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1. MOAYJb AEMCTBUTEJBHOI'O UMCJIA. YPABHEHUS U HEPA-
BEHCTBA, COAEPKAILIUE MOJIY.JIb

1.1. Onpenesienne U CBOiCTBA MOYJIsl A€MCTBUTEIBHOIO YHCJIA.

OHDCI[GHCHI/ICI MOJAYJIEM 4YHCJIa X HA3bIBACTCA PACCTOAHHC (B CANHUYHBIX

OTpe3Kax) OT Havaja KOOPAUHAT IO TOYKH X. Moay/Ib AeiiCTBUTEIHHOI0 YHCJIA -
9TO a0COJIIOTHAS BEIMYKMHA 3TOTO YUCIIA.

[TorpocTy TOBOps, MPH B3ATHH MOIYJISA HYXKHO OTOPOCHTH OT YHCJIa €r0 3HaK.
Moaynes uncna a obo3Hayaercs |a]. OOpaTuTe BHUMAaHHUE: MOJYJb YMCIA BCErna
HeoTpuuateneH: |aj> 0.

6] =6, |-3| = 3, |-10,45| = 10,45

OnpeneneHue MOy

X, X=0;
X/=
—-X, x<0.
CaolicTBa MOJTYJIsI
1. Moynu MpOTHBOTOIOKHBIX YACEIT PaBHBI ‘a‘ = ‘_ a‘
2. KBajmpat Moaysist unciia paBeH KBapary 3TOT0 Yucia | a‘Z _ a2

3. KBajparHslii KOpeHb U3 KBaIpaTa 4ucia eCTb MOAYIb | /52 :‘a‘

9TOI'0 YHucCJjia

4. Mozynp 4Kciia €CTh YHUCII0 HEOTPUIATEIbHOE a|>0

5. TIOCTOSHHBIM TMOJOXHUTEIbHBIA MHOXHUTEIb MOMXHO ‘C-X‘:C-‘X‘

BBIHOCHUTD 3a 3HAK MOTYJISI >0

6. Ecin ‘a‘ = ‘b‘ TO a=tb

7. Monaynb mpousBefcHHus ABYX (M Oosiee) yucesl paBeH ‘a-b‘:‘a‘ ‘b‘

MPOU3BECHUIO UX MOAYJIEN




Paccmotpum nipocteiiiee ypaBHeHue |X| = 3. Mbl BUAMM, 9TO HA YHCIOBOW Tps-
MO €CTh JBE TOYKH, PACCTOSHAE OT KOTOPBIX /10 HYJIS PaBHO TPEM. ITO TOUKH 3 U
-3. 3HauuT, y ypaBHeHus |X| = 3 ecTh 1Ba pemieHus: X =3 u X = -3.

Ipumep 1. Pernts ypaBHeHue [X — 3| = 4.

DTO ypaBHEHHE MOXKHO MPOYUTATh TaK: PACCTOSHUE OT TOYKU X 0 TOYKH 3 PaBHO
4. C noMol1bi0 rpa@uueckoro MeToja MOXHO ONPE/IETUTh, YTO YpaBHEHUE UMEET

JBa pemeHus: -1 u 7.

=1 3 7
Ipumep 2. Pemnm HepaBeHCTBO: X + 7| < 4.
MOXHO MPOYHMTATh KaK: PACCTOSHUE OT TOYKH X JIO TOYKH -/ MECHBIIIE YCTHIPEX.
Ortger: (-11; -3).
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Ipumep 3. Peminm HepaBeHcTBo: |10 — X| > 7.
Paccrostane ot Touku 10 10 TOUKHM X OOJIBINE WM PABHO CEMH.
Ortser: (-o0; 3] [17, +o0)
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I'paduk pynxouun y = |X|

Jlst x> 0 mumeem Y = X. Jlna X < 0 umeem y = -X.

y=|z

Puc. 1.1 I'padpux pynkmm y = |X|

1.2. PemmieHue ypaBHeHHil 1 HEPABEHCTB, COAEPKAMMUX MOAYJIb.



YpaBHEHHS, COIEPIKAITNE MOIVIID.

1. Ypaenenns Buaa |f (x) = A, AeR pemarorcs ciaeayromum o6pasom.

Ecomu A <0, To KOpHE# HET.

Eciu A=0, To ypaBHEHHIO ‘ f (X)‘ = A cootBercTtByeT ypaBHenue f(x)=0,

Eciu A >0, To ypaBHEHHIO ‘ f (X)‘ = A COOTBETCTBYET paBHOCHJIbHAS COBOKYII-

{umzA
HOCTH .
f(x)=—A

2. Ypasuennst Buga | f (X)| = g(X) pemarorcs caexyromum oGpasom.

YpaBHEHUIO ‘ f (X)‘ = g(X) COOTBETCTBYET paBHOCHIIbHASI COBOKYITHOCTh CHCTEM

g(x)>0
{f(X)=9(X)
g(x)>0

{— f(x)=9(x)

3. Ypasuenns Buaa | f (X)| =|g(X)| pemarorcs caexyromum oGpasom.

Cnoco0 Nel

YpaBHEHHIO ‘ f (X)‘ = ‘g (X)‘ COOTBETCTBYET PaBHOCUJILHOE ypaBHEHNE

f2(x)=g%(x)
Crioco0 Ne2

YpaBHCHHIO ‘ f (X)‘ = ‘g (X)‘ COOTBETCTBYET PaBHOCHIIbHASI COBOKYITHOCTh

{f (x)=9(x)

f(x)=-9(x)

4. YpaBHeHHUs] BUIA ‘ f (X)‘ =—f(X) m ‘ f (X)‘ = f (X) pemaroTcs ciieay0mum
oOpa3om.

YpaBHEHHUIO ‘ f (X)‘ = —f (X) cooTBeTCcTBYET paBHOCHIBHOE HepaBeHCcTBO T (X) < 0.

YpaBHEHHUIO ‘ f (X)‘ = f (X) cooTBeTcTBYET paBHOCHIBHOE HepaBeHCcTBO f(X) > 0.

IIpumep 4. Pemuth ypaBHEHHE ‘XZ —1‘ + ‘XZ — 4‘ =3



Pewenne. Halinem Hynu BbIpakeHUM, CTOSIIIUX MO 3HAKOM MOJYJIb.

Xx=+1 X=12

N X< -2 ”)—2<x<—1 IH)—leSl
x> —1+x*-4=3 x?—1-x>+4=3 —x?+1-x*+4=3

{XS—Z {—2<x<—1 {—1£x£l

X==2 3=3,6epHo Xx==1
X=-2 (- 2;-1) - npomexyToxk X =1
V) {ljx<2 2 V) {XZZZ 2
X*=1-x"+4=3 X*=1+x"-4=3
1<x<2 X2
{3=3 , 8EPHO {X:J_rZ
(1;2) - mpomesxyTox X=2

Otser: [-2;-1]U[L;2]
IIpumep 5. Haiitu cymmy KopHel ypaBHEHUS ‘ x+1+ ‘— X — 3‘ ‘ -6=x.

Pemenue. /[anHOE ypaBHEHNE PAaBHOCUIIBHO COBOKYITHOCTH JIBYX CHCTEM:

-x—-32>0, -x—-3<0,
x+1+(-x-3)-6=x ! ‘x+l—(—x—3)—6=x,T'e'

X< _3, X> _31
X=-4, ‘2x+4‘—6:x.
Pemenuem HepBOﬁ CUCTCMbI COBOKYITHOCTH ABJIACTCA YUCJIIO X = -4,

BTOpaH CUCTCMa COBOKYITHOCTHU PpaBHOCHJIbHA COBOKYITHOCTH JIBYX CJICAYIOIINX
CHUCTEM.
x>-3, X> -3,
2X+42>0, 2Xx+4<0, T.C.
2X+4—-6=X, —(2x+4)-6=x,



X >—3, X > =3,
X> -2, X< =2,
X=2, 3x=-10.

Pemenuem nepBoil cucTeMbl COBOKYITHOCTH SIBJISIETCS YUCIIO X =2, a BTOpas CU-
CTEMa pelIeHni He nMeeT. MicxonHoe ypaBHEHUE UMEET 1Ba KOPHS: —4; 2.

OrtBerT: 2.

HepaBeHcTBa, cojeprkalme MOAYIb.

OCHOBHOW METOJ MpU PEUICHHWH HEPABEHCTB, COJEPKAIIUX 3HAK MOMIYJIS,
3akirouaercs B crenyronieM. OJ13 HepaBeHCTBA pa30MBAIOT HA YaCTH, HA KaXJIOu
U3 KOTOPBIX BBIPAKEHUS, CTOSIIIME TOJ 3HAKOM MOJYJs, COXpaHsSIOT 3Hak. Ha
KQKJI0M TaKOW 4acTh penialoT HEPABEHCTBO U MOJYYCHHBIC PEIICHUs OOBEANHSIOT
B MHOKECTBO PEIIICHHUI UCXOIHOTO HEPABEHCTRA.

. HepaBenctBo Buaa \f(x){ < g(x), rje f(x) u g(x) — HEKOTOpbIE (PYHKIIUU, MOKHO
pelarb OCHOBHBIM METOJOM WJIM CBEACHUEM K PAaBHOCHIBHOMY €My ABOMHOMY

HCPAaBCHCTBY:
| (x) < g(x)=—g(x)< f(x)<g(x).
. Hepasenctso Buaa |f(Xx) > g(X) MoxkHO pemath OCHOBHBIM METOZOM HIH 3aMe-

HOM Ha PaBHOCWIBHYIO €My COBOKYITHOCTH JIByX HEPABEHCTB: ‘f(xx > g(x)<:>

{f(X)> g(x),
f(x)<—g(x)

. Hepasenctea suna |f(x)>|g(x) n |[f(x)+|f,(x)+...+|f,(x) > 9(x) pemarores
METOJIOM MHTEpBaJoB (METOJ OIHMCaH B MyHKTe 3.3) IO TOM e CXeMe, 4TO U aHa-

JIOTUYHbIE YpaBHEeHUs. HekoTOpble HEpAaBEHCTBA BUAA \f(x){ > \g(x){ 1esnecooopas-

HO PeIlaTh, epPei s K paBHOCHILHOMY HEpaBeHCTBY f 2 (X) > g2 (X)

Ipumep 6. HaiiTu 49rciio Lenbix peleHuii HepaBeHCTBa: X° + 4X — S‘x + 2‘ <2.

Pemenne. OJI3 HepaBeHCTBa: x € (— 00;+ ).



HepaBeHCTBO PaBHOCHUIIBHO COBOKYITHOCTH IBYX CUCTCM:

x+220 x=>-2
1, <9, <
x*+4x-5(x+2)<2  [x*-x-12<0

- x2-2 - x=-2 - 2<x<4
(x—4)x+3)<0 -3<x<4 T

x+2<0 x< -2
2 ) Sl =
X +4X+5(x+2)£2 x“+9x+8<0
x< -2 x< -2
& = & -8<x<-2.
(x+1)x+8)<0 ~ |-8<x<-1
MHO0ECTBOM pElICHUN HEPaBEHCTBA SBIIICTCS 00hCIMHCHHE MHOYKECTB
—8<x<—-2u—-2<x<4,1.e. orpe3ok —8 < x <4. ITOT OTpE30K coaepkut 13
LeabIX ynucen: —8,—7;,—6;,—-5,—4,—3,—2;-1:0;1;2;3;4.
OTtBeT: 13.

IIpumep 7. Haiitu nnmuny uHTEpBalia pelIeHU HEpaBEHCTBA: ‘XZ — X‘ <2.

PemeHue. I[aHHOC HCPABCHCTBO PABHOCUJILHO IIBOfIHOMY HCPABCHCTBY

<~

X2 —x+2>0

X2 —x<2, X2 —x—-2<0,
N
X2 —X>-2

—2<x?—X<2,T.e. cucremMe {

- {(x+1)(x—2)< 0,

x> —x+2>0.
Hepasenctso (X+1)x—2)<0 Bomonnsercs npu X €(—12), a HepaBeHCTBO

X?> —X+2>0 BBINOIHACTCA TPH MHO60M X (T.K. KO3hdUIHEHT mpu x° GoJblie
Hymsiu D=1-8=-7<0).

Takum 00pa3zom, MHOXKECTBO PELIEHUH HMCXOJIHOTO HEPaBEHCTBAa €CTh WH-
Tepsan (—12). Jliuna storo nntepsana: | =3.

Otser: 3.
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2. IEUCTBUA CO CTENNEHSAMHU U PATUKAJIAMHA. TOKJIECTBEH-
HBIE IPEOBPA3OBAHMUS AJITEFPAMYECKUX BBIPAKEHU

2.1. leficTBHS €O CTeNeHAMH U PaJMKaJIaMHu. YIpolleHHe BbIPaKeHHUid.

a
OOBIKHOBEHHAS IPOOb — YHCIIO BHJIA B; a — IeJI0e Yncio, b — HaTypaibHOe

yucio. /IBe apobu %:% paBHBL, eclid a-d =b-c. OcCHOBHOE CBOMCTBO ApoOei

a-c o
=——,TaeC— JIF000€ OTIIMYHOE OT HYJISI ACUCTBUTCIIBHOC YUCIIO.

E .
b b-c

OcHOBHOE CBOMCTBO Iponopiuu: a-d =b-¢ (B BepHON MPONOPIIUU MPOU3-

BCICHUC KpaﬁHHX YJICHOB PAaBHO ITPOU3BCACHUIO CPCAHUX tIJ'ICHOB).

JleficTBUS C IPOOSAMU:

CnoxxeHnue Brruntanue YMHOXKEHUE Jlenenue
a c_ad+chb | a ¢ _ad-chb| ac_ac | ac_ad
b d b-d b d  b-d bd b-d b'd b-c

IIepecTaHoOBKA YWICHOB IPOIOPIIMH.

a_c. a_c a_b. d b

b d b a c d c a

I Ipon3BOIHBIE TPOTOPIINH.

Jlana niporopus % = %, CIIPABEJIMBBI CJIEAYIONIME TPOMOPIIHH:

atbh c+d. atc

a
a C b+d b

c
d

11



DopMyIbl COKPAIICHHOTO YMHOKCHUS

(a+b)’ =a*+2-a-b+b? (a+b)’=a*+3-a%-b+3-a-b*+b°

a’—b’=(a—b)-(a+b) a3ib3:(aib)-(a2$a-b+b2)

DopMyabl KOPHEN KBAAPATHOT'O YPDABHEHUSI

a-x>+b-x+c=0, MMCKpEMUHAHT D=b® —4-a-C

D>0 D=0 D<0
—b++/D —b Cpenu 1eHCTBUTEIBHBIX
-V~ Xpp = ——
b2 2-a -a qrces KOpHEW HeT

Ecau 3a1aH0 KBagpaTHOE YpaBHEHHE B 00IIEM BHIE: a- X2 +b-X+C=0, TO

b
JieTIeHHeM ypaBHeHHs Ha 4 # 0 MOXHO CBECTH K IIPHBEACHHOMY, e p =—,

DopMyJIbl KOPHEM PUBEACHHOTO KBaJIPATHOI'O YPABHEHMUS

2

X2 + p-X+(q=0, IuCKpUMHUHAHT D, :pT_q
P P Cpenu neiCTBUTEIIBHBIX
X1’2 :__i’\'DO X1,2 = —— 5
2 YHCEJI KOPHEU HET

Teopema Buera. B mpuBeieHHOM KBaJpaTHOM YPaBHEHHH X2 + p-x+qg=0

CyMMa KopHed paBHa KOA(POUIIMEHTY TIPU X, B3SITOMY C MPOTHUBOMOJIOXKHBIM 3HA-
KOM, a UX MPOM3BEICHUE — CBOOOTHOMY YICHY:
{xl +X, =—P;
X, - Xy = 0.

OOparHas Teopema. Ecnu uncna t; u t, takoBsel uto t, +t, =—p, t;t, =q,

TO OHM SABJIAIOTCA KOPHAMM KBAaJpaTHOTO ypaBHEHHS X + pX+(0=0.

12



Paznoxxenue KBaApaTHOI'O TPCXYJICHA Ha JIMHECHHBIC MHOKHMTEIIU. €CJIN X, B X,

ax® +bx+c =a(x—x x—x,).

KOpHU KBAIPaTHOTO YpaBHEHUH, TO
JIleiCcTBHUS CO CTETIEHAMU .
(a.b_c)n:an‘bn.cn am.gh = gmmn am)n:am.n
n n m 1 aO
E :a_ _:am—n _:_:a—n
b bn n an an

JelicTBuUs ¢ KOPHAMU (KOPHU MPEATOIAraloTcsl apu(PMeTHIECKUMU):

Ya-b-c=Ya-Ub-Vc

mah = Mg (m 3" )p _0/gnp mah . Xgd =" gnema _
n g n-p+m-q
— aa+5 — m-p

2n/a2n _ ‘a‘ (Q/a)n _a, (a > O) 2n+3/_ a= 2n+ a, (a > 0)

CBoiicTBa YMCIIOBBIX HCPAaBCHCTB

a>b < b<a,

azb < a+c=>2b+c,

a>bub=>c = a>c,

a’>b® < [a|=|p|,

nycte ¢>0,Torma a>b< a-c>b-c,

ycTh ¢ <0, TOorna a>b<~a-c<b-c,

nyctk a>0b >0, Torga a2b<=>1§—.

1
a b

2.2. ToxnecTBeHHbIE IPe00pPa30BaHNs AJITeOPanyeCKUX BbIPaKEeHU.

13



AHFG6DaI/I‘-IeCKI/IM BBIPAKCHUCM HA3bIBACTCA BBIPAKCHHEC, B KOTOPOM YHCJId

U OYKBBI COCIMHEHBI JCHCTBUSMHU CIOXKECHHS, BRIYUTAHUS, YMHOXKCHUS, JICICHUS,
BO3BEJICHUS B CTEIIECHb WM U3BJICUEHUS apu(PMETUUECKOTO KOPHSI.

PaBeHcTBO, 00€ 4acTM KOTOPOrO0 MPUHUMAIOT OJMHAKOBBIE YMCIOBBIE 3HA-
YEHUsI NPU JIFOOBIX JTOMYCTUMBIX 3HAYEHUSIX BXOJSIIMX B HETO OYKB, Ha3bIBAETCSA
TOXIECTBOM.

Hampumep, kaxnas u3 GopMys COKpaIEHHOTO YMHOXEHHUS NPEICTaBIIAET

co0oit TOXKIACCTBO, n0o jJeBas u ImpaBas 9aCTU KaKJA0T'0 U3 paBCHCTB:
(a+b)’ =a?+2-a-b+b? (a+h)’=a®+3-a*-b+3-a-b? +b?

a’—b’=(a—b)-(a+b) a3ib3:(aib)-(a2$a-b+b2)
paBHBI APYT APYTY IpH JIOOBIX 3HaueHUsIX g W b. I[Ipu 3TOM OJHO BBIpAKEHHUE
npeodpazyeTcst B Ipyroe — €My TOXKJIECTBEHHO PaBHOE.

[Ipy BBIMOJHEHUHM TOXKJIECTBEHHBIX MpeoOpa3oBaHUN alreOpanvecKUX BbI-
paxeHU! HeOOXOMMO 3HATH MOPSAAOK BBHIMOJHEHUS IEUCTBUMN, NEUCTBUS C APOOS-
MU U CTETICHHBIMU BBIpaXEHUSIMHU, (DOPMYJIBI COKPAILIEHHOTO YMHOXKECHHS U .

CrnenmyeT UMETh B BHIY, YTO IIPH TOXISCTBEHHBIX IPeoOpa3oBaHUAX OCTa-
FOTCSI HEU3MEHHBIMU:

BEJIMYMHA JIOMYCTUMBIX U3MEHEHNH OYKBEHHBIX BEJIUYMH;
00J1aCTh JIOMYCTUMBIX 3HAUCHUHN KaK/I0M U3 OYKBEHHBIX BEJIMYUH.

[TepBoe u3 3TUX TpeOoBaHUM sIBIsIETCS 00sI3aTEIbLHBIM IIPU BCEX MPeoOpa3o-
BaHUAX, UMECIOIIUX IEJIbI0 YIIPOUICHUE BBIPAKEHUS WJIN MPUBEICHUE €TO K HYX-

HOMy Buay. Ecmm Hago, Hampumep, JOONOJHHUTH KBaIpaTHBIA TPEXUIICH

X% +6-X—7 [0 MOJHOIO KBajapara, TO, NpUOaBUB K HEMY YUCIO 9, HEOOXOIUMO

TaKO€ K€ YHUCJIO U BBIUYCCTD, T.C.
2
X? +6-X-7=x"+6-x+9-9-7=(x+3)" —16.
ToxaecTBeHHbIE TPeoOpa3oBaHUsl IMOCIEAHET0 BBIPAKEHUS MOXHO MpO-

JOJIKUTH U IPUBCCTHU NCXOJHOC BBIPAKCHHUC K ITPOU3BCACHUIO IBYHJICHOB!

(x+3)* =16 = (x +3+4)-(x +3-4) = (x+7)-(x-1)
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Bropoe TpeboBaHne — HEU3MEHHOCTh 00JACTEeH TOMYyCTUMBIX 3HAYCHUU, HE

BCET/1a BBIMOJHSIETCS MPU OOBIYHO MPUMEHSAEMBIX HaMu npeoOpazoBanusx. Cokpa-

2

TUB, Hampumep, ApoOb Ha pPa3HOCTh a—]1 MW HaIlKCaB PABEHCTBO

a-—-1

2

—a+1, MBI 3aMeyaeM, 4YTO HApPYIIEHO BTOpO€ TpeOOBaHHUE, KOTOPOMY
a-1

JOJDKHO YJIOBJIETBOPATH TOXAECTBEHHOE IPEeoOpa3oBaHuE: IpaBas 4acTh paBeH-
CTBa UMEET CMBICII NP JHOOBIX 3HAUYEHUAX @, a JIeBasl TOJbKO MPHU YCIOBUU, YTO
a#1, T.e. IPOU30LLIO U3MEHEHUE OOJACTH JOIYCTUMBIX 3HAUECHUIN BEJIUYUHBI g .
CrnenoBatenbHO, MpeoOpa30BaHKE B JaHHOM CJIy4ae HE SIBJISIETCS TOXK/IECTBEHHBIM.

OpnHako 3TO HE 3HAYMUT, YTO HYKHO OTKa3bIBaThCS OT TaKMX IpeoOpa3oBa-
HUI, KOTOpBIE U3MEHSIOT 00JIACTU JTOMYCTUMBIX 3HaUeHUM BennyuH. Hano Tonbko
IpU KKJIOM TakoM IpeoOpa3oBaHMM YyKa3aTh, KaK M3MEHUJIUCH 00JIACTU JIOMY-
CTUMBIX 3HAUYECHUW OYKBEHHBIX BEJIMYHUH.

[Hopsa1ok BEINOJIHEHUS JIEHCTBUIA.

JICUCTBHUS C OJJHOUYJICHAMH,
NEHCTBUS B CKOOKAX;
YMHOKEHHE WM JeJIeHHE (B MOPSAKE NOSBICHUA );
CJIOKEHUE WM BbIYUTAHUE (B IOPAJIKE MMOSBICHUS).
[Ipu neicTBUAX C paJuKaJIaMM CIEeAyeT UMETh B BUAY, UTO MPABUJIA, IO KO-

TOPBIM OHH BBIINIOJHAKOTCA, 6C3OFOBOp0‘IHO BCPHbI JIMIIb IJIA apI/I(l)MCTI/I‘ICCKI/IX

xopHeit. [To onpenenenuio kopeHs Ya Ha3bIBaeTCs apH(pMETUYECKUM JUIIb B TOM
cIydae, ecld YHCIIO @ TOJNOKUTETFHO WM HYIb, a TAKKe MOJIOKUTEIbHA HIIH

paBHa HYJIIO XU BCIMYHNHA CaMOI'O KOPH:. Ecnu storo He Y4YUTBIBaTb, TO MOXHO JO-

nyctuth omubky. Hampumep, paBenctBo §/x? =3/x BepHO JIHIIbL IIPH yCIOBHH,

uro x > 0. [Ipu x < Q0 HyKHO nmcaTh TaK: §/x% =3/ x.
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AHaJIOrMYHO PaBEHCTBO 61/(a_b)2 —3/(a—Db) BepHO JMUIL B Cilydae, eClM

a>b. IIpu a<b OHO HEBEPHO W HYXKHO IHCATh 51/(a_b)2 = 3,/ib_a). O6a ciy-

Yyasi MOJKHO OXBAaTUTh TAaKOU 3aIMHCHIO: 6,/(a — b)2 =3/ ‘a — b‘ .

47 17 }
60

IIpumep 1. Beruncauts: — 3,25 (_ 5%) +6,75- [_ — 24_5 —~165

Pewienve. Yka3zaHHble ACHCTBUS HAO BBIIOJIHUTH, HE MOJIB3YACh MUKPOKAJIBKYJIS-
TOPOM, HE J€JIasi OKPYTJIIEHUN U MPUOJIMKEHHBIX BBIYMCICHUN, TaK KaK Ipeanoia-
raeTcs, YTO BCE 3aJaHHBIC YHCIIA SABJISAIOTCS TOUHBIMH.

BYI[GM BBIITOJIHATH BBIYHMCJIICHUS 110 I[GIZCTBHHMZ

1)—3,25:[—5%):—3%:(—51}5@:_13‘5:5.

5/ 4 5 4.26 8
2) 47 _ 17 g5 47 107 165 47 107 33 _47-3-107-4-33-9
60 45 60 45 100 60 45 20 180
141-428-297 584 146
180 180 45"

3) 675.[_146) g3 (_146)_ 27 146_ 3.73_ 219,
45) 4\ 45 4 45 210 10

4) g ~21,9=0,625- 21,9 =—-20,275.

Taxum obpazom, — 3 25: (— SE) +6,75- ﬂ — 2E -165|=-20,275.
5 60 45

Orser: -20,275.

IIpumep 2. YOpocTHTh BBIpaKCHHE: S:\/X+1+\/X_1, opu X = 1(E bj

Ix+1-+/x-1 b a

azbuab>0.
PeﬂleHI/Ie. HOKa)KeM npe>1<)1e, qTO HpI/I 3aJaHHOM yCJIOBI/II/I BCC HO)IKOpeHHBIe BbI-

PaXKCHUA I1OJIOKUTCIIbHEIL:
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X-1=—
2

1(a j_1:a2+b2—2ab:(a—bf

_+_
b a 2ab 2ab

mocKkoIbKy a—b =0, 10 (a—b)” > 0; ab > 0 mo ycnoswuio.
(a-b)’
C1e10BaTeNbHO, IPOOH o TOJIOKUTENbHA, T.e. X —1> 0, a 3HAYHT, U
2a

X+1>0.

Teneps nepeiieM K yIpoOUIEHUIO 3aJaHHOTO BbhIpaxeHUsi. OcBOOOIUMCS OT

HPpPpallMOHAJIBHOCTHU B 3BHAMCHATCIIC!

Cx+1+4x-1 (Vx+1+x—1f

C x+1-x-1 (Jx+1—¢x—ﬂ(ﬁx+l+¢x—ﬂ
X +1+ 24/ %2 _1+X_1::X+m.

X+1-x+1

S

I 1(a b) a?+b?
OJACTAaBJIsIA BHAYCHUE X = —| — 4+ — | = ) HOJ'Iy‘-II/IM
2\b a 2ab

S - a? +b? +\/(a2 +b2)2 L a2 b2 ) (az _bz)z Lt b +‘a2 —bz‘
= 2ab 4a2b2 o 2ab 4a2b2 - 2ab Z‘ab‘ .
a’ +b? +|a® —b?

2ab

ITo ycnoButo ab > 0, 3HA4MT,

ab‘ =ab, moaToMy S =

PaccMmoTpum 00a BOBMOXHBIX CyYast:

1) eciu a2 > b?, T.€. ecnu ‘a‘ >‘b‘,TO ‘az _bz‘ —a’-b%?us :%;

b
2) ecnm a? < b?, T.e. ecnu ‘a‘ <‘b‘, TO ‘az _bz‘ —_—a’+bh?usS=_.
a
2
X°—=5x+4

IMpumep 3. CoxkpaTuth ApoObH: 5 :
X2 —x—4x*+4

Penienve. PasnoxuM 4uciIuTeNs U 3HAMEHATENb HA MHOXKMTEIH. KOpHHU dncimTe-
: . D2
ns: x, =1, X, =4, HO3TOMY, HMeeM: X° —5X +4 = (X—l)- (X—4)-
YT100bI PA3I0KUTH 3HAMEHATENb HA MHOKUTENH, IPUMEHMM METOJ IPYIIIIHU-

POBKHU:
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X2 —X—4x* +4= (x3 —x)—(4x2 —4): x(x2 —1)—4(x2 —1): (x2 —1Xx—4)=

=(x—1)x+1)x—4).

Tormampu x #1, X # -1, X # 4, OyJIeM UMETb:

x*-5x+4 _ (x-1)x-4) 1
X3 —x—4x?+4 (x=1)x+1)[x-4) x+1
2 2
IIpumep 4: Ions3ysack Teopemoii Buera, BoUUCINTh: L + ~2 | r1e X, ¥ X,- KOp-
X2 %

HM ypaBHEHUS 2X° +6X+1=0.

XX X2 X24+%
Permrenne. [IpeoOpasyem HCXOQHOE BBIpAXKCHHE B ApoOp —+ 4 ~2 =L ~2

X X X1 X

. Unc-

JIATENH JaHHOTO BBIPAXKEHUS MOKET OBITH Pa3JIOkKEH, KaK CyMMa KyOOB JIBYX Bbl-
paxeHui: x> + x5 = (X, + X )(x2 — XX, + X2) [TpoBeneM TOKIECTBEHHBIE IPEOO-
© X X = A XN X Xy + X5 )
Pa30BaHMI:
(% + X, )(xl2 — XX, + xg): (%, + X, )(xl2 + 2X X, + X5 — 3x1x2):

( + %, )((Xl T X; )2 - 3X1X2)'

Bocnoneszyemcs teopemoit Buera. Jlns Hauana yOequmcsi, 4YTO JAUCKPUMU-
HaHT KBaJPATHOIO TpEXWIEHa 2X2 + 6X +1 OoJbIie HYJIS.
JleiicTBUTENBHO: D =6°-4.2.1=36-8=28>0. Cienosarensto, vy

YpPaBHCHUSA 2x2 +6X+1=0 UMEITCS ABa JICUCTBUTEIHLHBIX KOpHs, U TEOpEeMa Bu-

€Ta MOKET OBITh MPUMEHEHA.

Takum oOpasom, x, + X, = —g =-3, 1 X, - X, = % IToaromy, numeem:
- g C[C -3
X% (%, + xz)((x1 +X,) —3x1x2): 2 (- 6)-(9—§j:—45
X, X X, X, 1 2
2

18



1)

2)

3.CTEIIEHHBIE ®YHKIINHU. KBAJIIPATHBIE YPABHEHUS. PALIMO-
HAJIBHBIE YPABHEHUA U HEPABEHCTBA

3.1. Onpenesienne u cBoiicTBa creneHHbIX pynkumii. [locTpoenne rpaguxon

CTEeNECHHbIX PYHKIIUH.

®dyuknun Y=X, y=x?, y=x3, y=1/X u T. 1. ABIAIOTCA YACTHBEIMH CIIy4asiMU CTe-
neHHou QyHKIWY, T. €. QyHKImMH Y= XP, rae p - 3aaHHOe JESHCTBUTEILHOE YUCIIO.
CpoiicTBa 1 rpadMK CTETICHHON (DYHKIIMH CYIIIECTBEHHO 3aBHCHUT OT TOTO, MPH
KaKUX 3HaYEHUSAX X U P UMEET CMBICI cTereHb Y=XP. [lepeitnem k mogoObHOMY pac-
CMOTPEHUIO Pa3ITUYHBIX cily4aeB B 3aBUCUMOCTH oT
TIOKAa3aTelIs CTETIeHH .
[TokazaTtenb P=2n - 4eTHOE HAaTypaJibHOE Yncio0. B aToM cnydae creneHHas QpyHK-

us Y=x2", e N - HaTypaJbHOE YUCII0, 00NAJaeT Clle-
100}
30t
601

JTYIOIUMHA CBOMCTBAMU:
00JIaCTh OMpeeNieHUs - BCE JICUCTBUTEIBHBIC YHCIIA, T.

€. MHOXeCTBO R; 407

MHO>KECTBO 3HAUCHHH - HCOTPHULATCIIBHBIC YKCJia, T. €.

y Gosbiie uiu pasHo O; Puc. 3.1
ynkmsa y=X>"uerHas, Tak Kak X2"=(-X)*"

byHKIMS sBiseTcs yObIBaromiei Ha mpoMexyTke X<O u Bo3pacTaromieil Ha mpo-
MexyTke X>0.

I'papux (ynxuum y=x*" uMeeT TaKoOW >Xe BMI, Kak
Hanpumep rpaduk Gpynxmun y=x> (Puc. 3.1) 1107

[Tokazarens p=2n-1 - HeyeTHOE HATypaJbHOE YUCIO. B

5TOM ciydae creneHHas QyHkuus Y=x>"!  rne mary-

pajbHOE YUCII0, 001a1aeT CICAYIOIMIMMHU CBOUCTBAMU:

00J1aCTh OIpeeICHUS - MHOXECTBO R;

MHO>KECTBO 3HA4YECHUI - MHOXECTBO R;
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3)

4)

XZn-l

dynKumEs y= HEUYETHAasl, TaK KaK (-x)?"1=x2n-1,

(bYHKIUS SBIsIETCS. BO3pACTAIOIICH Ha BCEH IEWCTBUTEIBHON OCH.

x?"1 umeer Takoit ke B, Kak, HanpuMmep, rpadpuk QyHKIMHU

['paduk GpyHxmm y=

y=x3 (Puc. 3.2)

[TokazaTenb p= -2Nn, TA€ N - HaTypaJbHOE YUCi0. B 3TOM ciiydae creneHHas QpyHK-
—y -2N— 1 / 2n o v .

s y=X “"=1/x" obyamaet cieayomuMi CBOHCTBaMU:

o0J1acTh ornpesiereHus - MHOXecTBo R, kpome X=0;

MHOKECTBO 3HAUCHUH - TTOJIOKUTEIIbHBIC uncia y>0;

gynkms y=1/x*" yeTHas, TaK KaK 1/(-x)?"=1/x2";

byHKIUS SBIsSETCA Bo3pacTaroiel Ha mpoMexkyTke X<0 u yObIiBarolieit Ha mpome-

xKyTKe X>0. ot Y

I'paduk Gpynkuum y=1/x*" uMmeeT Takoi *ke BUJ, KaK, ol
Hanpumep, rpadux pynkuun y=1/x? (Puc. 3.3). A
[MTokazatens p=-(2n-1), rae N - HaTypaibHOE YKciio. B B

3TOM ciydae cTeneHHas Qynkuus y=x"1 obnagaer = 1};
CIEAYIOLINMU CBOMCTBAMU: Puc.3.3
o0JacTh onpeaeneHus - MHOXeCTBO R, kpome X=0; o ¥
MHOECTBO 3HAUCHUI - MHOXecTBO R, kpome y=0; D;

Qynxuus y=x?"Y geyernas, tak kak (-x) "D =-x-n-D; ,

h
[

byHKIUS sBIsIETCs yObIBarONIeH Ha mpoMexyTkax X<0 u

x>0.

Ipaduk Qpyrkuun y=x"Y pmeer Takoii ke BUI, Kak,

Hanpumep, rpadpux pynxuun y=1/x3 (Puc. 3.4)

3.2. KBagpaTHble ypaBHeHus. PaninonajibHble ypaBHeHUS

Ecnu BbIpaxkeHus, CTosIIME B JIEBOW U MPABOM YacCTIX YPABHEHUs, COCTaB-
JICHBI JIMIIb C TIOMOIIBIO ONEPALUN CIIOKEHUsI, BBIYUTAHNS, YMHOXKCHUSA, ACIICHUS

1 BO3BCACHH:A B LICJIYIO CTCIICHDB, TO YPABHCHHEC HA3LIBACTCA pPAllHOHAJIbHBIM.
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PannoHanbHOE ypaBHEHUE HA3bIBAECTCS HEJIBIM, WK aJaredpanvecKum, ec-
JIM B HEM HET JICJICHUS Ha BBIpAKEHUE, coAeprkaliee nepemMeHnyro. K nenbm ypas-
HEHUEM OTHOCSTCSI, HAIPUMED, JINHEWHbBIE U KBAaJIpATHBIC YPABHEHUSI.

PemenneM, Wiv KOpHeM YpaBHEHMs, Ha3bIBAE€TCS BCAKOE 3HAYEHUE HEH3-
BECTHOTI'O X, IIPU MOJICTAHOBKE KOTOPOTO B 00€ YaCTH ypaBHEHHS MOJIy4aeTcs UC-
TUHHOE YUCJIOBOE PABEHCTBO. PelIuTh ypaBHeHUe - 3HAYUT HAWTU BCE €ro KOPHU
WIM JTI0Ka3aTh, YTO KOpHEN HeT. Pemras ypaBHEeHUE, Mbl IPUMEHSIEM K HEMY HEKO-
Topble npeodpazoBanusi. Eciau ucxonHoe u mpeoOpa3oBaHHOE YpaBHEHUS UMEIOT
OJIHU U T€ K€ KOPHH, TO OHH Ha3bIBAIOTCS PAaBHOCWIBHBIMH. B yacTHOCTH, ypaB-
HEHUs1, KOTOPbIE HE UMEIOT KOPHEH, TAKKE CUUTAIOTCS PABHOCHIIbHBIMHU.

OcHOBHBIC TCOPCMEI Hp606pa3OBaHI/I}I YpPaBHCHUA B PABHOCHIIBHOC CMY:

Ecnmu kakoil-nu0o 4jaeH ypaBHEHHUS TEPEHECTH W3 OJHOH YacTH ypaBHCHHS B
JPYTYI0 C TPOTHBOIOJIOXKHBIM 3HAKOM, TO MOJYYUTCS YPaBHEHUE, PaBHOCHUIHHOE
JTAHHOMY.
Ecnu 00e yacTu ypaBHEHHST YMHOXHTD WM Pa3IeIUTh HA OJTHO U TO JK€ OTIUYHOE
OT HYJISI YUCIIO, TO TIOJIYYHUTCS yPaBHEHHE, PABHOCUIBHOE TAHHOMY.
Ecnu 06e yactu ypaBHenus f(X)=g(X) yMHOXHUTh Ha OJJHO M TO YK€ BBIPAKCHHE
h(x), koTopoe:
a) UMEET CMBICI BCIOY B 00J1aCTH ompe/iesieHus (B 001aCTH TOMYCTHMBIX 3HaYe-
uuit) ypasaenus f(x)=g(x);
0) Hurae B 3ToM oOnacTu He oOparmmaercs B 0, TO MOTYYUTCS ypaBHCHHE
f(x)-h(x)=g(x)-h(x), paBHOCHIIEHOE TaHHOMY.
Keaopammuwie ypasnuenus.
ax® +bx+c=0,a=0
®ynkmus  f(x)=ax® +bx+c, tme a=0, HasblBaeTcs KBaAPATHYHOM

bynkuuei. I'papuk 310l QyHKIIMU — napabona, KOOPAUHATHI BEPIIMHBI KOTOPOU

b 4ac —b?
paBHBL: Xg=——, Yo =—"—.

' Yo [Ipu a>0 BerBu mMmapaboOJBl HAMPABIICHbI
2a 4a
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BBEpX, a npu a <0 - BHW3. HaxoxaeHue KopHell ypaBHeHHS ax’ +bx+c=0,
a # 0 mogpobHo M3M0XKeHo B myHkTe 2.1.
Ilenvte payuonansvhole ypagnenus.

MuorowieHoM N- oif creneHu (NeZ,n>0) oT nmepeMeHHONH X Ha3bIBACTCS BbI-
paxeHue

P,(x)=ayx" +a,x" " +...+a, ,x+a

N
rie  a,,8y,...,d, — 3aJaHHBIC JCHCTBUTEIBHBIC 4YHUCIA, npudeM a, =0.
MHorouneHaMu HyJIEBOW CTENEHU SABJISIOTCS OTIWYHBIE OT HYJIS JEHCTBUTEIIBHBIC
yuciaa. Yucno 0 €IUHCTBEHHBIM MHOTOWIEH, CTEIIEHb KOTOPOTO HE OIPEIEIICHA.

Vpasuenue P,(x)=0, rae P,(x) — MHorounen n-oii crenenu, N >1, Ha3biBaet-

n
Cia aHF€6pqu€CKHM YpaBHCHHEM N -OM CTCIICHMU.

Ecmn x, — kopeHs Muorounena P, (x), T.e. P,(X,)=0, To P,(x) 6e3 ocrarka je-

mutes Ha (X —X,):

Py () = (x =X )P 1 (%),

rae P, ,(x)— muorounen crenenu n—1. Muorounen P

n_1(x) MOXHO HaWTH JIOO

JEJICHUEM «YTOJIKOM» MHOrowieHa P, (X) Ha (x—Xx,), MO0 IrpyNIUPOBKON criara-
eMbIX MHOTOUJIEHa P,(X) W BBIICIECHUEM M3 HUX MHOXKHTENS X —X,. OCHOBHBIMU
METONAMM pPELICHUs ypaBHEHHs P, (X): 0, rne P, (X) — MHOTOWIEH cTereHu N (
N> 2), SBJISIOTCS METOJl PA3JIOKCHUs JICBOW YacTH YpaBHEHUS HAa MHOXHUTEIH U

METO]I BBEICHUS HOBOM MTEPEMEHHOM.
MHOKECTBO parMOHAIBHBIX YPABHEHHH 32 TUIIOM M METOJIOM PCIICHUSI

MOJKHO Pa3JICINTh Ha CJICIYOIIHE:

1. PenreHne ¢ MOMOIIBI0 MOACTAHOBKH. [Ipy pelieHMH HEKOTOPBIX pallMOHAIIb-
HBIX YpaBHEHUH MMEET CMBICI BBECTH HOBYIO TIEPEMEHHYIO, 3aMCHHB €0 HEKOE
panuoHanbHoOe BhIpaxxenue. Hampumep, B ypasaenun aP?(x) + bP(x) + ¢ = 0, rue
P(X) - MHOrouscH, BBeJeM HOBYIO nepemeHHyio Yy = P(X). Pemraem kBagpaTHOe
YpaBHCHHUEC ay2 + by + ¢ = 0 OTHOCHTEIBHO Y ¥ BO3BpAIIACMCS K PEIICHHIO YPaB-

HeHuid P(X) = Vi, rae Y - pelieHus ypaBHEHHUSL.
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2. Pacnanammeecs ypaBHeHue. PammoHansHOE ypaBHEHHE Ha3bIBAe€TCS pacria-
JAIONIMMCSI, €CJIM ero MoKHO TipeacTaBuTh B Buae P(X)Q(X) = 0, rme P(X) u Q(X) -

1esble palroHanbHble GyHKUUU. JJIs penieHus: Takux YpaBHEHHMM HYKHO Mpe-

CTaBUTh  YpaBHCHHUE P(x)Q(x) = 0O B BHAE  COBOKYIHOCTH:
{Pm (x)=0,
Qu(x)=0.

3. OgHopoanoe ypaBHeHHe BToporo mopsiaka aP?(x) + bP(x)Q(x) + cQ?(x) = 0.
Jlnist ero pemreHust paccMoTpuM jBa cirydas. [lepseiii - Q(X) = 0, Torna ypaBHeHUe
cBoauTcs K perieHuio ypaBHerust P(X) = 0. Bropoit cinyuait - Q(X) # 0, Torma uc-
XOJHOE ypaBHeHHME MOkHO nogenuth Ha Q*(X) m momyumts a(P(X)/Q(X))? +
bP(x)/Q(x) + ¢ = 0. Beoaum 3ameny P(X)/Q(X) = t u moiy4aem KBajapaTHOE ypaB-
Henue at? + bt + ¢ = 0. B oTBeT BKII0OYaeM peleHust 000HX CIIydaeB.

4. bukBazpaTtHoe ypaBHenue ax* + bx? + ¢ = 0. Jlng penreHus Takoro ypaBHEHHs
nenaercs 3ameHa X2 = t, x* = t2, Tlocie oCTaHOBKU HOBOM IIEpEMEHHOI MOIydaeM
KBaJpaTHOE ypaBHeHHe at? + bt + ¢ = 0. Pemms ero, IpuxoauM K ypaBHEHHIO X° =
ti, rae tj - KopHU ypaBHEHUS.

5. CHMMeTpHYHOE YpPaBHEeHHe TpeThero mopsiaka ax® + bx? + bx + a = 0. J{us
ero pelIeHus MMpoBeeM ClieAyIomue mpeodpasosanus: ax® + bx? + bx + a = a(x® +
1) + bx(x + 1) =a(x + 1)(x? - x + 1) + bx(x + 1) = (x + 1)(ax® + (b - a)x + a). B uro-

Ire IIoJIydacMm pacimagaromceecs YPaBHCHHUC, peuracMm COBOKYIIHOCTbB:

X+1=0,
{ax2 +(b-a)x+a=0.
6. CHMMeTpHUYecKoe ypaBHeHHe YeTBepToro mopsiaka ax* + bx3 + cx? + bx + a
=0. CrpynnupyeM ciaraeMble U pasneauM obe yactu Ha X2, [loxyuum
a(x? + 1/x?) + b(x + 1/x)+ ¢ = 0.
CrenaeM MoACcTaHOBKY X + 1/X = t, Torga X2 + 1/x2 = t2 - 2. Tlony4yaeM KBaJpaTHOE
ypasHenue at? + bt + (¢ - 2a) = 0. IToce ero penreHus BO3BpaILAeMcs K KCXOIHOM

TIEPEMEHHOM X.
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7. BozBpaTHoe ypaBHenue. YpasHenue uaa ax* + bx3 + cx? + dx + e = 0, rne a #
0, b # 0 u e/a = (d/b)?, Ha3bIBAaETCS BO3BPATHBIM YPABHEHHEM YETBEPTOTO MOPSIKA.
Jlist ero pelleHus JelMM ypaBHEHHE Ha X2 U BBOAUM IlepeMeHHYyIo t = bx + d/X,
mocJIe Yero mojydaeM KsajapatHoe ypasHenue at?/b? + t + ¢ - 2ad/b = 0. Pemus
€ro, BO3BpAIacMcsl K UCXOAHOHN MepeMEHHOM.

8. YpaBHenusi Buaa (X + a)(x + b)(x + c)(x + d) =m, 2coe a + b = ¢ + d. B nannom
clydae BBOIUM HOBYIO mepeMeHHyro t = X% + (a + b)X u momyuaem kBagpaTHOE
ypaBuenue (t + ab)(t + cd) = m. PemuB ero, Bo3BpariaeMcs K HCXOIHON ITePEMEH-
HOM.

Ipumep 1. Pemuts ypaBrenne X* + 4x? - 21 = 0.

Pemenue. ITycTs X2 = Y, nolyuuM KBaipaTHoe ypaBHenue y>+ 4y - 21 = 0, oTkyna
HaxomuM Yy; = -7, Y, = 3. Teneps 3a1a4a CBOAMTCS K PELNICHUIO yPaBHEHUH X2 = -7,

x? = 3. IlepBoe ypaBHEHUE HE UMEET JEHCTBUTENLHBIX KOPHEH, M3 BTOPOTO HAXO-
IUM X, = —3 uX, =+/3 KOTOpBIC SBISIOTCS KOPHSMH 3aJaHHOTO OHKBAIPATHOTO
YpaBHEHUS.

OtBer: X, =—/3 U X, =+/3.

Mpumep 2. Pemmts ypaBaeHne x° —x2 +2=0,

Pernenue. ITepenuiieM ypaBHeHHE B BHAE X° +1— (x2 —1): 0. Ho

x> +1=(x +1)(X2 — X +1) u x> —1=(x—-1)x+1). ostomy momyuaem:

(x +1)\x? —x+l)—(x—1)(x+1)=0<:>
X+1=0, {x_—l,

< (x+1x2 -2x+2)=0 <= =
( )( ) L22x+2:0 X? —2x+2=0.

KBazmpaTHoe ypaBHeHne X —2X+2 =0 kopHeii He umeet (T.k. D = —4 < 0). Cre-
JIOBATEJIHLHO, UCXOJTHOMY YPaBHEHHUIO YIOBJIETBOPSAET TOJIBKO 3HAUeHHE X = —1.
Otsert: — 1.

Mpumep 3. Haittu cymmy kopreit ypasaenus: (x +1)(x +2)x +3)x +4)=24.
Pemenue. Tak kak (x +1)x+2)x+3)x+4)=

=[x+ x+4)]- [(x+2)x+3)]= (x2 +5x + 4Xx2 +5x + 6), TO UCXOJIHOE ypaBHe-

24



HHUC IIPUHUMACT BUI:
(x2 +5x+4)x? +5x+6)=24.

O6o3HaunM x° +5x +4 = y. Toraa ypaBHEHHE IPUHUMAET BHI:

— 6,
Wy +2)=24 12 +2y—24=0c|" .
y=4.
HcxonHoe ypaBHEHME paBHOCUIIBHO COBOKYITHOCTH YPaBHEHUM:
X2 +5x+4=4, X2 +5x =0,
=

x> +5x+4=-6 | x*+5x+10=0.

ITepBoe ypaBHeHHE uMeeT KOpHU X, =0, X, =—5, a Bropoe ypaBHEHHE KOpHEH
He nmeeT ( D=-15<0). S=0-5=-5.
Ortser: -5.

/Ipobno-payuonanvhoie ypasHenus.

Pn(x)

VpaBHeHue BHIa —

=0, rme P,(X) u Q,(X) MHOTOUYJIEHBI, Ha3bIBACTCS
Qn (X) m ( ) n ( )
P, (x) =0,

PallrOHaJIbHBIM. 910 YPaBHCHUC PABHOCHUIIbBHO CUCTCMC Q ( ) 0
X)#
n .

OO0uIux METOAO0B pelIeHuUs: TPOOHO-pAllMOHANILHBIX YpaBHEHUM, TEM HE Me-
HEE, HE CYIIECTBYET. PelieHre oueHb MHOTUMX U3 HUX OCHOBAHO HA yIa4HOM IpyI-
MAPOBKE M TOCJEAYIOIIEM MPUBEICHUH CTPYIIIUPOBAHHBIX CJaraéMbIX K 0OIIeMy
3HameHartelno. B 6oliee mpocThIX clydasx TPYNIUPOBKA HE TpeOyeTcs, a MHOTa
YPaBHEHHUE MOXKHO YIIPOCTUTH, BBEJS HOBYIO EpeMEHHYI0. [Ipu pemenun panuo-
HAJIbHBIX YPABHEHUN BO3HUKAET OMACHOCTH MOJYYECHHUS MOCTOPOHHUX PELICHUH,
KOTOpasi KynupyeTcs MO0 MpOBEPKOM, THOO HAXOKISHUEM 00JIACTH JOMYCTHUMBIX
3HAYEHUM, JTUOO MPOCTO yKa3aHUEM COOTBETCTBYIOIIMX OTPAHUYEHUN U JalbHEH-
LIEH NPOBEPKOU UX BBITIOJIHEHUS.

Pemenne npoOHO-paliiOHATBLHOTO YPAaBHEHUSI CBOJUTCS B KOHEYHOM HTOTE
K 3aMEHE HMCXOJHOTO YPaBHEHHUS LICJIbIM ypPaBHEHHUEM, KOTOPOE PAaBHOCUJIBHO HC-

XO0OAHOMY YPaBHCHUIO UJIH ABJIICTCA €TO CIICACTBUCM.
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A W o

[Ipu pemennu apoOHOTO ypaBHEHHs LI€JIeCO00pa3HO MOCTYIATh CIEAYIOIUM 00-
pazoMm:

OTPEJEUTh 00J1aCTh IOMYCTUMBIX 3HaueHui nepemenHoi x (O13);

HaWTH HAMMEHBIIUN 00U 3HaMEHAaTelb Ipo0eil, BXOAIIUX B YPaBHEHUE;
YMHOHTh 00€ 4acTU ypaBHEHUS Ha OOIIUI 3HaAMEHATEelb U IPUBECTHU MOI00HBIE;
PELINTh MOTYYUBUIEECS LIEJIOE YPABHEHHUE.

Pemenne HEKOTOPBIX BUIOB IPOOHO-PAIMOHATBHBIX YPABHCHUI:

. YpaBHenue Buaa P(x)/Q(x) = 0. Pemaem ypaBHenue P(X) = 0. [IpoBepsiem, uemy

paBHo 3HaueHue Q(X;), rae X; - kopau ypaBHerus P(X) = 0. Ecim Q(X;) # 0, 3nauwmt
OHH SIBJISIIOTCS peliCHHEeM McXxoaHoro ypaBHeHus. Ecmu Q(X;) = O - kopeHb BbIma-
JaeT u3 00JacTH OIpeIeTICHHsI UICXOHOTO YPAaBHEHUS U €T0 HYXXHO HCKIIFOUUTH U3

OTBCTA.

. YpaBuenne Buaa aP(x)/Q(x) + bQ(x)/P(x) + ¢ = 0. BBogum HOBYIO IepeMeH-

Hyto t = P(X)/Q(X) u monydaem cienyroinee ypaBuenue: at + b/t + ¢ = 0. Mim no-
cie nomHoxenus Ha t (t # 0) momyuaem KBagpaTtHoe ypasHeHue at? + ct + b = 0.

PemuB ero, Bo3BpaiaemMcsi K MICXOJHOW NTEPEMEHHOM.

. YpaBHeHHe cocTosiiee U3 cyMMbl apodei. OMH U3 METOJOB COCTOUT B TOM,

YTO HYXKHO MEPEHECTH BCE YICHBI YPaBHEHHUS B OJHY YacTh U CBECTH YpaBHEHHUE K
suay P(x)/Q(x) = 0.

X 1 6x -3
+ = .
X—=1 X+2 x>4+x-=2

IMpumep 4. Peruth ypaBHEHUE

Pernenue. KBaapaTHblit TpexuieH X° + X —2 o0palaeTcs B Hyllb IPU X = —2 U

X =1; mosromy X% +x—2=(x—-1)x+2).

X 1 6x—3 X 1 3(2x-1) X 1 3(2x-1)
+ = o+ = o+ - =
x—1 x+2 x%+x-2 x-1 x+2 (x=-1)x+2) x-1 x+2 (x-1)x+2)
2
X(X+2)+(X_1)_3(2X_1):0<:> X*=3x+2 _ o
(x—1Yx+2) (x—1)x+2)

) x=1,
{x _3x+2=0,

S1x=2, =>x=2.
-1 2
(x—=1)(x+2)=0 2 1

OtBerT: 2.
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IIpumep 5. Haiitu cymmy KOpHEH ypaBHEHUS

x—x%-17x+30 B
x—2

2x—3.

Pemenue. O/13 ypaBHeHUs: X # 2.

[Ipu x = 2 gucnuTens Apodu, CTOAIICH B JICBOW YaCTH YpaBHECHHUsI, 00paIaeTcs

B0: 22-22-17-2+30=0. CnenoBaTesIbHO, MHOTOWICH x> —x?—17x+30 6e3

OCTaTKa JCINTCA Ha X — 2.

)is —x2-17x+30

x3 - 2x2
x? —17x+30
;2 —2x
—15x+ 30
—15x +30

0
x® —x% =17x+30 = (x— 2)x® + x—15).

(x— 2)(x2 + X —15)

=2x—-3.Ilpu x#2
x—2

YpaBHEHHE MOKHO NPEICTABUTH B BUJE:

9TO YPaBHEHHE PABHOCIIBHO yPAaBHEHHUIO x° + x —15=2x -3 < x> —x—12=0.
Kopau nocnennero ypasuenus: x; =4, x, =-3. S=4-3=1

Ortser: 1.
3.3. PaunoHajibHble HEPABEHCTBA

ITycth dyHKIIUN f(x) )51 ¢(x) OIpeAeJICHBI Ha HEKOTOPOM MHOXECTBE A.

[TocTaBuM 3aauy: HAUTH MHOXKECTBO X , HA KOTOPOM 3HAUY€HHUsI OAHOU U3 (PyHK-
1M OoJble (MEHbBIIE) 3HAYEHUH JPYrod M3 HUX, APYTMMH CIOBAMH, HAHTH BCeE

3HAYCHUS X, JUISI KOTOPBIX BhINoJHsAeTCst HepaBeHCTBO: T (X)>p(X) (T (X)<@(X)).
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HpI/I TaKOM MOCTAaHOBKE KaXXJ10€ U3 9TUX HCPABCHCTB HA3bIBACTCSA anre6pan—

YCCKHMM HCPABCHCTBOM C HCU3BCCTHBIM X .

Kak nipu periennn ypaBHEHUsI, TaK U TIPU PEIICHUHA HEPABEHCTBA TpeOyeTcs
HAWTU BCE T€ 3HAYCHUS HEU3BECTHOW BEIIMYMHBI, JJI KAXKIOTO U3 KOTOPBIX YKa-
3aHHOE COOTHOIIIEHHUE OKa3bIBA€TCsI BEPHBIM. [10ATOMY €CTECTBEHHO W IJisl HEpa-
BEHCTB BBECTH MOHSTHS, aHAJOTUYHBIE TE€M, KOTOpbIEe ObLIIN BBEICHBI ISl YpaBHE-
HUM.

MHOkeCTBO A Ha3bIBACTCI MHOXKECTBOM (O6J'IaCTI>I-O) JOIMTYCTHUMBIX 3HA4YC-

HUM HEU3BECTHOI'O IJI1 TaHHOT'O HCPAaBCHCTBA.

MHOkecTBO X Ha3bIBACTCS MHOXKCCTBOM DeH_ICHI/Iﬁ JaHHOI'O HCPAaBCHCTBA.

Pemuts HCPABCHCTBO — 3HAYUT HAlTH MHOXECTBO BCEX X, A1 KOTOPBIX
JaHHOC HCPABCHCTBO BBIIIOJIHACTCA.

I[Ba HCPAaBCHCTBA HA3bIBAIOTCA PABHOCHJIBHBIMHU, CCJIIM MHOKCCTBA peIHCHI/If/'I

HUX COBIIaAar0OT, T.C. CCJIHN BCAKOC PCIICHHUC KAaKIO0I'0 M3 HHUX ABJLICTCA PCHICHUCM

JPYyTOroO.

3HaYeHHUE HEU3BECTHOT'O Ha3hIBACTCS JAOIIYCTHUMBIM JII HCPABCHCTBA, CCIIHU

IIpHU 3TOM 3HAYCHHUHU 00e yacTu HCPAaBCHCTBA MMCIOT CMBICII. COBOKYHHOCTB BCECX

AOIIYCTHUMBIX 3HAYEHUH HEM3BECTHOI'O Ha3bIBaeTCs 00JIACTHIO onnpcacICHUA HEpPaA-

BCHCTBA.

OcHOBHBIE TEOpEMBI TPE0OPa30BAHKS HEPABEHCTBA B PABHOCUIIBHOE EMY:
Kakoe-uuOyap ciaraemMoe MOXKHO TEpEHECTH W3 OJHOM 4YacTH HEpaBeHCTBa B
JIPYTYIO C MPOTUBOMOJIOKHBIM 3HAKOM;

O0e JyacT HEpaBEHCTBA MOKHO YMHOXUTh WM Pa3/iesIuTh HA OJHO U TO OTIUYHOE
OT HYJISl MOJOKUTEIBbHOE YHMCIIO; €CJIM 3TO YUCIO OTPHUIATENbHOE, TO 3HAK Hepa-

BEHCTBA MEHSETCS Ha IPOTHBOIIOJIOKHEIIA;
Ecmu mepasenctso nmeet Bux f(x)- g(x)> ¢(x)- g(x) wm f(x)- g(x) < o(x)- g(x)
, TO JielleHre 00eHX ero Jacteif Ha g(X), KaKk IPaBHIIO, HEAOIYCTUMO, IIOCKOIIBKY

MOYET IPUBECTH K MTOTEPE PELICHUM.
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Mexy pemeHussMA HEPaBEHCTB U YpaBHEHUN MHOTO 001miero. OTiandne xe
COCTOUT B TOM, YTO PEIICHUEM HEPABEHCTB Yallle BCEro SIBJISIIOTCS OCCKOHEUHbIC
MHOKECTBA.

3HAuUT, CAENATh MOJHYIO MPOBEPKY OTBETA, KAK 3TO JIE€TAETCS JJI1 ypaBHeE-
HUW, HENB34. [103TOMY OUEeHb BaXKHO MPU PELIEHUN HEPABEHCTB MEPEXOIUTH TOJb-

KO K paBHOCHJIBHBIM HCPABCHCTBAM.

K paBHOCWJIBHBIM HEpAaBEHCTBaM MPUBOJAT TOKIECTBEHHbIE NpeoOpa3oBa-
HUS, HE U3MEHSIOINE 00JaCTh JOIMYCTUMBIX 3HAUECHUH.
CBoiicTBa YHCTIOBBIX HEPABEHCTB MPUBEICHBI B MyHKTE 2.1.

Pemenue HCPABCHCTB, COACPKAIITNX KBaI[DaTHBIﬁ TPCXYJICH.

a-x>+b-x+c.ycts D=b? -4-a-¢ - AUCKPUMHMHAHT KBaJPaTHOIO TpexuJle-

Ha.
Bun HepaBeHcTBa D<0 D>0 D=0
a>0 \/ v Sy ';; LL.
* 1 2 I[} X
X
a-x>+b-x+c>0 X € (—o0;00) | X € (=0 %]U[Xy;0) X € (—o0;0)

5 _ _ X e
a-x“+b-x+c>0 X e (—oco0) | X € (=01% ) (Xp;00) (=005 %0 ) U (Xg;0)
a-x2+b-x+c<0Q | peueHui HeT X € (X;%,) peleHni HeT

2 . : b
a-Xx°+b-x+c<0 | peueHun HET X €[X;; X%, ] xO:_Z_a

. b
3; X J o

2 . : b
a-x“+b-x+c=>0 Pemennii Het XE[Xl,Xz] X0=—2—a
a-x2+b-x+c>0 | Pemennii Her X € (X;%,) Pemenwnii Het
a-x>+b-x+c<0| Xe(-050) X € (=00, % ) U (X, 00) X e
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(_OO;XO)U(XO;OO)

a-x2+b-x+c<0| Xe(oo) | xe(-0x]U[xy;x) X € (—o0;0)

Pewenue uenvix payuonanbHbixX HepA6eHCME
eciu B HepaeHCTBe f(X)< @(x) bynkumu f(x) 1 ¢x) 3a1aHbI LETBIMU PaLIHO-

HaJIbHBIMH BBIPAKCHUAMMU, TO €I'0 HA3BIBAIOT LCJIBIM PAIIMOHAJIbHBIM HCPABCH-

CTBOM.
Eciu nepaenctso f(x)< ¢(x) mpusectn x paBrocmibHOMY f(X)—(X)<0

N PA3JIOKUTH JICBYIO 4YaCTb Ha JIMHEHHEBIC MHOKHUTCIIN, TO TAKOC HCPABCHCTBO

MOJXHO pCHINTb MCTOAOM HHTCPBAJIOB.

CyTb 3TOro METO/1a UHTEPBAJIOB B CIEAYIOIIEM:
Onpenenuts 00s1acTh 3HaueHus nepemennoi (O/13);
[lepeHecTn Bce B JIEBYIO YacTh U PEUINTh YpaBHEHHUE, NPUPABHIB BBIPAKEHUE B
JIEBOM YacTH K HYJIO. Pa3ioKuTh HA MHOKUTEH, CKOOKH COKpAIllaTh HEIb3,
HaitneHHble KOpHU ypaBHEHHSI HAHECTH HA YHCJIOBYIO OChb. ECIM KOpHHM BXOHST B
OJ13, oHU pHUCYIOTCSl 3aKpalllEeHHBIMHU, €CJIU HE BXOJST, TO BBIOUTBHL. DTH KOPHU
pa30MBAIOT YHMCIOBYIO OCh Ha MPOMEXYTKH, HA KaXKIOM M3 KOTOPBIX BBIpaKEHHE,
CTOSIIIIEE B JIEBOM YACTH, COXPAHSIET 3HAK;
Bri6path B KaXI0M U3 MPOMEKYTKOB Kakoe-HUOY/Ib 3HaueHUe («IpOoOHYI0» TOY-
KY) U ONIPEACIIUTh 3HAK BHIPAXKECHHS B ITOM TOUKE;
BriOpaTh mpoMexKyTKH, B KOTOPHIX BBIpOKEHUE MMEET TpeOyeMblil 3HaK W 3alu-
caTh OTBET, B35B UX O0OBEIUHEHUSI.
Ecau HepaBEeHCTBO HECTPOroe HYKHO y4ecThb KOpHH, Bxonsiue B O/I3 u npuso-

JISIIAE YPABHEHUE K HYJIIO.

Mpumep 6. Pernts HepaBeHcTBO: (X +6)- (X +3)- X- (X —4)>0.

Pemenne. Ypasuenne (Xx+6)-(x+3)-x-(x—4)=0 mMeer ueTsipe KOpHS {-6};

{~3};{0} u {4}. Ou umcia pa3CuBaIOT YMCIIOBYIO OCh HA IIATH IPOMEKYTKOB!
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Br16paB B KaKJOM MPOMEXKYTKE KOHTPOJIBHYIO TOUKY, OTPEACIUM 3HAK (PYHKIIHH,

CTOSIHIGﬁ CJICBA HAIICTO HCPABCHCTBA. HepaBeHCTBO BBITIOJIHACTCA B IIPOMCIKYT-

Kax: (—o0;—6)U (- 3;,0)U (4;0).

Pewenue OpooHO-payuoHanbHbIX HEPABGEHCM G

P(x
IIpO6HO paIlI/IOHaJIBHI)Ie HepaBeHCTBa Q > O MOXXHO HpI/IBeCTI/I K paBHO-

Q(x)
P(x)-Q(x)>0

CHJIBHOMy HepaBeHCTBy Pm (X) = 0, TOraa ME€To/ I/IHTepBaJIOB HpI/IMeHI/IM U
Q,(x)=0
JUIsL pelIeHUs: JPOOHO-palMOHATBLHBIX HEPABEHCTB.

x* —3x% +2x°
IIpumep /. peliuTh HEPABEHCTBO: <0.
3 2
X" —5X
Penienme. pa3ziaras YMCIUTENb U 3HAMEHATENIb HA MHOKUTEIH, TIEPENUIIEM JIaH-
x*(x—1)-(x - 2)
x*(x —5)

HOE HEPABEHCTBO B BUJIE: <0, x=0 He BXOaUT B 0/13, IOATOMY

PaBHOCWJIBHOE MOCJIETHEMY HEPaBEHCTBY OYJIET ClIeaylolee:

(x=1)-(x-2)
(x=5)

C noMo1pio «IpoOHBIX» TOUEK HAHJEM 3HAK BBIPAXKEHUS B KAXKJIOM IPO-

<0 mpu x#0.

MEXYTKE, KOTOpbIE OBbLIIN MOJYYCHBI, KOTJa Mbl HAHECTH Ha YHUCIIOBYIO OCh YHCIIO
0, Tak kak oHo He BxoauT B O/13, u uncna 1, 2 u 5, npu KOTOPHIX YUCIUTENH U

3HaMEHATeNIb 00PAaIAlOTCs B HYJIb.
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Brimuniem HHTCPBAJIbI, I'/IC BBIIIOJIHACTCA HCPABCHCTBO.

Orget: (—o0;0)U(0:1)U(2;5).
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4. BEKTOPBI U UX TEOMETPUYECKUE TPUJIOXEHUA

I'eomeTpuyeckuii BEeKTOP MpEJCTaBIEH B ABYMEPHOM

B U TPEXMEPHOM TPOCTPAHCTBE B BUJE HANPABIEHHO2O
~ ompesKa, T.e. 0OTpe3Ka, y KOTOPOTO pa3inyaloT Hayajo

A a/’ H KOHEII.
Puc. 4.1 Ecau A - nawano Bekropa, a B - ero xoner, To BEeKTOp

0003HaYaeTCs CHMBOJIOM MJIM OJHOM CTpOYHON OYKBOM
a. B nmureparype yacto BekTOop 0003HayaeTcs kupHbM mpuptom AB unu a. Ha
pPUCYHKE KOHEIT BEKTOpa yKa3biBaeTcs crpenkoi (Puc. 4.1).
DOu3n4eCKUMH NMPUMEPAMM BEKTOPHBIX BEJIMYUH MOTYT CIIYXKHUTh MEPEMEUICHUE
MaTepUaibHOW TOYKH, JBHUTAIONIEHCS B MPOCTPAHCTBE, CKOPOCTh M YCKOPEHUE
ATOI TOUKH, a TAaK)KEe JEUCTBYIOIIAsl Ha HEE CHIIA.
JuHO# (MM MO/IyJIeM) FeOMETPUIECKOT0 BEKTOpa Ha3bIBACTCS JJIMHA ITOPOIK-
JAIOIIETO ero OTpe3ka u 06o3HauaeTcs | AB|.
Konnuneapuoie, pasnvie, KOMnianapHovie 6eKmMopbl.

Onpenenenue. BekTopsl, nexamue Ha OJHOM Nps-

MOW WJIM Ha MapauIebHBIX MPSMBIX Ha3bIBAIOTCS B Bi m
Al (’/ '\-\-\‘—\-\_\_\‘.N
KOJUIMHCAPHBIMH. A //
o /‘c
O6o3navaror: AB || AB,, AB || CD, -
AB ge || MN (Puc. 4.2) Puc. 4.2
Omnpenenenre. BeKTOpbI HA3bIBAIOTCS PABHBIMHU, €CJIH OHU:
B C
1) KomnuHeapHsr;
2) imeroT paBHBIC MOIYIIH;
3) OauHaKOBO HAIPaBJICHBI. A D
Pmuc. 4.3

[Mumyt: AB = CD, o AB # AC (Puc. 4.3)
B ¢usuke vacto paccMarpuBaroTcs 3aKperuiéHHble BEKTOPbI, 3a/laHHbIC
TOYKOW NPUJIOKEHUS, JJIMHOM U HAIIpaBJICHUEM. ECIM TOUKa NPUI0KEHUS BEKTOPa

HC MMCCT 3HAUCHUA, TO €TO0 MOXKHO IIEPCHOCUTH, COXPaHAAa JJIMHY WU HAIIPABJIICHUC B
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1)
2)
3)

J100YI0 TOYKY MPOCTPAHCTBA. B 3TOM ciiyyae BEKTOp Ha3bIBaeTCs CBOOOTHBIM.
Byaem paccmaTtpuBath TOJIBKO CBOOOIHBIE BEKTOPHI.

OHDGI{GHCHI/IC: TpI/I BCKTOpPA HA3BIBAKOTCA KOMILIA-

HAPHBIMH, €CJIM OHH JICKAT B HEKOTOPOM OJHOM IIOCKOCTH _E,.
WK NapaijIe/IbHbl KaKoH-T0 oaHOM mtockocTH (Puc. 4.4). : :
[Ipumepom HEKOMIUIITAHAPHOM TPOWKHA BEKTOPOB MO-
TYyT CIYXUTh HampaBjeHHbIC pEOpa Kyba, MCXOIAIINE W3 Puc.d.4
OIHOMW BEPILIHUHBI.
Jluneitnvle onepayuu Hao 6eKMopamu.
Han BexkTopamMu mpoOM3BOJAAT pa3iMyHbIE AEHCTBUA (Omeparuu). Y MHOXKE-
HUE BEKTOpa Ha CKajsip (YKMCIIO) M CJIOKEHHWE BEKTOPOB HA3bIBAIOT JIMHEWHBIMU
OTEpalHsIMH.

YMHOXXEHHE BEKTOpa Ha YMCIIO.

OHDCIIGJIGHHG: HpOI/IBBeIICHI/IGM BCKTOpa ad Ha CKaJIp A Ha3BIBacTCH BCKTOP b )

KOTOPBIM:
uMeeT Moayis | b |=| 4 |-|d];
KOJUUIMHEAPEH BEKTOPY d ;
HaIpaBJICH Tak ke Kak BekTop a mpu A >0 u MpOTHBOIIOI0KEHO BEKTOpY a Ipu A
<0.

O6o3HavaeTcs nponssenenne b = 4 a. B wactHoctn, npu A = -1 umeeM (-
1)- . Bekrop -&d Ha3bIBaCTCS MPOTUBOIOJIOKEHHBIM BEKTO-

py & (Puc. 4.5). x
Ecimt a=0 i A =0, to 4 -d=0 — HYJIEBOA BEKTOD.

-

-a
Puc. 4.5

EMy HC IIPUITUCBIBACTCA HHUKAKOI'O OIIPCACICHHOI'O HaIlpaB-
JICHUA, HA4aJI0 U KOHCL COBIIaJarOT.

['eoMeTprUyYeCcKU CMBICI OTIepallii YMHOXKEHHS BEKTOpa & Ha YMCio A CO-

cTOUT B "pacTsokeHun" BekTopa a B A pas, (ecnm | A [>1, TO 3TO HEHCTBUTEIBHO
pacTsbkeHue, a pu | A |[<1, — 310 cxkaTHe) ¢ BO3MOKHBIM U3MEHEHHUEM HarpasJie-

HMU:.
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Ecim |€|=1, T0o BexkTop € Ha3bIBaCTCSA CIAMHUYHBIM BEKTOPOM (OpTOM).

Bekrop a=8°|d|, ectu @° eqHUYHBIN BEeKTOpP (OpPT) BEKTOpa &.

Ecnmu nBa BekTopa @um b kommmHeapHsbl, TO OMUH W3 HHUX JIMHEHHO BhIpa-

aeTcs yepes apyroii: A=Ab (wmm b =18). OueBmmno A=+|a|/|b |.

n n ~
+"ecmaub HallpaBJICHbI OAMHAKOBO,

— CCJIM ITPOTHUBOIIOJIOKCHO.

Cnoxenue BCKTOPOB.

Omnpenenenue: CyMMOW BEKTOPOB &, d,,...,d,Ha3bBacTCd BEKTOp R,

3aMBIKAIONIUI JIOMaHYyIO JIMHUIO, MOCTPOEHHYIO M3 HUX MNapalielIbHbIM MEPEHO-
COM, KOTJla KOHEIl IPEAbIAYIIErOo BEKTOpa SIBJISETCA Haya-
-
JIOM CJIEAYIOLIETOo, IPUYEeM Hayajo ero B Hayaje BeKTopa d, b
_ = > x
, KOHEll B KOHIIe BekTopa &,. Obo3HavaroT: R= a/ xfa
a +a,+..+a,

N3 sToro obmiero npasuia JETKO CleAyeT YI00HOe b

Puc. 4.6
OpaBWIO HapajuiejorpaMMma JIJjIs1 HaAaXOXXICHUS CYMMbI JIBYX

BEKTOPOB: CyMMa JIByX BEKTOPOB & W b , mpuBeI€HHBIX K oHOMY Hadaiy O, ecTb

BCKTOp—AHUaroHaJib IapajjcjiorpamMmma, IOCTpOCHHO-

ro Ha BekTopax d m b kax Ha cToponax (Puc. 4.6) / _ //Qf
N ST
/

C

N3 pucynka 4.6 BHIHO, YTO BEKTOpP—

JIMaroHaab R=4d+b sBisercss 3aMbIKaHHEM JIO-

MaHOW M3 BEKTOpPOB d M D, 4To corjacyercs ¢ 00-

Puc. 4.7

MM ITPaBUJIOM CJIIOKCHHA.

U3 O6HICFO JKC IIpaBUJIa CIICAYCT W IPABHUIO IAPAJJICIICIIMIICA HaAXO0XKIC-

HUSI CYMMBI TPEX BEKTOpPOB, NMPUBEACHHBIX B
onHo Havyasio O (M HE KOMIUIAHAPHBIX): 3TO
€CTh BEKTOp—[MaroHajab MapajlieIenuIena,
MOCTPOCHHOTO Ha JIaHHBIX BEKTOpaX, Kak Ha

croponax (Puc. 4.7).




1)
2)

4)

6)

7)
8)

Onepanys BeIMUTaHHS BEKTOpoB d U b (00o3HauaeTcs d-b ) moHmmaercs

KaK CII0)KCHHE BEKTOpa @ C BEKTOPOM -D , MPOTHBOIOJIOKEHHBIM BEKTOPY b .

Ha mpakTtuke mo Bektopam a u b, mpuBenéunsiM B ogHO Hadano O, cpa3y

crposat Bektop BA=d-b, xak maymuii u3 xKoHIla BIYUTaeMOro BekTopa b B KO-
Hell yMeHbIaeMoro Bektopa a . (Puc. 4.8)

CBONCTBA JUHEWHBIX OIEPAITHIL.

OTMeTHM BOCEMb OCHOBHBIX CBOWMCTB JIMHEHHBIX ONEpalnii HaJ BEKTOPAMH:

d+b=b+a (KOMMYTaTUBHOCTb CJIOKEHUS WU IEPEMECTUTEIIHLHOCTH )
a+(b+c)=(@a+b)+c (acCOIMaTUBHOCTH CJIOKEHUS WU COUYETATEIIbHOCTH)
3) d+0=a (cyliecTBOBaHHE HYJIEBOTO BEKTOPA)

Jlnst mro6oro BeKTOpa @ CYHIECTBYET €My IMPOTHUBOIIOJIOXKEHHBIM BEKTOp —a, Tak

qro & + (-a) =0

5 I-d=a (cyliecTBOBaHHUE BEKTOPA PAaBHOTO JaHHOMY)
a(fa)=(ap)a, (accouMaTUBHOCTh YMHOXKEHHS Ha CKaJISIp)
Aa+b)=Aa+ Ab; (pacnpenenurenbHble CBOMCTBA OTHOCH-
(a+ pP)a=aa+ fa. TEJIbHO YMHOEHUS Ha CKaJIsip)

[IpocTpaHCcTBO, B KOTOPOM OMpPENECICHBI JAHHBIC JTUHEUHBIE ONEpaluu Hal

BEKTOPAMHU, HA3bIBAIOT JINHEHHBIM.

IIpumep 1. YOpocTuTh BhIpakeHHE: 2(35 — 45)+ 3(6 — 2§)+ 43 .

Pemenue: 2(3a —4b )+ 3(p — 2a)+ 4a=6a— 85 + 30 —6a + 44 =4a 5D .

Ipumep 2. Bexroper AC=a u BD=b ciyxar aparoHaasMy napajienorpamMma

ABCD (puc. 4.9). Boipasuts uepes a u b Bexropsr AB, BC, CD u DA, sBiso-

B ¢ 1UECsi CTOpOHAMU 3TOIO IapaJuiejiorpaMmma.

Pemenue. Touka nepecedyeHus AUaroHajiey napasie-
JorpaMma JEJAT KXy AuaroHayib nomnojam. [nu-

HBI HCKOMBIX BCKTOPOB HAXOAUM 00 KaK ITOJIOBUHEI

Puc. 4.9 CYMM BEKTOPOB, OOpa3ylOLIMX C MCKOMBIMH Tpe-

YTOJBHUK, JTU00 KaK MOJIOBUHBI pa3HOCTEH (B 3aBUCMMOCTH OT HAIlPaBJIEHUS BEK-
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3)

TOpa, CIYXKaIIero IUaroHaibio), 1100, KaK B MOCIETHEM CIy4yae, MOJOBUHBI CyM-

MBI, B3SITOM CO 3HAKOM MHHYC. HTaK, HCKOMBIC BCKTOPBI PABHBI:

a-b ps_8+b 5 _b-a DA:M.
2 2 2 2

HpOeKlﬂ/l}l e6eKmopa

(=x

AB =

ITpoekuueii Bekropa MM, Ha 3amaHHyIO

ock | HasbIBaeTcs YHCIIEHHOE 3HAYEHHE BCKTOpa

N:N2 ma ocu | (Puc. 4.10a). IIpoekiueii Bek-

Topa 8 Ha BEKTOp b Ha3bIBacTCS MPOCKITUS BEK-

TOpa & Ha 0Ch, UIMEIOIIYIO C BEKTOPOM D oj1u- Puc. 4.10a

HakoBoe HampasieHue (Puc. 4.100).

npga = ‘é‘COSa , TIE (- YTOJI MEK]ly BEKTOpPOM & U

oceio | .
a -

. .. : o
Ceoticmeo npoexkyuii. T

1) IIpoekiust CyMMBbI BEKTOPOB Ha OCh PaBHA CyMME

IIPOEKIIUM 3TUX BEKTOPOB, T.€. b
Hp|(§+5)=Hp|§+ let_)" Puc. 4.1006
IPOEKIIMS MTPOU3BEICHUS BEKTOpa & Ha YMCIIO A paBHA MIPOU3BEACHUIO YUCIIA Ha

MPOEKINIo BekTopa a, T.e. [Ip) A-a=Allpd.

Paznoocenue eéexkmopa no dazucy.

IlycTh 3amaHbl BEKTOpHI &,d,,...,8, U YACIA &4, Xy,...,0,. COCTaBUM KOM-

OMHALIMIO U3 3TUX BEKTOPOB, MUCMOJIb3Ys TOJBKO BBEICHHBIE JIMHEIHbIE KOMOWUHA-
LIUU CIIO)KEHHS U YMHOXEHHUS BEKTOpa Ha uMcio. B camoMm oOmiem ciydae oHa

uMeeT BUL: o,d, + a,d, +...+ a,8,. Takue KOMOMHAIMKN Ha3bIBAIOTCA JIMHEHHBIMU
KOMOMHALUSIMUA BEKTOPOBd,, 8,,...,d,, @ YUCIa oy, dy,...,&, K03 dunruentamu i1u-
HEIHOI KOMOMHALNY.

Ecnu BexTop npezacraBiieH Kak JIMHEHHas KOMOMHALUS HEKOTOPBIX BEKTO-

POB, TO T'OBOPAT, YTO OH PA3JIOKCH 110 3TUM BCKTOpPAM.
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Teopema 1. Ilycth nan HeHyJeBOM BekTopd . JIt0OOW KOIIMHEApHBINH eMy

BeKTOp b mpencrtaBieH B Buae b = odenuH-

B C
CTBEHHBIM 00pa3oM. >
Teopema 2. JIro60i1 BeKTOp @ Ha IUIOCKO-
CTH MOXXET OBITh Pa3NoKeH MO ABYM HEKOJTHHE- ?2
apHBIM BEKTOpaMm € W €, E€IUHCTBEHHBIM o0pa- O -el':' A
30M. 1 Puc. 4.11

Ei:alé] +0!2§2.
HekonnuueapHble BEKTOPBI €; U €5, B3ATbIC B OIPEACICHHOM IIOPSIKE,

Ha3bIBAIOTCS 0a3MCOM Ha IJIOCKOCTH, a KOA(DPPUIMEHTHI JTMHEHHON KOMOMHAIUU

KOOpJAMHATaMH BEKTOpa d B Oa3uce €U €;.
Teopema 3. Eciu €;, €5, €;Tpu HEKOMIIJIaHAPHBIE BEKTOPA, TO BCAKUN YETBEPTHIi
BEKTOp d PAaCKJIAABIBACTCA 10 HUM U 3TO Pa3J0KEHNUE EJUHCTBEHHO.

ad=o,€ +a,€, + a4€;.

Onpenenenue:  JoOble [1Ba HEKOJUIMHEAPHBIX YIOPSATOYECHHBIX (B3SITHIX B

OIPEJICIICHHOM TOPS/IKE) BEKTOpa Ha IJIOCKOCTH HA3bIBAIOTCS 0a3WCOM Ha JTOM

miockoctu. JItoObie Tpu HEKOMITIaHAPHBIC YIOPSI0UYCHHbIE BEKTOpa B MPOCTPaH-

CTBE HA3bIBAIOTCA 0a31MCcOM B IIPOCTPAHCTBEC.

Takum o0Opa3oM, B NPOCTPAaHCTBE C BBIOPAaHHBIM 0a3HCOM €;,€,,63 HaM

YAQIOCHh KaXJOMY BEKTOPY IOCTABUTH B COOTBETCTBUE TPOMKY UMCEIN - Er0 KOOP-
nuHat. Tenepb Npy BBINOJHEHUU BBEIACHHBIX OIEPAallMM HAJ BEKTOPAMH MOXHO

3aMCHUTDH FCOMeTpI/I‘IeCKI/Ie HOCTpOGHI/IH AHAJIUTNYCCKUMHU BBIpa)KeHI/ISIMI/I.
IIycTh 8 = o8, + .8, + 8,0 = B8, + L6, + [ufs,
Torna a+b = (oq + B)E, + (0, + 5,)&, + (a5 + B35)E;
u Aa= (/10!1)51 + (/1052)52 + (10[3)53.
Takum o0pa3zoM, NMpU YMHOKEHUU BEKTOpPA HA YKCJIO BCE €r0 KOOPIAUHATHI

YMHOJKAIOTCA Ha 3TO 4YUCJIO, a IIPHU CIIOKCHUN BCKTOPOB CKJIIAJBIBAIOTCA MX COOT-
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BETCTBYIOIINE KOOPIWHATHI, €CIIM OHH OMPEIETICHb OTHOCUTEIIEHO OJTHOTO M TOTO
ke Oasuca.
Iexapmoswl npsimoy2oibHble KOOPOUHAMbL

OnpeneneHue: AEKapTOBOW CUCTEMOM KOOPIMHAT HA3bIBAIOTCS COBOKYII-

HOCTb TOukHu M 0azuca. Touka O - Havano koopauHat, OX,0y,0z - KoopIUHATHBIE
ocu, Oxy,0Oyz, OXZ -koopAMHATHBIE TIJIOCKOCTH.
Ocp OX Ha3BIBAIOT OCBIO abcyucce, ock OY - ockto opouram u ock OZ - 0ChIO

annauKkam.

YacTo UCnoJIb3yeTCs B IEKAPTOBOM CUCTEME KOOPIMHAT, 0a3UCHBIE BEKTO-
pPBI KOTOPOH B3aUMHO TIEPIICHIUKYJISIPHBI K UMCIOT ¢ TMHUYHBIC JITHHBIL:

i L]LK, \i”\:\ﬂ:\l?\:l.

Pa3noxum npou3BOIBHBIN BEKTOp d Tpexmep- 3

HOTr'O IIPOCTpaHcTBa no opram. g 3TOro mo-

ctpoum BektopOM , paBHEII BekTOpy 4

(Puc.4.12). Torma d=Xi +Yj+zKk, wunaue

BCKTOpP a MOKHO 3aIIicCaTb B BUAC:

a=(x,y,2).

Puc.4.12

W3 eTMHCTBEHHOCTH Pa3JIOKEeHUs BEKTOpa & IO OpTaMm, CIEAYET, YTO eCIIn
KOOPJIMHATHI IOOBIX IBYX BEKTOPOB A(X,,Y,,Z,) 1 b(X,,Y,,Z,) paBHbL T.c.
Xa=Xb, Ya=Yb , Za=Zp, TO TH BEKTOPHI TOKE PABHBI.

BextopOM , maymmii oT Havana Toukn O k Touke M (X,Y,Z) Ha3bBaeTcs
paouyc - eKmopom ITOM TOYKH, U €ro KOOPIMHATHI
OM (X, Y,Z) COBIAAIOT ¢ COOTBETCTBYIOMMMHU KOOD-

JUHaTaMM TOYKU M.
[Tycts AB - BEeKTOp, KOOpJAMHATHI Hayaga M KOHIA

KOTOpPOTO M3BECTHBI A(X1, Y1, Z21) u

B(X2, y2,22). Torga koopauHathl Bektopa AB X Prc. 4.13
BbIpaxatorcs o popmysnam: X =X, —%,Y =Y, —V,,Z =2, — Z;.
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U3 puc. 4.13 BuzHoO, uto AB =T, +T,.
Vcrons3ys coiicTa mpoekmmii, umeem: X = IIp,, AB = IIp,,(F, —1,)=X, — X, u
AHAJIOTMYHBIM 00pa3oM HaxomumMY =Y, —VY,,Z =Z, — Z;.
Paznoxenue Bektopa AB 1o opTam Gy/IeT UMETh CIIEYIONIHii BUL:
AB =(x, = )T +(y, = y1)i +(z, — 2 k.
IlepeMHOX€HHE BEKTOPOB M CBOWCTBA HE3aBUCHMMOCTH BEKTOPOB HOIAPOOHO

paccMaTpUBAaOTCA B KypCe BBICIIEM MATEMATUKH.

40



5. HOKA3SATEJIBHAA ®YHKLIMUS. IOKA3ATEJIBHBIE YPABHEHUSA
N HEPABEHCTBA

5.1. Onpenenenue U CBOMCTBA NMOKa3aTelbHOH pyHKkunu. I'paduk nokasa-

TEJbHOU PyHKIIMH.

Oyukruto Buaa y = 8%, rae a > 0 u a # 1, Ha3bIBAIOT noxkasameibHoU GyHKyuel.

OcHOBHBIE CBOMCTBA MOKa3aTeIbHON QyHKIIMHU Y = a%:

CBoiicTBO a>1 O<ax<l1
OObnacTh ompeneIcHHs D(f) = (-o0; +00) D(f) = (-o0; +o0)
OO6nacTh 3HaYCHUH E(f) = (0; +o0) E(f) = (0; +o0)
MOHOTOHHOCTB Bospacraer Yo6niBaeT
HenpepbpiBHOCTB HenpepriBras HenpepriBHas

I'paduk nokazarenbHOM PyHKIUM

['padrxom nokazatenbHON PYHKIUU SBIAECTCI 9KCHOHEHMA.

& }i" }i"
X X
y=2a y=2a
a=1 0=a=<1
1 X ! X
" . |
0 0

Puc. 5.1. I'paduku nokazarenbHbIX (PYHKITHI (9KCTIOHEHTHI)

5.2. PaznuyHble crioco0bl pelieHns MOKa3aTeJILHbIX YPABHEHUH U Hepa-

BCHCTB.

TlokazamenvHblmu Ha3BIBAIOTCS YPaBHCHHA U HCPABCHCTBA, B KOTOPbIX HCU3BCCT-
Has IIEPEMCHHAsA HAXOAUTCA TOJIBKO B ITOKA3aTCIIAX KaKHUX-JIH0O CTEICHEN.
Pewienue noxkazamenvrnvix ypaeuenuﬁ
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AR

Teopema 1. ITokasarensHoe ypaBHenue a ' ® =a9® (rpe a > 0, a # 1) paBHOCHIIL-
HO ypaBHeHHIO f(X) = g(X).
OcHoBHbIE QOPMyYJIBI U AEHCTBHS CO CTENEHAMU:

a>0,b>0:

k

a’=1,1%=1; aH:W(keZ,neN); a‘xzix; a*-a’=a"’;
a

a4 _a; (@) =a¥; a*-b*=(ab)"; a—x=(9)x .
a’ b* \b
OcHOBHBIC METOAbI PELICHUS OKA3ATEJIbHbIX YPABHEHUH

Merton npuBeieHUsI CTENEHEN K OJJTUHAKOBOMY OCHOBAHUIO.

Brinecenue 00111€ero0 MHOXKHUTENS 38 CKOOKH.

Merton BBeieHUS HOBOM ITIEPEMEHHOM.

MeTto NOYJIEHHOTO JIETICHUS.

['padpuueckuit meTo.

|. YpaBnenus Buga a’®=1. (Meroa npuBeJeHHsi cTeleHeil K 0MHAKOBOMY
OCHOBAaHMIO).

Ilpumep 1. Pemuts ypaBHEHHE X' Bxi6q

2
Pemenue. 2% X0=20

- [10 ONPEJICTICHUIO CTETIEHU C HYJIEBBIM ITOKA3aTEJIEM.
ITo Teopeme 1, momyduM KBaapaTHOE ypaBHeHHE: x2-5x+6=0.

Ero pemieHusiMu sSBISFOTCS X1=2; X2=3.

OtBet: x1=2; x2=3.

Il. YpaBnenus Buga a”®=q* (MeTox NpUBeIeHNs CTeNeHell K 0IMHAKOBOMY

OCHOBAaHMIO).

Ipumep 2. Pemuts ypaBHEHHE 5 7 =1/25.

Pemenwe. ITo cBoiicTBY cTeneneii moayunm 5 7 =57,

TOr/a 1o TeopeMe 1, moy4ymm KBagpaTtHoe ypaBHeHUe: x>- 5/7x- 2/7=0.
Ero pemeHusiMu SBISIOTCS X1=- 2/7, x=1.

Otser: x1=- 2/7, x,=1.
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AR R A

I11. YpaBnenus Buga Aoa™ %y + A1a™™* +4a™%; + | +4,a™ =M. (Bbinece-
HHe 001Iero MHOKHMTEJIA 32 CKOOKH).

[TpuBenémM oOMmIUI aNrOpUTM METOJA BBIHECCHHUS OOIIErO0 MHOXHTEIS 3a
ckOOKH Ha ripumMepe ypaBHeHus Aoa™ Ky + A1a™H +A4,a™H) + | +A4,a™ K =M:
BBIHECEM OOIIIMA MHOKHUTEID 3a CKOOKH: a™ (Aoako + A1a* +Ad +  +AndX, )=M;
0003Ha4YMM BBIpaKEHHE B CKOOKax Aoa®o + A1a*y +A4d% +  +Ana%, =N
MOJICTaBUM 3aMeHy B U3HauajabHOoe ypaBHeHue a™ N =M;

IOJIy4HM IIPOCTEiiiee moka3atenbHoe ypaBaeHue a™=M/N;
HAXOJWM PEIICHHE 3TOro ypaBHEHHS MpH yciaoBuH, 4To ecim M/N<0, To ypaBHe-

HUE PEUICHNN HE UMEET.
Ipumep 3. Pemmts ypasrenne 5°% —2 .51 —3.5%72 =300,

Pemenue. Boinecem 5% 3a ckoOKy M HONyduM ypaBHeHHE 5° (l — % — %) =300.

BhIpaskeHHe B CKOOKAX paBHO uuciy: 5 ]2'—2 =300, Toraga ypaBHEHUE MPEAbITY-

mwero Buza 53=625. [lpusenem k oguHakoBoMy ocHoBanuio 5¥=5% Tlo Teopeme 1,
noiayduM 3x=4, ciegoBareibHo, x=4/3.
Otgert: x=4/3.
IV. YpaBuenns Buaa Aoa® + Ara* +A4, =0. (MeTon BBeeHUs HOBOW IepeMeH-
HOI1).

[IpuBeném oOuIMil anrOpuT™M METOJa BBEACHUSI HOBOW NEPEMEHHOW Ha MpH-
mepe ypasHenus Apa™ + Aja* +A4, =0.

Ecnu B moka3arensHOM ypaBHEHUH BCE OCHOBAHHS OMHAKOBHI, a MMOKa3aTe-
JIA CTEIIEHEW — pa3HbIE, TO:
MPUBEIUTE K OJHOMY MOKA3aTEII0 CTETICHH U MOJYyYUTE YpaBHEHUE C OJMHAKOBBI-
MU OCHOBAHHMSAMHM M OJMHAKOBBIMH MOKA3aTeIsAMU cTeneHel, Hanpumep Ao (a*)? +
Alax +A> =O;
cleNaliTe 3aMeHY TTIepeMEHHOM, Hanpumep a*=y;

peIINTEe ypaBHEHHE OTHOCUTEIBHO 3TOM HOBOM nepeMenHoi (Ao V> + A1y +A4, =0);
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clelaiiTe 0OpaTHYIO 3aMEHY TIEPEMEHHOW M TIOJIYYUTE COBOKYITHOCTD MPOCTEHIIIIX

ITOKA3aTEJIbHBIX YPABHEHUMN.

Ipumep 4. Pemmts ypasrenne 24 —50-27* =896.

Pemenue. Cnenaem 3aMeny: 2=y,

TOT/1a MOJIyYHM KBajapaTHoe ypaBHeHue: 1?-50)-896=0,

€ro pelieHUusIMU SBIISIIOTCS 11=64, y,= -14.

CuenaeM 0OpaTHYIO 3aMeHy 22=64, cnenoBaTensHo, 22=2°,

Torma 2x=6, x=3.

A 1714 BTOporo kopHsa 22'= -14 — peniennii Her.

Ortser: x=3.

V. YpasHenus Buaa Aoa* + A1a?0? +420*=0. (MeToa no4ieHHOr o jJesieHust).

OnHOpPOIHBIE YpPaBHEHUSI BTOPOU CTETIEHU B OOIIIEM BUJI€ MOXKHO 3alUCaTh TaK:
AOaZf(x) i Alaf(x)bf(x) 4 A2b2f(x) —0

riae Ao, A1, Az, a u b — HekoTopeie uuciia, mpudém a U b — TOJOKUTEIIBHEI B OT-

JINYHBI OT SAUHUIIEI.

UToOBI NpUNATH K TAKOMY BUJTY, IOYTH BCET/Ia ypaBHEHUE TPeOyeTCs IpeaBapu-

TEIBHO MpeoOpa3oBarh. Yallile BCero ypaBHEHHE 3alMCHIBAIOT B BUIE
f
A)aZf(X) i Al(ab) (x) + AZbe(X) =0
BaHI/IHIeM IMPU3HAKHW, KOTOPLIC ITO3BOJIAT OTIINYHUTb OJHOPOJHOC YPAaBHCHHUC OT

YPaBHEHUN IPYyroro BUAA.

HDI/I3HaKI/I OJHOPOAHOI'O ITOKA3aTCJIIBHOI'O YPABHCHU S BTODOﬁ CTCIICHU

YPaBHEHHUE COJEPKUT POBHO TPU CTENIEHU C Pa3HBIMU OCHOBAHUSIMU;
MOKa3aTesy JABYX CTENEHEW POBHO B J[Ba pa3a OOJIbIe MOKa3aTeNsl TPEThel crerne-
HU;
OCHOBAHMUE ITOM TPEThEU CTENEHU PABHO MPOU3BEICHUIO OCHOBAHUM JIBYX APYTHX
CTEIICHEMN.

[IpuBeném oOIMUI aIrOpPUTM METOJa TOYISHHOTO JCICHUS Ha IpUMEpE

ypaBHenus Aoa* + A1a¥? b ¥ +4,b* =0,
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Eciii B moka3aTeIbHOM YpaBHEHHH BCTPEUAIOTCS JBA PAa3HBIX OCHOBAHUS CTeE-
TICHEH ¢ pa3HBIMH ITOKA3aTeISIMH, TO:
NPUBEIUTE K OJUHAKOBBIM ITOKA3aTesM CTEICHEH M TMOJIyYHTe ypaBHEHHUE C
JIBYMsI pPa3HBIMH OCHOBAHHSMH W OJMHAKOBBIMU (HMJIM KPATHBIMH) MOKA3aTEIISIMH
CTEIICHEH;
paszennuTe Bce ypaBHEHHE MOYWICHHO HAa MECHbBIIIEE OCHOBAHWE B CTEIICHH YpaBHE-
Hus (Hanpumep Ha b* . 0). [IpeoOpa3yiiTe qpodu ¢ MOMOIIBIO TOKAECCTBA CTCIICHH
IpoOW M TOJyYWTEe TIOKA3aTEIbHOE YpPaBHEHHE C OJWHAKOBBHIMH OCHOBAHHSMH H
OJIMHAKOBBIMH MOKa3zaTelsiMu creneneil (Ao(a/b)* + A1(a/b)”? +4,=0);
caenaiite 3ameny nepemennoi ((a/b)"*=y);
pelnTe ypaBHEHHE OTHOCUTENILHO 9TOH HOBOM nepeMenHoi (Agy? + A1y +A4, =0);
cenaiTe 0OpaTHyIO 3aMEHYy MEPEMEHHOM U MOJIYYUTE COBOKYITHOCTh MPOCTEUIIINX

II0Ka3aTelIbHBIX YPABHEHHIA.
Ipumep 5. Pemuts ypasuenne 227 —5.6* + 32 =0.

Pemenue. ITo cBolicTBam cremeneii: 2-22% —5.2%.3% +3.32 =0,

2X X
PasnienuM naHHOE ypaBHEHUE Ha 37X, moryynm 2 - (%) -5. (%) +3=0.

X
Cnenaem 3aMeHy y:(g), W ypaBHEHHE TIpeBpallaeTcs B KBaJpaTHOE

2.y —5.y+3=0, KOPHAMHU KOTOPOTO SABISIOTCS y1=1, y2=3/2.

AN

(%) =1, caenosarenbHo, x=0.

(53
— | =—, ciegoBaTenbHo, x= -1.
3 3
Otsert: x=0, x=-1.

1
V1. Ypasuenus Buga a’¥=f(x). (F'pajuueckuii cmo- /

€00). B

Ilpumep 6. Pemuts ypaBuenne 4° =5-X.
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Pemenue. Pemennem ypaBHeHus siBIsieTCsl abciycca TOUKH TMepecedeHus rpadu-
KoB pyHkumi Y =4" u y=5— X (cm. puc. 5.2).
[Iposepka: 4'=5-1, cnenoBatensro, 4=4 (BepHO).

Ortsert: 1.

Pewenue noxkazamenvnvix HeéepaeseHncme.

OHDGI[GJIGHI/ICI HYCTB d - JJaHHOC IIOJIOKUTCIBHOC, HC PaBHOC €IMHUIIC YHC-

no u b- mamnoe neiicrBurensHoe uucio. Torga HepaBencTBa a* >b (ax Zb) U

a*<b (ax < b) Ha3bIBAKOTCS NPOCMEUUUMU NOKA3AMETbHBIMU HEPABEHCTNEAMU.
Pemennem HepaBEeHCTBA C HEM3BECTHBIM X HA3bIBAIOT YHCIO Xy, IIPU MOJ-

CTaHOBKE KOTOPOTO B HEPABEHCTBO MOJy4YaeTCs BEPHOE YHCIOBOE HEPABEHCTBO.
PemmTh HEPAaBEHCTBO - 3HAYWT, HAWTH BCE €r0 PEIICHUS WK ITOKa3aTh, YTO UX HET.
Teopema 2. Eciu a > 1, To HepasencTso a ' ® > a 9 ¥ papnocunsHo HepaBeHCTBY
toro xe cMmbicia: f(X) > g(x). Eciim 0 < a < 1, To nokazareabHOE HEPABCHCTBO

a'® > a9 paprocubHO HEpaBEHCTBY NPOTUBONONOKHOTO cMbicha: f(X) < g(X).

Memoowt peuileénusn noKasameJslbHovlxX HEPa6eHcmae.

1. Iloka3aTe/ibHbIE HEPABEHCTBA, CBOASIIMECH K MPOCTEH MM,

x+1

Ipumep 7. Pemuts HEpaBEeHCTBO 22 > 4.,

x+1 x+1

Pemenne. 22 >4, 252 > 2% rtak kak (a=2>1) QyHKuus Bo3pacTaeT Ha Beeil

X+1 . .
o0acTu ompeAeneHus 1 Mo Teopeme 2, moaydnm —— > 2. [Ipunecém Bcé B o1HY

X+1 X—95
CTOPOHY <2 2 >0, npuBeseM K o01IeMy 3HaMeHaT€J'IIO—2 <0. Ilo npaBury
X — X —

MHTEPBAJIOB MOTYYHM 2 < X <95,
Ortser: (2;5].
Ipumep 8. Peuts HepaBeHCTBO — 4 < 321 _5<yg.

Pemmenne: —4<3° 21 _5<4 ,
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1<321<g

3x2—2x—1 >1 3x2—2x—1 > 30
7 Ty =3 (3 >1) Bo3pacTaeT Ha Bceil 061aCTH OIpesie-

3x2—2x—1 <O 3x2—2x—1 <32
JICHU
[ (—1<x<3,
-1<x<3,
X% —2x-1>0, xSl—JZ —1£x<1—JZ
xgl—JZ
X2 —2x-1<2; —1<x<3 [1+/2<x<3
x21+JZ
_x21+JZ

OtBeT: [— 11— \/E]U [1+ \/5;3].
2. MeToa BBeJleHUsI HOBOIi NepeMeHHOA.
Ipumep 9. Pemuts HepaBeHCTBO 2°% +2 >3- 2%,

Pernenne. 22 +2 >3- 2%, mepeHeceM Bce B JieByIo yacTh 22X —3.2* +2>0.

t>0,
t <1,
» t? -3t+2>0, t<l |0<t<]
[Tycte 2" =t,t >0 Torma t>2,
t>0; t>0, [t>2.
t>0;
t>2;
3 5 0<2* <1, .
BepHémcs kK nepeMeHHOH X ! ) Tak kak 2” >0 npu X€ R, To cucrema
2" > 2.

2% <1, 2" <2° t
= . OyHKIUA Y = 2 (2 > 1) BO3PaCTaeT IpHu

npuoOpeTaeT BU:
2" > 2; 2" >2

X <0,

BCEX X U3 00JIaCTH OMpeeICHUS { 1
X>1.

Orser: (—o0;,0) U (L 0).

MeToa BLIHECEHHSI 001Iero MHOKHUTEJIS 32 CKOOKH.

1 X 1 X—2
IMpumep 10. Pemuts HepaBeHCTBO (Ej + (Ej >5.
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X X—2
1 .
Pemienue: (Ej + (E > 5, BeIHECEM OOIIMNA MHOXKUTEID 32 CKOOKH:

X—2

1 X—2 1 2 1 5
- = | +1|>5. B ckoOKax HOIy4UM 9HCIIO | — —>5, =
2 2 2 4

(%) - >4, (2)2_)( > 22 y= 2t (2 >1) BO3pAacTacT Ha BCEH 001aCTH OMpPEICIICHUS
2—x>2, x<0.

Ortser: (—;0).

Ipumep 11. Penmits HepaBeHcTBO 3°72 + 7% < 4.7 +34.3%1,

Pemenne: 32 +7* <4.-7*1+34.3" nepeneceM ciaraemble, COIEpIKaIIie
pasHbIe OCHOBAHHS B IIPOTHBOIIOJIOKHbIE CTOpOHBI 3°72 —34.3*1 < 4. 7% 7%,
BbiHeceM 00Iye MHOXHTEIH C KaXIOH U3 CTOpoH 3 (33 — 34)< 7%t (4 — 7), B
CKOOKAX BBIPOKEHHMS MpeCTaBIAioT coboit uncta 3*7'(~7)< 7*7*(~3). Mepene-

CCM TpOﬁKy U CCMCPKY B COOTBCTCTBYIOIINUC CTOPOHBI, 3aIIMIIICM BBIPAKCHUC, YIN-

ThIBasl CBOMCTBA CTGHCHefI, 3HAK HCPABCHCTBA IMOMCHACTCA, TaK KaK pa3aciIMM €To

Ha MUHYyC equHAIy 3°2 > 7%, Pasnennm HepaBeHcTBo Ha 7% >0, npu X e R,

3 X—2 3 X—2 3 0 3 t 3
TOT1a 3HAaK HE MEHSIETCH. (—] >1= (—j > (—] A [—) (0 <—=< 1), cle-
7 7 7 7 7

JIOBaTENbHO, yOBIBAET Ha BCEHM 0OJNACTH ONpEAEIeHHs, TOrjAa II0 TeopeMe 2
X—2<0, x<2.

Otser: (- ;2).

MeTo/1 OYJIEHHOI'0 JeJIeHHUSs.

ITpumep 12. Permts HepasencTso 3-4" +2-9* —5-6* <0.

Pewenue. 3-4* +2-9" —5.6* <0, 570 0MHOPOAHOE HEPABEHCTBO BTOPOI'O MOPSI-
Ka 3-2% -5.(2-3)*+2-3% <0 = 3-2% -5.2%.3* +2.3% <0. Tak kax

3% >0, opu X € R, To pa3menuM HepaBeHCTBO Ha 32, IIpu 9TOM 3HAK HE H3Me-

2X XX 2X 2% X
HUTCS 322)( —52 3 +23 - <0 => 3(%) —5(%) +2>0.

32X 32
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2
X 2 “<t<],
[Tycth (gj =t,t >0 Torma St —st+2>0, 3 g<t<1.
3 t>0; t> 0

) L2 (2j 2 (2) (2)0
Bepuémcs k nepemeHHon X: —<| — | <1, = —<| < | <|—=| ,TaK KaK
3 (3 3 (3 3

3
Otser: (0;1).

r
y= (Ej (0 < % < 1) yOBIBaeT Ha Bceil o0actu onpeaeneHus , To 0 < x <1.

Meton panuoHaJIn3alluN.

Merto/ panMoHANM3AIMK 3aKJIF0YACTCsS B 3aMEHE CIIOXKHOTO BhipakeHus F(X)
Ha Oosiee mpoctoe BeipakeHue G(X), mpu kotopoit HepaBeHcTBO G(X)VO paBHO-
ciwibHO HepaBeHCTBY F(X)VO B oOmactu onpenenenust Beipaxenus F(X). [Tox 3Ha-

KOM V II0JIpa3yMeBaeTCsl OAUH U3 3HAKOB >,<,>,<.

u,-u, -...-u
JIro60e HepaBeHCTBO MPUBOANMO K BHIY ———2 "nvO0,
Vy -V sV
rae Ui,...,Un,V1,...,Vk — HEKOTOpble (GyHKIMH. JIOBOTBHO YACTO KAKIYK M3 HHX

MO’KHO 3aMEHUTb Ha APYTYI0 3HAKOCOBMAJAIONIYI0 (DYHKLMIO HA 00JIaCcTH Oompese-
nenwusi. [IpuBenémM OCHOBHBIE THIIBI BBIPAXKEHHM, JIJIsI KOTOPBIX MOKHO HCTOJIB30-
BaTh METO/] pallMOHATIN3ALUY.

B niepBom croinbiie Tabmuibl — dyHkus F(X), KoTopyro Mbl paluoHaTH3H-
pyeM. Bo BTropom cronbiie — dynkuus G(X) — 3HakocoBmagaromias ¢ GyHKIueH
F(x) Ha obnactu e€ onpeneneHus. [Ipu 3TOM, UCHONIB3Ys] METO]] pAIlMOHATA3AIUH,
HeJb34 3a0bIBATh PO 001acTh onpeaeneHus QyHkuui. [Ipu pemenuu 3agaun uc-
XOJTHOE HEPABEHCTBO MPEeoOpa3yeTcs B CUCTEMY: pallMOHAIM3UPOBAHHOE HEPABEH-

ctBO U O/[3 ucX0IHOrO0 HEPABEHCTRA.

Boipakenue F Boipa:kenue G o113
h(x)"®—h(x)e® (hG)—1)-(F)—9(x)) h(x)>0
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h(x)®—1 (h)—-1)(x) h(x)>0
f(x)"®—g(x)"™ (f)—9(x))-h(x) f(x)>0,9(x)>0

Teopema 3. ITokasarensroe Hepasenctso a(x)' ™ >a(x)?™ pasHocuabHO cle-

a(x)>0,
JyIOIEel CHCTEME HepaBeHCTB: < a(X) # 1,

(@) -D(f (x) - 9(x)) 2 0.

2 2
Mpumep 13. Peumnts nepasercto (X2 — x —2) @D > (x2 —x—2)),
Pemenne. CocTaBUM CUCTEMY HEPABEHCTB, aHAJOITMUHYIO CUCTEME U3 TEOPEMBI 3!
2

X —=x-2>0,

X2 —x—2#1

(x* —x—2)-D((2x* —=x -1 — (9 - x?))=>0.
PemnB nBa mepBbIX HepaBeHCTBa, HanaeM O/[3 ncxoqHOTO MOKa3aTenbHOTO HEpa-
BEHCTBA:

X< —=lwumu X> 2,

1+4/13

X# .

2
Otkyna O/13: x € (—oo,l_;/E) U (1_;/E —1) u(2,1+;/E) u(lJr;/E ,+00).

Jlanee paccMOTPUM OCHOBHOE HEPABEHCTBO
(X* —=x—=2) -D((2x* —x—1)—(9—x?)) = 0, KOTOpPOE YHPOIIACTCS K BULY:
(x? —=x—3)(3x? —x—-10)>0.

KOpHI/I EPBOT0 MHOXKHUTEIIAA OTOTO HEPABEHCTBA MbI HAIIUIU PAHEE: X, , =

1+/13
—

1+v121 S
KopHu BTOPOro MHOXHTEIIS PABHBL: X3 4 = B X3 = 3 X, = 2. Ynopsno-

yuM KopHHU. Tak kak 3<+/13 <4, 10 X3 < X; < X, < X,. [I[pumeHuB meron uHTep-
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BaJIOB, IMOJYYHM CJICAYIOHICC PCHICHUC OCHOBHOI'O HCPABCHCTBA!

1—£/E’2)U(1+2JE

X e (—oo,—g) U ( ,+00) .

VYuuteiBas HaiiieHHy10 panee O/13, moiayyaeM OKOHYATENIbHBIA OTBET:

1—2JE’_1)U(1+2JT3

X e (—oo,—g) U ( ,+00) .
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6. JOTAPUOMHUNYECKASA ®YHKIUA. JOTAPUOMHUNYECKHUE
YPABHEHUSA U HEPABEHCTBA

6.1. Onpenesnenne u cBoiicTBa Jorapupmmuyeckoii pynkuuu. I'padpuk jora-

pupmuyeckoin pynkuuu. JJorapupmmuueckas pynkuus. JJorapugmaol.

Omnpenenenne: JlorapumMoM THOJOKHUTEIBHOTO YMCIa D Mo ocHOBaHUIO @,

rae a > 0, a#l , Ha3pIBaeTCs MOKa3aTesb CTENEHH, B KOTOPYIO HaJ0 BO3BECTH YHC-

J10 &, 9YTOOBI TTOTYyYHuTH D.

1

1
Hanpumep: 10928 = 3, Tak xak 23 = 8; log 3 9 =2 rakkak32=9:
log;7 =1, Tak kak 7* = 7.

%> — . I10 paBencTBO crpa-

Omnpenenenue goraprupma MOKHO 3aKcaTh TaK: &
BeuuBo Tipu & > 0, b > 0, a#1. Ero 00b4HO HA3bIBalOT OCHOBHBIM JIOTapu(pMu-
YEeCKHUM TOKIAECTBOM.

JelicTBue Hax0XI€HUS Jjorapudma drciia Ha3bIBalOT JorapupmMupoBaHueM.
JleficTBUE HAXOXKICHHS YKCIIa MO ero JiorapudMy Ha3bIBAIOT MOTEHIIUPOBAHHEM.
CaoiicTBa orapumMoBs.

[Ipu BeINOTHEHUHU TPeOOpa30BaHU BBIPAXKEHHM, COAEpKAUX JTOTapu(Mbl, IPH
BBIUHCIICHUAX U MPU PEIIEHUHA YPABHEHUHN YaCTO UCIOJIb3YIOTCS Pa3InyHbIEC CBOM-
cTBa JiorapugmoB. PaccCMOTpUM OCHOBHBIE U3 HUX.

[Myctb a > 0, a#1 ,b >0, ¢ >0, r — moboe nericTBUTENBHOE UnciI0. Torma crpa-

BEJIJTUBBI (POPMYIIBIL:

Iogagzlogab—logac

log,, (bc)=log, b +log, c log,b" =rlog, b

JlecATHYHBIC U HATYypaJIbHBIC JIOTapU(PMBI.
Jlns morapudMOB YHCEN COCTABJICHBI CTICITUAIbHbBIC TaOIHITLI (TaOIUIIBI JJorapud-

MOB). Jlorapu@mbl BEIYUCIIAIOT TaKXKeE C MOMOIIBI0 MUKPOKAJIbKYJIsiTOpa. Y B TOM
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U B IPYTOM CITyyae HaXOJAATCA TOJBKO JAECATUYHBIC WM HAaTypalbHbIE JOorapud-
MBI.

OHDGHGHCHHC: I[€CHTI/I‘IHI)IM JIOl“apI/I(I)MOM qucjia Ha3bIBarOT JIOl"apI/I(i)M 9TO-

ro gucia no ocaoBanuto 10 u mumryT Ig b BMecto logieb.

Onpenenenue: HarypanbHbiM JorapudMoM yuciaa Ha3bIBaIOT JoTapudm

3TOr0 YHCJIa M0 OCHOBAaHHIO €, TJIc € — HPPALUOHATBHOE YUCIIO, MPHOIMKEHHO
pasHoe 2,7. [Ipu atom mumryt In b Bmecto logeb

HppalioHaIbHOE YKCIIO € UTPAeT BAKHYIO POJIb B MATEMATUKE U €€ TPUIIOKCHH-
sX. HUCIIO € MOKHO TIPE/ICTABUTH KaK CYMMY:

1 1 1 1
e=1+-+—+ +.t—+... 1
1'2 123 1'2‘3'...‘” HHI/Ie_ —_

ex2,7182818284.
JlocTaTo4HO 3HATh 3HAYEHUS TOJIBKO JIECSITHUYHBIX WIHA TOJIBKO HATyPAJIbHBIX JIOTa-
pu(dMOB yuced, 4TOObl HAaXOIWUTh JIOTapU(Mbl YUCEN IO JHOOOMY OCHOBAHUIO.

Jns aTOro ucnonb3zyercs (popmyJia 3aMeHbl OCHOBaHUs Jiorapugma:

b— log b

log
log, a

a wm tak log, b-log,a=Ilog b,

rneb>0,a>0,a#l,c>0, c#l

CaencrBust u3 GopmyJibl 3aMeHbl OCHOBaHNs Jiorapudgma.
[Tpu ¢ = 10 u C = e momyyaroTcst popMyIIbl Iepexoa K ASCATUIHBIM U HATypaslb-

HBIM JIoTapudmam:

lgb

log,b=—"—, Iogab:M
lga

Ina’

Jlorapudmuueckas pyHkus, €€ CBONCTBA U Ipaduk

B maremartuke U €€ NpuiI0oKEHUAX YacTO BCTpeUYaeTcs Jorapupmuyeckas QpyHk-
uus Y = l0ga X , rae a - 3amannoe yucio, a > 0, a£l.

Jlorapupmuueckas pyHkuus 00J1a1aeT CBOMCTBAMM:

1) O6acTh onpezaencHus JorapupMUIecKoil PyHKIIMH — MHOYKECTBO BCEX MOJIO-
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KUTCIbHBIX YUCCII.

2) MHOXeCTBO 3HaUCHHI JIorapru(pMUIecKor (HYHKIIUH — MHOXECTBO BCEX JICH-

CTBHUTCJIbBHBIX YHCCII.

3) Jlorapudmudeckast GyHKIUS HE SBISICTCSA OTPaHUYCHHOM.

4) Jlorapudmuyeckas GpyHkius Yy = 10ga X ABJISICTCS BO3pACTArOIICH Ha TPOMEKYT-

ke (0;+o0) , ecniu a > 1, u yOwiBatomei, ecmm 0 < a < 1.

5) Ecn a > 1, to pyHkIus Yy = 10ga X IpUHUMAET HOJ0XKHUTEIbHBIC 3HAUCHHSI TIPH X
> 1, orpunatenshbie pu 0 < X < 1. Ecmu 0 < a < 1, o ¢pyakus y = 10ga X npuHu-
MaeT MoJiokuTeNbHbIe 3HaueHus npu 0 < x < 1, orpuniarenabHsie npu x > 1.

Ocb Oy siByisieTcsl BEpTUKAIBHOM acHMITOTOM Tpaduka GyHKIUH Y = 10ga X

vl y=log _x 4
a1 y=log _x
1 1 O<a=1
1 1
a X a X
1 a j a 1
-1 -1

Puc. 6.1
OtmeTtuMm, 4To Tpaduk 000 orapudmudeckoit GyHKuu Y = 10ga X MpoXoauT
gepe3 Touky (1; 0).

[Ipu pemieHnn ypaBHEHHI 4acTO UCIIOJB3YETCS CIEAYIONIas TeOpeEMa:

Teopema. Eciu 10ga X1 = 1002 Xz, tme a > 0, a#1 , X3 > 0, X2 > 0, T0 X1 = Xo.
Jlorapudmuueckas ¢pyukuus Y = 10ga X 1 mokaszarenpHas GyHkius y = a¥, riae a >

0, a#1 , B3auMHO 0OpAaTHBL.
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6.2. PazinuHble cnoco0bl penieHus: Jorapupmuyeckux ypaBHeHHil 1 Hepa-

BCHCTB.

OCHOBHBIEC METO/IbI pelIeHNUs JIOTapU(PMHUYECKNX YPABHEHMIA:

Ha ocHoBaHuM onpeneneHus Jorapudma.

MeToa noTeHIMpOBaHUS.

MeTton noCcTaHOBKH.

Merton norapupmMupoBaHusi.

OcHoBHBIE IPaBUJIA:

. HyxHo Haiitu 0o6sacte qonyctumMbix 3Hadenuit (O/13).

C nmomouipbl0 OCHOBHBIX JIOrapu(pMUUYECKUX (POpMyJ MPUBECTH B ypPaBHEHUU K
jgorapupMam ¢ OJMHAKOBBIM OCHOBAHHEM CJIEBA U CIIpaBa OT 3HAKA PABEHCTBA.

. Ecnn ITYHKT 2 HCBO3MOJXXCH, TO BBOAUTCA ITIOACTAHOBKA.

Pemenune norapupmMuyeckux ypaBHeHUl HA OCHOBAHMHM OIPedesIeHUs Jiora-
pudma.
TTo onpenenennto norapudma log, f(x)=c= f(x)=a’npustromf(x) >0,a>0, a
#1.
Ipumep 1. Pemuts ypaBuenue l0gz(x+1) + logzx(x+3) = 3.
Pemenue. OJ/13: X > -1.
ITo cBoticTBY norapudma BepHo paBeHcTBO 10g2((X+1)(X+3)) = 3.
W3 3TOTO0 paBEeHCTBA 10 ONpeAeacHUI0 Jorapudma morydaem (X+1)(x+3) = 8,
x?+4x+3=8,T.e. x>+ 4x-5=0, otkyna X; = 1, x, = -5.
Tak kak x = -5 < -1, To manHOe 3HaYeHue He BXxoauT B OJ13, T.e. x = -5 He ABISIETCS
KOPHEM 3TOTO YpPaBHEHUS.
OtBert: X = 1.
MeToa MOTEeHHUPOBAHMS.

[Tox moTeHIIMpOBAaHUEM TTOHMMAETCS TIEPEXO0 OT PABEHCTBA, COJICPIKAIIIETO

jorapudMbl, K paBEHCTBY, HE COJIEpIKAIIEMY UX.
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log, f(x)=log, g(x)= f(x)=g(x), rme f(x) >0, g(x) >0,a>0, a # 1.
Ipumep 2. Pemuts ypasuenue Ig(2x2 - 4x + 12) = Ig x + Ig(x+3) .

Perenue. Beipakenue 2X? - 4x + 12 Bceraa nonosxkurensHoe, Toraa OJ13 x > 0. ITo
cBolictBy norapumos 1g(2x% - 4x + 12) = lg(x? + 3x),

oTKyna 2X% - 4X + 12 = x? + 3X =X? - 7x + 12 = 0. KopHAMHU KBapaTHOTO ypaBHe-
HUS SIBISIOTCA X1 = 3, X2 = 4. O6a kopHs Bxoqat B OJ13.

OTBeT: X1 =3, x2 = 4.

MeToa NOJICTAHOBKH.

IMpumep 3. Petnum ypasuenue logé x + log, X +1= z
log, «

Pemenue. O/13 x > 0. CHavasia nepeiiieM K OCHOBaHHIO O:

5
log s — X
log,, —= X =—log; —=log; —=log; x—1, Torna ypaBHeHHE IPUMET BUJ
“x log;0,2 X 5
2 7 2 !
logz X +logs X +1=——— Ilonoxum log; X =u, Torga U +u+1=——, ne-

log: x -1 u-1
peHOCs BCe B JIEBYIO CTOPOHY, IONyunM ypaBHeHue U° —8=0. Pemas 310 ypas-
HEeHue, nonyuuM U = 2, otkyaa logg; X =2 u x = 25 — kopeHb UCXOJHOTO ypaBHe-
HUSL.

Otger: x = 25.
Metona iorapudmMupoBaHus.
JlaHHBIN MeTON SIBISIETCS “00paTHBIM METOAY MOTEHIIMPOBAHUS, T. €. MBI OT

ypaBHEHHS 0€3 JTorapu(mMoB Mepexo UM K YpPaBHEHUIO, UX COJIEpKAIIEMY.
f(x)=g(x)= log ) f(x)=log " g(x), rae f(x) > 0, g(x) > 0, h(x) > 0, h(x) # 1.
OTOT MeToJ OOBIYHO HCIOJIB3YETCSs, €CJM B YPaBHEHHUU €CTh IOKa3aTejbHbIe
dbyHKUMU, JorapupMbl — B ITOKa3aTene. PaccMOTpuM 3TOT METO1 Ha IIpUMEDE.

Mpumep 4. Pemnts ypasrerne X °%* =0,25.
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Pemenne. OGnacth ompeneneHust ypaBHeHuss X > 0, B 3ToMm ciiydae o0e 4actu
YPaBHEHUS TMOJOXKHUTEIbHBI, TIOATOMY X MOXHO MPOJOTapu(PMHUPOBATH MO OCHO-

-
BaHHMIO 2, B pe3ylbTaTe IOMydnM ypaBHeHue log, x' 0%

=log, 0,25, paBHOCHIIB-
Hoe aaHHoMy. [lanee mo cBolictBaM Jorapudma mmeem (1—log, X)log, X =—-2.
[Tomoxwum, log, x=u, torma (1—U)u=—2, KOPHAMHU JAHHOTO ypaBHEHHs OymyT
Ut = -1 u U = 2. BosBpamasice K nepeMeHHo x, momyuuMm log, X =—1u
log, X =2 u torna x1 = 0,5 ¥ x2 = 4 ABJIAIOTCSA KOPHAMU YPaBHEHHUS.
OtBetr: x1 = 0,51 x, = 4.

Mpumep 5. Pemuts ypasrenue log, (3x'°%* +4)=2log, X.

Pemenne. OJI3 x > 0. Bocnonb3yemcst onpeaeeHrueM jJoraprudma, mpuBeeM Hc-

2log, x

XOJHOE YpaBHEHHE K BHAY X =3x'°%* 4 4. MMonoxum X'"°%** =u, torma no-

nyunM ypaBHeHne U° —3u—4=0, kopHH KoToporo U; = —1 u U, = 4. Teneps 3a-

laua CBOAMTCS K PEHICHHIO COBOKYITHOCTH ypaBHeHHH X °%* =—1 u x'°%* =4,

log, x

T.x. X >O, TO IICPBOC YPAaBHCHHUC PCHICHUA HC MMCCT. Bo3pmem JIOFapI/I(I)MLI

log, x

0 OCHOBaHUIO 4 0T 06eux yacTeil BTOporo ypaBHeHus log, X =log, 4, T.c.

1
log ﬁ x=1, torma log, x =+1, otkyna X, =4, X, = Z KOPHU MCXOJHOTO ypaBHE-
HUSL.
1

Oteet: X, =4, X, :Z.

Pewenue nozapugpmuueckux nepagencme.

[Tpu pemenun norapuMUUECKUX HEPABEHCTB HEOOXOIMMO YUUTHIBATh, YTO

>aP < <3P
1.ecmua>0,a#1, 1o logaf(x) > b <=> f(X)_a - O_f(x)_a .
a>1 O<axl
< <P S ab
2.ecmia>0,a# 1, tolog,f(x) <b <=> O_f(x)_a TH f(X)—a .
a>1 O<ax<l
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g(x)=h(x)  [h(x)=g(x)
3. 109 109 9(X) > logx h(x) <=> <h(x)>0  m<g(x)>0
f(x)>1 0< f(x)<1

g(x)<h(x)  [h(x)<g(x)
4. 109 1 9(x) <log e h(x) <=> 4g(x)>0 u <h(x)>0

f(x)>1 0< f(X)<l
_ O<p(x)<1 [o(x)>1
5.10g ) f(X)>0 = log ) f(x)>log ;)1 <=> {0< f(x)<1 {f(x)>1'

Nmeetcs He MeHee 4 MPUHIMIUAIIBHO Pa3IMYHBIX THUIIOB M10/1X0/1a K PEILICHUIO
Jorapu(pMUYECKHX HEPABEHCTB:
1. nepebop ciyyaeB «OCHOBaHHE OOJIbIIE €IUHUIIBI», KOCHOBAHUE MEHbILIE €ANHU-
IBD»;
2. Iepexo]i K paBHOCHIIBHBIM COBOKYITHOCTSIM CHCTEM HEPaBEHCTB, HE COAepKa-
KX JIOrapu(pMOB, METO/ pallMOHATIN3ALUH;
3. 00001IeHHBIN METO] THTEPBAJIOB;
4. rpadudyecKuil METOI.
PaccmoTpum npuMepsl pereHus JIorapupMUIecKuX HEPaBeHCTB.
1. Ilepedop ciryuyaeB «OCHOBaHUE 00JIbIIE eAUHULBDY, KOCHOBAHHE MEHbIIIE
eIMHUIIBD.

IIpumep 6. Pemnts HepaBenctso log, ,(2x—3) >log, , (24 —6X)

Pemenue. J1y1st TOro 4to0bl OT JOrapru(pMUYECKOrO HEPABEHCTBA NIEPEUTH K paruo-
HAJIbHOMY, HEOOXOJMMO 3HATh OTHOCHTEIIBHO OCHOBaHHs jorapudma (x — 2)
oonbiie oHO 1 wim Mmensbie. [loaToMy 3agaua CBOAUTCS K PELIEHHIO COBOKYITHO-

CTHU ABYX CHCTCM:

X—2>1 O<x-2<1
2x—-3>0 2x—-3>0

24 —-6x>0 ! 24 -6x>0

2X —3> 24 —6X 2X —3< 24 - 6X
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N 27 .
W3 nepBoii cucTeMbl NOJIy4aeM "y <X<4, u3 BTOpor 2 < X <3 U pelIeHueM

JTAHHOTO HEPABEHCTBA SIBIIAETCS X € (2; 3) U (% ;4).

Otser: X e (2; 3) U (% ;4)

. MeToa pauuoHaIM3anuM.

Hamomuum, B iepBoM ctosdie Tabmumbl — QyHKus F(X), KoTopyro MBI pa-
moHam3upyeM. Bo Bropom cronbdue — dynakiust G(X) — 3HaKOCOBMAIArOIMIAs C
dynkiueii F(x) Ha obnactu e€ onpexneneHus. [Ipu 3ToM, UCTIONB3YSI METOJT PAITUO-

HaJIW3allU, HEIb34 3a0bIBATh PO 00IACTh ONpeAesIeHNs (PYHKIUIA.

Boipakenue F Boipaxenune G o113

0G40 1ogyg0) (N0 1) (100-9(1) :(XX); R

lognf(X)—1 (h(x)—1)-(f(x)—h(x)) f(x)>0,h(x)>0,h(x)#1

lognf(X) (h(x)—1)-(f(x)—1) f(x)>0,h(x)>0,h(x)#1
h(x)>0, f(x)>0,f(x)#£1,

logo()-1ogau ) (1001 (@(0-1) (00 D-@F0) ' o

Teopema 1. Jlorapudmudeckoe HEPaBEHCTBO
10 55y T(X) =109 5,y 9(X)
PaBHOCWJIBHO CIEAYIONIECH CUCTEME HEPABEHCTB:
a(x) >0,
a(x) #1,

f(x)>0,
g(x) >0,

(a(x) =D(f (x) - 9(x)) = 0.
Hepasenctsy log ) f (x) 109 ,.(x) y(x) <0
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)

)
COOTBETCTBYET PAaBHOCHUJIbHASI CUCTEMA y(x) >0

)

)

Mpumep 7. Pemuts vepasenctso log, , (x> —1) > log, ,(2x* + x - 3).

Pemienne. BocnonszyeMcst Teopemoit 1, moaydum CleAyOIIyI0 CHUCTEMY Hepa-

BCHCTB.:
X—2>0,
X—2=%#1,
x?—-1>0,

2x% +x—-3>0,
(x=2)-1((x* -1 — (2x* + x—13)) > 0.

Pemrast mepBeie yeThIpe HEPABEHCTBA, NMpakTUYecku HaxoauM O/13 mcxomHoro He-
paBEHCTBA:

X> 2,
X#3,
X< —=lwumu X >1,

3
X<—EWZMX>1.

Otkyna: X €(2,3) U (3, + ).
PerMm Terepp msToe HEpPaBEHCTBO cucTeMbl. [locie ameMeHTapHBIX peo0-

pa30BaHUM MOJIyYUM HEPABEHCTBO
(x—3)(—x* —x+2)>0.
YMHOKHM BTOPO COMHOKUTEIb HA -1 U TOMEHsIEM 3HaK HEPABEHCTBA:

(x—3)(x* +x—-2) <0.
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HeTpyaHO 3aMeTHTh, 9TO KOPHSIMH BTOPOTO MHOXKHTENSI B 3TOM HEPAaBEHCTBE SIB-
nstorest yncia 1 u -2. [loatomy, packia-

JbIBasi BTOPOY MHOXUTEIb Ha OJHOYJICHBI W N
o i =
-2 1 3 X

ICPBOIo mopsaka, rmojrydacm:

(x=3)(x-D(x+2)<0.
DTO HEPaBEHCTBO JICTKO PELINTh METOJOM HHTepBalioB: X € (—0,—2) U (L, 3). C

ydeToM HaijeHHoro panee O/13, mogyyaeM OKOHYATENIbHBIN OTBET.

Otger: X€(2,3).

3. O0001eHHBIH MeTOI HHTEPBAJIOB.

Ipumep 8. Pemnts HepaBeHcTBO: 10005, (0,25x% - 1,25x +1,5) < 1.

Pemenne. ®yukius f(x) = logos, (0,25x? - 1,25x + 1,5) - 1 onpenencHa u Henpe-
peiBHA TIpH X € (0; 2) m (3; +0).

Haiinem ee mymu: 10gos.(0,25%2 - 1,25x + 1,5) = 1, cnenosarensHo, 10gos.(0,25x%2 -
1,25x + 1,5) = logo s, 0,5x .

[Monyunm kBagpaTtHoe ypasaenue 0,25(x? - 7x + 6) = 0, kopau KoToporo x; = 1, x;
= 6.

Onpenensem 3Haku Gynxuuu f(x) = logos, (0,25x2 - 1,25x + 1,5) — 1 no merony

MHTEPBAJIOB:

=
0

b2 (]
L (]

1
Otser: X € (0; 1] U (3; 6].

I'papuuecknii meron.

Pemenne. Pemmmm mpumep 8 BTopbiM ciocoboM. Halinem Toukm mepeceueHus rpa-
¢uxos y1 = 0,5x u y, = 0,25x* — 1,25x + 1,5. [IpupaBHsiem naHHbIe (yHKIUH
0,25x% - 1,25x + 1,5 = 0,5x,

0,25(x*-7x+6)=0,x1 =1, x, = 6.

[lepBsiii rpaduk — npsimasi, BTopoit rpaduk — napadosia, BETBU BBEPX.
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Ecin 0 <1 <1, 1o log, y, <1 <=>

Y2>Yy1<=>0<x<l.

Ecin y1 > 1, 10 log,, ¥y, <1 <=>0 <

V2 <y1<=>3<x<06.

Puc. 6.2

3naunt, log, y, <1<=> xe (0]

U(3;6].
Otset: X € (0; 1] U (3; 6].

Pewenue nokazamenvno-nozapugpmuueckux HepageHcme

PaccmarpuBasi mokazaTenbHO-TOTapU(PMUYECKUE YpPABHEHUS, Mbl OTMETHIIH,
4TO JJI UX PEIIEHUs HUCIOJb3yeTCsl METOA JorapuMHupoBaHHUs 00EUX dYacTel
YPAaBHEHHMS M0 OJHOMY M TOMY K€ OCHOBAHHUIO. DTOT METOJ NPUMEHSAECTCS U JJIA

pCIICHUS HOKa3amenbHo-102apumuieckux Hepasencme. 3nech Take f(x) >0
u g(x)>0 wu mnepexomum ot HepaBeHcTtBa f(X)>Qg(X)k HepaBeHCTBY
log, f(x)>log, g(x), ecmu a > 1 u k nepasencty log, f(x)<log, g(x), ecnu
O<ax<l.

Mpumep 9. Pemnts HepaBercTBO X °%5* > 0,5.

Perrenne. ObGe 4acTu 3TOr0 HEPABEHCTBA MPUHUMAIOT JIMIIH TIOJI0KHTEIbHbIE 3HA-

yeHus. Bo3pMeM oT o0enx vacrteit morapudmel 1o ocHoBanwuto 0,5, momydyum Hepa-

logy 5 X
BeHCTBO l0g 5 X 0

<logy5 0,5 paBnocunbnoe nannomy. Iocne mpeoGpasosa-
HUs Tomyyum log 3,5 x <1, orkyma —1<log,s x<1, Torna x €(0,5; 2) sBnsercs

pPCHICHUCM HNCXOJHOI'O HCPABCHCTBA.

Otser: X €(0,5; 2).
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7. TPUHTOHOMETPUYECKHUE ®YHKIIUU. YPABHEHUS U HEPA-
BEHCTBA, COAEP KAIIIME TPUTOHOMETPUYECKHUE ®YHKIIUNU

7.1. IlocTpoeHue rpagMKOB TPUTOHOMETPUYECKHUX QyHKIIHIA.

Cumnycom ocTporo yria ¢ Ha3bIBae€TCsl OTHOILIEHHUE UIMHBI KaTeTa, MPOTHUBOJIE-
Kallero yriy ¢, K JJIMHE TUIOTEHY3bl MPSMOYTOJIBHOTO TPEYTOJIbHUKA C OCTPHIM
yrJIoM @, 1 0003Ha4daroT Sing. OTHOIIIEHUE JTMHBI MIPUJICKAIIECTO K YTy ¢ KareTa
K TUIIOTEHY3€ Ha3bIBAECTCS KOCUHYcom yria ¢, o0o3HayaroT COS¢. Tawnzencom
OCTpOTO yria ¢ Ha3bIBAE€TCS OTHOIICHHE JUIMHBI KaTeTa, MPOTHBOJIEKAIIETO K YTy
@, ¥ KaTeTa, mpujiekamiero K atomy yriy (tge). O6parHoe OTHOIICHUE JJIUH KaTe-
Ta, IPWIEKAILETO K YIIIy ¢, U KaTeTa MPOTUBOJIEKAILETO, HA3bIBAECTCSI KOMAH2EH-

com (Ctg o).

KpOMe CHUHYCa, KOCHUHYCA, TAHI'CHCA M KOTAHI'CHCA HCIIOJB3YIOT CHIC CEeKaHC

Secop = U KoceKanc CoSsecp =——.

o7 sing
BrIpakeHue, B KOTOPOM TepeMEHHAas COACPKUTCS TOJ 3HAKOM TPUTOHOMETPHY-
CKUX (YHKIIUN, HA3BIBACTCSI MPULOHOMEMPUYECKUM.
Cornacno teopeme ITudaropa u3 pucynkka (Puc.7.1) cinenyer:

— BEpIIMHA yIJIa ¢ MPAMOYTOJIBHOTO TPEYTOJIbHUKA

L
COBMEIIIEHA C HAYaJIOM KOOpAHMHAT, Y 1
: I=
— T'UIIOTEHY3a TPEYrOJIbHUKA, ABJIAIOIIAACS Takke 1 5111 {;5
paznycoM OKpYXHOCTH, paBHa eUHHMILIE, I = 1, Qj
— KOCHHYC SIBJISIETCS TPOEKIMEN panyca Ha OCh :::
COs @
aocIuce,
Pruc. 7.1

— CHHYC SIBJIIETCA MPOCKLIKUEN paguyca Ha OCb Op-
JTIAHAT.
Bcé 310 mpaBuibHO, HO MOKa TOJBKO JJIs OCTPBIX YIJIOB, KOrJa paanyc-

THIIOTCHY3a HaAaXOJUTC B HepBOﬁ YCTBCPTH.
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3HaKoBasi XapaKTePUCTHKA TPUTOHOMETPUYEeCKHUX (PyHKIIUIA.

an

V4

an!

Y

an

NN

sin oL

COsCL

N

tgo, ctga

Hauoosee Baskuble cBOMCTBA M rPaUKH TPUTOHOMETPHUYECKUX (PYyHKIMI

®yuk- | Odaacre |OOsacth | YéTHOCTD, | Ilepu- | I'padpuxku pyHkuumi
HUs  (onpeaesieHUus| 3Ha4e- HEYET- on, T
HUH HOCTH
y = sinx (—o0, ©) [-1,1] | meuérHas
y = COSX (—o0, o0) [-1, 1] yéTHaA
y=1tgx | (oo, ®)3a | (—o0,©) | HeuETHAs
HCKJIIOYCHH-
€M TOUYCK
7N + /2,
37€Ch N 11e5o0e
y =ctgx | (—oo,0)3a | (—o0, ) | HeuéTHas
HCKJTIOUCHU-

€M TOYeK TN,

37CCh N 1eyoe

O06001IeHre cuTyaly Ha Cilydaid JroObIX yT-

JIOB OYEBMJIHBIM 00pa3zoM cneayer u3 pucyHka (Puc.

7.2), a IMEHHO, JJIs1 JIIOOBIX YIJIOB KOCHHYC, — IIPO-

CKIMSI €AMHUYHOTO pamuyca Ha ock adcuucc (OX),




CHHYC — TPOCKIHs eIMHUYHOTO paamyca Ha ock opauHar (Oy), mpuuém B Tex
ClTydasiX, KOTJa MPOCKIHS IOMagacT B OTPHUIATEIbHYIO 00J7acTh KOOPIWHATHBIX
ocell, QyHKIUSIM MPUITUCHIBACTCS 3HAK MUHYC.

Oynuknms f(X) HassiBaercs uéthoit, ecim f(—x) = f(X), u Heuérnoit, ecom f(—
X) = —f(x). I'padux y€THON PYHKIMH CHUMMETPUYCH OTHOCHUTEIHLHO OCH OpIHHAT
(Oy), a rpaduk HeYETHOM HYHKIIMA CUMMETPUYCH OTHOCUTEIHHO Havyasla KOOPIH-
HaT. 13 rpadmkoB BUIHO, YTO KOCUHYC SIBIsSIeTCA Y€THOU (pyHKIIMEH, a CHHYC, TaH-

I'CHC U KOTAHT€HC — HEYETHBIC.

Teopema 1. 1 Ecniu T - ocHoBHO# mepuoa ¢yukmuu f(X), To ducio %

SBJISICTCS OCHOBHBIM TiepuooM ¢pyHkimu T (kKx+Db).

[Tepuonel ¢ynkuuit T, u T, Ha3plBalOTCd COM3MEPUMBIMHU, €CIH
CYLIECTBYIOT HaTypajbHble yuciaa M u N, yro mT, =nT, =T .

Teopema 2. 2 Ecnu nepuoandeckue ¢ynkumu f (x) u f,(X), numeror
comsMmepumbie T, u T,, To OHM HMeIOT oOmMH mepuox mT, =nT, =T, KOTOpBIA
sBisiercs nepuojoM dynkuuit f(x)+ f,(x), f,(X)—f,(x), f,(X)- f,(X).

B Tteopeme roBopuTrcs 0 TOM, 4TO T sBIsSeTCA MEPUOAOM (DYHKIIHH
L)+ f,(x), f,(x)-1,(x), f(xX):-f,(X), u He o0a3aTesbHO SBIAETCS
OCHOBHBIM IteproioM. Hammpumep, ocHOBHOM niepro1 GyHKIKHA COSX u SiN X - 27,
a OCHOBHOU TIEPHO] MX ITPOU3BEICHUS - 7T .

B oTtnnuue ot TpuroHoMeTpudyeckux GyHKLIHUA 0OpaTHBIE TPUTOHOMETpUYE-

CKHC (I)YHKI_II/II/I HC ABJIAIOTCA IICPUOIUICCKUMU.
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Hawuo6oJ1ee BaskHbIe CBOMCTBA U rPa@UKH 00OPATHBIX TPUTOHOMETPUYECKHUX

pyHKumit
®yukuus | ObaacTb Obaacre | YéTHOCTD, I'padpuxu pynkuumii
omnpeae/eHUus] 3HAYEHUN |HEYETHOCTD
y=arcsinx| xe[-11] 7 || HeuéTHas %
Yel--5 . -
22 7 170 1 2
SEL 4
y=arccos x| xe[-11] | ye|0;z] |obmero Bu- .
na  arc- ~_
cos(-a) = x- 1 0 1
arccos a
y = arctg x 7 )| HedéTHas L= |
2 2 4| 2] o2 .
1N
y = arcctg x| xe (— oo;oo) ye (O; 7z) 00111eTO BH- \ 7
I
na arcctg(- 2
\\m__h
a)= - ab 2l 2 s |
arcctg a

7.2. IlpeoOpa3oBaHue TPUTOHOMETPHUYECKUX BbIPAKEHH .

OcCHOBHBIC TPUTOHOMETPUYECKHE (POPMYJIBI:

sin®x+cos® x=1 tgx - ctgx =1

sin X COSX
tgx = —— ctgx = ——

COSX sin x

1

2 2

1+tg°x = 5 l+ctgx=— 5
sin’ x

COS™ X



[Tone3Hsl Takxe (pOPMYJIbl NPUBEAEHHUS, KOTOPBIE ITO3BOJISIOT BBIPA3UTh 3HA-
YeHHs] TPUTOHOMETPUUECKUX (QYHKIUI 7151 TI0OBIX YTJIOB Yepe3 3HAUEHUsI TPUTO-
HOMETPUYECKUX (PYHKIUI YIJIOB IEPBOM YETBEPTH.

Hampumep: cos(180°+ a) = cos 180°- cosa — sin180°- sina =

(1) - cosa — 0 - sina = — cosa.

Yto6b! n36€KaTh HEOOXOUMOCTH I0JIB30BATHCS MTOT0OHBIMU pacyETaMU, IPUMeE-
HSIOT MHEMOHHYECKOE MTPABUJIO:

1. Ecim BeIYMCseTCs TpUroHoMeTpruaeckue GyHKuuu yrioB 90° £+ a unm 270° + a
, TO CHHYC MEHSETCSl HA KOCHHYC, KOCUHYC Ha CHHYC, TAHT'€HC Ha KOTaHI'€HC, KO-
TaHreHC Ha TaHreHc. B cioyuae yrinos 180° + a wim 360° + a pyHKIMM ocTaroTcs
HEU3MEHHBIMH, T.€. CHHYC OCTAETCSI CHHYCOM H T.II.

2. 3HaK pe3ynbTara TaKkoi ke, KaKk y UCXOTHOW (PYHKIIMU B TOW YETBEPTH, B KOTO-
PYIO IONAaIaeT UCXOIHBIN YTOJL.

Hanpumep: cos(180°— a) = — cosa.

Kocunyc ocraércst kocunycom, moromy uro 180°. Mcxomusrit yron (180°— a) Bo
BTOPOI1 UETBEPTH, I'/I€ KOCUHYC, UICXO/HAsA (PYHKIUS, OTPUIATEIbHA, I0ATOMY 3HAK
MUHYC.

IlepeBoa rpagycHoii Mephbl yIiia B paAHAHHYI0 U 00paTHO.

[Tycth oo — rpanycHasi Mepa yria, f — paanaHHasi, TOr/ia CIipaBelIuBbl popmy-
7[-05: o _180 -8
180 T

7 =3,1415926535897932384626433832795.

nbl: 3= ,tiie 1pao ~57°, 1° ~ 0,017 pao, = =180°,

(I)OpMyJIl)I CJI0KE€HUA U BbIYUTAaHUA aprMeHTOB:
sin(x £ y) =sin Xcosy £sin yCcosx tgx + tgy
cos(X + y) =cosxcosy Fsinxsiny 1T tgxtgy

IIpeoOpa3oBanue cymMbl (Pa3HOCTH) TPUTOHOMETPHUYECKUX (PYHKIMIA B MPoO-

H3BEACHUC:
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: . . X+ XF
sinXx£siny=2sin 2ycos 2y Ny
COSX —COSYy =-2sin sin

cosx+cosy=2cosxzycosX;y 2 2

IIpeoOpa3oBanue npou3BeeHUsi TPUTOHOMETPUYECKUX (PYHKIMI B CyMMY:
sin xsin y = %(cos(x —y)—cos(x+Y))
COSXCOSY = %(cos(x —y)+cos(X + y))

DopMmyJibl IBOMHOI0 aprymMeHTa:

Sin 2x = 2sin Xxcosx 2 2tgx
_ _ g2x = .
C0S2X = C0s> X —sin? x =1—2sin? x = 2cos® x —1 1-tg?x

@®opMyJibl IOHUKEHUS CTENEeHN:

. 1—cos2x 2 1+ cos2x 5 1-—co0s2x
Sin“X=————— CoS" X=—— tgX="—"—-.
2 2 1+ cos2x

®opMyJIbI MOJJOBUHHOIO yIJja:

Xy /1—cos(x)_ Xy _ /1+cos(x).
sm(E)—J_r — 003(2)—i a—

X, , [1—cos(x). Xy, [1+cos(x),
tQI(E)_i\/Hcos(x)’ Ctg(z)_i\ll—cos(x)'

X :1—cos(x): sin(x) . X, sin(x) 1+cos(x)

9" e 1reost’ “02 T1cost  sin(x)

3ameHa 4Cpe3 TAHI'CHC ITIOJIOBHUHHOTI'O yIJla:

+Yy . X=-Y

sin xcosy =%(sin(x +y) +sin(x—y)).
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29(2) 2ctg (") 1-19°(3)

sin(e) =—~5—;  sin(a)=—*%—; cosf@)=—=%—;
2, 2, 0,
1+tg (E) 1+ ctg (E) 1+tg (E)
ctg?(2) -1 2t9(%) 2ctg(%)
cos(@) = ——2—; tg(@)=—2 — tg(@)=— 2—;
ctg (§)+1 1-1tg (E) ctg (E)_l
1-1t92(%) ctg?(2) -1
otg(a)=—2°: ctgla)=— 2
2tg(‘;‘) 2ty (‘;)

CoOTHOIIEHHSI 111 0OPATHBIX TPHTOHOMETPHYECKHUX QYyHKIIHIA:
cos(arccosx)=x; arccogcosx)=x; sin(arcsinx)=x; arcsin(sinx)=x;
tg(arctgx)=x; arctg(tgx)=x; ctg(arcctgx)=x; arcctg(ctgx)= X;
T

. T
arcsinXx+ arCcosx = 5 ; arctgx + arcctgx = E;

2

sin(arccosx)=cos(arcsinx)=+1-x?; tg(arcctgx )= ctg(arctgx )=

1
<
Jlnig pemieHus 3a/1a4y Ha YIPOUICHHE TPUTOHOMETPUUYECKUX BbIpaK€HUI TpeOyeTcs
JIOCTAaTOYHO XOPOUIO 3HAaTh MpaBHiIa MPeoOpa3oBaHMs AIreOpanvyecKuX BbIpaxKke-
HUW U TpUroHOMETpuueckue Gopmybl (yMETh IPUMEHSATh UX KaK IO OJIHOM, TaK U

B KOMILJIEKCE).

coS7oa —c0S8a —cos9«x + cos10ax
sin 7a —sin 8a —sin 9a +sin10a

IMpumep 1. YopocTuTs:

Pemenue. Vcnonb3yem (opmyinbl mpeoOpa3zoBaHusi pa3HOCTH TPUTOHOMETpPUYE-

CKUX (DYHKLIHI B MPOU3BEICHUE:
.15 . « . 192 . «
cos/a —c0s8a =2sIn TSIn E' c0s10a — cos9a = —2sIn ——sin —,

sin7a —sin8a =—-2sin %coslSTa . Sin10a —sin 9a = 2sin gcoslg—a,
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ZSln(smlsa—sm waj Sinll‘l‘_sinmi
2 2 2

2 ) _ 2
IMOJIy4YHM: ( 150( 1905 j 150( 190{
—2Sin—| cOS—— —C0S——— COS——— —COS———
2 2 2
H C1IC pa3, IPUMCHA TC K€ CaMbIC (bOpMYJIBI, HNMCCM.
2sin(— a)cosﬂ—a cost®
— 2 — 2 =Ct 17_0(
17 . 1la 95
2sIn 7smoc sm7

Cc0S68°c0s8° + c0s82°c0s22°
c0553°¢0523° +Cc0s67°c0s37°

IIpumep 2. BerauciauTs:

Pernrenue. Mcnonb3ys GpopMyiibl IpUBEICHHS TPEOOpa3yeM:
c0s68° = c0s(90° — 22°)=sin 22°, C€0s82° =c0s(90° —8°)=sin8°,
c0s53° = c0s(90° — 37°)=sin 37°, c0s67°=c0s(90° — 23°)=sin 23°,

ronyz: 22°c0s8° +5in8°c0s22° _ sin(22°+8°) _sin30 % 1

sin 37°¢0s23° + sin 23°c0s37° S|n(37° +23°) sin60° f/ J3

OtBer: —.
J3
3 . ) )
IMpumep 3. tga:—z, E<a<7z'. Haiitu Sina, cosa, ctga, Sin2a, cos2a, tg2a,
ctg2a.
. 1 4 2
Pemrenne. Cpasy Haiinem Cla =——=—_ u 7K. t§°a +1=———, TO BbIpasus
tga 3 Cos” a
1 .
COSo, MOJIyYnuM COSa = 5 . W, mockonbKy, a SBISETCA yIiIOM BTOPOM
tg°a +1
1 4
gerBeptd, TO COSa < O, cmepoBarenpHO COSQ=— |— =——. Bripazum
tg°a +1 3)

. 3
SIina=tgo-CoSa = —.
Hanee BocnionbzyeMcs (hopMysiaMu ABOHHOTO YIJia, MOJTYYUM:
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sin2a = 2sina-coso = —ﬁ, C0S2¢ = COS%a — Sina = l,
25 25

sin2a 24 noctg2a = 1 7

tg2a = = -
COoS2cx 7 tg2c 24

Ipumep 4. Beraucauts cos(4arctg 5).
Pemenwne. Ilycts o = arctgs, Torna tg o = 5. Tpebyercs HaliTu C0S4a. Berancium

BHayasie C0S20, UCTONb3ys YHUBEPCAIbHYIO MOJCTAHOBKY:

1-tg°a _1-25_ 12

COS2c = —= = —
1+tg°a 1+25 13
Torz[a, I/ICHOJ‘IB3y5I CI)OpMy.TIy IIOHUKCHUA HOpHI[Ka, HOJ'IyT—IaCMI
cosda =2¢c0s% 20 —1=2- % -1=2 .% _12&_
169 169 169
OTtBeT: & )
169

7.3. IIpocreiinue TPpUroHOMeTPpUYECKHEe YPABHEHNSI U HEPABEHCTBA.

Tpuzonomempuueckue ypagHeHnus.
Cnoco0bl penieHUsi TPUTOHOMETPUYECKUX YPABHEHUI:

. Pemienune npocreimux TPUrOHOMETPUYECCKUX YPABHEHUH

sinx=a; =  x=(-1)arcsina+ ;
COSX=a,; = X =+arccosa + 27K;
rne keZ.
tgx = a; = X = arctgx + 7k;
ctgx = a; = X = arcctgx + zk;

Oco00  OTMETMM  HEKOTOpblE  YaCTHbIE  CIy4aul  DJIEMEHTPaHbIX
TPUTOHOMETPUUECKUX YPAaBHEHMI, KOrJa pPEIICHHE MOKET ObITh 3amucaHo 0e3

pUMEHEHUsT 001UX POpMYII:

sinXx=0= X = 7K, sinle:x:%+2ﬁk, sinxz—l:x:—%+2ﬂk,

cosx:0:>x:%+7zk, COSX=1=>X=27K, COSX=-1= X=rx+ 27K,
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tgx =0= x = 7K, tglejx:%sz, tgx:—lzx:—%wzk,

ctgx:0:>x:%+7zk, Cth:1:>X:%+7zk, Cth:—1:>X:—%+7zk,

rne keZ .

Mpumep 5. Pewnts ypasaenue Sin z+/x = —1.

Penenue. 72'\/_2—%+27Z1’1,I’]EZ,TOFI[21\/_=—%+2n,nez.

[To onpenenenuto apupMeTHIECKOro KBaAPATHOTO KOPHS MEpeieM K paBHOCHIIb-

HOW CUCTEME YPABHEHHUIM:

f(x)=g(x)
{g(X) >0 , IPUMCHSA K HAILICMY CJIIy4aro
f(x)=9%(x)
n>t
4

[Tomyunm

x
I
TN

1 2
OTBCTZXZ(—E+2nj ,neN

-

e’/

2 .
+2nj ,neN

—%+2n20,nez

1 2 '
x:(—5+2nj nheZ

. Ecnu ypaBHeHue B pe3ynbraTe CBOAUTCS K BHAY SiNYy =Sinz, 1ubo COSY =CO0SzZ,

aubo tgy =tgz, qiubdo ctgy =ctgz, raoe Yy
M Z - BBIpAXXCHUS OT HCU3BECTHOTO X.

U3 storo cienyet, 4To

y =12+ 27K,

siny=sinz < {y=;z—2+27zk.
COSYy=C0SZ < Yy=zz+27K.
tgy=tgz < y=z+kK.
cigy=ctgz < y=z+k.

ITnekeZ.

0

A
)

Puc. 7.3

-\,2’,;

cos

-\
B

Puc. 7.4

-

Pu

-
N

c. 7.5
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IIpumep 6. 3 Peruts ypaBHenue Sin 5x = sin 3x.

_ _ 5x —3xX = 27m, X =7,
Pemenue. Sin5X =sin 3X < & _
5X+3X = 7 + 22n. X=—+—.
8 4
7z m
OtseT: X; = 7N, X, = —+—.
8 4

3. [IpuMeHeHMe CBOWCTB TPUTOHOMETPUYECKHUX (PYyHKIMIA.
Ecnu ypaBuenune umeet Bun f(t)=g(t), f u g — cocraBiensl U3 TpUroHOMET-
PUYECKUX BBIpAXKEHUN. PelieHre MOXHO HalTH cpeain TeX t, KOTOphIE yI0BIETBO-
pstot ypaBuenusam f(t)=a; g(t)=a, rae a — AeHCTBUTEIBHOE YNCIIO, PUHAIICKA-

miee obnactsam 3HaueHui f(t) u g(t).

Ipumep 6. Pemuts ypaBHeHue: Sin’ 4X +cos” X = 2sin 4xcos” .

Pewenue. 3anuiiemM ypaBHEHHE B BUE:
) . 4 2

SIn“ 4X—2sSIN4XC0S™ X =—CO0S” X.

JI06aBHB K 06EHM YacTsM COS° X , TIONyYHM
.2 . 4 8. 8 2
Sin“4Xx —2sin4XCoS” X+ CO0S” X =C0S X —CO0S” X,
NN
. 2
(sm 4x —cos’ x) = —cos® x(L—cos® X).

JIeBas yacTn HCOTPpHUIATCIIbHA, a ITpaBas — HCIIOJIOKHUTCIIbHA. CJ'IGI[OB&TCJ'IBHO, pa-

BCHCTBO HMCCT MCCTO TOJIBKO ITPpH YCIIOBHUH
2 6 .
—C0s” x(1—-cos’ x) =0;
(sin4x—cos* x)? =0.

Torma nmeem cirydau:
2 T
1) cos” x =0 umm cosx =0. Orkyna X=E+7zn, neZ.

HOJIyTleHHbIe SHAYCHUA YAOBJICTBOPAIOT H BTOPOMY YPABHCHUIO:
. T .
sm[4(§ + ﬂn)j =sin(2z + 4zn) = 0.

2) 1—c0s® x=0 wmm cosx=+1. Otkyna X=7zn, neZ.
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IloncTaBuB 3TH 3HAYEHUS X BO BTOPOE YPABHEHUE, ITOIYYNUM

(sin4zm —cos* 7m)? =0, mm (0—1)% =0, uTO HeBepHO.
V4
OrTBer: X:E+7zn, nNel/.

Ipumep 7. 4 Peuuts ypaBHeHHe SIN5X —2C0S2X = 3.
Pemenwe. [Tockompky SiN5X <1, —c0S2X <1, To JieBast 4acTh HE MPEBOCXOANT 3 U

sinbx =1,

paBHa 3, ecin
cos2x = —1.

JUIsT HaXOXAEHUS 3HAYEHH X, YIOBJIETBOPSIONIMX OOOMM ypaBHEHHSIM,
INOCTYIIUM CJIEAYIOIUM 00pa3oM. PemmnM oAHO U3 HUX, 3aTE€M Cpeau HalIeHHbIX

3HaUYEHUN 0TOEpEM Te, KOTOPBIE YIOBIETBOPSIOT U IPYTOMY.

Haynem co Broporo: C€0S2Xx =-1, = %+ 7K. Torma bBXx= 577[ + 57K ,

sin5x = Sin(gﬂ'+57zk) = sin(g+ ).
[TousiTHO, YTO JHUIIG I YeTHBIX K OymeT Sin5x =1.
OTtBeT: X = %+ 27m.

Pa3noeHne Ha MHOXKUTENN.
MeTon pa3ioXeHHsT Ha MHOXETCIM 3aKJIF0YaeTCss B CIEAYIONIEM: €CIH
f(X)=f,(X)f,(x)...f,(x),To Bcakoe pemenne ypaBHenus f(X) = OsBusercs
pewenue copokynHoctu ypasHenuit f,(x) =0, f,(x)=0, ..., f (x)=0.
OOpaTHOE yTBEpIXKACHUE, BOOOIIEC TOBOPSI HEBEPHO: HE BCSIKOE PEIICHUEC

COBOKYIIHOCTH ABJIICTCA PCIHICHHUCM YPAaBHCHUA. DTO 00BICHICTCS TCM, YTO

pemicHus OTACIbHBIX ypaBHCHI/Iﬁ MOTI'YT HC BXOIWTH B O6HaCTB OIIpCACIICHMA
byuxmun T (X).

Ipumep 8. 5 Pemmts ypasHeHue (2sin X — cosx)(1+ cosX) =sin?X.

Pemenne. Mcnonb3yss OCHOBHOE TPUTOHOMETPHUYECKOE TOXKIECTBO, YpaBHEHHE

npezcTaBuM B Buje (2sin X —cosX)(1+cosx) =1—cos’ X,
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(2sin x —cosx)(1+ cosx) = (1—cosx)(1+ cosx),

(1+cosx)(2sinx—1)=0.
OtBet: X = 7+ 27K ; X = (-1)* %+7zk.

. PelieHHe TPUIOHOMETPHYECKMX YPABHEHHIl € NOMOILIBI0 Pa3HO00Pa3HBIX
TPUTOHOMeTPUYeCKHuX Gopmy.I.

[Ipuy  pemieHun  psiga  ypaBHEHUH IPUMEHSIOTCS BCEBO3MOKHBIE
TpUTrOHOMETpHUUecKkre GopMybl. PaccMOTpUM HEKOTOpBIE U3 HUX.

a) Ilpumenenue TpuroHomerpudeckux ¢GopmMmys npeodpasoBaHusi CyMMbI U

PAa3HOCTU TPUTOHOMETPUIECCKUX (l)yHKIII/Iﬁ B ITPOU3BECACHUC.

1
IIpumep 9. Peruts ypaBHEHUE: > + COSX + C0S2X + C0S3X + cos4x =0.

. X
Pemenue. YMHOXHUM M pa3eianuM Ha 2Sin > U TIpeoOpazyem:

COSX + COS2X + COS3X + COS4X =
= iLZCosxsin g +2Cc0s2XSsin g + 2cos3xsin§+ 2C0s4xsin gj =

X
sin —
2

1 (.3 . X .5 .3 7 ) .9 :

=——[SIN-X—SIN-+SIN-X~—SIN-X+SIN-X—=SIN-X+SIN-X-SIN—-X |=
. 2 2 2 2 2
smE

9
1 (.9 .x) SNoX
= sin=-x-sin= | = -,

X . X
2sin — 2sin — 2
2 2
3HaMeHaTenb oOpamaercss B HOJb mpu X =27n, NeZ. Ho 3tu uncna He

SBJISIIOTCS. KOPHSIMH HMCXOTHOTO ypaBHEHHS. I109TOMY MCXOMHOE ypaBHEHHE DKBHU-

.9 2 271K
BAJICHTHO: SInEX =0. Orkyna X = §7zk, keZ.Ho X# 2, 10 ecthb T = 27m
,wm K #9n.

OrBer: X=§7Zk, k£9n, neZ.
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0) Pemenne ypaBHeHu mpeoOpa3oBaHrueM MPOU3BEICHUS TPUTOHOMETPUIECKUX
byHKIHI B cymMMy.

Ipumep 10. 6 Pemmts ypaBHeHHe COS3X + SiN Xsin 2x = 0.

Pemenue. [IpumeHuB bopmyy npeobpazoBaHus IPOU3BEIACHUS

TPUTOHOMETPUUECKUX (PYHKIUN B CyMMY, MOJTYYUM PaBHOCHIBHOE YpaBHEHUE:

cosx+%cosx—%0053x =0 c%cos3x+%cosx =0<«<cos2xcosx=0

B) Pemenue ypaBHenuii ¢ npuMeHeHneM GopMyJl HOHUKEHHUS CTENEHH.

Ipumep 11. 7 Pemuts ypaBHeHHE sin’X +sin’2X —sin®3X —sin?4x =0.

Pemienue. Ilpumenss (GopMyiy HOHMKEHHs MOPSIKA, IOJyYHMM PABHOCHUIIBHOE
ypaBHEHHE.

1—-cos2x N 1-cos4x 1-cosbx 1-cos8x _
2 2 2 2
< (cos8x —c0s2xX) + (C0S6X — C0S4X) <=

0«

< —2sIn3xsin5x —2sin Xsinb5x =0 <

< —2sin 5x(sin 3x +sin X) = 0 <= —4sin5xsin 2xcosx = 0.
Ortger: xzﬂ; x=" 4 K.
5 2

MeTtox BBeleHUsI HOBBIX IepeMeHHBbIX.

MeTto BBeZieHHsI HOBBIX MEPEMEHHBIX MO3BOJSET MPeoOpa3oBaTh UCXOIHOE
TPUTOHOMETPUYECKOE YPABHEHUE B IPYTrOM TUI ypaBHEHUM. 1Ipu 3TOM BakeH BBI-
OOp OCHOBHOTO BBIPa)KEHUS, YEPE3 KOTOPOE BBIPAKAIOTCS OCTAIbHBIEC YACTH ypaB-
HeHus. Y00Hee CBOAUTH K BHJY, KOTJa TakKe 3aBUCUMOCTH SIBISIOTCS palyo-
HaJbHBIMU. B yacTHOCTH 0003HaunM uepe3 R(COSX, SINX) parMoHaabHOE BhIpaXe-
HHE OTHOCUTEJIBHO COSX U SINX, TO €CTh BBIpAKEHHE, TOTydaroleecs u3 COSX u SinxX
Y TIOCTOSIHHBIX C MOMOILBIO ONEPALMi CIIOKEHUSA, YMHOKEHUS U nenenns. Koneu-
HO, TpeOyeTCs KOHTPOJIb 3a 00JIACTHIO OMPEEIICHUS U MHOXECTBOM PEILICHUH.

a) Paccmorpum ypasuenune suga R(cosx, sin?" x)=0 u R(cos®" x, sin x)=0.

76



B HEKOTOPBIX CIIy4asX yJaeTcs CBECTH TAKOE yPABHEHHE K PALMOHAILHOMY
YPAaBHEHHIO OTHOCHMTENLHO SiNX mim COSX. MHorma ymoGHO PyKOBOACTBOBATHCA
CJIEYIOMUM IPAaBHIOM BHIOOPA MOACTAHOBKH. Ecm COSX BXOIUT B ypaBHEHHUE B
YETHBIX CTEINEHSAX, TO 3aMeHss BCIOAY COS2X Ha 1-Sin?X, moIyuuM palMOHAIbLHOE
yPaBHEHHE OTHOCUTEIEHO SinX. Ecim ke SiNX BXOAWT B ypaBHEHHUE JIUIIb B YETHBIX
CTeNeHsX, TO 3aMeHa SinX Ha 1-COS?X MPHMBOAUT ypaBHEHHE K PALMOHAILHOMY BH-

Ay OTHOCUTECIIBHO COSX.

Mpumep 12. Peumuts ypasrenue Sin® X +cos? x —2sin 2x + %Sin 22x=0.

Pemenne. 1— %sin2 2X — 2sin 2X + %sin2 2x =0

4 —2sin? 2x —8sin 2x +3sin? 2x =0
sin?2x —8sin2x+4 =0

Iycts SiN2x =Yy, Torma y> -8y +4=0

Y, =4+ 2:/3

sin2x =4—24/3 I sin2x =4+ 2+/3

2x = (-1)f arcsin(4— 2\/§)+ K. keZ T.k. [sin2x/ <1

X = %(—1)'( arCSin(4— 2\/§)+ % keZ npu X € R, To KOpHE HET.

OTBeT: X = %(—1)k arcsin(4— 2\/§)+%, keZ.

0) Paccmorpum ypasuenue Buaa R(tg x, cos 2Mx, sin®" x)=0.
Eciii B ypaBHEHUM BCTPEYAIOTCS TOIBKO tQ X, YETHBIE CTENEHU CHHYCOB U
KOCHHYCOB, CHHYCBHI U KOCHHYCHI JBOMHBIX YIJIOB, TO MOXHO IPEHTH K paIuo-

HAJIbHOMY YPAaBHEHUIO C TOMOUIBIO MTOJACTAHOBKU: Y = tgX.

Ipumep 13. Pemuts ypaBuenue: (1—tgx)(©L+sin 2x) =1+tgx —Ccos2X.

T
Pemenwne. Uncna X = 2 + 7K, K € Z He sBasroTcst pemenneM. I1osToMy paccMoT-

T
pPUM UCXOJHOE YpaBHEHHE Ha MHOXKECTBE YHCEII, TJIe X # E +7K, keZ.
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1)

Toraa mo popmynam amus ciiydas apryMeHTa 2x |, OJIOKUB Y = tgX:

2 2
2tg(0{) _ 2y . COS(20[)=1_tg (a)_l_y

sin(2a) = = ; = ,
(2a) 1+t9%(ar) 1+Yy? 1+tg%(e) 1+y?

MOJIYYHM aJIre0pandeckoe ypaBHEHUE

2
(1- y)(1+ Zyzj:1+ y—l_ y2 .
1+y 1+y

I[Tocne npeobpazosanuii, nomyuum (1+y)?(1-2y)=0.

1
Kopnu 3toro ypasuenus y, =-1, vy, = >
1
CrnenoBatelbHO, IOJy4YHM J1Ba ypaBHeHus tgX =—1 u tgx = >

1
OtBer: x:—%wzn, X=arctg—+m, ne”Z.

B) YpaBHenue Buaa R (Sinx+cosx; sinxcosx)=0.

Pemaercst cnemyromedt 3ameHoit SN X+COSX =Y, (Sin X+ cos X)2 = y2,

1+2sin xcosx = y?, +2sinxcosx = y? —1.
Mpumep 14. Permuts ypasrenue 2(Sin X + COSX)+Sin 2X+1=0,xeR.

Pemenne. 2(Sin X +CosX)+ 2sin xcosx +1=0.
IycTh sin X+cosx =Y, (sin x +cosx)” = y?, 1+ 2sin xcosx = y?,
25in XxcosX = y? —1, moNyYnM KBagpaTHOE ypaBHEHHUE:
y2+2y-1+1=0, y?+2y=0, y(y+ 2) = 0. KopHsimu ero sBJISIFOTCS
y=0 WJIN y=-2.
Cnenaem o0paTHYIO 3aMEHY:
sinx +cosx=0.

Tak kKak CMHYC U KOCHHYC OJHOBPEMEHHO HE MOTYT ObITh paBHBI HYJIIO, TO pa3ie-

JuM Ha COSX # 0, momyyum

\/Esin(x+%j = —2 , cienoBaTenbHO IgX =—1, oTcrona X:—%+7zk,k e”Z.
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2) ﬂnX+mBX=—2JDUmSM[X+%j:—jL.

V2
sm(x+%]

OrTBer: X:—%+7zk,keZ

Tak xak <1, nopu X € R, To KOpHE HET.

r) YHUBepcajibHas TPUTOHOMETpPUYecKasi MOJACTAHOBKA.
X
Oto noacraHoBka t =tg > OHa no3BOJISIET CBECTHU K PALMOHAIBHOMY YpaBHE-

Hu1o 1r000e ypaBuenue R(Sinx, cosx)=0. Ecnu x#7+2 7k, k€7, TO ClpaBe BB

TOXJIECTBA
X » X
SINX= X: 5 COSX = X: 5
1+tg22 1+t 1+t922 1+t

Ilocne peliCHUA HadO0 IIPOBCPUTL OTACIBHO ABJIAIOTCS JIN X=71+2 7K, K'EZ,
PEIICHUAMHN UCXOJHOI'O YPABHCHMA.

Ipumep 15. Pemute ypaBHeHue: Sin X +7C0SX+7 =0.

. . X
Pewenue. [Ipu yHHBEpCcanpHON TPUTOHOMETPUYECKON MOICTAHOBKE (g > =1 mo-

X , X

| 9. g 1-9°> 1 ¢

Jy4HM, 4TO SIN X = v > COSX = v 5
1+tg2 > 1+t 1+tg2 > 1+t
2 2

2t 7(1-t?)

HcxomHoe ypaBHEHHE CBEIETCS K YPABHEHUIO >+ >—+7=0.
1+t 1+t

X
Torma t=—7, To ecTh 1g 2 =—7. CnenoBareibHo, X = 27K — 2arctg7, k e Z.

Opnnako, 3/ech HMMeEETCsl OmuOKa, TaKk Kak (OPMYJIbl OINPEACIICHBI IS
X#zrx+2K,keZ. To ectb 00sacTh ONPENCICHUS WCXOAHOTO YypPaBHCHHUSI
yMeHbIIIIach. [103TOMy HEOOXOAMMO MPOBEPUTh HMMEHHO T€ YHCJIa, KOTOPBIC HE
BOIIUTH B 00J1aCTh OIPEICIICHUS BBIPAKEHHIA
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X=rm+27K,ke”Z.

[Tpu 3Tux 3HaueHusAX SINX=0 u COSX =—1, TO €CTh UCXOJHOC YPAaBHCHHE
IIPEBPAILAETCS B TOXKIAECTBO.

OtBeT: X=-2arctg7 +27K; X=x+27K, keZ.

a) OnHOpPOAHBbIE TPUTOHOMETPUYECKHE YPABHCHUS.
OnHOpoHOE ypaBHEHHE — 3TO YPaBHEHHE, B KOTOPOM KaKJO€ CIIaracMoe

HMCECT OJJHY U TYKC CTCIICHb.

a,sin" X +a,sin"™" xcosx + a, sin"? xcos* X + ...+ a,_, sin xcos" ' x + a, cos" x =0,
Tae 8,y;8,;8,;...;@, - ACHCTBUTEIbHBIC YHCIA. N - TIOKA3aTeIb OJJHOPOIHOCTH.

ScHo, uro eciu a, = 0, TO ypaBHEHHE TPUMET BU/L:
COSX(alsin”_lx +a, sin"%X-cosX+...+ a, ,sinXx- cos X + a, cos”_1X)= 0,
pEIIEHUSMHU KOTOPOTO SIBJIAIOTCSA 3HAUYCHUS X, IPU KOTOPbIX COSX =0, T. €. yucia

/4
X = E+7zn, neZ. Bropoe ypaBHEHHE, 3allUCAHHOE B CKOOKAaX TaKKe SIBISETCS

OIHOPOAHBIM, HO CTCIICHHW Ha 1 amxe. Ecim xe aO * O, TO O5TH 4YHCJIa HEC ABJISIIOTCA

KOPHSIMU ypaBHEHHUS.
T .
N HaoGopoT, npu X = 5 + 7m momyyum: COSX =0, Sin X =+1 u B ucxogHom
ypaBHeHMH 3, =0.

ps
Hrak, mpu a, #0, x# 5 + 7N, ClIeNoBaTeNbHO, COSX # 0, MOITOMY MOKHO

pasaciInTb 00€e yactu YpPaBHCHHUA HaA COSn X.B pE3YJIbTATC IOJIYy4acM YPABHCHUC!
n n-1 n-2 —
agtg X+ atg" x+a,tg” “x+...+a, tgx+a, =0,
KOTOPOC, HO,Z[CTaHOBKOfI th = y JICTKO CBOJUTCA K aﬂre6pa1/1qec1<0My:

a,y" +ay"t+a,y"*+...+a,,y+a, =0.

OOHOPOOHBIM MPUSOHOMEeMPUYECKUM ypasHeHuem 1-otl cmenenu Ha3bIBaCT-
csl ypaBHeHue Bua: a-sinx+h-cosx=0.

[TycTs, Hammpumep, a#0. Torna ypaBHEHHIO HE YAOBIECTBOPSIOT T€ X, ISl KO-
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Topbix CO0SX=0. IlogenuB Ha COSX 0Oe 4YacTW ypaBHEHHUS MOJYYMM YpaBHEHHE
a-tgx+b=0.
IIpumep 16. 8 Pemute ypaBHenue 2sin X +3cosx =0,

Pemenue. 910 ypaBHEeHUE OJHOPOJAHOE MepBoii creneHn COSX # 0. Pa3znenum obe

ero yacTu Ha COSX moayuum: 2tgXx+3=0, tgx:—g, X:—§+7zn, neZ.

OrTBer: X:—g+7zn, ne’.

O0HOpOOHBIM YypasHeHUueM 2-01i cmeneHy Ha3bIBAeTCs ypaBHEHUE BUA!
a-sin?x+b-sinx-cosx+c-cosx=0.
Ecou a=#0, torma pasagenum o0e 4yacTh ypaBHEHHUS Ha cos’ X, MOJy4YUM

YpaBHEHUE aztgx +btgx+c =0, xoTopoe TmMOACTaHOBKOW tgX=Yy  Jerko
IIPUBOAUTCA K KBaJIPATHOMY: ay2 +by+c=0.

Ipumep 17. 3sin X +4cosx=5xeZ

. A X X
Pemenwne. 3sin 25 + 400825 =5-1, 3amenum 1 Ha PpopMysTy OCHOBHOTO TPUTOHO-
METPUYECKOTO TOXKIECTBA!

L, X X
=5sin? = +5c0s% =,

65in > cos> + 4052 > — 4sin2 >
272 2 2 2 >

. X . X X X
9sin® = —6sin=cos= +cos* = =0
2 2 2 2
X . X
Ecmu COSE =0, To u sin 2 =0, 9YTO NPOTHBOPEYUT OCHOBHOMY TPHUTOHOMETPHYE-
X » X
CKOMY TOJECTBY, 3HAUUT COSE # 0. Pa3menum o0e wactu Ha COS > # 0, momy-
X X X ? X 1
qum  9tg? 5 6tg > +1=0,crenoBarensHO (Btg 5 lj =0, Torma tg IS 3

gzarctgéwzn,nez, x:Zarctg%+2ﬂn,neZ.

OTger: X =2arctg % +2m,neZ.
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. PellleHne TPUrOHOMETPHYECKUX YPAaBHEHMii ¢ MOMOIIbIO BBeJIE€HHSI BCIOMO-
raTeJIbHOro apryMmeHTa.
Paccmotpum ypaBHeHHE BHaa: aCoSX +bsinx=c,

1) ecmu ¢ =0, TO ypaBHEHHE OJHOPOTHOE.

2) ecmn ¢ =0 n a® +b? = 0(T0 ecTh XOTS GBI OJIHO M3 UMCEN a MM D He paBHO

0), To pa3jennuM 06e YacTH ypaBHeHHs Ha \a’ +b? | momyunm

a b : C
——  COSX+——SiNX=——
va® +b? va® +b? va® +b?
b i b Y
a a
T x. | ——|<}——|<1u|——| +| ———| =1, 1o cyme-
Va? +b? Va? +b? Va? +b? va? +b?
CTBYET TaKOH yTroJ ¢, 94TO 2 =sin @; b = COS¢, TorAa
va? +b? a’ +b?
Sin (2 COSX + COSSIN X = ——— sin(x+¢) = ¢
a’ +b? va? +b?
c 2 2 2 o
1) ecmn, |———=|>1T.¢e. a° +b° <C*, TO KOpHEI HET.
2 2
va“+b
c
2) ecit, |———{<1 T.e. a’ +b? >¢c?, Toraa
Va® +b?

X +¢=(-1)" arcsin%wzk,kez.
a“+b

x = —arcsin————— +(~1)* arcsin————— + 7k, k € Z
Va® +b? a’ +b?
Ipumep 18. 3sinx+4cosx=5xeZ

Pemenne. Tak kak 3° +4% >5%, To KopHH ecTh. Pa3gennm obe 4acTH ypaBHEHHS

Ha V3% +4% =5, nonyuynm gsin x+gcosx =1.
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3 Sl"ﬂ
5

32 (1) )
<lmu c + c =1, TO cymiecTByeT TakoW yrojl ¢, 4To

Tak kak

3 . 4 . i
COSQ = c a Sing = 3 TOTJa TOJIy4uM COS@SIN X+SIN @COSX =1, mpumeHsis
dbopMyITy CIIOKEHHUS apTyMEHTOB SiN (X + (p) =1, cinenoBarenbHO

X+(p:%+27zk,keZ,:>X:—(p+%+27zk,keZ,
.4
X =—-arcsin—+—+27K,k € Z.
5 2

OtBeT: X = —arcsing+%+27zk,k e’

Tpuzonomempuueckue HepageHcmaa.
-Penienre TpUroHOMETPUYECKUX HEPABEHCTB € MTOMOIIBI0 €TMHUYHOM
OKPYKHOCTH.

[Tpu pemennn TpuroHomerpudecknx HepaBeHcTB Buga f(X) >0, rme f(X) -

OJIHa u3 TPUTOHOMETPUYECKUX byHKIUH, ya00HO HCIIO0JIb30BaTh
TPUTOHOMETPUUECKYIO OKPYXHOCTh JJII TOTO, 4YTOOBI HauOoyiee HarjsiaHO
MPEACTAaBUTh PEUICHUS HEpPaBEHCTBA U 3amucaTbh OTBET. OCHOBHBIM METOAOM
PELICHUSI TPUTOHOMETPUYECKUX HEPABEHCTB SIBJISIETCSI CBEICHUE UX K MTPOCTEUIINM

HepaBeHCTBaM THma SiNX>a. Pa30epéM Ha mnpumepe, Kak peliath TaKHe

HEPaBCHCTBA.
. 1 .}ir -
IMpumep 19. 9 Pemmute HepaBeHCTBO SIN X > > /.u-
1
Pemienue. Hapucyem TPUTOHOMETPUUYECKYIO pi
y 571/6 n/6 |1
OKpPY>KHOCTb M OTMETHUM Ha HEH TOYKH, JJII KOTOPBIX 0 -
X
OpAMHATA TIPEBOCXOIUT % Hna x €[0;27] pemrennem
VY4
JAHHOTO HEpPaBEHCTBa OyayT Xe [E’F] SlcHO Puc. 7.7

TaKXe, 4YTO €CJIM HEKOTOPOEC YUCIO X 6y,ueT OTJIMYaThbCA OT KaKOFO-HI/I6yILB qucia
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U3 yKa3aHHOTO HWHTepBajia Ha 27N, TO SINX Takke OyJeT HE MEHbIIE >

CJ'ICI[OB&TCJILHO, K KOHIIaM H&ﬁI{GHHOFO OTpC3Ka PpPCIICHHUA HYXHO IIPOCTO

I[06aBI/ITL 2/m. OKOH‘I&TCJ’IBHO, mojaydyacM, UYTO PpCHICHUAMU HNCXOJHOIO

HEPaBEHCTBA OYIyT BCE X € [% + 27, 5?7[ + 2/m].

OTBeT: X € [% + Zm;% + 2/m].

JInst pelieHusi HEpaBEHCTB C TAHTC€HCOM U KOTAHT€HCOM IOJIE3HO MOHSITUE O
JIMHUU TAaHT€HCOB U KOTAaHIeHCOB. TakoBBIMM sIBISIOTCA mpsiMble X =1 u y =1
(Puc. 7.8), kacaromiuecss TPHTOHOMETPHUYECKOW OKPYKHOCTH. JISTKO 3aMETHTh, YTO

CCJIM IIOCTPOUTH JIyd € Ha4YaJIOM B Ha4dalic

KOOpAWHAT, COCTAaBJISFOIIUM yroja a C

ITOJOXXUTCIIbHBIM HaIIPaBJICHUCM oCcH 1

abcrucc, To JurHA oTpe3ka oT Touku (1;0) mo

TOYKHW IICPCCCUHCHUA IOTOIoO Jy4da C JIMHUEH

TAHI'CHCOB B TOYHOCTH pPaBHA TAHI'CHCY YyIlla,

x=1

KOTOpBIfI COCTaBJIAICT OTOT JIYyd C OCBbIO

abcuucc. AHalorn4yHoe HaOIIOAEHHUE HMEET

MCCTO U IJIs1 KOTaHI'CHCA.

Ipumep 20. 10 Pemmre HepaBEeHCTBO tg(ﬁ + g) +1>0.
Pemtenne. OO6o3Hauum t= tg(ﬂ + g), TOrJa HEPABEHCTBO IPUMET BH]

o T . o
npocteimero: t>-1. PaccMoTpum wmHTEpBan te (—E ; E) JUTMHOHM, paBHOU
HaMMEHBIIIEMY TIOJOKUTEILHOMY TIEpHOIY TaHreHca. Ha 3ToM oTpeske ¢

T
IIOMOIIBK0 JIMHUM TAHTE€HCOB YCTAHABIMBAEM, YTO te[—Z;E). Bcriomnnaem
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Tenepb, YTO  HEOOXOAuMO  100aBUTh 7N,  TOCKOJBKY  HaWMEHBIIHA

. V4 V4
MOJIOKUTENbHBIN nepuoy GyHkiuu X T = 7. Utak, t e [—Z - ﬂn;E + 7m).

o X T T
BosBpaiasce k mepeMeHHO| X , MOJIydaeM, 4To 7 + 3 € [—Z + m;z +m) =

X V4 V4 X o T
—e[-——7m+m,——-7+m)=> —e[-——+mM,——+m)=>
3 4 2 3 4 2

Xe [—15% + 372“;—3771- +37n).

OTBeT: X € [—157” + 37zn;—3?7[ +3/m).

-HepaBencTBa ¢ 0OpaTHBIMH TPUTOHOMETPUYECKUMH (PYHKIUSAMU yIOOHO
pelaTh ¢ UCMOIb30BaHUEM I'paUKOB OOPATHBIX TPUTOHOMETPUUECKUX (DYHKIUH.

HOKEDKGM, KaK 3TO ACJIACTCA Ha ITPUMCPC.

1. Ucnosib3yst MeTOl HHTEPBAJIOB.
Oobmas cxema:

1) C momMonipo TPUTOHOMETPUIECKUAX (POPMYIT PA3JIOKUTh HA MHOKHUTEITH.

2) HaiiTi Touky pa3pbiBa U HyJIH (QYyHKIIMU, TIOCTAaBUTh UX HAa OKPYXKHOCTb.

3) Basite 1r00yt0 Touky K (HO He HalJIcHHYIO paHee) U BBISICHHTH 3HAK MPOU3BE/Ie-
Hus. Ecnu mpousBeneHHe NOJOKUTENBHO, TO IMOCTaBUTh TOYKY 32 €AMHUYHON
OKPYHOCTBIO Ha JIy4e, COOTBETCTBYIOIIEMY yIiIy. FIHaUYe TOUKYy MOCTaBUTh BHYT-
P OKPYHOCTH.

4) Eciiu HEKOTOpbIC TOYKH PA3HBIX CEPHil COBMAJAIOT, TO UX HA3BIBAIOT KPATHBIMH.
ToukM, KOTOpBIE MOBTOPSIOTCS B YETHOM YHCIIE CEPHil, HA3bIBAIOT TOYKAMHU YET-
HOU KpaTHOCTH, a T€, YTO MOBTOPSIIOTCA B HEUETHOM YHUCIE CEPUIl,— TOUKaMHU He-
4yeTHOM kpaTtHocTH. [IpoBecTu nyru ciemyromum odpa3omM: Hadath ¢ ToukH K, ec-
JM clieayronias TOYKa HEYETHOM KpaTHOCTH, TO Jyra MepeceKkaeT OKpPYKHOCTh B
3TOM TOYKE, €CIIA K€ TOYKA YETHON KPaTHOCTH, TO HE MIEPECEKAET.

5) lyru 3a OKPY>KHOCTBIO — TIOJIOXKHUTEIbHBIC MPOMEKYTKH; BHYTPH OKPYKHOCTH —

OTPULATCIIBHBIC IIPOMCIKYTKH.
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IIpumep 21. Pemruth HEpaBeHCTBO: COS3X + COSX > 0.

Pemenue. [Ipumensis popmyity nepexona oT cyM-

MBI K TMPOMU3BEIACHUIO TMOIYyuYnM 2C0S2XCOSX >0. Ynzl .
3am Y
T N 2
=—4+— 4
Torna 0 e
COSX = x:%+ﬂk,keZ ny
5—1; n
Touku nepBou cepuu. r 3— 5— 7_” 3t 4
p p AR 5
Puc. 7.9
. T 3
Touku BTOpOH cepuu: PR

Kamnaﬂ TOYKa BCTPEHACTCA HCUCTHOC YUCIIO pa3, TO €CTh BCC TOUYKHU HEUYCTHOM

KpaTHOCTHU.

Brrsicaum 3nak mpousBenenus npu x=0: 2c0s2Xcosx > 0.

OTMeTuM BCE TOYKM Ha SAMHUYIHON OKpyx)HOCTH (Puc.7.9):

OrtBeT: %+27zn<x<37ﬂ+27m, neZ, 577[+27zk<x<3?7[+27zk, keZ,

—£+27z|<x<%+27z|, leZ.

IMpumep 22. Pemrite HepaBeHCTBO M >0.
COSXsin 2X
X=/m, nel’l
sinx=0 =™ ez
sin3x=0 3
cosx =0 X=%+7z|, leZ
sin2x=0
zm
X=—, meZ
2
[lepBas cepusi: 0; 7.
] 2r Ar 5r
Bropas cepust: 0; —, —, 7, —, —.
3 3 3 Puc. 7.10
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3

Tpetns ce 1/1;1‘Z —
p P "5

3

T
Yersepras cepust: 0, —, —
p P 5"

ToYKkM 4eTHOM KPATHOCTH:

T
[Ipu x =—, Torma

Beimonaum pucyHok (puc.7.10).

OTBeT:%T+27zn<x<7r+27zn, neZ: 4?7[+27zk<x<37ﬁ+27zk, keZ::

3m/2 4 2mm <x <5n/3 4+ 2mmmeZ; 2nj <x < w/3 4 2mj,jeZ
Pemienue TpUrOHOMETPUUECKUX HEPABEHCTB TPaPUUECKUM METOIOM

3amerum, uyto ecnu f(X) - mepmommyeckas QyHKIUS, TO ISl PEIICHUS
HepaBeHcTBa f(X) >a (f(X) <a) HeoOXoIMMO HAWTH €ro pelicHHs Ha OTPE3Ke,
JuIMHA KOTOoporo pasHa mepuony ¢ynkmuu f(X). Bce pemienuss mcxomHoro

HEpPaBEHCTBAa OYIyT COCTOATh W3 HAWICHHBIX 3HAUYCHHM X, a Takke BceX X,

OTJIMYAIOIINXCS OT HAMICHHBIX Ha JIF000€ 1enoe yuciio nepuoaoB ¢pynknun f (X).

Ipumep 23. Pemmre HepaBeHcTBO SiNX >a (a€R).
Pemrenue. Ilockonbky |SINX[<1, To mpu a>1 HepaBEeHCTBO PEIICHUH HE MMEET.
Ecmu a < -1, To MHOXECTBO pEIICHUI HepaBEeHCTBAa SiN X >a - MHOXKECTBO BCEX
JEUCTBUTENbHBIX YUCEN.

IIyctp —1<a<1. OyHKUMSA CUHYC MMEET HAUMEHBIINN MOJOKUTEIbHBIN
nepuos 2, O3TOMY

y
HEepaBeHCTBO SINX>a MOXHO I]

J’J’!i.fh
pEelIUTL CHavYajla Ha OTPE3KE 7‘£
2

2T -T

o in -1 7 3m
IUIMHON 27z, HampuMmep, Ha - LS 21
puMep 3 B 2 5

Puc. 7.11
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OTpe3Ke [—%,37”} . Ctpoum rpaduku pyskmmii y =sinx u y=a (—1<a<l).

T .
Ha otpeske [_55} GbyHKIMS CUHYC BO3pacTaeT, U ypaBHeHue SINX = a,

) T 37
rae |a|<1l, mmeer ommH KOopeHb X, =arcsina. Ha orpeske 57 byHKIHS

cuHyc yOBIBaeT, W ypaBHeHHE SINX>a WMeeT KOpeHb X, =z —arcsina. Ha
YUCIIOBOM HPOMEKYTKe (X ;X,) rpaduk (yHKIHMH Y =SiNX pacHookKeH BHIIIe
rpadpuka ¢yHknmu Yy =a. I[losromy i Bcex X M3 TPOMEKYTKA
(arcsina; z —arcsina) HepaBeHCTBO SIN X > a BeImoJHACTCA, eciii —1<a<1. B

CWIy  TEPUOJAMYHOCTH  (YHKIMHM CHHYC BCE  pCIICHHS  HEpPaBEHCTBA
sinx>a(-1<a<l) 3aJTaf0TCs HEPaBEHCTBAMH BUIA!
arcsina+2zn < x < z —arcsina + 2zn.
OtBert: arcsina+2zn < X < 7 —arcsina+ 2zn.

AHaJIIOTMYHO peImarTCsa HEPAaBCHCTBA sinx<a, COSX>a, # T.II

Ipumep 24. 11 Pemwure HEPaBEHCTBO

6

arctg x < z. L
6 Yt 5
Pemenune.  Hapucyem  rpaduxk  QpyHKUMH - /
y = arctg X. HaiinéM TOYKy nepeceyeHus: 3TOro 6 )
1 X
. . V4 0 —
rpaduka ¢ ropu30HTAILHOM NMPsMOK Y = — . OTO W3
T
2

1
TOYKa ¢ adcIucco X = T [To rpaduxy BUIHO,
3 Prc. 7.12

1
91O JUIsl BceX X < — rpaduk (yHKIUU JSKHUT

V3

N

HIKe npsMon Y = — . CaeaoBaTeabHO, 3TH X U COCTABJISIOT:

6

OtBeT: X < i
3
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4. CseneHue K OAHOMY MJIHM HECKOJBbKHM HePaBEHCTBaM.
B GonpmmHCTBE CllydaeB pelieHHe TPUTOHOMETPUUECKUX HEPaBEHCTB MOXK-
HO CBOJUTH IPU IMOMOIIY TOKIECTBEHHBIX TPUTOHOMETPUUECKHUX NTPEOOPa30BaHUM
Y BBEJICHUS BCIIOMOTATEJIbHBIX HEM3BECTHBIX K PEIIEHUIO OJJHOTO MU HECKOJBKHX

HCPAaBCHCTB.

IIpumep 25. Peruts HEpaBEHCTBO: gSin 2 X+ %Sin 22X > C0S2X.

Pemenne. ITpeo6pasyem 5(1—cos2x) + 2(1—cos® 2x) > 8C0s2X .
Torna 2c0s? 2x +13¢0s2X — 7 < 0. TTos10%kKB Yy = C0S2X, MOJIy4uM

2y? +13y-7<0.

1
Pemenue storo KBaApPaTHOI'O HCPABCHCTBA — HHTCPBAJI — 1< y < E .

1
Torma nmeem — 7 < C0OS2X < > HepaBeHcTBO — 7 < COS2X BBINOJIHAETCS MPH JIIO-
OoM X.

Pemiast HepaBeHCTBO COS2X < % , TOTYyYUM %+ 27 < 2X < gﬂ' +2m, nel.

T 5
OtBeT: E+7zn<x<g7z+7zn, ne/Z.
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8. MPOU3BOIHAS. HCCJEJOBAHUE ®YHKIIMHN C IOMOIIBIO
MPOU3BOJIHOM

8.1 Haxo:xneHue mMpou3BOIHON (PYHKIMH.

Onpeoenenue: Tlyctb 3anana pynkuus y= f(X) , onpeneneHnas B HEKOTOPOM HH-
tepaie. [Ipy kaxIoM 3HaYeHUHW apryMeHTa X B 3ToM uHTepBaiie GyHkus y= f(X)
UMeeT oIpeiesieHHoe 3HaueHune. Eciiu apryMeHT X moiy4yu1 mpupaiieHie Ax, To u

GYHKIHS TTOJTyYHIa HEKOTOPOE OMpeesieHHOe puparieHue Ay = f (x + Ax) —f (x)

. Ecnu cymiecTByeT npeien OTHOLIEHUS

S(x+Ax) - f(x)
Ax

mpu Ax —0

TO OH Ha3bIBaeTCs Mpou3BogHON (yHKImHU f(X)B Touke X 1 0003HaUYaeTCS:

v e S+ ax)- f(x)
y(x)_Alfgo o -

Ornepanyisi BBIYUCIICHUS MPOU3BOIHON Ha3bIBaeTcs AudepeHimpoBaHueM
byHKIHU.
I'eomeTpuueckmii cMbICJ MPOU3BOAHOI QyHKIMHU y=Ff(X) B TOUKE X0 - 3TO TaH-
T'EHC yTJia HaKJIOHA MEXIY OChIO aOCIIUCC U KacaTelbHOM K rpaduKy 3Tor (PyHK-
IIUH, TIPOXOIAIICH Yepe3 TOUKY ¢ aOCIHCCOM Xo.
. Eciin yron HaknoHa KacaTelibHOM OCTPBIi, TO TAHT€HC MOJIOKUTENbHBIN, a 3HAYHUT,
MIPOU3BOIHAS TTOJIOKUTEIbHA.
. Ecnu yromn HakJIOHa KacaTeJabHOW TyIOW, TO TAHTCHC OTPULIATEIIbHBIN, a 3HAUYUT,
MPOM3BOHAS OTPUIATEIIbHA.
. Eciin yron HakioHa KacaTeJIbHOM paBeH HYJIIO, TO TAHT€HC PaBEH HYJIIO, a 3HAUYUT,
MPOM3BOJIHASI paBHA HYIIIO.
. Eciin yron HakjioHa mpsiMoii, TO TAHTE€HC HE CYIIIECTBYET, a 3HAUYUT, TPOU3BOAHAS
HE CYILECTBYET.
IIpuBeneM TadJIMIly IPOU3BOAHBIX JJIEMEHTAPHBIX PYHKIMIA:

1) (C)=0 , C= Const
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2) (x”) —nx"! , neR, x>0

3) (ax) =a*lna,a>0,a#1, x>0; (ex) =e¢* , x>0

!

4) (logax)z ,a>0,a%1, x>0
x-Ina
v ]
(nx) ==, x>0
X

5) (sinx)' =cosx , X€R

6) (cosx)’ =—sinx, xeR

7) (tgx),z ! ,x¢%+7m,neZ

8) (ctgx) =— , X#m,ne’z

10) (arccosx)! =— = >

11) (arctgx), =
I+x

12) (arcctgx), __ , XeER .

]+x2

HpaBn.ﬂa BBIYUCJICHUEC ITPOU3BO/THBIX.

[TpousBoaHas cyMMsl AByX (pyHkmmit: (U + v)=u'+ v/,

I[Tpou3BoaHas NpoU3BeIeHHs NOCTOAHHOM 1 pyHkuu: (Cu)=Cu’.

[TpousBoaHas npousseaeHus AByX Gpynxuuii: (Uv)'=u’ v+uv/,

/
n . Py _u'v—vu
POM3BOJHAs HACTHOIO ABYX QYHKUMI:| =] ==—7—.

[poussoanas cnoxnoit gpynxuu y=f(g(x)):f’ (9(x))=f' (9)-g’ (X).

[Mpoussonnas Gpynkuuu Buna y=f(ax+b):
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y' =/ (ax+b)= f/ (ax+b)-(ax+b)'=a- f/ (ax+h).
8.2 UccaenoBanue GpyHKIUM HA IKcTPpeMyM. MHTepBajibl BO3pacTaHusi, yObI-
BAHUS, BBINIYKJIOCTH, BOTHYTOCTH. ACUMIITOTHKA.

OO0mas xapakTepucTUKA (PYHKIIUH.

Ecnn xaxIoMy 3HaYEHHIO TEPEMEHHOM X M3 MHOKECTBA X 10 HEKOTOPOMY
IIPaBUIIYy MOCTABJICHO B COOTBETCTBUE €JUHCTBEHHOE BIIOJHE ONPENEICHHOE 3HA-
YeHre Y, TO TEPEeMEHHYI0 Y Ha3bIBAIOT @yHKyueti OT X. 3amUCHIBAIOT

y=f(X),xeX,yeYum f:X —>Y. [oBopar emeé, uyto QyHKIUS OTOOpa)xaer

MHOkKECTBO X Ha MHOKECTBO Y .
MHoxecTBO X Ha3bIBaeTCs 00JIACThIO ompenesicHus PyHKIMH U 0003HaYa-

ercst D(f). MHokecTBO Bcex Y €Y Ha3bIBaeTCAd MHOXCECTBOM 3HAYCHUH (PyHK-
muu U obosHavaercs E(f). x — HesaBucuMas mepeMeHHas BeIMUYWMHA WIH apry-

MEHT, Y — CI)YHKL[I/IH HJIK 3aBUCHUMas IICpCMCHHaAsI.

Oyukius Y = f(X), onpenenenHas Ha MHOXKecTBe D HaswIBaeTcs uemmotl,
ecau i J1ro0oro X € D Bemosasercs yenosue —Xe D u f(—x) = f(X); neuem-
Hou, eciu st moooro X € D Beimonasercs yenosue —Xe D u f(—x)=—1(X).

I'padux yeTHOM PYyHKIIMM CUMMETPUYEH OTHOCUTENHLHO ocu (Y, HEUETHON —
OTHOCHUTEJIBHO Ha4aJla KOOPAUHAT.

Oyukuus Y = f(X) HaswpiBaeTcs nepuoduueckor Ha MHOXKecTBe D, eciu cy-
IIECTBYET Takoe 4uciao 7>(, uro mpH KaxjaoMm 3HadyeHud XeD (X+7)eD m
f(x+T)= f(x). IIpu aToM urcno T Ha3BIBACTCS NEPUOOOM DYHKYUU.

Bo3pacranue u yobiBaHue pyHKUMH.

Oyukius Yy = f (X)Ha3siBaeTcs so3pacmarowen B uHtepBayie (a;b), eciu
IUISL JTIOOBIX JBYX TOYEK X, M X, W3 yKa3aHHOTO MHTEpBaJa, YIOBJIECTBOPSIOLINX
HEpaBeHCTBY X, > X;, BbIoJHAeTcs HepaBeHcTBO T (X,)> f(X), ecmm

f(X,) > f(X,), byHkuns Ha3bIBaeTCS HeyObIBAIOWEI.
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WNupiMu c1OBaMU — 3HAUYEHUS BO3pacTarouiell (PyHKIMHM yBETUYUBAIOTCS O-
HOBPEMEHHO CO 3HAYEHUEM apryMEHTA.

Oyukuus Y = f(X) HaswsiBaeTcs yowisaroweri B uateppaie (a;b), ecau ms
TIOOBIX JIBYX TOYEK X U X, M3 YKa3aHHOTO MHTEPBaJa, YIOBICTBOPSIONINX HEpa-
BEHCTBY X, > X, BBIIIOJHsETCS HepaBeHCTBO f(X,)< f (X)), ecimm f(X,) < f(X,),

(YHKIIHS Ha3bIBACTCS HEBO3PACMAIOWell.

Bospacraromume, HeBo3pacTaromiye, yoblBaoe U HeyobIBaomue pyHKIuu
Ha3bIBAIOTCS MOHOMOHHbIMU. A BO3pACTAIONIUNE U YOBIBAIOIIUE — CMPO2O MOHO-
MOHHBIMU.

[Tycthb 3amgana ¢pyakus f(X). BozbMeM J1Be TOUKM Ha MpoMexyTke [a,0] x1 u
X2 TIPH YCJIOBUH, YTO X2 > Xi. Torga GpyHKIMS Ha3bIBacTCsS BO3pacTaroIIel Ha Mpo-
mexyTke [a,b], ecimm f(x2) > f(X1). @yHKIMSA Ha3bIBaeTCs yOBIBAIOIIEH HA MpPOME-
xytke [a,b], ecimm f(X2) < f(X1).

Ecim pynkums muddepenimpyema Ha OMPESIICHHOM POMEXYTKE U TPO-
U3BO/IHAST (DYHKIIMH B TOYKE X = ¢ IMOJIOKUTEIbHA, TO Ha 3TOM IPOMEKYTKE OHA
BO3pAacCTaerT.

JlelicTBUTENBHO, coriacHo Teopeme Jlarpanxka, eciu x; > X1 u f'(c) > 0, to

¢dynkuus Bo3pacraet (Puc. 8.1).

f'(c)= f (X)iz): )‘:1()(1) ’ x

F/(ehx, =)= f(x2) = f(x),

f(x,)> f(x,),

T.e. €CIIM JIeBas 4acTh PaBEHCTBA IIOJIOKUTENIBHA, = X, € X5b 3
rae x1 <€ <Xz u f'(c) >0, To f(x2) > f(xy). Puc. 8.1

[lpu yObiBaHMM (DYHKIIMM MOYKHO CIENarh aHa- Y| ™

JIOTUYHBIN BEIBOJI.

P
=

g
RS

Ecmu pynkuus nuddepenuupyema Ha omnpee-

JICHHOM IIPOMCIKYTKC U ITPOU3BOIHAA (bYHKHHH B




TOYKE X = ¢ OTpHIIATENbHA, TO HAa ITOM NPOMEKYTKe oHa yObiBaeT (Puc. 8.2).
OmnsThb ke, cornacHo TeopeMe Jlarpamka, eciau x1 < € < X u f '(C) < 0, To dyHKIMA

yObIBaeT.
F(e)xe —x)=f(x;)— f(x),
F(x)< f(x).
IKCTpeMyM (PYHKIMHU.
Ecmu ¢ynkuus f(X) onpeneneHa Ha ONpeneeHHOM MPOMEXKYTKE M CyIIle-
CTBYET Takas TOYKa A Ha ITOM IMPOMEXKYTKE,

yto f(X) < f(A) Bo Bcex Toukax OKpecTHOCTH

TOYKU A, TO JaHHAsl TOYKA HA3BIBAETCSI TOYKOM A max
makcumyma (Puc. 8.3).
f(x)
Ecmu  ¢yskums f(X) ompenmenena Ha
OIpEICIICHHOM TPOMEKYTKE U CYIIECTBYET Ta- B min
Kasi Touka B Ha 3TOM mpomexytke, uro f(x) > }:

Puc. 8.
f(B) BO Bcex TOYKaxX OKPECTHOCTH TOYKH B, To 3

JIaHHAs TOYKA Ha3bIBaeTCs TOukoil MunumymMma (Puc. 8.3).

Toukn MakcHMyMa 1 MUHUMYyMa Ha3bIBAIOTCS TOUKAMH dKCHpemMyma, a 3Ha-
YeHUs PYHKLNU B 3TUX TOUKAX — IKCMPEMYMaMu YHKYUU.

KacarenbHas k rpaduky pyHKIUU B JaHHBIX TOUKax napamieiabHa ocu OX.

Teopema (Depma — nHeobxooumoe ycrosue sxkcmpemyma). Ecim X, - Touka
skcTpemyMa it ¢pyHknun Y = f(X), To B 3TOM TOUke Mpou3BOaHAS QYHKIIMU JIU-
00 pasna Hymo (f'(x,)=0), 1160 He cymecTByeT.

Touku obsactu onpezeneHust Gyakiuuu f(X), B KOTOPBIX ee MPOU3BOHAS

HE CYIIECTBYET WJIM paBHA HYJIIO, HA3bIBAIOTCS KPUMUYECKUMU MOYKamy PYHKITUH.

31ech HYXKHO OTMETHTh, YTO HE BO BCEX KPUTHUYCCKUX TOUYKAX (YHKIIHS
uMeeT >kcTpemyM. Hanpumep QyHKIms Y = X° He UMEET SKCTPEMyMa, T.K. HE BbI-
noausiercs yeaosue f(X) <(>) f(Xo), T.e. B OKpECTHOCTH TOYKHU Xo 3HaYCHHE (YHK-

MU JOJKHO OBITh OOJIbIIE (MEHBIIE) 3HAUCHUS (DYHKIIMU B TOUKE Xo. Takum oOpa-
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oM, OGyHKmMa Yy = X° UMeeT KPHTHYECKYK0 TO4Ky npu  x=0
(t.x. f'(0)=0), HO 3KCTpEeMyMa B ITOH TOUYKE HET.

B cuny teopembr @epma d3KCTpeMyMbl (PYHKIIUU HaXOIATCS CPEIH €€ Kpu-
TUYECKUX TOYEK.

Ilepsoe docmamounoe ycnosue skcmpemyma. Ecnu mpu nepexoje (ciesa

HAaIpaBo) Yepe3 KPUTUYECKYIO TOUKY X, mpou3BogHas f'(X) menser 3Hak ¢ (+) Ha
(-), To TOuKa X, SABIAETCS TOUKOW MakcuMyMma; ecii ¢ (-) Ha (+), ToO TOUKOH MHUHH-

MyMa, €CJIM 3HaKa HC MCHACT, TO 3KCTPCMYyMa HCT.

Bmopoe 0ocmamounoe ycnosue sxcmpemyma. IlycTs B TOuke X, MPOH3BOA-
Hast paBHa Hymo f'(X,)=0, a Bropas mpomsBomnas f"(X,)=0. Torma, ecim
f"(X,) >0, T0 X, - Touka MmuHuMyMa; eciu f"(X,) <0, T0 X, - TOUKa MaKCHUMYy-
Ma.
BeinykiocTs rpadpuka pynkuuu. Toukn nepernoa.

[Tycts 3amana ¢pynknus y = f(X). [Ipennonoxum, uro ¢pynkuus f(X) mudde-
pPCHIIMpYEeMa Ha ONPeAeIICHHOM IMTPOMEKYTKE [X1;X3].

BosbMem mpomexyTok [Xi1; Xo]. Torna, ec-

¥y
JIU TIpU JII0OOM 3HAYEHUU X TAKOM, YTO X1<X<Xz, ToYKa Nepernba
3Ha4YeHHEe (YHKIIMA MEHbBIIE 3HAYCHUS KacaTellb- B
HOU B TOYKE X, A
T.e. f5(X) < fu(X), To dyHkumsa Beimykia BBEpX
(Puc. 8.4). I'paduk GyHKIINK HA3BIBACTCS BBIMYK- o
JIBIM Ha TPOMEKXYTKE [X1] X2], €ciM OH pacroso- % P:CE S 4 *3

JKEH HIDKE KacaTeJIbHOM, MPOBEEHHON B JIt000H
TOYKE 3TOTO MHTEpBAJA.

BosbMem mpomexxyTok [Xz; Xs]. Torma, ecnu mpu jar000M 3HAYCHUU X Ta-
KOM, 9TO Xp<X<Xs, 3HaueHHE (YHKIHU OOJIbIIC 3HAYCHUS KACATEIILHOW B TOUKE X,
T.€. f3(X) > fu(X), To pyHkms Bemmykina BHu3 (Puc. 8.4). I'paduk dpyHKIMM Ha3bIBa-
eTCsl BOTHYTBIM Ha MPOMEXKYTKE [X2; X3], €CII OH PACIONIOKEH BBIIIE KAacaTeIbHOM,

MIPOBEICHHOM B JIIO00M TOYKE ATOTO MHTEpBAJIA.
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Ecnu ¢yHkuus Bblykiia BBEpX, TO BTOpas MPOU3BOAHASA (PYHKIIUK MEHBIIE HYJI,
T.e. f"(x) <O0.
Ecnu QyHKIMA BBINYKIa BHH3, TO BTOpas MPOU3BOIAHAS (DYHKIIUM OOJIBIIE HYIIS,

T.e. f"(x) > 0.

Ilepsoe oocmamounoe ycnosue mouku nepecuba. Ilycts dynkuus f(X)
MIMEeT TEePBYI0 MPOU3BOAHYIO B TOUKE X, M BTOPYIO IPOU3BOAHYIO B HEKOTOPOU

OKPECTHOCTH 3TOM TOUKH (KpoMe, ObITh MOKET caMoi Touku). Toraa eciu npu re-

pexozie 4epes TOUKy X, BTOpas IpOW3BOJHAS MEHSET 3HAK, TO X, - TOYKa Meperu-
oOa.

Bmopoe docmamounoe ycnosue mouku nepezuba. Ilycte B Touke X, QyHK-
s f(X) uMeeT mpou3BOMHBIC 10 TPETHETO MOPSAKA BKIOYUTEIHHO. Torma eciu
f"(x,)=0,af"(X,)#0, To X, — TOuka mepern6a 3Toi PyHKINH.

AcMMITOTHI rpauka QyHKIHUM.

[Mpsimast muHUsT M HasbiBaeTcst acumnmomot rpaduka ¢pynkmuun Y = f(X),

eciu paccrostare d oT Touku M, Jtexareir Ha >ToM rpaduke, 10 IPIMOH M cTpe-
MUTCSI K HYJIIO TP HEOTPAaHUYEHHOM yAAJICHUHU 3TOM TOUKH MO rpaduKy OT Hadasia
KOOpAMHAT B OECKOHEUYHOCTb.

AcUMITOTHI OBIBAIOT TPEX BHUAOB: BEPTHUKAIbHBIC, HAKIIOHHBIC M TOPHU30H-
TaJbHBIE.

Hp}IMaﬂ X=X, Ha3bIBACTCA 6epmuKdaib- Y

nou acumnmomou (Puc. 8.5) rpaduka ¢pyHkimm

f(X), ecmu x0T ObI OJUH M3 OJHOCTOPOHHHUX

npeaenoB  lim f(x) m lim f(X) paBen Oec-
X—>Xg—0

X—>Xg+0 -
»
KOHCYHOCTH.
XD X
OObBI4HO BCPTHKAJIbHBIMH aACHMIITOTAaMU Puc. 8.5

SBJIIOTCS MIPSIMBIE B TOYKAX pa3pbiBa 2-ro poja.

[TosTOMY [UIs OTBICKAHUS BEPTUKAJIBHBIX ACUMIITOT OIPEAEIAIOT TOYKU y,d,,.. 4,
OECKOHEYHOT0 pa3pbiBa (QYHKIMU. Toria ypaBHEHHE BEPTHKAIHHBIX ACHUMIITOT
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X=8a,,X=2a,,...,X=4a,. BepTHUKaqpHble aCHMIITOTHl MOTYT OBITH U HA TPAHUIE 00-
Jactu onpeneienus GpyHkiuu. Hanmpumep, kak y pyHkmu Yy =In X.

[Tpsmas Y = kx+ b HaseiBaeTcst naknonnou acumnmomot (Puc. 8.6) rpaduka
¢ynkmun  f(X) mpu X —>+o0o (mpu X —>—0), eciu

lim (f(x)—(kx+b))=0 (COOTBETCTBEHHO,
Xlirrj (f (x) — (kx+b))=0).

VYpaBHEHUE HAKIOHHON aCUMIITOTHI K rpauKy

¢ynkun Yy = f (X)mmem Buge Yy =kx+b, roe

Puc. 5.6

k= tim 1+ b lim (F (0 — k).

X—too X X—>+c0
Ecnu xots Obl oxuH u3 mpeneiaoB K u b He cymecTByer nian paBeH Oecko-

HEYHOCTH, TO KpuBass Yy = f(X) HaKIOHHOW aCHMNTOTHI HE HUMECT. ACHMIITOTHI
rpaduka pynkmum Yy = f(X)mpu X — +oou X —>—o0

MOTYT OBITh pa3HbIMH. [l0o3TOMYy Npu HaxoXaeHun ¥

npezenoB K u b cieayeT oTAeIbHO paccMaTpUBATh y=b

CIIy4ail, Korga X — +00 M Korja X — —oo. e S -
YacTHBIM ClIydaeM HAKJIOHHOH aCHMIITOTHI

(mpu k =0) sBRsICTCS 20pU3OHMANLHASL ACUMNMO- 17 Klr

ma (Puc. 8.7). Prc. 8.7

[Mpsimass Yy =b sBAsICTCS TOPU3OHTAIBHOW ACUMITOTON Tpaduka (QYHKIUU

f (X) mpu X —> 400 (Ipu X —> —o0) TOrAa M TOJbKO Toraa, koraa lim f(x)=b (co-
X

—>+00

otBercTBeHHO, lim f(X)=Db).

X—>—00
8.3 Iloanoe ucciaenopanue pyukuun. [locrpoenue rpadpuka pynkuuu.

[Topsimok ucciienoBaHus

|. OOuas xapakTepucTuka QyHKIUU.
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1.1. OGnacTh onpeaeneHus GyHKITUN.
1.2. IloBenenne GyHKIIMN B OKPECTHOCTSIX TOUEK pa3phiBa.
1.3. Touku nepecedeHus rpaduka ¢ OCIMUA KOOPIUHAT.
1.4. Cummetpus rpaduka.
1.5. IlepuoanunocTh rpaduka.
I1. NuTepBaibl MOHOTOHHOCTH U AKCTPEMYMBI (DYHKITUH.
2.1. HaxoxaeHue mepBoi MpOU3BOAHON (DYHKITHH.
2.2. OnpeneneHue KPUTHIECKUX TOYEK.
2.3. HaxoxaeHne nHTepBaIOB MOHOTOHHOCTH.
2.4. OnpeneneHue d3KCTPEMYMOB (DYHKITHH.
I11. MaTepBasbl BHITYKIOCTH U BOTHYTOCTH.
3.1. Brrunciienue BTOpOM MPOU3BOIHON (PYHKIIHH.
3.2. OnpeneneHue Touek neperuoa.
3.3. HaxoxeHne nHTEpBaJIOB BBIITYKJIOCTH U BOTHYTOCTH.
IV. HaknoHnHble acuMIITOTHI Fpaduka QyHKIUH.
V. I'padux dpyHKIMM.

(x+2)°

IIpumep 1. lccrnenosars pyHKIUIO Y =
4(x -1y’

U TIOCTPOUTH €€ TpaduK.

Pewenue.
|. O0mas xapakTepucTuka QyHKIIUU.
1.1. ®yukuus He onpezeneHa, eciu X —1=0, (x=1)
O6macth onpenenenus: X e (—oo; 1)U (L o).
1.2. T.x. X=1- Touka pa3pbiBa GYHKIIMH UCCIEAYyEeM MOBeACHUE (DYHKIIMU B ITOU

TOYKC CJICBA U CIIpaBa

3

i (x+2) o
x>1-0 4(x — 1)2
3

x—1+0 4(X _ 1)2

T.x. mpenensl paBHbI co3HAYUT X =1 TOUka pa3pbiBa BTOPOro poja.
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1.5.

CrnenoBarenbHO, nipsiMasi X =1- BepTUKaIbHAsA aCUMIITOTA.

1.3. Haiimem Touku nepecedenus rpaduka PyHKIIUN C OCIMH KOOPAUHAT
¢ OX: y=0 nipu x= -2,

c OY: x=0 mpu y=2.

Haiinem nmpoMexyTKu 3HAKOMOCTOSIHCTBA (DYHKIIUU

3
y<0 :>(X+—2)2<O:>X+2<0:>X€(—Oo;—2);
4(x-1)
3
y>0 :>(X+—2)2>o — X 4+2>0 = X e (=2:1) U (L + o)
4(x-1)

1.4. TlpoBepum QPyHKIHIO Ha YETHOCTh, HEUYETHOCTb.

£ x)= (-x+2)°  (x=2)

A-x-17  4(x+1)>

DyHKIMS HE SBJISICTCS HU YETHOM, HU HEUETHOM, T.€. OOIIEro BUa.
@DyHKIUS HE SABISETCA IEPUOJTUYECKON.
I1. NHTepBasbl MOHOTOHHOCTH U 3KCTPEMYMBI (DYHKIIMH.

2.1. Haitnem Touku skcTpeMyma GyHKIUH U TPOMEXKYTKH MOHOTOHHOCTH.

,3(x+ 2 (x—1F —2(x-1)x+2)°  (x+ z)z(x—7)_

4(x-1)" 4(x—1)
2.2. Haiinem Bce ToukH U3 oOsacTu onpenenenus pynkuuu Y = f(X), B KoTopbIx
npou3BoHas Yy’ oOpamaercs B HOJIb WK HE CYIIECTBYET.
y'=0 mnpu x=-2, X,=7,;
y' He CymecTByeT mpu X=1

2.3. CocTaBuM TaOIHITY

X | (-0;-2) | -2 | (-21) 1 L7 | 7| (74

y’ + 0 + HE CYILECTBYET - 0 +

y /' 0 /' HE CYIIECTBYET \ =5 /'
BO3pac- BO3pac- yObIBa- | Min | Bo3pacraer
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TacT TacT €T

2.4. ®dynkuus BozpacTaeT Ha uHTepBanax (-o; -2) , (—2; 1), (7; +) u yobIBacT Ha

unrepsaie (1; 7). Touka X =7 ecth Touka MuHuMymMa Y .. = Y(7) = %

[11. TuTepBabl BHITYKIOCTA U BOTHYTOCTH.
3.1. Haiinem Touku neperuda U NPOMEXYTKH BBITYKJIOCTH U BOTHYTOCTH (DyHK-

185071

v |2(x+ 2)(x —7)+(x+2Y kx—l)3 —3(x—1)(x+ 2/ (x=7) _54(x+2) _27(x+2)
4(x—1) ax-1"  2(x-1)°

3.2. Haiinem Bce Toukm u3 obiactu onpenencHus ¢yHkiuu Yy = f(X), B koTo-
PBIX TPOU3BOIHAS Y’ 0OpalaeTcs B HOJb WU HE CYIIECTBYET.
y" =0 mpu X=-2
y" He cymecTByeT npu X=1.

3.3. CocraBum TabaHILy

X | (o0s-2) 2| (-22) 1 (L +oo)
y” - 0 + HE CYLIECTBYET +
y N 0 U HE CYIIECTBYET U

Touka (—2; 0)- Touka neperu6a.

IV. Haknonnbie acuMnTOThl Tpaduika GyHKIIUH.

Haiigem nakimoHHbIe acUMITOTHL Y = KX+D, e

= fim 1) b im [ (x)—kx].

X—>too X X—>300

3
k= lim (x+—2)2:[f}:1;
x>0 4x(x —1f oo 4

| (x+2) I T I SR (x+2)° —x(x-1)*
b= lim {—4()(_1)2 71X =] ]_4XILTw D -

X—>+00
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L X°+6X° +12x+8-x"+2x* =X [ 5
4 x—+o0 (X _1)2 00 '
y= 2 X + 2 - HaKJIOHHAsI aCUMIITOTA.
st X — —oo K v b BEIYHCIIAIOTCS aHAIOTMYHO.
V. I'paduk GpyHKIMN.
}T F
3
(x+2)
4(x-1)°
729 | | _ R
144 / ,//J’/Yz;ixﬂq
-E 2 I.-""'_FF'F-F'-._FFFH—-'_
0 1 7 x
Puc. 8.8
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