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IlepBbIi cemecTp

3anauva 1.

Teopemuueckue ceedenusl.
B npsimoyronbHO# nexkapToBoil cucteme koopauHaT OXYZ TOJOKEHUE 000U TOYKHU

3a/1a€TCsl TPEMS YUCTIAMU — KOOPOUHAMAMU A(X A YarZ A) (pucyHok 1).

Pucynok 1.

PaccrosiHue Mexny IByMsI TOYKAMHU A_L(Xl, Y1, 21) u A (XZ, y2,22) OIIPENENSAETCs 110

bopmyie

d =% = %)% + (Y2 - Y2 + (2, — ). (1)

[Tpu perieHMM 3a7a4 aHAJTUTHYECKOH TEOMETPUM Ha IUIOCKOCTH HEOOXOIUMBI
CIIEIYIOIINE CBEAECHUS O NPSIMOU JINHUU:

1) ecau Touka M(X; y) nenut otpe3ok MiMy, (Mi(x1, y1) 1 Ma(x2, y2)) B OTHOIIICHHH A,
TO KOOPJIMHATHI dTOW TOYKH BBIPAXKAIOTCS (hOPMYJIaMU

X_x1+lx2 Yt Ay,

, , 2
1+ 4 y 1+ 4 ()

ecin ke Touka M(X; Y) - cepeauna otpeska MiMa, TO

X+ X5 YitYs.
X=—= =, 3
5 y 5 (3)

2) ypaBHEHHE TPSIMOM, mpoxoasied depe3 Touky Mi(X1; Y1) ¥ MMEIOIIEH JTaHHbIHI

yr0BO# KO3 GHUIMeHT K, 3aITUChIBaCTCS B BUIC



4
Y= Y1 =k(x=x); (4)
3) ypaBHEHHE MPAMOM, MPOXOAdIIEH Yepe3 aBe maHHble TOUKU Mi(X1; Y1) U Mo(X2;

Y2), IMEET BH/I

X=X — Y—Y k = y2 yl (5)

, TIPH 3TOM
Xo=X Yo— ) Xy X1

4) OCTpBI YroJ MEXAy IBYMs MPSMBIMH C YIJIOBBIMH Ko3(duuuentamu Ki u Kz

ompenenseTcs no Gopmyiie

ko —kg

6
1+ kK, |’ ©)

gy =

Inpun 3TOM YCIOBHC IIAPAJUICIIBHOCTH IIPAMBIX HMCCT BH] k]_:kz, a YCJIOBHC

HepHEeHINKYIApHOCTH Ky = _ki (7)
2

A
5) ecnu TpsiMasi Ha TIOCKOCTH 3a/1aHa oowum ypasnenuem Ax+By+C=0, To k; = B

- €€ YIJIOBOM KO3 UIIUEHT;
6) ecau B OOlEM ypaBHEHHMHM MpSIMOM mojenuTh Bce wieHsl Ha C =0, momydum
YpaBHEHHE NPSIMOU B OTPE3KAX:

X 'y C C.
XY, a=—" b=——: 8
a b AES=T B (®)

7) Touka nepeceueHus 1ByX npsMbiXx A1x+B1y+Ci1=0 u Ax+Byy+Cr=0 onpenensercs
U3 PEILICHHS] CUCTEMBI YPABHEHHUI

{Alx+ B,y+C,;=0

: 9
Ax+By+C, =0 ©)

Vpasnenue oxpysxcnocmu c¢ uentpom B Touke E(a,b) m pagmycom R wmmeer BuA

(x—a)* +(y—b)* =R2. (10)

Ilpumep evinonnenus 3a0anus.

Janbl Bepimnbl Tpeyronsauka ABC: A(-4;8), B(5;-4), C(10;6).
Haiitu: 1) nmuny croponst AB; 2) ypaBHeHus: cTopoH AB u AC B 00111eM BUE U X

yIJoBble KO3(PGUUMEHTHI; 3) BHYTpPEHHHH yroil A B paauaHaXx € TOYHOCTHIO
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no 0,01; 4) ypaBaenue BricoThl CD B 00memM BuIe W €€ JUIMHY; 5) ypaBHEHUE

OKPY>KHOCTH, JiJ1s1 KoTopoil BbeicoTa CD ectb nuamerp.

Pewenue:
1) Paccrosaue d MexXay IByMs TOUYKaMH Ha IUIOCKOCTH oIpeaesseTcs mo ¢opmyie (1), B

KOTOPYIO MOCTABIICHBI 3HAUCHUST KOOPANHAT ToueK 4 U B (monoxum z; = Z, =0), Torna

AB = /(5 (~4)) + (- 4—8)? =/81+144 =15.

2) YpaBHEHHE TIPSIMOMA, IPOXOIAIICH Yepe3 JABe 3a/laHHbIe TOUKH uMeeT Bu (5):

[ToncraBuB B (9) KOOpAUHATHI TOYEK A U B, MOIy4yuM ypaBHEHHE NPAMON AB:

Xx-—(-4) y-8 X+4 y-8 Xx+4 y-8

5-(-4) -4-8 9 -12 3 -4
3y—24=-4x-16, wm 4x+3y-8=0 (4B).

Jlnsg HaxoXAeHus yrioBoro koddduimeHta Kag mpsMoit 4B paspeuiM MOJyYCHHOE

8 4
ypaBHEHHE OTHOCHUTEIIBHO Y. Y = —§X+§. Otcrona Kag =—§. [ToncraBuB B hopmymy
(5) xoopaunatel Touek A u C, Haligem ypaBHeHnue npsmoii AC: X—(4) _y-8
P ’ 7P P " 10-(-4) 6-8'

x+4 y-8 x+4 y-8
14 -2 7 -1

7y—-56=—x-4 wm Xx+7y-52=0 (AC).

Otrcioga Kpc :—%.

3) Yron Mexay AByMs MPSIMBIMH, YTJIOBbIe KOI(D(UIMEHTHI KOTOPBIX paBHBI K1 U Ky,

onpeaensercs o Gopmyie (6). Yron A, oOpa3zoBanubiii npsiMeiMu AB u AC, HaiijieM 10

¢opmyie (6), moncraBus B Hee K; =Kpg = —g, Ky =Kpe = _%_



_1_(_4j 4 1 25
7 3 3 7 _21
tgA: = = 1’
1+ _Lh(-4 1+i 25
7 3 21 21

/A =arctgl=45" ~ 0,79 pan.

4) Tak kak Bbicota CD neprnenaukymsipHa cCTopoHe 4B, TO yrioBbie KOA()OUITUSHTH 3TUX

NPSIMBIX CBSI3aHbI COOTHOIIIEHUEM (7), TOATOMY

.1 __1.3
P ke 44
3

YPaBHeHI/Ie HpHMOﬁ, HpOXOIISIHI@ﬁ 4cpe3 3aJaHHYIO TOYKY B 34JJaHHOM YIJIOBBIM

koapdurmenToM K Hanpapinenuu, umeeT Buj (4). [ToacraBuB B (4) KOOpAWMHATHI TOYKH

Cu Kep = % , IOJTy4YuM ypaBHEHHE BbICOTHI CD:

y—G:%(x—lo), 4y—-24=3x—-30, 3x—-4y-6=0 (CD).

Jns Haxokaenus aauael CD ompenenim KoopauHaThl Touku D, pemms cucteMy
ypaBHeHwit (AB) u (CD):
4x+3y—-8=0
, orkyma x=2,y=0, rmoects D (2;0).
3x—-4y-6=0

[ToxcraBus B popmyny (1) koopaunats! Touek C u D, Haxoaum:

CD =+/(10-2)2 +(6-0)? =/64+36 =10.

5) Tak xak CD sBisieTcsl AMaMETPOM MCKOMOM OKPYKHOCTH, TO €€ IIEHTp £ ecTh cepeauHa
otpeska CD. Bocnonbs3oBaBmmcs ¢hopmysioii (3) neneHust oTpes3ka mornojam, IoTydnM:
Xc +Xp 10+2 Yce+tYp 6+0
XE = = = 6 , E = = = 3 .
2 2 2 2

CnepoBarenbHo, E (6, 3) u R=C7D=%=5. Ucnons3ys popmyny (10), momyuaem

ypaBHEHHE UCKOMOW OKPYX)HOCTH: (X — 6)*+(y — 3)?= 25.



3agaua 2.

TeopemuueCKue ceeoeHusl.
Ecnu wm3BecTHBl Hauano Bektopa Mi(X,Y1,z) um kxomernm M,(X,,¥,,2,), To

%
KoopAuHaThI BekTopa d = M;M, HaxoznsaTcs no popMysiam

X=Xo =X, Y=Y V1, =15 — 13, (11)

a Cr'o AJIMHA OIIPCACIEICTCA BBIPAKCHUCM

a)=x?+y%+ 2% (12)

Bekrop d ¢ koopauHaTamu (X, Y,Z) MOXeT ObITh IIPEJICTABICH PAa3IOKEHHEM 110 OPTAM B
BUJIE

a=xi +Vyj+zk. (13)

Ecnmu o, B, y — yriael, KOTOpble BEKTOp a o0Opa3yeT ¢ MOJOXKUTEIbHBIMU

HallpaBJICHUAMHA ocen KOOpAHWHAT, TO COSQ, COSB, COSY HA3BIBAIOTCA HanpasjiArouumu

KocuHycamu BexkTopa a (pucyHok 2). Torja uMeIoT MECTO COOTHOIIICHHUS

x=|d|-cosa,y=|al-cos B, z=|a-cosy, cos’a+cos’p+cos’y=1.

—

Jlns BextopoB a=(X,Y1,2) u b=(x,,Y,,2,) BBOMATCS Omeparmu cirodcenus u
YVYMHOINCEHUA HA HUcjio TaKHue, qTo
Axb=(X £X,, VY1 £Y,,21%£2,) u A= (Ax, Ay, A7),

rae A — JIr000€ YHUCIIO.

Q|

v
<

|
|y

PucyHoxk 2.
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—

Cransipnvlm npouszeedeHuem IBYX BEKTOpoB a u Db (é-b) HAa3bIBAECTCS YMCIIO,

paBHOC TIPOU3BCACHUIO JIMH J3TUX BCKTOPOB Ha KOCHUHYC yIUla @ MCKIAY HUMU,

a-b :‘é‘-‘b‘-COS(o WA, €CIIH BEKTOPbI 3aJaHbl CBOMMHU KOOPAWHATAMH, TO

—

a-b=xX +Y1Y2 +72;. (14)

BGKTOpBI, JCXKamue  Ha OI[HOﬁ WK  MMapaJuICIIbHBIX  IIPAMBIX, HA3bBIBAIOT

—

konmuneapuvimu.  [Ipu3HAK — KOJUTMHEAPHOCTH BEKTOpOB a W b sBisercs

MpONOPHUOHAIIBHOCTb UX KOOPAWHAT!

_N_4a (15)
X Yo Ip

Ecau Bexktopel & u D B3aMMHO NEPHEHAMKYJSIPHBI, TO XXy + V1Y, +2;Z, =0.

—

Vo MexIy BEKTopaMi a B D ompenensercs COOTHOIIEHUEM:

—
—

0 _ XX + Y1¥o + 442,
slh 2 2 2 [ 2 2 2
\a”b‘ \/Xl +Y1 +7 \/X2+Y2 +1;

VYpaBHEHUE IJIOCKOCTH, MPOXOIAIIEH YEpe3 TOUYKY MO(XO,yO,ZO) MEePIEHANKYJISIPHO

cos@ = (16)

BEKTOPY N = (A, B,C), UMeEET BUJ

A(X—Xg)+B(y—-Yq)+C(z—124) =0. (17)

Ilpumep evinonnenus 3a0anus.

Hans! koopauHathl Tpex Touek: A(3; 0; -5), B(6; 2; 1), C(12;-12; 3).

- -
TpeOyercs: 1) 3amucats Bektopsl AB u AC B cucteme opT ¥ HAUTH MOJIYJIH THX

- —
BEKTOPOB; 2) HaiiTh yron Mexay Bektopamu AB u AC; 3) coctaBuTh ypaBHEHUE

_)
MJIOCKOCTH, TIPOXOIsiie yepe3 Touky C neprneHIuKyIsipHo BekTopy AB.

Pewenue:
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%
1) Haiinem koopaunatel Bektopa AB, moncrasus B popmyiy (11) koopauHaTh TOYEK A U

B, v 3anmieM pasiokeHue 3Toro BekTopa 1o optam (13):
- R R L . _
AB=(6-3)I +(2-0)]+(1+5k =31 +2] +6k.
[Tono6HBIM 00pa3zoM

- . .
AC =(12-3)7 +(-12-0)] + (3+5)Kk =97 —12] + 8K .

- -
Monaymu BektopoB AB u AC nHalineMm, moacTaBiisas uX KoopAauHatThel B popmyiy (12):

- —
‘AB‘: 32 422,62 =7, ‘AC‘:\/92+(—12)2+82 ~17.

- -
2) Haiinem xocuuyc yria ¢ mexay Bektopamu AB u AC. JIjis 3TOro BBIYKCIMM HX

CKaJIIpHOE Mpou3BeneHue mno dpopmyse (14):

- -
AB-AC=3-9+2-(-12) +6-8=51.

Torna no popmye (16)

COSQ = 7517 ~0,4286, ¢ = 6437 =1,13 pan.

3) Ilo ycnoBuio 3amauyM MCKOMasl IUIOCKOCTh MPOXOauT depe3 Touky C(12; —12; 3)

%
nepreHauKysapHo Bektopy AB=(3,2,6). Iloacrasmsst B (17) A= 3, B= 2, C= 6,

Xo= 12, yo=—12, 2,= 3, NOXy4uM:
3(x-12) +2 (y +12) + 6(z—3) =0,

wi 3x + 2y + 62 — 30 = 0 — uckomoe ypaBHEHHUE TIOCKOCTH.

3anaua 3.

Teopemuueckue ceedenus.



10

BCKTOpr HA3bIBAIOTCA KOMILJIAHAPHBIMHU, €CJIM OHHU JICKAT B OI[HOﬁ IINTIOCKOCTH HJIN B

NMapasienbHEIX IIOCKOCTAX. YCI0BMEM KOMILTAHAPHOCTH TpeX BeKTopoB d; =(X,VY1,Z;),

a, = (xz, y2,22), s = (x3, Y3, Z3)5IBJISI€TC}I PaBEHCTBO  HYJII0 HMX  CMELIAHHOIO
IPOU3BEICHHUS:
XX Y1 7
(51’52’33): X, Yo Zp|=0. (18)
X3 Y3 Z3

Tpu BexkTOpa 00pa3yroOT HOa3uc B TOM CiIydae, €CIIi OHU HeKOMNIAHAPHBL.
Ecnu s BekTopoB dp,d,,d3 BBIIOJHSAETCS YCJIOBHE (él,éz ,dz ) #0, To oHH oOpa3yroT
0azuc, u 000 YETBEPTHI BEKTOP b= (bl,bz : b3) MOXET OBITh MPEICTABICH
Pa3JIOKEHHUEM 110 3TOMY 0a3HCy B BUJE

b =od, + fa, + s, (19)
rie a, f, y — KOOpAUHATHI BEKTOpa b B Gasuce, 00pa30BaHHOM BEKTOpaMU d;,d,,ds.

KoopnuHatel a, £, y HaXOAATCSA U3 CUCTEMbI YPaBHEHUIA:

Xy + Xy + X3 =Dy
oy, + By, + W3 =b,. (20)
azl+ﬁ22 +7/Z3:b3

Ilpumep evinonnenus 3a0anus.

[Tokazatbk, uyto BekTophl d;(3; 1; 4), d,(2; 1; -1), a3(1; —1; 5) obpasyrot Gasuc

TpEeXMEPHOro MpocTpaHcTBa. Haiitu koopamuaTel BekTopa b (5; 0; 3) B sTOM

Oasuce.

Pewenue:
Boruncnum cmenanHoe Mpou3BeIeHHE BEKTOPOB dy,a,,d3'"

3 1 4
(3,,d,,85)=2 1 -1=-11=0.
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Tak Kak CMEIIaHHOE IMPOU3BCACHUE OTIMYHO OT HYJIA, TO BCKTOPbLI HCKOMILJIAHAPHBI U

—

obpasytor Gasuc. Koopmunatel BekTopa D B 3TOM 0Oa3mce HaiaeM, pasjoXHB €ro Io

BEKTOpaM dj,d,,a; CIeAyIIUM 00pa3oMm:

—

a KOOpIUHATHI BeKTOopa b B HOBOM 0Oa3wuce HaiijieM U3 cucTeMbl ypaBHeHwHid (20)

a-3+p[-2+y-1=5 3a+20+y=5
a-1+p-1+y-(-1)=0 WIH a+pf—-y=0
a-4+p-(-1)+y-5=3 4o — f+5y=3

Pemum 9Ty CUCTCMY AJIA 3aJaHHBIX BCKTOPOB MCTOAOM Faycca.

[lomensieM MecTamMu IEPBOE U BTOPOE YPABHEHUS

a+pf-y=0
3a+28+y=5.
4o — f+5y=3

[Tocne »Toro ymMHOXHUM MepBoe ypaBHeHHE Ha (—3) U CJIOXuUM cO BTOpbIM. Jlanee

YMHOXKHM TI€pBO€ ypaBHEHHUE Ha (—4) U CIO0XKUM ¢ TpeTbuM. [lomyunm:

a+p-y=0
- p+4y=5.
-56+9y=3

3aTeM yMHOXaeM BTOPOE YpaBHEHHUE HA (—5) U CKIIAIBIBAEM C TPETHUM:

a+p-y=0
- +4y=5.
—11y =-22

W3 mnocnennero ypaBHeHHuss umeem y= 2. IloacTaBisieM 3TO 3HA4YE€HHE BO BTOPOE

ypaBHEHHE, MoJlydaeM = 3 U, HAaKOHEII, U3 TIEPBOI0 YPaBHEHUS HaXoauM o= —1.
Takum oOpazom, mojctaBuB B ypaBaenue (19) koopauHaTe! BekTopa b , momyqwnm

b=-a, +3a, + 2d,.
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3anaua 4.

Teopemuueckue cgedeHus.
HeonHopo/Hast crCTeMa TpeX ypaBHEHHI ¢ TPeMsl HeU3BECTHBIMU B OOIIEM CITydae UMeeT
BUJI
11Xy + apXy + 813Xz =y
81X +8p)Xp + 83Xy =y
831X) + 8gpX; + 8g3X3 =
Y MOJKET OBITH 3aIlicaHa B MaTpuiHOM BHUAC
AX=H, (21)
&1 Q5 Y3
rne A=|ay,; a,, a3 |-Marpuna Ko3QQHUIUEHTOB IPU HEU3BECTHBIX,
d3; dzp A3
X1

X= X2 - ManI/I]_Ia'CTOJ'I6€I_[ HCHU3BCCTHEIX,

H =| h, | marpuma-cronder; cBOOOIHBIX YICHOB.

Ecnan matpuna A — ueswipooicoennas, T0O €CTb UMEET ONPEACNIUTENb, OTIUYHBIA OT
HyJI, TO CylecTByeT marpuia A, obparnas k A, Tak uro AA=E (E - eaunnunas
MaTpuia). YMHOXHM 00€ 4acTu ypasHeHus (22) Ha Al u moxyumm

ALAX=ATlH,
WIH
X=A1H, (23)
nockoibKy Al-A-X=E-X=X.
PaBencTBO (23) siBnsieTCs pellieHHeM CUCTEMbI ypaBHEHHU (22).

Marpuiia, o0paTHasi K HEBBIPOXKISHHONU MaTpHIle A, HAXOIUTCS 0 hopmyJie
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1 Ar A Ay
A_lZZ Ao Ap A |, (24)
Az Az Agg

rne A; (1=1, 2,3; j=1, 2, 3) — anreOpanueckoe AONOJTHEHHE JIEMEHTa djj, KOTOPOE
ABJISIETCA TPOU3BEICHUEM (-1)  ma MuHOp (OmpenenuTenb) BTOPOrO MOPAIKA,
IIOJTyYCHHBIA BBIYEPKUBAEM I-ii CTPOKH M J-TO CTOJIONA B ONPEISITHTEE MATPHUIIBI A; A —

OIIPCACIINTCIIb MATPHUIIbI A.

Ilpumep evinonnenus 3a0anusi.

JlanHyl0 cuCcTeMy YypaBHEHHUH 3amucaTh B MaTpUYHON (GopMe U pEelnTh €€ C
MOMOILbIO OOPATHON MaTPHUIBI:

Xg —2Xy + X3 =1

2X1 +3X2 - X3 :8

Xl—X2 +2X3 :—1

Pewenue:
Beinuiiem st JaHHOW CUCTEMBI ypaBHEHHUU MaTpuily KO3(Q(OUIIMEHTOB MPU HEU3BECTHBIX

A U cTosioer; cBOOOIHBIX wieHOB H:

1 -2 1
A=|2 3 -1|, H=
1 -1 2 -1

Boruncnum  ompenenurens A U anredpanyeckue JONOJHEHUS Aj; 3JIEMEHTOB

MaTpHUIBI A
1 -2 1
A=2 3 -1=10=#0,
1 -1 2

CIIEZI0BATENLHO, MATpHla A UMeeT 00paTHyro MaTpuiy A,

3 -1 2 -1
A= =8 A= g=-5, A13=(—1)1+3‘i 3=-5,
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a2 1 L a1 L L =2
AZ]‘ = (_1)2 ' ) _1 2‘ = 3’ AZZ = (_1)2 ? : 1 2‘ = 11 A23 = (_1)2 3 : 1 _1‘ == _11
-2 1 1 -2
A31 = (_1)3+1 . 3 _ = _1, A32 — (_1)3+2 . ; ]‘-lz 3’ A33 — (_1)3+3 . ) 3 -7

Torma o popmyie (24) oOpaTHas MaTpHIla paBHA

5 3 -1
A‘1=% -5 1 3
-5 -1 7

[To ¢popmyne (23) HaXOaUM pEIICHUE JaHHOW CHCTEMBbl YPAaBHCHHM B MaTPUYHOM

dbopwme:
. 5 3 -1 1 5-1+3-8+(-1)-(-1) 30 3
X=AlH=2/|_5 1 3|| g/=1. ~5.1+1-8+3-(-1) L)oo le] ol
10 10 10
-5 -1 7]|-1 -51-1.8+7-(-1) -20] |-2

Orcrona x1= 3, xo= 0, x3= —2.
3anaua S.
Teopemuueckue ceéedenust.
Yucno A HaswiBaroT npeneioMm ¢yHkiuu Y=f(X) B Touke a , ecnum 3Ta QyHKIUA
orpezesieHa B HEKOTOPOW OKPECTHOCTH TOYKH & , 32 UCKITIOYCHHEM, OBITh MOXKET, CaMOK

TOYKHU & , 1 s Kakjaoro &0 Haitnercs takoe 0>0, 4To /Uit BceX X, YIOBIETBOPSIOIINX

ycaoButo 0 < ‘x - a‘ < 0, BBINIOJHSAETCS HEPABEHCTBO ‘ f (x) — A‘ <g:

1imf(x):A, eciu Ve >0 35>0:‘v’x:0<‘x—a‘<5:>‘f(x)—A‘<g.

xX—a

Brruucnenue IIPEEIIOB apu(PMETUIECKUX  BBIPAKEHUUN J1 (x )/ /7 (x),

f1(x)- fo(x), f1(x)- f>(x) mo npenenam ¢ymxumii f7(x) u f>(x), u3 KoTOpHIX OHH
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COCTAaBJICHBI, HC BCCriga BO3MOXXHO. B »a1nx Clydasax TOBOpAT, YTO BO3HHUKAIOT

HCOIPCACICHHOCTHU CIICAYIOIMINX BUIOB!:

(2). (2] 0:0). o). 7).

o0

I[JBI HaXOXXACHUA ITPCACIIOB TaKNX HCOIIPCACIICHHBIX BBIpa)KeHI/Iﬁ HY’KHO

YUHTBIBATH KOHKpeTHbIH B Gynkmun  f7(x) u f5(x). Hanpuwmep,

lim < —o: (25)

X—0 X

0, ecau n>m

. by (x ) o ap .
npejiea OTHOUIEHHUS IBYX MHOTOWICHOB |{im =|— |={—",eciu n=m ;
x—0 Yn (x ) o0 m
0,eciu n<m.

. . .sinx (0
NepPBBIN 3aMevarebHbli npenen lim—— =| — [=1; (26)
x=>0 X 0
N 3 : 1\ _ oy
BTOPO#i 3aMeuaTensHbIil mpenen lim|1+=| =(1)” =e. (27)
X—>00 X

Bennuuna «(X) HaswiBaeTCs Oeckoneuno manou npu X —>a, ecau lim a(x) =0.
X—a

I[Be OCCKOHEYHO MaJIbl€ BEJIMYMHBI Ha3BIBAIOTCS IKeuedjleHmrvimu, CCJIN IIPCACIT HX

. X
oTHoIIeHHus paBeH 1, To ecth a(X)~ F(X), ecou IIm@:(gj:l. ITox 3HAKOM

x—>a F(x) \0
npeaena Jrodas 0ECKOHEYHO Majlas BeJTWYMHA MOXET ObITh 3aMEHEHA Ha SKBUBAJICHTHYIO
eil. [IpuBenem TaOaMIly SKBUBAJICHTHBIX OECKOHEYHO MaJIbIX ipu X —> 0 BEUYUH:
sinx ~ X, arcsinx~x, a"—-1~x-Ina e¥-1~x,

2
tgx ~ X, arctgx ~ x, 1—cosx~X7. (28)

Ilpumep evinonnenusn 3a0anus.

Boruucauth MpCacibl:

2
lim 24X +11x=3 6) lim (\/x2+3x—x),

x—>-33x% +10X+3 X—>0
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. 2X _(2x—3\"*
B) lim : r) lim :
x—0 arctg5x x—o\ 2X +1

Pewenue:

a) HOI[CTaHOBKa MMpCaACJIbHOIO 3HAYCHUA apryMCHTA x=-3 IMPUBOAUT K HCOIIPCACICHHOMY

BBIPAXXCHHUIO B A (%] .

Jlnist ycTpaHeHUs! 3TOM HEOIPeIeIEHHOCTH Pas3IoKUM YUCIUTENb U 3HAMEHATENb Apo0u Ha
MHOXXHUTEJIX M COKpaTUM JApoOb Ha MHOxuUTenb (x+3). Takoe cokpaiieHue 31ech
BO3MOKHO, TaK KaK MHOKUTENb (X+3) OTJIMYEH OT HyJs npu x— —3:

4x% +11x -3 4-(-3)° +11-(—3)—3_(9j_
0

lim — = 5 =
x=>-33x“ +10x+3 3-(-3)°+10-(-3)+3

_ lim (4x-1)(x+3) _ lim 4x-1_4-(-3)-1 13
x>-3(BX +1)(x+3) x->-33x+1 3-(-3)+1 8

0) [Ipu x— oo BBIpakeHUE X2 +3X — X naer HEOIpeIeIeHHOCTh Buia (oo — 00). [ls ee

YCTpaHGHWsS YMHOXKHM M pPasieidM 5TO BHIPOKEHHE HA X2 +3X + X, IOCIe Hero
pa3ieauM YHCIUTEIh U 3HAMEHATENb MOJIyYeHHOU IpoOu Ha X , yUuThIBast popmyiy (25):
. > . (x/x2+3x—xX\/x2+3x+x)
lim VX +3x — x)= (00 —0) = lim |
X—>00 X0 (\/ X2 +3x + x)

X% +3x - X2 ) ) 3
| = lim

: 3X 3
= lim = lim =T
o0 X2 +3x+x XOPXE+3x+x 00 3, 2
X

B) [Ipn X — 0 momydnm HEONpeaeIeHHOCTh (%) . O6o3nauum arctgox =Y. Toraa Sx=tgy

u y— Onpu x — (. [Ipumenss coiicTBa npeeios u popmyiy (26), umeem:

x—o0arctgbx \0

2(1tgy]
Iimi (Oj:|im5_23"mw.“mL:E.“_Z_
y—0 Y 5y-»0 y y-0cosy 5 5
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9Ty 3aJladyy MOXKHO pPCIINTb, HUCIIOJIb3YSA OKBUBAJICHTHBIC 3aMCHLI OECKOHEYHO MaJIbIX

BenuuuH (28). [Tockonbky npu X — 0 SKBUBaJIEHTHBI arctgoSx ~ 5X, MOXHO 3amucaTh

: 2X 0 . 2X 2
lIim———=| = [=lim—==.
x>o0arctgox 0/ x-05x 5

2X—3
2X+1

4x+5
F) HpH X —> 00 BBIPAXKCHHUC ( j ABJIACTCA HCONIPCACICHHOCTBIO BHIA (100). I[JIH

yCTpaHEHUsI 3TOM HEOPEJAEIECHHOCTH MPEACTABUM OCHOBAHUE CTETICHU B BUJIE CYMMBbI 1 1
OECKOHEYHO MaJIoN (IpU X —> ©0) BEIUYMHBI; TOCIE Yero MpUMEHUM (POpMYITy BTOPOTO

3aMevaTelIbHOTO mpezena (27):

. 2% 3 4x+5 _ Ix+1—4 4x+5 _ _4 4x+5
lim = lim| ———— = lim|1+ =
x—o\ 2X +1 x—o\  2X+1 X—>00 2X+1

ox+1) [ -4
. . —4 ~16x—20
. -4 ( -4 j(2x+1j (4x+5) . > l~(4x+5) ) ol
=lim| 1+ = lim e2X+ = lime 2xt1 =
X —>00 2X+1 X —>00 X—>00
_16
i — ] _ 1
— lime 2 =lime®==,

X—>00 X—>0 e8
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Bropoii cemecTp

[TPUMEPDBI PEIHEHW A 3ATIAY

3ajaua 1.

TeopemuquKue C8eO0eHS.

IIpouseoonoii ot byukuu Y = f(X) mo aprymeHTy X Ha3bIBaeTCs MPEAE] OTHOIICHHUS

npupaiieHus GyHKIuu Ay K IpUparieHuro apryMeHTa Ax, Korjia mocjieHee CTPEMUTCS K

HYJIO:

[IpousBoaHas €CTh CKOPOCTh U3MEHEHUS (YHKIIUU B TOUKE X.

OTpicKkaHue MTPOU3BOIHOM Ha3bIBaeTcs qudpepeHnpoBaHueM QyHKIHIH.
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OcHoenble npasuia ouggheperyuposanusi.
1. (C)'=0, rne C=Const.
2. (x)' =1
. (U(X) 2 v(x) =u'(X) £ V'(X)
4. (U(x)-v(x)) =u'(x)-v(x)+u(x)-v'(x), (C-u(x))'=C-u'(x)

w

!

(u(x)j _u'(9)-v(x) —u(x)-v'(x) [ C jr _—Cv'(x) (u(x))r _u'(x)
Lv(x) v2(x) " LX) v2(x) L C C

. F'(u(x)) =F, -u'(x)

o1

»

Tabnuya npouszeo0nvix snemenmapnvix gyuxyutl (U = U(X)):

1. (u"yY =n-u"t.u, 4. (sinu)’=cosu-u’
2. (@")Y =a"-lna-u’", (e")=¢e"-u, 5. (cosu)' =—sinu-u’
! 1 ! !/ !/ !’ 1 [
3. (log, u)' = -u", 6. (tgu)' = —u’, 7. (ctgu) =—— >—u’,
u-lna cos“ u sin“u
o, 1 , : 1 :
8. (arcsinu)’' = -u’, (arccosu)’ =-— -U
1-u? 1-u?
9. (arctgu)' = -u’, (arcctgu)' =-— -u’
1+u? 1+u?

Ecnu B Tabnuie moaoxuts U(X) = X, To U =1.

Ilpumep evinonnenusn 3ad0anus.

Haiinure mponsBoaHbIe (yHKITHIA:

a) y=In(2+sin3x);  6) y=(39* 1 1% ) cos(xy?) -3y +4x=0.

Pewenue:
a) TOCIEOBATENIbHO TMPUMEHsS TpaBwia AUPGEpPEHITUPOBAHUS  CIOXKHON (YHKIINH,

npaBuia v popmyiibl AU hepeHIUpPOBaHMs, UMEEM:
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Y = (IN2+siN3X)) = —~.(2+5iN3x) = —~ . (2'+ (sin3x)") =
2 +5sin3x 2 +sin 3x
=————-c0s3x-(3x)’ ZSL'SBX;
2 +5In3x 2 +sin 3x

6) y' = ((3arctgﬁ +1)4), _ 4(3arctgﬁ +1)3 . (3arctgﬁ +1) =

— 4(3COVx y 1y3 . garctgVx |n3. (arctg&)' =

:4(3arctgﬁ +1)3 _3arctgﬁ .|n3 (\/_) _

\/_ 2

1 1 2In3 Jx JX 13
_4 3arctgﬁ+l 3.3arctgﬁ_|n3- ) _ _garctgVx _(garctgyx | q
( ) (0% 29% @ ( )

B) B JAHHOM ciyyae (yHKIHMOHaJbHAas 3aBUCUMOCTh 3aJlaHa B HesgHom Buue. g

HAXOXKIEHHMs NPOM3BOAHOM Y HyXHO HpoaudQepeHInupoBaTh M0 IEPEMEHHON x 00€

YaCTH ypaBHEHUS, CUMTAs MPU 3TOM y (PYHKUHMEH OT X, a 3aT€M IMOJYYEHHOE ypaBHEHUE

Pa3peIInTh OTHOCUTENBHO Y’
—sin(xy?)- (xy®) —=3-2yy’' +4=0;
—sin(xy?) - (X'y% + x(y?)") —6yy' +4=0;
—sin(xy?) - (y% + 2xyy') —6yy’ + 4=0;
— yZsin(xy?) — 2xyy’sin(xy?) —6yy' + 4=0;
W3 mocneaHero ypaBHeHus: Haxoaum ' :
2yy’(xsin(xy2) + 3)= 4 - y2sin(xy?);

,_ A—y®sin(xy?)
Zy(xsin(xyz) +3)'

3ajaua 2.

Teopemuueckue ceedenusi. VccnenoBanue (QyHKIMM OJHOW HE3aBHUCUMOMN TEpEMEHHOMU
OyzeM TPOBOUTH TIO CIAEAYIONIEH cXxeMe:
1. Haitnem oGnactb onpeeneHus PyHKIIUN.

2. Uccnenyem (QpyHKIHIO Ha HEIPEPHIBHOCTb.
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3. YcraHoBuM, sBISETCA JU JaHHAs (DYHKIWS 4YETHOM, HEYETHOM WM (yHKIUEH
o0111eTO BHIA.
4. Haitnem wHTEpBaJIbI BO3pAcTaHUS M YObIBaHUS (DYHKIIMH, TOYKH IKCTPEMyMa.
5. Haiinem unTEpBaBl BHITYKIOCTH U BOTHYTOCTH KPUBOM, TOUKH €€ Meperuoa.

6. Haiinem acHMIITOTHI KPUBOH.

Ilpumep évinonnenus 3ad0anus.

2x -1
(x-1)°

HccnenoBath PyHKIMIO Y = 1 TIOCTPOUTH €€ TpaduK.

Pewenue.

Peanu3zyeM npuBecHHYIO CXeMy HCCae0BaHUs (QyHKIIHH:

1. Oyukims onpeiesieHa Mpy BCEX 3HAUYCHUSIX apryMeHTa X, Kpome x=1.

2. JlanHas (QyHKIUS SIBISETCS 2JIEMEHTApHOH, IMO3TOMY OHA HEMNpepbiBHA Ha CBOCH

o0JacTH ompeesIeHus, TO eCTh Ha nHTepBanax (—o;1) u (1L+o).

B touke x=1 QyHKIUS TEPIUT pa3phIB.

3. Jlns ycTaHOBIEHHS] YETHOCTH WJIM HEYETHOCTH (YHKIUU MPOBEPUM BBIOJIHUMOCTH
paBerctB f(—x)= f(X) (trorma f(x) — uerHas ¢ynkums) wim f(—x)=—F(X) (ana
HEYeTHOW  (yHKIMM) [ JOOBIX X W3 00NacTu  ompefesieHuss  (PyHKIUU:

-2x-1 2x -1
f(—x)_uésziiyi, ——f(x)_—~6Z:E;5.

CnenosarenbHo, f(—X)# f(X) u f(—Xx)=—"f(X), To ecTb naHHast PYHKIHS SBIICTCS
dbyHKIMEH 00111eTO BU/IA.
4. Jlnsa uccienoBanusi GyHKIIMU HAa SKCTPEMYM HalJIeM €€ MEePBYI0 IPOU3BOIHYIO:

yo 2(x-1)* - (2x-1)-2(x-1) _  2x
(x-1* (x-1°

Omnpenenum kputuueckue Toukn pyakmmu: Y =0 mpu x=0, Y’ He cymecTByer mpu

X=1. Tem campiM ummeem nBe KpuTuueckue Touku: x=0, x=1. Ho rtouka x=1 He

NPUHAIIIEKUT 00JACTH OIpeAesieHus PyHKIUHU, SKCTPEMyMa B HEH ObITh HE MOXKET.
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Pazo0beM uncioByo ock Ha Tpu uHTEepBasia (—0;0), (01), (L+x).

_ min + _

\ 0 /' 1 \ X

v

B nmepBomMm U TperbeM HMHTEpBAJIAX NEpBas INPOU3BOAHASA  OTPUIATEIbHA,
CJIeIOBAaTENbHO, 3/1eCh (PYHKIUs yObIBaeT, BO BTOPOM HMHTEpBaJe — MOJIOKHUTENIbHA, U
nanHas ¢yHkius Bo3pactaer. [Ipu mepexone uepe3 Touky X=0 mepBas Mpou3BOIHAs
MEHSIET CBOM 3HAK C MUHYyCa Ha IUIIOC, TO3TOMY B 3TOM TOUYKE (PYHKIMSI UMEET MUHUMYM:

Ymin = Y(0) =-1. 3nauut, A(0;—1) siBIsSETCS TOYKONH MUHUMYMA.
5. Jlng onpeneneHus Touek mneperuda rpapuka (pyHKIMM U MHTEPBAJIOB BBINYKJIOCTH U
BOTHYTOCTH KPUBOH HailIeM BTOPYIO IIPOU3BOIHYIO:

":_2.(X_1)3_X'3(X—1)2 :Zﬂ
(x-1° (x-1*

y

Jlnst Bropoit npousBoguoit Y' =0 npu x=-0,5 u y" He cymecrByer npu x=1. Pazobbem

YHUCIIOBYIO OCh Ha TpH uHTepBaia (—o;—0,5), (-0,51), (L+x).

eperud
— + +

v

/\ -0,5 A4 1 A\ X

Ha nepBom uHTepBasic BTOpas MpOM3BOAHAS Y' OTpHUIATENIbHA M yra HCCIIEAyeMO
KPUBOU BBINYKJIA; HA BTOPOM M TpeTheM mHTepBanax Y" >0, mostomy rpaduk sBiseTcs

BOrHyThIM. [Ipu nepexoae uepes Touky X =-0,5 BTOpas Npou3BOHAs MEHSET CBOU 3HAK,

. 8
MOJTOMY B OTOH TOUKE KPUBAs HUMEET neperud: Y,,, = Y(-0,5) =——.

9

CnenoBatenbHO, B(— %;—g) — Touka neperuda rpaduka GyHKIIUH.
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2x -1

6. B Ttouke X=1 ¢dyHKUMS TepnuT pas3pbiB, Mpu4eMm |im

———=oo. [Ipamas x=1
x—1 (X —1)2

SBJIACTCS BEPTUKAIBHON acUMNTOTOM Trpaduka GyHKuuu. s ompeneneHus ypaBHEHUS

HAKJIOHHOW acuMnToThl Y =KX + b Bocmosbs3yemes hopMyiamu:

. f(x i
k= Ilmﬁ, b=lim (f(x) —kx).
x—w X X—>00
2x -1 2x -1
Torna k=|im———=0, b=|im——— =0.
x—o0 (X —1)2 X x—wm (X —1)°

[Tpu HaiineHHbIX 3HaueHUSX K u b mpsimas Y =0 ecTh TOpH30HTAIbHAS ACUMIITOTA

rpaduka ucciaeayeMon (yHKIHUH, TPEACTABICHHOIO HA PUCYHKE 1.

-0,5

B

A

Pucynok 1. I'padux uccinenyemoit pyHkuuu.

3agaua 3.

Ilpumep évinonnenus 3ad0anus.

PesepByap, wumeronmn bopmy OTKPBITOIO  CBEPXY MOPAMOYTOJIBHOIO
napajiesienunea ¢ KBaJIpaTHBIM JHOM, HYKHO BBUIYJIUTH BHYTPH OJIOBOM.
KakoBbI OJKHBI OBITH pa3sMephbl pe3epByapa IpH ero eMxoctd 108 om?, uTobbl

3aTpaThbl HA Cr'o JIYKCHUC OBLIM HAUMEHBIITMMMU ?
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Pewenue. 3aTpatbl Ha TOKPBITHE pe3epByapa OJOBOM OyAyT HAWMEHBIIUMH, €CIU TPH
JTAHHOW BMECTUMOCTH IUIONIAb €r0 MOBEPXHOCTU OyAET MUHUMAIIBHOM.

O06o3naunM yepe3 a (Om) — cropoHy ocHoBaHus, b (Om) — BBICOTY pe3epByapa.
Torma mmiom@aapb €ro IMOBEPXHOCTH S =a? +4ab, a oobem V :azb, WJINA, COTJIACHO

yenosus, 108=a®b. ITostomy
108 , 432
+—

:g n S=a’+4-a-— - =a
a a a

b

[TorydeHHOE COOTHOIICHHWE YCTAaHABIMBACT 3aBUCHMOCTh MEXIy IUIOMIAIBIO
MOBEPXHOCTH pe3epByapa S (QyHKIMSA) U CTOpOHOM ocHOBaHus a (apryment). O6nactb
onpeneneHuss srol ¢yHkuuu a>0, Tak Kak @ — cTopoHa ocHoBaHus. Hcciemyem
¢yukimio S Ha skcTpeMyM. Haiiiem nepByio npou3BoAHyi0 S', IpUpaBHSIEM €€ K HYIIO U

pelM NOJyYeHHOE YpaBHEHHE:

432 22°-432

a’ a’

S'=2a 0.

Orcioga a=6. IIpousBoanas S'(a) He cymiectByeT npu a=0, HO 3TO 3HAYEHHUE

apryMeHTa He TMPUHAIKUT obnactu omnpeaenenus ¢yaknuu. I[lpu O0<a<6
npousBoguas S'(a)<0, npu a>6 S'(a)>0. CnemoBarensHo, mpu a=6 QyHKIUS S
umeer mMuHuMyM. Ecim  a=6, to b=3. Takum o0pa3om, 3arpaThl Ha JIy)KCHHE

pesepByapa eMKocThto 108 17 OyayT HaWMMEHBIIMMH, €CJIM OH UMEET pa3Mephl

6(om) x 6(0m) x 3(0m) .

3anaua 4.

Teopemuueckue ceedenusl.
[TepemeHHasi BelMYMHA Z Ha3bIBACTCS (YHKYueu O08YX NepeMeHHbiX X U Y, €CciH
Kaxaoi mape 3HadeHWd (X,y) W3 JaHHOW OO0JaCTH COOTBETCTBYET CIUHCTBEHHOE

omnpenenennoe 3uaueHue z = f(x,y).
Jnsa dyskiun Z= f(X,y) BBOIATCS TOHATHSA YACMHBIX NPOUIBOOHBIX TICPBOTO

nopsaaKa, KOTOPBIC OIIPCACIIAIOTCS BEIPAKCHUAMM:
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OX  Ax—0 AX ’ Y Ax—0 Ay ’

U 4aCMHBIX NPOU3B0OHBIX BTOPOTO TIOPSIKA:

a_zz_g@ P2 2 _ofa _g(@j ’2_ofa
ox2 ox\ox) axoy oyox ax\ay) oy\ox) oy? aylay)

Oynkmus z= f(X,y) umeer B touke My(Xg,Yo) Mmaxcumym (munumym), eciu
3HaueHue 3Tol (yHKUUU B Touke M, Oombiie (MeHbIE), YeM 3HAUEHUS (QYHKIUU B
110001 TOUKe U3 OKPECTHOCTH TOUKU M.

HeoOxoaumbiMKi  YyCTIOBUSIMA ~ CYIIECTBOBAHUSL okcmpemyma (MakCUMyMa —WJIU

MUHEMYyMa) auddepeHupyemort Gynkimun z = f(X,y) sBIseTcss paBEeHCTBO HYJIO €€

YAaCTHBIX IIPOU3BOJHBIX IICPBOTO IMOPAAKA:

a_,
OX
a_,
oy

TO‘IKI/I, B KOTOPBIX YaCTHBIC ITPOMU3BOIHLIC 06pama10Tc;1 B HOJb, HA3bIBAKOTCIA

cmayuonaproimu moukamu Gyukmuu Z = f(X,y). st Toro 4roOsl cTarroHapHas TOYKa
SBIIATACh OKCTPEMYMOM, B HEH OJDKHBI BBIIOJHATHCS OOCHAMOYHbIE VCIO0BUSL.
0%z 0%z 0%z
O6o3Haunm A= —| B= 8— , C=—
X
ax MO ay MO 8y MO

Ecmu B cranmonapuoii rouke M (Xg, Yo)

. A=AC - B?,

A>0,A>0,10 M| ecTh TOUKa MUHUMYMa;
A>0,A<0, 170 M| ecTb TOUKa MAKCUMYMA;
A<0, 1o B Touke M HET sKCTpemMyMa;

A =0, To TpebyeTcs JOMOITHUTEIBHOE HCCIIET0BaHNE.

Ilpumep évinonnenus 3ad0anus.

HccnenoBaTh Ha SKCTpeMyM QYHKIHIO Z =2X + 4y — X2 —y?+6.

Pewenue.
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1. Haitnem yacTHbIe MpOU3BOAHBIC 3aJaHHON (PYHKITUN

§5:2—2x, §5=4—2y
OX oy

2. 3anuiiieM HeoOXOAUMBIE YCIIOBHS CYIIIECTBOBAHUS SKCTPEMyMa
2-2x=0 x=1
<~ )
4-2y=0 y=2
3Ha4uT Touka M (1,2) sSBIsSCTCS CTallMOHAPHOM TOUKON (HYHKITUH.
3. IIpoBepuM BBINOJIHEHUE B TOUKE M JOCTATOYHOIO yCiIOBHUs. Jjisl 3TOr0 HailieM BTOphIE

YaCTHBIE MPOU3BOAHBIE PYHKIIMU

2 2 2
o9z _ , flizo, o7 _ 5
ox? OXoy

B Touke M(L2) A=-2,B=0,C=-2 u A=(-2)-(-2)-0=4. TIlockombky

A=4>0,A=-2<0, touka M (1;2) sBrseTcst Toukoii MakcuMyma. 3HaueHUue (QYHKIUH B

s10if TouKe 7|, =2-1+4-2-1° - 2% +6=11.

3agaua 5.

TeopemuquKue C8eO0eHs.

OyHKIKMS IBYX HE3aBHCHUMBIX IepeMeHHbIX Z = f(X,Y) npuHHMaeT HauOOIbIICe U
HauMcHbIllee 3HaueHuss B obmact D, orpanmdennodt mmamerr @(X,y)=0, aubo B

CTAIlMOHAPHBIX TOYKAX, PACIOJIOKEHHbIX BHYTpu obnactu D, nubo Ha rpanune 3Toi
obnacTu.
3agaya 00 OTHICKAHWUM HAUOOJIBIIETO W HAUMEHBINIETO 3HAYCHUM (QyHKIUU

z= f(x,y) B3amanHoii obigactu D pemaercs mo cieayromeMy miaHy:

1. OnpenensieM cTanMOHApHBIC TOYKUA (PYHKIIUH, PACTIONIOKEHHBIC BHYTpU oOsactu D, u
BBIYHUCIISIEM 3HAYEHUS PYHKIIUM B ITUX TOYKAX.

2. Haxomum crarnoHapHbie TOukH (QyHKIMH Ha rpanune ¢@(X,Yy)=0 obmactu wiu Ha

OTJICNIbHBIX €€ Y4aCTKax, 33JaHHbIX Pa3IMYHbIMH YPABHEHUSIMH, U BBIYHUCIISIEM 3HAYCHMUS
(GYHKIIUM B 3TUX TOYKaX.

3. I3 Bcex BBIYUCIIEHHBIX 3HaYEHUN (QYHKIHUU BbIOMpaeM HarOobIllee U HaUMEHbIIIEE.



Ilpumep évinonnenus 3a0anus.
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Haiit HanbonpIiiee U HauMeHblIIee 3HAYCHUS! PYHKIMU Z = X2 + 2Xy —4X—-Yy B

TPEyroJbHUKE, OTPaHUYCHHOM IpsAMbIMU X =0, y=2, y=X.

Pewenue.

1. Haiinem cranuoHapHble TOYKA (YHKIIMH U3 YCIOBHM paBEHCTBA HYJIO YaCTHBIX

MPOU3BOIHBIX (PYHKIIUU

0z

&_2x+2y—4_0 x=05
0z < =15
E _92x-1=0 y=4

oy

Cranmonapuas touka M(0,515) nexutr BHYTpH

3aganHou oonactu OAB.

3HadeHue QPyHKIMU B TOUuke M paBHO

2|,, =05°+2:05-15-4-05-15=-175.

2. Uccnenyem nosenenre GyHKIIMKM HA TpaHUIAX 00JIacTH:

a) Ha rpannue O4 y=X, 0<X<2, z=X>+2X-X—4-X—X wm z=3x> —5X;

2'=6x-5, /=0 mpmu X:g,Torz[a y:g (Tak KaK y=x).

5.5 5)°
B Touke C(Egj 3HauYeHHUE (PYHKITMU paBHO Z‘c =3(—j —-5-—=

5 25

6 6 12

Boruncnum 3naueHust GyHKIMU B KpalHUX TOYKax oTpe3ka OA.

B touke O(0;0) Z] o =0, B TOuKE A(2;2) 3nauenne GyHKLIMU paBHO

7, =3-2°-5-2=2.

6) Ha rpanune BA Y=2, 0<X<2, 2=X>+2X-2—4X—2 wm 2=X>—2;

2'=2x,2'=0 mpu x=0,a y=2 coriacHo ypaBHEHHUIO MPsiMOii BA.
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B touke B(O;Z) 3Ha4YeHue (PYHKIUH PaBHO Z‘B =3.02-2=-2.
B) Ha rpanuie OB X=0, 0<y<2, z=-y,
2’=-1+#0 mpu  Beex Ye[0;2], cmemoBarensHO, CTAIMOHAPHEIX TOYEK Ha

mmaanu OB HerT.

3. W3 Bcex BBIYUCIICHHBIX 3HAYEHUN 3aJaHHON (QYHKIMU BbIOMpaeM HauOoJsblliee U

HauMEHbIIIEE:
Z‘ A=2 — HanOoupiee 3HaYeHue GyHKIMHU B o0nactu OAB
25
Z‘ cT — HauMeEHbllIee 3HaueHne PyHKuuu B oonactu OAB
3anaua 6.

Teopemuqecmte C8eOeHS.

Ilepsoobpasnou ¢ynxyuen nns Gyuaxkuun f(X) HaswsiBaercs Takas ¢yHkius F(X),
gro F'(x) = f(X).
Heonpeoenennvim unmeepanrom ot ¢yukuuu  f(X) HasbiBaeTcs ee  oOmas
nepBooOpazHas
[f()dx=F(x)+C .
GOynkius  f(X) HaseBaeTcs moabIHTErpaidbHON  (yHkimer, F(X) — pesynbrar

uHTerpupoBanus, C — NPOU3BOJIbHAS TOCTOSTHHAS.

Ceoticmea HeonpeOdeneHH020 UHmMe2paia.

L. [(u(x)+v(x))dx = [u(x)dx + [v(x)dx.
2. [A- f(x)dx=A-[ f(x)dx, rae A4 — nocrosHHasl.

3. Ecm [ f(X)dx=F(x)+C uu=¢(x), 1o | f(u)du=F(u)+C.

Tabauya npocmeuuux uHmezpaios:

1. [dx=x+C. 7. [——=tgx+C.
COS“ X
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Xn+1 dX
2. [x"dx= +C,(n=-1). 8. [——=—ctgx+C.
n+1 sin“ x
dx X
3. |—=Inx|+C. 9. —arcsm +C.
5 = njy IJ—
X aX X 1 X
4. [a"dx=——+C, [e*dx=e*+C. 10.[5——="arctg-+C.
Ina x2+a3% a a
5. [sin xdx=—cosx +C. 11. | de 5 =iInX;a+C,(a¢O).
X5 —a 2a X+a

6. [cosxdx=sinx+C.

12.[\/7 ‘x+\/x + ‘+C(A¢O).

OcHogHble Memoovl UHMe2PUPOBAHUSL.
1. ITonBenenue noa 3Hak auddepennmana:
a) Kk GyHKOMM, CTOsIeH moj 3HakoMm auddepeHimana, MOXKHO MPUOABIATh WIH

BbIUKTATE JII0OYI0 moctosHHyto: df (X)=d(f(X) £ A);

0) mnon 3Hak auddepeHnranta MOXHO TIOJBOJIUTH TMOCTOSHHBIA MHOXXHUTEINb:
df () =5 d (A F00);

B) o1 3HaK auddepeninana moasoautes Gpyukius mo npasury: f'(x)dx =df (x).
2. HTerpupoBaHue Mo 4acTsM C UCTIOIb30BaHUEM (DOPMYIIBL:

fudv=uv—[vdu, rze u=u(x),v=v(x).
C ITOMOIIBIO 3TOI'0 MCTOAA BBIYHUCIIAIOTCA CIACAYIOIIHNC NHTCTPAJIbI

a) [a" - P,(x)dx, u=P,(x), dv =a’dx.

6) [sinax- P, (x)dx, u=P,(x), dv=sinaxdx.

B) [cosax- P, (x)dx, u=P,(x), dv=cosaxdx,

r) [Inax- P,(x)dx, u=Inax, dv=P,(x)dx,

) [arcsinax- P, (x)dx, u=arcsinax, dv=P,(x)dx,

e) [arctgax - P,(x)dx, u=arctgax, dv=P,(x)dx,
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rae P, (X)— MHOro4sieH n-oii cTeneHu.

3. MHTerpupoBanre METOI0M 3aMEHBI IEPEMEHHOM 0 popmyiie

[ T)dx=[f(p)de(®) =] f(p()¢'(t)dt, re x=p(t).

Ilpumep évinonnenus 3a0anus.

Haitrtn HCOIIPCACIICHHBIC NHTCTPAJIbI:

N2 3
a) [RISINX T X gy 6) |1 dx;  p) [(3x+ 4)e™ox.
X

V1-x? —4x+3

Pewenue.

a) HCIIOJIB3YA OCHOBHLBIC CBOMCTBA HCOIIPCACICHHOI'O MHTCTPalJia U BBIIIOJIHAA ITIOABCIACHUC

dbyHkumii nox 3Hak qudepennnana, HailieMm HHTerpal

I(arcsmx) +x I(arcsmx) dx+

X
——dX
V1-x? N e \/1—x2

1
= [(arcsin x)?d (arcsin x) + [ (1 - XZ)_zd(X—;) =

1
= [(arcsin x)*d (arcsin x) + (— %)j(l— x?) 2d(1-x?) =

1

_x2y2
:%(arcsinx)3 —%-¥+C :%(arcsinx)3 —V1-x%+C.

2

[IpoBepum pe3yabTaT HHTETPUPOBAHUS TU(PPEPEHIIMPOBAHUEM

(%(arcsin x)® — 41— x? +C) -

1
:%-S(arcsin x)? - (arcsin x)’ —%(1— x?) 2(1-x%) +C'=

_(arcsinx)®  —2x L0 (arcsin x)% + x

V1-x? B 24/1— X2 Ji-x2

YTO COBNAJAET C MOABIHTETPAILHON (DYHKITUEH.
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0) mnonbIHTErpanbHas (QYHKIUS MPENCTaBIseT COO0M HENpPaBUIBHYIO PAIMOHAIBHYIO
npo6sb. IlpencrtaBum 3Ty ApoOb B BUJIE CyMMbl MHOTOWIEHA U MPaBHIbHOM npobu. Jlis

9TOT'O BBIIIOJHUM ACJICHUEC MHOI'OYJICHA HA MHOI'OYJICH:

X3 —17 ‘x2—4x+3
x3 — 4x% + 3x x+4
4x% —3x—17
4% —16x +12
13x - 29
Torna
3 J—
j—x 17 dx = j( 4+—%3X 29 jdx [xdx + [4dx + j—?x 29 dx =
X2 —4x+3 X —4Xx+3 X —4Xx+3
2 J—
=X—+4x+j—i3x 29 dx.
2 XS —4x+3

Jlnst Toro 4ToOBl HAWTHU MOCIEIHUN MHTErpaj, MpeACTaBUM IPABWIbHYIO JIpoOb B BUE

CYMMBI TIPOCTEHIINX ApoOei. [ 3TOro pasiokuM Ha MHOXHUTCIIM 3HAMEHATElb JIPoOHu
X2 —4x+3= (X —1)(x — 3) u paznoxkum ApoOh HAa IPOCTEUIIIHE

13x-29 A N B A(X-3)+B(x-1)
(x-1)(x-3) x-1 x-3  (x=-1)(x-23)

sHaunt 13X — 29 = A(X —3) + B(x —1).

[Mpu X =3 umeem 13-3-29=B(3-1), otkyna B=5;
npu X =1 umeem 13-1-29=A(1-3), otkyna A=38.

[Homyuaem 13x - 29 = 8 + > U UHTETPUPYEM
Y (x-D(x-3) x-1 x-3 TPHpY
i 13x — 29 dx = 8 dx+ | 5 dx— 8jd(x 1) Id(x 3)
(x=1(x-3) x—1 X—3

=8Inx -1 +5In)x -3 +C

N OKOHYATCJIbHO ITOJIy4JacM

J

[TpoBepum pe3ynbTaT 1uddepeHIIPOBAHUEM:

3 2
;(;ﬂdx:x—+4x+8ln\x—u+In\x—3\+C.
X —4x+3 2
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!

2
(X—+4x+8ln\x—ﬂ+ln\x—3\+c] :%+4+i+—5 =
2 2 x-1 x-3

_ (X +A)(x=D(x=3) +8(x —3) +5(x 1) _ x3 -17
(X=1)(x+3) X2 —4X+3

YTO COBMAJAET C MOJBIHTETPATbHON (DYHKIIMEH.
3ameuanue.
WuTterpan oT NpaBWIbHOW pPAIlMOHANBHON NIpoOU CBOAMTCS K CyMME HHTErpajioB OT
npocrtenmux npodeii. Hanboee yacTo BeTpedaroTes CAeAYIONINE HHTETPAITHL:
A

A A —k+1
——dx=Alnlx— C; ——dx=——(x- C,(k=23..).
Ix—a x=Aln|x —a|+ I(x—a)k X (—k+l)(x a) " +C,( )

B) IPUMEHUM METOJIOM UHTEIPUPOBAHUS IO YACTSIM.

Mpumem U=3x+4, dv=e*dx, Torna  du=3dx, V= %esx . Tlo dopmyne

HHTCTPUPOBAHMS 110 YACTAM I1OJydacM

e¥dx =

[@x+ 4)edx = (3x+4)%e3x —j%ef‘” -3dx:¥e3x -

:ME:SX _1e3x
3 3

3X + 4_163)(

+C= +C=e¥(x+1)+C.

[TpoBepum pesynbTaT nuddepeHIIpoBaHEM
@ (x+1) +C) =3 (x +1) + e =e>*(3(x +1) +1)=e** (3x + 4),

YTO COBNAJAET C MOABIHTETPaIbHOMN (HYHKITHEH.

3anaya 7.
Teopemuueckue ceéedenust.
AY Ecoiu Ha mnockoctu Oxy 3amaHa
_y=1(x) durypa, OrpaHUYeHHAas JIBYMST
HenpepbiBHbIMU  suHusmu Y = fi(X),

S L y=f(x)

y=f,(X) ¥ BepTHKAIbHBIMH MPAMBIMH

=
>

T I X X=a, X=b, 1o mmomans S Takoi




33

b
burypsl MokeT OBbITh BbIYMCIEHA TO (opmyre S=| (f,(x) - f(x))dx, rme
a

fo(x) > f,(X) ma orpeske [a,b].

Ilpumep évinonnenus 3a0anus.

BoruncnuTe miomaas GUrypsl, OrpaHU4eHHON JIMHUSAMU Y = X2 + 4x, y=Xx+4.

Pewenue.

3aaHHbIE JIMHUW OTPAHUYMBAIOT HAa IJIOCKOCTH OXy KPUBOJIMHENMHYIO Tpameuuto,

U300paKEHHYIO Ha PUCYHKE.

A
y

y = X? +4x
y=Xx+4

Y

Halinem koopauHaThl TOYEK IEPECECUCHUS 3aJaHHBIX JMHUW, JJISI 3TOTO PEUIUM
CHUCTEMY ypPaBHEHUU
y=X>+4X 2
, X“+4x=x+4, x“+3x-4=0, orxyna X; =4, X, =1.
y=X+4
Torna nckomasi MIoIIaab BEIYUCISIETCS TI0 hopMmyJie:
3

1 SRl
S::Kx+4—x2—4mdw:ﬂ4—3x—x5dw=zw—_z__T; _
—4 y

:4—§—1+16+ﬁ—%:20§ (k6. €0.).
2 3 2 3 6
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3ajaua 8.

Teopemuueckue ceedenus.
OO0beMbl Ten, 00pa30BaHHBIX BpallleHHEM IUJIOCKOW (DUTYphI, OrpaHUYEHHON KpPUBOM

y=f(x)>0, ocbto Ox u npsimeiMu X=a, X=b,

b

1) Bokpyr ocu Ox, BerAUCIAOTCS 10 popmyne V, = ﬁj f 2 (x)dx;
a
b

2) Bokpyr ocu Oy, BEIMUCIAIOTCA 110 hopmyie V, = 27 xf (x)dx.
a

Ilpumep evinonnenus 3a0anust.

Beruucnuth 00beMbl Tes, 00pa3oBaHHBIX BpalieHueM BOKpyr oceid Ox u Oy
KPHBOJIHHEHHOTO TPEyroJIbHHKA, OrPAHUYEHHOr0 KpHBOil Y =3%/X, ocbio Ox u

npsMon X =1.

Pewenue.
A
Y | / y= 3/x 1) oObeM Tena, MOyYSHHOTO BpalCHHUEM
BOKpyT ocu Ox, paBeH
1
5
L %
V, = 7[[(%/;) dX=7z% :3?” (ky6. e0.)
> 0 b
0 1 * 3 o

2) o0beM Tena, MOJIy4Y€HHOT0 BpalieHueM BOKpyr ocu Oy, paBeH

7/

x/3

sl

1 67
vy :27rj'X°§/;dX:27z ZT(Kyd eo.).
0
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Tpernii cemecTp

[TPUMEPDBI PEIHEHW A 3ATAY

3anava 1.

Teopemuttecmte C6€0€HUfl.

HuddepenunanbHble ypaBHEHHS, B KOTOPBIX II€PEMEHHBIE MOXHO pa3/eiiuTh

HOCpCI[CTBOM YMHO)KGHI/IH O6CI/IX qaCTeﬁ ypaBHCHI/IH Ha OJHO U TO XKC BBIpa)KeHI/IC,
Ha3bIBAIOT MU PEPEHITNATBHBIMU YPABHEHUSIMU C PA30eIOUUMUCS NePeMEHHbIMU.

dy _ fo(x)

dx fi(y)

iy B nuddepeHuanbHoi Gpopme

fi(x)- fo(y)dx+ f3(x) f4(y)dy=0. (2)

— fi(y)dy = f,(x)dx, (1)
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Pa3nenm o6e yactu ypaBHeHus (2) Ha npousBeneHue pynkuuit f, ( y) fs (X)

(%) dx + f4(y)dyzo (2

f3(x)  fa(y)

U, TIOCJIe UHTETPUPOBaHUS, OTYyUYUM OOIIMiA UHTErpal (o0lIee pelieHne) ypaBHEHUS :

[l gy I%dyzc.

fs(%) )
[Ipu nenenun Ha fz(y) f3(x) MOXXET MPOU30MTH MOTEPsST HEKOTOPBIX YACTHBIX
pemenuid. Ilycts, Hanpumep, mpu Y=Y, HUMeeM fz(yo)zo, Torga QyHKus Y=Y
sBysiercs: perieHneM ypaBHenus (2'), T.k. dy =dy, =0. PemeHrneM MOXeT Takke OBITH

dyHKIms X = Xg, ecn f3(Xp)=0.

Ilpumep evinonnenusn 3adanus.

Haiitu o6muii uaTerpan nuddepeHImaibHOro ypaBHEH!sT EPBOro MOPsIKa

x(y+1)dx—(x2 +l)ydy:0.

Pewenue:

HanHoe nuddepeHanibHOe ypaBHEHHUE SBISETCS YpaBHEHUEM C Pa3eistONIMMUCS
nepemennsiMy, puaeMm f(X)=x;  f,(y)=y+1L f3(x)= X2 +1; f,(y)=-y. Paznenum

00€ YacTh ypaBHEHUS Ha MPOU3BECHUE
fo(y) f3(x) = (y +1)(* +1)

" IIOJYy4YHUM

xdx _ ydy _
x2+1 y+1

[IpounTerpupyeM nocienHee paBeHCTBO

xdx 1
'[xz +1—J‘(1—m]dyzc,
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WCIIOJIB3YS MOJIBEICHUE 101 3HaK TuddepeHimana

1
d(X2+1) d 1
Iz x> +1 —.[dy+j (yy++l):C’

MOJTy4uM OOIIHH nHTerpai auddepeHInaTbHOT0 YpaBHEHHS
%In‘x2 +]4— y+Inly+1=C.

[pu nenennu Ha T, ( y) =Y +1 notepsHo yacTHoe pemienue: Yy =—1.
3agaua 2.

TQOPQMMUQCKMG ceeoeHusl.

HuddepenunansHoe ypaBHEHHUE MIEPBOTO NMOPsJIKa
y'+p(x)y=a(x), (3)

JMHENHOE OTHOCUTENILHO UCKOMOM (DYHKIIMU U €€ IPOU3BOIHOM, HA3bIBACTCS JIUHEUHBIM.
VYpaBuenue (3) CBOAUTCS K ABYM YpPaBHEHUSIM C Pa3JICTSIONIMMUCS MEPEMEHHBIMU

CJISAYIONIMM 00pa3oM. 3amuiieM HCKOMYyr (yHKIHIO Y(X) B BHIE NMPOU3BEICHHS JBYX
byHKIUI: y:u(x)-v(x). Ogna wu3 »9tux (QyHKUUA MOXKET ObITh a0COMIOTHO

MPOU3BOJIBHOW, a BTOpas OMPEIEIsIeTCS B 3aBUCHUMOCTH OT TEPBOM TakK, YTOOBI HX
MIPOU3BEICHUE YIOBJICTBOPSIIO YpaBHEHHUIO (3).

N3 paBerctBa Y =U-V HaxoguM Y =U"-v+U-V'. Torma B coorBeTcTBHE C (3) nMeeM
UvV+uv'+ p(x)uv=g(x) mwm uv+u(V'+p(x)v)=q(x). BeiGepem B kauectse V(X)

KaKkoe-HHOYb YaCTHOE PEIICHUE YPaBHEHUS

v+ p(x)v=0, (4)
TOrJa JIJIs OThICKaHUS U(X) HOJy4YduM ypaBHCHHE
uv=q(x). )
Haiinem V(X), pa3neinss nepeMeHHbIC B (4):

dv__

p(x)dx, orkyna Inv:—_[p(x)dx nv=e My
v
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3nas V(X), Harigem U(X) u3 ypaBHenus (5):

3—§v: q(x) = du _el IO(x)dxq(x)dx, Torxa U= Iq(x)ejp(x)dxdx+c .

OO11ee penieHne JIMHEHHOTo ypaBHeHUS (3) UMeeT BU/I

y=uv= eI PO Uq (X)eI POX)OX gy C} .

Ilpumep evinonnenusn 3ad0anus.

Haiitu o60miee pemenne aud@depeHunanbHOoro  ypaBHEHUS

niepBoro mopsiaka y' —2y =1.

Pewenue.

3amnuieM uckoMyro GyHkiuoo Y(X) B BUIE MPOU3BEACHHS IBYX (DYHKIIHN:
y=u(x)-v(x), rorma y'=u"-v+u-v',
1 IMOoACTAaBUM HOJ'Iy‘-IeHHBIe BI)Ipa)KeHI/IH B 3aIaHHOC ypaBHeHHe
u'v+uv' —2uv=1.
Brinecem 3a ckoOku U(X)
u'v+u(v'—2v)=1
W, TIpUpaBHUBAasS K HYJIIO BBIpOKEHHWE B CKOOKaX, TMOJIYYMM H pEIIUM JBa

mu(pepeHInanbHbIX YPABHEHUS C PA3ACIISIIONIMMUCS IEPEMEHHBIMMU:

vV —2v=0 uv=1
%: 2adx 3—?(92)( =1
Inv =2x du = e 2*dx
v =e?X u =je‘2xdx,
_ 1 1

u= je‘zxd(—Zx) :—Ee‘zx +C

2

3anumiem ob1iee pernieHne 3aganHoro 1udepeHImatbHOr0 YpaBHEHUS B BUJIE
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y :uv:(—%e‘zx +Cj-e2x, WU y=—%+Ce2X.

3agaua 3.

Teopemuttecmte CBEOeHUS.

HuddepeninanbHoe ypaBHEHHE BUIA
14 !
y'+ay +ayy = f(x) (6)
Ha3bIBACTCSl HEOJHOPOIHBIM JIMHEHHBIM ypaBHEHHEM BTOPOTO IMOPSIKA C TOCTOSTHHBIMHU

KO3 puUIMEeHTaMH! 8 U a, .

OGIee pelieHde JTOro ypaBHeHus Y=Y+Yy', rme Y- ob0miee pemenue
COOTBETCTBYIOIIETO OJHOPOJHOTO ypaBHEHHUS;, Y — YacTHOE pelieHue ypaBHEHHs (6).
HNuddepenuuansuoe ypaBHEHHE

y'+ay' +ay=0 (7)
SBJIICTCS OJHOPOTHBIM M HA3BIBAETCS COOTBETCTBYIOIIMM HEOTHOPOJHOMY YpPaBHEHHIO

(6). OoOmee pemienre OAHOPOAHOTO ypaBHeHUs (7) HaAxXomAT MO  KOPHSIM

XapaKTEPUCTHUECKOTO YPaBHEHHUSI
r2+a1r+a2:0.
XapaKTepuCcTUIECKOE YPaBHEHUE MOKET UMETh TPU CITydasi IJIsl KOpHEH I} u Iy
1) Kopuu xapaxmepucmuyeckoeo ypagHeHus: OeticmeumenvHvle U pasiuynvle. Iy # 1.
B oatom cmnywae oOmiee pemienue ypaBHeHuss (7) 3amuchIBaeTCsl B BHJIE
¥ =Cie" +Ce"*, rne C,, C, —npou3BOJIbHbIE MOCTOSHHBIE;
2) KOpHU XApakmepucmuyeckoeo ypasHenus Oeticmeumenvhvle U pasuvie. I =1,. B
3TOM ciydae oOiiee permieHue ypaBHeHust (7) 3amuchiBaeTcss B BHUJE
y =e" (C+Cyx), rae C;, C, —pou3BOIbHBIC IOCTOSHHBIE;

3) KOPpHU XApaKmepucmu4eCcKoeo YpAaAG6HEHUSA — KOMNJIEKCHble CONpAJNCEHHble YUCA

h,=axp-i, f+#0.Bastom ciaydae obriee penieHue ypaBHeHus (7) 3aIHCHIBACTCS

B Buge ¥ =e“*(C,cosBx+C,sin Bx), rae C,, C, —npon3BoIbHbIE IOCTOSHHBIE.
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YactHoe perieHne Y HEOAHOPOJHOTO ypaBHEHHs (6) MOKET ObITh HAWIEHO METOIOM
HEOMpeIeNeHHBIX KO3()(PHUIIMEHTOB B 3aBUCMMOCTH OT BHJA MPABOl YaCTH YpaBHEHHS
f(x).

Ilepgvuii cyuau. IlpaBast yacte ypaBaeHus (6) umeet Bup f (X) = P(X)emx, rae P(X)

— MHOrowieH. Torga ypaBHeHHe (6) IMEET YaCTHOE pELICHUE BUAA
y* =x“Q(x)e™, ®)

rie Q(X) — TOJHBIM MHOTOWIEH TOH »e CTEeNeHH OT X, 4TO | P(X), HO C
HeonpeaeIeHHbIMU KO3 UIMEHTaMU;

k=0, eciii uncio M He ABJISIETCS KOPHEM XapaKTEPUCTHUECKOTO YpaBHEHMUS,

k=1, ecu unciio M sSBJISETCS MPOCTHIM KOPHEM XapaKTEPUCTHUECKOTO YPaBHCHHUS;

kK = 2, ecnmu ymcmo M sBisSeTCS JBYKPATHBIM KOPHEM XapaKTEPUCTHUECKOTO
YpaBHEHUS.

[TpaBuno coxpansieT cBoto cwiy u pu M = 0, koraa f(X)=P(X) — MmHOTOWIEH.

Heonpenenennsie ko3phulieHT B MHOTOUJICHE Q(X) ONPEAEISAIOT MOJICTAHOBKOMN

byukiuu (8) U ee MPOU3BOAHBIX B ypaBHEHHE (6) C MOCIEAYIOIIUM MPUPaABHUBAHUEM

KO3(UIIMEHTOB IIPH OJIMHAKOBBIX CTEIIEHAX X B 00CHUX YaCTSAX ypaBHEHUS.

Ilpumep evinonnenusn 3ad0anus.

Haiitu yactHoe pemenue nuddepeHImaibHOro ypaBHEHUSI BTOPOTO MOPSIIKA,
YIOBJIICTBOPSIONIEE 3aJaHHBIM HAYaJIbHBIM YCJIOBUSIM:

y' -3y’ —dy=4x-1 y| =2, Y| _,=3

Pewenue. XapaxtepucTuueckoe ypaBHEHUE r>-3r-4=0 wumeer nBa Pa3IMYHBIX
NeHCTBUTENBHBIX KOpHA I} =—1, I, =4, cnenosarensho, ¥ =Ce " + C2e4x. [IpaBas gactb
YPaBHEHUS] UMEET BUL f(X) = 4X—1:(4X—l)-eo'x, rie M=0 u He sABIAETCA KOPHEM

XapaKTepUCTHUeCKOoro ypaBHeHus. Torma uvactHoe perrenue npu K=0 wmem B Buae
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14

y' =x"-(Ax+B)-e” = Ax+B, (y*)' =A, (y*) =0. [Moce TIOZICTAHOBKHU B

nuddepeHInaIbHOe ypaBHEHNE TIOTyYaeM
0-3A-4(Ax+B)=4x-1,
—-3A-4Ax-4B=4x-1,
—4A-Xx+(-3A-4B)=4-x+(-1);
X' —4A=4; A=-1
x%: -3A-4B=-1, -4B=-1+3A=-4, B=1
YacTHeIM pemieHueM  siBiugercs Qydkiups Y = AX+B=-1-x+1=1-Xx. OOumm
peruenueM spasercs QyHkmusa Y=Y +Yy =Ce " + C294X -Xx+1.
Hatinem 3nauenue koncrant C;,C, w3 HauanpHBIX yCJIOBUH. [[Ist 3TOrO Ompenenum
y' =—Ce ¥ +4C,e** 1.
Torma y|x=0 =C+Cy, +1=2, {Cl =0,
Y| _o=-C+4C,-1=3 (C2=1

W cKOMBIM YaCTHBIM pEIIEHUEM SIBIISIETCA (PYHKIMS Y = e —x+1.

Ilpumep evinonnenusn 3ad0anus.

Haiitu yactHoe pemenue nuddepeHImaibHOro ypaBHEHUSI BTOPOTO MOPSIIKa,

YAOBJICTBOPAIOMICC 3a/laHHBIM HA4YaJIbHBIM YCJIOBHUAM!

yn_4y!+4y :eZX’ y|X:O — 2’ yr

(oo =3

Pewenue. XapakTepucTUYECKOE ypaBHEHUE r2—4r+4=0 wnmeer JIBYKpaTHBIN
KOpeHb I =2, cienoBaTenbHo, Y = e (Cl + CZX). [IpaBas yacTb ypaBHEHHS] UMEET BU]I

f (X) =e®, m=2 sBusercs aBYKpaTHBIM (K=2) KOpHEM XapaKTepHCTHYECKOTO

ypaBHeHI/IH, TOraa 4aCTHOC peH_ICHI/Ie HUIIIEM B BUEC
!/
y*=x%. Ae?¥, (y*) =x?-2Ae® +2x- Ae?* = 2Ae2x(x2 + x),

(y*)" = 4 Ae® (x2 + x) +2Ae™ (2x +1) = Ae* (4x2 +8X+ 2).
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[Tocne moAcTaHOBKH Y U ee MPOM3BOJIHBIX B HCXoJHOe AuddepeHimairHoe

ypaBHEHHE MOJIy4aeM

Ae?* (4x2 +8X + 2) —4-2Ae* (x2 + x)+ 4Ae%* - x% =e?¥,

AeZX(A{[+’8x+278%‘(>8x+M):e2X,

2Ae?* =e?¥,

2A=1, A:E.
2

2X

1
YacTHEIM peleHreM aBisiercss QyHKmus Y = Ee -x%. OBILUM pelICHIeM SIBISCTCS

bysxmms y =Y +y* =e”* (C,+Cox) + %ezx X2,

Hatinem 3nauenue koncrant C;,C, w3 HauanbHBIX yCIOBUH. st 3TOrO Ompenenum
IIPOU3BOIHYIO
1 42X 2x (2
y'=e"(2C, +2Cx+Cy )+ (X" + X,
Y TIOJIyYMM CHCTEMY YPABHEHUU JJISL ONIPEACIICHUS 3HAUEHUN ITPOU3BOJIbHBIX KOHCTAHT
0
' 0
y|X:O:e (2C1+C2):3, C2:—1

_ 1
VickoMbIM pemenmem sBasercst dyrkuus Y=Y + Yy  =e™(2-x)+ Eezx X2,

Bmopoti ciyuaii. IpaBas yacts ypaBHeHus (6) umeet Bua f(X) =acosnx+bsinnx.
Ecnu uncna +in He ABISIOTCS KOPHIMHU XapaKTEPUCTHUCCKOTO YPABHEHHS, TO
y* = Acosnx + Bsinnx.
Ecnu yucna +in SBJISFOTCS KOPHSMH XapaKTEPHCTHYECKOTO YPaBHEHHS, TO YaCTHOE
pelcHHe UMEET BU/

y" =(Acosnx+ Bsinnx)- x.

B uwacTHBIX ciydasx, korma @ wim b paBHO Hyito, perieHue BC€ paBHO HAJI0 UCKATh B

yKa3aHHOM OOIlIeM BU/IE.
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Ilpumep évinonnenus 3ad0anus.

Haiitu yactHoe penienne nudPepeHinanTbHOro ypaBHEeHUs] BTOPOTo OpsJIKa,

YAOBJICTBOPAIOIICC 3a/laHHBIM HA4YaJIbHBIM YCJIOBHUAM!

!

y" +4y' +13y =5sin3x, y|X=0=1 Y|

g;

Pewenue. XapakrepucTuueckoe ypaBHEHUE r2 +4r +13=0 umeer KOpHHU

—4++4? —4.13 -4+-36 -4+6i :

torma ¥ =e 2 (Cycos3x +C,sin3x).
Yucia £3i He SBISIOTCS KOPHAMH XapaKTEPUCTHIECKOTO YPaBHEHHSI, [I0OITOMY
y* = Asin3x + Bcos3x,

(y*), =3Acos3x —3Bsin3x,

14

(y") =-9Asin3x-9Bcos3x.

IMofcTaBisieM Y U ee POU3BOHBIE B UCXOJHOE YPABHEHHE U MOJTyYaeM

—9Asin3x —9Bcos3x + 4(3Acos3x —3Bsin3x) +13( Asin3x + Bcos3x) =C,
(4A-12B)sin3x+ (4B +12A)cos3x =5-sin3x + 0- cos3x;

1
sin3x: 4A—1ZB:5} A=—
f—

8
cos3x: 4B +12A=0 g 3|
8

O6iee pernieHre ypaBHEHUSI UMEET BU]T
y =& ¥ (C,co83x +C,sin3x) + %sin 3x— SCOSBX .

Haiinem 3nauenmne xkoHcrant C;,C, u3 HauanbHbIX ycnoBuil. s sToro ompenenum
IIPOU3BOIHYIO

y' =—2¢ 7(C, cos3x + C,sin3x) +e2* (~3C; sin3x + 3C, cos 3x) +

+§cos3x+gsin3x
8 8

" 3allMIIEM CUCTEMY ypaBHeHI/Iﬁ IJIA1 OIIPCACIICHUSA 3HAUYCHUM IMPON3BOJIbHBIX KOHCTAHT



3 1
y‘x 0=60(C1+C2-0)_§:§’
yl‘x:o:_290(C1+C2'0)+90(C1'0+3C2)+§=%,
o 1,31
8 8 2
1

szl( +§j:§.
32 8) 8

HckoMbIM pelieHrneM SBIsIeTCs] PyHKIMS

y=e L cos3x+ 2sin3x |+ Zsin3x— Scos3x .
2 8 8 8

3anaua 4.

Teopemuqecmte ceeoetusl.

Cmenennbim psi0om HA3bIBAIOT Psij BUIA

o0

8 +a (x-a)+a(x—a) +...+a,(x-a)"+...= > a,(x-a)", 9)
n=0

PACIIOJIOKEHHBIN 10 CTETICHSIM JABYYJICHA (x —a).
B cooTtBercTBUU ¢ Teopemoit AGens psin (9) cxonuTcs Ha UHTEpBaAJe X € (a -R,a+ R) :

a I BceX X, JIKAIIMX BHE ATOr0 HMHTEpBaia, psan pacxomutcs. Ymcno R HazwpBaroT
paouycom cxooumocmu cTeneHHoro psaa. Ha xonmax uHTepBana (mpu X=a—R u npu
X=a+R) Bompoc 0 CXOOUMOCTH ¥ PACXOAMMOCTH JaHHOTO pslda pelIaeTcs
WHIMBUAYATbHO ISl KaXKJOTO KOHKPETHOTO psifa. Y HEKOTOPBIX PSIOB HHTEpBAI
CXOAMMOCTH BhIpokaaeTcs B Touky (R =0), y npyrux oxeatbiBaeT Bcio och Ox (R =o0).

Cornacno npusHaky Jlaimambepa pagnyc CXOAUMOCTH ONIPENEIISIOT 1Mo (hopmyJie

- a
R=lim|-—"

nN—o0

. (10)

an+1

Ecnu Bocnionbe3oBatbces npusHakoM Komm, To

R=lim %

n—oo [ a,
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Ilpumep évinonnenus 3ad0anus.

Haitrtn HHTCpBAJI CXOOUMMOCTH pidga MW HCCICOAOBATH €TI0

00 n
CXO0OAMMOCTDB Ha KpasdxX MHTCPBaAJa

= n-10"

Pewenue.

Pamnyc cxogumocTu onpenenum no Gopmysie (10):

n+1
im D0 g im ML g Iim(1+1)=1o.

now| n-10"1 n—w N n—o n

an

R=Ilim

N—00

an +1

. 0 (_10)n 00 (_1)n
Ha xoHmax maTepBana: npu X =-—10 mosydmm 4McioBOR psx Z—n = Z—,
n-1N-10 n1 N

KOTOPBIN SABJISIETCS] 3HAKOUEPEAYIOIHUMCS U CXOAUTCA 1o Teopeme JIeliOHuIa, Tak Kak ero

. 1 1 .1
YJIeHbl YOBIBAIOT TIO aOCOJIOTHOW BeauuuHe 1> 3 > 3 >... u lim==0. IIpu x=10
n—owo N

o0
IOJyYUM TapMOHHUYECKHU DS Z—, KOTOpBIN pacxonutca. Takum o0pa3om, JaHHBIM
n=1

cTerneHHou psa cxomutes mpu X € [-10;10).

3ajaua 5.

Teopemuueckue ceedenus.
OcCHOBHBIE JJIEMEHTapHbIE (PYHKIIMM HMMEIOT TMPOCTHIE PA3JIOKEHUS IO CTEMEHSAM X,

KOTOPBIC MPCACTABJICHBI HUIKC:

2 3 n
ex:1+§+x_+x_+___+x—+... VXE(—OO,OO),
1 21 3! n!
3 5 7 2n-1
sinx=2_X X _X ., _.+(—1)n+1x—+ VX € (—o0,),
1 3l 51 71 (2n—1)'
2 4 6 8 n
cosx=1_2 X X X _ (- oy VX € (=o0,),
21 41 6l 8l (2n)!
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2 3 4 5 n
In(1+x):x—%+%—XZ+X€—...+(—1)n_1XF+... VXe(—l,l),
3 5 7 2n-1
arctgx:x—X—+X——X—+...+(—1)”_1X +... Vxe(-11].
3 5 7 2n-1

[Tpu npubIMKEHHBIX BBIYUCICHUSAX OMPEICICHHBIX HHTErPAIoB TPeOyeTCs pa3IoKUTh
MOJBIHTErPaIbHY0 (PYHKIMIO B CTENEHHOM psijl, KOTOpbIM B Mpeleinax HHTEpBaia
CXOAMMOCTH MOKET OBITh MOWICHHO MPOUHTErpupoBaH. Mcnons3ys ¢popmyny HeioTona —
JleitbHuIla,  OMpEAENICHHbIM  WHTErpajd  BBIUMUCISAIOT  KaK  YaCTUYHYI0  CyMMY
NOJIyJarOUIerocss YHUCIOBOro psga. Eciau psan  3HaKoO4epeayrOUIMiics, TO TOYHOCTH
NPUOJIMKEHHBIX BBIYMCICHUN HE MPEBOCXOIUT MEPBOTO U3 OTOPOIIEHHBIX YJIEHOB.

Ilpumep evinonnenusn 3ad0anus.

Brraucnuts onpeaeneHHslii nHTErpai ¢ ToyHOCThI0 10 0,001 myTtem pasnoxenus

HNOJBIHTErPaJbHON (YHKIHMH B PSAJ U MOWICHHOTO MHTETPUPOBAHMS ITOTO pPsija:

O’Ssinx
[
5 X

Pewenue.

Hcnonb3yeM pasiokeHue B psi A1 GYHKIUK SIN X U THOJCTaBUM €T0 B MOABIHTEIPATbHOES

BBIPAKEHHE
) ; 3 5 2n-1
jﬁmzd:jglx—iﬂu—+ (—DM1X X =
;X 0 X 31 5 (2n-1)!
0,5 2 4 2n-2
=j -2 X .+(—1)n+1 X dx =
AU (2n-1)!
05
X3 X5 41 X2n—1
=| X——=+=——+...+(-1) +o..| =
313 515 (2n-1)!(2n-1)
S S +(—1)n+1 L t...x
2 2%313 2515 22" (2n-1)Y(2n-1)

~0,5-0,0069 + 0,00005~ 0,5-0,0069 ~ 0,4931~ 0,493.
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B BhIUMCIIEHHSX NIPUBEACHBI TIEPBhIE TPU WICHA PsJia C COXPAHEHUEM YeThIPEX 3HAKOB
mocje 3amsITol, Tak Kak 3agaHHas ToyHOcThb cocrtabisieT 0,001. Tperuit uneH psiga

OTOpOIIIEH, TaK KaK OH MO BEJIWYMHE MEHBIIE 3aJaHHON TOYHOCTH (0,00005) <0,001. B

OKOHYATEJIbHOM PE3yJIbTaTe MIPOBEACHO OKPYIJIIEHHUE /10 TPEX 3HAKOB MOCIIE 3aIATOM.

BUBJINOT PA®UYECKHUM CITMCOK
1 OcHoBHasi IMTEepaTypa
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YerBepThlil ceMecTp

[TPUMEPDBI PEIHEHW A 3AJTAY

3ajaua 1.

Teopemuqecmte c6eoeHusl.
HpI/I KJIACCHUYICCKOM OIIPCACIICHUU 6€POAMHOCHTb cobvbimus onpeaAcACTCA paBCHCTBOM
P(A)=m/n,

IJI€ 7 — YUCJIO DJIEMEHTApHBIX MCXOJIOB MCIBITAHUHN, OJArOMPUATCTBYIOIIUX MOSBICHUIO

coObITUS A, n — 00IIIee YNCIIO AIIEMEHTAPHBIX UCXOI0B UCTIHITAHUS.
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Yucnom couemanun w3 | snemMeHTOB mo K Ha3BIBAIOT KOJIMYECTBO KOMOHWHALWIA,
cocTaBlicHHBIX U3 | 31meMeHTOB 10 K, KOTOpBIE OTIMYAIOTCS XOTS ObI OJHUM 3JICMCHTOM.

Yuciio coueTaHuit

Ccl=—="—.
kI(I —k)!

Ilpumep évinonnenus 3ad0anus.

B simuke umeercs 15 petaneit, u3 koropsix 10 okpameHabix. COOpIIMK
Hayjaqy U3BJIEeKaeT TpH aeTanu. HailTu BeposSTHOCTh TOTO, YTO U3BJICUCHHBIC

ACTAJIN OKAXYTCA OKpPAllICHHBIMU.

Pewenue:

a) o011ee YMCI0 BO3MOXKHBIX 3JIEMEHTAPHBIX MCXOJOB HCIIBITAHUS PABHO YHCITY CIIOCOOOB,
KOTOPBIMUA MOKHO M3BJI€Ub TPH JETANIM U3 MATHAALATH, TO €CTh N = C135;

0) YUCIO UCXOJI0B, OJIATONPUSTCTBYIOMIMX MHTEPECYIONIEMY HAC COOBITHUIO, PABHO YHUCILY
CIoco00B, KOTOPBIMU MOKHO BBIOPATh TPU OKpallleHHBIX AeTanu u3 10, To ectb M= Cf’o;

B) HCKOMasi BEPOATHOCTh paBHA OTHOIIEHHIO OOIIEro 4Yucia HCXOAOB K YHUCITY

6JIaFOHpI/ISITHBIX HCXO0A0B
10!
p(A)_m_Cfo_ 3t71 104121 74.8.9.10- 121 _24
n c& 15' 71150 71.121.13.14.15 91
31121

26.

Ilpumep evinonnenus 3a0anust.

B maptuu u3 10 geraneit umeercs 7 crangaptheix. Haynaay oroOpans 5
netaneil. OnpeaenuTb BEpOsSTHOCTh TOTO, YTO CPEAr OTOOpPAHHBIX AeTallen

POBHO TPpH CTaHIAPTHBHIX.

Pewenue:
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a) 0611166 YK CJIO BO3MOXKHBIX DJICMCHTAPHBIX NCXOJ0B UCIBITAHUA PABHO YHUCITY CHOCO6OB,
o 5.
KOTOPBIMHU MOKHO HU3BJICYD IIATH ACTAJICH U3 ACCATH, TO €CTh N = ClO )

0) HallIeM YUCJI0 UCXOJI0B, OJIarONPUATCTBYIONIMX HHTEPECYIOIIEMY HAaC COOBITUIO (Cpeau

OTOOpaHHBIX TATH JACTAJICH POBHO TPH CTaHAAPTHHIC): TPH CTAaHIAPTHHIC METATH MOKHO
. 3 -

BBIOpaTh M3 7 craHmapTHeIX aeraneii C; cmocobamu; mpu 3TOM ocTaibHble (5-3=2)

JeTald JIOJDKHBI OBITh HECTaHIAPTHBIMHM, KOTOpPbIE MOXHO BbIOpaTh H3 (10-7=3)

o 2
HCCTAHAAPTHBIX ACTAJICU, UMCBIINXCA B IIAPpTHUH, C3 criocobamu. CJ'IG,ZIOB&TGJH)HO, qucCiao

0JIaroNpUATCTBYIOIIUX UCXOJOB M = C73 -C32 :

B) HCKOMas BCPOATHOCTb pdaBHA OTHOIICHHIO O6HI€I‘O qucila HCXO0I0B K YHCILY

6J'IaFOHpI/I$1THBIX HcxoaoB

73
3.C2 aia1 otm1 7L-5L5I .4 .5.51 I
P(A):E:C7 5C3:3!.4! |2!.1!: 7LSLSE . M.5.5 L :§:O,375
n o Cpy 10! 2+4r100 2-4-70.8.9.10 4.8-10 8

515!

Teopemuqecmte ceeoerusl.
BepOHTHOCTB cOOBITHS A, KOTOPOC MOXKCET HACTYIIUTD JIMIb ITPU ITOABJICHUHU OJHOI'O M3

HECOBMECTHBIX coObITuii (rumote3) Hi, H,,...,H,, oOpa3yromux nonnyto rpymniy, paBHa

CYMME IIPOM3BEICHUN BEPOSATHOCTEW KaXJIOW W3 TUIIOTE3 HAa COOTBETCTBYIOLIYIO

YCJIOBHYIO BEPOATHOCTh COOBITHUS A:

P(A)=P(H,)-Py (A)+P(Hy)- Ry, (A)+...+ P(H,)- By (A),
rne P(H;)+P(H,)+....+ P(H,)=1.

[TpuBenennyto hopmyy Ha3bIBAIOT YOPMYIOU NOTHOU 8EPOSMHOCU.

Ilpumep evinonnenusn 3adanus.

Nwmerotcs Tpu nmaptuu aeraineit mo 20 geraneit B Kaxaou. YUcno cTaHaapTHBIX
JieTajel B IEPBOii, BTOPOM U TPEThEU MAPTUAX COOTBETCTBEHHO paBHO 20, 15,
10. 13 Haygady BeIOpaHHOM MapTUM HayAady U3BjeueHa aetaib. Haltu

BCPOATHOCTDL TOI'O, YTO OHA OKAKCTCA 6paKOBaHHOﬁ.
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Pewenue:
a) 0003HaYMM yepe3 4 coObITHE — B3ATas JeTajb ABJIseTCs OpakoBaHHONW. MOXHO caenaTh

TpH NpeAnoiaoxkeHus (rumnotessl): H, — nerans BeIOpaHa u3 nepeoil naprtuu; H, — geranp
BbIOpaHa M3 BTopod maptuu; H; — nerans BbiOpaHa u3 Tperbedl maptuu. Ilockosibky

YUCJIO JIETAJIE BO BCEX TPEX MapPTUAX PABHO, BEPOSITHOCTU TUIIOTE3 PABHBI
1
P(H) = P(H,) = P(Hg) =~

0) ycioBHas BEpOSATHOCTh TOTO, YTO JCTajdb OyJIeT OpakOBaHHOM, €CIIM OHa B3sTa W3

NepBoOi mapuu, PHl(A) =0; ycrmoBHas BEpOATHOCTH TOTO, YTO JCTalb OyIeT OpakOBaHHOM,

. 5 1

eCIlM OHa B3siTa W3 BTOPOH mapuu, Py (A) = 0" Z; YCIIOBHAsI BEPOSATHOCTH TOTO, YTO
. . 10 1

zetaib Gynet 6pakOBaHHOM, ecii OHa B3sTa U3 TpeTbeil napun, By (A) = 0-2"

B) MCKOMasi BEPOSATHOCTh TOTO, YTO BBIOpAHHAs Hay/lauyy JAETajb SBJIAETCS OpaKOBaHHOM,

HaxXoaHuTcCs I10 (bOpMYJIG MOJTHOM BCPOATHOCTHU

Teopemuueckue ceedeHus.
BeposTHOCTE TOTO, YTO B HE3aBUCHUMBIX HCHBITAHUAX, B KaKIOM W3 KOTOPBIX
BEPOSATHOCTH MOsBJIcHUs coObiThs paBHa p (0 < p < 1), cOOBITHE HACTYIUT POBHO K pa3

(6e3pa3nMuHO B KaKOM MOCJIEeI0BATEILHOCTH ), ONPENIeTseTCs 0 popmyne bepuyinu
k ~k 4Nk
P (k)=Chp"a™",

rie q=1—p — BEpOATHOCTH TOTO, YTO COOBITHE B KAXKJIOM U3 UCIIBITAHUN HE MOSBUTCA.

Ilpumep evinonnenusn 3adanus.

BeposTtHocThs BexokecTH ceMsH niueHusl pasHa 0,9. KakoBa BEpOSITHOCTh

TOTI'O, YTO U3 YCTBIPCX INOCCAHHBIX CCMSIH BSOﬁHYT HC MCHCC TPCX.
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Pewenue:

a) MycThb coObITHE A — U3 4 CeMsIH B30MAYT HE MEHEE TPEX CEMSH; COObITHE B — 13 4 ceMsH
B30UyT 3 ceMeHu; coobiTue C — U3 4 cemsH B3ouWayT 4 ceMeHu. [lo Teopeme cioxeHus
BEPOSTHOCTEU

P(A)=P(B)+P(C).

0) BeposiTHOCTH coOBITHI B 1 C onpenenum 1o hopmyne bepryim:

|
P(B)=P,(3)=C3p%* 3 = 4 .0,9°-(1-0,9) =0,2916,

31(4-3)!
P(C)=P,(4)=C;p*q*"*=0,9*=0,6561.
B) nckomas BepositHocte P(A)=0,2916+0,6561=0,9477.

3agaua 2.

Teopemuueckue ceedenus.
Eciau 4ucio MOBTOPSAIONIMXCS MCHBITAHUN BEIUMKO, TO OMNPENEICHUE BEPOSATHOCTU IIO
dbopmyrne bepHynu 3aTpyAHEHO H3-32 TPOMO3JKOCTH BbIYMCIEHUU. B 3TOM ciyuae
MPUMEHSIIOT NPUOTMAKEHHYIO (OPMYITY, BRIPAKAIOILYIO IOKANbHYI0 meopemy Jlannaca:
1 .

m @(X),

Pa(k) =

X2

rje @(X)—L-e_? U X= K—np
NG ~Jnpg

3navyeHus QyHKIHUA @(X) OMPEACISIOTCS U3 TaOIUIIbI, IPUBEICHHON B TIPUIIOKEHUH 1.

[lpu wManpIX 3HAYCHHWSX BeposTHOCTH p s Belumcienus P,(K)  nmpumenstor

aACUMITOTHYECKYI0 hopmyny [lyaccona

ﬂ,k

Pok)= e

. rme e=2,7182...; A= np.

Orta dopmyna ucnombdyercs npu A <10, mpuyem uyeM MeHbIIE p W OOJBINEC 7, TEM

pe3yabTaT TOYHEE.

Ilpumep évinonnenus 3ad0anus.
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BeposiTHOCTh BexoxecTu ceMsiH nuieHulsl paBHa 0,9. Haittu
BEPOSITHOCTH TOr0, 4TO M3 400 mocesaHHbIX ceMsiH B3oMayT 350

CCMIIH.

Pewenue.

a) u3 YCIIOBUS 3a/1a4u p=0,9,9=1-0,9=0,1;, n=400; k =350. Torma

,_350-400-09 10, .
J400-0,9-01 6

0) u3 Tabumiel B npwioxkennu 1 Haxomum ¢(—1,67) = ¢(1,67) =0,0989;

B) HCKOMasi BEPOATHOCTh paBHA

P, (350) ~ .0,0989 ~ 0,0165 .
i00(350) 400-0.9-0.1

Ilpumep evinonnenusn 3adanus.

Cpemn cemsn nmennnsl  0,02%  copmskoB. Kakosa
BEPOSITHOCTh TOTO, YTO Mpu ciydaitHoM otoope 10000 cemsin

OyzeT 0OHapy>KEHO 6 CEMSH COPHSIKOB?

Pewenue.

W3 ycnosus 3amaun P =0,0002; n=10000;k =6. Torma A =10000-0,0002=2.
Hckomast BEpOATHOCTh paBHA

6
P.0000 (6) = % 87 76—2‘:) .0,1353~0,012.

3ajaua 3.

Teopemuqecmte ceeoeHusl.
Ecin BCPOATHOCTDb HACTYIIJICHUA coObITHS A B KaXXJ10M H3 n HUCIIBITAaHUN MOCTOSIHHA U

paBHa p, To BepostHocTh P, (K, <k <k,) Toro, uro coObitue A B TaKMX HCIBITAHUIX
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HacTynut He MeHee K; pa3 m He Ooinee K, pas, ompexpensercs 1o MHTErpalbHON Teopeme

Jlarmaca popmysioii:

X2
P (k <k <k,)~ e 2dx,

R —m»

1
J2r
k, —np

, q=1-p.
— q P

2

rae a:kl_np upf=

vnpq

t
1 y
OyHKIUS (D(X):f-_’.e 2dt naseBaercs Qyukuumen Jlamraca. B npumoxkenun 2
21
nanbl 3HaueHwst 3Tod QyHkuuu a1 0<X<5. Ilpu X>5 dyskuus Dd(x)=0,5. Ilpu
OTPHUIATEIILHBIX 3HAYCHHSX X B CHIIy HeueTHocTH ¢yHKmu Jlammaca P(—X)=-D(X).

Wcnone3ys ¢pynkuuto Jlamnnaca, nMeeM

P .(k; <k <k,)) = D(p)-D().

Ilpumep evinonnenus 3a0anus.

IT OLCHT BCXOXXCCTHU CCMAH INIIICHNUIBI PpaBCH 90%. HaiiTu BepOSITHOCTH TOT'O, UTO
b

n3 500 nocesHHbIX cemsH B3ouAyT oT 400 no 440 cemsH.

Pewenue.
a) u3 yciosus 3anaun P=0,9;q=1-0,9=0,1; n=500; k, =400; k, =440,
400-500-0,9 ~440-500-0,9

~-7,45; B= ~
/500-0,9-0,1 / J500-0,9-0,1

0) 13 TaOIMITBI B IPHIIOKESHUH 2 HAXOUM

D(~1,49) =D (L, 49) ~-0,4319; D(—7,45) =-D(7,45) ~—0,5.

-1,49.

Torma o =

B) HCKOMasi BEPOATHOCTh paBHa

P,,, (400 < k < 440) ~ ®(-1,49) — d(~7,45) = —0,4312 + 0,5 =0,0681.
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3anaua 4.

Teopemuueckue ceederus.

Jluckpemnoii Ha3pIBAIOT CAYYAUHYIO GEIUYUNY, BO3MOKHBIE 3HAUEHHUS] KOTOPOU €CTh
OT/EJIbHBIE N30JIMPOBAHHBIE YHUCIIA, KOTOPBIE ATA BEJINYMHA IPUHUMAET C ONPEIEICHHBIMA
BO3MOYHOCTSIMU. 3AKOHOM pacnpedeieHus TUCKPETHON CIydyallHON BEJMYMHBI HA3bIBAIOT
NepevyeHb €€ BO3MOXKHBIX 3HAYEHUN U COOTBETCTBYIOIIMX UM BEPOATHOCTEH. DTOT 3aKOH

MOJKET OBITh 3aJaH B BHUIAC T&6JII/IHI>I, InepBasa CTPOKa KOTOpOﬁ COACPKUT BO3MOKHBIC

n
3HAYCHMU Xi , d BTOpas — BCPOATHOCTHU pi , IpUYICM Z pi =1:
i=1

oo X K

P Py P, Pn

XapakTepUCTUKONM  CPEOHEr0  3HAYEHUA  CIIyYalhHOM  BEJIWYUHBI  CIYXKHUT
MaTeMaTH4YeCKoe OXXuaaHue. Mamemamuueckum odxcuoarHuem ITUCKPETHON CiydyaliHOU
BEJIMUMHBI HA3BIBAIOT CYMMY IPOM3BEICHUN BCEX €€ BO3MOXHBIX 3HAUYCHUM HaA UX
BEPOSITHOCTH

n
M(X):X1p1+X2p2+'"+ann:ZXipi' 1)
i=1

CBoiicTBa MAaTeMaTHYECKOTO OKUJAHUSA

1) MAaTEMaTUYECKOE OXHUIAHUE TOCTOSSHHOW BEJIWYMHBI PAaBHO  CaMoOM
MOCTOSIHHOM;

2) MMOCTOSIHHBI MHO>KHMTEIb MOKHO BBIHOCHUTH 3a 3HAK MaTeMaTHYCCKOTO
0KMJIaHMUS;

3) MAaTEMATHYECKOE  OXHUIAHUE TPOU3BEIACHUS B3aMMHO  HE3aBUCHUMBIX

CIIyYallHbIX BEJIMYUH PABHO MPOU3BEICHUI0O MATEMATHYECKUX OKUIAAHUN
COMHOXKMTEJICH;
4) MAaTEMATHYECKOE OXHUJAAHUE CYMMbI CIYyYallHBIX BEJIMYUH PABHO CyMME

MaTCMaTH4YCCKHUX O)KI/II[aHI/If/'I cJlaraCMbIX.
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ﬂucnepcueﬁ cnyqaﬁHoﬁ BCIIMYMUHLI HAa3bIBAIOT MATCMATHYCCKOC OXXKHAAHUC KBaapaTa

OTKJIIOHCHUA cnyqaﬁﬂoﬁ BCIINMYHHEBI OT €€ MaTCMaTUYCCKOI'O OKUJaHHUA:

D(X)=M[X =M (X)].

Jlucrniepcuio y100HO BBIYUCISITE IO (hOpMyJie

D(X)=M(X*)-[M(X)].

CBoiicTBa IUCTIEPCHH:

1) nucnepcus MOCTOSTHHON BEIMYMHBI PaBHA HYJIIO;

(2)

(3)

2) MOCTOSIHHBIA MHO>KMTEIb MOKHO BBIHOCHTH 3a 3HAK AUCIICPCUH, BO3BOJA €TO B

KBaapar,

3) amcriepcusi CyMMbI HE3aBUCHMBIX CIyYallHBIX BEJIMYUH paBHA CyMMeE JHCIICPCHIA

CJIaraeMbIX.
Cpeonum  keaopamuueckum OMKIOHEHUeM CIy4alHOU

KBaJpaTHBIM KOPEHB U3 TUCTIIEPCHUU:

o(X)=/D(X).

BCJINYHNHBI

Ha3bIBAarOT

(4)

CpenHee KBaJpaTU4YECKOE OTKJIOHEHHE CIyYallHOW BEIMYMHBI XapaKTEPHU3YET paccesiHue

BO3MOYKHBIX 3HAYEHHUM CIIy4YalHOM BEJIMYMHBI BOKPYT €€ CPEAHErO 3HAUYCHUS.

Ilpumep evinonnenus 3a0anust.

3ajaH 3aKOH paclpe/iesieHUs] TUCKPETHOW CIy4ailHOM BEJIMYMHBI
X. Halitn ee mareMaTuyecKkoe OKHUIAHUE, TUCTICPCUIO U CPEIHEE

KBaJApaTHYCCKOC OTKIIOHCHHC.

X 40 42 41 44
P 01 03 02 04

Pewenue.

a) BpluncnuM MaTeMaTHYecKOe OXKUJAHUE 0 3aJaHHOMY 3aKOHY pachpeieseHus

JUCKPETHOM CITy4aifHOW BETUYMHBI, TTOJIB3YSICh (hopmyIoi (1):

M(X)=40-0,1+42-0,3+41-0,2+44-0,4=42,4;

0) BBIUMCIINM JUCTIEPCHIO, BOCIIOJIB30BABIIUCEH (popmyiioit (3). st 3Toro coctaBuM 3aK0H

pacrpeneneHus Kpaapara ClIy4aiHOW BEJIMYUHBI:
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X2 40% 422 417 442
P 01 03 02 04

Torma M (X?)=407-0,1+42%.0,3+41%-0,2 + 44%.0,4=1799,8;
D(X)=1799,8 42,42 =2,04.

B) CpeiHee KBapaTUIECKOe OTKJIIOHEHHUE BBIUUCIUM 110 Gopmyrie (4):
o(X)=4/2,04 =1,43.

3ajaua 5.

Teopemuueckue ceedenusl.
Dyukyueu pacnpedenenus (AHTETpAIbHOM (DYHKIMEH pacrnpeneseHusi) Ha3bIBaIOT

dyakmuto F(X), ompemensioniyro IUisi KaXJIO0TO 3HAYCHHS X BEPOSTHOCTh TOTO, YTO
CilydaiiHas Beqn4rHa X MPUMET 3HaYEHNE, MEHBIIIEE X, TO €CTh

F(x)=P(X <Xx).

CBoiicTBa HHTErpaIbHOW (DYHKIIMM paclpeiesICHUs:

1) 3HaueHus QYHKIUK paclpeIeICHUs IIPUHAIICIKAT OTPE3KY [0;1] ;

2) GyHKIHS pacipeesieHus €CTh HeyObIBaroIast (QyHKIIHS,

3) BEpOSATHOCTH TOTO, YTO CiIy4aiiHas BeJIWYMHA X TPUMET 3HAYCHHE, 3aKIIFOUCHHOE B
untepsane (a;b), paBHa npHpaleHMIO (YHKUMM pPAaCIpPEACICHUS Ha 3TOM
untepaie: P(a< X <b)=F(b)-F(a);

4) BEpOATHOCTh TOTO, 4YTO ClydaiiHas BeduurHa X OPUMET OJHO OTNPEACICHHOES
3HaueHHe, HalpuMep, X;, paBHA HYIIIO;

5) ecnu Bce BO3MOYKHBIC 3HAUCHUS CIYYAHHOUW BEIMUYUHBI X MPHUHAJICKAT HHTEPBATY
(a;b), o

F(x)=0 Wvx<a; F(x)=1 Vvx>b.
Huppepenyuanvnon  gynxyueii  pacnpedenenuss f(X) HempepbIBHOW ClydyaiHO#

BCJIMYMHBI HA3bBIBAIO IICPBYIO ITPOU3BOAHYIO OT CI)YHKLII/II/I pacinpCaciaCHuA:

f(x)=F'(x). (5)
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Ecnu 3anana nuddepenimansias ynkuus pacnpenenenus f(X), BeposTHOCTH TOTO,

yToO cnyqaﬁHaﬂ BeamynHa X IMPUMCT 3HAYCHUC, 3AKIIIOYCHHOC B MHTCPBAJIC (a;b), paBHaA
b

P(a< X <b):jf(x)dx.
a

Mamemamuueckoe odrcudanue HENPEPHIBHON CIIydyalHOW BEIWYMHBI X, BO3MOKHBIE

3HAYCHMU KOTOpOfI IMpUuHAAJICKAT BCEM YMCIIOBOM OCH, OIIPCACIISACTCA PaBCHCTBOM

M(X):Txf (x)dx.

—00
Ecnu Bce BO3MOXKHBIE 3HAYCHUS CIIyYaWHOW BEJIMYMHBI X MPUHAIJIEKAT UHTECPBALY

(a;b), o
b
M (X) =jxf (X)dX. (6)

Jlucnepcueu nenpepwvignou caydaunou eeauyunsvl X, BO3MOXKHBIE 3HAYEHUS KOTOPOU

IIpUHAAJICKAT BCEH YMCIIOBOM OCH, OIIPCACIIACTCA PABCHCTBOM

D(X) :T[x— MO f()dx wm D(X) :+Oox2f(x)dx—[M X)T.

—00 -00
Ecnn Bce BO3MOXHBIE 3HAYEHUs CIYYalHOW BEJIMYWHBI X INPUHAIJIEKAT HUHTEPBAILY

(a;b), To

b b
D(X)=[[x-MX)] f()dx  wm  D(X)=[x*f()dx-[M(X)]. (7)

Ilpumep evinonnenusn 3ao0anus.

HenpepoiBHast ciyuyaiiHas BenuunHa X 3a7aHa  MHTErpalibHOM  QyHKIuEH
0ide x<0,

pacrpenenenns F(x)=<x> 8 0<x<1,
17de x >1.

TpeOyetcs HaWTH muddepeHnuaaTbHy 0 byHKITHIO pacrpeeneHus

MAaTEMATHYCCKOC OKNAAHNC U NJUCIICPCHIO.
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Pewenue.

a) ITo ompenencuuro (5) Haligem muddepenmanbayio GyHKIuoo pacnpeneneHus f(X)
KaK TIPOM3BOIHYIO OT 3aJJaHHOW MHTETPATbHON (DYHKIIMH PaCIIpEICIICHUS:
0ide x<0,
f(x)=43x*T186 0<x<1,
010ée x>1.
0) MaTeMaTHYECKOE OXKMIaHue BeIUUCIUM 110 (opmyite (6). Tak kak ¢pynkmus f ()

npu X<0 u X>1 paBHa HyIIO0, TO UMEEM

h t axt
M(X)=jxf (X)dx:jx-szdx:T
0 0

0

B) BBIYUCIIUM JUcCIiepcrio 1o ¢opmyiie (7)

1 2 1
D(X) =J'(x—§j -3x2dx=3j.(x4 —§x3+3x2)dx=
0 4 5 2 16

1
x° 3x* 3x° 1 3 3 3
3| X X g1 3,31 3
5 8 16 0 5 8 16 80

3ajaua 6.
Teopemuueckue ceedenus.

Eciu 3amana muddepennmanshas ¢yHkius pactnpeneiacHus f(X), BeposTHOCTH TOTO,

qTOo cnyqaﬁHaﬂ BGJ’II/I‘H/IHaXHpI/IMCT 3HAa4YCHHUC, 3aKJIIOYCHHOC B I/IHTepBaJ'Ie (a, b) ) paBHa
b
P(a< X <b)=[ f(x)dx. (8)
a

BeposTHOCTh BBITIOJHEHUSI CTPOTMX HEPABEHCTB a< X <b ompenpensiercs TOH ke

dbopmyoi.

Hopmanvhbim Ha3bIBAlOT PACIPENCIICHUE BEPOATHOCTENM HENPEPHIBHOM CIIyYaliHOM

BenuuuHbl X, nuddepeHnmanbHas (QYHKIUS pacrpenesieHuss KOTOpPOro  MMEET BHI
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L ey
2

f(x)= e 20° | rme a — MaTeMaTH4ecKoe OXUAAaHWe, o — CpeaHee
o2

KBaIpaTUYECKOE OTKIOHEHHE X.
Eciun cnyuailinas BenuuumHa X pachnpeneieHa IO HOPMAJIbHOMY 3aKOHY, TO
BEPOSTHOCTh TOTO, YTO X IPUMET 3HAUYCHUE, 3aKIIOUYEHHOE B UHTEPBAJIC (cx; S ), paBHa

P(a<X<ﬂ):CD('B_aj—cD(a—_aj, 9)

(o} (o}

x _t*
rae O(X) = f J 2dt — pynkuus Jlamnaca (npuBeeHa B IPUIOKEHHH 2).
0

BGPOHTHOCTB TOro, 4To a0COJIFOTHAsI BEJIMYMHA OTKJIOHECHHUS MEHBIIIE ITOJIOKUTEIIHHOTO

yucna o , onpeaensercs no Gopmye

P(|X —a\<5):2®(é). (10)
O

Ilpumep evinonnenusn 3adanus.

JlnuHa aetanu mpencTaBisieT coO0M HOPMabHO paclpe/leSIEHHYI0 CIy4ailHyIo
BEJIMYMHY C MaTeMaTH4YeCKUM OxHuAaHueM 40 MM U CpeaHUM KBaIpaTHYECKUM
OTKJIOHEHHEM 3 MM. HaliTu BepOSITHOCTh TOTO, YTO JJIMHA MPOU3BOJIBHO B3SITOM
netanu Oyner 6osbiie 34 MM U MeHblle 43 MMm. OnpeAenuTb BEpOSITHOCTh TOTO,
YTO JJIMHA JAETaU OTKIOHUTCS OT €€ MaTeMaTU4ecKoro OKuJaHus He OoJiee ueM

1,5 Mm.

Pewenue.
a) Ilo ycnoButo 3anaun a =40, a =34, f =43, o0 =3. Torna no popmye (9)
P(34< X <43)= @(43;?)?"1} - @(wj — (1) - d(~2) =

= ®(1) + D(2) ~0,3413+0,4772 ~ 0,8185.

0) BEpOSATHOCTh TOTO, 4TO0 a—o< X <a-+o, rae a=40,0=15, BeuHCIUM TIO

dbopmyiie (10):
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P(|X —40‘<1,5)=2-®(%)=2-CD(O,S)z2-0,1915z0,383.

3ajaua 7.

Teopemuueckue ceedenus.
Komnnexcrnvim wuciom Ha3pIBaeTCs BEIpAXKCHUE BUJIA
Z=X+ly, (11)
i€ X, Y - BeIIECTBEHHbIC (ICHCTBUTEIBHBIC) YHCIIA,
= \/—_1 - MHUMas SJIMHUIIA.
Uwncao X HA3BIBAIOT OelicmeumeibHoll Yacmvpio KOMIUIEKCHOTO 4Hucia Z U 0003HAYaoT

x=Rez, a umcmo Yy - muumon uacmero uucna z.y=Imz. Muumas eaunHuna |

MPEACTaBIsACT CO00M KOPEHb KBAJPaTHOTO ypaBHEHUS 2%2+1=0 , TO €CTh i =—1. 3anucs
KOMILJIEKCHOTO 4mciia B ¢opme (11) Ha3wBalOT aneebOpauueckum npeocmasieHuem

KOMIUTIEKCHOTO 9rciia. Uuciio Z = X —1y Ha3bIBaIOT COMPSHKCHHBIM KOMIUIEKCHOMY YHCITY
(12).
2
Mooynem KOMIUIEKCHOTO YHCJIa HA3bIBAIOT BEIMYUHY ‘Z‘z«/X +Y°, apeymenmom

KOMIIJICKCHOI'O qucia Ha3bIBAIOT BCIIMYUHY Q=argz TaKy1o, qTo
y

X . .

IIPpOTHUB YacoBOM CTPCJIKHU, CYUHHUTACTCA II0JOXUTCIbHBIM, B IIPOTHBHOM CJlIy4dac —

y

COSp = sin Q= @ =argz=arctg ; , TJI€ yroJI ¢, OTCYUTHIBAEMBIN

oTpunarenbHbIM.  KOMIUIEKCHOE  4YHMCIO  z=Xx+iy  MOXHO TMpPEICTaBUTh B
MPU2OHOMEMPUIECKOL popme
z=|z|cosp + i|z|sin g = ‘z‘(cosgo +ising) . (12)
OGosnaunM €'% =cos¢+ising, Toraa MOXKHO NEpedTH OT TPUTOHOMETPHUUECKON
dbopMBbI NipeicTaBICHUs KOMIUIEKCHOTO uncia (12) k noxazamenvuou gpopme:
z= ‘z‘ei(p : (13)
PaccMOTpUM OCHOBHBIC anreOpanyecKue Omepaluyd HaJ KOMIUICCHBIMHU YHCIaMH

=X +1yp 1 Zy =Xy +1Ys.
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1. Cnoxenne: 73+ 2y = (X + X ) +i(Yp + Yo ).
2. Borumranue: 73— =(X —Xo ) +i(y1—Y2).
3. YMHOXeHue: 21-22=(X1+iy1)-(X2+iy2)=(X1X2—y1y2)+i(X1y2+X2y1).

2. 21-20  XXo + ViVo +i(YiXo — X
4. Jlenenne; ~L =122 - 172 Yoy +i(¥1Xo =X Y2)

2 2
I Iy+1p Xg +Y>

5. Bo3BeneHME KOMIUIEKCHOI'O YHCIa B CTENEHb: B 3TOM Ciy4yae yJIO0OHO OT
anrebpandeckoil (OpMBI MPEACTABICHUSA YUCIA z=X+iy TEpPelTH K MOKa3aTelbHOM
dopme: z = \z\ei ¢ . Torpa z" = \z\nei’w, U, 3aMKChIBas PEe3yJIbTaT B TPUTOHOMETPHUECKOM
dbopme, MOITyYuM Tak Ha3bIBaeMyto gpopmyny Myaspa:

2" =|z|" (cosng +isinng). (14)

6. U3BiedeHne KOpHA M3 KOMIUIEKCHOIO 4YHUCJHAa: KOpPHEM N-OH CTENeHU U3
KOMILJIEKCHOT'O YHCJIA Z Ha3bIBAETCSl TAKOE KOMIUIEKCHOE YHMCJIO W, YTO MPU BO3BEJICHUU

€ro B N-yIO0 CTCIICHB IOJIYUYHM Z: Nz = W, eciaun Wn =17.

JI1s1 KaXKI0ro KOMILIEKCHOTO YMCJIa MOKHO HAUTH N 3HAYEHUN KOPHSI N-OW CTETNIEHU 110

dbopmyie

(Q/E) =1/ COSM+iSinM, k=0,1,2,..,n-1. (15)
k+1 n n

Ilpumep evinonnenus 3a0anus.

3amaHbpl  KOMIUIEKCHBIE 4YHcia. TpeOyeTcss a) BBIMOJHUTH JIEWCTBUS HaJ
KOMITJIEKCHBIMU YHUCJIaMU B anreOpanyeckod (opme; 0) HAllTH Bce 3HAYCHUS

KOpHS U MPEJICTaBUTh OTBET B aJiredpandeckon popme:

-1 s
a) (EJ -1 6) l.

Pewenue.



a) G—;:T—i‘%:(%jz—i-iz:[%Jz_iﬂ:

_[wlz_i.(_l)_(%ijzﬂ_—1+i,

1— (=)

B npeobpa3zoBaHusx UCTIOIB30BANU TOT (DAKT, UTO i2=-1,

6) /IS BBIMHCICHUS 3—i NPEACTABMM 4HCIO —i B TPUTOHOMETPUYECKOH (opMme.
[TockonbKy |—i| =1, cosep= % =0,sinp= _Tl =-1,¢=270", To —i=c0s270" +isin270°,
Haitzem ¥Y—i o dbopmyie (15):

()

:%(Coszm +5360 K, iy 270°+360 k]’ (01234

k+1

(Y1) =1-(cos(54°+72°k)+isin(54°+72°k)), k=012,34,
k+1

npu k=0 (?/—_1) =c0s54° +isin54°,

opu k=1 (\/—_1)

ol

c0s126° +isinl126°,

2

mpu k=2 (3~ )3 = c0s198° +isin198°,

N

c0s270° +isin270°,

ol

(
npn k =3 ( - )4
(

—1)5 C05342° +isin342°.

npu k=4

OcHoOBHas nuTeparypa
1. bexnemumes, J[.B. Kypc anamuTuueckoil reoMeTpuu M JIMHEHHON anreOpbl. [DNEeKTPOHHBIN
pecypc] — OnektpoH. TekctoBbie mganHbie. — CII6. : Jlanp, 2017. — 448 c¢. — Pexxum noctyma:
http://e.lanbook.com/book/91080 — 3ar. ¢ skpaHa.
2. Knerenuk, JI.B. COopHMK 3a7a4 MO aHAIMTHYECKOW TEOMETPHH. [DJIEKTPOHHBIA pecypc] —
OnekTpoH. TekcToBble manHble. — CII6. : Jlawp, 2017. — 224 c¢. — Pexum npocryma:
http://e.lanbook.com/book/92615 — 3ar. ¢ skpaHa.



63

Ky3znenos, JI.A. COOpHHK 3a/laHuii 110 BBICIICH MaTeMaTuke. THIMOBbIe pacdeThl. [DIEKTPOHHBIN
pecypc] — OnektpoH. TekcToBble nanHbie. — CII6. : Jlanb, 2015. — 240 c. — Pexum mocryna:
http://e.lanbook.com/book/4549 — 3ari1. ¢ skpaHa.

. ITnuckynos, H. C. luddepenunanbuoe u MHTErpaIbHOE UCUUCIICHUS : YIeOHOE TOCOOHe 1Sl BTY30B.
T.1 / H.C.ITuckynoB. — M3n. crep. — Mocksa : UaTerpan-Ilpecc, 2010 .— 416 c.
. IInckynos, H. C. luddepennunanbHoe n MHTErpaIbHOE UCUUCIICHUS : y4eOHOE TTOCOOUE I BTY30B !
B2 T1.T.2/H.C. Iluckyno. — U1zn. crep. — Mocksa : UaTerpan-IIpecc, 2009 .— 544 c.
. Jlakepuuk A.P. Beicmas matemaruka. Kpatkuii Kypc [DIeKTpOHHBIH pecypc]: yueOHoe mocodue/
Jlakepuuk A.P.— DnektpoH. TekcToBbie nanubie.— M.: Jloroc, 2008.— 528 c.— Pexum pocrymna:
http://www.iprbookshop.ru/9112.html.— 5BC «IPRbooks»
JlononuurenbHas IuTeparypa
ABepuH, B. B. Marematuka. Y. 1 [3nexTpoHHBIH pecype] : Kypc Jekiuii: yaeonoe nmocodue/ B. B.
Agepun, M. 0. Cokoinoga, /1. B. Xpuctuy; Tynl'VY. - Tyna: U3a-so Tyal'V, 2010. - 254 c. : .-
ISBN 978-5-7679-1748-8. — Pexxum nocrtyma :https://tsutula.bibliotech.ru/Reader/Book/
2014100214370663049600009433, o mapoJto
AgepuH, B. B. Marematuka. Y. 2 [31eKTpoHHBINA pecypc] : Kypce JieKiuii: yaeonoe mocobue/ B. B.
Agepun, M. 1O. Coxkomnoga, JI. B. Xpuctuu; Tynl'V. - Tyna: U3a-Bo Tyal'V, 2010. - 275 c. : u. -
ISBN 978-5-7679-1749-5. — Pexxum mocTyIa 1o mnaposo
-https://tsutula.bibliotech.ru/Reader/Book/201410021441294315510000 8498, o mapoJiio



https://tsutula.bibliotech.ru/Reader/Book/%202014100214370663049600009433
https://tsutula.bibliotech.ru/Reader/Book/%202014100214370663049600009433
https://tsutula.bibliotech.ru/Reader/Book/201410021441294315510000%208498

