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[IpakTueckoe 3ansatue 1.
KOMILITEKCHBIE YUCJIA U IEMCTBUSA HAJl HUMUA

I. TEOPUA

PaccmoTpum MHOkecTBO C  yHMOpSAOYEHHBIX Map JNEHCTBUTENBHBIX 4yucenl Z = (X, Y)

WJIH, 9TO TO Xe camoe, Touek Iiockoctd XOY mimm cBOOOIHBIX MJIOCKUX BEKTOPOB:
C=R*=RxR={(X, y)|xeR, yeR}.

Ha muHOxecTBe C BBeleM OIEpaluy CIOKEHHSI U YMHOKEHHS Ha JCHCTBUTEILHOE YHCIIO
(ckamsip) A (Tak ke, Kak B BEKTOPHOM HcYHCIIeHun ), npeBpamiatonue C B nose. [locne storo
MO>KHO MIPEJCTaBUTh KAXbIN 25IeMeHT Z € C B aneebpauyieckoii popme:

Z=X-1+y-i=X+iy, 1)
rjae dyepe3 1 u | 0003HAYCHBI SAMHUYHBIC BEKTOPHI (OPTHI) COOTBETCTBEHHO Oceii X u Y (000-

3HA4YCHUE TIEPBOro OpTa OHYCKaCTCH). Torz[a MHOXECTBO | Ha3BIBACTCS nojeM KOMNIEKCHbIX
yucen, a €ro dJIEMEHThI Z = X+iy — KomnaekcHvimu yucramu. Yncna X u Y COOTBCTCTBCHHO

HAa3bIBAIOTCS OCUCMBUMENIbHOL U MHUMOLL YaCThIO YKMCIIa Z W 0003HAYAIOTCS CHMBOJIAMU
x=Rez,y=Imz.
Yucna zZ =1y Ha3bIBalOTCS MHUMbIMU. KOMIUIEKCHBIC yucha Z =X+1y U Z = X—Iy Ha3bI-
- - -2
BAIOTCs conpsicennwvimu. I10 ompeneneHuto monaraior i-i =i =-1.

PaccmoTtpum orepanuv HaJi KOMIUIEKCHBIMH YHCIIAMH B alreopandeckoit popme.
1. Ciuoxenue:

L, +17,= (X1 + iyl) + (Xz + iyz) = (X1 + Xz) + i(yl + yz)-
2. BreruuTanue (ompeaensercs Yepe3 OnepaIuio CIOKCHHS):
VzeC, z=x+iy, 3z,: z+2, =0, z, =—z=—x+i(-y),
2,-2,=2,+(=2,) = (% +iy;) = (X, +1¥,) = (% = %) +i(Y; = ).
3. YMHOXEHHE:
2,2, = (4 +1Y) (X, +1Y,) = XX +iY,%, +X Y, +7V1Y, = (04X, = V1Y,) +104Y, +X,¥,).
4. Jlenenwue (ompenemnseTcs yepe3 onepaiuo YMHOKEHNUS):
Vz=x+iy=03lz,:2-2, =1,

Z, _ Xty () —1Y) XX+ V1Y, VX =Y,

_ - 2 2 2 2 2 2
Z, X +ly, X t+Y, X, +Y, X t+Y,
Ecim 0603HaunTh |Z[P=2-7 =X* +y?, TO
5L, 4 '72
A _ 2,
Z, |2z,|

J171s1 BBINIOJIHEHHUSI ONIEpalluid YMHOXKEHUS, JEIECHMS, @ TAK)KE€ BO3BEJICHUS B CTEIICHb U U3-
BJICUCHUS KOPHSI yI0OHEee TepelTH K MOJspHOM crcteme koopauHat (r, ¢). [lonspHblii paau-
yc r= 4/ X* +y? ¥ MOJNAPHBIA yTOI @, TO €CTh YIoJl MKy MOJOKUTENbHBIM HAPABIEHHEM
OCU X WM BEKTOPOM Z , Ha3bIBAIOTCS €r0 MOOYIeM U apeyMenmom U 0003Ha4aroTCs

rz|, p=Argz.

Mopnyne onpenensercs 0JHO3HAYHO, a ApI'YMEHT — C TOYHOCTBIO JI0 CJIAraéMoro, KpaTHo-

ro 2z . OO0o3HauMM uyepe3 arg Z 3HAUYEHUE apryMeHTa, 3akKJIOYEHHOrO0 B Ipenenax

@, <arg Z< @, +27, TA€ ¢, — NPOU3BOIBHOE (PUKCHPOBAHHOE YUCIO. [[JIs ONpeseeHHOCTH
nonoxuM @, =—x . Torna Argz=arg z+2kz (k=0, £1, £2, ...), npuuem



arctgl, x>0,
X

Yy
Xl
Yy
Xl
T
—,x=0,y>0,
> y

r+arctg=, x<0, y>0,

argz= <—-r+arctg—, x<0, y<0,

T
-—,x=0,y<0.
> y

Tak kak X =rC0oS¢, y=rsing, To
z=r(cosp+ising) = z|(cosarg z+isinarg z). (2)

[IpencraBnenue Z B Buae (2) Ha3BIBACTCS €T0O mMpucoHoMempuyeckou gpopmoi. Vicronb-
3ys hopMmyity Ditnepa

e =cosp+ising, (3)
MOJTYYUM HOKA3AMENbHYI0 pOpMY KOMILICKCHOTO YUCIIa
z=re", 4)

OnepauHH YMHOXCHUSA U OCJIICHUA, 4 TAKIKEC BO3BCACHU B CTCIICHL U U3BJICYHCHUSA KOPHSI

B TPUTOHOMETPHUYECKOH M MMOKa3aTeIbHON (hOpMax BBITOJHSIOTCS CICIYIOIIM 00pa3oM.
1. YMHOXeHue:

2,2, =1,(coseg, +ising,)r,(Cosg, +ising,) =
= 1,1, (COS ¢, COS @, —Sin ¢, Sin @, +1(COS @, Sin @, +Sin ¢, COS @, )) = I, (CoS(p, + @,) +isin(@, +p,)),
_ral o _ i(@+er)
Z,-2, =here" =re" ",
2. Jleneuwue:
1 (cosg, +ising,)r,(cose, —ising,)

Zl
z, T, (cose,+ising,)r,(cose,—ising,)

I, COS¢,COS@,+Sing, sing, +i(sing, cosp, —cosg, sing,) 1, .
== - =L (cos(p, —@,)+isin(p, —p,)),
rz cos? g, +5in’ r2( (@~ ;) +isin(e, —¢,))
z, _re”

4 W _hiee
z, re” i,

3. Bo3BeneHue B CTEIICHB:

2" =r"(cosp+ising)" =r"e"™ =r"(cosnp+isinng).
Ortcrona nonyuaem popmyny Myaspa:
(cosp+ising)" = (cosne+isin ny)

4. H3BneueHue KOpH:. KOpeHL N -¥ CTENeHU U3 KOMIUICKCHOI'O YHciIa Z UMeeT N pas-

JUYHBIX 3HAYEHUN, KOTOPbIE HAXOATCS 10 hopMyIie

Yz =14z |(005Lr?kﬁ+isinwj,

n
roe k=0, 1, ..., n—1.
TouKkH, COOTBETCTBYIOIIHE 3HAYCHHUSAM Qﬁ , SIBIITIOTCSL BEPIIMHAMH TPaBHJIBHOTO N -

YroJIbHUKA, BIIMCAHHOTO B OKPYKHOCTH paguyca {f| Z| ¢ meHTpoM B Havayie KOOpAHUHAT.

1. 3AJIAUU



1. Jloka3aTh CleayIonIiue COOTHOIICHHUS:

r) z+xz,=2%12,.

2. Pemmuts ypaBuenue 7 = z°.
3. Haiitu MOIynb U TIIaBHOE 3HAUCHHUE apryMEHTa KOMIUIEKCHBIX YHCell:
a) z=4+3i;

0) 7=—cosZ+isinZ.
5 5

4. Cnenyroliyue KOMIUICKCHBIC YHCIa MPEACTABUTh B TPUTOHOMETPUYECKOW M IMOKa3a-
TeIbHOU (hopMax:

a) -2;

0) 2i;

B) z=-1—i/3.

5. Beraucnurs:

1+i\/§ 40_
a) | ——|
—i

6. HaiiTu Bce 3HaUEHUS KOPHS:
a) 41;

6) 4-1;

B) 3i;

T) m .

JI) m :

7. HaiiT MHOKeCTBa TOYEK Ha TUIOCKOCTU KOMIUIEKCHOTO IEPEMEHHOTO Z , KOTOphIE
OIPCACIIAIOTCA 3aJaHHBIMHA YCIIOBUSMMU!

a) |=|<2, 2#0;

z
6) [z-1-i|<4;

B) 3—1+i

8. Yka3arp, Kakue JJUHUH ONPEICIISAIOTCS CIICAYIOINMA YpaBHEHUSIMHU:

a) 22 +7%=1;
6) |z|-3Imz=6;



B) Re(l+12) =|z].

9. B kakoii BeKTOp TepeiiieT BekTop —/3—1i mocine mosopota Ha yroma 120°?

10. Haiitu yroJ, Ha KOTOPBIN HA/IO MOBEPHYTH BEKTOP 4 —3i, 4TOOBI MOTYYUTH BEKTOP
—S5+1.



[IpakTrueckoe 3ansTue 2.
O YHKIUU KOMIIVIEKCHOI'O IIEPEMEHHOI'O

I. TEOPUA

I'oBopsT, uto Ha MHOXecTBe M — C 3anmana ¢hynxkyus f , ecnu 3amaH 3aKoH, 0 KOTOPO-

MY KaXJI0il Touke Z € M CTaBHUTCS B COOTBETCTBHE KOMILIEKCHOE YUCIIO @ '
f: M—>C mm w= f(2). Q)

CornacHo 3TOMY OIpeNeIeHUIO BeAKas PYHKIUS 00Ho3HauHa. Muoeo3naunvlie HyHKIHNH,
JUTs KOTOPBIX K10 Touke Z € M CTaBUTCS B COOTBETCTBHE HECKOJIBKO KOMIUICKCHBIX YHUCEI,
pacemotpuM moke. Pynkimsa f: M —C  Ha3bIBaeTCH 63aUMHO 0OHOZHAYHOU WA 0OHO-
JIUCMHOU, €CITA OHA ITpeo0pa3yeT pa3IudHble TOUKH Z;, Z, € M B paznu4Hsble:

Vz,2,eM:f(z)=1(2,)=>z =1,

3amanne f paBHOCWIBHO 3a/laHUIO JIBYX JCHCTBUTENBHBIX (GyHKmmMA U=U(X, Y) u
v=v(X, y): W(2)=u(X, y)+iv(X, y). ®yakuus U(X, Y) Ha3bIBACTCS OeUCmMEUmenbHoll, a
V(X, Y) —muumoii yacthto pyHkimu W= f(z): u=Re w, v=Im w.

Iycts Gynxuus f ompenesneHa B MPOKOJIOTOH OKPECTHOCTH TOUKH Z, € C ; TOBOPAT, UTO
uncno W, € C spiseTcs ee npedenom TIpu Z —> Z,, €CIM JUTA TH060H OKPECTHOCTH U,, Haiiner-

cs Takasi MPOKOJIOTasi OKPpEeCTHOCTH U ;0 , UTO Ui BCEX Z € U;O f(z)eV,,:
lim f(z)=w,. (2)

DKBUBAJICHTHOE OTPE/ICIICHUE:!
Ve>036>0: 0< p(z, ;) <o = p(f(2), w,) <e. 3)

Jis W, #co nonoxum W, =W, +iw,. Toraa paBeHCTBO (2) paBHOCHIBHO JBYM A€HCTBH-

TCJIbHBIM PaBCHCTBaAM
limu(z) =w, limv(z)=w,. 4
77

774

3anuiieM paBeHCTBO (2) B MOISPHBIX KOOPJAMHATAX
lim|f (z)| =|w,|, limarg f(z) =argw,.
717,

774
B xoMIIEKCHBIN aHaJIN3 aBTOMATUYECKU MIEPEHOCATCS 3JIEMEHTApHBIE TEOPEMBI O Mpee-
nax GyHKIUU B TOUKE.

qDYHKI_II/I}I f , OIIpCACIICHHAd B HCKOTOpOﬁ OKPCCTHOCTHU TOYKHU ZO eC , Ha3bIBACTCA He-

npepuléHol moyke Z,,, €CIIU CYILECTBYET Ipee
lim f(z)=f(z,). (5)

B koMmmuiekcHBIN aHau3 aBTOMATUYECKU TMEPEHOCITCS DJIEMEHTapHbBIE TEOpPEeMbI 0 (PYyHK-
IIUSX, HETIPEPHIBHBIX B TOYKE.
Gyukuus f HaspiBaeTcs Henpepuvlghotll 6 obnacmu D, ecnu oHa HENpepbIBHA B KAXKI0H

TOUYKE DTOU 00JIaCTH.
1. 3AJAYU

1. Jlns cnenyromux GyHKIUM HaAWTH 1EHCTBUTENBHYIO U MHUMYIO YacTH:
iz+1

a) W=——,
1+7



zZ
z
7%,
B) W=ge" ;
r)y w=sinz.
2. HaiiTn 3HaueHHe MOJTyJIS M TJIABHOE 3HAYCHUE apryMEHTa JIaHHBIX (YHKIIMHA B yKa3aH-
HBIX TOYKax:

a) W=ze*, z,=7i;

0) w=

0) w=shz, z, :1+i%;

B) W=CO0SZ, Z, :%+i In2.
3. 3anucatp B anredpandeckoil popme CleAyonre KOMIUIEKCHbIE YnCa:
a) w=In(1-i);
0) w=sinri,;
.
B) W=tg—1i;
) 97
r) w=arcsini;
o) w= Arctg % .
4. Haiitu:
a) i
0) (-1
.\ 2i
B) (]ilj .
2
5. Pewuts crieayronme ypaBHEHHS:
a) e’ +i=0;

0) 4cosz+5=0;
B) w=In(z+i)=0.



[IpakTudeckoe 3ansTue 3.
JTU®DPEPEHIIMPOBAHUE ®YHKIINH KOMILIEKCHOI'O IEPEMEHHOT' O.
YCJOBUS KOILIA-PUMAHA. TEOMETPHUYECKHUM CMBICJI APTYMEHTA U

MOJYJISI IPOU3BOTHON

I. TEOPUA

[ycts ¢yukiust f =U+IV ompeneneHa ¥ KOHEYHA B HEKOTOPOM OKPECTHOCTH TOYKH
Zy =X, +1y, € C. bymem rosopurs, uro [ Ouppepenyupyema 6 mouke 7, 6 cmuicie
oeticmeumenvrozo ananusa (B cMuicie @ynkuus ), ecnin Gpynkuun U u V auddepenuupyemsi B

touke (X, Y,) . Juppepenyuarom f BTOUKe Z, Ha3bIBACTCS BBIPAXKCHHE

df =du+idv, (1)
KOTOPOE€ MOXKHO IIEPETIUCATH B BUJC
of of
df =—dx+—dy. (2)
ox oy
ou .ov of ou . i
3nech — =— — =—+1—. PaccMOTpHUM COIpsKEHHBIE ITIEpEMEHHbIE Z = X +1Y U

+1—mu
oXx oOX ox oy oy
Z =X—1ly.Orcrona dx = % (dz+dz), dy = % (dz —dZ) . TMoacrasnssa B (2), mocie neperpyniuupoBKH

YWICHOB MOJIYYHUM

df:idzjtidi, ®))
0z oz
I'’1€ BBCJACHbI 0603Ha‘-ICHI/ISI
of 1(of . of 1(ou ov) ifov oau
—=-l = ot s == | (4)
oz 2lox oy) 2lox oy) 2lex oy
of 1(of .of 1(ou ov) i{ov ou
— == —+i— == ——— |[+=| —+— | (5)
oz 2lox oy) 2lox oy) 2lex oy

®yukius | HaseBaercs Jugpepenyupyemori 6 mouxe ®ynxuus f waswbiBaercs 6 cuwvicne

2
komniexcHoeo anamusza (B cmbicie C), ecnmm ona muddepenimpyema B cmbicie R u ee
nuddepeHiman nponopuroHateH 0z , To ects B ToUKe Z,

of
—=0. (6)

Ycnosue (6) Ha3BIBAETCS yerosuem KomniekcHou oupgepenyupyemocmu. ®opmyisl (4) u (5)
MO3BOJISIFOT TIEPEMHCATh 3TO YCIIOBHE B BHJIE JIBYX JICHCTBUTENBHBIX PABEHCTB, KOTOPBIE HA3BIBAIOTCS
yenosuamu Kowu-Pumana:

u_vow v -
ox oy oy  ox
[epeiineM Teneps K pacCCMOTPEHUIO MPOU3BOIHON (PYHKIIMH KOMIUIEKCHOTO MepeMeHHoro. Ecnn
f muddepenimpyema B TOUKe Z; B CMBICIE R®, To ee mpupaieHHe B 9TOI TOYKE MOXKHO
IIPEACTABUTH B BUJE

Af = f(z)—f(zo):%Az+%AZ+o(Az), (8)

10



e Az=2-2,, AZT=7-1,, 0(Az) - wmanas BeicuIero Topsaka otHocuTeNnbHO AZ. Tlonmaras
Az = |AZ|ei‘/’ , monydaeM AZ = |Az|e““’ u u3 (13) Haxomum
Af of of
— =

—2ip
=—+—e " +n(Az), 9
= 2 = n(Az) ©)
_o(Az) . 3

rae U(AZ) = T, lgm)n(AZ) =0.

. A )
Hns cymectBoBanus A|Im0A— HE00XO0JMMO, YTOOBI CYIIECTBOBAI ilmoarg Az =6 . Torna us

Z—> Z Z—>

(hopmyiei(14) moxyyaeM MpON3BOIHYIO IO HAIPABICHUIO

of of of
— =t —e?, (10)
o0z, 0L 0L
of 5
FCOMeTpI/IquKI/IM MCCTOM (roaorpa(bOM) MPOU3BOJHBIX IO HAITPABJIICHUIO —— B JAHHOU TOYKE
z
(4

SIBIISIETCS. OKPYKHOCTD C LIEHTPOM 8_ U pagnycoM
z

0
E‘.Ecnn xe f muddepenuupyema B Touke Z, B
z

of
cmeicae C , TO €CTh E =0 , TO 3Ta OKPYXHOCTb BBIPOXKIACTCA B TOUYKY a— 1 MMPOU3BOJHBIC 10 BCEM
Z z

HAIPABIICHISIM COBIAAOT. TakuM 00pasoMm, npouseodnoi Gyrkuuu f B Touke Z, HasbBaercs

. AF
lim-— =10, (11)

€CJIU OH CYIIECTBYET.
W3 ckasaHHOrO BbIIIE ciexyer, 4to aupdepenimpyemMocts B cmbicie C  paBHOCHIIBHA

cytecTBoBaHuI0 npousBoaHoi. Tak kak f (Z) He 3aBHCHT OT HanpaBiIeHHUS, TO €€ MOXKHO BBIYHCIISTH,
HampuMep, B HanpasiieHn# ocu X . Toraa

f'(z):q:a—uﬂ@.
OX OX OX

OnemeHTapHble TpaBwia auddepeHMpoBaHusS W3 JACHCTBUTEILHOTO aHaiu3a 03 BCIKHX
M3MEHEHUH NIEPEHOCATCS B KOMIUIEKCHBII aHAIN3.

Oyuxumss  f  HaseBaercs  awanumuueckoii (eonomopdroi) B touke Z,€C, ecnum oHa

nudpdepenimpyema B cmbicie C B Touke Z, W HEKOTOPOW OKpecTHOCTH 9Toi Touku. Dymkumst f

Ha3bIBAETCS aHAIMTHUECKOM B oOmactu D , €CJIM OHa aHaJIMTU4YHA B Ka)K,I[OfI TOYKE ATOH 00JacTH. HO,Z[

2onomopprnocmuio  gynxyuu {6 beckoneuno yoanemmoti mouxe TOHMUMAETCS TONOMOPHHOCTH
1

dyuxkiuu @(z)=f| = | B Touke Z=0. D10 OmpeneneHHEe MO3BOISIET pacCMaTPUBATh (DYHKIIMH,
z

rojioMopQHbIe B 3aMKHYTO# mockoctu C .

2 .
Ecmu ¢pynkums f muddeperumpyema B cmbicie R® B Touke Z, € C', T0 B OKpECTHOCTH ITOMH
Touku oroOpaxenne W= f(Z) MOXHO NpHOIM3UTE ¢ TOYHOCTHIO IO MAJBIX BBICIIETO IOPSIKA

OTHOCHUTENILHO Z — Z, aQOUHHBIM OTOOpaKEHUEM

11



ou ou

U=Uy=| — | (X=X)+| = | (Y=Yo)
OX % oy "

(12)

ov ov

V=V, =| — | (X=X)+|=—1| (Y=Y,)

0 6X ‘" 0 ay . 0
CJ'IO)KI/IM r[epBoe ypaBHeHI/Ie (610] BTOpI)IM, yMHO)KCHHLIM Ha | . nu IIOJIOKUM

X=X, =%[(Z—ZO)+(7—70):|, Y=Y, 2%[(2 —ZO)—(Z—TO)]. Torma (12) MoXHO 3ammcaTb B
KOMIUIEKCHOU (hopme

of oy _ _

wW-w,=| — | (z-z))+|—| (Z-7,). (13)

oz ), z ),
0 0

910 0T06pa>KeHI/IC HAa3bIBACTCA KacamenbHbiM KOTO6pa>KeHI/IIO f B TOYKC ZO'

Skobuan oroOpaxenms f B paccmarpuBaeMoli TOYKE BBIPAXKAETCA 4YEPE3 KOMIUIEKCHEIE

MMPpOU3BOJHBIC:

2 2

3= o(u, v) _jof " |of
o(x,y) |oz oz
Eciu J # 0, o kacarensHoe orobpaxkenue (14) He BRIPOKIAEHO. DTO 0TOOpakeHHE MpeodpaszyeT

napajiCIbHBIC MPAMBIC B IMapauICIbHBIC, HO, BOO6H16 TOBOps, HC COXPAHACT YIJIbI, TaK YTO KBaJApPaThl
NEPEXOJAT B IapauiCIorpaMmMbl, OKPY>KHOCTU — B SJIJIUIICHL.

(14)

[ycts teneps ynxims f B Touke Z, muddepentmpyema B cmbicie [ . Toraa B 910 TOUKe

=0 f'(z,)= of 6 13
— = U, CyIIECTBYET NPOU3BOIHA (Zo) = E 1 KacatenbHoe oToOpaxkeHue (13) mpumer BUx

2
w-w, = f (z,)(z-2,). (15)
Ecm f'(z,) # 0, T0 510 0TOGpaKEHHE CBOUTCS K PACTSIKEHHIO BEKTOPA Z — Z, B ‘ f '(ZO)‘ pas u

noBopory ero Ha yroxn arg f (z;). OHo coxpaHsieT opueHTALMIO U O0NANACT CEOUCMBOM COXPAHEHUS.

Velnos.
Orobpaxenne f HasbiBaeTCs KOHGOpMHBLIM B TOUKE Z;, ecii OHO AU HEPESHIUPYEMO B CMBICIIE

2 . .
R* u xacarenbnoe k f orobGpakenne B 9TOM TOUKE COXpaHAET OPUEHTALMIO U OOJIAAAET CBOMCTBOM
COXPaHEHHS YIJIOB.

Takum oGpazoM, komniexcras ougpgpepenyupyemocmv @ynkyuu § 6 mouxe 7, emecme c

yenosuem | '(ZO) # 0 2eomempuuecku oznauaem xongpopmmocme omobpasicenus t 6 omoit mouxe.
T'eomempuuecku ‘ f '(ZO)‘ o3Hauaem Kod(guyuenm pacmsadjcenus OIUH 6 MoOuKe I, Nnpu
omobpaxcenuu T . D1or KO>hPUIMEHT HE 3aBUCHT OT BBHIOOpa KPUBOW C HAYAJIOM B TOYKE Z,.
Jpyrumu ClI0OBaMHU BCE KPHMBBLIE C HA4YajOM B TOUKE Z, PACTATMBAKOTCA B OTOM TOYKE OJMHAKOBO, TO
ecThb OECKOHEYHO Mayas OKPYXKHOCTb C LEHTPOM B Z, IEPEXOAUT B KPHUBYIO, OTJIMYAIOLIYIOCS OT
OKPY>KHOCTH C ICHTPOM B W, = f (Zo) Ha MaJible BBICIIHX MOPSIKOB (Kpyeosoe colicmeo).
T'eomempuuecku arg f‘(ZO) o3Hauaem Y20l NOGOPOMA KPUeoli 6 moyke Z, npu omoopasiceHuu
f . DroT yroa He 3aBUCHT OT BBIOOpA KPHBOI C HAYAJIOM B TOUKE Z,, BCE KPUBBIC C HAYAJIOM B TOYKE
Z, TIOBOPAYMBAaIOTCs HAa OJJMHAKOBBIN YIoJl, TO €CTh yroJl MEXy ABYMs JIIOOBIMH KPHBBIMH C HayajaoM

B Z, COXpaHsETCS IPH 0TOOPAKEHUH (CEOUCHBO COXPAHEHUS Y2ll06).
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1. 3AIAUN

1. SBnsrorcs nu cnenyronye GyHKINN aHATUTHYECKHUMU XOTs ObI B OTHOM TOUKe?

a) W=ze’;

6) W=|z|ReZ;
B) W=sin3z—i;
r) w=|z[Imz.

2. BOCCTaHOBHTH aHATHTHYECKYIO B OKpecTHOCTH Toukn Z, (yHkuuio f(z) mo m3BecTHOI
neiicTBUTENbHOM U(X, Y) miu MEHUMOH V(X, Y) yactu u 3HayeHuto f(z,):

Du=— fr)=1;
X"+ T

21

6) v=arctg L (x>0), f(1)=0;
X

B) V=2(2shxsiny+xy), f(0)=3.
3. Haiitu ko3 dunmeHT pacTspkeHus I U yros IoBOpoTa ¢ MPU 33aHHBIX OTOOpaKEHU-

sax W= f(z) B3a1aHHBIX TOYKaAX:
v/ . T
a) w=e’,z,=In2+i—unz,=-1-i—;
4 2
0) w=sinz, z, =0uz,=1+i;
. T
B) W=2°,2=2-i,2, :1+|E.
4, HYCTB Z OIIUCBIBACT O6J'IaCTb, OonpeaAciIIEMYIO YCIIOBUSMUA
T T
1<|7|<2, —=<argz<=.
4 4

Haiity miomaas 0671acTH, TIONTYdeHHO TPy 0TOOpaKeHun W= 2° .

13



[Ipaktrnueckoe 3ansrue 4.
UHTETPUPOBAHUE ®YHKIIAN KOMILUIEKCHOI'O IIEPEMEHHOT O.
HUHTEI'PAJIBHASA ®OPMYJIA KOIIIN

I. TEOPUA
1. Onpenesnenue u CBOMCTBA HHTErPaJia 0T PYHKIUHM KOMILIEKCHOTO IIePeMEeHHOI0

[Tycte na mnockoctm C  3amaHa  KycouHo-Tnanmkass kpuBas y. Mcmomb3ys
napamMeTpU4ecKoe MpEeACTaBlICHHE KPHBOM J, 3aJaluM TEKYyIIHMe KOOPAMHATHI €€ TOYeK
ypaBaeHmsimu & =&(t), n=n(t), roe neiicrButensHbid napamerp te[a, f]. Takoe 3amanue
KOODJIMHAT TOYCK KPUBOW ¥  OSKBUBAICHTHO 33JaHUI0  KOMIUICKCHOW  (yHKIUH
S (t)=£&(t) +in(t) neiicTBUTENLHOTO IEPEMEHHOTO 1 .

[Tyctp B ka0l TOuke { KpuBOW y ompeneneHo 3Hadenue Qpynkiuu f (). BBegem
noustue uaterpana ot Gyukuun f(4) mo xpuBoit y. st aToro pa3odObem KpuBYKO » Ha N
YACTHYHBIX IYT TOYKaMH JeJeHHs &,, &y, ..., §,, COOTBETCTBEHHO BO3PACTAIOIIMM 3HAYCHUSIM

napamerpa t. O6o3naunMm A(, =¢; —¢; ,. Unarerpanom ot ¢ynkmuu f () mo xpusoit y

Ha3bIBAIOT
n

lim > f(5)AS =] 1(£)d< @)

maxAd;—0j=1
rac é/i — [IPOM3BOJIbHAA TOYKa | -0i1 YaCTHYHOI Ayru. 2TO0T npeacii HC 3aBUCUT HU OT criocoba

pa30ueHust KpUBOH ¥ , HU OT BBIOOPA TOUEK & .

Bonpoc cymecrBoBanus wuHTerpana (1) cBoguTcs K BOIPOCY O CYIIECTBOBAHUU
KPUBOJMHEWHBIX MHTETPAIIOB BTOPOTO poOJa OT JCHCTBUTENFHOW W MHUMOHM YacTeil (yHKIHMU

f(£). Toncrasum B wunTerpambHyro cymmy Boipaxenus (1)  f(£)=u(P")+iv(P"),
AL =AE +iAn,,tne P (£, i) — Touka kpuBoOil y Ha miockocTu X, Y. Torna
[f(£)dg =Jud&—vdn+ifudn+vdE . (2)
7 v 4

3ametnm, uto uHTerpan (1) cymectByeT u B ciydae HeaHanuTuueckoil ¢pynkuun f (&),

€CITH 3Ta (PYHKLUS ABJISIETCS KyCOUHO-HEMPEPHIBHOM.
[IpuBeneM OCHOBHBIE CBOWCTBA MHTETpasia OT KOMIUIEKCHBIX (DYHKIIMM.
1°. Jluneinocth. Ecmu pynkumu f u ¢ HenmpepbIBHBI HA KPUBOM , TO JJISI JTFOOBIX

KOMIIIEKCHBIX ITOCTOSHHBIX & U D

[(af +bg)dS =af fdd +bfgdS . (3)
2°. AIDUTUBHOCTE: ' ' '
5 f()dg =] f(5)dd+ ] F(HdS. (4)
3°. OpueHTUPOBAHHOCTH:
[ H()dg=-f()ds . ()
4°. 3aMeHa NepeMEHHONW MHTETPUPOBAHUSA:
[T(@)dz=[ fp(O)le (£)dS (6)
rne Z=¢@({) — aHanuThueckas QyHKIMS ( , YCTAHABIMBAIOIIAs B3aWMHO-OJHO3HAYHOEC

COOTBETCTBHE MEXKIY KPUBBIMHU ¥ W },. B 4acTHOCTH,

14



[ f(z)dz =[f f[z(t)]z (t)dt, (7)

rae z =z(t) — mapamerpuueckoe 3ananue kpuBo ¥, Z(a) u z(f) — ee HavyanbHas U
KOHEYHAsl TOUKH.
5°. OneHka MHTErpajga No MOJYJIO:

J TS| []T(£)]|d<], (8)

rie |d 4 | =ds =/(dx)? +(dy)’ — nuddepeHuman TMHBI KPUBOH J , @ HHTETPaJ, CTOSIIMI
CIIpaBa, SIBIISICTCS] KPUBOJIMHEHHBIM HHTETPAIIOM TIEPBOTO PO/Ia.
Ecnn max| f(¢ )| =M u | — nnuna KpuBoii ¥ ,TO
ger

JH(Ode| <Ml (9)

B nanbheiimem Oynem paccMaTpuBaTh HMHTErpajbl OT (DYHKIIMM, aHAaIUTHYECKUX B
HEKOTOPO 00JacTH, MpUYEM B OCHOBHOM OYJET MHTEPECOBATh TOT CiIy4ai, KOT/a TpaHHIICH
o0yacTu sIBNSETCS KYyCOYHO-TIaAKas KpUBas, HE HMMerolas camonepeceueHuil. Ecnu Takas
KpuBasi 3aMKHyTa, TO HHTerpain (1) mo 3aMKHYTOMY KOHTYPY Ha3bIBACTCSI KOHMYPHbIM
HUHTETPaJIOM.

2. Teopema Ko 111 0JHOCBSA3HOI ¥ MHOTOCBSI3HOM 00J1acTeid

B o6uewm ciyqae [ f({)d< 3aBucur kak ot nmoasiHTerpansHoit Gynkuun f(z), Tak u ot
v

KpUBOH . VYCTAHOBUM YCJIOBHS, MPH KOTOPBHIX HMHTErpal HE 3aBUCUT OT IYTH
HHTETPUPOBAHMS, & ONPECIISCTCS TOIBKO MOJIOKEHUSIME KOHIIOB ¥ . IMeeT MecCTo cieayromias
OCHOBHAS B HHTETPAITLHOM HUCUYHCIICHUH TEOpEMa.

Teopema 1 (teopema Komwu). Eciu ¢pynxkyua f(2) ananumuuna 6 oonocessnoii
obracmu D, mo 0nsn 6écex Kpusvix y, Jexcawux 6 9moi 001acmu u umMerwux oouue KoHybl,
unmeepan | f(£)dS umeem oono u mo snce snauenue.

/4

DTy TeopeMy MOKHO chOpPMYIUPOBATh B APyrou hopme.

Teopema 2. Eciu ¢pynxyus f(2) anarumuuna 6 oonocessnoii oonacmu D, mo ee
UHmMe2pan 60016 106020 3aMKHYIMO20 KOHMYpa y , lexcauwezo ¢ D, pasen nymo:

[ £(£)dg=0. (14)

CopMymupoBaHHBIE TEOPEMBI CIPABEUIMBBI IS JIIOOOTO 3aMKHYTOTO KOHTYDA,
[EJMKOM JISKAIIETO0 B OJHOCBA3HOM OOJIACTH €€ AHATUTUYHOCTH. I[IpH JOTMOIHHUTETHHOM
YCIIOBUM HEMIPEPHIBHOCTH (YHKIIUHM B 3aMKHYTON 00JIACTH JAHHOE YTBEPI)KACHHE CITPABEIIHBO
W JUIS 3aMKHYTOTO KOHTYpa, SIBJSFOIIETOCS I'paHHIEH 00JIAaCTH aHaJIMTHYHOCTH. Ilociennee
yTBEpXkIeHHE (DAKTHUECKH SIBIACTCSA HECKOJBKO BHUIOM3MEHCHHOU (DOPMYITHPOBKON TEOPEMBI
Koy, HO BBHY €ro BaKHOCTH JUIS IPAKTHYECKHUX TPHIOKEHUM BBIIEIIUM 3TO YTBEPXKICHHUE B
OT/ICNTBHYIO TEOPEMY.

Teopema 3. Ecmu ¢gyukyus T(z) anarumuuna 6 oomocessmoii obnacmu D u

HenpepvisHa 8 3amkHymot obnacmu D, mo ummeepan om ¢ynxkyuu T(z) no epanuye y
obnacmu D pasen nynio.
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O606muM Teopemy Komrm Ha citydaid MHOTOCBSI3HOUM oOnactu. B sTom ciydae momHas
rpaHuIa 00JaCTU COCTOUT M3 HECKOJIBKUX 3aMKHYTBIX KOHTYPOB: BHELIHETO ), U BHYTPEHHHUX
Vs s 7y - IlONOXKUTENBHBIM HapaBlIeHUEM 00X0/1a MOJIHON I'PaHUIbI MHOTOCBA3HOM 001acTH

OyZeM Ha3bIBaTh TAaKOE HAIpaBIICHUE JBHIKEHUS, IPU KOTOPOM O0JIAaCTh BCE BPEMS OCTAETCS
cieBa. [Ipu 3TOM BHEMIHUH KOHTYp OOXOIUTCS B TMOJIOKHTEIHLHOM, a BHYTPCHHHE — B
OTpHUIIATENIbHOM HAINPaBJICHUH.

Teopema 4. Ilycmo f(2) sersemcs ananumuueckou ynkyuel 6 MHO2OCEA3HOU

obnacmu D, oepanuuennoul uzene KOHMypom y,, a USHYMPU KOHMYPAMU ¥, ..., ¥, U NYCHMb

f (z) nenpepwisna 6 samxnymoii o6nacmu D. Tozoa [ f({)d¢ =0, 20e y — nonnas epanuya
e

obracmu D, cocmosawas uz KOHmypos y,, ¥y, .., YV, Npu4em o0xo0 epanuybl y npoucxooum

6 NOJI0JCUMENIbHOM HANPAENEHUU.
3. HuterpanbHas ¢popmyaa Koum

@®opmyna Komm mO3BOISMET MONMYYUTH MPEICTABICHHE AHATUTHYECKOH (DYHKIMH BO
BHYTPEHHUX TOYKaX 00JacTH MPH MOMOIIM UHTErpajia Mo IpaHulle 3Toi o0sacTu.
[Tycte f(z) sBiseTcs aHanuTHYeCKOM (DyHKIMEH B OJHOCBSI3HOM oOnactu D, orpaHudeHHON

KOHTypoM y . Toraa cripaBeanuBa unmezpanvhyro gopmyna Kowu:

f(Z):i md
2m ) ¢ -1

®opmyia (15) BeipakaeT 3HaueHHUE aHATUTHYECKOH QyHKimu f(z) B HEeKOTOpOW TOUKe

‘. (15)

Z d4epe3 ee 3HAYECHUS Ha JIOOOM KOHTYpEe ¥, JIeXKaIleM B 00JacTH aHATUTHYHOCTH (DYHKIIUH
f(z) u comepxaiiemM TOUKy Z BHYTpH. DTa (hopMyJia MO3BOJISIET BEIUUCIIATH HEKOTOPBIC HHTE-
rpabl.

1. 3AJIAUU

1. Beiuucnuts ciaenyrone HHTerpaibl:

1.1, jz?dz, 7 :|z| =1. O6xox nporus yacoBoii cTpenku.
e

1.2. j[zsin zdz.
1
1.3. jzezzdz.

1.4. I(324—223)dz.
1

1.5. _[zlm(zz)dz, 7 |Imz|]<1, Rez=1.
7

2. C nomo1pio HHTErpasibHoN (hopMysibl Ko BEIYUCINTE ClIEAYIOIINE HHTETpalbl (BCe
OKPY’KHOCTH 00XOSTCS MPOTUB YACOBOM CTPEJNIKH):
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[IpakTrueckoe 3aHaTHE S.
PAJIBI B KOMIIIEKCHOM OBJIACTH

|. TEOPUA

YuciaoBbie PAALI ¢ KOMIIVIEKCHBIMHU YJI€HAMM. PSIII C KOMINJICKCHBIMHU YJICHAMH

>a, @)

n=0
n
HAa3bIBACTCSA CXOOAWUMCS, €CIIU TIOCIEI0BATEILHOCTh €0 YACTUUHBIX CyMM S = > @, HMeeT
k=0
KOHEUHBIW TPEeIeT S ; 3TOT MpeAes Ha3bIBACTCS CYMMOLL psiod.
Heo0xoIuMbIM ¥ IOCTATOYHBIM YCIIOBUEM CXOAMMOCTH psina (5.1) sBusieTcs kpumepuil i

Kowwu: psin (5.1) cxonutest Torjaa v TOJIBKO TOT/IA, €clid AJis Jitoboro & >0 MOXHO yka3aTh Ta-
n+p

2 a

k=n

kot Homep N, uto <& npu N> N u 11060M HaTypabHOM P .

Heobxomumoe ycioBue cxoxaumoctu psina (5.1): lima, =0, kotopoe ciienyer u3 Kpure-
n—oo

pust Ko,
Ecnu cxomgutcs psn

Sl @

COCTOSIIIMNA U3 MOAYJEH, TO, OUEBUIHO, cXOAUTCA U psilt (5.1) , KOTOPBIM B 3TOM citydyae Ha3bl-
Baetcs abcoatomuo cxooswumcs. Ecim pan (5.1) cxomutes, a psaa (5.2) pacXoguTcs, TO P
(5.1) Ha3BIBACTCS YCIOBHO CXOOAUWUMCSL.

JlocTaTOYHBIMU TIPU3HAKAMU CXOJUMOCTH PSIOB C MOJOXKHUTEIbHBIMU YWICHAMU SIBIISIFOT-
cst npusnaxu [lanamoéepa u Kowu.

a
Cornacuo npusHaky Jlanam6epa psaz (5.2) cxomurces, ecin Vn> N -2 <] <1. B npo-
an
TUBHOM CJIy4ae OH PacXOJMTCS, T. K. HE BBITIOIHIETCS HEOOXOINMOE YCIOBHE CXOTUMOCTH Psi-
na.
Cornacno npusHaky Koum psin (5.2) cxogures, ecan vVn> N : a“/|an| <q<1. B npotus-
HOM citydae psj (2) pacXoauTcs.

@OyHKIMOHAIbHbIE psabl. PaBHOMepHasi CXOAUMOCTb. DYHKYUOHATLHLIM PAOOM
Ha3bIBACTCA BBIPAKCHUEC BU A

5u,(2), ®
n=
rae {u,(z)} — mocienoBaTeNPHOCTh OMHO3HAYHBIX (DYHKIMH KOMIUIEKCHOTO IIEPEMEHHOTO B

obmactu D . Ilpn ¢pukcupoBanHOM 3HaYeHUU Z, € D pan (5.3) npeBpamjaercs B YUCIOBOH psilt

Buaa (5.1).
Psan (3) nasweiBaercs cxooswumca B obnactu D, ecnu nns moboro Ze€ D cooTBeTcTBY-

n
IOIIUI eMy YHCIIOBOH psil cxoauTes. B atom cirywae Vze D, Ve>03N: |f(z2)- > u, (2)|<e
k=0

npu N> N(g, z), rne f(z) HaswiBaercs cymmot psida B odnactu D.
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Pan  (3) wHaswmBaeTrcs  pasHomepno  cxooswumcs B obmactu D, ecnm

VzeD, Ve>03N(e): |f(2)- S u (z)|<e npu n>N(e).
k=0

o0
Ecnu 0603Ha4nTh OCTATOK psAna I, = I(Zluk(z) , TO YCJIIOBUE PAaBHOMEPHOM CXOIUMOCTH
=N+

psana (5.3) MOXHO 3amucarh B BUC |rn| <& npu N> N(g).

[Ipusunax Bewepmrpacca. Eciu ecrody 6 oonacmu D unenvt psioa (5.3) mo-
2ym ObIMb MAACOPUPOBAHDBL UTIEHAMU AOCONIOMHO CX00AWEe20Cs YUCI08020 psaod, mo pso (3.3)
cxooumcest pasHomepHo 6 ooaacmu D .

IIpu3nak Beliepmrpacca sSBIseTCs JOCTATOYHBIM IIPU3HAKOM PAaBHOMEPHOM CXOAUMOCTH.
HNwmeer MecTo crenyromuii HEOOXOUMBIN M TOCTATOYHBIN TPU3HAK PABHOMEPHOMN CXOIUMOCTH.

Kpurtepuit Komu. Jua mozo umodwl pso (5.3) cxoouncs pasnomepHo 6 odbracmu

D, neobxooumo u 0docmamouno umobsr ¥z € D, Ve>0, Vme N IN(¢g): |Sn+m(z)_sn(z)| <&
npu n>N .

Hexotopsbie o011e cBOWCTBA paBHOMEPHO CXOJSIIUXCS PSIIOB.

1. Eciin dynxunu U, (z) HempepbiBHBI B obnactu D, a psan (5.3) cxogurcst B 3T0i 0011a-
ctu paBHOMepHO K pynkuuu f(z), To f(z) Takke HenpepsiBHA B obnactu D .

2. Ecmu psin (3) menpepsiBHBIX (yHKIuH U, (Z) cxomurcst paBHOMEpHO B obnmactu D k
¢ynkuu f(z), To HHTErpaN OT 3TOH PYHKIMHU 1O JTIO00H KyCOUHO-TIAKONW KPUBOH ¥ , LETH-

KOM J'IC)KaH_Ieﬁ B O6J'IaCTI/I D » MOKHO BBIYHUCJINUTH IIYTEM MNOYWICHHOI'O MHTCTPUPOBAHUA pAda
3), 1. .

o0

[f()dg =

3. [lepBas Teopema Beliepmrpacca. Ilycms ¢pynkyuu U, () saerssomes

U, ()

n=}/

ananumuyeckumu 8 oonacmu D, a pso (3) cxooumcesa pagnomepHo 6 11000t 3aMKHYMOU N0000-

nacmu D' o6racmu D « @yukyuu f(z). Tocoa:
1) f(2) sasnsemcesn ananumuueckoii hynxyueti 6 oonacmu D ;

2) t9(2)=>uP(2);
n=0

3) pao Y uM(2) cxooumca pasnomepro 6 no6oii samxrymoii nodobracmu D' o6racmu
n=0

D.

4. Btopas Teopema BeidiepmrTpacca. [lycms @pynxkyuu U, (Z) sagrisomcs
ananumuueckumu 6 obnacmu D, nenpepvisnoimu 6 D u psao (3) cxooumcs pasnomepro Ha
epanuye y,, smoii obnacmu. Tozda pso (3) cxooumes pagnomepho 6 D .

Crenennnle psiabl. Teopema AbGensi. Cmenennvim psoom Ha3bIBaeTCs (YHKIIMOHATb-
HBIU psAJ BUA

z ¢, (2-2,)", 4)

rae C. — HEKOTOPhIC KOMIIJICKCHBIC YHCIa (KOD HUIUCHTHI psijia), a Z, — ((PUKCUPOBAHHAS TOY-
n 0

Ka KOMIUIEKCHOU TIJTIOCKOCTH.
O065acTh CXOAMMOCTH CTEIIEHHOTO psifia OMpeeNsieT ClAeIyIomIasi TeopeMa.
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Teopema 1 (AOGens). Ecwu cmenennoi psao (5.4) cxooumcsa 6 mouke 7, # Z,,

mo OH cxo0umcs 6 nbol mouke 1 , y()oeﬂemeopﬂ;ou;eu ycaosuro |Z—ZO| <|Z1 _ZO , hpuvyem 6

1060M Kpyee |Z - ZO| < k|Zl —2,|, 20e 0 <k <1, cxooumocms psoda pasnomepHa.

Cnencreue 1. Ecmu psan (5.4) pacxoquTcs B HEKOTOPOH TOYKE Z,, TO OH Pacxo-
JUTCSI U BO BCEX TOUKAX Z , YAOBJIETBOPAIOIINX HEPABEHCTBY |Z — Zo| > |Z1 — Zo| .

CnenctBue 2. OOnacteio CXOIUMOCTH psaa (4) sBISETCS OTKPHITHINA KPYT € LIEH-
TPOM B TOUKE Z,, paauyc KOTOporo R HasbIBaeTcs paouycom cxooumocmu CTENEHHOIO psja
(0<R<m).

Jlis  ompeneneHus paauyca CXOAUMOCTH MOXHO HCIOJNB30BaTh ¢opmyny Kowu-
Aoamapa:

L timyfel. (5)
R now
rae lim o3Havyaet BepXHHMIA TIPEIEI.

CnenctBue 3. BHyTpu Kpyra CXOAMMOCTH CTENIEHHOM Psii CXOAUTCA K aHAJIUTUYE-
CKOM (hYHKIIHH.

CnenctBue 4.CreneHHON pal BHYTPU Kpyra CXOAMMOCTH MOYKHO MOYJICHHO aUd-
(bepeHpoBaTh U UHTETPUPOBATH JIO00E YUCIIO pa3, MPUYEM PATUYC CXOAMMOCTH IOJIyYEeH-
HBIX PSIIOB PaBEH PAINYCy CXOAMMOCTH UCXOAHOTO PAJa.

Psan Teiisiopa. Paznoxenne ¢pynkunu B psaa Teitsiopa. CteneHHON psii BHYTPU Kpyra
CXOAMMOCTH OIpe/iesieT HEKOTOPYIO aHaTUTHYecKylo (yHKIuU0. Bo3HHKaeT Bompoc o ToM,
P KaKUX YCIOBHSIX (DYHKIMS, aHATUTHYICCKAst BHYTPHU HEKOTOPOTO KpyTa, MpeICTaBuMa B BU-
Jie CTENIEHHOTO psijia, CXOSIIErocsl B 9TOM Kpyre K JaHHoW (pyHkuuu. OTBET Ha 3TOT BOMPOC
JlaeT cienyrouas Teopema.

Teopema 2 (Te#inmopa). QDyHKYUusa, aHaAIUMUYECKas BHYmpu  Kpyea

|Z — Zo| <R, oonosnauno npeocmasuma 6 smom kpyee cxoosuuyumcs cmenentoim psoom (4).

Pa3znoxxenue QpyHKIMH, aHATUTUYECKON B Kpyre |Z—ZO| <R, B cxomsmuics cTeneHHON

psan (10) Ha3wiBaeTcs paznoocenuem Tetinopa, a cam psn (10) — padom Teiinopa.
[IpuBeneM TENHIOPOBCKUE Pa3NIOKEHUS HEKOTOPBIX 3JIEMEHTApHBIX (YHKIIHM, CIIOCOOBI

MOJIYUYCHHU A KOTOPBIX TAKUC K€, KaK U B OOBIYHOM aHAIIM3e:
2 3 n

2 _ .z z _
e _1+z+2!+3!+...+n!+... (R=w), (6)
3 5 2n+1
sinz=z—z—+z——...+(—1)”z—+1 (R=w0), (7
3! 5l (2n+1)!
Z2 Z4 2n
cosz=1-—+——..+(-1" +... (R=), (8)
21 41 (2n)!
3 5 2n+l
shz=z+iZ i 1 2 4. (R=w), 9)
31 5! (2n+1)!
Z2 Z4 2n
chz=1+—+—+..+ +... (R=00), (10)

21 4l (2n)!
2 3

In(1+z):z—%+%—...+(—1)”‘1%+...(Rzl), (11)
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A+2)* =1+az+ (o I_l) 724 9@ —2)'(05 =2 24y
B : B : . (12)
N a(a 1)...(Ia+ n-1) . (R=1)
n!
B yactHocTh, npu « =—1 u3 nocneanen GopMyIibl MOTYyYUM
e ()t (R=D). (13)
1+z
Psana Jlopana. Psn Buna
_2_: Cn(Z—ZO)n ! (14)

KOTOPBIN siBJIsIETCSl 00001eHreM psiga Teinopa (4), HassiBaeTcs psoom Jlopana. J1jis ycTaHOB-
JIeHUs 00J1acTU CXOAMMOCTH 3TOTO psAJia NpeAcTaBUM BblpaskeHue (20) B Buae

i c,(z—2,)" = gocn(z—zo)” +§jlc_n(z—zo)‘” : (15)

n=—o0

O0651acThIO CXOAMMOCTH pAla Zocn (z—2,)" siBasieTcst Kpyr |z - zo| =R,, BHyTpH KOTOpPOrO
n=
3TOT PsZl CXOAUTCA K HEKOTOpoi aHanuTuueckoi pynkuun f(z) .

0
Jlnst ompenesneHust 00JacTH CXOAUMOCTU psiaa ».C (z2—2,)" cnmemaeM 3ameHy mepe-
n=1

MEHHOMU, MOJOXKUB § =

. Iosy4nm creneHHoM psx Y. C ", CXOISIUMIACS BHYTPH Kpyra
-1, n=1

|§ | =1/R, x HexoTopoi aHanMTH4YecKOH QyHKuMH @(Z), rae uyepe3 1/ R, obo3HaueH pamuyc
cxoxumocTH. Bo3Bpammasce k crapoit nepemennoit u nonaras ¢(S(z)) = f,(z), a1 dyakuun
f,(z) nomyunm obmacts cxomumoctu |z -z > R,.

Ecmn R, <R, To cymectByer o0mast 001acTb CXOAMMOCTH PAaCCMOTPEHHBIX PSJOB —
Kpyeosoe koavyo R, <|Z — ZO| <R,, B xoropom psag (5.21) cxomurcs K (yHKIUH
f(z)=f,(z)+ f,(z), xoTopast obnamaer BceMH CBOWCTBAMHM CyMMBI CTEIIEHHOTO psiia. DTO

o3Hauar, uto pso Jlopana (5.21) cxooumcs snympu ceoe2o Koibya cxo0UMOCmu K HeKOmopotl
Gynuxyuu f(2), ananumuueckoii 6 smom konvye.

Bo3MOXKHOCTB MpecTaBiIeHHs] aHATUTHYECKON B HEKOTOPOM KPYroBOM KOJIblie (DYHKIIUU
B BUJIE psana JIopana onpenensercs cleayrolen TeOpeMO.

Teopema 4. Dyukyua f(z), ananumuueckan 6 xonvye R, < |Z — Zo| <R,, oono-

3HAYHO npedcmaeﬂﬂemc;l 6 OMoM KoJibye cxod;m;wwcg pﬂdom J]opaHa.
1. 3AJTAUN

1. I/ICCJ'IG,[[OBaTB Ha CXOAUMOCTH p}II[LIZ
2, cosin
= 2

i2n

1.1.

= e
n=1n\/H.

13 S

~= shin
2. Haiitu pagnychbl CXOOMMOCTH CIEAYIOIIUX CTCIIEHHBIX PSIO0B:

1.2.
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Zl.iiemf.
n=1

23.§:ﬁn§1f.
n=1 n
3. Paznoxuts B psag Teinopa, HCIONB3ys TOTOBBIC PA3IOKEHUsA, K HAWTH PagnyChl CXO-
INMOCTH pS'II[OB .

31 f(2)= 2; IO CTEICHsAM Z .
z2°-2z-3

3.2. sin(2z +1) o crenensm z+1.

3.3. e’ mo crenensaMm 2z —1.
3.4. In(2—12) no crenensm Z .

4. OnpenenuTh 00JaCTh CXOUMOCTH CIICTYIOIIUX PSJIOB:

> 1
41. _
nzzl“(l—n)”zn
4252
&~ cosin
433
4" (z+))
4.y 341
~ (z+2i)"
5. Paznoxurts B psia Jlopana B okpecTHOCTH Toukd Z =0 crneayromue QyHKINH:
sinz
5.1 2.
z
=2
g o Sin°z
z
eZ
5.3. ?
1
5.4, z%7 .
55.lsm22.
z z
1-e°
56. =

6. Pa3noxuts crnexyromue GyHKIuu B psig JlopaHa B yka3aHHBIX KOJBIIAX:

6.1.

L2 0<|z)<1:6) 4<[z]<on.
2’ +1
62-7E£i§—,1<py<2.

Z2°+32+2

6.3. 1<|z+2|<3.

22-1’
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6.4.

22+1’

~ + |5

@ -4

0<|z—i|<2.

= 2<|Z|<oo.
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[TpakTrueckoe 3ansTue 6.
HYJIM ®YHKIIUU. U30JIUPOBAHHBIE OCOBBIE TOYKH

|. TEOPUA

Hymn ¢pynxoun. [Tycts f(z) sBinsercs ananmutudeckor pynkiuei B oonactu D . Touka
z, € D naswiBaerca nynem f(z), ecmu f(z,)=0.B nannom ciaydae koappunuent ¢, =0. Ec-
M He Tonbko C, =0, HO n koddduumenTs ¢ =C,=..=¢_, =0, a ¢, #0, To Z, Ha3bIBaeTCA
nynem K-2o nopaoka ¢ynkuun f(z). B myne k-ro mopsuaka He toibko f(z,)=0, HOo u
f(z,)=..= T*?(z,)=0, a f9(z,)#20. B okpectHocTH Hyssi K-ro mopsiaka pa3oKeHUe

¢ynkuuu f(z) B cTeneHHOM psiji UMEET BUJ
f@)=Xc(z-2)"=(z _Zo)kné)cmk(z ~2,)" =(2-2,) p(2). @)

rae ¢(z) — aHanuTHdeckas QyHKIMS B OKPECTHOCTH TOUKH Z, mpuueM ¢(z,) #0.

Kaaccupukauusi M30J1MPOBAHHBIX 0COOBIX TOYEK OJAHO3HAYHON aAHATUTHYECKOI
¢pyakouu. Anmapar pasioxeHuil JlopaHa MO3BONSET M3YYUTh IOBEICHHE AHATMTHYCCKHX
(GYHKIMI B OKPECTHOCTH TOYCK, B KOTOPBIX HAPYIIASTCS aHATUTUYHOCTh ITHX (DYHKIUI — Tak
Ha3bIBAEMbIX M30JMPOBAHHBIX OCOOBIX TOYEK. Touka Z, Ha3bIBACTCS U30IUPOBAHHOU 0COOOU
moukou ¢yakuun f(z), ecim CymecTByeT OKpeCTHOCTb 0<|Z — ZO| <R oroli TOUKH, B KOTO-
poit f(z) anamutuyHa.

Paznuyaror Tpu THHA 0COOBIX TOYEK B 3aBUCHMOCTH OT moBeneHus Gpyakuun f(z) B ux
OKPECTHOCTH:

1°. Touka Z, Ha3BIBAETCA YCMPAHUMOU OCOOOU MOYKOU, €CII CYIIECTBYET KOHEYHBIN

npenen lim f(z).
757,
2°. Touka z, Ha3bIBaeTCS nOIIOCOM, ecii cymectByeT lim f(z) =oo;
Z—a

3°. Touka z, Ha3BIBACTCS CYUECHBEHHO OCODOU MOYKOIL, ECIH

lim f (z) ue cymectByer.

7517
I°° Teopema 1. /lna moco umober & Ovia ycmpauumou ocodoot moukou QyHKyuu
f(2) meobxooumo u docmamouno, umobwsl nopanosckoe paznodxcenue f(z) 6 oxkpecmnocmu

MOUKU Z, He COOePHCAN0 2NABHOU YACMU.

2°. Teopema 2. [na moco umobvr mouxka 7, ovina nonocom @yuxyuu f(z) neoo-
X0OUMO U OOCMAMOYHO, UMOObl 21ABHAS YACIb IOPAH08CK020 pasnodcenus T(Z) 6 okpecmmo-
CMu MOYKU & COOePHCANA UL KOHEUHOE HYUCILO YTICHOB:

@)= c@-2)" (2)

IIpu smom Homep cmapuieco OMPUYAMENbHOLO YIEHA PA3IONCEHUs COBNAaem ¢ Nopso-
KOM ROJI0CA.
Teopema 3. Touka z, mozoa u moabko mo20a AGIAEMCsi CYWecmeeHHo 0Co00ll

ons ynkyuu T(2), koeoa enasnas uacmv ee 10PAHOBCKO20 PA3NONCEHUSL 8 OKPECMHOCMU
MOYKU Z, cooepucunm ODeCKOHeYHO MHO20 UTIeHOG.
[ToBenenre GyHKIIMU B OKPECTHOCTHU CYHIECTBEHHO 0COOON TOUYKU BBISICHSIET CIEAYIOLIast
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Teopema 4 (IO.B. Coxouxui,1868 r.). Ecw z, — cywecmeenno
ocobas mouka @pyuxkyuu f(z), mo ona noboeo komniexcnozo uucia A cywecmeyem nocieoo-
8amenbHOCMb MOYEK Z, —> Z, maKas, 4mo l!im f(z,)=A.

—0

ITo xapakTepy 0COOBIX TOYEK BBIACIAIOT CIIEAYIOMIME JBA MPOCTEHUINNX Kiacca OIHO-
3HAYHBIX AHATUTHICCKUX (QYHKI[HIA.

1) Hensie pyukuuu. Dyukuus f(z) wvassiBaercs yerou (Wim eoromopduoil), ec-
J¥ OHa HE MMEET OCOOBIX TOoueK. Beskas menass GYHKIUS MPEACTABISAETCS CXOIAIIAMCS BO

0
BCEHi INIOCKOCTU CTEHEHHBIM psiioM Y. C,z" . TIpuMepamu nenbix GyHKIUA SBISIOTCS BCE MHO-
n=0

TOWICHBI, MMOKa3aTenbHas QyHKms, Sinz, C0SZ u np. Cymma, pa3HOCTh M MPOU3BEACHUE IIC-
TBIX (DYHKIMI CHOBA SIBJISIFOTCS LENBIMUA (DYHKIIASIMHU.
2) Alpoousie dyukuuu. DPynkuus f(z) HaswBacrcs dpobrou (unu mepomopg-

HOlUl), €CITM OHA HE MMEET JIPYTruX OCOOCHHOCTEH, KpOME IMOJI0COB. B 110001 OrpaHUYeHHOM
obmactu mMepomopdHas (QYHKIUS MOXKET MMETh JIHMIIb KOHEYHOE YHUCIIO TONCOB. Bo Bceit
IJIOCKOCTH TOJIFOCOB MOKET OBITh U OeckoHeuHo MHOro. [Ipumepamu MepoMopHBIX (yHKIIHIA
SBIISIIOTCSL BCE Meible (DYHKIHMH, IPOOHO-pallOHAIbHBIE (QYHKIUH, TPUTOHOMETPUYECKHE
¢bysakuu u ap. Cymma, pa3HOCTh, IPOU3BEACHHUE U YaCTHOE ABYX MepOMOPGHBIX (YHKIHMHM U
BooOIIe mobas npoOHO-parmonansHas ¢ynkous R(f, ..., f,) or mepomopdHubIx (yHKIMIA

CHOBA SIBIISICTCSI MEPOMOP(HHOHN PYHKIIHECH.
Il. 3AJJAYN

1. HaiiTi Hynu U ONIpeIeTTUTh UX TOPSAKHU AJS CIEAYIOMUX (YHKITHIA:
1.1. f(z2)=2"+4z7%.

sinz

—

1.3. f(z)=2%sinz.

1.4. f(z)=cosz®.

1.5. f(z)=1+chz.

2. HaiiTi mopsiTok HyJIs JJTS CIETYFOIIHUX () yHKITHI:

2.1. f(z2)=e"" —e%.

3

1.2, f(2)=

z
1+z—¢"
2.3. f(2)=22(e" -1).
3. Onpenenuts Xxapakrep ocoboit Touku z, =0 a5 crnexyromux QyHKIuii:
1
z-sinz
1

22. f(2)=

3.1.

3.2.

72
cosz—-1+—
2
1
el+z-1
sinz
el+z-1

3.3.

3.4.
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4. HaiiTi 0cOOBIE TOUYKHU H ONPEJEIUTh UX XapaKTep y CICAYIOMMX (yHKITHI:

41.a) — L ;) 122
1-sinz z
= 1
4.2.a) e**?;0) coS—.

z

1

43.3) e ©;6) sin—2—.
z+1
2

Z 1-sinz
4.4.a) ; 0) )
cosz-1 COSZ
5. OnpenenuTh XapakTep yKa3aHHBIX 0COOBIX TOYCK:
1+cosz
5.1.
-7
sinz
-

, 2, =0.

5.2.

5.3. cosi, Z,=-1.

54, ——, z,=0.
7 0
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[IpakTrueckoe 3aHsaTHE /.
BBIYETHI ®YHKIIAN. METObI BBIYUCJIEHUSA

I. TEOPUA

Buiuemom dynxuuu f(z) B n3omupoBaHHOM 0c000# TOUKE Z, HAa3bIBACTCS YHCIIO

1
Py f(z)dz, 1)

re ¥ — JOCTaTOYHO Majiasi OKPYKHOCTh |Z - ZO| = p, IPOXOMMAas B MOJIOKUTEILHOM HaIpaB-
aeHuu. 11 10CTaTOuHO MaJlbIX O BEJIWYMHA BBIUETA HE 3aBHCUT OT p . J{i1si 0003HaYCHUS BBI-
yeTa UCTIOIb3yeM Boipaskenue res [ f(z), z,].

Boruer ¢ynkuuu f(z) B ocoboii Touke Z, paBeH KO3((HIMEHTY IIPU MHUHYC IEpPBOIl

CTETICHU B JIOPAHOBCKOM paznoxkeHun f(z) B okpecTHOCTH Z:
res [ (2), 2,] = — j f(2)dz=c,. @)
27l
4

B ycTpanumoit oco0oii ToUKe BBIYET paBeH HyI0. B psjae ciiydaeB MOXKET ObITh UCIOJIb-
30BaH 0o0Jjice MPOCTOM MO CpaBHEHHIO ¢ (Hopmynoi (2) crmocoOd BBIYHCICHHUS BbIUETA, CBOIS-

muiics Kk nuddepenunpoBanuo GyHkun f(Z) B OKPeCTHOCTH TOUKH Z, .
1°. Ilyctes 2z, — nomwoc nepBoro nopsaka ¢yakuuu f(z). Torma dynkmua f(z) B
OKPECTHOCTH TOYKH Z, MOXXET OBITh IpEJCTaBICHA B BUJE OTHOIICHUS ABYX aHAIUTUYECKUX
byHKIMI
z
(=22, ©
v (2)
npuueM ¢(z,) #0, a Touka Z, ABJIAETCS HyJEM NepBOro nopsaka GyHkoun y(z) .
B 3TOM ciiydae mMeeM CICIYIONYIO (opmyny 6bluUCeHUsl 8bluema 8 NONIOCe NEPEoco
nopsoKa.
z
res [f(z), z,] :M. (4)
v (2,)
2°. Ilycte z, —nmomoc nopsinka M dynkuuu f(z). opmyna eviuucnenusn sviuvema 6 no-

Joce nopsioka M UMeeT BUJL:
m-1

lim
(Mm=D!1z>% dz™*

res [f(2), 2] = [(z-2)" £ (2)]. (5)

1. 3AJTAUM

HaiiTi BeI4eThl B 0COOBIX TOUKAX CIEIYIOMUX (PYHKITHI:

1 f(z)=—9
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z

3, f(z):le—

= _sin’z
z
4 f(2)=—2 .
(2) (z+1)°*(z-2)?
1
e
5. f(z2)= )
(2) 1+z*

6. f(z):zzsinl.
z

eﬂ'Z
7—i

7. £(2) =
8. f(z)=ctg’z.

9. f(z)=sin zcosl :
z

10. f(z)=¢’ sinl.
z
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[IpakTrueckoe 3anstue 8.
TEOPEMA KOILIH O BBIYETAX. BBIYET ®YHKIIUU OTHOCHUTEJIBHO
BECKOHEYHO YJIAJEHHOM TOYKH. BBIYNCJIEHUE WHTETPAJIOB

|. TEOPUA

[TpuMeHeHre TeoOpHH BBIYETOB OCHOBBIBACTCS TIIABHBIM 00pa30M Ha CIeIyoLIel meope-
Me 0 8bluemax:

Teopema 1 (O. Komwu, 1825 r.). Ilycms ¢pynkyus f(z) sersemcs ananumu-
yeckoll 8crody 8 3amkuymou ooracmu G, 3a UCKTIOYEHUEM KOHEYHO20 YUCLA U30IUPOBAHHBIX

ocobvix mouex z, (k=1 ..., N), neaxrcawux énympu ooracmu G . Torga
N

I f(g)dg:mines [f(2), z,]. )

k=1

20e I'" — nonnas epanuya oonacmu G, npoxoouMast 8 NOJONCUMENLbHOM HANPAGICHUL.
[TpuHIMIIMAaTBHAS BOXXHOCTH TEOPEMBI O BBIUETAX 3aKIIFOYAETCS B TOM, YTO BO MHOTHX
ClTydasix OKa3bIBAETCS TOpa3/0 MpOINE BBIYUCIATH BbiueThl GyHKIMHU f(Z) B 0cOOBIX TOUKaX,

JeKAINMX B 00JIACTH UHTEIPUPOBAHHUSI, YEM HEMOCPEACTBEHHO BBIYMCIIATh UHTETPAII, CTOSIIUI
B J1eBO#t yactu (1).

BBeznem noHsiTHE BhIYeTa B OECKOHEYHO YAaJICHHOM Touke. [lycTh TOUKa Z =00 — U301H-
poBaHHas 0c00ast TOuKa aHanuTU4eckor QpyHkmu f(z).

Bviuemom ananumuueckoii @yuxyuu f(z) 6 mouxe zZ=oo0 HazpIBaeTCI KOMIUICKCHOE
YUCII0, PABHOE 3HAYEHUIO UHTErpaia

1 1
- j f(Od = j f)de,

rZie ¥ — MPOU3BOJIBHBIN 3aMKHYTHI KOHTYp, BHE KoToporo ¢pynkuus f(z) sBnsercs ananu-

TUYECKOH M HE UMEET 0COOBIX TOUYCK, OTIIMYHBIX OT 00.
Nwmeer mecto dhopmyna

res[f(z), oo]:—ziﬁij‘f(é’)dg“:—cl. (@)

W3 (2) ciemyer, 4TO €Clid TOYKA Z =00 SIBIIAETCSA YCTPAHUMOMN 0COOO0M TOUKOM (QYHKIMH
f(z), To res[f(z), ] MoxeT Oka3aTbcsi OTIUYHBIM OT HYJIS, B TO BPeMsi KaK BbIUET B KOHEY-
HOW yCTPaHUMOMW TOYKE BCET/Ia paBEH HYIIIO.
Teopema 2. Ilyemov pynxyusn f(2) sensemes ananumuueckou na noanou Komniexc-
HOUL NIOCKOCMU, 3A UCKTIOYEHUEeM KOHeuH02o uucia ocoovix mouex z, (K=1, ..., N), Bxitouas
U z=ow (Z, =). Toeoa
N
Zres[f(z), 2,]=0. 3)
k=1
Teopema 2 wHOTZA TMO3BOJISET YINPOCTHTh BhIUUCIIEHHE MHTerpana oT ¢yHkiuu f(z),

OJIHO3HAYHOM M AaHAIMTUYECKOW Ha MOJHON KOMIUIEKCHOM INIOCKOCTH, 3a MCKJIIOUEHUEM KO-
HEYHOT'0 YHCiIa M30JIMPOBAHHBIX OCOOBIX TOYEK, M0 3aMKHYTOMY KOHTYpY 7 . Ecnu BHyTpH ¥

MHOT'O OCOOBIX TOUYEK, TO MpUMeHeHHe GopmMyibl (1) MOKET ObITh CONPSKEHO C BECbMa TPYAO-
€MKHMH BBIYHCICHUSIMU. [Ipr 3TOM MOXKeT oka3arbesi, uTo BHe y ¢yHkuus f(z) umeer numib
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HECKOJbKO 0coObIXx Touek 2z, (K =1, ..., M), 3HaueHHEe BHYETOB KOTOPBIX, a TAKXKE BBIYET B
OECKOHEYHO yJaJICHHOW TOYKe onpez[emi}oTc;I noctaTo4Ho mpocro. Toraa

J.f(g“)dg —27r|2res[f(z) z,]1-27xires [f(z), oo]. 4

k=1

1. 3AZTAUM

1. BelYnciuTh HHTETPaIbIL:
e’dz

1.1 5 :
i 2 (2 +1)

1.2. J.zzsinldz.
lZ=v2 z
zdz

e’ +3
izdZ

iea (2-7)°

1.3.

|z+1=4

1.4.

1.5. I—dz i X' +y*=2x=0.

zsm z x* y?
16. [ 2,7 =41,
J(z-1 39

2. OHpGZ[GJII/ITB XapakTep OECKOHEUHO yJAIIEHHOW TOYKH JUTSI CAESTYIONINX (DyHKIIHMI:

32
2.1. f(z):ﬂ_
z
59 f()_z+1
Z
2.3, fa)_

24. f(2)= cosE .
z

2
25 f(z)=e"
2.6. f(z)=2%""
3. I/ICHOHb3yﬂ BbIUET OTHOCUTCIIBHO 6CCKOHCLIHO y,HaHeHHOﬁ TOYKH, BBIYUCIIUTDH CICHY-
OIue I/IHTel"pa.TH)I'

3.1. j

|2l=1

32. dz
M21+Z
33.]-——dL
a1
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3.4.

j zzsinldz.

|z]=3

|z]=3

z
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dz .
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[IpakTrueckoe 3anstue 9.
HNPUJIIOXKEHHUE BBIYETOB K BBIYMCJIEHUIO OITPEJAEJIEHHBIX
HUHTEI'PAJIOB

|. TEOPUA

Teopust BbIUETOB HAXOJUT MHOTOUMCIIEHHBIE IPUMEHEHUSI HE TOJIBKO MPU BBIYMCICHUU
MHTETPajoB OT (PYHKIMI KOMIUIEKCHOM MepeMEHHOMN, HO U IIPU BBIYUCIEHUH PA3IMYHBIX OIpe-
JeTICHHBIX UHTETPAJIOB OT (DYHKIUN JeHCTBUTENFHON IEPEMEHHOM, IPUYEM YacTO YAAeTCsl 10-
CTaTOYHO MPOCTO IMOJYYUTh OTBET U B TEX CIIydasx, KOIZa MIPUMEHEHUE JPYTUX METONOB aHa-
JIM3a OKa3bIBACTCSl 3aTPYAHUTEIbHBIM. PacCCMOTPUM Psii TUIIMYHBIX CIy4aeB.

2z
1°. Unmeepanwt 6uda I R(cosg, sinp)de. 3nece R — panmoHanbHas (QYHKIHS CBOMX

0
apryMeHToB. MHTerpaipl TaKOro TUMA CBOASATCS K MHTErpajaM OT aHAIUTUYCCKOW (DYHKIIUU
KOMIUIEKCHOM MepeMEHHON M0 3aMKHYTOMY KOHTYpY. O603HauuM uHTerpai yepe3 | u caena-

1dz 1 1) . 1 1
eM 3aMeHy HepeMeHHo#: z =e'. OueBumno, dp==—, COSQ = 3 Z+— ,Sln(0=? z——|.
(4 Z | Zz

|=_}J'R(z+l,z——jdz 1)
i 2" 7)1z

|z=1
[MoneiaTerpansHas GpyHkus B (1) mpeacraiseT paloHANBHYIO (YHKITHIO
a+az+..+a,z"
b, +bz+..+Db,z"

Torna

R(z) = (2)

KOTOpasi aHAJIMTUYHA BHYTPU Kpyra |Z| =1 Bcrony, 3a uckirodyeHueM koHednoro N < mumucia

0COOBIX TOYEK Z, , IBJISAIOIIMECS HyIsIMU 3HaMeHarensd (17). Toroa

dak—l o
| —an( plm e lE- 20" RE. ©

rae z, — nomockl dyrkiuu R(z). ITycTh @, — Mopsaok nomoca Z, .

2°. Unmeepansl euoa I f (x)dx . PaccMoTpuM npuMeHeHHE TEOPUHU BBIYETOB K BBIYHCIIC-

HUIO0 HECOOCTBEHHBIX MHTErPaJIOB IIEPBOr0 poJia yKa3aHHOIo Buja. [l 3TOro cnoiab3yeM He-
KOTOPBIE BCIIOMOI'aTEJIbHBIE TIOJIOKECHUS.

Jemma 1. Ilycmo ¢hynkyus f(2) sersemca ananumuueckoil 6 6epxueti NOJIYNIOCKO-
cmu Imz >0 6crody 3a ucknouenuem KOHeUHo20 YUCia U30IUPOBAHHBIX OCOObIX MOYEK U CY-
wecmeylom makue nonodcumensuvle yucia Ry, M u &, umo onsa ecex mouex eepxueii nony-

njaiockocmu, ydoeﬂemgopﬂiou;ux yciaosuro |Z| > RO umeem mecnio oyeHKa

()] < : |1+,>' 2| >R,. (4)
Tozcoa
F'fiil_.. f(&)ds =0, ®)

32



Puc. 1 20e konmyp unmezpuposanust C, npedcmasisem coboii
NOJIYOKDYIHCHOCHb |Z| =R, Imz >0 6 sepxneti noryniockocmu (puc. 1).

Teopema 1. Ilycms gpynkyus f(X) (—o0 < X <o0) moomcem 6vimov anarumuyecku npo-

oondcena Ha eepxHioto nonyniockocmes Imz >0, npuuem ee ananumuueckoe npooondicenue,
@yuxyua f(z), yoosnemeopsem ycnogusm nemmuvl 6.1 u He umeem 0coObix mouek Ha Oeli-

cmeumenvrou ocu. Tozoa
N

jf(x)dx:Zﬁizres [f(2), 2], 6)
b k=1
2de 7, —ocobvie mouxku f(z) 6 eepxneii nonyniockocmu.

o0

3°. Unmezpanwl 6uda .[e'ax f (X)dx . BeruuciieHue 3TOro Kiacca HeCOOCTBEHHBIX MHTErpa-

-0

JIOB C ITOMOIIBIO TEOPHUHU BHIYETOB OCHOBAHO HA IIPUMEHECHUH CJIEIYIOIIEH JIEMMBI.

Jemma 2 (nemma Xopnmaua). Ilycme ¢pynxkyus f(2) serssiemes ananumuueckoi
6 eepxneil nonyniockocmu 1Mz >0 6ci0dy 3a ucknouenuem KOHeUHO20 YUCid U30IUPOSAHHBIX
0cobbix mouek, u pasnomeprno omnocumenvno argz (0<argz <) CTpeMUTCsS K HYIIO MpU

|Z|—>oo. Torpa mpu a>0

|imjeia4f(§)d§=o, (7)
R—o0
Cr
rae C, — dyea nonyoxpyicrocmu |Z| =R, Imz>0.
3ameuanue. Ecnmm a<0, a pynkuus f(z) ynosnerBopsieT ycinoBusiM geMMmsbl JKop-
JlaHa B HUKHEH MOJYTIIOCKOCTH, TO (opmyina (24) numeer mecto, eciu C, — Jiyra noJtyoKpysx-
HOCTH |Z| =R, Imz<0. Ananoru4nbie yTBEpKICHUS MMEIOT MecTo U i a=*tia (a>0)

NIPYU MHTETPUPOBAHUU COOTBETCTBEHHO B TpaBoi (Rez>0) wm neBoit (Rez <0) momymoc-

KOCTH.
Teopema 2. Ilycms @pynkyus f(X) (—o0 < X <0) moamcem 6vimov anarumuecku npo-

oondcena Ha eepxHiolo nonynaockocms Imz >0, npuuem ee ananumuueckoe npooondiceHue,
pyuxyua f(z), yoosnremeopsem ycrnosusm nemmol JKopoana u He umeem 0coObIX mouex Hd

OevicmeumeinvHou ocu. Tocoa
b N

Jeiax f (X)dx = 27rineS [f(2), z.], )

20e 7, — ocobvie mouxku f(z) 6 sepxueil nonyniockocmu.

4°. Humecpuposanue MHO203HAUHbIX ¢Hynkyutl. Ecnn aHAINTHYECKOE IPOJIODKEHUE
byukuu f (X) ¢ gelicTBUTENEHON OCH B 00JIaCTh, OTPAHUYCHHYIO KOHTYPOM WHTETPUPOBAHUS,

SIBJISICTCSI MHOTO3HAYHOM QyHKIMeH F(Z) Ha MOJHOM KOMIUIEKCHOM TIOCKOCTH, TO BRIOUPAIOT

TaKOW KOHTYP MHTEIPHPOBAHHS, YTOOBI BHYTPH HETrO HE COJAEPXKAJOCh TOUYEK Pa3BETBIICHHUS
F(z), u nanee paccMaTpuBarOT JIMIIb OJHO3HAYHYIO BeTBb f(Z) aToil QpyHkmu. Paccmotpum

HCECKOJIbKO THUITMYHBIX CIIYy4acCB.
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00

4.1°. Unmeepanot éuda | =IX“‘1f (X)dx, 0 <a <1. Iycts pynkius f(X) mMoxer ObITH
0
AQHAJTMTHYCCKH TMPOJOJDKEHA HA BCHO KOMIUICKCHYIO IIOCKOCTh ¢ momotibio GyHkiuu f(2),
KOTOpasi SIBJISACTCA OJHO3HAYHOW aHAJMTHUYCCKON (YHKIHEH
3a UCKJIFOYECHHEM KOHEYHOTO YHCIIa W30JMPOBAHHBIX OCOOBIX
A touek z, (k=1 .., N), He jexamux Ha IOJOKUTEIbHOII

¥

4acTu JACHCTBUTENBHOM ocH. KpoMe Toro, mycte Z =00 gBisi-

ercsi HyJeM He Hibke nepBoro mnopsnaka ¢yakuuum f(z), a
220{ K

touka Z =0 — ycrpanumas ocobas Touka. Torna pyHKuus

p(2) =2""1(2) (9)
B obmactu G [0O<argz<2x], mnpeacrasistomieli coOoi

IUIOCKOCTh Z C pa3pe30M I10 MOJIOKUTEIBHON YacTh
Puc. 2 JEHCTBUTENBHOM OCH, SIBISIETCA aHATUTHYECKUM MTPOJIOIIKEHH-
€M MOJbIHTErpaIbHON (DYHKIIMH, COBIAAONICH ¢ HEell Ha BepxHeM Oepery paspesa (argz=0).

Oyukuus @(z) sBISETCS OJHO3HAYHON aHATUTHYECKOW (yHKIMe B obmactu G, U ee 0coObIe
TOYKH COBIIQJAIOT C 0coObIMU Toukamu Z, ¢yHkumu f(z). Paccmorpum B obmactn G 3a-

MKHYTBIA KOHTYp ) , IPEACTaBIeHHbIH Ha puc. 2. [Io OCHOBHOI TeopeMe TEOPHH BBl YETOB

( 271 N\

1 T ]

jx“ f(x)dx = e E res [2°7f(2), 7] (10)

4.2°. Humeepanvl 6uoa | :Ixal(l— X)* f(x)dx, 0<a <1. Iycts pynkmus f(X), 3amanHas
0

Ha oTpe3ke jaeicTBuTeNbHOM ocu (0, 1), MOKET OBITH AHATUTHYECKH MPOIODKEHA Ha BCKO KOM-
IUIEKCHYIO TIOCKOCTH € OMOIIbI0 GyHkimu f(z), KoTopas sBiseTcss 0JHO3HAYHON aHAIWTH-

yecKoi (bYHKI_II/ICﬁ 3da HCKINOYCHHCM KOHCYHOI'O 4YHCJIa H30JIMPOBAHHBIX 0COOBIX TOYEK Zk

y (k=1 ..., N), ve nexamux Ha orpeske [0, 1], a Touka

Z =00 — yCTpaHuMasi ocobast Touka.

Torna ucKkoOMBI WHTErpal MOXKET OBITH BBIYUCICH METO-

JIAMH, PACCMOTPEHHBIMHU BBIIIE. AHATUTHYECKOE MPOIOJI-

R ’KEHUE MOIBITETPATEHON (QYHKIIHN

z=1 d(2)=2""(1-2) " (2)

= HMeeT JBe Touku pasBerBienHus: Z=0 u z=1. Paccmor-
puM obnacte G, MpeACTaBIAIOIIYIO MOJIHYIO IJIOCKOCTb
Z ¢ pa3pe3oM IO OTpe3Ky aeicTBurenbHOU ocu [0, 1].
BetBb Qynkimn ®(z), coBmasaromas Ha BepxHEM Oepery
paspes3a ¢ moJbIHTErpaqbHON QyHKIMEH | , sBisercs oa-
HO3HAyHOW aHanuTHueckol ¢pyHkuuei B G .

Puc. 3 Paccmorpum B oOnacti G 3aMKHYTBIH KOHTYp ¥, TIpe-

%[5

CTaBIICHHBIN Ha puc. 3. ITo ocHOBHOM TCPEMC TCOPHUHU BBIUCTOB

2 7 N ) -
B siza;a +1—gzlm Zres [ (1-2)" 1 (2), z]. (11)

k=1

1. 3AZTAUM
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Breraucnurts CJICAYIOIIUC UHTCTPAJIbI:

11 JX +1

I (x? +1)
L3 I (x* +4x+13)
dx
J1+x

J
]‘-’ X COS Xdx
I35

1.4.

21 | =
Y x?-2x+10°

% cosax

22. ZdX (a>0).

2.3.

T smaxd (@>0).

(1+x7)*

0

3.1. T—dx.
0
3.2, ngdx.

0
4.1. '[e""‘xz cosbxdx (a>0, b>0).

ax bx

e

5.1. j (a>1).
5 a+CoSX
: 2
52. [ —dx (a>b>0).
, a+bcosx

——dx (0<a<l 0<b<l).
€
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[TpakTrueckoe 3austue 10.
JOTAPUOMUYECKHN BBIYET. TIPUHIIUII APTYMEHTA. TEOPEMA PYIIIE

I. TEOPUA

ITycts B o6mact G 3amana ogHo3HaYHas Mmepomopduas pyukims f(z2), ananurndeckas
Bcrony B G, 3a HCKIIOYEHHEM KOHEYHOTO YHCIAa H30JIMPOBAHHBIX OCOOBIX TOUYCK Z,
(k=1 ..., p). peanonoxum, 4ro Ha rpaHuie y obmacté G HET HyJeH U OCOOBIX TOYEK
f(2), u paccMOTpUM BCIIOMOTATENIbHYIO (D YHKITHIO

_f@
@(2) = ) 1)

KOTOPYIO HA3bIBAIOT J1ocapugmuyeckou npoussoonou pyukuuu f(z), a BerueTsl QyHK-
mun @(z) B ee ocoobx Toukax Z (k=1 ..., M) — nocapugpmuueckumu gvivemamu QyHKIH
f(z). OcobbpmMu Toukamu ¢GyHkuuu ¢(z) semsores Hymu Z, (K=1, .., N) u MOIIOCH Z,
(k=1 ..., p) dynakuuu f(z). [Tycts Touka Z, sBisercs HynaeM mopsiaka N, Gyakoum f(z).
Torna norapudmuueckuii Beraer f(z) B Hyne mopsigka N, paBeH N, , T. €. IOPSIKY HYJIS:

fz) ,|_
res { ) , zk}_nk, 2

a B IIPOCTOM IIOJIIOCE MOPsIIKA P, JOrapu(pMHUUECKUN BBIUET PAaBEH MOPSAKY MOJIFOCA, B3ATOMY

f(2) _
res {ﬁ zk}_ Py - 3

®opmyis (2) 1 (3) MO3BONAIOT MOJCYNTATD YHCIIO HYJICH aHATUTUYECKON (YHKIINH.
Teopema 1. Ilycmv 6 obnacmu G 3a0ana 00HO3HAUHASL MEPOMOPPHAS DYHKYUA
f(2), ananumuueckas 6ciody ¢ G, 3a uCKIOUEHUEM KOHEUHO2O YUCIA U30IUPOBAHHBIX OCOOLIX

CO 3HAKOM MHUHYC:

mouex Z,, u nycmov f(2) ne oopawaemcs 6 nyniv nu 6 00noti mouxe epanuyvl y obnacmu G .

Toeoa PAaA3HOCmb Meofcdy NOJIHbIM YUCTIOM Hyﬂeﬁ U NOJIHbIM YUCTIOM nOJIlOCO68 onpe()eﬂﬂemc;z
eblpasitceHuem

_ 1 [y,
S 27i) Q) s @)

I'eomeTprueckuii CMBICHT 3TOI TEOPEMBI HA3bIBAECTCS NPUHYUNOM APSYMEHMA.

1 (@), 1 1 . ~
21 ) f(g)dg_zmldln f(g)_zﬁi_[d[|n|f(g)|+|arg f($)]=

1 1]
:E‘[dln|f(§)|+z‘[darg f(0)

IlepBoe ciiaraemoe B MpaBoil YaCTH MOCIEAHETO PABEHCTBA PaBHO HYJIO, T. K. Bapuanus
(u3MeHeHue) AeWCTBUTEIHHON OHO3HAYHOM (DyHKIMH |n|f(é’ )| npu o0xoxe TOUKo ¢ 3a-
MKHYTOTO KOHTypa y paBHa Hy/II0. BTopoe ciaraemoe mpezicTaBiiseT MOJHYIO BapHUallUio ap-
rymenta ¢pynkuuu f (<) npu o0xozme TOUkoi ¢ 3aMKHYTOTO KOHTypa ), JCJIEHHYIO Ha 27 .
Taxum 00pa3oM, MIPUHIIKIT apryMEHTa OIPEIeIIIeTCs] PABEHCTBOM

36



1
N-P= ZVar[arg f (z)]f . (5)

[Tpu nmomHOM 00X0/1€ TOUKOW Z KOHTYpa ¥ Ha IJIOCKOCTH Z COOTBETCTBYIOIIAS €1 TOYKA
w= f(z) onmceiBaeT HEKOTOpHIN 3aMKHYTHIH KOHTYp C Ha mimockoctd W. IIpu sTom Touka
Ww=0 MOXeT OKa3aTbCsl KaKk BHE, TaK U BHYTpU 00JIaCTH, OrpaHnyeHHOoN koHTypoMm C . B nep-
BoM crydae Var[argw]. =0. Bo Bropom ciyuae Var[argw]. ompenensiercs 4ucioM MOMHBIX
00X010B BOKpYT Touku W =0, KOTOpbIE COBepIIaeT Touka W IPHU CBOEM JIBUKEHUU IO KOHTY-

Py C. HpI/I 3TOM TOYKAa W MOXKET O6XO,Z[I/ITB TOYKY W= 0 xak B IIOJIOKHUTEIPHOM, TaK U B OT-
PULATCIIBHOM HAIIPpAaBJICHUH. Yucno O60p0TOB COOTBETCTBEHHO MOYKET OBITH IMOJIOKUTEILHBIM

WM OTPUIATEIILHBIM.
B uactHOM cityuae, korna ¢pynkuus W= f(z) sBiusercs ananmutudeckoii B oonactu G u

Ha ee rpanune C, dopmyna (4) mMo3BOJISIET MOACYUTATH YUCIO HYJICH 3TOW (YHKIHUU TPH

n
P =0. D10 umeer mecto, Hanpumep, At MHOrowieHa Q, (z) = Zakzk .
k=0
I[Ipumep 1. Haiitu yncno kopHe#l B npaBoil nonyriockoctd Rez >0 ypaBHeHus
Q(2)=2z"+2*+27°-8z-1=0.

Pemenue. B cuny npunnuna aprymMeHTa 4yicio Hyjei BHyTpu KoHTypa C paBHO
1
=—Var|ar ,
272_ [ g Q5 ]C

riae koHTyp C cocrout us nonyokpysxksoctu Cy : |Z| =R, Rez>0 u ee nnamerpa Ha MHUMOM

ocu. Umeem
1 1 1 8 1
QS(Z)=25(1+E+Z—2+2?—?—?j.
Otcrona
1 1 1 8 1
argQ.(arg| 2°| 1+ =+ =+2—~———— 7) =
9Qs( g{ ( R Zsﬂ)
:argzs+arg(1+1+i2+2%_%_i5 -
z 1 7 7 12
=5argz+arg(1+l+i2+2i3—%_i5j,
z 2 AR SR

[Mpupamenne argQ,(z) mpu 06Xoze B MOJIOKUTEIFHOM HAIPABICHUH MOIYOKPYKHOCTH
C, mpu R — o paBHO
Lim VarargQ,(z) =5 Lim Varargz +
. 1 1 1 1
+L|£130Vararg(l+;+7+2—3—§2——5j =57
[Tycts Temepb TOYKa Z JBMXKETCS MO MHMMOM ocu oT Z=IR mo z=-iR. Ilonoxum
z=it, —R<t<R.Torma
Q,(it) =u(t) +iv(t) =t* —1+i(t° —2t> -8t),
OTKy/la MOTy4aeM IapaMeTPHIeCKHe YPaBHEHUS JIMHHUH, KOTOPYIO ONUCHIBAeT Touka W= Q;(2)

B tiockoctd (U, V), KOrja Touka Z mpoOeraeT MHUMYK OCh CBEPXY BHHU3:
u=t*-1,
v=t>-2t3-8t’
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JI71sl TOCTpOEHNUs TOW JIMHUM HalJeM TOUYKH IepeceueHts ¢ KOOpAMHATHBIMU ocsimu Ou
’ uOv:t=+11 t=0, t =12. Pacnono:xum HaiiIlcHHbIE

KOpPHH B NOpsAKE yOBIBaHUS, T. €. B IIOPsAKE 00X0/a
() KOHTYypa, U HailleM COOTBETCTBYIOIUE 3HAYECHUS U

u V. Jlamee limu=oo, limv=24o. B pe3ynbrare

t—>to0 t—>to0

/4 N

HOJTy4YaeM JIH- HUIO, IPEJICTABICHHYIO Ha pHC. 6.
g u W3 puc. 1 cnenyer, uto Bektop W= Q;(z)no-

\ s \ BEpHETCS Ha yroja @p=-3r. Torna
VarargQ,(z) =57 -3z =27, otkyna uncio Hyseit B

npaBoii nmosrymiockoct N =27/27=1.
Puc..1

Bo MHOrHMX ciydasx HaXOXICHHE YUCIa HyJIeH aHATUTUYCCKOW (QYHKIIUH 3HAYUTEIHHO
o0JieryaeT cieyrolas Teopema.

Teopema 6 (teopema Pyme). Ilyemo pynkyuu f(2)u ¢(z) saersomes ananu-
muueckumu 8 3amknymoti obnacmu G, npuuem na epanuye y obnacmu G umeem mecmo He-
Pasencmeo

1@, > o). ©)

Toeoa noanoe uucno uyneii 6 oonacmu G ¢yuxkyuu F(z) = f(2)+@(z) pasno noanomy

yucny nyneti ¢pynxkyuu f(2).
Puc. 7

Ipumep 2. Haittu momnoe uucno myneit Gpynkmun F(z) =2z° —-5z°~2z+1 BHyTpH
Kpyra |Z| <1.

Pemenue. Ilpeacraum F(2)B Bume F(z)=f(2)+p(z), rae f(z)=-52"+1,
o(z)=7°-2z. Torna

5
@), 2 |-52°]

~1=4, |p(2)],, <=z’ 3,

1 g 12200 =

OTKy/1a |f(Z)|‘ >|(0(Z)|\z\:1 > 0. CrnenoBatenbHO, TOJTHOE YUCIO Hynel pyHkiuu F(z) paBHO

=1

NOJHOMY 4yHciy Hynel pynkuuu f(z), KoTopas UMeeT pOBHO MATh HYJICH:
1 .27k

== ° (k=01 .., 4).

B
1. 3AZTAUN

1. HaiiTu BbI4eTHI JIorapu(pMUYECKUX MPOU3BOAHBIX JaHHBIX (PYHKIHUHA OTHOCUTENBHO UX
HYJIEH U MIOJIIOCOB:

1.1. f(z):5i¥.
1.2. f(z)=cos’z.
13. f(z) =282
1.4. f(z):sir?z.

2. Haiitn morapudmMuveckne BBIYETHI JaHHBIX (YHKIWHA OTHOCHUTEIHHO YKa3aHHBIX KOH-
TYpOB:
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z
21 f(2)=——, y:|z|=2.
2.2. f(z)=cosz+sinz, y:|z|=4.

2
23. f(1)=(e"-2) .
3. OnpenenuTh YUCIIO KOPHEH B BEPXHEH MOIYIUIOCKOCTH JIJIS CIICAYIONIUX YPABHCHHM:
3.1 2*+22°+3z2°+z2+2=0.

3.2. 2% -z+1=0.
4. Tlonp3ysich Teopemoi Pyrie, HAWTH YKCIO KOPHEH JaHHBIX YpPaBHEHUW B yKa3aHHBIX
o0macTsx:

4.1. z*-32°-1=0, |7 < 2.
42.2°-62°-7°+2=0, |7|<1.

5. OnpenenuTb KOJIMYECTBO KOPHEN TaHHBIX YPaBHEHUH B YKa3aHHBIX KOJIbLAX:
5.1. 42* 297 +25=0, 2<|7<3.

5.2. 2°-8z+10=0, 1<|z|<3.

6. OHpeHeHI/ITB qUucJio KOpHeﬁ JAHHBIX ypaBHeHHﬁ B YK3.33.HHBIX O6HaCT5[X:
6.1. z2—cosz=0, |z|< 2.

6.2. 2* =4z.
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[Ipaktrueckoe 3anstue 11-12.
KOH®OPMHBIE OTOBPA’KEHUSA

|. TEOPUA
1. IlonsiTue KOHGOPMHOT0 0TOOpAKEHU S

OTO6pa)KeHI/Ie OKPECTHOCTH TOYKH ZO Ha OKPECTHOCTb TOYKH, OCYHIECCTBIACMOC (byHK-

et W= f(z), Ha3bIBaeTCs KOH(GOPMHBIM, €CIIH B TOUKE Z, OHO 00JaJaeT CBOMCTBOM COXpa-
HEHHUS YTII0OB MEXy JIMHUSIMHU U TOCTOSHCTBOM PACTSKEHUH.
Kpurepuem konpopmHOCTH OTOOpaxkeHus f B Touke Z, sIBISETCS KOMIUIEKCHAs AU]-

depennupyemocts Gynkuuu f B 31O TOUuKe Z, BMecTe ¢ ycnoBueM f (z;)#0.
T'eomempuuecku ‘f (ZO)‘ o3Hauaem Kodp@uyuenm pacmadcenus OIuUH 8 mouke Z, npu
omobpadicenuu f . DTOT K03)(HUIMEHT HE 3aBHCUT OT BHIOOpA KPHBOW C HAYaJIOM B TOYKE Z,.
JlpyrumHu cJI0BaMH BCE KPUBBIE C HAYaJIOM B TOYKE Z, PACTATHMBAIOTCS B 3TOM TOYKE OJMHAKO-
BO, TO €CTh OECKOHEYHO Majiasi OKPY)KHOCTb C LICHTPOM B Z, NEPEXOAUT B KPHBYIO, OTIHYAIO-

IIYIOCS OT OKPY)XXHOCTH C LEHTpoM B W, = f(Z,) Ha Maible BBICIIHX MOPSAKOB (Kpy2osoe
ceoticmeo) (puc. 1).

Puc. 1

Teomempuuecku arg f (z,) osnauaem yeon nosopoma xpueoii 6 mouke z, npu omoo-
padicenuu f . DTOT yron He 3aBUCUT OT BbIOOpa KPUBOI C Ha4alIOM B TOUKE Z,, BCE KPUBBIC C
HAYyajiOM B TOYKE Z, IOBOPAYMBAIOTCA HA OJAWHAKOBBIN YIOJ, TO €CTh Yroj MEXIY JABYMs JIIO-

OBIMM KPUBBIMH C HAyaJlOM B Z, COXPAHSETCS NPH OTOOPKEHUH (C60UCMBO COXpAHEHUs ye-
7108).

2. Kondopmubie 0T00pakeHus, OCyLIeCTBJsieMble OCHOBHBIMH 3JI€eMEHTAPHBIMH
byHkuusmu

21. IpoObHO-TMHEHHBIE QYHKIUMN:
w=34D i b0, 1)
cz+d

rae a, b, ¢, d — KoMIIeKCHBIE YhClia, Z — KOMIUIEKCHAs TIEPEeMEHHasl.
IMpu ¢=0 u d =0 ¢dyukuwms (1) oOpaiaeTcs B auHeluHyI0 GYHKYUIO:
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W=§z+g:Az+B,A¢O.. @)

Otobpaxenue (2) Oymer KOH(POPMHBIM M OJHOJHCTHBIM BO BCEH KOMIUICKCHOM
mnockoctr C . PACCMOTPHM TPHU YacTHBIX CITydas.

a) W=z+B. Ilpu Takom oTOOpaX€HMH TOYKAa Z TIEPEHOCUTCI B TOYKYy W B
HarpaBJICHUU BekTopa B Ha paccrosiHue, paBHOe ero mmuHe. [lomaras W=u+iv, z=X+ly,
B=Db +b,, 3anmmem mnpeoOpazoBanue (2) B Buume uByx Qopmym: u=Xx+b, v=y+b,.
[Tocnemnue mnpeacTaBisIOT co00OW H3BECTHBIC (DOPMYIBI nApAIIEbHO2O NepeHoca Ocei
KOOpJMHAT.

06) w= Az. I[lycts A=¢e". Torna |W| =|Z|, argw=argz+oa, T. €. TOYKa Z MEPEXOIUT B
TOYKY W TpU TOMOINM MOBOPOTa BEKTOpa Z OKOJIO HYJIEBOM TOYKH HA yroi « . Takum
o0pa3om, oToOpaskeHHne 0) ecTh 8pauyeHue OKOJIO Havyajaa KOOPAMHAT Ha yroi « . Kpome Toro
MOJKHO Hamucatrb: W=U+IV=(X+1y)(CoOSa +iSina), oTKyna HaxomuMm: U= XCOS«x —YSinga,
V=XSina+Yycosa. Ilociennue paBeHCTBA SIBISIOTCS W3BECTHBIMU (OpPMyJamMH MOBOPOTA
0Cel KOOpAUHaT.

B) W=IZ, Tie I — JCWCTBUTEIHHOE TOCTOSHHOE IMOJIOKHTEIHHOE YHCIO0. B maHHOM

ciaydae uMeeM: |W|=r|z|, argw=argz, T. €. 0TOOpake€HNE B) €CTh npeobpazosarnue noooous C
yq p peoop

LEHTPOM I0JJ00Hs B Ha4YajIe KOOPMHAT U KOAPPHUIIMSHTOM TOA00HUs I .

OObmee suHeliHOe mpeoOpa3zoBaHne W=Az+B mnyrem Tpex mnpocTedmmx
PacCMOTPEHHBIX OTOOPaKEHHIA.

I[Ipu a=b=d=0 u c=1 u3 (1) momyuum pynkuuo W=1/Zz, koTOpas OCyIIEeCTBISCT
npeoOpa3oBaHue MOMOOUST W UHGEepCUNO OTHOCHUTEIBHO OKPY)KHOCTH pajauyca CIUHHIIA.
JleficTBUTENBHO, TToNaras Z =re'’, w= pe" , nonyunm p=1/r, y=—¢.

Jig obiero orodpaxenus (1) cpaBe MBI CIEIYIOIINE YTBEPKICHMUSL.
1°. Apobno-nuneiunas @ynxyus (1) ocywecmensem 63aumHno 0OHOZHAUHOE U HENPEPBIBHOE
omobpaxcenueC na C.

2°. lIpobno-nuneiinoe omoodpasicenue (1) kongpopmno 6o écex mouxax C.
[IpuBesnemM 1Ba reoMeTpUUYECKUX CBOMCTBa APOOHO-IIMHENHBIX 0TOOpaskeHuil. bynem Ha3bpIBaTh

oxpyarcrocmuio Ha C OGYI0 OKPYKHOCTB HITH MPAMYIO HA KOMITIEKCHO# TTOCKOCTH.

3°. IIpoussonvroe NpodHO-TUHelHOe omobpadicenue npeobpaszyem o0y OKPYICHOCHb
na C mooce & oxpyscnocms na C (KpyroBoe CBOHCTBO JPOOHO-TMHEHHBIX
O0TOOpaKEeHMUIA).

st GOpMYyTHPOBKH BTOPOTO TE€OMETPHUECKOTO CBOIMCTBA BBEJEM OIpenesieHue. Toukn
Z n 7' GyaeM Ha3bBaTh CUMMEMPUUHbLIMU OTHOCHTENBHO OKpyxkHocTH I Ha C, ecu oHH
JeXaT Ha OJHOM JIyde C BEpIIMHON B meHTpe [ Tak, 4To
NPOM3BEACHUE MX PAcCCTOSHUHA 0 IIeHTpa paBHO KBaJApaTy
pamuyca I (puc. 2).

4°.  [Ilpoussonvrnoe NpobHO-TUHENHOe OmoOpadiceHue
npeobpaszyem nobvie mouku I U I, CUMMEmMPUYHbLE

omnocumenvHo okpyxchocmu I° na C, 6 moukxu W u W,
CUMMEMPUYHbIE OMHOCUMENbHO 00pa3a 3mou  OKPYICHOCHU
(cBOWCTBO COXpAaHCHHS CUMMETPHUYHBIX TOUYECK).

Puc. 2

22. dyukuuu W=Z2"u W= Yz .Crenennas byHKIMSA
w=2z", (©)
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rae N — HaTypallbHOE 4Yucio, rojomoppHa Bo Bceil miuockoctu C. Ee mnpousBognas

dw n-1 .
’m =nz""#0 Bcrogy npu z=0, cienoBarenbHo, oToOpaxeHue (3) KOHGOPMHO B Kaxaoi
z

touke Z € C\{0}. B nmonspHbIX KOOpAMHATAX Z = re', w= pei"’. Torma
n
TO €CTh 0TOOpakeHue (3) yBEIMUYUBACT YIJIbI ¢ BEPIIMHON B Touke Z =0 u mosromy mpu N >1
HEe KOH(OPMHO B 3TOH TOUKE.
W3 (4) cnenyer, 4To OBE TOYKU Z, U Z,, U1 KOTOPBIX

2
|z|=|z,|, arg z, =arg zz+kTﬂ, (5)

MepexoiT B OJIHy Touky W. CnemoBarenbHo, mpu N >1 orobpaxenwue (3) mHOTrOMMCTHO B C .
YcnoBuro (5) yIOBIETBOPSIIOT, HAIIPUMED, CEKTOPBI

K2 < p<(k+D)2Z (k=0,1,2,..), (6)
n n

KKl U3 KOTOPBIX Ipeodpasyercs B 00J1acTh {O <arg w< 272} , TO €CThb B IIJIOCKOCTh W C

BBIOPOIIIEHHOM MOJIOKUTEIHHON MoNyockio. Ha puc. 3 mokaszan mpuMep Takoro 0ToOpaskeHus
(cooTBeTCTBHE CETOK MOJSAPHBIX KOOPAUHAT) IpH N =5.

OyHKIMA
w={z, (7)

oOpaTHast K pyHKIMA W=2", n-3Hauna npu z#0.
B nmo6oit obnactu D, koTopast He COEPKUT HU OJHOM 3aMKHYTOH KpUBOM, 00Xoas1ei
TOUKy Z =0, MOXHO BBIJICJIUTh N HENPEPHIBHBIX U OJHO3HAYHBIX (DYHKIMH, MPUHUMAIOIINX

KaXaas OJHO W3 3HaueHumit Yz . Dtu n (GYHKIUN HA3BIBAIOTCS GemesMu MHOTO3HAYHOM

byHKIMN W= %7 ; ux 3HaueHus B kax10il (UKCUPOBAHHOM TOYKE OTIMYAIOTCS APYT OT Apyra

T .. 2krm
MHOXHUTEIeM COS——+iSin——. Kaxkmgas Takas BeTBb OCYIIECTBIIET OJIHOJHMCTHOE

n n
otoOpaxenue obnactu D, moaTomy cyiiecTByeT mponsBoiHas 0OpaTHON QyHKIUH:

oy 1 1Yz 1
(¥2) ey e nl ®)

Ecnu xe o6nmacte D comepkuT XoTst Obl OIHY 3aMKHYTYIO KPUBYIO, OOXO/ISIIYIO TOUKY

z =0, To B TaKkoii 001acTH BETBU (PyHKIMH Y7 uenbss oTaenuts JpyT OT Apyra (puc. 4, MyHK-
THUPHBIE JIMHUN).
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Touka z =0, B 100011 OKPECTHOCTH KOTOPOM HEJIB3s1 OTACIUTh N OTIENIbHBIX BETBEH

byHKIIUN Yz , HA3bIBACTCS TOUKOU gemeiienus TON PyHKIUH.
2.3. Oyuknus XykoBckoro. Oynknuend KykoBCKOTO Ha3bIBaIOT PAIMOHAIBHYIO

GbyHKIHIO
W= %(z + %) : 9)

rotiomopduyio B oosmactu C\{0}. Ee npousBoHast

dw 1( l]
—=|1-=
dz 2 z

OTJINYHA OT HYJS BCIOAY B 3TOW oOnactH, kpome Touek Z==11. Touke Z=0 cOOTBETCTByET
W =00, © KOH(QOPMHOCTH B 3TOH TOYKE CIEAYET U3 TOTO, YTO MPOU3BOIHAS

i(lj = 2—1_ z’
dz\ w (1+z%)?
ommyHa ot Hysst npu Z = 0. Konpopmuocts otoOpakenus W= f(z) B Touke Z =00 cBomuTCS

1
K KOHGOPMHOCTH OTOOpakeHust W= f (—j B Touke Z=0. B ciayuyae ¢pynkumun XXykoBckoro
z

f(2)= f(lj, nostoMy otobpaxkenue (3.9) koHpopMHO B Touke Z=oo0. Takum o00Opazom,
z

otoOpaxkenue (3.9) He KOHPOPMHO TOJIBKO B TOUKax Z =+1.
YcranoBum ycnoBust ogHonucTHOCTH QyHKImE (3.9) B kakoii-mi6o obmactu D . Ilycts

Zl u 22 OHa IICPEBOAUT B OJIHY TOYKY, TOT' la

Z +i—(22 +ij =(z, —zz)(l—i],
z z, 2,2,

U IpU Z, #Z, TNOIYYUM YCJIOBHE OJHOIMCTHOCTH (PyHKIUH JKYyKOBCKOrO B KaKOH-IHOO

obmactu D: z,z, #1.
[Tpumepom o6nacTH, yAOBIETBOPSIONMIEH YCIOBHIO OJHOJIMCTHOCTH, SIBJISIETCS] BHEITHOCTD
emuanyHoro kpyra D={zeC: |Z| >1}. YtoObl HarasimHO THpeAcTaBUTh oToOpakeHwe (9),

HOJIOKHM Z = re', W=U+IiV, rie

u:l(r+1jcosgp, V:l(r—ljSin(D. (10)
2 r 2 r
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N3 3THX COOTHOLIEHUH CIIENYET, YTO OKPYKHOCTH {|Z| =r, > 1} ¢ynkuus XXykoBckoro

1 1

npeoOpasyeT B SIUIMICHL € monyocsMu  a, =—| h+— | u by =§ r,—— | u ¢oxycamu B
I I
0 0

Toukax *1, . k. VI a —b, =1.Ilpn f;—>1 b —0 u 5WmMNCH CTATMBAIOTCA K OTPE3KY

1
[-1 JeR; npu Gombmmx f, pasHocts @, —b, =— Mana 1 UMICH MaNoO OTIMYAIOTCS OT
r0
2 2
o u Vv
okpyxHocreil. JIyan {¢,, 1<r <o} npeobpasyrorcs B yacTu rumnepooIt —————=1¢
cos’ ¢, sin’ g,
temu ke poxycamu +1. CemeiicTBO rumepo0s1 OPTOroHAIBHO CEMEWCTBY AIIITHUIICOB .
Takum o6pazom, ¢yHknus JKyKOBCKOTO OCYIIECTBISICT B3aUMHO OJHO3HAYHOE H
KOH(OPMHOE 0TOOpaKCHHE BHEITHOCTH €IMHUIHOTO Kpyra (BKIIOYas OECKOHEUHYIO TOYKY) Ha

BHEITHOCTB oTpe3ka [—1, 1] aelcTBUTENBLHOM OCH.

Puc. 5

B toukax z=+1 orobpaxenue (9) He koHpopmHO. B 3TOM MOXKHO yOemuThcs, eciu
npeacTaBUTh GyHKIMIO JKyKOBCKOTO B BUIE

2
w-1 [z -1 . (11)
w+l (z+1
N3 (11) cnenyer, uro oToOpakenue (9) npeacrapiseT cOO0M KOMITO3HUITMIO OTOOPasKeHH I
z-1 1+w
=—, W= , W=——., 12
d z+1 s 1-w (12)

[TepBoe u TpeThe u3 otoOpakeHuit (12) npoOHO-IMHEWHBI U, ClIeIOBATEIHHO, KOH(POPM-
uel Bclony B C . OtoGpaxkenne W= ¢ , yaBauBaeT yribl B ToukaXx ¢ =0 u ¢ =00, KOTOpBIM
COOTBETCTBYIOT TOUKH Z =t1.

Ucnone3ys paznoxenue (12), MoxxHO yOeauThcs,
4To (yHKIMA JKYKOBCKOTO OCYIIECTBISET OJHOIUCTHOE U
KOH(OPMHOE 0TOOpaKeHNE BHEITHOCTH OKPY>KHOCTH ¥,
n300pakeHHOM Ha puc. 6, Ha BHEUIHOCTb AYTU OKPYXHO-
CTH C KOHIAMH B Todkax =1, cOCTaBISIONIEH B TOYKE
w=1 yron 2 ¢ AeHCTBUTEIHHON OCHIO.

Puc. 6
MoHO Takxke yOeauThCsl B TOM, YTO OKPYKHOCTH, KAacarolluecs y HW3BHE B OJHOW U3

Touek 1, mpu 3TOM 0TOOpaKEHUHU NEPEXOAT B 3aMKHYThIE KPUBBIE C XapaKTEPHBIM OCTpHUEM,
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HArlOMUHAIOIUM TNpoduiIbs Kpblla camosiera. Takoro pojaa npoduian BrepBble ObUTH MPeIIo-
eHbl pycckuMu yaeHbiMU C.A. YanneirnaeiM 1 H.E. )KyKoBCKUM, O3TOMY OHM Ha3bIBAIOTCSA
npogunamu )Kyrkoeckozo-Hannvieuna. MeHsisi yron o HakJIOHa KacaTelbHOM K OKPY)XHOCTH B
Touke |1 U paanyc MeHbIIEH OKPYKHOCTH, MOKHO MOJy4aTh pasnuyHblie npodunu. [Ipodunu
XKykoBckoro-YaripIruaa siBISIFOTCS OCHOBHBIMH MPOQMIIIMU BO BCEX a’pPOJUHAMUYECKUX HC-
CJIEIOBAHMSIX IO TEOPUHU KPbLJIa CAMOJIETA.

2.4. TloxazatenbHas u norapudpmuueckas yaknuu. Onpenenum

(bYHKI_[I/IIO e’ COOTHOHICHUEM, KOTOPBIM OHa OIIPEACIACTCA B ,Z[CI‘/'ICTBI/ITCJ'IBHOM aHaJIn3e:

e’ :Iim(l+£jn. (13)

n—oo n

OcHOBHBIE CBOMCTBA MMOKa3aTeIbHON (QYHKIINH.
1°. @yukyusa eonomopgua 6o eceti niockocmu C, T. K. BBIIOJHAIOTCS ycioBus Kormm-
Pumana:
ou ov ou ov «
—=—=¢"cosy, —=——=—e"siny.
oX oy oy OX
2°. Jlnst hynkyuu €° coxpansemcs obvlunas popmyna oupghepenyuposanusi:
o, .
(') =—(e*cosy+ie*siny)=e’. (14)
OX

Orobpaxkenne W =e* KoHPOPMHO B Kak1oii Touke C, T. k. [€°|=e* >0 u (ez) #0.

3°. [lna ¢hynxyuu € coxpamnsemcs oObIuHAA MEOPeMA CONCCHUSL.

g1 =g .e", (15)
4°, @ynxyus €' nepuoduueckas ¢ ocHosHviM nepuooom 27xi. Tak kKak 1mo (opmyiie
Ditnepa € =c0s 27 +isin 27 =1, To no Teopeme cnoxkenus Vz e C: e’ =e’e®” =¢’,

JIns OAHOIUCTHOCTH OTOOpaXkeHuss W=e’ B Kakoi-mubo obnactu D HeoOxomumo u
JOCTaTOYHO, 4YTOOBI 3Ta 00JacTh HE cojAcpXkajla HH OJHOH Maphl TOYCK, CBS3AHHBIX
COOTHOILIEHUEM

z,—-72,=2nzi (n=0, 1, £2, ..).
[MpumepoM o00nacTH, yIOBJCTBOPSIOIICH ATOMY YCIIOBHIO, SIBISIETCSA — I0JIOCA
{0<Imz<27}. Tonaras z=X+iy u W= pe", momy4anm

p=€, y=y. (16)
D10 oTOoOpaxkeHHe mpeoOpasyer mpsimble {y=VY,} B nyun {w=Y,}, a oTpe3ku
{x=x,, 0<y<27} — B OKpYKHOCTH C BBIKOIIOTOI TouKOi {p =€, 0<yw <27} (puc. 7). [Tonoca

{0<y< 27} npeobpasyeTcs B IUIOCKOCTH W C BBIOPOIIECHHON MOJOXHTEIBHON MOJIYOCHIO.
CootserctBenHo nosoca {0 < y < 7} nmpeoOpaszyercsi B BEpXHIOKO MOIYIIOCKOCT Imw > 0.




Jlocapughmuueckas ¢pynkyua onpenensercs Kak GyHKIUs, 0OpaTHas IOKAa3aTEIbHOM:
w=Inz. a7
W3 onpeneneHus ciexyeT OCHOBHOE CBOMCTBO Jlorapudmos: ecmu W, =Inz, u w, =Inz,,

TO
Inz,+Inz, =In(z,z,) . (18)
B wactHOCTH
Inz=In|z|+iargz. (19)
O0603HaYMM MHOTO3HAYHYIO (DYHKITUIO CTIEUAIIBHBIM CHMBOJIOM:
Lnz=In|z|+iArgz=Inr +i(p+2kr). (20)

CumBosiom Inz Oymnem oGo3HauaTh oaHO W3 3HaueHwit Lhz. Eciu obmacte D He
COJICPIKUT 3aMKHYTBIX KPUBBIX, 00XOIUX TOUKY Z =0, TO MOXHO BBIACTUTH OECUHCICHHOE
MHO’KECTBO HENPEPBIBHBIX W OJHO3HAYHBIX BETBEH MHOro3HauHoil ¢ynkiuuun w=Inz,
3HA4YEeHHUsI KOTOPBIX B KXKJI0W (PUKCUPOBAHHOW TOYKE OTIUYAIOTCS APYT OT Apyra claraeMbIMU
2k i . Bece Takue BeTBu LNz OynyT aHATMTHYECKUMU (DYHKIIUSMH.

Ecmu xe obnacte D comepuT XOTS Obl OJIHY 3aMKHYTYH KPHBYIO, OXBAThIBAFOIILYFO
touky Z=0, To B Tako# oOiactu BeTBH LN Z Henb3s oTnenuTh Apyr ot Apyra. Touka z=0, B
KOTOPOH Kak Obl COeNMHSIOTCS BCe BeTBH LN Z, Ha3pIBaeTCs moOuKoU pazéemeneHusi dTON

GyHKIUH.

2.5. TpuronomeTpuueckue u runepbonuyeckune GpyHkunuu.B pamrax
TEOPUHU OJTHO3HAYHBIX TOJTOMOPQPHBIX GYHKIHH MO aHaIumuueckum npooodiceHuem GyHKIUU
f , 3amanHOl Ha HekoTopoM MHOXectBe M — C, Oyaem MOHMMATH JOOMpEACICHUE ee JI0

¢yuxuun f,, 3ananHoli B HekoTopoit obnactu D > M, takoe, uto f, ronomoppua B D, a ee
CyXKeHHe Ha MHOXXecTBO M coBmamaer ¢ f : f0|M =f.

321,[[8.‘{3. AHAJIIUTUYICCKOI'O MpPOJOJIDKCHHA HEC BCCraa paspcluinma. Ecau q)YHKI_II/IH f romo-

MopdHa B HekoTopod obOmacth D W He mpoaorKaeTcss aHATMTUYECKH HHU B KaKylo OOJacTb,
crporo conepxartyto D, To Oynem HazeiBate D obracmouro conomopgprnocmu dhynkyuu .

U3 dopMynsl Ditnepa s AeHCTBUTENFHOTO TIEPEMEHHOT0 X MMeeM e = COSX+isinX,
e ™ =cosXx—isinX, oTkyna
iX —ix ix e—ix

COSX=——, SinXx=
2

Ot @OpMYHI)I MOKHO HCIIOJB30BaTh JIA aHAJIUTUYCCKOro MPOAOJIKCHUSA KOCHUHYCA U
CHHYCa B KOMIIJICKCHYIO IIJIOCKOCTb C:

iz —iz iz e—iz
cosz=——, Sinz=———. (21)
2
PaccmoTpum otobpaxenue, ocyiiectiasiemMoe GyHkmueit Sin z. [Tonaras

iz=2,e% =1z, zsz—izzzT, (22)

MOy YHUM:
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w:1 z3+i =sinz. (23)
2 Z,

OtoOpakenue (23) ecTh CyNepIio3ullds pacCMOTPEHHBIX paHee oToOpaxeHuil. Haiinem
CHayaJia yCclIOBHs ero oqHoIuCcTHOCTH. IlycTh ob6macts D mepexoaut mpu otoOpaskeHusx (23)
nocnenosarensHo B D, D, u D,. IlepBoe u Tperbe 0TOOpake€HUsI OAHOIUCTHBI BCIOAY; IS

OZHOJIMCTHOCTH BTOPOI'0 HEOOXOAUMO U I0CTaTOYHO, uToObl D, He cozmep:kana HU OAHOM Mapsl
TOYEK Z, U Z,, JUls KOTOphIX Z, —Z, = 2K7i, rne K # 0.J{j1s 0JIHOIMCTHOCTH TPETHETO 0TOOpa-
JKEHHsI HEOOXOIMMO U JI0CTATOUHO, uToObl D, He conepiana HU OJHOI Mapbl TOYEK Z, U Z,
IS KOTOPBIX Z,Z, =1 (cM. dynkimio YKykosckoro). ITepexoms ¢ momompbio Gopmyi (3.23) k

IUIOCKOCTH Z , TOJIYYHUM, YTO I OJHOJUCTHOCTH OTOOpakeHMss W=Sinz B obmactu D

HEOO0X0MMO U JOCTaTOYHO, uToObl D He coxmepkana HU OJHOM Mapbl TOUYEK Z W Z , JUis
KOTOPBIX, C OZHOM CTOPOHBI,

z -7 =2nr, (24)

u, ¢ apyroii, €' ) =—1, wm

Z7+7 =2n+r. (25)

7 zr
DTHUM YCIIOBUSIM YIOBJIECTBOPSET, HAIPUMep, mojymonoca D = {_E <X< > y > 0}, KO-
Topas.oro0paxaeTcs GyHKIUEH W=SIiNZ Ha BEPXHIOK NOIYIIOCKOCTh (puc..8).
JIygam {X=X,, y>0} coorBercTByeT cemeiicTBo runepboi ¢ pokycamu +1, a oTpe3kam
V4 T
{_E <X< Px y= yo} — YacTW DJUMICOB ¢ TemH ke (okycamu. BrBoe Oosiee mmpokas
nonoca D={-7 <x<7, y>0} npeoOpasyercs B HHKHIOK IOIYILIOCKOCTb.

. i /4
B xommnekcHo# obmactu SIiNZ He orpanuveH. Hampumep, Ha mydax XziE, y>0 on
MPUHUMAET ACHCTBUTENbHBIC 3HAYCHHUS, 10 MOOYI0 Oonbuiue 1.

o . T
Otobpaxenue, peanuszyemoe GyHKIHEH COSZ, B CHIIy COOTHOLIEHUS COSZ =SiNn (Z + —j

OTJIMYACTCA OT PACCMOTPCHHOI'O BBIIIEC TOJIBKO CABUT'OM.

NIAL_Q_@__'_
I\ [
fms |

(w=sinz)



TanreHc v KOTaHT€HC JUIsI KOMILJIEKCHBIX 3HAYEHUH OMpeeaioTcst popMyiaMu

in
tgz = snz. ctgz = 82 (26)
COSz Sinz

Y PalMOHAIEHO BBIPAXKAIOTCS Yepe3 MOKa3aTeabHY0 ()YHKIIHIO:

—°  otgz=iS (27)

tgz = _i 1z _e—IZ

Ot pyskimu ronomopdHsl Bcroay B C, 3a UCKIIIOUCHHEM TEX TOYCK, I'/Ie 3HAMEHATEIIH
npobeit B gopmynax (28) obOpamarorcs B Hynb. B atmx Toukax Sinz=0, 1. e. z=nx
(e"=e™, iz=—iz+2n7i, z=nx).

TanreHc W KOTAHTEHC B KOMIUIGKCHOM IIJIOCKOCTH OCTAlOTCS TMEPUOTUICCKUMH  C
JNCHUCTBUTENBHBIM  TIEPUOJOM 7, JUIA HHUX  COXPAHSAIOTCA  OOBIMHBICE  (OPMYIIBI
i epeHIIMPOBAHUS K TPUTOHOMETPUYECKHE COOTHOIIICHUSI.

OTtoOpakeHusi, OCylecTBIsieMble GYHKIUAMUA W =1tQg Z u W = CtQ Z npeacTaBistoT coO0i
KOMITO3UITMIO YK€ W3BECTHBIX OTOOpakeHWi. Hampumep, W=1tQz CBOIUTCA K TaKUM
OTOOpaKCHUSIM:

z,-1

z,=2iz, 2, =€, W=—i .
z,+1

(28)

T T
[Tomocy {_Z<X<Z} 9Ta (QYHKOHSA OJHOJIMCTHO M KOH(POPMHO OTOOpakaeT Ha
BHYTPEHHOCTh equHu4YHOro Kpyra (puc..9). Ilpsmbie {X=X,} mnpeoOpaszyiooTcs B ayru
. : T 7T
OKPY>KHOCTEH, IPOXOIAIIMUX Yepe3 TOYKU =*I, a OTpe3KH {—Z<X<Z, y= yo} — B Ayru

OKPY)KHOCTGI\/'I, IJId KOTOPBIX 3TH TOYKU CUMMCTPUYHBI.

N

N\
NN
N

N

N

Z (2}

\

N
\\\1

Puc. 9

T'unepbonuueckue ¢hynkyuu IMEIOT BUJT

e’ —e’ e’ +e’ e’ —e’? e’ +e’
shz=—, chz=—— ,tgz=——, Cctlgz=——.
2 2 e’ +e

48



CHpaBeI[J'H/IBBI COOTHOIIICHUA
ch z=cosiz, shz=—isiniz, cosz=chiz, sinz=-ishiz.

OOparHble TPUTOHOMETPHUYECKHE (YHKIUU MOXHO BBIPA3UTh dYepe3 JOrapuQMmsl.
[Tonyuyum Takoe BbIpakeHUE, HApUMep, 11 W=arccos z. 1o onpenenenuto

eiw_+_e—iw
Z=COSW=——",
2

otkyna e —2ze™ +1=0; pemas KBajgpaTHOH ypaBHeHHe, HaxomuM € =z ++/z>—1. 3Haku
+ B (opMylle peIleHUs KBAJPaTHOTO YPABHEHHS MOXKHO OIYCTHTh, €CJIHM IOHHUMATh KOPEHb
KaK JIBy3HauHyr QyHKIuo0. Torma

W = arccos z = —i In(z+x/z2 —1).

B cuny cootHomenus (Z +4/2° —1)(2 —\Z? —1) =1 M3MeHeHuEe 3Haka mepej; KOpHEM

CBOAUTCA K UBMCHCHHIO 3HAKaA IICPCa J'IOl"apI/I(bMOM, IO3TOMY 3HAK «-» B nocleaHen (1)OpMy.]'Ie

MO>KHO HE€ ITUCATh:
W=arccosz=iln(z+x/22—1). (29)

Amnanoruusslie GopMyJIbl MOXKHO HOJTYUYHUTh AJIS APYTUX PYHKIUIL:

arcsinz:%—arccosz=%—iln(z+\/zz—1),

T 1, 1+iz
arctgz=—-arcctgz=—In——,

2 21 1-iz (30)
arshz:ln(z+\/zz+1), archz:ln(z+«/zz—1),
arthz:lln“—z, arcthz:llnz—le

2 1-z 2 z-1

Bce stu ¢dynkmum mHOroznaunel. CrnocoObl BBIIETEHUS WX OJHO3HAYHBIX BETBEH
aHAJIOTUYHBI PACCMOTPEHHBIM BbIlIe. Bee Takue BeTBU OyayT aHATUTUYECKUMU (YHKITUSIMHU.

[Ipumep. OTOOpa3uTh Ha BEPXHIOK MOJYIJIOCKOCTh €IUHUYHBIA KPYr C pa3pe3om,
UIYLIAM OT IIEHTPA M0 ACHUCTBUTEIBHOMU OCH.

Pemenue. 1) C nomorpo GyHKIMU @, = Jz 0TOOpa3suM eJMHUYHBIN KPYT Ha BEpXHUH
nonykpyr. [Ipu atom BepxHuii Oeper paspeza OA, 1.e. otpe3ok [-1,0], octaéres Ha mecTe, a
nwkHuit 6eper OA' mepelinér B otpesok [-1,0] na mockoctu W, .

o +1

2) C nomo1pI0 GyHKIMU @, = 0TOOpa3uM IMOJyYEHHYIO B 1) MOJIyOKPYKHOCTb B

1
nepBeiil kBaapaHT miockoctu W, . IIpu 5ToM Touka @, =1 nepeidaér B TOUKy @, =00, a TOUKa

@, =—1 nepeiaér B Touky @, =0.
3) Haxowel, ¢ MOMOMIbIO QYHKIMH @ = @ 0TOOPa3uM TIepBBIi KBaJpaT Ha BEPXHIOH0

IMOJIYIINIOCKOCTD.

w, +1 2_ \/;+1 i
o -1 Jz-1)

OKOHYATEIHHO noJjrygyacM w = a)22 = (
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1. 3AJIAUU

1. Vka3arb reoMeTprueCKU CMBICH (CABUT, PACTSHKEHUE, IIOBOPOT) CIASAYIOMINX MPE0o-

pa30BaHUIi:
1.1. w=z+3i.
1.2. w=z+5.
1.3. w=iz.
14. w=e'bz,
1.5. w=3z.
16, w=12!

NA

2. Haiitn oOmuii BUI TMHEHHBIX (YHKIMN, OCYIIECTBISIOMNX TPeoOpa3oBaHus:
2.1. BepxHe# MOTYIIIOCKOCTH Ha ceOsl.

2.2. BepXHe MOIYIIOCKOCTH Ha HUKHIOIO TTOTYIIIOCKOCTb.

2.3. BEpXHEH MOIYTIOCKOCTH Ha TIPABYIO MOJIYILIOCKOCTb.

3. Haiitu 06pa3bl creAyomux MHOXKECTB IIPH OTOOpaKEHUH W = —
z

a) argz=

N Wy

6) |z =1, 7 <agz<m;

B) O<Rez<1.
4. Haiitu 00pa3sl CIeIyroMmx o01acTeld IpH 3aJaHHBIX POOHO-THHEHHBIX 0TOOpaKeHU-
AX:
z+1
4.1. Konb1io 1<|Z| <2 mpu W=——.
Z+2
Z+i
4.2. BHemHOCTh Kpyra |Z| >1 npyu Ww=——-.
Z—1
4.3. Kpyr |Z| <1 mpn w=-—.
Z+1
5. HaiiT TOUKH, CHMMETPUYHBIC C TOYKOH Z =1+1 OTHOCHUTEIBHO JIMHUIL:
5.1. |z]= J2:
5.2. |Z -1- i| =2.
6. Haiitu ¢pynkimro W= f (z), oToOpakaromryro Kpyr |Z| <1 Ha HWKHIOIO MOJYIUIOCKOCTh
Tak, 4To0bl TOUKH 1, i, —I mepenutn B ToukH 1, 0, -1.

V4 .
7. OTobOpa3uTh CEKTOp O<argz<z HA €IWHUYHBIA KpyT |W|<1 TaK, 4TOOBl TOYKa

T

=
z, =e 8 mepenura B ieHTp W, =0, a Touka z, =0 — B Touky W, =1.

8. Haiftu ¢yHKIMIO, OTOOpAXKAIOUIYI0 TOPU30HTAIBHYIO MOJIOCY {0 <X<+400,0<y< 72'}

Ha BEpXHUH NOJIYKPYT |Z| <1.
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9. OT0o6pa3uTh Ha BEPXHIOIO MOIYILIOCKOCTh SMHUYHBIN KPYT C pa3pe3oM, HIYIIHM OT
LIEHTpA MO IEUCTBUTEIBHOU OCH.

Pemenue. 1) C nomorpo GyHKIMH @), = \/E 0TOOpa3uM €MHUYHBII KPYT Ha BEpXHUN
nostykpyr. Ilpu atom BepxHuii Oeper paspeza OA, 1.e. otpe3ok [-1,0], ocTtaéres Ha mecTe, a
nwkHuit 6eper OA mepeiinér B otpesok [-1,0] na mockoctu W, .

o, +1

2) C nomo1upio GQyHKIMU @, = 0T00pa3uM IMOIyYEHHYIO B 1) MOIyOKPYKHOCTb B

@y
nepBsblil kBaapaHT miockoctu W, . IIpu 5ToM Touka @, =1 nepeiaér B TOUKy @, =00, a TOUKa
@, =—1 nepeiaér B Touky @, =0.

3) HakoHell, ¢ HOMOIILIO pyHKIME @ = @, 0TOOPa3uM MepBbIi KBAJPaT Ha BEPXHIOH
MOJTYTUIOCKOCTb.

w, +1 2_ Jz+1 2

w -1 Jz -1

OxoHYaTEeILHO moJryda€M w = 0)22 =
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[Ipaktrueckoe 3anstue 13-14.
ONEPAIIMOHHOE WCYUCJEHUE. HAXOKJIEHUE U30BPAKEHUHN U
OPUT'UHAJIOB

|. TEOPUA

OcCHOBY METO/IOB ONEPALMOHHOIO HCYHUCIIEHUS COCTABIISET WJES MHTETPAIbHBIX MPeoo-
pa3oBaHuWH, CBsI3aHHAs ¢ conocTaBieHrueM Gynkuuu f(t) melicTBuTeNnbHON NMEPEeMEHHON HEKO-

Topoit ¢pyHkimu F(p) KOMILICKCHOW NMEPEeMEHHOW C IIEIbI0 OOJICrYeHUs] TEXHUKH BBIYHCIIC-
Huid. [Tycts, HanpuMep, TpeOyercs HaiiTu ¢yHkuuio f(t) w3 HekoToporo ypaBHeHHs, conep-
Kalero 3Ty (GpyHKIUIO MO/ 3HAKaMU NPOM3BOAHBIX U MHTErpajioB. OnepanuoHHbIA METOX pe-
IICHUSI 33]]a4K CBOJUTCS K CIICIYIOIINM dTaram:

1) ot uckomoii pynkiuu-opuruaana f(t) nepexonsr k ee uzodpaxenuo F(p);

2) Hax m3o0paxeHueM F (p) mpou3BOIAT oliepanuy, COOTBETCTBYIOIINE 3aIaHHBIM OIle-
pauusm Hax f(t), B pe3ysnbrarte mosydaroT onepaTopHOe ypaBHEHHE OTHOCHTEIbHO F ().
[Tpu 3TOM Onepanuu Haja U300paKEHHUEM OKa3bIBAIOTCS 3HAYUTEIILHO 00JIee TIPOCTHIMH,
Hanpumep: AudepeHINPOBAHUIO COOTBETCTBYET YMHOKCHUE HA IIEPEMEHHYIO |) , HHTETPHU-
POBAHUIO — JICJICHHE HA P U T. 1.;

3) mosy4eHHOE OMepaToOpHOE YPaBHEHUE PEIIAlOT OTHOCUTENIbHO F (), 9TO 00BIYHO
CBOJMTCS K ITPOCTHIM aJIreOpandecKuM Orepanusim;

4) ot HaiinenHoro uzobpaxenus F(p) nepexonsr k opurunany f (t), KoTopsiii u sBIsI-
eTCcs UCKOMOU (PYHKITHEH.

PaCCMOTpI/IM JaJI€C npeo6pa30BaHHe ﬂarmaca, KOTOPOC UTrpacT OCHOBHYIO POJIb B OIICpa-
IMUOHHOM HCYUCIICHUHU U €TI0 INPUITIOKCHUAX.

2. Onpenesienue npeodopasoBanus Jlannaca

Onpenenum knace pyakuii f (t), wist koTopsix mpeodpa3oBanue Jlarmiaca 3aBe1omMo pe-
anmu3yemo. @yukyueii-opueunanom HasbpiBaetcs pyHkims f(t) gelicTBuTENLHOTO aprymeHTa
t, ynoBieTBOpsIOIIas CIEAYIOLIMM YCIOBUSAM:

1°. @ynkmusa f(t) ymosmerBopsier ycnoBuio ['enbaepa Bcrogy Ha ocH t, Kpome OTAENb-
HBIX TOYEK, I'/Ie OHA UMEET pa3phIBbI IEPBOTO POJa, IPUUEM HA KaXJI0M KOHEYHOM MHTEpBAJE
TaKMX TOYEK KOHEUHOE YMCII0. DTO O3HA4aeT, 4To JUIsl KaKIoro t, Kpome Touek paspblBa, Cy-
IIECTBYIOT MOJIOKUTENbHBIE IocTosHHBIE A, <1 u h, Takue, uro

|f(t+h)— f(t)|£ A|h|a Q)
st Beex h, |h| <h,.
2°. f(t)=0 mpu t<O0.
3°. f(t) Bo3pacTaer He ObICTpee MOKA3aTENBHON QYHKIIMH, T. €. CYIIECTBYIOT TaKHE TO-
crostuaele M >0, a, >0, yro ms Beex t

| f (t)| < Me™'. 2
Yucno a, HasbBaeTca nokazamenem pocma f(t); mng orpaHMYEHHBIX OPUTHMHAIOB
MO>KHO TIPHHATH 8, =0.

C touku 3peHHs (U3NUECKUX MPUIOKEHUH ycIoBHs 1° v 3° BBINOIHAIOTCS A OOJb-
IIMHCTBA (YHKLMH, OMUCHIBAIOMINX (PU3NUECKHE MPOIIECCH, B KOTOPBIX ! MHTepHpeTHpyercs
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Kak Bpemsi. OTHOCUTENBHO YCIOBUS 2° ClIeyeT UMETh B BH]Y, YTO ONEPAIMOHHBIA METOJ MPH-
CTOCOOJICH K 3a7adaMm, MPUBOSIINM K penieHnto TudepeHIIMaTbHBIX YPABHEHUH € 3aJaHHBI-
MU Ha4YaJIbHBIMH YCIIOBUSIMU. B Takux 3amadax Bcs nHGOpMAIIKsS O XO0J1€ Mpoliecca 10 MOMEHTa
Hayajia HAOJO/IEHUs, 32 KOTOPBI MOXKHO MPUHATH MOMEHT t =0, COIep>KUTCS B HaYaIbHBIX
ycnoBusix. Takum oOpa3om, ycioBue 2° Takke Gu3ndeckun 000CHOBAHO.

[Ipocreiimieii GpyHKITUEH-OpUTHHATIOM SIBISIETCS eOUHUYHASA hyHKYUS Xesucauloa

(1) = {%) -0 )

Vmuoxenue ynkuu ¢(t) Ha o,(t) «racur» 3Ty dpynxuuro 11s t <0 u ocrasmser 6e3
m3menenust st t > 0. Ecnu ¢(t) ynosnerBopsieT ycinoBusimM 1° 1 3° 1 He yIOBIETBOPSET yCiIO-
BUIO 2°, TO IIPOU3BEICHUC

f(t) =0, t)ep(t) = {w(tg,’ : ’ 8 ’

OyaerT yOOBIETBOPATH M ycioBuio 2°, T. e. OymeT opuruHaioMm (Hampumep, o,(t)sinwt,
o,(t)e”, o, (t)t" u 1. 1.). st mpoCTOTHI 3amKcu GyIeM, Kak MPABUIIO, OIyCKATh MHOMKHUTEID
o, (t), mpeamnonaras, 4ro Bce paccMaTpuBaeMble (QyHKIIMHU yIOBIETBOPSIOT YCIOBHIO 2°.

Hzobpasicenuem gpynkyuu f(t) no Jlannacy Ha3pBarOT QyHKIIMIO KOMIUIEKCHOTO TEpe-
MEHHOTO P = X+1Y, OIpeesIeMyr0 COOTHOIIICHUEM

F(p) :J. f (t)e Pdt. 4)

CumBonn4ecku cBsi3b Mexkay opuruHainom f (t) u nuzobpaxenuem F(p) Oynem 3anuchi-
BaTh B BUjIE (B IUTEPATypPE BCTPEUAIOTCS M APYTUE CHMBOIMYCCKUEC 0003HAYCHSI)
f(t)«+=—>F(p) nmu F(p)<«— f(t).
IIpeobpasosanue Xesucatioa, KOTOPOE YaCTO UCIONB3YETCSI B MPAKTUYECKUX TIPUIIOKE-
HHSIX, OTJIMYAETCS OT Mpeobpa3oBanus Jlamaca JOMOTHUTEIBHBIM MHOKHUTEIEM P :

F'(p)=p j f (e . (5)

Hanuuue MOMONHUTENEHOTO MHOXHTEIST BHOCUT HEONpPABIAHHBIC YCIOXHEHUS B HEKO-
Topble BhIKIaAKH. Kpome Toro, mpeoOpa3oBanue Jlammaca Gomee eCTECTBEHHO CBSI3BIBACTCS C
uHTerpanoM ®ypre, KOTOPBIA TaKKe IIUPOKO MPUMEHsIeTcss B MaTemaThueckon ¢usuke. I[1o-
ITOMY Jajiee paccMaTpUBaAETCs TOJIBKO Mpeodpa3zoBanue Jlarmaca.

Teopema 1. [na ecaxoeo opucunana f(t) usobpascenue F(p) onpedenero 6 nony-

naockocmu Re p > a,, ede a, — noxasamenv pocma f(t), u asnaemca 6 smoii nonyniockocmu

aHanumuyeckou QyHKyue.
3. U300paskenne 3jieMeHTAPHBIX (pyHKIMI
[Tonp3ysick ompexneneHueM (4), Haiinem H300pakeHHE psJia DJIEMEHTApHBIX (YHKLIUH
JIEWCTBUTEILHON MEPEMEHHOM.
I".Enuauunas ¢yukuus XeBucaiga. U3 (3)u (4) nomyunm
L gy L
o,()«——>F(p)=|e "dt=—,
p
0

(8)
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rne F(p) ompenenena B obmactu Re p>0.

2°.MlokazatenbHas pynkuus f(t)=e”. Boruucnsas unrerpain (4), Haiizem

o0

e“‘é)F(p):J'e“‘eptdt:i, Rep>Rea.

p—c
0
9)
3°. Crenennas ¢opyukuus f(t)=t", v>-1. B stom cinyuae unrerpan (4) umeer
BUJI
t" <> F(p) :Itve‘ptdt, Rep>0.
0

(10)

s Beruncnenus (10) mpumem cHadana p =X >0 u caenaem 3aMeHy MepeMEHHON UHTe-
rpupoBanus Xt =S. Torma

o0

F(x)= Isvesds _Tv+) :

v+l

Xv+1 X

0
(11)
rne I'(v+1) — ramma-pynkuus Diinepa. Tak kak ¢pynkuus F(p), onpenensemas dpopmynoit
(10) ananutruyna npu Re p>0, To B cuily €IMHCTBEHHOCTH AHAJUTHUYECKOTO MPOJIOJIKEHUS
MOJTyYUM BBIPAKECHHE

o0

t“<;>F(p)=J'tVe‘mdt=M.

v+l

(12)
[Ipu 3TOM B ciyyae ApPOOHBIX V ClEIyeT BbIOMPATh Ty BETBb MHOIO3HAYHOM (PYHKIIMH

1
KOTOpas ABJISACTCSA HCIIOCPCACTBECHHBIM dAHAJTUTHYCCKHUM ITPOJOJDKCHHUEM Q)YHKHI/II/I .

v+l 2 Xv+l

Z[J'ISI LEIbIX V=N u3 (l)OpMy.]'IBI (12), MoJIy4Yum
['(n+ n!
tn L " ( 1) .

p pn+l '

v+l

(13)
Jlist Hax oK ACHUS U300pakKeHn ApYyrux GyHKUUH ynoOHee MoiIb30BaThCs OOLUMHU
CBOMCTBaMH IIpeoOpa3oBaHus Jlamiaca o CpaBHEHHIO ¢ HETIOCPEACTBEHHBIM HCIIOJIb30BaHUEM

bopmysl (4).
4. CpoiicTBa npeodpa3osanus Jlamnaca

[TpuBeneM psia MPOCTHIX COOTHOIICHUH, COCTABJIAIONIAX armapar OMepaldoOHHOTO HC-
YUCJICHUA.
Jlanee Bcromy Oymem o6o3nagare uepe3 f(t), g(t), ... opurmnanel, a uyepes

F(p), G(p), ... — ux uzo0paxeHwus.

1°. CBoiicTBO nuHeWHOCTHU. HemocpeacTBEHHO U3 CBOMCTB HHTETPAJIOB CIIEAYET,
4TO 0151 1F0ObIX NOCMOAHHBIX & U [

af(t)+pgt)«——>aF(p)+AG(p).
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JlaHHOE CBOMCTBO MO3BOJISIET MO HaiieHHBIM u300paxenusm (8), (9) u (13) Haiitu n3006-
paXCHHUS] MHOTOWICHA, TPUTOHOMETPUYECKHX U ruriepOosimyeckux Gpynaknuid. Hampumep,

ot —lot
sin ot <& _e =i_ 1_ - l_ = 2(0 = (6)
2 2 p—iw p+iw pP*+w
AHanoru4to,
CoS wt «——> 2p =, (7)
P +w
shot«—————, chot«——>— P > (8)
p--o p—o
2°. Teopema monob6us. [uanoboeo yucia >0
flat)etolF [Ej | )
a \«a
HeucTBuTenbHo, nonaras at =, Haljaem
0 o0 _B
f (at) <t _[ f(at)e "dt = = I f(r)e “dr == (E]
o a \«a
0 0

3°. IubbepennupoBanue opurunana. Ecmwu ¢ynkyus f(t) nenpepwiena npu
t>0 u f (t) aersemca opueunanom, mo
f (t)«—=>pF(p)-f (0). (10)

JIeCTBUTENBHO, UHTETPUPYS 110 YACTSM, ITOJTy4YUM
f '(t)<;>J- f (t)e Pdt=f(t)e ™ ‘: + pJ‘ f (t)e ™dt = pF(p) - f(0).
0 0

[TocnegoBarensHO ucnonb3ys popmyiy (18) n—1 pa3, MOXKHO JOKa3aTh

f (1)« sF(p)—p" f(0)— p"2f'(0)—...— F"D(0).

(19)
B uwactroctH, ecn f(0)= f ' (0)=...= f"?(0)=0, 10
f™(t) <= p"F(p), (11)

TO €CTh MPHU HYJIEBBIX HAYAJIBHBIX 3HAYCHUSIX OPUTHHANIA U €T MPOM3BOAHBIX 10 N —1-r0 1mo-
psiaka N -kpatHoe auddepeHIMpoBaHne OPUTHHAA CBOJUTCS K YMHOXKEHHUIO HA P" ero u300-
paxeHHsI.

Mpumep 1. Haiitu usobpaxenue Gpynkmun f (t) =sin’t.

Pemenwue. [Ipumenum popmyny (17):
2

2

f (t) = 2sintcost =sin 2t <« 7 f(0)=0,

2 2
=pF(p), F(p)=————.
o7 4 P (p), F(p) ST
JIBOMCTBEHHBIM K CBOMCTBY 3° sIBJIsIETCS CBOUCTBO
4. IubdbepeHOIUpOBaHUE U300paAKCHUS:
F (p)«t—-tf (1), (12)
mo ecmb oughgheperyuposare uz0opadcenusi CGOOUMCcs K ymHodcenuro na —t opueunana.
JleficTBUTENBHO, POU3BOIHYIO aHanuTH4eckord GyHkumu F(p) B obnactu ee ompene-

neHust Re p>a, MOXHO BBIUUCIATH, AU depeHIUpPYs TOABIHTErPAIbHYIO (QYHKIUIO B HECOO-
cTBeHHOM uHTerpaie (7.4) no napamerpy. Toraa
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F(p)=—jﬁ(0€”ﬂtei—+—ﬁa).
0
Huddeperuupys N pas, HOITyIUM
FO (p)«——(=D"t"f (t). (13)
Hpumep 2. Haiitu usobpaxenue Gpynkuun f (t) =te".
Pemenue. Umeem €' (;)il Mo dopmyne (7.21) (Llj «-—>-te', oTkyma

1
te' «——>—- . Jlanee

(p-1)

[( 11)2} > -t(te") wm t’e' «——
p_

5°. AaTerpupoBaHWEe OpUTHHANA:

(p-1°

t
F
j f (z‘)dr(%ﬂ, (14)
’ Y
Mo ecmyv UHMeZPUPOBaHUe OPUSUHALA CBOOUMCS K OeleHUI0 U300padcenus Ha P .
t
Jlerko npoBeputh, 4to pynkuus g(t) = J‘ f (r)d7z sBasieTcst opurnHAIOM, TO €CTh Y0~
0

BieTBopsieT cBoricTBam 1°, 2° u 3° . 1. Torma B cuty dopmysist (17) ¢ yaetom, uto ¢(0) =0,

F(p)

nonmyanm f (t) = g (t) «—=— pG(p), otkyna G(p) = , 9TO U Tpebyercs.

JIBOMCTBEHHBIM K CBOMCTBY 5° SIBJISIETCS CBOHCTBO

6. UuterpupoBanue uzobpaxenus. Eciuunmeepan J.f(q)dq cxooumcs, mo

p

@(%J‘ f(q)dq, (15)

mo ecmb Urmezpupoesarnue u306panC€Hu}Z PABHOCUTIBHO oeleHuIo opucuraia Ha t.

in
[MIpumep 3. Haiitn m3obpaxkenne pynkuun f(t) = ! ta)t .

Pemenue. Tak kak Sin ot <+ TO 10 (hopmyIe (24)

s
p2+a)2

sinmt | ]O' 0] V4
> dg==—arctgp=arcctgp.
n q2+a)2q > gp gp
p

[IpumeHsist CBOWCTBO 5°, MONYYUM U300padxceHue UHmezpanrbHo20 CUHYCA:.
t

. sin arcct
Slt:I Tdr/ L gp.

N

T P
8. Teopema 3ama3abIBaHUS:
Vr>0:f(t—7)«——>e "F(p). (16)
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JlaHHy10 TeopeMy yI00HO IPUMEHSTh IPU OTHICKAHUU MU300pakeHN PYHKINH, KOTOpbIE
Ha Pa3HbIX YYaCTKax 3aJaf0TCs Pa3INYHBIMU aHATUTHYECKUMH BBIPAKCHUSIMHU.
[Ipumep 4. Haiitn n3obpaxenue cryneH4yaroi GyHKIMH, TpaguK KOTOPOH MpeacTaB-
neH Ha puc. 1. Pemenue. [Ipencrasum f (t) B Bume

Ft
X ” T f(t)=Ao,t)+o,(t—7)+0,(t-27)+...].
44 ITo Teopeme 3ana3apiBaHUs
3" RO\ P
rati l fA)«—— A —+—e " +=e""+..|.
t i t p p p
g T 2T 3T 4T
CrnpaBa ©UMeeM CXOSAIIYIOCS T€OMETPUIECKYIO ITPOTPECCHI0, TaK KaK

Puc..1 ‘e‘ pr

F) et 1 =i(1+cthﬂj.
pl-e ™ 2p 2

JIBOWCTBEHHOMW K TEOpEME 3amna3/ibIBaHus SABJISETCA
8. TeopemMa CMEUICHUS:
VP, : e f (t)«——>F(p—py), (17)

t
mo ecnib «cmeujeHue) M306pa9fC€Hl/lﬂ Ha pO PABHOCUTIBHO YMHOJNCERUIO OpUucUuHala Ha ep° .

=e " <1, mosTomy

Teopema Mo3BOJISET M0 M3BECTHBIM M300paKEHUAM (PYHKIIHA HAXOIUTh H300PKEHUS
TeX ke (QYHKIHA, yMHOXKEHHBIX Ha SKCIIOHEHTY, HallpUMep:
L w p+4 —atgn L n!

“(p+A) + o (p+ A2+’ S T (pr )™

Oco060e MecTo B ONEPalMOHHOM UCYHCIICHUN 3aHUMAIOT COOTHOILICHHS, BRIPAXKAIOIIUEC
CBSI3b MEXKIY OPUTHHAJIAMHU ¥ H300PKEHUSIMHU TIPOU3BEICHUS () yHKITHIA.

9°. Teopema yMHOXeHHUA (TeopeMa O CBEpPTKe). Ymuooucenue uzoopasice-
HULL PABHOCUTILHO C8EPMBIBAHUIO OPUCUHAILOB.

(f *g)«——>F(p)G(p), (18)

L

N

e sin wt < , e cosat <

rae (f *g):J-f(T)g(t—T)dT:j f(t—7)g(r)dz — cBeptka pynkmmit f(t) u g(t).

B npunoxenusx ¢opmyna (26) yacto MCNONb3yeTcs i ONPEIENICHUs OpUTHHAJA T10
3aJJaHHOMY M300pa)XeHHI0, KOTOPOE yIaeTcsi pa30UTh Ha COMHOXKHTENH, OPUTHHAIIBI KOTOPBIX
W3BECTHBI.

I[Ipumep 5. Haiitu opuruHan QyHKIUM

@
F(p)=—""—.
(P +of)
Pemenue. Mcnons3ys dopmyinsl (14) u (15), Halinem

t
F(p)<;>J‘sin ot-cosa(t—7)dr =%sin ot
0

CnenctBue. lloas3ysce npaBuioMm auddepenunpoBanus opurunana (17) u teope-
MO YMHOKEHHSI, TOJTy4aeM TaK Ha3bIBA€MbIN unmezpan J{roamensi.

PF(P)G(p) = f(0)G(p)+[pF(p) - f (Q)IG(p) «——> f(0)9(t)+.[ f (1)g(t-7)dz. (19)

10°.O6o006mennas TeopemMa yMHOXeHus (Teopema Ddbpoca). Ilycms
F(p)«——f(t) u
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G(p)e ™ Lt g(t, 7), (20)
20e G(p), q(p) — ananumuueckue ghynxkyuu. Tocoa

F[q(p)]e(p)%j f(Dg(t, 7)dr. (21)

[Tpu g(p) = p mo Teopeme 3ana3apiBanus (25), kKak yacTHBIN cinydait, u3 (30) umeem
TeopeMy yMHOkeHus (27).

5. OTbicKkaHHe OPUTMHAJIA 110 H300PaKEHUI0

[Ipexe Bcero 0OTMETUM, YTO UMEIOTCS Pa3IUUHbIe TaOIHIIbI M300pakeHuil Hanboee Ja-
CTO BCTPEUAIOUINXCA B MPHIIOKEHUAX (YHKIINM, KOTOPBIMU YacTO yJAeTCsl BOCIIOJIb30BAThCA
IIpU pellIeHUU KOHKPETHBIX 3a/1ad. JlocTaTouHO nmoapoOHbIe TaOIULIbI IPUBOIATCS B KHUTE
[Autkun B.A., IIpynaukos A.I1. OnepaniioHHOe ucUucieHne: yueOHoe nocooue. — M.: Bric-
mas mkosa, 1975. — 408 c.], B KOTOpoi Takke MPUBOAUTCS TOAPOOHBIN CITUCOK CITPAaBOYHOMN
JTUTEPATYPHI 10 ONIEPAIIMOHHOMY HCUUCICHHI0. KpoMme Toro, mpuBeeHHbIe B 11. 4 cBoiicTBa 1°
— 10° BOo MHOTHX CiTy4asiX MO3BOJISIFOT PEIIMTh 33/]a4y OCTPOEHUSI OPUTHHATIA 110 3aJaHHOMY
M300pakeHUIO.

OpHako Bce 3TH METO/IBI SIBIISIFOTCS, 110 CYIIECTBY, MeToamu noadopa. [loaromy nanee
paccMOTpUM OOILIMI METOJ] MOCTPOEHUSI OPUTHHAJIA 110 U300paKEHHUIO.

5.1. ®opmyaa MesutuHa. PaccmMoTpuM UHTErpa
a+ico

1 e”

ft)=—+ | —dp, (22)
271 p

a—lo
g B35ThIN BOJIb IpsiMoN Re p=a >0, npoxoaumoii CHU3y BBEPX.
asih O6o3naunm yepes C; u C. gacTu OKpyRHOCTH |p| =R, nexarniue

b Ca COOTBETCTBEHHO CJICBA U CIpaBa OT npsimoii Re p=a, a uepe3 a—ib

1 u a+ib —xonuwt C, u C_. (puc. 2).

-4
1
/ Ilycts t>0; Tak kak — — 0 pu R — 00 paBHOMEPHO OTHO-
p
a-ub et

CHTEJIBHO arg p, To mo Jemme XKopmana lim I —dp=0.
R—w
C

Y

R

Puc.2
CJ'IGI[OBaTeJ'H)HO, N3 TCOPEMBI Komm o BbIYCTAaX, COIJIaCHO KOTOpOI\/'I

a+io

pt pt pt
j e—dp+je—dp:27zi res {e—, O:|=27Z'i,
p p p

a—io Cr

B Ipezene npu R — oo momydyum

a+ib

pt
) =lim—— [ & dp=1.
b—w 27z-| p
a—ib
Ecmu t <0, To mo Toii ke temme XKopaana
pt
lim [ £-dp=o0,

R
—>00 Cé p

a o reopeme Ko

58



a+io

pt pt
I e—dp+J.e—dp=O,
P P

a—ioo Cx
OTKyJa B mpezene npu R — oo momydnm
a+ib
.1 e
f(t)=lim— | —dp=0.
b—w 27z-| p
a-ib
Taxum obGpa3om, uaTerpai (31) mpexncrapiser eIMHUUHYO QyHKIHIO O (t).

Ecnu 3amenuts B (31) t Ha t—7, rmie ¢ — QuKcupoBaHHOE
YHCII0, TO MOJYYUM (DYHKITHIO

1 a+iooep(t7‘[) 1' t>T,
) o dp:{o,tq.

(32)

IMoxcrasnas B (7.31) 7 =17, a3areM 7 =7, > 7, U BbIYATAS

BTOpOﬁ HUHTCrpal U3 repBoro, rnojiydum npeacTaBjICHUC CTynCH‘IB.TOfI

Puc. 3 byHKINN
1 e e_pfl _e_pTZ 01 t < Tll
- I dp=<1 7, <t<rz,.
27l o P 0, t>r7,.

Taxum xe 00pa3oM MOXKHO IPEACTaBUTh HHTETPAJIOM CTYIIEHUYATYIO (DYHKIIHIO, TpapHK
KOTOpOM MpEJCTaBIICH Ha pUC. 3:

a+ioo n-1 a+io n-1
1 e7 Py ef P7yq 1 .
— | e™ f dp = Iept f(z)e ™A tdp, (23
i J- ; () 0 p = {Z () rk} p, (23)

k=0

—ioo = a—io
rae
. 1—e % Ar) Az)

Iepeiinem k npeneny npu N — oo, yrodsl MaxAz, —0. Torna A, ~ A7, u cymma B

¢urypHsix ckobkax B ¢popmyie (33) Oyzaer uHTErpanbHoOi. B npeaene nomyuyum uHTErpagbHoe
npexacrasinenne ynkuu f (t) Ha uatepsane (0, 7)

f(t):i_ I e™ If(r)e‘”dr dp,
27l
a—ioo 0

OTKyZia IPH 7 —> 00 OyjIeM UMETh HCKOMOE BBIpaXKEHHE OPUTHHATIA Yepe3 ero H300paxkeHne
(popmyny Mennuna)
1 a+loo
f0=5- [ F(perdp. (24)
27l

®opmynsl (4) u (33) HA3BIBAIOTCS opmyaamu oOpaujeHus.

B kauecTBe npumMepa npuMeHeHus: GopMyisl MenHa IpruBeieM TEOpeMY, IBONCTBEH-
HYIO TeOpeMe yMHOXeHus (27).

Teopema 7.2. Ilyemv f(t)<——>F(p), Rep>a u g(t)«+—>G(p), Rep>a,.
Tozoa
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a+io

1
F090 - | F@s(p-ada,
(35)
rae Rep>a +a,, a>max{a, a,}.
I[Ipumep 6. Haiitu nzodpakenue pynkuu f(t) =tcoswt .

P

Pemenue. Tak kak COSot«——>————, t«——>—, 10
P’ +w
1 a+ioo qdq
Fp) === |

271 2, (@° +@*)(p—0)*
rae Rep > | Im a)| . PaccMOTpuM Ha IJIIOCKOCTH (] 3aMKHYTBINA KOHTYP ) , COCTOSIIMMI U3 OTpPE3-
ka [a—IR, a+IR] u 3ambIkaromieii ero B mpaBoi MOJIYIUIOCKOCTH TyT'H OKPYKHOCTH
|q — a| =R . BHyTpy JaHHOTO KOHTYpa MOJBIHTETpaibHAs (PYHKIIHS BCIOly aHAIMTHYHA, 32 UC-
KJIFOUCHHEM TOYKU ( = P, KOTOpas SBJISCTCS MOJI0COM BTOPOTO MOPSIIKA 3TOW QYHKIMU. Y UH-

2 2

ThIBas, 4YTO O6XOI[ KOHTYpa y COBCPIIACTCA B OTPpULATCIIbHOM HAIIPABJICHUH, Halgem
p—w

di_gq
SR I =y
do\g’ +a" ) (p’+ae’)
5.2. Teopembl pa3zio:kenusi. Teopema3 (nmepBas TeopeMa pa3J0XKEHHUS).
Ecnu F(p) npasunvha 6 6eckoneuno yOanieHHOU mouKe u umeent 8 ee OKpeCmMHOCMU 10PAHOG-

CKoe pasjlooiceHue
2 C
F(p)=> =, (25)
k= P
mo opueunarom F(p) cuyocum yenas ¢hynkyus
“
f(t)=S K gt (26)
kZ:l: (k=1)!
1

[Mpumep 7. Haiitn opurunan mis pyuxuu F(p) =

Pemenue. ®ynxkuns F(p) mmeer nBe ocoOble TOUKH P,, =i | SBISIETCS OJHO3HAY-
HOM aHAIUTUYECKOU (DYHKIIMEH B OKPECTHOCTH TOYKH P =oo. [locTpoum JIopaHOBCKOE pasiio-

JKEHUE B KPYrOBOM KOJbIIE 1<|Z|<oo st BeTBU QyHKImu F(p), sBisromeiics Hemocpe-

1
. Ans aroro, nonoxus ¢ =—,
X2 +1 p

0TOOpa3uM KOJIbLIO 1<|p| <00 Ha KpYr' €AMHHYHOTO pajuyca Ha IJIOCKOCTU { U Pa3ioxKuM

1 ¢

byukuo @(g) = \/ = B psin Teiiopa B OKPECTHOCTH €€ MPAaBUIBHON TOYKH

CTBEHHBIM TPOJIOJDKCHUEM JICUCTBUTEIHHOM (YHKITUN

1+i2 \/1+ -
¢

¢ =0. 3amerum, uto () =y (&) = »\yl-‘r &% . Ytobsl pa3noxuts GyHkimio (<) B paa Teii-
70pa, ToNoKUM W = ¢ > 1 paccMoTpuM QYHKIMIO (W) = 1+ W . BEIUuCIIss Ipon3BOIHbIE

o3t on) en-2)

= (—1)”7 m .
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nomy4um pasnoxenne GyHkunn y (W) B kpyre |w| <1:
a (2n=2)Iw"
z(wW) = 1+Z;( 1) P (oDl
Otcrona mns pynkmun ¢(4) npu |§ | <1 umeem
o X w1 (2N=2)12n 04
o=y = F 0 S -
e (2n—=2)12n st (2k)! S
S iy TR g

Haxonen, mist BeiOpanHoit BetBu ¢pyHkuus F(p) B kombie 1< | p| < 00 TIOJTy4YaeM pasiio-

»kenue B psag Jlopana

Sy @0t 1
F(p)_kZ:(;( 1) 22k(k!)2 p2k+l' (27)
ITo popmyne (35) Haitnem
t 2k
: sla)

rae J,(t) — dynkusa beccenst HyneBoro nopsiaka.

3aMeTI/IM, 4To MMpeaACTaBrUB
11 1

LR .
p~+1 \/p2+1 \jp2+1
Ha OCHOBAHUHU TEOPEME O CBCPTKCEC IMOJTYyIHUM

j.JO(T)JO(t—T)dT =sint.

Teopema 4 (BTOopas Teopema pasnoxenus). Ilycmo ¢ynxyus F(p): 1) mepo-

MmopghHa u npasunvha 6 noayniockocmu Re p > a,; cywyecmsyem cucmema okpyscrnocmeti C.

|p| =R, R <R, <..<R, >, na xomopoii F(p)—>0 pasnomeprno omnocumenvrno argp;

a+ico

3) 02151 106020 &> 8, ADCONOMHO CXOOUMCSA UHMESPA I F(p)dp . Tozoa opucunanom F(p)

cyorcum QyuKyus
f(t)=> res[F(p), pJe™, (29)
(Px)
2de cymma viuemog bepemcs no ecem moukam P, @yukyuu F(P) 6 nopsoxe neybvisanus ux
Mooynell.
CnenactBue. Ecwu ¢ynkyus F(p)= % OpOOHO-PAYUOHATIbHA, NpUYeM CMeneHb
p
muozounena A(pP) menvuie cmenenu mrozounena B(p), mo opueunanom ee cuyscum gpynxyus
1, dt .
=3 lim nkl{F(po—pk)kep‘}, (30)
ia (N —D!e

ede P, —nomocwr F(p) xpamuocmu n, .
B wactHocTH, eciu sce nomocer F(p) npocmure, mo ¢popmyna (71.41) ynpowaemes:
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AP) 1 5 AR e 31
B(p) le(pk &

[MIpumep 8. Haiitn opurunan s pynkuu F(p) = P

(p°-1)"

Pemenue. ®ynknua F(p) umeer nomocsl p, =1, p, =—1 kparHoctu n, =n, =2. Ilo

dhopmye (42)
pt t
) =tim | +1im| P | =Lisnt.
Pt (p+D)° ], Pt (p-D)7 ],

Il. 3agaun

1. [Tonw3ysick TeopeMoi MoA00HsI, HAWTH N300PAKEHUSI CICTYIOIINX ()YHKITHI:

a) f(t)=e";

0) f(t)=sin4t,

B) f(t)=coswt;

r) f(t)=sh3t.

2. Tlonw3ysick TeopeMoi 0100Us, HAUTH U300PAKEHUS CIECTYIOMUX (YHKIIHIA:

a) f(t)=sin’t;

0) f(t)=sinmtcosnt;

B) f(t)=cos’t;

r) f(t)=sint.

3. onp3ysice TeopemMoii 0 U GepeHIIMIPOBAHNN OPUTHHANA, HAUTH M300paKCHUS Clie-
TYIOIIUX (YHKITHIA:

a) f(t)=cos’t;

0) f(t)=tsinat;

B) f(t)=sin’t;

r) f(t)=cos’t.

4. Tlonb3ysach TeopeMoil o aAudQepeHUnpOoBaHUN H300paxKeHHsl, HAUTU H300pakeHUs
CIETYIOIMNX (PYHKIIHIA:

a) f(t)=t’cost;

0) f(t)=(t+1)sin2t.

5. [Tonb3ysick Teopemoii 00 UHTETPUPOBAHUN OPUTHHAINA, HAUTH M300paxeHUs CIEAYI0-
X QyHKIUI:

a) f(t)=]sinzdr;
6) f(t)=[cos’ wrdr;
B) f(t)=[ce"dr;

r) f(t)=j(r+1)coswrdf.
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6. Ilonb3ysick TeopeMOil 00 MHTETPHUPOBAHUU HM300paKEHUs, HAUTH M300paKEHHsS Clie-
TYFOIIMX (QYyHKITUI:

2 f(1)= "2
6) f(t)=5"f‘;
B) f(t)= 1—cost .

7. I[Tonb3ysick TeOpeMO CMEIIEHUS, HAUTH U300paKCHUS CICIYIONTUX (yHKITHNA:

a) f(t)=e"sint;

6) f(t)=e"t?

B) f(t)=te' cost.

8. [Tonb3ysick TeopeMoii 3ama3AbIBaHUs, HANTH U300paXKEHUS CIEAYIOMUX (PYHKIIHINA:
a) f(1)=0-1*nt-1);

0) f(t)=sin(t—b)n(t-b);

B) f(t)=e"n(t-2).
9. [Tonb3ysich TEOPEMOI O CBEPTKE, HAUTH H300PKEHUS CICTYIOINUX (YHKITHI:

t
a) f(t)=[e"sinzdr;
0

t
6) f(t)=[e*Vrdr.
0

10. JIns gaHHBIX U300pKEHUM HAUTH OPUTUHAJIBI:

2p
a) F(p)=——;
1 .
0) F(p)=m,
_ p .
B) F(p)_ (p2+1)2 !
e3P
r) F(p)—m-

11. HUcnonb3ys TeopeMy Ddpoca, HAUTH OpUTHHAIBI clelyromuXx GyHKIMH (8 — Bele-
CTBEHHOE YHCJIO):

)R-
a) F(p)= .
py/p
e P
6) F(p)="—.
p
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[Ipaktrnueckoe 3anstue 15.
PEIIEHUE JINMHEMHBIX TU®PEPEHIIUAJIBHBIX YPABHEHU U UX CUCTEM
ONNEPAIIMOHHBIM METOJ1OM

|. TEOPUA

OmnepanoHHbIi MeTox cBOAUT 3aaayy Komm /st 0ObIKHOBEHHBIX UG (hepeHINaTbHBIX
YPaBHEHHH C MOCTOSTHHBIMH KO3((GHUINEHTaMH M CUCTEM TaKUX YpaBHEHUH K MpocTeimei a-
reOpandeckoii 3anave as nzo0paxkenus. Ilycts nano auddepenunansnoe ypaBHeHHe

L[X]=a,x™ () +a,x" ™ (1) +...+a x(t) = f (t) (1)
C Ha4aJIbHBIMHA YCJIOBHAMU
X(0) = X5, X(0) =Xy, o0, X"V =X, (2)
Bysiem cuutats @, # 0. O603naunm X (p)«——>X(t), F(p)«——> f(t).

[To mpaBuiny auddepeHnupoBaHns U CBOWCTBY JIMHEHHOCTH BMecTo 3amaun Komm (1),
(2) mommyuum onepamophoe ypasnenue

(@p"+a,p™ +..+a)X(p)=F(p)+X(p"" +a,p"" +..+2a,,)+
(AP + 3P k) et Xy,
WIn
A(P)X(p) =F(p)+B(p), (3)
rne A(p), B(p) — u3BecTHhie MHOrowIeHbI. Permas 3T0 ypaBHEHHE, HaieM onepamopHoe
peutenue:

F(p)+B
X (p) = F(P)*+B(p) @)
A(p)
Takum oOpazom, pemenue 3agaund Ko cBOAMTCS K HAXO0XKJIEHUIO OpPUTMHANA JUIS

bysakuu (4).
[Ipumep 1. Pemurs 3anauy Komn

X +x=2cost, x(0)=0, x(0)=-1.
Pemenue.
X(t) <= X(p), X (t) «——> pX(p)—x(0) = pX(p),
p

X (1) «—— p°X(p) — px(0) —x (0) = p>X (p) +1, cost<«——> 71

TaK 4TO OIICPATOPHOC YPABHCHHUEC UMCCT BUJL

2
p*X (p)+ X (p)+1= pzp :

+1
OTCrO1a
2p 1

X(p)= (PP +1)? p’+1’

Jlnist HaxOKACHUs OpUruHana Juist QyHKIHH > BOCIIOJIL3YEMCSI TEOPEMOM 0 (-

_2p
(p*+1)

¢bepenunpoBanuu nu3oopaxenus (21):

2p 1) L .
=— «*stsint.
(p*+1)? [pz +1j o

«~—>sint, To pemenne 3a7aun NMeET BUI

Tak xak >

p-+1
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X(t) = (t-1)sint.
I[Ipumep 2. Pemmrs 3amauy Komu
X +x=f(t), x(0)=x(0)=0,

1 e eciu pynkius f (t) 3amana rpadudecku (puc. 4).
-
! Pemenmne. Ilpencrasum f(t) ananmutuuecku:
0 LZ 7 f(t) =0, (t)—20,(t—1) +0,(t—2).
i [Tpumensst popmyiy (7.24) nonydum
Puc. 7.4

P a72p _ 2P Lp2p
(1) 1—26—+e :1 2e " +e .

p p
OnepaTopHOE ypaBHECHHE
1-2e P +e7°P
(p? +1)X(p) =#,
OTKyJa
1 2eP g 2P
X(p)= 2 - 2 + 2
p(p +1) p(p +1) p(p°+1)
Tak kak
1 1 p L
_— 1—cost t),
(o) p Pl Jost)
TO
e L cos(t—2)on(t—2) & L[ cos(t Do (1)
p(p* +1) ’ p(p? +1) ° '
OKOHYATEJILHO

X(t) = Z[Sinz%oo(t)—Zsinz%ao(t—lhsinz%ao(t—Z)]

AHaJIOrMYHO NPHUMEHSAETCS ONEPALMOHHBIA METOJ M K PEUICHHIO CUCTEM JIMHEHHBIX
muddepeHIMaIbHBIX YpaBHEHUN ¢ MOCTOSHHBIMU Kodd¢uuumentamu. Ilycte TpeOyercsa pe-
IIUTh cucTeMy N nuddepeHIranbHbIX ypaBHEHUI BTOPOrO MOpsIKa

n 2

L= a % Hox |-t (=L 2 ..n) ()
= dt dt

HpI/I 3aJaHHbBIX HAYAJIbHBIX YCJ'IOBI/IﬂX

dx,(0)

% (0) =, dt

B (6)

3ameHuM cuctemy (5) onepamopHhoii cucmemot
n

Z(aik p*+b, p+c, )Xk(p) =F.(p) +i[(aik P+by)a +aBil-

k=1
Pemas ee xak anreOpandeckyro cuCTeMy ypaBHeHHH, HalineM X, (P), a 3aTeM U UX OpH-
ruHaisl X, (t) .
[Ipumep 3. Pemuth cucremy ypaBHEHHHA

X =3(y—x+12),
y =x-y,
7 =-1,
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x(0)=x(0)=0, y(0)=0, y(0)=-1, z(0)=1, z (0)=0.

Pemenue. IlepeitaemM K oneparopHoOr CUCTEME:

p2X (p) =3[Y (p) = X (P)+Z(pP)],

p2Y (p)+1=X(p)-Y(p),

p*Z(p)-p=-Z(p),

rac
X(p)<——=x(1), Y(p)«——Y(1), Z(p)«——>2(t).

Permm nocneauioro cucremy otHocutesibho X (Pp), Y(p) u Z(p):

3(p-1) 3(p-1) 1
X = 1Y = - !
(P) p*(p*+4) (P) p*(p*+D(p*+4) p*+1
P
Z(p)_ p2+1'

Haxons opurunanst s X (p), Y(p) u Z(p), mOIyduM perieHHe CUCTEMBI

3 3 3.
X({t)=—(1-t)——cos2t+—sin2t,
) 4( ) 2 3

3 1 1.
1) =—(1-t)+—=cos2t —=sin 2t —cost,
y() 4( ) 1 3

z(t) =cost.
Il. 3agaun

1. Pemute crnenyromue auddepeHuranbHble YpaBHEHHUS MPU 33JaHHBIX HadaJbHBIX
YCIIOBUSIX:

a) X +2x —=3x=¢e", x(0)=0, x (0)=—1;
6) X +x =sint, x(0) =x(0)=1, x (0)=0;
B) X +X =cost, x(0)=0, x(0)=-2, x (0)=0.

2. . Petnth cucTeMsl ypaBHEHUIA:

X =-y-1z,
a) 1y =—x-12, x(0)=-1, y(0)=0, z(0) =1;
Z =—X—Y

X+y-y=¢', _ _
% {2x’+y'+2y=cost,x(o)_ y(0)=0.
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[TpakTrueckoe 3ausitue 16.
PEIIEHUE JU®PEPEHIIMAJIBHBIX YPABHEHUM C IOMOIIBIO
HHTEI'PAJIA JIOAMEJIA

I. TEOPUA

Ocobas poib Ipu pelIeHUH JTUHEHHBIX MU PepeHIHATBHBIX YPAaBHEHUH C ITOCTOSHHBIMU
koa¢dunmenTamu otBoauTcs uHTerpainy ldroamens. [lycts TpebyeTcs peninTh ypaBHEHHE

L[x] = a,x™ (t) +a,x" P (t) +...+a x(t) = f (t) 1)
IpH HYJIEBBIX HaYaIbHBIX ycrnoBusax. Eciam u3BecTHO pemenne X, (t) ypaBHeHUS
L[x]=1 (2)

TaK)Ke IIPU HYJIEBbIX HAYaJIbHBIX YCIOBHSIX, TO HHTErpal Jlroamens mo3BoJisieT HaucaTh pelie-
Hue ypaBHeHUS (1) 6e3 BCIKUX BBIYHCIECHUH 11O (hopMyIie .

t
X(t) =% (1) F (0)+ [ % () f (t-7)dr . @)

0

[Ipumep 1. Ucnonw3ys hopmyny Hroamens, pemuts 3anaqy Kormm:
X (1) —x(t) = Lt , X(0)=x(0)=0.
l+e
Pemenue. PaccMoTpuM BecrioMorarenbHyo 3aady
X (t) =%, () =1, x(0) = x(0) =0.

[Ipumensis onepanMoOHHBIN METOM, HAXOIUM

Xl(p): -

p(p?-1)°

OTKyJa

t
X (t) = [sh zdz =cht—1.
0

ITo hopmyie (3)

1+¢'

1 1
sh(t—7)dr==(e'—te' —=1)+sht-In=—.
(t-7)dz 2( ) >

X(0) = j l+e”

TpeboBanue, yToOb HaYaIbHbIE YCIOBHSI ObUIN HYJIEBBIMHU, SBISETCS HECYIIECTBEHHBIM:
MIPOCTOM 3aMEHOM MCKOMOM (DYHKIIMU 337ayy C HEHYJIEBBIMU HAYAJIbHBIMHU YCJIOBUSMHU MOYKHO
CBECTU K 3ajaye ¢ HyJeBbIMH ycloBHsAMHU. Ilokaxem 3T0 Ha mpumepe auddepeHnnanbHOro
YpaBHEHHUSI BTOPOT'O MOPSAIKA.

ITycTth TpeOyeTcst pemuTh ypaBHEHUE

a X (t)+aX (t)+ax(t) = f(t), (4)

YAOBJICTBOPAIOUICC HAYAJIbHBIM YCJIOBUAM

X(0) =Xy, X, =X ()
[Tonoxum
y(£) = x(t) =%, —xt. (6)
Torma
y(M=x®O-x, yO=x(,
u ypaBHeHue (4) npeobpasyeTcst K BUIY
gy (O+ay ®)+ayt) =), (7)
rae
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() =) -ax-ax-axt,
npu4yeM
y(0) =x(0)—x, =0, y (0)=x(0)—x =0. (8)
Takum oOpazom, npuxoaum k 3aaade Ko (7), (8) ¢ HyIeBbIMU HaYaIbHBIMHU YCIIOBHSI-
MHU.

[MIpumep12.C nomouipto popmynsl Hroamens pemuTs 3anauy Korm:
~t

e
(L+1)?

X (1) + 2% (1) + x(t) = +t, x(0)=-2, X, =1.

Pemenue. Beenem ¢pyHnkimo
y(t) =x(t)+2-t,
OTHOCHUTEIIEHO KOTOPOH MOJIyYUM YpaBHEHHUE

y (t)+2y (t)+y(t) =

e—t
A+t)*
rae
y(0)=0, y(0)=0.
Pemas mocnenHior 3a1aqy ¢ moMonibio hopmMyiel J{roamerns, Haliiem

y(t) =e '[t—In(1+1)].
Pertenuie ncxoaHou 3amaun

y(t)=e'[t—In(L+t)]-2+t.
Il. 3agaun

C momomipio uHTEerpana [roamens pemuts cienyromue auddepeHuanbaple ypaBHEHUS

IIpH 3aJaHHBIX HAYAJIbHBIX YCIIOBUAX:
2t

" . e ' .
1. X —X :m, X(O):X(O):O,

2. X +X=

2+cost’ X(0)=x(0)=0;

—t

" . e .
3. X +2X +X=——+1, X(0)=-2, x(0) =1.
L (0) (0)

] 1 .
4, X +Xx=—-—, X(0)=x(0)=0.
1+cos®t 0)=x(0)

5 X +X =

> X0=X(0)=x(0)=0.

68



