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AHAJIMTHYECKAsl TeOMEeTPHUA B MPOCTPAHCTBE R3
BekTopHas ajareopa

HexkoTopkle CBECHUS U3 TCOPHUU

BexTop — HanpaBiIeHHBIN OTPE30K.

PasenctBo
a= (x, v, Z) 1)
O3HAYaeT, YT0 X, V, Z — MPOEKIMH BEKTOPA Ha OCH KOOPIMHAT UITH €r0 JEKapTOBbI
KOOP/INHATHI.
dopmyiia
|ﬁ|=\/x2+y2+22 2)
TIO3BOJISIET [0 KOOPAWHATAM BEKTOPA OTPEIEITUTh €10 MOIYJIb.
g2 Z Ecnu @, 3, ¥ — yriisl, KOTOpbIe BEKTOp 00pa3yer ¢
i TIOJIOXKHMTEIILHBIM HAITPABJIEHHEM OCEH KOOPIUHAT, TO
B coSQl, coS[, cosY Ha3BIBAIOTCS HAPABISAIOIIUMH
o KOCHHYCAaMHU BEKTOpa d .
0 >y x=|d|cosa, y=|d|cosB, z=|d|cosy, (3)
d cos® oL+ cos” B+ cos” v =1 4)

Ecnu n3BecTHBI Hauaso Bektopa M, (xl, Y1 Zl) u

koneny M, (x2 , Vo, 22) , TO KOOpJMHATHI BEKTOpA HAXOATCA 10 (hopMyiam

X=Xy =Xy, Y=Yy~ Z2=2 —Z. ()
Econ 67=(x1,y1,21) u bZ(X2,y2,Zz),TO
Gtb=(x tx5, y1 £y, 2, £2,) (6) u

ad = (o, oy, 0z ), Tae O — M060oe Yo,
BekTopbl, Jiexkaniue Ha OJHON WK MapajuiebHbIX PSIMbIX, Ha3bIBAIOTCS
KOJUIMHeapHbIMH. [IpH3HAK KOJUIMHEAPHOCTH BEKTOPOB d 1 b :
M_n_a -
X V2 23
k HasblBaeTCA KOOPMHATHBIM 6a3HCOM:

117

—
.

Tpotika BEeKTOpOB 1,

- —

BekTops! i, j, k wHanpasmenst o ocsim cootserctBenro Ox, Oy, Oz B
MIOJIOKUTEIBHYIO CTOPOHY.
JIro6oit BekTOp @ = (x, Y, Z) MOKET OBITh MPEJICTABIICH B BUJIE

a=xi+yj +zk. (8)
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CKaJIIpHBIM IPOU3BEICHUEM BEKTOPOB d = (xl, 1 Zl) u b= (x2 , Vo, Zz)

HAa3bIBACTCA YHCJIO, paBHOC ITPOU3BCACHUIO MOI[YJI€I>'I 9TUX BCKTOPOB HAa KOCHHYC YI'Jla
MCXKIY HUMHU.

5-[32|5|-‘5‘-C05(p, 9)
5-Z;=|5|-npﬁl;=‘l;‘-np55, (10)
a-a=a’=|al’, (1) re.
CKaJSIPHBIA KBa/IpaT BEKTOpPa PaBEH KBAAPATy €ro MOIYIIS.
C_i b = xl.X2 +y1y2 +2122. (12)
Ecmu dlb, to
x1x2 +y1y2 +Z122 = 0 (13)
XXy + +z,Z
cosQ = 2 ; 2 i’lh 21 2 : : (14)
\/xl Tyt ‘\/xz TV T2

Ecnmu BexkTop F mM300pakaecT CHITy, TOYKA MPHIIOKECHHUS KOTOPOM

NnepeMeiacTCsa U3 Hadajia B KOHCII BCKTOpa S , TO pa60Ta 9TOU CUJIBI OIIPCACIIACTCA

W=F-S. (15)

—

BekTOpHBIM IIPOU3BEICHUEM BCKTOpa a Ha b HaspIBaeTCs TaKou BCKTOpP

¢ = a X b, KOTOPBIiA yIOBIETBOPSET CIEAYIOIIUM TPEM YCIOBHUSIM:
1.|¢] =|Zz|-‘b ‘-Sin(p, rae (¢ — Yroia MeXIy BEKTopaMu a U b
2.cla u clb;
3. BeKTOp C 0Opasyer ¢ BeKTopaMM d K b «IpaByro» TPOHKY.
BeKTOpHOE IIPOM3BEICHHIE 3aBUCUT OT IIOPSIKA COMHOKHTENIEH

axb=-bxa. (16)
Moayib BEKTOPHOTO IIPOM3BEIEHHS PABEH ILIOMIAIM MapajlIeIorpaMma,
IIOCTPOEHHOI0 HA BEKTOpax d W b:

Sz‘éxl;, 17)

1. -
SAz—‘axb‘. (18)
2
Ecnu Bektopsl d u b xommuneapnsl, To a@ X b = 0, B yacTHOCTH,
axa=0.

Eciu BEKTOPBI 33/1aHBI KOOPAMHATAMU d = (xl, Yi» Zl) , b= (xz, Y, 22),

axb=|x y z| (19)
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Ecnu BekTop F U300pakaeT CUILy, IPUIIOKEHHYIO B KAKOM-HUOYIb TOUKE
M, aBektop a wuner u3 Hekotopod Toukn (O B TOuky M, TO BEKTOp a X F
NpEeCTaBIsIeT CO00 MOMEHT CHIIBI F orHocuTensHO Toukn O
mF=dxF. (20)

—

CMeIauHbIM OPOU3BEIEHUEM TPEX BEKTOPOB d, b, ¢ Ha3bIBaeTCs YUCIIO,

PaBHOE BEKTOPHOMY TPOM3BEAEHHIO d X b , yMHOKEHHOMY CKaJISPHO Ha BEKTOP C,
T.€.

abéz(axb).aza.(bxa). 1)
CMenranHoe npousseieHe abc paBHO 00bEMyY TapajlleenuIea, IOCTPOEHHOTO

Ha BEKTOpax d, b, C, B3ATOMY CO 3HAKOM «ILIIOCY, €CIIK Tpolika d, b, ¢ mpasas, co
3HAKOM «MHUHYC», €CJIM 3Ta TPOWKa JieBasl.

V =+abé. (22)
ECJII/I BCKTOpI)I KOMHJIaHapHI)I (HC}KaT B OJIHOI>’I HJ'IOCKOCTI/I), TO
Ghé = 0. (23)

Jns Bextopos d = (X1, ¥1,21), b=(x5, ¥5,25), ¢ =(x3, y3,23) cMemantoe
IpoM3BeICHHE onpeensercs HopMyIon

I B B G B
abc=\x, y, 2| (24)
X3 V3 Z3

3agauva 1. Ha MarepuanbHyI0 TOUKY JE€UCTBYIOT CHJIBI:
F=02-11), F=(-1,22), F=(11-2).
Hatiti paboTy paBHOJICHCTBYIOMIEH dTUX CHJI R [IPU NIEPEMELICHUN TOYKHU U3
TIOJIOXKEHUS A(2, -1, O) B IIOJIOJKECHUE B(4, 1, - l).
Pemenune. Haliem paBHOIEMCTBYIONIYIO
R=F+F+F=02-1+L-1+2+1,1+2-2)=(2,21).
BexTop nepemenienus o popmyne (5)

= — >
S= 4B =(4—2, 1+1,—1—O)=(2, 2, —1).
Hckomyto paboty Haxoaum o popmyne (15)
W=R-S=2-2+2-2+1-(-1)="7.
3amaua 2. Jlana cumna F= (3, 4, —2) U TOYKA €€ MPUIOKCHHUS A(2, -1, 3).

Haiitu MOMEHT CHJIbl OTHOCUTEIILHO Hayalia KOOpAHHAT U YIJIbl, COCTABJISICMBIC M C
KOOpANMHATHBIMHU OCSAMMU.

—

Pemenue. ITo popmyne (20) mFEF=FxF. Bektop 7 = OA 1o dpopmyne
(5) uMeeT KOOpAMHATEI 7 = (2, -1, 3), o popmyne (19)



k
FxF= 3 |=-10i +13] +11k.

J
-1
4

(ST \O Ity

-2

Urak, moﬁ = (— 10, 13, 11). Moayns MOMEHTa Haxo UM 1o ¢opmyie (2):
| mF| = (~10)% +(13)” +(11)> = V390 ~ 19,748,

Hamnpaginsitoniue kocunycsl no popmyne (3):

CosSO. = _—10 =—0,506, cosP = i = 0,658, cosy = L =0,557,
19,748 19,748 19,748

a yIJIbl, COCTABIIsIEMbIE MOMEHTOM CHJIbI C KOOPAUHATHBIMU OCSIMHU, CIIEIYIOLINE
o =120"24, B=48"51, Y =56"9".
KoHTposb: 1OMKHO OBITH cos” o+ cos’ B+ cos” v =1 VY Hac:
(- 0,506)° +(0,658)” +(0,557)* = 0,999.

3amaua 3. HamucaTh pasioKeHHE BEKTOPA X = (5, 16, 2) 10 BEKTOpaM
]3=(2, 1, O), ﬁz(O, -2, 0), 17=(—1, 5, 2).
Pewienue.
1. Pasnoxenue BeKTOpa X 10 6asucy p, g, ¥ HMEET BUI
X=0yp+0,q+asr
MK B KOOPJIHHATHOHN (hopme
Xy =0 py +0pq; + 03

Xy =0 Py T0yq) T 030,
X3 =0 p3 + Qg3 + 0373,
2. C y4eToM YMCIIOBBIX 3HAYEHUH KOOPAMHAT BEKTOPOB P, ¢, ¥ U X
IIOJIY9MM CHCTEMY YPaBHEHHMI OTHOCUTENBHO HEH3BECTHBIX 0Ly, Oly, OL3:
2-OL1+0-OL2—1-0L3=5 2(11:54‘&3 (X.1:3
1'(1,1_2’(124‘5'(13:16 — 20L2=OL1+50L3—16 f— OL2=—4
0-0L1+0-OL2+20L3=2 OL3=l OL3=1.
3. Pasnokenme BeKTOpa X M0 BEKTOpaM p, ¢, I WMEET BHI:
Xx=3p—4qg+r.
Otser: X =3p—4q +7r.
—
3agaya 4. B mapamnenemunene ABCDA;B\C\D, Bextopsr AB = p,

_ —

AD =¢q, AA; =r obpasyior 6asuc. Pasnoxurs Bektopst AG, AP, AN,

10 BeIOpaHHOMY 6asucy, eciu Touka G menut pedpo DD, B oTHOIIE-
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Huu 1:2; Touka P — Touka nepeceuenus auaronaneil rpanu DD C|C; touka N,
— cepeauHa pedpa B C;.

Pemienwe.

[TocTpoum yeprex. HemocpencTBeHHO U3 yepTexka Clexyer:

AP :AP1+APz+P2P—

¢ AN, = AB+ BN + NN, = p+

— 2. —— 1

Oreer: AG =qg+=r, AP =—p+qg+

UJ
(\]
N | —

IIpsaMasi 1 MIOCKOCTH
Ilnockocth. Ee ypaBHeHus

Ax+By+Cz+ D=0 - (25)
00l1IEe ypaBHEHHE IIOCKOCTH.
A(x—xo)+B(y—yo)+C(Z—Zo)=O — (26)
ypaBHEHHE IUI0CKOCTH, IIpoxozswei yepes Touky M, (x,, v, z,)
IEPIEHIUKYIIIPHO BEKTOPY 1 = (A, B, C ) .
Tileian - 27)
a b c
ypaBHEHHE IJIOCKOCTH «B OTPE3Kax». 31eCh d, b, ¢ — BEIUYUHBI OTPE3KOB,

OTCCKACMBIX IINIOCKOCTBIO HAa OCAX KOOPAHHAT.
Ax+By+Cz+D
=0 - (28)
+ \/ A* +B* + C?
HOpPMaJIbHO€ YpaBHECHHUE IIIOCKOCTH.

d_|Axo+Byo+CZo+D|
\/AZ+BZ+C2
PacCTOSIHUE OT TOYKH Mo(xo, yo,zo) 10 wiockoctd Ax+By+Cz+ D=0,
X=X Y=V Z—Z
Xo=X; Yo=Y Z—z;|=0 - (30)
X3=X V3= 2372

(29)
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ypaBHEHHUE TIOCKOCTH, IPOXOALIEH Yepe3 TPU TOUKU Al(xl, Vi, Zl) ,

Azl(xz’yzyzz)’ A3(x3,J’3’Z3)-

IIpamasi. Ee vypaBHeHUSA

Ax+By+Ciz+D; =0
{ 1 VT4 1 B (31)

A2x+B2y+ C22+D2 = O
oO11iee ypaBHEHHE MPSIMOM (MpsiMasi 3a7jaHa IEpeceYeHUEM JIBYX IJIOCKOCTEN).
X=X, Y-y, ZzZ—z,

= — (32)
m n p

KaHOHUYECKOE YpaBHEHHUE MpsAMoit, rne M, (xo » Voo Zo) — TOYKa, MPUHAJIEKAIIAs]

npsimoit, a =(m, n, — HAMOPaBJISIOIIUY BEKTOP NPSIMOU (BEKTOP, MapalieIbHbBIN
5 2

npsIMONA).
X=Xx,+mt
y=y,+nt -— (33)
z=2z,+ pt

MapaMeTPUIYECKUE YPABHEHUS TIPSIMOM.
X—X — Y= _ zZ—Z _ (34)
Xo—=X1 Vo= )V1 2272

ypaBHEHHE MPSIMOM, TPOXOIAIIEH Yepe3 IBE TaHHbIE TOUKU Al(xl, Vi, Zl) ,

Az(xz, Y2, 22)-

+ +
cos P = T T "t 7 PiPo - (39)

\/m12 +n?+pyp’ '\/m22 +m,% 4y
YTOJI Mey ABYMs PAMBbIMK, T€ d) = (my, ny, py) u d, =(my, ny, py) —
HATIPABIISIONINE BEKTOPHI PSIMBIX.

_ | Am+ Bn+ Cp|
siny = - (36)

\/A2 +B? + C? -\/m2 +n* +¢?
YOIl MEXKIY NPSAMOM M INIOCKOCTBIO, TAE 71 = (A, B, C) — HOpPMAaJIbHBIH BEKTOP

IUIOCKOCTH, d = (m n, p) — HaIpaBJISAIOMIMN BEKTOP MPSAMOM.

1 ? ’
28 AjA, AjAy AjAy| — oobem mupamunsr A; Ay A3 Ay, Toe

v

nupamuobsl

Al(xl’yl’zl)’ Azl(xz’)b:zz)’ A3(x3’J’3,23)’ A4(x4,J’4’Z4) — KOOpAMHATEI
BEPLUWH TUPAMHUJIBI.



1[¥2=%1 V271 2274
Vnupamu()bz = X3 X V3TV Zz 2| (37)
Xa =X Vo= 24725
3amaua 5. JlaHBI KOOPAWHATHI BEPITUH TUPAMUIBI A1(2, 1, — 1), A2(3, 0, 1),
A5(2, -1, 3), A4(0, 8, 0). Haitru:
1) yron mexny peopamu A4, u A Ay,
2) yron mexny peopom Ay A, un rpansio Ay A, Az;
3) o0beM nupamuasl V'
4) pacctosHue ot Touku A, 10 miockoctd Ay A, As;

5) Touky A4, CAMMETPUUYHYIO TOYKe A, OTHOCHTEIBHO IUIOCKOCTH
Ay Ay A
6) Touky A,', cumMMeTpruuHYIO TOUKe A, OTHOCHTENBHO IpsiMoil A As.

Pemenue.
1) VYron mexny pebpamu HaxoauM 1o popmyie (35).

—
a, = A4, = (3 -2,0-11- (— 1)) = (1, -1, 2) — HaIPaBJIAIONUH BEKTOP IPSIMOM

A1 4y;

—>

a, = AjAy = (O -2,2-1,0- (— 1)) = (— 2,7, 1) — HAIpaBJSIONINHA BEKTOP
npsiMoit Ay Ay.
1-(-2)-1-7+2-1 ~7 7

JR(=1)2 422 2P+ 72412 Vo5 18
2) CocraBuM ypaBHeHHe miockoctd Ay A, Ay, mpoxonsieit yepes Tpu

TOYKHU A1(2, I, - 1), A2(3, 0, 1), Ay (2, -1, 3) , o popmyie (30)

cosQ =

x=2 y—-1 z+1 x—=2 y—-1 z+1
3-2 0-1 1+1}=0, 1 -2 2 |=0,
2-2 —-1-1 3+1 0 -2 4

-1 2 I 2 1 -1
(=273 3-0-1)g 2+E+1)5 Tal-o

(x=2)-0-(y-1)-4+(z+1)-(-2)=0,
—4y+4-2z-2=0,
4y +2z—2=0 — ypasuenue mwiockoctu A; A, Az;

n= (O, 2, l) — HOPMAaJIbHBIA BEKTOP ILIOCKOCTH;

>
a=A Ay = (— 2,7, 1) — HaINpaBIISIONIUI BEKTOp MpAMoit A Ay .
Haxomum yron y wmexnay npsmoit A; A, n mnockoctsio Ay A, Ay mo dpopmyie
(36)
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0-(=2)+2-7+1-1 15
Vo2 422 112 -\/(—2)2+72+12 V554

3) Haxoaum o6bem nupamusl no Gopmyne (37)

=09114.

siny =

—> E— E—

V=£t—| 0 -2 4|=+—(-2+8-8-28)=——(-30)=15.
6|l-2 7 1 6 6

4) Paccrosinue ot Toukn A, 1o miockoctd A; A, Ay Haxoaum no opmyre

(29).
_|2-8+0-1] 15
Jarlt 5

(9] !
5) UroOsl HaliTu TOUKY A4, CHUMMETPHUYHYIO TOUKEe A, OTHOCUTEIBHO

=35~ 6,69.

mnockoct Ay A5 Az, caenaem cienyroree.

CocraBuM ypaBHEHHUE NPSMOM, MEPIEHIUKYIAPHOH iockoct Ay A, As,
npoxopsmeil gyepe3 Touxy A, 1o ¢popmyne (32). 3a HampaBIAIOMUIT BEKTOP
npsMOi a = n = (O, 2, l) OepeM HOpMaJIbHBIN BEKTOP MJIOCKOCTH, T.K. IpsiMast
HEePICHIUKYJIIPHA TUIOCKOCTH:

x-0 y-8 z-0 x_y-8 z
0 2 1 0 2 1
CocrtaBuM napaMeTpuuecKue ypaBHEHUS 3TOU npsmoit o popmye (33):
x=0
y=2t+8
z=1.

Haxonum Touky nepecedeHus 9TOH MpsAMOi ¢ IIOCKOCTbI0  A; A5 A5

x=0
x=0
y=2t+8
J t = y=—6+8=2 = 2(2t+8)+t—1:0,
Z:
z=1
2y+z—1=0

5t+15=0, t=-3.
[Tonmy4yaem Touky M| (O, 2, — 3); T.K. TO4Ka Aj CHMMETpHYHA TOYKE A4
OTHOCHTENBHO ockocTH A A, A3, To Touka M sBiseTcs cepeanHON OTpe3Ka
Ay Ay, mosTomy
X4 +Xxy 0 0+xy

Xy = ——*, , x; =0;:
M > > 4
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_Yatys 5 8+

: : p =4
Ym 5 5 Va4
Zy +24 0+2z, ,
Za = , —3= , z, = —6.
M 5 5 4
A4(0,—4,-6).

6) Uto6bI HaiiTH TOUKy A;', CHMMETPUUHYIO TOUYKe A, OTHOCHTEIBHO
npsamoil A; Ay, coctaBUM ypaBHEHHE ILIOCKOCTH, IPOXOJIALIEH Yepe3 TOUKy Ay
MepIeHIUKYIApHO npsiMoi  A; A; 1o dopmyre (26). 3a HOpMaIBbHBIH BEKTOP
IUIOCKOCTH 711 = d = (0, -2, 4) GepeM HampaBISIIOLINI BEKTOP IpsiMoit A A, T.k.
TUIOCKOCTh TEPIEHIUKYIISIPHA TPSMOH.
0-(x-0)—2-(y—3)+4-(z—0)=0, —2y+16+4z=0, y=2z—-8=0.
YpasHenue npamoit A, A; cocrasnsem no dpopmyne (34).

x—=2 y-1 =z+1 x=2 y-1_ z+1

2-2 —1-1 3+1 0 -2 4
ITapameTpuueckue ypaBHeHHs paMoit A Ay
x=2
y=-2t+1
z=4r—-1.
Haxonum Touky N mnepecedenus npsiMmoit A; Ay ¥ miockocTu:
(x=2
y=-2t+1
\z=dr-1
V- 2z—8=0,
1

b

-2+1-2(4-1)-8=0, -10:=5=0, 1=

X =2, y=—2(—%j+1=2, 224(—%)—12—3.

Wrak, Touka N(2, 2, —3). Tak kak Touka A cuMMeTpHuHa Touke Aj

OTHOCUTEJIBHO npsiMoit A; A3, To Touka N siBisieTcst cepeanHoii otpeska Ay Ay

Torzma
X4+ X} 0+xy "
INTTS 2= 5 0 4T 4,
" "
_Yat s _8+4 "
YN = T 2= 5 Vi =4,
z4 +z) 0+z)
Zy=2—"4 3= 4zl =-6, rtouxa A{(4, -4, -6).

2 2
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AHAJINTHYECKAS TeOMEeTPUS HA IJIOCKOCTH
Hexotopsie cBeneHus u3 reopuu
Ilpamvas auausa. Ee vypaBHeHue

Ax+By+C=0 — (38)
o011iee ypaBHEHUE MPSIMO.
X=X, V=Y,
= — 39
- » (39)

ypaBHEHHUE MPSMOH, MPOXOoIAIIeH uepe3 Touky M, (xo, Ve ) a= (m n) — BEKTOp,
NIapaJuyIeIbHbIA MPSIMOM.

A(x—xo)+B(y—yo)=0 — (40)
ypaBHEHUE MPSMOH, MPOXOAIIeH uepe3 Touky M, (xo , yo) C NEPHEHAUKYISIPHBIM
BEKTOPOM 1 = (A, B).

X=X _ Y= _ (41)
Xo =X V2=
ypaBHEHHE TPSMOI TPOXoAsIIeil uepes aBe Touku M l(xl, yl) u M, (x2 , yz) :

Xy
—4+—=1 - 42
Y (42)

ypaBHEHHUE TIPAMOI B «OTpE3Kax», TIe d, b — BEINYHMHBI OTPE3KOB, OTCEKAEMBIX
IPSAMOI Ha OCSX KOOPIUHAT.
yv=hkx+b — (43)
ypaBHEHHE NPSAMON C YIIIOBBIM KO3 uineHToM k = g u oTpe3koM b —
orcekaembiM Ha ocu Oy .
y—y, =k(x—x,) - (44)
ypaBHEHHE TPIMOM, IPOXOAAIIEH yepes Touky M, (xo , yo) C YIJIOBBIM

kooppurmenTom k.
_|Axo+Byo+C|

VA% +B?
paccrositHue oT Touku M (xo , yo) 1o npsimoit Ax+ By +C=0.
Ax, + By, + C
VA% + B?
OTKJIOHEHHE Touku M (x yo) OT TIPSAMOA.
A

k=-2 - (46)

yrioBoit koaddunuent npsimoir Ax + By +C =0,

d (45)

o= (45a)
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kl = k2 — (47)
YCJIOBHE MTapalICIbHOCTU HPSIMBIX.
1
ky=—— — (48)
1 k)
yCJIOBHE NIEPIECHIAUKYIIIPHOCTH HNPSAMBIX.
ky —k
tgp =| —=—L~ (49)
1+ kky

YTOJI MEXIY ABYMsI IPSIMBIMHU C YIJIOBBIMH KOG duumentamu ky u k.
3agada 6. JlaHbI cepeMHBI CTOPOH TPEYTOJIbHUKA
P(l, 2), Q(S, 1), R(— 4, 3). CocTaBUTh YpaBHEHHS €TI0 CTOPOH.
B(x;, v,) 1 cnoco6. Tak kak Touku P, O, R sBustorcs
cepeaunamu otpesko AB, AC, BC, 1o

DA NitNy g XNptxy o Mtx
2 2 2
AT R Oy 2LY2 o Y2 Fs g NtV g
2 2 2
Pemaewm nBe cuctemMbl ypaBHEHUM
X2+X3:10 %) +y3:_2
X1+X3:_8, y1+y3:6,
IIOJIy4aem
x; =—8 y1=6
X, =0 Vv, =0 A(— 8, 6), B(lO, —2), C(O, O).
X3 = 10, y3 = _2,

Tenepb cocTaBisieM ypaBHCHHS CTOPOH TPEYTOJIbHUKA, KaK MPSIMBIX, POXOIAIIUX
gyepes3 1Be TOUKH, 1o hopmyie (41).
VYpaBuenne AB:

X*+8 _ ¥=6  4i9p_20-0,
1048 —-2-6

Vpasuenne BC:
x—lO:y+2’ 45y =0,
0-10 0+2

Vpasuenne AC:
X8 _y=6 a0,
0+8 0-6

2 crioco6. He ompenenss koopaunat touek A, B, C, cocTaBuM ypaBHEHHE KaKI0H

u3 cropoH Tpeyroiasauka ABC, xak nmpsSMoi, IPOXOISIIeii Yepes 0Hy U3 BEPIIUH
tpeyroasuuka PQOR mapaiienbHO MPOTHBOJIEKAIIEH CTOPOHE.
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Vpasueune AB: mpsmas AB mpoxomuT yepe3 Touky P mapaiienbHO BEKTOPY

—
OR = (— 9, 4). Hcnonbzyem ypaBuenue (39).

L _ym2 o ariop-m=o0
-9 4
Vpasuenue BC: npsmas BC upoxoaut yepe3 Touky () mapauieibHO BEKTOPY
—>
PR =(-5,1).
— 1
X5 _ X = x+5y=0.
-5 1
Vpasuenne AC:upsmas AC mnpoxoaMt yepe3 TOUKy R mapaiieabHO BEKTOPY
—>
PO = (4, — 3).
4 _
XA y=3 o gxiap=o
4 -3

OtBer: 4x+9y—-22=0, x+5y=0, 3x+4y=0.
3amgaya 7. COCTaBUTHh ypaBHEHHUS KATETOB MPSAMOYTOJIBHOTO
paBHOOEIPEHHOTO TPEYTOJbHKKA, 3HAS ypaBHEHUE TUMOTEHY3bl 2X+ 3y —5=0 u

BEPIIMHY MPSIMOTO yTjia (2, — l).
B

N AB = BC (no ycnosumw), nostomy ZABC = ZACB =45,
45° kpc = —% (o popmyne (46)). Ypasuenus katetoB AB u BC
45°
A ) ¢ cocraBisieM o popmyie (44): y+1= k(x — 2).
k + 2
(g45" =|—>|. (49)
1-—k
3
k+—
—23 = 1.
1-—k

Pemrast 5Tu ypaBHEHUS, TOTYYHM:
1 1
k:g, y+1:g(x—2), Sy+5=x-2, x—=5y-7=0.
k = -5, y+1=—5(x—2), y+1==-5x+10, 5x+y-9=0.
Oteer: x—5y—-7=0, 5x+y—-9=0.

3amauya 8. B TpeyrosbHHKE ¢ BEpIIMHAMHU A(3, — 2), B(— 1, 1), C(S, — 7)
HaiiTh Guccextpucy BHyTpennero yriaa LABC.
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B_x 1) CocraBum ypaBHenus cropou yrnma ZABC,
BOCITOJIb30BaBIIUCH (hopmyoit (41).
5102 Cropona BA:
+1 -1
oo Cx—4y+1=0.
3+1 —-2-1
Cropona BC:
+1 -1
T YT _8x—6y-2=0.
4 C 5+1 —-4-1
\ N 2) Touku OGUCCEKTPUCHI paBHOYJAJIECHBI OT CTOPOH yrJa.

[pupaBHsieM PaCCTOSIHUSI OT IIPOU3BOJIBHON TOUKH
ouccexrpucel M (x, y) 1o cropod yriia BA u BC, Beraucisis ux mo Gopmysie
(45).

|-3x—4y+1| |-8x-6y-2] |—3x—4y+1| |—8x—6y—2|
e Jeee |3 0
W3 mocieiHero paBeHCTBA MOTydaeM CIICIYIOIIUe ABa:
2(-3x-4y+1)=-8x—6y—-2 u 2(-3x—-4y+1)=—(-8x—6y-2).
[Tocne nmpeobpa3oBaHUs MOTyIaeM YPABHEHHS JBYX MPSMbBIX, KOTOPBIC SIBISHOTCS
OuCcceKTprcaMy BHYTPEHHETO U BHEIITHETO YIJIOB MpHU BepuinHe B TpeyrojpHUKA

ABC:

x—y+3=0 (@)
H x+y=0. (0)
JInst GUCCeKTpUCH BHYTPEHHETO yIia TpeyroibHuka BN OTKIOHEeHUs BepIIUH
tpeyronbinka A u C HUMEIOT pa3Hble 3HAKH, a JIJIsi OMCCEKTPUCHI BHEIITHETO yIiia

BK — 3HaKku OTKJIOHEHUI OJIMHAKOBBI.
Haiinem orkionenus touek A u C ot npsmoii (a) mo dpopmye (40,a):

3—(—2)+2 S5—(=7)+2
= ( ) :7>0, Oc = ( ) :14>0,
212 V2 iz V2
ClieZIoBaTeNbHO, ypaBHEeHHE (a) — 3T0 ypaBHeHHe npsimoii BK. Torma ypaBHeHue

OucceKTprChl BHYTpeHHEro yria tpeyroisuuka ABC mpu Bepuimae B
x+y=0.

0 4

Otget: x+y = 0.

JIMHUM BTOPOTro NOopsiAKka

OKpYXHOCTb. Y paBHEHHE
(x—a)2 +(y—b)2 = R? (50)

OIIpEEIsiCT OKPYKHOCTh paanyca R ¢ IeHTpOM C(a, b). Ecnu nentp

OKPY>KHOCTHU COBIIAJIAET C HAYAIOM KoopauHar, T.e. d =b =0, 10 ypaBHeHuUE
OKPYKHOCTH MPUMET BUL
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x?+y? =R%. (51)
O6miee anrebpanueckoe ypaBHEHHE BTOPOU CTETIEHU
Ax* +2Bxy+ Cy? +2Dx +2Ey + F =0
ecTh ypaBHeHHe OKpyxHocTH, eciu A=C#0, B=0, te.

Ax? + Ay* +2Dx+2Ey+ F =0. (52)
DJLIUIC.
2 2
2—2 + Z—z =1 - (53)
ypaBHEHHUE dJUTUICa (KAHOHUYECKUN BU).
b =a*-c?, a>b. (54)
B sToM citydae pokychl imunca UMEr0T KOOpIUHATHI
Fi(—¢, 0) u Fy(c, 0). (55)

Hauano koopauaar O — 1EHTP CHMMETPHH BIUTHIICA, & OCH KOOPIHHAT — OCH
CUMMeTpHUH dJuturca. Touku Al(— a, O), A, (a, 0), BI(O, —b), B, (O, b)
HA3BIBAIOTCS BEPILIMHAMHE JUIHIICA, d U b — Goubliast u Masas OJIyoCH.

Beanuuna

c
e=—<1 (56)
a
Ha3bIBAETCS SKCIIEHTPUCUTETOM DJUTHIICA. DKCIIEHTPUCUTET XapaKTEPU3yeT

BBITAHYTOCTD 3JIJIMIICA, T.K. BBIPAKACTCA 4CPC3 OTHOMICHUC €TO HOJIYOCCIZ
2 2 2
c ~Na“-b b
E=——==— = 1 — .
a a

(57)
a

OKpY>KHOCTH MOYKHO CYMTATh YACTHBIM CIy4aeM dJUIMIICA, Y KOTOporo a = b,
T.e. €=0.

xX=t— — (58)

RS

YpaBHEHUS TUPEKTPHC.
Ecnu dokycsl autunca pacmnosiokeHsl Ha ocu Oy, TO ypaBHEHHUE dJUTUIICA

umeert 1ot ke Bu (58), Ho b > a. POKyChl UMEIOT KOOPIHHATHL: F) (O, - c) 151

K (0, C). YpaBHEHUS TUPEKTPUC

y== (59)

™ | o

['unepGomna.

\S]

=1 - (60)

Q
@|‘<
[\
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KaHOHUYECKOE YpaBHEHHE TUIIEPOOIIHL.

b =c*-a*, a<c (61)
®oxycbl umeror koopaunatel Fi(—c, 0) u Fs(c, 0). Ocu koopauHaT SBIAIOTCS
OCSIMU CUMMETpHUH Tunep0osbl, a Touka O — neHTp cummMetpuu. ['unepoona
nepecekaeT och abcuuce B Toukax A (— a, O), A, (a, O), KOTOpPBIE HA3bIBAIOTCS €€
JeHCTBUTEIILHBIMH BEPIIUHAMH, & BEIMYUHA d — JCUCTBUTEIBHOMN MOJIYOCHIO
runep6onsr. Touku B;(0, —b) u B,(0, b) Ha3bIBAIOTCS MHUMBIMH BEpLIMHAM, 2

b — MHUMas MMOJIYOCh. HpSIMOYI‘OJIBHI/IK C OCHTPOM B HA4YAJIC KOOPpAUHAT U CO

CTOpPpOHaMH, MapAJJICIIbHBIMHA KOOPAWUHATHBIM OCAM U IPOXOIAIINMHA 9CPEC3 BECPIINHBI
FI/IHep6OJI]':»I, Ha3bIBACTCA OCHOBHBLIM IIPAMOYTI'OJIbHUKOM I‘I/IHep6OJIBI. Ero JruaroHalin

b

y==t—x (62)
a

SIBJISIIOTCSI aCUMIITOTAMHU THUTIEPOOJIBI, T.€. IPSIMBIMHU, K KOTOPBIM HEOTPaHUUYCHHO
PUOJIMKAOTCS BETBU TUTIEPOOJIBI.

OKCIEHTPUCUTET TUTIEPOOJIBI

e=S>1. (63)
a
2 2 2
oo C_Na +b” _ “{éj_ (64)
a a a

Ecin  a = b, runep6osia Ha3sIBa€TCs pAaBHOCTOPOHHEH. B 9TOM cityyae 0CHOBHOIM
NPSIMOYTOJILHUK MPEBPAIACTCS B KBAAPAT, & SKCIICHTPUCHUTET PaBeH + 2.

x=+4 _ (65)
€
JTUPEKTPUCHI TUIIEPOOJIBI.

Ecnu ypaBHeHuMe runepOobl UMEET BUJL

2 2
Xy
- —2 + —2 - 1 , (66)
a b
TO ACUMITOTHI THIIEPOOJIBI:
x== é y, (67)
a
boKyChI FI(O, — c), Fz(O, c).
y=t2 - (68)
€

ypaBHEHUSI TUPEKTPHUC.
ITapabora.
Kanonnueckoe ypaBHeHHE mapadoIIbl

y2 = 2px (p> 0), (69)
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I7I€ p — pacCTOsHUE OT POKyca 0 NTUPEKTPUCHL. Y paBHEHUE JTUPEKTPUCH X = —g,

KoopAuHATHI Pokyca F] (g, Oj . Hagasio koopuHaT siBisieTcss BEpIIMHON apadoIibl,

a 0Ch a0CIIMCC — €€ OChI0 CHMMETPUHU. DKCIICHTPUCUTET mapadbonsl € = 1.
B psne ciyuaeB paccMaTpuBaroT napadoibl:

a) y2 =-2px, F (— g, O) —dokyc, x = g — ypaBHeHHE AUpeKTpUch;  (70)
2 _ P __P :
0) x“ =2py, F (0, E) —dokyc, y = 5 ypaBHenue qupekrpucel;  (71)

B) x> =-2 py, F (0,—%) —¢okyc, y = g — YpaBHEHUE AUPEKTPUCHI. (72)

Jlns Bcex cimydaes p > 0.
3ajgaua 9. Cpeau NpsMBbIX MapauiedbHBIX MPpsiMoil 2x + y = 0, BeIaeuTh

2 2 _
KacaTellbHbIe K OKpY)KHOCTH X~ + )y~ =1

Pemenune. YpaBHEHHE BCAKOM NMPSIMOU, NApAIIICIbHON JaHHOW, MOKHO
3anucaTh B BUIE
2x+y+c=0.
KacarenbHas K OKpy>XHOCTH UMEET C HEH TOJBKO OJIHY OOIIYIO TOUKY, TO3TOMY
COBMECTHOE PELICHUE YPABHEHUN MPSAMON U OKPYKHOCTU JOJIKHO UMETH TOJIBKO
OJIUH OTBET.
W3 ypaBHEeHHUs npsiMoit Y = —2x — C.

y=-2x—c¢

x2+y2=1, x2+(—2x—c)2:1, 5x2 +4cx+c?—1=0.
KBanpatHoe ypaBHEHHE HMEET TOJIBKO OJHO PEIICHHE, KOTAa JUCKPUMUHAHT PaBEH
HYJIIO: (4c)2 —4. 5-(02 — l) =0, orkyma c= +/5.

I/ITaK, HCKOMBIC KaCaTCJIIbHBIC UMCIOT YPABHCHUA

2x+y++5=0, 2x+y—~/5=0.

3amava 10. Jlan amwrc 9x2 +25y2 = 225. Haiitu: 1) ero nonyocu; 2)

doxycsr; 3) sKcHeHTpUCUTET; 4) ypaBHEHUS JUPEKTPUC.

Pemienue. Jlenum Ha 225, nonyyaem

X2 y2
+

25 9
Orcroga caenyer o ¢popmyne (53),uro a=>5, b= 3. U3 popmynsr (54):

?=a’>-b>=25-9=16, c=+4.
ITo popmyne (55): Fl(— 4, O), F2(4, O).
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4
OkcueHTpucuret (56): € = c_ g
a
VYpaBne e c cormacHo (58): x == +25
BHCHHS JUPEKTPUC COTJIACH —=t—.
P peip 4/5 4
4 25

Oteetr: a =5, b=13; Fl(—4, 0), F2(4, 0); 8=§; xX=+t—.

3agaua 11. CocTaBUTh KAHOHUYECKOE YPaBHEHHE DILIUIICA, Y KOTOPOro Manas
nonyocs 2+/6, apaccrosHue Mexnay ¢pokycamu FiF5 =8.

Pemenne. b=2v6, F\F,=2c=8, c=4
2
ITo hopmyie (54): a’=b>+c?, a* = (2\/8) +4% =40, a=+/40 =210.

2 2
Y

+
40 24
3agaua 12. AcuMnToThI rHIIepOOIIBI UMEIOT ypaBHeHuss 4y +3x =0, a

VYpaBHenue sinurnica corinacHo (53):

paCCTOAHNUE MCKIY q)OKycaMI/I paBHO 20. HanmncaTh ee KaHOHWUYECKOE YpaBHCHHEC.

Pemienne. YpaBHeHus acuMnToTr y = +—x, coriacHo gopmyne (62):
4
b — 3 _ _ _ L2 2 2
e Kpome Toro F1F, =2c¢=20, ¢=10. Ilo popmyne (61): ¢“ =a” +b",
a
MOJTy4aeM CHCTEMY YPaBHEHHI
b_3
a 4
a® +b* =100.
Pemas ee, monyqaem a =38, b= 6. CienoBarenbHo, KAHOHHYECKOE YPaBHEHHUE
2 2
X
TUNepOOIIbl: — — Y -
64 36
X2 y2
3amaya 13. Jlana runepOoiia ? - T = —1. Haiiti koopauHaTh! (OKYCOB U

BEPILNH, IKCIIEHTPUCUTET, YPABHEHUS ACUMITOT U JUPEKTPHUC.
Pentenne. ®okychl 1aHHON TUTIEPOOJIBI pacoiokeHbl Ha ocu Oy .

a=1,b=3 c=va*+b* =J9+1=410. (61)
3HaunT OKYCHl UIMEIOT KOOPAUHATEL [ (0, — \/E) Fz(O, \/E) Bepnnbl
AI(O, — 1), A2(0, 1), Bl(— 3, O), 82(3, 0). DKCcHeHTpUCUTET 110 hopmyite (64):

., e=4/10.

C
E=—=
a

w‘%
o

VpaBHEHHS acUMITOT: X =t —y = x =13y,
a
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b 3
YpaBHEHMS AUPEKTpUC: Yy =F+— = y=t——.
c V10
3ajaua 14. Ilapabona ¢ BepuInHOM B Hauajae KOOpPAUHAT MPOXOJUT Yyepes
TOUKY A( I, - 2) ¥ CUMMETpHYHA OTHOCUTEIbHO ocu (Jy. Hamucate ee ypaBHEHHE.

Haiitu goxyc u aupexTpucy.
Pemienne. YpaBHeHue uckomoit mapadossl mo ¢popmyse (72) umeer BUI

x?=22 py. Touka A( I, - 2) nexUT Ha mapadoie. [loncTaBnsieM KOOPIUHATHI
1
touku A B ypaBHeHue: 1= —2 p-(— 2) = p= r CrnemoBaTenbHO, HCKOMOE

2 _ 1 _ A2
ypaBHEeHHUE Oyier X =3 y wm y=-2x".

1 1
®doky mapaboser: F (O, — gj . YpaBHEHHUE AUPEKTPUCHI coraacHo (72): y = 3

2 .
3agaya 15. Ha nmapabGone y~ = 4x HaWTH TOYKH, PACCTOSHHUS KOTOPBIX OT
JTUAPEKTPUCHI PaBHO 5.

Pemenue. YpaBHeHHE TUPEKTPUCHI TAHHOW Mapaboibl X = —B,

2p=4, p=2, x=—1. Torna paccrosiaue ot ocu (Jy 10 UCKOMOI

(=4 —g =5—1=4T104kHK U 3TO PacCCTOSIHUE ONPEICIIUT KOOPJUHATY X JIaHHOM

touku, T.e. X =4. KoopauHaTy ) HaiimeMm u3 ypaBHEHHS MapaboJIbl:
2 =4x, y>=4.4=16, y=+4.
Utak, M,(4,4), M,(4, —4).

1. Tlpenensi

[Tycth KaxkaoMy HATypaJlbHOMY YHUCIY n=1,2,.. NPHUBEJICHO B

COOTBCTCTBHC B CHIIY HCKOTOPOIrO 3aKOHA YHCIIO u Tor;[a roBOpAT, 4YTO

ne
onpeacicHa IIOCICAOBATCIIbBHOCTL  YHCCII Uy, Uy, Uz, ... HIJIK, KOpPOUYC,

ocjaea0BaT€abHOCTh (U, (. OTI[GJ'IBHI)I@ qyucia U, Ha3bIBAIOTCA €€ DJICMCHTAMU.
n n

Onpenenenue 1.1. Yucmo @ Ha3pIBaeTCs MPEIEIOM MOCIEA0BATEILHOCTH {un}

CCIIN IJIA JIFOOOTO TIOJOKHUTEIIFHOIO YHCIIa € HaﬁHeTCH 3aBUCAIIICC OT HEIO
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HaTypajibHOe uucio N  Takoe, 4TO /sl BCEX HATypallbHBIX uucen n> N

BBIIIOJIHAETCS. HEPABEHCTBO: | u, —a |< €. Ilpu stom mumyt: [im u, = a.
n—> 0

Ompenenennie  1.2. ToBopsr, yro QyHKIms [ (x) crpemurcsi kA

( f (x)—)A) Ipyd CTPEMJIEHHH K  d (x—) a), rme A w® a—uyucina, WIn

lim f (x) = A, ecnu gt moboro € >0 cymectByer O = 8(8) > (0 Takoe, 41O
x—>a

|f(x)—A|<8 npu |x—al|<3d.
Ananoru4no, [im f(x)zA, eciu |f(x)—A|<8 pu |x|>N(8) u

X—> 0

lim f( ) 00, €Cliu |f |>M pu |x a|< 8( ) rae M — nmpou3BoSIbHOE
x—>a

ITOJTOKUTCIIBHOC YHCJIO.

[Ipy BBIYMCIICHHH TPEACIOB MOXKHO HCIIONB30BATH CICAYIOIINE TEOPEMBI.
1. Ecim cymectBytot koneunsie  lim fi(x), lim f,(x), 1o
xX—>a xX—>a

a) llm[ Si(x) £ /(%) = lzm f1 )£ lim f(x)
0) j;"g[fl(x)-fz(x)k){l_'ggfl(x)-jgngfz(x),

lim fl(x)
f1(x) _ x—>a .
QAR RTYAR [ 1) 0).

2. Ecmm lim f(x) =A+#0, Ilim f, (x) =0 (4 —xoHeYHO), TO
X—>a X—>a
fi(x)

lim —— = o,
x—a fz(x)
ecnu  lim f(x) =A, lim f, (x) =0 (A — xoHe4HO), TO
x—>a Xx—>a
lim —fl (x) = 0.
x—a fz(x)

DTH yTBEP)KACHHS CIPABEUINBBI, €CIM BMECTO ABYX (GyHKumit  f (x) u

f2 ()C) B34Tb COOTBCTCTBCHHO JBC I10CJICA0OBATCIIbHOCTH ! {I/tn} " {Vn} .

B npocredimux ciyyasx HaxOXICHHUE Ipeliesia CBOAUTCS K IOJCTAHOBKE B
JAHHOE BBIPAXKEHHE MPEICIIBHOTO 3HAYCHUSI apTyMEHTA, 4acTO, OJTHAKO, PUXONUTCH,
MpeXAe YeM MEepPerTH K Mpeeny, MPOBOAUTh MPeoOpa30BaHUe TAaHHOTO BBIPAXKEHUS.
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910 caieayer aciiatb B TEX ClydasdX, KoOrja HMMCIOT MCECTO TaK Ha3bIBACMBIC

.0, o . . 0. q». 0
HeomnpeaeneHHoctu: —; —; 0.00; oo—o00; 07; 17; oo,
o0

IIpumep 1.1. Ilpu oThICKaHMM IpeAena OTHOLIEHWS JBYX LEJIBIX MHOTOYJICHOB
OTHOCHUTEJIIBHO X MNpU X —>00 WIA K MpU H1 —>00 IS TOCIEI0BATEIBHOCTEN

o0
(HeompeneneHHOCT, —) o00a 4ieHa COOTHOILIEHHUS TMOJE3HO MpeABaAPUTENIbHO
0 0]

pasjiennTh HA X' WM, COOTBETCTBEHHO, 71" IJie 71 — HAUBHICIIAS CTEIeHb YTUX
MHOTOYJICHOB.

AHaJOTUYHBIA MPHEM BO MHOTHX CJIydasX MOXKHO MPUMEHHUTH U JJIsl JPOOCi,
coJiepKalluX UppaoOHaIbHOCTH.

S 21 2 1
4,02 X (3+—2‘—4 3+ 57
a) lim Xt 1—(2): lim XX L i —X X -
X—>00 Sx +3x+2 0 x—)oox4(5+i+£j x—>005+i i
3 4 3 4
X X
lim 3+ lim %— limi4
X—>0 X—o© x X—>0 x 3+0+0 3

_ = ==, crTapuias ctereHs m =4,

lim 5+ limi+ limi 5+0+0 5

X—> 00 x—)00x3 x—)00x4

4
ACJIINTCA HA X .

- Wt —2m® + 2+ 48 +21
oo Yn* —3+2V4n* +9n

3. \/n4(9——+—j+4 3n3(8+21
= lim
—> 0
! 4l (1——4j+2- n4(4+%)
n n
3n2-\/(9—%+%j+4n-3/(8+2j
= lim non 2 _
" n-4/(1—i4)+2n2- /(4+%)
n n
3.J(9_z+34)+i.3/(8+2j
_ lim n o n n n 349
n—so | 3 9 0-Y1-=0+2-
— 4 l=—]+2- 4+ —
n n n

N

—0+0+0- 3\/8+O 9
J4 + 4
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% 2
(HeompeaeIeHHOCTh — , CTapIlas CTeNeHb M = 2, JCIUTCSI Ha N ).
o0

6) lim (3x + 1)

X—> 0

\/x2+4x+5—\/x2+4x+7l=[oo-(oo—oo)]:

(3x+1)\/x2+4x+5—\/x2+4x—7 -\/x2+4x+5+\/x2+4x—7]
= [im =
X Va? +4x+5+x2 +dx -7
(3x+1)(x7 +4x+5-x" —dx+7)
= lim =

x>0 \/x2+4x+5+\/x2+4x—7

, (3x+1)-12 (;x)
= lim — | =
>0 Jx2 4 x4 5+ x? +4x— 7 VX
12(3+l) 12-3
X—>0 4 5 4 7 1+1
1+—+—2+ 1+———2
X Xx X Xx

IIpumep 1.2. Ecmm P(x) 51 Q(x) — ILIeJble MHOTOYIEHBI X, P(a);t 0 wm

Q(a) # (0, TO mpemen pampoHaIBHON apodbum P/ (Q mnpu X —>a HAXOTUTCA
HernocpeacTBeHHo. Ecnu ke P(a) = Q(a) =0 (meompeneneHHOCTh 6), TO IpoOh

P/ Q pexomenmyercst COKpaTUTh OJWH MM HECKOJIBKO pa3 Ha (x — a).

CxP-3x+2 (oj , (x—l)(x2+x—2) o oxP+x-2
lim————=|—| = lim = [im =
—ix? —4x+3 \O x—>1(x—1)(x3+x2+x—3) —>lxd 4x?4x-3
:(Q):ﬁm (= 1x+2) _fimXr2 A+ 31

0 Hl(x_l)(x2+2x+3) >1x2 42x+3 14243 6 2

Ipumep 1.3. OpnHuM K3 NPUMEPOB HAXOXKACHUS Mpeaeiaa OT HUPPalMOHAIBHOIO
BBIPAYKECHUS ABJISIETCS MEPEBO UPPALUOHAIBHOCTH U3 YUCIIUTEINS] B 3HAMEHATEIb WU

0
Ha000pOT (HEOMPEICIICHHOCTh 0 ).
3 5+ (0) . (3-+5+x)(3++5+x)
a) lim———=|—=|=[lim =
41-Y5-x L0/ w4 (1-Y5-x)(3+ 5+ x)
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_ lim 9-5—x _
»+%1—%§iEX3+J§I})

=lim———lim——=lim ———

1
x>41—-3/5—x x>43+/5+x xo41-35-x 6
. (4—x{1+ 5—x+ﬁ(5—x)]

=—[im =

6x_>4(1_m)(1+3 5-x+3 (S—X)z)
1 (4—x)(1+35—x+3(5_x)2)

=— [lim =
6 x—>4 I-5+x
2
. (4—x{1+¥5—x+QK5—x)j | 3 3 _
=— lim :——lzm(l—k 5-x+ (S—x) )z
6 x—>4 x—4 6 x—>4

T ()R 2 4
? xh_’gxz_—hz_S i (_) i xll_lzzg(xz - 7x(8)(%/x72+2%/; +)4) )

= [lim x—8 = [im !
x%gg—xxx+03x2+2ﬂ}+4) *ﬁ%x+utf_+2J_+ﬂ
N S O
" 9.12 108’

[Ipumep 1.4. ITpu BbIYKMCICHUH TIPEAEIOB BO MHOTHX CIy4asiX UCHOJBb3YIOT «II€PBbIH
3aMeyvaTeNIbHbIN MPEeAeI»:

. sinx
lim =1,
x>0 X
CJICACTBHUEM KOTOpOFO SABIIAIOTCA npenenm:
tox . arcsinx . arxtex
lim =— & =1, lim =1, lim &x _ 1.
x—>0 Xx x—0 X x—0 X

tg2 4x - arcsin’® x B
: =

a) lim ctg2 3x — ctg2 S5x|:
x—0 X
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2 ) 2
tgdx 5 (arcsinx 5
. | cos®3x cos” Sx 4x X
= [lim — .

2

x—0 X

sin®3x  sin® 5x

2 2 2 N2
— Jim 1652 '{cos 3x cos Sx}. lim(tg4xj . lim(arcsznx) _

x—0 Sil’lz 3x Sinz S5x | x=>0 4x x—0 X
| cos®3x-16x? cos® 5x - 16x> )
= lim > — 3 1717 =
x—0 / 1
(Sm 3x) 02 (sme) 95,2
3x 5x

[16 16 > 16 16 256
= [im|—cos3x——cos“ 5x |=—-1—-——-1=——.
x—0| 25 9 25 225

2
(@) 4x? N 2sin® 2x

_ tg22x-\/1—cos4x 0 : 2x
0) lim > =|—=|=lim . =
x>0 x2 . gresindx 0/ >0 2 _(arcszn 3xj 3y
3x
2 :
. [ tg2x sin2x
lim (—j 4\/5( ) - 2x
x>0\ 2x . 42sin2x 2x 8/2
= , Aim ——— = [lim = :
Ji STCSIH 3x x>0  3x x—0 3x 3
im—-
x—0 3x
ITpumep  1.5. I[Ipy BhIUMCIIEHWH TIpeAeia  BBIPAKEHUS, COACPIKAIIETO

TPUTOHOMETpUYEeCKue QyHKmmMH, kKorma Xx —>a wu a#0, pexoMmMeHmyercs
IIPEABAPUTEIBHO IIPOBECTH 3aMEHY X —d = .

T-X
cos— g
lim 6 :(_):(X—?’:)/,J/—)O mpu x —3) =
=3 x—3 0
(y+3 ,
cosM I v _r oY
= [lim 6 =lim—-cos(—y+_j:]l’m 6 6 _
y—0 y =0y 6 2/ ys0 Wy
6
- SinM T i
=——1[im 6 __T -_I
6y->0 Ty 6 6
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[pumep 1.6. Tlpu BeIYKCICHUU TPEnesioB Buma [im [ f (x)](P(x) = C Heo0XoAnuMO
Xx—>a

HMCTb B BUY, UTO

1) ecnu cymiecTBYIOT KOHEUHBIC Tipenensl A = [im | (x), B=Ilim (p(x),
X—>a xX—>a

10 c=A" (4>0);
2) ecnmu [lim f (x) =A#1, [lim (p(x) = F00, TO BOIPOC O HAXOKICHUU
Xx—>a Xx—>a
mpeaesia C Pemaercst HemoCPEACTBEHHO;
3)ecmu lim f (x) =1, [lim (p(x) =00, TO CIEAyeT BOCIIOIb30BAThCS
x—>a Xx—>a

1

«BTOPBIM 3aMeYaTeIbHBIM NIpeAeIoM»: [im (1 + g(x)) g(x) = e, rme
xX—>a

g(x)—)O npu x >a u e=2/718....

x2

2 1 —®©
R ] ) ) R

x>\ 2% +x + 1

) 3xZ—x+1 3 ) x2
lim ———— = —, lim —— = —o0.
x>0 2x? 4x+1 2 x>0 x —1
. x+3 . .
0) lim(sm4xj — 43 = 64, tx. [lim Sindx = lim(sm 4xj -4 =4,
x>0\ X =0 Xx x—>0\ 4x
lim(x + 3) =3,
x—0
2x 2x
6) lim(3x+1) =(1°°)= lim(1+ / ) _
X— 0 3x—1 X— 0 3x—6
. 14x
3x_6. 7 2x 3x-6 xli>moo3x—6
= lim (1+ / j 7o lim (1+ / j ’ —el¥3
X—>00 3x—6 X—>00 3x—6

3 3
&) lim(7-2x)55 = (17) = lim[1+(6-2x)|i=3 =

x—3 x—3
(6-2x)3 . 18-6x
1 =3 lim ‘
= [im [1+(6—2x)]6—2x — 3 X3 _ o6
x—3

2. beckoHeuHO Majble 1 OECKOHEUHO OOJIbIINE (PYHKITUH
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Omnpenenennie  2.1. Ecmm  [im f (x) =0, T1o dyHkmME [ (x) Ha3bIBACTCS
Xx—>a

OCCKOHEYHO MaJIOH B OKPECTHOCTH TOYKH X =a (Mpu X —> a).
CymMa 1 npou3BeJeHUE KOHEYHOr0 Yrcia OECKOHEYHO MajblX (YHKUUN MpU
X — a ecTb Takke OECKOHEUHO Majiasi Ipu X — da.

Ompenencane 2.2. Ecmm  f (x) 151 g(x) — OECKOHEYHO Mayible TP X —> a U

X
lim M = ¢, TOe C — HEKOTOPOE YHUCIIO, OTIUYHOE OT HYJs, TO GyHKIMU | (x)
S g(x)

151 g()(f) Ha3bIBAIOTCA OCCKOHEYHO MAaJIBIMHU OJITHOI'O IOpAAKa IpH X — a, C€CIH

c=0, To0 roBopsT, uro f (x) — OECKOHEYHO Majasi BBICIIEro MOpsaKa I10
CPaBHEHHIO C g(x) npu x — a.
Beckoneuno manas f (x) Ha3bIBaCTCs OECKOHEUHO MaJIOW TOpsiiKa M TI0

CpaBHCHHUIO C g(.X) npu x — a, eciiu

/(%)

lim —~L =, 0<|c|<+oo.
x—>a gn(x)

[pumep 2.1. Ilpu x —> 0 onpexenuTs MOPSIOK MAIOCTH QYHKIHMH QX — SINX
OTHOCHUTEJBHO X.

) Sinx( ! — ) (1
lim Igx — Sinx — Jim CoSX — lim Smx( — cosx) _
x—0 xn x—0 xn x—0 xn COSX
2sinx - sin’ ad 4sin’ X cosf sin’ ad cosf
= lim = lim :4lim—-lim—2=
x—0 _xn COS X x—0 _xn COS X x—0 _xn x—=0 cosx
sin’ ad sin’ i sin’ X
=4lim—2-1:4lim—2:i- lim —=.
x>0 x" x—)O(xjn.zn 2" x>0 (xjn
2 2

Orot npeaen Oyaer paBeH koHctante c# (0 mpm n =3, ciegoBaTENbHO,
GyHKIMS  gX —SINX WMEET MOPSAIAOK MajloCTH 711 =3 OTHOCHTENBHO X MpH
x— 0.

Cymma AByX 0€CKOHEUHO MaJIbIX PAa3JUYHBIX MOPSAKOB PABHOCUJIbHA TOMY U3
claraeMbIX, MOPSI0K KOTOPOTO HIKE.

[pumep 2.2. Omnpenenuts MOPSIIOK MAaJTOCTH OTHOCHTENbHO X mpu x —> 0

CYMMbI %/XT+JX73




28

3.2
Cnaraemoe X HMCCT IOPAOOK MaJOCTHU 5 OTHOCUTECIIPHO X, a

3

3
cjaracMoc X — HOpsAOoK E, CJICaA0BAaTCIbHO, CyMMa MMCECT NOPAJOK MaJIOCTH

2
3 oTHocuTeNbHO X Tmpu X —> 0.

Ompenenenvie 2.3. Eciu  lim —— (x) =1, To OGeckoHeuHO Mambie f (x) " ()
) glx

x—a g(x)

HA3bIBAXOTCA 3KBUBAJICHTHBIMU IIPU X —> A4 . f(.X) ~g(X).

Hampumep, mpu x — 0 Oyznem uMeTh:
sinx ~Xx, Igx~X, arcsinx ~ Xx,arctgx ~ Xx,
2
X
ln(1+x)~x, COSX ~ 1—7, e'—1~x, a" —1~x-lna (a # l).

Hpezlen OTHOIICHHA IBYX OECKOHEYHO MaJIbIX HE U3MCHUTCA, C€CJIIM YJICHBI
OTHOIICHHA 3aMCHHUTDH DKBUBAJICHTHBIMH UM BCIIMUYMHAMMU.

[Ipumep 2.3.
2 .2
34tg2x . 53arcsin2 3x (34tg *— 1) - (53arcsm * - 1)
a) lim = lim 5 5 =
x>0 3 5in’ 4x + 7arctg x x>0 3-(4x) + 7-(x)
. dtg 2x-In3=3arcsin® 3x-In5 4In3- x> —3ln5-(3x)2
= lim = [lim =
x—0 55)(?2 x—0 55)(2
_ 4In3-27In5
55 '
In(1+3x) 3x

. [ 4arcsin2x X o (4-2x)\ x N 1
6) lim| ———— = lim =l=] =—.
x—0 3tg8x x—>0\ 3-8 3 27

ln(3 — Sx) — ln(3 + 7x)

6) [lim = lim =
x—0 2sinx x—>0 2x
ln3+ln(l—§xj—ln3—ln(l+%xj _§x_Zx
= lim —lim—3_ 3 _— 9

x—0 2x x—0 2x
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Ompenenenvie  2.4. Ecnu  [lim f (x):oo, t0 QyHKIHS [ (x) Ha3bIBACTCSI
Xx—>a

OECKOHEYHO OOJBIION TP X —> A .
[TomoOHO TOMY, Kak .TO CZAeNaHo Al OECKOHEYHO MAallbIX, BBOAUTCS MOHSTHE
OECKOHEYHO OOJBIINX PA3IUYHbIX MOPSIIKOB.

[pumep 2.4. Ilyctb x — 0. Omnpenenutb NOPSIOK OECKOHEUHO OOJBIION

X
f (x) = 10 CPaBHEHHUIO C X .

+2

5 5 5 5

. X . X . X . X

lim x" | = lim ———= lim - = lim ——=1
x—o0| X + 2 x—)oox”(x+2) x—o x4 x".2 x> T
npu n=4.

Onpenenenue 2.5.

1) Tlycte dyakums f (x) — 0OecKOHeYHO Ooibliasi WM OECKOHEYHO Maas

X
npu x —>© u [lim f()
x—)wc.xa

=1, tme ¢ W O — KOHCTaHTBI, TOraa (QYHKIUSI

o ) o
y=cx Ha3bIBACTCS ACHMITOTUKON WM aCHUMITOTHYECKH HKBHBAJICHTHOU
Gyukun [ (x) IpU X — 00,

2) Ilycte ¢yHkIms f (x) — OeckoHeyHO OoJbInas Wi 0ECKOHEYHO Maiasl

/(%)

o= I, tne ¢ W O — KOHCTaHTBI, TOra (QYHKI[HS

opu x —>a u lim
x—)OOC.(x_a)

a o )
y= C(X— Cl) Ha3bIBACTCA ACHUMIITOTHKOM HWJIM ACHUMIITOTHYCCKH O5KBHUBAJICHTHOMH

Gyukun [ (x) opu X — da.

IIpumep 2.5.
a) HaiiTi acuMnToTHKY (aCHMITTOTHYECKOE TIpeICTaBIeHne) PyHKIHH /X + 1 — Vx

npu X —> 0.
(Var TV )Variov) 1oy

Jx+1-+x= — _
x+1+/x x+1++/x
1 1 1
_\/x+1+\/; 2\/;_2-x1/2’

CJI€JI0BATENBHO, ACHUMITOTHKOW (yHKIMH  f (x) =Jx+1-+x opy X —> ©

I _ | 1
ABJISIETCA PYHKIUS Ex 1/2; c=—; o=-—.
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6) Haiitn acumnrotuky GyHkuuu [ (x) = "X — 1.

SABJIAETCA OCCKOHEYHO OOJIBIIION:

Ilpu x—>1 dysxkaun [ (x)

1 1

V1-x’ i 3\/(1—x)(1+x+x2) ) %/3(1—x) B %(1_)6)1/3'

. 1 ~1/3
ACI/IMHTOTI/IKOI/I B IaHHOM cnyqae ABIISICTCA Q)YHKHI/IH y = —(1 — X) .

I3
¢) Haiitu acumnrotuky QyHkumu [ (x) = x> —3x+2 npu x —> 1.

B nanHoMm cinyyae mpu x —> 1 yukmus [ (x) SBJISICTCS OECKOHEYHO MaJjIou;
f(x)=x3 —3x+2 z(x—l)z(x+2) ~ 3(x—1)2.

[MosyyaeM acCUMITOTHKY ) = 3(x — 1)2; c=3;, a=2
3. HempepsiBHOCTD (PYHKITHH.

Onpenenenne 3.1. Ecnmu x<a uw X—a, ToO ycioBHO mumyt x —> a—0,
aHAJIOTHYHO, eclii X >a X —>a, 1o X —>a+0. Yucna

f (a — O) = _l)llc’ll’l_ . f (x) u f (a + 0) = lim f (x) Ha3bIBAIOT COOTBETCTBEHHO

x—>a+0
IpeesioM ciieBa QyHKIUA [ (x) B TOYKE @ U MpeaesioM crpaBa pyHKuuu f (x) B

TOYKE ¢ (€CJIM 3TU YUCJIA CYLIECTBYIOT).
Jlnst cymiecTBoBaHus mpenena GyHKimn f (x) npu X —> a Heo0X0auMO U

JIOCTaTOYHO, YTOOBI MMEJIO MECTO PABEHCTBO: [ (a — O) =f (a + 0).

Ompenenenvie  3.2. DyHkuus y = f (x) HAa3bIBAC€TCSl HENPEPHIBHOM B TOUKE d,

eciu
1) oHa ompenescHa B 3TOW TOUYKE;

2) ll'm_of(x)z limof(x): lim f(x)zf(a).

ToukH, B KOTOPBIX HApyLIAeTCsl YCIOBHE HENPEPBIBHOCTH, HA3BIBAIOTCS TOUYKAMU
paspsIBa.

Ilpumep 3.1.

1
a) Haiftu Touku paspeiBa GyHkimMu y = 32-% mpenensl clieBa U CHpaBa B 3THX
TOYKAX, CAENATh CXEMATUYECKUN YEPTEK.
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1

®yrkiusa y = 327X pMeeT pasphiB B TOYKE X = 2, T.K. OHA B OTOH TOYKE HE

Ya | onpezeneHa. [Ipu stom:
| ! 1

| lim 327% =3+0 =37 = 4o0;
I x—>2-0

|

|

|

1 1
lim 327% =3-0=3"% = : :L:()_
A ' x X240 3t° 4o

O 2]

0) HaiiTu TOukM pa3pbiBa U BEJIMYHUHY CKauKa B 3TUX TOUYKAX (QYHKIIHH
1

2x+3 4 4x -8
Y= 1 :
243 4 4
Toukoli pa3pbiBa JaHHOH (YHKIMH SIBISETCS TOYKa X =—3, T.K. B HCH
(GyHKIMS HE onpe/iesieHa.

V) L4y -8 27" -12-8 0-20

lim = = =-5;
x—>-3-0  olx+3) L 4 27* 4+ 4 0+ 4
1/(x+3) B
lim 2 tAx -8 I, rx. mpu x > -3+0 umeem:

x—>=3+0 21\(x+3) +4
21/(x+3) 44y —8 ~ 21/(x+3)_

b

Bennunna ckauka A =1- (— 5) = 6.

21/(x+3) L4~ 21/(x+3)

¢) Haiitu TOukHM pa3pbiBa, BEJIMYMHY CKauka A © mocTpouth rpaduk QyHKIHUHA

— 3x, x<0
y =<4sinx, 0<x£g

T
x2+1, — < X.
L 2

JlarHast QyHKIMS HENPEPBIBHA JUISI X € (— o0; 0) U(O; gj U(g, + OO).

T
I/Iccnez[yeM TOJIBKO TOYKH X| = O u Xy = 5, T.K. B HUX MCHACTCA aHAJIUTHYCCKOC

BBIpaKEeHUE (DYHKITHH.
limof(x) = lim (— 3x) =0; lim f(x) = lim (4Sinx) =0;
x—>—

x—>-0 x—>+0 x—>+0

=0, cunemosarensHo, B Touke X =0 ¢ynkuus f (x) HEIPEPHIBHA.

f(O) = —3x

x=0
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T T

lim (4Sinx) =4; f(EJ = 4sin5 =4;

2
lim f(x)= lim (x®+1)="—+1=3467,cn
x—>§+0 x—>§+0( ) 4

T
€aA0BaTCJIbHO, TOYKa X = E — TOYKa pa3psbiBa.

Benanunna ckauka

2 2
A:4—(“—+1j —3-T 10533
4 4

0 1. BKCTPEMYMbI ®YHKIIMMA OJHOW NMEPEMEHHOM

Oyaknus Yy = f (x) Ha3bIBaeTCs Bo3pacTaromiei (yObIBatoieit) Ha

HEKOTOPOM HMHTEpBaJle (OTpe3Ke), €CIU A TF00BIX TOYEK X, X,, NPHHAAJIEKAIIUX

JaHHOMY HHTepBaje (OTPE3KY), U3 HEPaBEHCTBA X| < X, CJIEAyeT HEPaBEHCTBO
f(xl) < f(xz) (f(xl) > f(x2 )) Eciu f(x) HenpepbiBHa Ha OTpe3ske [a; b] u
f '(x) >0 ( f '(x) < 0) npu a<x<b, o f (x) Bo3pacTaeT (YObIBaeT) Ha
OTpE3Ke [a; b].

B mpocreiimux ciaydasx 061acTh CyecTBOBaHUS QyHKIUU [ (x) MOKHO

pa30uTh HA KOHEYHOE YMCIIO TPOMEKYTKOB BO3paCTaHus U yObIBaHUS (PYHKITUU
(IpOME)KYTKOB MOHOTOHHOCTH). DTH MPOMEKYTKH OTPAHUYEHBI KPUTUUECKUMU

I B4

y=f(x1)

Toukamu X (rme [ '(x) =0 wmxe f '(x) HeE
CYIIIECTBYET).

Eciu cylecTByeT Takas JIByCTOPOHHSIS
OKPECTHOCTb TOYKH X, YTO IJIsl BCIKOH TOUKH

X # X, DTOH OKPECTHOCTH UMEET MECTO
HEPAaBEHCTBO | (x) > f (xo), TO TOUKA X,
Ha3bIBAETCS TOUKOM MUHUMYMa ()YHKIHH
y= f(x) , & YHCJIO f(xo) — MHHUMYMOM
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Gyukiu y = f (x) . AHaJIOTUYHO, €CJIU JJIs BCAKOW TOYKU X # X| HEKOTOPOH
OKPECTHOCTU TOYKH X; BBIIOJHACTCS HEPABEHCTBO f (x) <f (xl) , TO X

Ha3bIBACTCS TOUKOM MakcCuMyma QyHKIUU ) = f (x) ,a f (xl) — MakKCHMYMOM

¢ynkuuu. Touka MUHUMYMa UM MaKCUMyMa (DYHKIIMU Ha3bIBAETCS €€ TOUKOU
AKCTpEMYyMa, & MUHUMYM WJIM MAaKCUMYM (QYHKIMH — 3KCTpeMyMmMoM (pyHkiuu. Ecou

X, — TOuKa 3KcTpeMyma QyHKIHH [ (x), 0 f ’(xo) =0 wmxe f '(xo) HE
CYILIECTBYET (Heobxooumoe yciosue cyujecmeosanusi skcmpemyma). O0paTHoe
YTBEPXKICHHE HE BEPHO: TOYKH, B KOTOPBIX | ’(xo) =0 wmm f '(x 0) HE

CYILIECTBYET (Kpumuueckue mouxu), He 003aTEIBHO SIBISIOTCS TOYKAMU SKCTpEMyMa

GyHkIHH [ (x)
Jocmamounbiil npusHaK cywecmeoanust i OTCYTCTBUS SKCTPEMyMa
HETpephIBHON QyHKIMH [ (x) CIICYIOIHI: €CIIH CYILIECTBYET TaKasi OKPECTHOCTh

(xo -9, x, +5) KPUTUYECKOM TOYKH X, YTO f’(x) >0 mpu x, —0<x<Xx, U
f'(x) <0 mpnm x, <x<x,+9d, TO X, — TOUKa MaKCUMyMa QYHKIHH f(x);
CCITH XKe f’(x)<0 mpu x, —0<x<X, H f’(x)>0 mpu x, <x<Xx,+0, TO

X, — TOYKa MHHUMyMa QyHKIHUK [ (x)

o
Eciu, HaKOHeI, HaliIeTCsI TaKOe TOJIOKUTEIBHOE YHCIo O, 4To f '(x) COXpaHsieT
HEM3MEHHBIH 3HaK Ipu X, —0 <X <X, +0, TO ToOYKa X, HE ABIACTCS TOUKOM
OKCTpeMyMa GyHKIUH | (x)

Haumenvwee (naubonvuiee) 3navenue HenpepbIBHOW QyHKIUU | (x) Ha
JAHHOM OTpE3KE [a; b] JIOCTUTAETCS WM B KPUTHUECKUX TOUKaX (DYHKIIMH, U HA

KOHIIAX OTpe3Ka [a; b].

[Ipumep 1.1. Haiit SKCTpEeMyMBbI B HHTEPBAJIbl MOHOTOHHOCTH (DYHKITUN
y=x-+v—5x.

O6macts cymectBoBanusi: —5x >0 = x<0.

2y HaxoauM KpUTHYECKUE TOUKHU:

o X 1 Sx
'=N=5x+x ———(-5)=A-5x —— =

4 2+ —5x ( ) 2~+/—5x
~10x-5x —15x 3+(-5x) 3 N

= = = =—-4/—=5x 20.

2+ —5x 2v=5x 2+=-5x 2
IMpu x <0 ¢ysKIws Bceraa BO3pacTaeT v IPUHUMAET HauOOJIbIIIee 3HAUCHHE B
KpuTHYeCcKoi Touke X = 0: y(O) = 0.

A\ 4

IIpumep 1.2. Haiit 3KCTpeMyMbl U1 UHTEPBAJIbl MOHOTOHHOCTH (PYHKIIMHI

y=Y(x+1)2-x).
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OO6nacTh CyIIEeCTBOBAHUS: X € (— 00; + oo) :

HaXOI[I/IM KPUTUYCCKUC TOUKMU:

, (2-x)7 —2(2-x)(x+1) (2-x)(2-x—2x-2) —x

323Yx+)’2-x)t 3PP 2-xt Yx+)P(2-x)
y'=0 = x =0,
»' He cymectByeT = X, =—1; x5 =2. Tlomy4min Tpu KPUTHICCKUE TOUKH.

2

x | (moo3 =1 -1 |[(=1 0) 0 (0; 2) 2 (25 +o)

V' + HE CYIIL. + 0 — HE CYIII. +

yo_ 7 max ~ min e

lim y’(x) = lim Y =+o0; [lim Y = —00.
x—>2+0 x—>2+0 %/(x+1)2(2—x) x—>2-0 %/(x+1)2(2—x)
i 0)= iy ()=

|

I !

: Tak kak ) (x) =k, tne k — yriosoii

: kK03 punmeHT KacaTenpHOU, TO IpU X =—1 u

X =2 KacaTeiabHas K rpaduKky QyHKIHHU
neprenaukysipaa ocu  Ox.

H=1)=0; »0)=¥4; »2)=0.

—1

O

[Mpumep 1.3. Haiitu rmyOuHy OTKPBITOTO OacceiiHa ¢ KBaJpaTHBIM JTHOM B 00HEMOM

3
256 M~ Takoro, 4ToOBI Ha OOJIUIIOBKY €r0 CTEH U JHA MOIUI0 HAUMEHBIIIee
KOJIMYECTBO MaTepHaia.
ITycth a — cropoHa KBaJapaTa OCHOBaHHUsS, A — riyOMHA Oacceiina;

a’h=256 = a2:@, a=E h> 0;

h NI

16 256 256
S=Ss,,+S,,, =dah+a* =4 — h+===64/h+===F(h);
oo 55 " 70

32
Fi(h) - 64 256 32 256 _ 32k 256:2(}23/2_8);
2Wh m: R K2 h? h?
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T~ F’(h)zO = h'?=8 h=4 [lpu h=4 Benuunua
~ 4'1 7 " F (h)=S OGyxner HaumenbILeil.

[Ipumep 1.4. JIBe mpsimble xkenes3nble qoporu AA; u BB mepneHauKynspHs

apyr k apyry u nepecekatorcs B nynkte C, mpuuem AC =800 xm u BC =700
kM. U3 myrktoB 4 u B 1o Hanpasienuio Kk C 0JHOBPEMEHHO BBIXOAT JBA
noeszia co ckopoctsimu cootBercTBeHHO 80 kM/4 u 60 km/4. Uepes ckoIbKO 4acoB
TI0CJIE OTIPABIICHHS PACCTOSHHUE MEXKIY IOE31aMK OyIeT HAUMEHBIIUM ?

OTMETHM TOJIOKEHUE MTOE37I0B B MOMEHT y
t>0 toukamu K u M. I
AK =801; BM =60t Ay

CK = AC— AK = 800—80r; 80 /e
CM = CB — BM =700 — 60¢; Ae M1
(KM)? = (CK)* +(CM)* = K9 60 1t/
v, =60 KM/4
= (800—80¢)° +(700—60¢)*; KM —
C & L *—>X
MI/IHI/IMEUII)HO, C€CJIU MUHUMAJIbHA BCJINYUHUHA M B Bl

(kM) = F(r) = (800 80¢)° +(700- 60¢)*;

F(¢) =2(800—80r)- (— 80) +2(700 — 60¢) - (~ 60) =
= 128000+ 128007 — 84000z + 7200¢ = 200007 — 212000 = 0; ¢ =10,6;

T~/ = 10,6 — Touka MmuarMyMa QyHKIUH F (t) Yepes 10,6 gacos

~. 10' 6/' TI0CJIe OTIPABICHUS PACCTOSHHUE MEXKY IT0€31aMU OyaeT
’ HANMEHBIIIHM.

2. ACUMIITOTBI

Ecnu Touka (x; y) HETIPEPHIBHO MEPEMEINACTCS 110 KpUBOH ) = f (x) TaK,

9TO XOTs1 OBI OJTHA U3 KOOPJIMHAT TOUYKH CTPEMHUTCA K OECKOHEUHOCTH, U MPU ITOM
pacCcTOsIHUE TOYKU OT HEKOTOPOU MPSIMOM CTPEMUTCS K HYJIIO, TO 3Ta IpsAMast
HAa3bIBACTCS ACUMNMOMOU KPUBOM.

Ecnu cymiecTByeT yucio a Takoe, uro [lim f (x) =00, TO IpSIMast X = d
Xx—>a

SIBIIICTCS] aCUMIITOTOU (8epmuKaivbHas acumnmoma).

)
Ecnu cyliecTBYIOT KOHEUHbIE pefensl  [im ——~==k; u
X—>+w X

lim [ f(x)- klx] = by, Topsimast y = kyx + b, Oyner acummnroroii (npasas
X—>+0

HAKJIOHHAA acwwnmoma).
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flx
Ecnu cyiiecTByIOT KOHEUHbBIE IPEeaesibl  [im ( ) =k, n
X—>—© X

lim [ f(x)- kzx] =b,, Tonpsamas y = k,x+b, Oyaer acuMOTOTOM (1€6as
x—>-2

HAKJIOHHASL ACUMNIMOMA).
I'paduk pyukiun y = f (x) HE MOKET UMETh 0oJiee 0IHOM IpaBoii U Goiee

OJHOU JIEBOW aCUMIITOTEI.

[Ipumep 2.1. Haiith acKMOTOTHI U HOCTPOUTH rpaduk GYHKIUMH
3 cos(x — 1)
y=2x+—>—7
x—1
OG6IacTh CYIIECTBOBAHMS: X # 1.
I/IH_IQM BepTI/IKaJIBHBIe ACUMIITOTEI.

®dyHKIUs ©MeeT pa3phiB B TOUKe X = 1, T.K. B HeH QyHKIHS HE ONpe/elieHa.

3 —1 .
lim (2x+mj :2+3—;:2—oo:—oo;

x—1-0 x—1 —

3 -1 .
lim (2X+Mj =2+£=2+oo:+oo;
x—>1+0 x—1 +0

clieoBaTeabHo, X =1 — BepTHKaIbHAs aCHMIITOTA.
Hiem HaKJIOHHBIE aCUMIITOTHI B BUjie y = kx + b.

N y / —_
)/ k= lim M: lim l(2x+—3cos(x 1)] =

CreqioBaTeIbHO, IPU X —> 1+ 00 CYIIECTBYET aCHMIITOTA
y=2x.

|
: / x—>to X x>t X x—1
\V
i// =2+40=2; b= lim [f(x)-kx|=
f 3 ~1
/! = lim 2x+m—2x =
O |/ : R X—>Foo x—1
X 3cos(x—1
,\: — lim M:Q
| xX—>+o0 x—1
|
|
|
|
!

2x% -9

[Mpumep 2.2. HaliT acuMOTOTHI M TOCTPOUTH rpaduK PyHKIIUU Y = > :
x“ =1

O0acThb CyIIeCTBOBAHHUS: x2-1> 0; xZ> I, x>1 u x<-1
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252 -9 2-x)* -9 2x%-9
=", y(—X)=( ) =9 2

T = 0

CJIeI0BaTEeNbHO, JaHHAsl (DYHKLMS YETHAs, U MOKHO TOCTPOUTH €€ rpaduK TOIBKO
npu x > 1, a 3aTeM 0Tpa3uTh €ro CAMMETPUYHO OTHOCUTENHHO ocu Oy.

o2x?-9 2-9
lim =

x—>1+0,/x2 1 - +0

BepTHKaJIbHAs acuMnToTa ipu X —> 1+ 0.
/ [Mycte x — 1+ 0.

f(x) 2x* -9

AN k= lim ——~= |lim ———=
\ S WV} = m = m —
LA/ : X x—>+o X X+ /x2_1
=18 11 X

|/ 2

2

2_
= [im 2x = [lim —&_ =2,

|

" 9

:\ X>+0 5 1 X—>+00 1
i ¥y l-— 3
IR X X
|

!

1
\ _ o 12x%-9
b= lim [f(x)—kx|= llm{

X—=>+© X—> 400 ﬁ_zx}:
1x2 —9_2x. /xz—l (2x2—9)2_4x2<x2—1)

an2
_ lim 32x° +81 0.

x>+ 4 / 1 9 / 1
X - 1——2(2——24'2 1——2J
X X X

[Mlpu x —+ o0 moaywyaem acuMnToty Yy = 2X. ['paduk nanHo# QyHKIMH

> Ay /

=—0 = x=1-

I
|
I
|
I
|
\
%
I

/ \

[
2
/i

|
I
|
/ I
|
1

nepecekaer ocb Ox 1pu 2% -9= 0, T.e. BTOUKAx X = iﬁ'
[Ipumep 2.3. Halit acuMOTOTHI M TOCTPOUTH rpaduk QyHKITUU
x> —2xr—3x+2

4—x?

O0JacThb CyIecTBOBAHHUS: 4-x220 = x#2u x#-2.

y:

B roukax x; =-2 u X, =+2 QyHKIMSA TEPIUT pa3pbIB, T.K. B HUX OHA HE
ONpeAeeHa.

o x2—2x%23x42 —8—-8+6+2
lim — —
x—>-2-0 4 — x2 -0

~+00;

5
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x> —2x*=3x+2 —8-8+6+2

lim —00;
x—>—240 4 — x?2 +0
| 2 Y X = —2 — BEpTUKaJIbHAs aCUMIITOTA.
|
N | | o xP—2x2-3x+2 8-8-6+2
\\ | ] lim = = —00;
N ! x—2-0 4 x? +0
|
AN | X3 -2x?-3x+2 8-8-6+2
TN : lim 5 = = +00;
| \\% | x—2-0 4 —x -0
2: /\\\ | X X =2 — BepTHKaJbHAsl ACUMITOTA.
: i\\ > HaxnoHHbIE aCUMIITOTHI IPU X —> £ 00 HIIEM B
! 12N Buge: y=kx+b.
: : NN 3 2
| | LN , f(x) .oXT=2x"=3x+2
| | XN k= lim = lim > =
I | x—>to X x—>*Fo0 x(4—x )
| [
2 3 2
RPN
= lim =—=-1, b= lim[f(x)-kx]=
x—>Fo0 i _1 -1 x—>Fo0
xZ
(X —2x* =3x+2 =2t 4x+2
= [lim +x|= lim =2.
X—>Foo 4—x? x—>£o0 4— 2

[lpu x —>+ o0 moayyaeM aCUMITOTY ) = —X + 2.
U0 3. HAITIPABJIEHUE BOTHYTOCTHU. TOYKUA IIEPETI'NBA

T'oBopsT, uro rpaduk quddepennupyeMoit pyHxmun y = f (x) BOCHYM GHU3

Ha UHTEpBAJIC (a; b) (60enym 66epx Ha MHTEpBAJIC (al; bl)), €CJIM IIpH
a<x<b JlyTa KPUBOU pACIIOJIOKEHA HUXKE
Yy (MM COOTBETCTBEHHO NpH @y < X < b; BbIIIe)
KacaTeJIbHOM, MPOBEACHHOMN B JTI000H TOUKE

y=f (%) JIOCTAaTOYHBIM YCIIOBHEM BOTHYTOCTH BHH3
| (BBepx) rpaduka y = f (x) SBJISICTCS

| BBITIOJTHEHUE HA COOTBETCTBYIOIIIEM HHTEPBAJe
: X HEpaBeHCTBa

@ b f(0)<0 (£(x)>0)

Touka (xo  f (xo )) , B KOTOpO M3MEHSETCS HAllpaBJIEHUE BOTHYTOCTHU I'paduka

0

@ b — — —— —

I
I
I
I
I
a

GyHKMHu, Ha3EIBaeTCA Mmoukou nepecuda. Jlyig abcuyuccel TOUKK neperuda X,

UHTEpBaa (a; b) (MM UHTEpBaa (al; bl)).
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rpaduka QyHkiun Y = f (x) BTOpast IPOU3BOAHAS [ "(xo) =0 wm f "(xo) He
cymectByeT. TOUKH, B KOTOPHIX f "(x) =0 wm f "(x) HE CYILECTBYET,
Ha3bIBAIOTCS KPUMUYECKUMU MOYKaMu 2-20 poda. Kputudeckas Touka 2-ro pojaa
X, SBIAETCA aOCHUCCON TOUKH Tepernoa, ecimu  f "(x) COXpaHsET MOCTOSHHBIC
3HaKH B HHTEpBanax X, —0<x<X, U X, <x<Xx,+0, Tae O — HEKOTOpoe

ITOJIOKUATEIIBHOE YUCII0, IPUYEM 3TH 3HAKHU IIPOTHUBOIIOJI0KHBL, U HE SIBISETCA TOYKOU
neperuda, eciau 3HaKu [ "(x) B YKa3aHHBIX BBIILIE MHTEPBAIAX OJUHAKOBBI.

H[}I/IMep. OHpeI[CJII/ITB HHTCPBAJIbI BOTHYTOCTH U BBITYKIIOCTH, 4 TAKKC TOUYKU

x2

nepernda KpuBO y = e |

2 2

Umeem: y' =-2xe ™~ ; y"= (4)62 — Z)e_x . TIpupaBHAB BTOPYIO NPOU3BOJHYIO
1 1

—, X =——. OT1H

N NG

TOYKH Pa30MBAIOT BCIO 00JIACTh CYIIECTBOBAHUS (PYHKIIMU (— w; + oo) Ha TpHU

K HYJI0, HAiiIeM KpUTUYECKHE TOUYKH BTOPOIO poAa: X; = —

MHTEpBAJIA.

IR
0 0

" + — —
y W eperuo M neperuo U
ITo KpHUBasi BO a BBEpX Ip ( 1 j X e( | +00j
JTy4UJIN: KpUBas BOTHYTa BBEPX IIPH x g| —c0; ——— | H —; u
V2 V2

1 1 1 1
BOTHYTa BBEPX IIPU x e(— —;—) . Toukn (i — —j — TOYKH Teperuoa.
J2°V2 V27 Ve

0 4. IOCTPOEHUE T'PA®UKOB ®YHKIUHN 1O
XAPAKTEPHBIM TOYKAM

[Tpu moctpoennu rpadrka QyHKIIUHU CIEITYET, MPEKAEC BCETO, HAUTH 001aCTh
CYIIECTBOBAHUS 3TOM (YHKIIUU U BBISICHUTD MOBEJIcHNE QYHKIIMH HA TPAHUIIC €€
obnacTu cymiecTBoBaHus. [loe3HO Takke MpeBapuUTEIHHO OTMETUTH HEKOTOPHIE
0COOEHHOCTU (PYHKIMHU (€CIIM OHU UMEIOTCSA): YETHOCTh, TEPUOAUYHOCTD U T.]I.

Jlanee Hy>)KHO HAaWTH TOYKH pa3pbIBa, aCUMIITOTHI, TOUYKHA IKCTPEMyMa
dbyHKIMH, TOUKH rieperuda u T.71. HaiiieHHbIe 2IeMEeHTHI TIO3BOJISIOT BBISICHUTh
oOmuit xapaktep rpaduka GyHKINU.

[Tpumep 4.1. I[lpoBecTu MoaHOE UCCIEAOBAHUE U MMOCTPOUTH TpauK PyHKIUU

y=x-3(x+2)2.
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OO6nacTh CyIIeCTBOBAHUS: X € (— 0; + oo).

y(x) #* y(— x) —> ¢yHKIMSA 0011IeTO BU/IA.
Tak xak (pyHKIUS ompeaeneHa Mpu BCEX X, My HEE HET TOUEK pa3phiBa, TO
BEPTUKAIBHBIX aCUMIITOT HET. HaKIIOHHBIE aCHMIITOTHI TP X —> 00 HINEM B BHJIC:

v =hkx+b.

,/ X+ 2
k= Ilim = [lim w/ x+2 = +00, CJIEI0BATENHHO, HAKIIOHHBIX

xX—>to0 x—> oo

ACHUMITOT TaKX€E HET.
HccnenyeMm pyHKIMIO IO TEPBOIl MPOU3BOIHOM.

y,:[x.3(x+2)2} (x+2)%3 +x i.(x+2)_1/3:3(x3+2)+2x:35x+6

=0 = x+6=0, x=-12;
y' wecymectByer = x+2=0, x=-2.

x+2 x+2

(oo =2) | =2 | (-2 —1.2)| “12 | (12 +x)

y' + HE CYIIL. — 0 +

yo|_ max ~ min -

= y(— 2) = 0 (xacarenbHast B 3TO# TouKe mepreHauKyasipaa ocu  Ox).

¥4 Vin =M(—12)=-12-3/0,64 = —1,06
(kacaTenbHasi B 3TOM TOUYKE MapasuiebHa OCH

|
|
| Ox).
:
|
|

ymax

Hccnenyem GyHKIMIO IO BTOPOWA
IIPOU3BOJHOM.

|
(\
|
—_—
[\
QS
\'X

o | " S5x+6
2’4'___{___'_—_—__196 Y :{ 22/3}:
130 (x+2)
1

oy

3 (x+2)2

5-3x+2—(5x+6)-

_15(x+2)-(5x+6)  10x+24

3(x+2)x +2 3,3/(x+2)4'
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"

y"=0 npu x=-24; y" wuecymecrByer npu x =—2.

x | (-0 —24) —24 | (-24; -2) -2 (—2; +o0)
" — 0 + HE CYIIECT. +
y M neperuo v v

Vnepeousa = V(= 24) = -24-Y(-24)> =130,  »(0)=0.

[Ipumep 4.2. IlpoBecTH MOITHOE UCCIEAOBAHUE U MOCTPOUTH IpaduK QyHKIUH
2
2x +1
Y= :
x+2
OO6nacTh CyIIeCTBOBAHUS: X # —2.

y(x) #= y(— x) —> (yHKIUA 00IIIETO BHIA.
X =—2 — TOYKa pa3pbiBa, T.K. B HEell QYHKIIUS HE Ope/Ie/IeHa.

C(2x+ 1\ (441 C(2x+1)° (4+1)°
lim =|——| =+ox; lim =| ——| =4
x—=>2-0\ x + 2 -0 x—240\ x + 2 +0

= x=2 — BCPTHUKAJIbHAA aCUMIITOTA.

HakioHHBIE aCHMIITOTHI IPU X —>+ 00 uieM B Buge: ) = kx +b.

2
k= tim 79 _ l(ﬂj —0;

x—>two X x>t X x+2

b= lim [f(x)~kx|= lim (2"”)2 =4,

X—> %00 x—>too\ X + 2
[Mlpu x —>+ oo moayyaeM acumnrory ) = 4.
Uccnenyem GyHKIMIO TIO IEPBOI POU3BOTHOM.
- (2x+1) 2Ax+2)—(2x+1)  62x+1)
a x+2

(x+2)?  (x+2)*
y'=0 = 2x+1=0, x=-05;
y' He cymectByer —= x=-2.

(o =2)| (-2 -05) | =05 | (05 +x)

' + — 0 +

yo|_ ~ min 7
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[
| Ymin = ¥(=0,5)=0.
[ Hccnenyem (pyHKLIHIO IO BTOPOU
: , IIPOU3BOIHOM.
—————— H i i ——— y,,_6_2(x+2)3—3(x+2)2.(2x+1)_
" oy
T o 2Ax+2)-32x+]) 6(1-4x),
(x + 2)4 (x + 2)4 ’

y'=0 = 1-4x=0;, x=0,25

"

y" He cymectByer = Xx=-2.

x | (o =2) | (-2; 025) 025 | (025; +oo)

44 + + O _
Y - - neperut N
2
L5 4
ynepe2u6a = y(0,25) = (2’25) = 5 ~ 0,44.

[pumep 4.3. IlpoBecTH MoOIHOE UCCIAEAOBAHUE U MOCTPOUTDH IPaPUK QYHKIIMH

ex—3

Y= :
x—3
O6umacth cymectBoBanmst: X —3#0; x#3.
y(x) #* y(— x) — (yHKIMA 00IIIETO BHIA.
B Touke X =3 (yHKUIUA TEPIUT pasphiB, T.K. B HEW OHA HE ONpeJIesIeHa.

X
. e~ 3
lim = —00,
x—>3-0x—3
3 > => X =3 — BepTUKaJbHas aCUMIITOTA.
e
lim = +o0
x—3+0x — 3

HakioHHBIE aCHMITTOTHI HINEM B Bujae: y = kx + b.
1) x — 40,

x=3 ex_3 x=3
k= tim T i € u= lim $— =

x>+ X x—+wo x“ — 3y x—>+oo( o)

X —3x)
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!

= [im - [im —— = +00, ClleIOBATEIbHO, PH X —> +00
X—>+00 (2x B 3) x>+ 2
HAKJIOHHBIX ACUMIITOT HET.
2) X — —0,
x=3
. flx . e 0
k= lim L: lim 3 = =0;
xX—=>-wo X x—>-0ox“ —-3x +©
x=3

b= lim [f(x)~kx]= lim ~—=0,

X—>—00 x—>-0X—3

npu X —> —oo moiydaeM acumntoty y = 0.
Uccnenyem yHKIMIO IO TEPBOIl MPOU3BOIHOM.

, (e“j _eT (=)= i x=3-1 n x4

y = )
x=3 (x—3)° (x-3) (x-3)

y'=0 = x-4=0, x=4; y' He cymectByer = x=23.

x | (- 3) | (3% 4) 4 (45 +)

y' - - 0 ¥

Y ~ ~ min 7

Ymin = y(4) =e~272.
Hccnenyem GyHKIMIO IO BTOPOI ITPOU3BOTHOM.

2
yrr:ex—3. x_42+ex—3.(x_3) —(X—42'2(.X—3):
(x — 3) (x — 3)
e X2 Tx+12-x+5 ex_3-(x2—8x+17)
= : = ;'O

(x—3)2 x—3 (x—3)3
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/\y |
| y" He cymectByer = x=3.
|
|
: X (—o0; 3) (3; + oo)
er—— :— - ) . " . +
I L
Y : 4 oy N U
|
|
| -3 1
e
| 0)=—=——%~=—02.
: 70) -3 3¢
[Ipumep 4.4. IlpoBecTH MOTHOE UCCIEAOBAHUE U MOCTPOUTD Ipa@uK QyHKIIUH
x+6
y=In -1
X
+6
O6nacTp CyIecTBOBaHUS: al > 0.
X
x>0, x<—6. = — s

_ 6 0 x
dynkums o6IIEro BUAA.

, x+6
lim |In —1|=—0 = x=-6 — BepTHKaJbHASA ACUMIITOTA.
x—>—6-0 X
. x+6
lim | In —1|=+00 = x=-0 — BepruKaNbHAs ACHMIITOTA.
x—>—+0 X
HakioHHBIE aCHMITTOTHI HINEM B Buae: y = kx + b.
x+6
In —1
X
k= lim &2 lim —*— =0;
x—>t0 X X—>+o0 X
x+6
b= lim [f(x)-kx|= lim [ln — 1} =-1.
x—>to0 x—>to0 X

[lpu x —>+ o0 moaywyaem acumnrotry ) = —l.
Uccnenyem GyHKIMIO TIO IEPBOIl MPOU3BOTHOM.

x| (moos —0) (0 +e0) , X x—-x-6 -6

y - - y_x+6. %2 _x(x+6)
y N ~— DKCTPEMYMOB y (QYHKIIMH HET.

= 0.
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HccnenyeM (pyHKIMIO IO BTOPOM MPOU3BOTHOM.
g —(x+6+x) 6(2x+6)  12(x+3)
y'=-6- = = :

xz()H-6)2 xz(x+6)2 xz(x+6)2

y"'=0 = x+3=0; x=-3 — He BXOAWUT B 00JIACTb CYIIECTBOBAHHS.

Ya
: X (—00; —6) (0; +oo)
i yrr i +
l y M U
—6, O X
________ _I__-"_____¥-'

Touek neperuda Her.
x+6

In -1=0 = x=i;
e—1




