHUM, CyIIECTBYIOT JIM CTAallMOHApHBIE TOYKH, JIEKAIIME BHYTPU JAHHOU
obnactu D, T. e. BHyTpH TpeyroibHuka OAB. Umeem:

Pemrasi momyueHHyI0 CUCTEMYy YpaBHEHWH, HAXOJUM CTAllMOHAPHYIO TOYKY M(—
10, -3). Ona nexur BHe obmactu D, cieqoBaTensHO, IPH PELICHUU 3a/a49d MBI €€ He
yuntsiBaeM. Mccnenyem 3HaueHus (GpyHKIUM Ha rpanune obmactu D . Ha cropone OA
(v=0, 0<x<1) tpeyrompuuka OAB ¢yHkius z umeer Bua Z = 3x. CTallMOHAPHBIX
Touek Ha otpe3ke OA Het, Tak kakZ' = 3. B Toukax O u A cootBerctBenHo z(0, 0) =0,
z(1, 0)=3. Ha cropone OB (x=0, 0<y<1) tpeyronsuuka GyHkims Z=-Yy> +4y,
7' =-2y +4. HaxonuM cTallMoOHapHYI0 TOYKY M3 ypaBHeHHS — 2V +4 =0; nmomydaem,
yto y =2. Takum obpaszom, Touka M;(0,2) He mpuHanaexuT obnactu D . 3Hauenue
¢yukuun B touke B z(0, 1) = 3. Haxomum Haumbosblliee W HAaMMEHBIICEC 3HAYCHHS Ha
cropore AB:x+y=1. 3necb y=1—-x, z=-2x"+2x+3, Torma z'=—-4X+2 u u3
z'=0 cnenyer x = 1/2, 1. e. ctanmoHapHasi Touka M>(1/2, 1/2) npuHAIEKHUT TPAHHUIIE
oonactu D . 3nauenne Qpynkuuu B neit 2(1/2, 1/2) = 3,5. CpaBHuBas Bce MOJyYEHHBIE
3Ha4YeHUS (PYHKIUU, BUAUM, UYTO

s =2(1/2,1/2)=35, z,,, =2(0,0)=0.

ZHau Haum



OCHOBHBIE ITOHATUA

VpaBHeHus BUIa F(x,y,y',...,y(n)) =0 wm

y(n) =f(x,y,y',...,y(n_1)), (1.1) toe

F(x,y,y',...,y(n)) u f(x,y,y’,...,y(n_l)) M3BECTHBIC (PYHKIUH, & ) = y(x) —

uckoMas (PyHKIIUS, Ha3bIBACTCS OughghepenyuanvHblm ypasHeHuem n-20 nOpAOKa.
VYpauenue (1.1) Ha3zbIBaeTCs ypaBHEHUEM, Pa3pEIICHHBIM OTHOCUTEIBHO CTaplIei
IIPOU3BOJTHOM.

OyHKIUA

y:y(x,Cl,Cz,..,Cn), (1.2)

coJiepKaliasi 7 HE3aBUCUMBIX MTPOU3BOJIBHBIX MOCTOSHHBIX U yIOBIETBOPSIONIAs
ypaBHeHuto (1.1), Ha3piBaeTcsi o0ugum peuwtenuem ypauenus (1.1). IlpunaBas B
cootHomeHuu (1.1) mocrosuueiM C,C,,..,C, oIpeneneHHbIE 3HAUECHUS, IOTy4aeM

yacmuoe pewenue ypapuenus (1.1).
Ecnu nnst uckoMoro yacTHoro penieHust AugdepeHunaibHOoro ypaBHEHUS 3a4aHbl
Hauanovhvle ycrosus (3aoaua Kowiu)

_ ' o (n—l) _ n—1

y(xo)—ya, y(xo)—yo,..., y (xo)—yo( ), (1.3)m
M3BECTHO 00lIIee penieHne ypaBHeH!s, To pon3BoibHble noctosHubie Cp,C,,..,C,
OIPEICISIOTCS, €CITH 3TO BO3MOXHO, U3 CHCTEMbI YPABHCHHI

(v, =¥(x,, C1, Cy, ..., Cy),
y(,) :y(xo, Cl’ C2, vy Cn),

.....................................

JANPOOEPEHIIUMAJIBHBIE YPABHEHUSA
INEPBOI'O NOPAIKA

|. Buabl nudpdepeHunanbHbIX ypaBHEHH IEPBOTo MOPSAKA.
HuddepennmansHoe ypaBHeHHE -0 MOpsiAKa C HEU3BECTHOU (DYHKITHEH y(x) ,

pa3peleHHOe OTHOCHTENBLHO V', MMeEET BHJ

y'=f(x ), 2.1) e
f (x, y) — 3ananHast pyHKUHS. B HEKOTOPBIX CIlydastx BBIFOJHO 33 HCKOMYHO (DyHKLIIO
CUMTATh IEPEMEHHYI0O X M 3amuchiBaTh ypaBHeHue (2.1) B Buze

x' = g(x, y), (2.1°) rne
g(x, y) = l/f(x, y).



dy dx

VuuteiBas, yto )’ = x u x'= i auddepennraibabie ypaBHeHus (2.1) u
X
(2.1’) MOKHO 3amucaTh B CHMMETPHYHOM popme
P(x, y)dx + Q(x, y)dy =0, (2.2) rme

P(x, y) u Q(x, y) — U3BECTHBIEC (PYHKIUU.
Havansnsbie ycnoBust (1.3) B 3TOM ciydae NpUHUMAIOT BH]T

Vx,) =y, mm y(x)| =,
X=x,

OOmmM perieHueM sBIseTCS PyHKIUS ) = y(x, C), raie C — mpou3BOJIbHAS
MIOCTOSIHHASI, YIOBJIETBOpstoIIas ycinosuto (2.1) wmm (2.2).

1. YPaBHeHI/ISI C pasacJAKIUMUCH IEPEMECHHbBIMMA.
ypaBHeHI/Iﬂ C pasaACAIOIMUMUCA ITICPEMCHHBIMU MOT'YT OBITH 3aITMCaHbI B BHUAC

y'= f(x) 'g(J’)a (2.3) a Tak
K€ B BHJIE
M(x)- N(y)d x = P(x)- Qy)d y. (2.4)
JIJ1st perieHust Takoro ypaBHEHHUS HaJ0 00€ ero 4acTH YMHOXKUTD WJIH Pa3IeiiuTh

Ha TaKOC BBIPAKCHUC, yTOOBI B OJIHY 4YaCTb YpAaBHCHHA BXOAWJIO TOJIBKO X, a B APYI'YyIO
TOJIBKO ), W 3aTCM IIPOHMHTCIPUPOBATDH 00¢ yacTH.

v _ -glx 4y _ x)d x 4y _ x)d x
@3 = 5=/ 0)el) g(») 1. | g(v) Jrx)ax
@4 P(x) d N(y)dy’ I P(x) d J‘N(y)dy.

3ameuanue. [Ipu nenenun obenx yacteil ypaBHEHUS Ha BRIPAKEHHE, COIEpIKaIIee
HEU3BECTHBIE X M ), MOTYT OBbITh MOTEPSHBI pelIeHuUs, 00paIIaroIIe 3TH BhIPAKCHUS

B HOJIb.

Ipumep 2.1. Pemwrts ypasuenne x°y°y’ +1=y.

Pewenue. IlpuBonum 310 ypaBHeHue K BUay (2.4):
d
xzy2 d_y =y—1; xzyzdy = (y—l)dx.
x

JlenuMm o0e yacTu ypaBHEHUS Ha x? ( Y- 1) )

[Tepemennsbie pazaenenbl. IHTErpupyeM 06€ yacT ypaBHEHHUS:

2
J‘y_dyz d—f; I(erHﬁjdy:J‘%;



2
y—+y+ln|y—1|=—l+C.
2 X

2
[Tpu nenennu HA X ( y— 1) MOTJIH OBITh OTEPsHBI perieHnss X = 0 u
y—1=0, te. y=1. HenocpencTBeHHO! MOACTAHOBKOW B HCXOAHOE YPABHEHUE ITHX
byHknui yoexxaaemes, uto y =1 — pemienue ypaBaenus, a x = 0 — Her.

1. Onnopoanbie ypaBHeHHS.
HuddepennnanpHoe ypaBHEHHE 1-TO MOpsiIKa Ha3bIBAECTCS OJTHOPOIHBIM, €CITU

€ro MOKHO 3aIlicaTth B Buge ' = (p(zj WIN B BUJIE M(x, y)d x+N (x, y)d y=0,
X

rne M| (x, y), N (x, y) — OJHOPOJHBIC (PYHKIMH OJHOM M TOH JKe CTeneHn k, T.e.
M(tx, ty) = tkM(x, y) 51 N(tx, ty) = tkN(x, y) npu JroooM k.
YroObI peIUTh OAHOPOIHOE YPAaBHCHHE, MOXKHO CIEIATh 3aMCHY y(x) = u(x) X,

ITOCJIC YCT'0 IOJIYYACTCs YPaBHCHUC C Pa3JACIIAIOIUMUCA ITICPCMCHHBIMU.

Y
[pumep 2.2. Pemmnth ypaBHeHue x)' = xe* + y.
y
Pemenne. Ilepenwuinem ypaBHeHue B Buae )’ = e* + Y TMonaraem
X
y(x) = u(x) -x, torna y' =u'-x+u. IloacraBuss B ypaBHEHHUE, TOTyIHM
! u ’ u u —u d'x
u'-x+u=e +u; u-x=e'; x-du=e'dx wm e du=—;
X
—u dx —y —u
je du=|—; -—e :ln|x|—ln|C| Uik e :—ln|x|+ln|C;
X
_ C C C
e "in—|; —u=InlIn=||; wu=-InIn—=||.
X X X

Bo3sBpammasce kK crapplM IEPEMEHHBIM X, ), TIOJYYUM:

Z=—ln(ln ¢ ED
x

—|| wm y=-x ln(ln
x X

V. JIuneiinbie ypaBHenusi 1-ro mopsinka u ypaBHeHusi bepuysuiu.

YpaBHeHUs BUaa

, —
y +p(x)-y = q(x) (2.5)
HA3bIBACTCA HHHCfIHBIM, 3aME€THUM, UTO HpI/I Q(X) = O HHHeﬁHOG ypaBHeHI/Ie CTAaHOBUTCA

YPaBHEHUEM C Pa3JIEISAIONIMMUCS NE€PEMEHHBIMU.
YpaBHeHHE BUA



V' +p(x)-y = q(x)-y“ (2.6) npu
oa#0 um o#]1 naseBaercs ypaBHeHueM bepuymiu (mpu oo =0 u o =1 moxydaem
JMHENHOE YpaBHEHUE).

O0a 3T ypaBHEHHS MOKHO PELIUTH C TIOMOIIBIO TTOACTaHOBKH

(x) = ulx)- v(x)
Tornma ypaBHenue (2.5), Harpumep, IPUMET BUJ
u'-v+u-v'+p(x)-u-v= q(x) ITH

u-v+ u-[v' +p(x) : v] = q(x). (2.7) Ecnn

noTpeOoBaTh, UTOOBI
v/ +p(x)-v =0, (2.8) To U3
(2.8) maiimem v, asarem u3 (2.7) momyumm u'-v = q(x) v HaligeM u, a,
CIICZIOBATEIILHO, U V) = U - V.
[Ipumep 2.3. HaiiTu yacTHOE pellleHHE YpaBHEHUS

1
y' —y-tgx = , y(O):L
cos X

Pemenne. Mcnons3yem moacraHosky y=u-v, y =u'-v+u-v'. Torga

YPaBHCHUC IPUHHUMACT BUJ

u' - v+u-v—u-v-tgx = , u'-v+u-(v’—v-tgx): . oTcrona
COSX CcOSX
vi—v-tgx =0
, 1 (2.9)
u' -v= .
COSX

Pemaem nepBoe u3 ypaBaenuit (2.9):

dv dv
vi=v-tgx; —=tgx-dx; J-— =thx-dx; ln| v| = —Zn| cosx |, (mpu
1% v
BBIYKMCIICHUU 3THX HHTETPAJIOB MPOU3BOJIbHAS TOCTOSIHHAS HE MUILETCS), OTKYa
1
V= :
coSX
W3 BTOporo ypaBaenus (2.9) Haxoaum u(x) )
. 1 :
u' - = , u =1, du=\|dx, u=x+C.
COSX  COSX
CnenmoBaTelpHO,

y=u-v=(x+C)-

coSX
Haiinem wactHOe pemenue. Tak kak y(O) =1, 10

1=(0+c)-% = C=1

[ToncraBiisieM 3T0 3HaYCHHE B 00IIIee pEIICHHUE:



1

CcosXx

y=(x+1)-

OTO U €CTh UICKOMOE YaCTHOE PEILICHNUE.
IIpumep 2.4. Haiitu oO1iee pelieHne ypaBHEHUS

, 4
Y —;-y:x-\/;.

Pemenne. Oto ypaBHenue bepuymiu (oc =1/ 2). 3amMeTuM, 4TO TaHHOE

ypaBHenue uMeer pemienre y = 0. UroObl HAWTH PEIIEHUE, OTIAMYHOE OT HYJIEBOTO,
nposeneM 3aMeny y=u-v, y' =u'-v+u-v'. IHoaydum:

4
u' - v+u-v ——-u-v=xJu-v wm
X
! !/ 4
u' -v+u-|vi——-v|=xvJu-v.
x
JLyist OIpenieieHusT U MV UMEeM:
4
vVi——v=0
X (2.10) U3

u'-v=xvu-v.
nepBoro ypaBuenus (2.10) Haxoaum:
dv 4 d 4
—Vz—dx; _V:I_dx; ln|v|=4ln|x
vV X v X
TOrza U3 BTOporo ypaBuenus (2.10):

u xt=xNu-x*; u-x=Ju ﬁ=@; 2\/;=ln|x|+2C;
Ju  x

2
\/Z:%ln|x|+C; u:(%ln|x|+Cj ,

) 4
) V=X,

CJIeI0BATENIbHO, 0011Iee PEIICHUE MOTYyYUM B BUJIE:

2
y=0; y=x4-(%ln|x|+C) .

V. YpaBHeHuss B noJiHbIX auddepenumnasnax.
YpaBHeHne

M(x, y)dx + N(x, y)dy =0 (2.11)
HA3BIBACTCS YPaBHCHHUEM B ITOJIHBIX AU(GEepeHIINaIax, €ClId ero JIeBast 4aCTh SBIISCTCS
MOJTHBIM AU dHepeHImaroMm HEKOTOPoil (PYHKITUN u(x, y) , T.C.

u, = M(x, y), u, = N(x, y). TO UMEET MECTH, ECIIH

[ M(x, y)],y =[N(x, y)],x.



UtoOb! pemnTh ypaBHeHue (2.11), Hago HaAUTH QYHKIIUIO u(x, y). Tornma o6miee

PCUICHUC YPABHCHUA MOKHO 3aIIMCAaTh B BUIC M(X, y) = C, rac C - ITPOU3BOJIbHAA

MOCTOSIHHAS.
[Ipumep 2.5. Pemuth ypaBHEHHE

(2x + 3x2y)dx + (x3 — 3y2)dy =0.
Pemenune. Tak kak
(2x+ 3x2y)'y =3x% u (x3 — 3y2)'x = 3x?,
TO ATO YPaBHCHHUE SIBIISICTCS YPABHEHUEM B MONHBIX quddepenimanax. Haiinem
GyHKIHIO u(x, y) , IoNHbIH I depenuman kotopoit du = uydx +u;,dy Obu1 Obl

pPaBEH JIEBOW 4aCTH ypaBHEHUS, T.€.
ro_ 2 r .3 2
uy =2x+3x7y, u, =x"—3y~. (2.12)
WNurterpupyem o x mnepBoe U3 ypaBHEeHUU (2.12), cuutas y NOCTOSHHBIM; IIPU 3TOM
BMECTO MOCTOSIHHOW MHTErPUPOBAHUS HAJI0 MOCTABUTH (p( y) — HEU3BECTHYIO (DYHKIIUIO

oT Y.
u(x, y) = I(Zx + 3x2y)dy = x? +x3y + (p(y).
[ToacTaBsist 3TO BBIPAKCHUE TSI u(x, y) BO BTOpOE 3 ypaBHeHu (2.12), Haiinem

o(y):

(x2 +x3y+(p(y)) y =x>-3y%, x° +(p’(y)=x3 —3y?,

o' (n)=-3v"  o(y)=-»".

CnenmoBaTeiIbHO, MOXKHO B3STh
u(x, y) = x? —|—x3y —y3,
1 o0I1ee pereHne ypaBHeHUs OyIeT UMETh BU/T
x? +x3’y—y3 =C.



YPABHEHUS BTOPOI'O NTOPAIAKA,
JOITYCKAIOHNIUE IMMOHUWXEHUE IOPAJIKA

|. Eciu y"=f(x), TO
y:J.(J-f(x)dx)dx—kClirCz.

Il. Eciu nuddepennmnanbHoe ypaBHEHHE ABHO HE COAEPXKUT ), T.e. F (x, v, y”) =0,
TO, IoJjiaras y'(x) = p(x), y"(x) = p'(x), HOJIyYHM YPaBHEHHUE MIEPBOrO MOPSIKA

OTHOCUTEIBHO (PYHKITUU p(x).

IIpumep 3.1. HaiiTh yacTHOE pelIeHHE ypaBHEHUS
xp"+y' +x=0,

yAOBIETBOPsItOIee HadanbHbM yeroBusiM =0, ' =0 npu x = L.
Pemienuie. Tak Kak ypaBHEHHE SIBHO HE COJIEPKUT V, TO, Ioyaras ' = p(x),

umeem V" = p', oTkyma
1

xp'+p+x=0, re. pP+—p=—1L
X
PemaeM 310 ypaBHEHUE KaK JIMHEMHOE OTHOCUTEIBHO (PYHKIIUU p(x) :

1
plx)=u-v, p'=u-viuv' = u’-v+u-(v'+—v =1,
X

u -v=-1.

PemaeM nepBoe ypaBHEHHE OTHOCUTENLHO V.

dv 1 ﬂ__@_

Sy ; Inlv|=—=Inx|; v=-.
d x X v X
W3 BTOpOro ypaBHEHUS HAXOAUM U
1 2
u'-—=-1; u' =-x; Iduz—jxdx; u=—X—+Cl,T.e.
X 2
(x)—u v—l C—ﬁ G
P xU D2 x 2
Nz ycnosus y' = p=0 mpu x =1 umeem:
1 1
OZCl——, T.C. CIZ_.
2 2
1(1 j dy 1(1 j
CremoBareNibio, p=—| ——X| WM —— =—| ——X |, OTKy/a
2\x dx 2\x



d —l(l—xjdx WIN —l ln|x|—ﬁ +C
Y=o Y75 2 2

[Monaras y =0 mpu x =1, Haxomaum:

2 2 4 4

1 x2) 1
[TommyuaeM TpeOyemMoe 4acTHOE pEIIeHue: ) = 5 ln| X | -—— |+ Z

I11. Eciu nuddepennmansHoe ypaBHEHNE IBHO HE COAEPKHUT X, T.C.

d
F(y, v, y”) =0, 10, momaras y' = p(y), y" = d—l;-p = p'p, MOIyYuM ypaBHEHHE

MepBoTo Nopsiaka F (y, D p') = (0 oTHOCHTEIBHO p(y).

Tpumep 3.2. Haiftn uactHoe pewenne ypasHenus y" = 2y°,

yIOBIIETBOPSIOIIEE HAYATbHBIM YCIOBHSIM y(O) = y'(O) =1

Pemenne. Tak Kak ypaBHEHHE SBHO HE COAEPKUT X, TO, HoJaras
y' :p(y), y"=p'p, nonyuum: p'p= 2y3 umi  pdp = 2y3dy, OTKy/a

2
p- 1 4 C 2> 4
=yt 4=, =y" +C.
5 2)’ 5 p =Y 1
Takkak y'=p=1u y=1 npu x=0, 10
1:1+C1 = CIZO

Crnemosatensho, p° =y*; p=+y%; y' =+4p%; = =+4dx;

_l:ix+C2.
y

HOI[CT&BJ'IHH HadaJIbHBIC YCJIOBHUA, HAXOAUM C2 .

~11=0+C,; C,=-1.

[Tomyyaem yactHoe pemieHne: —— =+x—1 wm y = =—
y +x—-1 1+x

mbo y=——.

yzl—x 1+x



JUHEWHBIE JUO®PEPEHIIMAJIBHBIE YPABHEHUSI
BTOPOI'O NOPAIKA C NIOCTOAHHBIMU
KOO PUIIUEHTAMUAU

|. YpaBHeHue Buna
" 4
yit+py+qy=0 (4.1)
Ie p, ¢ — NOCTOSIHHBIE, y(x) — Heu3BecTHas QYHKIMS, Ha3bIBACTCS JIUHEIHbIM

00HOpoOHbIM U] dEpeHITNATHHBIM YPaBHEHUEM C TIOCTOSTHHBIMH KO-
s puueHTamu.
Ecmm k|, k, — xopHU xapakmepucmuueckozo ypaenenus

k2+p~k+q=0, (4.2) T0
obliee penieHye ypapHeHus (4.1) 3amuchIBAETCA B OJHOM U3 CJIEAYIOIMX TPEX BHIOB:
1) y=C,-e" +Cy-e", ecnm ki, k, —Bemectsennbin k; # ky;
2) y= ekx(Cl +xC,), ecmn k; =k, =k;
3) y =™ (C) cosPx + C, sinPx), ecnu ky =a+iB, k, =a—ip,
B#0, i — MHMMas eguHUIA (l' 2 —1).

C;, C, — mpou3BOJIbHBIE TIOCTOSIHHBIE.
[Ipumep 4.1. Haiitu oOuiue perieHus ypaBHCHHI:
a) y"=3y"+2y=0;
6) v'+2y"+5y=0;
6) y'+2y'+y=0.

Pemenue.
@) PeiaeM xapakTepHCTHYECKOE YPaBHEHHE: k*—3k+2=0,

ki, =15%£05 k=1 k=2,
y=Cye* + Cye®  — oblee pewenne.
0) Pemaem xapakTepHUCTHUECKOE ypaBHCHHE: k2 +2k+5=0,
ki =—12N—4=—122i; Kk =-1+2i, k, =-1-2i,
a=-1, PB=2
y=e€ "(Ccos2x + C, sin2x) — obluee peleHue.

6) Perraem xapakTepucTHYECKOE ypaBHEHUE: k*+2k+1=0,

kl == kz = k = _1
y= e_x(Cl +xC2) — o0r1ee perieHue.

1. OGmiee pemenue uneninozo HeoOHopoonozo nuddepeHnnanT-HOTO ypaBHEHUS
BTOPOTO MOPSAKA C TOCTOSHHBIMU KO3 puimeHTamu



y”+p-y'+q-y:f(x) (4.3) MOKHO
3ammcaTth B BUC
Y=Yo T Vx
rae y, — oOllee pelieHre COOTBETCTBYIOUIEr0 OHOPOAHOro ypaBHeHus (4.1),
ompenensiemoe mo popmynaam 1) — 3), a y, — Kakoe-TMOO YaCTHOE PEIICHUE TAaHHOTO
HEOJHOPOHOTO ypaBHEeHUs (4.3).

1). ®ynkuus y, MOXeT OBITh Haii/leHa METOIOM BapHaIUK IPOH3BOJIBHBIX
IIOCTOSIHHBIX, €CIU pemenne y, 3anucaHo Bsuae y, = Cjy;+ Cy,.
CornacHo 3TOMy METOIy PEIICHUE ), UIIETCA B BUIE:
Ve = Ci(x)yy + Gy (x)22,
rae pynxumn Cp(x) u C,(x) onmpenensiorcs u3 cuCTeMbl

Ci(x)y; + Ch(x)y, =0
dC, dC,
Ci{(x)y + Ci(x)v5 = f(x), Cl=— C)=—=.
1( )J’1 2( )J/Q f( ) L 27
1
Ipumep 4.2. Haiitu obee pewenue ypaBaenus y"' +y = —.
sinx
Peurenue PemraeM COOTBETCTBYIOIIEE OJTHOPOIHOE YPABHEHUE

y'+y=0.
k2 +1= 0;, k=xi = a=0, B=1, crenosarensHo,
v, = Cjcosx + C, sinx,
TOTa ) = COSX, Y, = SINX, W 9aCTHOE PEeUICHUE 33JJaHHOTO HEOTHOPOIHOTO
ypaBHEHHs OyJIeM HCKaTh B BUIIC
Vi = Cl(x) -cosx + C, (x) -Sinx.
OtnocutensHo QyHkmmid C| (x) u C, (x) MOJTyYHUM CUCTEMY:
Cl'(x) -cosx + Cj (x)-sinx =0
1

Sinx

C{(x)-(—sinx)+ C5(x)- cosx =

, , COSX ,
U3 nepBoro ypaBHenus (5 = —C|-———, moicTaBisis 3T0 Beipakenue 1iust C, Bo

sinx
BTOPOE ypaBHEHHE, TTOTYIUM
2 . 2 2
. , cos” x 1 , Sin“ x+cos” x 1
~C|-sinx—C|-———=— wm —C - . =—,
sinx  Sinx sin x sin x
Ci=-1 = C;=—x,

CoSs X CcoSs X
: C, = I

C =1 — = | —=dx=1n|sinx|.
sin x sin x



Pemenne y, TpUHEMAET BHII:

Vi = —X-COSX +sinx - In| sinx|.
[ToryyaeM o0liiee peleHHe HCXOHOTO YPaBHEHHUS:

Y=Y, +Ys=Cj-cosx+C,-sinx—x-cosx+sinx-In|sinx| =
= (Cl — x) - COSX + (C2 + In| sinx |) -sinx.
2). YacTHOE pelIeHre V, MOKET ObITh HaliIEHO METOIOM HEOIPEIeIEHHBIX
KO3 PHUIIMEHTOB B CiIydasx, korga [ (x) MMEET CIEIUANIbHBINA BUI.
%) f(x) =P, (x) rae
P,(x)= A,x" + Ax" '+ 44, - (4.4)

3aJaHHBI MHOTOYJICH CTEIICHH 1 (AO #* O).

YacrtHoe pemicHuc y, B O3TOM CiIydac CJICAYCT UCKATb B BU/IC:

Ve = Op(X) = b, x" +byx" "+ 4, (4.5) ecnu
yrciao k = 0 He ABISETCA KOPHEM XapaKTEPHUCTUIECKOTO
ypaBHeHUs (4.2);
y* =X Qm (x))

ecnu ynciao k = 0 sBIsSETCS OJUH pa3 KOPHEM XapaKTePUCTHUECKOTO ypaBHEHHs (4.2)
u

2
y* =X : Qm (x))
eciar unciao k = 0 sBIseTCS JABa pa3a KOPHEM XapaKTEPUCTHUYECKOTro ypaBHeHus (4.2).
Kosdpduunmentsr b,, by,..., b, HaXomATCS METOIOM HEONPEICICHHBIX

K03 PUITMEHTOB.
[pumep 4.3. Pemmts ypaBHenue y" + ' = 2x+ 3.

m

Pemenne. HaxoauMm cHavaia o61iee penieHne COOTBETCTBYIOMIETO OAHOPOIHOTO
YpaBHCHUS.

Y4y =0, k*+k=0, k=0, k,=—1,
Y, =Ci+Cy-e".

Tak kak uncino k = 0 sBiAseTCS OJMH pa3 KOPHEM XapaKTEPUCTHUCCKOTO
ypaBHEHUS, U f (x) = 2x + 3 — MHOTOWIEH CTeNeHH M = |, TO YaCTHOE PEIICHUE V),
UILEM B BUJIC

Ve =x-(byx+b))= b0x2 +byx.
[Moncraisis ), B MCXOTHOE YpaBHEHHE, MOTYIHM:
2b, +2b,x+b; =2x+3 wm 2b,x+(2b, +b))=2x+3 =
2b, =2 u 2b,+b =3,
cinenoBarenbHo, b, =1 u b =1, torma y, :x(x+ 1).
Oo11ee penieHre HCX0JHOTO YpaBHEHUS
V=Yoo +1u =C+Cy-e " +x(x+1).



m

6) f(x)=e"-P

- (x) omnpenensercs CoOoTHoueHuem (4.4).

(x), rne a = const, P
B stom cinyuae
ax
y* =e * Qm (X),
€CJIM YMCII0 kK = @ He ABJACTCS KOPHEM XapaKTEPUCTHICCKOTO
ypaBHeHus (4.2),

ax
y*:e .Qm(x)'x’
eCIIM YMCI0 k = a SBISETCS OJMH pa3 KOPHEM XapaKTepPUCTHICCKOTO ypaBHeHus (4.2)
u

_ax 2
Vi =€ 'Qm(x)°x ’
eCIIM YMCI0 k = a SBISETCS JIBa pa3a KOPHEM XapaKTEePUCTUIECKOTo ypaBHeHus (4.2).
Meuorouner Q,, (x) nmeeT Bua (4.5).

Ipumep 4.4. Pemuts ypaBuenue y'' —2y ' +y=x-e" .

Pemenne. Haxomum cHavana y,,.
y'=2y"+y=0, k*-2k+1=0, k; =k, =1,
X
Y, =e -(Cl +xC2).
Tak kak a =1 sBisercs nBa pa3a KOpHEM XapaKTEPUCTUICCKOTO YPABHEHHUS, U
m =1, To penieHue ), HIIEM B BUJC

Ve=e" (byx+b)x* =e -(b0x3 +b1x2).

Torna y, =e” -(b0x3 +bx? +3b,x* +2b1x),
yi=e" -(b0x3 +byx? +6b,x* +4b,x + 6b, x +2b, )

U3 MCXOTHOTO YPaBHEHHUS TTOYyIHM

e’ -(b0x3 +byx? +6b, x> +4bx +6b,x +2b, ) —

—2e” -(box3 +bx? +3b,x* + 2b1x) +e” -(b0x3 +b1x2) =x-e,
b,x> +bx* +6b,x* +4b x +6b,x +2b, —2b,x> —2b,;x* — 6b,x* —
—4bx + b0x3 + blx2 =X,

6b,x +2b; = x,

6b0:1, 2b1:O = bozé, b1:0

3
CnenoBatenbHO, ), = gx -e”, u ollee peleHne UCXOIHOTO YPaBHEHHUS

UMeEET BUI:

1
V=Yoot Vs« =e* (C1 +XC2)+EX3 e,



6) f(x) e .[Pm (x) cosbx + R, (x) Sinbx], rie P, (x) u R (x) — MHOT'OWIEHBI
CTEIIEHU M U § COOTBETCTBEHHO. Torna
y, = & .[SN(x) cos bx + TN(x)Sinbx],

eclu uyucno k = a+ib He ABIACTCS KOPHEM XapaKTepPUCTUUECKOro ypaBHeHUs (4.2),
u

Yo =x-e™. [SN(x)cosbx + TN(x)Sinbx],
ecnu unuciio k = a +ib sBISETCS KOPHEM XapaKTepUCTHIECKOTO ypaBHeHUs (4.2), mpu
stoM N = max(m, S), Sy (x) u Iy (x) — MHOrouIeHsl creneHn N ¢

HEONPEAEICHHBIMU KO3()DULUEHTAMH.
[pumep 4.5. pemmts ypaBuenue y" +4y = 4(Sin 2x + cos 2x).

Pemienue. pemraeM COOTBETCTBYIOIIEE OAHOPOAHOE ypaBHEHHE.
y'+4y=0, k*+4=0, k=42, k =2i, ky=-2i
a=0, =2
v, = Cjcos2x + C, sin2x.
Tak kak Pm(x):RS(x):4, o m=s=0, N=0, a=0, b=2 =
a+ib=2i — onuH pa3 KOPEHb XapaKTEPUCTHIECKOTO YPaBHEHHsI, YACTHOE PEIICHHE
Vs WIIEM B BUJIC
Vi =x-(b, cos2x +c, sin2x).
yu =b, cos2x + ¢, sin2x + 2x-(— b, sin2x + ¢, cos 2x),

yi =4-(=b,sin2x +c, cos2x)—4x-(b, cos2x + ¢, sin2x).

IToxncrasnsiem B ypaBHEHHUE:
4-(=b, sin2x+c, cos2x)—4x-(b, cos2x +c, sin2x)+
+4x (b, cos2x +c, sin2x)= 4(sin2x + cos 2x),

—b, sin2x + ¢, cos2x = sin2x + cos2x, oTKyna
b =-1 ¢

o =1 nu

o
Ve =X~ (sin 2x — cos2x).
BrinuceiBaeM o6111ee pelieHue:
y=y,=Y. = Cjcos2x + C, sin2x +x-(sin2x - c0S2x).



CUCTEMbI JUHEWHBIX
JTAD®DOEPEHIIMAJIBHBIX YPABHEHUM
C MOCTOAHHBIMU KOD®OPUIIMEHTAMU
PaccmoTpum cucremy Buaa

’ J—
{xz =danpx+apy
, J—
Yi =agXx+daxny,
,_dx . _dy
rac all, alz, azl, a22 — 3a4aHHbIC KOHCTAHTBhI, a .xt =, yl‘ = —.
dt dt
OI[I/IH N3 MCTOJIOB PCHICHUA TaKUX CHUCTEM COCTOHUT B CBCIACHUU €€ K OJTHOMY
HHHeﬁHOMy I[I/I(I)(I)CPGHHI/I&TIBHOMY YpaBHCHHIO 2-T0 nopsaka ¢ mIOCTOAHHBIMU

Kod(ppunmeHTamu.
3TO MOXHO C/IeNlaTh, HAIIPUMED, CIACAYIOIIUM CIIOCOOOM.

1
W3 nepBoro ypaBHEHHsI CUCTEMBI HAXOAUM )V = —(x; —a, lx), TOr/Ia
dy2
y; = —(xt'z'—a“xt'). [Moacrasmsist y W ), BO BTOPOE YPaBHEHHE, MOTYIHM:

apn

L, : ax ¢,
_(xtt _allxt) = a21x +_(xt _all.X) Uiin
p) p)

Xii —A1X; = A1pay X+ doyX; — Apayp X,
Xy —(ayy +ax )x; —(apay +ayaxn)x = 0.
ITonydeHHOe ypaBHEHHE pemiaeM, Kak nokasaHo B § 4. [1o HaliieHHOMY x(t)
BBEIYUCIISIEM y(l‘).

!

Xp =X—Y

[Ipumep 5.1. Pemnts cuctemy ,
v, =—4x+y.

Pemenue. U3 nepBoro ypaBHeHUs] HAXOAUM
Y=X=Xi, V=X~ Xy
IToacrasisiem BO BTOPOE ypaBHEHUE:
X, —xy=—4x+x—-x;, x;,;—-2x,-3x=0.
[Tonyuaem oHOpoIHOE TUHEWHOE ypaBHEeHHE. HaxoauMm ero oOliee pelieHue.
k2 —2k-3=0, k=12, Kk =-1, ky,=3
x(t) =Cee '+ Cze3t.
Torna
Boiy(t)=x—x'(t)=Cie”" + Cye® + Cle™ —3C e =2C e —2C, e
BrinuceiBaeM o0111€€ peiieHre UCXOTHON CUCTEMBI:
x(t) =Ce' + Cze3t

Wt)=2Ce™" =2C,e".



I'EOMETPUYECKHUE U OPUBNYECKUE 3ATAYUN

YToOb!I peInTh reOMETPUIECKHE 3a/1a4H, HAJI0 MOCTPOUTDH YePTEX, 0003HAUUTD
HMCKOMYIO KPHUBYIO 4EpE3 y = y(x) (ecyn 3a1aya permaercs B MPSIMOYTOJIbHBIX

KOOpJIMHATAX) M BBIPa3HUTh BCE YIIOMUHAEMBIE B 3a/1aU€ BEJIMYHMHBI Uepe3 X, V, V.
Torma nanHoe B yCIOBHM 3a/1a4l COOTHOIICHHE TIpeBpamiaeTcs B qudpdepeHIanbsHoe
ypaBHEHHE, U3 KOTOPOTO MOXKHO HATH HCKOMYIO (DYHKITHIO y(x).

B ¢usnueckux 3agauax HaJl0 MPEXJIE BCErO PELINTh, KAKyIO U3 BEJIMYUH B3ATh 32
HE3aBUCUMOE MEPEMEHHOE, a KaKyI0 — 3a HCKOMYIO (PYHKLHIO. 3aTEM HAJ0 BbIPa3UTh, HA
CKOJIbKO U3MEHUTCS UCKOMasi PYHKIHS ) , KOT/Ia He3aBH-

CHUMOE TIEPEMEHHOE X TIOJMYYHT mpupaimieHne A Xx, T.e. BBIpa3uTh pa3HOCTh
y(x + Ax) - y(x) Yyepes3 BEJIMUMHBI, 0 KOTOPBIX TOBOPUTCS B 3aj1aue. Pa3genus sty

pasHoCcTh HAa A X w nepeins k npeneny npu Ax — 0, momyunm auddepeHnuairHoe

YpaBHEHUE, U3 KOTOPOIO0 MOKHO HalTH UCKOMYIO (pyHKIMIO. B OosblIMHCTBE 3a1a4
coJiepKaTcs yCIOBUS, C TOMOILIBI0O KOTOPBIX MOJIHO ONPEAEIUTh 3HAUEHHS IOCTOSHHBIX,
BXOJSIIIMX B oO11ee pemeHue quddepeHnnansaoro ypapuenus. MHorna
nuddepeHanbHOe ypaBHEHHE MOKHO COCTABUTh 00JIe€ MPOCTHIM MTyTEM,
BOCIIOJIb30BABIIUCH (PU3UYECKUM CMBICIIOM MPOU3BOAHON (€CJIM HE3aBUCUMOE

d
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IICPCMCHHOC — BPCMA t, TO d_ €CTb CKOPOCTb UBMCHCHUA BCIIMYHUHBL Y )
4

IIpumep 6.1. HaiiTu kpuBYyI0, MpOXOAsIILyIO yepe3 TouKy (2.1), y KoTopoil Touka
nepeceyeHus 1000 KacaTeIbHON € OChIO a0CIIUCC OAMHAKOBO yajeHa OT TOUKH
KAacaHMs U OT HayaJla KOOPIHUHAT.

Pemenue. 4

M (x, y) — TOo4YKa KacaHus, NN — TOYKa

MepeceueHMs KacaTelIbHOM ¢ ochio abciuce; O —
Havasio koopauHat. [To ycnoBuro | ON | = | MN | y
Ecim X, Y — Texymue KOOpAWHATHI, ) = y(x) —

HMCKOMasl KprBasi, TO ypaBHEHHUE KacaTeIbHOM,
MPOXOJISIIIICH uepe3 Touky M , 3anmuiiercs B BHIE

Y-y :y’(x)-(X—x).
HaxomuM KoopauHaTsl TOUKH N (TOYKH

MepeceueHMs KacaTelIbHOU ¢ ochio abciuce): Y=0 = X =x- l,, TOTIa
Y
2

|0N|:x-§; | MN|=f(x-X)? +(y-1)* = ;/’2+y2.

CnenmoBaTeibHO,
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Bo3BoguM 06e yacTu ypaBHEHUS B KBaJIpaT:
2 2 2
2 _ x,y+ y,z _ y,z +y2,
Y Y y
2x
1.2 1.2 ' Y
yx©T=2xy=yy" wm y =——-—>.
.

[Tonyuywnnu ogHopoaHOEe ypaBHeHue. [IpoBoanM 3aMeny y(x) =Xx- u(x) yi=u-x+u,

IMOACTAaBJIAAICM B YPABHCHUC!

u' -x+u 2ux” u'-x+ 2u
. :—) . u: R
xz(l—u2) 1—u?
Yy 2u _M_u—ku3
1-u® 1-u?’
2
(1_” )d” dx 1 2u dx
e
u+u X u l+u X
In|u|—ln(1+u2)=ln|x|+ln|C ,
“ >=Cx  wm 4 = Cx, oTkyna
l+u x(1+y2/x2)
y = C(x2 +y2).
Tax xak KpuBas MPOXOIUT Yepe3 TOUKY ¢ KOOpAUHATAMHU (2; 1) , TO
|

1=C-(4+1), C=~.

OKOHYATENBHO MOTYyYaAEM:

yzé( 2+y2) WA x2+(y—2,5)2 =625 —

OKPY>KHOCTB paguyca R =/6,25 =25 c 1ueHTpom B TOUYKE (0; 2,5).

[Ipumep 6.2. Cocya oo6bemom B 20 nmuTpoB coaepkut Bo3ayx (80% azorau
20% xucnopona). B cocyn Brekaer 0,1 nuTp a30Ta B CEKYH]y, KOTOPBIM HEMPEPHIBHO
MEPEMENINBAETCS, U BBITEKAET TaAKOE K€ KOJMYECTBO cMecH. Uepes CKOJIbKO BPEMEHH B
cocyne oyaer 99% azota ?

Pemenue. B kauecTBe HE3aBUCMMOW IIEPEMEHHOM BO3bMEM Bpems f. Ilycts
y( t) — KOJIMYECTBO a30Ta (B JUTPax) B COCYJE Uepe3 BpeMsi ! ¢ MOMEHTa Hayajia

BTEKaHUA a30Ta B cocyl. Haiinem, Ha CKOJIbKO M3MEHUTCS KOJIMYECTBO a30Ta 3a
MIPOMEKYTOK BpEMEHU [l‘; t+A t] :



3aBpemss At cexynn B cocyn nocrynaetr 0,1-A¢ asora. KonmnenTpamnus a3ora B
MOMEHT ! paBHa p = y(t)/ 20, cnemoBatenbHO, 32 BpeMsi A ¢ BBITEKaeT BMECTE CO
CMECBIO KOJIMYECTBO a30Ta, PAaBHOEC

01-p-At=y(r)-At/200.
[TpupalieHre KOJIMUeCTBa a30Ta 3a BpeMss Af paBHO
y(t+At)—y(t)=01-At—y(t)- At/ 200.
[Tocne nenenust Ha At TMOIy4YHM
yt+Ar)=y(t) 01 (1)

b

At 200"
[Tepexoxs B 5TOM ypaBHeHHU K nipeaeny npu At — 0 ¥ yuauThIBas, 4To
y(t +A t) — y(z‘)

lim = »'(¢), nomyuum ypaBHeHHe ¢ pa3eNIOLUMUCS IEPEMEHHBIMH
At—0 At
1 1 dy 1

t)=——-—7—1t) > —=-——+(ry-20) =
"0=157 200" = G 200V )

d d

y:_ld;:_[yz—l'[dt:
y—=20 200 y—=20 200
1
In|y—20|=—-——=t+C, rne C| — npousBonbHas NOCTOSHHAS,
—LH-CI —Lt C

y—20=e¢ 200 y=20+e 200 .o™1,

G
O6o3naunm e ' = C w nepenuineM perieHue B BUJIC
1

—t
y=20+C-e 200,
B HauanpHbIi MOMeHT ¢ = 0 cojepikaHHe a30Ta IO YCIOBHIO 33aJ1a4d COCTABIISCT
80%, T.e. koHIIeHTpauus paBHa 0,8, ciien0BaTEIbHO,

o,szﬂ - o,s:i(20+c-e°) — C=-4.
20 20

1
—t

Bnaunt (1) =20-4-e 200 .
Teneps HaiijeM MOMEHT BPEMEHH [, KOT/a KOHIIEHTPAIUS a30Ta CTAHOBHUTCSI
paBHoii 0,99.

1
4 ——t
20 20

1 1
—t —t

198 =20—4-¢ 200 ; 4.¢ 200 =02;



|
—t
4.e 200 =0,05; —Ltzan,OS;
200

t =200 170,05 = 200- [n(0,05) "' =200-/n20 ~ 600 cexyna

t = 10 MmuHYT



PSJIBI
OCHOBHBIE CBEJIEHUS U3 TEOPUN

OHDGI[E?JICHI/IC. PHILOM Ha3bIBACTCA CyMMa OCCKOHEYHOI'0 MHOKECTBA ClIaraeMBbIX

Ui+Uo+Us+. .. +Up+... (l)

CumBoast U1, Uy, ..U, Ha3pIBalOTCS WieHaAMU psija.
Onu MOTyT OBITH YHCIIaMH, (DYHKIUSIMHU, MATPHUIIAMH, & COOTBETCTBYIOIITUE PSIIBI
HAa3BIBAIOTCS YHCIIOBBIMU, (YHKIIMOHATHHBIMHA, MATPUIHBIMHU.

o0
CoxkpaltueHo psin obo3Hadaercs Tak: » U, .
n=1

Unen U, Ha3zbpiBaeTcs OOIIUM YJICHOM psijia.
CymMa N-miepBBIM WICHOM psia

Sp=U+U+Us+. . +U, (2)

HA3bIBACTCSI YACTUYHON CYMMOM.

Ecmu lim S, =S, To psin Ha3pIBaeTCs CXOAANIMMCS S-CYyMMOU psifia.
n—o0

Ecmu lim S, =+, To psix pacXxomurcs # CyMMBI HE UMEET.
n—o

Heo0xoanMblil pHU3HAK CXOAUMOCTH PSAAA.

Ecnu psin (1) cxomutes, To lim U, =0,
n—oo

OTO0 NpU3HAK HE ABJISIETCS IOCTATOYHBIM, T.€. U3 CTPEMJICHUS K HYJIIO OOIIETro YWieHa
HEJIb3S €IIIe CAENaTh 3aKII0UeHue, 4To psia cxoautes. Ho ecnu oOmwmii usieH psna He
CTPEMUTCSA K HYJIO, TO PSAJL PACXOIUTCS.

HpI/IBHaKI/I CXOAUMOCTH PsAAOB

[Tpu3HaK cpaBHEHMUSL.

Teopema 1. A) IlycTb psiabt

Ui+U+Us+.. . +Upt. .. (3)
V1+Vo+Vat+.. .V +. .. (4)
noyIokUTeNbHBL. Ecnu psig (4) cxonutes, a uineHbl psiga (3), HauuHAs ¢ HEKOTOPOTO,
MEHBIIIE COOTBETCTBYIOIIMX 4JeHOB psina (4), To psaa (4) cxomutcs; 6) Eciu psg (4)
pacxoauTcs, a 4wieHbl psaa (3), HaYMHAS C HEKOTOPOTro, OOJIbIIE COOTBETCTBYIOIIUX
yjieHoB psiaa (4), To psan (3) pacxoaurcs.

o0 (e 0]
Teopema 2. JIa psima > U, u >V, OIXHOBPEMEHHO CXOIATCS WIH PACXOAATCS, €CIIH
n=1 n=1

otHomenue Un:V, ipu N —> 00 CTPEMUTCS] K KOHEUHOMY U OTJIMYHOMY OT HYJISI IPEIeIy.

ITpusuak JlanambOepa.
Ecnu 4nens psga 3HaKOMOIOKUTETBHBI U




.U
lim =" =k 1o
N—o0 n

npu K<1 psn cxomutes, a mpu K>1 pacxomurcs.
Ecnmu k=1, To 3akmiodueHWe O CXOIUMOCTH psiia CHeNaTh HeIb3s. TpedyroTcs
JOTIOTHUTEILHBIC YCIIOBUSI.

PanukanpHbll npu3Hak Koim.

Ecnu unens! psga nonoxurtensHsl 1 lim §/V, =k, To mpu K<1 psx cxonutes, a mpu k>1
n—»oo

pacxomutcs. [Ipu k=1 TpeOyroTCs TOMOTHUTENILHBIC UCCIICTOBAHUS.

3ameuanue. [Ipu uccnegoBaHUM CXOAMMOCTH psiia IpUMEHeHUe npu3Haka Jlamambepa
OKa3bIBAETCS MPAKTUYECKU OoJiee mpocThiM, yeM mpusHak Komm. Ho pamukanbHbIi
npu3Hak Ko Gosiee cumbHBIN, ueM npusHak JlamamoOepa (oH pexe aaet B oTeete 1).

HaTterpanpusiii npusHak Korm.

Ecin ¢ynknus f(X) HenmpepblBHA, MOHOTOHHO YOBIBa€T W TOJOKUTEIBHA JUISI X > @, TO
pAan

F(1)+f(2)+f(3)+...+f(n)+...

CXOJIUTCS, €CJIM CXOJUTCS HECOOCTBEHHBIN MHTErpal
o0

[f(x)dx, T.e. OH MMeeT KOHEYHOE 3HAYCHHE M PsJl PACXOAMTCS, €CIU ITOT MHTErpall
a

paBEH .

3ameuanue. MHTerpansHblid npu3zHak Komm mo3BosisieT caenars BBIBOJ O CXOJAUMOCTH
psana, koraa npusHaku Jlanamo6epa u Kommm oka3siBatOTCsl O€CCUITbHBIMU.

Tem He MeHee Ha MPAKTUKE MPUMEHECHUE HHTETPAIbHOrO MPHU3HAKA YACTO BBI3HIBACT
3aTPYJHEHHUS], CBA3aHHBIC C BHIYUCIEHHEM HECOOCTBEHHOI'O UHTETpalIa.

3HaKOYEepEeAYIOIIUECS PAIBL.

Onpenenenue. P Ha3pIBaeTCs 3HAKOYEPETYOLIMMCS, €CJIH JIBA €M0 COCEIHUX YIeHa
MMEIOT MPOTUBOMOJIOKHBIE 3HAKU. VccnenoBanne cX0JMMOCTH 3HAKOUYEPEAYIOLUXCS
PAI0B MPOBOAMTCS HA OCHOBAaHUU TeopeMbl JIeiOHuIIa.

Teopema. 3nakouepenyromuiics psa cxoaurcs, eciu: 1) Ero unensr yObIBaloT 1o
aOCOJIIOTHOM BEJTMYMHE U 2) €ro OO YIeH CTPEMUTCS K HYJIIO PU N —> 0.
Onpenenenue. 3HaKOYEPETYIOUTUNACS PsI/T Ha3bIBAE€TCSI aOCOMOTHO CXOSAIIUMCS €CITN
CXOJUTCS Psifl, COCTaBICHHBIN U3 a0COTIOTHBIX BETMYMH €T0 YJICHOB.

Ecnu xe psig u3 aOCOMOTHBIX BEJIMYUH PACXOAUTCS, TO 3HAKOUSPEAYFOIIHICS Pt
CXOJUTCS YCIIOBHO.

OneHka ocTaTka 3HaKO4YepeayOLIErocs psaaa.

Ji1st 3HAKOYEepeTyIOIIerocs psija, YAOBIETBOPstoero Teopeme JlelOnua, ommuodka
npUOIMKEHHOTO PaBEHCTBA S~ S, BeJeT 10 a0COIOTHON BEJIMYMHE MEHbIIIE TIEPBOTO

otOporenHoro wiena R, ;| < U, ;, rae

Rn:Un+1+Un+2+...
OcTaToK 3TOT0 psaaa UMECT 3HAK CBOCI'O IICPBOT'0 YJICHA Un+1.



CreneHHoM psj. Paguyc cXoauMOCTH.

CreneHHOM psiji UMEET BUJ

o+ aX + 8, + ..+ a X" +... (5)

rjae ap-KodppuiMeHT creneHHoro psaa. CXxoauMOoCTh CTETIEHHOTO Psifia 3aBUCUT OT
BCJIUYMHEBI X.

Teopema AbGens. Ecnu ctenenHo# psaj (5) cXoauTcst Ipy HEKOTOPOM 3HAUYECHHUH X=Xo, TO
OH CXOJIUTCS, U PUTOM a0COIIOTHO IIPU BCEX 3HAUCHUSX ‘X‘ < ‘Xo‘ . Ecnu crenenHoi psn

pacxoauTCs IpHU X=Xop, TO OH PACXOJUTCA U IIPHU BCEX ‘X‘ > ‘XO‘ .

Onpenenenue. MHTEpBaIOM CXOIMMOCTU CTENIEHHOTO psiia Ha3bIBaeTcs HHTEpBan (-R,
R) Takoii, 4To 1711 BCAKOM TOUKHU X, KOTOpasi JIEKUT BHYTPH 3TOTO UHTEpBaia, ps
CXOJUTCS, U K TOMY %€ aOCOJIIOTHO, a JIJIsl TOYEK X, JIEKAIIUX BHE €ro0, PsJ PACXOIHUTCS.
Yucno R Ha3bIBaeTCs paguycoM CXOJIUMOCTH.

Pannyc cxoaMMOCTH CTENEHHOTO psijia (5) MOXKHO OMPEACTUTh YePE3 €ro

KO3 PUITMEHTHI

R = lim |- (6)
n—|d, 11

NJin

R=— * @)
lim Ya,
n—oo

Panuyc mosxet ObITh paBeH 0, eciii HHTEpBaJI CXOIUMOCTH BBIPOKAAETCS B TOUKY,
R =o0, ecnu psii CXOUTCA HA BCEW YUCIOBOM OCH.
Crnenyer Takke UccleoBaTh CXOAUMOCTD psifla Ha KOHI[aX MHTEpBajia, T.e. Ipu X =tR.

s psinoB Buga (8), (9) u (10)

ag +ax+a,x>+..+ax"t+. (8)
ay +ax’ +a,xt +.. +a x" +... (9)
ag+a (X—A)+ay,(X—A)2 +...+a,(x—1)" +... (10)
WHTEPBAJI CXOJAMMOCTH HaXOIUTCS 10 pu3HaKy JlaimamOepa,

lim [2n+t| 1 (11)
n—oo

n
Paznoxenue ¢pynkuuu B psan Teitnopa u Maknopena.

Psnom Teiinopa dyukiuu f(X), koTopast onpeiesicHa B OKPECTHOCTH TOUKU Xg M B 3TOM
TOYKE UMEET KOHEYHBIC TPOU3BOAHBIC JTFOOOTO TOPSIKA, HA3BIBACTCS CTETICHHOU Pl

f(x) =f(xg) +f'(x0)(x —Xg) + f (2X|O) (x— x0)2 -

(n-1)
L F 0 (x)
(n-1)!
Ecnu B popmyie (12) monoxuts Xo=0, TOo nosyuutcs psia MakinopeHa

(x—%o)" ™ +... (12)



fmﬂwﬂﬂw+i&%.ﬂw&um (13)

[ToMemaeM JUIs CIIPABOK pasiokeHus GyHKIMi ¢~ | sinx, cosx, In(1+X) u (1+x)™ B psax
Makxkiopena

2 3 n
B T ST SR (14)
2! 3! n!

X-JIr000€e
3 5 2n+1
sinx:x—x—+x——---+(—1)n > + (15)
31 5! (2n+1)!
X-JIr000e
2 4 2n
cosx =1- 2>+ X _ X (16)
21 41 (2n)!
X-JIF000€e
x? x3 1 X"
IN(1+X)=X -+ — ..+ ()" = +... (17)
2! 3! n
-1<x<1
(L+x)™ =1+ mx+m(r2|_1)x2 +
N m(m-1)...(m—-(n-1)m) N (18)

n!
-1<x<1
Paznarats B psaabl Teisiopa 1 MakiiopeHa MOKHO HENOCPEICTBEHHO U UCIIOJIb3YS
u3BecTHBIC pa3MHOKeHud (14-18). [Ipumepbl pa3noxkeHus MPUBEICHBI HIDKE.

[Tpumep 1. Haiitu cymmy psiza.
JIoka3aTh CXOAMMOCTB Psiia, MOJIB3YsICh HEIOCPEACTBEHHO ONPENEIEHUEM

CXOOUMOCTH.

® 1
> :
n=1N(n+1)(n+2)
[IpencraBum oOuruit uneH psaa U, B BUIe CyMMBI POCTEHIINX ApoOeit
1 A B C

nn+D(n+2) n n+l n+2

YMHOXas1 Ha 3HAMEHATENb JIEBOU YacTH, IIPUIEM K TOXKIECTBY
1=A(n+1)(n+2) + Bn(n+2) + Cn(n+1).

[Tonaras mociaenoBarenbHo N = 0, -1, -2 HaxoauM

n=0 1=2A, A:%

n=-1 1=-B, B=-1



Takum obpazom

11 1 1 1
Un:_.___+_._
2 n n+l 2 n+2
WIIA
1.1 2 1
U, =-(~——-+—-—
n 2(n n+1 n+2)
Otcrona
1 2
U =-01-—+=
1= 502 +)
1.1 2
U, ==(=—=+=
2 (2 2
11 2 1
U, ==(——+=
3 2(3 A )
1 2 1 1 2 1 1 2 1 1 2 1 1
Sj==(1-——-+=+-——+-+-——+-F. +———+—+—) =
2 2 3 2 3 4 3 4 5 n-1 n n+l n+2
1.1 1 1
=S —)
22 n+l n+2
1.1 1 1 1
imS, = lim-(G—-—+—"-)==.
n“_>ngo n nII—TOZ(Z n+1 n+2) 4

.1
CJ'IGI[OBaTeJ'IBHO, pad CXOAUTCA U UMCCT CYMMOU — .

[Tpumep 2. MccaenoBath Ha CXOIUMOCTH PSIT 1-4-7..3n-2) .

n=1 2”*1-n!
[Tpumenum npusnak JanmamGepa

1-4-7..(3n-2) | 1-4-7..3n-2)(3n +1) |
U, = Uy, =

g T ol )
. U,y - 1-4-7..(30=2)(3n +1)- 2" .nl - 3n+1
nse Uy noe 272 (n+1)M1-4.7..83n-2)  n>w2n+2
3+1 3
. n
= lim 2:§>L
n_>002+*
n

Tak xak npenen paBeH E >1, TOo 3TOT psiJ PACXOIUTCA.



2 (-1)"(n+1)
ITpumep 3. MccnenoBaTh Ha CXOAUMOCTD PSify Y, ———————

n=1 10n+9
UsneHs! pssia mo abCONMIOTHOM BeIMUMHE YOBIBAIOT

2 3 _4_5
—>—>—>—> .
19 29 39 49

- 3HAKOYEPETYIOIIUICS.

lim n+l lim #0
| =1 = — .
n—>010N+9  noeqp . 9

Teopema JleitOamma 17151 JAHHOTO Psifia HE BRIMIOTHSACTCS, 3HAUUT JAHHBIA PsiT
pacxoauTcs.

[Tpumep 4. UccnenoBaTh Ha aOCOTIOTHYIO CXOJIUMOCTb PSJT

® 1
-1 n+1 .
nZ::l( ) (3n-1)°

UseHsl JaHHOTI'O psAda 110 a0COJIFOTHOM BEJIMYNHE Y6BIBaIOT.

1.1 1 1
22 527 g2 112" 7

1 1
lim U, = lim (-)"** = -0.

n—oo n—oo (3n — 1)2 o0
CrnenoBaTeNbHO, TaHHBIN Psii CXOAUTCS 10 TeopeMe JlenOHuIa.
YToOsI penmTh BOMPOC 00 aOCOTIOTHON CXOJUMOCTH 3TOTO Psijia, COCTABUM DSl U3
aOCOJIOTHBIX BEJIMYMH €0 YICHOB.

® 1
[Monyunm Y ——;
n=1(3n —1)2
[Ipumennm nHTETrpaANIbHBIN TpU3HAK Ko
T dx b dx 1 1 [ 1 11, 1
] = lim | =lim(-2- ) =—Zlim(G——-2)==.

1(3X-1? bow1(3X-1)? bow 3 3Xx-1;  3bow 3b-1 2° 6
HHTerpan cXoauTesi, IO3TOMY CXOJIUTCS PSIT U3 aOCOJIFOTHBIX BEIUYMH. 3HAYHT,
3QIaHHBIN PSIT CXOAUTCS a0COIIOTHO.

®© 1
[Tpumep 5. MccnenoBaTh Ha CXOAUMOCTB psil Y. arctg ——.
n=1 n+ 2
[IprumMeHnM TIprU3HAK CPaBHEHUS PSIOB.
6]
JIns cpaBHEHMS BO3BMEM DAL D,
n=1N+

KOTOpBIﬁ pacxoauTcCs, KaKk 4aCTb U3BECCTHOT'O

1
PACXOAAIIErOCss TApMOHUYECKOTO psija Y, — .

1 1
arctg > :
n+2 n+2




3HAYUT 110 TCOPEMC CPABHCHUS PAIOB I[aHHI:Jﬁ pAa TOXKE paCxXoaruTCs.

x 3+2n
[Tpumep 6. UccnemoBath Ha CXOAUMOCTB psiit Y. ( :

4"
n=1 n +1

[Ipumenum paaukanbHbIi pu3Hak Komm
2

o IBvan N (a@n+3))" . (8n+12)
lim ? - A4l =lim|————| =lim|———| =

n—oo +1 N—>o0 n+1 nool\ N+1
n
8+E
= lim N | =8 =w>1.
n—oo 1+1

n
3HA4YUT, TAHHBIN PSAIT PACXOIUTCS.

0
[Tpumep 7. WccnenoBaTh Ha CXOAUMOCTD PSII . Z inn’
n=1\N"—1J)Inn

CHauasia cpaBHUM PSbI
n n 1

bz—ﬂmn>nﬁnn:nmn'

» 1
Uccnenyem psang >, ——

no2ninn’
[Iprumennm MHTETpaNIbHBIN pU3HaAK Ko k 3ToMy psay:
© dn  =d(Inn)

| =] =InInn|; =oo—InIn2 =oo.
>ninn 5 Inn
n . » 1
2 > , TO JaHHBIU PAA paCXOAUTCA TAK KC, KaK Z .
n —1ﬁnn ninn n—2NnInn

Tak xak
(

[Tpumep 8. Haiitu 06;1aCTh CXOAUMOCTH CTENIEHHOTO psijia . >
n=1 N+

n

X

Hatinem pagnyc cxogqumocTu
 n*(h+3) n+3  n®
R=lim 7= lim—— lim ——>=1.
> (N+2)N+1)° p5=N+2 nse(n+1)

1 1

1

Tak kak R = 1, To psig cxoaurcs B npomexytke (-1; 1).
[IpoBepHrM KOHIIBI 3TOTO MPOMEXKYTKA.

nnS

o0
(-1): moacTaBUM B TaHHBIN Psi, TIOTYIUM PSJT Z(— 1)
n=1

- 3HAKOYEPEAYIOIIUNCS.

Uccnenyem ero no teopeme Jleitbuuiia.



1) —<—<—
3 5
3
1 1
2 1 - = = — =00,
)£$n+2 £$>1 2 0
2t 3
n“ n

HI/I OJIHO YCJ'IOBI/IC TCOpCMBI Heﬁ6HHHa HC BBIITOJHACTCA, 3HAYUT pﬂI[ paCXOI[I/ITCSI.
3Ha‘-II/IT X = '1 HC BXOOUT B I/IHTeraJI CXOONUMOCTHMH.
0 n3
(+1) [IoaACTaBHUM B I[aHHBII/I pSII[, HOHy"II/IM Z 2
n=1 n+

[To HEOOX0IMMOMY MPU3HAKY CXOAUMOCTH 3TOT PAJl PACXOAUTCS, T.K.
3

n
lim
n—>oon+2

3Hauut psaa cxoautes npu —1 < X < 1.

=00,

00 -1 n
ITpumep 9. Haiitn 001aCcTh CXOAMMOCTH CTEIIEHHOIO piga . —2( ( )3)
n=1 n+

[Tpumenum npusnak Jlanambepa
(x-1)""*-2"(n+3) _ - x=1 n+3_[x-1

—Dntl) - <1.
i, n“—>oo‘2“+1(n+4)(x )| TAm 2 ned 2
‘X_u<l;
2
x-1<2;
2<x-1<2;
-1<x<3

IIpoBepuM KOHIIBI 3TOTO0 HHTEPBAJIA
1-1 © (-1)"-2" = (-1)
cay §C g (2 g (1
n=12"(n+3) n-12"(n+3) n-1n+3
OTOT psan cxoauTes o Teopeme JleiOuua, T.K.

S>>0
4 5 6 7
1 1
lim——/=—=0
nsoN+3 o0
Gy x CV g 2 g !

n=12"(n+3) n=12"(n+3) nzln+3.

x 1
[Tomy4yeHHBIN psii pACXOIUTCS, KaK YaCTh TAPMOHUYECKOTO psifja . —. 3HAYUT

n=1N
WHTEpBaJ cxoauMocTu —1< X < 3.



ITpumep 10. IToap3ysicb OCHOBHBIMHU PA3JI0KEHUSAMHU, HAIIUCATh Pa3I0XKEHUE B
cTeneHHo pan (psa Makiopena) GyHKkuu Y =1+ X .

[TpruMeHUM OMHOMUHANIBHYIO (hOPMYITY.
(L x)™ =14 mx + D) m-1)o, ymm=D..(m-n+l).
1.2 1-2..n

dopMyia BepHa JUIs BCEX X, YOBIETBOPSAIOMIMX yclioBUI0 —1 < X < 1.

1
Tak kak V1+x =(1+x)2,To m =%.

R
1+X = 1+2x+Lx2+2 2 2 x3

Torna

+
1.2 1.2.3
1(1 1 1
21 Z-2]=-3
212 2 2 4
+ X +...
1.2.3-4

[Tocne ynpouienus nonquM
Arx=lrixotyey 13 ya 135 4
2 24 2-4-6 2-4.6-8
+(e1) 1.3:5... (2n—1)xn .
2-4-6...2n
310 paznoxenue BepHo B —1 < X < 1, Tak e Kak 1 OMHOMUHAJILHOE Pa3JIOKEHHE.

1
IIpumep 11. Paznoxuts B psaa Teilnopa B OKPECTHOCTU TOUKH X = 3 PYHKIHUIO Y = —.
X

BanuiieM psa Terinopa ais dyukmuun f(X).
1

f(X)Zf(Xo)‘F#(X—Xo)‘F@(X ~Xo ) +.t f(nn_l_()l()‘;)(X—xo)”_ +...

. 1
Haiinem npousBoaHbIE OT PYHKIUHU Y = —.
X

y=- y(d) =1

X

1 1

r__ = 13 -
Y'==2 y'(3) 22

2 2
"n_ = n3 - <
Y'=3 y'(3) 33
" 2‘3 "”w 2 3
y v y'@)=——1

[Toacrasum B psia Teiopa



1 1 1
o ~3
=3 32.]_|(X )+
[Tocne mpeoOpazoBaHus MOTyYUM
2 3 n-1
izl_x—3+(x—$._@—3)+“A{_Dm1&—3) .

(x—3) - 2:3 (x-3) +...

33.21 3*.3

Haiinem nHTEpBai CXOIUMOCTH MOTy4YeHHOTO psifa. [Ipumenum npusnak Janambepa.
n n
lim ‘ (Xl 3 3n 1‘:1‘X_3‘<1;
n—>oo‘3n+ (X—3) B ‘ 3
x—3<3;
-3<x-3<3;
0<x<6.

Uccnenyem KoHIbl 3Toro nHTepBana. [logcraBum x = 0 B JaHHBIN psif, NOJIy4UM
1 3 3 3 111
—F=+—=+—=+..=—+=-+—-+
3 ¥ 3P 3 3 3 3

y : 1
JlaHHBII psJ pacXoauTcs, T.K. y HETO n||m U, = 3 #0.
—>0

Hccnenyem Touky X = 6.

1 3 3 3 1111
stz g te=s st ot
3 3 3 3 3 3 3 3
JlaHHBII psa pacXoAUTCs, KaK KOJEOIIOMUKCS psl.
3HaYUT, MOJIyYEHHOE pasjiokeHue B paa Teinopa GyHKIMHN Y = — B OKPECTHOCTHU
X

TOYKHU Xg = 3 cipaBeyinBo B (0; 6).

1 .
sinx
[pumep 12. Berancnure [——dx ¢ Tounoctsio 0,001. M3BecTHO, 4TO

0 X
) x> x> x’
sinx=l-—+—-——+
357
Torna, pa3ieayuB NOWICHHO Ha X, MTOJIYyYHUM, YTO
Sin X _ x? x* x°
X 357
1o 1 2 4 6
sin X X X X
j—dx=[ l-—+———+---dx =

1

X3 X5 X7 X9
= x— + — + +ee
3.3t 5.50 7.7 9.9!
1 | 1 1
+ - -
3-31 5.50 7.7 9.9!

0

—---=1-0,0555+0,0016 - 0,00003 = 0,946



ITpu BBIYMCIIEHUU UHTErPajia Mbl B3sUIM TOJIBKO 3 4jieHa psija, T.K. YETBEPTHIM WieH
0,00003<0,001 TouHOCTH, C KOTOPOI TPEOYETCS BHIYUCIIHTD.

IIpumep 13. Beraucnute onpenesieHHbId HHTErpai ¢ TouHOCTHI0 10 0,001

1
\/141—)(4 :(1+X4) :

Paznoxxum noauHTErpaibHy0 (GYHKIIMIO B CTEIIEHHON P, MCIIOJIB3YS Pa3IoKEHUE
m-—1 mm—-1{m-2
(1), mln-1m-2),

(1+%)™ =1+ mx +—

1
+--+ yHac x~x%, m=—5 , TOT/1a

3!
HOJIyYUM
v ), A
(1+X4)2=1——X4+ x® + x4
2 2! 3!

4
-4 L3 )(8—13—5xlz+1 3:5 7xl6+---

2 2220 2331 24 .4

HOI[CTaBI/IM IMOJIYUYCHHOC PA3JIOKCHUC 1101 3HAK HHTCIPaJla

1
3 4 ) 3. .2.5.
jl—X—+ 13 X8—135X12+1357X16+°“ X =
0 2 22 23.31 24 .4

x> 1-3x> 1.3-5x2 1.3.5.7x"
B t 2 53 T3 +
5.2 2%2.219 23.3113  2%.4117
1 1 1-3 1-3.5

=—— + — +
3 3.5.2 27.219.3 2°.313°.13
~0,3333-0,0004 + 0,00002 = 0,333
T.K. 0,000)4<00,001, moaTOMY BTOpOI#1 UJieH psiia MOKHO OTOPOCHUTH.
TEOPUSA BEPOATHOCTHU

=X

Q

KomOuHaTopuka

Pasmenienus — KOM6I/IHaHI/II/I, cocTtaBieHHble 13 N Pa3JIMYHBbIX 3JICMEHTOB IIO N
QJIEMCHTAaM, KOTOPBIC OTINYAIOTCSA 00 COCTaBOM JJIEMCHTOB, 00 UX IMOPAAKOM.

Yuciio Becex pa3inyHbIX pazMenieHuit u3 N a3J1leMeHTOB 1o N 3JIeMEeHTaM PaBHO:
N!
(A7) = .
N’6es nosm. (N —p)!

Huco pa3menieHnit ¢ MOBTOPEHUSIMMU:
A” =N".
( N )c noem.



IlepecTaHOBKM — KOMOMHAIMM, COCTOSIIME M3 OAHMX M TeX ke N pa3iauuHbIX
AJIEMEHTOB U OTJIMYAIOLIUECS TOJIBKO MOPSIAKOM HUX PaCIoNoKeHus. JpyruMu cioBamu,
nepectaHoBkaMu U3 N snemeHTOB HasbiBaeTcsa pasmerienue npu N = N. Yucno Bcex
nepecTaHoBOK U3 N 3JIeMEHTOB:

N

(PN )663 noem. ~ AN

Yucno nepecTaHoBOK € TOBTOPEHUSMM:
N

= N!.

(PN )c noem.

Coueranusi — KOMOMHAIIMM, COCTaBi€HHbIE M3 N pa3aUYHBIX 3JIEMEHTOB MO N
AJIEMEHTaM, KOTOPbIE OTIIMYAIOTCA XOTSI Obl OJHUM 3JEMEHTOM. YHCIIO BCEX COUYETaHUM
u3 N o n paBHo:

cn - M
N nl(N—=n)!

Ciayuaiinbie COOBITUSA

Co0bITHE, KOTOPOE MOXKET MPOU30UTH, a MOXKET M HE MPOU30MTH, Ha3bIBACTCS
CIy4ailHBIM coObITHEM. Eciu MokeT mpou3olTtd U coObiThe A, u cobbitTe B, TO
coObITHsl yMHOXkatoTcss AB, eciii mpoucxomuT uim coOwsitue A, wim coobitue B, TO
coObITHS CKIIabIBatoTCs A + B.

AKCHMOMATHUYECKOE OIpE/eNICHUEe BEPOSTHOCTH : uucioBas (QyHkius P,
orpesieieHHas Ha Kjlacce COOBITHM S, Ha3bIBACTCSl BEPOSITHOCTHIO, €CITU BEPHBI AaKCUOMBL:
Al) S—anreGpa coObITHIA,

A2) akcmoma HeoTpuratenbHocTd P(A) >0 VAE€ES,

A3) akcuoma HopMupoBaHHOCTH P(Q) =1, Q - mpoCTPaHCTBO 3JEMEHTAPHBIX COOBITHIA,
A4) akcuoma koHewuHoM amnutuBHOCTH P(A+B) = P(A) + P(B), ecnu A u B
HECOBMECTHHI (T.e. ANB = &),

AS5) axcmoma HempepbIBHOCTH @ V{Anp}, A1DAD... DAD..., Ay € S, Or% A = %)
n=1
MMEET MECTO
lim P(4 )=0.
n—» oo

AKCHOMAaTHYECKOE ONPEAECICHUE BEPOSTHOCTH MPEIIOKEHO akanemMukoMm A.H.
Konmoropossim B 1933 rony.

CaoiicTBa BeposSITHOCTH (ciienytoT u3 A2 o A4).
1. BeposSITHOCTh MPOTUBOIOJIOKHOTO COOBITHUS

P(A)=1-P(4).
2. BeposiTHOCTh HEBO3MOXKHOTO COOBITHS
P() = 0.

3.Eciu A < B, 0o P(B—A)=P(B) -P(A) u P(A) < P(B).

4. Jlnsa xaxpaoro ciaydaiiHoro cooeitust 0 < P(A) < 1.

5. Teopema cnokeHus IBYX Mpou3BOJIbHBIX coObiTHii P(A+B) = P(A) + P(B) — P(AB),
TO K€



s Tpex coowrtuii: P(A+B+C)=P(A)+P(B)+P(C)-P(AB)-P(AC)-P(BC)+P(ABC).

A
Kitaccuueckoe onpenesieHue BEPOSTHOCTH : P(A) = “E|| , 1)
rae ‘A| - YHCJIO AJIEMEHTAPHBIX COOBITUH, BXOSIINX B COOBITHE A,
‘Q| - 00111€€ YUCIIO0 ANEMEHTAPHBIX COOBITUH.

®opmymna (1) cnpaBeasivBa, €Ciii MHOXECTBO JIEMEHTAPHBIX COOBITHI KOHEYHO, a
AJIEMEHTApHbIE COOBITUSL PABHOBEPOSTHBI.

FCOMCTpI/I‘{CCKOC OIIpCACICHUC BCPOATHOCTH
mA

P (A) - E ' (2)
rae MA - Mepa MHOXKECTBA A;
mQ - mepa MHOkecTBa ().

B xauecTBe Mepbl OOBIYHO MPUHUMAIOT JJI1 OJJHOMEPHBIX MHOXKECTB — JUIUHY, IS
JIBYMEPHBIX — IJIOLIA/1b, AJI1 TPEXMEPHBIX — O0BEM.

®opmyna (2) chopaBeqiMBa, KOTJAa MHOXECTBO 3JIEMEHTApHBIX COOBITUMN
OECKOHEYHO, a TOYKa paBHOMEPHO pacIpe/ielieHa Ha MHOKeCTBe ().

VY ca0BHOW BEpOSTHOCTBIO COOBITHS B mpu ycioBuM, 4TO MPOU30ILIO COOBITHE A,

Ha3bIBACTCH:
P(AB)
P(B| A) = W,P(A) £0.
JIBa coObITHst A 1 B He3aBUCHMBI, eCIu
P(B| A)=P(B) ,ecnu P(A)#0
WJIH
P(A|B)=P(A),ecin P(B)#0.
YcnoBre HE3aBUCUMOCTH COOBITHI YI00HO 3aIMChIBaTh B CHMMETPUYHOM BHUJIE:
P(AB) =P(A)P(B).
Teopema npousBeIeHUs] BEPOSITHOCTEN
P(AB) =P(A) P(B|A).

To e st Tpex coObITUi
P(ABC) =P(A) P(B|A) P (C|AB).
@opMyna TOJHON BEpOATHOCTH: eciu A1 , Az , ... , An — pa3buenus (T.e.
Art+Art.. +A=Q, AiA=D, Vi, j i# j)u P(A)>0, 10 VB
n
P(B)= ¥ P(4,)P(B|A,).
k=1
dopmyna Baiteca: ecm A1, Az, ..., Ay — pasouenus u P(Aj) >0 Vi, P(B) >0, o
P(4)P(B| 4))

P4, | B) =

X P(4)P(B| 4)
i=1

CayuaiiHble BeJTHYHHBI



CrnydaiiHas BeIWYMHA — BEJIMYMHA, NMPUHUMAIONIAS T€ WJIM WHBIC 3HAYCHUS B
3aBUCUMOCTH OT citydasi. CirydaliHble BEIMYMHBI 0003HAYAIOTCA IPEYECKUMU OyKBAMH &,
1M, € ... (B HEKOTOPBIX clydasix OOJbIIMMU JaTHHCKUMU OykBamu X, Y, Z, ...) 3HaueHus,
KOTOpbIE TPUHUMAIOT CIIy4alHbIC BEIWYMHBI, 0003HAYAIOTCS MAaJBIMU JIATUHCKUMU
OykBamu X, Y, Z,...

OyHKIMEH pacpeeieHus CITydailHOW BEIMUMHBI & Ha3bIBACTCS (PYHKITUS:

Fe(x) = P(E<x).

Omna o0nagaeT caeayouMMi CBOWCTBAMHU:
Fe (X) — HeyObIBaromiast pyHKIHs Ha (- 00,+ o).
2.  lim Fg(x) =0.

X —> —00
3.  lim Fg(x) =1.

X —> 400
4. Fe(X) - menpepsiBHa cieBa: Fe(X-0) = F(X) .

3aKkoH pacnpeqeNieHus] CIydyalHOW BeNWYUHBI & Ha3bIBACTCS JUCKPETHBIM, €CJIU
CYIIECTBYET KOHEYHOE WM CUYETHOE MHOXECTBO 3HAYEHHH Xi,X2,...,KOTOPBIE MOXKET
MPUHUMATh CIy4yaiiHasi BETUYMHA, TAKUX, YTO:

=

o0
2 P(=x )=1,
n
n=1
a CiydailHas BEJIWYMHA, MMEIOLIAs JUCKPETHBIM 3aKOH pPacCIpElIeSICHUs, Ha3bIBACTCs
JUACKPETHOW CIIy4YalHOU BEJIMYUHOM.
3aKkoH pacmpeneseHus CIydyalHOM BENWYWHBI & Ha3biBaeTca aOCOJIOTHO

HETIPEPBIBHBIM, €CIIM CYIIECTBYET HEOTpUIaTEIbHAs KYCOUYHO - HEMpephIBHAS (PYyHKIIHS
Pe (X), Ha3pIBaeMas TUIOTHOCTBIO pacIpeiecHus (BEPOATHOCTEH) CaydailHOW BEJTMYUHBI
&, Takas, 4To:

Fé: (x)= _)J.Coo pg (x)dx,

a ciydyaiiHas BEJIMYMHA, MMEIOIIasl a0COJIIOTHO HENpPEPBHIBHBIM 3aKOH pachpeeieHus,
Ha3bIBaeTCsl A0COIIOTHO HEMPEPBHIBHOU CITy4yallHON BETUYHHOM.
B HekoTopbIx ciydasx GyHKIUsS pacnpeneneHus ooo3Havaercs F(X), a mioTHOCTh
pacnpenaenenus - T (X).
[InoTHOCTE pacnpeaesieHus: o0aaeT CaeyOIMMU CBOMCTBAMM:
1. Pe(X)=F; (X) B TOuKax HeMpepHIBHOCTH Pe(X);
2. pe(x) =0, VX;
+ 00

3. pg(x)dx =1.
— o0
BeposiTHOCTH COOBITHIA:

+ o0
PEE=X)=1-F¢(x)= [p £ (),



X

2
P(X1 < & <X2)=Fe(x2) - Fe(X1)= | p (D, (3)
|

P(& =x)=Fc (x+0)- Fz(x)=0.

[TepBoe paBeHcTBO B dopmynax (3) copaBemIMBO ISl JIIOOBIX CIIyYalHBIX
BEJIMYMH, BTOPOE PABEHCTBO - ISl a0COFOTHO HETIPEPHIBHBIX CIIYIAWHBIX BEJTUYHH.
MatemMaTuuecKuM OXKHJIaHUEM JTUCKPETHON CITy4aifHONH BEITMYMHBI Ha3bIBACTCS

YUCJIO:
o0
Ms =% x PE=x ),
n n
n=1
€CIn  psf  abdCOJMIOTHO  CXOOUTCS. MareMaTH4ecKuM  OXHJAHHEM  a0COJIIOTHO
HETIPEPBIBHOM CIyYallHOW BEJIMYHMHBI HA3bIBAECTCS YHUCIIO:

+ 0
Mé:: .[ ng(x)dx,

— 00
CCJIM UHTCTpall a0COJIIOTHO CXOOUTCH.

CBoiicTBa MAaTEMAaTUYECKOTO OXKHIAHUSA:
. MC =C, ecnu C - HecnyyaiiHas BEJIMUMHA.
M(CE) = CME.
. M((gliag) = Méli M(iz
- M(&1&2)=ME1 - MEy, ecu &1 & - HE3aBUCHMBIC CITyYaiHbIC BETHMUNHBI.
Jucnepcueii DE cnyuaiinoi Benmuunsl & HaspiBaeTcs uncino DE=M(E - ME)?, ecim
MaTeMaTHUecKoe OKMIAaHHE CyIIeCTByeT. BemwuuHa o:=./DE Ha3bIBaeTCs CPEIHUM

A W N B

KBaIPATUIECKUM OTKIOHEHUEM.

J11s1 BBIYUCIICHHS TUCTIEPCHH UCTIONB3YyeTCs popMyIa:
DE=ME? - (ME)?

CBoiicTBa IUCIEPCHU:

. Dg>0.

. DC=0.

. D(C&)=C?Dt.

. D(&1 £ &)=Dé&1+ D&y, eciu &1,E — HE3aBUCUMBL.

A W N -

Haun0oJ1ee BaskHbIe pacnpeaejieHus

Juckpemmnoie:

1. buHomuanbHOE pachpeneneHue. Cxema HCHBITAaHUN, B KOTOPOM MPOU3ZBOIUTCS N
HE3aBUCHUMBIX HCHOBITAHUM, KaXJI0€ U3 KOTOPBIX MOXKET UMETh JIBA UCXOJA: «YCHEX» C
BEPOSITHOCTBIO P M «HEyAaua» C BEpPOSTHOCTHIO ( = 1 — P, Ha3bIBaeTcsi CXeMOM
bepnyniau. BeposTHOCTBIO COOBITHSI, YTO MPU N HE3aBUCHUMBIX HCIBITAHUAX IO CXEME
bepuymmu mpousoiiner paBHO k ycnexoB, paBHa (dhopmyrna bepHyiim):

Pn(f =k)= C’];pkqn _k,k =0,1,...n. (4)




3HaueHue k = ko , IPU KOTOPOM BEPOSTHOCTH (4) MPUHHUMAET HaWOOJIbIIEe
3HAYCHHE, HA3bIBACTCSI HANBEPOSTHEUIIIUM YHCIIOM «YCIIEXOBY», KOTOPOE ONMPEAECISACTCS:
[(n + l)p] ,ecau (n+1)p —ne yenoe
0 _{(n+l)p—l,(n+l)p,ewzu (n+1)p—yenoe,
3/1€Ch [a] — 03HAYAET IIEJIYIO YaCTh YHCIIA a.
Maremaruueckoe oxunanue ME = np, nucniepcust DE = npq.
Teopema Ilyaccona. Ecnu B cxeme bepaymmm N — o u p — 0, Tak, uro np = A€(0,+0),
k
o VKk=0, 1,... lim Pn(fzk):/}{—'e_ﬂ.
n— oo :
JlokanbHas TeopeMa Myaspa-Jlanaca. Eciu B cxeme bepnymimn n—o,0 <p <1, p -

P OrpaHUy4eHa, TO:
npq

1
P (c=k)= P(x),
\Nnpq
1 —x2 /2
rae = ,
@(x) N
HNurerpansHas Teopema Myagpa - Jlannaca. Ecniu 0 < p < 1 U p - MOCTOAHHO, TO MpH
N—>00:
Pn(kl < (g < kg):q)(Xz) - CD(Xl) ,

X 2
rae @(x) = L fe™ ¥ /de,

_ky—mp  ky,—np
N Jwpg T g
®Oyukuun ¢(X) 1 D(X) 3aTadyIUpOBaHbl, U TAOJUIBI €CTh BO MHOTHX YYCOHHKaX
o Teopuu BeposTHOCTeH. ONHAKO 37ech HaAO0 3HATh, 4To ecimm X < 0, TO HYXHO
BOCIIOJIb30BaThCS YeTHOCTBIO @(-X)=((X) dhyHKIMU @(X) 1 HedeTHOCThIO D(-X) = -D(X)
byukun O(X). Ecau X >5, To npuHUMAaroT ¢ 60JbI110# crenenbio TouHoctH P(X)=0,5.

IIOCTOAHHAasA BCIIMYHMHA, x =

2. [eoMeTrpuyieckoe pacrpeneneHne. Ecnu mpou3BOAsITCS HE3aBUCHUMBIE WCIIBITAHUS, B
KaXJIOM M3 KOTOPBIX BO3MOXKHBI JIBa HCXOJa - «YCIE€X» C BEPOSTHOCTBIO [ WIH
«HEyJlaua» ¢ BEPOSTHOCTBIO ( = 1-p, TO BEPOATHOCTH, YTO OYyJIET NPOMU3BEICHO k

UCIIBITAaHU 10 IEPBOTO MOSBJICHUS «yCTiexa» OyJeT paBHa!

Pe=k)=¢""1p.

3. 'unepreomerpuueckoe pacnpenenenue. [lycts B ypue N mapos, u3 Hux K 0enbix, N-
K uepnbix. Haygauy u3 ypHbI B3sTO N mapoB. Torga BEpOATHOCTh TOTO, YTO CPEIN HUX
OyIeT poBHO & O€IbIX IIapoB, paBHA:
k ~n—k
c.C
P =ky=H=E

‘N

4. Pacnipenenenue [lyaccona ¢ mapamerpom A>0




k
Y/ A
PE=k)="re A k=01,
Marematnueckoe oxxunanne ME = A, nucniepcus D € = A.
Pacnpenenennem Ilyaccona onuckIiBaeTCs MPOCTEUIIHMI MOTOK COOBITHH.

Abconrwomno nenpepuviénvle 3aKOHbL PACNpeeeHUs.

1. HopmManbkHoe pacrnipesiesieHue ¢ napamerpamu a, ¢ > 0
~(x-a)?

2

p§<x>=—0jg

MaremaTuueckoe oxunanue ME = a, nucnepcus DE = 62, BeposATHOCTS moNmaganus
B 3aJJaHHBI NHTEPBAJL:

P(xl<§<x2):P(x1Sé‘éxz):@(XZ;aj—é(xl_aj. (5)

620'

(o2
[IpaBuio «Tpex curm»
P(g — M&| <30)=20(3) = 0,9973 .

2. IlokazaTenpHOE pacmpenenieHre ¢ mapameTpom A >0
0,x<0

pf(X)z{le_ﬂ‘x,xZO.

MaremaTuueckoe oxkuaanne ME = 1/, nucnepcus DE = 1/)2,
3. PaBHOMeEpHOE pacrpeaeneHue:

1
pgg(x)= b2 ,x €la,b]
0,x &[a,b].

2
Maremarndeckoe oxuganue ME = 22 erb , aucnepens DE = e ;20) '

IIpumeps! penienus 3aaay4

3adaua 1.

Uemy paBHSETCS BEPOATHOCTh OTKPBITH C IMIEPBOr0O pa3a aBTOMATHYECKYIO KAMEPY
XpaHeHus?
Pewenue.

[TycTh coObITHE A - OTKpBITHE KaMephbl XpaHEHUs ¢ MepBOTo pa3a. Bocnonb3yemcs

KJIACCUYECKUM OIPEJICIICHHEM BEPOSITHOCTH, T.K. Habop moboro Homepa ot A000 mo

K999 paBHOBeposiTEH: P(4) = %

rae |Al=1, T. K. CyIeCTBYyeT eIMHCTBEHHBIN HOMED, OTKPBIBAIOIIHI KaMepy XpaHCHUS;



[ = (A7) ¢ nowr. =10%.
Omeem: P(A)=0,0001.

3aoaua 2.

B smmke 30 neraneit, cpeau koTophix 27 neranei He OpakoBaHHbIX. B OTK
HayJady U3BJEKAIOT 5 AeTaneil. HaliTu BeposTHOCTB, UTO Opak He Oy/ieT OOHApYKEH.
Pewenue.

CobObiTue A - Opak He Oyner oOHapyxeH. OnATh HMCHOJb3YEeM KIaCCHYECKOE

|4

OTIpE/ICIICHUE BEPOSTHOCTH:  P(A) = ok

27
rae |4 = C§7 = ﬁ—qnwo, ITOKA3bIBAIONICE, CKOJILKUMH CITIOCOOAMH MOKHO JIOCTaTh M3
30!
5125!
MMOKA3bIBAIOIIIEE, CKOJBbKUMH CIIOCOOAMH MOJKHO JOCTaTh JrOOble 5 nertaneii u3 30
JeTaneu.

27 HeOpakoBaHHBIX 5 HEOpPAaKOBaHHBIX JeTayiel; |Q=C) = 4HCIIO,

271250 25-24.23

P(A) = = = 0,567.
221300 30-29-28
Omeem: 0,567.
3ameuanue. YauteiBas, 4To C; =1, HCKOMYIO BEpOSTHOCTb MOKHO 3aIICaTh B BHJIC:

5 0
Pay=2"5 _pe=s),
C30

IIpHU 3TOM CquaﬁHaH BCJINYHHA & HMCCT THIICPICOMCTPHUICCKOC PACIIPCACIICHUC.

3adaua 3 (3a0aua o ecmpeue).

JIBa cTyJeHTa yCIOBWIHCH BCTPETUTHCA B OnOnnoreke Mexnay 16 m 17 yacamu.
[Ipumenmmi NeEpBbIM KAET APYroro B TEYEHUH IOJydaca, MOCJIE 4ero yxoautT. Yemy
paBHa BEPOSITHOCTh MX BCTPEYM, €CJIM PABHOBEPOSITEH UX MPUXOJ B JIO00M MOMEHT
BPEMEHH B TEUEHUH Yaca.

Pewenue.

Tak kak NPUXOJl CTYJCHTOB B TEYEHHWM Yaca PaBHOBEPOSTEH, TO MHPUMECHUM
reOMETPUYECKOE OIPEICICHNE BEPOSTHOCTH:
mA

PA=76

/mA




Puc. 1. K 3agaue o BcTpeue.

[Tycts X — Bpems mpuxoja TIEPBOTO CTYIAEHTa, y — BPEMs MPHUXOJa BTOPOTO
ctyaeHTa. Ecnu Touka (X,y) momnana B 3alITPUXOBaHHYIO 001acTh (puc. 1), TO CTyIEeHTHI
BCTPETSTCS, €CIIU HET, TO OAWH YUAET paHbllle, yeM BTopoit mpuaeT. [loatomy MA paBHO
IJIOLIAAM 3alITPUXOBaHHON obnacti: MA = 0,75 yac?, MQ paBHa IIOWAAM KBApaTa:
mQ = 1 gac®. Torna

P(4)="4 _075.
mQ

Omeem: 0,75.

3adaua 4.

Crynenr Boeryuun 41 u3 50 BompocoB mpennararommxcd Ha sk3ameHe. Haittu
BEPOSATHOCTh TOTO, YTO OH OTBETUT BEPHO HA 3 BOIMPOCA U MOIYYUT OTIMYHYIO OLEHKY
(coObiTHE A), HE OTBETUT HU HA OJMH BONPOC M TOJYYHUT HEYAOBIECTBOPUTEIBHYIO
OIIeHKY (coOnITHE B).

Pewenue:
1) Ilycth A1 — CTYACHT OTBEYaET BEPHO HA MEPBBI BOMPOC, Az — TO ke, HO Ha BTOPOH
BOIIPOC,
Az — TO ke, HO Ha TpeTui Bompoc. OueBuHO, uTO A = A1 Ay Az, 10O CTYJEHT JOHKEH
OTBETUTh BEPHO HA BCE TPHU BOMpPOCA.
ITo Teopeme yMHOXKEHUSI BEPOSITHOCTEM:
P(A)=P (A1 A2 A3) =P (A1) P (A2 |A1) P (As| A1 Ap),
P (Al) =41/50, P (A2 |A1) = 40/49, P (A3| A Az) = 39/48.
P (A) =(41/50) - (40/49) - (39/48) = 0,544.
2) Ilycts Bj — cTymeHT He oTBETHT Ha | — bIif Borpoc, 1 = 1, 2, 3.
P (B) =P (B1 B2 B3) =P (B1) P (B2 |B1) P (B3| B1 B2) =9/50 - 8/49 - 7/48 = 0,004.
Omeem: P(A) = 0,544, P(B) = 0,004.

3adaua 3.
Tpu OoxOTHHKA HE3aBUCHMO JPYT OT ApPYyra OJHOBPEMEHHO CTPEJSIOT MO BOJIKY.
BepositTHOoCTh momagaHus B 11elb IEPBOro 0xoTHUKA paBHa 0,6, BToporo — 0,7, TpeThero
— 0,8. OmnpenenuTs BEpOSTHOCTh TOTO, YTO BOJIK OyneT yOuT (coObitie A), BOJK OyaeT
yout, HO HIKypa OyAeT ucrnopyeHa (6osblie 0HOTO nonaganus) (coositue B).
Pewenue:
ITycte Aj — i-blif OXOTHHK TIOIANI B LENb, 4,

1

- i-I)IfI OXOTHHK HE IIOITIaJl B IICJIb.
PacniuiiieM mpocTpaHCTBO 3JIEMEHTAPHBIX COOBITU:
Q= A A A, + A A A + A A A, + A A A + A A Ay + A A A+ A A Ay + A A A
CobbITHE, HampuMmep, 4,4,A4,03Ha4aeT, 4TO TPETHH OXOTHHWK IONal B II€b, a
OCTAJIBHBIC HEC ITIOIIAJIN.



CoOsbITHE
A= AA A, + A A, Ay + A A, A, + A A Ay + A A, A, + A A, Ay + A A, A, =Q— A4, 4,.

CoOBITHE B = A A, A, + A A, A, + A A, Ay + A A, A,

ITo cBOMCTBY BEpOATHOCTH 3:
P(A)=P(Q-4,4,4,)=P(Q)- P(4,4,4,) .

ITo akcuome A3 P(Q) = 1, a mo TeopemMe YMHOKEHUSI BEPOSTHOCTEH:
P(4,4,4,)= P(4) P(4,]|4) P(4,]|4A4,). Tak cobbitus Aj;, Ay, Az HE3aBUCHMEI, TO
HE3aBHCUMBI M COOBITHS A, 4,, A, .

[Tostomy P (4,4,4,) =P (4,) P(4,) P(4,).

Ho P(4,)=1-P(A;) =1-0,6 =04, P(4,)=1-P(A2) =1-0,7=03, P(4,)=1-
P(A3)=1- 0,8=0,2.

Wrak, P(A)=1-0,4-0,3 -0,2=10,976.

[To Teopeme CIOKEHHS BEPOSTHOCTEW (COOBITHS A A, Ay, A A, A, A A, Ay, A A, A,

w2

HECOBMECTHBI) U TI0 TEOpEME YMHOKECHUS HE3aBUCUMBIX COOBITHIA:

P(B) = P(ZlAzA3 +A122A3 +A1A223 +4,4,4;) :P(Z|A2A3) +P(A122A3)+
+P(A1Azz3)+P(A1A2A3): P(ZJP(AZ) P(A3) + P(Al) P(Zz)P(AS) + P(Al) P(AZ) P(Z3)+
+P(A1) P(As) P(A3) =0,4 - 0,7 - 0,8 + 0,6 - 0,3 - 0,8+ 0,6 - 0,7 - 02+ 0,6 - 0,7 - 0,8 =
0,788.

Omeem: P(A) = 0,976, P(B) = 0,788.

3aodaua 6.

IIpy omHOM UHHKIE OCMOTpa pPAAUOJIOKALIMOHHOM CTaHUMM, CIHEIAIIEH 3a
KOCMHUYECKHM O0BEKTOM, 00BEKT OyZieT 0OHapykeH ¢ BeposaTHOCThIO 0,7. OOHapyxkeHue
00BEKTa B KAKJOM IMKJIE TPOUCXOJIUT He3aBUCUMO OT apyrux. [Iposemeno 10 muxios
ocmotpa. KakoBa BEposSTHOCT TOTO, YTO OOBEKT OyJeT OOHApYKeH?

Pewenue:

ITycte A — 00BekT OyaeT oOHapyxkeH (XOTs Obl B OJHOM IUKIE), Aj — OOBEKT
Oyznet oOHapy»KeH B | — TOM HHKJIe. MOXHO 3aIicaTh:

Q=4+4 ,A=Q-4 .

Ho 4=4,4,..4,.

TornaP(A)=PQ-4)=P(Q)-P(4)=1-P(4)=1-P(4,)P(4,) ... P(4,).

A tak kak P(4,)=P(4,)=...=P(4,)=1-0,7=0,3,

P(A) =1-0,3'°=0,9999940951.
Omeem: 0,9999940951.

3adaua 7.

JIBa ctpenka A u B mo ouepeau CTpensitoT Mo Ledd. BBIMTpbIBa€T TOT, KTO
MONaJEeT NEPBBIM. BeposATHOCTh monagaHusi NPy OJHOM BBICTpPEJIE AJIsSI IEPBOTO CTPEIKA
paBHa 0,2, nns Broporo - 0,3. IlepBeim ctpenser A. HaliTh BEpOSATHOCTh BBIMTPBIIIA IS
Ka)XJIOTO CTpEJIKa.

Pemienue.

ITycts:



A - BBIMTPBIII CTPEJIKA A;

B - Bemrpsiu crpenka B;

Aj - CTpeJIOK A TIOTaI IPH | - OM BBICTpEIIE;

Bi - crpenok B moman mpwu i - oM BeICcTpeETIE;
Torna:

A=A + AB A, + A B AB,A +...

[TpuMeHsst TEOPEMBI CII0KEHUS 1 YMHOXKEHHUSI BEPOSTHOCTEH, MOTY4HM:
P(A) = P(A,)+ P(A4,)P(B,)P(4,)+ P(4,)P(B,) P(4,) P(B,) P(4;)+...=
=0,2+0,8-0,7-02+08-0,7-0,8-0,7-0,2+...=
=0.2)1+08-0.7+(08-0.7) +..
B kBagpaTHBIX CKOOKAaX CTOUT CyMMa OECKOHEYHO YOBIBAIOIIEH T€OMETPUUECKOM
nporpeccun co 3HamenaresneM g = 0,8 - 0,7 = 0,56 u nepBeiM wieHom b; = 1. Torna

P(4)=0.2 L _ou4ss.

2

AHAJIOTUYHO:
P(B) = P(A,)P(B,)+ P(A,)P(B,)P(A4,)P(B,) + P(A,)P(B,)P(A4,)P(B,) P(4;) P(B;)+...=
=08-03+08-0,7-0,8-0,3+0,8-0,7-0,8-0,7-0,8-0,3+...=

=0,8-03)1+08-0,7+(08-0.7) +..]= 0,24 =045,

3aMeTUM, 4YTO BEPOSITHOCTH TOTO, YTO CTpesibda OyAeT MIUThCS OECKOHEUHO
nonro(coopiTue C) paBHa HYITIO:

P(C)=P(Q—A4—-B)=P(Q) - P(4)— P(B)=1-0,455-0,545 = 0.
Omeem: P(A) = 0,455, P(B) = 0,545.

3adaua 8.

W3nenust mpoBepsitoTCA ABYMsI KOHTpoJiepaMu. BeposiTHOCTh TOTO, YTO H3ZENINE
nomajieT K mepBoMy KOHTpoJiepy, paBHa 0,6; Bropomy — 0,4. BeposiTHOCTH TOTO, 4YTO
roJiHOe u3aenue OyaeT 3a0pakoBaHo, JIs NepBoro KoHtposepa pasua 0,06, 1yst BTOporo
— 0,02. TIpu mpoBepke Opaka Haymady B3ATO€ H3JAEIHE OKa3aloCch TOAHBIM. Halth
BEPOSITHOCTh TOTO, YTO ATO U3/EJIME MTPOBEPSIIOCH EPBBIM KOHTPOJIEPOM.

Pewenue.

B oroil 3amade HeNb3s MCHOJIB30BaTh KJIACCUYECKOE OIpPEACIICHHE, T.K.
AJIEeMEHTapHbIE COOBITUS HE PABHOBEPOSTHBI, XOTS UX YMCIO KOHEYHO. J[is Takux 3ama4y
npuroaHa ¢popmyna baiieca.

IlycTsb:
A1 - u3genue nonaio K NepBoMy KOHTPOJIEPY;
A, - u3genue nonaiao KO BTOPOMY KOHTPOJIEPY;
B - n3nenue rogHoe.

Torna P(A1) = 0,6, P(A2) = 0,4, P(B/A1) = 0,94, P(B/A2) =0,98

P(A)P(B/ A,) ~ 0,6-0,94 B

P(A)P(B/ A)+P(4,)P(B/ A,) 0,6-0,94+0,4-098

3ametum, uto P(A1) + P(A2) = 1, T1.e. A1 u A, - pa3duenus. MiMenHo B 3ToM
cily4ae crpaBeasiuBbl (HOPMYJIbI MOJTHOU BeposiTHOCTH U baiieca.

P(A4,/B) =

0,590.



Omeem.: 0,590.

3adaua 9.

JIBa paBHOCWJIbHBIX IIIAXMAaTUCTAa WIPAIOT B IIaXMaThl, MNPUYEM HUYBU BO
BHUMaHUE HE MPUHHUMAIOTCS. UTO BeposiTHEE: BBIUTPATh JBE MAPTHUU U3 YETHIPEX WIIH
TPHU NapTHUU U3 LIECTU?

Pewenue:

3anaua ynoieTBopsieT cxeMe bepHymnu: npousBoasaTcs N (4 win 6) He3aBUCUMBIX
UCTIIBITAHUM (IIIaXMaTHbIE MApPTUH), B KaXKIOM M3 KOTOPBIX J[Ba MCXOJA: BRIMTPHILI WU
IPOUTPBILI, TPUYEM BBIUTPHIII C BEPOSTHOCTBIO P = %2 (T.K. IPOTUBHUKU PABHOCUIIHHBI)
U TIPOUTPBHIII C BEPOSATHOCTBIO 0 = 1 — p = 4.

ITo bopmyne bepnyinu:

P, (E=2)=C4?p? ¢? = N T

Pg (§:3):C63p3 q3: o 1 =

Omeem: P4 (§=2) > Ps (£=3).

3adaua 10.

BepositHocTh poxaeHus Manpuuka paBHa 0,515 (cratucTtuueckue aHHBIE).
Haiitu BeposiTHOCcTh TOro, uto cpeau 100 HoBopoxkaeHHbIX Oyner 50 MajabuHMKOB
(cobrrtrie A), o 40 o 60 manbunkoB (coObiTe B). OnpenenuTs HauBeposiTHEWIIEE
YHUCJIO MaJIb4YHKOB.

Pewenue:

3amaya COOTBETCTBYET cXeMe bepHyuiM, OJHaKo HCHOJb30BaTh (PopMyiy
bepnynnu 3arpyaHurenbHo, T.K. N = 100 Benuko. [IpyuMeHUM JOKaIBHYIO TEOpEMY
MyaBpa — Jlamnaca (teopema Ilyaccona Hempumenuma, T.K. p = 0,515 u x HyII0 HE
CTPEMHUTCS)

P(A) = P1oo(E=50) = o(x) , e x = *2" 3necs k = 50, n = 100, p = 0,515, q =

1
Vnpq Vnpq

0,485 .
50-100-0,515 1,500
Torma x = , =—>="=-0,3, »(-0,3) = »(0,3) = 0,3814 (HaiineHo
J100-0,515-0,485 5,000 ¢ (-0,3) = ¢(0,3) (

1o Tabsuile [5], XOTsI MOKHO BBIYMCIUTD HAa KAJIBKYJSATOPE 10 opmyJie

1 e—x%)

X) = )
¢ (X) o
p(A) = 23814 0763,

ITo naTerpansHoi Teopeme Myaspa — Jlamiaca:
P(B) = P,(40 <£<60) = D (X2) - D),
k,—np 40-100-0,515

Jnpg 5,000

X1 =

=-230,



k,—np _60—100-0,515

\1pq 5,000

P(B) = ®©(1,70) - ®(-2,30) = ®(1,70) + ®(2,30) = 0,4554+0,4893 = 0,9447.

Xy =

1,70,

®Oynknus O(x) Haimena mo Tadmune [S5]. Tak kak (N + 1) p=(100+1) - 0,515 =
52,015 — guncio Herenoe, TO HAMBEPOSTHEHINIEE YHCIIO MAJTLYHKOB paBHO k, =[( N + 1) p]

= [52,015] =52.
Omeem: P(A) =0,0763, P(B) =0,9447, k, =52.

3aoaua 11.

YCTpoicTBO COCTOMT W3 YETHIpEX HE3aBHUCUMO palOTaOIMIMX AJIEMEHTOB.
BeposTHOCTH OTKa3a KaxxJ1oro 3jieMeHTa B ogHOM omnbiTe paBHa 0,1. CocTaBuTh 3aKOH
pacnpeneneHrs, MaTeMaTUYeCKOe OXUIAHWE U AUCIEPCHI0 YHCIA OTKAa3aBIIMX
DJIEMEHTOB B OJJHOM OIIBITE.

Pemenune

[lycTh cnyuaiiHas BenuuyuHA & - YUCIIO OTKA3aBIIMX JIEMEHTOB B OJTHOM OTIBITE.
Torna no dopmyne bepuymnu:
P(E=0)=C)p°q* =1-01°-0,9* =0,6561 ,

P(E=1)=C,p'q’>=4-0,1-0,9° =0,2916 ,
2.2 2 4' 2 2

P(&=2)=C,pq =ﬁo,1 -0,92 =0,0486,

P(£=3)=C;p’q' =4-0,1°-0,9 =0,0036 ,

P(E=4)=C/p*q° =1-01"-0,9° =0,0001 .

3akoH (psi) pacnpeaenaeHus.

& 0 1 2 3 4
P 0,6561 0,2916 0,0486 0,0036 0,0001
3aMeTHUM, 9TO ng((f =k) =1,0000.
MaTeMaTI/I‘-IeCKli); (()))I(I/II[aHI/Ie:
Mé = k;‘,/(c)P(f =k)=0-0,6561+1-0,2916+2-0,0486+3-0,0036+4-0,0001 = 0,4000 .

y 2 &
HaninemMéE” = Yhk“P(E=k)=
k=0
=0%-0,6561 +17-0,2916 + 2% -0,0486 + 3 -0,0036 + 4> -0,0001 = 0,5200 .
Jucnepeust: DE = ME> —(ME)* =0,52 —(0,4)* = 0,36 .



OtBeT: ME=0,4,DE =0,36.

3aodaua 12.
Touka M paBHOMEpHO pacripezieneHa B kpyre paauyca R. Ilycts & - paccTosinue
oT Touykd M 5o meHtpa kpyra. Haiitm dyHkiuio pacnpenenenus Fe(X), MIOTHOCTB

pactpenenenust Pg(X), moctpouts ux rpadukm, Bermcauth ME, DE, a Takke
R R
BEPOATHOCTD NONACTb B KOJIBLO — < < By

Pewenue.

Puc. 2. K onpenenenuro GyHKIIUU pacipeecHusI.

A(x) o x°
dyukmdg pacopeaencHusa F,(x)=P(E < x _mAax) =—,xel|0,R
YHKILHA pacrp D =PE<x) === = rwe[0R]
0x<0
2
Hrak, F.(x)= x—,0<x§R
5( ) R2
L,x > R.
0x<0 5
X
' — 0,R
IL1OTHOCTB BEPOSTHOCTH p . (x) = F,(x) = 2—)26,0 <x<R={g*" e[0.8]
g ¢ R 0,x ¢ [0, R]
0,x>R ’ T
I'paduku bynkmit F68 (X)u p £ (x) MpencTaBJICHbI HA PUC. 3.
A Fg(x 1t ope(x
2
1
> X > X
R R

Puc. 3. I'paduxu pynkimit Féz X)up £ (x) (x 3amaue 12)



MaremMaTH4eCKOE OKHUIaHUE:

+ 0 R R 3 3
ME= | xpg(x)dx:sz_;dx:izfx2dx:i2x_gzziz:zR’
—w 0 R R” 0 R* 3 3R- 3
+ R R 4 2
Mfzz Ixngwykzszggdx:;%ﬂx%k:vng— ngL_
—w 0 R R* 0 R* 4 2
Jucniepcus:
R* 4 1
D& =ME* —(ME) =———R>=—R".
§=Mg - (M%) 57 T
BeposTtHocTs:
E 5' 2 R 2 2
R R. 2 2 2 2 x“|5 1 R R 1 1
P(—<é<—)= X)dx=—— [ xdx=—"-"—|2= —(—-")=-——=
3 3 3
:—§-=OJ39.
36
0,x<0
2 2x
50 O,R 1
Omeem: F.(x)= %,O<x£R , p(x)= sze[ ], Méz%R, Df:ERz’
1, x> R. 0’x¢[O’R]

R R
P(-<E<2)=0,139.
(F<e=2)

3aoaua 13.

[110THOCTH BEPOSITHOCTH CITy4alHOM BETUYMHBI & 3a7aHa GopMyson pe(x) =

1+x°
(pactipenenenne Komm). Haittu A, ¢yHKIUIO pacrpeaeneHus, MaTeMaTHYecKoe
0KHUJIaHUE, BEPOSITHOCTh P (-1 <& <1).
Pewenue:

KoncranTty A HalineM n3 ycioBus:

+ o0

_Ioop§ (x)dx =1 ’

+o00 A

+00
dv=A'] &
—o0]+x2 —o01+x2

gl

=Aarctg x‘ TR =A( lim arctgx— |im arctgx)=
X—>+00 X—>—00



A=—.
T

OyHKIMA pacIpeacIICHU:
1

X x 1
F ; x)= [ p £ (x)dx= | —Z 3 dx = —arctgx{f o = l(arctgx— lim arctgx} =
— 0 —ol+x 4 T X — —o0

1 ( ) 1 1
=—| arctgx+— |=—+—arcigx.
T 2 2

I'paduku Fe(X) 1 pe(x) n300pakeHbI Ha pUCYHKE 4.

pe(X
Fe(x

1/

v

v

Puc. 4. I'paduku GpyHKImit Fég X up £ (x) (x 3amaue 13)

MaremaTH4eCcKOe OKHUIaHUE:

+ o0
X
]

+
1
MéE= | xp . (x)dx=— dx = 0, T.K. pyHKIHS al — HEYCTHasl.
— o0 g T_ol+x 1+x

1

1 1 — 1 1
Pisesn= [ po(odi= [T demt [ 2 =25
-1 —11+x T _11+x

_.2 1 _2 e
5 == —arctgx |0 =—arctgl =

Tol+x T T

SHES

T
4

N | =

Hpyroii cioco0:

P(-1<é<)=Fe(1) - Fe(-1) = l+larctg1— [lJrlarctg (—1)} =
2 2

1 1z (1 1 ﬂj_l 1

__+_ _______ JE— __+__

2 7 4 2 7 4 2 4

Omeem: Azl, Fe(x) = l+larctgx, M§=O,P(—1£§S1)=l.
V1 2 2

+

N | —
N
N | =

3aoaua 14.



JluckpeTHas ciy4aiiHasi BeM4YrHa & UMEET psijl pacipeaesieHus

& il T 3z
4 2 4
P 0,2 0,7 0,1

[TocTpouTh psij pacpeeIIeHUs CITyIaifHON BEIMYUHBI 1] = SiN &,

Pewenue:
g il T 3
4 2 4
no|oN2 1 V2
2 2

Torga P (n = %):P(ég:% wn .;5:3—7[} ZP(./::%]—FP(f:%[) =

4
=0,2+0,1=0,3.
Torna 3aKoH pacrpeeieHus 1| 3aUIIeTCs:

n V2 1
2
P 0,3 0,7
3adaua 15.

3aKOHBI pacrpeieieHUs YKClia OYKOB, BHIOMBAEMBIX KaXXIbIM W3 JABYX CTPEJIKOB,
UMEIOT BUJT:

£ 8 9 10 N 8 9 10
P 06 | 03 0,1 P 05 | 03 | 02

Haiitu 3akoH pacrpenesieHus CilydYaliHOM BEJIMYUHBI PAaBHOM CyMME OYKOB,
BBIOMBAEMBIX JIBYMS CTPEJIKaAMHU.

Pewenue.



P(E+n=16)=P(=8)P(n=8)=0,6-0,5=030,

P(E+n=17)=P(&E =8)P(n=9)+ P(£ =9)P(n=8)=0,6-0,3+0,3-0,5 =033,
P(E+n=18)=P(E=8)P(n=10)+P(E=9)P(n=9)+ P(E =10)P(n=8) =
=0,6-0,2+0,3-03+0,1-0,5= 0,26,

P(E+1=19)= P(& =9)P(n=10)+ P(& =10)P(7=9) = 0,3-0,2+0,1-0,3=0,09,
P(E+71=20)=P(&=10)P(n=10)=0,1-0,2 = 0,02..

3aKoH pacrpeaeseHus:

£+ 16 17 18 19 20

P 0,30 0,33 0,26 0,09 0,02

lIposepka: cymma BepostHocten 0,30 +0,33 +0,26 + 0,09 + 0,02 = 1.

3aoaua 16.

ABToMmaTt mramiyeT aetanu. JiuHa aetanu & pacrpesneneHa HopMaiabHo ¢ ME =
50 mM. DakTHYECKH JJMHA HU3TOTOBJICHHBIX JI€Tajled He MeHee 32 U He O0ojee 68 MM.
Haiit BEposTHOCTH TOTO, YTO JJIMHA HayAady B3sITOM JeTanu O0ibIle 55 MM.
Pewenue.
Hcnonb3yem npaBUilo «TPEX CUTM:
P(32<£<68)=0,9973

OTKYJla HalJIeM TapamMeTp ¢ HOpMaJIbHOTO pacnpeneneHus. Mcnonszyem hopmyny (5),

(- o) o o) ol 2]
O

(o} (o} O (o}

@(Ej = 0,49865.
o

[To tabmuue [5] mns pyakimm D(X) 18 _ 3,0, 0=60.
O

Hckomast BEpOSATHOCTD:
55-50

P(E>55) = P(55 < & < 00) = D(o0) — cp(

Omeem: 0,11507.

j =0,5-0,38493=0,11507.
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