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IlepBolii cemecTp

3anauva 1.

Teopemuueckue ceedeHus.
B npsimoyronbHO# nekapToBoil cucteme koopauHaT OXYZ TOJOKEHUE 000U TOYKHU

3a/1aeTcs TpeMsl YUCIaMU — KOOPOUHAMAMU A(x A YarZ A) (pucyHok 1).

4 1

,AI(XA,YA,ZA)

1

1

4 [ y
» »

Paccrosnue Mexy aByms Toukamu A (X, Y,Z;) u AZ(XZ, Yo, 22) OIPENEIIACTCS 10

bopmyie

d :\/(Xz—X1)2+(Y2 —Y1)2+(22—21)2 : (1)

[Tpu perieHMy 3a7a4 aHAJTUTHYECKOH TEOMETPUM Ha IUIOCKOCTH HEOOXOIUMBI
CJICYIOIIMUE CBEAEHUS O NPSIMOU JINHUU:

1) ecau Touka M(X; y) nenut otpe3ok MiMy (Mi(x1, yvi) u Ma(xz, y2)) B OTHOIICHUU A,
TO KOOPJIMHATHI ATOW TOYKHU BBIPAXKAIOTCS (OopMyIaMHu

X:xl+ﬂ,x2 | y:y1+/1y2 | 2)
1+ 4 1+ 4

ecim ke Touka M(X; Y) - cepeanna otpeska MiMa, TO

x=atX ’ y:y1+y2; 3)

2 2
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2) ypaBHEHHE TPSIMOM, MPOXOAasIed depe3 Touky Mi(Xi; Y1) ¥ MMEIOIIEH JTaHHBIHI
yIII0BOM KO3 GUIMEHT K, 3aITMChIBacTCS B BHJIE

y—y1 =k(x=x); (4)

3) ypaBHEHHE IPSMOM, MPOXOASILNEH Yepe3 ABe JaHHbIe TOUKU Mi(X1; Y1) 1 Ma(X2; Y2),

WMEET BU

X—X Y—Y K = y2 yl (5)

= , TIPY DTOM
X=X Yo— Y1 Xy _Xl

4) OCTpBI YroJ MEXAy IABYMs MPSMBIMH C YrioBbIMH Koddduimentamu Ki u Kz

onpenensercs no Gopmyiie

k, —k
tgp=|—2—1L 6
0 L kk,| ©)
Ipd 3TOM YyCJIOBUE MapajuIeIbHOCTH MpsMbIX uMeeT BuHI K=K, a ycioBue
HepHeHauKyIsipHocTu Ky = _ki (7)
2

5) ecnu psiMasi Ha TUIOCKOCTH 33/1aHa oowum ypaeuenuem Ax+By+C=0, To k; = B

- €€ YTII0BOM KO3 DUIIUEHT;
6) ecau B OOIlIEM ypaBHEHUM MPAMOU MOAEHUTh Bce wieHbl Ha C # 0, moaydum
ypaBHEHUE MPSIMON B OTPE3KaX:

X Yy C C.
L. ) a=——,b=—"; 8
a b RO B (®)

7) Touka nepecedeHus 1ByX NpsMbix A1x+B1y+Ci1=0 u Ax+Byy+Co=0 onpenensercs
U3 PEILICHHS] CUCTEMBI YPABHEHHUI

{Alx+ By+C,=0

A o ©)
oX+B,y+C, =0

Vpasnenue okpyoscnocmu ¢ uentpom B Touke E(a,b) m pagmycom R umeer Bun

(x—a) +(y—b)y =R2. (10)
Ipumep evinonnenus 3adanus.

Jlaubl Bepimabl TpeyroiabHuka ABC: A(—4;8), B(5;-4), C(10;6).
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Haiitu: 1) nnmuny ctoponsl AB; 2) ypaBHeHus cTopoH AB u AC B 00111eM BHJIE U X
yraoBbie KOAPGUIMEHTHI; 3) BHYTPEHHUH yroi 4 B pajinaHax ¢ TOYHOCTBIO 10
0,01; 4) ypaBHenue BwricoThl CD B 00mem Buae M €€ IJIWHY; S5) ypaBHEHHUE

OKpPY>KHOCTH, JUIsl KoTopoil Bbicota CD ecth auamerp.

Pewenue:
1) Paccrosaue d Mexy IByMsI TOYKaMU Ha TUIOCKOCTH ompenesnsercs o gopmyse (1), B

KOTOPYIO MOJICTAaBIICHBI 3HAUYEHUs KOOPAMHAT TO4YeK 4 U B (monoxuMm z; =z, =0), Torna

AB =+/(5—(~4))> +(~4—8)? =/81+144 =15.

2) YpaBHEHHE PSIMOH, MPOXOASIIEH Yepe3 JABe 3aJaHHbIe TOUKH uMmeeT BUT (5):

[ToxctaBuB B (9) KOOpAUHATHI TOUEK A U B, MOIy4uM ypaBHEHHE NpAMon AB:

Xx—(-4) y-8 Xx+4 y-38 Xx+4 y-8

5-(-4) -4-8 9 -12 3 -4
3y—-24=-4x-16, wm 4x+3y—-8=0 (4B).

JIJIs HaXOXJICHUS YTriIoBOro Kod(pduimeHTa Kag NpsIMOl AB pa3pemuMm MOJIydeHHOE
8 4
ypaBHEHUE OTHOCUTENBHO Y. Y = 3 X+ 3 Orciona Kag = 3 [ToxcraBus B popmyiy (5)

x—(-4) y-8
10-(-4) 6-8'

koopauHatel Touek A u C, HaiigeM ypaBHeHue  npsmoud AC:

Xx+4 y-8 x+4 y-8
14 -2 7 -1

7y—-56=-x-4 wm Xx+7y-52=0 (AC).

Orcioga Kpc = —%.

3) Yrom Mexay AByMs MPSMBIMH, YIJIOBbIe KOX()(UIIMEHTHI KOTOPBIX paBHBI K; U Ky,
onpenensiercs o dopmyie (6). Yrom A, oOpasoBanubiii psiMbiMu AB u AC, HalaeM 110

dopmyie (6), moncraBus B Hee Ky =Kg = —g, Ko =Kac = —%.



_1_(_4j 4 1 25

7 U3 3 7_21
tgA: = :—:1’

1+ _L)-4 1+i 2

7 3 21 21

ZA=arctgl=45" ~ 0,79 pan.

4) Tak xak Bbicota CD nepnenaukyispHa cTopoHe AB, TO yriaoBbie KO3()(PHUIIMEHTHI 3THX

MPSIMBIX CBSI3aHBI COOTHOIIIEHUEM (7), TOITOMY

1 1

kCD == = —,
Kag _4
3

YpaBHEeHHE TIPAMOM, NPOXOIAIIECH dYepe3 3aJaHHYIO TOYKY B 3aJaHHOM YIJIOBBIM

ko3 dunrenTom K Hanpasnenuu, umeeT Buj (4). [loacraBuB B (4) KOOPAMHATBHI TOYKH

Cu Kep = % , IOJTy4uM ypaBHEeHHE BbICOTHI CD:

y—6=%(x—10), 4y-24=3x-30, 3x—4y-6=0 (CD).

Jns Haxoxkaenus aauael CD ompenennm koopauHaTel Touku D, pemmB cucreMmy
ypaBHeHwUi (AB) u (CD):

{4x+3y—8:0

3X_dy_6=0’ orkyna x =2,y=0, Toectp D (2;0).

[ToncraBus B popmyny (1) koopaunate! Touek C u D, Haxoaum:

CD =+/(10—-2)2 + (6 —-0)? =/64+36 =10.

5) Tak kak CD sBjsieTcst AMAMETPOM HCKOMOW OKPY)KHOCTH, TO €€ LIEHTP £ eCTh ceperuHa

otpe3ka CD. Bocnosib3oBapmuck Gpopmyoit (3) aeseHus: oTpe3ka Mornosiam, MoaydnuM:

xE:XC+XD:10+2:6, yE:yCerD:6+O:3.
2 2 2 2
CD 10
CnepoBarensHo, E (6, 3) 1 R= - = > =5. Ucnons3ys dopmyny (10), momygaem

ypaBHEHHE HCKOMOM OKPYXHOCTH: (x — 6)*+(y — 3)?= 25,



3ajaua 2.

Teopemuueckue cee0enusl.
Ecnu  wm3BecTHB Hauano Bektopa My(X,y;,2) u komenn M,(X,,Y,,2,), To

%
KOOpAMHATHI BeKkTopa d = M;M, Haxozgsrcs no popMyiam

X=Xp =X Y=Y = Y1, =123 = 7y, (11)

a Cro AJIMHA OIIPCACIICTCA BBIPAKCHUCM

\é\:\/x2+y2+22. (12)

Bektop & ¢ koopauHatamu (X, Y, Z) MOKET ObITh MPENCTABIEH PA3oKEHHEM MO OPTAM B
BHUIC

d=Xi +Vj+2K. (13)

Econ o, B, Y — yIibl, KOTOpele BEKTOp A 00pasyer ¢ MOJI0XKHUTEILHBIMH

HampaBJICHUAMHA ocel KOOpaAnHAaT, TO COSQ, COSB, COSY Ha3bIBAKOTCA HanpaeiArouumu

KocuHycamu BekTopa a (pucyHok 2). Torma UMeoT MECTO COOTHOIICHUS

x=|a|-coser,y=|al-cosB, z=|a-cosy, cos’a+cos’P+cos’y=1.

—

Jlns BextopoB a=(xy,y;,2) 1 b=(Xy,Y,,2,) BBOIATCA Omepauuu CrodceHus W
YMHOIMCEHUA HA YUCi10 TaKue, qTo
arb=(x £X, V1 2 Y,,2+2,) u Ad=(Ax, Ay, 1),

rae A — Jar00€e 4ucIo.

<y

V‘-.l
~.dv
v
<

Pucynoxk 2.
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CkanapHvim npouszgedeHuem IBYyX BEKTOpOB a u b (é . b) HAa3bIBACTCS YUCIIO, PABHOE

IIPOU3BCACHUIO JIINH OTHUX BCKTOPOB Ha KOCHMHYC YyIja @ MCKAY HHNMHU,

a-b :‘é‘-‘b‘-COSgo WIH, €CJIM BEKTOpPbl 3aJaHbl CBOMMH KOOPAMHATAMH, TO

—

a-b=xx+yYy,+2z2,. (14)

BGKTOpBI, JCXKamue  Ha OI[HOﬁ WK  MMapaJuICIIbHBIX  IIPAMBIX, HA3bBIBAIOT

—

konnuneapuoivu.  IIpU3HaK  KOJUIMHEApHOCTM BEKTOPOB & M b sABmsercs
IPONOPLUHUOHAIBHOCTh UX KOOPAUHAT:
X /4
X _N_4a _ (15)
X2 Y2 Ip
Ecnu BexTopsl & 1 b B3auMHO NEpHIEHAUKYIISAPHBI, TO XX, + V1Yo +2;Z2, =0.  VYron

—

MEXy BEKTOpaMH a U b ompenensercss COOTHOLICHUEM:

jabl
(]

X Xo + V1Yo + 247, (16)
=

COSp=——=
o] X2+ v+ 22 %G+ y2 + 2

S

YpaBHeHHE TUIOCKOCTH, Mpoxosuleil uepes Touky My (Xg,Yo,2Zo) TEPNEHIUKYIIPHO

BEKTOPY N = (A, B,C), UMEET BUI
A(X—=Xp) +B(y—Yo)+C(z—24) =0. (17)

Ilpumep evinonnenus 3a0anusi.

Janbl koopauHathl Tpex Touek: A(3; 0; -5), B(6; 2; 1), C(12;-12; 3).

- -
TpeOyetcs: 1) 3anucats Bektopsl AB u AC B cucteme OpT U HAWTU MOJTYJIA 9TUX

- -
BEKTOPOB; 2) HailTh yroi Mexay Bektopamu AB u AC; 3) cocTaBuTh ypaBHEHUE

_)
IJIOCKOCTH, MTpOXosuIer yepe3 Touky C nepneHauKyIsipHo BekTopy AB.

Pewenue:
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%
1) Haiinem koopauHatel Bektopa AB, moactaBus B popmyiy (11) koopauHAThI TOUYEK A U

B, n 3anmiieM pasnoskeHue 3Toro BekTopa 1o optam (13):
- — — — —
AB=(6-3)i +(2-0)j+(@1+5k =3i +2] +6k.
[Togo6HBIM 00pa3zoM

— — - - —
AC=(12-3)i +(-12-0)] + 3+5)k =9 =12 +8K.

- -
Monynu BektopoB AB u AC HailimeM, moIcTaBIss uX KOopauHatThl B hopmyay (12):

- -
‘AB‘: 32 422,62 =7, ‘AC‘:\/92+(—12)2+82 ~17.

- -
2) Haiinem xocumHyc yrina ¢ Mmexmay Bektopamu AB m AC. Jlns 3TOro BBIYUCIUM HUX

CKaJIsIpHOE Mpou3BeeHue no popmyne (14):

- -
AB-AC=3-9+2-(~12) +6-8=51.

Torz[a oo (bOpMy.He (16)
COS(p —51 > O 4286 O ()437’ 1,13 pan
7 M 17 ’ , ’ .

3) Ilo ycnoBuiO 3amayvi MCKOMas IJIOCKOCTh MPOXOAuT uepe3 Touky C(12; —12; 3)

%
nepreHaukysapHo Bekropy AB=(3,2,6). Iloacrasmsst B (17) A= 3, B= 2, C= 6,

Xo= 12, yo=—12, 2,= 3, NOIy4uM:
3(x—12)+2 (y +12) + 6(z-3) =0,

uw 3x + 2y + 62 — 30 = 0 — uckomoe ypaBHEHHE IOCKOCTH.

3anaua 3.

Teopemuueckue ceedeHus.
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BGKTOpLI Ha3bIBAKOTCA KOMILJIAHAPHBIMU, CCJIX OHH JICKAT B OI[HOﬁ IINTIOCKOCTH HJIN B

nMapaieNbHbIX IOCKOCTAX. YCIOBHEM KOMILTIAHAPHOCTH TPeX BeKTOpoB & = (X, VYy,Z;),

a, = (Xz, Yo, 22), dz = (X3, Y3.23 )ﬂBHﬂeTCﬂ pPaBEHCTBO  HYJIIO  UX

HpOI/I3BeI[CHI/I$I:
XX Y1 4
(a,,8,,85)=|%, ¥, 2,|=0.
X3 Y3 I3

Tpu BexkTOpa 00pa3yroT O6a3uc B TOM CIIydae, €ClIM OHU HEKOMNIAHAPHYL.

CMCIIaHHOI'O

(18)

Ecnu nyist BekTopoB &;,d,,d, BbINONHsAETCS ycinosue (d;,d,,d3)#0, To OHE 06pasyrOT

6aswc, 1 moboit ueTBepTHIif BexTop b = (b,0,,b3) MokeT GBITH IpenCcTaBIEH pasnoKeHHEM

1o 3TOMy 0a3HCy B BUJIE

—

b=a§1+,3§2 +ﬂ3,

(19)

rze a, f, y — KoopAuHaThl BekTopa b B 0a3uce, 00pa30BaHHOM BEKTOpPaMHU &;,d,,ds.

KoopauHatel a, £, y HaXOAATCSA U3 CUCTEMbI YPABHEHHIA:

oxy + PXy + X3 =by
oy, + By, + s =D,
azy + L, + 123 =by

Ilpumep evinonnenusn 3adanus.

(20)

[Toka3zats, uto BekTopsl & (3; 1; 4), 8,(2; 1; -1), a;(1; —1; 5) obpa3syroT Oazuc

TpPEXMEPHOTO NMpocTpancTBa. Haitti koopaunatel Bektopa b (5; 0; 3) B aTOM Oazuce.

Pewenue:
BerunciuMm cMelanHoe NPOU3BEAEHUE BEKTOPOB 8,d,,ds:
3 1 4
(a,d,,d3)=12 1 -1=-11#0.
1 -1 5
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Tak kak cMelIaHHOE MMPOU3BCACHHUC OTIIMYHO OT HYJIAA, TO BCKTOPbI HCKOMILIAHAPHBI U

—

obOpasytor 6asuc. Koopaunatel Bektopa b B 3TOM 0Oa3uce Hailnem, pa3jiokKUB €ro Mo

BEKTOpaM dj,d,,d; CIEeAYIOIUM 00pa3oMm:

—

a KOOpAMHATHI BEKTOpa b B HOBOM 0a3uce HaljieM U3 cucTeMbl ypaBHeHHi (20)

a-3+p-2+y-1=5 3a+28+y=5
a-1+-1+y-(-1)=0 WA a+pf-y=0
a-4+p-(-)+y-5=3 4o — f+5y=3

Pemmm 3Ty cuctemy miid 3aaHHBIX BEKTOPOB MeToaoM [ aycca.

[lomensieM MecTamMu IEPBOE U BTOPOE YPAaBHEHUS

a+pf-y=0
3a+28+y=5.
da - f+5y=3

[Tocie 3Toro yMHOKHUM MEPBOE ypaBHEHHE HA (—3) U CJI0KUM CO BTOPBIM. Jlanee yMHOKUM

nepBoe ypaBHeHUE Ha (—4) U CIIOXHUM ¢ TpeThuM. [lomyunm:

a+f—-y=0
—p+4y=5.
-58+9y=3

3aTeM yMHOXaeM BTOpPOE ypaBHEHUE HA (—5) U CKJIaJIbIBAEM C TPETHUM:

a+p—-y=0
- p+4y=5.
—11y =-22

N3 nocnennero ypapHeHust umeeM y= 2. [loacrasiisieM 3T0 3HaU€HUE BO BTOPOE YPaBHEHHUE,

noyiyuaem = 3 1, HaKOHEI, U3 IEPBOr0 YpaBHEHUs HaAX0AuM a= —1.
Takum oOpa3om, ojcraBuB B ypaBHeHHe (19) koopauHaThl BekTopa b , momydyum

b=—§1+3§2 +2§3



12

3ajaua 4.

Teopemultecmte ceedeﬂuﬂ.
Heonnopoanas cuctema Tpex ypaBHEHH C TpeMsI HEU3BECTHBIMU B OOIIEM CIIy4ae UMEET
BUJI

81X + 85Xy +ay3X3 =hy

Ap1Xg +8pXy +33X3 =y

Az Xy + Az Xy +AgzXg =hy
U MOXCET 6I)ITB 3alliCaHa B MaTpU49YHOM BHIC

AX=H, (21)

Q1 QA3
rne A=|a,; a,, a3 |-Marpuna Ko3pPUINEHTOB IIPU HEU3BECTHBIX,

hy
H =| h, | marpura-cronbder cBOOOAHBIX WICHOB.
hs
Ecnu matpunia A — meswipooicoennas, TO €CTb UMEET ONpPEACIIUTENb, OTIUYHBIA OT
HyJs, TO cymecTByer matpuna A, oOparnas k A, tak uro A-A=E (E - egunuunas
MaTpuna). YMHOKUM 06e yacTu ypaBHeHus (22) Ha A 1 nomyuum
ALAX=A1H,
WIH
X=AlH, (23)
nockonbky Al-A-X=E-X=X.
PaBencTBO (23) siBnsieTCs pellieHHeM CUCTEMbI ypaBHEHH (22).

Marpuiia, oOpaTHasi K HEBBIPOXKISHHONW MaTpuile A, HAXOIUTCS 0 popMyJie



13

. A1 An Aq
A_lzx Ay Ap A, (24)
Az Ay Agg

rne A; (1 =1, 2,3; j=1,2, 3) — anreOpanyeckoe JOMOIHEHHE AJIEMEHTA djj, KOTOPOE
SBJSETCA TPOU3BEICHUEM (-1)  ma muHOp (OIpeneNuTenh) BTOPOrO IOPAIKA,
IIOJTy4EHHBIA BBIYEPKUBAEM I-ii CTPOKH M J-TO CTOJIONA B ONPEICITHTEIE MATPUIIBI A; A —

OIIPCACIINTCIIb MATPHUIIbI A.

Ilpumep evinonnenusn 3adanus.

JlaHHyIO cHCTEeMYy ypaBHEHHWH 3amucaTh B MaTpU4YHOM (OpME M PEIIUTh €€ C
MOMOILIbIO OOPaTHOM MaTPHUIIBI:

Xg —2X, + X3 =1

2X; +3Xy — X3 =8

Xg — X9 +2X%3=-1

Pewenue:
Beimuimem 1151 1TaHHOM CUCTEMBl YpaBHEHUN MaTpHIy KOA()(PHUIIMEHTOB IIPH HEU3BECTHBIX

A u cTosoer cBOOOTHBIX wieHOB H:

1 -2 1 1
A=l2 3 -1|, H=
1 -1 2 -1

Beruncnum onpenenurens A v anredpandeckue JOMOIHEHUS A;;3IEMEHTOB MaTPHILIbI

A:
1 -2 1
A=|2 3 -1=10=0,
1 -1 2

CIIe0BATENLHO, MAaTpuLa A uMeeT obpatHyro MaTpuiy AL,

.13 -1 L2 -t b
All:(_l)lll—l 2:5’ AlZ:(_l)lz.l 2| =9 A13:(_1)13'1 3:—5,
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L2 1 L1 -2
A21 - (_1)2 g -1 2‘ = 3’ A22 = (_1)2 : 1 2‘ 211 A23 = (_1)2 °. 1 —l‘ = _11
-2 1 1 -2
ASl = (_1)3+1 ] 3 _ = _1’ A32 — (_1)3+2 . ; ]‘.IZ 3’ A33 _ (_1)3+3 ‘| 3 _7

Torna o popmyre (24) oOpaTHas MaTpuila paBHa

5 3 -1
A‘1=% -5 1 3]
-5 -1 7

[To ¢popmyne (23) HaXOaUM pEIICHUE TAaHHOW CHCTEMBl YPABHCHHH B MAaTPUUHOM

dbopwme:
. 5 3 -1]| 1 5.1+3-8+(-1)-(-1) 30 3
X:A‘l-H:E- 5 1 3| s|=t. ~5.1+1.8+3-(-1) :%- 01|=| 0.
-5 -1 7|(-1 -5-1-1-8+7-(-1) -20| | -2

Otcrona x1= 3, xo= 0, x3= —2.
3agaua S.
Teopemuueckue ceedeHus.
Yucino A HaswiBaOT npeaeaoM yHkimu Y=f(X) B Touke a , eciau 3Ta QyHKIHS
OTpejiesieHa B HEKOTOPOH OKPECTHOCTH TOUKHM & , 32 UCKIIOYEHUEM, ObITh MOXKET, CaMOM

TOYKHU a , 1 1151 Kakjaoro &0 Haitnercs takoe 0>0, 4To /Uit BceX X, YIOBICTBOPSIOIINX

ycnosuio 0 <|x —a|< S, BHIIOIHSETCS HEPABEHCTBO | f (x)- A<e:

lim f(x)=4, ectu Ve>0 35>0:Vx:0<|x—a|<5=|f(x)-4<e

xX—>a

Boelunicienue  mpenenoB  apUPMETHMUECKHX — BBIPaKEHUH F1(x) £ (x),

f1(x)- f>(x), f1(x)= f>(x) mo mpenenam dynxumit f;(x) u f5(x), u3 xKoTOPEHIX OHE
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COCTaBJICHHI, HE BCCrAa BO3MOXHO. B »stux Cly4dadax TOBOpAT, YTO BO3HHUKAKOT
HCOIIPCACIICHHOCTHU CICAYIOININX BUJIOB!:

(gj | (S) (0-20), (c0—0) 1),

o0

I[JIH HaXOXIACHUA IIPCACIIOB TAKUX HCOIIPCIACIICHHBIX BI)Ipa)KCHI/Iﬁ HYKHO

YUUTBIBATH KOHKPETHBIH B pyHkimn  f7(x) u f5(x). Hanpuwmep,

lim < —0: (25)

X—0 Xn

0, eciu n>m

. B(x) () _)ay .
npeJiesl OTHOIICHMS JBYX MHOTOYICHOB |im =| —|={-—",ecmu n=m ;
x—0 (x ) o0 m
0,ecmu n<m.

. . . sinx (0 _
NIepPBEIN 3aMevarebHbli npenen lim ——=| — [=1; (26)
x=>0 X 0
X
BTOPO# 3amMevatebHbIi npenen lim (1+ —j =(1)" =e. (27)
X—>00 X

Bemnunna «(X) HasbiBaercs 6eckoneuno manou npu X —a, eciu lim a(x)=0. [Ise
X—a

OCCKOHEYHO MaJjble BEJIMYMHBI Ha3bIBAIOTCS IKeuedajleHmHbimu, CCINU IMPCACII UX OTHOIICHHA

a(Xx) (O

—):1. [Tox 3nakom mpenena mrodas
~a (X)

pasen 1, to ectb a(X)~ f(X), eciu Ilm 0
OECKOHEYHO Majias BEIMUMHA MOXET ObITh 3aMEHEHA Ha DKBUBAIECHTHYIO eif. IIpuBenem

TaOJIUITy YKBUBAJEHTHBIX OECKOHEYHO MaJIbIX P X —> 0 BEIUYMH:

sinx~ X, arcsinx ~ X, a*-1~x-Ina e” -1~ X,

tgx ~ X, arctgx ~ X, 1—cosx~x7. (28)

Ilpumep évinonnenus 3adanus.

Brerauciauth npcacibl:

2 J—
fim X +1ix=3 6) lim (\/x2+3x—x),

x>-33x2 +10X + 3 X—>00
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2X _(2x =3\
B) lim r) lim :
x—0 arctg5x x—oo\ 2X+1

Peuwenue:

a) HOI[CTaHOBKa MNpcaAcJibHOIO 3HA4YCHUA apryMCHTA x=-3 IMPUBOAUT K HCOIIPCACICHHOMY

BBIPpA’KCHHUIO BHU A (%\J .

Jlyis ycTpaHeHus 3TON HEOoIpeIeICHHOCTH Pa3lIoKUM YUCIIUTENb U 3HAMEHATENb IpOo0u Ha
MHOYHTEH U COKPATUM JpOo0b Ha MHOXKHTENb (x+3). Takoe cokpaleHue 3/1eCb BO3MOXKHO,
TaK KaK MHOXHUTENb (X+3) OTJIMYEH OT HyJs 1pu x— —3:

4x% +11x -3 4-(-3)° +11-(—3)—3_(9]_
0

lim 5 = 5
x>-33x° +10x+3 3-(-3)°+10-(-3)+3

(4x-1D(x+3) _ im 4x-1_4-(-3)-1_13
x—>—3(3X+1)(X+3) x>-33x+1 3-(3)+1 8

0) [Ipu x— oo BBIpakeHHE X% +3X — X JacT HEONPEISIICHHOCTh Buaa (oo — o0). s ee

YCTPAHEHHST YMHOKHM U Pa3ielIiM 3TO BHIPOKEHHE Ha v X> + 3X + X, IOCIIE Yero pasaelnM

YUCJIUTEIb U 3HAMEHATEJb MOTYYEHHOM 1po0u Ha x , yuuThiBas popmyry (25):

Vo 3y -y )= (o0 — o) Tim (\/x2+3x—xX\/x2+3x+x)_
fm (331 oo )= iy (m+x) )

X% +3x— X2 3
= lim = |lim ——

\/X F3X 4+ X XO®YxZ 43X+ X X0 /1+ 1

B) [Ipu X — 0 mosydyum HeonpeeneHHOCTh (%j . O603naunmM arctgsx =y. Torma Sx=tgy

u y— Onpu x — (. [Ipumenss coiicTBa npeneios u popmyiy (26), umeem:

Zhim SN i ot 229422
y—0 Y 5y—>0 y y-0cosy 5 5

1

2| —t
2x (Oj | (5‘”) 2
Iim— =] — |=lim ——£ =

x—>oarctgsx \ 0
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3Ty 3a/lady MOXKHO PCHUINTb, HCIIOJIb3YSA 3KBHBAJICHTHBIC 3aMCHBI OECKOHEYHO MaJIbIX

BeymmurH (28). [Tockonbky pu X — 0 9KBUBaJICHTHBI arCtgSX ~ 95X, MOKHO 3aIrucarTh

. 2X 0 . 2X 2
Im ——=| = |=lm =—==.
weoanngX 0 x=>05x 5
2X—3
2X+1

4x+5
r) [Ipu X — o0 BeIpakeHHE ( ) SIBJIISIETCSA HEOIPEAEIICHHOCTBIO BH/IA (1°O). s

yCTpaHEHUS 3TOM HEOIPeIeIeHHOCTH MPEACTaBUM OCHOBAHUE CTENICHH B BUJIE CYMMBI | 1
OECKOHEYHO MaJloi (MpU X — 00) BEJIMYMHBI; MOCJIE Yero MPUMEHUM (POpMYITy BTOPOTO

3aMeuaTeNbHOro npesaena (27):

_ % _3 4x+5 _ o414 4x+5 _ _4 4x+5
lim =lm| ——— =Ilim|1+ =
x—o\ 2X +1 X—>00 2X+1 X—>00 2X+1

2x+1) [ -4
. . _4 ~16x-20
-4 (—4)(2”1] (4x+5) . 2 1-(4X+5) i ol
=lim|1+ = lim e2X+ =|lime 2x+1 =
X—>o0 2X+1 X—>00 X —>00
~16
i — . _ 1
—lime2 =lime?®==,

X—>00 X—>00 e8
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[TPUMEPHI PEHTIEHUA 3AJJIAY

3anava 1.

Teopemuqecmte c6eoeHsl.

IIpouseoonoii or ¢pyukuuu Y = f(X) mo aprymenTy X HasbIBaeTcst Ipeaei OTHOLICHHUS

npupaienus GyHKuuu Ay K IpUparieHuto apryMmeHTa Ax, Korjia mocjieHee CTpeMUTCS K

HYJIIO:

[TpousBoaHas €CTh CKOPOCTh U3MEHEHUS (YHKIIUU B TOUKE X.

OTpIickaHue NTPOU3BOIHOM Ha3bIBaeTcs qudpepeHnpoBanueM QyHKIHIH.



19

OcHosHble npasunia oughghepeHyuposanus.
1. (C)' =0, rane C=Const.

2. (X)'=1

(U(X) Ev(x) =u'(x) £V'(X)

4. (u(x)-v(x))" =u'(x)-v(x)+u(x)-v'(x), (C-u(x))'=C-u'(x)

w

!

(uuq::wuyw@—uuywu) (C:]:—CNK@ (yuqr:wu)
v(x) v2(X) " LX) v2(x) L C C

. F'(u(x))=F; -u'(x)

o1

»

Tabnuya npouzeoonvix snemenmaphvix Gyuxyuti (U =U(X)):

1. (") =n-u"tu, 4. (sinu)’ =cosu-u’
2. (@")Y=a"-lna-u’, (") =e"-u, 5. (cosu)’ =—sinu-u’

! 1 ! !/ !/ ! 1 ’
3. (log,u)' = -u’, 6. (tgu)' = —-u’, 7. (ctgu) =—— >—-u’,

u-lna cos“u sin“u
8. (arcsinu)’ = -u’, (arccosu)’ =— -u’
1-u? 1-u?
9. (arctgu)’' = ! -u", (arcctgu)' =- ! -u’
' 1+u? 1+u?

Ecau B Tabnune moaoxuts U(X) = X, To U’ =1.

Ilpumep evinonnenusn 3ad0anus.

Haiinute npousBogHbIE PYHKIIHIA:

a) y=In(2+sin3x);  6) y=(3"9"* +1)* ) cos(xy?)—3y?+4x=0.

Pewenue:
a) TOCJEAOBATENbHO MPUMEHAS NpaBwia AUPPEPEeHIIUPOBAHUS  CIOXKHON (YHKLNH,

npaBuia u popmyibl audhepeHITuPOBaHNS, IMEEM:
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y' =(In(2+5sin 3x))" = ; -(2+sin3x)' = ; -(2"+(sin3x)") =
2 +Sin 3X 2 +5in 3X
b cosax.(axy = 008X
2 +5in 3X 2 +Sin 3X

6) y' = ((3arctgﬁ +1)4); _ 4(3arctgﬁ +1)3 . (3arctgﬁ +1) =

— 4(3r9VX | 1)3 32109V |0 3. (arctg/x) =

1
_4 3arctgﬁ +1)3 _3arctgﬁ N3 — = (JX) =
( ) 1+ (/x)? ()
_ 4(3arctgﬁ +1)3 ’3arctgﬁ In3- 1 1 2In3 3arctgﬁ .(3arctgﬁ +1)3

1+(x)? 2Jx @)%

B) B JAHHOM ciyyae (yHKIHMOHAaJbHAas 3aBUCUMOCTbH 3aJlaHa B HesgHom Buue. g

HaXO0XKJICHUS MPOU3BOIHON Y’ HYKHO MpoaudGepeHIpoBaTh M0 IEPEeMEHHOU X 00€ 9acTh

ypaBHEHUSI, CUUTAS IIPU 3TOM ¥ PYHKIIMEH OT X, a 3aTEM MOJTYyYEHHOE YpaBHEHUE Pa3pEIIUTh

OTHOCHUTEIILHO Y':
—sin(xy?) - (xy2)' ~3-2yy' +4=0;
—sin(xy?)- (x'y® + x(y®)) - 6yy' +4=0;
—sin(xyz) : (y2 +2xyy)—6yy'+4=0;
— y2sin(xy?) — 2xyy'sin(xy?) —6yy’ + 4 =0;
W3 mocienHero ypaBHeHHUsI HAXOAUM '
2yy’(xsin(xy2) + 3): 4 - y?sin(xy?);

,_ 4—y*sin(xy®)
2y(xsin(xy2)+3)'

3agaua 2.

Teopemuueckue ceedenus. ViccnenoBanue (yHKIUU OJHOW HE3aBHCUMOM IMepeMEeHHOU
OyZeM IPOBOJIUTH O CIAEAYIOIIEH CXeMe:
1. Haiinem oGnactb onpeeneHus PyHKIIUN.

2. Uccnenyem (pyHKINIO Ha HEIPEPHIBHOCTb.
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3. YcraHoBuUM, SIBISETCS JM JaHHas (PyHKUMS YETHOM, HEUETHOM WM (PYHKIHEH
oOuiero Bua.
4. Haiinem uHTEpBajbl BO3pacTaHus U yObIBaHUS (DYHKIIMU, TOUKU SKCTPEMYMa.
5. Haiinem nHTEpBaIBI BHITYKIOCTH U BOTHYTOCTH KPUBOM, TOUKH €€ Ieperuoa.

6. Haiinem acuMOTOTHI KPUBOIA.

Ilpumep evinonnenus 3a0anus.
2x-1
(x-1)°

HccnenoBath QyHKIUIO Y = U TIOCTPOUTH €€ rpaduK.

Pewenue.

PeanusyeM npuBeneHHYIO CXeMy UccaeqoBaHUs (DYHKIIMH:

1. ®ynkuusa onpezeneHa Npy BceX 3HAUCHUAX apryMeHTa x, kpome x=1.

2. JlanHast QyHKIMS SABISETCS SIEMEHTApHOMN, IIOATOMY OHA HEMPEPBhIBHA HAa CBOEH 00IacTH
OIIpeeNICH s, TO eCTh Ha nHTepBanax (—oo;l) u (1+0).

B touke x=1 QyHKIIUSA TEPIUT pa3phIB.

3. /1 ycTaHOBIEHMS] YETHOCTH WM HEYETHOCTH (YHKIUHU MPOBEPUM BBINOJIHUMOCTb

paBenctBs f(—X)= f(x) (rorma f(X) — uernas ¢ynkums) wmm f(—X)=—F(X) (mua

HEYCTHOM (DYHKIIMHM ) IS JTFOOBIX X U3 00yacTu onpeaeiacHus pynkmuu: f(—X) = —(_ 2X 1)12
_X —
L —f(x) = _ZX_‘lz |
(x-1)

Cnenosatensno, f(—X)# f(X) u f(—x)=—1f(X), To ectb nannas QpyHKIMSs ABISETCS

(dbyHKUMEN 0011ero BUA.

4. Jlnsa uccienoBanusi GyHKIIMU HAa SKCTPEMYM HalJIeM €€ MEePBYI0 TPOU3BOIHYIO:

y— 2(x-1)* —(2x-1)-2(x-1) _  2x

(x-1)* (x-1)°
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Omnpenenum kputrdeckue Touku pynakruu: Y =0 mpu X =0, Yy’ He cymecTByeT mpu X =1
. Tem cambim umeem aBe kputrdeckue Touku: x=0, x=1. Ho Touka x=1 He mpUHAIIEKUT
obnactu onpezenenus: GyHKIUU, SKCTpEMyMa B HEll ObITh HE MOXKET.

Pa3o6neM uncioByro ock Ha Tpu uuTepBana (—;0), (0;1), (L+x).

_ min + _

\\\A 0 //X 1 \\\ X

v

B mepBoM u TpeTheM MHTEpBaJax IepBas IPOU3BOJAHAS OTpPULATEIbHA,
CJIeIOBATENbHO, 3/€Ch (PYHKIUs yObIBaeT, BO BTOPOM HMHTEpPBAJIC — MOJIOKHUTENIbHA, W
naHHast GyHKIus Bo3pactaet. [Ipu nepexone uepes Touky X=0 nepBasi mponu3BOIHAS MEHSET
CBOM 3HaK C MHHYCa Ha IUIIOC, MO3TOMY B 3TOM TOYKE (YHKIHS HMMEET MUHUMYM:
Ymin = Y(0) =—1. 3nauur, A(0;—1) sBisgeTcs TOUKOH MUHUMYyMA.

5. lng ompeneneHus Touyek meperunda rpaduka GyHKIUMHM U MHTEPBAIOB BBINTYKIOCTH U

BOTHYTOCTH KPHUBOU HalJIeM BTOPYIO MPOU3BOIHYIO:

":_2.(X_1)3_X'3(X—1)2 :ZM
(x-1° (x-1*

y

Jlist BTOpoii npousBoguoii Y =0 npu X=-0,5 u y” He cymectByer npu x=1. PazoObem

YKCII0BYIO 0ch Ha Tpu uHTepBana (—0;—0,5), (-0,51), (L+x).

eperud
— + +

v

/\ -0,5 A4 1 A\ X

Ha nmepBoM uHTepBaje BTopas MpOM3BOAHAs Y OTpHLATENbHA U Jyra HCCielyeMoil

KPUBOW BBIMTyKJIAa; HA BTOPOM U TpeTheM HHTepBajax Yy’ >0, mosromy rpaduk sBIsSETCS
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BOTrHYTHIM. [Ipu nepexone uepes Touky X =—0,5 BTopas mpon3BogHast MEHSET CBOI 3HAK,
Yy

. 8
MOSTOMY B 9TOM TOYKE KpUBas uMeer neperud: y,,, = y(-0,5) =——.

9

CrnenoBartenbHO, B(— %;—g) — To4Ka nepernda rpaduxa GyHKINH.

6. B Touke X=1 QyHKUMS TEpOUT pa3pbiB, MpUYEM [jm 2x -1

———=o0. [Ipamasg x=1
x—1 (X —1)2

SBJIIETCSI BEPTUKAIBHOM acUMNTOTON rpaduka QyHkiuu. s ompeneneHus ypaBHEHUS

HAKJIOHHOM acuMOTOTH Y =KX+ D Bocmons3yemcst hopmysnamu:

k = lim ﬂ, b= lim (f(x)—kx).

x—o X X—>00
) 2x -1 i 2x -1
Torma K= |im — =0, b=1lim —— =0
X—>00 (X—l) X X—>00 (X—l)

[Mpu HaiineHubix 3HavyeHusix K u b mpsmas Y =0 ects ropusoHTan bHAS aCHMIITOTA

rpaduka ucciaenyeMou (hyHKINHN, IIPEACTABICHHOIO Ha PUCYHKE 1.
9

-0,5

v

B

A

Pucynok 1. I'paduk uccinenyemoit GpyHKuuU.

3ajaua 3.
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Ilpumep evinonnenus 3a0anus.

PesepByap, umeromuii bopmy OTKPBITOTO  CBEpPXY MPSMOYTOJIBLHOIO
napaijiesienuneia ¢ KBaApaTHBIM THOM, HY>KHO BBUTYIUTh BHYTpH 0JI0BOM. KakoBbI
JIOJKHBI OBITH Pa3sMephl pe3epByapa pu ero eMxoctd 108 0amd, uTo6sl 3aTpaTsl Ha

€ro Jy)XeHre ObLTH HAUMEHBITUMU ?

Pewenue. 3atpatbl Ha TOKpBITHE pe3epByapa OJIOBOM OyAyT HAaWMMEHBIIMMH, €CIU MPHU
JAHHOW BMECTUMOCTH IUIONIA/Ib €T0 MOBEPXHOCTH Oy1€T MUHUMAJILHOM.

O0o03HaunM uepe3 a (Om) — cTopoHy ocHoBanus, b (0m) — BeICcOTY pe3epByapa. Torna
IJIOIIA/Ib €r0 IMOBEPXHOCTH S —a’ + 4ab, a oobeM V = azb, WJIA, COIJIaCHO YCJIOBMS,
108 =ab. IMosromy

b:—2 u S=a2+4-a-¥=a2+4—32.
a a a

[lomydyeHHOE COOTHOIICHHWE YCTAaHABIMBACT 3aBUCHMOCTh MEXIY IUIOMIAIBIO
MOBEPXHOCTH pe3epByapa S (QyHKIMSI) U CTOpOHOM ocHOBaHus a (apryment). O6nactb
onpezaeneHus 3toil pynkuuu a >0, Tak Kak a — cropoHa ocHoBaHus. MccnenyeM QpyHKImo
S Ha s3kcTpemyM. Haiimem mepByro mpou3BOAHYIO S', MpUPaBHSAEM €€ K HYJIO U PElIM

MOJIyYEHHOE YpaBHEHHE:

432 22°-432

a’ a’

S'=2a 0.

Orcronma a=6. IIpousBomnas S’'(a) He cymectByer npu a=0, HO 3TO 3HAYCHHE
aprymMeHTa He MPUHAIIeKUT o0nacTu onpeaenenus Gpyukuun. [Ipu 0 < a <6 npousBogHas
S'(a)<0, mpu a>6 S'(a) >0. CienoBarensHo, Ip a=6 GYHKIUSA S UMEeT MUHUMYM.
Ecmu a=6, 10 b=3. Takum 00pa3zom, 3aTpathl Ha JIy>)KEHUE pe3epByapa eMKOCThIO 108

OyIyT HAUMEHBIIIUMH, €CJTH OH UMEET pa3Mephbl  6(dm) x 6(om) x 3(0m)..

3anaua 4.

Teopemuqecmte c8e0eHUs.
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[TepeMeHHast BeTMUMHA Z Ha3BIBACTCS (hyHKYUell 08YX NepeMeHHbIX X U Y, €CITH KaxI0H
nape 3HadyeHud (X,y) W3 JaHHOW OOJIACTH COOTBETCTBYET CIUHCTBCHHOE OIPEICIICHHOC

snauenune Z= f(X,y).
I dyaxkuun Z= f(X,y) BBOOATCA MOHATHS UYACMHBIX NPOU36OOHBIX TIEPBOTO

mopsaaKa, KOTOPBIC OIIPCACIIAIOTCS BBIPAKCHUAMM:

G T T e Ty Ay - 1Y)
OX  Ax—0 AX ’ Y Ax—0 Ay ’

U 4acnHrblx np0u3600Hblx BTOPOTO IMOpsAAKaA:

8_22_3@ P2 o _ofa _g(@j ’z_ofa
ox2 ox\ox) axoy oyox ox\oy) eylax) oy? eyloy)

Oyukuust 2= f(X,y) umeer B Touke Mg(Xg,Yo) Makcumym (Munumym), eciu
3Ha4YeHUe 3TOU PyHKLUU B Touke M, Oomblue (MeHbIlE), 4eM 3HaUCHHsI QYHKIUNU B 000
TOUYKE U3 OKPECTHOCTH TOUKU M.

HeoOxoaumbiMKu  YCTIOBUSIMUA ~ CYIIECTBOBaHUSL 9kcmpemyma (MakCUMyma WIH

muHumyma) auddepernupyemoii Gpyukunu Z= f(X,y) sBasleTcs paBeHCTBO HYyIIO ce

YAaCTHBIX IIPOU3BOJHBIX IICPBOTO IMOPAAKA:

%z _g
OX
a_,
oy

TO‘-IKI/I, B KOTOPBLIX YaCTHBIC IIPOU3BOAHBLIC OGpElIH&IOTCﬂ B HOJIb, HA3BIBAIOTCA

cmayuonaprvimu moukamu Gysximun Z = f(X,y). Ius Toro 4ToObl cranpoHapHas TOYKa

SABJIAJIaCh 3KCTp6MyMOM, B H€I71 JOJI’)KHBI BBITIOJIHATHCSA Oocmamquble yCﬂOGuﬂ. 0603Ha‘H/IM
2 2 2

0°z 0°2 0°z

A 0 2 _axay ! 2
X Ile Ile 8y MO

. A=AC - B?.

Ecnu B cranmonapHoit Touke M (X, Yo)
A>0,A>0,T0 M| ecTh TOUKa MUHUMYMA;
A>0,A<0,1T0 M| ecTb TOUKa MAKCUMYMa;

A <0, 1o B TOuke M HET IKCTpEMYMa;
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A =0, To TpebGyeTcs JOMOIHUTEIBHOE UCCIIEIOBAHME.

Ilpumep évinonnenus 3ad0anus.

HccnenoBaTh Ha SKCTpeMyM QYHKIUIO Z =2X +4Y — X2 — y2 +6.

Pewenue.
1. Haitnem yacTHbIC MpOU3BOAHBIC 3aJaHHON (PYHKIIUN

QE:Z—ZX, 95:4—2y
OX oy

2. 3anumemM HeoOXO0IMMBIE YCIIOBUS CYIIECTBOBAHUS IKCTPEMyMa
2-2x=0 Xx=1
= ;
4-2y=0 y=2
3Haunt Touka M (1,2) sBiseTcs crarmoHapHON TOYKON (QyHKITHH.

3. IIpoBepuM BBINOJIHEHHUE B TOYKE M JOCTATOYHOIO yCJIOBHS. JlJIs1 3TOTO HAMAEM BTOPBIE

YaCTHBIC ITPOU3BOIHBIC Q)YHKHI/II/I

2 2 2
i, P, Pz,
Ox? OXoy

B Touke M(L2) A=-2B=0,C=-2 u A=(-2)-(-2)-0=4. TIlockousKy

A=4>0,A=-2<0, touka M (L2) sBasercs Toukoii MakcumyMma. 3HaueHHe (QYHKIIUU B

5T0i TouKe 7|, =2-1+4-2-1°—2° +6=11.

3ajaua 5.

Teopemuqecmze c6e0eHUsl.

DyHKIMS IBYX HE3aBUCHMEIX mepeMeHHbIX Z = f(X,y) npunuMaer HauGosblice u
HauMeHblee 3Hauenus B oOmactu D, orpanuuennoit munueir @(X,y)=0, mubo B

CTAIlMOHAPHBIX TOYKAX, PACMOJIOKEHHBIX BHYTpH obmactu D, nubo Ha rpanuie 3tou
oOJacTu.

3asaya 00 OTHICKAHWH HAMOOJIBIIETO W HAMMEHBINETo 3HaueHn# Qpyukuuu Z = f(X,Y)

B 3aJ1aHHOM obOnactu D permaeTcs o cneayroomnemy miaHy:
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1. OnpenensieM cTanioHapHbIE TOUKH (YHKIIMH, PACHONIOKEHHBIE BHYTpH oOnactu D, u
BBIUKCIISIEM 3HAUYCHUS (YHKIIUU B 3TUX TOUKAaX.

2. HaxoguMm cranuoHapHble TOYKH (QyHKIMH Ha rpanuie @(X,Yy)=0 obmactu wiu Ha
OTJIENbHBIX €€ Y4acCTKax, 3aJaHHbIX Pa3jIMYHbIMH YPABHEHHUSIMH, U BBIYUCIISIEM 3HAUCHMS

(GYHKIIUH B 3TUX TOYKaX.

3. M3 BceX BBIYMCIICHHBIX 3HAUYCHUI q)YHKHI/II/I BI>I6I/Ipa€M HanOOJIbIIICE U HAUMEHBIIICE.

Ilpumep evinonnenus 3a0anus.

Haiitu HauGonpliee 1 HaMMEHbIlIee 3HaYCHU QYHKIMH Z = X2 + 2Xy —4X—Yy B

TPEYTOJIbHUKE, OrpaHMYEHHOM MpsAMbIMA X =0, Y=2, y=X.

Pewenue.

1. Halinem cranmoHapHble TOYKM (PYHKIIMU M3 YCJIOBHH pPAaBEHCTBA HYJIO YaCTHBIX

POU3BOIHBIX (PYHKIIUU

y N az
y —_— = —_ =
8x 2x+2y—-4=0 X=05
0z < =15
—=2x-1=0 y=4
oy

Crauponapuas touka M (0,515) nexur BuyrpH

3aganHou oonactu OAB.

3HadeHue PyHKIMHU B TOUKe M paBHO

~05%+2-05-15-4-05-15=-175.

[
>

X

Z|\)
2. Uccnenyem noBenenue PyHKIIMU Ha TpaHUIIAX 00JIACTH:

a) Ha rparnie O4 y=X, 0SXx<2, z=x2+2X-X—4-X—X wmm Z =3x? —5X;
' , 5 5
2'=6x-5,2'"=0 npu X:E,Toma y:g (Tak KaK y=x).

2
55 5 5 25
B touke C| —;— | 3HaueHue aBHo z|. =3 — | -5-—=——.
TOYK (6 6) HaueHue PyHKIUH PaBH ‘c (6) i B
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Bprancium 3HaueHns GYHKIUN B KpallHUX TOYKax oTpe3ka OA.
B Touke O(0;0) Z‘ 0= 0, B TOUKe A(2;2) 3HaYCHUE PYHKIIMHA PABHO
7, =3-2°-5-2=2.
0) Ha rpanmie BA y=2, 0<x<2, Z=X>+2X-2—4X—2 umu Z=X>—2:
2'=2%,2'=0 npu x=0,a y=2 corjacHo ypaBHEHHIO MPIMOii BA.
B Touke B(O;Z) 3HaYCHUE PYHKIIMH PABHO Z‘B =3.02-2=-2.
B) Ha rpanuie OB x=0, 0<y<2, z=-y;
2’=-1#0 mpu  Bcex Yye[0;2], cmemoBaTenbHO, CTALMOHAPHBIX TOYEK HA

maauu OB Her.

3. W3 Bcex BBIYMCICHHBIX 3HAYEHUM 3aJaHHON (YHKUMU BbIOMpaeM HauOoJblliee U

HauMEHbIIIee:
Z‘ A=2 — HauOoublliee 3HaueHue GyHkiuu B odinactu OAB
25
z\ c= 3 — HauMeHbIIIee 3HaueHne QPyHkiuu B oonactu OAB
3anaua 6.

Teopemuqecmze c6e0eHUsl.

Ilepeoobpasnoii pynxyuen s pyakuuu T (X) HasbiBaercs takas gynxuus F(X),
gro F'(X) = f(X).
Heonpeoenennvim unmezpanom ot ¢yukuuu  f(X) HaseiBaeTcs ee  oOmas
nepBooOpazHas
[f(x)dx=F(x)+C .
®dynkius  f(X) HaseiBaeTcss mopblHTErpanbHoi  QyHkmwmeit, F(X) — pesymbrar

uHTerpupoBanus, C — NPOU3BOJIbHAS TOCTOSTHHAS.

Ceoticmea HeonpeOdelleHH020 UHmezpala.
L. [u(x) +v(x))dx = [u(x)dx + [v(x)dx.
2. [A- f(x)dx=A-[ f(x)dx, rae 4 — nocrosHHasl.
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3. Ecim [ f(X)dx=F(x)+C u u=¢(x), o [ f(u)du=F(u)+C.

Tabauya npocmeuiux uHmMepaios:

dx

1. |{dx=x+C. 7. =tgx+C.
I Icoszx
n+1
2. jx“dx:x +C,(n=-1). 8. | .d>2< =—Ctgx+C.
n+1 Sin“ X
3. j%:ln\xhc. 9. [—— _arcsm XicC.
X 1/
X aX X X l X
4. [a*dx=——+C, [e*dx=e"+C. 10. [ 57— ="arctg=+C .
Ina x> +a’ a a
5. [sinxdx=—cosx+C. 11. | ox :—I —+C (a=0).
x>—a? 2a x+a
6. [cosxdx =sinx+C. 12 [——— ‘X+\/X + ‘+C (A=0).

VX2 +A

OcHognbie Memoovl UHMeESPUPOBAHUSL.
1. [TonBenenue o 3Hak auddepeHnuana:
a) K (QyHKUMH, CTOSIMIeH mojJ 3HakoMm auddepeHimana, MOXKHO MNPUOABIATh WIH

BeIYMTATH JI00YI0 mocrosaayro: df (X) =d(f(x) £ A);

0) mnon 3Hak auddepeHnranta MOXKHO TIOJBOJIUTH TMOCTOSHHBIM MHOXXHUTEINb:
1
df (X):Kd(A- f(x));

B) 1O/ 3HaK AuddepeHmana moaBoauTcs GyHkius mo npasmry: f'(X)dx = df (x).
2. aTerpupoBaHue 1Mo 9acTsM C UCTIOIh30BaHUEM (POPMYJIBL:

fudv=uv - [vdu, rze u=u(x),v=V(x).
C TOMOIIIBIO 3TOTO METO/Aa BBIYUCIISIOTCS CIASAYIOIINE HHTETPAITBI

a) [a* - P,(x)dx, u=PR,(x), dv=a*dx.

6) [sinax-P,(x)dx, u=P,(x), dv=sinaxdx.
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B) [cosax- P, (x)dx, u=PR,(x), dv=cosaxdx,

r) [Inax- B, (x)dx, u=Inax, dv=P,(x)dx,

) [arcsinax- P, (x)dx, u=arcsinax, dv=P,(x)dx,
e) [arctgax- P, (x)dx, u=arctgax, dv="PR,(x)dx,
rne P, (X)— MHorowieH n-oi cTeneHu.

3. UHTerpupoBanre METOI0M 3aMEHBI IEPEMEHHOM 10 (hopmyie

[ T(dx=]f(p))de(t) =] f (p(1))¢'(t)dt, rae x=p(t).

Ilpumep evinonnenus 3a0anust.

Hatitu HCOIIPCACICHHBIC HHTCTPAJIbI:
N2 3
jaresing” +x . ) j;‘—”dx; B) [(3x +4)e¥dx.
V1= x2 X“—4x+3
Pewenue.

a) HCIIOJIB3Ys OCHOBHBIC CBOMCTBA HCOIIPCACICHHOI'O MHTCTPalJia U BBIIIOJIHAA ITIOABCACHHUC

¢GbyHkuuii nox 3Hak qudpepenHnnana, HailieMm HHTerpal

I(arcsinx)2+xd I(ar(:smx) IR Sy
V1-x? V1-x? \/1—x2

1
= [(arcsinx)*d (arcsinx) + [ (L - x?) 2d (x_22) =

1

= [(arcsinx)?d (arcsinx) + (— %jj(l— x?) 2d(1-x?) =

1

_x2y2
:%(arcsinx)3 —%-¥+C:%(amsinx)3 —V1-x%+C.

2

[TpoBepum pe3ynbTaT HHTETpUpOBaHUs TU(hEepeHITMPOBAHUEM

!

(%(arcsinx)3 —1-x2 +Cj =
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1 1 -
=3 3(arcsinx)? - (arcsinx)’ —5(1— x2) 2(L-x?)' +C'=

_(arcsinx)®  —2x +O_(arcsinx)2+x

h-x2 2h-x2  1i-x2

YTO COBMAAACT C MOABIHTETpaIbHON (HYHKITHEH.

0) mojbIHTErpadbHas (YHKIMSA TPeCTaBiaseT o000 HENPaBHIBHYIO pAIMOHAIBHYIO
npo6s. IlpencTaBuM 3Ty JApoOb B BHJE CYMMbl MHOTOWIEHA M MPaBMIBLHON apo6u. J{is
O3TOI'0 BBIIIOJIHUM JACJICHHUC MHOT'OYJICHA HA MHOI'OYJICH:

x3 17 ‘x2—4x+3

x> —4x°+3x  |x+4

4x% —3x —17
4%° —16X +12
13x — 29
Torna
3_ —
j—zx 17 dx:( 4+—i3x 29 jd = [xdx + [4dx + j—iSX 29 dx =
X —4X+3 X —4x+3 X° —4X+3
2
=X—+4x+ji3X—_29dx.
2 X —4x+3

Jlst Toro 4TOoOBI HAWTHU TOCJIEIHUN WHTETpaj, MPEeACTaBUM NPABWIBHYIO IpoOb B BHIE

CYMMBI IpocTeHMX ApoOei. [l 3Toro pasznokum Ha MHOXKHUTEIM 3HaMEHATeNb Ipo0u

X2 —4x +3=(x—1)(x — 3) u pasnokuM APoGb Ha IPOCTEHILIIE

(x-D(x-3) x-1 x-3  (x=1)(x—3)
sgaunt 13X —29=A(x-3)+B(x-1).

13x—29 A N B A(x-3)+B(x-1)

ITpu x=3 umeem 13-3-29=B(3-1), orkyna B =5;
npu X =1 nmeem 13-1—-29=A(1-3), otkyna A=8.

[Tomyyaem 18x=29 _ 8 + > Y UHTETPUPYEM
7 (x=-D(x-3) x-1 x-3 Y
I 13x—-29 dX:j 8 dx+j 5 d _de(x 1 5jd(x 3)
(x=D(x-3) Xx—1 X —
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=8In|x -1 +5In|x-3/+C

N OKOHYATCJIbHO I10JIYy4acM

3 2
j;;ﬂdx:x—+4x+8ln\x—ﬂ+In\x—3\+C.
X —4x+3 2

[TpoBepum pe3yibTaT nuddepeHIIIPOBAHUEM:

!

2
(%+4x+8ln\x—u+ln\x—3\+cj :?+4+—+—=

(X +4)(x-D(x-3) +8(x-3) +5(x-1)  x*-17
B (x—=1)(x +3) - x2_4x+3’

YTO COBIAJAET C MOJBIHTErPAIbHON (PYHKIUEH.
3ameuanue.
WHuTerpan oT NpaBWIBHOW pPAMOHAIBHON NpOoOM CBOJUTCS K CYMME HHTETPAJIOB OT
npocteimux napodeii. Hanbomnee yacto BCcTpedaroTcs Caeayouie HHTErpaibl:
jidx =Alnjx-a/+C; ijdx :L(x —a) M icC, (k=23,..).
X—a (x—a) (—k+1)

B) IPUMEHUM METOJIOM WHTETPUPOBAHUS IO YACTSIM.
1
Ipumem Uu=3x+4, dv=e¥dx, torma du =3dx, V= §e3x . Ilo dopmyne

HHTCTPUPOBAHMA 110 YaCTAM I10JIy4acM

3X + 4e3X

f(3x+4)e3xdx:(3x+4)%e3x —j%e” - 3dx = ~ [e¥dx =

_XHha L
3

[TpoBepum pesynbTaT nuddepeHIpoBaHEM

@ (x+1) +C) =3 (x +1) + > =e*(3(x +1) +1) =¥ (3x + 4),

3x+4-1 3

eX4C= +C=e¥*(x+1)+C.

YTO COBIAJIAET C MOJBIHTETPATBLHOU (PYHKITHEH.

3ajaua /.

Teopemuueckue ceedeHus.
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y Ecnu na mnockoctu Oxy 3aaana ¢urypa,
_y=/1 %) OIpaHUYECHHAST JIBYMS HEINPEPBIBHBIMU
muHusaMu Y = f(X), y=f,(x) =u

S L y=400)

BCPTUKAJIBHBIMU HPSIMBIMH X=4a, X= b )

T X TO TIOWIAAb S TAKOH (PUTYpHI MOXKET OBIThH

BBIYHCIICHA o dbopmye

S= ?(fz(x) — f,(x))dx, rme f,(x)> f,(X) ma orpeske [a,b].

Ilpumep evinonnenus 3a0anust.

Boruucnuts miiomanb GUrypsl, OrpaHU4€HHON JTUHUSAMU Y = X +4x, y=X+4.

Pewenue.
3ajaHHbBIE JUHUMA OTPAHMYMBAIOT HA IUIOCKOCTH OXy KPHUBOJHMHEMHYIO TPANELUIO,

M300paXKEHHYIO Ha PUCYHKE.

A
y

y=x"+4x
y=x+4

Y

Haitnem koopauHaThl TOYEK MEPECECUEHHS 3aJaHHBIX JIMHUHM, JJI 3TOr0 PEIIUM

CHUCTEMY ypaBHEHUU

2
Y=XTHAX 2 4y x4, X? +3X—4=0, otkyna X, =—4, X, =1.
y=x+4

Torna nckomasi MJIoIIaab BEIYUCISIETCS IO hopmyJie:
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1

3x% xS
S = j(x+4 x? — 4x)dx = [(4—3x— x2)dx = 4x—7—? _
4
:4_§—£+16 ﬁ—%—ZO (k8. €0.).
2 3 2 3

3ajaua 8.

Teopemuueckue ceedenusl.
OObeMbl Ten, 00pa30BaHHBIX BpallleHWEM IUJIOCKOW (DUTYpBI, OrpaHUYEHHON KpPUBOM
y=1(x)>0, ocero Ox u ipsimeiMH X =2, X=bh,

b
1) Boxkpyr ocu Ox, Beraucisrotest mo popmyre V, = 7| f 2(x)dx;
a

b
2) Bokpyr ocu Oy, Beraucisorest o gopmyne Vy =27 f xf (x)dx .
a

Ilpumep evinonnenusn 3ad0anus.

Beraucnute o0beMbl Tell, 00pa3oBaHHBIX BpalieHHeM BOKpyr oceii Ox u Oy
KPUBOIIMHEIHOTO TPEYroibHUKA, OFPAHHYEHHOTO KpHBOH Y =3/X, ocbio Ox u

npsmMon X =1.

Pewenue.
A
y | / y=3x 1)  obObem Tena, MOIy4EHHOrO BPALCHHEM

BOKpYT ocu Ox, paBeH

1
5
) %
X
I(%/_) dx = s =3—7[ (ky6. e0.)
> 0

0 1 3 |

2) 00beM Tena, IOJYYeHHOTO BpalieHueM BOKpyT ocu Oy, paBeH
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7/

X/ 3

sl

1 %/— 67
Vy =27z[x-R/xdx =27 = (ky6. eo.).
0
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Tpernii cemecTp

[TPUMEPHI PEHTIEHUA 3AJJIAY

3ajaua 1.

Teopemuueckue ceedeHus.
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Huddepenunanbiaple ypaBHEHHSA, B KOTOPBIX IEpEMEHHbIE MOXKHO pa3ieliuTh
NOCPEJICTBOM YMHOXEHHUsI OO€HMX YacTell YpaBHEHHMS HAa OJHO M TO JK€ BBIPAKEHHUE,

Ha3bIBAIOT TU(PhHEepEeHINATPHBIMU YPABHEHUSAMHU C pa30esa0WUMUCT NepeMeHHbIMU.

dy _ fa(x) _
o () — fi(y)dy = f(x)dx, (1)
i B quddepennnanbHoi popme
fi(x)- fo(y)dx+ f3(x) f4(y)dy=0. (2)

Pasnemnm o6e yacTu ypaBHerus (2) Ha npoussenerue Gpynkuuii f,(y) f3(X)

f3(x)d f2(y)dy 0 (2"

W, TI0CJI€ MHTErPUPOBAHHMS, TOJTyYMM 00U uHTerpan (00LIee pelIeHNe) YPaBHEHHMS:
I fi(x) e+ | faly)
fa(x) f2(y)

IIpn nenennn Ha fz(y) f3(X) MOXET MPOU30UTH TOTEPSA HEKOTOPBIX YACTHBIX

dy=C.

pemenuii. Ilycts, Hampumep, npu Y=Y, HMeeM fz(y0)=0, Toraa QyHKIUA Y=Y,
ABJIsIeTCs pelieHneM ypaBHeHus (2'), T.k. dy =dy, =0. Pemenuem MoxeT Takxke OBITh

dyHKImsS X = Xg, eciu f3(Xy)=0.

Ilpumep evinonnenus 3a0anus.

Haiitu 06muii naterpan auddepeHmaisHOro YypaBHEHUS MEPBOTO MOPSIKa

x(y+1)dx—<x2 +1)ydy:0.

Pewenue:

JlanHoe muddepeHInaTbHOe ypaBHEHUE SBISCTCS YpPaBHEHUEM C Pa3IeisIONIUMUCS
nepemenubiMy, npuueM f;(X)=%;  fo(y)=y+1L f3(x)= X2 +1; f,(y)=-y. Paznenum

00€ JyacTh ypaBHEHUS Ha MPOU3BEICHUE

fo(¥) f3(x) = (y +1)(x* +1)
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Y TTOJTyYUM

xdx  ydy
>~ =0.
x“+1 y+1

[IpouHTErpUpyEM MOCIETHEE PABEHCTBO

xdx 1
Ix2+1_j(1_y—+1jdyzc’

WCIIOJIB3YsI TOJIBE/ICHUE TI01 3HaK Aud depeHiana

1
d(x2+1) d 1
[ o1 e

MIOJTydUM OOIIHI HHTETpal MU epeHINATEHOTO YPABHCHHSI
%In‘x2 +1‘— y+Inly+1=C.

[pu nenenun Ha f, ( y) =Yy +1 motepsHo yacTHOe pemeHue: Y =—1.
3agaua 2.

Teopemuqecme CBEOCHS.

HuddepennmansHoe ypaBHEHHUE MTEPBOTO MOPSIKA
!
y'+p(x)y=a(x), (3)
JMHENHOE OTHOCUTENILHO UCKOMOM (YHKIIUU U €€ TIPOU3BOIHOM, HA3bIBACTCS JIUHEUHBIM.

VYpaBuenue (3) CBOAUTCS K JIBYM ypPaBHEHUSIM C Pa3ACNISIONIMMUCS TEPEMEHHBIMU

creayromuM oopazoM. 3amnmiieM uckomyro GyHknuio Y(X) B BuIe MPOU3BEINEHUS IBYX
GbyHKIIHIA: y=u(x)-v(x). Onna w3 »9TuX GYHKOUA MOXET OBITh a0COJIFOTHO

MIPOU3BOJIBHOW, a BTOpas OMPEIEISeTCSs B 3aBUCHUMOCTH OT TIEPBOM TaK, YTOOBI HX
MIPOU3BEICHUE YIOBJICTBOPSIIO ypaBHEHUIO (3).

W3 paBencTBa Y =U-V HaxomuMm Yy =U'-v+U-V'. Torma B coorBercTBHE C (3) MMeeM
uV+uv' + p(x)uv=q(x) mm uv+u(v'+p(x)v)=q(x). BeGepem B kauectse V(X)

KaKoe-HUOy/Ib YaCTHOE pellIeHUE YPaBHEHUS
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V'+p(x)v=0, (4)
Torza Juist OTbickanus U(X) moay4uM ypaBHEHHE
u'v=q(x). (5)
Haiinem V(X), pasaensist mepeMeHHsbie B (4):
dv__ p(x)dx, orkyna Inv= —_[ p(x)dx u v= e Py .
v

3uas V(X), maiigem u(X) us ypasuenus (5):

j—§v=q(x) = du=ejp(x)dxq(x)dx,Torz{a u:jq(x)ejp(x)dxdx+c.

Oob11ee perieHne JMHEHHOTO ypaBHEHUS (3) UMEeT BUJT

y=uv= g I PO UQ(X)E‘I POy 4 C} .

Ilpumep evinonnenus 3a0anust.

Haiitu oOmee pemenue aud@epeHInanTbHOr0 ypaBHEHUS

nepBoro mopsaka y' —2y =1.

Pewenue.

BanumeM uckoMyro GyHknuo Y(X) B BUAE IpOU3BEaeHNS ABYX (DYHKIIUIA:
y=u(x)-v(x),torza y'=u"-v+u-v',
" IIOJACTAaBHM I10JIYUCHHBIC BbIPAKCHUS B 3a/ITaHHOC YPABHCHUC
u'v+uv' —2uv=1.
Brinecem 3a ckoOku U(X)
uv+u(v'—-2v)=1
", TIpHpaBHUBAd K HYJIIO BBIPAKCHUC B CKO6KaX, moJaydyuM MW pCliuM JBa

mudpepeHIranbHbIX YpaBHEHUS C PA3ACISIONIMMUCS IEPEMEHHBIMMU:



vV =-2v=0 uv=1
Q:de d—u92X =1
\V} dx

Inv=2x du :e_zxdx
v=e* u :je 2Xdix,

3anuiiem ob1iee penieHre 3agaHHoro 1udepeHmaibHOro ypaBHEHUS B BUJIE

y:uv:[—%e‘zx +Cj-e2x, e y:—%+Ce2X.

3agaua 3.

Teopemuqecmte CBeOeHUS.

JuddepeHunansHoe ypaBHEHHE BUIA

y' +ay' +ay = () (6)
Ha3bIBAETCS HEOJHOPOJHBIM JUHEHHBIM YpPaBHEHHEM BTOPOTO MOPSAJIKA C MOCTOSHHBIMHU
K03 unreHTaMu a; U a,.

OOiiee pelieHue 5TOro ypaBHeHuss Y=Y+Yy, rae Y- oOmee pemecHue
COOTBETCTBYIOIIETO OJHOPOJHOIO YpaBHEHHs; Y — YacTHOE pelleHde ypaBHeHus (6).
Huddepennnansuoe ypaBHEHHUE

y'+agy +ay=0 (7)
SIBJISIETCS OJTHOPOJHBIM Y HA3bIBACTCSI COOTBETCTBYIOIIMM HEOJHOPOIHOMY YpaBHEHHUIO (6).

Ob1iee pemieHrne OAHOPOIHOTO YpaBHEHHUS (7) HAXOAT MO KOPHSIM XapaKTePUCTUUECKOTO

YpaBHEHUS
2 _
r-+ar+a,=0.
XapakTepUCTUYECKOE YPABHEHNE MOKET UMETh TPH CITydas 1JIs1 KOPHEH I} U Iy !
1) kopuu xapakmepucmuyecko2o ypagHeHus 0elicmeumenbuvle U pasiuunsie: I #r,. B
9TOM ciay4dae oOmiee pemieHue ypaBHeHust (7) 3amuChIBaeTCs B BHJE

¥y =Ce" +Ce"?*, rne C,, C, —pou3BOJIbHBIE IOCTOSHHBIE;
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2) KOpHU Xapakxmepucmuyeckoz2o ypagHeHus oOelicmseumenvhvle U pasHvie. I =r,. B
3TOM ciy4ae oOiee pernieHue ypaBHeHust (7) 3amuchiBaeTcsi B BUJE
Y =e"(C,+CyX), rae C,, C, —IpOH3BONBHBIC IOCTOSHHBIE;

3) KOPHU XapaKmepucmu4eCcKoeco YpPAaBHEHUS — KOMNJIEKCHble CONpANCEHHble YUCAd

ho=axf-i, f#0. B stom ciaydae obmee penienre ypaBHeHuUs (7) 3anChIBAeTCS

B Buge Y =e“*(C,cosBx+C,sinBx), rae C,, C, —Npon3BOIbHBIE IOCTOSHHBIC.

YacTHOE pemieHne Y  HEOJHOPOJHOTO ypaBHEHHs (6) MOXET OBbITh HalJECHO METOIOM

HEOIpeIeIeHHBIX KO GHUIIMEHTOB B 3aBHCUMOCTH OT BU/1a ITpaBoii yacTu ypaBueHus f (X)

Iepewuii cyuai. Npasas dacts ypauenus (6) umeer suy f (x)=P(x)e™, rue P(X) —

MHorowieH. Toraa ypaBHeHue (6) MMeeT YaCTHOE PEIlICHUE B
y*=xQ(x)e™, ®)

rae Q(X) — MOJHBIA MHOTOUWICH TOM JKe CTEeIeHH OT X, 4To i P(X), HO ¢ HeonpeAeeHHBIMU
ko3 dunreHTamu;

k=0, ecu unciio M He ABJISIETCS KOPHEM XapaKTEPUCTUUECKOTO YPABHEHHUS,

k=1, eciii 4ncI0 M SBIASETCS MPOCTHIM KOPHEM XapaKTEPUCTHUECKOTO YPAaBHEHHUS,

k=2, ecitu yuCII0O M SBJISETCS NIBYKPATHBIM KOPHEM XapaKTEPUCTUUYECKOTO YPaBHEHHUS.

[TpaBuino coxpansieT cBoro cwity u mpu M = 0, koraa f(X)=P(X) — MHOTOIEH.

Heonpenernernpie kodgQuuuenTsl B MHOrowIeHe Q(X) ompeiensior MoACTaHOBKOI

byukiuu (8) U ee MPOU3BOAHBIX B ypaBHEHHE (6) C MOCIEAYIOIIUM MPUPAaBHUBAHUEM

KO3(PUIIMEHTOB IIPH OJIMHAKOBBIX CTEIIEHSX X B 00CHUX YaCTSAX ypaBHEHUS.

Ilpumep évinonnenus 3ad0anus.

Hatitu yacTHOe pemenne nudepeHnaibHOr0 YpaBHEHUS BTOPOTO MOPSIIKA,

YAOBJICTBOPAOIICC 3aJaHHBIM HaAYaJIbHBIM YCIIOBUSM:

y' -3y —4y=4x-1 y| =2, Y| _,=3
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Pewenue. XapaktepucTHuecKoe ypaBHEHHE r>-3r—4=0 umeer uBa Pa3IUYHBIX

JIeHCTBUTENBHBIX KOPHA I} =—1, I, =4, cnenoBarensho, ¥=Ce " + Cze4x. ITpaBas yacThb

ypaBHEHHS HMeeT Bum f (X) =4x-1= (4X —1) e rne m=0 u He sBIgETCS KOpHEM

XapaKTePUCTHUECKOro ypaBHeHUs. Torma wactHoe perienue npu K =0 umem B Buje

y"=x"-(Ax+B)-e* = Ax+B, (y* ), =A (y* )” =0. [Tocie  NOACTAHOBKU B
nuddepeHnanbHOe ypaBHEHHE TIOIyYaeM
0-3A-4(Ax+B)=4x-1
—-3A-4Ax-4B=4x-1;
_AA-X+(-3A—4B) = 4-x+ (-);
X' —4A=4; A=-1

x°: .3A—4B=-1 —4B=-1+3A=-4, B=1

YacTHeIM pemieHueM sBiasercs QyHkmums Y = AX+B=-1-Xx+1=1-X. OOmum

penrenueM siBysieTcss pyHkus y =y +y =Ce "

+Ce™ —x+1.
Haninem 3nauenue koncrant C;,C, u3 HadanbHBIX yCIOBUH. [l 3TOro ompenenum
y'=—Cie ¥ +4Ce™ 1.
Torna y‘x:O =C+C, +1=2, C, =0,
y|,_o=-Ci+4C;-1=3, {Cz =1

M ckoMBIM 4aCTHBIM pelieHUEM SBISETCS PYHKIUS Y = e _x+1.

Ilpumep evinonnenusn 3ad0anus.

Haiitu yacTHOe pemenue nudpepeHaibHOro ypaBHEHUSI BTOPOIO MOPSIIKa,

YAOBJICTBOPAOIICC 3a/JTaHHBIM HaAYaJIbHBIM YCIIOBUAM:

y” _4yl + 4y — e2X, y‘X:O — 2’ y’ =0 = 3_

Pewenue. Xapakrepuctuueckoe ypaBHEHUE r> —4r +4=0 umeer JIBYKPATHBIA KOPEHb

=2, cnenoaremsHo, Y =e7*(C;+C,x). IlpaBas wuacTh ypaBHEHHs HMEeT BHI
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f (X) =e”, m=2 sBugercs JBYKpaTHBIM (K=2) KOpHEM XapaKTePHCTHYECKOTO
ypaBHEHUs, TOT/Ia YaCTHOE PEIICHHUE HIIIEM B BHJIC

y*=x2. Ae?¥, (y*), =x%.2Ae?* +2x- Ae?* = 2Ae2"(x2 + x),

n

(v') =486 (x* +x)+2Ae™ (2x+1) = Ae”™ (4x* +8x+2).

%
[Tocne mojicTaHOBKY Y U €€ MPOU3BOHBIX B UCXOHOE AU(depeHIInaTbHOE YpaBHEHUE

I[IojJy4acMm

Aezx(4x2 +8X + 2)— 4.2 Ae® (x2 + x) +4Ae?* . x? =e?X,

AeZX(A%{+78x+278{[>8\>g+M):eZX,

2AeZX — eZX,

2A=1, Azl.
2

* 1 2X 2
YacTHbIM penieHueM siBisieTcst GyHKIus Y :Ee - X°. OOILIKUM pEIICHUEM SIBJISIETCS

HKOUA V=V + *—e2*(C, +C.x +lezx-X2.
y y=y+y 1T 2 5

Haninem 3nauenue koncrant C;,C, u3 HaydanbHbIX yCIOBUH. [l 3TOro ompenenum

IIPOU3BOHYIO

1 A2X 2X (2

Y'=6%(2C; +2C,x+ C) +6% (X* + X},
U TIOJIYyYUM CUCTEMY YPABHCHHUM JUIs ONIPEAEICHNS 3HAYEHUN IIPOU3BOJIBHBIX KOHCTAHT
—a0.c = _
Y, _o=€¢-C=2 C=2
| _ a0 _ _
y ‘X:O =e’(2C;+C,)=3, C,=-1

VickoMBIM perienneM sBasetest ynkims y =Y +y* =e”* (2—x)+ Eezx X2,

Bmopoti cayuaii. TlpaBas yacts ypasHenus (6) umeer sug f (X) =acosnx+bsinnx.
Ecnu urcia +in He ABISIOTCSA KOPHIMHU XapaKTEPUCTHYECKOTO YPaBHEHUS, TO

y* = Acosnx + Bsinnx.
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Ecnu uncna £in SBASIOTCA KOPHAMU XapaKTEPUCTHUYECKOTO YpPaBHEHHs, TO YAaCTHOE

pPEIICHUC NMCCT BUI
y" =(Acosnx+ Bsinnx)- x.
B wactHBIX chydasix, korna a wid b paBHO Hyito, peleHne BCE paBHO HAI0 UCKATh B

yYKa3aHHOM OOIIIEM BHUJE.

Ilpumep évinonnenus 3ad0anus.

Haiiti yactHOe pemienue nud@epeHnanbHOr0 ypaBHEHUS BTOPOTO MOPAIKA,
YIOBJIETBOPSIOLIEE 3aJaHHBIM HAYaJIbHBIM YCIOBUAM:

1

!

x=0 2 '

y" +4y' +13y =5sin3x, y\x_ozé, y

Pewenue. XapakrepucTuueckoe ypaBHEHNE r? +4r +13=0 umeer KOpHU

L _TAEN4T-413 4+36 _4L6i_ ,_ o
12~ B - S
: 2 2 2

Torma y =e ¥ (Cycos3x +C,sin3x).
Yucna £3i He SBIAIOTCS KOPHIMH XapaKTEPUCTHUECKOTO YPaBHEHHS, TIOITOMY

y* = Asin3x + Bcos3x,

(y*) =3Acos3x —3Bsin3x,

4

(y*) =-9Asin3x — 9B cos3x.

HOI[CTaBJ'IﬂeM y>X< " €C IIPOU3BOAHBIC B HCXOOAHOC YPABHCHHC U I10JIy4aCM

—9Asin3x —9Bcos3x +4(3Acos3x —3Bsin3x) +13( Asin3x + Bcos3x) =C,
(4A-12B)sin3x+ (4B +12A)cos3x =5-sin3x + 0-cos3x;

3(

1

sm3x:4A—1ZB:5} A=§
=

B=-2>

8

cos3x: 4B+12A=0

Ob6miee perieHNe YpaBHEHUSI UMEET BUJT

y =& % (Cycos3x +C,sin3x) + %sin 3X —gc053x.
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Hannem 3nauenue koncrant C;,C, u3 HayanbHBIX yClIOBUH. [lg sTOro ompenenum
IPOM3BOIHYIO

y' =-2e72*(C,cos3x +C,sin3x) +e ¥ (~3C; sin3x + 3C, cos 3x ) +

+§c053x + gsin3x
8 8

" 3allMIICM CUCTEMY ypaBHeHI/Iﬁ IJIs1 OIIPEACIICHUS 3HAYCHUMN IMPONU3BOJIbHBIX KOHCTAHT

3 1
y‘xzozeo(C1+C2-0)—§=§,

Y] =-2e°(C,+C,-0)+€%(C,-0+3C,) +

1
2

ool w

61,31
8 8 2
1

szl( +§j:§.
32 8) 8

HckoMbIM perieHreM siBisieTcst QyHKIUS

y =g X L cosax+ Ssinax |+ Ssin3x — > cosax.
2 8 8 8

3anaua 4.

Teopemuqecm{e ceeoenusl.
CmenennviM psi0om Ha3bIBAIOT Pl BUIA
2 n < n
ag+a(x—a)+ay(x—a) +...+a,(x—-a) +...= > a,(x-a), (9)
n=0
paCHOHO)KeHHBIfI 110 CTCIICHAM JABYYJICHA (X - Cl) .

B cootBercTBUM ¢ TeopeMoi Abens psan (9) cxoauTcst Ha UHTEpBaje X € (a —R,a+ R) :

a JIA BCEX X, JEKAIIMX BHE DTOr0 MHTEpBaia, psa pacxomutcs. Yucimo R HaspBaroT
paouycom cxooumocmu cTerneHHoro psaa. Ha konax uHTepBaia (mpu X=a—R u npu
X=a+R) Bompoc 0 CXOOZUMOCTH M PACXOJUMOCTH [JAHHOTO psda PEIIacTCs
WHINBUAYAIBHO JUIS KaXIOTO0 KOHKPETHOTO psiga. Y HEKOTOPBIX PsJI0B HHTEpBa
cX0auMOCTH BIpoXkaaeTcs B Touky (R =0), y npyrux oxsaTeiBaeT Bcto och Ox (R =0).

CornacHo npu3Haky Jlamambepa paguyc CXOIUMMOCTH ONPEICIISIOT 10 hopMyIie



45

R=lim|-2n| (10)

Ecnu Bocnonbs3oBarbes npusHakoM Komm, To

R lim .

n—co N a,

Ilpumep eévinonnenus 3a0anus.

HaiitTu wHTEpBan CXOAMMOCTH psAla W HUCCIEAOBATH  €r0

o0 n

CXOJUMOCTD Ha KpasiX HHTCPBAJa n

Pewenue.

Pannyc cxoaumocTu onpenenum mno Gopmyse (10):

n+1
R= lim |21 lim [ +D-10"7 o im DL . Iim(1+1)=10.

n—w|d,,q| N n-10"1 n—w N n—o n

. 00 (_10)n 00 (_1)n
Ha xonnax HHTCpBAJIA: IIpU x=-10 IIOJIYUHMM YHUCJIOBOHU PAIO Z— = Z—,
n=1 N 10" n-1 N

KOTOPBIH ABJISIETCS] 3HAKOUEPEAYIOMUMCS U CXOIUTCS o Teopeme JIeiOHuIa, Tak Kak ero

. 1 1 .1
WieHbl YOBIBAIOT TO a0COJIIOTHOW BenuyuHe 1> 2 > 3 >.. n lim==0. IIpu x=10
n—w N

e}
1
MOJIyYUM TapMOHUYECKUN PSI Z—, KOTOpbIH pacxoautcs. Takum oOpa3om, JaHHBIN
n
n=1

creneHHoi psi cxomaures npu X € [—10;10).

3agaua 5.

TeopemuquKue ceeoenusl.
OcHoBHBIE QJICMCHTApPHBIC (1)YHKLII/II/I HMCIOT IIPOCTHBIC PA3JIOKCHUA 110 CTCIICHAM X, KOTOPLBIC

NpcaACTaBJICHBI HUKC!



3 5 U7 2n-1
sinx=2-X X X, +(—1)n+l X +... Vxe(—oo,®),
u 357l (2n—1)!
2 4 6 8 2n
cosx=1——+X——X—+X——...+(—1)n+1x—+ Vx € (—o0,0),
21 41 6! 8! 2n)!
(1+x)m=1+mx+wx2+...+m(m_l)°”(m_n+1)x”+...VXe(—l,l),
1 21 nt
X2 x3 xt X n-1 X"
In(1+x):x—?+?—7+€—...+(—1) F+ VXe(—l,l),
3 5 U7 2n-1
arctgx=x—X—+X——X—+...+(—l)n_1X +... vXe(—l,l].
3 5 7 2n—-1

[Tpu npuOIMKEHHBIX BHIYUCICHUSIX OMPEIETICHHBIX HHTErPAJIOB TPEOYETCsS Pa3IoKUTh
MOABIHTETPANIbHYI0 (YHKIIMIO B CTEMEHHOW psii, KOTOPBIM B Mpejaeliax HHTepBaja
CXOJIMMOCTH MOKET OBITh MOWICHHO MpouHTerpupoBaH. Mcnonb3ys dopmyny HetoTtona —
JleliOHuIIa, OnIpeAeICHHBIN MHTETPal BBIYUCIAIOT KaK YACTUYHYIO CYMMY MOJTYYaloIIerocs
yuciaoBoro psga. Eciaum  psa  3HaKOYEpEAYIOMIMICA, TO TOYHOCTh MPUOIMIKEHHBIX
BBIYHCIICHUN HE MTPEBOCXOAUT MEPBOTO U3 OTOPOIIEHHBIX YJICHOB.

Ilpumep evinonnenus 3a0anust.

Brrancnuts onpeaeneHHslii nHTErpai ¢ ToyHOCTh0 10 0,001 myrem paznoxeHus

MOABIHTErPATbHON (QYHKIIMK B PSJ U MOWICHHOTO MHTETPUPOBAHUS ATOTO Psijia:

0’Ssinx
[
5 X

Pewenue.

Hcnonb3yem pasiiokeHue B psia UIs GYHKIMH SiN X ¥ TIOJCTaBUM €T0 B TIOJABIHTETPATHHOE

BBIPKEHHE
5 . 0.5 _
sin X 1 X x° na X2t
j—dx:j— x——|+—|+...+(—1) ot X =
;X ) X 31 5 (2n—1).
05 > a 2n-2
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x3x° 41 x2n-1 0,5

= *~3z gg (D) +o.| =
313 5!5 (2n-1)(2n-1)

2 2%313 2515 22" (2n-1)1(2n-1)

~0,5-0,0069 +0,00005~0,5—-0,0069 = 0,4931~ 0,493.

B Br1uncieHusax IMPUBCACHLI IICPBLIC TPU YIICHA PsAdad C COXPAHCHUEM YCTBIPCX 3HAKOB

IIOCJE 3aIsITOM, TaK Kak 3amgaHHasg ToyHOCTh cocrtaBirieTr 0,001. Tpermin unen pspa

OTOpOIIIEH, TaK KaK OH MO BEJIMYMHE MEHBIIC 3aJaHHOW TOYHOCTH (0,00005) <0,001. B

OKOHYATCJIBbHOM PE3YJILTATC IMMPOBCACHO OKPYTJICHUEC O TPEX 3HAKOB ITOCJIC 3aMsaToM.
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YerBepThlil ceMecTpP

[TPUMEPHI PEHTIEHUA 3AJJAY

3ajaua 1.
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Teopemuueckue ceedenus.
[Tpu KIacCUYecKOM OMPEIEICHUH 8EPOSMHOCHb COObIMUSL OTIPEACIIICTCS PABEHCTBOM
P(A)=m/n,
IJIC M — YHUCIIO DJIIEMEHTAPHBIX MCXOJO0B HCIBITAHHUHA, OJAaronpUATCTBYIOMIUX IOSBICHUIO
cOOBITHST A, n — 00IIIee YNCIIO PIIEMEHTAPHBIX HCXOI0B UCIIHITAHUS.
Yuciom couemanuni u3 | »aemenToB mo K Ha3bIBaIOT KOJMYECTBO KOMOWMHAIIMH,
coCTaBJICHHBIX M3 | aeMeHTOB 1Mo K, KOTOphIC OTIMYAIOTCS XOTS ObI OJTHHM 3JICMEHTOM.

Yuciio couetaHuit

cko__t
LT K- k)L

Ilpumep evinonnenus 3a0anust.

B smuke umeetcs 15 geraneit, u3z koropsix 10 okpamieHHbIx. COOpIIUK
HayJady U3BJIEKaeT TpH AeTaiu. HailTu BeposSTHOCTh TOTO, YTO U3BJICUCHHBIC

ACTAJIN OKAXYTCA OKpPAIlICHHBIMU.

Pewenue:

a) o011ee YMCII0 BO3MOXKHBIX DJIEMEHTAPHBIX MCXOJO0B HCIIBITAHUS PABHO YMCITY CIIOCOOOB,
KOTOPBIMU MOKHO M3BJI€Ub TPU JETAIM U3 NATHAALATH, TO €CTh N = C135;

0) YUCIO KUCXOJI0B, OJIArOMPUATCTBYIOIIMX MHTEPECYIOMIEMY HAC COOBITHIO, PABHO YHUCILY
Croco00B, KOTOPBIMU MOKHO BBIOPATh TPU OKpallleHHBIX AeTanu u3 10, To ectb M= C130;

B) HCKOMasi BEPOATHOCTh paBHA OTHOIIEHWIO OOIIEro 4YHclia HCXOAOB K YHUCIY
6HaFOHpI/I5{THBIX HUCXOO0B
10!
p(A):E:Cfo: gi71 100121 70.8-9.10- 121 24
n ¢ 15" 7u51 7A.121.13.14.15 91
312!

0,26.

Ilpumep evinonnenusn 3adanus.
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B naptuu u3 10 neraneit umeercs 7 cranaaptHeix. Haynauy oroOpansl 5
netanei. OnpeaenuTh BEpOSTHOCTh TOTO, YTO CPEIH OTOOPAHHBIX JeTalleh

POBHO TPpHU CTAHAAPTHBIX.

Pewenue:

a) o0ILee YUCII0 BO3MOXKHBIX 3JIEMEHTAPHBIX UCXOJ0B UCIIBITAHHUS PABHO YUCIY CIIOCOOOB,
KOTOPBIMU MOKHO M3BJI€Yb IIATh JAE€TAJICH U3 IECATH, TO €CTh N = C150;

0) HaliieM YUCIIO UCXO0B, OJIATOMPHUATCTBYIOIIUX UHTEPECYIOLIEMY HAac COOBITHIO (Cpeau

O0TOOpaHHBIX ISATH JETalel POBHO TPU CTaHIAPTHBIC): TPU CTAaHAAPTHBIC JIETAM MOXKHO
BBIOpATh U3 7 CTaHJAPTHBIX JIeTajIei C;’ croco0aMu; IpH 3TOM ocTaibHbIe (5—3=2) netanu
JIOJKHBI ObITh HECTAaHAAPTHBIMHU, KOTOPbIE MOXHO BbIOpaTh U3 (10—7=3) HecTaHaapTHBIX
JeTaned, WMEBIIUXCS B MapTHH, Cg cnocobamu. CrenoBaTelIbHO, YHCIIO
ONIaronpHUATCTBYIONINX UCXOJ0B M= C? -C32 ;

B) HCKOMas BCPOATHOCTb pPdaBHA OTHOIICHHIO O6HI€I‘O qucila HCXO0I0B K YHCITY

Onar OIIPUATHBIX HCXOJ0B

713
3.C2 a1 o1 7L-5L5l .M .5.5] |
P(A):m:C7 5C3:3!.4! |2!.1!: /LS5l N M.5.51 __ o :§:O,375
n o Cy 10! 241100 2. 4.71.8.9.10 4.8:10 8

515!

Teopemuueckue ceedenus.
BeposiTHOCTH COOBITHS A, KOTOPOE MOXKET HACTYMUTH JIUIIb TP TOSIBJICHUH OJTHOTO U3

HECOBMECTHBIX coObITHH (TMnOTe3) Hip, H,,...,H,, 00pasyromux noiHyo rpymiy, paBHa

CyYMMe€ NPOU3BEACHUN BEPOSITHOCTEMN KaK/IOM U3 TUIIOTE3 HA COOTBETCTBYIONIYIO YCIOBHYIO

BEPOSITHOCTb COOBITUS A:

P(A)=P(H,)- Py (A)+ P(H,)- Py (A) +...+ P(H,) - Py (),
rne P(H;) +P(H,)+....+ P(H,) =1.

[TpuBenennyo GopMyy Ha3bIBAIOT YOPMYIOL NOTHOU 8EPOSMHOCHIU.

Ilpumep evinonnenusn 3ad0anus.
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Nmerotcsa Tpu naptuu aeraneit no 20 neraneit B KaxxaoM. YMciao cTaHIapTHBIX
JieTaje B IEPBOW, BTOPON U TPEThEN MAPTUAX COOTBETCTBEHHO paBHO 20, 15,
10. N3 naymady BeIOpaHHOM NapTUX HayAady U3BJIeUYeHa aeTanb. Haltu

BCPOATHOCTDL TOI'O, YTO OHA OKaXKCTCA 6paKOBaHHOﬁ.

Pewenue:
a) 0603HauuM 4epe3 4 coObITHE — B3sTas ACTalb ABJsETCS OpakoBaHHOW. MOXHO clienaTh

TPHU MPENNOI0KEHN (TunoTe3sl): H; — nerans BeiOpaHa U3 nepBoil napruu; H, — nerans
BBIOpaHa U3 BTOPOH napTuu; H; — nerans BeIOpaHa U3 TpeTbeil napThu. IIockoabKy dnciio

JIeTajnei BO BCEX TPEX MapTHUsIX PABHO, BEPOSTHOCTH TUIIOTE3 PABHBI
1
P(Hy) = P(H;) = P(H;) = .
0) ycIIOBHAsI BEPOSATHOCTD TOTO, UTO JICTAIb OyIeT OpaKOBAaHHOM, €CJIM OHA B3STa U3 IIEPBOM

napuu, PHl (A) =0; yciaoBHas BEpOSATHOCTB TOTO, YTO JCTalb OyAeT OpaKOBaHHOM, €CITH OHA

g 5 1
B3siTa U3 BTOpoi napuu, Py (A) = 50" Z; yCIIOBHAs BEPOSATHOCTH TOTO, UTO JIeTalb OymeT
. . 10 1
OpakOBAaHHOM, €CIIM OHA B3sTa U3 TPeTheil mapuu, Ry (A) = 0" 32

B) MCKOMasi BEPOSITHOCTh TOTO, YTO BHIOpaHHAs Hay/auyy JETalb SBJISETCS OpakOBaHHOM,

HaxoAuTCs 1o (hopmyJie MOTHON BEPOSTHOCTH

Teopemuueckue ceedenusl.
BeposATHOCT TOro, YTO B HE3aBUCHUMBIX HCHBITAHUAX, B KAXKIOM U3 KOTOPBIX
BEPOSATHOCTH MOsiBICHUs coObiThs paBHa p (0 < p < 1), cOOBITHE HACTYIUT POBHO K pa3

(6e3pa3nuYHO B KAKOH MOCIIEIOBATEIIEHOCTH), ONIPEACIISACTCS 110 (hopmyne bepuyinu
k ~kn-k
Pn (k) = Cn p q ’

rae q=1-p — BepoOSATHOCTH TOTO, YTO COOBITUE B KAXKIOM M3 MCIIBITAHUH HE TTOSIBUTCSL.
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Ilpumep evinonnenus 3a0anus.

BepOHTHOCTL BCXOXKCCTHU CCMIH IIIICHUIBI paBHA 0,9 KaxkoBa BCPOATHOCTD

TOI'0, 4TO U3 YCTBIPCX MOCCAHHBIX CCMSH BSOﬁHYT HC MCHCC TPCX.

Pewenue:

a) MycTh coObITHE A — 13 4 CeMsIH B30HIYT HE MEHee TpeX CeMsiH; coObITHE B — 13 4 ceMsH
B30MAYT 3 ceMeHu; coobitue C — u3 4 cemsH B30oiayT 4 cemenu. [lo Teopeme croxeHUs
BEPOSITHOCTEN

P(A)=P(B)+P(C).

0) BeposiTHOCTH coObITHIT B 1 C onpeenum 1o Gpopmysie bepHyiu:

. 41
P(B)=P,(3)=C’p%*g*™ :m.o,g3 -(1-0,9)=0,2916,

P(C)=P,(4)=C;p*q**=0,9"=0,6561.
B) uckomas BeposatHocts P(A)=0,2916+0,6561=0,9477.

3anaua 2.

Teopemuueckue ceedeHusl.
Eciau 4uciio MOBTOPSAIONIMXCS WCHBITAHUN BEIMKO, TO ONPEIEIICHHE BEPOATHOCTH IIO
dbopmyrne bepHyIM 3aTpylHEHO H3-3a TPOMO3IKOCTH BbIUMCIECHUUA. B 3TOM ciyuae

MPUMEHSIOT PUOIIKEHHYIO (DOPMYITY, BRIPAXKAIOILYIO JIOKAIbHYI0 meopem) Jlannaca:

L o)
Joog

P (k) =

2

rae go(x):i-e_7 " X:k_np

J2r Jnpg
3uauenus pyHkuuu @(X) onpenensoTcs u3 TabIuIbl, IPUBEIEHHON B IPUIOKEHUH .

[lpy Manbix 3HayeHusX BepoATHOCTH p Jud  BbruucieHus P,(K) npumenstor

ACUMIITOTHYECKYIO ghopmyny [lyaccona
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k
P.(K) z%-e-ﬂ, rie =2,7182..; A=np.

Ota dpopmyna ucnonb3yercs mpu A <10, mpudem 4eM MEHbIIE p 1 O0JIBIIE 72, TEM PE3YJIbTAT

TOYHCEC.

Ilpumep evinonnenus 3a0anus.

BeposiTHOCTh BcxoxecTu cemsiH miieHuibl paBHa 0,9. Haiitu
BEPOSTHOCTH TOro, 4yTo M3 400 mocesHHBIX ceMsiH B3oMayT 350

CCMH.

Pewenue.
a) u3 YCIOBHS 3a71a4n p=0,9,0=1-0,9=0,1;, n=400; k =350. Torna

X:350—4OO-O,9:_Ez_1’67;

\400-0,9-0,1 6

0) u3 Tabauiel B npunokennn 1 maxoaum @(—1,67) = ¢(1,67) =0,0989;

B) HCKOMasi BEPOSATHOCTh paBHA

1
{J400-0.9-0,1

P, (350) ~ .0,0989 ~0,0165.

Ilpumep evinonnenus 3a0anust.

Cpenu cemstH menuisl 0,02% copusikoB. KakoBa BEpOSITHOCTh
TOro, 4Yto mpu ciydaitHom otoope 10000 cemsn Oyner

0OHapyX eHO 6 CEMSIH COPHSKOB?

Pewenue.
W3 ycnosus 3agaun P =0,0002; n=10000; k =6. Torga A =10000-0,0002=2.
Hckomast BEpOSITHOCTh paBHA

6
Prooco (6) = % TS % .0,1353~0,012.
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3ajaua 3.

Teopemuqecmte CBEOCHUS.
Ecan BCPOATHOCTb HACTYIIIICHHUA coObITHS A B Ka>XJ10M H3 n HCIIBITAHUN MOCTOSIHHA U

paBHa p, To BeposTHOCTh B, (K; <k <k,) TOro, uro coObitue 4 B TaKuX HCIBITAHHAX
HACTYNUT He MeHee K; pa3 u He Oonee K, pas, ompezenseTcs 10 UHTETPAIbHON Teopeme

Jlanumaca gpopmyiioi:

1 B _x
P(ki<k<k,)~—-|e 2dx,
n(l 2) \/E;';

k;—np K, —np
rie o = upf= , q=1-p
\Jnpg \Jnpq

x t
OyHKIUA CD(X):F-J‘e 2dt maseBaercs Qynkuumeii Jlamnaca. B mpunoxenun 2
V4
0

nanel 3HadeHus dTod pyHkmuu maas 0< x<5. Ilpu Xx>5 ¢yukmus D(X)=0,5. Ilpu
OTPUIATEIBHBIX 3HAYCHUAX X B CHy HeuetHocTH (yHkunuu Jlammaca ®(—x)=-D(X).

Ucnonb3ys ¢pynkiuio Jlamnaca, umeem

P,k <k <k,) = D(f) - D().

Ilpumep evinonnenusn 3ad0anus.

LIEHT BCX TH CEMSIH MIIIEHUILI PaBEH o. HaliT BepOSITHOCTH TOTO, YT
ITpome CXOJKECTH Ce e aBeH 90%. Ha €pOSITHOCTBH TOT'O, UTO

n3 500 nocesHHBIX cemsiH B30MAYyT OT 400 no 440 cemsH.

Pewenue.
a) u3 ycnosus 3amaun p=0,9;q=1-0,9=0,1; n=500; k; =400; k, =440.
400-500-0,9 _ _440-500-0,9

~-7,45; B= ~
/500-0,9-0,1 b /500-0,9-0,1

0) 13 TaOIUIBI B MPUIIOKEHUH 2 HAXOIUM

D(~1,49) = —D(L49) ~—0,4319: D(—7,45) = —D(7,45) ~-0,5.

-1,49.

Torma o =

B) HCKOMasi BEPOATHOCTh paBHa
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P,,, (400 < k < 440) ~ ®d(—1,49) — (~7,45) =—0,4312+0,5=0,0681.

3anaua 4.

Teopemuueckue ceedeHus.

Jluckpemmoii Ha3bIBAIOT CAYYAUHYIO GEIUYUHY, BO3MOKHBIE 3HAYCHUS] KOTOPOU €CTh
OTZEJIbHBIE N30JIMPOBAHHBIE YK CIIA, KOTOPBIE 3TA BEJIMYMHA IPUHUMAET C ONPEACICHHBIMU
BO3MOXKHOCTSIMU. 3aKOHOM pacnpeoenenus TUCKPETHOMN ClaydailHON BEJIMYUHBI Ha3bIBAIOT
nepeyeHb €€ BO3MOKHBIX 3HAYEHUM M COOTBETCTBYIOIIMX UM BEPOATHOCTEW. DTOT 3aKOH

MOKET OBITh 3a/laH B BUJI€ TaOJMLBbI, MEepBas CTPOKAa KOTOPOM COAEPKHUT BO3MOXKHBIE

n
3Ha4YC€HUA X;, a BTOpast — BEPOATHOCTHU P;, HPUIEM Z pi =1:
i=1

X Xl X2 cee Xn

P Py P2 ... Pn

XapakTepuUCTUKON  CPEOHEr0  3HAYEHUs  CIIyYalWHOM  BEJIMYUHBI  CIYXKHUT
MaTeMaTH4ecKoe OXxuaaHue. Mamemamuyeckum oxcuoarHuem ITUCKPETHON CiydyalHOU
BEJIMYMHBI Ha3bIBAIOT CYMMY IIPOM3BEACHUN BCEX €€ BO3MOXXHBIX 3HAUYEHHM Ha UX
BEPOSTHOCTHU:

n
M (X) =X Py +XoPp -t Xg Py = D%y - (1)
i=1

CBolicTBa MAaTEMaTHYECKOTO OKUJAHUA:

1) MAaTEMATUYECKOE OXHUJAHUE IIOCTOAHHOM BEJIMYMHBI pPAaBHO CaMoOu
MMOCTOSIHHOM;
2) MOCTOSIHHBI MHO>KMTEIb MOYKHO BBIHOCHUTH 3a 3HAaK MaTeMaTHYECKOTO

OKUJaHMS,;
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3) MAaTEMATUYECKOE  OXHUJAHHE IPOU3BEICHUS B3aUMHO  HE3aBHUCUMBIX
CIIyYallHbIX BEJIMYWH PABHO NPOU3BEICHUI0O MATEMATUYECKUX OKHUIAHUU
COMHOXHUTEJICH;

4) MAaTEMATUYECKOE OXHUJAHUE CYMMbI CIyYalHBIX BEJIUYMH PABHO CYMME
MaTeMaTUYECKUX OXKUJIAHUH CllaraeMBbIX.

Jlucnepcueri C1y4ailHOM BEJIMYMHBI HA3bIBAIOT MATEMATUYECKOE OXKUIAHUE KBajpaTa

OTKJIOHCHUA CJIy‘—I&fIHOfI BCJIMYHUHBI OT €€ MATCMATHYCCKOI'O O KUIaHUA .
D(X)=M[X -M(X)F. (2)
Jlucnepcuio y1o0HO BEIYUCISTH 1O (hopmyJie
D(X) =M (X?)-[M(X)F. (3)
CBoiicTBa IUCTIEPCHUM:
1) nucriepcus MOCTOSTHHOM BEJIMYUHBI PaBHA HYIIIO,
2) HOCTOHHHBIfI MHOXHUTCIJIb MOXXHO BBIHOCUTL 3a 3HAK IIHCHCpCHI/I, BO3BOJA €TI0 B
KBaapar,
3) amcriepcusi CyMMbI HE3aBUCHMBIX CIYYalHBIX BEJIMYUH paBHA CyMME JHMCIICPCHIA
cJilaracMabIX.

CpednHum Keadpamuyeckum OMKIOHeHUeM CIIydallHOW BEJIWYMHBI  Ha3bIBAIOT

KBaJpaTHBIM KOPEHB U3 TUCIIEPCHUMU:

o(X)=yD(X). (4)

CpenHee KBaJpaTU4ECKOE OTKIOHEHHE CIy4allHOM BEIMYMHBI XapaKTEPU3YeT paccesiHUe

BO3MOYKHBIX 3HAYEHHUU CITy4YallHON BEJIMYMHBI BOKPYT €€ CPEAHErO 3HAUCHUS.

Ilpumep evinonnenus 3a0anus.

3ajaH 3aKOH pacnpelieNIeHus] JUCKPETHOW CIIy4yalHOW BEITMYUHBI
X. Halitn ee matreMaTH4eCKOe OKUJIAHWE, TUCIIEPCUI0 U CPEIHEE

KBaJpaTHICCKOC OTKIIOHCHUC.

X 40 42 41 44
P 01 03 02 04

Pewenue.
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a) BpluncnuM MarteMaThyeckoe OXXHIAHUE 10 33JaHHOMY 3aKOHY pacIpeleieHHs
JUCKPETHOM CITydallHOM BETMYHHBI, MOJIB3YsICh popmyroii (1):
M(X)=40-0,1+42-0,3+41-0,2+44-0,4=42,4;
0) BBIYHCIIMM JTUCIIEPCUIO, BOCIIONB30BaBIINCH (hopMmystoi (3). [Ijst 3TOro cocTaBUM 3aKOH
pacnpeneneHus KBaapara CIy4aiHOW BETUYUHBL:

X2 407 422 412 442

P 01 03 02 04

Torma M (X?)=407-0,1+42%.0,3+41%-0,2 + 44%.0,4=1799,8;
D(X) =1799,8— 42,4 =2,04.

B) CpeiHEee KBaApaTUYECKOE OTKJIIOHEHUE BBIUUCIUM 110 Gopmyre (4):
o(X)=42,04 =1,43.

3agauva 5.

Teopemuueckue ceedeHus.
Dyukyueu pacnpedenenus (AHTETpAIbHOM (DyHKIMEH pacrnpeneseHusi) Ha3bIBaIOT

¢yukumio F(X), ompemensiomyto s KaXIOTO 3HAYEHHS X BEPOSTHOCTH TOTO, YTO
cily4aiiHas BenuuuHa X MpUMET 3HaUY€HUE, MEHbLIEE X, TO €CTh

F(X)=P(X <Xx).

CpolicTBa MHTETpAIbHOU (DYHKIIMH pacIpe/IesICHUS

1) 3HaveHUs PyHKIUU pacpeeCHUs TPUHAIISHKAT OTPE3KY [0;1];

2) GyHKIHS pacipe/esieHus €CTh HeyObIBatomas (QyHKIHS,

3) BEpOSATHOCTH TOTO, YTO CiydaiiHas BennunHa X MPUMET 3HAYCHUE, 3aKIFOUYCHHOS B
WHTEpBAJe (a;b), paBHa MpHUpalleHHI0 (YHKLIHUK paclpeleieHus Ha 3TOM
unrepsaie: P(a< X <b)=F(b)-F(a);

4) BEpOSITHOCTh TOTO, YTO CIy4aiiHas BeduuMHa X TpPUMET OJHO OIPEIEIICHHOS
3Ha4YCHUE, HalIPUMEDP, X;, PABHA HYJIIO;

5) eciu Bce BO3MOYKHBIC 3HAUCHUS CIIYyYallHOW BETMYMHBI X MPUHAIIC)KAT HHTEPBAITY

(a;b), 1o
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F(x)=0 Vvx<a; F(x)=1 Vvx>b.

Hugpgpepenyuanvnon  pynxyueti pacnpeoenenus f(X) HenpepbBHOR ciydaiiHON
BEJIMYMHBI Ha3bIBAIO IIEPBYIO MPOU3BOIHYIO OT (DYHKIIUH PACIIPEAEICHHUS:

fFx)=F'(x). ()

Ecnu 3amana muddepennuansaas GyHknus pacupenenenus f (X), BEposTHOCTH TOTO,

qyTo cnyqaﬁHaﬂ BCIIMUMHA XHpI/IMeT 3HA4YCHUC, 3aKIIIOYCHHOC B MHTCPBAJIC (a,b), paBHa
b

P(a< X <b)=jf(x)dx.
a

Mamemamuueckoe odrcudanue HETPEPHIBHON CilydalHOM BeNUYUHBI X, BO3MOXHBIE

3HA4YCHMUA KOTOpOﬁ IMpUHAAJICKAT BCEM YMCIIOBOM OCH, OIIPCACIIACTCA PABCHCTBOM

M (X) =+j:OXf (x)dx.

—00
Ecnu Bce BO3MOXKHBIE 3HAUCHUS CIIyYaWHOW BEJIMYMHBI X MPUHAIJIEKAT UHTECPBALY

(a;b), o
b
M (X) :jxf (X)dX. (6)

Jlucnepcueu nenpepwvignou cayuaunou eeauyursvt X, BO3MOXKHBIE 3HAUYEHUS KOTOPOU

IIPUHAJIEKAT BCEN YUCIIOBOU OCH, OIPEIEIISIETCS PABEHCTBOM

D(X):T[X—M(X)]zf(x)dx W D(X):szf(x)dx—[M(X)]z.

—00
Ecnm Bce BO3MOXHBIE 3HAYEHUs CIYYaWHOW BEIMYMHBI X INPUHAIJIEKAT HUHTEPBAILY

(a;b), 1o

b b
D(X)=[[x-MX)[ f()dx  mm  D(X)=[x*f(x)dx-[M(X)]". (7)

Ilpumep évinonnenus 3ad0anus.
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HenpepriBHast cnydaiiHas BenuunHa X 3ajJaHa  MHTETpadbHOM  (yHKIUEH
07dé x<0,

pacrpenenenus F(X) = xXXT8e 0<x<1,
17 0de x >1.

Tpebyercs HalTH nuddepeHINaTbEHYIO byHKIIIO pacrnpeneneHus

MATEMATHYICCKOC O KUAAHNC U OTUCIICPCHULO.

Pewenue.
a) ITo onpenenenno (5) Haiinem auddepennnansuyro Gy pacupenencaus f(X) kak
MPOU3BOIHYIO OT 33JJaHHON UHTETPaIbHOU (PYHKIIUU paclpeeICHHUS:
07de x<0,
f(x)=43x*188 0<x<1,
07de x>1.
0) MaTeMaTHYeCKOe OKHMIaHNe BeIYUCIUM 10 (opmyrte (6). Tak kak dynkmus f ()

npu X<0 u X>1 paBHa HyII0, TO UMEEM

r r 3xt[
|\/|(X):jxf(x)olx:jx-sxzolxzT
0 0

3
, 4

B) BBIUKCIIUM Jucniepcuto 1o dhopmyiie (7)

1 2 1
D(X):I(x—§] -3x2dx:3.|.(x4—§x3+3x2)dx:
0 4 5 2 16

5 4 3t
x> 3xT  3x 1 3 3 3
:3- ———+— :3. —__+_ = —,
5 8 16 0 5 8 16 80

3ajaua 6.

TeopemuquKue ceeoenusl.

Ecnu 3amana nuddepennmansias GyHkims pacrnpeneienus f(X), BeposTHOCTH TOTO,

YTO CIy4dainHas BeJnurHa X MPUMET 3HAYEHUE, 3aKII0OUCHHOE B UHTEPBAJIE (a; b) , paBHa
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b
P(a< X <b)=jf(x)dx. (8)

BeposiTHOCTh BBITIONHEHUsI CTPOTMX HEPABEHCTB a< X <b ompenensercs TOH ke
bopmyIion.
Hopmanonvim Ha3pIBalOT pacOpeieieHUEe BEPOSITHOCTEM HENMPEPBIBHOW CIIyYaWHOU

BenuuuHbl X, AuddepeHnnansHas (QyHKIHUS paclpeneieHus] KOTOpPOro  UMEEeT BHJ

_(x-a)?
2
f(x)=———e 20°  rme a — MaTeMaTH4ecKoe OKUJaHue, O — CpeaHee KBaIpaTUIECKOE
o\2rx
oTKJIOHEHUE X.

Ecnu cnyyaiinas BennunHa X pacnpenesieHa o HOpMaJlbHOMY 3aKOHY, TO BEPOATHOCTb

TOro, 4T0 X PUMET 3HaUCHHE, 3aK/II0UeHHOe B MHTepBale (; f), paBHa

P(a<X<,B):CD('B;aj—CD(a—_a), (9)

o)

t2

1t
rae O(X) = > : j e 2dt — ¢pynxuus Jlamnaca (IpuBeaeHA B IPUIIOKEHUH 2).
0

5

BGpO}ITHOCTB TOIro, 4To a0COJIFOTHAsI BEJIMYMHA OTKJIOHCHHUS MEHBIIIE ITOJIOKUTEIIHHOTO

yucna o , onpenensercs no Gopmyie

P(X —a|<0) :z@(éj. (10)
O

Ilpumep evinonnenus 3a0anust.

JlnuHa AeTanu MpeaCcTaBisieT COOOM HOPMaJIbHO paclpeeieHHYIO CIydaiHyro
BEJIMYMHY C MareMaTH4ecKuM oxxuaaHueM 40 MM U CpeIHHM KBaIpaTHYECKUM
OTKJIOHEHMEM 3 MM. HalTu BEpOATHOCTBH TOTO, YTO JJIMHA MPOU3BOJIBHO B3SITOM
netanu Oyner 6omnbine 34 Mmm 1 MeHblle 43 MM. OnpeeuTh BEpOSITHOCTh TOTO,
YTO JIIMHA TN OTKJIOHUTCS OT €€ MaTeMaTH4ecKoro OKuAaHus He GoJiee yeM

1,5 mm.

Pewenue.
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a) ITo ycnosuto 3amaun a =40, o =34, =43, 0 =3. Toraa no popmyiie (9)

P(34< X <43)= @(413—;34) — CD(@) =D1) -Dd(-2) =
=d(1)+ P(2) ~0,3413+0,4772 ~ 0,8185.
0) BEpOATHOCTH TOro, 4ro a—o< X <a+d, rme a=40,0=15, BeuucIUM 110

dbopmyie (10):

P(‘X —40‘<1,5) = 2-@(%)22-@(0,5) ~2-0,1915~0,383.

3agava /.

Teopemuueckue ceeoemusi.
Komnnexcrnvim yuciom Ha3bIBa€TCA BhIpAXKEHUE BUIA
Z=X+1iy, (11)
rae X, Y - BEIIECTBEHHBIC (IeCTBUTEIbHBIE) YUCTIA,
= \/—_1 - MHUMAs €IMHUIIA.
Uwncao X HA3BIBAIOT OelcmEumebHoll Yacmvplo KOMIUIEKCHOTO 4Hucia Z U 0003HAYaoT
x=Rez, auucnio y - mrumoi uacmoio unciaa z: y = Imz . MauMas eauHALA | TPEICTABIISCT

c000i KOpeHb KBaJAPaTHOTO YPaBHECHUS 7% +1= 0, To ecThb i =—1. 3anuch KOMIUIEKCHOTO

yucna B popme (11) Ha3wIBaIOT areedOpauueckum npeocmasienuem KOMIUIEKCHOTO YKCTA.

Yuciio Z = X —1y Ha3BIBAIOT CONMPSLKEHHBIM KOMITIEKCHOMY urciy (11).

2 2
Mooynem KOMIUIEKCHOTO YHMCIIa HA3bIBAIOT BEJIMYUHY |Z|=a/x +Yy°, apeymenmom

KOMIIJICKCHOI'O quciia Ha3bIBAIOT BCIIMUUHY Qp=argz TaKyl1o, qTo
y

X . .
«/x2+y2’ «/x2+y2’

IIPpOTHUB 4acoBOU CTPCJIKH, CUHTACTCA II0JOXUTCIbHBIM, B IIPOTHBHOM ClIydac —

CosSp = Sing = =argz=arct X, IJI€ YyroJl ¢, OTCUMTHIBAEMBIMN
®» ® ® y ®»
X

OTpUIATCIbHBIM. KommnnekcHoe qHuCJI0 Z=X+ ly MOXXHO npcacTaBUTb B

MPUSOHOMempuyecKou ghopme

z=|z|cosg +ilz|sinp =|z(cosp +ising) . (12)
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OGo3HauMM €'Y =COS¢p+iSing, TOrma MOXHO NEPEHTH OT TPUTOHOMETPHUYECKON

dbopMBbI peicTaBICHUS KOMIUIEKCHOTO uncia (12) kK noxazamenvuou gpopme:
z= ‘Z‘em) : (13)

PaccMoTpuM OCHOBHBIC anreOpanveckue Omepaludyd HaJl KOMIUIECHBIMH YHWCIAMU
=X +1Y U Zy =Xo +1Y5.

1. Cnoxenne: 73+ =(X + X )+i(yp+Y2).

2. Borunranue: ;-2 =(% —Xo ) +i(y1—Y2).

3. VMHOKeHHE: Z; - Zp = (X +iyp ) (X0 +1Yo )= (XXo — V1Y ) +i (X Y2 + Xo¥1 ).

Ly 11y X Xot+ V1Yo +'(Y1X2 - X1Y2)
o 2 2
22 22 . 22 X2 + y2

4. Jlenenue:

5. Bo3BeneHHME KOMIUIEKCHOIO 4YHCIAa B CTENEHb: B O3TOM CiIy4ae YJIOOHO OT

anrebpandeckoll (OpMBI TPEJCTABICHUS YHCIA Z =X +Iy TEPeUTH K TMOKa3aTeIbHOM

.o ip n_| |0 ing <

dopme: z —\z\e . Torma z —‘z‘ e’ 7, W, 3alUChIBasl Pe3yJbTaT B TPUTOHOMETPUUYECKOM
dbopme, MoTydnM Tak Ha3bIBaeMyto gopmyny Myaspa:

n n =

2" =|z|" (cosng +isinng). (14)

6. 3BneueHne KOpHs U3 KOMIUIEKCHOTO YMCIa: KOPHEM N-O CTENEHU U3 KOMIIEKCHOTO

YHClia Z HA3bIBACTCSI TAKOE KOMIUIEKCHOE YMCIIO W, UTO TIPY BO3BEACHHUHU €T0 B N-YIO CTETICHb

nonyunM z. ¥z =w, eciu W" = z.

JI71d Ka)10ro KOMIUIEKCHOTO YMCJIa MOYKHO HAWTH N 3HAYEHUH KOPHS N-OM CTEIECHU I10
dbopmyie

:n\z\(cos%z”kﬂsin%z”kj, k=0,12,.,n—1. (15)

Ilpumep svinonnenusn 3a0anus.

3ajmaHbl KOMIUIEKCHbIE 4yucia. TpeOyeTcss a) BBINOJHUTH JIEWCTBHUS HaJ
KOMITJIEKCHBIMU YHCIIaMU B anreOpandeckoit hopme; 0) HaTH BCe 3HAYCHUSI KOPHS

Y TIPEJICTaBUTh OTBET B alreOpandeckoit popme:
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Pewenue.

a) G—;:T—i?’:(%}z—riz:(%}2_”2:
—(w]z—i~(—1)—(_—2ij2+i_—1+i,

1-(-1) 2

.2
B npeoOpa3zoBaHusIX UCTIONAB30BAIU TOT (PAKT, yTo 17 =—1.

0) AJIA BBIYMCIEHUSA = MPEICTaBUM YHUCIO —I B TPUTOHOMETpHUYECKOH (opme.
[Tockonbky ‘—i‘ =1, COSgo:%: 0,singp= _Tl =-1,¢=270", To —i=c0s270° +isin270°.
Haiigem =i 1o dbopmyre (15):

(é/__l)k :%(Coszm 2360 K, . 270°+360 k]’ (01234

+1

(¥1) =1-(cos(54° +72°K) + isin(54° +72°k)), k=0,12,34,
k+1

mpu k =0 (5—1)1:00554°+isin54°,

mpu k =1 (5 —1)2 = c0s126° +isin126°,

npu K =2 c0s198° +isin198°,

Q"‘

|

|

N —
Il

=c0s270° +isin270°,

=C0S342° +isin342°,

(
npu k=3 (5—1
mpu k=4 (
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