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3ajaua 1.

Teopemuueckue ceedeHus.
B npsimoyronbHO# nekapToBoil cucteme koopauHaT OXYZ TOJOKEHUE 000U TOYKHU

3a1a€TCS TPEMS YHUCIIAMU — KOOPOUHAMAMU A(X A YarZ A) (pucyHok 1).

/AI(XA,YA,ZA)
iy

N

Paccrosaue mexnay AByMs TOUKaMU Al(Xl, yl,Zl) u AZ(XZ, y2,22) ONPENETAETCS IO

dbopmyie

d =\/(Xz—X1)2+(Y2_Y1)2+(22—21)2 : 1)
[lpu pemieHnH 3afad aHAJMTHYECKONW TEOMETPHHM Ha IJIOCKOCTH HEOOXOIUMBI
CIIEIYIOIIHME CBEACHHUS O MPSIMOM TNHHH:
1) ecniu Touka M(X; y) aemut otpe3ok MiM, (My(x1,; y1) U Mo(xs, y,)) B OTHOIICHHH A,
TO KOOPAMHATHI 3TOM TOUKH BhIpAKaroTCs (opMyIaMu

=Xt o Vit AY,

, : 2
1+ 4 y 1+ 4 ()

ecim ke Touka M(X; Y) - cepeauna otpeska MiM,, To

x=X1"% oy _YitYs. 3)

2 2
2) ypaBHEHHE TPSMOM, TpOXousIiei yepe3 ToUky Mi(Xy; Y1) U MMEOMIEH TaHHBIMI

yri0BOM KO3 GHUIMEHT K, 3aIichIBacTCS B BUJIE

y—y; =k(x—x); (4)



4
3) ypaBHEHHE MPSAMOM, MPOXOMASIIEH depe3 aBe aaHHbie TOYKU Mi(Xy; Y1) U Mo(Xo;

Y2), IMEET BH]T

X=4 _ Y= h , IpH 3TOM K = Ya= 0 yl (5)
Xo=% YYo= ) Xp =X

4) OCTpBI YroJ MEXAy IABYMs MPSMBIMH C YriioBbIMH Koddduimentamu K; m K
ompenenseTcs mo Gopmyiie

ko ki

6
1+ KKy | ©)

gy =

Inpun J3TOM YCIOBHC IIAPAJUICIIBHOCTH IIPAMBIX HMCECT BH k1=k2, a YCIOBHUC

HepHeHUKyIIpHOCTH Ky = _ki (7)
2

A
5) eciu nipsiMasi Ha TUIOCKOCTH 3aaHa oowum ypasuenuem Ax+By+C=0, to k; = B

- €€ YIII0BOM KO3 DUIIUEHT;
6) ecau B oOlleM ypaBHEHHMHM MpsMOUM mojenuTh Bce uieHbl Ha C =0, momydum
YpPaBHEHHE NPSIMOU B OTPE3KAX:

X Yy C C.
SN ARY =—— b==-=; 8
a+b rIe a A 5 (8)

7) Touka nepecedeHus AByX MpsAMbIX A1x+B1y+C1=0 u A,x+B,y+C,=0 onpenemnsiercs
U3 PELICHUS CUCTEMBI YPABHEHUI

{A1X+Bly+C1=O

: 9
Ax+By+C, =0 ®)

Vpasnenue oxpyscnocmu c¢ uentpom B Touke E(a,b) m pagmycom R wmmeer Bup

(x—a)y +(y—b)* =R2.
(10)

Ilpumep evinonnenus 3a0anus.

Janbl Bepiuibl Tpeyroasuuka ABC: A(—4;8), B(5;—4), C(10;6).
Haiitu: 1) nnmuny croponsl AB; 2) ypaBHeHuUs: cTopoH AB u AC B 0011eM BUIE U UX

yIaoBbie KO3(PGUUMEHTHI; 3) BHYTpPEHHHH yroil 4 B paauaHax € TOYHOCTHIO
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o 0,01; 4) ypaBHeHnue BboicoTbl CD B 0oO0leM BUE W €€ IJIWHY; 5) ypaBHEHUE

OKPY>KHOCTH, JIJIsl KoTopoi BbIcoTa CD ecth auamerp.

Pewenue:
1) PaccrosHue d Mexly IByMsI TOUYKaMU Ha TUIOCKOCTH ompenesnsercs o gopmyse (1), B

KOTOPYIO MOJICTABJIECHbI 3HAaUE€HHsI KOOPJIUHAT ToueK A u B (monoxum Z; = Z, =0), Torna

AB =/(5—(-4))° +(~4-8)> =/81+144 =15,

2) YpaBHEHHE PSIMOH, MPOXOSIIEH depe3 JBe 3aaHHbIe TOUKH uMeeT BUT (5):

[ToncraBuB B (5) KoopMHATHI TOYEK A U B, MOJIy4UM ypaBHEHHE NpsiMOil AB:

X—(-4) y-8 Xx+4 y-8 Xx+4 y-8

5-(-4) -4-8 9 -12 3 -4
3y—24=-4x-16, wm 4x+3y-8=0 (4B).

s HaxoxaeHus yriioBoro koddduimenta Kag mpsiMoit 4B paspeniviM MOJyYeHHOE
8 4
YPaBHEHUE OTHOCHUTEIIBHO Y. Y = —§x+§. Orcrona Kug = ~3 [loncraBuB B (hopmyiy

x—(-4) y-8
10— (-4) 6-8°

(5) xoopaunatel Touek A u C, HaiineM ypaBHeHHe mpsiMoit AC:

Xx+4 y-8 x+4 y-38
14 -2 7 -1

7y_56:_x_4 WA X+7y—52:0 (AC)

OTCIOI[a kAC = —% .

3) Yron Mexay AByMs MPSIMBIMH, YIJIOBbIe KOI(DMHUIIMEHTBI KOTOPBIX paBHBI K; U Kp,

onpeaensercs o Gopmyie (6). Yron A, oOpa3zoBanHbiii npsiMeiMu AB 1 AC, HaiijieM 10

dopmyne (6), moncraBuB B Hee Ky =Kpg = —g, Ko =Kac = —%.



1+ _L)(-4 1+i 25
7 3 21 21

/A =arctgl=45" ~ 0,79 pan.

_1_(_4j 4 1 25
A= V3 3 7_21_4

4) Tak xak Bbicota CD neprnenaukyispHa cTopoHe AB, TO yrioBbie KOd()(PHIIMEHTHI 3THX

MPSIMBIX CBSI3aHBI COOTHOIIICHUEM (7), TOITOMY

1 1

kCD ==,
kAB _ﬂ
3

YPaBHeHI/Ie HpHMOﬁ, HpOXOIISIHI@ﬁ 4ucpe3 3aJaHHYI0O TOYKY B 3aJddaHHOM VYIJIOBBIM

koapdurmenToM K Hanpapinenuu, umeeT Buj (4). [ToacraBuB B (4) KOOpAWMHATHI TOYKH

Cu Kep = % , IOJly4yuM ypaBHeHHe BbICOTHI CD:

y—6:§(x—10), 4y -24=3x-30, 3x-4y-6=0 (CD).

Jns Haxoxkaenus anuHbl CD onpenenum koopauHatel Touku D, pemuB cucremy
ypaBHeHwUi (AB) u (CD):
4x+3y—-8=0
y , otkyna x=2,y=0, toectb D (2;0).
3X—4y—-6=0

[ToncraBus B popmyny (1) koopaunate! Touek C u D, Haxoaum:

CD =+/(10-2)2 + (6 0)? = /64+ 36 =10.

5) Tak kak CD sBnsieTcsl AMaMeTPOM MCKOMOM OKPY>KHOCTH, TO €€ IIEHTp £ ecTh cepeauHa
otpeska CD. Bocnonbs3oBaBmmcs ¢hopmynoii (3) neneHus: oTpes3Ka nomnojam, moJydrM:

_Xc+XD_10+2_6 y _yC+yD_6+O_3
2 2 '+ JE 2 2 '

CnepoBarenbHo, E (6, 3) u R:%:%:S. Ucnons3ys popmyny (10), momyuaem

Xg

ypaBHEHHE HCKOMOM OKPYKHOCTH: (x — 6)?+(y — 3)?= 25,



3ajaua 2.

Teopemuueckue ceedenus.
Eciu u3BectHs! Hauano Bektopa My(X,Y;,2;) u xomenn M,(Xy,Y,,2,), TO

%
KOOpAMHATHI BeKTopa d = M;M, Haxozsrcs no ¢popmyiaam

X=Xy =X, Y=Y = Y1, 2=2p — 11, (11)

a €TI0 AJIMHa OIIPCACIICTCA BhIPAKCHUEM

\é\:\/x2+y2+22. (12)

Bekrop 8 c¢ xoopauHaramu (X, Y,Z) MOXeT OBITh MPEACTABIICH Pa3JI0KEHUEM TI0 OPTaM B
BU/JIC

a=xi +yj+K. (13)

Ecmu o, B, y — yriael, KOTOpble BEKTOp a 00pa3yeT ¢ MOJIOKUTEIbHBIMU

HallpaBJICHUAMHA ocen KOOpAuHAT, TO COSQ, COSB, COSY HA3BIBAIOTCA HanpasjiArouumu

KocuHycamu BeKTopa a (pucyHok 2). Torjga UMEIOT MECTO COOTHOIIICHHUS

x=|a-cosa,y=|al-cos B, z=|al-cosy, cos’a+cos’p+cos’y=1.

—

1 BekTOpoB a = (Xl, Y1 21) u b= (Xz, Yo, 22) BBOJIATCS OIICPALUMU CAOMHCEHUA W
YMHOICEHU Ha uucio TaKue, 4To
ain(XliXZ,yliyz,ZliZZ) u ﬁZ(ﬂXl,ﬂyl,ﬂzl),

rae A — JIr000€ YHUCIo.

Qu

!
~.ly
4
<

PucyHnok 2.
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—

Cransipnvlm npouszeedeHuem IBYX BEKTOpoB a u Db (é-b) HAa3bIBACTCS YUCIIO,

PpaBHOC TIPOU3BCACHUIO JJIMH 3TUX BCKTOPOB HA KOCHUHYC yIja @ MCXKIAY HUMHU,

a-b =‘§‘-‘b‘-c08q) WM, €CTM BEKTOPHl 3aJaHbl CBOMMH KOOPAMHATAMH, TO

—

a-b=xX +Yy1Y2 +72;. (14)

BGKTOpBI, JCXKamue  Ha OI[HOﬁ WJIIK  MapaJuICIIbHBIX  IIPAMBIX, HA3bBIBAIOT

—

konmuneapuvimu.  [IpU3HAK  KOJUIMHEApHOCTH BEKTOPOB a W D sBisercs

IMPpONOPHUOHAIIBHOCTb UX KOOPAWHAT:

A _N_4a

=22 =1 (15)
X2 Yo I

—

Ecimm Bekropel @ m b B3ammMHO mnepneHmuKymspHBI, TO X Xo + YqY, +2;Z, =0.

Vron Mexay BektopaMu a u b ompenensercs cOOTHOIEHUEM:
a-b_ X1 X2 + Ya¥o + 2425

slRl - [o2 2 2 [.2 2 2
‘a‘\b\ \/Xl +Y1 +4; \/X2+YZ +Z;

VYpaBHEHHE TJIOCKOCTH, MPOXOMSIIEH Yepe3 TOUYKY Mo(xo,yo,zo) NEPHEHAUKYJIISPHO

Cosp = (16)

BEKTOPY N = (A, B, C), HMeEeT BUJ
A(X—=Xg) +B(y—Yo)+C(z—25) =0. (17)

Ilpumep evinonnenusn 3adanus.

Hanbel koopauHathl Tpex Touek: A(3; 0; -5), B(6; 2; 1), C(12;-12; 3).

- -
Tpebyercs: 1) 3anucate Bektopel AB u AC B cucteme OpT U HAUTH MOAYJIU STUX

- -
BEKTOPOB; 2) HaiiTu yron mexay Bekropamu AB u AC ; 3) cocTaBUTh ypaBHEHUE

%
IJIOCKOCTH, MTpoXoasiien yepe3 Touky C nepneHauKyysipHo BekTopy AB.

Pewenue:
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%
1) Haitnem koopauHatel Bektopa AB, mojacraBuB B popmyny (11) koopauHaThl TOYEK A U

B, n 3anmieM pasnokeHue 3Toro BekTopa 1o opram (13):
- - - — — — —
AB=6-3)1+(2-0)]+@Q+5k =31 +2]+6k.
[Tono6HBIM 00pa3zoM

— — - - —
AC =(12-3)i +(-12-0)j +(3+5k =91 —12] +8k .

- -
Monaynu BektopoB AB u AC HalijeM, OACTaBIsAS UX KOOpAUHATHI B hopmymy (12):

- -
‘AB‘: 32+224+6% =7, ‘AC‘:\/92+(—12)2+82 =17.

- -
2) Haiinem xocuuyc yria ¢ Mexay Bektopamu AB u AC. JIjis 3TOro BBIYHCIMM HX

CKaJIIpHOE Mpou3BeneHue mno dpopmyse (14):

- >
AB-AC =3-9+2-(-12) +6-8=51.

Torna no popmye (16)

CoS@ = 7517 ~0,4286, ¢ ~6437 =I,13 pax.

3) Ilo ycnoBui0 3amayli MCKOMas IIOCKOCTh MPOXOauT uepe3 Touky C(12; —12; 3)

%
nepreHauKysapHo Bektopy AB =(3,2,6). Iloacrasmsst B (17) A= 3, B= 2, C= 6,

Xo= 12, yo=—12, 2,= 3, IOTy4nM:
3(x—-12)+2 (y +12) + 6(z-3) =0,

uw 3x + 2y + 62 — 30 = 0 — uckomoe ypaBHEHHE IOCKOCTH.

3anaua 3.

Teopemuueckue ceedeHus.



10

BGKTOpLI Ha3bIBAKOTCA KOMILJIAHAPHBIMU, CCJIX OHH JICKAT B OI[HOﬁ IINTIOCKOCTH HJIN B

MapajIeNbHbIX MIOCKOCTAX. YCIOBHEM KOMILIAHAPHOCTH TpeX BeKTopoB d; =(Xy,Y1,Z;),

a, =(X,,Y5,2,), @3= (X3, Y3,Z3)sBISIETCS.  PABEHCTBO HYNO HX  CMENIAHHOTO

TIPOU3BEICHHS:
XX Y1 4y
(a,,d,,85)=|X, Y, Z,=0. (18)
X3 Y3 Z3

Tpu BexkTOpa 00pa3yroT O6a3uc B TOM CIIydae, €ClIM OHU HEKOMNIAHAPHYL.

Ecm nyis BeKTOpoB &;,d,,d; BBIMONHAETCA ycinosue (dp,d,,d3)#0, To oHu 0o6pasyroT

Gasuc, u 060l uersepThii BektTop b =(b,b,,b;) Moxer 6GwiTh mpencrarnen

Pa3JI0KCHHUCM I10 OTOMY 6213I/ICY B BHJC

—

r7e a, [, y — KOOpJIMHATHI BEKTOPa b B Gasuce, 00pa30BaHHOM BEKTOpaMH 8j,d,,ds.

KoopauHatel a, £, y HaXOAATCS U3 CUCTEMbI YPAaBHEHHIA:

Xy + Xy + X3 =Dy
ay, + By, + W =b,. (20)
ozy + fBLy + 723 =D

Ilpumep evinonnenusn 3adanus.

[Toka3zarb, uto BekTOpel & (3; 1; 4), a,(2; 1, —1), d3(1; —1; 5) obpasyror Gasuc

TpPEeXMEPHOro MpocTpaHcTBa. Haiitu koopamuaTel BekTopa b (5; 0; 3) B sTOM

Oasuce.

Pewenue:

BeluncianM cMelIaHHOe POU3BEICHUE BEKTOPOB &y, d,,a3:
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3 1 4
(a,,d,,d83)=2 1 -1=-11+0.
1 -1 5

Tak kak cMeEIIaHHOE IMPOU3BCACHUC OTIIMYHO OT HYJIA, TO BCKTOPbBI HCKOMILIAHAPHBI U

—

obpasyror 6asuc. Koopaunatel Bektopa b B 3TOM 0Gasuce Haiinem, pasjioXuB €ro Io

BEKTOpaM dy,d,,d3 CIEAyIOIUM 00pa3oM:

—

a KOOpAMHATHI BeKTopa b B HOBOM Oasuce HaiijieM u3 cucTeMsl ypaBHeHHi (20)

a-3+p-2+y-1=5 3a+20+y=5
a-1+p4-1+y-(-1)=0 WK a+pf-y=0
a-4+pF-(-)+y-5=3 4o — f+5y=3

Pemmm 3Ty cuctemy miid 3aaHHBIX BEKTOPOB MeTooM [ aycca.

IIomensieM MecTamMu IICPBOC U BTOPOC YPAaBHCHHA

a+p-y=0
3a+2p+y=5.
4o — f+5y=3

[locne 3TOro ymMHOXHMM MepBO€ ypaBHEHHUE Ha (—3) W CilOXuUM co BTOpbIM. Jlanee

YMHOKHM TI€pBOE ypaBHEHHUE Ha (—4) U CIO0XKUM ¢ TpeThbuM. [lomyunm:

a+p—-y=0
- p+4y=5.
-S54 +9y =3

3aTeM yMHOXaeM BTOpPOE ypaBHEHUE HA (—5) U CKJIQJIbIBAEM C TPETHUM:

a+p-y=0
- pB+4y=5.
-11y =-22

W3 nocnennero ypaBHeHMs umeeM y= 2. lloacrtaBisieM 5TO 3HAYE€HUE BO BTOPOE

ypaBHEHUE, MojydyaeM = 3 1, HAaKOHEIl, U3 TIEPBOT0 YpaBHEHUS HaxoauMm o= —1.
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Takum 06pa3om, moacTaBuB B ypaBHeHue (19) KoopauHATHI BEKTOpPA b, MOJy4YUM

3ajaua 4.

Teopemuqecmte Ceedeﬂuﬂ.
HeomHopoaHas cMCTEMa TPEX YPABHEHMH ¢ TPEMS HEU3BECTHBIMU B OOILEM CIydyae MMEET
BUJI
a1 X + Xy +azXg =hy
Ay X +axnXy; +axX3=h,
A3 Xy + g Xy +a833X3 =Ny
¥ MOXKET OBITh 3aIICaHa B MATPUYHOM BHUJIE

A-X =H, (21)

81 3
rne A=|ay Qay ay |-MaTpuua KO3PQPUIUEHTOB IIPU HEU3BECTHBIX,

X =| X, | - MaTpuna-cToyoe HEN3BECTHBIX,

H =| h, | marpura-cronber; CBOOOHBIX YICHOB.

Ecnu matpunia A — meswipooicoennas, TO €CTb UMEET ONpPEACIIUTENb, OTIUYHBIA OT
HYJISI, TO CYIIECTBYET MaTpuIila Al obpatHas kK A, Tak 4TO AA=E (E - emuHuuHas
MaTpuIa). YMHOKHM 06¢ 4acTi ypaBHenns (22) Ha A™ # momyanm

ATAX=A"H,
WIH
X=A"H, (23)
nockonmbky A A-X=E-X=X,
PaBeHcTBO (23) sABisIeTCS pelIEHueM CUCTEMbI ypaBHEeHUM (22).

Marpuiia, oOpaTHasi K HEBBIPOXKIEHHON MaTpuile A, HAXOIUTCS 0 popMyJie
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L Al Ay Ay
AT = A Ap Ay, (24)
Az Ay Ag

rne A; (1=1, 2,3, j=1, 2, 3) — anreOpanyeckoe AOMNOIHEHUE 3JIEMEHTa djj, KOTOPOE
"

SBJSIETCA TPOU3BEICHUEM (-1)"  ma mmHOp (OHpEmENHMTENH) BTOPOTO IIOPSAAKA,

MOJIyYEHHBIH BbIUEPKHUBAEM I-ii CTPOKH U J-TO CTOJIOIA B ONpPEACIMTEIC MATPHUIIBI A; A —

ONIPENEIIUTENIb MAaTPULIBI A.

Ilpumep evinonnenus 3adanus.

JlaHHyI0 cHUCTeMy ypaBHEHUM 3amucaTh B MaTpUYHON (OpME U PElIUTh €€ C
IOMOIIbIO OOPATHOM MAaTPHIIBL:

2X; +3Xy — X3 =8

Xg — Xy +2X3=-1

Pewenue:
Beimuiem 111 TaHHOM CUCTEMBI YpaBHEHUH MaTpUIly KOA()(PHUITMEHTOB TP HEM3BECTHBIX

A u crosioerr cBOOOMHBIX wieHOB H:

1 -2 1
A=l2 3 -1|, H=
1 -1 2 -1

BerauciouM  onpenenurens A W anreOpamdeckue JONOIHEHMS A; DIIEMEHTOB

MaTpHULbI A
1 -2 1
A=2 3 -1=10«0,
1 -1 2

CJIeIOBATENbHO, MaTpuIila A UMeeT 0OpaTHYIO MaTPHILY Al

| 3 - 142 2 -1 143 2 3
Ag=CD7 0 =5 Ap=(EDT ) g =5 Ay =) I =-5,
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1 1 1 1 -2
A — _1 2+1 — 3’ A — _1 2+2 — 1, A — _1 243 — _1’
21 ( ) _1 2‘ 22 ( ) 1 2‘ 23 ( ) 1 _1‘
A, = (_1)3+1 . - 1 -1 A = (_1)3+2 . 1 ]‘.I 3 A = (_1)3+3 . 1 - 2 -7
31— 3 _ =~ 2= ) _ =9 33~ 2 31—

Torna nmo dopmyne (24) oOpaTHas MaTpHIla paBHa

5 3 -1
A‘lzﬁ -5 1 3]
5 -1 7

[To popmyne (23) Haxonum pelieHNE TaHHOW CUCTEMBbl YpaBHEHUI B MaTPHUHOM

dbopwme:
. 5 3 -1|] 1 5-1+3-8+(-1)-(-1) . 30 3
X:A‘l-H:E- 5 1 3| 8|]=t. ~5.1+1-8+3-(-1) 0 0|=| 0.
-5 -1 7|[-1 -5-1-1-8+7-(-1) -20| |-2

Orcroma x1= 3, x,= 0, x3= —2.
3agaua S.
Teopemuueckue ceedeHus.
Yucino A HaswiBaOT npeaeaoM yskiuu Y=f(X) B Touke a , eciau 3Ta QYHKIHS
OTpejiesieHa B HEKOTOPOH OKPECTHOCTH TOUKHM & , 32 UCKIIOYEHUEM, ObITh MOXKET, CaMOM

TOYKHU a , ¥ s Kakaoro &0 Haitnetrcs Takoe 0>0, 4To /uIst BceX X, YIOBIETBOPSIOIINX

ycioBuio () < ‘x — a‘ < 0, BBITIOJHSACTCS HEPABEHCTBO ‘ f (x) — A‘ <g:

lim f(x)= A4, ectu Ve>0 35>0:Vx:0<‘x—a‘<5:>‘f(x)—A‘<g.

xX—>a

Bpruncnenne — mpenenoB  apuMETHUYECKHX — BBIPAKEHUH f1x) f>(x),

f1(x)- fo(x), f1(x)— fo(x) mo mpenenam dbymxmmin f7(x) u f>(x), u3 KoOTOPHIX OHM
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COCTaBJICHHI, HE BCCraa BO3MOXKHO. B »stux ClIydasax TOBOpAT, YTO BO3HHUKAKOT

HCOIIPCACIICHHOCTHU CICAYIOININX BUJIOB!:

(gj | (fj (0-0), (00—00),(1@)-

I[JIH HaXOXACHUA IIPCACIIOB TAKUX HCOIIPCIACIICHHBIX BI)Ipa)KCHI/Iﬁ HYKHO

yUUTBIBATH KOHKpeTHbI Bua Gyukmu  f7(x) u f5(x). Hanpumep,
lim — =0; (25)

0, eciu n>m

By (x) (fj _Ja

IIpEeaea OTHOLUIEHUS ABYX MHOTOYIEHOB |im —— 5 = —,eciu n=m ;
x—0 <n (x ) o0 b
0,ecmu n<m.

. y . sinx (0
NEePBEIN 3aMevarenbHbli npenen lim —— =| — [=1; (26)
x—=>0 X 0
X
BTOPO# 3aMeuaTenbHbIi mpeaen lim (1 + —) =(1)" =e. (27)
X—>00 X

Benmuunaa «(X) HaspBaeTcs Oeckoneuno manou npu X —>a, ecau lima(x)=0.
X—a

I[Be OECKOHEUYHO MaJjble BEJIWYHMHBI Ha3bIBAIOTCS OK8UBAJIEHNTHbIMU, CCIIN TIPCACIT HX

. X
OTHOIICHUs paBeH 1, To ectb «a(X)~ B(X), ecimn IImM—(gjzl. [Toxg 3HAKOM

x—a B(x) \0
npezena obdas 06CKOHEYHO Maias BEIMYMHA MOXKET ObITh 3aMEHEHA Ha DKBUBAJICHTHYIO
eit. [IpuBenem TaGIMIy SKBUBAJICHTHBIX OCCKOHEYHO MaJIbIX TIpu X —> 0 BeIMYMH:
sinx ~ X, arcsinx~x, a‘-1~x-Ina eX-1~x,

2
tgx ~ X, arctg x ~ X, 1—cosx~X7. (28)

Ilpumep evinonnenus 3a0anus.

Beruucnutes npenernsr:

2
a) lim It 1lx=3 6) lim (\/x2+3x—x),

x—>-33x% +10x+3 X—>00
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2X _(2x-3)\""
B) lim r) lim :
x—0 arctg5x ’ x—o\ 2X +1

Pewenue:

a) HOI[CTaHOBKa MNpcaAcJibHOIO 3HA4YCHUA apryMCHTA x=-3 IMPUBOAUT K HCOIIPCACICHHOMY

BBIPAXXCHHUIO B A (6) .

Jlyis ycTpaHeHus 3TON HEOoIpeIeICHHOCTH Pa3IoKUM YUCIIUTENb U 3HAMEHATEN b IPpOo0u Ha
MHOXXHUTEIIX M COKpaTuM JApoOb Ha MHOXuUTeNb (x+3). Takoe cokpalieHue 37ech
BO3MOYHO, TaK KaK MHOXHUTEJb (X+3) OTJIIMYEH OT HyJIs Ipu x— —3:

4x% +11x -3 4-(-3)* +11-(-3)-3 (gj:
0

lim
x>-33x2 +10x+3 3- (- 3) +10-(-3)+3

im (4x-1D(x+3) _ lim 4x-1_4-(-3)-1_13
T x>3(3X+1)(X+3) x>-33x+1 3-(3)+1 8

6) IIpu x— oo BBIpaKeHHE X2 +3X —X [aeT HeOmpeaelIeHHOCTh Bruaa (oo — o). Jst ee

YCTPAHEHUS YMHOXHUM W Pa3JCiIUM 3TO BBIPAXKECHUE HAa VX2 +3X + X, mocme dero

pa3ieauM YHCIUTEIb U 3HAMEHATENb MOJIyYeHHOU Ipo0u Ha X , yUuThIBast popmyiy (25):

im (VX2 + 3x — x )= (00 — 00) = lim (\/x2+3x—xxx/x2+\3x+x)_
fim (35 )= i (mH) )

X% +3x — X2 ) 3
= |lim —

X—m\/x +3x+x X \/x +3X+Xx X7® /1+ 41

B) [Ipu X — 0 monyuum HEONpeaeIeHHOCTh (g) . O603naunmMm arctgox =y. Torma Sx=tgy

u y— 0Onpu x — 0. [Ipumenss cBoiicTBa npeaenoB u ¢hopmyiy (26), umeem:

2lim Y i L 2,992
y—0 Yy 5y—>0 y y-0cosy 5 5

x—>oarctgbx \0

o (OJ.imZ(ét‘”} :
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3Ty 3a/lady MOXKHO PCHUINTb, HCIIOJIb3YSA 3KBHBAJICHTHBIC 3aMCHBI OECKOHEYHO MaJIbIX

BenruuH (28). [Tockonbky npu X — 0 SKBUBaJEHTHBI arctg5x ~ 5X, MOXKHO 3anucaTh

: 2X 0 . 2X 2
Iim———=| = |[=lim—==.
x—oarctgox \0/) x-05x 5

2X—3
2x+1

4x+5
r) [Ippu X — o0 BBIpaKeHHE ( j SIBJIICTCSI HEOIIPEACICHHOCTRIO BHUAA (1°°). s

YCTpaHEHHUsI 3TON HEONPEICICHHOCTU MPEACTAaBUM OCHOBAHHUE CTETICHH B BUJE CYMMbI | U
OECKOHEYHO MaJIoN (IpU X —> ©0) BEIUYMHBI; TOCIE Yero MpUMEHUM (POpMYIly BTOPOTO

3aMedaTelIbHOTOo npeaena (27):

C(2x=3\PT Coxa1—4\B _4 NP
lim = lim| ———— =lim|1l+ =
x>\ 2X +1 x—o\  2X+1 X—>00 2X+1

2x+1 -4
. . —4 ~16x-20
. -4 ( -4 j (2X+lj (4x+5) . 2 l'(4x+5) ) ﬁ
=lim|1+ = |lim e2X+ = lime 2xt1 =
X—>00 2X+1 X—>00 X—>00
~16
N 1
= lime 2 = lime®==,

X—>0 X—o0 e8
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Bropoii cemecTp

[TPUMEPHI PEHTIEHUA 3AJJIAY

3anava 1.

Teopemuqecmte c6eoeHsl.

Ilpouseoonoii ot ¢yukiuu Yy = f(X) mo aprymeHTy X Has3bIBaeTCs Ipeaes OTHOIICHHUS

npupaienus GyHKuuu Ay K IpUparieHuto apryMmeHTa Ax, Korjia mocjieHee CTpeMUTCS K

HYJIIO:

[TpousBoaHAas €CTh CKOPOCTh U3MEHEHUS (YHKIIUU B TOUKE X.

OTpicKaHue MTPOU3BOIHON Ha3bIBaeTCs MU PepeHIpoBaHEeM QYHKIUY.
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OcHosHble npasunia oughghepeHyuposanus.
1. (C)'=0, rne C=Const.

2. (x)'=1

(U(X) £ v(x)) =u'(x) = V'(X)

4. (u(x)-v(x)) =u'(x)-v(x)+u(x)-v'(x), (C-u(x))'=C-u'(x)

w

!

(u(x)] _U'0)-v() —u()-v'(x) ( C J':—C-v'(x) (u(x))l _u'(¥
L v(x) v2(X) " Lv(x) vZ(x) L C C

- Fu() =Fy-u'(x)

o1

»

Tabnuya npouszeo0nvix snemenmaptolx Gyukyuti (U =U(X)):

2

1. (") =n-u"t.u, 4. (sinu)’ =cosu-u’
2. (@)Y =a"-Ina-u’, (") =e"-u, 5. (cosu)' =—sinu-u’
3. (log, u)' = -u’, 6. (tgu)' = 5 u’, 7. (ctgu)' =—— 5 -u’,
u-lna cos“u sin“u
P 1 ' : 1 '
8. (arcsinu)’ = -u’, (arccosu)' =-— -u
1-u? 1-u?
! 1 ! !/ !
9. (arctgu) :1 -u (arcctgu)’' =— -u

u? 1+u

Ecau B Tabnuie moaoxuts U(X) = X, To U =1.

Ilpumep evinonnenusn 3ad0anus.

Haitnute npousBoaHbie GyHKITUI:

a) y=In(2+sin3x);  6) y =39 +1)*; B) cos(xy?)—3y® +4x=0.

Pewenue:
a) TOCJEAOBATENbHO MPUMEHAS NpaBwia AUPPEPEeHIIUPOBAHUS  CIOXKHON (YHKLNH,

npaBuia u popmyibl audhepeHIuPOBaHNS, IMEEM:
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y' = (In(2 +sin 3x))' = # -(2+sin3x)"' = ;-(2# (sin3x)") =
2 +SIn 3x 2 +sIn 3x
= —_'COS3X°(3X)’ ZSL_SBX;
2 +sIn 3x 2 +SIn 3x

6) y' = ((3arctgﬁ +1)4), _ 4(3arctgﬁ +1)3 ) (3arctgﬁ +1) =

— 4(32"C9VX 4 1y3. 380V |03 (arctg/x) =

/x Ix 1
-4 3arctg x+13.3arctg x.|n3. (X)) =
( ) L ()2 (VX)

1 1 2In3 JxX JX 13
_4 3arctgﬁ +1)3 .3arctgﬁ In3. _ _ _garetgyx _(garctgyx | q
( ) (0% 29% @enix ( )

B) B JAHHOM ciyyae (yHKIHMOHaJbHAas 3aBUCUMOCTbH 3aJlaHa B HesgHom Buue. g

HAXOXKIEHHMs NPOM3BOAHOM Y' HyKHO HpoaudQepeHIupoBaTh M0 IEPEMEHHON x 00€

4aCTH YpaBHCHU:A, CHHUTAA IIPH 3TOM Y (1)YHKI.[I/I€I‘/II OT X, a4 3aTCM IIOJIYUYCHHOC YPAaBHCHHC

paspelnTh OTHOCUTEIBHO V' !
—sin(xy?)- (xy?)' =3-2yy' +4=0;
=sin(xy®) - (Xy® +x(y*)) - yy' +4=0;
—sin(xy?) - (y? + 2xyy') —6yy' +4=0;
— y2sin(xy?) — 2xyy'sin(xy®) —6yy’ + 4 =0;
W3 mocnenHero ypaBHeHus: HaxoauM Y’
2yy’(xsin(xy2) + 3)= 4 - yZsin(xy?);

,__4—ysin(xy®)
y = : > -
Zy(xsm(xy )+3)

3ajaua 2.

Teopemuueckue ceedenus. ViccnenoBanue (yHKIUMU OJHOW HE3aBHCHMOM MepeMEeHHOU
OyaeM MPOBOIUTH MO CIEAYIONIEH cXeMe:
1. Haiinem obGnacTh onpenenenus GyHKITUU.

2. Uccnenyem (pyHKIIMIO HA HEMPEPHIBHOCTD.
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3. YcraHoBuUM, SIBISETCS JM JaHHas (PyHKUMS YETHOM, HEYETHON WM (YyHKIHEH
oOuiero Bua.
4. Haiinem uHTEpBajbl BO3pacTaHus U yObIBaHUS (DYHKIIMU, TOUKU SKCTPEMYMa.
5. Haiinem nHTEpBaIBI BHITYKIOCTH U BOTHYTOCTH KPUBOM, TOUKH €€ Ieperuoa.

6. Haiinem acuMOTOTHI KPUBOIA.

Ilpumep evinonnenus 3a0anus.

2Xx -1
(x-1)°

HccnenoBath QyHKINIO Y = 1 TIOCTPOUTH €€ TpaduK.

Pewenue.

Peanu3zyeMm npuBeIeHHYIO CXeMY UCCASA0BaHUS (QyHKIIHH:

1. Oynkums onpenesieHa Mpyu BCEX 3HAUYCHUSIX apryMeHTa x, Kpome x=1.

2. JlanHas (QyHKIUSA SBISETCS AJIEMEHTApHOH, MO3TOMY OHA HENpEephIBHA Ha CBOECH

o0JacTH ompeelIeHus, TO eCTh Ha nHTepBanax (—oo;l) u (L+x).
B touke x=1 (yHKIMS TEepIUT pa3pbIB.
3. Jlns yCTaHOBJICHMS YETHOCTH WM HEYCTHOCTH (YHKIIUM MPOBEPHUM BBITOJHUMOCTD
paBerctB f(—Xx)= f(X) (rorma f(xX) — uernas ¢yukiusa) wim f(—Xx)=—71(x) (ana
HEYeTHOW  (PyHKIMM) 17 JOOBIX X W3 00JacTu  ompefesneHus  (PyHKIUU:
fex) =22 =X
(-x-1) (x-1

Cnenosatenbro, f(—x)# f(X) u f(—X)#—"f(X), To ecTb JaHHAs QYHKIMS SBISIETCS
dbyHKIMEH 0011IeTO BU/IA.
4. Jlnsa uccnenoBanusi GyHKIIMU HAa SKCTPEMYM HalJIeM €€ MEePBYI0 IPOU3BOIHYIO:

, 2(x—1)% —(2x-1)-2(x 1) 2X
. (x-° e

Omnpenenum kputrueckne Toukn Gynkiun: Y =0 mpu x=0, VY’ He cymectByer mnpu
X=1. Tem campiM umeeM naBe kputudeckue Touku: x=0, x=1. Ho Touka x=1 He

NPUHAIIIEKUT 00JaCTH OrNpeAesieHus PYHKIUHU, SKCTPEMyMa B HEH ObITh HE MOXKET.
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Pazo0nem unciioByto och Ha Tpu uHTepBana (—0;0), (0;1), (L+x).

_ min + _

\ 0 /V 1 \ X

v

B nmepBoM © TpeTheM HMHTEpBaJiax IepBas MPOU3BOJHAs OTpPULATEIbHA,
CJIEIOBATENIbHO, 3/1eCh (PYHKIIMS yObIBaeT, BO BTOPOM HHTEpBaJI€ — IOJOXKUTENIbHA, U
naHHast (QyHKIUs Bo3pactaer. Ilpu mepexone udepe3 Touky X=0 mepBas Mpou3BOIHAS
MEHSIET CBOM 3HAK C MHUHYyCA Ha IUIIOC, TO3TOMY B 3TOW TOYKE (PYHKIHS UMEET MUHUMYM:

Ymin = Y(0) =—1. 3naunt, A(0;—1) sBsieTCsS TOUKON MUHUMYMA.

5. Jlng ompeneneHus Touek neperuda rpapuka pyHKIIMH ¥ MHTEPBAJIOB BBIMYKJIOCTH U

BOTHYTOCTH KPMBOU HAWJIEM BTOPYIO MPOU3BOIHYIO:

J'= 2. (x-1)° —x-3(x -1)* oy, 2%+1
(x=1)° (x-1*

Jns Bropoit npoussBoanoit Y' =0 npu x=-0,5 u y" e cymecrtyer npu x=1. Pa3obbem

YHCIIOBYIO OCh Ha TpH uHTepBaia (—«;—0,5), (-0,51), (L+x).

eperud

v

/\ -0,5 N4 1 N4 X

Ha mepBoM uHTepBaje BTOpas MPOU3BOAHAS Y" OTpHIATENbHA U Iyra UCCIIELyeMOM
KPUBOU BBINYKJIa; HA BTOPOM M TpeTheM uHTepBanax Y" >0, mosTomy rpaduk sBiaseTcs

BOrHYTBIM. [Ipu nepexozae uepes Touky X =-—0,5 BTOpas npou3BOJHAs MEHSIET CBOM 3HAK,

N 8
TMOJTOMY B OTOH TOUKE KpHBas UMEET Meperud: Y,,, = Y(-0,5) = art

CnenoBatenbHO, B(— % ;—g) — Touka neperuda rpaduka GyHKIIUH.
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2x -1

6. B Touke X=1 ¢dyHKUMS TEepnuT pas3pbiB, mpu4eMm |im

——— =00, [Ipamas x=1
x—1 (X —1)2

SBJIIETCSI BEPTUKAIBHOM acUMNTOTON rpaduka QyHkiuu. s ompeneneHus ypaBHEHUS

HAKJIOHHOM acuMIITOThl Y =KX + b Bocmoibs3zyemcs popmynamu:

f(X)

k=lim—-, b= lim (f (x)—kx).
x—o X X—>00
2x -1 2x -1
Torma k=|im————=0, b=|im—>=0
x—0 (X = 1) x—o0 (X —1)?

[Tpu HailineHHbIX 3HaueHUSX K u b mpsmas y=0 ecTh rOpH30OHTAbHAS ACUMIITOTA

rpaduka ucciaeayeMoi GyHKIUU, TPEACTABICHHOTO Ha PUCYHKE 1.

-0,5

B

A

Pucynox 1. I'padux uccnenyemoit pyHkIuu.

3ajaua 3.

Ilpumep evinonnenusn 3adanus.

PesepByap, umeronmu bopmy OTKPBITOI'O  CBEPXY MPAMOYTOJIBHOIO
napajiejieunesa ¢ KBaApaTHBIM JHOM, HY)XHO BBUIYAUTH BHYTPU OJIOBOM.

3
KakoBbl TOJDKHBI OBITH pa3sMepsl pe3epByapa Mpu ero emMkoctu 108 om”, 9To0sl
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3aTpaThl Ha €ro JIy>KCHUC OBLIM HAMMEHBIITUMM ?

Pewenue. 3aTpatbl Ha TOKPBITHE pe3epByapa OJOBOM OyAYyT HAaWMEHBIIUMH, €CIU TPH
JAHHOW BMECTUMOCTH IIONIA/Ib €T0 MOBEPXHOCTH Oy1€T MUHUMAJILHOM.

Oo6o3naunm depes a (Om) — cTOpoHY OcHOBaHuWsA, D (Om) — BBICOTY pe3epByapa.
Torma miom@aas €ro MOBEPXHOCTH S =a’ +4ab, a oobem V :azb, WJIH, COTJIacHO

ycnoBusi, 108= a’b. [ToaTOoMy
108 , 432

:g n S=a’+4-a--=a’+——.
a a a

b

[lomydyeHHOE COOTHOIICHWE YCTAaHABIMBACT 3aBUCHMOCTh MEXIY IUIOIIA]IBIO
MOBEPXHOCTH pe3epByapa S (QyHKIMSI) U CTOpOHOM ocHOBaHus a (apryment). O6nactb
omnpeneneHuss sto ¢yHkuumu a>0, Tak Kak a — cTopoHa ocHoBaHus. Hcciemyem
¢GyHkumio S Ha skcTpemyM. Haiinem mepByro mpousBogHy0 S', IpUpaBHIEM €€ K HYIIIO U

PCIINM ITIOJIYYCHHOC YPABHCHUC!

432 2a°-432

a’ a’

S'=2a 0.

Orcrona a=6. Ilpoussognas S'(a) we cymecrByer nmpu a=0, HO 3TO 3HAYCHHUE
aprymMeHTa He TMpuHAIeKUT obnactu omnpenenenuss @ynkauu. Ilppy O0<a<6
npoussognas S'(a) <0, npu a>6 S'(a)>0. Cnenosarensho, mpu a=6 QyHKOUsA S
uMeeT MUHHUMyM. Ecmm  a=6, to b=3. Takum o0pa3om, 3arpaTbl Ha JTy)KEHUE

pesepByapa emKocThto 108 17 OynyT HaMMEHBUIMMH, €CJIM OH HMEET pa3Mephl

6(om) x 6(om) x 3(0m) .

3anaua 4.

Teopemuueckue ceedeHus.
[lepeMenHasi BeJMYMHA Z Ha3bIBACTCS (YHKYueu O08YX NepeMeHHbiX X U Y, €CciH
Kaxaoi mape 3HadeHud (X,y) W3 JaHHOW OOJaCTH COOTBETCTBYET CIUHCTBEHHOE

omnpenenenHoe 3Hadenue Z = f(x,y).
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Jus ¢yskmun Z = f(X,y) BBOAATCS TOHITHS YACMHLIX NPOUIBOOHLIX TIEPBOTO

nopsaKa, KOTOPbIC OIIPCACIIAIOTCA BRIPAKCHUSAMMU

G PO Ay ) Oy Ay) - ()
OX AXx—0 AX ’ 8y Ax—0 Ay ’

U 4acnmHblx np0u3600Hblx BTOPOTO IMOpsAAKaA:

a_zz_g@ 0’z %2 _ofa _g(@) z_ofa
ox? ox\ox) oxoy oyox ox\ay) oy\ox) oy? oylaoy)

Oynkims z= f(X,y) umeer B Touke My(Xg,Yo) Mmakcumym (munumym), eciu
3HaueHue 3Tod (yHkuuu B Touke M, Ooibmie (MeHbIIE), YeM 3HAYCHUS (DyHKLUU B
M000# TOUKe U3 OKPECTHOCTH TOUkH M.

HeoOxoaumbiMKi ~ YCTIOBUSIMUA ~ CYIIECTBOBaHUSL 9kcmpemyma (MakCUMyma WIH

MuUHEMYMa) auddepentmpyemort Gpynkimu z = f(X,y) sBISeTCS paBEHCTBO HYIIO €€

YAaCTHBIX IIPOU3BOJHBIX IICPBOTO IMOPAAKA:

a_y
OX
aZ_,
oy

TO‘-IKI/I, B KOTOPBLIX YaCTHBIC IIPOU3BOAHBLIC OGpElIH&IOTCﬂ B HOJIb, HA3BIBAIOTCA

cmayuonapuvimu moukamu Gyukmuu Z = f(X,y). i Toro 4roOsl cTaroHapHas TO4Ka

ABJIAJIaCb  OKCTPEMYMOM, B HEH JOJDKHBI  BBITIOJTHATBHCS docmamounwvie YcCioeusl.

2 2 2
O603HaUYNM A:a—s . B= 0"z ’ C:a—j
6)( M, aXayMO ay

. A=AC — B?.
Ile

Ecnu B cranmonapsoii Touke M (Xp, Yo)
A>0,A>0,1T0 M| ecTb TOUKa MUHUMYMa;
A>0,A<0, 10 M| ecTh TOUKa MAKCUMYMa;
A <0, 0o BTOUKe M HET 3KCTpeMyMa;

A =0, To TpedyeTcs TOMOJHUTEIHLHOE UCCIICIOBAHUE.

Ilpumep evinonnenusn 3ad0anus.



26

HccnenoBaTh Ha SKCTpeMYM QYHKIHIO Z =2X 4+ 4y — X2 — y2 +6.

Pewenue.

1. Haitnem yacTHbIC MpOU3BOAHBIC 3aJaHHON (PYHKITUN
0z 0z
—=2-2X, —=4-2y
OX oy

2. 3anumemM HeoOXO0IMMBIE YCIIOBUS CYIIECTBOBAHUS IKCTPEMyMa
2-2x=0 x=1
= ,
4-2y=0 y=2

3HaunT Touka M (1;2) sBnsieTcs ctalmoHapHOW TOYKOW (DYyHKITHH.

3. IIpoBepuM BBINOJIHEHHE B TOYKE M AOCTATOYHOIO yCJIOBHS. JlJIsl 3TOTO HAMAEM BTOPBIE

YaCTHBIC ITPOU3BOIHBIC Q)YHKHI/II/I

2 2 2
02__, 0Z_4 0Z_,
ox? XAy
B Ttouke M(L2) A=-2B=0C=-2 u A=(-2)-(-2)-0=4. TIlockombKy
A=4>0,A=-2<0, touka M (1;2) siBisieTcss TOUKOH MakcuMyma. 3HadueHue (PyHKIUH B

3TOM TOUKE —2.14+4-2-1>-22 1 6=11.

AM

3ajaua 5.

Teopemuqecmte c6eoeHsl.

OyHKIMS IBYX HE3aBUCHMBIX IepeMeHHbIX Z = f(X,Yy) npuHmMaer HauOoJblIce U
HaUMCHbIIIEe 3HaueHust B obOmactu D, orpannueHHoi auwamer @(X,Yy)=0, aubo B

CTAIlMOHAPHBIX TOYKAX, PACIOJIOKEHHbIX BHYTpu obnactu D, nubo Ha rpanune 3Toi
o0macTu.
3amaua 00 OTBHICKAHWM HAMOOJBIIETO M HAWMEHBIIETO0 3HAYeHUW (QYHKIUU

z= f(X,y) B3amanHoi odaactu D pemaeTcs 1o cieayromemMy rmiaHy:

1. OnpenensieM cTalMOHApHbIE TOYKUA (YHKIMHU, PACIOJIOKEHHbIE BHYTpU obnactu D, u

BBIYHCJ/IAACM 3HAYCHU A (bYHKLII/II/I B OTHX TOYKax.
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2. Haxogum cranmonapsbele Touku (yHKiuu Ha rpanune @(X,Yy)=0 obmactu mimu Ha

OTZCJIBHBIX €€ Y4YacCTKaX, 3aJaHHBIX PA3JIMYHBIMU YPAaBHEHUSMH, U BBIUYUCISIEM 3HAYCHMS
(GYHKIIUH B 3TUX TOYKaX.

3. M3 BceX BBIYMCIICHHBIX 3HAUYCHUI q)YHKHI/II/I BI>I6I/Ipa€M HanOOJIbIIICE U HAUMEHBIIICE.

Ilpumep évinonnenus 3ad0anus.

Haiitu Hanbomnpliiee 1 HauMEHbIIIEe 3HAUYCHUSI QYHKIMH Z = X2 + 2Xy —4X—-Yy B

TPEYroJIbHUKE, OTPAHUYEHHOM IpsiMbIiMU X =0, Yy=2, y=X.

Pewenue.

1. Halizem cranmoHapHble TOYKH (PYHKIIMU M3 YCJIOBUH pPAaBEHCTBA HYJIO YaCTHBIX

IPOU3BOIHBIX (PYHKITUU

0z

&_2x+2y—4_0 x=05
0z < =15
£ =2x-1=0 y=5%

Crammonapuast touka M (0,51,5) nexur BHyTpH

3aganHou oonactu OAB.

3HadeHue PyHKIMU B TOUKe M paBHO

v

2|,, =05°+2-05-15-4-05-15=-175.

2. Vccnenyem noBeaeHre (PyHKIIMU HA TPaHUIIAX 00JIACTH:

a) Ha rpaaune O4 y=X, 0<x<2, Z=X?+2X-X—4-X—X wm Z=3X% —5X;

2'=6x-5, 2’=0 npu X:%,Torﬂa y:g (Tak KaK y=x).

2
55 5 5 25
B touke C| —;— | 3HaueHune aBHo z|. =3 — | -5 —=——.
TOYK (6 6) HaueHue (PYHKIUH paBH \C (6) 5 0

Boerancinm 3nadeHust GyHKIIUKA B KpafHUX TOYKax oTpe3ka OA.

B Ttouke O(0;0) Z‘ o =0, B TOUKE A(2;2) 3HaYCeHHUE (PYHKITUU paBHO
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7,=3-2°-5-2=2,
0) Ha rpanune B4 y=2, 0<x<2, 7=X?>+2X-2—4X—2 umn 7 =X’ -2;
2'=2x,7'=0 mpu x=0,a y=2 cormacHO ypaBHEHHIO TPsMOii BA.
B touke B(O;Z) 3Ha4YeHUe (PYHKIIUH PaBHO Z‘B =3.02-2=-2.
B) Ha rpanule OB Xx=0, 0<y<2, z=-y;
2'=-1+#0 npu  BceX Y€ [0;2], CJIEIOBATEIIbHO, CTAI[MOHAPHBIX TOYCK Ha

mmaauu OB HerT.

3. W3 Bcex BBIYHMCICHHBIX 3HAUYCHUU 3aJaHHONW (YHKIUHU BBHIOMpaeM HauOoibliee H

HauMEHbIIIEE:
z|, =2 — Haubonbluee 3HaueHue QyHKIUU B o6nactu OAB
25
z\ cT — HauMeEHbllIee 3HaueHne PyHKuuu B oonactu OAB
3agava 6.

Teopemuqecmte cBe0eHUsl.

Ilepsooodpasnou ¢ynxyuen mia Gynaknuu f (X) HaseiBaercs Takas ¢yHkmus F(X),
uyro F'(X)= f(X).
Heonpeoenennvim  unmeepanom ot o¢yukinuun  f(X) HaseiBaeTcs ee  oOIas
nepBooOpazHas
[f(x)dx=F(x)+C .
®dynkius  f(X) HaseiBaeTcs moablHTEerpaidbHON  dyHkmer, F(X) — pesynabrar

uHTerpupoBanus, C — NPOU3BOJIbHAS TOCTOSTHHAS.

Csouicmea HeonpedeﬂeHHoeo uHmeepaJlaZ
L. [u(x) +v(x))dx = [u(x)dx + [v(x)dx.
2. [A- f(x)dx=A- [ f(x)dx, rae 4 — nocrosiHHasL.

3. Ecim [ f(X)dx=F(x)+C umu=¢(x), 1o [ f(u)du=F(u)+C.
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Tabnuya npocmetiuiux unmezpanos:

1. fdx=x+C. 7. d); =tgx+C.
CoS” X
n+1
2.jx”dx=x +C,(n#-1). 8. | _d>2< =—ctgx+C.
n+1 sIn” X
3. j%—ln\xhc =arcsin— +C

- . 9u7

X

4. faxdx—a—+C [eXdx=e* +C. 10. | 5 —larctgz+c.
Ina x> +a% a a
i 1, x—a
5. [sinxdx=—cosx+C. 11 [5——5=7-In +C,(a=0).
Xc—a“ 2a X+a
6. [cosxdx=sinx+C. ‘x+\/x + ‘+C (A=0).

12.[\/7

OcHoHble MemoObl UHMEZPUPOBAHUSL.
1. [lonsenenue nox 3Hak quddepenmana:
a) K GyHKOMM, CTOsIIeH moj 3HakoMm auddepeHimana, MOXKHO MNPUOABIATh WIH

BbIUMTATH JIIOOYI0 moctostHayro: df (X)=d(f(X) £ A);

0) mnon 3Hak auddepeHnranta MOXKHO TIOJBOJIUTH TMOCTOSHHBIM MHOXXHUTEINb:
1
df (x) :Zd(A- f(x));

B) 1o 3HaK auddepennumana moasoautcs GpyHkims mo npasmry: f'(X)dx =df (X).
2. laTerpupoBaHue Mo 4acTsIM C UCTIOIb30BaHUEM (DOPMYIIBI:

fudv=uv—Jvdu, rze u=u(x),v=v(x).
C MOMOIIIBIO ATOTO METO/1a BBIYUCIISIFOTCS CIICIYIONINE HHTETPAJIbI

a) [a*-P,(x)dx, u=PR,(x), dv =a’dx.

6) [sinax- P, (x)dx, u=P,(x), dv=sinaxdx.

B) [cosax- P,(x)dx, u=P,(x), dv=cosaxdx,

r) [Inax-PB,(x)dx, u=Inax, dv=P,(x)dx,
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) [arcsinax- P, (x)dx, u=arcsinax, dv=_P,(x)dx,
e) [arctgax- B, (x)dx, u=arctgax, dv=P,(x)dx,
rae P, (X) — MHorouseH n-oii creneHu.

3. UHTerpupoBanre METOI0M 3aMEHBI IEPEMEHHOM 10 hopmyie

[ F(dx=]f(p®))de(t) =] f (p1))¢'(t)dt, rae x=gp(t).

Ilpumep évinonnenus 3ad0anus.

Haiitn HEonpenesieHHbIE NHTETPAIBI:

3_
j(a“’s'”x) o 6) [ ax; m) [(3x+ 4)e>dx.

J1— %2 X2 —4x+3

Pewenue.

a) HCIIOJIB3Ys OCHOBHBIC CBOMCTBA HCOIIPCACICHHOI'O MHTCTPalJia U BBIIIOJIHAA ITIOABCACHHUC

GbyHkuuii nox 3Hak qudpepennnana, HailieMm HHTerpal

I(arcslnx) +x jmd f
V1-x? \1— ,/
1 2
= [ (arcsin x)*d (arcsin x) + [ (1 - XZ)_zd(X?) _

1
= [ (arcsin x)d (arcsin x) +[— %)j(l— x?) 2d(1-x?) =

1

_x2y2
:%(arcsin x)* —E-¥+C :%(arcsin x)* —V1-x%+C.
2

[TpoBepum pe3ynbTaT HHTETpUPOBaHUS TU(PEPEHITMPOBAHUEM

!/

(%(arcsin x)® —V1-x% + Cj _

1
:%-B(arcsin x)? - (arcsin x)’ —%(1— x?) 2(1-x?)+C'=
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_(arcsinx)®  —2x , o (arcsin X)? + X

h-x2 2h-x2  Ji-x?

YTO COBIIAJIAET C TOJBIHTETPATBLHON (PYHKITHEH.

0) monbIHTErpaibHas (QYHKIUS MPEICTaBIseT COOOM HENpaBUIBHYIO pallMOHATBHYIO
npo6sb. IlpencrtaBum 3Ty ApoOb B BUJI€ CyMMbl MHOTOWIEHA U MpaBHIIbHON npobu. Jlis

9TOT'O BBIIIOJIHUM ACJICHUEC MHOI'OYJICHA HA MHOI'OYJICH:

x3 17 ‘x2—4x+3
x> — 4x% + 3x x+4

4x? —3x —17

4% —16x +12

13x - 29

Torna
- x3 -17
X2 —4X+3

dx = [ xdx + [4dx + j?x—zgdx=

13x — 29 j
—4x+3

x> —4x+3

dx =] [ +4+
2
13x - 29
:—+ 4 + [ F—— 2
4x+3
Jlnst Toro 4ToOBl HAWTHU MOCIEIHUNA MHTErpaj, MpeACcTaBUM NpPaBUIbHYIO poOb B BHIE

CYMMBI MpOCTEUINX JIpobeit. JIJIsl 3TOro pa3noKUM Ha MHOXKHTEIHM 3HaMEHATellb IpoOu

X2 —4x+3= (X —=1)(x —3) u paznokum ApoOh HA POCTEHIIIHE

(x-1)(x-3) x-1 x-3  (x=-1)(x-23)
3HauutT 13x—29=A(x-3)+ B(x-1).

13x—-29 A N B  A(x-3)+B(x-1)

IMpu x =3 umeem 13-3-29=B(3-1), orkyma B=5;
npu X =1 umeem 13-1-29=A(1-3), orkyma A=8.

[Tonyyaem 13x=29 _ 8 + > Y UHTETPUPYEM
7 (x-D(x-3) x-1 x-3 TPHpY
i 13x —29 dx = | 8 dx+j jd(x 1) jd(x 3)
(x=1)(x-3) X—-1 X —

=8In[x -1 +5In\x—3\ +C
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M OKOHYATCJIbHO ITOJIy4dacM

J

[TpoBepum pesynbrat AudhepeHInpPOBAHUEM:

3 2
;(;l?dx=x—+4x+8ln\x—ﬂ+In\x—3\+C.
X° —4x+3 2

!

2
(X—+4x+8ln\x—ﬂ+ln\x—3\+c) _2 4 8 L5
2 2 x-1 x-3

_ (X +4(x-D(x-3)+8(x-3) +5(x-1) _ x°-17
(X=D(x+3) X2 —4x+3

YTO COBIIAJIAET C TOJBIHTETPATBLHOU (PYHKITHEH.
3ameuanue.
WuTerpan oT NpaBWIbHOW pPAIlMOHAIBHON NIpOOU CBOJUTCS K CYMME HHTETPAJOB OT
npocTeimmx 1podeit. Hanbosiee yacto BCTpeyaroTCs CASAYIONUE HHTETPAIbI:

A A
[——dx=Alnx-al+C; [———dx=
X—a

A
oaf )

B) IPUMEHUM METOJIOM MHTEIPUPOBAHUS IO YACTSIM.

x—a)*"+C, (k=23..).

Mpumem U=3x+4, dv=e>*dx, Torma du =3dx, V= %63)(. ITo dopmyie

HHTCTPUPOBAHMA 110 YAaCTAM I1OJTy4dacM

3X + 4e3X

j(3x+4)e3xdx:(3x+4)%e3x —j%eBX . 3dx = — [e¥dx =

3 3

+C=e¥(x+1)+C.

[TpoBepum pe3ynbTaT tupepeHIIIpOBAHUEM
@ (x+1) +C)' =3e>* (x +1) + > =e**(3(x +1) +1) =e>* (3x + 4),

YTO COBNAJAET C MOABIHTETPAILHON (DyHKITUEH.

3ajaua /.

Teopemuqecmte c8e0eHUs.
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Ecnu na mnockoctn Oxy 3aaaHa

AY
_y=/1 () durypa, OrpaHUYECHHAs JIByMs
HenpepbiBHBIME  JHMsIME Y = f;(X),
° - V=40 y=f,(X) ¥ BepTHKaNbHBIMH TPSIMBIMH
L I > X X=a, X=Db, To mmomams S Taxoii

burypel MOKeT OBbITb BBIYUCIIEHA IO

bopmyie S = T( f,(x)— f,(x))dx, tae f,(x)> f,(X) na orpeske [a,b].

Ilpumep evinonnenus 3a0anus.

Breruucauts miomnanb GUrypsl, orpaHU4eHHON JTUHUSMU Y = X2 +4x, y=X+4.

Pewenue.

3ajaHHbIE JIMHUM OTPAHMYMBAIOT HA IUIOCKOCTH OXy KPHUBOJHMHEMHYIO TPANEUUIo,

U300pKEHHYIO Ha PUCYHKE.

y=x"+4x
y=x+4

Y
=

Halinem koopauHaThl TOYEK IIEPECECUCHUS 3aJaHHBIX JIMHUW, JJISI 3TOTO PENIUM

CHUCTEMY ypaBHEHUU

2
y=xX +4X, X? +4x=x+4, x*+3x—4=0, orxyzna X =—4, X, =1.
y=x+4

Torna nckomasi MJIoIIaab BEIYUCISIETCS IO hopmyJie:
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1

i ; 2 X X
S= [(x+4-x* —4x)dx=[(4-3x—x*)dx=| 4x-— -~ " | =
-4 2 3 .
=4—§—1+16+4—8—%=20E (k8. €0.).

2 3 2 3 6

3ajaua 8.
Teopemuueckue ceedenus.
OOBeMBbI TeJl, 00pa30BaHHBIX BpaIlleHUEM IUIOCKON (QUTYphl, OTPaHHMYCHHOM KPUBOM

y=f(x)>0, ocbto Ox u ipsimbiMi X=a, X =D,

b

1) Boxpyr ocu Ox, Berancisiotes mo popmyne V, = 7| f 2(x)dx;
a
b

2) BokpyT ocu Oy, BErauCAIOTCA TIo popmyite V,, =27 | xf (x)dx.
a

Ilpumep evinonnenusn 3adanus.

Beruucnuth 00beMbl Tesl, 00pa3oBaHHBIX BpalieHueM BOKpyr oceid Ox u Oy

KPUBOJIMHEMHOIO TPEYrOJIbHUKA, OIPAHUYEHHOTO KPHUBOMU y:3 X, ocbto Ox m

npsMoit X =1.

Pewenue.
A
y | / y= 3x 1) oO6beM Tena, MOIyYeHHOTO BPalCHHEM
BOKpYT ocu Ox, paBeH
1
5
L %
V, = EJ‘(%/;) dx = ﬂXT :3?72. (k6. ea.)
> 0 e
0 1 ¥ 3 |y

2) 00beM Tena, IOJYYeHHOTO BpaleHueM BOKpyT ocu Oy, paBeH
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7 1

—27ZIX 3/xdx = yY e —67”(Ky6. eo.).

3
sl

[TPUMEPDBI PEIIEHW A 3AJJAY

3anaua 1.

Teopemuueckue ceedenus.
Huddepennmansuble ypaBHEHHS, B KOTOPBIX IEPEMEHHBIE MOXHO pa3/IeliuTh
MOCPEACTBOM YMHOXKEHHUSI 00€MX 4YacTeld ypaBHEHHMS HA OJHO M TO K€ BBIPAXKCHUE,

Ha3bIBAIOT MU PEpeHIINATBHBIMU YPABHEHUSIMU C Pa30eIsiouUMUCS NepeMeHHbIMU.

dy _ f2(x) _

" 1(y) — fy(y)dy = fo(x)dx, (1)
iy B tuddepeHuanbHon popme

fi(x)- fo(y)dx+ f3(x) f4(y)dy=0. (2)

Pasnennm oGe gactn ypaBuenus (2) Ha nponssenenne pyukimii f,(y) fa(X)

009 gy fa0 gy g 2)

f3(x)  fa(y)

U, TIOCJIE UHTETPUPOBAHUS, TIOJTYYUM OOIIMI MHTErpas (00111ee pelieHre) YpaBHEHUS:

J'fl( dx+_[ )dy C.

f3(x) (Y)

IIpu nenenun Ha fz(y) f3(X) MOXET NPOU30UTH NOTEPS HEKOTOPBIX YACTHBIX

pewenuii. Ilycts, Hanmpumep, mpu Y=Y, HMeeM fz(yo)zo, Toraa QyHKIUS Y=Y
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sBisieTcs perienneM ypasHeHus (2'), T.k. dy=dy, =0. Pemennem moxer taxke OBbITH

byHKIHS X =Xg, ecmu f3(Xp)=0.

Ilpumep évinonnenus 3ad0anus.

Haiiti 061muii uaTerpan audepeHnaibHOro ypaBHEHUST IEPBOTO MOPsAKa

x(y+1)dx—(x2 +1)ydy:0.

Pewenue:
JanHoe nuddepeHanibHOEe ypaBHEHHUE SBIACTCS YpaBHEHHEM C Pa3eisSIOIIUMUCS
nepemennbivy, npudeM f(X) =X, f,(y)=y+1 f3(x)= X2 +1; f,(y) =-y. Paznenum

00e yacTu YPaBHCHUSA Ha IIPOU3BCACHUC

fo(¥) f3(x) = (y+1)(x* +1)
H I10JIY4YUM

xdx  ydy
X241 y+1

[IpounTerpupyem nocieHee paBeHCTBO

xdx 1
IX2+1—I(1—y—+1]dy:C,

UCIIOJIB3YS MOJIBEICHUE 1101 3HaK nuddepeHimana

1d(x2+1)

[

X“+1

—jdy+I%:C,

MOJIYYHM OOIIHI uHTETpaN nudQepeHInaTbHOTO ypaBHEHUS
%In‘x2 +]4— y+Inly+1=C.

Ipu nenennn Ha f,(y)=y+1 norepsiHo yactHoe pemenne: y =—1.
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3ajaua 2.

Teopemuqecmte CBEOCHUS.

HuddepennmansHoe ypaBHEHHUE MTEPBOT0O MOPsJIKa
y'+p(x)y=d(x), €)
JUHEHMHOE OTHOCUTEIHHO UCKOMOM (PYHKIIMHU U €€ MPOU3BOIHOM, HA3BIBACTCS JIUHEUHBIM.
VYpaBaenue (3) CBOOUTCS K ABYM YpPaBHEHUSIM C PA3JCIAIOMIMMUCA MEPEMEHHBIMU

CIIEYIOIMM 00pa3oM. 3amuiueM MCKOMYIo (QyHKIuo Y(X) B BHIE IPOM3BEIECHHS IBYX
dyskmmit:  y=u(x)-v(x). Onsa u3 o5TuX GYHKIEA MOXET OBITH abCOMOTHO

NIPOM3BOJILHON, a BTOpasi OMpEACNseTCSs B 3aBHUCHMOCTH OT MEPBOM Tak, YTOOBI HX
MPOU3BEICHUE YIOBJIETBOPSIIO YpaBHEHUIO (3).

U3 paBeHcTBa Y =U-V HaxomguM Y =U'-V+U-V'. Torma B coorsercTBHE C (3) UMeeM
uv+uv' + p(x)uv=q(x) wm u’v+u(v'+ p(X)v):q(x). BriGepem B kadecTBe V(X)

K&KOC-HI/I6y,Z[B YaCTHOC PCIHICHNC YPABHCHUA

V'+ p(x)v=0, (4)
TOT/1a JJIs OThICKaHUs U(X) MOJYyYMM ypaBHEHHUE
u'v=q(x). (5)
Haiinem v(X), pasnenss nepeMeHHbIC B (4):
dv__ p(x)dx, orkyzna Inv= —j p(x)dX n v= e P0Gy
v

3nas V(X), Haligem U(X) u3 ypaBHeHHS (5):

3_;:\/: g(x) = du _e IO(X)dxq(x)dx,Tor;:a u :J‘q(x)eI POy 4+ C .

Oo1iee perieHne TMHEHHOTO ypaBHEHUS (3) UMEET BUJT

y=uv= e_I P(x)ai UQ(X)EI IO(X)dxdx + C} .

Ilpumep évinonnenus 3ad0anus.
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Haiitu o6miee pemenune auddepeHanibHOro  ypaBHEHUS

nepBoro mopsiaka Yy —2y =1.

Pewenue.
Sanwumem uckomyro GyHKuoo Y(X) B BUAC MPOU3BEACHHS IBYX (HYHKITU:
y=u(x)-v(x), torma y'=u"-v+u-v',
" IIOJACTABHM II0JIYUCHHBIC BBIPAKCHUS B 3a/ITaHHOC YPABHCHUC
u'v+uv'—2uv=1.
Brraecem 3a ckoOku U(X)
uv+u(v'—2v)=1
", TIIpUpaBHUBAA K HYJIIO BBIPa)KCHUC B CKO6K&X, moJaydiumM M peliruM JBa

I[H(l)(bepeHHHaJIBHBIX YPaBHCHUA C pasACLIIOIMUMUCA IICPCMCHHBIMU !

V—2v=0 uv=1

dv du oy
2V —e“ " =1
, = 2dx dx

Inv = 2x du = e 2*dx
v = e u= _[e‘zxdx,

1¢ 1 _
u :——je 2Xd(—2x) =— =X +C
2 2
3anuiiem ob1iee pernieHne 3agaHHoro 1udepeHImaibHOr0 YypaBHEHUS B BUJIE

y:uv:(—%e‘zx +Cj-e2x, W y:—%+CeZX.

3ajaua 3.

Teopemuueckue ceedenus.
HuddepennnanbHoe ypaBHEHHE BUIA
y'+ay +ayy = f (X) (6)
Ha3bIBAETCA HEOJHOPOJHBIM JUHEHHBIM YpPaBHEHHEM BTOPOTO MOPAJIKA C MOCTOSHHBIMHU

K02 (OUIMEHTAMHU & U Q).
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OOriee  pelieHHe 93TOrO0 ypaBHeHHss Y=Y+Yy, rme Y— oOmee pelieHue
COOTBETCTBYIOIIETO OHOPOJHOIO ypaBHEHHS; Y — 9acTHOE pelleHre ypaBHeHus (6).
HuddepenimanbHoe ypaBHEHHE
y'+ay +a,y =0 (7)
SBJIIETCSI OJHOPOJIHBIM M HA3bIBAE€TCS COOTBETCTBYIOIIMM HEOJAHOPOJHOMY YpPaBHEHUIO

(6). OOmee pemieHre OFHOPOAHOrO ypaBHeHUs (7) HaxomAT MO  KOPHSIM

XapaKTePUCTUUECKOTO ypaBHEHHS
r’+ar+a,=0
Wl +dp =U.
XapaKkTepucTU4eCKOe YpaBHEHHE MOKET UMETh TPHU CIIydasi UIsi KOpHEH [ U Iy
1) xopHu xapaxmepucmuueckoeo ypasHeHusi Oelicmeumenvhuvle U pasiuunvle. [ #l,.
B orom ciywae ofmee pemenne ypaBHeHHS (7) 3ammChIBacTCS B BHIC
¥y =Ce" +C,e?*, e C;, C, —IpOM3BOJIBHBIE MOCTOSHHEBIE;
2) KOpHU Xapakmepucmuuecko2o ypasHeHus oelcmseumenvhvle u pasuvie. I =I,. B
3TOM ciy4dae oOmiee pemieHue ypaBHeHus (7) 3amuchiBaeTcss B BHUJC
V2 nX
y =e"*(C;+Cyx), rme C;, C, —1pou3BOIBbHBIC IOCTOSHHBIC;

3) KOPpHU XAPpAKMePUCMUYECKO2O0 YPABHEHUA — KOMNJIEKCHblEe CONPAJNCEHHblEe YUCIA

ho,=axf-i, f#0.Bsrom cnyuae oOmee penrenue ypapHenus (7) 3anuChIBAETCS

B BHze ¥ =% (Cl cos fx+C,sin ,BX) ,rae C,, C, —mpon3BoJbHBIEC TOCTOSHHEIE.
YacTHOe pelieHne Y HEOTHOPOTHOTO ypaBHEHHs (6) MOXET ObITh HalJEHO METOIOM
HeonpeeIeHHbIX KOA((UIIMEHTOB B 3aBUCHUMOCTH OT BHJA MPABON YacTH YypaBHEHUS
f(x).

Iepeuuii cryuaii. TpaBasi yacts ypashenus (6) nmeer Bun f (x)=P(x)e™, rue P(x)

— MHorouJieH. Torna ypaBHeHue (6) UMEET YacTHOE pellieHre BUaa
y*=xQ(x)e™, ®)
rae Q(X) — TMOJIHBIM MHOIOWICH TOM K€ CTEHNeHHM OT X, 4YTO H P( X), HO C

HeonpeaeIeHHbIMU KO3 hUIIMeHTaMu;
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k=0, ecii 4nciio M He ABISIETCS KOPHEM XapaKTEPUCTHUECKOTO YPaBHEHMUS;
k=1, ecii 4ncii0 M SBISETCS MPOCTHIM KOPHEM XapaKTEPUCTHUECKOTO YPAaBHEHMUS,

k = 2, €CIIM 4YMCJIIO M ABJISICTCS JABYKPATHBIM KOPHEM XapaKTCPUCTHYECCKOIO

ypaBHCHHSI.
[TpaBuio coxpanser cBoro cuiy u mpu m = 0, koraa f(X)=P(X) — MHOrOwIEH.

Heonpenenenusie k03 GUIMEHTHI B MHOTOWICHE Q(X) ONPEAETSAIOT MOJCTAHOBKOMN

bynkiuu (8) U ee MPOU3BOAHBIX B ypaBHEHHE (6) C MOCIEAYIONIUM IMPUPaBHUBAHHUEM

KO3 GUIIUEHTOB MPH OAMHAKOBBIX CTEIICHAX X B 00CHX YaCTAX YpaBHEHHUS.

Ilpumep evinonnenus 3a0anus.

Haiitu yactHOe pemienne qudPpepeHnalIbHOro ypaBHEHUSI BTOPOTO MOpsJIKa,

YAOBJICTBOPAIOIICC 3a1aHHBIM HAa4YaJIbHBIM YCJIOBUAM!

y' -3y —dy=4x-1 y| =2, VY| _,=3

Pewenue. XapakTepucTuueckoe ypaBHEHUE r>-3r-4=0 wumeer xsa Pa3IMYHBIX
JeMCTBUTENBbHBIX KOpHS I} =—1, I, =4, cienosatensho, y =Ce ™  + C2e4x. ITpaBas yacts
ypaBHeHHs umeeT Bup f (X) =4x-1= (4X —1) ", rne m=0 u He ABIAETCA KOPHEM

XapaKTepUCTHUECKOTo ypaBHeHUs. Torma dactHoe pemenue npu K =0 wumem B Buue

y =X (Ax+ B)-eo'x = Ax+ B, (y* )' = A, (y*)” =0. IMocne I0JICTAHOBKHU B

nuddepeHranbHOe ypaBHEHHUE MOJydaeM
0-3A-4(Ax+B)=4x-1,
—3A-4AX—4B=4x-1;
—4A-x+(-3A-4B)=4-x+(-1);
X' —4A=4; A=-1
x%: -3A—-4B=-1, -4B=-1+3A=-4, B=1

YacTHeIM pemieHneM  siBasercss QyHKmms Y = AX+B=-1-Xx+1=1-x. OOmmm

peurenuem siisieTcst pyHkius Y=y +y =Ce " + C264X —X+1.
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Haiinem 3nauenne xoHcranT C;,C, u3 HauanpHbIX ycnoBuid. [l 3Toro ompenenum
y'=—Cie * +4C,e*™* —1.

TOFI[a y‘X=0 = Cl + C2 +1= 2, {Cl = 0,
yl,_o=—Ci+4C, -1=3, Co=1.

W ckoMBbIM 4acCTHBIM pelIeHUEM SIBIsIeTC QYHKIMS Y = e —x+1.

Ilpumep evinonnenus 3a0anus.

Haiitu yactHoe penienue qudpepeHIantbHOro ypaBHeH!sI BTOPOTo MopsiJiKa,

YAOBJICTBOPAIOIMICC 3a/laHHBIM HA4YaJIbHBIM YCJIOBHUAM!

y'— 4y +4y =e*X, V0=2 Y|_,=3

Pewenue. XapakTepucTUYECKOE ypaBHEHUE r>—4r+4=0 wuwmeer JIBYKpaTHBIN

KOpeHs I, =2, crenoBatemsho, ¥ =e°*(Cy +Cyx). [IpaBas yacTh ypaBHEHHS HMEET BHII

f (X) =e”, m=2 sBuserca naByKpaTHbIM (K=2) KOpHEM XapaKTEepPUCTHUYECKOTO

YpaBHCHU:A, TOrJa YaCTHOC PCIICHUC UIICM B BUAC

!

Y =x2 Ae”, (y7) =x7-2Ae% + 2x- A =2A¢” (X* +X),

"

(y*) = 4Ae** (x2 + x) +2Ae** (2x+1) = Aez"(4x2 +8X+ 2).

*
ITocne moactraHOBKM Y UM €€ NPOU3BOAHBIX B HcXomaHoe auddepeHimaibHoe

ypaBHEHHE MOJydaeM

Aezx(4x2 +8x+ 2)—4-2Ae2x(x2 + x)+4Ae2X X2 =g,

Aezx(}lo{[+§x+278%f>8x+}l«/{):e2x,

2Ae2x _ e2x’

2A=1, A:E.
2
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« 1 oy o2
YacTHBIM pEIlIeHHEM SBIsSeTcs (GyHKIHS Y =§e -X°. OOIIUM pEeIIeHUEM SBIAETCS

dyHKIHS Yy =Y + y* = e (C1 + CZX) + %ezx X2,

Haiinem 3nauenne xoncranT C;,C, u3 HauanpHBIX ycnoBuid. [l 3Toro ompenenum
IPOU3BOIHYIO
1 A2X 2X [ 2

y'=e“*(2C, +2Cyx+C, ) +e”(x“ +x],

¥ TIOJTyYHMM CHUCTEMY YpaBHEHHH JUIsl ONpeeIeHNs 3HaUeHHH IPON3BOIbHBIX KOHCTAHT
—a0 _ _
Y,_o=¢:C=2 C=2
' _ a0 _ _
yl,_o=€(2C;+C;)=3, C,=-1

= 1
VICKOMBIM peleHneM sBisiercst GyHkmms Y =y + y* = e (2 - X) + Eezx X2,

Bmopoii ciyuai. TlpaBas yacth ypaBHenus (6) umeet Buj f (X) =acosnx +bsinnx.
Ecnu yncna +in He SBISIOTCS KOPHIMH XapaKTEPUCTHUECKOTO ypaBHEHUS, TO
y* = Acosnx + Bsinnx.

Ecnu yucna £in SBISIIOTCA KOPHSIMU XapaKTEPUCTUYECKOIO YpaBHEHUS, TO YacCTHOE

PCUHICHUC UMCECT BUL
y" =(Acosnx+ Bsinnx)- x.
B wacTHBIX ciydasx, korma @ wid b paBHO Hyimto, perieHue BCE paBHO HAJI0 UCKATh B

yKa3aHHOM OOIIIeM BHUJIE.

Ilpumep evinonnenus 3a0anust.

Haiitu yactHoe pemenue nuddepeHImaibHOro ypaBHEHUS BTOPOTO MOPSIKA,
YAOBJIETBOPSIONIEE 3aJaHHBIM HAYaJIbHBIM YCIIOBUSIM:

1

!

y'+4y'+13y =5sin3x, y| = 1 =02

g’

y

Pewenue. XapaktepucTuueckoe ypaBHEHHE r? +4r +13=0 umeer KOpPHHU
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.  —4+4%-4.13 4+-36 4460 213
12 = - - e
! 2 2 2

Torma ¥ =e 2*(C,cos3x +C,sin3x).
UYncna +3i He ABIAIOTCS KOPHAMM XapaKTEPUCTHIECKOTO yPABHEHUS, IOITOMY

y* = Asin3x + B cos3x,

(y*)’ =3Acos3x —3Bsin3x,
(y*)” =—9Asin3x — 9B cos3x.

*
HOI[CT&BJBICM y " €C IIPOU3BOAHBIC B UCXOAHOC YPABHCHHUC U IIOJIy4aCM

—9Asin3x —9Bcos3x + 4(3Acos3x —3Bsin3x) +13( Asin3x + Bcos3x) =C,
(4A-12B)sin3x+ (4B +12A)cos3x =5-sin3x +0-cos3x;

1
sm3x:4A—1ZB:5} A=§
f—

cos3x: 4B +12A=0 3

B=_>
8
OO6iee perieHue ypaBHEHUSI UMEET BU]T
y =& ¥ (C,cos3x +C,sin3x) + %sin 3x — gcos3x .

Haiinem 3nauenme xoHctanT Cj,C, u3 HauampHBIX ycnoBuid. [l 3TOrO Ompenenum
IPOU3BOHYIO

y' =26 (C,cos3x + C,sin3x) + e ** (~3C; sin3x + 3C, cos 3x) +

+§0053x + 9sin 3X
8 8

" 3allMIICM CUCTEMY ypaBHCHI/Iﬁ AJI1 OIIPEACIICHUS 3HAYCHUMN IMPON3BOJIBHBIX KOHCTAHT

3 1
Yl o :eO(C1+C2-0)—§:§,

y1X:0::—2e°(ca4-c2.0)4-e°(ca-04-3c2)+

_1
2

0| w
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HckoMBIM pelieHrneM SBISeTCs] PYHKIIHS
y =g X (ECOS3X + §sin:%xj + 1sin3x - §cosBx :
2 8 8 8

KPATHBIE UHTEI'PAJIBI

Jleotinoit unmezpan 8 NPAMOY201bHbIX KOOPOUHAMAX

[lycts B orpannyeHHOM 3aMkHYTOM obOmactu D  Ha mmockoctn OXy ompenerneHa
HenpepsiBHas Gynkmus z = f(X,y). Pazoobem oOmacte D Ha N oGmacteld ¢ TUTOIIAIAMU

AS; , B KaXIOH W3 HHX BBIOCpEM MPOM3BOJIbHYIO TOYKY ( X; , Yij ) M COCTaBUM

n
unmezpanvuyro cymmy >, F(X;,y;)AS; . Tlpemen 3Toii cyMMBI NMpH HEOTPAaHHYCHHOM
i=1

YBCIMYCHUN YHCJIa obOnacreit p336I/I€HI/IH U IIpU CTPCMJICHUHU AUaMCTpa HanOOIbIICH

obnmactm Max d; K HYJIIO Ha3bIBaCTCA 080UHbIM unmezpaiom oT pynkuuu Z = f(X,y) mo

obmactu D :
n
[[f(x,y)dS=lim > f(x;,y;)AS;.
D max di -0 i=1
DneMenTapHas mom@anab dS B mekapToBBIX KoopauHatax dS = dxdy .

I[JI?I BBIYMCIICHHA HBOﬁHOFO HHTCI'pajla Ba’)KHOC 3HAYCHNC UMCCT BHI oomnactu D.

a) 0)
Ya )
A
y=¢2(X) | ; |
] < 0
11 S
S =,
< =
\/ = D
C
y=¢1(X)
0 a B X 0

Puc. 1.
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Ecmu ob6mactes D MOXXET OBITh 3a/JlaHa TaK, KaK MOKa3aHO Ha puc.l.a, TBOWHOU

WHTETPaJl BEIYUCIISAETCS 10 hopMyIie

b 92(x)
[[ f(x,y)dxdy=[dx [ f(x,y)dy. (1)
D a  91(x)

Ecou obnacte D umMeer BUJ TakoM, Kak MOKa3aHO Ha puc.l.6, TBOMHON HHTETpas

BBIYHCIIACTCS 110 (hOpMyIIe

d 2(Y)
[[ f(x,y)dxdy = jdy(p [ f(x, y)dx (2)
D ¢ ou(y)

B Gonee crnoxHbIX citydasx oonacte D pa3duBaroT Ha npocteie obsactu Tuna [ u Il u

MOJIB3YIOTCSL CBOUCMBOM A0OUMUBHOCMU JIBOMHOTO MHTErpasa;

ecru D=D;+D, , 10 [] £(x,y)dxdy = [[ f(x, y)dxdy + [[ f(x, y)dxdy.
D D, D,

Jleotinoll unmezpan 8 NOJIAPHLIX KOOPOUHAMAX

[Tepexon OT MPSIMOYTOIBHBIX JEKAPTOBBIX KOOPAWHAT K TOJSIPHBIM BBITTOTHICTCS TI0
dbopmynam
_ e 2 2 _ 2 3
X=pCosp,  y=psing, X" +y° =p (3)
IPU yCIIOBUM, YTO TMOJIOC MOMEIIEH B Hadale KOOPJAWHAT U TOJSpHAs OCh HaIpaBiieHa

B1oJb ocu  OX . DNEeMEeHT IOy B IOJISPHBIX KOOpAUHATAX UMEET BUI:

dS = pdpde.

p=p2(®)

p=p1(o)

v

Puc. 2.
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Ecmu obmacte D 3amana Tak, Kak oka3aHo Ha  puc.2 (<<, (@) < p

< po(9) ), TO IEpexoA K MOJIIPHBIM KOOPAWHATAM B JBOWHOM WHTETPAJIC BBITIOIHICTCS IO

bopmyie:
P2 P2(9)

[[T(x,y)dxdy= [de [f(pcosp,psing)pdp. (4)
D o1 pi(e)

Ecim obmacts D oxBaTeiBaeT Havayio koopauHaT, B (4 ) Hamo monoxuth pi(@) =0

Ilpunoosicenus 06oitnbIX UHMEZDAI06

[Tmomanes mirockoi o6aactu D Ha mmockoct OXY BbIUMCISETCS 10 hopmyIie:

S = [[dxdy. (5)
D

Ecm D - INIOCKasa INIaCTHMHKaA, JICKallasd B IINIOCKOCTH Oxy, C HOBerHOCTHOﬁ

IUTIOTHOCTBIO 7 (X, Y), TO MaccCy IJIAaCTHHKU HaXOJAT 10 opmysie

m = [[y(x,y )dxdy. (6)
D

Ilpumep 1. C 1OMONIBIO JABOMHOTO MHTErpajia BBIUMCIUTH ILJIONMIAAb OOJIACTH,
OrpaHHYeHHOMN THHIAMEA Y =X - 11 y = 2.

Pewenue: Tloctpoum obmacts D. . Ipanmma y = X° — 1 - mapa6oia, ock KOTOPOit
coBnanaet ¢ ocbto Oy, a BepimHa pacnoyiokena B Touke (-1, 0). I'panuna y =2 —
npsimasi, mapaienbHas ocu  OX. Obnmacte D cummerpuyHa oTHocuTelnbHO ocu QY
M03TOMY HaiiieM IJI0IIaAb MPaBOl MOJOBUHKM 00JacTu S, a 3aTeM yJIBOUM €e€.

A

x=\y+1

v
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Puc. 3.

Crmpoektupyem o6sacts D Ha ock Oy u BOCIONIb3yeMCs AJIsT BEIYUCIICHHS
nBOMHOTO MHTETpana Gopmynoi (13):

2 Wy+l 2 i 2 5 5
Sy =[fdxdy= [dy [dx= [x)" "dy= jq/y+1dy=§(y+1)2
D 0 -1

-1 -1

2

=2./3.

Torna mromnane Beeit oomactu D paBHa S = 2S5, =4./3.

Omeem: S = 4+/3.
|

Ilpumep 2. Bpluucnuth I1UIOMAAL IUIOCKOM 00JacTH, OrpaHUYEHHOW KpPUBOM
2
(x2+y2) =2ax3, (a>0).
Pewenue: Bpeaem mnonsipueie koopauHatel ( 14 ), Torma ypaBHEHHE KpPUBOM
4 _ 3 Anc3 _ 3
OpUMET BUJL p =28p° C0S” @, unm p =2acos” ¢ .

Oobnacte D mnokazana Ha puc. 4.

p=2acos’p

vza
X

Puc. 4.

v

DTa 007aCTh CUMMCTPUYHA OTHOCHUTCIIBHO OCH , IIOOTOMY JOCTATOYHO BBIYMCIINTDL

IJIOIAAL BEpXHEH mnojioBUHBI obmactu D U pe3yabTar yaBouTh. [l BepxHeu

MOJIOBUHBI yrosl @ MeHsietrcss ot 0 no 7/2,a p mensercsaor 0 no 2a cos® o,

MIOATOMY
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2acos’ 7% 77
——j4a cos® godgo—— f (1+cos2¢)3dep =

”2 2acos<p 77 2

%?q) [ pdp = Ip

0
%

a2
4 0

+

on_.\:‘

2
(1+3¢052¢ +3¢0s° 2¢ + c0s° 2¢)dg = %{(gp + gsin 2(pj

7 7

+g [(1+cos4p)ds +% [(1=sin®2p)dsing |=
0 0

T sin® 2¢
+—|Sin2¢p —
0 2 3

Omeem.: llnomane Bcewt obmactu S =

T

2 8.2(72' 37[) 57a°
:T —+—|= )

2
a“ |« 3 .

=— | —=+(p+—=sIn2
4|2 (0 2 ?) 2 4

0

(xB.em.).

Ilpumep 3: C noOMOUIBIO JBOWHOTO HHTErpaja BBIYHCIUTH MAaccy IJIOCKOU

IINTaCTHUHKH, OFpaHquHHOﬁ JUHUAMH Y = X2 ) y2 =X ,cC SaIIaHHOﬁ

IUIOTHOCTBIO  ¥(X, Y) = X2 +y.

Pewenue: Tloctpoum obmacte D (puc.6).

\Y; y:\/x

v

Puc. 5
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Ota 00acTh orpaHuyeHa AByMs mapadosamu. [Ipoekiuelr obmactv Ha och Ox SBIACTCS
orpe3ok [ 0; 1]. Maccy muactunku Hainem mo gopmyiae (17), BBIYHCIISS

IBOWHOM uHTErpan mo Qopmye (1):

Jx
1 Jx 1 yz
m=[[(x* + y)dxdy = [dx [(x* + y)dy=[| x*y +2-| dx=
D 0 %2 0 2 2
X
1 3 4 ! 2 5 !
2, X 4 X 2 o x% 3x 2 1 3 33
=j X242 —x* - dx=|=x2+ - | =24+ - =",
0 2 2 7 4 25 7 4 10 140

0

Omeem:. M =—— ¢eJlI. Macchl.
140

Hpumep 4. BprunciauTh Maccy IJIOCKOM IINTaCTHUHKH, OFpaHHqCHHOﬁ JINHHUAMHA

x2+y2=4x, x2+y?=6x, y=0, y=+/3x.

[ToBepXHOCTHAS MIJIOTHOCTh ¥ = 4/ X% + y2 :

Pewenue: Tloctpoum ob6nacte D. YpaBueHue x% +y? =4x sBisercs ypaBHEHUEM
oxpyxHoctH (X —2)? + y2 =4 ¢ uentpom B Touxe (2; 0) u pagmycom 2 . VpaBHeHHe
x% +y% =6x sBusiercs ypaBHeHHEM OKpyxkHOCcTH (X —3)% +y% =9 C

nentpoM B Touke (3; 0) u paguycom 3. Vpasrenus Yy =0, y=+/3X 3a1ar0T npsiMbie

auHUM (CM. puc.6).
[Ipy BhIUMCICHWM MAacChl TUIACTUHKH 110 ¢opmyne (6) mepersieM K MOJISPHBIM

koopauHataMm (3). Torna ypaBHeHus rpaHul] oojgactu D nmpumyT Bu:

x2 +y? =4x— p® =4pcosp — p=4cosg,

x2 +y% =6x— p? =6,pC050 —> p=6C0S 0,
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y=0—->¢=0, y=\/§X—)(D=%.

HOBGpXHOCTHaH INIOTHOCTDH B IIOJIIPHBIX KOOpAHWHATAX ) = \/X2 + y2 = \/,02 =

y=V3 x

p=6C0s(p

v

0 p=4cosp X

Puc.6

Torz[a MaccCa IINTaCTUHKHU paBHA

% 6 cos @ 77 3|6cose
m= ﬂy(x y)xdy = [dp [p-pdp=[|Z- dp=
0 4cosg 0 4cosp

) % 152"

3 cos® ¢ — 43 cos® gp)dg0:£?’2 [ cos® pdg = j (1-sin? @)d(sin @) =
0

312 3

7 3

152( . sin® ¢
=Zlsing -
3[ Y73 JO

Omeem: 19+/3 €JI. MaccChl.

Tpouinoit unmezpan 6 RPAMOY20J1bHbIX KOOPOUHAMAX

[Iycte B ob6mactu V, 3amaHHON B MPOCTPAHCTBE W OTPAHUYCHHOW 3aMKHYTOM

MOBEPXHOCTHIO S, onpeziesieHa HenpepbiBHAsA GyHkims f(X,y,z) .Pazodbem obmacts V Ha N
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JaCTHYHBIX obnacteld AV , B Kaxa0l 001acTH BEIOEpEM POU3BONIBHYIO TOUKY (Xi,Yi,Zi) 1
n

cocraBuM unmezpanviyio cymmy Y, T (X, Yi, z;)AV; . [Ipenen aTux cymm
i=1

IIPY HEOTPAHWYCHHOM YBEIIMYECHUM 4YHCIIA 00JIacTeld pa3OMEeHHsI N U MPU CTPEMIICHUH K

HYJIIO JuaMeTpa HauOosblied obmacth Max O; Ha3bIBACTCS MPOUHBIM UHMESPAIOM OT

¢bynkiuu f(X,y,z) mo obmactu V :

'!./J‘ f(X, ) Z)dV B ma“éﬂ OE f (Xi ' Yio Zi)AVi )

B nexapToBhIX KOoopauHaTax 3nmeMeHT oobema dV=dxdydz.

ey

z=¢1(X,y)

v
<

B y=¢2(X)

Puc. 7.
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[Tycts mpocTtpancTBeHHas obnactb V mpoektupyercs B oomacte D Ha mimockoctu OXy

U OrpaHMYE€Ha CHU3Y MOBEPXHOCTBIO Z=1U/1(X,Y), CBEepXy — IOBEPXHOCTHIO
Z=w,(X,y), a ¢ OOKOB — IIWJIMHIPUYECKON IOBEPXHOCTBIO C 00pa3yrolUMH,

napayenbHbiMu ocu Oz, (cM. puc. 7). B 3ToM citydae TpoHHOI MHTErpaji BbIUUCISETCS

o gopmyiie
wo(X,Y)
I f(x,y,2)dxdydz = [[dxdy [ f(x,y,z)dz (7) wn
v D v (XY)

b @(xX)  walxy)
[[[ f(x,y,2)dxdydz=[dx [ dy [f(xy,2)dz (7)
v a o (x)  p(xy)

B ¢opmynax (18) u (18') BO3MOXKHO M3MEHUTH MOPSAIOK MHTEIPUPOBAHUS, NPOEKTUPYS

obsacth D B kaky10-1u00 ApyTryr0 KOOPAUHATHYIO MJIOCKOCTD.

Tpoiinoii unmezpan 6 YUIUHOPUYECKUX U ChepuuecKux KOOpOUHAmax

v

Puc. 8.
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JlexapTOBBI KOOPIMHATHI TOYKHU M(X,y,2) CBSI3aHBI
C YumuHOpuveckumMyu KOOPIUHATAMU @, P, Z COOTHOIICHUSMHU:

X=pCoSep,y=psSingp,z=12 (8)
rne 0<p<27, 0< p<+0, —00<Z< 400, MPUIEM x2 +y?%=p2.
CBs13b MEXKy IEKApTOBBIMU U chepuieckumu KOOpJIAUHATAMU ¢, O, p TOUYKH UMEeT
BHU/:
X=rcosesing, y=rsinpcosé, z=rcoso, 9)

rnie 0<@p<27, 0<0<x 0<r<+o0, mpuiemMm X2 + y2 +z%=r2,
[lepexox B TpOWHOM UHTETpaJe K THHIPHYCCKAM KOOpJAMHATaM

OCYIIECTBIISIETCS IO (hopMyJIe:

[[] £ (x,y,z)dxdydz = [[[ f (pcosg, psin g, z) pdpdedz, (10)
Vv \YA

rac V’ - 00s1acTh H3MECHEHUS MUIMHAPHUYCCKHUX KOOPAUHAT, COOTBCTCTBYIOIIIAA O6’b€My Vv

[lepexom B TpOWHOM HHTErpaje K chHEepuYecKrM KOOpPMHATAM BBIMOIHICTCS TI0
bopmyie:
[[[ f(x,y,z)dxdydz = [[[ f (r cossin @, rsin psin &, r cosO)r? sin depdedr, (1) rae V’
v v’

- 00y1acTh U3MEHEHUs C(HePUUECKUX KOOPUHAT, COOTBETCTBYIOIIAs 00beMy V.

Ipunosicenus mpoinozo unmezpaia

OO0beM NpocTpaHCTBEHHOTO Tesa V HaxoauTcs no Gopmysam:

B IIPSIMOYTOJIBHBIX KOOpAMHATAX: V = J'” dxdydz (12)
v

B IIMWJTUHAPUYECKUX KOOPIUHATAX V = _m ododedz (13)
Vv

U B CPEpUUICCKUX KOOpIUHATAX: V= '[” r?sinadrded6 . (14)
Vv
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Macca tena ¢ IoTHOCTBIO  ¥(X, Y, Z) , 3aHUMAIOIIETO POCTPAHCTBEHHYIO 00acTh V ,

HAXOJUTCS 10 hopMyIie

m = [[[7(x,y,z)dxdydz, (15)
v

B KOTOPOW TPU HEOOXOAMMOCTH MOXKHO MEePEUTH K MIJIMHIPUICCKUM Wi ChepruecKkum
KoopauHaTaM B cooTBeTcTBUHU ¢ (10) u (11).

Ilpumep 5. BbluuciuTh ¢ NOMOIIBIO TPOMHOTO HMHTErpajia o0beM Tedna,
OTpaHUYCHHOT0 YKa3aHHBIMU MOBEepXHOCTAMHU: Z =12,/2y, 2=2,/2y,Z

=0,z + y=05. CpenaTh uepTex Tela U €ro MPOCKIUU B TUIOCKOCTh
Oxy.
Pewenue: Teno orpannyeHo cHusy miockocteio OXy (z = 0), cBepXy — MIOCKOCTHIO
z +y = 0.5, mapamensHoit ocu Oz. BokoBas moBEepXHOCTh oOpa3oBaHa  JBYMS
UIMHAPHYCCKUMU MTOBEPXHOCTIMH (cM. puc. 10).
O6weM Tena Beraucisiercs no gopmyse (18):

05 1242y 05-y 05 122y
V=(fdv=[dy [ dx [dz=[dy [(0.5-y)dx=
v 0 22y 0 0 22y

x=122y

1/2 \\ 1/2
\ 1/2
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Puc.9

05 05
= [(0.5- y)(12,2y - 2,/2y)dy =10v2 [(05,/y - y\/y Jdy =
0 0

0.5
—10+/2 1 /i_g /i =
. 3V23 3\2°

0.5+1 1.5+1 J

—102|05) Y
05+1 15+1

wlN

Omsem: N = 2/3 (ed.%).
N
Ilpumep 6. Haiith 00beM Tena, OrPaHMYEHHOTO MOBEPXHOCTAMU Z=4/9 — X% —y?
9 2, .2
—2z=X"+Yy“. Caenarp 4epTex TeNa U €ro NPOEKLUUHU B INIOCKOCTH OXY.
Pewenue: Teno orpaHUYeHO CHU3Y MOBEPXHOCTHIO MapadoJionia ¢ BEPIIMHOW B Hayaie
9 2, .2 y _ 2 2
KOOpAUHAT (E Z=X"+Y°), cBepxy — mnoaychepoit paguycom 3 (Z=/9-X"-Yy°).

HpOCKLII/Ief/'I TCJIa B IINIOCKOCTDH O)Cy ABILICTCA KPyr' ¢ HCHTPOM B Ha4dalIC KOOPIHHAT,

paauyc KOTOPOrO MOXHO HAWTH, WMCKIIOYas Z W3 ypaBHEHUs mnapadonouna. [lomydunm

2 zzﬁ_
4

+y

7=N9-x%+y?

9/2z=x?+y*
X2+y?=27/4

v

3/243

TS
W,




56

Puc. 10.

O6bem Tena V' yI0OHO BBIUMCIUTH B HMIMHAPUUECKUX KOOpAUHATaX 1o Gopmyie (24).

B »tom ciywae ypaBHeHHe monycdepbl NpUHUMAET BUA Z=./9 — p?, a ypaBHEHUE

2
napabosionsia Z = 5 ,02 . Torma

Eﬁﬁ ENE

V= Jfav- jd(pj pip féz_zfdgp | (Vo= -2 -

2 9
9/0

1(9 23’2242ﬁ 1 9 V¥ 1 81 38 171
:27{——( —p°) ——p} :—27{— (9—2-3j 4. 2292 ] T

2 3/2 9 4 3 18 16 3

Omeem: \I= ﬂ-ﬂ' (0.).
16

_y2 ’

Ilpumep 7 . Haiiti 00beM Tea, OTpaHUYEHHOTO TTOBEPXHOCTIMH Z = \/ 36 — X

X2 + y2
. Caenath 4epTex Tejla U ero MPOeKIuHU B IITOCKoCcTh OXY .

.=

Pewenue:

z=\x2+y°13

z=V36-x"y =27

_-
-
-
-
7’
’ - N
’ - N
’ e < \
’ \

v

3V3

NI




57

Puc. 11.

x% +y?

Teno orpaHUYEHO CHU3Y MOBEPXHOCTHIO KOHYCA Z = 3 a CBEpXY - MMOBEPXHOCTHIO

2 2 .
nosrycepsl Z:\/36 —X“ =y . IIpoekuueii Tena B miIockocTb OXy SBISIETCS KPYT C
IICHTPOM B Hayalle KOOPJMHAT. Y PaBHEHUE OTPAaHUYUBAIONICH €r0 OKPY>KHOCTH TIOJTYYHM

2 2
o Xty 2 2
MOCJIe UCKIIFOYEHUs U3 YpaBHEHUN KOHYycCa W MOJychepsl: T =436 -X" -y,

WM [IOCIIE IIPOCTHIX IIpeobpasoBanumii: X2 + y2 =27.

O6bem Tenma V  ynoOHO BBIUMCHATH, MEpPEXolss K CHEPUYECKUM KOOpPIUHATAM.
3anumeM B cepudeckux koopauHatax (9) ypaBHeHue cepbl U KoHyca: =6 u =46,

o o Z
riae ¢, - yroy npu BeplIMHE KOHYCa, KOTOPBIM HaliieM U3 ypaBHeHusA tg0, = R_O (cm. puc.
0

11). Mbr namm, uyto R, =34/3, Torma Z, :‘/%:3 (U3 ypaBHEHHUS KOHYCa).

3
CrnenoBatenbHo, tg6, =~ =-J3 u 6 =%. YpaBHeHUE KOHYca B CHEpUUYECKUX

J3

T
KOOpJIMHaTax: 6 = 3

Torna o6bem Tena no gopmysie (14) paBen

27 6 3 38 z
Y, :Mdv = jdgojrzdrfsined@:go\;” L -(—c0s0)| =
Y, 0 0 0 31,

3
278 (CcosE +c0s0)= 2772 (L +1) =727,
3 3 2
Omeem: V=727 (ed.).
n

Ilpumep 8 . Hatitu maccy Tena, orpannueHHoro nosepxnoctsmu X=0, y=0, z=0,

1
X+y+z=1, ecnu 3agaHa ero mioTHocTh Y(X, Y, Z)= Cnenatb
3
(X+y+z+1)
YepTeK JAHHOTO Tejla U €ro MPOCSKIIUHU B TNIOCKOCTH OXY.
Peuwenue: 3amanHoe TeNO OTPaHUYCHO KOOPAMHATHBIMHU IIOCKOCTSIMH M HAKJIOHHOM
IUTOCKOCTBIO (CM. puc. 12)
Maccy tena BerauciuM 1o dpopmysie (15):
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1-x  1-x-y
m= dx | dy
I\J/.'[(XJFYJFZ) £ '[ (J)' (X+Y+Z)
1 1-x 1 1‘X‘y 11 1x q 1
=1|d y=—=1|d —d =
i X£ {—2(x+y+z+1)2} 2({ XO (4 (X+y+1)2 )y

1-x 1 _
:__I dxz_lj(u 1__) dx =
x+y+1 25 4 2 1+X

1

2
__}(_1(1 X) i—ln\1+x\) :—E(E—In2+1+ln1):
2 4 2 0 2 2 8
——1C In2)~0,034
28
A A
z y
1 1 x+y=1
X+y+z=1
D
0 > . >
D 1 y 0 1 y

Puc.12

Omeem: m~0,034 (eo. maccwi).
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B /Ipumep 9. Haiitu maccy tema ¢ miotHocTbio Y(X, Y, Z)=X°+Y?, OrpaHHYEHHOrO

IIOBEPXHOCTSIMHU Z= \[XZ + y2 ) Z=2-X2-y2 . CI[GJ'I&TI) YCPTCIK TCJIa U €TI0 IIPOCKIHUHU B

I0CKOCTh OXY.

. — /y2 2
Pewienue: 3a,Z[aHHOG TCJIO OIPAHMYCHO IIOBEPXHOCTSIMHU KOHYCa Z=+/X +Y u

mapabomonna z=2-x’-y°. Ilpoekmmeii Tema B IUIOCKOCTH OXy SIBISICTCS  KPYT,

OrpaHHYEHHbI OKPYKHOCTBIO X +Y*=1 (cMm. puc. 13).
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Puc. 13

OrpaHuyuBaonIfe TeJo MOBEPXHOCTH UMEIOT IpOCThIE ypaBHEHUS B
AIMHIPHYCCKOH CHCTEMe KOOpAHMHAT (8): KOHyC Z=p, mapaGomomnn z=2-p°. Maccy Tena
BbIUMCIUM 10 ¢opmyne (15); 3ammcaB (QYHKIMIO TUIOTHOCTH B IMJIMHIPHUYECKUX
KoopauHarax: y=p°. Toraa

1

2z 2—p?
m=[][av = [do[ o | pPdz=
Vv 0 0 P

2z 1 5 2—,02 2r 1 3 )
= Tdof[p?2]” pip= [dof p°@- p? - p)dp=
0 0

0 0
1
2 4 5 6
:j(zp PPy d¢:2ﬂ.(1_1_1)=4_”
2 4 5 6 2 5 6 15

Omesem: m=41—7; (eo. maccwi).
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