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Cemectp 1

3
1. AHanuTHYecKasi reOMeTpHsi B MpocTpaHcTBe R
BekTopHas ajareopa

HexkoTopkle CBEACHUS U3 TCOPUU

BexTop — HanpaBiIeHHBIN OTPE30K.

PasenctBo
a= (x, v, Z) 1)
O3HAYaeT, 4TO0 X, ), Z — MPOEKIIUH BEKTOPa HA OCH KOOPJAMHAT HJIH €r0 JCKapTOBBI
KOODPIUHATHI.
dopmyna
- 2,.2 ., .2
|a|=\/x +y°+z (2
MO3BOJISICT TI0 KOOPIMHATAM BEKTOpA OMPE/ICIIUTh €r0 MOTYJIb.
12 5 Ecimu o, 3, ¥ — yruisl, KOTOpbIe BEKTOp 00pa3yer ¢
i MOJIOXKHUTEIBHBIM HAIMIPABICHUEM OCEH KOOPIUHAT, TO
B cosa, cosP3, cosy Ha3bIBAIOTCS HAPABISIFOIMMH
o KOCHHYCaMH BEKTOpa d .
0 7y x=|a|cosoc, y=|a|cos[3, z:|a|cosy, (3)
2 2 2
4 cos” a.+cos” B+cos”y =1. 4)

Ecnu u3BecTHBI Havano Bexktopa M, (xl, Vi Zl) u
koneny M, (x2 , Vo, 22) , TO KOOPAWHATHI BEKTOPA HAXOAATCS 110 (hopMyiaM
X=Xy =X, Y=YV—V, 2=23 -2 ()
Benn d=(x;, y,21) 1 b=(x5, y5,2,), 10
aibz(xlixz,yliyz,zlizz) (6) u
ad = (o), oy, 0z;), TAe O — H060€ YHCITO.
BekTopbl, Jiexkaniyue Ha OHOM MK MapajlIeibHbIX MPSMbIX, Ha3bIBAIOTCS

KOJIMHEAapHBIMH. [IpU3HAK KOIIMHEAPHOCTH BEKTOPOB @ U b :
X; YV z
A2 @)

X Vo Zp

k HaspIBAacTCSA KOOPAMHATHBIM 0Aa3MCOM:

7I=I3 =8 =

—

Tpoiika BEKTOPOB 1,

- —

BekTops! i, j, k wHanpasmenst o ocsim cootserctBenro Ox, Oy, Oz B

MOJIOKUTENbHYIO CTOPOHY.
JTro6oii BekTOop @ = (x, V, z) MOKET OBITh MPEICTABIICH B BUJIE

a=xi+y +zk. (8)
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CKaISIpHBIM [POU3BEJICHUEM BEKTOPOB d = (xl, 1 Zl) u b= (xz, Vs, 22)

Ha3bIBACTCA YMCJIO, paBHOC ITPOU3BCACHUIO MOI[y.HGﬁ 9TUX BCKTOPOB Ha KOCHUHYC yrIJia
MCXKIY HUMHU.

ﬁ-5=|5|-‘5‘-cosq), 9)
5-5=|5|-np55=‘l;‘-np5§, (10)
a-a=a*=|al’, (1) re.
CKaJISPHBINA KBAIPaT BEKTOPA PABEH KBAIPATy €0 MOJIYJIS.
Zi b = xl.X2 +y1y2 +ZIZ2. (12)
Ecmu dlb,to
x1x2 +y1y2 +2122 =0. (13)

XXy + V1 V2 212

\/x12 +J/12 +212 ’\/xz2 +y22 +Zz2

Ecnu BekTop I m300paxaer cuily, TOUKa MPHIOKEHHUS KOTOPOH

cosp = (14)

nepeMeuiacTCs U3 Havdajlda B KOHCI[ BEKTOpa S , TO pa60Ta 3TOU CHJIEI ONIPCACIIACTCA
W=F-§. (15)

BekTOpHBIM IIPOU3BEICHUEM BCKTOpa C_i Ha b wHaspIBaeTcs TaKou BCKTOp

¢ = a x b, KOTOpBIii YIOBIETBOPSET CIEMLYIOUIUM TPEM YCIOBHUIM:
1. |E|:|Zl|-‘b‘-sin(p, IIe (@ — YroJ MexIy BeKTopaMH d U b
2. cla wu clb;
3. BeKTOp C 00pasyeT ¢ BeKTopaMu d W b «IpaByro» TpOUKy.
BekTOpHOE NPOM3BEICHHE 3aBUCUT OT MOPAAKA COMHOKUTEIEH

axb=-bxa. (16)
Moynp BEKTOPHOIO IPOU3BEACHHUS PABEH IUIOMIAAU [TapaJlIeIorpaMMma,

IIOCTPOEHHOTO HA BEKTOpax d H b
S=|axb)| (17)
S\ = l‘ axb ‘

2

(18)

Ecnu BekTopsl d u b xommneapHsl, T0 a X b = 0, B uactHOCTH,
axa=0.

Eciv BEKTOPBI 33/1aHbI KOOPMHATAMA 0 = (xl, 1 Zl), b = (xz, Vs, 22),

axb=|x y z| (19)
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Ecnu BekTop F n300pakaeT CUIy, MPUIOKEHHYIO B KaKOW-HUOYAb TOUKE
M, aBexTop @ wuaer uz HeKoTopol Toukd O B TOYKY M, TO BEKTOp d X F
npezcTaBisieT cO00 MOMEHT CHUJIbI F otHocutensho Touku O:
mF=adaxF. (20)

CMeIaHHBIM OPOU3BEIEHUEM TPEX BEKTOPOB d, b, C Ha3bIBAETCS YHCIIO,

PaBHOE BEKTOPHOMY NPOU3BENAEHUIO d X b, yMHOKEHHOMY CKaIISIPHO Ha BEKTOpP C,
T.€.

zwez{axbyaza(bxa) 21)
CMemmanHoe mpousBeeHne abC paBHO 00beMy HapalIeIenuIea, ITIOCTPOEHHOTO

Ha BEKTOpax da, b, ¢, B3ITOMY CO 3HAKOM «ILTKOCY», ECJIM Tpoiika a, b, ¢ mpasasd, co
3HAKOM «MHUHYCY», €CJIH 3Ta TPOHKa JieBasl.

V =+abc. (22)
Ecnu BexTOpbI KOMIUTaHAPHBI (JIEKAT B OJHON MJIOCKOCTH ), TO
Ghé = 0. (23)

—

JI1s BEKTOPOB @ = (xl, Vi, Zl), b= (xz, V2, 22), c = (x3, 3, 23) CMEIIaHHOE
IPOM3BEICHHE OIpeaensieTcs GOpPMyJIoi

T B B G B
abc=\x, ¥, 2| (24)
X3 V3 Z3

3agauda 1. Ha MarepuanbHyI0 TOUKY JE€UCTBYIOT CHJIBI:
F=(2-11), F=(-1,22), F=(11-2).
Hatiti paboTy paBHOJICHCTBYIOMIEH dTUX CHJI R [IPU NIEPEMELICHUN TOYKHU U3
TOJIOKCHHUS A(Z, -1, O) B TIOJIOKEHUE B(4, I, - 1).
Pemenune. Haliem paBHOIEMCTBYIONIYIO
R=F+F+F=02-1+L-1+2+11+2-2)=(2,21).
BexTop nepemenienus o popmyne (5)

= — >
S= 4B =(4—2,1+1,—1—O)=(2,2,—1).
Hckomyto paboty Haxoaum no popmyne (15)
W=R-S=2-2+2-2+1-(-1)="7.

3amaua 2. Jlana cuia F = (3, 4, —2) ¥ TOYKA €€ MPUIOKCHUS A(2, —1, 3).

Haiit MOMEHT CHjIbl OTHOCUTEIILHO Hayalia KOOpAHHAT U YIJIbl, COCTABIICMBIC UM C
KOOpANMHATHBIMHU OCSAMMU.

—

Pemenue. TTo hopmyne (20) m F =7 x F . Bektop 7 = OA 1o dopmyre
(5) ¥MeeT KOOpAMHATEL 7 = (2, -1, 3), o popmyne (19)



k
FxF= 3 |=-10i +13] +11k.

J
-1
4

(ST \O Ity

-2

Urak, moﬁ = (— 10, 13, 11). Monyns MOMEHTa HaxoiuM 1o ¢opmyie (2):
|m,F|=(~10)7 +(13)> +(11)* = /390 ~ 19,748,

Hamnpaginsitonue kocunycsl no popmyne (3):

CcosO. = _—10 =—0,506, cosP = L = 0,658, cosy = L =0,557,
19,748 19,748 19,748

a yIJIbl, COCTaBIISIEMbIC MOMEHTOM CHIIBI C KOOPIMHATHBIME OCSIMH, CIICIYIOIIHE
o =120"24, B=48"5T, Y =56"9.
KOHTPOJIb: JOILKHO ObIT OS> 0L+ COS” B+ cos” v =1 VY Hac:
(- 0,506)° +(0,658)” +(0,557)* = 0,999.
3agaya 3. Hamucars pasinokeHue BEKTOpa X = (5, 16, 2) 10 BEKTOpam
p=(21,0), ¢=(0,-2,0), 7=(-152).

Pewienue.
1. Pasnoxenue BeKTOopa X 10 6a3ucy p, g, ¥ HMEET BUI

X=0p+0a,q+asr
WM B KOOPJUHATHOM (hopme
Xy =0 P T 0agy t 03N
Xy = 0Py T 0pgy 037
X3 =0 p3 +0oq3 +Q3l3.
2. C y4eToM YMCIIOBBIX 3HAYEHUH KOOPAMHAT BEKTOPOB P, ¢, F H X
TOJIy4HM CHCTEMY ypaBHEHUH OTHOCHTEIIBHO HEH3BECTHBIX OLy, Oly, OL3:
2.0 +0-a,—-1-005=5 2000 =5+ 03 o =3
lray—2-0,+5-03=16 = <20, =0;+503-16 = J0,=-4
0-00; +0-05 +20053 =2 oy =1 oy =L
3. Pasnokenne BeKTOpa X IO BEKTOPaM p, ¢, ' UMEET BHI:
X=3p—4q+r.
OtBer: X =3p—4q +7.
- —
3anaua 4. B napamnenenunene ABCDA,B;CiD; Bextopel AB = p,

—> —> >

AD =¢q, AA; =r ob6pasytor 6asuc. Pasnoxurs Bektopel AG, AP, AN,
110 BEIOpaHHOMY 0asucy, eciu Touka G nenut pebpo DD, B oTHOI1IE-
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Huu 1:2; Touka P — Touka mepecedyeHus auaronanei rpanu DD, C,C; touka N,
— cepenuna pedpa B (.

Pemienwe.

[TocTpoum yeprex. HemocpencTBeHHO U3 yepTexka Cleryer:

AG = AD+ DG =§+§F,

AP = AP+ AP, + P,P =

c AN;= AB+ BN+ NN,=p+—q+r.

— 2. —

Oreer: AG =g+—=r, AP =

u.)
N | —

1.2 Ilpsimasi ¥ MJIOCKOCTH
Ilnockocth. Ee ypaBHeHus

Ax+By+Cz+D=0 — (25)
o0llee ypaBHEHHE MIIOCKOCTH.
A(x—xo)—irB(y—yo)—er(z—zo):O — (26)
ypaBHeHHe IIIOCKOCTH, Ipoxofseii uepes Touky M, (x,, y,, z,)
neprenuKkyspao sekropy 7 = (4, B, C).
x
Tiriionr - 27)
a b c
yPaBHEHHUE IUIOCKOCTH «B OTPE3Kax». 31ech a, b, ¢ — BEJIMYUHBI OTPE3KOB,

OTCCKACMBIX INNIOCKOCTBIO Ha OCAX KOOPAHWHAT.
Ax+By+Cz+D
=0 — (28)
+ \/ A? + B + C?
HOpMaJIbHO€ YpaBHECHHUE IIIOCKOCTH.

| Ax, +By, + Cz, + D|
\//12+B2+C2
PacCTOSIHUE OT TOYKH Mo(xo, yo,zo) 1o wiockocth Ax+By+Cz+ D= 0.
X=Xy Y=V Z—Z7
Xp=X; Yo=Y Z—z;|=0 - (30)
X3=Xp V3= 23724

(29)
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ypaBHEHHE MIIOCKOCTH, POXOSALIEH Yepe3 TPU TOUKH Al(xl, Y1 21) :

Azl(xz’h:zz)’ A3(x3,y3,z3).

1.3 IIpsamasi. Ee ypaBHeHust

Ax+By+Ciz+D, =0
{ 1 VT4 1 B (31)

oO11iee ypaBHEHHE MPSIMOM (TpsiMasi 3aJjaHa IEPECEYCHUEM JIBYX TUIOCKOCTEH).
X=X, Y=y, Z—2z

= — (32)
m n p

KaHOHMYECKOE YpaBHEHHE MpsiMoid, rie M, (xo » Vo ZO) — TOYKa, MPpUHAAJIeKAIIAs

npAMOit, a = (m, n, p) — HANpaBJSAIOMIUN BEKTOP MPSAMOH (BEKTOp, MapaieabHbIi

npsIMONA).
xX=x,+mt
y=y,+nt - (33)
z=2z,+pt

IapaMeTPUIECKUE YPABHEHHUS TIPSIMOM.
X=X — Y—=N1 _ Z—2Z (34)

Xo—=X1 Vo= V1 2272
YpPaBHEHUE MPSIMON, TPOXOASAIIEH Yepe3 ABE JaHHBIE TOUKHU Al(xl, Y1 Zl) :

Az(xz: Y2, Zz)-

+ +
cosP = Thit T "7 7 Pibo - (39)

2 2 2 2 2 2
\/ml +n +p '\/mz +ny, +pp
YTOJI MEXKILY IBYMS IPSIMBIMH, TJ€ d| = (ml, ny, pl)  d, = (mz, n,, pz) —
HaHpaBHHIOH_II/Ie BeKTOpBI HpﬂMI)IX.

_ | Am+ Bn+ Cp|
siny = - (36)

\/A2 +B* + C? -\/m2 +n% +c?
YIOJI MEXY NPSAMOM M INIOCKOCTBIO, TIE N = (A, B, C) — HOpPMAaJIbHBIN BEKTOP

IUIOCKOCTH, d = (m n, p) — HaIpaBJISAIOMIMN BEKTOP MPSAMOM.

:é AIA; AlA; AIA; — obvem nupamuasl Ay A, A3 Ay, tae

%

nupamuobsl

Al(xl’yl’zl)’ Azl(xz’)h:zz), A3(x3,y3,z3), A4(X4,y4’24) — KOOpZIMHATEI
BEPIIMH MUPAMUIBL.



1|¥2=%1 V2701 2274
Vnupamu()bz =—|X3 X1 V3TV Zz 21| (37)
Xg =X Va=1 2472
3amaua 5. JlaHbl KOOPAMHATHI BEPIIHH THPAMHU/IbI A1(2, 1, — l), A4, (3, 0, 1),
A3(2,—-1,3), 44(0,8,0). Haitru:
1) yron mexny peopamu A A, u A Ay,
2) yron mexny peopom A; A, u rpaneto Ay A, As;
3) 00bem nupamuasl V'
4) paccTosHue oT Touku A, 10 miockoctd A; A, As;

5) TOuKy Aj, CAMMETPHYHYIO TOYKe A, OTHOCHUTEIBHO INIOCKOCTH
A4y 43,
6) Touky A,', CUMMETpUUHYIO TOUKe A, OTHOCUTEIBHO MPsIMOH A A;.

Pemenue.
1) VYron mexnay pebpamu HaxoauM 1o popmye (35).

a, = AI—A; = (3 -2,0-11- (— 1)) = (1, -1, 2) — HAMNPaBJISIONINI BEKTOP MPSIMOi
A Ay;

—

a, = AjAy = (0— 2,2-1,0- (— 1)) = (— 2,7, 1) — HaIpaBISIONIN BEKTOP
npsMoit Ay Ay.
1-(-2)-1-7+2-1 =17 7

\/12+(—l)2+22-\/(—2)2+72+12 V6-4/54 18
2) CocraBuM ypaBHeHHe MIOCKOCTH  A; A, A5, mpoxXonsieit yepes Tpu

toukn A;(2,1,—1), 4,(3,0,1), 45(2, -1, 3), no ¢popmyne (30)

cosQ =

x=2 y—-1 z+1 x—=2 y—-1 z+1
3-2 0-1 1+1(=0, 1 -2 2 |=0,
2-2 —-1-1 3+1 0 -2 4
(x—Z)‘:; i‘—(y ‘+ z+1‘(1) :;‘zo,

(x—2)-0—(y—1)-4+(z+1)-(—2)= 0,
—4y+4-2z-2=0,
4y +2z—2=0 — ypaBHenue miockoctu A; A, As;

n= (0, 2, l) — HOPMAaJIbHBIA BEKTOP IJIOCKOCTH;

—>
a=AA, = (— 2,7, 1) — HATPAaBILIIONINN BEKTOp mpaAMoi A A,.
Haxomum yron y wmexny npsmoit A; A, m mnockoctsio Ay A, A; 1o dpopmyie
(36)
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0-(-2)+2-7+1-1 15
\/02+22+12-\/(—2)2+72+12 V554

3) Haxonum o0bem nupamusl no popmyne (37)

siny =

=09114.

B E— E—

V=t-| 0 -2 4|=t—(-2+8-8-28)=-—(-30)=15.
6|-2 7 1| 6 0

4) Paccrosnue ot Touku A, 10 naockocty A; A, Ay Haxoaum mo popmyie

(29).
d_|2-8+0—1| 15
Ja+1 J5

5) YtoOsl HaliTn TOUKy Ay, CUMMETPUYHYIO TOUKEe A, OTHOCHUTEIBHO

= 3.5~ 6,69.

nnockocti Ay A, Az, caenaem cieayolee.

CocraBuM ypaBHEHHE NPAMOM, MEPIEHIMKYIAPHOM mmockoctn Ay A, A5,
npoxojsiei yepes Touky A, no Gopmyne (32). 3a HanpaBIAIOLIMNA BEKTOP
npAMoit @ = n = (0, 2, l) OepeM HOPMaIIbHBINH BEKTOP IJIOCKOCTH, T.K. TPsiMast
NepIEeHANKYIISIPHA MIIOCKOCTH:

x—0 y-8 z-0 x_y-8_z
0 2 1 0 2 1
CocrtaBuM napaMeTpuyecKie ypaBHEHUsI 3TOU npsmoit o Gpopmyne (33):
x=0
y=2t+8
zZ=1.

Haxonum To4Ky nepeceueHust 3Toi NpsaMoi ¢ m1ockocTblo Ay A, A;

x=0
x=0
y=2t+8
t = <y=—6+8=2 = 22t+8)+r—1=0,
zZ =
z=1
2y+z-1=0

5t+15=0, t =-3.
[Monygaem Touxy M (O, 2, — 3); T.K. TOYKa Aj CHMMETpHUYHA TOuKe A,
OTHOCHUTENBHO miockoctu A; A, Ay, 10 Touka M sBiseTcs cepeIMHOM OTpe3Ka
Ay A}, nosTomy
X4+ Xy _ 0+xj

Xy T, 0 > B x:l_:O;
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_Yatys o, 84y

’ ) / :_41
YMm 5 5 Y4
Zy + 2y 0+2z, ,
Zay = , -3= , zy = —06.
) 2
AZ‘(O, —4, — 6).

6) UtoOb! HalTn TOUuKy A;', CHMMETPUUYHYIO TOUYKE A, OTHOCHTEIHHO
npsaMoit  A; Ay, coctaBuM ypaBHEHME IJIOCKOCTH, IPOXOALIEH Yepe3 TOUKy Ay
NepHeHANKYIApHO npamoil  A; Ay 1o gopmyne (26). 3a HOpMalIbHBIN BEKTOP
IJIOCKOCTH N = d = (O, -2, 4) OepeM HampapJIAOIIHil BeKTOp npsiMoit 4 A5, T.K.
TUIOCKOCTh MEPICHINKYISIPHA IPSIMOH.

O-(x—O)—Z-(y—3)+4-(z—0): 0, —2y+16+4z=0, y=2z-8=0.
Ypasrenue npamoit 4, A; cocrapnsem no dpopmyie (34).
x=2 y-1 =z+l1 x=2 y-1_ z+1

2-2 —1-1 3+1 0 -2 4
ITapameTpuyeckue ypaBHeHHs NpaMoi A A5
x=2
y==-2t+1
z=4¢—1.
Haxonum Touky N nepecedenns npsiMmoir A;A; ¥ IUNIOCKOCTH:
x=2
y=-2t+1
z=4r-1
y—2z-8=0,

—2t+1-2(41-1)=8=0, —10t-5=0, rz—%,

x=2, yz—2(—%j+1:2, z=4(—%)—1=—3.

Urak, Touka N(2, 2, —3). Tax kak Touka A cuMMeTpudHa Touke A

OTHOCHTENBHO NPsIMOi A A3, To Touka N sIBIsieTCst cepeanHoit oTpeska Ay Ay,

TOor;a
X4 +Xx) 0+xy "
Xy =—72> 2= ., x4 =4
Vg t+ V4 8+y4 "
= —’ 2 pu— y pu— —4’
YN 5 5 Y

Zy = ¥’ —3= O;Z“ , zj=—6, TOuYKa A;{(4, -4, - 6).
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1.4 AHaguTHYeCcKasi TeOMeTPHs HA INIOCKOCTH
Hekotopeie cBenienns u3 Teopun
IIpsimas aunus. Ee ypaBHeHue

Ax+By+C=0 — (38)
o011iee ypaBHEHUE MPSIMO.
X=X, Y-—Y,
= — 39
- » (39)

ypaBHEHHUE TPSAMOIA, IPOXOIAIICH Yepe3 Touky M, (xo, Ve ) a= (m n) — BEKTOD,
NapaJuyIeIbHbIA MPSIMOM.

A(x—xo)+B(y—yo):O — (40)
ypaBHEHHUE TIPAMOM, IPOXOIAIICH Yepe3 TOuky M. c>(xo, yo) C TIEPIICHIUKYISIPHBIM
BEKTOPOM 7 = (A, B).

X—x _JrYy=n _ (41)
Xo =X V2=
ypaBHEHHE NPSMOU MPOXOISIIeH depe3 1Be Touku M l(xl, yl) u M, (xz, yz) :

Xy
—+==1- 42
o (42)

ypaBHEHHE TPSAMON B «OTPE3Kax», rie d, b — BETHYUHBI OTPE3KOB, OTCEKAEMBIX
PSAMOM Ha OCAX KOOPAWHAT.
yv=kx+b — (43)
ypaBHEHHE TPSAMON C YIIIOBBIM KO3 duiineHToM k = (g u oTpe3kom b —
orcekaembiM Ha ocu Oy .
y=y,=k(x-x,) - (44)
ypaBHEHHUE MPSIMOH, TPOXOASIIeH yepe3 Touky M, o(xo, yo) C YIJIOBBIM

ko3 dunmentom k.
_|Axo+Byo+C|
VA? +B?
paccrosiHue OT Touku M o(xo, yo) 1o npssmoit Ax+ By +C=0.
Ax, + By, +C
VA4? +B?
OTKJIOHeHHE Toukn M (x yo) OT TPSAMOA.
A

k:_E - (46)

yrioBoit koaddunuent npsimoir Ax+ By +C =0,

d

(45)

d = (452)
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kl = k2 - (47)
YCJIOBUE NApaIeIbHOCTU MPSMBbIX.
1
ky=—— — (48)
1 k2
yCJIOBUE NEPHEHAUKYIISIPHOCTH MPSMBIX.
ky —k
tgp =| —=—*~ (49)
1+ kky
YOIl MEXly ABYMS NIPSMBIMU C YTJIOBBIMHU KO3 duimeHTaMu k; u k.
3agada 6. JlaHBI cepeMHBI CTOPOH TPEYTOJIbHUKA
P(l, 2), Q(S, 1), R(— 4, 3). CocTaBUTh ypaBHCHHS €TI0 CTOPOH.
B(x;, v,) 1 cnoco6. Tak kak Touku P, O, R sBustorcs
cepeaunamu otpeskoB AB, AC, BC, 1o
P, Q X1+X2:1’ X2 +X3:5, X1+X3 :_4)
2 2 2
A(xl,yl) R C(x3,y3) )/14‘—)/2:2) M:_L 'yl—i_—'y?’:3
2 2 2
Pemaewm nBe cuctemMbl ypaBHEHUM
X1+X2:2 yl—l—y2:4
X9 +X3:10 %) +y3:—2
xl+X3:_8, M1 +y3:6,
noJry4yaeM
x) =—8 Y =6
X, =0 y,=0  A(-86). B(10,-2), (0,0).
X3 = 10, V3 = —2,

Tenepb cocTaBiasieM ypaBHCHHS CTOPOH TPEYTOJIBHUKA, KaK HPSIMBIX, IIPOXOASIINX
gyepe3 IBe TOUKH, 1o hopmyie (41).
YpaBuenune AB:

X8 _ Y76 giop—2-0.
10+8 —-2-6

YpaBuenne BC:
x—lO:y+2’ X+ 5y =0,
0-10 0+2

VYpaBuenne AC':
x+8:y—6’ 3x+4y=0.
0+8 0-6

2 crioco6. He ompenensst koopaunat touek A, B, C, cocTaBuM ypaBHEHHE KaI0i

u3 cTopoH Tpeyronbanka ABC, kak npsiMOM, MPOXOASIICH Yepe3 OHY U3 BEPIIUH
tpeyroasbuuka POR mapanienbHO MpOTHBOJIEKAIIEH CTOPOHE.
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YpaBuenue AB: npsmas AB TpoxoauT yepe3 TOUKy P mapauiebHO BEKTOPY

—
OR = (— 9, 4). Hcnonbzyem ypaBuenue (39).

loym2 L 4iop-m-0
-9 4
Ypasuenne BC: npsmas BC npoxomut yepe3 Touky () mapajuiebHO BEKTOPY
—>
PR =(-5,1).
x—5:y+1 = x+5y=0.
-5 1
VYpasuenne AC:npsamas AC npoxoauT yepe3 TOUKy R mapajiesibHO BEKTOPY
—>
PO = (4, — 3).
XHE_I73 o 3xip4p-0
4 -3

OtBer: 4x+9y—-22=0, x+5y=0, 3x+4y=0.
3agaua 7. COCTaBUTh YPaBHEHUS KATETOB MPSAMOYTOJILHOTO
PaBHOOEIPEHHOTO TPEYroJbHIKA, 3Hasl ypaBHEHHE THIIOTeHY3bl 2X +3y—5=0 u

BEPIIMHY MPSAMOIO yIia (2, — l).

b N AB = BC (no ycnosuiwo), nostomy ZABC = ZACB =45,
457 kpc = —% ( mo hopmyne (46)). YpaBuenus karetoB AB u BC
45°
A ) C cocraBjsieM 1o popmyine (44): y+1= k(x — 2).
k+ 2
(g45" =|—5>|. (49)
1-—k
3
k+—
_23 — +].
1-—k
3

Pemast 3tn ypaBHEHUSI, TOTYUHM:

k:%, y+l:%(x—2), S59+5=x-2, x—=5y-T7=0.
k=-5 y+1=-5x-2), y+1=-5x+10, 5x+y-9=0.
Oteer: x—5y—-7=0, 5x+y—-9=0.
3amauya 8. B TpeyrosbHHKE ¢ BEpIIHHAMHA A(3, — 2), B(— 1, l), C(S, — 7)
Haiith Guccextpucy BHyTpennero yria LABC.
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B_x 1) CocraBum ypaBHenus cropon yrnma ZABC,
BOCITIOJIL30BaBIIUCEH (hopmynoit (41).
5102 Cropona BA:
+1 -1
X 3x—d4p+1=0
3+1 —-2-1
Cropona BC:
+1 -1
oY _8x—6y-2=0.
A ¢ S5+1 —-4-1
\ N 2) Touku OGUCCEKTPHUCHI paBHOYJAJIECHBI OT CTOPOH yrIJa.

[MpupaBHsSIeM pacCTOSHUS OT MPOU3BOIBHON TOUKH
ouccextpucel M (x, y) 1o cropon yrina BA w BC, Berauciss ux mno Gopmyiie
(45).

|—3x—4y+1| |—8x—6y—2| |—3x—4y+1| |—8x—6y—2|
NV v R i
W13 mocnenHero paBeHCTBa MOIyYaeM CIEAYIOIINE J1Ba:
2(— 3x—4y+1) =8x—-6y—-2 mu 2(—3x—4y+1)= —(—8x—6y—2).
[Tocne mpeoOpa3oBaHus MOJTy4YaeM ypaBHEHHUS ABYX MPSIMBIX, KOTOPBIC SBJISOTCS
OMCCEeKTpHCaMK BHYTPEHHETO U BHEIIHETO YIJIOB NIPU BEpIIUHE B TpeyroibHUKa

ABC':

x—y+3=0 (@)
H x+y=0. (0)
JInst GUCCeKTPUCH BHYTPEHHETO yIJia TpeyroibHiuka BN OTKIOHEHHUs BepIIUH
TpeyronbHuka A u C WMEIOT pa3Hble 3HAKH, a sl OMCCEKTPUCHI BHEIIHETO yTiia

BK — 3HaKu OTKJIOHEHUH OJIMHAKOBBI.
Haiinem otknonenus touek 4 u C ot npsmoii (a) mo dopmyne (40,a):

3—(—2)+2 5—(—=7)+2
= ( ) :7>0, dc = ( ) :14>O,
Jizs12 V2 JiZs2 V2
CIICIOBATENILHO, YpaBHEHHE (@) — 3TO ypaBHeHHe npsimoii BK. Torma ypaBHeHHE

OMCCEKTPUCHI BHYTPEHHETO yriia Tpeyroibiuka ABC mpu Bepiinbe B
x+y=0.

0 4

Otget: x+y = 0.

1.5 JIMHUM BTOPOro MOPSAIAKA

OKpYXHOCTb. Y paBHEHHE
(x—a)2 +(y—b)2 = R? (50)

OIpeeIsieT OKPYKHOCTh paauyca R ¢ LEeHTpoM C(a, b). Ecau nentp

OKPY’KHOCTH COBITaJ[a€T C HA4aJIOM KOOpAUHAT, T.. a =b = 0, T0 ypaBHCHHE
OKPYKHOCTH MPUMET BUJ
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x? +y% =R (51)
O6miee anrebpanueckoe ypaBHEHUE BTOPOU CTENIEHU
Ax? +2Bxy+ Cy? +2Dx +2Ey + F =0
ecTh ypaBHeHHe okpyxHocTH, ecii A=C#0, B=0, te.

Ax® + Ay* +2Dx+2Ey+ F =0. (52)
DJLIUIIC.
v y2
a—z + b_2 - 1 - (53)
ypaBHEHHUE dJUTUICa (KAHOHUYECKUN BU).
b* =a® -2, a>b. (54)
B sTom citydyae Gokychl aiumnca uMeroT KOOPAUHATbI
Fi(—¢, 0) u F,(c, 0). (55)

Hauaio koopauHatr O — LEHTP CHMMETPHH JJUIUIICA, @ OCH KOOPAWHAT — OCH
CHUMMeTpuH dutnnca. Todukn Al(_ a, O), 4, (a, 0), BI(O, —b), B, (O, b)
HA3BIBAIOTCS BEPIIMHAMHY JUINICA, @ W b — Ooublias U Majas IOIyOCH.

Beanuuna

c
e=—x<1 (56)
a
Ha3bIBACTCs SKCOCHTPUCUTCTOM J3JIIIMIICA. 9KCH€HTpI/ICI/IT€T XapaKTCpU3yeT

BBITSIHYTOCTD DJUIMIICA, T.K. BBIPAKAETCS YepPE3 OTHOILIEHHE €ro MOIyoceit
[ 2 2 2
c a“—>b b
8 =" = 1 - .
a a

(57)

OKpY>KHOCTH MOYKHO CYMTATh YaCTHBIM CIy4aeM DJUIMIICA, Y KOToporo d = b,
T.e. €=0.

x==

M

- (58)
ypaBHEHUSI TUPEKTPHC.

Eciu GoKyChI aiuIHIIca pacroiokensl Ha ocu Oy, T0O ypaBHEHHE DIUIHIICA
umeet ToT ke BuI (58), HO b > a. DOKyChl UMEIOT KOOPAHUHATHI: [ (O, — C) u

F, (O, C). YpaBHEHUS TUPEKTPUC

y== (59)

™ | S

['unepGomna.

[\
[\

=1 - (60)

QN|><
Sk
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KaHOHUYECKOE ypaBHEHHE TUIEPOOIIEL.

b =c*-a% a<c (61)
dDoKychl IMEIOT KOOPAWHATHI Fl(— c, O) u F, (c, 0). Ocu KOOpAMHAT SBIAIOTCS
OCSIMH CUMMETpHUH Tunep0oibl, a Touka (O — LeHTp cumMmeTpud. ['unepbona
nepecekaeT och abcuuce B Toukax A (— a, O), A, (a, 0), KOTOPBIC Ha3bIBAOTCS €€
NeHCTBUTEIBHBIMY BEPLUIMHAMHY, a BEIMYMHA d — JCHCTBUTEIBHOM MOIYOCHIO
runep6osnsl. Touku BI(O, - b) u B, (0, b) Ha3bIBAIOTCS MHUMBIMU BEPILIUHAMY, A

b — MHUMas IMOJYOCh. HpHMOYFOJIBHI/IK C OCHTPOM B HA4YaJIC KOOPAWHAT U CO

CTOpPpOHaMH, IapaJUICIIbHBIMHA KOOPAWUHATHBIM OCAM U IPOXOJAAIIUMU YCPEC3 BCPIIUHBI
FI/IHep6OJI]':»I, Ha3bIBACTCA OCHOBHBLIM IPAMOYI'OJIbBHUKOM I‘I/IHep6OJ'IBI. Ero AUuaroHajin

b

y==*t—Xx (62)
a

SIBJISIIOTCSI aCUMITTOTAMHU TUTIEPOOJIBI, T.€. IPSAMBIMHU, K KOTOPHIM HEOTPAaHUYECHHO
PUOJIMKAOTCS BETBU TUTIEPOOJIBI.

OKCIEHTPUCUTET TUTIEPOOJIBI

e=S51, (63)
a
[ 2 2 2
ngza——kbz 1.,.(&) . (64)
a a a

Eciu a = b, runepboiia Ha3bIBa€TCS PaBHOCTOPOHHEH. B 3TOM citydae OCHOBHOM
NpSIMOYTOJILHUK MPEBPAIAcTCs B KBAPAT, a SKCIICHTPUCHUTET PaBeH +/ 2 .

a
X=*x— — (65)
€
JTUPEKTPUCHI TUIIEPOOJIBI.

Ecnu ypaBHeHuMe runepOobl UMEET BUJL

xz y2
- +==1, (66)
a’ b
TO aCMMIITOThbI FI/IHep60J'ILIZ
b
xX=x—y, (67)
a
doxycnt  Fi(0,—c), F5(0, c).
b
y=£— - (68)
€

ypaBHEHUSI TUPEKTPHUC.
ITapabora.
Kanonnueckoe ypaBHeHHE mapadoJIbl

y2 = 2px (p> 0), (69)
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I71I€ p — paccTosgHue OT (GoKyca 10 AUPEKTPUCHI. Y paBHEHHE TUPEKTPUCHL X = —g,

KoopAuHATH Pokyca [ (% Oj . Hayasio koopiuHaT siBiisieTcs BEpUIMHOM mapabolibl,

a 0Ch a0CIIMCC — €€ OChI0 CHMMETPHH. DKCICHTPUCUTET mapadonbl € = 1.
B psiie cinydaeB paccmaTpuBaroT napaboib:

a) y2 =-2px, F (— § O) —dokye, x = g — ypaBHeHue qupekTpuce;  (70)
2 _ pP __P :
0) x“ =2py, F (O, 5) —dokyc, y = 5 YpaBHEHHE TUPEKTPUCHI, (71)

B) x2=-2 py, F (O,—gj —oxkyc, y = g — YpaBHEHHE JUPEKTPUCHI. (72)

Jlns Bcex cimyyaeB p > 0.
3agaua 9. Cpeau npsMbIX MapauieabHbIX npsiMol 2x + y = 0, BeLICTUTH

2 2
KacaTellbHbIe K OKpY)KHOCTH X° + )~ =1.

Pemienune. YpaBHEHHE BCAKOM NMPSIMOU, NApAIIICIbHON JaHHOM, MOKHO
3aIMcaTh B BUIE
2x+y+c=0.
KacarenbHas kK OKpy>KHOCTH UMEET C HEl TOJIbKO OJHY OOIIYIO0 TOUKY, [IOATOMY
COBMECTHOE PELICHUE YPABHEHUH NPSAMOM U OKPYKHOCTU JOJIKHO UMETH TOJIBKO
OJIUH OTBET.
W3 ypaBHEeHHUs npsiMoit Y = —2x — C.

y=-2x—c

x2+y2=1, x2+(—2x—c)2=1, 52 +4ex+cr—1=0.
KBagpaTtHOe ypaBHEHHE UMEET TOJBKO OJIHO PELICHUE, KOTJa TUCKPUMHUHAHT PABEH
HYJIIO: (40)2 —4-5-(02 — l) =0, otkyma ¢ = +/5.

I/ITaK, HCKOMBIC KaCaTCJIIbHBIC UMCIOT YPABHCHUA

2x+y++/5=0, 2x+y—~/5=0.

3amava 10. Jlan amwrc 9x2 +25y2 = 225. Haiitu: 1) ero nonyocu; 2)

doxycsr; 3) skceHTpUCUTET; 4) ypaBHEHUS JUPEKTPUC.

Pemienue. Jlenum Ha 225, nonyyaem

2 2
X
LY

259
Orcrona creayer 1o Gopmyne (53),uro a=135, b= 3. U3 popmynsr (54):

¢*=a*-b*=25-9=16, c=+4.
[To hbopmyne (55): Fl(— 4, O), F2(4, 0).
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4
OkcueHTpucuret (56): € = - 3
a
VYpaBHe e c cormacHo (58): x == +25
BHCHHS JUPEKTPUC COTJIACH —=t—.
P PP 4/5 4
4 25

Otser: a =5, b=3; Fl(—4, 0), F2(4, O); 8=§; x=x—.

3agauya 11. CocTaBUTh KAHOHUYECKOE YPAaBHEHHE DILIUIICA, Y KOTOPOro Manas
nonyoch 2+/6, a paccrosHue Mexay ¢pokycamu FiF, =8.

Pemcnne. b=2J6, FF,=2c=8, c=4
2
ITo dhopmyne (54): a’ =b*+c*, a’® = (2\/6) +4% =40, a=+/40 =2/10.

2 2
Y

+
40 24
3agaua 12. AcuMnToThI rHepOOJIBI UMEIOT ypaBHeHuss 4y +3x =0, a

VYpaBHenue sinurnica corigacHo (53):

paCCTOAHNUE MCKIY q)OKycaMI/I paBHO 20. HanmucaTh ee KaHOHHUYECKOE YpaBHCHHUE.

Pemienne. YpaBHeHus acumMntor y = +—x, cornacHo ¢opmyne (62):
4
b_3 P _ 22 2
P Kpome Toro F1F, =2¢ =20, ¢=10. Ilo popmyne (61): ¢“ =a” +b",
a
MOJTy4YaeM CHCTEMY YPaBHCHHIA
b_3
a 4
a*® +b* = 100.
Pemras ee, monydyaeM a =8, b= 6. CuenoBaTeiabHO, KAHOHHYECKOE YPaBHEHHE
2 2
X
THIEepOOITBI: — — Y - L.
64 36

2 2

X
3amaya 13. Jlana runepOoiia ? - yT = —1. Haiiti koopauHaTh (OKYCOB H

BEPILINH, YKCIIEHTPUCUTET, YPABHEHUS ACUMITOT U JUPEKTPHUC.
Penrenne. ®okychl 1aHHON TUIIEPOOJIBI pacmoiokeHbl Ha ocu Oy .

a=1,bz3,c:\/a2+b2=\/9+ =J10. (61)
3HaunT POKYCHl UIMEIOT KOOPAUHATEL [ (0, — \/E) F (O, \/E) Bepnnbl
AI(O, — l), AZ(O, l), Bl(— 3 O), Bz(3, 0). DKCUEHTPUCHUTET 110 hopmyiie (64):

g=£=@, & = JT0.

VpaBHeHHS acUMITOT: X =t—y = x = 13y.
a
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b
YpaBHEHHUs AUpeKTpUc: y=+t— = y==
c

ﬁ‘w
o

3ajaua 14. Ilapabona ¢ BepuInHOM B Hauajae KOOpPAUHAT MPOXOJUT Yyepes
TOUKY A( 1, - 2) ¥ CUMMETpHYHa OTHOCHTeIbHO ocu (Jy. Hamucatsb ee

ypaBHenue. Haiitu pokyc u qupexrpucy.
Pemienne. YpaBHeHue uckomoit mapadossl mo ¢popmyse (72) umeer BUI

x2=-22 py. Touxa A(l, - 2) JexuT Ha mapabosne. [loacTaBnsemM KOOpIUHATHI
1
Touku A B ypaBHeHue: 1=-2p- (— 2) = p= r CrenoBaTeNbHO, HCKOMOE

1
ypaBHEeHuUE Oyzer x? = ) Yy wm y= —2x?.

1 1
®doky mapabomsr: F (O, - g) . YpaBHeHUE AUPEKTpUCH coriacHo (72): y = 3

2 o
3agaya 15. Ha nmapabGone y“ = 4x HaWTH TOYKH, PACCTOSHHUS KOTOPBIX OT
JTUAPEKTPUCHI PaBHO 5.

. P
Pemenue. YpaBHeHHE TUPEKTPUCHI JAHHOUW Mapadoybl X = — =,

2p=4, p=2, x =—1. Torma paccrosiauie ot ocu (Jy 10 UICKOMOM
(=4 —% =5—1=4T04YKkH u 3TO pacCTOSTHHE ONPEACIUT KOOPIAUHATY X JTaHHOM

TOYKH, T.e. X =4. Koopaunaty y Haiinem u3 ypaBHEHHS MapabOJIbL:
y2=4x, y?=4.-4=16, y=+4.
Utak, M,(4,4), M,(4, —4).

2. BBegenue B anaau3
1. lIpenesnl

[Tycth KaxkaoMy HATypalbHOMY YHUCITY n=1,2,.. NPHUBEJICHO B

COOTBCTCTBHC B CHIIY HCKOTOPOro 3daKOHA YHCIIO u Tor;[a roBOpAT, 4YTO

n-
onpeacicHa IIOCICAOBATCIIBHOCTL  YHMCCII U, Uy, us, ... HIJIK, KOpPOUYC,

IIoCJICA0BAaTCIBbHOCTD {I/ln } OTI[GJ'IBHI)I@ qucia U, Ha3bIBAOTC €€ 3JICMCHTAMMU.

Omnpenenenue 1.1. Yuciao a Ha3pIBaeTCs MPEaeioM IMOCIEI0BATEILHOCTH {un}

eciau s JIF0OOro MOJIOXKUTENBHOTO YHCIa €  HaWJeTcs 3aBUCSIIEe OT HEro
HaTypaJibHOe uucio N Takoe, 4TO i1 BCEX HATYypajbHBIX umcen n> N

BBITNIOJIHSIETCS HEPABEHCTBO: | u,—a |< €. Ilpusrom mumyt: [lim u, = a.
n—> 0
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Ompenenenne 1.2. Tosopsr, uro ¢yHkius [ (x) crpemurcsi kA
( f (x)—)A) IpH CTPEMJICHHH K a(x—)a), rme A W a—u4ucna, WK

lim f (x) = A, eciu anst moboro € >0 cymectByer O = 8(8) >0 Takoe, 41O
Xx—>a

| f(x)—A4|<e mpn |x—a|<3.
AHaNOTI4HO, lim f(x):A, ecin | f(x)—A|<e mpn |x|>N(e) u

lim f( ) 00, eclu |f |>M pu |x a|< 8( ) rae M — mpousBoIbHOE
a
MIOJIOKUTEIBHOE YUCIIO.

[Ipy BBIYKCIIEHHH TPEAEIOB MOXHO HCIIOIB30BaTh CIEIYIOIIHE TEOPEMBL.
1. Ecnu CyIIecTBYIOT KOHEUHBIE [im fl(x), lim fz(x), TO
x—>a xX—>a

a) hm[f1 )+ fo(x ] llmf1 )+xli’zzlf2(x)
0) xli";ll[ﬁ x)- x)]lel_’zzlf1(x)'xli’zzf2(x):
lim fl(x)
. fl(x) _Xx—a .
Do) lim f5(x) (xli"f 2(x) 7 O)'
2. Ecmu lim f(x)zA;tO, lim fz(x)=0 (A — xoHE4HO), TO
limM

x—>a fz(x)
ecnu [im f(x) =A, limf, (x) =00 (A — xoHEYHO), TO
x—>a

x—>a
lim —fl (x) =0.

x—a f ) (x)
DTH yTBEPKACHUS CIPABEIIMBBI, €CIM BMECTO JABYX QYHKIUH [ (x) 154

= o0

y

fz (X) B3s4Tb COOTBCTCTBCHHO JBC ITOCJICAOBATCIBHOCTH ! {un} u {Vn} .

B npoctedimux ciy4yasx HaxXOXICHHUE Ipeliesia CBOAUTCS K IOJICTAHOBKE B
JAHHOE BBIPAXKEHHE IMPEICIIBHOTO 3HAYCHUSI apTyMEHTA, 4acTO, OJTHAKO, IPUXOAUTCS,
MpeXAe YeM MEePEeUTH K Mpeaeny, NPOBOAUTh NPeoOpa30BaHUE JAHHOTO BBIPAKECHMUSI.
D10 crneayeT JenaTb B TEX ClydadX, KOrJa HMMEKT MECTO TaK Ha3bIBAEMBbIE

0 o, . . 0. 1. .0
HeonpeneneaHoctu: —; —; 0-00; oco—o0; 07; 17; oo,
o0
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IIpumep 1.1. Ilpu oThICKaHMM IIpeAEna OTHOLICHHWS NBYX LEJIBIX MHOTOYJICHOB
OTHOCHUTEIIBHO X TMpU X —>00 WIA A IpU 71 —>00 JUIsl TOCJIEI0BATEIbHOCTEN

o0
(HeompeneneHHOCT, —) o00a ujeHa COOTHOLUEHHUS TOJE3HO MpeABAPUTEIbHO
o0

pasjienuTh HA X' WM, COOTBETCTBEHHO, 7' IJie 71 — HAUBHICIIAS CTEIeHb YTUX
MHOTOUJICHOB.

AHaNOrnyHbIl NpHEM BO MHOTHMX CIydyasX MOKHO INPUMEHUTh U s Ipobeii,
CcoJIepKalIuX UPPAIMOHATBLHOCTH.

(3+ 2 —ij 3+ 21

ot e2xt -1 (o : 2yt - x> x*
a) lim —, =|—|= lim A lim 35 =

x—=o 5x7 +3x+2 o0 x—>oox4(5+_3+_j x—>oos+_3+_4

X7 X

, 2 1
lim 3+ lim —— lim —
x>o  xoswyl xooxt  3+0+0 3
_ = ==, crapuias cterneHs m =4,

lim5+lim%+limi4 5+0+0 5
X—> 0 x—)oox x—)oox

4
JIEJIUTCA HA X .

5 lim Wont —2m® + 2+ 48 +21

noo Yt 340 4n® 1 on

3-\/n4(9—3+ij +4-3 ;13(8+2—31

A
= [im

" 4n4(1—— +2- n4(4+ij

03
\/(9——+— +4n- 3(8+2—;j
n
n- 4/(1—— +2n° /4+—3
n
4 21
3- (9——+—)+—-3(8+—j
\/ n ont) n\ n3/  3:49-0+0+0-Y8+0

Jares 1'( 3)+2' (4 9) ‘\‘/—+2\/—

\O

_2
4

I’l4 n3
o0

2
(HeompeIeIeHHOCTh —, CTapIlas CTeeHb M = 2, AeIuTcs Ha Nn°).
o0
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8) lim(3x+l) \/x2+4x+5—\/x2+4x+7

X—> 0

[ (o) -

(Bx+1)|Va? +dx+5—Vx? +4x—7 -\/x2+4x+5+\/x2+4x—7]
= lim =
X \/x2+4x+5+\/x2+4x—7
(3x+1)(x2+4x+5—x2—4x+7)
= [lim =

r—=o \/x2+4x+5+\/x2+4x—7

(3x+1)-12 (:x)
= lim =
x_’oox/x FAx+5+xE 1 dx—7
12(3+1j _12.3
= lim a = 18.
X—> 0 4 5 4 7 1+1
1+—+—2+ 1+———2
X Xx X Xx

IIpumep 1.2. Ecnn P(x) u (x) — IeJbl€ MHOTOWIECHBI X, P(a)i 0 wm

Q(a) # (0, TO mpenmen parmoHambHOM aApodbum P/ mnpu X —>a HAXOTUTCA
0

HenocpeacTBeHHo. Eciu xe P(a) = Q(a) = (0 ("eompemeneHHOCTh —), TO APOOb

P/ Q pexomenmyercst COKpaTUTh OJUH WM HECKOJIBKO pa3 Ha (x — a).

x3=3x+2 (O) (x—l)(x2+x—2) x2+x-2
lim———=| —| = lim = lim
x—>lx* —4x+3 \0 x—>1(x—1)(x3+x2+x—3) solxd 4xl4x—3
:(g)zlim =D +2) itz 12 31
0 x—>1(x—1)(x2+2x+3) >ix 12x+3 14243 6 2

Ipumep 1.3. OpHuM HU3 NPUMEPOB HAXOXKACHUS Mpeaesaa OT UPPALMOHAIBHOIO
BBIpaKEHUS ABJISETCA MEPEBOJI UPPALUOHATIBHOCTH U3 YUCIUTENS B 3HAMEHATENb WU

0

HA000POT (HEOMPEACICHHOCTh — ).

VS _(9). o 335+ x)
0 :( -Y5-x)3+5+x)

a) lzm

x—4]1— \/5 X

= [lim

x—>4(1 ﬂ)( + 5+x)
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4—x 1 1
i ——— T
tr41—Y5—x xr43+V51x vodl-Ys—x 6
L @1V s -x)?)
6x_>4(1—\/3 5—x)(1+\/3 5—x+\3/(5—x)2)

o )1 50

=—[im =
6 x—>4 1-5+x

i (¥l ):_lzim(1+M+W)=

6 x—4 x—4 6 x—>4

:—é@+1+0:—%.

0) lim V-2 —(QJ—Iim =
=8x?—Tx—8 \0 x_’g(x2 — 7x—8)(%/x72+2§/;+4)
x—8 1

= [im = [im =

x%gg-sxx+n3x2+2¥}+4) **%x+9653+2¥§+4)

. ‘
[u—

ITpumep 1.4. Ilpu BBIUUCICHUU MPEACIOB BO MHOTHX CJIy4YasiX UCIOJIb3YIOT «II€PBbIM
3aMeyvaTeNIbHbIN MPEACI»:

. sinx
lim =1,
x—=>0 Xx

CJICICTBUEM KOTOPOTO SIBIISIFOTCS TIPEICIIbI:
. lox . arcsinx .

lim & _ 1, lim =1, lim
x—>0 Xx x—0 X x—>0 X

arxtgx 1

5 ) tg2 Ax - aresin® x
a) lim|ctg”3x—ctg Sx]- =

x—0 xz
2 ) 2
tgdx > [ arcsinx 2
2 2 (—j ¢ 16x ¢ ( ) X
.| cos®3x cos” Sx 4x X
= lim| —————————| 2 -
x—>0 sin“ 3x  sin” Sx X
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2 2 2 N
— Jim 16> _{cos 3x cos Sx}‘ lim(tg4x) . lim(arcsmx) _

sin®3x  sin’®5x

x—>0 x—0\ 4x x—0 X
2 2 2 2
_ lim cos 3x216x _cos 5x216x LR
x—0 ; ;
(sm3xj 052 (Slnij 95,2
3x 5x |
= lim Ecos?ax——cos Sx} - zﬁ.
x—0 225

2
( g2xj 4x? N 2sin® 2x

(arcsin 3xj N
L 3y
3x

0) lim 5

x>0 x“.qrcsin3x

tg22x 1—cos4x (9
0 x—>0

. [ tg2x sin2x
lim (—) 42 ( ) - 2x
x>0\ 2x lim A2 sin2x _ lim 2x B 82
i arcsin3x x—0 3x x—0 3x 3
im———
x—0 3x
I[pumep 1.5. Ilpy BBIYKMCIEHHH Tpeaeia  BBIPAKEHHS, COIECPIKAIIETO

TpUrOHOMEeTpuYeckne G¢GyHKnuMu, korma X —>a u a#0, pekomenayercs
IpEeABAPUTEIBHO IPOBECTH 3AMEHY X —d = ).

T-X

cos—— 14
lim 6 =(—)=(x—3=y,y—>0 mpu x —>3) =
x—3 x—3 0
w-(y+3 :
COSL . . _r g Y
= lim 6 = lim—-cos( Ty, j— lim —© 6 _
y—>0 y y—>0y 6 2 y—0 Ty
6
Sinu - -
- Ty—6 __TH__T
6y->0 Ty 6 6
6
Ipumep 1.6. Tlpu BBIYUCICHUU TIPEAEIIOB BUaa [im [ f ](p =C HEe00X0aMMO

xX—>a
HMCTb B BUY, 4TO

1) eciu cymiecTBYIOT KOHEUHbIE npeaennl A = [im f (x) B = lim (p(x),
XxX—>a Xx—>a
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10 c=A" (4>0);

2) ecu lim f (x) =A#1, [lim (p(x) = F00, TO BOIPOC O HAXOKICHUU
X—>a XxX—>a

npejaena C PpeIraeTcst HEmoCPEACTBECHHO,
3)ecnu lim f (x) =1, [lim (p(x) = 00, TO CJEAYET BOCIOIb30BATHCS
X—>a X—>a

1

«BTOPBIM 3aMEYaTEIBHBIM MIpeaeIoM»: [im (1 + g(x)) g(x) = e, rae
xX—>a

g(x)—)O npu x >a u e=2718....

2 o} e
a) lim (%} Tl (é) = 1 =0, T.x
x>0\ 2x° +x+1 2 3

. 32 —x+1 3 . x2
lzmz—z—, lim —— = —oo.
x>0 dx  +x+1 2 x>0 x — 1
. x+3 . .
6) lim(sm 4xj _ 43— 64, 1, lim S Zim(sm4xj 4=4,
x—>0\ x x>0 X x—0\ 4x
lim (x + 3) = 3.
x—0
2x 2x
6) lim(3x+1) =(1°°)= lim(1+ ! ) -
x—oo\3x —1 X—>00 3x—-6
14x
3x_6. 7 2x 3x-6 xlimoo3x—6
= [im (1+ / j 7o lim (1+ / ) ! —el¥3,
xX—>00 3x—-6 x—>00 3x—6
3 3
3 lim(7-2x)53 -(1 )=xlz_1)n3[1+(6—2x)]x—3 -
. (6-2x)3 . 18-6x
. -3 hm3 x-3 -6
= lim [1 +(6— 2x)] 6—2x = =e °.
x—3

2. beckoHeuHO Majbie 1 OECKOHEUHO OOJIbITNE (PYyHKITUH

Ompenenenvie  2.1. Ecmu  Ilim f (x) =0, T1o Qyukuus f (x) Ha3bIBACTCS
XxX—>a

OCCKOHEYHO MaJION B OKPECTHOCTH TOYKH X =a (pu X — a).
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CymMa 1 npou3BeJeHUE KOHEYHOr0 Yuciaa OECKOHEYHO MajblX (YHKUUN MpU
X — a ecCTb TaKKe OECKOHEUHO Majasi ipu X —> a.

Ompenenenvie 2.2. Ecom  f (x) 151 g(x) — OECKOHEYHO Mayible P X —> a U

lim ix) = ¢, TJe C — HEKOTOPOE YHCIO, OTIIMIHOE OT HyJsA, TO GyHKIuM [ (x)
x—>a g(x)
u g(x) Ha3bIBAIOTCS OSCKOHEYHO MAaJLIMU OJHOTO nmopsaaka nmpu x — d, €ClIu
C = 0, TO TOBOPAT, YTO f(X) — OECKOHEYHO Majas BBICIIETO nopsaaka I10
CPaBHCHHUIO C g(x) npu x —> a.

beckoneuHno manas f (x) Ha3bIBA€TCSI OCCKOHEUHO MAaJIOHN nopsaaka n 10

CPaBHEHHUIO C g(x) npu X —> a, eciu

lim&:c, 0<|c|<+oo.
x—)ag (x)

[pumep 2.1. Ilpu x —> 0 onpexenuTs MOPSAOK MAIOCTH QYHKIHU IZX — SINX

OTHOCUTCIBHO X.

. sinx( ! — ) (1
lim Igx — Sinx — Jim CoSX — lim Slnx( — cosx) _
x—0 x" x—0 x" x—0 x" cosx
2sinx - sin’ ad 4sin’ X cosf sin’ ad cosE
= lim 2:lim 2 2:4lim—2-lim 2 _
x—0 _xn COSX x—0 _xn COSX x—0 _xn x—0 cosx
sin’ X sin’ ad sin’ X
:4lim—2'1=4lim—2=i- lim —=.
x—0 x" x—)O(fjnozn 2" x>0 (E)n
2 2

Orot npeaen Oymer paBeH koHctante c#(0 mpu n =3, claemOBaTCIBHO,
QyHKIMS fgX —SinX WMEET MOPSJIOK MaJOCTH # =3 OTHOCHTEIBHO X TIpH
x— 0.

CYMMa ABYX OECKOHEUHO MaJIbIX Pa3IMYHBIX IIOPAAKOB PABHOCHUIIbBHA TOMY U3
ClIara€MabIX, MOPATOK KOTOPOI'O HHIKC.

[pumep 2.2. Omnpenenuts MOPSIOK MAaTOCTH OTHOCHUTENbHO X mpu X —> 0

CYMMbI %/XT+\/X73
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3[ 2 2
CHaraeMOe X HUMECET HOpHI[OK MaAJIOCTHU 5 OTHOCHUTCIIBHO X, a

[3 3
cjiaracMoc X — HOpsAOoK 5, CJICA0BATCIbHO, CyYMMa MMECT IMOPAAOK MAJIOCTH

2

— orHocuTenbHO X mmpu x — 0.

Omnpenenenvie 2.3. Ecnu limwzl, TO GECKOHEYHO Maybie [ (x) u g(x)
x—a g(x)

HA3bIBAXOTCS OKBUBAJICHTHBIMU IIPU X —> A . f(X) ~g(.X).

Hampumep, npu x — 0 Oyaem umets:
sinx ~x, 1gx~X, arcsinx~ Xx,arctgx ~ Xx,
2
X
ln(1+x) ~X, COSX~ 1—7, et —1~x, a" —1~x-lna (a # l).

Hpezlen OTHOIICHHA IBYX OECCKOHEYHO MaJIbIX HE U3MCHUTCA, C€CJIM YJICHBI
OTHOIICHHA 3aMCHHUTDH DKBUBAJICHTHBIMH UM BCIIMUMHAMMU.

[Ipumep 2.3.
34tg2x ~ 53arcsin2 N (34tg2x _ 1) _(53arcsin2x _ 1)
x>035in” 4x + Tarctg"x x>0 3-(4x) +7-(x)
, 4tg2x-ln3—3arcsin2 3x-In5 . 4ln3-x2—3ln5-(3x)2
= [im = lim =
x—0 55)(?2 x—0 55)(2
_ 4In3-27In5
55 '
In(1+3x) 3x
. [ 4arcsin2x X o (4-2x) x N 1
@ lim| ——— = lim =| — = —
x—=0 3tg8x x—>0\ 3-8 3 27
5 7
Inf 3| 1——x||—In 3 1+—x
noosnreny M3 [ {1+ 2]
6) [lim n( x) n( " x): lim 3 3 =
x—0 2sinx x—0 2x
ln3+ln(1—§x)—ln3—ln(1+%xj _§x_Zx

x—0 2x x—0 2x
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Ompenenenvie  2.4. Eciu  [lim f (x):oo, t0 QyHKHUA [ (x) HAa3bIBACTCS
Xx—>a

OECKOHEYHO OOJBIION P X —> a .
[TogoOHO TOMy, KaK .TO CAENAHO it OECKOHEUHO MaJIbIX, BBOJAUTCS MOHSITUE
OECKOHEYHO OOJBIINX Pa3IUYHBIX TOPSIKOB.

Ipumep 2.4. Ilycth x — 0. Omnpenenutb NOPSIOK OECKOHEUHO OOJIBIION
5
X

f (x)= 10 CPaBHEHUIO C X .

+2
5 5 5 5
. X . X ] X . X
lim x" = lim ——— = [im 1 = lim 1 =1
x—oo| X+ 2 x—)oox”(x+2) x—oo ™ L) x0T
npu n=4.

Onpenenenue 2.5.

1) Iycte pyukous [ (x) — OecKOoHeYHO Ooibliasi WM OECKOHEYHO Majas

npu X —>o© u lim &: I, tne ¢ W O — KOHCTaHTBHI, Torjaa (HYHKIIHS
x—0 . x*
y=cx* Ha3bIBACTCS ACHMIITOTUKONW WM ACUMITOTHYECKH SKBUBAJICHTHOM
Gyakmn [ (x) opu X —> 00,
2) Ilycts Qyskums f (x) — OeckoHeyHO OoJbInas Wi OCCKOHEYHO Majas
/()

o= I, the ¢ W O — KOHCTaHTHI, TOrAa (YHKIUS

npu x—>a u lim
x—)OOC.(x_a)

(04 o )
y= C(.X - Cl) Ha3bIBACTCA ACHUMIITOTHMKOHN WM aCHUMIITOTHYCCKHN 3KBHBAJICHTHOMH

GyHKIMH f(x) npu x — d.

[Tpumep 2.5.

@) HaiiTn acuMOTOTHKY (aCHMIITOTHYECKOE MpeacTaBacHne) GyHKIUU X + 1 —+/x

pu X —> 0.
(VErT=Va)VarT+vx)  yaiox

Jx+1+Jx Jx+1++x
1 1 1
_\/x+1+\/; 2\/;_2-x1/2,

CIICIOBATEIbHO, ACHMITOTHKOW GyHKIMH [ (x) =Jx+1-+/x opu = X —> o

I _ 1 1
ABJISIETCA PYHKIUS Ex 1/2; c=—; Oo=-——.

2 2
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6) Haiitu acumnrotuky GyHkuuu [ (x) = npu x —> 1.
l-x

Ipu x —>1 dyakuu [ (x) T ABIIAETCS OECKOHEYHO OOJIBILION:
l-x
| 1

V1-x° i 3\/(1—x)(1+x+x2) ) %/3(1—x) N i/g(l_x)w'

y 1 -1/3
ACHUMITOTHKO# B JAHHOM Clly4ae sIBiseTcs QyHKIusA ) = %(1 — x) :
¢) Haiitu acumnrotuky QyHkumu [ (x) = x> —3x+2 npu x —> 1.

B nannowm ciyyae mpu x —> 1 ynkums [ (x) SBJISIETCS 0ECKOHEYHO MaJIoi;
f(x):x3 —3x+2 =(x—1)2(x+2) ~ 3(x—1)2.

[MosnyyaeM acCUMITOTHKY V = 3(x — 1)2; c=3 a=2
3. HempepsiBHOCTD (PyHKITHH.

Omnpenenennie  3.1. Ecnim x<a u x—>a, T10 ycnoBHO mumyT X —> a—0,
aHAJIOTUYHO, eclii X >a Xx—a, o x —> a+0. Yucna

f (a — 0) = _l)lZfz_ . f (x) u f (a + O) = ﬁiﬁ . f (x) Ha3bIBAIOT COOTBETCTBEHHO

IpeaesioM ciieBa GyHKIuU | (x) B TOUKE d W MPEAEIOM cripaBa QyHKIHMH [ (x)
B TOUKE ¢ (€CJIM 3TU YUCJa CYIIECTBYIOT).
Jlist cyIiecTBOBaHus npejena QyHKuuu  f (x) opu X —> a HEeo0XoauMo U

J0CTATOYHO, YTOOBLI UMEJIO MECTO PABEHCTBO: | (a — O) =f (a + 0).

Ompenenenne 3.2. Pyukuus y = f (x) HAa3bIBAC€TCSl HENPEPHIBHOM B TOUKE d,

ecimn
1) oHa ompenescHa B 3TOW TOUYKE;

2) lim_of(x): limof(x)z lim f(x):f(a).

ToukH, B KOTOPBIX HApyLIAeTCs YCIOBHE HENPEPBIBHOCTH, HA3BIBAKOTCS TOYKAMH
paspsIBa.

[Tpumep 3.1.

1

a) Haiftu Toukn paspeiBa GyHkiuu y = 327% | mpenensl clieBa U CHpaBa B 3THX
TOYKAX, CAENATh CXEMATUYECKUN YEPTEK.
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1

®yrkius y = 327X pMeeT pasphIB B TOYKE X = 2, T.K. OHA B DTOH TOYKE HE

Ya | onpezeneHa. [Ipu stom:
| LT
| lim 32x =3+0 =37 = joo;
I x—2-0
' 1 1
! : e Al a—w® 1 1
| lim 32-x =3-0=3"" = =—=0.
A ' x X240 3t° 4o
O 2 i

6) Haiitu Toukmn pa3pbiBa U BCIIMYNHY CKa4YKa B 9TUX TOYKAX (I)YHKHI/II/I
1

2x+3 4 4x -8
Y= 1 :
243 4 4
Toukoi#t paspeiBa JaHHOW (YHKIMH SBISETCS TOYka X =—3, T.K. B Hel
(GyHKIMS HE onpe/iesieHa.

2V3) L4y -8 27" -12-8 0-20

lim = = =-5;
x—>-3-0 21\(x+3) +4 27 41 4 0+4
1/(x+3) _
lim 2 tax-8 I, rx. mpu x > -3+0 umeem:

x—>-=3+0 21\(x+3) +4
21/(x+3) LAy —8 ~ 21/(x+3)_

b

21/(x+3) L4~ 21/(x+3).
Bemnuuna ckauka A =1-— (— 5) = 6.

6) HaliTu ToukM paspbiBa, BEIUUUMHY CKauka A M MOCTPOUTH rpaduk (GyHKIUH
— 3x, x<0

y =<4sinx, O<xsg

X%+ 1, r < X.
\ 2
JlanHast pyHKINS HENPEPBIBHA JUISI X € (— o0; 0) U(O; gj U(g, + OOj.

T
I/ICCHCI[YCM TOJIBKO TOYKH X| = O u Xy = 5, T.K. B HUX MCHACTCA aHAJIUTHYCCKOC

BBIpaKEeHUE (DYHKITHH.

lim f(x) = lim (— 3x) =0; lim f(x) = lim (4Sinx) =0;

x—-0 x—-0 x—+0 x—+0

£(0)=-3x

0 0, cnenosarensHo, B Touke x =0 (ynkuus [ (x) HETPEPhIBHA.
xX=
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S R S 1 I
”771:1 X)= ll;lc/l Sinx) =4, 2 = Sll’l2— ;

2
lim f(x)="lim (¥*+1)= "T +1=3,467,cn

x—>—+0 x40
2 2

T
€A0BaTCJIBbHO, TOYKa X = 5 — TOYKa pa3pbiBa.

BeHI/IqI/IHa CKa4YKa

2 2
A:4—[”—+1) —3-% 0533,
4 4

2.1 NuddepennuaibHoe HcHHCTIeHHE (PYHKIIUU OTHOM MepeMeHHOoi

1. S3KCTPEMYMbI ®YHKIIMH OJHON NMEPEMEHHOM

Oyukups y = f (x) Ha3bIBaeTCs Bo3pacTtaroliel (yoniBaroreii) Ha
HEKOTOPOM HMHTEpBaJle (OTPEe3Ke), €ClU A T00BIX TOYEK X{, X,, NPHHAAJIEKAIIUX

JIAaHHOMY HHTepBaje (OTPE3KY), U3 HEPaBEHCTBA X < X, CICAyeT HePABEHCTBO
f(xl) < f(xz) (f(xl) > f(x2 )) Eciu f(x) HempepbiBHa Ha OTpeske [a; b] u
f '(x) >0 ( f '(x) < O) npu a<x<b, to f (x) Bo3pacTaeT (yObIBaeT) Ha
OTpE3Ke [a; b].

B mpocreiimux cirydasix 00JacTh CymecTBOBaHUsS QYHKIUH [ (x) MOKHO

pa30uTh HA KOHEYHOE YMCIIO TPOMEKYTKOB BO3pACTaHUs U yObIBaHUS (QyHKIIUN
(IpOME)KYTKOB MOHOTOHHOCTH). DTH MIPOMEXKYTKH OTPAHUYEHBI KPUTHYECKUMU

AV toukamu X (roe f '(x) =0 wmxe f '(x) He

_ C CCTBVYCT).
y=F(x) yIeCTByeT)
ECJII/I CYHIGCTByeT TaKas I[BYCTOPOHHHH

OKPECTHOCTb TOYKH X ,, YTO JJIst BCAKOM TOYKH
X # X, DOTOH OKPECTHOCTU MMEET MECTO
HEPAaBEHCTBO [ (x) > f (xo), TO TOYKA X,

Ha3bIBAETCS TOUKONM MUHMUMYyMa (DYHKIIUU
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yv=Ff (x) ,aqucio f (xo) — MUHUMYMOM QYHKIMH ) = f (x) AHAJOTUYHO, eCITH
JUTSL BCSIKOM TOUKM X # X| HEKOTOPOI OKPECTHOCTU TOYKHM X| BBIIOJHSETCS
HEPaBEHCTBO [ (x) <f (xl) , TO X Ha3bIBACTCS TOUKOH MakCHMyMa (pyHKIUH

y=Ff (x) ,a f (xl) — MakcUMyMoM (pyHKUIMH. Touka MUHUMYyMa WM MaKCUMyMa
(YHKIMU HA3bIBAETCA €€ TOUKOM SKCTPEMYMa, @ MUHUMYM WJIM MAaKCUMYM (QYHKIUU
— skcTpemyMoM QyHkiuu. Ecmun x, — Touka skcTpeMyma GyHKuuH f (x), TO

f '(xo) =0 wmxe f '(xo) HE CYIIECTBYET (Heobxooumoe yciosue
cywecmeosanus sxcmpemyma). O0paTHOE YyTBEPKICHHE HE BEPHO: TOYKH, B
KOTOPBIX [ '(x 0) =0 wm f '(xo) HE CYIIECTBYET (Kpumuyeckue mouxu), He

00513aTENBHO ABJIAIOTCS TOYKAMH SKCTpEMyMa QYHKIUH [ (x)
Llocmamounwiti npusHak cywecmeoganus 1 OTCYTCTBUS DIKCTpEMyMa
HENpepsIBHON QyHKIUH [ (x) CJEIYIOLINI: €CIH CYIIECTBYET TaKasi OKPECTHOCTh

(xo -9, x, +5) KPUTUYECKOI TOYKU X, UTO f'(x) >0 mpu x, —-0<x<Xx, u
f'(x) <0 mpnm x, <x<x,+9d, T0O X, — TOYKa MAKCEMyMa (YHKINH f(x);
€CIIH XKe f'(x)<0 mpu x, —d<x<Xx, H f'(x)>0 mpu x, <x<Xx,+0, TO

X, — TOYKa MHHHMyMa QyHKIUH | (x)

o
Ecin, HakoHell, HaliIETCs TAKOE TOJOXKUTENBHOE YUCIo O, 4To f '(x) COXpaHsieT
HeM3MEHHBIN 3HaK Ipu X, —O <X <X, + 0, TO TOYKa X, HE SBIACTCS TOUKOMH
sKcTpeMyMa QYHKIMA [ (x)

Haumenvwee (naubonvuiee) snauenue HenpepslBHON QyHKIUKM [ (x) Ha
JAHHOM OTpE3KE [a; b] JIOCTUTAETCS WM B KPUTHUECKUX TOUKaX (DYHKIIMH, UK Ha

KOHIIAX OTpe3Ka [a; b].

[Ipumep 1.1. Ha¥iTi 3KCcTpeMyMbl U HHTEPBAIBl MOHOTOHHOCTH (PYHKITUU
y=x-4—5x.

Oonactb cymectBoBanusa: —3x >0 = x <0.

2y HaxoauM KpUTHUYECKUE TOUYKHU:

ol X N 1 S5x
'=N-5x4+x ———(=5)=v-5x ——— =
4 2+ —5x ( ) 2+ —5x

~10x-5x  —15x 3+(-5x) 3 N
2+ —5x 24/=5x 2+/-5x 2

IMpu x <0 ¢yHKIKA BCeraa BO3pacTaeT ¥ MPUHUMACT HAaHOOJIbIIICe 3HAUCHHUE B

A\ 4

kputudecko Touke x = 0: y(O) = 0.

[Ipumep 1.2. Haiitu 3KCTpeMyMbl 1 HTHTEPBAJIbl MOHOTOHHOCTH (DYHKIIUU
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y=Y(x+1)(2-x).
OO6nacTh CyIIeCTBOBAHUS: X € (— 00; + oo) :

HaXOI[I/IM KPUTUYCCKHUC TOYKHU:

. (2-x)°—2(2-x)(x+1) (2-x)(2-x-2x-2) —x

3Yar122-0"  3Yar)22-0t Y1)’ 2-x)

=0 = x =0,

¥y’ He cymecTByeT => X, =—1; x5 =2. Tlomy4unu Tpu KPUTHYECKHE TOUKMU.

x [ (e =D -1 [(=L o) 0 [ (02| 2 | +x)

y' + HE CYIII. + 0 — HE CYIII. +
y_ 7 max ~ min e
. / . - X . —X
lim y (x) = lim =+400; [lim = —00.
x—2+0

x_>2+0§/(x+1)2(2—x) x—2-0 %/(x+1)2(2—x)

)= 0 -
Tak kax y'(x): k, tne k — yriosoii

k03 punmeHT KacaTenpHOU, TOIPU X =—1 u
X =2 kacaTenbHas K rpaduky GyHKIUH
nepreHaukyasapaa ocu  OXx.

W(=1)=0, »0)=v4; »2)=0.

Q

[pumep 1.3. Haiitu rmyOuHy OTKPBITOTO OacceitHa ¢ KBaapaTHBIM JHOM U 00BEMOM

3
256 M~ Takoro, 4ToOBI Ha OOJIUIIOBKY €r0 CTEH U JHA MOIUIO0 HAauMEHBIIIee
KOJIMYECTBO MaTepuala.
ITycth a — cropoHa KBaJapaTa OCHOBaHHUs, / — riryOuHa Oaccelina,

2 » 256 16
a“h=256 a“=—, a=—, h>0;
h Jh
16 , 256 256
S=Ss,,+S,,, =dah+a* =4 — h+===64Jh+===F(h);
oo 55 A 70

32
Fi(h) - 64 256 32 256 32k 256 _ 2(;;3/2 _8);
2Wh wr Jh B2 h? h?
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TN L F’(h)zO = h?*=8 h=4 [lpu h =4 BenuumnHa
~ 4'1 7 " F (h) =S OyzaeTr HauMeHBIIEil.

[Ipumep 1.4. JIBe mpsimble sxene3nsle foporu AA; u BB| nepneHIuKyIspHbI

apyr k apyry u nepecekarorcs B mynkre C, mpuuem AC =800 km u BC = 700
kM. 3 nynktoB 4 u B mo Hanpasiennto Kk C OTHOBPEMEHHO BBIXOJIST JBA
noe3za co cKopocTsiMu cootBeTcTBeHHO 80 kM/4 1 60 kM/4. Uepes CKOIBKO 4acoB
MIOCJIC OTIPABICHUS PACCTOSHUE MEXK/TY MOE31aMH OYIeT HANMEHBIINM ?

OTMETHUM TOJIOKEHHE TI0E310B B MOMEHT y
t>0 Toukamu K u M. I
AK =80t;  BM =601, 4

CK = AC — AK =800—80s; _

CM = CB— BM =700 60r; A4 “’180 /i

(kM) =(CK)* +(CM)* = K9 0

= (800—80¢)” +(700—60¢)°; KM i
MHWHHUMAJIBHO, €CJIM MUHHUMAaJIbHA BCIIMYMNHA C y ° * >X

(KM)* = F() = (800—80¢)° +(700 - 60¢)°;

F(t)=2(800—80r)-(—80)+2(700 - 60¢)-(— 60) =
= —128000 + 12800¢ — 84000z + 7200¢ = 20000z — 212000 = 0; #=10,6;
T~/ = 10,6 — Touka Munumyma pyukiun (t) Yepes 10,6 gacos

~. 10' 6/, MIOCJI€ OTIIPABIICHHS PACCTOSIHUE MEXKTY Moe3jaMu OyIeT
’ HAUMCHBIITNM.

2.2. ACUMIITOTBI

Ecnu Touka (x; y) HENPEPBIBHO TIEPEMENIAETCS 110 KPUBOH Y = f (x) TaK,

9TO XOTs OBI OJTHA U3 KOOPJIMHAT TOUYKH CTPEMUTCA K OECKOHEUHOCTH, U MPU ITOM
paccTosIHUE TOYKU OT HEKOTOPOU MPSIMOM CTPEMUTCA K HYJIO, TO 3Ta OpsMas
HAa3bIBACTCS ACUMNIMOMOU KPUBOM.

Eciu cylmiecTByeT 4uciao a Takoe, uto lim f (x) =00, TO mpsiMast X = d
XxX—>a

SBJISIETCSL ACUMIITOTOMU (8epMUKAIbHAS ACUMNIMOMA).
fx)
Ecnu cymecTByIoT KOHEUHBIE Ipenensl  [im ——==k; u
X—>+o X

lim [ f (x) — klx] = b, Tonpsimas y = kx +b; Oyner acumnroroii (npasas
X—>+00

HAKJIOHHAA acwwnmoma).
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Jx
Ecnu cymiecTByrOT KOHEUHbIE TIpeeibl  [im Q =k, u
X—>—0 X

lim [ f(x)- kzx] =b,, Tonpamas y = k,x+b, Oyner acumnToroil (reeas
x—>=2

HAKJIOHHAS! ACUMNIMOMA).
I'padux pysakiun y = f (x) HE MOKET UMETh 0oJiee 0JIHOM NpaBoi U Goiee

OJHOU JIEBOW aCUMIITOTEI.

[Ipumep 2.1. Haiith acMMOTOTHI U HOCTPOUTH rpaduk GYHKIUMH
3 cos(x — 1)

x—1 '
OG6IacTh CYIIECTBOBAHMS: X # 1.

Nmem BepTHKaIbHbIE AaCUMITOTBHI.
dyHKIMs ©MeeT pa3phiB B TOUKe X = |, T.K. B Heil QyHKIUS HE OlpeielieHa.

3 -1 -
lim (2x+mj :2+ﬂ:2—oo:—oo;

y=2x+

x—1-0 x—1 —

3 —1 .
lim (zﬁmj:z&:zm:m
x—>1+0 x—1 +0

clieoBaTeabHO, X =1 — BepTHKallbHas aCUMIITOTA.
Hiem HaKJIOHHBIE aCUMIITOTHI B BUAe y = kx + b.

x—>+too x—l

CrnenoBarenbHO, IpU X —> 100 CyIIECTBYET aCUMITOTA

2y / 3 -1
: ) k= lim _f(x): lim l(zx_'_—cos(x )j =
Nz x>t X x—>+o0 X x—1
\V/

i// =2+0=2; b:xZTw[f(x)—loc]:

f 3 -1

/) = lim 2x+M—2x =
O |/ I R X—>towo x—1

X 3cos(x—1

: _ i 200,

|

|

|

|

|

|

2

OO0acTh CyIIEeCTBOBAHUS: x2-1> 0, x>1; x>1 nm x<-1
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2
2x* -9 2(-x)" -9 2x*-9
y=t—i W)= ——=" n(x) = ¥(=x)
x° -1 \/(—x) -1 Jx2 -1
CIIeIOBATENIFHO, TaHHAsT (YHKIMS YeTHAsI, © MOKHO TIOCTPOUTH €€ rpapHK TOIBKO
npu X > 1, a 3aTeM oTpasuTh €ro CAMMETPUYHO OTHOCUTEIBHO ocu Oy.

2
\\%\\ e / lim 2 9:2 9:—00 = x=1-
\ oy I 557 x—>1+0 2 _ 1 +0
\ Q| |V X
\\ : : oY BEpTHKalIbHas acumnroTa npu x —> 1+ 0.
N :// [Iyctp x — 1400
{ { 2 _
:\\ /! k= lim /() = lim e
LA/ I X x>+ X X400 o, x2 1
i*l/\ 1i 'x 9
|// \\: 22 _9 2__2
:/ ! = [lim * - = [im XD,
A | X—> 400 X—> 400 1
o X 1-— 1-—
// I I \\ 2
| 1B X X
/ | | \ 2x% -9
Iy b= lim x)—kx|= lim —2x|=
x—>+oo[f( ) ] X—>+00 ,/x2 1
2 2 2( 2
X—>+o0 x2 -1 X490 2 —1(2x2 — 94 2x-x2 —1)
— im —32x” + 81 o

x>+ 3 / 1 9 / 1
X - 1——2(2——24'2 1——2)
X X X

[Mlpu x —+o0 monydaem acuMnToty V = 2x. ['paduk nanHo# QyHKIMH

2
nepecekaer ocb Ox mpu 2x° —9=0, T.e. BTOUKax X =+—.

J2

[Ipumep 2.3. HaliT acuMOTOTHI M TOCTPOUTH rpaduk QyHKITUU
x> —=2x% =3x+2
4—x*

O0acThb CyIecTBOBAHHUS: 4-x>20 = x#2 u x#-2.

y:

B roukax x; =-2 u x, =+2 QyHKIUI TEPOUT pa3pbIB, T.K. B HUX OHA HE
ONpeAeseHa.

ox?2x? —3x+42 —8-8+642
lim = —
x—>-2-0 4 — x2 —0

—+o0;

9
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x> —2x*=3x+2 -8-8+6+2

lim —00;
x—>—2+0 4— 2 +0
N | NS X =—2 — BepTUKaJIbHAs aCHMIITOTA.
| I
\Jl ! o ox2=2x?—3x+2 8-8-6+2
! | lim = = —00;
\\: : x—2-0 4 — x2 +0
AN
N | oxP-2x?-3x+2 8-8-6+2
TN | lim 5 = = +00;
| M2 x—>2-0 4—x -0
' o\ X =2 — BepTHKaIbHAs aCHMIITOTA.
21 /I N " N
| S > HakioHHBIE aCHMITOTBI IPH X —>1+ 00 HIIEM B
: :2;\\ Buge: y =kx+b.
I | N 3 2
I NON . X . x° =2x"—3x+2
| : BN k= lim /() = lim =
: ! x>t X X—> %00 x(4 _ x2)
|
2 3 2
I=—-=+=
= lim ——X X = =1, b= lim [f(x)-kx]=
X—>+o0 1 -1 x—>to0

4
52

) x> —2x?—3x+2 i X% 4 x42

= [im 3 +x|= lim 3 = 2.
x—>to0 4—x x—>to0 4—x

[lpu x —>* o0 modydaeM acCUMOTOTYy V = —X + 2.

2.3. HAIIPABJIEHUE BOI'HYTOCTHU. TOYKU IIEPEI'MBA

ToBopsr, uto rpaduk auddepenunrpyemoit pynkuuu y = f (x) BOCHYM GHU3

Ha MHTEPBase (a; b) (6ocnym 6sepx Ha MHTEpBAIE (al; bl) ), €CJIM TIpU
a <x <b pyra KpuBOW pacrioIOKeHa HIKE
' B4 (MM COOTBETCTBEHHO IpU @ < X < b; BbIIC)
KacaTeIbHOU, MPOBEJACHHON B JIFOOON TOUKE

V=1 (x) JIOCTaTOYHBIM YCIIOBHEM BOTHYTOCTH BHHU3
| (BBepx) rpapuka y = f (x) SABJISIETCSI

: BBITIOJIHEHUE HA COOTBETCTBYIOIIEM HHTEPBAJIE
X HEpaBEeHCTBA

)Ico a, b f'(x)<0  (f'(x)>0)

Touka (xo, f (xo )) , B KOTOpO M3MEHSETCS HaIllpaBJIEHHE BOTHYTOCTHU Ipaduka

0

@ L — — —— — —

I
I
I
I
I
a

GyHKUMH, Ha3BIBAETCA Mmoukou nepecuda. Jljis abcuuccel TOYKK nepernda X,

VHTEpBajia (a; b) (1 UHTEpBaJa (al; bl))-
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"

rpaduka QyHkun y = f (x) BTOpast MpOU3BOaHAS [ (xo) =0 wmm f "(xo) He
cymiectByeT. TOUKH, B KOTOPBIX [ "(x) =0 wm f "(x) HE CYIIECTBYET,
Ha3bIBAIOTCS Kpumuueckumu moukamu 2-20 pooa. Kputnueckas Touka 2-ro poja
X, fBIAeTCs abcuuccoil Touky neperuda, ecimm  f ”(x) COXPaHSET HOCTOSHHEIE
3HaKH B HHTEpBaTaX X, —0<x<X, H X, <X <X, +0, rae O — HeKoTopoe
TOJIOXKUTETLHOE YUCIIO, IPUYEM 3TH 3HAKU TPOTUBOIIOIO0XKHBI, U HE SBJIACTCS TOUYKOU
neperu0a, eciv 3Haku  f ”(x) B YKa3aHHBIX BBILIE HHTEPBAIAX OJUHAKOBEL.

H[}I/IMep. OHpeI[CJII/ITB HUHTCPBAJIbI BOTHYTOCTHU U BBIITYKJIOCTH, 4 TAKIKC TOUYKHU

xZ

nepernba KpUBoOi y = e |

2 2

Umeem: y' ' =-2xe ™ ; y"= (4x2 — Z)e_x . IIpupaBHsB BTOPYIO IPOU3BOIHYIO
1 1

—, X =——. OTH

N RENG)

TOUYKH pa3OMUBAIOT BCIO 00JIACTH CYIIECTBOBAHUS (DYHKIIUU (— 0; + oo) Ha TpHU

K HYJIO, HAiiIeM KPUTUYECKHE TOUYKH BTOPOIO poAa: X; = —

HHTCpBAJIA.

A 2 & 9] & &
0 0

y!f + _ J—

y - neperud M neperud W
[Mosyuwnu: KpuBasi BOTHYTa BBEPX MPH ( 1 j u X e( L. +oo) u
: X €l —00;, ——F— )

V2 J2

1 1 1 1
BOTHYTa BBEPX IIPU x e(——;—) . Toukn (i — —j — TOYKH Teperuoa.
V272 V27 Ve

2.4. IOCTPOEHUE I'PA®UKOB ®YHKIIUHA 1O
XAPAKTEPHBIM TOYKAM

[Tpu moctpoennn rpadrka QyHKIIUHU CIETYET, MPEXKIAE BCETO, HAUTH 00JIaCTh
CYIIECTBOBAHUS 3TOM (PYHKIIMU U BBISICHUTH MOBEACHUE (DYHKIIMU HA TPAHUIIE €€
obnacTu cymiecTBoBaHus. [1oy1e3HO Takke MpeIBapUTETHLHO OTMETUTh HEKOTOPHIE
0COOEHHOCTU (PYHKIMHU (€CIIM OHU UMEIOTCS): YETHOCTh, IEPUOANYHOCTD U T.J.

Jlanee HY>KHO HallTH TOYKH pa3pbiBa, ACUMIITOThI, TOUYKHA SKCTPEMyMa
dbyHKIIMH, TOUKH rieperuda u T.7. HaiiieHHbIe 2IeMEeHTHI TIO3BOJISIOT BBISICHUTh
oOmuit xapaktep rpaduka QyHKIHH.

[Tpumep 4.1. [IpoBecTu MoaHOE UCCIEAOBAHUE U MOCTPOUTH Tpauk PyHKIUU

y=x-w3/(x+2)2.




40

OO6nacTh CyIlIeCTBOBAHUS: X € (— w; + oo).

y(x) * y(— x) = (yHKIUsA 001IEro BUA.
Tak xak (pyHKIUSA olpeseneHa Ipy BCEX X, Uy HEE HET TOUEK pa3pblBa, TO
BEPTUKAJIBHBIX aCUMITOT HET. HakIOHHbBIE aCUMIITOTHI IPU X —> 1 00 HIlEeM B BUJIE:

y=kx+b.

w/ X+ 2
k= lim = [im ,/ x+2 = +00, CJIEA0BATEIBHO, HAKIOHHBIX

x—>*too X—> *oo

ACHUMITOT TaKX€E HET.
UccnenyeM pyHKIMIO IO TEPBOI MPOU3BOAHOM.

: 2 v, 2 3 3x+2)+2x  S5x+6
y =[x-3(x+2) } ( +2) 3-(x+2) = (3)“)_2 :3—x+2'
y'=0 = 5x+6=0, x=-12;

y' He cymectByer —> x+2=0, x=-2.

X (— 00; — 2) -2 (_ 2, — ],2) —1,2 (— 1L,2; + oo)

HE CYIII. — 0 +

yo|_ max ~ min e

Vmax = y(— 2) = 0 (xacarenbHast B 3TO# TOUKe neprneHauKysipaa ocu  Ox).

| Ya ymin = J/(— 1;2) = _1,2 . ’\3/ 0,6 ~ —1,06
| (kacaTelbHas B 9TOH TOYKe HapasIeibHa OCH
| Ox).
| UccnenyeM QYHKIMIO IO BTOPOi
| IIPOU3BOAHOM.
-1 —-12 O X
_2’4: | : 1 06 i y,,_[ 5x+6 ]_
=—1 L Tl 23|
AT 1,30 (x+2)
!
1
! 53x+2—(5x+6)-
3 2
3. (x + 2)

3(x+2)2 )
_15(x+2)-(5x+6)  10x+24

3(x+2)\/3x+2 3_3/(x+2)4 .
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"

y"=0 npu x=-24; y" wuecymecrByer npu x = —2.

x | (oo —24) -24 | (-24 -2) —2 (-2, +)
" — 0 + HE CYIIECT. +
y M neperuo W U

Vepecusa = V(—24) = —24-Y(-24)* =~130;  »(0)=0.

[pumep 4.2. IlpoBecTH MOIHOE UCCIAEAOBAHUE U MOCTPOUTDH FPAPUK QYHKIIMH
2
2x +1
Y= :
x+2
OO6nacTh CyIIeCTBOBAHUS: X # —2.

y(x) * y(— x) = ¢yHKIUsA 0011Iero BUA.
X =—2 — TOYKa pa3phiBa, T.K. B HEW (QYHKIIMS HE ONpe/IeicHa.

(2 + 1) (441N C (2x+1\ (441
lim =| ——| =+o0; lim = —| =4
x—=2-0\ x + 2 -0 x—240\ x + 2 +0

= x=2 - BCPTHUKAJIbHAA aCUMIITOTA.

HakioHHBIE aCHMIITOTHI ITpU X —>+ 00 uineM B Bujge: ) = kx +b.

2
k= tim 79 _ 1(Mj —0;

x—+o X x>tox \Xx+2

2

2x+1

b= lim|f(x)—kx|= lim( j =4,

x—)ioo[f( ) ] x—>+oo\ X + 2
[Mlpu x —>+ o0 mnonydaem acummnrory y = 4.
Uccnenyem GyHKIMIO TIO IEPBOIl MPOU3BOTHOM.
, 2x+1) 2(x+2)—(2x+1) 6(2x+1)

x+2 (x + 2) (x + 2)

y'=0 = 2x+1=0, x=-05;

y' He cymectByer = X =-—2.

X (— 0] — 2) (— 2, - 0,5) -05 (— 05 + oo)

' + — 0 +

yo|_ ™~ min "
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[ Y

: Ymin Zy(—O,S):O.

[ Hccnenyem QyHKIHIO IO BTOPOid

: IIPOU3BOAHOM.

______ AP __ 3 2
| y"=6-2(x+2) —3(x+2) -(2x+1):
i A4 /; (x + 2)6
)

=05 0,&5 > B .2(x+2)—3(2x+1) B 6(1—4x).

(x+2)* (x+2)*

y'=0 = 1-4x=0;, x=0,25

rn

y" He cymectByer = x=-2.

x | (- -2) (-2; 025) 025 (025; +o)

" + + 0 -

y N U neperuo M

2
L5 4
rpentn =30029)=(555] =5 =044

[pumep 4.3. IIpoBecTu MoIHOE UCCIAEAOBAHUE U MOCTPOUTDH IPaPUK QYHKIIMH

ex—3

x—3

Oo6nacts cymectBoBanus: X —3#=0; x#3.

y(x) # y(— x) — (yHKIUA 0011IeTO BU/IA.

B Touke x =3 QyHKIUS TEPIUT pa3psiB, T.K. B HEil OHA HE OIMpe/IeIeHa.

y:

. ex—3
lim = —o0,
x—>3-0x—3
3 = Xx =3 — BepTUKaJbHAs aCUMIITOTA.
e
lim = 400
x—3+0x —3
HakioHHBIE aCHMITTOTHI HINEM B Bujae: y = kx + b.
1) x — 40,
!
_ x-3 _
' .f(x) . &~ 3 ' (e ) ' &~ 3
k= lim —= Ilim ————= lim ————= [im —— =

/

xz _3x) x>+ 2x —3

x>+ X x—>+wo x“ — 3y x—>+oo(
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!

= lim - = lim

X—>+00 (2x_3) X—>+0

HAKJIOHHBIX aCHUMIITOT HCT.

2) x —> —o,
x=3
ke tim L0V gy €0 - 0:
X—>—-o X x—>—o x“ —3x + o0
x=3
: _ €
e U e

npu X —> —oo moiydaeMm acumntoty y = 0.
HccnenyeMm pyHKIMIO IO TEPBOIl MPOU3BOIHOM.

!

y:

(8363) -
x—3

V=0 = x-4=0, x=4

(-3

y' He cymecTByer

x | (o 3) | (3 4) 4 (4, +o0)
y' - - 0 *
y ~ | >~ min -

Vonin = y(4) =e~272.

Hccnenyem GyHKINIO IO BTOPOI TPOU3BOTHOM.

s (123)° ~(x-4)-2x-3)

" x=3 x—4 Le .
=

T ey

3 x? —Tx+12—-x+5 e -(x2 —8x+17).

(x—3)2 x—=3 (x—3)3

—— = +00, CJEeAO0BaTENbHO, IPU X —> 400

ex3.((x—3))2—eX3 :ex_3.x—3—1 _ 53 x—4
x—3

(-3

= x=3.
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/\y |
| y" He cymectByer = x=23.
|
|
: X (—o0; 3) (3; + oo)
et-- :_ — 1" i +
! >
Y | 4 oy N U
|
|
| -3 1
e
| 0)=——7=——%~=—,02.
| A0 -3 3¢
[Ipumep 4.4. IlpoBecTH MOIHOE UCCIAEAOBAHUE U MOCTPOUTDH FPaPUK QYHKIIMH
x+6
y=In -1
x
xX+6
OO0nacTh CyIIECTBOBAHUS: > 0.
X
x>0, x<-—6. us = =

_ 6 0 x
dynknpms o6IIEro BUAA.

. x+6
lim |In —1|=—-0 = x=-6 — BepTHKaJbHAs ACUMIITOTA.
x—>—6-0 X

. x+6
lim | In —1|=40 = x=-0 — BepTHKaJbHAs ACUMIITOTA.

x—>—+0 X
HakioHHBIE aCHMIITOTHI HINEM B Buae: y = kx + b.
x+6
In -1
k= lim Lx): lim —X — =0:
x—>to X xX—> *oo X
b= lim [f(x)—ke]= lim {lnx+6—1}: 1.
xX—>+o0 X—>*oo X

[lpu x —>* o0 momydaem acuMOToTy y = —l.
Uccnenyem GyHKIMIO TIO IEPBOIl MPOU3BOTHOM.

x| (o —0) (0 +eo) , x x—-x—6 -6

y - - P Txv6 2 xx+o)
y \ \ DKCTpeMyMOB Y (DYHKIIHH HET.

= 0.
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HccnenyeM (pyHKIMIO IO BTOPOM MPOU3BOTHOM.

g —(x+6+x) 6(2x+6) 12(x+3)
y =-06 = = :
xz(x+6)2 xz(x+6)2 xz(x+6)2

y"'=0 = x+3=0; x=-3 — He BXOIUT B 00JIaCTh CYIIICCTBOBAHUSI.

ya
: X (—o0; —6) (0; +oo)
I "
: il :
I y M U
6, O x
________ _|_________¥-.
| -1 Touek neperuda Her.
| x+6 6
| In -1=0 = x=—;
| X e—1
|
=
! =0.
! y(e—l
2 cemecTp

1. UaTerpajabHoe ucuucjienne GyHKIMUA OHOM MepeMeHHOoM
1. HeonpeneJieHHBI HHTErPaJ

Ilepsoobpasnoii pynxyuen nns yuxkuun f(X) HaspBaeTcs takas ¢yHkius F(X),

gro F'(x) = f(X).

Heonpeoenennvim unmeeparom ot ¢yukiuu f(X) HassiBaeTcs ee oOrmas

nepBooOpazHas

[f(x)dx=F(x)+C .

Oyukust  f(X) HaspIBaeTCs MOABIHTETPATBLHOU (PYHKITUCH,

uHTerpupoBanusi, C — MpoOU3BOJIbHAS TOCTOSTHHAS.

Ceoticmea HeonpeoeieHH020 uHmezpaa’
L. [(u(x)+v(x))dx= [u(x)dx + [v(x)dx.

2. [A- f(x)dx=A-[ f(x)dx, rae A — nocrosHHas.

3. Ecm [ f(X)dx=F(x)+C u u=¢(x), o [ f(u)du=F(u)+C.

F(X) — pesymbraT
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Tabauya npocmeiiuux uHmMe2panos:

1. |[dx=x+C. 7. =tgx+C.
J Ic:oszx J
n+1
2. jx”dx:X +C,(n=-1). 8. | _d>2< =—ctgx + C.
n+1 sin“ X
3. j%:In\xHC. 9. [——— _arcsm X+cC.
X Ja?

X

4. jaxdx_a—+C [e¥dx=e*+C.  10.

—Earctg§+c :
a

Ina x2+a a
i 1,6 x—a
5. [sinxdx=—cosx+C. 11. | =—1In +C,(a=0).
x> —a’ 2a x+a
6. [cosxdx=sinx+C. 12, [(—— In‘x+x/x + ‘+C (A+0).

VX2 + A

OcHosHble MemOoObl UHMEe2PUPOBAHUSL.
1. TlonBenenue nox 3Hak auddepeHnmana:;

a) K QyHKIMHU, cTosIIeH Mmoj 3HakoM auddepeHiana, MOKHO TPUOABIATh HIIH

BeIUUTATH MI00yI0 moctosuuyio: df (X)=d(f(x) = A);
0) mon 3Hak auddepeHnransa MOXHO IOJBOJWTH TOCTOSHHBIA MHOMKHUTEIb:
df () = 2 d(A- f(X)):
A
B) mox 3HaK guddepeHnnana MOABOAUTCA  (PYHKIUS 1O  TMPABUTY:
f'(x)dx =df (x).
2. aTerpupoBaHue 1O YacTSIM C UCITOIB30BaHUEM (DOPMYITBI:
fudv=uv—[vdu, rae u=u(x),v=v(x).
C moMoIIbIo0 3TOTO METO/Ia BRIYUCIISIIOTCS CIEAYIONINE HHTETPAITBI
a) [a* - B,(x)dx, u=P,(x), dv =a*dx.

6) [sinax-P,(x)dx, u=PR,(x), dv=sinaxdx.



47
B) [cosax- P,(x)dx, u=P,(x), dv=cosaxdx,
r) [Inax-PB,(x)dx, u=Inax, dv=P,(x)dx,
n) [arcsinax- B, (x)dx, u=arcsinax, dv=PR,(x)dx,
e) [arctgax- P, (x)dx, u=arctgax, dv=P,(x)dx,
rae P, (X)— MHOTOWIEH 7-0¥ CTENCHH.

3. UHTerpupoBanue METOJIOM 3aMEHbI IEPEMEHHOM 110 hopmyJie

[ T()dx=[f(pt)de) =] f (p())¢' V)L, rne x=o(t).

Ilpumep 6évinonnenusn 3a0anus.

Haiitu HCOIPCACIICHHBIC NHTCTPAJIbI:

L \2 3
a)J(arcsmx) +de; 0) jx—_ﬂdx; B) [(3x+4)e¥dx.

J1-x2 X2 —4x+3

Pewenue.

a) HCIIOJIb3YysA OCHOBHBIC CBOMCTBA HCOIIPCACIICHHOT'O HHTCIpaJia MW BBIITOJIHAA

nojaBeAeHrne PyHKIMN 1Mo 3HaK quddepeHiana, HaleM HHTerpa

-2
I(arcsmx) + X dx— I(arcsmx) dx+

o e el

1
= [(arcsinx)*d (arcsin x) + [ (L - X2)_2d(x—22) =

1
= [(arcsin x)*d (arcsin x) + (— %)j(l— x?) 2d(1-x?)=

1

—x2y2
:%(arcsin x)* —%-¥+C:%(arcsin x)® —yJ1-x? +C.

2

[TpoBepuM pe3ynbTaT HHTETPUPOBaHUS TU(hEpPEHITMPOBAHNEM

!

(% (arcsinx)® —v1—x% + C) -
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1
:% -3(arcsin x)? - (arcsin x)’ —%(1— x?) 2(1-x%) +C'=

_(arcsinx)®  —2x +0_(arcsinx)2+x

V1-x2  21-x2 1iex®

YTO COBMAJAACT C MOJIBIHTErPAIHLHOU (PYHKITUEH.

0) moapIHTETpajdbHas PYHKIUS MPEICTABISET COOON HEMPABWIBHYIO PAIIMOHATBHYIO
npoOb. [IpeacraBum 5Ty npoOh B BUJE CyMMbl MHOTOWICHA W MPABUIBLHON ApOOH.

I[JISI 9TOI'O BBIIIOJITHUM ACJIICHUC MHOT'OYJICHA HA MHOT'OYJICH.

x3 ~17 ‘x2—4x+3
x> —4x*+3x  |x+4

4x% —3x—17

4x% 16X +12

13x — 29

Torna
f x3 —17
X2 —4x +3

13x - 29
dx = [ xdx + |4dx+ | ——dx =
= / Ix2—4x+3

dx = j( +4+

13x - 29 j
X2 — 4% +3

2
:X—+4 J?X 29
4x+3

Jlns Toro 4roObl HAWTH TMOCIETHUNA WHTErpa, TMPEJCTaBUM IPaBUIBHYIO JApOoOb B
BUJIE CYMMBI TIpocTeHImmx aApoOed. Jlimsg »Toro pasnokuM Ha MHOXKUTEIU

3HaMeHaTelb Jpoou X2 —4x+3=(x-1)(x-3) u Pa3NoKuM IpoOb HA TPOCTEUIITHE

13x-29 A N B  A(x-3)+B(x-1)
(x-D)(x-3) x-1 x-3  (x=-1(x-3)

sHaunt 13X —29=A(x—-3)+ B(x-1).

IMpu x=3 umeem 13-3-29=B(3-1), otkyna B =5;
npu X =1 umeem 13-1-29=A(1-3), orkyna A=8.

13x—-29 8
[Tonyuaem = + Y UHTETPUPYEM

(x-D(x-3) x-1 x-3
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13x - 29

i d (x 1)
(x=1(x-3)

d(x 3)

—j—dx+[ —dx=g]

+5

=8In|x-1+5Ijx-3+C

N OKOHYATCJIbHO IMOJIydacM

J

[IpoBepum pe3ynbTaT 1u(hepeHIIIPOBAHUEM

3 2
;(;ﬂdx:x—+4x+8ln\x—u+In\x—3\+C.
X —4x+3 2

!

2
(%+4x+8ln\x—u+ln\x—3\+cl :%+4 8 L5

_ (X H(x=D(x=3) +8(x —3) +5(x 1) _ X3 —17
(x=D(x+3) X2 —4x+3’

YTO COBIMAJIACT C MOJIBIHTEPATHLHON (PYyHKITHEH.
3ameuanue.
HNuTterpan oT mpaBUILHON pallMOHAIBLHON JPOOM CBOAUTCS K CYMME WHTErpPaJioB OT

npoctermmx apodeit. Hanbosee yacto BCTpedaroTcs CleyIonue HHTerpabl:

A A A —k+1
———dx=AlIn|x - C: dx = — C,(k=23,..).
Ix—a x=Aln|x —al+ I(x—a)k X (_k+1)(x a) " +C,( )

B) IPUMEHUM METOJIOM UHTETPUPOBAHHUS 10 YACTSIM.

Ipuvem U=3x+4, dv=e*dx, torna du=3dx, V= %egx. [To dopmyne

HHTCIPUPOBAHUA 110 HAaCTAM I10JIy4aCM

j(3x+4)e3xdx:(3x+4):—13e3"— (e 30x 3XT+4 e _ [e¥dx=

3 +C= +C=e*(x+1+C.

[TpoBepum pe3ymnbTaT nuddepeHnrupoBaHueM
@ (x+1) +C) =3 (x+1) + > =e>*(3(x +1) +1)=e**(3x + 4),
YTO COBIIAJIACT C MOABIHTErPATBLHON (PYHKITHCH.

1.2 OnpeneseHHbII HHTErPaJ
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AV Ecnu na mmockoctu Oxy 3aaaHa
_y=1(x) durypa,  orpaHuuYeHHas  JABYMs

HenpepbIBHBIME JnHUsIME Y = f;(X),

° - Y=h) y = f,(x) " BEPTUKAIbHBIMH

L A > X npsMbBIMH X =a, X=D, To miomanp

S Takoi (¢urypel MoOXeT ObITh

BBIYKCJICHA IO popMyJie

S = ?(fz(x) — f,(x))dx, rre f,(x)> f;(x) Ha otpesxe [a,b].

Ilpumep 2.1 Boruncnute  miomans  GUrypel, OTPaHUYEHHOW JIMHUSAMU

y=x>+4x, y=x+4.

Pewenue.
3ajaHHbIC JIMHUA OTPAaHUYMBAIOT Ha IUIOCKOCTH OXy KpHUBOJIMHEUHYIO

Tparnenuo, N300paKeHHYI0 Ha PUCYHKE.

A
Y

y = X2 + 4x
y=x+4

Y

Haiinem koopauHaThl TOYEK MEPECEUYEHMS 3aJAHHBIX JIMHUM, IS 3TOTO PEIIUM

CHUCTEMY YpaBHECHUU

2
y =X +4X’ x2 +4x=Xx+4, x*+3x—4=0, otkyna X =—4, X, =1.
y=x+4

Torma uckomas 1miIomaab BEIYUCIAETCS 10 popmyre:



o1

1

i 3x* x*
S:_[(X+4—X2—4X)dX:J(4—3X_X2)dx_ 4X_T_ 3
-4

4—§—E 16 + 4—8—%—20 (k8. €0.).
2 3 2 3

OO6BeMBI Tell, 00pa30BaHHBIX BPAIIEHUEM IUIOCKON (PUIYPHI, OTPaHUYEHHON KpHUBOM
y = f(xX)>0, ocero Ox u ipssmMeIMu X =a, X=bh,

b

1) Bokpyr ocu Ox, BeraucisioTcs mo popmyne V, =z | f 2(x)dx;
a
b

2) Bokpyr ocu Oy, BEIMUCIAIOTCA 1O hopmyie V = 27| xf (x)dx.
a

Ilpumep.2.2 Boruncinuth 00beMbI Tel, 00pa30BaHHBIX BpalllEeHMEM BOKpPYT Ocei

Ox u Oy KPUBOJIHHEHHOTO TPEYrOMbHIKA, OTPAHNYEHHOI0 KPHBOH Y =3/X , OCBIO

Ox u ipsimoit X =1.

Pewenue.
A
Y / y =3/x 1) oOBeM Tena, MOYIeHHOTO BpalICHUEM
BOKpYT ocu Ox, paBeH
1
5
1o\ xé 3
V, :ﬂj'(%) dX:ﬁ? :—7[ (rv6. ea.)
> 0 >
0 1 ¥ 3 1

2) o6beM Tena, MOTYyYEHHOTO BpalieHneM Bokpyr ocu Oy, paBeH
V 1
3

"3
3o

= 27sz 3/ xdx = 73 Al 677Z (kv6. €0.).
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2 Paabl
CmenenHbiMm pﬂOOM Ha3bIBAIOT psAa BUAA
e8]
8+ (x—a)+ay(x-a) +...+a,(x-a)" +...= Y a,(x-a)", (9)
n=0

PACIIOIOKEHHBIN 10 CTETECHIM JBYWICHA (x — a).
B coorBerctBUM ¢ TeopeMor AOens psaa (9) cXoauTcs Ha HUHTEpBale

X e(a— R,a+ R), a UId BCEX X, JIeXKAIIUX BHE ATOTO MHTEpPBaja, PsJ PacXOJHUTCH.

Yucno R Ha3BIBAIOT paduycom cxooumocmu CTETIEHHOTO psina. Ha KoHIax mHTEpBaia
(mpu X=a—R u npu Xx=a+R) Bonmpoc 0 CXOAUMOCTH U PACXOJUMOCTH JTAHHOTO
psia pemraeTcss WHAMBHIYATBHO ISl KaXKIOTO KOHKPETHOTO psifa. Y HEKOTOPHIX
PSIIOB MHTEPBAJ CXOJMMOCTH BbIpokaaercs B Touky (R =0), y apyrux oxsaTbiBacT
BCI0 och Ox (R =00).

CornacHo npu3Haky Jlamambepa paanyc cX0IUMOCTH ONPEALIISIOT 1o hopmyie

R=1lim

nN—o0

(10)

an +1

Ecnu Bocmnonb30BaThCs IMPU3HAKOM KOI_III/I, TO

1

n—o Va,

Ilpumep. Hanitu uHTEpBan CXOIMMOCTH psAa M HCCIEIOBaTh €ro CXOJMMOCTh Ha

(o] Xn

Kpasx MHTEepBaa -

Pewenue.

Pannyc cxomumoctu onpenenum mo popmyse (10):

n+1
_im D10 im ML g, Iim(1+1j:10.
n

now| n-10"1 n—ow N N—>o0

R=lim—

N—o0 an+1

Ha  xonmax wHTepBama: mpu X=-10 momydum  dgucioBoi  psa

S (-10)" (= 1)
Z Z , KOTOpBII/I ABIACTCA 3HAKOUCPCAYIOMMCA M CXOAUTCA II0
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Tteopeme JleOHMIA, Tak Kak €ro 4WieHbl YOBIBAIOT MO aOCOJIOTHOM BEIMYMHE

1>—>l>... U Iim£=0. I[Ipu x=10 mnoxy4ynM TrapMOHUYECKUH PsI Zl,
2 3 n—o N nzln

KOTOPBIM pacxoauTcsi. Takum 00pa3oM, JaHHBIA CTENEHHOW psAJl CXOIUTCS TpHU
X €[-10;10).
OcHOBHBIE 37€MEHTapHble (YHKIIMM UMEIOT MPOCThIE Pa3IOKEHUsS MO CTEMEHSM X,

KOTOPBIC MPCACTABJICHBI HUKC!

2 X3 Xn

ele+%+%+§+...+ﬁ+... VX & (—00,),
3 5 7 2n-1

smx=5—% %_% (_1)n+1(2xn 1)|+ Vx € (—o0,0),
2 L4 6 8 n

cosx=1-~ 42 2 X (_1)n+1X +... Vxe(—o0,0),
21 41 6l 8l (2n)!

(1+x)" 1+mx+#x2+...+m(m_l)"r;l(m_n+1)x”+...VXe(—l,l),
2 3 4 5 n
In(1+x)=x—X—+X?—XT+X?—..+(—1)”_1X?+... VXE(—l,l),

3 5 7 on-1
arctgx:x—X—+X——X—+...+(—1)”_lX +... ‘v’Xe(—l,l].
3 5 7 2n-1

[Ipu mpUOMMKEHHBIX BBIYUCICHUSAX ONPEACICHHBIX HHTETPAIoB TpeOyeTcs
Pa3NIOKUTh MOJBIHTETPATbHYI0 (DYHKIIMIO B CTEIICHHOW P, KOTOPBIA B Mpeaenax
MHTEpBaJIa CXOJMMOCTH MOXKET OBITh ITOWICHHO IPOMHTErpupoBaH. Mcmonb3ys
dbopmyny Hpiorona — JleiiOHUIIA, OIpEeAEICHHBI HMHTETrpajd BBIYUCIAIOT Kak
YaCTUYHYIO CYMMYy  TOJYYarolIErOoCs  YMCIOBOTO  psija. Ecmm  psan
3HAKOUYEPEIYIOMIUMUCSA, TO TOYHOCTb MPUOIMAKEHHBIX BBIYMCICHHUN HE MPEBOCXOIUT

MIEPBOTO M3 OTOPOIIIEHHBIX YJICHOB.

Ilpumep. Bpraucinnuth onpeneneHHbld MHTErpasl ¢ TOYHOCTRIO 10 0,001 myrem

Pa3NIOKEHUS MOJIBIHTErPATIbHON (YHKIMH B PAJl U MOYIEHHOTO UHTETPUPOBAHUS
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05 .
SIN X
3TOTO psija: I —dx.
, X

Pewenue.
Hcnonas3yeM pasiokeHue B psax Uil GYHKOUM SINX ©  MOJACTaBUM €ro B

MMOABIHTCIPAJIbHOC BBIPAKCHUC

0,5 , 3 5 2n-1
R [ R S )M(zxn o
. ] ! !
0,5 2 4 2n-2
:I 1—%+%+ .+(—1)n+1(;(n i dx =
. !
3 5 o 21 05
= —%+%+...+(—1) (2n—1)!(2n—1)+'" =
0
S S S +(—1)n+1 L +...%
2 2%313 2%515 22" (2n-1)(2n-1)

~0,5-0,0069 +0,00005~ 0,5—-0,0069 ~ 0,4931~0,493.

B BhIuMCIEHUAX IPUBEICHBI TIEPBHIC TPH YiIeHA PAa C COXpPaHEHHUEM YEThIPEX
3HAKOB IOCJIE€ 3aMsTOM, Tak Kak 3aaaHHas TO4HOCTh coctaisgeT 0,001. Tpernii
WIeH psijga OTOpOIIeH, TaK KaK OH IO BEJIWYMHE MEHBIINE 3aJaHHOW TOYHOCTHU
(0,00005) <0,001. B okoHYaTEILHOM PE3yJIbTaTe MIPOBEJACHO OKPYIJICHHUE JIO TPEX

3HAKOB I10CJIE 3aISITOM.

3. ODyHKUHNH HECKOJbKHUX MePeMEeHHbIX

[lepemenHast BenmWYuHA Z HA3BIBACTCA (DYHKYUEU O08YX NepeMeHHbIX X U 'Y, eClu
KaKI0W mape 3HadeHwWid (X,y) W3 JaHHOW O0JIACTH COOTBETCTBYET CIUHCTBEHHOE

ompeenenHoe 3Hadenue zZ = f(X,y).
Jnsa pyakmun Z = f(X,y) BBOAATCSA MOHATHS YACMHBIX NPOUIBOOHBIX TIEPBOTO

IopsaAaKa, KOTOPBIC OIIPCACIIAIOTCA BbIPAKCHUAMM:

@=Iim f(X+Axy)- f(xy) g_”m f(x,y+Ay)-f(xy)
OX  Ax—0 AX ’ N  Ax—0 Ay 1

U 4acmmrblx npouseoOHbzx BTOPOI'O IMOpAAKaA:
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frofa) fx g o(a) ofm) o ofa)
ox2  oax\ox) oxay oyax ox\oy) oy\ox)  oy? eylay)

@Oynakuus z= f(X,y) umeer B Touke M (Xq,Yo) Makcumym (Munumym), ecim
3HaueHue ITOM QpyHKUMU B Touke M, Oosblie (MEHbIIE), UeM 3HAUYECHUS (PYHKIUH B
1r000i TOUKE U3 OKPECTHOCTH TOYKU M.

HeoOxonuMbIMU yCIIOBUAMM CYILIECTBOBAHUSl dKcmpemyma (MaKCUMyMa WIH
muHUMyMa) nuddepernupyemoit pynknuu Z = f (X,y) sBisieTcss paBEeHCTBO HYJIIO €€

YAaCTHBIX IIPOU3BOJHBIX ICPBOTO IMOPAAKA:

% _o
OX
a_,
oy

TO‘{KI/I, B KOTOPBIX YAaCTHBIC ITPOHU3BOAHBIC 06pa111a10Tc51 B HOJIb, HA3BIBAKOTCA

cmayuonapuvimu moukamu Qyakmun Z = f(X,y). Jag Toro 4roObl cTalMoOHapHas

TOYKa ABJIJIACH OKCTPEMYMOM, B HEH JOJIDKHBI BBITIOJTHATBCS docmamoumbvie YCllo8uUAl.

2 2 2
O603HaYNM A=E , B= 07z C:E

2
axz _@X—ay y ayz y A:AC—B .
M, M, M

0

Ecnu B cranmonapHoit rouke M (X, Yo)
A>0,A>0,T0 M, ecTb TOuka MUHUMYMA;
A>0,A<0, 0 M{, ecTb TOUKa MaKCUMyMa;
A <0, 1o BTOouke M HET sKcTpemyMa;

A =0, To TpeOyeTcsl TOMOTHUTEIBHOE UCCICAOBAHHUE.

Ilpumep. Uccnenosath Ha SKCTPEMYM GYHKITHIO

Z2=2X+4y—x*—y* +6.

Pewenue.
1. Haitnem yacTHble MpOU3BOAHBIC 3aJaHHON (DYHKIIUU

Q:Z—Zx, @:4—2y
OX oy
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2. 3anuuieM HeoOXOJUMBbIE YCIOBHS CYIIECTBOBAHUS SKCTPEMYyMa
2-2x=0 Xx=1
g ,
4-2y=0 y=2
3HauuT Touka M (L;2) sBisieTcs cCTallMOHAPHOM TOYKOM (DyHKIHH.
3. IIpoBepuM BBINIOTHEHHUE B TOYKE M NOCTATOYHOTO ycioBHsA. IS 3TOro Hanaem
BTOPbIE YACTHBIE TPOU3BOAHBIE (DYHKIIUU
i, P2,
ox? OXoy oy?
B touke M(L2) A=-2,B=0,C=-2 u A=(-2)-(-2)-0=4. TlockoibKy

—2.

A=4>0,A=-2<0, touka M(L2) sBaseTCI TOYKOW MaKCUMyMa. 3HAYCHHE

—2.1+4-2-1> -2%2 + 6=11.

(YHKIIUU B ATOM TOUKE Z‘M

OyHKIMS 1BYX HE3aBUCHMBIX TIepeMeHHbIX Z = f(X,Yy) mpuHuMaeT HanbobIIee
¥ HauMeHbIIee 3HaYeHUs B obsiacti D, orpanuueHHoi munuen @(X,y) =0, a1bo B

CTAIlMOHAPHBIX TOYKAX, PACIIOJIOKEHHBIX BHYTpU oOiacTu D, nmubo Ha rpaHuIie 3TOH
o0JacTH.
3amaqa 00 OTBICKAHWM HAWOOJIBIIETO W HAWMEHBINETO 3HAYCHHH (YHKIIUU

z= f(X,y) B3amganHoii obmactu D peraercs mo ciaeayromeMy IiaHy:

1. OmpenenseM cTalMOHapHbIE TOYKKA (YHKIIMH, PACIOJIOKEHHBIE BHYTPU 00JacTh
D, u BbruncinsieMm 3Ha4CHHS QYHKIIUU B TUX TOUKAX.

2. Haxomum cranmoHapHbie TOYKH GyHKIMK Ha rpanuie @(X,Y) =0 obaactu nim Ha

OTACJBHBIX €€ Y4YacTKaX, 3aJaHHbIX PA3JIMYHBIMU YPaBHECHUSMH, U BBIYHCIIIEM
3Ha4eHUS! (PYHKIUHU B 3TUX TOUKAX.
3. U3 Bcex BBHIUMCICHHBIX 3HAYCHWH (yHKIMH BbIOMpaeM HaWOOJbIIEe U

HAanMCHBIICC.

Ilpumep. Haittu HaubOonbliee W  HaUMEHbIIEE 3HAYCHUA  (QYHKIUU

z=x%+ 2Xy —4X—Y B TPEyroJIbHHKE, OrpaHUYCHHOM TpsMbIMU X =0, y =2,




S7

y=X.

Pewenue.

1. Haiinem cranroHapHble TOUKU (DYHKIIMHM U3 YCIOBHM PABEHCTBA HYJIIO YaCTHBIX

IPOU3BOJIHBIX (PYHKIIUU
Y gE=2x+2y—4=O

X x=0,5
oz “ y=15
£ =2x-1=0 y=4

Crammonapnast Touka M (0,5;1,5) nexut BHYyTpH

3agaHHou obnactu OA4B.

3Hauenue QyHKIMH B TOUKe M paBHO

X 2|,, =05°+2-05-15-4-05-15=-175.
2. Uccnenyem noBeneHue GyHKIIUN HA TPaHUIIAX 00JIACTH:

a) Ha rpanune O4 y=X, 0<x<2, Z2=X>+2X-X—4-X—X wmm Z =3%x* —5X;

2'=6x-5,2'=0 mpu X:%,Toma yzg (Tak KaK y=x).

2
B touke C[ggj 3Ha4YeHHUE (HYHKIIMH PABHO z‘c = 3(%) -5. g = _g.

Beruncium 3HaueHus GyHKIIMU B KpaHUX TOYKax oTpes3ka OA.
B Touke O(0;0) Z‘o =0, B TOuKe A(2;2) 3HaYeHUE PYHKIIUU PAaBHO
2|, =3-2°-5-2=2.
6) Ha rpanuue BA y=2, 0<X<2, 2=X>+2X-2—4Xx—2 wm z=X>-2;
2'=2x,7'=0 mpu Xx=0,a y=2 coracHO ypaBHEHHUIO PIMOii BA.
B Touke B(O;Z) 3HaueHne (QYHKIUHA PaBHO Z‘B =3.0°-2=-2.

B) Ha rpanune OB x=0, 0<y<2, z=-y;
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2’=-1#0 mpu Bcex Ye[0;2], crmemoBaTenbHO, CTALMOHAPHEIX TOYEK HA

nuauu OB HerT.

3. W3 Bcex BBIUMCIEHHBIX 3HAYEHHUM 3aaHHON (DyHKIMH BbIOMpaeM HauOoibuiee U

HauMEHbIIIEE:
Z‘ A=2 — HauOoJbiee 3HaueHue PyHkiuu B oonactu OAB
25
‘ c= BT — HauMeHblee 3HaueHue GyHKiuu B oonactu OAB

Cemectp 3
1. InddepennnanbHbie ypaBHEeHUSI
Huddepennmanbible ypaBHEHHs, B KOTOPBIX MEPEMEHHBIE MOXXHO pa3/ieiuTh
MIOCPEJICTBOM YMHOXKEHUSI 00€MX YacTel ypaBHEHHS Ha OAHO M TO € BBIPAXKECHHE,

Ha3bIBAIOT MU PEepEeHIINATEHBIMU YPABHEHUSIMU C Pa30esiouuMUcs, nepemeHHbIMU.

dy _ fa(x) _
v () — fi(y)dy = f,(x)dx, (1)
i B tuddepeHImanbaon hopme
fi(x)- fo(y)dx+ f3(x) f4(y)dy =0. 2)

Pazgenum o6e yactu ypaBHeHus (2) Ha npousBefeHne PyHKIUN fz(y) f3(x)

fl( )dx+ f4(y)dy:O 2)

fs(x)  fa(y)

1, TIOCJIe UHTETPUPOBAHUSI, OTYYUM OOIIHM HHTEeTpan (olliee penieHrue) ypaBH e HHUS:

I dx j—dy C.
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[Ipu nenenuum Ha fz(y) f3(x) MOKET MPOM30UTH MOTEPs. HEKOTOPHIX YACTHBIX
pewenui. Ilycts, Hanpumep, pu Y = Yy UMeeM fz(yo) =0, Torma dpynkuusa y =Y,
sBIsIieTCsl peuieHneM ypaBHeHus (2'), T.x. dy =dy, =0. Pemenuem Moxer Taxke

ObITh QYHKIHA X = X, ecnu 3 (XO) =0.

Ilpumep. Haiitu o01muii naTerpan auddepeHuuanbHOro ypaBHEHUs EPBOro

HopsiIKa X(y+1)dx—(x2 +l) ydy =0.

Pewenue:
JlanHoe nauddepeHinanbHOe YpaBHECHUE SBIISICTCS YPAaBHCHHEM C Pa3e/ISIOIIUMUCS
nepemenubivu, mnpudem L (X)=X; f(y)=y+L f3(X)= X2 +1; f,(y)=-y.

Paznenum 06e yacTu ypaBHEHUs HA POU3BE/ICHNE

fo(y) f3(x) = (y+1)(x* +1)

" IMOJIYYHUM

xdx  ydy _
x2+1 y+1

[IpounTerpupyem nocineaHee paBeHCTBO

d 1
fxéfl‘f[l‘m}*y:c'

WCIIOIB3YS MOJIBEICHHUE 1101 3HAK aud depeHnrana

1. (.2
IM—Idij%,

x2 +1 y+1

MOJIy4yuM 00IIMi uHTerpan nuddepeHunanbHOro ypaBHeHuUs
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11,2
EIn‘x +1‘—y+|n|y+ﬂ:C.

Ipu nenennu va f,(y)=y+1 norepsito yactHoe peurenue: y =—1.

HuddepennmansHoe ypaBHEHHUE IEPBOTO MOPSIIKa
y'+p(x)y=a(x), (3)
JUHEWHOE OTHOCHUTEIIbHO HCKOMOW (yHKIMM U €€ TPOU3BOIAHOM, HA3bIBACTCS
JIUHEUHBIM.
VYpaBuenue (3) CBOAUTCS K JBYM YPaBHEHHSIM C Pa3ICISIIONIIMUCS TEPEMEHHBIMU
cleayomuM oopa3oM. 3amuiieM HCKOMYH ¢GyHKIHiO Y(X) B BHIE MPOU3BEACHHUS

IBYX (DyHKIMI: y:u(x)-v(x). Opna u3 3TUX QYHKIHUI MOXET ObITh a0COJIIOTHO

IIPOU3BOJILHOM, a BTOpas OMPENENIIeTCS B 3aBUCHMOCTH OT IMEPBOW TakK, YTOOBI MX
IPOU3BEICHUE YIOBIETBOPSIIO YpaBHEHHUIO (3).

W3 paBenctBa Y=U-V HaxomuMm Y =U'-V+U-V'. Torma B coorBercTBHE C (3)
uveeM UV+UV'+ p(x)uv=q(x) wnm u’v+u(v’+ p(x)v):q(x). BriGepeM B

KadecTBe V(X) Kakoe-HHOY/b YaCTHOE PEIICHUE YPABHECHUS

v+ p(x)v=0, 4)
TOraa st OThICKaHus U(X) MOJIy4YrM ypaBHEHHE
u'v=q(x). (5)
Haiinem v(X), pasaenss nepemMeHHbie B (4):
% =—p(x)dx, otkyna Inv = —_[ p(x)dx u v=e TPMgy

3uas V(X), Haiigem U(X) u3 ypaBHeHus (5):

3—§v:q(x) — du=el IO(X)dxq(x)dx, Toraa U :J‘q(x)ej POy 4

OO6uiee perieHue TMHEHHOTO ypaBHEHUs (3) UMeEET BU
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y=uv= eI POO UQ(X)Gj PO gy 1 C} :

Ilpumep. Halitu o6mee pemieHue aAudEGEpEeHIIMATBPHOTO YpaBHEHHUS TEPBOTO

nopsiika y' —2y =1,

Pewenue.
3anuiemM uckoMyro GyHKIHIO Y(X) B BUIC MPOU3BEACHUS ABYX (DYHKIIHIA:
y=u(x)-v(x), Torma y'=u’"-v+u-V,
" IMOACTAaBUM ITOJTYUCHHBIC BBIPAKCHUA B 3a/ITAHHOC YPABHCHUC
uv+uv' —2uv=1,
Brirecem 3a ckoOku U(X)
uv+u(v'—2v)=1
", TIIPpHUPABHUBAA K HYJIIO BBIPAXKCHUC B CKO6KaX, nmojayunmM H pCluM JIBa

g depeHInanbHbIX YpaBHEHUS C pa3AeISIOIIUMUIC IEPEMEHHBIMU:

V—-2v=0 uv=1

dv du oy

- — —e " =1

y 2dx dx

Inv = 2x du = e 2*dx
v =g u= Ie‘zxdx,

1¢ _ 1 _
u:--je”ﬁczmz——e2X+c
2 2
3anmiieM ob1iee penenne 3a1aHHoro qud GepeHnnaaTsHOr0 ypaBHEHHS B BUIIE

y:uv:(—%e‘zx +C)-e2x, Wi y:—%+Ce2X.

HuddepennnansHoe ypaBHEHNE BUA
y'+agy +agy=f(x) (6)
HA3bIBACTCS HEOJHOPOJHBIM JIMHEHHBIM YpaBHEHHEM BTOPOTO TIOpSAIKA C

MOCTOSIHHBIMU KO3()PUIIMEHTaMU & U Qs .
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OO1iee pemicHre 3TOr0 ypaBHeHHs Y=Y+Y , rae Y- o0luee perieHue
COOTBETCTBYIOLIETO OJHOPOJHOIO YpaBHEHHsS; Y — YACTHOE PELICHUE YPaBHEHMS
(6). uddepennumansHoe ypaBHEHUE

y'+ay' +a,y=0 (7)
SBIIICTCS  OAHOPOJHBIM ¥  HA3bIBACTCH COOTBETCTBYIOIIMM  HEOTHOPOIHOMY

ypaBHeHHU1o (6). OO1iiee pelieHre oJHOPOIHOro ypaBHEeHUs (7) HAXOAAT MO KOPHSM

XapaKTEPUCTUYCCKOTO YPaBHCHHMS
r’+ar+a,=0.
XapaKTepUCTUUECKOE YPABHEHUE MOXKET MMETh TPH CITydast Uist KOPHEH I u Iy

1) xopHnu xapaxkmepucmuyuecko2o YpaeHeHUs OCUCMEUMENbHbIe U PA3IUYHbLE.
I, #r,. B aToM ciyyae oOuiee penieHue ypaBHeHus (7) 3alIUCHIBACTCS B BUJE
y =Ce" +C,e"?*, e C,, C, —npou3BonbHbIE TOCTOSHHBIE;

2) KOpHU XApaKmepucmuiecko2o ypasHenus Oelcmaumebhble u pasuvie. I =ry.
B stom cnydae oOmiee pemeHue ypaBHEHHs (7) 3amluMCBIBAaCTCS B BHUIE
y=e™ (Cl + CZX), rne C,, C, —mpon3BoIbHBIC TOCTOSHHBIE;

3) KOpHU Xapakmepucmu4eckoco YpasHeHus — KOMHIJIEKCHble CONPINCEHHbLE
wucna ho=axpf 1, B#0. B sToM cinyuyae obuiee pemienne ypasHeHus (7)
3alHCHIBAETCS B BUJIE y =e** (C1 cos Sx +C,sin ,BX), rae
C,, C, —npou3BosibHbIE TOCTOSIHHBIE.

YacTtHoe pemieHde Y HEOIHOPOIHOIrO ypaBHEHHs (6) MOXKET OBITh HalIEHO

METOZIOM HEONpeeIeHHBIX KO3 (PHUIIMEHTOB B 3aBUCUMOCTH OT BHJA MPaBOW YacTH
ypaBuenus f(X).

Iepeviii cayuail. Tlpasas wacTs ypasuenus (6) nmeer Bug f (X)=P(x)e™, rae

P(X) — MHorouieH. Torga ypaBHeHue (6) UMEET YaCTHOE PEIlICHUE BUA

y* =x*Q(x)e™, 8)
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rae Q(X) — MOJIHBIM MHOIOWIECH TOH K€ CTEIEHH OT X, 4TO H P(X), HO C

HeonpeeIeHHbIMU KO3 ULIUEHTAMU;

k =0, eciii 4ucIIO M HE SIBJIIETCS KOPHEM XapaKTEPUCTUICCKOTO YPaBHCHHS;

k = 1, ecnu uuciio M SIBISETCS TPOCTHIM KOPHEM XapaKTEPHUCTUYECKOTO
YpaBHCHUS,

kK = 2, ecnmu 4yucimo M sBisSETCS ABYKPATHBIM KOPHEM XapaKTEPHCTUYECKOTO
ypaBHCHUSI.

[MpaBuiio coxpansiet cBoro cuty u ipu M = 0, koraa f(X)=P(X) — MHOTOUICH.

HGOHPCHCHCHHBIC KOS(b(i)I/IHI/ICHTBI B MHOT'O4JICHC Q ( X) ONPCACIIAOT

noJicTaHOBKOU (GyHKIUU (8) U ee MPOU3BOAHBIX B ypaBHEHHE (6) C MOCIEAYIOIIUM
npUpaBHUBaAaHUEM KO3(PPUIIMEHTOB NMPHU OJMHAKOBBIX CTEMEHSIX X B O0EUX dYacTsiX
ypaBHEHUS.

Ipumep. Haiitu o6mumii uaterpan auddepeHnaib-HOro ypaBHeHUs
3(x*y + y)dy ++/2+ y*dx =0 (1)
Pewrenue

,HaHHOG YPaBHCHHUC OOIIYCKACT pasAacCiICHUC IICPJICMCHHBIX. I[CﬁCTBHTGJIBHO,

3y(x* +Ddy ++/2+ y*dx =0 (2)
N
d dx
yay _ . 3)
J2+y? 3(x7+1)

Haxons kBaapatypsl JIeBOW U MpaBoii yacteil ypaBHeHUs (3), MOIydum

1
%(2+ y?)? -2=%arctgx+C, C =const

HITH \/2+y2:%arctgx+c (4)

CootHouienue (4) sBisieTcs oOUMM HHTErpajioM ypaBHeHus (1), mpeacTaBieHHOE B
HESIBHOM BHJIE (HE pa3peIieHO OTHOCUTENBHO Y).

3ameuanne. B manHOM cnydyae ypaBHeHHE (4) OMyCKaeT pa3pelieHue ero
OTHOCHUTEJIBHO Y; B Ipyrux (0011eM cityyae) ciiydasix 3TO cAenaTh He BCerJa y1acTcsl.

Ipumep. Haiitu oOuuit nurerpan nuddepeHnanbHOro ypaBHEHUS
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Xy' =42x* +y* +y (5)
Penrenue

I[&HHO@ YpaBHCHHC ABJISICTCA OAHOPOAHBLIM, T.K. OHO MOKCT OBITH MMpCACTABJIICHO B

BUAC

y'=4 2+(Xj J (6)
\j X X
y

BBenem 3aMeny mepeMeHHbIX Z ==, Y=XZ, Y =7+ XZ'
X

[ToacraBus (7) B (6), moay4um

Z+X2' =42+ 7% +2

nJIn

dz 42+ 7° - dx

= 7
dx X 4W2+7° X 0

Haxons kBaapaTypbl B ypaBHEHHH (7), ITOTYIUM
In ‘ Z++2+ 2°

NN

Z++2+2° =Cx* (8)

Bo3sBpamasics k nepemenHoit y u3 (7) x (8), moayuum

2
Yy 2+(1j —Cx* (9)
X X

=4In|x+InC, C >0, C =const

501051

y+4/2X° +y* =Cx> (10)

(10) — ucxomsIii oOmHit maTErpai, C=const.
Hpumep. Pemnts 3anauy Komn

dx + (2x+sin2y —2cos’ y)dy =0, y(-1) =0 (11)
Pemienue

JlaHHOE YpaBHCHHE SIBJICTCS JIMHEHHBIM OTHOCUTEITBHO QYHKITUHU X(Y).
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JlelicTBUTEIBHO, MoIeB 00¢ ero yactu Ha dy = 0, moryuum

%+ 2x=2c0s’ y—sin2y (12)
dy

N

dx :
—+2x=1+c0s2y—sin2y
dy

Breném 3ameny (coriacHo meroay bepHynnu) B Buje
x=u(y)-v(y) (13)

[Toacrasnsst (13) B ypaBHenue (12), noayuum

u'v+vu+2uv=1+cos2y-sin2y (14)
wi UV +u(v' +2v)=1+cos2y—sin2y (15)

Beibepem ¢ynkmnumoo V(Y) Tak, 4TOOBI YIOBICTBOPSITh YpaBHECHHE

Vi+2v=0 (16)
WITH v =-2V=> av =-2dy (17)
dy Vv

Haxons xBaapatypsl 175 (17), nonyuum

Injv|=-2y=v=e? (18)

[ToacraBum Teneps Haitnennyro ¢pyukiuio V(Y) u3 (18) B ypaBHenwue (15), momyunm:
u'e® =1+cos2y—sin2y

win U = (L+cos2y —sin2y)e?’ (19)

Nurterpupys (19) no y, Haiiném
u :%ezy +J'(c052y—sin 2y)e?dy +C

Haiiném otnensHO

dt = 2e*’dy

_ 2y
J(cosZy—sinZy)ezyderC: t=e _ 1 =
dS =(cos2y —sin2y)dy|S :E(sm 2y +C0s2y)

1 Y dt = 2e*’dy
=—ezy(sin2y+cosZy)—Iezy(sin2y+c032y)dy= o -
2 dS =(sin2y + cos2y)dy

S =%(—cosZy+sin 2Y)
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= %ezy(sin 2y +C0S2Y) +%e2y(sin 2y +C0S2Y) + Iezy(—COSZy +sin2y)dy =

:>I(0032y—sin 2y)ezydy=%e2y0032y+c
CrnenoBateiabHO,

1 2y 1 2y
u:Ee +§e cos2y+C, = x=u(y)-v(y) =

Bezy(1+ cos2y) +C]e2y =Ce ™ +cos’y

Omeem: x =Ce ™™ +cos*y (20)

IIpumep. Haiitu o6mumii uaterpan auddepeHnaib-HOro ypaBHeHUs

2 X

y cosldx—(lcosy+2yjdy=0 (21)
X X X

Penrenue
JlanHOE ypaBHEHHE €CTh YpPaBHEHHUE B MOJTHBIX quddepeniinanax . 3amuiiem 3To

ypaBHEHHE B KAHOHUYECKOU opme
M (X, y)dx+ N(x,y)dy =0, (22)

rae

M(x,y):x—yz-cosl

. (23)
N(x,y)= —(—cosl + 2yj

X X
[Tposepum ycnosust Komm-Pumana ™M = % (24)
Haiiném
oM :%cosl ——=-(sin X)-1 = izcosl —%sinl (25)

X X X X" X X X X X

Tenepp Haligem
N _ —(—izcosl —E(Sinl)(—lz) = %cosl—%sinl (26)
OX X X X X" X X X X X
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N3 Beipaxkenwuit (25) u (26) cnenyert, uto ycinoBue (24) BHINOTHEHO, TOTOMY JAHHOE

YpaBHEHHE €CTh ypaBHEHUE B MOJHBIX nu(depeHiraniax. 3anuiieM ero B BUae:
du=0, (27)

rje

du=6—udx+au dy:l2
OX oy X

cos Y dx — (i cos? + 2y)dy (28)
X X X

CpaBuuBas kodhdunmentsr npu auddepennuanax dX u dy, monxydyum cuctemy

ypaBHEHUH OTHOCUTENbHO QyHKIMH U(X,Y) B BUIE:

1.Z—u:lzcosl
S @
2.—:—(—cosl+2y)

oy X X

WuTerpupys no x nepoe ypaBHeHUE cucTeMbl (29), moinyuum
u(x,y) = lecosldx = —sinl +C(y) (30)
X X X

[ToncTaBug BepakeHue (30) Bo BTopoe ypaBHeHHE cucTeMbl (29) HalijieM ypaBHEHUE

y

—(cosl)1+C'(y):—lcos——Zy:C'(y)z—yz+const
X" X X X

CnenoBatensHo, u3 (30) npu noactanoBke (31) momyuum

y

u(x,y) =-sin< —y® +const, mO3TOMy OTHOCHTENBHO pelieHHe ypaBHeHus (21)
X

UMeEET BUJL

y

sin=+y*+C, =0 (32), rae C,- mpou3BoIbHAsS KOHCTAHTA.
X

Ilpumep. Haiitu yactHOe pemneHne nudhepeHnaIbHOro ypaBHEHUSI BTOPOTO

nopsaaKa, yaoBJIICTBOPAIOMICC 3alaHHBIM HAa4YaJIbHBIM YCJIOBHUAM!

y' =3y —4y=4x-1, y\X:O:Z, y’\X:O:3.

Pewenue. XapakTepucTudeckoe ypaBHECHHE r’-3r—4=0 wumeer nBa

pa3IMYHbBIX JIEUCTBUTEIBLHBIX KOpHSA h=-1r=4, CJICIOBATEIIBHO,
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y=Ce X+ C264X . [TpaBas 9JacTh ypaBHCHHUS uMeeT BU/T
f (X) =4x-1= (4X —1) -e%%, rae m=0 U HE  ABIAETCS  KOPHEM

XapaKTepucTHuIeckoro ypaBuenus. Torna yactHoe perienue npu K =0 wuiem B Buje

y =x° ‘(AX+ B)'eo'x = AX+ B, (y*), =A, (y*)" =0. [Ilocne moACTaHOBKM B

g depeHnraIbHOE YpaBHEHUE TOJTy4aeM
0-3A-4(Ax+B)=4x-1,
—3A-4AX—4B =4x-1;
—4A-x+(-3A-4B)=4-x+(-1);
X' —4A=4; A=-1
x%: -3A-4B=-1, —-4B=-1+3A=-4, B=1

YactaeiM penienreM siisiercss GyHkius Y = AX+B=-1-x+1=1-X. OGuum

penenueM sinseTcs pynkius y=y+Yy =Ce " + C264X —X+1.
Haiinem 3nHauenue kouctanT C;,C, w3 HauanpHbIX ycnoBuid. [lns a3toro
r_ —X 4x
onpeznemum Yy =-Cie " +4Ce™" 1.
Torma y|x=0 =C,+C,+1=2, {Cl =0,
y|,_,=-Ci+4C,-1=3 (C2=1.

HckOMBIM 4aCTHBIM pelIeHUEM sIBIsieTCs] QyHKIUA Y = e —x+1.

Ilpumep. Haiitu yactHoe perieHue audGhepeHInaibHOT0 YpaBHEHUS BTOPOTO

IIopAaKa, YaOBJIICTBOPAIOIMICC 3a/laHHBIM HAa4YaJIbHBIM YCJIOBHAM!

y' — 4y +4y =e*X, y\XZO:Z, y’\XZO=3.

Pewenue. XapaktepucTHUeCKOE YpaBHEHUE r>—4r+4=0 umeer JBYKPaTHBI
KOpeHb I} =2, clefoBaTeNbHO, Y = e (C1 + CZX). [IpaBas 4acTh ypaBHEHUS HMEET
BHU/I f (X) =e™, m=2 SIBIISICTCS JBYKPaTHBIM (k=2) KOpHEM

XAPaKTCPUCTHICCKOI'O YPABHCHU, TOrId YaCTHOC PCIICHUC UIIIEM B BUAC



69
v =x%. Ae®, (y*)l =x?-2Ae?* 4+ 2x- AeZX =2 e (x2 + x),
(') =486 (x2 + x) + 2A6?* (2x +1) = Ae™ (43 +8x+2).

ITocne MOACTAHOBKM Y M ee NMPOM3BOAHBIX B HMCXOoaHoe auddepeHImanbHoe
ypaBHEHUE MOJydaeM

Ae™* (4x% +8x+ 2)—4-2Ae2x(x2 +X)+ 4R P =62,

Aezx(}l«%+?§x+278f[>8x+}l«{[):ezx,

2Ae2x _ e2x’

2A=1, Azi.
2

1
YacTHEIM peleHueM aBiseTcs QyHKIus Y = EGZX X2,

OGumM perenueM sBisercss GyHkuus Y =Y + y* = e (C+Cyx)+ %ezx X2,

Haiinem 3nHauenue kouctanT C;,C, w3 HauanpHbIX ycnoBuid. [lns 3toro
OIIpEJENUM MPOU3BOJHYIO
1 A2X 2X [ 2
y'=e7(2C, +2C,x+C, ) +e7 (X" + X,
U TOJIYyYUM CHUCTEMY YPAaBHEHUH I OIpPEACIICHHs 3HA4YCHHH IPOU3BOJIBHBIX

KOHCTAaHT

Y, o=€"-Ci=2, C;=2
yl|X=0:eO(ch+C2):31 C2:_1

= 1
VickoMbIM pemenueM spisercs dyukmms Y=Y + Y =™ (2-x)+ §e2x X2,
Bmopou  cnyuau.  IlpaBas  yacTte  ypaBHeHusi  (6) uMeeT  BHUJ

f (x) =acosnx +bsinnx.
Ecnu uncna +in He SBISIOTCS KOPHIMH XapaKTEPUCTUIESCKOTO YpaBHEHUS, TO

y* = Acosnx + Bsinnx.
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Ecnmu uucma +in  SBIAIOTCS KOPHAMH XapaKTEPUCTUYECKOTO YypaBHEHUS, TO
YaCTHOE PELICHUE UMEET BUJL

y" =(Acosnx+ Bsinnx)- x.

B yacTHBIX citydasx, Korja a win D paBHO HYIIIO, pellieHHe BCE paBHO HAJ0 UCKATh B

yKa3aHHOM OOILleM BH/IE.

Ilpumep. Haiitu yactHoe penieHne U@ epeHnalbHOro ypaBHEHUSI BTOPOTO
NOPsiZIKA, YIOBJIETBOPAIOLIEE 3aJaHHBIM HAYaJIbHbIM YCIIOBUSM:

" ! i 1 ’ 1
y"+4y"+13y =5sin 3x, Y\X:():gv y‘x:OZE'

Pewenue. Xapakrepuctuueckoe ypaBHCHUE r? +4r +13=0 nmeer KOpHU

o _At 42 -4.13 —4+-36 -4+6i 24 3
12~ B - S
, 2 2 2

toraa ¥ =e 2*(C,cos3x +C,sin3x).
Yucna £3i He ABJIAIOTCSA KOPHSIMH XapaKTEPUCTHUECKOTO YPABHEHHSI, TO3TOMY

y* = Asin3x + Bcos3x,
(y*)’ =3Aco0s3x —3Bsin3x,
(y') =-9Asin3x—9Bcos3x

HOI[CTaBJ'IﬂeM y* " €C IIPOU3BOJHBIC B NCXOJHOC YPABHCHUC U I10JIy4acM

—9Asin3x —9Bcos3x +4(3Acos3x —3Bsin3x) +13( Asin3x + Bcos3x) =C,
(4A-12B)sin3x+ (4B +12A)cos3x =5-sin3x + 0-cos3x;

8
cos3x: 4B+12A=0 B=_2

8

1
sin3x: 4A—1ZB:5} A=—

OO01iee pelieHrne ypaBHEHUS UMEET BUJT

y =& *(C,cos3x +C,sin3x) + %sin 3x —gcos?,x .
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Haiinem 3Hauenue koHctanT C;,C, un3 HavanbHbIX ycnoBuil. g 3TOrO

OTIPEJICITAM TIPOU3BOTHYIO
y' =—2e"%*(C, cos3x +C,sin3x) + e 2* (-3C; sin3x + 3C, cos 3x ) +

+§cos3x + gsin 3x

H 3al[MmeM CHUCTEMY ypaBHCHI/Iﬁ AJIs1 ONIPCACIICHHUA 3HAUYCHUU IMPON3BOJIBHBIX

KOHCTAHT
0 3 1
y|x:0:e (C1+C2‘O)_§:§,
' 3 1
y|x=o:_260(C1+C2'0)+60(C1-0+3C2)+§:E,
C1:1+§:E’
8 8 2

R E
3l2 8) 8

HIckOMBIM pelieHueM ABIISeTCs (PYHKITUS

y =g (ECOSBX + §sin3x) + %sin 3x — gcosf%x .

2. KPATHBIE UHTEI' PAJIbI

JIBOVIHOW MHTErpaJ

Ha miockoct  paccMOTpUM HEKOTOPYIO 3aMKHYTYIO oOmacte D, orpaHm4eHHYIO

3aMkHyTO# nuuueit L. [lycts B o6mactu D 3amana ¢pynkums Z = f (X, y) . /leoiinoii

unmeepan ot 3Tor pyHkIMu mo obmactu D obo3Havaercs

”f(x,y)dxdy.

OCHOBHBIE CBOMCTBA ABOMHOTO MHTETpAJIA:



72
1. ”cf xydxdy c” xydxdy

2. ” xy+f xy) dxdy ” xydxdy+“f xydxdy

3. Ilycts D=D,UD,, Toraa
” f (x,y)dxdy:” f (x,y)dxdy+”f(x,y)dxdy.
D D, D,

[ Ipr1okeHnss IBOMHOTO HHTErpaia

1. ITnowaow obnactu D Bbruucnsercs no popmyne S, = ” dxdy .
D

2. Obvem UWIMHIPUYECKOTO TeJa, HIDKHUM OCHOBaHHEM KOTOPOTO SIBISETCS
obnacte D, nexamas B miuockoctd XOY, BEpXHUM — 4YacTh IOBEPXHOCTHU

Z= f(X,y), npoektupytomasics B obmactb D, OokoBas MOBEPXHOCTH —
WINHApUYecKas, ee oOpasyromue mnapamwienbHbl ocuk Oz U OpoXoasT uepes

rpanuny L obnactu D, Beramcnsiercs mo ¢popmyine V = ” f(x,y)dxdy .
D

3. Macca tnockoiu mwiactTuael D UMEIOIIEN TOBEPXHOCTHVYIO IUIOTHOCTDH
2
pzp(x, y), HEMPEPBIBHYIO B  00JIACTH D, BBIYHCISIETCST TI0  dopmylie

M =”,0(X, y)dxdy.

Brluncnenue 1BOMHOro MHTErpajia

1. Ilyctb obsnacth D orpanuyeHa AByMsi BEpPTHKAIbHBIMH HPSAMbIMH X =a, X=b
(a<b) u mByms xpusbMu y=¢(X), y=,(x), npuuem ¢ (X)<g,(x)
@ (X)<,(X) mis Bcex Xe[a,b]. Torma nBOWHOM HHTErpajl MOXKHO CBECTH K

MOBTOPHOMY (IIBYKPATHOMY) CJIEAYIOIUM 00pa3oM:

R I Y e

a\ g(x
2. TIlycte obOmacte D orpanwueHa JAByMS TOPHU30HTAJIbHBIMH — IPSIMBIMH
y=c, y=d (c<d) u amyms xpussiv X=@,(y), X=0,(y), npsey ¢,(Y) <,(¥)
as Beex Ye[c,d]. Torma aBOWHOW HMHTErpajJl MOXKHO CBECTH K ITOBTOPHOMY

(IByKpaTHOMY) CJIEIYIOIIHM 00pa3oM:

2 (Y) d ()
” f(x, y)dxdy_j[ j f(x,y)dx]dy: j dy j f(x,y)dx.

c\a(y) ¢ aly)

3. Ilycte obmacte D He sBusieTcs snemeHTapHou. Torma ee ciemyeT pa3OuTh Ha
KOHEYHOE YHUCJIO DJJEMEHTAPHbIX oO0JlacTeld MpAMBIMHM, NapaUIeIbHBIMU OCSM
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koopauHaT. [lpu BBIYUCICHUU TaKUX JBOWHBIX HMHTETPAJIOB CJEAYET MPUMEHUTH
CBOUCTBO 3.

[Ipumep. 3anucaTh ABOWHOW WHTETPAT j I f (X, y)dxdy B BHJIC TTOBTOPHOTO
D

WHTEerpayia AByMs criocodamu, eciau o0jiacTh UHTETpUpoBanus D orpanudeHa

4
JUHUSMU Y =—, Y =X, X=4.
X

Crpoum 006J1acTh:

YA

|

>

[lepssiit cioco6 3anucu. [lpu npoextupoBanuu Ha ocb OX MaHHas 00J1acTh SBISAETCS

. 4
anemeHnTapHoil. Tak kak mpu 2<X<4 umeem — <Yy <X, TO
X

H f (x,y)dxdy :jdxj‘ f(x,y)dy.

Bropoii cmoco6 3amucu. Ilpu mpoextupoBanun Ha ock Oy gaHHas 00iacTh He

ABIIIETCS dJeMeHTapHOW. Haiinem KoOpIUHATHI TOUKHU MepecedeHus npsimMoin X=4 u
4 4

BETBU TUIEPOONBI Y = —: y:Z:l. Taxxe MoHAAOOUTCS KOOpAMHATA ) TOYKU
X

nepecedeHuss MpsAMbIX Yy=X U X=4, 1o ectb Y=4. IlonyueHnyio ¢urypy

HE0OX0IMMO pa30uTh HA JIBE C MOMOIIBIO MPsMOKN Y =2, mapamenpHoi ocu OX u

. 4
BOCTIONIB30BaThCsl MyHKTOM 3. Jlms mepBoi obmactu: 1<y<2 —<x<4, nus

BrOopoii: 2<Yy<4, y<x<4.B pesynbraTe HMeeM
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D

2 4 4 4
” f (x,y)dxdyz.[dy.[ f (x,y)dx+.[dy_[ f(x,y)dx.

1 4 2

! y
[IpumMep. BeraucinTh ABOWHON HHTETpal I .[ xdxdy mo obmactu D, orpanudeHHON
D

muauAMu Y =4,y = X°.
CraenaeM 4epTeX U OMPEICIIUM TPEACITbl UHTETPUPOBAHHMS
—2<Xx<2,

2
X°<y<4, "

<Y

ﬁxdxdy :ixdxidyzixdx@— xz):j[(4x— x3)dx:

D x2
2 4)\? 4\?
(a2 "2 Sl —Z | =(8-4)-(8-4)=0.
2 4 , 4 _2
[Mpumep. Beruuciute 00beM Tella, OrPaHUYCHHOTO TMOBEPXHOCTAMU X+ Y =1,

z=x+y*+1, x=0, y=0, z=0.

N306pa3um Ha tuiockoctr XOY MPOEKIUIO Tena:
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YA

V= Uz (x,y)dxdy = Idxlj x +y +1)d Idx(x y+y€+ yj“:
[xz(l—x)+(l_3x) de j)'x —x*+1- x+@]dx:

3 4 2 1
[__ _(-x) J Llglglil2

I
O'—.l—‘

3 4 2

[Ipumep. Haiitu Maccy TIacTUHKY, OTPAaHUYEHHON THHUSAMU X =Dy, X=0, y=2u
UMEIOIICH TIEPEMEHHYIO MTOBEPXHOCTHYIO TNIOTHOCTh P = 2X + 3V .

Maccy mIacTUHKH BBIYUCITHM 10 (hopmyie

m:”p(x,y)dxdy.

Ctpoum 00J1aCTh:

YA

=5

Hatinem aGcmuiccy Touku mepecedeHust mpsiMbIx X =5y u Y =2, momydaem X =10.
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Torza 0< x <10, gs y<2u

ot - ey - 3 -
D D ) ) O

5 5

10 2 10 10
:Idx 4x+6—zx2—§-x— :I(4x+6—§x2jdx:(2x2+6x—§x3j =
5 2 25 0 50 150 0

=200+ 60—£ 1000 = 260—@:@
150 3 3

H[}I/IMeQ. Berauciants MOMEHT 1505 (S70) 00505 OI[HOpOI[HOfI IIJIaCTHUHKU, OFpaHI/I‘{eHHOﬁ

y

X
JIMHUAMHA — + B =1, x=0, y=0 oTHOCUTEILHO Ha4aJila KOOPINHAT.
a

B cuny o1HOpOIHOCTH TIACTUHKHU, MOJIOXKUM €€ INIOTHOCTh paBHOM p(X, y) =1.

X
YpaBHEHUS TPaHUI] TUTACTUHKHU Y = b(l— —J , X=0, y=0. MsI nonnygaem
a

2

VR

2.1 TpoliHO# MHTEerPaJI
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IlycT B MNpOCTpaHCTBEHHOM NMWIUHIpUYECKOM obOmactu V  3agaHa ¢yHKUIUS
u=Tf(x,y,z). Ilycte obnacte D sBasieTcs mpoekiuer oomact V Ha IUIOCKOCTh

XOy, cama obmacts V CHH3y OrpaHMYeHa MOBEPXHOCTBIO Z =/, (X,Y), cCBEpXy -
HOBEPXHOCTBIO Z =/, (X,Y), mpudeM s BceX Toyek obmact Dy, (x,y)<w,(x,y).

Torma tpoiiHoi uHTerpan ot pynkmuu U= f(X,y,z) no obxactu V obo3HauaeTcs

J H f(X,y,2)dxdydz u moxer OBITH TIpe0Opa3oOBaH CICAYIOIIUM 00pa3oM:
\%

wo(X,Y)

j”f(x,y,z)dxdydz:”dxdy _[ f(x,y,2)dz

w1 (Xy)
Ecnmu npu »tom oOnacte D orpanuueHa nAByMsi BEPTUKaJIbHBIMH TMPSMBIMH
X=a, X=Db (a<b) u nByms kpuseiMu Yy =¢,(X), Y=¢,(X), rre ¢ (X)<¢,(X) msa
Bcex X e[a,b], To TpoiiHO# MHTErpas MOXKHO CBECTH K MOBTOPHOMY (TPEXKPATHOMY)

CJIEAYIOIHUM 00pa3oM:
b ?,(X) w2 (X,Y)
.mf(x, Y, z)dxdydz:jdx j dy _f f(x,y,z)dz.
v a a0 wxy)
AHaJ'IOFI/I‘{HO, eciu  obmacte D OIrpaHUYCHA ABYM:A TOPU3OHTAJIbBHBIMHU IIPAMBIMHU

y=¢, y=d (c<d) u mByms kpusbiMu X=@;(Y), X=0,(y), npuaem ¢;(y) <@,(y)
s Bcex Ye[c,d], To TpoiiHON WHTErpam MOXHO CBECTH K IOBTOPHOMY

(TpeXKpaTHOMY) CJICAYOIINM 06pa30M:
d 2 (y) v (X,Y)

j”f(x, Y, z)dxdydz:_[dy j dx _f f(x,y,2)dz.
v ¢ al)  wnlxy)
[Ipumep. Haiiti 06beM Tena, OrpaHUUYEHHOTO TIOBEPXHOCTIMHU

10
X’ +y>=18, x=4/3y, x=0, z=0, z:l—ly.
[ToBepxHOCTh X° +Y*> =18 - ruumHApHUYecKas, ¢ 06pa3yrolIeH, MapaIeNbHON OCH
Oz; B cedeHHMH, TEPICHIUKYIIPHOM OOpa3yromien, - OKPYKHOCTb C IIEHTPOM B
Havajie KOOpJIMHAT pajuyca 3W2;

HOBEPXHOCTh X =4/3Y - WWIMHIPUYECKas, C 0Opasyroleii, mapamiensuoii ocu Oz; B

CEYEHHH, MEPIEHIMKYIAPHOM 00pa3yIoIei, BETBb Mapaboisl X =4/3Y,

nmoBepxHocTh X=0 - mrockocts Oyz,
nmoBepxHOCcTh Z=0 - mI0ocKocTh Oxy,

10
MMOBEPXHOCTh Z = 1—]?/ - INTOCKOCTH, coaeprkarias och OX.

OO0mbem Tena BeIUKCIIsIeM 1Mo Gpopmyie:

V= j\./” dxdydz.
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=y

|
|
I
|
0 3 32

JIJisi paccTaHOBKM TIpelesioB HaiiaemM Ha rmiockocth OXy  TOYKy mepeceueHus
OKPYXHOCTH M MapadoJibl. [[j1s1 3TOro penium CUCTEMY YpaBHCHUIA:
x° +y* =18,
x— 3y
[Toxcrapiisist BTOpOE ypaBHEHHE B ITEPBOE, MOTYyUIUM
3y+y*=18;
y>+3y-18=0;
otkyaa Yy, =3, Y,=-6.
Tax xak B o0nactu Yy >0, To 3HaueHue Y, =—6 He nmoaxoaut. [loncraBum B
X =4/3Yy 3HaueHue Yy, =3, MOIy4uM X(3)=3.
Torma ajs MPOEKIMH Tella Ha INIOCKOCTh OXY IOJIy4aeM CIICAYIOIIHE HepaBeHCTRa:
0<x<3,

X2
Z <y<4/18-x2,
3 y

10

COOTBETCTBEHHO I epeMeHHon Z mMeeM 0<z< E y.

PaccraBum nipenienibl THTETPUPOBAHUS M BBIYUCIMM TPOMHOW UHTErpal:

T %y 3 18k 10
V:m.dxdydz:_fdx _f dy_[ dz:_[dx J dy(z)|?y:
Y 0 X2 0 0 X2
3 3
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2.2 KPUBOJIMHEWHBIE HHTET PAJIBI

Kpuonunenuslii nuaterpai 1 poaa (1o JUIMHE YTH)

1. Ilycte Tnamkas kpuBast L mockoctu XOy 3amana ¢yukmmei Yy = Yy(x), X €[a,b],
bynem npennonarare, uro pynkuus f(X,y) HenpepblBHA BO BCeX TOUKax KpuBoi L,
TOrJlIa KPUBOJIMHEHHBIN MHTErpan mepBoro poja (MO JUIMHE AYTH) 3alUChIBACTCS

CJIICAYIOIITUM 00pa3oM: f X,y dl u BEIUMCIIAETCS 11O (I)OpM yJIe
Y p
L

_[f(x,y)dl :j)' f(x y(x)) 1+(y'(x))2dx.

L a

2. Ilyctp Ha uiockoctn XOY mapameTpuyeckd 3ajiaHa TiiajKas KpuBas

L:{X:X(t),te[a,b],

y=y(t)
T.e. Gyaem npeanonarars, uro Gyskuuu X(t),y(t) - HenpepbiBHO
nuddepentpyemsle; mycth Gynkunus f (X, Y) HempepblBHA BO BCEX TOUKAX KPUBOH

L, Torma KpUBOJMWMHEHHBINH MHTETpas IEPBOTO poja (IO IJIMHE TyTH) BRIYHCIISETCS
o ¢opmyie

b

[ 0uy)a =] £ (x(0).y(0)((x ©) +(y ) Jo

L a
Eciu KpuBas L 3alaHa B TPCXMCPHOM IIPOCTPAHCTBEC, T.C.

x=X(t)
L:qy=y(t),te[ab],

z=1(t),

TO COOTBCTCTBCHHO NMCCM
b

[f(xy.z)di=[t (x(t),y(t),z(t))\/((x'(t))z+(y'(t))2 +(z'(t))2)dt.

L a

I IpnitoxeHust KpUBOJIUHENHOTO HHTErpajga 1 pomaa

1. I'eomempuueckoe npunodxcerue. BBIMUCICHUE JIMHBI KpUBOH 110 (hopMyJie
L|=[dI.
L

2. Mexanuueckoe npunodicenue. BBIYUCICHUE MacChl KPHBOM.
[Tycth L - mumockas kpuBast u O (X, y) - INIOTHOCTH Ha KpuBoit L. Torna macca

BBIUHCIIACTCS 1O popmyiie

m, :j5(x,y)dl
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B cnyyae npocTpaHCTBEHHOUW KPUBOW MOJy4a€M COOTBETCTBEHHO

mL:J5(x,y,z)dI.

X
[lpumep. Berumcnuts wuHTETpan J. ~dl, tne L - ayra mapabomsr Y® =2X,
L

3aKII0YCHHAs MeXLy Toukamu A(2,2) u B(8,4).

Beranciaum auddepentman mmuael xyru dl s kpusoit Y =+/2X:

1 1 1+ 2X
'=—— dl=\1+ ’de=‘/1+—dx=,/ dx.
Y \2X ) 2X 2X

CrnenoBaTenbHO, JaHHBIM MHTErpall paBeH

8 8
X X [1+2X 1 1
Zdl = | ==, [F===dx = | 241+ 2xdx = = (L+ 2x)*?
{y L/zx\/ 2x !2 5 d+2x)

[Ipumep. HaiiTu Maccy OJTHOPOJTHOM JyT'U IUKIJIOUIbI

I_:{x—a(t—sint)

y =a(1-cost)

2=%(17J1_7—5£).

te[0,27]

Tak xax KpuBasi OTHOPOAHAS, TO IJIOTHOCTh O (X, y) =1. Haiinem X', y' u dl:

x'=a(l-cost), y' =asint,

dl = \/az(l—cost)z +a’sin’t dt =a~/1—2cost +cos’t +sin’t dt = av2— 2cost =

=a,/2(1—cost) =a, /2-23in2% dt = 2asin%dt.

CraenoBaTenbHO,

27 2
m, :_[5(x,y)dl = £2asin%dt:—4acos% g:8a.

KpuBoanHeHbIN HHTErPAI 2 poaa (110 KOOPIMHATAM )

1. llycte  AB - ayra rmankoii kpuBoi L, 3amannoit Ha miockoctu XOY  yHKIuein

y=Yy(X), xe[ab], Bbymem mnpeanomarars, uto yukuun P(X,y), Q(x,Y)
HETpephIBHA BO BCEX TOUKAX KPpUBOWM L, TOrla KPUBOJMHEWHBIM MUHTETpaj BTOPOTO
pona (o KOOpJIMHATaM) 3aIMChIBACTCS CIECTYIOITUM obpazom:

J P(x,y)dx+Q(X,y)dy u Beruucisercs mo Gpopmyie:
L

[P(x,y)dx+Q(x, y)dy = [ (P(x, Y()) + Q(x, y()y (x))x .

BaxHpIM CBOWCTBOM HHTErpaia sBISETCS TO, YTO OH 3aBUCUT OT OPHUEHTALlUU
KpPHUBOM, UIMEHHO,
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| PO y)dx+Q(x, y)dy = [ P(x, y)dx+Q(x, y)dy

AB
Ecnu xpuBas 3aMkHyTa, TO MHTErpajl 0003HAYAIOT CIEIYIONIUM 00pa3oM:

[ﬁde+Qdy.
L

B ciydae 3aMKHYTOM KpPHUBOW Pa3IMYalOT MOJIOKUTEIBHYIO WU OTPULIATEIIBHYIO
OPUEHTALIMIO: IIPOTUB YaCOBOU CTPEIKU U 110 YACOBOU CTPEJIKE.

X=X(t
2. Ilycts L: ((t)),te[a, ﬂ] - TJIaJKas KpuBas, 3aJaHHas MapaMETPUUECKHU.
y=y

bynem npennonarate, uyro ¢ynkuuu P(X,Y), Q(X,Yy) HenpepbIBHBI BO BCEX TOYKaX

KPpUBOW L, TOrJa KPHWBOJWHEHHBIM HMHTETpaJl BTOPOTro poja (M0 KOOpAWHATAM )
BBIYHCIISIETCS 10 (hopMyIIe:

B
I P(x,y)dx+Q(x,y)dy = j(P(X(t), y(O)X'(1) + Q(x(t), y(t)) y'(t))dt..

AHaNOTMYHO 3alMUCBHIBAETCA W  BBIUMCISIETCS KPUBOJIMHEWHBIA HWHTErpajl IO
IIPOCTPAHCTBEHHOU KPUBOM.

[IpunoxeHus: KpUBOJMHEHHOTO MHTErpaia 2 pojaa

OyHKIUH P(X, y),Q(X, y)B 3alUCH HWHTErpajia MOXKHO CYUTaTh KOOpJAMHATAMH

BeKTOpa @ =(P(X, y),Q(X, y)) Ero Ha3BIBAIOT GeKmopHbiM noJeM, 3aJJaHHBIM Ha
kpuBoii AB=L.
0603Ha4UM I = (X, y), dr = (dX, dy).

KpuBonmuHelHbplli  WHTETrpa J. Pdx + Qdy = J. (a,dF) onpenensieT  pabomy
AB AB

BEKTOPHOTO (CHUJIOBOTO) MOJIsi & BIOJL KpuBoi AB B HampaBiieHHHM OT TOYKH A K
Touke B.

PaGoTy BekTOpHOTO (CHJIOBOTO) TOJIA & TO 3aMKHYTOM KPHBOM 4YacTO HAa3bIBAIOT
YUPKYIAYUeU:

C:Udex+Qdy
r

[Ipumep. Bpiuncnuth padoTy cuibl (BEKTOPHOrO TOJIS) F :{cos y,sin X} BJIOJIb

orpeska AB ot touku A(0,0) mo ToOUKH

B(_g,n)

Pa6ota cuiel F BeIunciseTcs 1o popmye:
A= [ Fdx+F,dy,
AB

| #
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3anuuem ypasaenue npsmoii ( AB)

x-0 :y—O’ ZXZX, x:—ly
7 0 -0 - 7 2
2

A= j Fdx+Fdy= _[cos ydx +sin xdy :.[cos y(—ldyjﬁin(—iyjdy =
AB AB 0 2 2

—2cos _Sin(_ ] dv =/ —=sin +2COS(— )
1

:—lsinn+ 2C0S| =1 +lsin0—20050 =-2.
2 2 2

v

O N

0

[Ipumep. BUMCIUTh HUPKYJSAIUIO BEKTOPHOrO MOJs a8 = {Xy +X=Y, =Xy+X~— y}

1o KOHTYypy /', cocTosieMy u3 yacteit KpuBbix Y =—X, X=1u y=0 (manpasnenue
00X0/1a TTOJIO)KUTEIIBHOE).
dopmyiia 1151 BBIYUCICHUS TUPKYIISIIIH:

C :[ﬁde+Qdy Vi B
r -
I — xoutyp Tpeyroiaparka ABC, mpoxomaumbrit
MPOTUB  YaCOBOM  CTpENKW.  Brraucimm 1 C ot

IUPKYIAIUIO TI0 KaXK0M U3 CTOPOH.

AB: y=-Xx,dy=-dx, 0<x<1.

Cpe = _[(xy+ X—Yy)dx+(—xy+x—y)dy :.1[(—x2 + X+ x)dx +(x2 + X+ x)(—dx):
0
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0

Coe = J'(xy+x—y)dx+(—xy+x—y)d)’=_[(—y+1— y )y =
BC

= T(—Zy +1)dy =(-y* + y)\: =—(-1-1)=2

CA: y=0, dy=0, 0<x<1.

0 2\|°
CcA:J‘(xy+x—y)dx+(—xy+x-y)dy:jde:(X_J _ 1
CA 1 2 ) 2
2 1 5
c=C C C.=-S40_-_=
AB+ BC+ CA 3+ 2 6

[Ipumep. Berauciute uHTETpa I y’dx + xdy + ydz , rne AB - xyra KpuBOi
AB

X2

LAY a0
2=2
3anuiieM ypaBHEHUE KpUBOM B MapaMeTPUYECKOM BUJIE:
X = 2cost
L:qy=sint | t, =z, t;=0.
2=2

Torma X' =-2sint, y'=cost, z'=0 u MbI moy4aem

0
j y2dx + xdy + ydz :j(—sinzt-ZSint+2cost -cost+sint-0)dt =
AB

T

V4 0 V4 0
= 2.[sin2t -sintdt + _[Zcosztdt :ZI(coszt —1)d cost + I(1+ cos 2t)dt =
0 V4 0 V3

0
=2-ﬂ—72'=§—72'.
3 3

cos’t sin 2t

)

+(t+
0

=2( — Cost)

T

3. Teopusi BeposiTHOCTEH

[Ipn KmaccuueckoM OMPENeNeHUU BepPOAMHOCHb  COObIMUSL

PaBEHCTBOM

P(A)=m/n,

OTIpeIeTSACTCS
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€ M — YHUCIO DSJIEMEHTAPHBIX HCXOJOB HCIBITAHUM, OJaronpusTCTBYIONIUX
MOSIBIICHUIO COOBITUSI A, n — 00111€€ YHUCIIO IIEMEHTAPHBIX UCXOJI0B UCTIBITAHMUS.
Yucnom couemanun n3 | dmeMeHTOB 1m0 K HA3BIBAIOT KOJIMYECTBO KOMOHWHAIIMIA,
COCTaBJICHHBIX M3 | 31eMeHTOB 1o K, KOTOpbIE OTIMYAIOTCA XOTSA OBl OJIHHUM
aneMeHTOM. YHcCII0 coueTanui

ck-_ 1t
'K —K)!

Ilpumep. B smmke umeercs 15 neraneid, u3 Kotopbix 10 oKkpamieHHbIX.
COopiuk Haygady U3BIeKaeT Tpu Aetanu. HallTu BeposiTHOCTh TOTO, UTO

N3BJICYCHHBIC NCTAJIN OKAXYTCA OKpAIICHHBIMU.

Pewenue:

a) 0611166 YUCJIO BO3MOXKHBIX 3JJICMCHTAPHBIX HCXOOJOB HCIIBITAHWA PAaBHO YHUCITY
3.
CHOCO6OB, KOTOPBIMHU MOXXHO M3BJI€Yb TPHU ACTAJIN U3 IITHAALATH, TO €CTh N = C15,

0) 4MCIO MCXOJO0B, OJATOMPUATCTBYIOIIUX HHTEPECYIOUIEMY HAC COOBITHIO, PABHO

YUCIIy CIOCOOOB, KOTOPBIMH MOYKHO BBIOpaTh TPH OKpalleHHbIX aerand u3 10, To
_ 3.

ectb M=Cyy;

B) HCKOMas BEPOSTHOCTh pPaBHA OTHOUICHUIO OOIIEro 4YWClla HMCXOMOB K YHCITY

6J'IaFOHpI/IHTHBIX HCXO0J0B

10!
m Chy a3z 10t121  74.8.9.10-12 24
n ci ! 71151 7A.121.13.14.15 91
3L12!

Ilpumep. B naptum u3 10 neraneit umeercs 7 ctanaaptHeix. Haynauy
otoOpansl 5 neraneit. OnpenenuTs BEPOSTHOCTh TOTO, YTO CPEAN OTOOPAHHBIX

JeTajiel pOBHO TPH CTAaHJIAPTHBIX.

Pewenue:
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a) oOmee 4Yuciao BO3MOXKHBIX 3JEMEHTapHBIX HCXOJIOB HCHBITAHUA PABHO YHCIY
. 5.
CIOcO00B, KOTOPBIMU MOKHO M3BJI€Ub IATH JeTaneil u3 aecstu, To ectb N =Cyy;

0) HalJEM YKCIO MCXOJO0B, OJArOMpHUATCTBYIOIIMX MHTEPECYIOIIEMY HAc COOBITHIO

(cpemu OTOOpaHHBIX MATH J€Tajedl POBHO TPU CTaHAAPTHBIE): TPU CTaHAAPTHbHIE
JeTald MOXHO BBIOpaTh U3 7 CTaHAApTHBIX AeTallel C73 crocobamu; MpH 3TOM
octanpHble (5-3=2) neranu JOJKHBI OBITb HECTAHAAPTHBIMHU, KOTOPbIE MOKHO

BbIOpaTh U3 (10-7=3) HecTaHAApTHBIX JeTajed, UMEBIIUXCS B MapTUH, Cg

3 (2.
criocobamu. Cie10BaTeNbHO, YKCI0 OJaronpusaTcTByromux ucxogqos m=_C; -C3;

B) HCKOMasa BCPOATHOCTH pPaBHA OTHOIICHHIO O6H_I€FO quciia UCXOJOB K YHCITY

6J'IaI‘OHpI/I$ITHI)IX HCXO0J0B

713
3.C2 i1 oL 1515 . M .5.5] I
P(A):m:q 5C3:3!.4! I2!.1!:7.5.5.: A-M.55 5l _3_0a7s
n o Ch 10! 241100 2.44.71.8.9.10 4.8:10 8
5151

BepO}ITHOCTL COOBITHS A, KOTOpPOC MOKCT HACTYIIUTL JIMIIb IIPU ITIOABJICHHUH

OJTHOT'O M3 HECOBMECTHBIX cOObITUH (rumnore3) Hy, H,,...,H, , o6pasyromux nonnyro

rpymIly, paBHA CyMME MPOU3BEACHUM BEPOSTHOCTEW KAXKIOM W3 TUIIOTE3 Ha

COOTBETCTBYIOIIYIO YCIOBHYIO BEPOSITHOCTH COOBITHS A:

P(A)=P(Hy) Ry (A +P(Hy)- By (A)+...+P(H,) - By (A),
rne P(H,)+P(H,)+...+P(H,)=1.

[TpuBenennyo GopMyTy Ha3bIBAIOT POPMYIOU NOIHOU BEPOSMHOCTIU.

Ilpumep. Nmerorcs Tpu naptuu aertanen no 20 geranen B kaxaoun. Yucio
CTaHJIAPTHBIX JETAJIEN B IIEPBOM, BTOPOU U TPEThEH MAPTUSIX COOTBETCTBEHHO
paBHo 20, 15, 10. V3 Haynauy BeIOpaHHOW MapTUU HayJayy U3BJICUCHA JI€TAIIb.

Haiit BEpOSITHOCTB TOT0, YTO OHA OKaXKETCsI OPaKOBAaHHOM.

Pewenue:
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a) o0o3HauuM uepe3 A coObITHE — B3sITas JA€Talb SBIsSETCA OpakoBaHHOW. MOXKHO

CeNaTh TPU MPEANONIOKEHHs (Tunore3bl): H; — nerans BeIOpaHa U3 IEPBON NapTHH;
H, — nerans BeIOpaHa u3 BTOpoil naptuu; H, — nerans BeIOpaHa U3 TPEeThEl NapTUU.

[TockosbKy 4MCIO JeTanerd BO BCEX TPEX NMAPTHUSAX PABHO, BEPOSTHOCTU THUIIOTE3
paBHBI

1

P(Hl) = P(Hz) = P(Hs) = g

6) YCJI0BHasA BEPOATHOCTb TOr'0, 4YTO ACTAJIb 6yI[€T 6paKOBaHHOﬁ, €CJIN OHa B3sdTa U3

NEepBOM Mapuwu, PHl(A):O; yCJIOBHAs BEPOSITHOCTh TOTO, 4YTO JeTajib OyaeT

. . 5 1
OpakoBaHHOW, ecnu oOHa B3sAiTa W3 BTOpod mnapum, P, (A)=—=-—; ycnoBHas
2 20 4
BEPOSATHOCTh TOrO, YTO JEeTalb OyJeT OpakOBaHHOHM, eCiaM OHa B3siTa W3 TPETbei
10 1
napuu, Py (A)=—==.
8 20 2

B) HCKOMasi BEpPOSITHOCTh TOTO, YTO BbhIOpaHHAs Haynayy JeTaidb SBISETCS
OpakOBaHHOMU, HAXOIUTCS MO (POPMYJIE MOTHOM BEPOSTHOCTH

11,111
34 32 4

1
P(A)==-0+
(A) 3

BeposiTHOCTH TOTO, YTO B HE3aBHUCHUMBIX HCHBITAHUAX, B KaXKIOM M3 KOTOPBIX
BEPOSATHOCTP MOsBICHUS coObITHS paBHa p (0 < p < 1), coObITHe HACTYITUT pOBHO K
pa3 (0Ge3pa3nmMyHO B KaKOW IOCJIENOBATEIBLHOCTH), OMNpPENeNsieTcs Mo gopmyie
bepuynnu

P (k) =Cppa™™,
rie q=1-p — BEpOATHOCTH TOTO, YTO COOBITHE B KAXKJIOM W3 HMCHBITAHWUN HE

IIOABUTCAI.

Ipumep. BeposTHOCTb BCXOXKECTH CeMsIH MieHuIlbl paBHa 0,9. KakoBa

BC€POATHOCTDL TOI'O, YTO M3 YCTHIPCX ITOCCAHHBIX CCMSAH BSOﬁHYT HC MCHCC TPCX.
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Pewenue:

a) mycTh coObITHE 4 — U3 4 CEeMsIH B30MAYT HE MEHEE TpeX CeMsH; coObITue B — u3 4
ceMsiH B3oiAyT 3 cemenu; cobbitue C — u3 4 cemsH B3oUayT 4 cemenu. [lo Teopeme
CJI0’KEHUS BEPOSATHOCTEN

P(A) = P(B) + P(C).

0) BepositHocTH coObITHi B 1 C onpenenum 1o dpopmyiie bepaysu:

~ 41
P(B) =P, (3) :Cj’p?’q“ 3 :m'0,93 -(1-0,9)=0,2916,

P(C)=P,(4)=C;p*q**=0,9*=0,6561.
B) uckomas BepositHocts P(A)=0,2916+0,6561=0,9477.

Ecnu 4ncno moBTOPSIONIUXCS UCTIBITAHUN BEJIMKO, TO OIpeJeiIeHUEe BEPOSTHOCTH T10
dopmynie bepHyIM 3aTpyIHEHO M3-3a TPOMO3JIKOCTH BBIYUCICHHUI. B aTOoM ciyuae
OPUMEHSIOT MPUOIMKEHHYI0 (DOpMYIy, BBIPAXKAIOIIYIO JIOKAIbHYIO —MEopemy

Jlannaca:.

P (k) =

L o
Joeg

2

rie (o(X)—L-e_? u X—k_np
N ~Jnpg

3unaueHust GyHKIUH @(X) ONpPEACIAIOTCS U3 TaOJHUIIbI, TPUBSIACHHONW B MPHIOKCHHH

1.

[lpn wmanbIx 3HAYCHUSX BeposTHOCTH p s BbrumcieHus P,(K) npumensior
ACUMITOTUYECKYIO opmyny [lyaccona

ﬂ,k

Pr(k) = e

~* rne e=2,7182..; A=np.

Ota dopmyna ucnonb3yercs npu A <10, mpuyem dyem MeHbIE p W OOJBIINE 7, TEM

pe3yJIbTaT TOUHEE.
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Ilpumep. BepoATHOCTH BCXOKECTU CEMSIH MIIEHUIbI paBHa (,9.
Haiitu BepositTHOCT TOro, 4yto u3 400 MOCESIHHBIX CEMSH

B30MAyT 350 cemsiH.

Pewenue.
a) W3 YCIOBHSA  3aJiauyd p=0,9,9=1-0,9=0,1,n=400;k =350. Torna

,_350-400-09 10, ..
J400-09-01 6

0) u3 Tabmuiel B mpuiokenun 1 Haxoaum @(—1,67) = ¢(1,67) =0,0989;

B) HNCKOMasda BCPOATHOCTDL pPaBHA

1

Fiso(350) = JJ400-0.9-0,1

-0,0989 ~ 0,0165.

Ilpumep. Cpenu cemsH nmenunsl 0,02% copHsakoB. Kakosa
BEPOSTHOCTh TOTO, YTO Mpu ciydaitHom or6ope 10000 cemsn

OyneT oOHapyKeHO 6 CeMsSH COPHSIKOB?

Pewenue.
U3 ycmosus 3agaun P =0,0002; n=10000; k =6. Torma A =10000-0,0002=2.
Hckomas BepOSITHOCTh paBHA

6
Proooo (6) = % 7~ % -0,1353~0,012.

Ecam BeposATHOCTh HACTYIUICHHS COOBITHS A B KaXJIOM W3 7 HCIBITAHHH

NOCTOSIHHA U paBHa p, TO BeposTHOCTh P, (K, <k <Kk,) Toro, uto cobbiTHe 4 B Takux
UCMIBITAHUSAX HACTYMHUT He MeHee K, pa3 u He Oomee K, pas, ompenensercs mo

MHTerpabHOM TeopeMe Jlammaca Gpopmysoi:

X2

B _x
Pn(klskskz)z%-je 2 dx,
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vnpq npq
g %
Oynkmust O(X) = —- Ie 2dt maseiBaeTcs Qynkimei Jlamiaca. B npunoxenuu
N2z

2 nanel 3HaveHHs 3Toi QyHkmmuu ansg 0<x<5. [Ipu X>5 ¢ynkmus d(x)=0,5.

[Ipy oTpuLaTeNbHBIX 3HAYEHHSIX X B CWIy HedeTHocTH ¢yHkuuu Jlammaca

O (—x) =—D(X). Ucnoas3ys Gpyukimro Jlammaca, umeem

P.(k; <k <k,) = ®(p)-D(a).

Ilpumep. ITpo1IeHT BCX0XKECTU CEMsIH mieHullbl paBeH 90%. Hailitu

BEPOATHOCTH TOT0, uTO U3 500 mocessHHbIX ceMsaH B3ouayT ot 400 1o 440 cemsH.

Pewenue.
a) u3 ycnous 3anaun P=0,9;9=1-0,9=0,1; n =500; k; =400; k, =440.

400-500-0,9 _
/500-0,9-0,1

_ 440-500-0,9 _
\/500-0,9-0,1

~7.45: B ~1,49.

Torma a =

0) 13 TaOIUITBI B IPHJIOKEHUH 2 HAXOIUM
®(-1,49) =—-D(1,49) ~ -0,4319; D(-7,45)=—D(7,45) ~-0,5.
B) HCKOMasi BEpOATHOCTh paBHa

P,,, (400 < k < 440) ~ ®(—1,49) — d(~7,45) =—0,4312+0,5=0,0681.
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