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1. MOAYJb AEMCTBUTEJBHOI'O UMCJIA. YPABHEHUS U HEPA-
BEHCTBA, COAEPKAILIUE MOJIY.JIb

OnpenesieHue U cBOMCTBA MOIYJIS IeiCTBUTEIBLHOI0 YHCIIA.

OHDCI[GHCHI/ICI MOJAYJIEM 4YHCJIa X HA3bIBACTCA PACCTOAHHC (B CANHUYHBIX

OTpe3Kax) OT Havaja KOOPAUHAT IO TOYKH X. Moay/Ib AeiiCTBUTEIHHOI0 YHCJIA -
9TO a0COJIIOTHAS BEIMYKMHA 3TOTO YUCIIA.

[TorpocTy ToBOps, MPH B3ATHH MOIYJISA HYXKHO OTOPOCHTH OT YHCIIa €r0 3HaK.
Moaynes uncna a obo3Hauyaercs |a]. OOpaTuTe BHUMAaHUE: MOJYJb YMCIA BCerna
HeoTpuuateneH: |aj> 0.

6] =6, |-3| = 3, |-10,45| = 10,45

OnpeneneHue MOy

X, X=0;
X/=
-X, Xx<0.
CBoiicTBa MOJTYJIS
1. Moaynu npOTUBOIOIOKHBIX YUCE PABHBI ‘a‘ = ‘_ a‘
2. KBagpar Moayms 4uciia paBeH KBaApaTy 3TOT0 Yucia ‘ a‘Z _ g2

3. KBajpatHblli KOpEHb M3 KBaJpaTa YHCJIA €CTh MOAYIb | /42 :‘a‘

9TOI0 4HucCjia

4, Moynb 4MCIIa €CTh YMCIIO HEOTPHIIATENLHOE la|>0

5. TIOCTOSHHBIM MOJOXHUTEIbHBIA MHOXHUTEIb MOYXHO ‘C- x‘:c.‘x‘

BBIHOCUTb 32 3HAK MOAYJIA >0

6. Eciu ‘a‘ = ‘b‘ TO a=tb

7. Monaynb mpousBefcHHus ABYX (M Oosiee) yucesl paBeH ‘a-b‘:‘a‘.‘b‘

MPOU3BECHUIO UX MOAYJIEN




Pemienne ypaBHeHHH M HEPABEHCTB, COAEPKALIMX MOAYIb.

YpaBHEHUS, COACPKANINEC MOIYJIb.

1. Ypaeuenns Buaa |f (X)) = A, AeR pemarnrcs cieayromum o6pasom.

Ecmu A< O, To KOopHEH HeT.

Eciin A=0, To ypaBHEHHIO ‘ f (X)‘ = A cootBercTByeT ypaBHenue f(x)=0.

Eciu A >0, To ypaBHEHHIO ‘ f (X)‘ = A COOTBETCTBYET paBHOCHUJIbHAS COBOKYII-

{umzA
HOCTBb .
f(X)=—A

2. Ypasuenus Buaa | f (X)| = g(X) pemarores ciaeayromum oopasom.

YpaBHEHHUIO ‘ f (X)‘ = g(X) COOTBETCTBYET paBHOCUJIbHAS COBOKYITHOCTh CHCTEM

g(x)>0
{f(X)=g(X)
g(x)>0

{— f(x)=9(x)

3. Ypasuenus Buaa | f (X)| =|g(X)| pemarores caeayromum oopasom.

Cnoco0 Nel

Vpasuenuto | f (X)| =|g(X)| coorBeTcTBYET paBHOCHIBHOE YpaBHEHHE

f2(x) =g°(x)
Crioco0 Ne2

YpaBHEHHUIO ‘ f (X)‘ = ‘g (X)‘ COOTBETCTBYET PaBHOCHJIbHAS COBOKYITHOCTD

{ f(x)=9(x)

F(x)=-9(x)

4. Ypasuenus suaa |f (X)) =—f(x) n |f(X)|= f(X) pemarorcs caexyomum
o0pa3om.

Ypasuennio | f (X)| = —f (X) coorsercryer paBHOCHIBHOE HepasencTBo f(X) <O0.

Ypasnennio | f (X)| = f(x) coorerctByeT paBHOCHIBHOE HepaBercTBO f(X)>0.



HepaBeHcTBa, cojeprkalime MOAYIb.

OCHOBHOI MeTOJ TpH PEIICHWU HEPABEHCTB, COJAEPAIIMX 3HAK MOy,
3akmrouaercs B crnenyromeM. OJ13 HepaBeHCTBAa pa30MBAIOT HA YaCTH, HA Ka)J0u
U3 KOTOPBIX BBIPAKEHUSA, CTOAIIUE IO 3HAKOM MOIYJISA, COXPAHSIOT 3HaK. Ha
KaXI0W TaKOW YacCTH PelIaloT HEPaBEHCTBO W TMOTYUYEHHBIC PEIICHUS O0BEIUHSIOT

B MHOXKECTBO PEIICHHUH HCXOJHOTO HEPABEHCTBA.
. Hepagenctso Buna | f(x) < g(x), rae f(x) u g(x) — nexoTopsie dynximm, MoxHo

pemaTb OCHOBHBIM MCTOAOM HJIM CBCACHHCM K PABHOCHUJIBHOMY CMY HBOﬁHOMy

HCPABCHCTBY:
0 < g6 < ~g(x)< F(x)< g(x)
. HepaBeHCTBO B a4 ‘f(x)‘ > g(X) MOJXHO p€IIaTb OCHOBHBIM MCTOAOM HJIM 3aMC-

HOM Ha PAaBHOCHIIBHYI0 €My COBOKYIIHOCTHb JIBYX HEPABEHCTB: \f(x){ > g(x)<:>

{f(X)> 9(x),
f(x)<—g(x).

. Hepasencrsa Buna ‘f(x){ > ‘g(x){ I/I ‘fl(x){ +| fz(XX +o ] fn(x){ > g(x) pemarorcs
METOIOM MHTEPBAJIOB (METOJ ONMHCaH B IyHKTe 3.3) IO TOH ke CXeMe, YTO U aHa-

JIOTUYHBbIE ypaBHEHUA. HekoTopble HEpaBeHCTBa BUAA \f(x)( > \g(x)\ 1esnecooopas-
. 2 2
HO pemiaTh, MepelIs K paBHOCUILHOMY HEpaBeHCTBY f (x) >0 (x)
3amaum 19 pelieHus:

Bapuant Nel.

(1-4) Pemmre ypaBHEHUSI.
D]x°- 5 =|x*+4
2).2lX +2|-3X - 3 =5
3)[3- |X +1| =4

4).3- 2X = 3+2X|



(5-6) Pemmre HepaBeHCTBA.

5)W X2 - 6X +9 <5
6)[5- 3X| =5

(7) Haitnute 4nciio UeiabiX pelieHuid HepaBeHCTBA, MPUHAIICKAIUX TPOMEKYTKY.
2X - 3> X +2;X €|- 45

(8-9) Haiinure mpou3sBecHIEe KOPHEH YpaBHCHHSL.

8).2|X +1|+3X - 1- |X +3 =4

9).X° +|X| =2

(10) Haitnure cpennee apudmeTnueckoe KOpHEH ypaBHEHHUS.

X7- 2X|+|X7- 3X +2)+

+|X?-5X +6/ =0

(11) Haitnure cymmy HeNbIX pelIeHU ypaBHEHUS, IPUHAIJICKAIINX OTPE3KY.

|- 6

TETA =1, X €|- &1

Bapuant Ne2.

(1-4) Pemmre ypaBHEHUSI.
D2X -6 =X +§
2)|X|- |X +1] =1
32+|X - 2| =5
4).3+8X =[3+8X|

(5-6) Pemmre HepaBeHCTBA.



5)/ X2- 16X +64 <4
6)/8- 2X| >3

(7) HaliguTe 4yncio 1enbIX pelieHnii HepaBeHCTBa, MPUHAJICKAIIUX TPOMEKYTKY.
2X - 3> X +4;X €|- 45

(8-9) Haiimure npousBeacHe KOPHEH ypaBHEHHS.

8).2|X +1|+3X - 1- |X +2 =3

9).X°- 2|X|=8

(10) Haiinute cpennee apudmeTnyeckoe KOpHEH ypaBHEHUS.

X7 - 4X|+|X7- 7X +12)+

+|X?-2X -8 =0

(11) Halimute cyMMy LI€NbIX pELICHUA YpaBHEHUS, TPUHAITICKAITUX OTPE3KY.

X -2
X +1]- 3

=1, X €|- 53



2. IEUCTBUA CO CTENNEHSIMH U PAJTTUKAJIAMHA. TOXKJIECTBEH-
HBIE IPEOBPA3OBAHMUS AJITEFPAMYECKUX BBIPAKEHU

JleiicTBHSI CO CTENEHAIMM U PAJIUKAJIAMM. YIPOIIEHHE BbIPAKEHU .

a.
OOBIKHOBEHHAs IpOOb — YHCIIO BUAA — ; & — IIeJIoe YKciio, b — HaTypalbHOE

yucio. /Be npoobu a_¢t paBHBL, €clid g.d =b-c. OCHOBHOE CBOWMCTBO ApoOei
b d

C o
=—,raeC— JIF000€ OTIIMYHOE OT HYJISI ACUCTBUTCIIBHOC YUCIIO.

a.
b-c

OCHOBHOE CBOWCTBO MPOMOPIUHU: g-d =b-c (B BEpHOH MPOTOPITUN MTPOMU3-

a
b

BCICHUC KpaﬁHHX YJICHOB PAaBHO ITPOU3BCACHUIO CPCAHUX tIJ'ICHOB).

JleficTBUS C IPOOAMU:

CnoxxeHnue Brruntanue YMHOXKEHUE Jlenenue
a c_ad+cb | a_c_ad-ch | ac_ac | ac_ad
b d b-d b d b-d b d b-d b d b-c

IIepecTaHoBKA YJI€HOB OPOIOPIIUH.

a_c. d_c a_b. d_b

b d’ b a c d c a

IIpou3BOIHEIE TPOITOPIINH.

Jlana nponopuust a_ E, CIIPaBEJIMBBI CIIECIYIONIUE MPOIIOPIIUHN:
b d

<
d




DopMyIbl COKPAIICHHOTO YMHOKCHUS

(a+b)’ =a?+2-a-b+b? (a+b)’=a*+3.a’-b+3-a-b?+b’

a’-b®*=(a-b)-(a+b) a3ib3:(aib)-(a2:ua-b+b2)

DopMynabl KOPHEN KBAAPATHOT'O YPDABHEHUSA

a-X2+b-X+c=0, JMCKPUMUHAHT D =ph? —4.a-¢C

D>0 D=0 D<0
_ —b Cpenu neiCTBUTEIBHBIX
_ _~h:VD v, =0
‘ 2-a 2-a qHCeN KOpHEH HET

Ecnu 3aano kBajpaTHOe ypaBHEHHE B 0OIIEM BHIE: g - X° +b-X+c=0, TO

b
ACJIICHUCM YPAaBHCHHUA Ha a# (0 MOXHO CBECTH K IMPpUBCACHHOMY, I'IC p=—,

CDODMVJIBI KODHGIZ IIPUBCACHHOI'O KBAAPATHOI'O YPABHCHUA

2

X%+ p-X+Q =0, IMCKPUMUHAHT D, :pT_q

D, >0 D, =0 D, <0

Cpenu neiCTBUTEIBHBIX

Xio =

N o

i\/[To X1,2 :_g

yucel KOPHEN HET

Teopema Buera. B npuBeieHHOM KBaJpaTHOM ypaBHEHUHU X2 + p-x+q=0

CyMMa KOpHeH paBHa KO3(POUIIMEHTY MPH X, B3ITOMY C IIPOTHBOMOJIOKHBIM 3Ha-
KOM, a UX MPOM3BEICHUE — CBOOOTHOMY YICHY:
{xl +X, =—P;
Xl * X2 = q.

OobpartHas Teopema. Ecnu uncna t; u t, takoBsl, uto t, +t, =—p, tit, =,

TO OHM SABJIAIOTCA KOPHAMM KBAaJpaTHOTO ypaBHEHHA X° + pX+(Q=0.

10



Paznoxxenue KBaApaTHOI'O TPECXYJICHA Ha JIMHEHHBIC MHOKHMTEIIU. €CIIN X, 1 X,

KOPHM  KBAJpaTHOIO  ypaBHEHUdA,  TO ax® +bx+c=a(x—x, x—x,).

JleicTBUS CO CTENEHSIMU:

(a-b~c)” :an _bn ‘Cn am .an :am+n am)n :am,n
n n m 0
a a a _ .m-n 1 _a AN
P By Praake nona
b b a a a

JleicTBUS ¢ KOpHSAMU (KOPHH MPEIOIaraloTcs apudMeTHuecKuMu):

Wa-b-c="a -Ub- e a Va T/T 1
mE:% a :am

m/an _ m'p/anp (m an )P _m an.p m an P aq _ m'P/an~p+m-q _

n-p+m-q

n.q

—gMP_gqMmP

4fa? = d (Wa) =a, (a>0) "Y-a=-"a, (az0)

CBoOMCTBA YHCIOBBIX HCPAaBCHCTB

a>b < b<a, a>pub>2c = a=c,

azb < at+czbtc, a’xb® < fal>o|,

nycth ¢ >0, Torma g>p<a.c>b-c,
nyCcTh ¢ <0, Toraa a>pb<~a-c<b-c,

nycTb a3 >0b >0, TOoraa a2b<=>1<l-

a b

To:xknecTBeHHbIE Peodpa3oBaHus ajaredpanyecKuX BbIPaKeHUI.

AJ'IF€6DaI/IquKI/IM BBIPDAXKCHUEM HA3BIBACTCA BBIPAXKCHHE, B KOTOPOM 4YHCJId

n 6y1(BBI COCIHMHCHDBI I[eﬁCTBHHMH CJIOKCHUA, BBIYUTAHUA, YMHOXCHHA, ACIICHUA,
BO3BCACHMU B CTCIICHDb UJIN NU3BJICUCHUA apI/I(l)MeTI/I‘IeCKOFO KOpPHAL.

11




PaBeHcTBO, 00€ YacTH KOTOPOrO MPUHUMAIOT OJUHAKOBBIE YHMCIIOBBIC 3HA-
YEHUs NP JTHOOBIX JOMYCTUMBIX 3HAYEHUSX BXOMSIIMX B HEro OYKB, HA3bIBACTCS
TOXIECCTBOM.

Hampumep, kaxnas u3 GopMys COKpaIEHHOTO YMHOXEHUS NPEICTaBIIACT

co0oit TOXKIACCTBO, n0o jJeBasa u ImpaBas 9aCTU KaKJA0T'0 U3 paBCHCTB:
(ath)’ =a?+2-a-b+b? (a+b)’=a*+3-a’-b+3-a-b? +b°

a’-b*=(a-b)-(a+b) aSib3:(aib)~(a2$a-b+b2)
paBHLI APYr APYry P JIOOBIX 3HAUEHHMSX g U p. IIpM 5TOM OJHO BEIpaKEHHE
npeodpasyeTcs B IPyroe — eMy TOXKIECTBEHHO PABHOE.

HpI/I BBITIOJIHEHUHN TOXICCTBCHHBIX Hp606pa30BaHI/Iﬁ aJIre6paI/IquKI/IX BBbI-
pa>KeHI/II71 HCO6XOI[I/IMO 3HATb IIOPAAOK BBIIIOJIHCHHA HeﬁCTBI/Iﬁ, HeﬁCTBHH C ,Z[p0651-
MH U CTCIICHHBIMH BBIPAKCHUAMU, (bOpMy.TIBI COKpAaIICHHOI0 YMHOXXCHHA U JIP.

CJIeI[yeT HMCTb B BHUAY, UYTO IIPH TOXIACCTBCHHBIX Hp€06pa30BaHHHX ocTa-
HOTCA HCU3MCHHBIMU .

BCIIMYWHA JOITYCTUMBIX W3MCEHEHUH 6YKBGHHI)IX BCIIMYHNH,
00J1aCTh AOITYCTHUMBIX 3HauYCHUM Ka)K,HOﬁ n3 6YKB€HHI>IX BCJIMYHNH.

ITepBoe u3 >THX TpeOOBAHUN ABJIIETCS 00sI3aTELHBIM IPU BCEX IPeobpaso-
BaHMAX, UMCIOINHUX HCJIBIO YIIPOIICHHUC BBIPAXKCHUA HIIM IIPUBCACHHC CI'O K HYXK-

HOMy Buay. Ecmm Hago, HampuMmep, JOONOJHHUTH KBaIpaTHBIA TPEXYIICH

X% +6.X—7 10 IMOJHOIrO KBajapaTa, TO, IpUOaBUB K HEMY YKCIIO 9, HEOOXOIUMO

TaKO€ 7K€ YNCIIO U BBIYECTD, T.€.
2
X>+6-X—7=x*+6-x+9-9-7=(x+3)" -16-

ToxnaecTBeHHble NpeoOpa3oBaHUsl MOCIEIHErO BBIPAXKEHUS MOYKHO IPO-

JOJKUTHh U IPUBECTH UCXOJHOE BBIPAXKEHUE K MPOU3BEICHUIO JBYYICHOB:
2
(x+3)" =16 = (x+3+4)-(x+3-4)=(x+7)-(x-1)
Btopoe TpeboBaHne — HEU3MEHHOCTh 00JacTel JOMYyCTUMBIX 3HAYEHUM, HE

BCET/Ia BHITIONHAETCS MPU OOBIYHO MPUMEHSIEMBIX HaMu npeoOpa3zoBanmsix. Cokpa-

2

TUB, Hampumep, ApoOb Ha Pa3HOCTh g-] W HAaNKWCaB PAaBEHCTBO

a-1

12



2

—a+1, Mbl 3aMeyaeM, YTO HapYLIEHO BTOpPoe TpeOOBaHUE, KOTOPOMY

a-1
JIOJKHO YJIOBJIETBOPSTH TOXKJIECTBEHHOE MPeoOpa3oBaHME: IpaBas 4acTh pPaBEH-
CTBa UMEET CMBICJI IIPH JIFOOBIX 3HAYEHUSX g, a JieBas TOJBKO IPH YCJIOBUH, YTO
a#1, T.c. IPOU3OILIO U3MEHEHNE 00JACTH TOMyCTUMBIX 3HAYCHUN BEIMYUHBI g .
CrnenoBatenbHO, ITPpe0Opa30BaHKUE B JAHHOM CJIydae HE SIBISETCS TOXKISCTBEHHBIM.
OnHako 3TO HE 3HAYUT, YTO HYKHO OTKa3bIBaThCS OT TaKUX IMpeoOpa3oBa-
HUH, KOTOPBIC U3MEHSIIOT 00IaCTH JOIMYCTUMBIX 3HaUYCHUU Bean4rH. Hago Tombko
MpU KaXJI0M TaKoM IpeoOpa3oBaHUM yKaszaTh, KaK M3MEHWJIMCH OOJacTH JIOIy-
CTUMBIX 3HaUYCHUM OYKBEHHBIX BEJIMYHH.

[lopsinoOK BBITTOJTHEHUS] NEVUCTBUM

JIIEUCTBHS C OJJHOYJICHAMH,
JIEHCTBUA B CKOOKAX;
YMHOXEHUE WU JieJieHHe (B IMOPSIKE TOSBICHUS ),
CJIO’KCHHE WJIH BBRIYUTAHHUE (B TIOPSAKE MOSBICHUS).
[Ipu necTBUSIX C paguKaiamMu clieyeT UMETh B BUIY, YTO MpaBUiIa, Mo KO-

TOPBHIM OHHU BBITIOJHSIOTCS, O€30TrOBOPOYHO BEPHBI JIMIIL NI apu(PMETHIECKUX

xopHeii. ITo onpesenenuio kKopeHs Vg HasbiBaeTcs apu(pMETHUIECKHM UMb B TOM
Cy4dae, €CIId YUCIO a IIOJOXKHUTEIbHO WJIM HYJb, 4 TAKXKE ITOJOKUTEIbHA WIIH

paBHa HYJIIO XU BCIMYHNHA CaMOI'O KOPH:. Ecnu storo He Y4YUTBIBaTb, TO MOXHO JO-

nyctuth ommoOKy. Hampumep, paBeHcTBO §/x2 =3/x BEpHO JMIIb NIPH YCIOBUH,
yt0o ¥ > (. [Ipu x < Q HyKHO mucaTh Tak: §/x? =3/—x.

AHAJIOTUYHO PaBEHCTBO G,l(a_b)2 —3/(a—b) BepHO IHIIb B Clydae, eCI

a>b. Ilpu q <b OHO HEBEPHO W HYKHO MHCATH §/(a_b)2 =3/(b—a). O6a ciy-

Yyas MOXKHO OXBATUTb TAKOU 3aIIUCHIO: G,I(a — b)2 = Sl‘a — b‘ .
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Boimonants apudmerngeckue neficrsuns:

3; __S)); (5= 1) 42.10.

33+2,5 4,6—2 0,05 _
- — 5.2 +—=—=+5.7).
2,5—15 4,6423 £—0,125

(4V/27 — x/'_ \/W+3\/_

i

vy

NVUpOCTUTEL BBIPAYKEHUS:

22. (Q‘TH}"F JE) (ot Y2

23.

Va+vb
25—z Y
% + T

— y—|—y3 =32
w’ BbT —4
BbE 2

Va+vb

Y3

1

— /5b3.

‘-VIII_')UCI'I»ITI_: BLIDAZKETHWA W BLIMHC/IHTE HX 3HAYCHHA IIDH 3aJIAHITOM 3HAYCHHH [TapanMeT-

pOB:

28.

29.

30.

31.
32.

—2p-1_o—1.-2 4
mon mon ——(nln._l—l—2+m._ln)_1 npu m=0,003; n=0, 007.
m—2—n—2 m
be+4 b
(\/a T +4 C) (Vabe+2) npu a=0,04.
a a
+b2  a3{a—
s +b: S npu a=1,2; b=0,6.
(a2 — ab)3 a\/ﬁ—b\/_
Ve : Vit npu r=0,5.

1—zy/T .L'—|—\/_ +1
(a—i—r ) z2—(a— Ié) %upﬂ r=4a—4,1<a<?2.
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1)

2)

3.CTEIIEHHBIE ®YHKINHU. KBAJIIPATHBIE YPABHEHUS. PALINO-
HAJIBHBIE YPABHEHUA U HEPABEHCTBA

Omnpenesienue u cBoicTBa cTeneHHbIX pyHkuuii. [locTrpoenue rpagukos cre-

MEHHbIX PYHKIMH.

Oynkiun Y=X, y=x°, y=x°, y=1/X U T. I. ABISIOTCS YaCTHBIMU CITy4asiMH CTe-
IEeHHOM QyHKIUH, T. €. QyHKIMHU Y= X", T71€ P - 3aJaHHOE JIEHCTBUTEILHOE YUCIIO.
CpoiicTBa 1 rpadMK CTETICHHON (DYHKIIMH CYIIIECTBEHHO 3aBHCHUT OT TOTO, MPH
KAKMX 3HAYEHHSAX X U P MMeeT cMbIcH crenenb Y=X’. [lepeiineM K mogo0HOMy pac-
CMOTPEHUIO Pa3IUYHBIX CIIy4yacB B 3aBUCUMOCTH oT
MOKa3aTessi CTEIEeHHU .
[TokazaTenb P=2n - 4eTHOE HATypaJibHOE Yncio. B aToM ciydae creneHHas PpyHK-

st y=x2", Te N - HaTypaIbHOE YHCIIO, 00JIataeT ce-
100}
80t
601

JTYIOIUMHA CBOMCTBAMU:
00JIaCTh OMpeeNieHUs - BCE JICUCTBUTEIBHBIC YHCIIA, T.

€. MHOXeCTBO R; 407

MHO>KECTBO 3HAUCHHH - HCOTPHULATCIIBHBIC YKCJia, T. €.

y Gosbiie uiu pasHo O; Puc. 3.1
dyHkums y=x"" qetHast, Tak Kak X~ =(-X)*"

byHKIUs sBisieTcs yObiBaromiei Ha nmpoMexxyTke X<O u Bo3pacTaromieil Ha mpo-
MexyTke X>0.

I'pabuk ¢yHkmum y=X"" mMeeT Takoil e BHI, Kak
Hanpumep rpaduk byrkimn y=x* (Puc. 3.1) 1107

[Tokazatenb p=2n-1 - HeyeTHOE HaTypalbHOE YKCiIo. B

ATOM Ciy4yae CTETeHHas (PYHKIUS yzxzn'1 , TIIe HaTy-

pajbHOE YUCII0, 001a1aeT CICAYIOIMIMMHU CBOMCTBAMU:

00J1aCTh OIpeeICHUS - MHOXECTBO R;

MHO>KECTBO 3HA4YECHUI - MHOXECTBO R;

15



3)

4)

2n-1 2n-1_.,2n-1.
gynkumsa y=X""" HeyeTHAas, TaK KaK (-x)""t=xT"
(bYHKIUS SBIsIETCS. BO3pACTAIOIICH Ha BCEH IEWCTBUTEIBHON OCH.

2n-1 .
" MMeeT Takoi ke B, KaK, HanpuMmep, rpapuk QyHKIMHU

['paduk GpyHKIUN Y=X

y=x> (Puc. 3.2)

[TokazaTenb p= -2Nn, TA€ N - HaTypaJbHOE YuCi0. B 3TOM ciydae creneHHas pyHK-
—y “2N_—1 42N o .

s y=X ““'=1/x"" obiagaeT ciaeayonMMU CBOWCTBAMHU:

o0J1acTh ornpesiereHus - MHOXecTBo R, kpome X=0;

MHOKECTBO 3HAUCHUH - TTOJIOKUTEIIbHBIC uncia y>0;

dyuxmms Y=1/x*" yeTHas1, TaK KaK 1(-x)*"=1/x";

dbyHKIUS ABIsSETCA BO3pacTaroiel Ha mpoMexkyTke X<0 u yObIBaromei Ha mpome-

xKyTKe X>0. oct Y

I'paduk Gynxmun y=1/x"" nMeeT Takoil ke BHI, KakK, ol
nanpumep, rpadux dyskmun Y=1/x* (Puc. 3.3). P!
[MTokazatens p=-(2n-1), rae N - HaTypaibHOE YKciio. B 5

sToM ciydae crenennas dynkmms y=x " oGmamgaer = 1};
CIEAYIOLINMU CBOMCTBAMU: Puc.3.3
o0JacTh onpeaeneHus - MHOXeCTBO R, kpome x=0; ol ¥
MHO’KECTBO 3HAUYCHUH - MHOXeCcTBO R, kpome y=0; [:-;

)

dyrkumst y=x " newernas, tak xax (-x) @Y =-x @D ,

=]
[

byHKIUS sBIsIETCs yObIBarONIeH Ha mpoMexyTkax X<0 u

x>0.

)

I'padux dyHKIMH y=x"®"Y ymeer Takoii ke BH, Kak,

nanpumMep, rpabux dyuxunn y=1/x> (Puc. 3.4)

KBaaparHnbie ypaBHeHusi. PanimonajibHble ypaBHeHUS

Ecnu BbIpaxkeHus, CTosIIME B JIEBOW U MPABOM YacCTIX YPABHEHUs, COCTAB-
JICHBI JIMIIb C TIOMOIIBIO ONEPALUN CIIOKEHUsI, BBIYUTAHNS, YMHOXKCHUSA, ACIICHUS

1 BO3BCACHH:A B LICJIYIO CTCIICHDB, TO YPABHCHHEC HA3LIBACTCA pPAllHOHAJIbHBIM.
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PannoHanbHOE ypaBHEHUE HA3bIBAECTCS HEJIBIM, WK aJaredpanvecKum, ec-
JIM B HEM HET JICJICHUS Ha BBIpAKEHUE, coAeprkaniee nepemMeHnyro. K nenbm ypas-
HEHUEM OTHOCSTCSI, HAIPUMED, JINHEWHbBIE U KBaIpATHBIC YPABHEHUSI.

PemenneM, Wiv KOpHeM YpaBHEHMS, Ha3bIBAE€TCS BCAKOE 3HAYEHUE HEH3-
BECTHOTI'O X, IIPHU MOJICTAHOBKE KOTOPOro B 00€ YacTH ypaBHEHHS MOJIy4aeTcsl UC-
TUHHOE YUCJIOBOE PABEHCTBO. PelIuTh ypaBHeHHUe - 3HAYUT HAWTU BCE €ro KOPHU
WIM JTI0Ka3aTh, YTO KOpHEN HeT. Pemras ypaBHEeHUE, Mbl IPUMEHSIEM K HEMY HEKO-
Topble npeodpazoBanus. Eciau ucxonHoe u nmpeoOpa3oBaHHOE YpaBHEHUS UMEIOT
OJIHU U T€ K€ KOPHH, TO OHH HAa3bIBAIOTCS PAaBHOCWIBHBIMH. B yacTHOCTH, ypaB-
HEHUs1, KOTOPbIE HE UMEIOT KOPHEH, TAKKE CUUTAIOTCS PABHOCHIIbHBIMHU.

OcHOBHBIC TCOPCMEI Hp606pa3OBaHI/I}I YpPaBHCHUA B PABHOCHIIBHOC CMY:

Ecin kako#-mu00 wieH ypaBHCHHs IEPEHECTH W3 OJHOM YacTH YpaBHCHHS B
JIPYTYIO C MPOTHBOIIOJIOKHBIM 3HAKOM, TO IMOJIYUYHUTCS YPaBHCHHE, PAaBHOCHIBLHOEC
JTaHHOMY.
Ecin 00e yacTu ypaBHEHHST YMHOXKHTD WJIM Pa3/ICIUTh Ha OJTHO M TO )K€ OTIIMYHOE
OT HYJISl YHCII0, TO MOJIYYUTCS YpPaBHEHNE, pABHOCHIIBHOC JIAHHOMY.
Ecnu 06e yactu ypaBHenus f(X)=g(X) yMHOXHUTb Ha OJJHO M TO YK€ BHIPAKCHHE
h(x), koTopoe:
a) UMEeT CMBICI BCIOTY B 00J1aCTH ompe/iesieHus (B 001aCTH TOMYCTUMBIX 3HaYe-
uuit) ypasaenus f(X)=g(x);
0) Hurae B 3TOM oOnacTu He oOparmmaercs B 0, TO MOTYYUTCS ypaBHCHHE
f(x)-h(x)=g(x)-h(x), paBHOCHIIEHOE TaHHOMY.
Keaopammuwie ypasnuenus.

ax® +bx+c=0, a=0.

Oynknusa | (X) =ax?+bx+c, rme a0, HassBaercs KBaJpaTUIHOM

bynkuuei. I'paduk 310l PyHKIIMU — napabona, KOOPAUHATHI BEPIIMHBI KOTOPOU

b 4ac-b?

aBHBI, X, = ——,
P 0= T Yo 4a

[Ipu a>0 BerBM mnapaboOJbl HANpPaBIICHbI
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BBEpX, a mpu a <0 - BHM3. HaxoxneHWe KopHeH ypaBHeHHs ax’ +bx+c=0,
a # 0 moapoOHO M3N0keHo B myHKTe 2.1.
I]envie payuonanvusie ypagnenus.

MuorouieHoM N- oii cternenu (NeZ,n>0) oT mepeMeHHO X Ha3bIBAETCS BBI-
PaAKCHUC
_ n n-1
P,(x)=a,x" +a,x" " +...+a,,x+a, ,
rae ay,&,...,d, — 3aJaHHbIC [CHCTBUTENbHBIC 4YHClia, OpudeM a, #0.

MHorouneHaMu HyJI€BOW CTEIIEHU SIBISAIOTCS OTJIMYHBIEC OT HYJS JICUCTBUTEIIbHBIC
gycaa. Yucno 0 eJUHCTBEHHBIM MHOTOYIEH, CTEIIEHb KOTOPOTO HE OIpEEIICHA.

Vpasuenne P,(x)=0, rae P,(x) — MHOrounsen n-oii cremenm, N >1, Ha3bBaeT-
csl anredpanvyecKuM ypaBHEHHEM N -0 CTENEHHU.

Ecmu x, — kopens muorowiena P,(x), T.e. P,(x,)=0, To P,(x) 6e3 ocTarka je-
nutes Ha (X — X,):

Pr (%) = (x = Xo )P4 (x),
rae P, ;(x)— mHorounen crenenn n—1. Muorounen P, ;(x) MoxHO Haiftn mu60
JieNieHreM «yroskom» MHorounena P,(x) Ha (x — x,), 60 TPyHMIUPOBKOI crara-
eMbIX MHOTOUJIEHa P,(X) U BBIJEJIEHUEM M3 HUX MHOKHTENS X — X,. OCHOBHBIMU
MeToziaMu pernenus ypasHenus P (x)=0, rae P,(X) — mHOrounen cremenu N (
N> 2), ABJISIOTCS METOJ PA3JIOKEHHS JICBOW YAaCTH YpaBHEHHS Ha MHOXHTEIU U
METOJI BBEJICHUSI HOBOM ITIEPEMEHHOM.
MHOX€eCTBO pallMOHAIIBHBIX YPABHEHUN 34 TUIIOM U METOJOM PELICHUS

MOYHO PA3JEIUTh Ha CIEAYIONIHUE:
1. PemieHue ¢ moMoumbH0 MOACTAHOBKH. [Ipy pemieHnn HEKOTOPBIX palMOHAIb-
HbIX YPAaBHEHUN MMEET CMBICI BBECTH HOBYIO NEPEMEHHYIO, 3AMEHUB €H0 HEKOE
paioHanbHOe BhIpakenue. Hampumep, B ypasrenun aP?(x) + bP(x) + ¢ = 0, rae
P(X) - MHOroujcH, BBeJeM HOBYIO nepemenHyio Yy = P(X). Pemraem kBaapaTHOe
YpaBHCHHUEC ay2 + by + ¢ = 0 OTHOCHTEIBHO Y ¥ BO3BpAIIACMCS K PEIICHHIO YPaB-
HeHuit P(X) =Y, rae Y - pelieHus ypaBHEHHS.
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2. Pacnanammeecs ypaBHeHue. PammoHansHOE ypaBHEHHE HA3bIBAC€TCS pacia-
JAIONIMMCSI, €CJIM ero MoKHO TipeacTaBuTh B Buae P(X)Q(X) = 0, rme P(X) u Q(X) -
IeNIbIe pallMOHAbHBIC (DYyHKIUH. JIJIs pelIeHus] TaKuX YpaBHEHUH HYXXKHO Ipe-
CTaBUTh  YpaBHCHHUE P(x)Q(x) = 0O B BHAE  COBOKYIHOCTH:
P.(x)=0,
{Qn (x)=0.
3. OxHOpoxHOe ypaBHeHHe BTOPoro mopsiaka aP*(x) + bP(X)Q(x) + cQ?*(x) = 0.
Jl7is1 ero perieHus: paccMOTpHUM jBa ciydas. [lepseiid - Q(X) = 0, Torna ypaBHeHUE
cBoauTcs K perenuro ypaBHerus P(X) = 0. Bropoit cinyqait - Q(X) # 0, Tornma uc-
XOIHOE ypaBHEHHE MOXHO momemuth Ha QX(X) u momyunts a(P(X)/Q(X))* +
bP(x)/Q(x) + ¢ = 0. BBoaum 3ameny P(X)/Q(X) = t u moiy4aem KBajapaTHOE ypaB-
Henue at” + bt + ¢ = 0. B oTBer BKiII0UaeM pelieHrs 000uX cliy4aces.
4. BukBaapaTHoe ypaBHenue ax’ + bx® + ¢ = 0. /st peleH s TaKoro ypaBHEHHUs
JejaeTcs 3aMeHa X2 = t, x* = 2. Tlocne MOJICTAHOBKY HOBOW NEPEMEHHOM MOJyYaeM
KBaJpaTHOE ypaBHeHue at” + bt + ¢ = 0. PeruuB ero, IpHXOINM K YPAaBHEHHIO X =
ti, rae t; - KopHU ypaBHEHUS.
5. CHMMeTPHYHOe YPaBHEeHHe TPeTbero mopsiaka ax° + bx® + bx + a = 0. s
€ro pelIeHns IPOBEAEM CIIeAyIoNHe mpeodpaszoBanus: ax® + bx® + bx + a = a(x® +
1) + bx(x + 1) = a(x + 1)(x* - x + 1) + bx(x + 1) = (x + 1)(@ + (b - a)x + a). B uro-

re ojydyacm pacmagaromieccs YpaBHCHHC, peuracm COBOKYITHOCTB:

X+1=0,
{ax2 +(b-a)x+a=0.
6. CHMMeTpHYecKoe ypaBHeHHe 4eTBepToro mopsiaka ax' + bx’ + ex* + bx + a
=0. Crpynnupyem ciiaraembie 1 pa3aeanuM o0e 4acTu Ha X [Tomyunm
a(x* + 1/x%) + b(x + 1/x)+ ¢ = 0.
CrenaeM moAcTaHoBKy X + 1/X = t, Torma X* + 1/x° = t° - 2. Tlomydaem KBagpaTHOE
ypasHeHue at’ + bt + (C - 2a) = 0. [Toce ero pereH s BO3BPALIAEMCS K HCXOIHOI

MIEPEMEHHOM X.
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7. Bo3epaTHoe ypaBHenue. Ypasrenue Buga ax' + bx + cx’ + dx + e = 0, rae a #
0, b # 0 u e/a = (d/b)?, Ha3bIBaeTCS BO3BPATHBHIM YPABHEHHEM YETBEPTOTO MTOPS/IKA.
JITst €ro pelieHust JeIiM ypaBHEHHE Ha X° M BBOIMM IepeMeHHyro t = bx + d/x,
IocJie 4ero moiydaeM KBagpartHoe ypaBHeue at’/b’ + t + ¢ - 2ad/b = 0. Pemmus
€ro, BO3BpAIacMcsl K UCXOAHOHN MepeMEHHOM.

8. YpaBuenusi Buaa (X + a)(x + b)(x + c)(x + d) =m, 2oe a + b = ¢ + d. B nannom
cllydae BBOAMM HOBYIO IepeMerHyio t = X° + (@ + b)X u momydaem xBampaTHOE
ypaBHenue (t + ab)(t + cd) = m. PemuB ero, Bo3BpariaemMcs K HCXOIHON IMePEMEH-
HOM.

/Ipo6no-payuonanvhusie ypasruenus.

Pu(x)

VpaBHeHue BHIa —

=0, rae P, (x) u Q,(X) MHOTOUIEHBI, HA3HIBACTCS
Qu (%)
P,(x)=0,

palMOHANIbHBIM. DTO YPaBHEHUE PAaBHOCUIILHO CUCTEME o ( )0
X)# U.
n

OO1uX METOAOB pelIeHUs] JPOOHO-PAallMOHAIBHBIX YPAaBHEHUH, TEM HE Me-
HEe, HE CyILIECTBYET. Pemenne 04eHb MHOTHX U3 HUX OCHOBAHO HA YJA4HOM I'PYII-
MIMPOBKE U MOCJIEAYIONIEM NPUBEACHUHN CTPYNIUPOBAHHBIX CJIAraéMbIX K OOIIeMY
3HaMeHaTeno. B Gosiee mpocThIX ciayyasx TpynnupoBKa He TpeOyeTcs, a MHOrAa
ypaBHEHUE MOKHO YIPOCTUTh, BBEI HOBYIO NepeMeHHyto. [Ipu pemenun panuo-
HaJIbHBIX YPAaBHEHU! BO3HHMKAET OMACHOCTH MOJYYEHHs MOCTOPOHHUX PEIICHHH,
KOTOpasi Kynupyertcst MO0 MPOBEPKOM, JTMOO HAXOKIECHUEM 00JIACTH JOMYCTUMBIX
3HAYEHUM, JTUO0 MPOCTO YKA3aHUEM COOTBETCTBYIOIIMX OTPAHUYEHUUN W JalbHEH-
HIEH MPOBEPKOU MX BBITIOJIHEHUS.

Pemenne n1poOHO-pallMOHATBHOTO YPaBHEHUS! CBOJUTCS B KOHEYHOM HMTOTE
K 3aMEHE MCXOJHOTO0 YpaBHEHMS LIEJIbIM YPAaBHEHHEM, KOTOPOE PAaBHOCHIIBHO HC-
XOJIHOMY YPaBHEHHUIO WJIN SIBJISIETCS €0 CIEICTBUEM.
[Ipu pemenun ApoOHOrO ypaBHEHUS LEIECO00pPa3HO MOCTYIATh CIAEAYIOIINUM 00-
pazoMm:

1. onmpenenuTs 001aCTh TOMYCTUMBIX 3HaUeHU nnepemenHoi x (O/13);

2. HaWTW HaUMEHBITUN OOIIMI 3HaMEHATENb APOOeii, BXOISAIIUX B YPaBHEHHUE;
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3. YMHOXHUTH 00€ 4YaCTH ypaBHEHHsI Ha OOIIMI1 3HAMEHATEeNb U PUBECTH MOJOOHBIE;
4. pemuTh NOTyYUBIIEECs 1IeJI0€ YPaBHEHHUE.
Perenre HEKOTOPBIX BUAOB IPOOHO-PAMOHAIBHBIX YPaBHEHHUM:

1. YpaBuenne Buaa P(X)/Q(x) = 0. Pemaem ypaBuenue P(X) = 0. [IpoBepsiem, yemy
paBHo 3HadeHue Q(X;), rae X; - kopau ypaBuenus P(X) = 0. Ecau Q(X;) # 0, 3HauuT
OHU SIBJIAIOTCS perieHrueM ucxoanoro ypasuenus. Ecim Q(X;) = O - kopeHb BbIma-
JaeT u3 00JacTH OIpeIeTICHHsI UCXOAHOTO YPAaBHEHUS U €T0 HYKHO MCKIIIOUUTH U3
OTBeTA.

2. YpaBaenne Buaa aP(x)/Q(x) + bQ(x)/P(x) + ¢ = 0. BBoaum HOBYIO IepeMeH-
ayo t = P(X)/Q(X) u moirygaeMm cienyromee ypaBHenue: at + b/t + ¢ = 0. Wu mo-
cie nomHokeHus Ha t (t # 0) moaydyaeM KBaapaTHOE ypaBHCHHE at’ + ct + b = 0.
PemnB ero, Bo3BpanaeMcs K MCXOAHOU MEPEMEHHOM.

3. YpaBHeHue cocTosiiiee U3 CyMMbl apodeii. OuH U3 METOJIOB COCTOUT B TOM,
YTO HY’KHO [IEPEHECTU BCE YJICHBI YPABHEHUS B OJIHY 4acTh U CBECTH ypaBHEHUE K
Buy P(x)/Q(x) = 0.

PanuonajabHbIe HEPABCHCTBA

[Tycts pyHKIIMN f(X) 1 @(x) ONpPEACIEHbl HA HEKOTOPOM MHOXECTBE A.

[TocTaBuM 3a/auy: HaAUTH MHOXKECTBO X , HA KOTOPOM 3HAYEHHUS OAHOU U3 (PyHK-
i 6osblne (MEHbIIE) 3HAYEHUH APYroil U3 HHUX, IPyTMMH CIOBaMH, HAalTH Bce

3HAYCHUS X, IS KOTOPBIX BhIMONHseTCs HepaBeHCTBO: T (X)>@(X) (f(X)<@(X)).

HpI/I TaKOM MOCTAHOBKE KaXXJ10€ U3 OTHUX HCPABCHCTB HA3bIBACTCA anre6[3an—

YCCKUM HEPABCHCTBOM C HCU3BECTHLHIM X.

Kak nipu perienun ypaBHEHUsI, TaK U TIPU PEIICHUN HEPABEHCTBA TpeOyeTcs
HAWTH BCE T€ 3HAUYECHUS HEU3BECTHOW BEJIIMYMHBI, JJIs KKIOTO U3 KOTOPHIX yKa-
3aHHOE COOTHOUIEHHUE OKa3bIBACTCsI BEPHBIM. 1103TOMY €CTECTBEHHO W ISl HEpa-
BEHCTB BBECTHU MOHSTHS, aHAJIOTUYHbBIE TEM, KOTOpPbIE ObLIIM BBEICHBI JJIsl YpaBHE-
HUM.

MHOXECTBO A Ha3bIBAETCS MHOKECTBOM (00JIaCTHIO) AOMYCTHMBIX 3Haue-

HUM HEU3BECTHOT'O AJI1 JaHHOI'O HCPAaBCHCTBA.
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MHOX€eCTBO X Ha3bIBa€TCd MHOKECTBOM pEIICHUN JAaHHOTI'O HCPAaBCHCTBA.

Pemutn HCPABCHCTBO — 3HAYUT HAWTH MHOXECTBO BCEX X, U1 KOTOPBIX

AaHHOC HCPABCHCTBO BBIIIOJIHACTCA.

I[Ba HCPABCHCTBA HA3bIBAIOTCA PAaBHOCUJILHBIMH, C€CIIM MHOKCCTBA pemeHHﬁ
HUX COBIIaAArOT, T.C. CCJIN BCAKOC PCIHICHHUC KAKIOI'0 M3 HHUX ABJIICTCA PCHICHUCM

JIPYyToro.

3HaYeHNE HEU3BECTHOT'O Ha3hIBACTCS JAONMYCTUMBIM JIsI HEPABCHCTBA, CCIIN

IIpX1 5TOM 3HAYCHUU 00e JacTu HCPaBCHCTBA UMCIOT CMBICII. COBOKYHHOCTI) BCCX

AO0IMyCTUMBIX 3HAYCHUH HEU3BECTHOI'O HA3BIBACTCSA 00JACTHIO OonpcaAcCICHUA HEPA-

BCHCTBA.

OcHOBHBIC TCOPCMEI Hp606pa3OBaHI/I}I HCPAaBCHCTBA B PABHOCHUJIbHOC CMY:

Kakoe-HuOyap ciiaraeMoe MOXHO TMEpPEHECTH W3 OJIHOM 4YacTH HEpPaBEHCTBA B
JIPYTYIO C MMPOTUBOIOIOKHBIM 3HAKOM;

O06e JyacTu HepaBEHCTBA MOYKHO YMHOKUTh WM Pa3/IesIuTh HAa OJHO U TO OTIUYHOE
OT HYJISl MOJOKUTEIBLHOE YHCIIO; €CIIM 3TO YUCIO OTPHUIATENIbHOE, TO 3HaK Hepa-
BEHCTBA MCHSETCS Ha MPOTUBOIOJIOKHBIN;

Ecnu HepaBeHCTBO MMeeT BHJ f (x) g(x) > (o(x)- g(x) Wi f (x) g(x) < (p(x)- g(x)
, TO JIeJeHre 00enx ero yacteil Ha g(x), KaK MPaBWJIO, HEIOMYCTUMO, TTOCKOJIbKY
MO>KET IMPUBECTH K TIOTEPE PEIICHUM.

Mexy pelieHusIMU HEPaBEHCTB M ypaBHEHUI MHOTo oOuiero. OTiaudue xe
COCTOUT B TOM, YTO PEIICHUEM HEPABEHCTB Yallle BCEro SBISIOTCS OCCKOHEYHBIC
MHOYKECTBA.

3HAuUT, CAENaTh MOJHYIO MPOBEPKY OTBETA, KAK ATO JIETAETCs JJII ypaBHe-
HUH, HeTb3s. [l03TOMy OUYeHb BaKHO TIPH PEIICHUN HEPABEHCTB MEPEXOUThH TOJb-

KO K paBHOCHJIBHBIM HCPABCHCTBAM.

K paBHOCHUIBHBIM HEpAaBEHCTBAM MPHUBOIAT TOXIAECTBEHHbIE NMpeoOpa3oBa-
HUS1, HE U3MEHSIIOUIME 00J1acTh TOMYCTUMBIX 3HAYEHUH.
CBoiicTBa YHUCTOBBIX HEPABEHCTB MPUBEJEHBI B MyHKTE 2.1.

Penienne HepaBEHCTB, COAEPKAINX KBAIPATHBIN TPEXUIICH
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a-x>+b-x+c. IIycts D = b>-4.a-c - JUCKPUMHHAHT KBAaJApPATHOI'O TpeX4Jie-

Ha.
Bu HepaBeHcTBA D<0 D>0 D=0
a>0 \/ \V/ » LL.
* xl xz X I[} X
X
a-x>+b-x+c>0 X e (~0;00) | X€(=0;X]U[Xy;0) X € (—o0;0)
) ) Xe
a'X2+b'X+C>O XE(—OO;OO) XE(_OO’Xl)U(X21OO) (—OO;XO)U(XO;OO)

a-x24+b-Xx+c<(Q | peueHuii Het X e (X;;Xy) pelIeHUi HeT
2 i : b
a-x“+b-x+c<0 | PCUICHUA HET X €[X;;X] XO:_E
. X
X X . .
a<0 /\ xl Z < A
2 . : b
a-x“+b-x+c>0| Pemennii Her X e[x;;X,] xO:_Z_a
a-x2+b-x+c>0 | Pemennii Her X € (X;%,) Pemenwuii Het
2 : _ _ X e
aX +bX+C<O XE(_OO’OO) XE(—C)O,Xl)U(XZ,CD) (_OO,XO)U(XO,OO)
a-x’+b-x+c<0| Xe&(-00) X € (=003 %; ] W [Xp;0) X € (~o0;0)

Pewienue yejvlx payuuoOHAaA/IbHblX HEPABEHCME

€CIId B HEPAaBEHCTBE f (X)< ¢(x) byuknun f (X) u (p(X) 3aJJaHbl IEJIBIMU PAIHO-

HaJIbHBIMH BBIPAXKCHUAMMA, TO €I'0O HA3bIBAIOT L CJIbIM PAllMOHAJIbHBIM HCPABCH-

CTBOM.

Eciu HepaBeHCTBO f (X) < (p(x) IPUBECTH K PABHOCUJILHOMY f (X) — ¢(x) <0

N PA3JIOKUTH JICBYIO 4YaCTb Ha JINHEHHBIC MHOJXHTCIIN, TO TAKOC HCPABCHCTBO

MOHO pCIINTb MCTOIOM MHTCPBAJIOB.

23




CyTb 3TOro METOJ]a UHTEPBAJIOB B CIEIYIOIIEM:
Omnpenenuts 065acTh 3HaUeHUs nepemennon (O/13);
[lepeHecTn Bce B JIEBYIO YacTh U PEUINTh YPAaBHEHHUE, NPUPABHIB BBIPAKEHUE B
JIEBOM YacTH K HyJI0. Pa3lioKUTh HA MHOKUTEH, CKOOKH COKpAIllaTh HEIb3s,
HaitneHHble KOPHU ypaBHEHHSI HAHECTH HA YHCJIOBYIO OChb. ECIM KOpHHM BXOHST B
O/13, oHU pHUCYIOTCSI 3aKpalllEHHBIMHU, €CIU HE BXOJST, TO BBIOUTBHL. DTHU KOPHU
pa3OMBaIOT YKHCIIOBYIO OCh Ha MPOMEXKYTKH, HA KaXKIOM M3 KOTOPBIX BbIpaKEHHE,
CTOSIIIEE B JIEBOW YACTHU, COXPAHSIET 3HAK;
BobiOpath B KaXJI0M U3 MPOMEKYTKOB Kakoe-HUOY/Ib 3HaueHue («IpoOHYI0» TOY-
KY) U ONPEACIIUTD 3HAK BHIPAXKECHUS B 3TOM TOUKE;
BriOpaTh mpoMexKyTKH, B KOTOPHIX BBIpAKEHUE MMEET TpeOyeMblil 3HaK U 3alu-
caTh OTBET, B35B UX O0OBEIUHECHUSI.
Ecnu HepaBeHCTBO HECTPOro€ HYKHO Y4ECTh KOpHH, Bxonsimue B O/I3 u npuso-

U C YPABHCHUC K HYJIIO.

Pewenue OpooHO-payuoHaIbHBIX HEPABEHCM G

JIpOOHO palMOHAIbHbIE HEPABEHCTBA ix) > (0 MOJKHO IIPUBECTHU K pPaBHO-
Q(x

P(x)-Q(x)=0

CHJIBHOMY HEPAaBEHCTBY 3 P (X) =0, TOraa METOJ MHTCPBAJIOB NIPUMECHUM U
Q,(x)=0

JUTSL petieHust ApOOHO-paIlMOHAILHBIX HEPABEHCTB.

1. PewnTb HepaBeHCTBA

1) x* +2x—-3>0. 3) x2-2x+1>0;

2) —2x* +x+3>0; 4) —x* +4x-5>0.

2. PewnTb HepaBeHCTBA MEeTO40M UHTEPBANOB:
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xX—=95 (x=5)

) =9(02) g

3. PewunTb ypaBHeHue
1) x* —10x* +9=0; 2) x* —3x° +2x* —6x=0;
3) (3x2—x—1)2 —18x* +6x+6=0; 4) x* —4x* +2x+1=0;

4. PewnTb ypaBHEHUA:

1) x*-7x-6=0; 2) (x+2)x+4)x+6)x+8)=105

3) 3x® -13x? +13x—3=0; 4) x* —5x% +4x? +5x+1=0.

Pemmrs ypasnenus:

4 1
4., —+5=—.
I .’EQ
5. 2:%+5:—7=0.
142 N 11 49
16—122 r—4 x+4°
7 2 + ! —1
Coxi+3 2247
3 r? — 31 T —2 _o9
Tr—2 72— 37 >
0 —64 9 s
" 4z-16 4 7
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4. BEKTOPBI U UX TEOMETPUYECKUE TPUJIOXEHUA

I'eomeTpuyeckuii BEeKTOP MpEJCTaBIEH B ABYMEPHOM

B U TPEXMEPHOM TPOCTPAHCTBE B BUJE HANPABIEHHO2O
~ ompesKa, T.e. 0OTpe3Ka, y KOTOPOTO pa3inyaloT Hayajo

A a/’ H KOHEII.
Prc. 4.1 Ecau A - nagano Bekropa, a B - ero xoHer, To BEeKTOp

0003HaYaeTCs CHMBOJIOM WMJIM OJHOM CTpOYHON OYKBOM
d. B nurepatype yacto BeKTOp 0003HauaeTcs kupHbIM mpupTom AB unu a. Ha
pPUCYHKE KOHEIT BEKTOpa yKa3biBaeTcs crpenkoi (Puc. 4.1).
Pu3MYeCKUMH NMPUMEPAMM BEKTOPHBIX BEJIMYMH MOTYT CIYKUTbH IEpEMEIIECHUE
MaTepUalIbHOW TOYKH, JIBUTAIOIICHCS B MPOCTPAHCTBE, CKOPOCTh M YCKOPEHHE
ITOM TOYKH, a TAKXKE ICUCTBYIOIIAsl HA HEE CUJIA.
JmuHoi (MIT1 MOTyJIeM) TreOMETPHUYECKOTO BEKTOPa HAa3bIBACTCS JUTMHA TTOPOIK-
JAOIETo ero oOTpe3ka u obo3Havaetcs | AB.
Konnuneapnwie, pagnvie, KomnianapHnsie 6eKmaopbl.

Onpenenenue. BekTopsl, nexalue Ha OJHOW Mps-

MOW WM Ha MapaulelbHBIX MPSMBIX Ha3bIBAIOTCS B Bi M
AI / ‘“'H,‘.N
KOJTMHECAPHBIMH. A /,/
_ _ _ _ / C
O6o3nauator: AB || AB,, AB || CD, <
AB He || MN (Puc. 4.2) Puc. 4.2
OmnpeneneHre. BeKTOpbI HA3bIBAIOTCS PABHBIMHU, €CJIH OHU:
B C
1) KonnuHeapHsi;
2) NmeroT paBHBIC MOIYIIH;
3) OauHaKOBO HAIPaBJICHBHI. A D
Puc. 4.3

[Mumyt: AB = CD, Ho AB # AC (Puc. 4.3)
B ¢usmke wacTto paccMarpuBaroTcs 3aKpeliéHHble BeKTOPbI, 3aJlaHHBIC
TOYKOM MPUJIOKEHUS, JJIMHOW U HAIIPaBJIEHUEM. ECIM TOUKA MPUIIOKEHUS BEKTOPA

HC UMCCT 3HAYCHUA, TO €TO MOJKHO IICPCHOCUTDL, COXPAaHAA JJIMHY U HAIIPABJICHUC B

26



1)
2)
3)

J100YI0 TOYKY MPOCTPAHCTBA. B 3TOM ciiyyae BEKTOp Ha3bIBaeTCs CBOOOTHBIM.
Byaem paccmaTtpuBath TOJIBKO CBOOOIHBIE BEKTOPHI.

OHDGI{GHCHI/IC: TpI/I BCKTOpPAa HA3BIBAKOTCA KOMILIA-

HApPHBIMH, €CJIM OHH JICKAT B HEKOTOPOU OJHOM IIOCKOCTH _E,.
WK NapaijIe/IbHbl KaKoi-To oaHOM mtockocTH (Puc. 4.4). : :
[Ipumepom HEKOMIUTITAHAPHOM TPOMKHA BEKTOPOB MO-
TYyT CIYXUTh HampaBjeHHbIC pEOpa Kyba, MCXOIAIINE W3 Puc.d.4
OIHOMW BEPILIHUHBI.
Jluneitnvle onepayuu Hao 6eKMopamu.
Han BexkTopamMu mpoOM3BOJAAT pa3iMyHbIE AEHCTBUA (Omepaiuu). Y MHOXKE-
HUE BEKTOpa Ha CKajsip (YKMCIIO) M CJIOKEHHWE BEKTOPOB HA3bIBAIOT JIMHEWHBIMU
OTEpalHsIMH.

YMHOXXEHHE BEKTOpa Ha YMCIIO.

OmnpeneneHue: HpOI/IBBeIIeHI/IGM BCKTOpa a Ha CKaJIIp A Ha3pIBacTCH BCKTOP b )

KOTOPBIM:
mmeet Moxyis |b =] 4 || dl;
KOJUUJIMHEApPEH BEKTOPY a;
HaIpaBIlieH TaK ke Kak BeKTop a npu A >0 u mMpOTHUBOIONIOKEHO BEKTOPY a mpu A
<0.

O6o3HavaeTcs mponssenenne b = 4 &. B wactHocTH, nipu A = -1 umeeM (-
1)- @. BekTop -d Ha3bIBaeTCS MPOTHUBOIOJIOKEHHBIM BEKTO-

py a (Puc. 4.5). X\
Ecimt a=0 wmm A =0, To 4 -a=0 — HYJIEBOH BEKTOD.

-

-a
Puc. 4.5

EMy HC IIPUIIUCBIBACTCA HHUKAKOI'O OIIPCACICHHOI'O HaIlpaB-
JICHUA, HA4aJI0 U KOHCL COBIIaJarOT.

['eoMeTpUyYeCKU CMBICI OTIEpallii YMHOXEHHS BEKTOpa & Ha Yucio A Co-

CTOUT B "pacTsbkeHun" BekTopa a B A pas, (eciu | 4 |[>1, TO 3TO JCHCTBUTEILHO
pactspkeHue, a npu | 4 [<1, — 370 ckaTHe) ¢ BO3MOXKHBIM U3MCHEHHEM HaIpaBiic-

HMU:.
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Ecim |€|=1, To Bexktop € Ha3bIBacTCA SAMHUYHBIM BEKTOPOM (OpTOM).

Bekrop a=a°-|a|, ecnmu d° equHUYHBIA BEKTOp (OPT) BEKTOpa a .

Ecrmu nBa Bektopa du b komnmmHeapHsl, TO OJUH W3 HHUX JIMHEHHO BBIpa-

aeTcs yepes apyroit: d=Ab (wmm b =1a). OueBumno A== &d|/|b |.

n n ~
+"ecmaub HaIIpaBJICHBI OAMHAKOBO,

— CCJIM ITPOTHUBOIIOJIOKCHO.

Cnoxenue BCKTOPOB.

Onpenenenue: CyMMOH BEKTOpOB &, d,,..., a, Ha3bIBaeTcsi BEKTOp R,

3aMBIKAIOUIUI JIOMaHYIO JIMHUIO, TTIOCTPOCHHYIO M3 HHUX MapajuleIbHbIM TEepPEHO-
COM, KOTJa KOHEI| MPEIbIAYIIeT0 BEKTOpa SBJSETCS Hada-
-~

JIOM CJIEIYIOIIET0, IPUYEM HAavajlo €ro B HayaJjie BEKTOpa d; b

= = - X
, KOHEIl B KOHIIE BeKTopa d,. Obo3HayatoT: R= a,/ =
a, +a,+..+4a,

N3 sToro obmiero npaBuia JETKO CleAyeT YI00HOe b

Puc. 4.6
OpaBWIO HapajuiejorpaMMma JJjIs1 HaAXOXXICHUS CYMMbI JIBYX

BEKTOPOB: CyMMa JIByX BEKTOPOB d W D , mpuBeAEHHBIX K oJHOMY Hadaiy O, ecTb

BEKTOp—IMAroOHaJb MapajuieiorpaMma, MoCTPOSHHO-

ro Ha BekTopax d u b kak Ha ctoponax (Puc. 4.6)

N3 pucynka 4.6 BHIHO, 4YTO BEKTOp—

JIMaroHaab R=4+b sBisiercss 3aMbIKAHHUEM JIO-

MaHOM M3 BEKTOPOB d M D, 4TO coryacyercs ¢ 00-

MM ITPAaBUJIIOM CJIOKCHHA. Prc. 4.7

U3 O6LHCFO JKC IMpaBujia CJICAYCT U IMPABUJIO MTAPAJUICIICTIMIICAd HAXOXK/IC-

HUSI CYMMBbI TPE€X BEKTOpPOB, MPUBEACHHBIX B
onHo Havasio O (M HE KOMIUIAHAPHBIX): 3TO
€CTh BEKTOp—[MaroHajab MapajlieienuIena,
MOCTPOCHHOTO Ha JIaHHBIX BEKTOpaX, Kak Ha

croponax (Puc. 4.7).




1)
2)

4)

6)

7)
8)

Onepanys BeIMUTaHHUS BEKTOpOoB d u b (0o0o3Hauaercst @-b ) mormmaercs

KaK CII0)KECHHE BEKTOpa & C BEKTOPOM -0 , TPOTHBOIOJIOKEHHBIM BEKTOPY b .

Ha npaktuke mo Bexktopam a u b , npuBenéuusim B oxHo Havano O, cpa3y

ctpost Bektop BA=4a-b, kak maymuii U3 KoHIIa BEIYUTAEMOr0 BeKTOpa b B KO-
HEll yMeHbIaeMoro Bektopa a. (Puc. 4.8)

CBOHCTBA TUHENHBIX OHEPALIU.

OTMeTHM BOCEMb OCHOBHBIX CBOWMCTB JIMHEHHBIX ONEpalnii HaJ BEKTOPaMHU:

d+b=b+a (KOMMYTAaTHUBHOCTb CJIOKEHHS WIIH IEPEMECTUTEIBHOCTD )

a+ (5 +c)=(a+ b )+¢ (accoMaTUBHOCTH CIIOKECHHS UJIM COYETATCIIbHOCTH)
3) a+0=a (CylIecTBOBaHUE HYJIEBOTO BEKTOPA)

Jlnst mro6oro BeKTOpa @ CYHIECTBYET €My IMPOTHUBOIIOJIOXKEHHBIM BEKTOp —&, Tak

aro d + (—a) =0

5 1-a=a (CylIeCTBOBaHUE BEKTOpPA PAaBHOTO JAaHHOMY)
a(fa)=(ap)a, (acconMaTUBHOCTH YMHOXKCHHS Ha CKaJIAP)
MG +b)=Ad + Ab; (pacnpenenuTenbHbIe CBOMCTBA OTHOCH-
(ax+ pla=caa+ fa. TEJILHO YMHOKEHHS Ha CKaJIsip)

[IpocTpaHCcTBO, B KOTOPOM OIPEIECICHBI JAHHbIE JIMHEUHBIE ONEpPalUd HAJ
BEKTOPaMH, Ha3bIBAIOT JJUHEUHBIM.

lIpoexyus eexmopa

[Ipoekuueit Bektopa M; M, Ha 3amaHHyIO

och | HaspIBaeTCs YMCIIEHHOE 3HAYEHHE BCKTOpa

NiN2 Ha ocu | (Puc. 4.10a). ITpoekiueit Bek-

Topa d Ha BEKTOp D Ha3bIBacTCs MPOCKIUS BEK-

Topa d Ha OCh, UIMEIOILYIO C BEKTOPOM D o1u- Puc. 4.10a

HakoBoe HampasieHue (Puc. 4.100).

npsa = \a\ COS« , TOE 0~ YTOJ MEXAY BEKTOPOM d U

oceio | . / '-

b
Puc. 4.1006
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2)

Ceolicmeo npoekyuii:

1) [Ipoekiusi CyMMBI BEKTOPOB Ha OCh PaBHA CyMME MPOEKIUN ITUX BEKTOPOB, T.€.
IIp(a + b )=TIpya+ Ip;b ;

MIPOEKIINS MTPOU3BEICHUS BEKTOpa d Ha YHCIIO A paBHA MPOU3BEACHUIO YUCIa Ha

MPOEKITNIO BekTopa a, T.¢. [Ip; A-a=Allp,a.

Paznoocenue eekmopa no éazucy.

[lycTh 3aaHbl BEKTOpHI &,,d,,...,d4, U YACIA &, d,,...,c,. COCTaBUM KOM-

6I/IHaI_II/IIO N3 3TUX BCKTOPOB, MCIIOJIB3Yys TOJIBKO BBCIACHHLIC JINHEHBIE KOMOMHA-
MU CJIOXKCHHA M YMHOXXCHHA BCKTOpa Ha YHUCIIO. B camom O6HIGM ClIydyac OHa

uMeeT BUI: oyd; + a,a, + ...+ «,d,,. Takue KOMOMHALIMKA HA3bIBAOTCS JIMHEWHBIMU
KOMOMHAIUAMH BEKTOPOB&,, d,,...,d,, a Yucia a;,q,,...,,Ko3ppuimesTamu am-

HEWHOW KOMOWHAIINH.
Ecnu BekTop mpeicTaBiieH Kak JUHEHHAs KOMOMHAIMS HEKOTOPHIX BEKTO-
POB, TO TOBOPAT, UTO OH PA3JIOKEH IO ’TUM BEKTOpPaM.

Teopema 1. IlycTh naH HeHyneBOM BekTopd. JIF0OOW KOJUIMHEApHBIA eMy

—

BEKTOp b mpeactaBieH B Buige b = odenun-

B C
CTBEHHBIM 00Pa30M. -
Teopema 2. J[r060# BEeKTOp 8 Ha IUIOCKO- :
CTH MO>KET OBITh PA3JIOKEH IO ABYM HEKOJIJIMHE- ?2
apHBIM BEKTOpaM €, M €, E€IMHCTBEHHbIM o0pa- O -e":' A
1 Puc. 4.11

30M.
Zi=0{1§1 +a252.
HekonnuneapHble BEKTOPBL €; U €5, B3ATbIC B OIPEACICHHOM IIOPSIKE,

HA3BIBAIOTCSl 0a3MCOM Ha TIJIOCKOCTH, a KOA(PPUITMEHTHI JTUHEHHONW KOMOWHAIIUN

KOOpAMHATAMHU BEKTOpa & B Oa3uce €; U é;.
Teopema 3. Ecnu €;, €, €;Tpu HEKOMIUJIAHAPHBIE BEKTOPA, TO BCSIKUN YETBEPTHIN

BCKTOp a PacKiIagbIBACTCA IO HUM M 3TO Pa3JIOKCHUEC CAUMHCTBCHHO.
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ad=o€ + a,8, + as8;.

Onpenenenue:  JioOble [1Ba HEKOJUIMHEAPHBIX YIOPSAJOYECHHBIX (B3SATHIX B

OIIPEICIICHHOM TOPS/IKE) BEKTOpa Ha IUIOCKOCTH HA3BIBAIOTCS 0a3WCOM Ha JTOM

IJIOCKOCTH. JIroOBIe TPHU HCKOMIIJIAHAPHBIC YIIOPAJOYCHHBIC BCKTOPA B IIPOCTPAaH-

CTBE HA3bIBAIOTCA 0a31MCOM B IIPOCTPAHCTBC.

Takum oOpa3oM, B IPOCTPaHCTBE C BBIOPAHHBIM 0azuCcoOM é€;,€,,63 HaM

YOAAJIIOCh KAKIAOMY BCKTOPY IIOCTABUTH B COOTBCTCTBHUC TpOﬁKY qUCCII - €TI0 KOOp-
JUHAT. TGHCpI) ITPHU BBIINIOJIHCHHUH BBCIACHHBIX onepauﬂﬁ HaJl BCKTOpaMH MOKHO

3aMCHUTDH FCOMCTpI/I‘—IeCKI/Ie HOCTpO@HI/IH AHAJIUTUYCCKUMHU BBIpa)KeHI/ISIMI/I.

Iycts 8 = o€, + 0,8, + 38,0 = L&, + [,6, + f:€5,

Torna d+b = (aq + B)8, + (ar, + 3,6, + (a5 + 3,)8,

u Ad = (ﬂ,(){])é] + (10[2)52 + (/”La3)63.

Takum 06p2130M, I[P YMHO>XCHHHN BCKTOpPA HA YHUCJIO BCC CI0 KOOPAHWHATLI
YMHOXKAIOTCA Ha 9TO YHCIIO, 4 IIPH CIO0KCHHHN BCKTOPOB CKIAABIBAIOTCA HX COOT-
BeTCTBYIOHII/Ie KOOpI[I/IHaTBI, €CJIM OHH onpe):[eneHH OTHOCUTCJIIBHO OAHOT'O U TOI'O
)Ke Oasuca.

lexapmoswl npsimoy2o1bHble KOOPOUHAMbL

OnpeneneHue: AEKaApTOBOW CHUCTEMOW KOOPAMHAT HA3bIBAIOTCS COBOKYII-

HOCTh TOYKHU M 0a3uca. Touka O - Hayano koopauHat, OX,0y,0z - koopAuHATHBIE
ocu, Oxy,0yz, OXz -koopAMHATHBIC TIJIOCKOCTH.
Ocpb OX Ha3pIBaIOT OCKIO abcyucc, ock OY - ocbto opournam u ock OZ - OChIO
annauxam.
YacTo UCnoJIb3yeTCs B IEKAPTOBOM CUCTEME KOOPIMHAT, 0a3UCHBIE BEKTO-

pbL KOTOpOﬁ B3aNMMHO NCPHCHAUKYJIIPHBI U UMCIOT CAMHUYHBIC NJINHbBI:

PLjLk, [i]=]i]=[k=1.
z
. = M,
Pa3noxxuM nmpou3BOJIBHBIN BEKTOP A TpEXMEp-
HOTO MPOCTpaHCTBa 1Mo opram. [lus sroro mo- k M M
a ya

ctpoum BektopOM , paBHbI BekTOpy &
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(Puc.4.12). Torna a=xi +yj + zK , umnaue BEKTOP 8 MOXXHO 3alucaTbh B BUJIE:
a=(xy,2).

W3 eTMHCTBEHHOCTH Pa3IOKECHUS BEKTOpa d IO OpTaM, CIICIYET, YTO SCIIU
KOOPIMHATHI JIOOBIX IBYX BEKTOPOB &(X,,Y,.Z,) 1 b(X,,Y,,Z,) paBHSL T.e.
Xa=Xbs Ya=Yb » Za=Zp, TO ITH BEKTOPHI TOKE PABHEI.

BextopOM , maymmii oT Hagana Touku O k Touke M (X,Y,Z) Ha3bIBaeTcs
paouyc - 6eKmopom TOW TOYKH, U €r0 KOOPIUHATHI
OM (X, Y,Z) COBHAJAIOT C COOTBETCTBYIOIIMMH KOOP-

JTMHATaMH TOYKH M.

HYCTI) Ag - BCKTOP, KOOPAWHATBI Ha4ajla U KOHIIA

KOTOPOTO M3BECTHBI A(Xa, Y1, 21) u

B(X2, Y2,Z2). Torma xoopamHatsl BekTopa AB X Puc. 4.13
BeIpakarorcs o popmynam: X = X, —%,Y =Y, —V,,Z =27, — Z;.
13 puc. 4.13 BugHO, ut0 AB =T, +T,.
Hcrons3ys cBoiicTBa mpoekmmid, mmeem: X = IIp,, AB = IIp,, (F, — 1, )=X, — X, 1
aHAJIOTMYHBIM 00pa3oM HaxoqumY =Y, —V,,Z = Z, — Z;.
Pasnoxxenue BexkTopa AB 1o opTam GyJaeT UMeTh cleayloIuil BU:
AB = (%, =X, )T +(y, = y1)] +(z, -z, k..
ITlepemMHOXKEHME BEKTOPOB M CBOWCTBA HE3aBHUCHUMOCTH BEKTOPOB MOAPOOHO

paccMaTpUBaIOTCA B KypCe BBICIIEH MATEMATUKH.

3agaun
1. JlaHbl BEKTOpHI d = 21 — 4] +ku b=—i+ ] + 3K. Haiitu np_ ; b.

2. Haiftu xocuHyc yria, oOpa30BaHHOTO BEKTOPOM b=10i — 2+/2 -]—GR U

ocero OZ.

3. JlaHbI BEeKTOpHI a = 5] +k u b= i+ 4] + 3K Haiitu KOCHHYC YIJIa MEXIY

JTUaroHaJISIMA TTapajiiesiorpaMma, MOCTPOCHHOTO Ha BeKTopax au D.
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4. JlaHbl BEKTOpbI & =—6 i-5k un 6{5; J3; 6}. Breraucnuth an(é + 5)
5. Haiitu xocuHyc yria, oOpa30BaHHOTO BEKTOPOM a=3i- 2]+R U OCBIO

oVv.

6. JlaHbl BEeKTOpBHI @ = {3; 1, —1} u b=-2i+ 3] + 4K . Haittu KOCUHYC yTJIa,
06pa30BaHHOTO BEKTOPOM & + b 1 ocbo OX.

7. JlaHBI BEKTOPBI AB=i - 3] +k " AC=2i+ 4] +K. Haiiti
up_(AB + 2AC).

8. BBIUMCINTH TPOEKIMIO BEKTOpa  a = 5i + 2] +5k  mHa ock BEKTOpa
b=2i- j+2K.

9. OmnpenenuTs yroja MEXIy AUATOHAIAMH TapajuiejorpaMma, OCTPOSHHOTO

Ha BEKTOpax ézSi+4i+5E u B:4i+5]—3ﬁ.

—_—

+
[e—}

=

10. Onpenenuth, TMpPH KaKOM 3HAYCHUH M BEKTOpHI  a=mMmi

b=3i- 3] + 4Kk MEPICHIUKYISPHBIL.

11. OnpenmenuTh, Npd KAaKOM 3HAYEHMH o, BeKTOpbl d=ai—-3j+K wu

5{1; o, 2} B3aMMHO IEPIICHINKYJISIPHBI.

12. JlaHbI BEPILUHBI TPEYTroJIbHUKA!
A(-1 —-2; 4),B(-4; —2; 0),C(3; —2; 1). Onpenenuts BHYTpeHHHIl Yroj Tmpu

BepiinHe B.

13. Jlanbl BepIIMHBI TPEYroJIbHUKA: A(3; 2; —3), B(5; 1 —1), C(l; - 2; 1).

OnpenenuTs BHYTPEHHUN YTrOJl IPU BEpLIMHE A.

14. Haiitu BekTOp X, KOJJTMHEAPHBIA BEKTOPY 5{2; 1; —1} U YIOBJIETBOPSIIO-

i ycinoputo X -d = 3.

15. Jlauwr ase Toukn M(=5; 7;—-6) u N(7; —9; 9). BBUnCIUTL MPOEKIMIO

BEKTOpa ﬁ{ 1, -3, 1} Ha och BekTopa MN.

—

b

16. Jlanbl BEKTOpBL: & = 2i— 4] +K u b=—i+ ] + 3K . BerauciTs mp, . b.
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17. HaliTi OCTpBIM yroj MeXAy AUaroHASIMU IapajulesorpaMma, IOCTPOEH-

HOI'0 Ha BEKTOpax 5{2; 1 0}, b= —j + R

18. JlaHBI TpH BEKTOPA: 5{3; -6, — 1}, 6{1; 4, — 5}, c=3i— 4] +12K . Haiitn
p, (é + B)

19. JlaHBI TpU BeKTOpa: é{l; -3 4}, 6{ 3 —4; 2}, C=—i+ ] + 4K . Haiitu
p b+t a.
20. HanTy oCTpBIi yroa Mexay AUaroHAIIMH IIapajuiesiorpaMma, IoCTPOEHHO-

ro Ha BEKTOpax 5{2; 1 0} 5 5=—2]+R.

21. Jlansl Tpu BekTopa: a{3;— 6;—1}, 5{1; 4, -5}, T= 3i- 4] +12K . Boruric-
JUTh TP, (6 + C).

—

22. HaiiTi BEKTOp X, 3Hasi, YTO OH MEPICHINKYIIPEH BekTopamM da=21—-K u

b=3]j
Y YZIOBJIETBOPSIET YCIOBUIO X - (2! — ] + R): —6.

23. Haiitu BexTop X, KOJUIMHEApHBINA BekTOpy 8 =21+ J—K u ynomeTBops-
6.

IOIUH ycImoBrio X - b=

24. JlaHb1 BEPILUHBI TPEyroJIbHUKA!
A(—l; -2; 4), B(— 4, —2; O), C(3; - 2; 1). OnpenenuTs BHENIHUM Yroja IIpu
BEpIIUHE A.

25. JlaHbl BEpUIMHBI TPEYroJIbHUKA! A(3; 2; —3), B(5; 1; —1), C(l; - 2; 1).

OnpenenuTs BHEIIHUM YTOJI P BEPIIMHE A.

26. Jlan Bexrop d=3i+2j—K nrtoukn M(3; -1 2)u N(4; —2; 1). Haittn
mp_a.

27. B TpeyroibHHKE C BEpIIMHAMHU A(2; -1 3), B 1), C(0; 0; 5).
OrnpenenuTs BHYTPEHHUN YTOJI IPU BEpILIMHE A.

28. lanwsr BekTopsl a{l; -1 2} m Db{2; —2; 1}. Haiitu npoexumio BekTOpa

— —

€ =3d — b na nanpaBnenue BexTopa b.
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29. JlaHbl BEpLIMHBI TPEYTOJIbHUKA! A(4; 1; O), B(2; 2 1), C(6; 3; 1). Haiitu

MIPOCKIIMIO BEKTOpA AB Ha ctopony AC.

30. JlaHbI BEKTOPBI ézSi—Gj—l?, b }+4i—5R, 6:31+4j+2ﬁ.

Haiiti mpoeximuto Bektopa a-+C Ha Bektop b+ C.
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5. HOKA3SATEJIBHAA ®YHKLIMUS. IOKA3ATEJIBHBIE YPABHEHMUSA
N HEPABEHCTBA

OmnpenesieHue ¥ cBOMCTBA NOKa3aTeJbHON QyHKkUuM. ['paduk noxkaszaresinb-

HOW (PYHKIUH.

OyHKIHMIO BUAA Y = a*, rme a> 0 u a # 1, HA3BIBAIOT NOKA3AMENbHOU @yHKyuetl.

OCHOBHBIE CBONCTBA IIOKA3aTENLHON QyHKIMK Y = a’;

CBoiicTBO a>1 O<ax<l1
OObnacTh ompeneIcHHs D(f) = (-o0; +00) D(f) = (-o0; +o0)
OO6nacTh 3HaYCHUH E(f) = (0; +o0) E(f) = (0; +o0)
MOHOTOHHOCTB Bospacraer Yo6niBaeT
HenpepbpiBHOCTB HenpepriBras HenpepriBHas

I'paduk nokazarenbHOM PyHKIUM

['padrxom nokazatenbHON PYHKIUU SBIAECTCI 9KCHOHEHMA.

y y
X X
y=2a y=2a
a=1 0=a=<1
1 X ! X
e . I
0 0

Puc. 5.1. I'paduku nokazarenbHbIX (PYHKITHI (9KCTIOHEHTHI)
Pa3zinunble cnoco0bl pellieHus MOKAa3aTeJIbHbIX YPABHEHUIT U HEPABEHCTB.
TlokazamenvHbimMu HA3BIBAIOTCSA YPAaBHEHUS W HEPABEHCTBA, B KOTOPHIX HEM3BECT-
Has TIepeMeHHasi HaXOIUTCS TOJIBKO B MOKA3aTENAX KaKUX-TH00 CTETIeHEH.

Pewenue nokazamenvhnwvix ypa(meuuﬁ
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AR

Teopema 1. [Tokazarensroe ypasrerne a ' = a®™ (rze a > 0, a # 1) paBHOCHIIB-
HO ypaBHeHHIO f(X) = g(X).
OcHoBHBIE ()OPMYJIBI M ICHCTBHS CO CTEIICHAMU:

a>0,b>0:

k

a®=1,1"=1; a"=%a*(keZ,neN) a‘xzix; a*-a¥=a"";
a

a4 _qe (ax)y =a¥; a*-b*=(ab)"; a—xz(gjx .
b* \b

OcHOBHBIE METO/IbI pellleHNs] MOKA3aTeJbHbIX YPABHEHHUI

Merton npuBeieHUsI CTENEHEN K OJJTUHAKOBOMY OCHOBAHUIO.

Brinecenue 00111€ero0 MHOXKHUTENS 38 CKOOKH.

Merton BBeieHUS HOBOM ITIEPEMEHHOM.

MeTo no4IeHHOTO JEJICHMUS.

['padpuueckuit meTo.

. YpaBHenuss Buga a’™=1. (Metox npuBeneHHus CTelneHeill K OJMHAKOBOMY

OCHOBAaHMIO).

Il. YpaBuenns Buaa a’“=a”. (Meroa npuBegeHnsi CTelmeHeil K 0JHHAKOBOMY

OCHOBAHMIO).

I11. YpaBuenns: Buga Aoa™™  + A;a™ +4,a™, +  +4,a™* =M. (Bbinece-

HHe 001ero MHOKHUTEJIA 32 CKOOKH).

[IpuBeném oOLMI aNroOpuTM METOJA BBIHECEHHUS OOILIEro MHOXHTENA 3a
ckoOku Ha npumepe ypasaerns Aga™ ™o + A1a™ ™ +4,a™ T+ +A40a™ =M:
BBIHECEM OOLLMI MHOKHUTEIb 3a CKOOKM: a™ (doa’y + A1a"y +42d5+  +A4nd")=M:;
0003Ha4YMM BBIpaKEHHE B CKOOKax Aoako +A1ak1 +A2ak2 + +Anakn =N;

TI0JICTABMM 3aMEHY B M3HA4aIbHOE ypaBHenue a N =M;

TIOJIy4HM IpocTeiiniee mokasarenbHoe ypasaenue a =M/N;

HAXOJUM pEIICHHE 3TOTO0 ypaBHEHUS MpH ycioBuH, uto ecau M/N<0, to ypaBHe-
HUE PEIICHUN HE UMEET.

IV. YpaBuenns Buga Aoa”™ + A1a* +4, =0. (MeTox BBegeHUS] HOBOII epeMeH-

HOI).
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[IpuBeném 00U aNropuT™M METOAA BBEJCHUSI HOBOW NMEPEMEHHOW Ha MpH-
mepe ypaBHerust Aoa”™ + Ara* +4; =0.

Ecnu B moka3zaTebHOM ypaBHEHUH BCE OCHOBAHUS OJJMHAKOBBI, 4 MOKa3aTe-
JIM CTETIEHEW — Pa3HbIE, TO:
MPUBEIUTE K OJHOMY MOKA3aTENI0 CTEIEHU U MOJYyYUTE YpaBHECHUE C OJIMHAKOBBI-
MM OCHOBAHMSIMM M OJMHAKOBBIMH IOKa3aTEIsIMU CTETIEHEW, HaIpUMep Ay (ax)2 +
Alax +A2 =O,
clieTIaiiTe 3aMeHy TIEPEMEHHOM, HapUMeEp a’ =Y
pelINTe ypaBHEHHE OTHOCHTEIBHO ITOH HOBOM mepeMeHHoi (g y* + A1y +A4, =0);
cAenaiTe 0OpaTHyIO 3aMEHYy MEPEMEHHOM U MOJIYYUTE COBOKYITHOCTh MPOCTEUIIINX
MOKa3aTeIbHbIX YPaBHCHUM.
V. YpaBHeHus BUIA Aoa* +A1aX/ 22 +A4,0" =0. (MeTo MOYIeHHOI0 AeJIeHN).
OnHOpOIHBIE YpaBHEHUSI BTOPOU CTEIICHU B OOIIIEM BUJIE MOYKHO 3aIMCcaTh TaK:

AOaZf(x) n Aiaf(x)bf(x) i A2b2f(x) —0

riae Ao, A1, A, a b — HekoTopeie unciia, mpuyém a U b — TOJOKUTEIIBHEI M OT-
JINYHBI OT SUHUIIEI.
YToOBI MPUNTH K TAKOMY BUJY, IOUTH BCET/ia YpaBHEHUE TpeOyeTCs peaBapu-

TCIIBHO HpeO6pa3OBaTI>. ‘—Iame BCCIro ypaBHeHHe 3allUCBIBAKOT B BUJIC
f
A% ¥ 4 A(a-b) ™+ AD2MW =0
3aHI/IH_IeM HpI/IBHaKI/I, KOTOpBI@ II03BOJIAT OTJINYUTH OI[HOpO,Z[HOC ypaBHeHI/IC oT

YPaBHEHUN IPYyroro BUAA.

HDI/I3HaKI/I OJHOPOAHOI'O ITOKA3aTCJIIBHOI'O YPABHCHU S BTODOﬁ CTCIICHU

YPaBHEHHUE COJNEPKUT POBHO TPU CTENEHU C Pa3HBIMU OCHOBAHUSIMU;
MOKa3aTeNid IBYX CTETIEHEW POBHO B JIBa pa3a OOJIbIIIE TIOKA3aTeNsl TPETher CTere-
HU;
OCHOBAHMUE ITOM TPEThEU CTENEHU PABHO MPOU3BEICHUIO OCHOBAHHUM JIBYX APYTHX
CTEIICHEN.

[IpuBeném oOIUI aNrOpUTM METOJIa TOYJIEHHOTO JCJICHUS Ha TMpUMEpe

ypaBHeHus Aga” + A 1@ b +4,b* =0.
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Ecnu B mokazaTenbHOM ypaBHEHUW BCTPEYAIOTCS JBA Pa3HBIX OCHOBAHUS CTE-
NeHEel ¢ pa3HBIMH MOKA3aTeIsIMU, TO:
NPUBEAUTE K OJIMHAKOBBIM IIOKA3aTENsIM CTENEHEH M MOJy4YyuTe YypaBHEHHE C
JIBYMSI Pa3HBIMU OCHOBAaHUSMH M OJMHAKOBBIMH (MU KPaTHBIMH) MOKA3aTEIISIMH
CTEIICHEH;
paszienuTe BCE YpaBHEHUE MOWJIEHHO Ha MEHbIIEE OCHOBAaHHUE B CTENEHU ypaBHE-
uust (Harnpumep Ha b* . 0). IIpeoOpasyiite IpoOH ¢ MOMOIIBIO TOKIESCTBA CTCIICHH
JIpoOu U TOJyYUTE IMOKA3aTEIbHOE YpPaBHEHUE C OJIMHAKOBBIMH OCHOBAHUAMH U
OJIMHAKOBBIMH TI0Ka3aTessiMu crenereit (Ao(a/b)” + A1 (a/b)™? +4,=0);
crenaiite 3ameny nepemenHoit ((a/b)”*=y);
pelINTe ypaBHEHHE OTHOCHTEIBHO 9TOH HOBOI mepeMenHoi (Agy” + A1y +4,=0);
cenaiTe 0OpaTHyIO 3aMEHYy MEPEMEHHOM U MOJIYYUTE COBOKYITHOCTh MPOCTEUIIINX

IIOKAa3aTCIIbHBIX ypaBHCHHﬁ.

V1. YpaBaenns Buaa a’=f(x). (Fpaduuecknii cnocoo).

Pewienue nokazamenvhnwvix Hepasencmsa.

OmnpenencHue: HYCTB d- JaHHOC IOJIOXKHUTCIBHOC, HC paBHOC CAMHUIIC YUC-

no u b- maHHOE nelicTBHTENBHOE uMCO. Torga HepaBeHcTBa a” >b (ax Zb) u

a*<b (ax < b) Ha3bIBAOTCS NPOCMEUUMU NOKA3AMENbHLIMU HEPABGEHCNEAMU.
Pemennem HepaBEHCTBA C HEM3BECTHBIM X HA3BIBAIOT YHUCIO Xy, IPU MOA-

CTAaHOBKE KOTOPOTO B HEPABEHCTBO IMOJYYaeTCs BEPHOE YHCIIOBOE HEPABEHCTBO.
PeruTh HEpaBEHCTBO - 3HAYMT, HAWTH BCE €r0 PEIICHHS HITH ITOKa3aTh, YTO UX HET.
Teopema 2. Eciu a > 1, To Hepaserctso a ' @ > a ¢ ® pasHocuibHO HepaBeHCTBY
toro xe cMmbicia: f(X) > g(x). Eciu 0 < a < 1, To nmokazareabHOE HEPABEHCTBO

a'®>a9® papHocHiIEHO HEpaBEHCTBY IPOTHBOIONOKHOTO cMmbicha: f(X) < g(X).

Memoowt peutenusn noxazameibHblX HEPABEHCME.
1. Iloka3aTe/ibHbIe HEPABEHCTBA, CBOASIIIUECH K MPOCTEHIIINM.

2. MeTo/1 BBe/leHHsI HOBOM NepeMeHHOIA.
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MeTtoa BbIHECEHUS 00IIero MHOKUTEJIA 32 CKOOKH.

MeTo NOYJIEHHOTI0 AeJICHH.

MeTOIl panuoHaJIn3alun.

Metoa palMoHaIM3alMy 3aKI0YaeTCsl B 3aMEHE CJIOXKHOTO BhIpakeHHs F(X)
Ha Oosiee mpocroe BeipakeHue G(X), mpu kotopoit HepaBeHcTBO G(X)VO paBHO-
cribHO HepaBeHCTBY F(X)VO B oOmactu onpenenenust Beipaxenus F(X). [Tox 3Ha-

KOM V MOoApa3yMeBaeTcsl OAUH U3 3HAKOB >,<,> <.

u,-u, -...-u
JIro60e HepaBeHCTBO MPUBOINMO K BHIY ———2 v,
Vy -V etV
rae Us,...,UpV1,...,Vk — HEKOTOpble (PyHKIMHU. JIOBOJBHO YACTO KAXKIYIO U3 HHX

MO’KHO 3aMEHUTbH Ha APYTYI0 3HAKOCOBMAJAIONIYI0 (DYHKLHIO HA 00JIaCTH Ompese-
nenwusi. [IpuBenémM OCHOBHBIE THIIBI BBIPAXKECHHM, JJISI KOTOPBIX MOKHO HCTOJIB30-
BaTh METO/] pallMOHATIN3ALIUY.

B niepBom cronbiie Tabmuibl — dyHkus F(X), KoTopyro Mbl paluoHATH3H-
pyeM. Bo BTropom cronbiie — dynkuus G(X) — 3HakocoBnagaromias ¢ GyHKIueH
F(x) Ha obnactu e€ onpeneneHus. [Ipu 3TOM, UCHONIB3Ys] METO]] pAIlMOHATHA3AIIUH,
HeJb34 3a0bIBATh PO 001acTh onpeaeneHus QyHkuui. [lpu pemenun 3agaun uc-
XOJTHO€ HEPABEHCTBO MIPE0Opa3yeTCsl B CUCTEMY: pallMOHATIM3UPOBAHHOE HEPABEH-

ctBO 1 O/[3 uCX0IHOrO HEPABEHCTRA.

Boipa:xenue F Boipaxenue G o3
h(x)"®—h(x)** (hC)—1)-(F)-9g(x)) h(x)>0
h(x)™-1 (h(x)—1)-f(x) h(x)>0
f)"0-g(x)"" (fFCO—9()) h(x) f(x)>0,9(x)>0

Teopema 3. Ioxasarensroe HepaserctBo a(x)' ™ >a(x)?™ pasHocHIBHO clte-

a(x)>0,
JYIOIICH CUCTeMe HepaBeHCTB: < a(Xx) =1,

(@(x) -(f (x) - g(x)) 0.
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23.

24.
25.
26.
27.
28.

29.

30.
31.
32.
33.

34.

35.
36.

Ll
Pemmure nokas aTe/IbHble YPABHEHNA!

v/ 12532z — i

4
32—z _[.32xr —q2z+1
2.6°+3.6"13=325.3"1,
49=+1 L 55. 71 _56=0.
32:1.'+5 _ 22:1:+7 4 321:+4 _ 22.1:+=1 -0

4. 32.1: . 22:1.'—; _32.1:+1 o 22:1.‘ —(.
]. o a—
6v2 (E) +36"T =66.

(2° =22 +2)" " =(a? - 20 +2)* "
3.92%F L 6F —2.3% =),

5*—1=y6+2-5%.
z— 4|V 5 = | — 4|2,

a
T
Haitru npounssenenne kopueil ypasnenns 02T — 1

- T 2
Haiiti cymmy xopueil ypapnenns 27 +2% 73— 27+l =7.95+6

Haitru cymmy kopreit ypasnenus: /xr — 1, -'3(2‘I +8.-27F — 6) =0.

HailTi HauMeHbIie He/ibe T, VI0BJIETBOPAIONINE HEPABEHCTRBAM:

24.
25.
26.
27.

28.

29.

30.
31.
32.

Frtl __3z+2- 9. 57 9.3z 1
Tz+2 _ 8:+2 <6- -Ta.-+1 —7. 8.r:+1_
22T _3.97 4 9<0.

gz+l _3z+3 -3¢ _ 3

9 2 4dx ] z+2
- = — _
(5) ()

6r—1 5

1
(0,2) 3—x {(E) :
pYF 2> plove2pg

r—3)9>1.
(z—3)"
(x+ 1)32_4 =1

Pemurn HeEpABEHNCTBA:

33.
34.

35.

3\f:13+1+1 _28_'_32—\;:1.'+1{:D.

(z4+1)= 36 <1,
647 _ 3.4 3

22 1] Sqr 1 4741
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JJOTAPUOMHNYECKAA @YHKIUSA. TOTAPUOMHNYECKUE YPAB-
HEHUSA U HEPABEHCTBA

Omnpenenenue u cBoiicTBa Jjorapupmudeckoi pynkuuu. I'padux jgorapud-

Muuyeckou pynkuuu. Jlorapupmuueckas pynkuus. Jlorapugmnol.

Onpenenenne: JlorapumMoM THOJOKHUTEIBHOTO YMCIa D 1Mo ocHOBaHMIO @,

rae a > 0, a#l , Ha3pIBaeTCs MOKa3aTelb CTENEHU, B KOTOPYIO HaJ0 BO3BECTU YHC-

J10 &, 9YTOOBI TTOTYyYHuTH D.

1 1
Hanpumep: 1009,8 = 3, Tak kak 2°=18: log 3 9 =) . Tak Kak 3 > 25;
log;7 = 1, Tak kak 7* = 7.

log, b
9% =, D10 paBeHCTBO CIIpa-

Omnpenenenue goraprudma MOKHO 3aMKUCaTh TaK: &
BeanuBo mpu a > 0, b > 0, a#1. Ero 0o0bIYHO Ha3bIBAIOT OCHOBHBIM JIOTapupMHu-
YEeCKHMM TOKAECTBOM.

JleticTBre HaxOXIeHUs JoraprudmMa 4rcia Ha3pIBAIOT JOrapu(pMUpoBaHUEM.
JleficTBHE HAXOXKEHUS YUCIIA 110 €ro Jorapu(pmy Ha3bIBAIOT MOTEHIIUPOBAHMEM.
CaoiicTBa orapuMos.

[Tpu BeIMOTHEHUHU TTPEOOPa30BaHU BRIPAKEHHM, COAEpKANTUX JTOTapu (MBI, IPH
BBIUHCJICHUAX U MPH PEIIEHUHA YPABHEHHUI YaCTO UCIIOJIb3YIOTCS Pa3IMYHbIE CBOM-
cTBa JiorapupmMoB. PaccMOTpUM OCHOBHBIE U3 HUX.

IMycts a > 0, a#1 ,b >0, ¢ > 0, r — moboe aeiicTBUTENBbHOE Yncio. Torma copa-

BEJIJTUBBI (POPMYJIbIL:

log, % =log, b —1log,c

log, (bc)=1log, b+ log, c log,b" =rlog,b

JlecsaTUYHBIC U HATYypATIbHBIE JIOTAPU(PMBI.
st norapudMoB 4KCeN COCTaBJIEHBI CEIMaIbHbIE TA0IUIII (Ta0aUIIbI Jorapud-

MOB). Jlorapr(mpl BEIYUCIISIOT TaKKe C TOMOIIBI0 MUKPOKAIBbKYJsiTopa. Y B ToM
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U B IPyTOM CITy4ae HaXOJAATCA TOJIbKO AECITUYHBIC WM HaTypajibHbIE Jorapud-
MBI.

OHDGHGHCHHC: I[€CHTI/I‘IHI)IM JIOl“apI/I(I)MOM qucjia Ha3bIBarOT JIOl"apI/I(i)M 9TO-

ro gucia no ocaoBanuto 10 u mumryt Ig b BMecto logyob.

Onpenenenue: HarypanbHbiM JorapudMoM yuciaa Ha3bIBaIOT JoTapudm

3TOr0 YHCJIa M0 OCHOBAaHHIO €, TNIc € — HPPALUOHATBHOS YUCIIO, MPHOIMKEHHO
pasHoe 2,7. [Ipu atom mumryt In b Bmecro logeb

HppalioHaNbHOE YKCIIO € UTPAcT BAKHYIO POJIb B MATEMATUKE U €€ TPUIIOKCHH-
sX. HUCIIO € MOKHO TIPE/ICTABUTH KaK CYMMY:

1 1 1 1
e=1+-+—+ +ot—t.. 1
1 1.2 1.2.3 1.2-3-...-n wme=S —.

ex2,7182818284.
JI0CTaTOYHO 3HATh 3HAYEHUS TOJIBKO JECSITUYHBIX WIHM TOJBKO HATYPAJIbHBIX JIOTra-
pu(dMOB yuced, 4TOObl HAaXOIWUTh JIOTapU(Mbl YUCEN IO JHOOOMY OCHOBAHUIO.

Jns aTOro ucnonb3zyercs (popmyJia 3aMeHbl OCHOBaHUs Jiorapugma:

log, b= log. b wm Tak log, b-log,a=Ilog b,
log, a

rneb>0,a>0,a#l,c>0, c#l

CaencrBust u3 GopmyJibl 3aMeHbl OCHOBaHNs Jiorapudgma.
[Tpu ¢ = 10 u C = e momyyaroTcst popMyIIbl Iepexoa K ASCATUIHBIM U HATypaslb-

HBIM JIoTapudmam:

lgh

log,b=——, log, b= Inb
Iga

=na’
Jlorapudmuueckas pyHkus, €€ CBONCTBA U Ipaduk

B marematuke U €€ NpuiI0KEHUAX YacTO BCTpeUdaeTcs Jorapupmudeckas QpyHK-
uus Y = log, X , rae a - 3amanHoe yucio, a > 0, a£l.

Jlorapupmuueckas pyHkuus 00;1a1aeT CBOMCTBAMHU:

1) O6sacTh onpeaeacHus JorapupMUIECKON GYHKIIUH — MHOMXKECTBO BCEX MOJI0-
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KUTCIbHBIX YUCCII.

2) MHOXeCTBO 3HaUCHHI JTIorapru(pMUIecKor (H)YHKIUH — MHOXECTBO BCEX JIeH-

CTBHUTCJIbBHBIX YHCCII.

3) Jlorapudmudeckast GyHKIUS HE SBISICTCSA OTPaHUYCHHOM.

4) Jlorapudmuyeckas pyHkius Yy = 10g, X ABISICTCS BO3pACTArOIICH Ha TPOMEKYT-

ke (0;+o0) , ecniu a > 1, u yOwiBatomei, ecmm 0 < a < 1.

5) Ecan a > 1, to pyHkius y = 10g, X IpUHUMAET TOJI0XKHUTEIbHBIC 3HAUCHHSI TIPH X
> 1, orpunatenbhbie pu 0 < X < 1. Ecmu 0 < a < 1, To ¢pyHKus Y = 109, X npuHH-
MaeT MoJiokuTeNbHbIe 3HaueHus npu 0 < x < 1, orpuniarenabHsie npu x > 1.

Ocb Oy siByisieTcsl BEpTUKAIBHOM acHMITOTOM Tpaduka GyHKIUH Y = 10g, X

1 I
¥ y=log _x 4
a1 y=log _x
1 1 O<a=l1
1 1
d X a X
1 a j a 1
-1 -1
Puc. 6.1

OtMetum, 4To Tpaduk 000k orapudmudeckoit pyHkuu Yy = 10g, X mpoxoaut
yepe3 Touky (1; 0).

IIpu peuieHuy ypaBHEHHUM 4aCTO UCIIOIb3YETCs CIEAYIOIIAsi TeOpeEMa:

Teopema. Eciu 109, X; =100, X, tie a > 0, a#1 , X3 > 0, X, > 0, T0 X1 = Xo.
Jlorapudmuueckas Gpynkuus Y = 109, X 1 nokaszarensHas GyHknus y = ', rae a >

0, a#1 , B3auMHO 0OpAaTHBL.
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Pa3zimuHble c1oco0bI pelieHust JOrapupMu4ecKuX ypaBHeHHil U Hepa-

BCHCTB.

OCHOBHBIEC METO/IbI pelIeHNUs JIOTapU(PMHUYECKNX YPABHEHMIA:

Ha ocHoBaHuM onpeneneHus Jorapudma.

MeToa noTeHIMpOBaHUS.

MeTton noCcTaHOBKH.

Merton norapupmMupoBaHusi.

OcHoBHBIE IPaBUJIA:

. HyxHo Haiitu 0o6sacte qonyctumMbix 3Hadenuit (O/13).

. C momouIpl0 OCHOBHBIX JorapuMuyeckux (Gopmyi HPUBECTH B ypaBHEHUHU K
jgorapupMam ¢ OJMHAKOBBIM OCHOBAHHMEM CJIEBA U CIIpaBa OT 3HAKA PABEHCTBA.

. Ecnn ITYHKT 2 HCBO3MOJXXCH, TO BBOAUTCA ITIOACTAHOBKA.

Pewenue nozapugpmuueckux nepagencme.
[Tpu pemenuu norapuMUUECKUX HEPABEHCTB HEOOXOIMMO YUYUTHIBATh, YTO

>aP < <3P
1.ectma >0, a # 1, 1o log, f(x) > b <=> f(X)—a - O_f(x)_a .
a>1 O<axl

< <aP > ab
2.ecmia>0,a# 1, 1o log,f(x) <b <=> O_f(x)_a Rt f(x)_a .
a>1 O<axl

g(x)=h(x)  (h(x)>g(x)
3.109 169 9(X) = 10g 1y h(x) <=> {h(x)>0  w g(x)>0
f(x)>1 0< f(x)<1

g(x)<h(x)  [h(x)<g(x)
4.109 19 9(x) <log gy h(x) <=> <g(x)>0 mu <h(x)>0

f(x)>1 0< f(x)<1
__[0<p(x)<1  [p(x)>1
5. 10g,,(x) f(x)>0 = log, f(x)>l0g,u1 <=> {0< f(x)<1 {f(x)>1'
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Nwmeerca He MeHee 4 TPUHLMITHAIBHO Pa3IMYHbIX THIOB MOAX0/Aa K PEILICHHUIO
Jorapu(pMUUECKUX HEPABEHCTB:
1. nepebop cinydaeB «OCHOBaHUE OOJIBIIIE €IUHULIBI, «KOCHOBAHHE MEHBIIIE €IUHU-
IBI»;
2. Iepexoj] K paBHOCHJIBHBIM COBOKYITHOCTSIM CCTEM HEPaBEHCTB, HE COJEPKa-
1IMX JorapumMoB, METO/1 palliOHAIU3AIUY;
3. 00001IeHHBI METO] HHTEPBAJIOB;
4. rpaduuecKuil METO/I.
Merox panuoHaJIM3anuH.

HamomuuMm, B iepBoM ctosdie Tadmaumbl — QyHKus F(X), KoTopyro MBI pa-

roHanm3upyeM. Bo Bropom cronbie — dynkuus G(X) — 3HaKOCOBIagaromast ¢
¢dynkiueit F(X) Ha obmactu e€ onpeaenenus. [Ipu 3TOM, UCHIOIB3YS METOJT PaIO-

HalIu3annun, HCJIb3s51 3a0BIBaTh IIpo 001acTh OIIPpCACIICHUA (bYHKLIHﬁ

Boipa:kenue F Broipa:kenue G on3
1081100819900 (16115 (0) L((XX);(’I’Q(X)>°’“(X)>°’
logheof(x)—1 (hCO)—1)-(F(x)—h(x)) f(x)>0,h(X)>0,h(x)#1
10ghef(X) (h()—1)-(f(x)-1) f(x)>0,h(X)>0,h(x)#1
h(x)>0, f(x)>0,f(x)#1,

1091001 (0)oggto () (109~1)-(@0)-1-GO-D- @O 0o

Teopema 1. Jlorapudmudeckoe HEPaBEHCTBO
IOga(x) f(X) 2 IOga(x) g(x)
PaBHOCHIJIBHO CIEAYIOIICH CHCTEME HEPAaBEHCTB:
a(x)>0,
a(x) #1,
f(x) >0,
g(x)>0,
(@(x) -D(f(x) - 9(x)) 2 0.

Hepasenctsy log,,,) f (x)- 109, (x) y(x)<0
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)

)
COOTBCTCTBYCT paBHOCHUJIbHAA CUCTCMaA y(X) >0

)

)

Pewienue noxazamenvno-nozapugmuueckux HepageHcme

PaccmarpuBasi mokazaTenbHO-TOTapu(pMUYECKUE YpPABHEHUS, Mbl OTMETHIIH,
YTO ISl MX PEUIEHUS MCIOJIb3YyeTCs METO] Jorapu(pMupoBaHUs OOE€HUX dYacTeu
YPaBHEHUS 110 OAHOMY U TOMY K€ OCHOBAHHUIO. DTOT METOJ MPUMEHSAETCS U IS

pCLICHUS noKa3amenbHo-102apudpmuueckux nepasencmes. 3nech takxe f(x) >0
u g(x)>0 wu mepexomum ot HepaBeHctBa T (X)>Qg(X)k HepaBeHCTBY
log, f(x)>log, g(x), ecnm a > 1 u x HepaBeHctBy log, f(x)<log, g(X), ecnu

O<axl.
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PE.UIHTIJ }’[JH.EIIEIIHH:

log,(2x+1) —log, z=log, 64.

logs = —log, = — 2=0.

4log, 22 =logs(—z)+16.

log, 44=Ilogy 5logy 11 —2log,(x —2).

lngx:_r[B(Zx +1)]+log 5 3=logy(2x+ 1)

Aol A

19
6. log,;r+loggx+log, x= 17

7. %laga 2 +3log, mzélogES—]ogg
8. lcrgz(:c—l—l)—lag%(I—B):logQIQ.
?(J:—l-l}zg
2r—3

9. logy[(z+1)(2z —3)]+1og,
].D; nglf"'d_- ]Dgz_g ].'5 — _].

Haiitu nanbosbimme xopuu ypasnennii:
11. loga x —log, = —3=2'"822
12. log, z+log, % =1.
13. lg? 22 —lg2®+1=0.

x

+6
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Haittu nanbosbinme nesisle x, yI0BIETBOPSIONINE HEPABEHCTBAM:
8. lg5%** —1g25>1g5% 2 +1g5.
9. (r+1)log,,3—logg,27>0.
10. logg(x?—x)<1.
11. 5lss(2= <7,
12. log,log z(z—1)<1.
PE.T_L[HTI_: HepaBelcTBa:

14. logy(2z+4)+logy(z+1)<logy(4—x).
15. logq(2x+18)—logqy(z+5)<logy(6—x).

2 2
Hafitn nanmennmme HMEJIBLIE T, VIOBJIETBOPAIONHE HEPABEHCTBAM:

3
16. logq(r+2)—logg(z+2)> —3

3
17. log, . ;(5—x)>1.
19. log, 5(2x—9)<1.
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7. TPUHTOHOMETPUYECKHUE ®YHKIIUU. YPABHEHUS U HEPA-
BEHCTBA, COAEP KAIIIME TPUTOHOMETPUYECKHUE ®YHKIIUU

IHocTpoenue rpagukoB TPUTOHOMETPHYECKUX (PYHKIUIA.

Cumnycom octporo yria ¢ Ha3bIBae€TCsl OTHOIIEHUE JUIMHBI KaTeTa, MPOTUBOJIE-
KaIIero yriy ¢, K JJIMHE TUIIOTEHY3bl NMPSIMOYTOIBHOTO TPEYrOJbHUKA C OCTPHIM
yrJIoM @, 1 0003Ha4daroT Sing. OTHOIIIEHUE JTMHBI MIPUJICKAIIECTO K YTy ¢ KareTa
K TUIIOTEHY3€ Ha3bIBAECTCS KOCUHYcom yriaa ¢, o0o3HayaroT COS¢. Tawnzencom
OCTpOTO yria ¢ Ha3bIBAE€TCS OTHOIICHHE JUTMHBI KaTeTa, MPOTHBOJIEKAIIETO K YTy
@, ¥ KaTeTa, mpujiekamiero K aromy yriy (tge). O6parHoe OTHOIICHUE JJIUH KaTe-
Ta, IPWIEKAILETO K YTy ¢, U KaTeTa MPOTUBOJICKAILETO, HA3bIBACTCS KOMAH2EH-

com (Ctg o).

KpOMe CHUHYyCa, KOCHUHYCA, TAHI'CHCA M KOTAHI'CHCA HCIIOJB3YIOT CHIC CEeKaHC

secy = U KoceKkaHnc COSecp = ——.

CoS ¢ sing

BripaxkeHue, B KOTOPOM TEpEeMEHHasi COACPKUTCS O]l 3HAKOM TPUTOHOMETPHUY-
CKUX (PYHKIIMIA, HA3bIBACTCS MPULOHOMEMPUUECKUM.

Cornacno teopeme ITudaropa u3 pucynkka (Puc.7.1) cienyer:

— BEpILIMHA yIJIa ¢ MPAMOYTOJIBHOIO TPEYTIOJIbHUKA

L
COBMEILIEHA C Ha4YaJIOM KOOPAVHAT, ¥ 1
. I—
— TUNOTEHY3a TPEYrOJIbHUKA, ABJISIOMIAsICA Takke 1 5111 Qf*
paguycoM OKPY>KHOCTHU, paBHA eAUHUIE, I = 1, (35
— KOCHUHYC SBJIAETCS MPOCKUMUEN PaNyca Ha OCh ::‘E
cos g
a0cruce,
Puc. 7.1

— CHHYC SIBJIIETCA MPOCKIHEN paguyca Ha OCh Op-
JIMHAT.
Bcé 310 mpaBuibHO, HO MOKa TOJBKO I OCTPBIX YIJIOB, KOrJa paanyc-

THIIOTCHY3a HAXOJUTC B nepBoﬁ YCTBCPTH.
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3HaKoBasi XapaKTePUCTHKA TPUTOHOMETPUYEeCKHUX (PyHKIIUIA.

Hauoosee Baskuble cBOMCTBA M rPaUKH TPUTOHOMETPHUYECKUX (PYyHKIMI

V4

an

¥4

an

Y

%‘

B

NPASINDA

sin oL

CoOsCl

NS

A

tgo,ctga

®ynk- | Ob6aacts |O0OgacTs | YéTHOCTh, | [lepu- | I'paduxu pyHxumii
HUs  (onpeaesieHUus| 3Ha4e- HeY€eT- on, T
HU HOCTH
y = sinx (—o00, o) [-1, 1] | neuérHas
y=C0oSX | (—o0, ) [-1, 1] yETHAS
y=1tgx | (oo, o0)3a | (-0, ) | HeuéTHAs
WCKJIFOYEHU-
€M TOYEK
N + /2,
371ech N 11e50e
y =Ctgx | (—oo, ) 3a | (—o0, 00) | HeuéTHas
WCKJIFOYEHU-

€M TOo4YeK 7N,

3J1ECh N LEeJI0e

O06001IeHre cuTyaly Ha Ciiydaid JroObIX yT-

JIOB OYEBMJIHBIM 00pa3zoM cneayer u3 pucyHka (Puc.
7.2), a IMEHHO, JJIs1 JIIOOBIX YIJIOB KOCHHYC, — IIPO-

CKIMSl €AMHUYHOTO pamuyca Ha ock adcuucc (OX),




CHHYC — TPOCKIHs eIMHUYHOTO paamyca Ha ock opauHar (Oy), mpuuém B Tex
ClTydasiX, KOTJa MPOCKIHS IOMagaeT B OTPUIATEIBHYIO 00J71acTh KOOPAWHATHBIX
ocell, QyHKIUSIM MPUITUCHIBACTCS 3HAK MUHYC.

Oynknus f(X) HassiBaercs uéthoit, ecim f(—x) = f(X), u Heuérnoit, ecom f(—
X) = —f(x). I'padux y€THON PYHKIMH CHUMMETPUYCH OTHOCHUTEIHLHO OCH OpIHHAT
(Oy), a rpaduk HeYETHOW QYHKIIMM CUMMETPUYCH OTHOCUTEIILHO Hadaia KOOP/IH-
HaT. 13 rpadmKoB BUIHO, YTO KOCUHYC SIBJIsIETCS Y€THOW (PyHKIIMEH, a CHHYC, TaH-

T'€HC U KOTAaHT€HC — HEUETHBIC.
. T
Teopema 1. 1 Eciiu T - ocHoBHo# nepuon ¢ynkiuu f(X), To yucio m

SBJISICTCS OCHOBHBIM TiepuooM ¢yukimu T (kx +b).

[lepuonst ¢ynkumii T, u T, Ha3pIBAIOTCA COU3MEPUMBIMHU, €CIIH
CYILIECTBYIOT HAaTypajbHble Yyuciaa M u N, yro mT, =nT, =T .

Teopema 2. 2 Eciu nepuoaunueckue ¢yukuuu f,(x) m f,(X), umeror
cousmepumbie T, u T,, TO OHM UMEIOT 0OWMH mepuon mT, =nT, =T, KOTOPBIH
spnsiercs nepuoaoM ¢pyukauit f,(x)+ f,(x), f,(x)—f,(x), f,(x)- f,(X).

B Teopeme roBOpHTCS O TOM, UYTO | SBISICTCS MEPUOIOM (DYHKIIHH
LX)+ f,(x), f,(x)-f,(x), f(x)-f,(X), u He o0s13aTeNbHO SBIAETCS
OCHOBHBIM TteproioM. Hammpumep, ocHOBHOM Tiepro1 GyHKIKHA COSX u SIiNX - 27,
a OCHOBHOM NEPUOJ UX TPOU3BEICHUS - 7T .

B oTtnuune oT TpuroHoMeTpudeckux GyHKUUNA 0OpaTHbIE TPUTOHOMETPUYE-

CKHC (I)YHKI_II/II/I HC ABJIAIOTCA IICPUOIUICCKUMU.
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Hawuo6oJ1ee BaskHbIe CBOMCTBA U rPa@UKH 00OPATHBIX TPUTOHOMETPUYECKHUX

pyHKumit
®yukuus | ObaacTb Obaacre | YéTHOCTD, I'padpuxu pynkuumii
omnpeae/eHUus] 3HAYEHUN |HEYETHOCTD
y=arcsinx| xe[-11] 7 7| HeuétHas %
ye|-Z:7 3
2 2 L
3 10 1 2
1
e
y=arccosx| xe[-11] | ye[0;z] |obmero Bu- X
oa  arc- ~
cos(-a) = x- 1 0 1
arccos a
y=arctgx | xe (— oo;oo) 7 7 \| HeuéTHas | L= |
ye| - = e
2 2 4 2 o2 4
-1 0
y =arcctg x| xe(—oo;00) | ye(0;7) |obuiero Bu- \\""
k!
z
na arcctg(- S
\\h__h
a)=r- 40 2l ol 21 1 i
arcctg a
IIpeoOpa3oBaHue TPUTOHOMETPHYECKHUX BbIPAKEHUIA.
OcHOBHBIE TPUTOHOMETPUYECKHE (POPMYJIbI:
sin® x+cos? x =1 tgx - ctgx =1
sin x COS X
t = Cth =0
COS X SIN X
2 1 2
1+t9°x=— 1+ctg X =——
COS” X sin“ x
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[Tone3Hsl Takxe (pOPMYJIbl NPUBEAEHHUS, KOTOPBIE ITO3BOJISIOT BBIPA3UTh 3HA-
YeHHs] TPUTOHOMETPHUUECKUX (QYHKIUH 7151 TI0OBIX YTJIOB Yepe3 3HAUCHUsI TPUTO-
HOMETPUYECKUX (PYHKIUI YIJIOB IEPBOM YETBEPTH.

Hampumep: cos(180°+ a) = cos 180°- cosa — sin180°- sina =

(1) - cosa — 0 - sina = — cosa.

Yto6sb! n36€XaTh HEOOXOUMOCTH I0JIB30BATHCS MTOTOOHBIMU pacyETaMU, IPUMeE-
HSIOT MHEMOHHYECKOE MTPABUJIO:

1. Ecim BeIYmMCHseTCs TpUroHoMeTpruaeckue GyHKuuu yrioB 90° £+ a unm 270° + a
, TO CHHYC MEHSETCSl HA KOCHHYC, KOCUHYC Ha CHHYC, TAHT'€HC Ha KOTaHI'€HC, KO-
TaHreHC Ha TaHreHc. B cioyyae yrinos 180° + a wim 360° + a pyHKIMM ocTaroTcs
HEU3MEHHBIMH, T.€. CHHYC OCTAETCSI CHHYCOM H T.II.

2. 3HaK pe3ynbTara TaKoH ke, KaK y UCXOHOW (PYyHKIIMU B TOW YETBEPTH, B KOTO-
PYIO IONAaIaeT UCXOIHBIN YTOJL.

Hanpumep: cos(180°— a) = — cosa.

Kocunyc ocraércst kocunycom, moromy uro 180°. Mcxomusrit yron (180°— a) Bo
BTOPOI1 UETBEPTH, I'/I€ KOCUHYC, UICXO/HAsA (PYHKIMUS, OTPUIATEIbHA, I0ATOMY 3HAK
MUHYC.

IlepeBoa rpagycHoii Mephbl yIiia B paAHAHHYI0 U 00paTHO.

[Tycth oo — rpanycHasi Mepa yria, f — paanaHHasi, TOr/ia CIipaBeIuBbl popmy-
7[-020 . :1800 - p
180 V4

7 =3141592653589793238462643383279%.

meL B = , e 1pao ~57°, 1° ~ 0,017 pao, 7= =180°,

(I)OpMy.JIbI CJIOKECHUH U BBIYUTAHHUSA API'YMEHTOB.
sin(x£ y)=sinxcosy £sinycosx tgx + tgy
cos(x £ y)=cosxcosy Fsinxsiny ’ 1Ftgxtgy

IIpeoOpa3zoBanue cymMmbl (Pa3HOCTH) TPUTOHOMETPHYECKUX (PYHKUMHA B NPO-

H3BEACHUC:

54



. : . Xt XF
sinxxsiny =2sin 2ycos Y

. X+Y . X-Yy
COSX —COS Yy =-2sIn sin :

X+y X—-Yy 2 2
COSX + COS Y = 2C0S > CoS >

IIpeoOpa3zoBanue NMpou3BeAeHUsI TPUTOHOMETPUYECKHUX (PYHKIUI B CYMMY:

L 1

sinxsiny = = (cos(x — y) — cos(x + y)) 1
21 sin xcosy:E(sin(x+y)+sin(x—Y)).

COSXCOSY = E(cos(x —y)+cos(x + y))

®opMyJIbI IBOMHOIO apryMeHTa:

Sin2x = 2sin xcos X 2 2tgx
_ _ g2x = .
c0S2X =C0s? X —sin® x =1—2sin® x = 2cos* x —1 1—tg?x

q)OpMyJIbI INOHMKCHUA CTCIICHU:

i 1-cos2x 5 1+ cos 2x 5 1-—cos2x
sin“ Xx=——— COS“" X=——— tgX="-—-—-.
1+ cos2x

®opMyJIbI MOJJOBUHHOIO yIJjia:

. Xy, |1—=cos(X). Xy _ ., [1+cos(X).
sm(E)_J_r‘/—2 ,cos(z)—i‘/—2 ,
X\ , [1-cos(Xx). Xy _ ., |1+cos(X),
tg(E)_i\/Hcos(x)' Ctg(2)_i\/1—cos(x)’

X :1—cos(x): sin(x) c X, sin(x) 1+ cos(x)

tg(>) 9()

2" sin(x)  1+cos(x)’ 2" 1-cos(x)  sin(x)

3ameHa 4Cpe3 TAHI'CHC ITIOJIOBHUHHOI'O yrIJla:



29(2) 2ctg() 1-19°(7)

sinf@) =—5—; sin(@)=—5—; cos(a) =—=-;
2, 2, 5 O
1+tg (E) 1+ ctg (E) 1+tg (E)
ctg?(7) -1 2tg(%) 2ctg(%)
Cos(a)=—§: tg(a)=—2a; tg(a) = a2 ;
ctg (§)+1 1-tg (E) ctg (5)—1
1-1g(7) ctg?(%) -1
cg(a)=——2-;  cig(a)=—2——;
2tg (Z) 2ctg (Z)

CooTHOIIEHHS VISl 00PATHBIX TPUTOHOMETPHYECKUX (PYHKINMIA:
cos(arccosx)=x; arccos(cosx)=x; sin(arcsin x)=x; arcsin(sin x)= x;
tg(arctgx)=x; arctg(tgx)=x; ctg(arcctgx)=x; arcctg(ctgx)= x;
T

i T
arcsin X + arccos X = > , arctgx+ arcctgx = E;

sin(arccos x) = cos(arcsinx)=+1-x?; tg(arcctgx) = ctg(arctgx)=

X | =

Jlist perieHus 3a1a49 Ha YIPOIIEHUE TPUTOHOMETPUYCCKUX BBIpAXKCHUHN TpeOyeTcs
JOCTaTOYHO XOPOINO 3HATh MpaBUja MpeoOpa3oBaHMs alreOpanvecKuX BbIpaxe-
HUN ¥ TPUTOHOMETPUYECKHE (GOPMYJIbI (YMETh MPUMEHATH UX KaK IO OJJHOM, TaK U
B KOMILJIEKCE).

IIpocreiilne TPUTOHOMETPUYECKHE YPABHEHHUS M HEPABEHCTBA.
Tpuzonomempuueckue ypagHenus.

Cnoco0b1 penieHUsi TPUTOHOMETPHUYECKHUX YPABHEHUIM:

1. Pemienne npocTeiiliuX TPUrOHOMETPUYECKUX YPABHEHHNH
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sinx=a; =  x=(-1)arcsina+ zk;

cosx=a; = X =tarccosa + 27K;

rne keZ.
tgx =4, = X = arctgx + zk;
ctgx = a; = X = arcctgx + 7k;

Ocob0  OTMETMM  HEKOTOpbIE  YacTHbIE  CiIly4aul  3JIEMEHTPaHbIX
TPUTOHOMETPUUYECKUX ypPAaBHEHUH, KOTJa pEIICHHE MOXKET ObITh 3amucaHo 0e3

MIPUMEHEHUS 001IHX (popMyI:

sinXx=0= x =7k, sinx=1:>x=%+27zk, sinx=—1:>x=—%+27zk,

cosx:O:x:%wzk, COSX=1=>x=27K, cosXx=-1= XxX=rx+ 27K,
T T

tgx =0= x = 7K, tgx=1:>x:Z+7zk, tgx=—1:>x=—z+7zk,

ctgx=0:>x=%+7zk, ctgx=1:>x=%+7zk, ctgx:—1:>x=—%+7zk,

rne keZ.

2. Ecnu ypaBHEHUE B pe3ysibTaTe CBOJIUTCS K BHAY SiN'Y =Sin Z, aub6o COSY =C0SZ,
audo tgy =tgz, qmbdo ctgy =ctgz, rue 'y

MU Z - BBIpAXXECHUA OT HEU3BECCTHOIO X.

Y
Z y
N3 sToro cnenyer, 4to /4 3 /‘ -7\

. . {y:z+27zk, QJ Q cos
siny=sinz < 7
y=m—2+27K.
Puc. 7.3 Puc. 7.4
COSYy=C0SZ < Yy==%7+27k. te _
- / cig
tgy=tgz < y=z+7k /"\}{”' / —7}\
ctgy=ctgz < y=z+k. }\y ’”,]/
Sz z)
I'me keZ.
Puc. 7.5 Puc. 7.6

3. [IpuMeHeHNe CBOMCTB TPUTOHOMETPH-

YeCKHMX (PYHKIUM.

Ecnu ypaBaenune umeet Bun f(t)=g(t), f u g — cocTaBieHs U3 TpUroHOMET-

PHUYECKHUX BBIPAXKECHUU. PellieHrne MOKHO HAUTH Cpeu TeX t, KOTOpbIE YIOBJIETBO-
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pstot ypaBHenusim f(t)=a; g(t)=a, raoe a — nelcTBUTEIIbEHOE YMCITO, IPUHAIICKA-
niee odnactsam 3Havenui f(t) m g(t).

Pa3noxeHue Ha MHOXUTENN.

MeTon pa3ioXKeHHsT Ha MHOXETENIM 3aKJIF0YaeTCs B CIEAYIONIEM: ECIH
f(x)=f,(X)f,(x)... f,(X),T0 Bcskoe pemenune ypaBHeHus f(X) = 0sBisercs
pemienue copokynHoctu ypasuenut f, (x) =0, f,(x)=0, ..., f (x)=0.

OOpaTHOe yTBEp)KICHHE, BOOOIE T'OBOPS HEBEPHO: HE BCAKOE PEIICHHE

COBOKYITHOCTH SIBJISICTCS PCIICHUEM YpaBHEHUS. OJTO OOBACHSICTCS TEM, YTO
pelicHusT OTACIbHBIX ypPaBHCHHH MOIYT HE BXOIHTH B 00JaCTh ONMpPEACICHHS
¢yuknun T (X).
. PellleHne TPUTOHOMETPHYECKHX YPABHEHHMIl ¢ NMOMOIILIO Pa3HOO0OPA3HBIX
TPUTOHOMETPHYECKHX (hOpPMY.I.

[Mlpy  pemieHMH  psga  YpaBHEHHH  TPUMCHSIOTCS  BCEBO3MOJKHBIC
TPUTOHOMETpHUYECKUE POpMYIIbl. PaccMOTpHM HEKOTOpBIC U3 HUX.
a) IlpuMeHeHHe TPUIrOHOMETPHYECKHX (POopMYyJI MPeodpPa3oBaHUsI CYMMbI H
Pa3HOCTH TPUTOHOMETPUYECKHX (PYHKIMI B MPOU3BEIEHHE.
0) Pemenue ypaBHEHH# TpeoOpa3oBaHUEM POU3BEACHUS TPUTOHOMETPUIECKHX
(GyHKUHNA B CyMMYy.
MeToa BBe/IeHHSI HOBBIX NepeMeHHBbIX.

Metona BBeACHHS HOBBIX IIEPEMEHHBIX IIO3BOJISIET IMPe0OPa30BaTh HCXOIHOE
TPUTOHOMETPUYECKOE YPABHEHUE B IPYrou Tun ypaBHeHHU. [Ipu 3TOM BaxkeH BbI-
OOp OCHOBHOT'O BBIP@XKEHHUS, Yepe3 KOTOPOE BBIPAKAIOTCS OCTAJIbHBIC YAaCTH ypaB-
HEHMs. Y1oOHee CBOAMTH K BHAY, KOIJa TaKyKe 3aBUCHMOCTH SIBIISTIOTCSI PaIlHO-
HaIbHBEIMU. B wacTHOCTH 0003HaunM uepe3 R(COSX, SINX) paroHaIbHOE BhIpaXe-
HHE OTHOCHTEIBHO COSX U SINX, TO €CTh BhIpaXKEHHUE, MOIydaromieecs u3 COSX u Sinx
U MTOCTOSIHHBIX C TIOMOIIBIO OTEepaIfid CIIOKEHHS, YMHOKEHHS U neneHus. Koneu-
HO, TpeOyeTCs KOHTPOJIb 3a 00JIACTHIO ONPECICHHS K MHOXKECTBOM PEIIICHUH.

a) PaccmoTpum ypasuenne Buaa R(cosx, sin®” x)=0 u R(cos™" X, sin x)=0.

B HCKOTOPBIX CIIydasaX yAacTCsAd CBCCTH TAKOC YPABHCHUC K PAIMOHAIIBHOMY
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YPAaBHEHHIO OTHOCHTENLHO SiNX mim COSX. MHorma ymoGHO pPyKOBOACTBOBATHCA
CJIEIYIOIUM IIPaBUJIOM BBIOOPA MOJACTAHOBKM. ECaM COSX BXOAUT B YPaBHCHUE B
YeTHBIX CTENCHSX, TO 3aMEHss BCIOLY COS°X Ha 1-Sin’X, mOMydrMM parHOHAIBHOE
ypaBHEHHE OTHOCUTENBHO SiNX. Ecim sxe SiNX BXOAWT B ypaBHEHHUE JIUIIb B YETHBIX
CTEIEHsIX, TO 3aMeHa SiN°X Ha 1-COS’X MPHBOMMT YPABHEHHE K PALHOHAILHOMY BH-
Iy OTHOCHUTEIILHO COSX.
6) PaccmoTpum ypasaenne Buaa R(tg x, cos “"x, sin®" x)=0.

Eciy B ypaBHEHHM BCTPEYAIOTCS TOJBKO tQ X, YETHBIE CTEIEHU CHHYCOB H
KOCHHYCOB, CUHYCBHI M KOCHHYCBI JBOMHBIX YIJIOB, TO MOXHO IIPEHTH K paIyo-
HAJILHOMY YPaBHEHHIO C TOMOMLIBIO TIOJCTAHOBKHU: Y = tgX.

B) YpaBuenue Buaa R (Sinx£cosx; sinxcosx)=0.

Pemaercst ciefyiomeil 3ameHoil SinX+cosx=y, (sinxxcosx) =y?,

1+2sin xcosx = y?, +2sin xcosx = y? —1.

r) YHUBepcaJbHas TPUTOHOMETPUYecKasi MOJICTAHOBKA.

X
OT10 noacraHoBka t =1g > OHa Mo3BOJISIET CBECTH K PALlMOHAJILHOMY ypaBHE-

HUIo Jr000e ypaBHeHue R(SinX, cosx)=0. Ecnu x#7+2 7k, k€7, TO ClipaBeIUBbI

TOXKICCTBA
X , X
. 95 1= ¢
SINX = X: X COSX = X: 5 -

ITocne pemeHus HaJl0 TPOBEPUTH OTACIBHO SIBISIOTCS JIU X=/F+2 TK, KEZ,
PEILICHUSIMU UCXOAHOTO YPaBHEHMUS.
1) OnHOpPOAHbIE TPUTOHOMETPHYECKHUE YPABHEHUS.

OnHOpOIHOE ypaBHEHUE — ATO YpPaBHEHHE, B KOTOPOM KaxXJO€ CllaraeMoe

HMCCT OJJHY U TYXKE CTCIICHDb.

a,sin" x +a, sin "™ xcos X + a,sin " Xxcos® X +...+a,_, sin xcos" " x + a, cos" x =0,
TIe 8,;8,;8,;...;8, - ACUCTBUTEIbHBIC YMCIA. N - TIOKA3aTelbh OJHOPOIHOCTH.

ScHo, uro eciu a, = 0, TO ypaBHEHHE IPUMET BUL:
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coS X(a1 sin"x+a, sin" 2 X-costX +...+ a,,sinx- cos" 2 X + a, cos”‘lx)= 0,

PELIICHUSIMH KOTOPOI'O SABJIAIOTCA 3HAYCHMUA X, IIPU KOTOPBIX COS X = 0, T. C. UHUCJIa
T
X= E +m, Ne Z. BTOpOG YPaBHCHHUC, 3aIIMCAHHOC B CKOOKaX TaK)Ke SIBJISICTCS

OJHOPOIHBIM, HO CTCIICHU Ha 1 mmwxe. Ecimm xe dg # 0, TO OTH 4YHCJIa HC SABJIIIOTCA

KOPHSIMU ypaBHEHHUSI.
T .
N naobopoT, npu X = 5 + zn nomyyum: COSX =0, sinX =+1 u B ©cX0AHOM
ypaBHeHUH a, =0.

T
Wrak, mpu a, #0, X# E + 7N, cneaoBaTenbHO, COSX # 0, MOATOMY MOXKHO

pasnennTh 00€ YacTh ypaBHeHus Ha C0S" X. B pe3yibrare mojyyaeM ypaBHEHHUE:
atg"x +atg" x+atg" i x+...+a. .tgx+a. =0
ot 19 ol ..t a,419 n ,
KOTOpOC, HOHCTaHOBKOﬁ th = y JICTKO CBOJHUTCA K aJIFC6pqu€CKOMy:

a,y" +a,y"t+a,y"*+...+a,,y+a, =0.

OO0HOpOOHLIM mpucoHoMempuyeckum ypasHenuem 1-oii cmenenu Ha3bpIBaeT-
csl ypaBHEeHHe BHja: a-Sinx+h-cosx=0.

[Tycts, Hanmpumep, a#0. Torna ypaBHEHHIO HE yIOBIETBOPSIOT T€ X, IS KO-
Topbix CO0SX=0. IlogenuB Ha COSX 00€ 4YacTW ypaBHEHHUS MOJYYHM YpaBHEHHE
a-tgx+b=0.

O0HopoOHbIM YpasHeHueM 2-0li cmeneny Ha3bIBaCTCsl ypaBHEHHUE BUIA!
a-sin’x+h-sinx-cosx+c-cosx=0.

Ecmn a=0, Torma pasgenuM obe 4acTH ypaBHEHHS Ha COS X, HOTYUHM

ypaBHeHHMEe a’tgx+btgx+Cc=0, KoTopoe MOJCTAHOBKOH tgX=Y  JETKO
TIPUBOIUTCS K KBagpaTHoMy: ay” +by+¢=0.

. Pelrienne TPUTOHOMECTPHUICCKHUX ypaBHeHnﬁ ¢ MOMOIIBKO BBCACHHUHA BCIIOMO-

rareJibHOro apryMeHTa.
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PaccmoTpuM ypaBHEeHHE BUaa: aCosSX+bsinx =c,

1) ecmu ¢ =0, To ypaBHEHHE OHOPOTHOE.

2) ecmu ¢#0 n a® +b? # 0(To ecTh XOTs OBl OJHO M3 UKCEN & WIH b He paBHO

0), To pa3meauM 06e YacTH ypaBHEHHUS Ha ~a” +b? | momydnm

a b ) C
= COSX+———SiNX =
vJa? +b? vJa? +b? va? +b?
b i b )
a a
T. k. | ——|<}———|<1u | ——| +| ————=| =1, 10 cyme-
va? +b? va? +b? JaZ +b? Ja? +b?
CTBYET TaKOW yroj ¢, 4TO 2 _sin go'L = COS ¢, TOT1Ia
vJa? +b? "Ja? +b?
. . c . c
SiN @ COS X + COS PSiN X = ————, sin(x+¢)=

a® +b? va? +b?
c
vJa? +b?

C

va? +b?

1) ecnn, >1T.e. a® +b® <c?, To KOpHe# Her.

2) eciu, <lTt.e a?+b?>c? rorma

X+ =(-1) arcsin%wzk,kez.
a“+b

: a : c
X = —arcsin ———— + (- 1) arcsin——— + 7k,k € Z

vJa? +b? a? +b?

Tpuzonomempuueckue HepageHcmaa.
-Penienre TpUroHOMETPUYECKUX HEPABEHCTB € MTOMONIBI0 €IMHUYHOM
OKPY>KHOCTH.

[Tpu perrennu TpuroHoMeTpuueckux HepaBeHcTB Buga f(X) >0, rme f(X) -

OIHA U3  TPUTOHOMETPHUUYECKUX byHKUIMH, yA00HO UCIIOJIb30BaTh
TPUTOHOMETPUUYECKYIO OKpPY)XKHOCTh JJIi TOro, 4YTOOBl Haubojiee HarsigHo
NPEACTABUTh PELICHUS HEPABEHCTBA M 3amucarb OTBET. OCHOBHBIM METOAOM

PCUHICHUA TPUTOHOMETPHUUYCCKUX HEPABCHCTB ABJIACTCA CBEACHUC UX K HpOCTCﬁMHM
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HepaBeHCTBaM THma SiNX>a. Pa3depém Ha mnpumepe, Kak pemiath TakKue
HEPaBEHCTBA.
Jlji penieHust HEpaBeHCTB C TAHTE€HCOM M KOTAHT€HCOM IIOJIE3HO MOHSITHE O

JIMHUU TAQHT'€HCOB U KOTAHI'€HCOB. TaKOBBIMHU SIBIISIFOTCS IpsAMBIC X = 1lm y = 1

(Puc. 7.8), xacaronuecss TPHTOHOMETPUICCKOW OKPY)KHOCTH. JIErKO 3aMETUTh, YTO
€CIIM TIOCTPOMTD JIyd C HAyaJoM B Hadaje KOOPJMHAT, COCTABJISIONIUN Yyroid o ¢

IMOJIOKUTCIIbHBIM HAIIPABJICHHUCM OCH a6CHI/ICC, TO JJIMHA OTPC3Ka OT TOYKH (1,0)

70 TOYKH NEPECEYEHMs] ITOro Jyda C JIMHUEH TAHI€HCOB B TOYHOCTU paBHA
TAQHI'€HCY yIJa, KOTOPBIA COCTABJIAET JTOT JIyd C OChbIO abcuucc. AHaJIOrMYHOE
HaOJII0JIEHUE UMEET MECTO U JJI1 KOTaHT€HCa.

-HepaBencTBa ¢ 0OpaTHBIMHM TPUTOHOMETPUYECKUMH (PYHKIUSAMU yIOOHO
pemarb ¢ UCIOJIb30BaHUEM I'PAPUKOB OOPATHBIX TPUTOHOMETPUUYECKHUX (DYHKIIHMM.

HOKEDKGM, KaK 3TO ACJIACTCA Ha ITPUMCPC.

1. Ucnosib3yst MeTOl HHTEPBAJIOB.
OOmas cxema:

1) C momMonip0 TPUTOHOMETPUIECKUAX (POPMYIT PA3JIOKUTh HA MHOKHUTEITH.

2) HaiiTi Touky pa3pbiBa U HyJ M (QyHKIIMU, IOCTABUTh UX HAa OKPY)KHOCTb.

3) Bzsthb r00yro Touky K (HO He HaliIcHHYIO paHee) U BBISICHUTH 3HAK MPOU3BEIe-
Hus. Ecnu mpousBeneHHe NOJOKUTENBHO, TO IOCTaBUTh TOYKY 3a €AMHUYHON
OKPYHOCTBIO Ha JIy4e, COOTBETCTBYIOIEMY yIily. FIHaUe TOUKYy MOCTaBUTh BHYT-
P OKPYHOCTH.

4) Eciiu HEKOTOpbIC TOYKU PA3HBIX CEPHil COBMAIAIOT, TO UX HA3BIBAIOT KPATHBIMH.
Touku, KOTOpBIE MOBTOPSIOTCS B YETHOM YHCIIE CEPHil, HA3bIBAIOT TOUYKAMHU YET-
HOM KpaTHOCTH, a T€, YTO MOBTOPSIIOTCS B HEUETHOM YHUCIE CEPUil,— TOUKaMHU He-
4yeTHOM kpaTtHOcTH. [IpoBecTu nyru ciemyromum oopa3omM: Hadath ¢ ToukH K, ec-
JU clieayronias TOYKa HEYETHOM KpaTHOCTH, TO JAyra MepeceKkaeT OKpPYKHOCTh B
ATOM TOYKE, €CIIH K€ TOYKA YETHON KPaTHOCTH, TO HE MIEPECEKAET.

5) JIyru 3a OKpY>KHOCTHIO — TIOJIOKUTEIBHBIC MPOMEXYTKH; BHYTPU OKPYKHOCTH —

OTPULATCIIBHBIC IIPOMCIKYTKH.
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Penrenue TpUrOHOMETPUYECKUX HEPABEHCTB TPAPUUECKUM METOIOM

3amernm, uto ecmu f(X) - mepuoamdeckas (QyHKIUS, TO IUISL PEIICHUS
HepaBeHcTBa f(X) >a (f(x) <a) HeoOXomuMO HAWTH €ro pemicHHs Ha OTPE3Ke,
JUIMHA KOTOporo paBHa mepuony ¢yakimuu f(X). Bce pemenus wmcxomaHoro
HEepaBEHCTBa OyIyT COCTOSATh W3 HAWJACHHBIX 3HAYCHWU X, a TaKXkKe BCEeX X,
OTJIMYAIOIINXCS OT HAHICHHBIX Ha JIF000€ 1enoe yuciio nepuoaoB ¢pyukuun f(X).

AHaJIOTUYHO pEIIaloTCcs HepaBeHCTBa SINX < a, COSX > a, U T.II.
CBeeHHE K 0JHOMY HJIH HECKOJIbKHM HEPaBEHCTBAM.

B OonbmirHCTBE Cy4aeB pelieHne TPUTOHOMETPHUECKUX HEPaBEHCTB MOXK-
HO CBOJIUTH NPY MTOMOIIY TOXKAECTBEHHBIX TPUTOHOMETPUUECKUX MPEOOpa30BaHMit
Y BBEJICHUS BCIIOMOTATEIBHBIX HEU3BECTHBIX K PEIICHUIO OHOTO WM HECKOJIBKUX

HCPAaBCHCTB.
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20.

21.

22,

23.

24,

25.

26.

27.

VIIPOCTUTD BbIPAKEHHUS:

tga+ctga+
1
cos(m/2—2a)
2c082a—1
2ctg (2—a)sin® (Z—a)’
sin 2ar — 2 sin « o Q
cr _l
sin2a4+2sinae © 2

sin Qms

(s

3 2
3| 20— —m | teos | 2aa——7m | +cos | —m+ 20 |.
5111( o 5 ) -:30&( o 3 ) COS (3 a)

1 —2cos? o
2tg(a—m/4)sin®(a+7/4)

CcoSs 5 (5111 a4+ sin 5)

sin & 7 COS 7 (1+coaa—|—cnb 2)

sin® (37 +a) sin®(—a)
Ctgg(ﬂ' o 23«1‘} ctgz (fk‘ o %’}1’) .

2cosa—1 COS o — Sin av 4tg v

1-2sinacosa cosa+sina 1—tgla’
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42,

43.

44.
45.
46.
47.

PE_LL'LHTI_: }’[JH,BIIEIIHHZ
14. sinx sin 3z +sin 4x sin 8x=0.
15. sin’x —2sinrcosr=3cos? r.
16. sin? 2z +sin’ 3z +sin® 4z +sin? fr =2.
17. 2cos2xr+2tg?z=5.

!

18. sin (SI—E) =sin r.

2

19. sin?zr+ E COs® r=—sin2r.

I
20. sinz+cosz—1=ctg E(GDS r—1).

21. 3sin®z—2+v/3sinxcosz+5cos?r=2.
22. 1+4+cosxr+sinz=0.

1 1
23. + —=2,/2.

_sinx cosx

Pemmrn HEPABCHCTBA Ha 3alaHNBLIX HTPOMEYVTKAX!

1
coST< 7 Ha [—2m,0].

3
Siﬂﬂ:}%_ na [ /2,37/2].
sin 2z +2sinx >0 na [0, 27].
(1—cosz)(tgx—+/3) <0 na (—7w/2,7/2).
Vh—2sinz=sinr —1 na (—m,0).

Haiitu nanmensiiiee HATYPAJILHOE PeIleHne HepaBencTBa

cos | < !
X —-.
2
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8. MPOU3BOIHAS. HCCJEJOBAHUE ®YHKIIMHN C IOMOIIBIO
IMPOU3BOTHOM

HaxoxaeHue npou3BOAHOM (PYHKIMH.

Onpeoenenue: Ilyctb 3anana pynkuus y= f(X) , onpeneneHnas B HEKOTOPOM HH-
tepBaie. [Ipy kaxIoM 3HaYeHUHW apryMeHTa X B 3ToM uHTepBaiie pyHkius y= f(X)
UMeeT olpeiesieHHoe 3HaueHune. Eciiu apryMeHT X mosryyut mpupaiieHiue Ax, To u

(QYHKIUA MOTydnIa HEKOTOPOE OMpeneeHHoe npupamienne Ay = f(x + Ax)— f(x)

. Ecnu cymiecTByeT npeien OTHOLIEHUS

S(x+Ax)- f(x)
Ax

nmpu Ax —0

TO OH Ha3bIBaeTCs Mpou3BoaHON (yHKImHU f(X)B Touke X 1 0003HaUYaeTCS:

v'(¥)= lim S+ Ax)—f(x).

Ax—>0 Ax

Ornepanyisi BBIYUCIICHUS MPOU3BOIHON Ha3bIBaeTcs AudepeHimpoBaHueM
byHKINU.
I'eomeTpuueckuii CMbICJ MPOU3BOAHOI QyHKIMHU y=Ff(X) B TOUKE X - 3TO TaH-
T'EHC yTJia HaKJIOHA MEXIY OChIO aOCIIUCC U KacaTeabHOU K rpaduky 3Toi PyHK-
IIUH, TIPOXOIAIICH Yyepe3 TOUKY ¢ aOCIHCCOM X.
. Ecin yron HakioHa KacaTelibHOM OCTPBIi, TO TAHT€HC MOJIOKUTENbHBIN, a 3HAYHUT,
MIPOU3BOIHAS TTOJIOKUTEIbHA.
. Ecnu yromn HakJIOHa KacaTeJabHOW TyIOW, TO TAHT€HC OTPUIIATEIIbHBIN, a 3HAUYUT,
MPOM3BOHAS OTPUIATEIIbHA.
. Ecnu yron HakJIOHa KacaTelbHOW PaBEH HYJII0, TO TAHTEHC PABEH HYJIO, a 3HAYUT,
MPOM3BOJIHASI paBHA HYIIIO.
. Eciin yron HakjioHa mpsiMoii, TO TAHTE€HC HE CYIIECTBYET, a 3HAUYUT, TPOU3BOAHAS
HE CYILECTBYET.
IIpuBeneM TadJIMIly IPOU3BOAHBIX JJIEMEHTAPHBIX PYHKIMIA:

1) (C)=0 , C= Const
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2) (xn) —nx"! , neER, x>0

3) (ax):axlna ,a>0,a#1,x>0; (ex):ex , x>0

!

4) (log, x) = La>0,a#1, x>0
x-Ina
(lnx)':l , x>0
X

!

5) (sinx) =cosx , xeR

!

6) (cosx) =—sinx, xeR

!

7) (tgx) = ,x;t%-i—ﬂn,neZ

8) (ctgx) =— , X#m,nez

9) (arcsinx) ,

10) (arccosx)' =— = >

11) (arctgx)’ = , XER

]+x2

12) (arcctgx)l R , XeER .

I+x2

IpaBuia BLIYMCIEHHS] IPOU3BOTHBIX.
TIpom3BoHast CyMMbI ABYX byHKimii: (U + v)'=u’+ V.
IIpon3BoIHAS IPOU3BEICHIS OCTOSHHOMN 1 (pyHKimm: (Cu)'=Cu'.

TIpom3Bo/Has Ipou3BeneHns AByX Gyrkimit: (Uv)=u’ v+uv'.

/
TIpon3BOHAs YaCTHOTO ABYX (yHKIHi:| & | = u'v—viu
POH3BOL AByX ymimiic| | =S5

IIpomssoanas cioxuoil byrkimu y=F(g(x)):f’ (9(x))=f' (9)-g’ (x).

[Mpoussoanas Gpyukuuu Buaa y=f(ax+b):
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y' = f (ax+b)= f' (ax+b)-(ax+b)'=a- f’ (ax+b).

Haiitu npoussoausie sagannbix dbyuxkimil y=y(r) upn 3aJaHHbIX 3HAYEHHIX apry-

MEHTa Ip:

Inz
1. y= . zo=1.
Yy r—|—21'ID
2, y=3"—"— 223 1,=2.
Y 1]113 * » 10
3. y=§:r3—v"’E+3]n:r, ro=1.
23z
4. y= I,.’L‘[)ZQ.
.E'7_1
2/
5. y= \I?TU—
2—x
6. y=sinz(z? —2x+3), 9=0.
S . S
LY== , op=1.
MRV
1 ,
8. yzir,;rgzj.
vetg?x 1

9. y=(a?—3x+1)e*, z,=0.
10. y=sin®2z+1, zo= 1

11. y:2ctg3:r T T

22 16" "1
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http://e.lanbook.com/book/4866 — 3ar:. ¢ skpaHa.

3. Jlucuukun, B.T. MatemaTurka B 3a/1auax ¢ pelieHUsIMH. [ DIEKTPOHHBIN pecypc|
/ B.T. Jlucuuxun, N.JI. Conoeitunk. — DnekTpoH. naH. — CII6. : Jlans, 2014.
— 464 c. — Pexum noctyna: http://e.lanbook.com/book/2785 — 3ari. ¢ skpa-
Ha.

4. DnemeHTapHasi MaTeMaTHKa B TOMOIIb BBICIIEH [DJIEKTPOHHBIN pecypc]: yueo-
HOE 1ocooue/ — DIEKTPOH. TEKCTOBbIE JaHHbIe.— OMck: OMckuit rocyaap-
cTBeHHbIN yHuBepcuteT uM. @.M. JlocroeBckoro, 2016.— 118 ¢.— Pexum g0-
cryna: http://www.iprbookshop.ru/59680.html.— DbC «IPRbooks»

JlononHurensHas Iureparypa

1. Beirogckuit M.Sl. CnopaBoyHUK 1O 3JIEMEHTapHOW MaTeMaTuke /
M.A.Beronckuii. — M.: ACT: Actpens, 2007. — 509 c.: un. — ISBN 5-17-
009554-6 (ACT) /B mep./ : 126.00 .— ISBN 5-271-02551-9 (Actpens). (3 7k3.)

2. Beironckuit M.S. CnopaBoyHHMK 1O 3JIE€MEHTApHOM MareMmatuke /
M. A.Beiroackuii. — M.: ACT, 2008. — 509 c. : un. — 3amena 2020 Tyal'V :
1293034 .— IIpeam.-umeH. yka3.: ¢. 491-509 .— ISBN 978-5-17-009554-4 ((B
niep.)) : 193.00. (1 7k3.)

3. Beirogckmit M.S. CnpaBoyHUK TI0 dSJIEMEHTAapHOW MaTeMatuke /
M.A.Beironckuii. — M.; Bragumup: ACT: Actpens: BKT, 2009. — 510 c. : un
— [peam.-umen. ykas.: c. 491-509 .— ISBN 978-5-17-053832-4 (OOO "U3zn-Bo
ACT") .— ISBN 978-5-271-21640-4 (OOO "Actpens") .— ISBN 978-5-226-
00974-7 (BKT) .— ISBN 978-5-17-055926-8 (OOO "U3a-so ACT") .— ISBN
978-5-271-22157-6 (OO0 "Actpens") .— ISBN 978-5-226-00975-4 (BKT) .. (1
9K3.)

[lepedens pecypcoB HHPOPMALIMOHHO-TEIEKOMMYHHUKAIIMOHHOM ceTu «HTep-
HET», HEOOXOAUMBIX JJI1 OCBOEHUS JUCIUTUIMHBI

1. OnexktpoHHbIA ynTanbHbi 311 “BUBJIMOTEX” : yueOHuuku aBropoB Tynl'yY
10 BceM aucimIiuinHam.- Pexxum noctyma: https://tsutula.bibliotech.ru/, mo mapo-
JI10.- 3arj. ¢ SKpaHa
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2. OBC IPRBooks ynuBepcanbHas 6a30Bast KOJUIEKIMS U31aHUN.-Pexxnm 10-
cryna: http://www.iprbookshop.ru/, mo mapoto.- .- 3ari. ¢ 3xKpaHa

3. Hayunas Dnekrponnas bubnmoreka eLibrary — 6ubnmoreka snekrponHoi
nepuoIuKy, peskuM goctyna: http://elibrary.ru/ , mo maporo.- 3ari. ¢ skpaHa.

4. HOb KubepJlennnka Hay4yHasi 31€KTpOHHAs OMOIMOTEKa OTKPBITOIO TOCTY-
na, pexxum goctyna http://cyberleninka.ru/ ,cBoboaHbIi.- 3ari. ¢ sKpaHa.

5.  ExmHoe OkHO gocTyma K 00pa30BaTelIbHBIM pecypcaM: Hmoprai [DIeKTpoH-
HBI pecypc]. - Pexxum poctyma : http: //window.edu.ru. ,cBoGoaHBIH.- 3ari. ¢
JKpaHa.

6. Ennnoe okHO moctyma K 00pa3oBaTelbHBIM pecypcam: moprtai [DJIeKTpoH-

HBIN pecypce]. - Pexxum moctyma : http: //exponenta.ru. ,cBo0oHbIN.- 3ari1. ¢ 9Kpa-
Ha.
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