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BBEAEHUE

Baxueiieii 0COOCHHOCTBIO COBPEMEHHOI'O J3Tana HAy4YHO TEXHUYECKOIrO
nporpecca sBJISETCS CTPEMHUTENIbHO Bo3pacTaromas ponb OBM Bo Bcex o6na-
CTSAX WHXXEHEPHOW JEATEbHOCTH - OT CHUCTEM aBTOMATHU3UPOBAHHOTO IPOEKTH-
pOBaHUs M YINPABICHHUS 10 KOHTPOJS TEXHOJOIMYECKMMH IpoleccaMu. B Hacro-
amee Bpemss DBM cranu HeobxoaumbiM oOopynoBanuem HUU, konctpykTop-
CKUX Omopo, 3aBOAOB. DTO MO3BOJIMIO OT HPOCTEHIIMX PACYETOB MU OLEHOK
Pa3IMYHBIX KOHCTPYKUMH WM IPOLECCOB MNEPEUTH K HOBOMY YpPOBHIO HWHXe-
HEPHOM JIEATENbHOCTU - JETaJbHOMY MAaTE€MaTHUYECKOMY MOJIETUPOBaHUIO (BbI-
YHUCIUTEIBHOMY 3KCIIEPUMEHTY), KOTOPOE CYIIECTBEHHO COKpallaeT MOTPeOHOCTh
B HATypHBIX OKCIIEPUMEHTAX, a4 B PSAE CIydaeB MOXKET UX 3aMEHHUTb. B cBs3n
C ATHUM COBPEMEHHBIM CIELMATUCT C BBICIIMM OOpa30BaHHEM JOJDKEH 001alaTh
HE TOJIbKO BBICOKMM YpPOBHEM IOJrOTOBKM MO MPO(QMWII0 CBOEH CHEeUalbHOCTH,
HO M XOpOUIO 3HAaThb MAaTeMaTH4YECKHUE METOJbl pELICHHS HHKEHEPHBIX 3ajad,
OpUEHTHPOBATbCSI Ha UCIOJIb30BAHUE BBIYMCIUTEIbHOM TEXHUKH, NPAKTUYECKU
OCBOWUTH MPUHIMUIBI paboTel Ha DBM.

1.UENb KYPCOBOW PAEOTDI

[lenbro maHHON KypcOBOHM paOOTHI SABISETCS BHIPAOOTKA y CTYACHTOB HaBBIKH
akTUBHOTO TIpuMeHeHns DOBM B coBpeMeHHBIX WH(OPMAIMOHHBIX IpoIieccax, U3y-
YEHUSI TEXHUUECKUX U TMIPOTPAMMHBIX CPEJCTB pean3aiuy HHHOPMAIIMOHHBIX TPO-
LIECCOB, MPHU MPOEKTUPOBAHUN U UCCIEIOBAHUH COBPEMEHHBIX U3JEIUN U TEXHOJO-
T'Ui, OBJIaJICHUS OCHOBHBIMM METOJIaMHU INOCTAHOBKH 3aja4 MpoeKTupoBaHusa JIA ¢
noMonisi0 9BM, npoBe/ieHNE BBIYUCIUTENBHBIX AKCIEPUMEHTOB, MPUHSATHE pEIle-
HUWA M OTOOpaX€HUsI Pe3yJIbTaTOB, YCBOEHUE OCHOBHBIX MPUHITUIIOB U METOJUK HC-
MOJIb30BAHUS U CO3/IaHUSI COBPEMEHHBIX BBIYUCIUTEIBHBIX KOMILICKCOB. OBBIICHUE
ypoBHSl (PyHIaMEHTaJbHON IMOJTOTOBKH B OO0JACTH BBIYHUCIUTEIBHBIX METOJIOB U
MPOrPaMMHUPOBAHUS, PA3BUTHUS Y CTYJIEHTOB JIOTUYECKOTO W aAJITOPUTMHUYECKOTO
MBIIIJICHUS.

VY cTyneHTa BeIpabaThIBaeTCS OPUEHTAIMS Ha pelieHrne mpobiieM IPOeKTUPOBa-
Hus JIA ¢ nomompro 9BM, HaBbikK ucnionb30BaHuga OBM npu pemeHnun npukiai-
HBIX 3aJ1a4.

CTyaeHT 0KEH yMETh MPaBUJILHO U PAIIMOHAIBHO BBHIOpPATh METOJ pellleHUs
3a/1a4M, COCTaBUTh AJITOPUTM €€ PEIICHUS C YU4eTOM OCOOCHHOCTEH KOHKPETHOM 3a-
Jladd U BO3MOXHOCTEN MMEIOIIMXCS B €ro pacnopsbkenun 9BM, coctaBuTh anro-
PHUTM U NPOTPAMMY Ha AITOPUTMUYECKOM SI3bIKE MPOTPAMMUPOBAHUS, OTJIAJIUTh €€ U
MPaBWJIBHO WHTEPIPETUPOBATH MOJYyUYCHHBIC Pe3yibTaThl. JIjisi 3TOro HE0OXO0aUMO
3HAaHWE OCHOB ycTpoicTBa OBM U BBIUMCIUTENIBHBIX CUCTEM, TEXHUUYECKUX U MPO-
TPAaMMHBIX CPEACTB peann3aliiid WHPOPMAIMOHHBIX TMPOIECCOB, AITOPUTMHUISCKUX
A3bIKOB MMPOrPaMMHUPOBAHUS, YUCIICHHBIX METOJAOB PEIICHUS MaTEMaTUYECKUX 3a]1a4y,
0a3 TaHHBIX, KOMIBIOTEPHON TpadUKH.
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Brinonnenue kypcoBoii pabOThl HAIpaBiICHO Ha OBJIAQJCHHE MPAKTHUYECKUMU
HaBBIKAMHU UCIOJIb30BaHusg DBM [niis unciieHHOro penieHusi 00bIKHOBEHHBIX U de-
PEHIIMATBHBIX YPABHEHHUH U UX CUCTEM, TU(DPEepeHIINAIbHBIX YPABHEHUN B YACTHBIX
MIPOM3BOJIHBIX, MPOBEACHUE BBIYMCIUTENBHBIX JKCIEPUMEHTOB MO PEIICHUIO MpPaK-
TUYECKUX 3a]1a4.

2.0CHOBBI TEOPUH

2.1.00b1kHOBEHHBIC TU(dHepeHITnaTbHbIC YPaBHEHUS

OpuuM u3 Hambosee paclpoCTPAHEHHBIX METOAOB PEUICHUS OOBIKHOBEHHBIX
nuddepeHInaNTbHBIX YPaBHEHHH SIBISETCS METOJ KOHEUHBIX pa3HocTed  (MKP).
Paccmorpum npumenenne MKP st uncnennoro pemenuss Ha 9BM npocreiiiiero
U epeHInaIbHOTO YpaBHEHUS [IEPBOTO MOPSIKA:

% =f(x,Y),

C HaYaJbHBIMU YCIOBUSAMH Xg, Y(Xg) =Y.

Pemenue Oynem uckaTh B HHTEpBase [Xy, b] u Oynem mosarathk, 4TO (PyHK-
1Sl Ha TAaHHOM MHTEPBaJje YAOBIETBOPSET YCIOBHIM II1aIKOCTH.

B memooe Jiinepa KOHEUYHO-PA3HOCTHOE BBIPAXKEHHUE NEPBOM IMPOU3BOAHOMN
MPEICTABIISIETCS B BUJIE

Y  —-Y.
' _ +1
Y'(x)=—""—".
AX
Otrciona Yy = Y; + VX*{(x;, Y;). Beruncinsist mociaeaoBaTeIbHO OT HAYaIbHOTO
3Ha4YeHus Y, 3HaueHus Y, Y,, Y3, ..,Y;; 10 gaHHOH popmyJie, HaXOqUM UCKO-

MO€ PELICHUE.

YBeNMYeHUE TOYHOCTU PELICHUSA IPU YKPYIHEHHBIX IIarax MHTETPUPOBAHUS
oOecnieunBatoT MeToabl Pynre-Kyrra. YTOouHEeHue nocturaercs 3a cueT creluaib-
HOTO MoAOOpa KOOPAWHAT MPOMEKYTOUHBIX Ha IIare MHTETPUPOBAHUS TOUEK, B KO-
TOPBIX BBIYUCIIAETCS IEpBas Mpou3BOAHAA. BMecTo 3HaueHMs nepBOM IIPOU3BOAHOMN
B Hauaje 1ara MHTEIPUPOBAHUs, HCIOJIB3YEMON B METOJE ODilepa, BBIUUCIAETCA
YCpEIHEHHAs Ha I1are MHTErPUPOBAHUS ITepBas MPOoU3BoAHAs. POpMyJia YUCIEHHOTO
UHTETPUPOBAHUS TPUOOPETAET BUL:

Yi+1 = Yi+ AXF f .

rie [ - ycpennenHas ma mare MHTErpupoBaHHMS MepBas Ipou3BoAHAs. Huoke
npuBeaeHbl popMyibl MeToaa Pynre-KyTTa pa3nuunoro mopsiaka:

1. Merox 2-ro mopsinka, €= 107 :
- IEPBBIM BapUAHT Y=Y +K,,

rie Ky =Ax*f(x;+Ax/2,Y+K,/2),
K= AX*f(Xi,Xi) ;

- BTopoi BapuanT Y = Y;+ 12 (K +K3),

rIe Ki=Ax*f(x;, Y;),
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K2=AX*f(Xi+AX,Yi+ Kl)

2. Merox 3-ro mopsinka, €= 107 :
- IepBbI BapuaHT Yy = Y;+ 1/4K, + 3/4K; ,

rac

rac

K1 = AX*f( Xi s Yl) 5

K, = AX*f( X; + 1/3Ax , Y+ 1/3K1) ,

Ki=Ax*f(x; +2/3Ax , Y; +2/3K5) ;

- BTOpOﬁ BapuaHT Y=Y+ 1/6 ( K+ 4K2 + K3) R
Ki=Ax*f(xi, Yi),

K2 = AX*f( X;+ 1/2AX, Yi + 1/2K1 ) 5

K3 = AX*f( X;+ AX, Yi — K] + 2K2) ;

3. Merox 4-ro mopsimka, €= 10" :

rac

rac

B mpaktuueckux pacuérax MHTErpupoBaHue auddepeHImaIbHbIX YpaBHEHUM
OCYIIECTBIISIETCS C aBTOMAaTUYECKUM BBIOOPOM Iara, oOecreunBaroIiee moaydeHne
pe3yabpTara ¢ 3aIaHHOM MOTPEIIHOCTHIO PELICHUS.
[Ipu uHTETpUPOBAHNHU C ABTOMATHYECKUM BHIOOPOM IIIara peKOMEHIYEeTCs HC-
M0JIK30BaTh CJICAYIONINE IpaBuUiia BpIOOpa 111ara .
B y3ne X B3aTh AX = AXg, AX¢ — 3aJlaHHBIM HaYaJIbHBIN IIar, HAUTH TPUOITH-

Ecmm 8 > €, To mrar AX yMeHBIIIaeTCs B JIBa pa3a U BBIYUCICHUS ITOBTOPSIOTCS,
UCXO0/s U3 y37a X . Kak ToJapKO Ha o4epeTHOM MPUOIMKEHUU OyJeT MOJIy4eHO O<E ,

- mepBbId BapuadnT Yy = Y;+ 1/6 (K;+4K;5;+Ky),

K= Ax*f(xi, Yi),

Ky = Ax*f( x; + 1/4Ax ,Y;+ 1/4K,) ,

Ks=Ax*f(x;+ 12Ax, Y;+ 1/2K;) ,

Ky= Ax*f( x;+ Ax, Y;+ K| — 2K, + 2K3) ;

- BTopo# BapuaHT Y= Y;+ 1/6 (K;+ 2K, +2K3+ K,),
Ki=Ax*f(x;,Y;),

K, = Ax*f( x;+ 12Ax, Y;+ 1/2K,),

K= Ax*f( x;+ 12Ax, Y;+ 1/2K,;),

Ky=Ax*f( x;+ AX, Y+ K3) .

KEHHbIC 3HAUCHUS peuleHust YU Y c maramMu AX u Ax/2 cOOTBETCTBEHHO. 3a ab-
COJIIOTHYIO MOTPEIIHOCTh MPUONIMKEHHOTO peleHus ( B KauecTBE KOTOPOro ecTe-

CTBEHHO B35Tb Y Kak 0oJjiee TOUHOE ), BBIUYHUCICHHOTO 10 MeToy Pynre-Kytra n-ro
nopsinka (Meron Diinepa siBisgercss merogoM Pynre-Kyrtra mepBoro mopsiaka), mpu-
HUMAETCs

Y-Y
2" —1

b

CUUTAECTCA, UTO Y U SBIIIECTCA pemeHuEM B y3JI€ X=X + AX, IMOJIYYCHHBIM C 3adaH-
HOM TOYHOCTBIO HAa ATOM IIare .
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Pemenue B crenytomieM y3ie X, , UCXOAs U3 y3Jla X; , MOJTY4YaeTcsl aHaJoTuy-
HbIM 00pa3oMm. [Ipu 5TOM HauyadbHBIN AT BHIOMpAeTcs Mo Imary AX , ¢ KOTOPbIM
OBLJIO MOJIYYEHO PEIICHUE B Y3JIe X, B 3aBUCUMOCTH OT MOTPEIIHOCTH O: €Cu O < €
/2™ To mpeapI LYKl IIAr yIBAaHBAETCS; B IPOTHBHOM CITy4Yae IIar He H3MEHSeTCs.
AHaJIOTUYHO HAXOUTCS PEIICHNUE U B TOCIEAYIOIMMX TOYKAX .

[Ipu BeIXOZE K TOYKE X = b clegayer mposBISITH OCTOPOKHOCTH, T.K. TIPHU 3HA-
YeHusX X > b mpaBas yacTh f(X,Y) auddepeHunansHoro ypaBHEHUs MOXKET ObITh HE
ompeJeseHa U Ipy pelieHuu 3a1auyu Ha OBM MoxkeT mpou3oiTu npepriBaHue, B pe-
3yJbTaTe 4ero 3aaaya OyaeT cHATa co cuéra .

Bo u3bexxanue Takoil cuTyauuu HEOOXOAMMO Ha KakKJIOM IIare MHTErpupoBa-
HUS TIPOBEPSITH YCIOBHE BBIXOJIAa 3a TIPE/Ieibl MHTepBalia MHTerpupoBanus. Ha mrare
BBIXO/Ia 32 TOYKY X = b TPHUHATH MOCJIEIHEE 3HAaUeHNE AX TaKUM, YTOOBI TOYHO BBIi-
TH Ha TOYKY b.

JIyst OTHanKu mporpaMMbl MOYKHO B3SITh MPOCTEHITIEE ypaBHEHNE U HEOOIBIION
OTPE30K MHTETPUPOBAHUSI.

[Ipu wunTerpupoBanuu audQPEepeHITNANTBHBIX YPAaBHEHUW BBICIIUX IOPSIKOB
MOKHO HCIIOJIB30BaTh JIBa Monaxoja. Bo-mepsrix, muddepennnanbHoe ypaBHEHHE
MOET OBITh HEMOCPEICTBEHHO MPEeoOPa30BaHO B KOHEUHO-PA3HOCTHYIO GopMy ITy-
TEM TPEJACTaBICHUS BCEX €ro IPOU3BOAHBIX COOTBETCTBYIONIUMU KOHEYHO-
Pa3HOCTHBIMU BhIpaKeHUsIMU. Hanpumep, ypaBHEeHUE TTaJIeHUs Tela

d*Y

de’

rae Y - BbicoTa, t - BpeMs, G(Y) - yckopeHue najenus, h, V, - HayanbHas BbI-

COTa U CKOPOCTh, MOXKET ObITh YHCIIEHHO PEIICHO C TOMOIIBIO KOHEYHO-PA3HOCTHOTO
ypaBHEHUS

=-G(Y),Y(t=0)=h, V({t=0)=V,_,

Y.

i =2Y, Y+ (At)z -G(Y)),
B KOTOPOM TOYKH Yo M Y| HaXOJATCS U3 HAYAJIbHBIX YCIOBHIA:
Y,=h, Y, =Y,+V, -At.

Bo-BTopbix, nuddepeHimaibHoe ypaBHEHUE BBICIIETO MOPSIAKA MOXKET OBITh
npeacTaBieHo B (popme cuctembl qudepeHImanbHbpIX YpaBHEHUM TEPBOTO MOPS/-
Ka, KOTOpbIE PEIIAIOTCS MOCIEAOBATENIbHO PACCMOTPEHHBIMU pPaHEE METOJAMHM.
Hamnpumep, HanmcanHoe BbIllie ypaBHEHUE TAJICHUS TEJIa MOXKET ObITh IIPEICTABICHO

CUCTEMOU

Y _vo,
4 dt

dVv
—=-0G(Y
- =-G(Y)

Pemlenne naHHOM CHUCTEMBI METOAOM Oiilepa JaeT CHCTEMY KOHEYHO-
Pa3HOCTHBIX YpPaBHEHUU
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Vi+1 = Vi +At(_G((Yi)),

Y,

i+l

Vi +Vi+1
=Y, AL,

rae Vo=V,,Y, =h . Anasornuno Moxet GbITh IpuMeHEH MeTo [ PyHre-Kyrra.

Jugpghepenyuanvuvie ypagnenusn 6 4acmmuvlx npou3800HbIX

BONBIIMHCTBO MPOLIECCOB, BCTPEYAIOIINXCA B MPAKTUKE MHXKEHEPA, 3aHUMAIO-
HIErocsl MPOEKTUPOBAHUEM U COBEPILICHCTBOBAHUEM JIBUTATENS, — 3TO MPOLECCHI, B
KOTOPBIX B3aMMOCBSI3aHbl MHOXECTBO PA3JIMYHBIX MapaMETPOB, 3aBUCSIIUX OT He-
CKOJIbKMX HE3aBHCUMBIX NEPEMEHHBIX. TaKue MpOLECChl Yalle BCErO0 OMUCHIBAIOTCS
muddepeHIIMabHBIMI YPaBHEHUSIMU B YaCTHBIX MPOU3BOJHBIX C 3aJJaHHBIMHU Kpae-
BbIMU yclIOBUAMHU. [IpruMepaMu MOTYT CIy>KUTh YpaBHEHUS ra30BOM JUHAMUKH, HeE-
CTAllMOHAPHOW TEIJIONPOBOJHOCTH, MEXaHUKU JehOpMHUPYEMOro Tejla U Jpyrue.
He3aBucuMbiMU TIepeMEHHBIMU B TaKMX 3aJladax 4Yallle BCEro SIBISIIOTCA BpeMsl U
IPOCTPAHCTBEHHBIE KOOPANHATBHI.

HuddepeHuriaibubple ypaBHEHUSI B YAaCTHBIX MPOU3BOJHBIX COCTaBISIOT B
HACTOsAIIEEe BpeMsl OJIHY U3 HauboJjee pa3BUBAIOLIUXCS OTpaciel YMCIEHHOTO aHaH-
3a. Bo3moxkHOCTH COBpeMeHHBIX DBM MO3BOJISAIOT CTaBUTh HA MOBECTKY JTHS TAaKUE
3aJla4M, peuieHrue KOTOPBIX MPOCTO HEMBICIUMO 0€3 MCMOJIb30BAaHUS BBIYUCIUTEIb-
HBIX MaIllUH.

PaccMoTpuM 001mMiA MOAX0/] K PELICHUIO TAKUX YPaBHEHUN U MpOaHAIU3UPyEM
HEKOTOPbIE YHCIEHHBIE METOAbl U COOTBETCTBYIOIIME UM MPOrPaMMbl pacyera, Ko-
TOPBIE YACTO UCIIOJIb3YIOTCS B MHKEHEPHON MPAKTUKE U MOTYT OKa3aThCs MOJIE3HBbI-
MU BO MHOTHX CIIyYasX.

[Ipu mepexone OoT OJIHOM K HECKOJIBKUM MEPEMEHHBIM Pa3HOOOpa3ue U CIIOXK-
HOCTB 3aJ1a4 pe3ko Bo3pacraeT. Haie paccMoTpenune OyeT orpaHu4eHo JTMHEHTHBIMU
mudepeHIabHBIMUA YPABHEHUSIMU BTOPOT'O TOPSIIKA C JBYMSI HE3aBUCUMBIMU TIe-
pPEMEHHBIMU. JTH YpaBHEHHS B OOIIEM BHJI€ MOKHO 3aIUCaTh:

2 2 2
Aa U+B oy +C8 U—D8—U—E6—U+FU:G
oX* ~oXoY oY® < oX oY

rae A,B,C, D, E, F, G saBisitorcst GyHKIIUSAMHU TOJIBKO OT HE3aBUCUMBIX Mepe-
MEHHBIX X 1 Y.

Kak u B ciayyae 0OBIKHOBEHHOTO IU(PPepeHnanbHOro ypaBHEeHUs, sl OThIC-
KaHUs €JMHCTBEHHOTO PEIICHUs, OTBEYAIOIIEro pealbHOMY IPOLECcCy, HE0OX0AUMO
100aBUTh KpaeBble (TpaHUYHbIC, HAYAIbHBIE) YCIOBHUS.

JuddepeHnuanbible YpaBHEHUS! B YaCTHBIX NPOU3BOAHBIX BTOPOTO MOPSAKA
pa3AeISIOTCs HA TPYU TUNA!

1. VpaBHeHue /IHITAYECKOr0 THITA, ecin B> — 4AC < 0.

2. YpaBHeHHe mapabosmueckoro Tuna, ecin B> —4AC = 0.

3. VpaBHeHue rumepbomdeckoro trna, ecan B> — 4AC > 0.

YpaBHEHHsI pa3InyarOTCs B CBSI3M C CYIIECTBEHHBIM OTJIIMYHMEM XapakTepa UX
pemeHuss i KaXIO0ro W3 YKa3aHHBIX THUIIOB. YPAaBHEHUS JIJUIMITHYECKOrO THIA
BCTPEYAOTCS B pacdeTax HaIpPsOKEHUH IPU yIPYroM KPYYEHUHU JJIMHHOIO LIMJIWH-
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JPUYECKOTO CTEPIKHS, I03BYKOBOI'O TEUCHHUS T'a30BOr0 IMOTOKA, CTAIIHOHAPHOTO TEM-
MEPATYPHOTO TOJIS B JIEMEHTAX KOHCTPYKIHM, HAIPUMED:
o’U d8*U
>+ 2 = G
oX~ oY
D10 ypaBHEHHE HOCUT Ha3BaHue ypaBHeHUs [lyaccona. Ero yacto 3amuceiBaroT
B BUJIE

AU=G
nimn
V'U=G.
YacTHBIM CliydaeM 3TOr0 ypaBHEHMS SIBIISIETCS ypaBHEeHUE Jlarutaca
U U _
oxX?  oY?

XapakTepHBIM MPUMEPOM THIEPOOTNIUECKOTO YPAaBHEHUS SBIAECTCS YpaBHEHHUE
KOJIeOaHUs YIIPYroi HUTH, HA3bIBAEMOE BOJTHOBBIM YPABHEHUEM:

2 2
o-'u >, 0°U
> —4a 2
oX ot
K runepbonudyeckum ypaBHEHUSIM MPUBOASTCS TaKXKE 3a/auyd CBEPX3BYKOBOTO
TCUCHUA I'a3a, JTUHAMHWYCCKHUEC 3aa4U pryFOCTI/I nu TCHHOHpOBOI[HOCTI/I.
[TapabonuyeckuMu ypaBHEHUSIMUA OIUCHIBAIOTCSI MPOIECChl HECTAIMOHAPHOM

TEIUIONPOBOAHOCTH B JABUTaTeNe, TudPy3uu:
ou o’U

=A
ot oX?

JUIsi TOCTPOEHMSI YMCIEHHOIO METOAAa PELIEHUs paccMaTpPUBAEMbIX 3a1ad
3aMEHSIOT 00JIaCTh HEMPEPHIBHOTO U3MEHEHHUS apryMeHTOB X, Y pacueTHOW CETKOM
— TUCKPETHBIM MHO>KECTBOM TOYEK ¢ KoopauHaTamu X; , Y; (puc. 1) .

B paccmorpenue BBoasTcsa nBa mapamerpa: AX, AY - maru ceTku mo Koopau-
HaTam X U Y cootBercTBeHHO. BMecTo Qynkimu U( X, Y ) paccMaTpuBarOT ceTOU-
HYI0 (DYHKIIUIO, COOTBETCTBYIOIIYIO TOUKaM CeTKU X; , Y; . Jlamee 3ameHsroT 4yacT-
HBIC TTPOU3BOIHBIC, BXoasmue B nuddepeHmaibHbie ypaBHEHUS, PA3HOCTHBIMH CO-
OTHOLUEHHUSAMH, TOJYYCHHBIMH PAHEE MPH PACCMOTPEHHH OOBIKHOBEHHBIX nu(de-
PEHILIMANbHBIX YPAaBHEHUM:

a) JJIsl IEPBOM MTPOU3BOTHOM

ou U,;-U;,

Ox —> Ax - JICBAA Pa3HOCTD,

ouU Ui+l,j T Ui,j )

ox —> Ay - IIpaBast pa3HOCTbh;

ou Ui+1j - Uiflj

ox —> > Ax - LIEHTPaJIbHas Pa3HOCTD,

0) 11 BTOPO# TPOU3BOTHOM
o*U Ui+1,j B 2Ui,j + Uifl,j
7 2
OX (AX)
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Y’j A
j:
j=3
'_Ay U3’2
j=2
AX

j=1 . =

i=1 i=2 i=3 i=4 i=5 X, i

Puc. 1.Cxema auckperusanuu 006JacTH U3MEHEHUSI apTyMEHTOB

B pesynbrare 3aMeHbl YaCTHBIX MPOU3BOJHBIX B MU (epeHInaNbHbIX YpaBHE-
HUSX Pa3HOCTHBIMHU BBIPOXXEHUSIMU IMOIY4alOT Pa3HOCTHOE ypaBHeHHE. Pazymeercs,
cnoco0oB 3aMeHbl AU (PepeHIHATBHOIO ypaBHEHUS PAa3HOCTHBIMU — MHOXECTBO.
[TosryyaeMble pa3HOCTHBIE ypaBHEHUS OYyIyT OTJIMYATHCS TOYHOCTBIO, CKOPOCTBIO
CXOJIMMOCTH, YCTOMYMBOCTBIO U IPYTUMU CBOMCTBAaMHU. Y Ka3aHHBIE BONIPOCHI UCCIE-
JYIOTCSI B TEOPUHU YMCIICHHBIX METOJI0B [1].

PaccMoTprM HEKOTOpBIE OCOOCHHOCTH YHCIEHHOTO pelieHus nuddepeHnnans-
HOT'0 ypaBHEHUs NMapabOIMUECKOro TUIIA Ha IPUMEpPE OJJHOMEPHOTO YPaBHEHHUS TETl-
JIOTIPOBOAHOCTH

or o°T
—=a
ot ox*

B npocrelimneM BapraHTe KOHEYHO-PAa3HOCTHOE YPABHEHUE, COOTBETCTBYIOIIEE
NaHHOMY 1u(ppepeHnaIbHOMYy YPaBHEHHUIO, MOXKHO IIPEACTABUTh B BUJIE
T’,k+1 B Ti,k _ Ti+1,k B 2Ti,k + Ti—l,k

1

At (Ax)*
B naHHOM cilyyae HEU3BECTHBIM SBIIAETCA 3Ha4YeHUE Ty, , 1 OHO SBHO BbIpa-
KaCTCA 4YCPC3 M3BCCTHBLIC Y3JIOBBIC 3HAYCHHA TCMIICPATYPLI HA IPCALIAYIICM BpPC-

MeHHOM ciioe ’K’’:
aAt aAt
Ti,k+l = |:1 -2 }T (Ti+l,k + ’Ti—l,k) .

L ——
(Ax)? | (Ax)?
B cooTBeTcTBHM ¢ 3THUM Takas cXeMa HOCUT Ha3BaHUE SBHOW Pa3HOCTHOWU
CXEMBI, €€ 11a0JIOH MPEeICTaBJICH Ha pUC. 2.
T

1, k+1
X

1.k ik i+l.k
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Puc. 2. 1llaGnoH siIBHOM pa3HOCTHOM CXEMBbI

SIBHas pa3HOCTHAs CXE€Ma MMEET IEPBBIM IMOPALOK TOYHOCTH II0 BPEMEHHU H
BTOPOM MOPSAIOK - IO TPOCTPAHCTBEHHOM KOOpAUHATe. Ee morpemHocTs OleHnBaeT-
cst BemumunHOM O( AT + AX”) .

SIBHas cxema 00J1aJaeT yCIOBHOM YCTONYMBOCTBIO, YCJIOBHUE YCTOMUMBOCTH
UMEET BUJ

aAt

(Ax)’
JlanHOE ycioBHE NPUBOIUT K HEOOXOAMMOCTH 3ajlaBaTh B MPAKTUYECKUX pac-

0<1-2 <1

YeTax OYCHb MaJICHbKHE BEJIMYUHBI I1arOB WHTETPUPOBAHMS 1O BpeMeHU (cyle-
CTBEHHO MEHBIIIE, YEM TOT0 TpeOyeT yCIOBHE TOYHOCTH PELIEHNs), a 3TO MIPUBOJUT K
YBEIMYEHNUIO BPEMEHHM pelieHus 3agaud Ha OBM M HapacTaHuio NOTPEeIIHOCTH
OKPYIJIEHUS YUCEIL.

B ¢Bsi3u ¢ OTMEUEHHBIM HIUPOKOE PACTIPOCTPAHECHUE MOTYUUIN HESIBHBIE CXEMBI
pacuera, MO3BOJSIIONINE CMSTYUTh YCIOBUE YCTOMUMBOCTH. CeMEHCTBO ABYXCIIOW-

HBIX HCABHBIX CXCM IS YPABHCHUSA TCIIIOIIPOBOAHOCTH 3aIINIIICM B BUJIC

1 a

A_T (Ti,k+1 - Ti,k) = w G(Ti—l,k+1 - 2Ti,k+1 + Ti+1,k+1 ) +
a

)2

+ (I=o)(T,, —2T;, +T,,,)

/i€ C - TIOCTOSIHHBIN KOA()(PUITMEHT, 3aJaI0NTUi THIT Pa3HOCTHOM CX EMBI.

[Ipu 6=0 cxema nepexouT B pACCMOTPEHHYIO SIBHYIO.

[Ipn 6=1 sTa cxema CTaHOBUTCS YHCTO HESBHON CXEeMOH, oOmanmaroieii 6e3-
yCIIOBHOM ycTOWYUBOCTHIO. [1[abmoH 4ncTO HEIBHOM CXEMbI IIPEICTABICH Ha pUC.3.
Crnenyer OTMETUTh, UTO pacyeT MO HESIBHOM cxeMe TpeOyeT Ha KaXkJOM Iiare MHTe-
TPUPOBAHUS 110 BPEMEHHU PEIICHUS] CUCTEMBI alNreOpanyeckux ypaBHEHH, CBS3bIBA-
IOLMX HEM3BECTHBIE TEMIIEPATYPHI Y3JIOBBIX TOYEK BpeMEHHOIO ciost K+1.
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‘]

Lkt Lktl 4l kel

1.k
Puc.3 111a0y0H HEABHOU CXEMBI

K runep6onanueckuM ypaBHEHHSM IPHUBOJAT 3aJaud JABMXKEHHS COKMMAEMOTO
rasa, 3a/1auu Koyse0aHuil ynpyrux 3JIeMEHTOB U MHOTHE JpYTHE.
TUnu4YHBIM MPUMEPOM OJIHOMEPHOM 3aJauM SIBJISETCS 3ajaya Majblx KoseOa-
HUW HATSHYTOU CTPYHBI C PACIIPEAEICHHOM 110 JUIMHE HArPY3KOU f(x,7):
82 ) 82
y:c y+f(x,r),0<x<a,0<r£r
2 2 k
ot ox

D0 =, 025D (00 < x <a

y(0,7) =p;y@@,t)=p,0<t<1,

970 XKe YPaBHCHHUC OIMHMCBLIBACT IINIOCKHUC aKYCTUUYCCKUC BOJIHBI B I'a3C IIPH HAJIU-

YU BHCHIHCTO CHUJIOBOTI'O ITOJIA f .
B otnmume ot mapabonmdeckoi 3agaun, TunepOonrdeckas 3agada Tpedyer mo-
CTAaHOBKH IIBYX HadaJIbHBIX }/CJIOBI/Iﬁi HEC TOJIbBKO HAYAJIbHOI'O CMCIICHHUS OT ITOJIOKE-
oy

HHUA paBHOBECHUA, HO U Ha4yaJIbHOM CKOPOCTHU CMCIICHUA E

SIBHAs TpexclioiiHas pa3HOCTHAS CXeMa MOXKET OBITh 3alrcaHa B BUJIC :
1
AT’
C TPAHUYHBIMU YCIIOBUSMH :
Yo = H3(0)y, = Hy(D).
ITo dhopme mabnona (puc.4.) 3Ty cXemy Ha3bIBaIOT “KpecT”’
JlanHas cxema uMeeT BTOPOU MOPSIOK alllIPOKCUMAIIMK KaK 110 BPEMEHH, TaK U

C
(Yi,k+1 - 2Yi,k + yi,kfl) = E (Yi+1,k - 2yi,k + yi—l,k) +f

o 2 2
110 npocTpaHcTBeHHOU Koopaunate O(AT™ +Ax ™).
DTa cxema YCIO0BHO ycTounBas. HeoOX0AUMbIM M JI0CTATOUHBIM YCIOBUEM SB-

nsiercst ycnoBue Kypanra:
CAT < AX.
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[ ]
L 2
[ ]
v

1, k-1

Puc.4. PaznoctHas cxema ’KpecT .

Tak kak pacCMOTpeHHas BHasl pa3HOCTHAsI CXEMa YCJIOBHO YCTONYMBA, TO CIY-
yaiiHOe HEOOJBIII0Ee HAPYIICHHE YCTOMYMBOCTH MOKET MPUBECTH K OBICTPOMY Hapac-
TaHUIO MMOTPENTHOCTEM, BILUIOTH 10 “aBOCTOB”. [103TOMY BO MHOTHX Clydasix MpEaIo-
YTEHUE OTJAIOT OE3yCIIOBHO YCTOMYHMBBIM SBHBIM cxeMaM. B oOmieM ciiydae HesB-
HYIO PA3HOCTHYIO CXEMY MOKHO 3aIlicaTh B BUJIC

1

F(Yi,k+1 - 2yi,k + yi,k—l) = A[G Yikn t (1-20)- Yik TO Yixa ]+ fi,k’

2

c
Ay = F(Yin,k —2Yi Vi)
JlanHas cxeMa 0€3yCJIOBHO ycToWuuBa npu 1/2 > c=1/4 u uMeeT NopsioK

2 2 o
ammpokcumanuu O(At” +Ax”) . IIpu o< 1/4 srta cxema yCIIOBHO YCTOWYMBA IIPH
1

At<A-(1-40)2.
IIpn o =0 cxema npeBpamaeTcs B pacCCMOTPEHHYIO BbIIIE ABHYIO cxemy. [11a0-
JIOH HESBHOM CXEMBI PEICTABJIEH HA PUC. 5.

F
1-1, k+1 1, k+1 1+1, k+1
. . X
i-1, k i, k i+1, k

i-1, k-1 i, k-1 i+1, k-1
Puc. 5. [11a0i0H HEIBHON CXEMBI.

B HesiBHOI cxeMe pa3HOCTHast popMyJia UCHOJIb3YeT HE MATh TOYEK I1abJIOHa,
KakK cxema “Kpect”’, a JeBSATh TOYEK .
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3. OCHOBHBIE TPEBOBAHUA K KYPCOBOI PABOTE

3.1 3amanue Ha KypcOBYIO paboTy

CTyzeHTy, BBINIOJHSIONIEMY KYpPCOBYIO paboty, (hopMynupyercs 3aJaHue cie-
IYIOIIETO BUAA:

- pa3palboTaTh YUCIECHHYIO MOJIENb, AITOPUTM U IPOrpaMMy pacuera 0 3aJaH-
HOM MAaTeMaTU4YeCKOM MoJenu. BeimosHuTs TECTHpOBaHME nporpaMmmsl. [Iposectn
BBIYMCIINTEIIBHBIE YKCIIEPUMEHTHI U UCCIIEN0BATh BIMSHUE NIapaAMETPOB PAa3HOCTHOM
CXEMBI Ha TOYHOCTb M YCTOWYHUBOCTD PEIICHUS.

B 3amannu Ha KypcoByI0 pabOTy yKa3bIBAaeTCs €€ TEMa U CPOKHU BBINOJIHEHUS.

3.2 ConeprkaHue MOSCHUTEIHHON 3aITUCKU

[TosicHuTebHAS 3aMIMCKA COCTOUT U3 CIIEAYIOIINX PA3/ICIIOB.

e AHHOTaNUA

B anHoTanum naroTcs KpaTkas XapakTepUCTUKA PaOOThI, OIEHKA UCIIOIb3YEMbIX
METOJIOB U MOTYYaeMbIX PE3YJIbTATOB. AHHOTAIUS COACPKUT TAK)KE CBEIEHUS 00
00beMe paboThl, KOJUYECTBE WILTIOCTPAIUid, TAOIHI], KOJTUYECTBE UCTI0JIB3YEMbIX
MCTOYHHUKOB.

e BBeneHue

Bo BBeneHuu noimkHa OBITH H3JIOKEHA IIEiIb PadOThl, 0OOCHOBaHA HAy4YHO-
TEXHUYECKas I1€JeCO00pa3HOCTh MPOBOAMMOTO HcciefoBaHus. B sTtom pazpaene
JOJDKHBI OBITh OTPa)XKEHbI OCHOBHBIC HAYYHO-TEXHUYECKHUE HUJICH, TTOJIOKEHHBIE B OC-
HOBY JTaHHOW paOoOTHl. BBeneHne 3aBepriacTcsl MEPEUNCICHUEM Pa3IesioB pabOTHI ¢
KPaTKOW XapaKTEePUCTUKON COJIEPKaHUS KaKI0TO U3 HUX.

e [locTaHOBKa 3a1a4n

B nanHoM paszenie mpuBOAMTCS KpaTKas XapaKTEepHUCTHKA oOLIel npobieMaTu-
KH, K KOTOPOH OTHOCHUTCS AaHHas pabota. JlaeTcs mojiHOEe W JIeTalbHOE OMUCAHUE
KOHKPETHOM 3a7]aui C MCIOJIb30BAaHUEM TEPMUHOJIOTUHU, IPUHATON B JIaHHOW 00Oua-
ctu TexHHuKU. [IpuBoamMTCS 000CHOBaHUE IEIECO00PA3HOCTH BHIOPAHHBIX METOJIOB
pELIEHUS IOCTABJIEHHOM 3a1a4H.

e MaremaTnueckas MocTaHOBKaA 3aJjauu

B nmanHoMm pazneine npenctaBigeTCs MaTeMaTHdecKass MOAEIb UCXOAHOM 3ajia-
YH, B TEpPMHHAX KOTOPOH 3ajada (opMyIHpyeTcs Kak YUCTO MareMaTudeckas. I1pu-
BOJIUTCS MOJIPOOHBIN aHATU3 UCTOUHUKOB HEYCTPAHUMBIX IMOTPEITHOCTEH:

- aHAJIN3 JIETAJIe UCXOHOM 3a/1a4M, HE YYTCHHBIX MATEMATHYECKON MOJIENBIO;

- aHaJIW3 OIIHMOOK, CBSI3aHHBIX C HETOYHBIM 3aJJaHUEM MCXOIHBIX JaHHBIX.

e Meroa perieHus 3a1a4u

B stom pasznene moapoOHO M3naraeTcsi BRIOpaHHBIA METOJ PEIICHHUs 3a/1ayH,
AHAJIM3UPYIOTCS UCTOYHUKHU MOTPEIIHOCTH METO/a, yTH X YMEHBIIECHUS U BO3HH-
KAIOIINE MPU 3TOM TPYAHOCTH.
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3.3 OdopmiieHre TOSCHUTEIIBHOM 3aIUCKU

[TosicHuTenpHas 3aMUCKa K KypcOBOM paboTe MMEET CISAYIONIYIO CTPYKTYPY:

- THUTYJIbHBIN JIUCT;

- 3aJlaHKi€ Ha KypCOBYIO paboTy;

- aHHOTAIIUIO;

- coZiepKaHue (C yKa3aHUEM Ha3BaHUM Pa3fesioB U COOTBETCTBYIOIIMX HOMEPOB
CTpaHHUII);

- paszfenbl MOSICHUTENLHOM 3alUCKU (B COOTBETCTBHUM C ITYHKTOM 3.3);

- CIMCOK KCIOJIb30BAHHOM JINTEPATYPHI.

[TosicHuTenbHas 3amucKa JOJKHA ObITh HAMKMCaHAa aKKypaTHBIM Pa300pyYHUBBIM
MOYEePKOM Ha JBYX CTOpOHAx JIMCTOB Oejoi mwmcueir Oymarm Qopmara A4
(210 x 297 mM). 3anucka nomkHA ObITH 0()OpMIIEHA B COOTBETCTBUHU CO CTAHIapPTOM
U MIOJIIMCaHa CTYJICHTOM Ha MOCJIEHEN CTpaHUIIE.

C neBoil CTOPOHBI JUCTa HEOOXOJAMMO OCTABUThH MOJIE, IIUPUHON 25 MM, CIly-
)Kallee JJIsl CIIMBKM JIMCTOB, a C MpaBoi - mupuHoi 10-15 mM. Bee cTpaHulibl Tek-
CTa JI0JHKHBI OBITH TPOHYMEPOBaHbl. Kak1plii pUCYHOK, TaOJIMIIA JOJDKHBI UMETh MO~
PAIKOBBIM HOMEP U HAa3BAHUE.

Pucynoxk (Tabnuia) noMmemaerca B 3alMCKe Ha JUCTE, UMEIOIIEM HOMEp. Ipu-
YeM HE paHee TOW CTPaHHUIlbl, HA KOTOPOW Ha HEro CAejaHa CChUIKA B TEKCTe. B 3a-
MMCKE HE JI0JHKHO OBITh PUCYHKOB U TaOJIMIl, HA KOTOPhIE HET CChUIOK. Kaxkaplil pu-
CYHOK M TaOJuIa AOJKHBI UMETh Ha3BaHHUE.

@opmMynbl, ypaBHEHUSI U APYTUE MATEeMaTUYECKUE BBIPAKEHUS MOTYT MOSIBUTh-
Csl B TEKCTE TOJIBKO TIOCJIE COOTBETCTBYIOIIETO MOSICHEHUSI.

3anucka B 1I€JIOM JI0JKHA MPECTABISITE COOOM CBA3HBIN TEKCT, JOCTYIHBIN JJIsI
NOHUMAaHUA 0€3 TOMOJHUTENIbHBIX YCTHBIX MMOSCHEHUM.

[Ipu nMcnonb30BaHUM JTUTEPATYPHBIX UCTOUYHUKOB 00SI3aTEIIBHO JEIaeTCs CChLI-
Ka Ha UCTOYHMK. [Ipu 3TOM B KBaJpaTHBIX CKOOKaX YKa3bIBA€TCS €ro MOPsIKOBBIN
HOMEp B CHUCKE HMCIIOJIb30BAaHHOM JUTEpaTypbl U HOMEpP CTPAHUIbI WM PUCYHKA,
Hanpumep [7, c.15], [10, ¢.203, puc.2.15].

3aroioBKY pa3/iesioB MUIITYTCS KPYMHBIMUA OyKBaMH WJIA BBIJCISIOTCS TOI4YEp-
KUBaHHUEM.

4. TIOPSITOK BBIMTIOJIHEHU S KYPCOBOM PABOTHI

Ha BbInoJIHEHHE U 3alIUTY KypCOBOW PaObOTHI OTBOJIUTCA JECATH HEJETb.

BrinonHeHnne HauMHaeTCs ¢ aHaK3a 3a/laHus U 0030pa JTUTePaTyphl.

B npouecce paboThl CTYIEHT MOXET MOJIb30BaThCA KOHCYIbTauuaMu. Kypcosas
paboTa BBINOJHAETCS 10 rPaPUKy, KOTOPBIA TOBOJUTCS 10 CBEJCHUS CTYJIEHTOB OJI-
HOBPEMEHHO C BbIIAYEU 3aJaHMUS.

B cepenune cemectpa kadenpa npoBoJUT CMOTP TOTOBHOCTH KYPCOBBIX padoT,
COCTaBJISIET U JOBOAMT JO CBEACHUS CTYACHTOB IpaduK 3alIUThl MU padOT mepen
KOMUCCHUEMN.
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S. TIPEACTAB/IEHUE PABOTHBI K 3AHIUTE

[lepen 3amurTol K yKa3aHHOMY CPOKY CTYIAEHT NPEACTABISAET BBIIOJIHEHHYIO
KypCOBYI0 pabOTy Ha 3aKJII0YEHHE PYKOBOJUTENIO. PyKOBOIUTENb OTMEYAET OTCTYTI-
JIEHUS OT 3aJaHusl U TpeOoBaHUM K 0(DOPMIICHUIO MPOEKTA. 3a JBa JHS JI0 CpOKa 3a-
HIUTHl PYKOBOJUTENb 00s13aH BO3BPATUTH MOSICHUTENBHYIO 3aMKMCKy CTYACHTY IS
aHaJIM3a 3aMEYaHul U TIOJITOTOBKHU K 3aIllUTE.

B cnyuae, ecnu pykoBOAMTENb CIENIAET BBIBOJI O HEBO3ZMOXHOCTH JOMYyCKa CTY-
JIeHTa K 3allluTe KypcOBOW paboThl, MOCIEeTHUIN 00s13aH mepepaboTaTh MaTepuai B
COOTBETCTBUU C 3aME€UaHUSIMH U BHOBb IIPEJICTABUTH €r0 Ha 3aKJIIOUYECHUE.

Jlnst  3anuThl pabOTBI  CTYACHT COCTABJISIET JIOKJIAJ, pPACCUMTAHHBIA Ha
5...10 mun. B noksnane 10mKHBI OBITh U3JI0KEHBI OCHOBHBIE BOIIPOCHI BHITTOJTHEHHOM
paboTHLI.

3amura paboThl MPOBOJUTCS MEpe]l KOMUCCUEH, COCTaB KOTOPOM Ha3HAaudaeTcs
kadenpoii. [Tocne noknaga CTyJEHT OTBEUAET Ha BOMPOCH! YICHOB KOMHCCHH IO CO-
JepKaHUI0 pabOTHI U OOIIETEOPETUUECKOMY MaTepUaly.

CryaeHT, HE CyMEBIIMN 3alUTUTh CBOIO paboOTy mepea KOMUCCHUEH, MOJTydaeT
HEYJIOBJICTBOPUTENHHYIO OIeHKY. [IpM 3TOM KoMHccHs W3laraeT MOTHBBI CBOETO
pelIeHUs U MPEIJIOKECHUsI, Kacaroluecs: JopaOOTKH BBHIMOJIHEHHOTO 00beMa WU BbI-
Jadu HOBOTO 3amaHus. K mOBTOpHOI 3amuTe CTYJEHT JOMYCKAeTCs JHUIIb MOCTe J0-
paboTKU KypCcoBO# pabOThI (BBIOTHEHUS HOBOU KypCOBOM pabOThI), HOBOTO 3aKIIIO-
YEHUS PYKOBOJUTEIIS ¥ TIPY HATMYWHW HAIIpaBJICHUS JCKaHaTa.
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