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Cemecrtp 1

3
1. AHajMTHYeCKasi TeOMeTPHUsi B POCTPAHCTBE R
BexkTopHuas ajareopa

HGKOTODBIG CBCACHUI N3 TCOPHUU

BekTop — HanpaBIEHHBIN OTPE3OK.

PaBenctBO
a= (x, v, Z) (1)
O3HAYaeT, YT0 X, V, Z — MPOCKI[HMH BEKTOPA HA OCH KOOPMHAT MJIH €T0 JACKAPTOBBI
KOOPAHMHATEL.
dopmyiia
|c7|:\/x2+y2+22 (2)
II03BOJIET 10 KOOPIMHATAM BEKTOPA OIPEIEIIUTH €r0 MOIYIIb.
Az = Eciu o, 3, Y — yriisl, KOTOpbIe BEKTOp 00pasyer ¢
Y TOJIOKUTEIILHBIM HAIPaBJICHHEM OCEH KOOPIUHAT, TO
B CcoSa.,, cosf, cosy Ha3BIBAIOTCS HAPABISIFOIIAMHE
o KOCHHYCaMH BEKTOpa d .
0 >y x=|d|cosa, y=|d|cosB, z=|d|cosy, (3)
4 cos® o+ cos? B+ cos? vy =1 4)

Ecnu n3BecTHbI Havano Bekropa M, (xl, Vi, zl) U
koHen M, (xz, Vs, 22) , TO KOOPAMHATHI BEKTOpa HaXOAATCS 110 (hopMyIam
X=Xy =Xy, Y=Yy=Y, 2=2 —Z. (5)
Eciu a :(xl, Y1, zl) u b= (xz, VY, 22), TO
5il;=(x1ix2,yliy2,zlizz) (6) u
ad = (o, oy, 0z;), Tae O — Mo6oe YHCIIo.
BekTophl, JIexariye Ha OJHOW MU apaICIbHBIX MPSIMBIX, HA3bIBAIOTCS
KOJUIMHEAPHBIMHU. [IpH3HaK KOJJIMHEAPHOCTH BEKTOPOB d U b:
X _n_a 0
X2 V2 22

Tpoiika BeKTOpOB I, j, Kk Ha3bIBAcTCS KOOPIMHATHBIM Oa3HCOM:

Bekropsl i, j, k Hampasnensl mo ocsim cootBerctBeHHo Ox, Oy, Oz B

MOJIOKUTEIIBHYIO CTOPOHY.
Jro6oli BekTOp @ = (x, V, Z) MOXET OBITh PEJICTABJICH B BUJIC

d=xi+y +zk. (8)
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CKansapHBIM IPOU3BEACHUEM BEKTOPOB d = (xl, Y1 Zl) u b= (xz, Y, 22)

HAa3bIBACTCA Y CJI0, paBHOC ITPOU3BCACHHIO MOI[YJICI;'I 9THUX BCKTOPOB Ha KOCUHYC yI'Jia
MCIKIAY HUMU.

5-Z;=|c7|~‘l;‘-coscp, (9)
5-5=|5|-np5l;=‘l;‘-np55, (10)
i-a=a’=|al’, (11) Te.
CKaJISIPHBIM KBaJPaT BEKTOPA PABEH KBAJPATy €0 MOJIYJIS.
Zlb :.XI.XZ +y1y2 +2122' (12)
Ecin ZZJ_Z;, TO
xlxz +y1y2 +2122 = O (13)
X1XH + +
cosp = . ; 2 3’1)’2 22122 : : (14)
Jx1+0ﬁ +21'Jx2‘ﬁ% )

Ecmm Bexktop F m300pakaeT CHiTy, TOUKA MPUIIOKECHHS] KOTOPOH

MNEePeMCIIACTCA N3 Hadajla B KOHCI] BCKTOPa S , TO pa60Ta ATOM CHJIBI OIIPpCACIIACTCA

—

W=F-S. (15)

—

BekTopHBEIM IIPOU3BEACHUEM BCKTOpa C_i Ha b Ha3pIBaeTCs TAKOM BCKTOP

¢ = a %X b, KOTOpBI YIOBIETBOPSAET CIEAYIOLIUM TPEM yCIOBUIM:
1. |5|=|Zz|-‘b‘-sin(p, rae @ — yroJ MeXIy BekTopamu d u b
2.¢cla n clb;
3. BEKTOp C 00pa3yeT ¢ BEKTOpaMH d W b «IIpaByro» TPOMKY.
BeKTOpHOE NPOM3BEICHUE 3aBUCUT OT MOPSIKA COMHOKHUTENEH

axb=-bxa. (16)
Moyiib BEKTOPHOTO IIPOM3BEIEHHS PABEH ILIONMIAN NapajlIeIorpaMma,
TIOCTPOEHHOTO Ha BEKTOpax d u b

Sz‘axg

: (17)

SA:%prL (18)

Ecmu BexkTopel @ u b kommneapHsl, To a X b = 0, B yacTHOCTH,
axa=0.
Ecau Bextopb! 3az1anbl koopaunatamun  d = (xy, vy, 1), b = (x5, ¥, ),

axb=|x y z| (19)
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Ecnu BexTop F N300paXkaeT CUITy, IPUIIOKEHHYIO B KAKOH-HUOY/Ib TOUKE
M , aBexTop @ wuaer u3 HeKoTopol Touku O B TOUKy M, TO BEKTOp d X F
IPE/ICTaBIISIET COOOH MOMEHT CHJIBI F otHocutensHo Touku  O:
mF=axF. (20)

CMenianHbIM IMPOU3BCACHUCM TPCX BCKTOPOB 5, b, E Ha3bIBACTCA 9YHCIIO,

paBHOE BEKTOPHOMY IPOU3BEAEHUIO d X b , yMHOKEHHOMY CKaJIIPHO Ha BEKTOP C,
T.C.

Zzbaz(axb)-aza-(bxz). (1)
CMelmanHoe nmpousseenue ab¢ paBHO 00bEMy HapajlIeIenuIea, IIOCTPOSHHOTO

Ha BEKTOpax d, b, ¢, B3ATOMy CO 3HAKOM «ILTIOC», €CIIM TpOiika d, b, ¢ mpasas, co
3HAKOM «MHHYC», €CIIH 3Ta TPOMKa JIeBas.

V =+abc. (22)
Ecm BCKTOPbI KOMILIIAHAPHBI (JIG)K&T B OIIHOﬁ HJIOCKOCTH), TO
abé =0. (23)

Jnst Bextopos d = (X1, ¥1,21), b=(x3, ¥5,2,), ¢ =(x3, ¥3,23) cMemanHoe
IPOU3BEICHHE ONpeensieTcs HopMyIIoit

M A
abc=\x, ¥, z,| (24)
X3 V3 Z3

3agaua 1. Ha MarepuasibHy10 TOUKY I€MCTBYIOT CHJIBI:
F=(2-11), F=(-1,22), K=(1-2).
Haiitu paboTy paBHOAEHCTBYIOLIEH ITUX CUJI R IIpY NIEPEMELLECHUN TOYKH U3
[IOJIOJKEHUS A(2, -1, O) B IIOJIOKEHHE B(4, 1, — 1).
Pemenune. Haliem paBHOIEHCTBYIONIYIO
R=F+F+F=02-1+L-1+2+1,1+2-2)=(2,21).
BekTop nepemerienus mo gpopmyie (5)

- el
S= AB :(4—2, 1+1, —1—0):(2, 2, —l).
Hckomyto paboty HaxoauM 1o ¢opmyie (15)
W:R-S:2-2+2-2+1-(—1): 7.
3agaua 2. Jlana cuma F= (3, 4, —2) Y TOYKA €€ MPUIIOKCHHS A(2, -1, 3).

Haiitu MOMEHT CHJIbI OTHOCUTEIILHO Hadajia KOOPpAWHAT U YIJIbl, COCTABIIACMBIC UM C
KOOPpAWMHATHBIMU OCSIMH.

—

Pewenne. o Gopmyne (20) mF =7 x F . Bektop 7 = OA 1o gopmyre
(5) UMeeT KOOpAUHATEL # = (2, -1, 3), o popmyie (19)
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FxEF=[2 -1 3 |=-10i +13] +11k.
4

W N -l
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Hrak, moﬁ = (— 10, 13, 11). Moyiib MOMEHTa HaxoquM 110 ¢opmyite (2):
| mF|=(~10)? +(13)? +(11)* = /390 ~ 19,748,

Hampasnstomue kocuHychI 110 hopmyie (3):

coso. = _—10 =—0,506, cosP = i = 0,658, cosy = L =0,557,
19,748 19,748 19,748
a yIJIbl, COCTABISEMBIE MOMEHTOM CHJILI C KOOPAMHATHLEIMU OCSAMH, CIIEAYIOIIUE
a=120°24', B=48"51, Y =569,

KOHTpOIb: JOILKHO OBITb OS> 0L+ COS” B+ cos” v =1 VY Hac:
(- 0,506)" +(0,658)” +(0,557)” = 0,999.
3azaya 3. HamucaThb pasinokeHHe BEKTOpa X = (5, 16, 2) M0 BEKTOpam
p=(210), g=(0,-2,0), F=(-152).
Pemenue.
1. Pasnokenue BekTOopa X 10 6asucy p, ¢, ¥ WMEET BH]
X=0,p+0,q+0as7
WJIA B KOOPJIMHATHOMN (hopme
X1 =0y py +0sq; + 035
Xy = QP +Qogy + 030
X3 =0 p3 + Qg3 + 0373,
2. C y4eToM YHCIIOBBIX 3HAYCHHI KOOPIUHAT BEKTOPOB P, ¢, F U X
IIOJTy9HM CHCTEMY yPaBHEHHI OTHOCHTEIIBHO HeH3BECTHBIX Oly, Oy, 0Ly
2-ay+0-0y—1-a53=5 2000 =5+ 03 o =3
lray =20, +5-03=16 = <20, =0;+503;-16 = Jo0,=-4
0-0;+0-00y) +2005=2 oz =1 oz =1
3. PasnokeHue BEKTOpa X M0 BEKTOpaM p, ¢, I WUMEET BHI:
x=3p—4q+r.
Oteer: X =3p—4q +7.
BN
3agaua 4. B napamwtenenunene ABCDA,;B,C,D, Bexktopsl AB = p,

— — >

AD =¢q, AA; =r ob6pasyior 6asuc. Pasnoxuts Bektopel AG, AP, AN,
110 BEIOpaHHOMY Oa3ucy, ecnu Touka G genut pebpo DD, B oTHOLIE-
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Huu 1:2; Touka P — Touka nepecedyenus auaroHaneii rpaun DD, C,C; Touka N,
— cepeauHa pedpa B (.

Pemienue.

[Moctpoum yeprex. HemocpeacTBEHHO U3 YepTEKa CICAYET:

AG = AD+ DG :§+§?,

¢ AN, = AB+ BN +NN, = jp+

> 2. —

Orser: AG =g+=r, AP =

R 1

AN, =p+—q+r.

N |

1.2 [IpssMasi 41 IJIOCKOCTH
ILi1ockocth. Ee ypaBHeHus

Ax+By+Cz+D=0 — (25)
oO11ee ypaBHEHHE TUIOCKOCTH.

A(x—xo)+B(y—yo)+C(Z—Zo)=O — (26)
ypaBHEHHUE TUIOCKOCTH, TTPOXOIAIICH yepe3 Touky M, (xo Vo, Zo)
HEPIEHINKYIISPHO BEKTOPY N = (A, B, C) :

SR . (27)
a b c
ypaBHEHHUE IUIOCKOCTH «B OTPE3Kax». 31eCh d, b, ¢ — BETMYHHBI OTPE3KOB,

OTCCKACMBIX INNIOCKOCTBIO HAa OCAX KOOPAHWHAT.
Ax+By+ Cz+ D
=0 - (28)
+ \/ A* +B*+C?
HOPMAJIBHOC YPABHCHHUC ITIJIOCKOCTH.

| 4x, + By, + Cz, + D|
\/142+Bz+C2
PacCTOSIHUE OT TOUKH Mo(xo, yo,zo) 1o wiockoctd Ax+By+ Cz+ D=0,
X=Xy Y=V1 Z—Z
Xp=X; Vo= Z—z|=0 - (30)
X3 =X V3= 2372

(29)
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ypaBHEHUE TUIOCKOCTH, IPOXOJIAIIEH Yepe3 TPU TOUKH Al(xl, Vi, Zl) ,

A21(x2’y2,22)’ A3(x3,y3,z3).

1.3 IIpsamas. Ee ypasHeHnust

Ax+By+Ciz+D; =0
{ 1 T4 1 B (31)

A2x+B2y+ C22+D2 = 0
06]]_[66 YpaBHCHHUE HpﬂMOﬁ (HpﬂMaﬂ 3agaHa MepeCcCUCHNEM ABYX HHOCKOCTeﬁ).
x—xo_y—yo zZ—Z,

= — (32)
m n p

KaHOHWYECKOE YpaBHEHHE MpsMoi, e M, (xo , Vo ZO) — TOYKa, IPUHAJIJICKAIIas

IpsIMOK, a = (m n, p) — HAINpPaBJSIOMINNA BEKTOP MPSAMOM (BEKTOP, MapaieIbHbIHI

pSIMOiA).
X =x,+mt
y=y, +nt - (33)
z=2z,+ pt

IIapaMETPUUECKUE YPABHEHUS IIPSIMOIA.
X=Xy — Y—-"n — Z—Z (34)

Xp=X1 M=)V 22737
YPaBHEHHE NPSIMOM, IPOXOASALIEN Yepe3 ABE JAHHBIE TOUKU Al(xl, Vi Zl) :

Az(xzyh:zz)-

- +
cosQ = Tty T M ¥ Piba - (35)

\/m12 w4+ py? '\/””22 +ny” + py’
YTOJI MesKy ABYMs IpAMBIMHU, TAe d) = (my, ny, py) u dy =(my, ny, py) —

HarpaBJIAIOIUE BEKTOPLI IIPAMBIX.

_ |Am+Bn+ Cp|
Siny = - (36)

VA2 + B2+ CF Am? +n? + 2
YIrOJI MEXKIY NPAMOMN M IUIOCKOCTBIO, TIE 71 = (A, B, C) — HOPMAJIbHBIN BEKTOP

IUIOCKOCTH, d = (m n, p) — HaIIPABJIAIOIIMNA BEKTOP MPSIMOM.

=é A 45 A1 A, AIA; — obbem nupamuasl Ay A, A3 A,, tne

7

nUpamuosl

Al(xl’yl’zl)7 A21(x2’y2’22)1 A3(x3’J’3’Z3)’ A4(x4,y4,z4) — KOOpAMHATBI
BEPILUWH [MTUPAMUJIBI.



11¥27% V2= 22724
—[X3—X1 Y3—y1 zZz—Z (37)
Xg =X Va=1 2472
3amaua 5. JlaHBI KOOPAWHATHI BEPIIUH MTUPAMHUIBI A1(2, 1, — 1), A2(3, 0, l),
A3(2,-1,3), 44(0,8,0). Haitru:
1) yron mexny peopamu A; 4, u Ay Ay;

7

nupamuovt

2) yron mexnay peopom A; A, u rpassio A; A, As;
3) 06beM nupamuasl V'
4) paccrosiHue OT Touku A, a0 miockoctu A; A, As;

5) TouKy Aj, CAMMETPHYHYIO TOYKE A, OTHOCHTEIBHO IIOCKOCTH
A4, 43
6) Touky A,', cUMMeTpHYHYIO TOUKEe A, OTHOCHUTEIBHO MpsMOl A Aj3.

Pemienue.
1) Yron mexny pedpamu Haxoaum no Gopmyie (35).

—
a =44, = (3 -2,0-11- (— 1)) = (1, -1, 2) — HaIPaBJIAIOMUNA BEKTOP TIPSIMOM

A1 4y;

—

52 = A4, = (O -2,2-1,0- (— 1)) = (— 2,7, 1) — HaIpaBJISIOIINN BEKTOP
npsiMoit Ay Ay
1-(=2)-1-7+2-1 ~7 7

\/12+(—l)2+22-\/(—2)2+72+12 V6454 18
2) CoctaBuM ypaBHeHHe mnockoctd A, A, Ay, mpoxopsiieit uepes Tpu
toukn 4;(2,1,-1), 4,(3,0,1), A43(2,—1 3), no ¢popmyze (30)

cosQ =

x=2 y—-1 z+1 x=2 y-1 z+1
3-2 0-1 1+1{=0, 1 -2 2 |=0,
2-2 —-1-1 3+1 0 -2 4

-1 2 1 2 1 -1
(-2) 73 2-0-1g 3[+E+nls T3|-o

(x=2)-0-(y-1)-4+(z+1)-(-2)=0,
—4y+4-2z-2=0,
4y +2z—-2=0 — ypaBuenue wiockoct A; A, A3;

n= (O, 2, 1) — HOPMAJIbHEIH BEKTOP IJIOCKOCTH;

—
d= A4, =(-2,7,1) — nanpasnsowmii Bextop npamoit A 4.
Haxomum yron y wmexnay npsimoit 4y A4 u mnockoctsio A; A, Ay no dopmyne
(36)
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0-(—2)+2-7+1-1 15
\/02+22+12-\/(—2)2+72+12 VJ5-4/54

3) Haxomum o6bem nupamuibl o popmyie (37)

=09114.

sSiny =

—> —> —>

V=t—| 0 -2 4/=+—(-2+8-8-28)=——(-30)=15.
6|l-2 7 1 6 6

4) Paccrosinue ot Touku A, jo maockoctd Ay A, Ay Haxomum 1o popmyie

(29).
g_12:8+0-1] 15
va+1 J5

5) Yro6s! HaiiTH TOUYKY A, CUMMETPHUYHYIO TOYKE A, OTHOCHTEIBHO

=35~ 6,69.

miockoctu Ay A, Ay, cienaem crienyromiee.

CocraBuM ypaBHEHHUE NPAMOi, IEPIIEHANKYIAPHON mIockocTn Ay A, A,
npoxopsmieit uepes Touky A, 1o popmyie (32). 3a HanpaBIAOIIUNA BEKTOP
npsAMOd a =n = (0, 2, 1) OepeM HOpMaIbHBINH BEKTOP TIOCKOCTH, T.K. IpsMast
HepIeHANKYIApHA IOCKOCTH:

x—0 y-8 z-0 x_y-8 z
0 2 1 o 2 1
CocTaBuM MapaMeTprU4eCcKue ypaBHEHHs 3TOM npsimoit o popmyne (33):
x=0
y=2t+8
z=1.

Haxoaum Touky nepecedeHus 3ToH MpsMoii ¢ IOCcKoCTbi0 Ay Ay A3

x=0
x=0
y=2t+8
1._, = <y=—6+8=2 = 2(2t+8)+1-1=0,
Z =
z=1
2y+z—-1=0

5t+15=0, t=-3.
[Monygaem Touky M (O, 2, - 3); T.K. TO4Ka A, CHMMETpUYHA TOYKE A,
OTHOCHUTENBHO IIocKocTH A; A, Az, To Touka M sBIseTCs cepeuHON OTpe3Ka
Ay Ay, mosTOMY
X4 +Xxy 0 0+xy

Xy = ——*, , x; =0;
M > > 4
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Vit Y4 8+ 4 : :
:—, 2:—, :—4,
Yum 5 5 Y4
Zy + 24 0+z, ,
Za = , —3= , z, = —6.
M 5 5 4
A4(0,—4,-6).

6) UroOsb! HaiiTk TOUKY A, , CHMMETPUUYHYIO TOYKe A, OTHOCHUTEIBHO
npsiMmoit  4; Ay, cocTaBUM ypaBHEHHUE INIOCKOCTH, IPOXOSILIEH Yepes TOUKy Ay
NepHeHIUKyIpHO paMoil 4} A; 1o dopmyne (26). 3a HOpMalbHBI BEKTOP
mwiockoct 7 =d = (0, — 2, 4) Gepem HanpaBisIomuil BekTop Mol A A3, T.K.
TUTOCKOCTh TIEPIICHTUKYJISIPHA TIPSIMOIA.
0-(x-0)-2-(y-3)+4-(z—0)=0, —2y+16+4z=0, y=2z—-8=0.
VYpasHeHue npsiMoit  4; A; cocrasiseM 1o gpopmyie (34).

x—=2 y-1 =z+1 x—2 y-1 z+1

2-2 —1-1 3+1 0 -2 4
[Tapamerpuueckue ypaBHeHHs NpsiMoit A Ay
x=2
y=-2t+1
z=4t—-1.
Haxonum Touky N mnepeceuenus npsiMoil A4; A; ¥ IMI0CKOCTH:
x=2
y=-2t+1
z=4t-1
y—2z—-8=0,
1

—2t+1-2(41-1)-8=0, —101-5=0, t=-—,

x=2, y:—2(—l)+1:2, Z=4(—lj—1=—3.
2 2

Wrak, Touka N(2, 2, —3). Tak kak Touka A; cHUMMeTpHUHa Touke Aj

OTHOCHTENBHO NpsiMoii  A; A3, To Touka N sIBISIETCS CepefnHoOi otpeska Ay Ay

Toraa

X4+ X[ 0+xy "

xy =TT oo . xi=4
N 7 7 4
Y4 +y4’l' 8+ vy "

=, 2 = , = —4’
YN 5 5 V4

+ " O+ "
=T 3 ZTH 0 r— 6 touxa Af(4,—4,—6).

Z b
N 2 2
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1.4 AHajquTHYecKasi reOMeTPHUsi HAa IJIOCKOCTH
HexkoTopsble cBeIeHUS U3 TEOpUU
IIpsimas auHus. Ee ypaBHeHue

Ax+By+C=0 — (38)
o01iee ypaBHEHHE MIPSIMOTA.
X=X, Y—Y,
= - 39
- » (39)

ypaBHEHHUE PSIMOH, MPOXOAsIIeH uepe3 Touky M, (xo, Vs ) a= (m n) — BEKTOp,
NapajuIeJIbHBIA IPSMOM.

A(x—xo)+B(y—yo)=O — (40)
ypaBHEHHE MIPSIMOH, TPOXoAsIIei yepes Touky M. c>(xo, yo) C IIEPIICHAUKYJIAPHBIM
BEKTOPOM 71 = (A, B).

X=X _Y=n»n _ (41)
Xp =X V2 =N
ypaBHEHHE MPSIMOil poxosieii uepes nse Touku M l(xl, yl) u M, (x2 , yz) :

Xy
—+==1 - 42
P (42)

ypaBHEHHE MPSIMOU B «OTPE3Kax», rie d, b — BETMUYMHBI OTPE3KOB, OTCEKAEMbIX
IIPSAMOM Ha OCAX KOOPJIMHAT.
y=kx+b — (43)
ypaBHEHHUE MPSIMOM € YIIIOBBIM KO3(DDHUIIMEHTOM & = 12 1 OTpe3KoM b —
oTcekaeMbiM Ha ocu Oy .
Y=y, =k(x-x,) - (44)
ypaBHEHHE MIPSIMOH, TPOXOASIICH uepe3 Touky M. o(xo, yo) C YIUVIOBBIM

ko3 dunreHTom k.
_|AxO+ByO+C|

VA% + B?

pacctosinue ot Touku M, o(xo, yo) 1o npsimoit Ax + By+C =0.
Ax, + By, +C

VA? + B?

OTKJIOHEHUE TOUKkn M o(xo, yo) OT MIPSMOH.

y
k==t - (46)

yrioBoi koaddurment npsmoir Ax+ By +C=0.

d (45)

0= (45a)
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kl - k2 - (47)
YCJIOBHUC ITAPAJIJICIIBHOCTH IIPAMBIX.
1
ky=—— — 48
1 0 (48)
YCIOBHUC IICPIICHAUKYILIPHOCTHU IIPAMBIX.
k2 B kl
tgp =|—2—L 49
¢ 1+ kyky (49)

YTOJI MEX/Y JBYMS NMPSMBIMH C YIIIOBBIMU KodddunueHtaMu k; U k.
3amaga 6. JlaHBI CepeMHBI CTOPOH TPEYTOIbHHUKA
P(l, 2), Q(S, 1), R(— 4, 3). CocTaBUTH ypaBHEHUS €r0 CTOPOH.
B(xs, v,) 1 cnoco6. Tak kak Touku P, O, R sBuswoorcs
cepenunamu otpe3koB AB, AC, BC, 1o

P 0 x1+x2:1, x2+x3:5, x1+x3:_4’
2 2 2
A7) R C(xs, 1) yl+_y2:2’ yz—+y3:_1, ng,_
2 2 2
PemaeMm 11Be cuctemMbl ypaBHEHUN
x1+x2=2 y1+y2:4
X9 +X3=10 %) +y3=—2
xl+X3:_8, 1 +y3:6,
MOJIy4aeM
X1 = -8 = 6
X, =0 Vv, =0 A(— 8, 6), B(IO, - 2), C(O, O).
X3 = 10, V3 = —2,

Temepb cocTaBiisieM ypaBHEHHS CTOPOH TPEYTOJIbHUKA, KaK MPSIMBIX, TTPOXOSIINX
gyepes ABe TOUYKH, 1o hopmyne (41).
VYpaBuenue ARB:

X8 y=0 49—
10+8 —-2-6

VYpaBuenue BC:
x—lO:y+2’ X+ 5y =0,
0-10 0+2

Vpasuenne AC:
X*+8 _y=O s uyoo
0+8 0-6

2 crioco6. He onpenenss koopaunat touek A, B, C', cocTaBUM ypaBHEHHE KaXI0H

U3 CTOpOH Tpeyronbauka ABC, kak npsMoii, TPOXOASIICH Yepe3 OJIHY U3 BEPIIUH
tpeyronbuuka PQOR mapaiieiabHO MPOTHBOJICKAIICH CTOPOHE.
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YpaBuenue AB: npsimasi AB mnpoxomuT yepe3 TOYKy P mnapauieIbHO BEKTOPY

—
OR = (— 9, 4). Hcnonszyem ypaBuenue (39).

L S e N S )
-9 4
Ypasuenne BC: npsmas BC npoxomut yepe3 Touky () mapajuieIbHO BEKTOPY
—
PR =(-5,1).
— 1
X o I = x+5y=0.
-5 1
VYpasaenne AC: npsmas AC mpoxoauT yepe3 TOUKy R TapajuiebHO BEKTOPY
—
PO =(4,-3).
4 _
YHE_YT3 0 3ii4y-0
4 -3

Oteer: 4x+9y—-22=0, x+5y=0, 3x+4y=0.
3agauya 7. CocTaBUTh ypaBHEHHUS KaTETOB MPSIMOYTOJIBHOTO
PaBHOOCAPEHHOTO TPEYTOIBHUKA, 3HAsl YpaBHEHHE TUIIOTeHY3bl 2Xx 4+ 3y —5=0 u

BEPIIMHY MPSMOTO yTiia (2, — 1) :

b N AB = BC (no ycnosuio), nostomy ZABC = ZACB =45,
457 kpc = —% ( mo popmyne (46)). Ypasuenus katetoB AB u BC
45°
A ) C cocraBiisieM 1o opmyne (44): y+1= k(x — 2).
k+ 2
(g45" =|—>|. (49)
1-=k
3
k+—
—> ==L,
1-—k
3

Pemiast 5Tu ypaBHEeHUs, TOIYyYUM:

kzé, y+1=%(x—2), 5)+5=x-2, x—5y—-7=0.

k=-5 y+1=-5x-2), y+1=-5x+10, 5x+y-9=0.
OtBer: x—5y—7=0, 5x+y—-9=0.
3amaya 8. B TpeyroyibHHKE C BEPIIMHAMHM A(3, - 2), B(— 1, 1), C(S, - 7)
HaiiTh OuccekTpucy BHyTpeHHero yrnma ZABC.
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B__ g 1) CocraBum ypaBHenus cropos yria ZABC,
BOCITIOJIb30BaBIINCH (popMyioit (41).
5102 Cropona BA:
+1 —1
oY _x—4p+1=0.
3+1 —-2-1
Cropona BC:
+1 -1
YT _8x—6y-2=0.
4 ¢ 5+1 —-4-1
\ N 2) Touku OHCCEKTPUCHI paBHOYAAJIEHBI OT CTOPOH YTJIa.

[IpupaBHseM pacCTOSHUS OT POU3BOJIBHOU TOYKH
ouccextpucel M (x, y) 1o cropod yrna B4 u BC, Bbruuciss ux no gopmyie
(45).

|—3x—4y+1| |—8x—6y—2| |—3x—4y+1| |—8x—6y—2|
e eee 10
W3 nociiegHero paBeHCTBa 0Iy4acM CIEAYIOIUE 1Ba:
2A-3x—4y+1)=-8x—6y-2 u 2(-3x-4y+1)=—(-8x-6y-2).
ITocne npeoOpa3zoBaHus NOTYyYaeM YPaBHEHUS IBYX MPSAMBIX, KOTOPBIE SIBIISIOTCS
OucceKTprUcaMH BHYTPEHHETO U BHEIIHETO YIJIOB IPU BEPIIMHE B TpeyroibHUKA

ABC:':

x—y+3=0 (a)
u x+y=0. ()
Jlst OMCCEeKTPHUCH BHYTPEHHETO YIJIa TPEYrobHUKAa BN OTKIOHEHUS BEpITUH
tpeyroiapbHuka 4 u C WMEIT pa3HbIe 3HAKH, a I OMCCEKTPUCHI BHEITHETO YyIIIa
BK — 3HaKu OTKJIOHEHHH OJMHAKOBHI.
Haiinem otkionenus touek 4 u C ot npsmoit (a) mo gopmyne (40,a):

3—(—2)+2 5—-(=7)+2
= ( ) :7>0, dc = ( ) :14>O,
JiZ+12 o V2 JiZe2 V2
clIeIoBaTeIbHO, ypaBHEHUE (a) —3TO ypaBHeHHe npssmoii BK. Torma ypaBHeHue

OMCCEKTPUCHI BHYTPEHHETO yriia TpeyroibHuka ABC mpu BepimmHe B!
x+y=0.

0 4

Otget: x+y = 0.

1.5 JIuauu BTOPOro NOpsiaAKa

OKpyX HOCTb. YpaBHEHUE
(x—a)2 Jr(y—b)2 = R? (50)

OTIpeJIeISIET OKPY>KHOCTh paanyca R ¢ IeHTpoM C(a, b). Ecnu uentp

OKPY>KHOCTH COBIIQJIacT ¢ HA4YajaoM KoopauHar, T.e. a =b =0, To ypaBHEHHUE
OKPY>KHOCTH HPHUMET BU/T
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x?+y? =R% (51)
O6uiee anreOpanyeckoe ypaBHEHUE BTOPOU CTENEHU
Ax? +2Bxy+ Cy? +2Dx +2Ey+ F =0

ecTh ypaBHeHHE OKpyxkHOCTH, ecii A= C# 0, B=0, T.e.

Ax® + Ay* +2Dx+2Ey+ F =0. (52)
DnuIic.
2 2
T+l=1- (53)
a b
ypaBHEHHE JJIIUIICA (KAaHOHUYECKHUI BUT).
b =a® -2, a>b. (54)
B stoMm ciiydae ¢oKychl Aiudnca UMEIOT KOOPIUHATHI
Fi(—¢, 0) u Fy(c,0). (55)

Hauano koopaunat (O — LEHTP CUMMETPHH SJLUIMIICA, & OCH KOOPAUHAT — OCH
CUMMETpHUH dJuiunca. Touku Al(— a, O), Az(a, 0), BI(O, —b), B, (0, b)
HA3BIBAIOTCS BEPIIMHAMM DIUIMIICA, ¢ W b — Ooblias ¥ Maas IOJIyOCH.

Beauunna

e=S<1 (56)
a

Ha3bIBAETCS IKCHEHTPUCUTETOM DJUTUIICA. DKCIEHTPUCUTET XapaKTEePU3YET
BBITSHYTOCTb 3JUIMIICA, T.K. BBIPAXKAETCA Yepe3 OTHOIIEHUE €ro MOoJyoceit

¢ a*-p? 1_(19)2_

€= (57)

a a a

OKpY>KHOCTh MOYKHO CYMTATh YACTHBIM CIy4aeM dJUIMIICA, Y KOTOPOro a = b,
T.e. £€=0.

xX=*t— — (58)

M

YPaBHEHUS JUPEKTPHUC.
Ecmu dokycsl amummrica pacnosnoxensl Ha ocu (Jy, TO ypaBHEHHE DIUIHIICA

nuMeeT ToT ke BUI (58), Ho b > a. Dokychl UMEIOT KOOpIUHATHL: [ (0, — c) u

F, (0, c). YpaBHEHUS TUPEKTPHUC

y== (59)

m | o

['unepbona.

[\
[\

=1 - (60)

Wk
%=
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KaHOHUYIECKO€ YpaBHEHUE T'HIEepOOIIbL.

b*=c*-a% a<c (61)
DoKyChl IMEIOT KOOPMHATHI Fl(— c, O) u F, (c, O). Ocu KOOpAUHAT ABIIAIOTCS
OCSIMH CUMMETpHUH TUnepooisl, a Touka O — 1eHTp cummerpuu. ['nnepbona
nepecekaeT 0ch abCIMCC B TOUKAX Al(— a, O), A, (a, 0) , KOTOpBIC HA3BIBAIOTCS €€
JeHCTBUTEIBHBIMY BEPIIMHAMY, a BEJIMUNHA 4 — JCHCTBUTEIHLHON MOIYOCHIO
runep6osl. Touku BI(O, - b) u B, (0, b) Ha3bIBAIOTCS MHUMbIMU BEPIINHAMY, A

b — muuMas ITOJIYOCh. HpHMOYFOJ]LHI/IK C ICHTPOM B HA4aJIC KOOPAUHAT U CO

CTOpOHaMH, IapalJICIIbHBIMUA KOOPANHATHBIM OCAM U IPOXOAAIINMHA 4CPC3 BECPIIMHBI
FI/IHep6OJII>I, Ha3bIBACTCA OCHOBHBIM IIPAMOYT'OJIBHUKOM FHH€p6OJ]I>I. Ero JuaroHajin

b

y==*t—Xx (62)
a

SBJIAIOTCSL CUMIITOTAMU TUIIEPOOJIBI, T.€. IPSIMBIMH, K KOTOPHIM HEOTPAHUYEHHO
NPUOJINAKAIOTCA BETBU TUIIEPOOJIBI.

DKCUEHTPUCHUTET rUnepOoIIbl

e=S>1, (63)
a
2 2 2
Lo C_Na +b” 1+(é) | (64)
a a a

Ecnu a = b, runepOona Ha3bIBacTCS paBHOCTOPOHHEH. B 3TOM ciydae oCHOBHOM
NPSIMOYTOJIBHUK MPEBPAIIACTCS B KBAJIPAT, a SKCIIEHTPUCUTET paBeH 2 .

x=+4 _ (65)
€
JTUPEKTPUCHI TUIIEPOOIIHI.

Ecnu ypaBHeHUe runep0oJibl UMEET BUT

2 2
~To+o=1, (66)
a” b
TO ACHUMIITOTHI TUTIEPOOJIBL:
x=4 b v, (67)
a
(hOKyCHI FI(O, — c), Fz(O, c).
b
y=1t— — (68)
€

YpaBHEHUS JUPEKTPHC.
[TapaGoia.
Kanonnueckoe ypaBHeHHE mapaboIIbl

y2 = 2px (p>0), (69)
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ri€ p — paccTosHue OT oKyca 10 AUPEKTPUCHI. Y paBHEHHUE TUPEKTPUCHl X = —%,

KoopAuHATHI pokyca F (% Oj . Hauano xoopuHaT siBisieTCs BEPIIMHOM mapadoibl,

a 0Ch a0CIIMCC — €€ OChI0 CHMMETPHH. DKCIICHTPUCUTET Imapadonbl € = 1.
B psze ciaydaeB paccMaTpHUBarOT mapadoJIbl:

a) y2 =-2px, F (— g, Oj —doxkyc, x = g — ypaBHEeHHE TUpeKTpUChl,  (70)
2 _ pP __bp :
6) x“ =2py, F (0, 5) —dokyc, y = 5" YpaBHEHUE TUPEKTPUCHI, (71)

B) X2 =2 Py, F(O,—g) —(Qokyc, y = g — ypaBHEHHE OUPEKTpUCHL.  (72)

Jlnst Bcex cimyuaeB p > 0.
3amada 9. Cpeau npsMBIX TapaUIeNbHBIX npsiMon  2x + y = 0, BELICTHUTH

2 2
KacaTelbHbIE K OKpY>)KHOCTH X~ + )~ =1.

Pemienue. YpaBHEHUE BCAKOU NPSAMOU, MApAJLICIIbHON JAHHOW, MOKHO
3amucaTh B BUIE
2x+y+c=0.
KacaTtenpHas K OKpY>KHOCTH UMEET C HEW TOIBKO OJHY OOIIYIO TOUKY, TO3TOMY
COBMECTHOE PEIICHUE YPAaBHEHUN MPSIMOW U OKPYKHOCTHU JTOJKHO UMETH TOJBKO
OJIUH OTBET.
W13 ypaBHeHHs IpsiMoit y = —2x — C.

y==-2x-c
{x2+y2=1, x2+(—2x—c)2=1, Sx2+4ex+c2—1=0.
KBajgpaTHO€E ypaBHEHHE UMEET TOJILKO OJHO PEIIEHHUE, KOTAa JUCKPUMUHAHT PaBEH
HYJTIO: (46’)2 — 4'5'(6’2 — l) =0, orkyma c= +4/5.
Wrtak, HCKOMBIE KacaTelIbHbIC UMEIOT YPaBHEHHUS
2x+y+\/§=0, 2x+y—\/§=0.

3amaua 10. Jlan smumrc 9x2 + 25y2 = 225. Haiitu: 1) ero monyocwu; 2)

doxychl; 3) aKCIIEHTpUCUTET; 4) ypaBHEHUS TUPEKTPHUC.
Pemenue. Jlenum Ha 225, nonyyaeM

. 2
P =1

25 9
Orcrona cieayer no popmyie (53),uto a=35, b=3. U3 popmynsr (54):

c?=a’-b*=25-9=16, c==4
ITo popmyne (55): Fl(— 4, O), F2(4, O).
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4
OKCUEHTpUCHTET (56): € = °_ 3
a
VYpaBue e c corimacHo (58): x == +25
BHEHUS TUPEKTPHUC COTIIACH P X=t——=1t—.
P peeip 4/5 4

Otser: a =5, b=3; F(-4,0), F,(4, 0); g:%; x=i§.

3amada 11. CocTaBUTh KAHOHMYECKOE YPAaBHEHHE AJIUIUIICA, Y KOTOPOTO Majasi
noiryock 246, a paccrosHue Mexay ¢pokycamu FiF, =8,

Pewenne. b=26, FF,=2c=8, c=4

2
ITo dhopmyie (54): a?=b>+c?*, a* =(2\/8) +4% =40, a =+/40 =24/10.

2 2
Y

—+=—=1
40 24

3amada 12. AcuMnToThl runep0osibl uMetoT ypaBuenuss 4y +3x =0, a

YpaBHenue aumrca corjacHo (53):

PaCCTOAHUC MCIKIAY (boxycaMH PaBHO 20. HarmucaTh €€ KAHOHMYECKOE YPaBHCHHUC.

3
Peuienne. YpaBHEHUS aCUMITOT ) = izx, corsacHo popmyne (62):

b 3
—= r Kpome toro F1F, =2¢ =20, ¢=10. Ilo popmyne (61): c? =a’+b%
a
IIOJTy4a€M CUCTEMY YPAaBHEHUU
b 3
a 4
a* +b* = 100.
Pemas ee, monydaeM a =8, b= 6. CuenoBareibHo, KAHOHHYECKOE YPaBHEHHE
2 2
TUIIEPOOJTBL: r Yo
64 36
2 2
Y

3amaya 13. Jlana runepOosia ? — T = —1. Haiiti koopauHATHI (HOKYCOB U

BEPILUNH, DKCLIEHTPUCUTET, YPAaBHEHUS ACUMIITOT U JUPEKTPUC.
Pemienne. ®okychl JaHHON THIIEPOOITBI pacioiokeHbl Ha ocu Oy .

a=1,b=3, c=va’+b*> =/9+1=410. (61)
3HaYUT POKYChl HIMEIOT KOOPUHATHI FI(O, — \/E) Fz(O, \/E) Bepiimabl
AI(O, — 1), AZ(O, 1), Bl(— 3 0), B2(3, O). DKCIEHTPHUCHTET 110 hopmyiie (64):

g=£=@, & = JT0.
a

VpaBHeHHs acHMNTOT: X =t—)y = x=13).
a
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b 3
VYpaBHEeHUs qUpEKTpUC: y =*— = y=t-—.
c V10
3anava 14. IlapaGosia ¢ BepIIMHOW B Hauaie KOOPAUHAT MPOXOIMT Yepe3
TOYKY A(l, — 2) ¥ CHMMETpPUYHA OTHOCHUTENBbHO oc (Jy. Hammcats ee

ypaBHeHue. Haiitu hokyc u mupeKTpucy.
Pemienue. YpaBHeHue uckoMoii mapadodisl o popmyine (72) umeer BUJ

x2 = —2py. Touka A(l, — 2) JICKUT Ha mapadose. [ToacraBisieM KOOPAMHATHI

1
Toukn A BypaBHeHue: 1=-2p- (— 2) = p= 1 CrnenmoBareiabHO, HCKOMOE

1
ypaBHEHUE OyIeT x? = 3 Yy WA Y= —2x2.

1 1
®doky mapabossl: F (O, — g) . YpaBHeHUEe TUpeKTpUcChl cornacHo (72): y = 3

2 o
3agaua 15. Ha mapabGone y~ = 4x HaWTH TOYKH, PACCTOSHHS KOTOPBIX OT
JTUPEKTPUCHI PABHO 3.

Penienne. YpaBHeHUE TUPEKTPUCH JAHHOM Mapadoyibl X = —g,
2p=4, p=2, x=—1. Torna paccrosiaue ot ocu (Jy 10 UCKOMOKH
(=4 —g =5—1=4T04YKN ® 3TO pacCTOSHHUE ONMPEACTUT KOOPAUHATY X JaHHOU

ToukH, T.e. X =4. Koopaunary y Haiiaem U3 ypaBHEHUS MapaboJIbL:
y2 =4x, y*=4.4=16, y=+4.
Utak, M;(4,4), M,(4, —4).

2. BBegenue B anaju3s
1. Ipenennt

[Tycth KaxkaoMy HaATypalbHOMY YHCITY n=12, ... NPUBEICHO B

COOTBCTCTBUC B CHJIY HCKOTOPOI0 3aKOHa YHCIIO u Torz[a roBopAaT, 4YTO

n-
omnpeacicHa MnocCICA0BaTCIbHOCTE YHCCI up, Uy, Uz, ... HIIK, KOpOUcC,

IIOoCJIACA0BAaTCIbHOCTD {I/ln } OTILCJ’IBHBIG qucia Lln Ha3BbIBAIOTCA €€ DJICMCHTAMU.

Onpenenenue 1.1. Yuciao a Ha3bIBaeTCA MPEEIIOM MOCIEI0BATEIBHOCTH {un}

ecnu Ui JII0O0TO TOJIOKHUTENIBHOTO YHCJIa €  HAaWAeTCs 3aBUCAIIEE OT HEro
HaTypaiabHOE uYMciIo NN Takoe, YTO i1 BCEX HATypaJlbHBIX uucen n> N

BBITOJIHSETCSI HEPABEHCTBO: | u,—a |< €. Ilpusrom mumyt:  [lim u, = a.
n—»o0
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Ompenenenvie  1.2. ToBopsit, uro QyHKImsS f (x) crpemurcs Kk A

( f (x)—)A) Opu CTPEMJICHUH K & (x—)a), rne A w a—4ucna, Wi

lim (x) = A, ecnn mas moboro € >0 cymectByer O = 5(8) > (0 Takoe, 4TO
X—>a

| f(x)—4|<e npn |x—a|<8.
AHaNoru4Ho, limf(x):A, eCIIu |f(x)—A|<8 pu |x|>N(8) u

X—> 0

lim f(x) =00, ecliu | f(x)|> M 1pu | x—a|< S(M) rae M — npousBOJIBHOE
X—>a
MTOJIOKUATEIIEHOE YUCIIO.

[Ipy BBIYMCICHHH TPEACIOB MOXKHO HCIOJIB30BATh CICAYIOIIHE TEOPEMBI.
1. Ecnu cymecTByIoT KOHeuHbIe [im fl(x), lim fz(x), TO
Xx—>a xX—>a

a) XZZZ[fl(x)ifz(x)]:)Clzzlfl(x)ijz’ifz(x)
6) lim| f1(x)- f2(x) = lim fy(x)- lim f3(x)

8) lim filx) _ xlinzlfl(x) (
x—)afz(x) xli?’;fz(x)
2. Ecnu [lim f(x) =A=#0, I[limf, (x) =0 (4 —xoHEYHO), TO

fi(x)

lim —— = o,
x—a fz(x)
ecnu  [im f(x) =4, Ilimf, (x) =0 (4 — xoneuHo), TO
x—a

fi(%)

lim ——=~=0.
Xx—a f 2 ()C)
DT yTBEP)KACHHS CIPABEIJIMBBI, €CIIM BMECTO IBYX (QYHKIHH  f (x) U

tm f3(x) 0]

Xx—>a

/s (x) B34Th COOTBETCTBEHHO JIBE MIOCIIEA0BATEIbHOCTH: {un} U {vn } :

B mnpocreiimux ciaydasx HaxoKICHHE Mpejesia CBOJIUTCS K TMOJACTAaHOBKE B
JTAHHOE BBIPAKEHHE MPEACIBHOIO 3HAUEHUsI apryMEHTA, YaCTO, OJIHAKO, TPUXOAUTCH,
MPEXJIe YeM TePEHTH K Mpeeiny, MPOBOAUTh TPEoOpa30BaHNEe TAHHOTO BBIPAKCHHUS.
D10 cleayeT JaenaTh B TEX CIOydasiX, KOTJla MMEIT MECTO TaK Ha3bIBaEMbIC

0 oo 0. qo 0
HeomnpeaenenHoctu: —; —; 0-.00; co—o0; 07; 17; oo,
o0
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IIpumep 1.1. Ilpu oTbICKaHMM IIpenena OTHOLIEHUS ABYX LEJNBIX MHOTOYICHOB
OTHOCUTEIBHO X INPU X —>00 WIA K NPA A —>00 [ NOCIECI0BATEIbHOCTEN

0
(HCOHpeI[eJICHHOCTL —) o0a 4WiIeHAa COOTHOIICHHS II0JIC3HO MpCaABApUTCIIbHO
o0

Pa3acCiInTh Ha Xm niIn, COOTBCTCTBCHHO, nmrz[e m — HaHuBbICHIAA CTCIICHBb OTUX
MHOI'OYJICHOB.

AHanoruyHbIN IMpUEM BO MHOTHX CJIydasaX MOKHO IIPUMCHHUTHL U IJIA I[pO6€I>i,
CoACpKaluX NPPAIOHAJIBHOCTH.

2 1 2 1
4
3+———) 34+ ———
o3t -1 (w : x( x2 x* : +x2 x4
a) lim n =|—|= lim = lim =

x—=0 5x7 +3x+2 o0 x—)oox4(5+i+i) x—>oo5+i3+i4

3 xt x> x
1

lim 3+ lim 2 lim
x>mo  xooy2 xooxt  3+0+0 3
_ — = =, crapuas cTernesr m =4,
. .3 .2 540+0 5
lim 5+ lim — + lim —
X—> 0 X—>®© x X—>0 x

4
NEIUTCI HA X .

5 lim Wont —2nd +2+ 48w’ +21

oo Yp* —342V4n* + 91
3-\/n4(9—%+%j+4-3/n3(8+2j
. n n n’
= lim =
" 4/n4(1—i4j+2- n4(4+%)
n n
3n2-\/(9—%+%j+4n-3/(8+2j
n
n n

= [lim =
" n-4(1—i4j+2n2. /(4+%j
n n
2 2

+—-3 -

3.\/(9__+_j * (s 2]

n n*) n n®/  3:49-0+0+0-38+0 9

n—o ] 3 9 0-41-0+2-+/4+0 4
+2- |4+

2
(HeompeneIeHHOCTh —, CTapilas CTereHb M = 2, JeauTCsi Ha N1 ).
0
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8) lim(3x+1) \/x2+4x+5—\/x2+4x+7]:[oo-(oo—oo)]:

X—> 0

(3x+1)\/x2+4x+5—\/x2+4x—7 -\/x2+4x+5+\/x2+4x—7]
= lim =
r—= o \/x2+4x+5+\/x2+4x—7
(3x+1)(x2+4x+5—x2—4x+7)

>0 \/x2+4x+5+\/x2+4x—7

(3x+1)-12 (_xj _

= [im
x_m\/x +4x+5+\/x +4x -7
12(“_) 12-3
X—> 0 4 5 4 7 1+1
I+—+—=+ [I+———
X Xx X X

[Ipumep 1.2. Ecmm P(x) 5 Q(x) — I[eJble MHOTOYJIEHBI X, P(a);t 0 wm
Q(a) # (0, TO mpeaen pamuoHanbHOH Apodbu P/ O upu Xx —>a HaXOAUTCA

HernocpeacTBeHHo. Ecnu ke P(a) = Q(a) =0 (HeompeneIeHHOCTD 6), TO po0b

P/ Q pexomenmyercst COKpaTHTh OJMH WK HECKOJIBKO pa3 Ha (x - a).

x3—3x+2 (O) (x—l)(x2+x—2) xZ+x-2
llm— —|=lim = lim
x>lx* —4x+3 \0 x—>1(x—l)(x3+x2+x—3) ol 4x? +x—3
:(9)211‘;% (= 1)(x+2) = lim xr2 __Iv2 :E:l.
0 x—)l(x_1)<x2+2x+3) x—)lx +2x+3 1+2+3 6 2

[Ipumep 1.3. OpHuUM K3 TPUMEPOB HAXOKACHUS Ipelesaa OT UPPALUOHAIBHOTO
BBIPAKEHUS SIBISICTCS IEPEBOJ UPPALIMOHAIBHOCTH U3 YUCIUTENS B 3HAMEHATEIb WU

HA000POT (HEOMPEACICHHOCTh — ).

VS _(9). o B3 )3454x)
0 ;( ~Y5-x)3+54x]

a) llm

x—41-— »\/5 X

"I ﬂ)( e
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=lim———lim——=lim —— 4-x

1
x>41—3/5—x x>43+/5+x xo41-3/5—x 6_

. (4—x)(1+ 5—x+3,/(5—x)j

=—[lim =

6x—>4(1_m)(1+3 5—x+3 (S—X)Z)

| (4—x)(1+§/ﬁ+mj

=— lim =
6x—>4 1-5+x
i (4—x)(1+3\/5—x+3\/(5—x)2j
=—[lim :——lim(1+35—x+3(5—x)2):
6 x—4 x—4 6 x—>4
1
=——(1+1+1)=——.
(e1+1)=-
=0 (o (%/}—2)(%/)7+2i/§+4)
) tim 2= ()= g _
—8x” —T7x—8 A0 Hg(xz—7x—8)(%/x7+2%/¥+4)
= lim X8 = lim :
8 (x - )(x+1)(\/7+2\/—+4) x_>8(x+1)(\/7+2\/—+4)
__ 1
S 9-12 108

[Ipumep 1.4. Tlpu BeIUKMCIEHUHN IPEAETOB BO MHOTUX CIIy4asiX UCIIOIb3YIOT «II€PBBIN
3aMedaTeIIbHbIN Ipeae:

SInXx

lim =1,
x—0 X
CJICACTBUECM KOTOpOFO SIBIIAOTCA npez[enblz
tox . arcsinx . arxtex
lim =— & =1, lim =1, lim gx _ 1.
x—0 X x—0 X x—0 X

tg2 4x - arcsin’® x B

a) lim [ctg2 3x— ctg2 Sx]-

x—0 x2
2 ) 2
tgdx 5 [ arcsinx 2
. | cos®3x cos” Sx 4x X
= lim| —————————| 2 =
=0 sin“ 3x sin” Sx X



2 2 2 N2
— Jim 16x2 _{cos 3x _cos Sx}. lim(fg4x) . lim(arcsmxj _

x—>0 sin®3x  sin® 5x | x>0\ 4x x—>0 X
| cos? 3x-16x? cos® 5x - 16x> )
= [im ' 3 —— 3 o i
x>0 (sm?)x) 9x2 (Sanx) 95,2
'\ 3x Sx
1 2
= lim —600S3x——cos S5x ﬁ
x—0 225

(thxj 4x? N 2sin® 2x

0) i _
) lim 2 (arcsin 3xj
CTE 2% 1 3y

x>0  x“-.arcsin3x

tg22x 1 - cos4x (9
0 x—>0

3x
2 )
. [ tg2x sin2x
lim (—j 42 ( ) - 2x
x—>0\ 2x ) A2 sin2x ) 2x 8/2
= _ < Aim ——— = lim = :
_oaresin3x x—0 3x x—0 3x 3
lim ———
x—0 3x
ITpumep 1.5. [Mpr  BBIYKCICHWHM TpeAeia BBIPAKEHHS, COIEPIKAIIErO

TpuroHomerpuueckue GyHkiuu, korma x—>a u  a# 0, pexomeHmayercs
IIPEABAPUTEIILHO IIPOBECTU 3aMEHY X —d = ).
T X

cos— g
lim 6 :(—j:(x—3:y,y—>0 npu x —3) =
=3 x—3 0
T (y+3 ,
COSL | <. - LI LA ¢
= [im 6 = lim—-cos(—y+_) = lim 6 6 _
y—0 Y >0y 6 2/ y»0 WYy
6
. T
sin—= i i
=——lim =——.1=—=.
6y»>0 Ty 6 6
6
[Ipumep 1.6. Ilpu BIYMCIEHHH MIPENCIIOB Buma [im [ f ](p =C Heo0X0IUMO

x—>a
HMCTL B BUY, UTO

1) eciu cymecTBYIOT KOHEUHbIE Tipefensl A = lim f (x) B=Ilim (p(x),
Xx—>a XxX—>a
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10 c=A4" (4> 0);

2) eciu lim f (x) =A#1, [lim (p(x) = $00, TO BOIIPOC O HAXOXKIECHUHU
X—>a X—>a

npejesia ¢ PeIraeTcs HelmoCPEACTBEHHO;
3)ecou lim f (x) =1, [lim (p(x) =00, TO CJICIYET BOCIOJB30BATHCS
xX—>a Xx—>a

1

«BTOPBIM 3aMeYaTeIIbHBIM MPEIeIoM»: [im (1 + g(x)) g(x) = e, rame
Xx—>a

g(x)—)O npu x >a u e=2718....

x2

2 1 —0
a) lim [M] = (3) b 0, T.K.

x>\ 2% +x + 1

. 3xZ—x+1 3 . x2
im —————=—, lim —— = —o0.
x>0 2?4 x+1 2 x—0x —1
. x+3 . .
6) zim(S’”4xj _ 43— 64, . lim S lim(szn4xj 4=4,
x>0\ X x—>0 X x—>0\ 4x
lim(x + 3) = 3.
x—0
2x 2x
) lim(3x+1) =(1“°)= lim(1+ l ) _
X—> 0 3x—1 X—>00 3x—6
. 14x
36 7 o 3v-6.1" 56
= lim(l+ / j 7o lim(1+ / j ’ = !4,
X—> 0 3X— 6 X—> 0 3X— 6
3 3
2 lim(7-2x)33 = (1 )=xlz_})n3[l+(6—2x)]x—3 -
(6-2x)3 . 18-6x
1 +—3 lim
= lim{[l+(6—2x)]62x} =33 — o6,
x—3

2. beckoHeuHO Masble U GECKOHEUHO Ooublve (DYyHKIIMH

Ompenenenne 2.1. Ecmu  [lim f (x) =0, To dyskmms f (x) Ha3bIBACTCS
x—>a

0eCKOHEYHO MaJIOi B OKPECTHOCTH TOUKH X =a (MpH X —> a).
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CymMa ¥ pou3BeCHHE KOHEYHOTO 4nciia 0ECKOHEYHO ManbIX (PYHKUUN Tpu
X —> a ecThb TaKke OECKOHEUHO Maas pu X —> d.

Ompenenenne 2.2. Ecm  f (x) 151 g(x) — OECKOHEUYHO Majble MPU X —>d U

lim M =¢, TIE C — HEKOTOPOE YHCIIO, OTIIMYHOE OT HYJs, TO QyHKIHMU [ (x)
x—>a g(x)
u g(X) Ha3BIBAIOTCSI OECKOHEYHO MAaJILIMHU OOHOr'0 mopdaxKa mpum x —> d, eCliu
Cc= O, TO TOBOPAT, YTO f(.X) — OECKOHEYHO Maas BBICIIETO nopsaaka II10
CPaBHEHHUIO C g(x) npu x —> da.

Beckoneyno mamas f (x) Ha3bIBaeTCsl OECKOHEYHO MaJjoOW MOopsaKka 7 IO

CpPaBHCHHIO C g(X) npu x —> a, eciiu

/(x)

lim ——~— =, 0<|c|< +oo.
x—)agn(x)

[lpumep 2.1. Ilpu x — 0 onpenenuts MOPAAOK MANOCTH QYHKIUH IZX — SINX

OTHOCUTCIIBHO X.

) 1
, . Sinx -1 ) (1 )
. X —Sinx . CcCOSX . Sinx\1—cosx
lim XTI lim = [im =
x—0 _xn x—0 xn x—0 _xn COSX
. .2 X .3 X X .3 X X
2sinx - sin® = Asin® = . cos— sin° = cos—
= [im 2=lim 2 2:4lim—2-lim 2 _
x—0 xn COSX x—0 xn COSX x—0 xn x—0 cosx
.3X L3 X LA X
sin> E sin> E 4 sin> =
x>0 x x—)O(fj oy 2% x>0 (fj
2 2

OroT npenen OyaeT paBeH koHcTante c# (0 mnpm n =3, ciaeaoBaTeiIbHO,
GyHKIMS  fgX —SINX WMEeT MOPSIOK MaJoCTH 71 =3 OTHOCUTEILHO X TIpH
x— 0.

CyMMa IByX OECKOHEYHO MajbIX Pa3IHYHBIX MOPSAKOB PaBHOCHIBHA TOMY M3
ClIaraeMbIX, MMOPSIOK KOTOPOTO HILKE.

[lpumep 2.2. Omnpenenauts MOPSIOK MAJIOCTH OTHOCUTENbHO X 1pu X —> 0

CYMMBI %/9672 +\/3673 .
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2

3.2
Cnaraemoe X HMECT IMOpAAOK MAJIOCTH  — OTHOCHUTCJIBHO X, a

3

[..3
ci1aracmMoc X — TOpAIOK E, CJICAOBATCIIbBHO, CYMMa UMECT IOPAJOK MaJIOCTH

2

P oTHOcUTeNnbHO X Tipu X —> 0.

0 _,

Ompenenenne 2.3. Ecmu [lim ——+ =1, T0 GeckoHeyHO Manbie f (x) u g(x)
x—>a g(x)

Ha3bIBAKOTCS 3KBUBAJICHTHBIMU IIPU X —> A . f(.X) "‘g(X).

Hanmpuwmep, mpu x — 0 Oyaem umeTh:
sinx ~x, Igx~X, arcsinx -~ Xx,arctgx ~ Xx,
2
X
ln(1+x) ~X, COSX~ 1—7, e —1~x, a " —1~x-lna (a # 1).

Hpezlen OTHOHLICHHUA AOBYX OCCKOHEYHO MaJjbIX HE HU3MCHUTCA, CCJIM YJICHBI
OTHOIICHUA 3aMCHUTDH DKBHUBAJICHTHBIMH UM BCINYMHAMU.

[Ipumep 2.3.
2 )
34tg2x . 53arcsin2 3x (34tg x 1) _(53arcsm x 1)
a) lim > = lim - . _
x>03sin” 4x + Tarctg"x x>0 3-(4x) +7-(x)
_ 4tg’x-In3-3arcsin®3x-In5 . 4ln3-x* - 3ln5'(3x)2
= lim = lim _
x—0 55x2 30 55x2
_4In3-27In5
55 '
ln(l+3x) 3y

. [ darcsin2x X C(4-2x) x A
6) lim| ——— = lim =l =] =—.
x—>0\  3tg8x x—>0\3-8x 3 27

(3= %)= In(3+ 7x) l’”‘[{l‘g’cﬂ‘l’”’{{”%xﬂ

6) lim = [im =
x—0 2sinx x>0 2x
ln3+ln(l—§xj—ln3—ln(1+%xj _§X_Zx

x—0 2x x—0 2x



29

Ompenenenvie  2.4. Ecm  lim f (x)z 0o, TO ¢QyHKmuL [ (x) HAa3bIBACTCS
xX—>a

OECKOHEYHO OOJIBIION TP X —> d.
[Tomo6HO TOMY, KaK .TO CAENaHO JjIsi OECKOHEYHO MAaJIbIX, BBOAUTCS MOHSATHE
OECKOHEYHO OOJBIINUX PA3TUIHBIX MTOPSIKOB.

[Mpumep 2.4. Ilycte x —> oo. Omnpenenuth NOPAIOK OECKOHEYHO OOJBIION

X
f (x) = 10 CPaBHECHHUIO C X .
+
5 5 5 5
. X . X . X . X

lim x" | = lim ————= lim - = lim ——=1
x—oo| X+ 2 x—>oox”(x+2) x—o ™ L) xooo
npu n=4.

Onpenenenue 2.5.
1) Ilycts dyskmms f (x) — OEeCKOHEUYHO OoJiblllasg WM OECKOHEYHO Majas
)
npu x—>© u [lim—==1 r1me ¢ W O — KOHCTaHTbI, TOrAa (PYHKIIHSI
X—>®0 . xO('

a ~ ~r
y=cx Ha3bIBACTCS ACHMIITOTHKOM WM aCHMITOTHYCCKA SKBUBAJICHTHOM
byukumn [ (x) opu X —> 0.

2) Ilycte dyHkims f (x) — OEeCKOHEUYHO OoJiblllasi WM OECKOHEYHO Majas

npu X —>a u limﬂ

=1, e ¢ U O — KOHCTaHTHI, TOrjaa QYHKIUSI
X—0 a
c- (x — a)

(04 ) )
y= C(.X - Cl) Ha3bIBACTCA ACHUMIITOTHKOHM HJIIM ACHUMIITOTHYCCKH 3KBHBAJICHTHOH

byukuun [ (x) opu X —> da.

[Ipumep 2.5.

a) Haiitn acuMnTOTUKY (ACUMIITOTHYECKOE TIPEACTaBICHNE) PYHKIMU ~ X + 1 —+/x

npu X —> 0.
(AT VRVarT+v7)  yaroy

\/x+1—\/;: — —
Vx+1++Jx Jx+1++x
1 1 1
_\/x+1+\/; 2\/;_2-x1/2’

CIICIOBATEIbHO, ACUMIITOTHKOW GyHKIMH  f (x) =Jx+1-+/x opu = X —> ©

1 _ 1 1
ABJIETCS (PYHKIUSA Ex 1/2; c=—; Oo=——.

2 2
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6) Haiitu acumnrotuky GyHkuuua [ (x) Y npu x —> 1.
l1-x

Ilpu x—>1 dyskuun [ (x) = (BIeTed OCCKOHEUHO OOJIBIIION:
I-x
1 1

V1-x° i 3\/(1—x)(1+x+x2) ) %/3(1—x) B i/g(l_x)m'

. 1 ~1/3
ACHUMIITOTUKON B JAHHOM ClIydae SIBISETCS PYHKIHS ) = %(1 — x) :

6) Haiiti acuMnTOTHKY QyHKIUH [ (x) =x>—3x+2 npu x —> 1.

B nannom ciyyae mpu x —> 1 dyakuus [ (x) ABJISIETCS] OECKOHEYHO MaJIOH;
f(x) = x> —3x+2 =(x—1)2(x+2) ~3(x—1)2.

[Tonydaem acUMNTOTUKY ) = 3(x — 1)2; c=3 a=2
3. HenpepsiBHOCTH PyHKITHH.

Ompenenenne 3.1. Ecnim x<a wu XxX—a, TO ycnoBHO mumytr Xx — a—0,
aHAJOTUYHO, ecit X >a X —>a, o Xx —>a+0. Yucna

f (a — O) = lim f (x) uf (a + 0) = lim f (x) Ha3bIBAIOT COOTBETCTBCHHO
x—>a—0 x—a+0

npezesom ciieBa QyHKIUU  f (x) B TOYKE @ W MpeaesioM crpaBa GyHKImu [ (x)
B TOUKE @ (€CJIM ATH YKCJia CYIIECTBYIOT).
Jlnst cytiecTBoBaHus npezena GyHKimun f (x) Ipu X —> a HEoOXOIUMO H

JIOCTaTOYHO, YTOOBI HUMEJI0 MECTO PABEHCTBO: f (a — O) =f (a + O).

Ompenencane 3.2. Dyukius y = f (x) HA3bIBACTCA HENPEPHIBHOM B TOYKE d,

eciu
1) oHa ompeencHa B 3TOM TOUKE;

2) lim_of(x): limof(x): lim f(x):f(a).

ToukH, B KOTOpPBIX HApyLIAETCS YCIOBUE HENPEPHIBHOCTH, HA3BIBAIOTCS TOYKAMMU
paspsiBa.

[Tpumep 3.1.

1
a) Haiitu Toukm paspeiBa GyHKIMU y = 327X, mpenensl clIeBa U CIPaBa B DTHX
TOYKax, CAEJaTh CXEeMaTUUYECKUMN YEPTEXK.
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1

®yukius y = 327X yMeeT pasphiB B TOYKE X = 2, T.K. OHA B 3TOH TOYKE HE

Ya onpeneineHa. [Ipu stom:
1 1

!
| 14
| lim 32% =3+0 =37 = 4o0;
| x—2-0
|
|
|

1 1
lim 327* =370=3""= ! =L:O.
o ' x X240 37 4o

I

O 2

0) Haiitu Touku pa3pbiBa U BEIMUYMHY CKauKa B 3TUX TOUKAX (QYHKIIUU
1

2x¥+3 4 4x -8
V= I
243 4 4
Toukoii pa3peiBa JaHHOW (YyHKIMM SIBISIETCS TOYKa X =—3, T.K. B HEH
(GYHKIMS HE ONpeieIIieHa.

V03 pay g 27°-12-8 0-20

lim = = =-5;
x—>-3-0  olx+3) L 4 27* 4 4 0+ 4
1/(x+3) _
lim 2 FAx-8 I, Tx.mpu x > —3+0 umeem:

x—>-3+0  ol(x+3) 4
21/(x+3) L4y —8 ~ 21/(x+3) .

b

Beanunna ckauka A =1-— (— 5) = 6.
6) HaiiTn TOukM pa3pbiBa, BEIMYMHY CKauka A ¥ MOCTPOHMTH rpaduk (HYyHKIUH

— 3x, x<0
y =<4sinx, O<x£%

x2+l,

T
— < X.
\ 2

JanHast pyHKIHS HEPEephIBHA IS X € (— 00; O) U(O; gj U(%, + OOj.

T
I/Iccne,uyeM TOJIBKO TOYKH X| = O m Xy = 5, T.K. B HUX MCHJCTCA aHAJIMTHYICCKOC

BBIpaXeHUE (PYHKIIUH.

lin_iof(x) = lim (— 3x) =0; lim f(x) = lim (4Sinx) =0;

x—-0 x—+0 x—+0

f(O) = —3x

=0, cmemoBatensHO, B Touke X =0 ¢QyHKmms f (x) HETpephIBHA.

x=0
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lim f(x)= lim (4sinx)=4; f(gj = 4Sing =4

xZ 0 xZ 0
2 2

2
lim f(x) = [lim (x2 + 1) = % +1=3,467,cn

X240 x> 240
2 2

T
C€A0BAaTCIIbHO, TO4YKa X = E — TOYKa pa3pbiBa.

BeanunnHa ckauka

2 2
A=4—| T 11]=3-T_~0533
4 4

2.1 IndpdepennuanbHoe ucuuciaenne PyHKIUH OJHONH nepeMeHHO

1. SKCTPEMYMbI ®YHKIIMM OJHOH NEPEMEHHOH

Oyukuus Yy = f (x) Ha3bIBAa€TCA BO3pacTaroleil (yObIBaroIeii) Ha
HEKOTOPOM MHTEpBaJIE (OTPE3KE), €CIM JJIS JFOOBIX TOUYEK X, X5, NPHHAMICKAIIUX

JTaHHOMY HUHTepBase (OTPe3Ky), U3 HEPAaBEHCTBA X < X, CJIEIyeT HEPaBEHCTBO
() < f(x3) (f(xl) > f1(x, )) Ecim f(x) HenpepbiBHa Ha otpeske [a; b] u
f '(x) >0 ( f '(x) < 0) npu a<x<b, o f(x) Bospacraer (yObiBaer) Ha
OTpe3Ke [a; b].

B npocreiimx cinyyasx o6nacts cymectsosanns ¢pyukuun [ (x) MoxkHO

pa30oUTh Ha KOHEYHOE YMCIIO IPOMEXKYTKOB BO3pacTaHus U YObIBaHUS (PYHKIUH
(IpOMEXKYTKOB MOHOTOHHOCTH). ITH MPOMEKYTKHA OrPAHUYEHBI KPUTUUECKUMU

AV toukamu Xx (rme f '(x) =0 wmxe f '(x) He

_ CYLICCTBYCT).
y=F(x) yIIeCTBYeT)

Ecnu cymecTByer Takast ABYCTOPOHHSS
OerCTHOCTB TOYKHU )CO , qTo0 JJIA BCSIKOﬁ TOYKHU

X # X, JTOW OKPECTHOCTH UMEET MECTO
HEPaBEHCTBO [ (x) > f (xo), TO TOYKA X,

Ha3bIBAETCS TOYKON MUHUMYyMa QYHKIIUN
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y=f (x) ,aunuciao f (xo) — MHHUMYMOM (QyHKIHH )V = [ (x) AHAIIOTUYHO, eCIIH
TS BCSIKOW TOYKH X # X| HEKOTOPOU OKPECTHOCTU TOYKH X| BBIIOJIHIETCS
HEPaBEHCTBO [ (x) <f (xl) , TO X Ha3bIBACTCS TOUYKON MakCUMyMa (QyHKIHH
y=f (x) ,a f (xl) — MakCMMyMOM (yHKIHHU. Touka MUHMMyMa HJIH MaKCUMyMa

(YHKIIMM HAa3bIBAECTCS €€ TOYKOM SKCTpEMYMa, @ MUHUMYM WJIA MaKCUMYM (YHKIUH
— sKkcTpeMyMoM ¢yHkimu. Ecim x, — Touka skcTpemyma QyHKIHMU f (x), TO

f '(xo) =0 wmxe f '(xo) HE CYIIECTBYET (Heobxooumoe yciosue

cywecmeosanus sxcmpemyma). OOpaTHOE YTBEPKIACHUE HE BEPHO: TOUKH, B
KOTOpBIX [ '(xo) =0 wm f '(xo) HE CYIIECTBYET (Kpumuueckue mouxit), He

0013aTENILHO SABJSIOTCS TOUKAMHU dKCTpeMyMa QyHKIUU | (x) :
Llocmamounwiii npusHax cyujecmeoanusi 1 OTCyTCTBUS SKCTPEMyMa
HENPEPBIBHON QYHKIMH [ (x) CJIEYIOIIMNI: €CIIH CYIIECTBYET TaKasi OKPECTHOCTh

(xo -9, x, +8) KPUTHYECKOH TOUKH X ,, YTO f'(x) >0 mpu x, —-0<x<Xx, U
f'(x) <0 mpm x, <x<x,+9d, TO X, — TOUKAa MaKCUMyMa QYHKIHH f(x);
ecmoke f'(x)<0 mpu x,—8<x<x, n f'(x)>0 npn x, <x<x,+8, To

X, — TOYKa MHHUMyMa QyHKIHU [ (x)

o
Eciu, HaKOHEII, HaliIeTCs TaKOE TIOJI0KUTEIBHOE YMCI0 O, 4T0 f '(x) COXpaHseT
HEU3MEHHBIN 3HaK pH X, —O <X < X, +0, TO TOYKAa X, HE SBIACTCS TOUKOI
3KCTpeMyMa QYHKIUH | (x)

Haumenvuiee (naubonviuee) snauenue HenpepbIBHOW QYHKIUU  f (x) Ha
JTAHHOM OTpE3Ke [a; b] JOCTHTAETCS MM B KPUTHYECKUX TOYKaX (DYHKIIMH, WA Ha

KOHI[aX OTpe3Ka [a; b].

[Mpumep 1.1. HaiiTu 3xcTpeMyMBbl U HHTEPBAIBl MOHOTOHHOCTH (DYHKITUN
y=x-+v—5x.

Oo6nacth cymectBoBanust: —x >0 = x <0.

Y Haxonum kputHueckre TOUKH:

1 S5x
'=N=-5x4+x ——(=5)=~+-5x —— =
4 2~+/—5x ( ) 2~+/—5x
—~10x—5x  —15x _ 3-(=5x) 3 5
= = = =—-4/=5x2>0.
2+/—5x 24=5x  24/-5x 2

[lpu x <0 Qynkuus Bceraa Bo3pacTaeT U MpUHUMAET HauOOJIbIIee 3HAUCHUE B

)
Ve

KpuTHdeckor Touke X = 0: y(O) =0.

[Tpumep 1.2. HaliTu 3KCTpeMyMbl U HHTEPBAIbl MOHOTOHHOCTH (DYHKIIUU
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2
y =Y+ 1) 2-x)2
O6J'IaCTI> CYHICCTBOBaHI/I}I: X € (— OO, + OO) .
HaXOI[I/IM KpI/ITPIIIGCKI/Ie TOYKU.

, (2-x)7 —2(2-x)(x+1) (2-x)(2-x-2x-2) —x

2P 22-0" 3 Yre)22-0t  Yar22-x)

=0 = x =0,

»y' He cymecTByeT => X, =—1; x3 = 2. Iloay4miu Tpu KPUTHUECKHUE TOUKH.

X (— 0; —1) -1 (— I; O) 0 (O; 2) 2 (2; +00)

V' + HE CYIII. + 0 — HE CYIII. +
yo_ 7 max ~ min e
lim y'(x) = lim - =+o0; [lim - = —00,
x—>2+0 x—>2+0 ji/(x i 1)2(2 —x) x—>2-0 %/(x n 1)2(2 —x)
0= )=

k03 pHUIMEHT KacaTenpbHOU, TO TP X =—1 ©
X =2 KacarenbHas K TpaduKy QyHKITUH
nepreHauKysapHa ocu  Ox.

W=1)=0; »0)=¥4; H(2)=0.

] I

] |

: : Tak Kak y’(x)zk, rae k — yriooBoii
| [

| |

|

—1

O

[Ipumep 1.3. Haiitu rmyOuHy OTKPBITOTO OacceiiHa ¢ KBapaTHBIM THOM B 00HEMOM

3
256 M~ Takoro, 4ToObl Ha OOJMIIOBKY €ro CTEH U JAHA MOUUIO0 HAUMEHbIIEe
KOJIMYECTBO MaTepuana.

ITycth a — cTOpoHa KBajpara OCHOBaHHs, / — riryOuHa OacceiiHa;

2 , 256 16
a“h=256 a"=—, a=—, h>0;
h Jh
16 256 256
S=S8. . +8, =4ah+a* =4 — h+=—==64Jh+===F(h);
oo 55 " 7~

64 256 32 256 32h7* 256 2(;;3/2 - 8),

F'(h) = B R -
(%) 2h m: AJh K2 h? h?
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7 F'(h)=0 = r’*=8 h=4 lpu h=4 semmunma
~ 4'1 7 " F (h) =S Oyzmer HaNMEHbBIICH.

[Ipumep 1.4. JIBe npsimble skene3nsle joporu AA; U BB| nepneHIuKyIspHbI

Ipyr K Apyry u nepecekarorcs B mynkre C, mpuaem AC =800 xm u BC = 700
kM. U3 mynktoB 4 u B 1o HampaBieHnio K C' OJJHOBPEMEHHO BBIXOJIST /1B
1oe371a CO CKOPOCTSIMU cooTBeTCTBEHHO 80 kM/4 1 60 kM/4. Uepes CKOJIBKO 4acoB

IMOCJIC OTIIPABJICHUA PACCTOAHUC MCIKAY IIOC31aMHU 6y,ZICT HaUMEHBIIIUM ?
OTMETHUM MOJIOKEHHUE IIoc340B B MOMCHT

t>0 Toukamu K u M. Iy
AK =80t; BM =60¢; 4,

CK = AC— AK =800—80s; o

CM = CB— BM =700-60¢; Ae |V17T0U KM

(KMY? = (CK) +(CM)’ - K -
= (800 -80¢)” +(700—60¢)°; KM 2OV WA

@ ® —>X

M B By

MHWHHUMAJIBHO, €CJIN MUHHUMAJIbHA BCJIIMYHNHA C

(KM)? = F(r) = (800 — 80¢) +(700— 60r);

F(r)=2(800—80r)-(—80)+2(700—60¢)-(— 60) =
= —128000+ 128007 — 840007 + 7200¢ = 200007 — 212000 = 0; 7 =10,6;

T~/ !~= 10,6 — Touka MuHMMyMa QyHKIHU F (t) Yepes 10,6 gacos

\ 16 6/, II0CJIC OTIIPABICHUS PACCTOSIHUE MCXKAY MOC3aaMU 6yz[eT
’ HAaUMEHBIINM.

2.2. ACUMIITOTBI

Ecnu Touka (x; y) HETPEPBIBHO TIEPEMEIIaeTCs 110 KPpUBOH y = f (x) TaK,

YTO XOTsI ObI OJTHA U3 KOOPJIMHAT TOUKH CTPEMUTCS K OECKOHEUHOCTH, U MPU ITOM
PacCTOSIHUE TOYKH OT HEKOTOPOU MPSIMOM CTPEMUTCSI K HYJIIO, TO 3Ta MpsiMast
HA3bIBACTCA ACUMNIMOMOU KPUBOM.

Ecnu cymiectByeT 4ucio a Takoe, 9ro [im f (x) =00, TO mpsiMast X = d
xX—>a

SIBIISICTCS. ACUMITTOTOH (8epmuKaibHas acumMnmoma,).

X
Ecnu cyiecTByroT KOHEUHbBIE TIpeaeabl  [im Q =k n
XxX—>+0 X

lim [ f(x)- klx] = by, Tonpsamas y = kyx+ b, Oyner acumnrorol (npasas
X—>+00

HAKJIORHAA acwwnmoma).
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flx
Ecnu cylecTByrOT KOHEUHbIC TIpeebl  [im ( ) =k, u
X—>— X

lim [ f (x) — kzx] =b;, Tonpsmas y =k,x+b, Oyner acumnToToi (esas
x—-2

HAKJIOHHAS ACUMNINOMA).
I'paduk pyakoun y = f (x) HE MOXXET UMETh 00Jiee OAHOM MpaBoil u Ooee

OJHOU 1€BOW aCUMITOTEL.

[Mpumep 2.1. HaiiTu acHMITOTHI ¥ MOCTPOUTH IPaPUK PYHKITHH
3 cos(x — 1)

x—1
OGmacThb cymiecTBoBaHus: X # 1.

NieM BEpTUKAIBHBIE AaCUMIITOTBHI.
DyHKIUS UMEeT pa3phiB B TOUKE X = 1, T.K. B Hel QYHKIHS HE OnpeeiieHa.

3 -1 .
lim (2X+Mj :2+3—;=2—OO=—00;

y=2x+

x—1-0 x—1 —

3 -1 )
lim (zﬁmj:hﬂ:mzm
x—1+0 x—1 +0

CJICOOBATCIBbHO, X = 1 - BCpTHKAJIbHAA aCUMIITOTA.
I/IIHGM HAKJIOHHBIC ACUMIITOTBLI B BUAC ) = kx + b.

x—>too X — 1
CJIeJ:[OBaTeJILHO, npu x —>+ o Cym€CTBYCT aCUMIITOTA

I\y / J—
(A k= lim M: lim l(szrw) _
: // X—>two X X—>two X x—l
i// =2+0=2; b:xﬁlz_raoo[f(x)—kx]z
/ _

//I = [lim {2x+w—2x}:

O |/ : X x—too x—1

1 X _
: i 3cos(x 1):0'
|
|
|
|
|
|

[Ipumep 2.2. HaiiTu acCHMIITOTHI U TOCTPOUTH Ipaduk
2x2 -9
x? -1

OO0acTh CyIIeCTBOBAHUS: x2-1> 0;, x

byHKIIMKN Y =

251, x>1wm x<—L
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2
2x% -9 (=) 2(-x)" -9 2x*-9
y = —, y —X)= =
x? -1 \/(—x)z—l \/x2—1
CIICIOBATENBHO, TaHHAsT (YHKIUS YETHAS, U MOXKHO IOCTPOUTH €€ TPaduK TOIBKO
npu x > 1, a 3aTeM oTpa3uTh €ro CAMMETPHUYHO OTHOCUTENBHO ocu Oy,
L 2*-9 2-9
lim = ——0 = x=1-
=140,/ 2 1 +0

y(x)=y(-x),

BEpTUKaIbHAS acumnToTa mpu X —> 1+ 0.
[Mycte x — 1+ 0.

2
k= lim M: lim 2xT -9
. x—>+w X X—>+00 5 /x2_1
> 0
2x* =9 2_x_2

b= lim [f(x)~kx]= lim |:2X2_9—2x}:

X—>+00 X—>+00 m
272 —9_0y. /xz—l (2x2—9)2_4x2(x2—1)

2
. 32x2 +81 o

NS /1—%[2—%+2- /1—%}
X X X

[lpu x —+ 00 momyuaem acumnToty y = 2x. ['paduk manHoi QyHKIHH
nepecekaer ocb Ox TIpH 2x2-9=0, T.e. BTOUKAX X = iﬁ.

[Tpumep 2.3. HaiiTu acuMOTOTHI M TOCTPOUTH TpaduK GyHKIIUN
x> —2x% =3x+2

4—x? '
OO0nacTh CyIIeCTBOBAHUS: 4-x220 = x#2u x#-2.

y:

B roukax x; =—2 u X, =+2 (yHKIUSA TEPIUT pa3pbIB, T.K. B HUX OHA HE
oIpe/eIieHa.
L ox?-2x%-3x+2  —8-8+6+2
lim 3 = =
x—>-2-0 4—x —0

~+00;

b




38

X =2x?—3x+2 —8-8+6+2
lim = —
Xx—>—-2+0 4 — x2 +0

9

| Ay X = —2 — BCPTHKAJIbHAA aCHUMIITOTA.
|
N\ | . X —2x*-3x+2 8-8-6+2
\\: X520 4— x> +0 ’
AN
N L x> —2x?-3x+2 8-8-6+2
N lim 5 = = +o0;
“2 x—2-0 4— -0

X =2 — BepTHKAJIbHAs aCUMITOTA.

|
|
|
|
|
9! X
: N > HaknoHHbIE ACUMIITOTHI IpU X —> 100 HILEM B
! 2N Buge: Y =kx+b.
: AN f(x) X —2x% —3x+2
| BN k= lim = lim 5 =
: x>t X X—> £ x(4_x )
2 3 2
li - x x_2 x_3 1 1 b= 1i kx
= [im =—=-0[ = am | JixX) - RX|{=
X—>+o0 4 1 -1 x—)ioo[f( ) ]
— -
x

2.

4—x? x>k 4o x?

[lpuy x —>* o0 momydaem acUMOTOTY Y = —X + 2.

X—> *oo

. x> —2x% —3x+2 ) x4 x 42
= [im +x|= [lim =

2.3. HAITIPABJIEHUE BOI'HYTOCTHU. TOYKH IIEPEI'MBA

ToBopsr, uto rpaduk auddepeHnupyemoit GyHkuun y = f (x) B02HYM GHU3

Ha MHTEpPBaJIC (a; b) (602nym e66epx Ha WHTEpBaJIC (al; bl)), CCITU TPH
a < x < b nyra kpuBoii pacroyiokeHa HIKe
' 94 (MM COOTBETCTBEHHO IPH @) < X < by BbIIIIE)
KacaTeIbHOM, MPOBEACHHOM B 11000 TOUKe

V=1 (x) JIOCTaTOYHBIM YCIOBUEM BOTHYTOCTH BHU3
| (BBepx) rpadpuka y = f (x) SIBIISICTCSI

I BBIITOJTHEHHE HA COOTBETCTBYIOIIIEM HHTEPBAJIE
L X HEpaBEHCTBA

* a, by~ f(x)<0 (f'(x)>0).

Touka (xO, f (xo )) , B KOTOpPOU U3MEHSETCS HalpaBlieHuEe BOTHYTOCTH rpaduka

0

I
I
I
I
I
a

@ L — — —— — —

(yHKIMH, Ha3BIBACTCS MOYKOU nepeauda. J{na abcuuccel TOYKHM nepernda x,

HUHTEpBaJa (a; b) (WM UHTEpBaja (al; bl)).



39

rpaduka GpyHkuun y = f (x) BTOpPas Ipou3BoaHas f ”(xo) =0 wm f "(xo) HeE
cymectByeT. Touku, B KOTOPBIX [ "(x) =0 wm f "(x) HE CYILECTBYET,
Ha3bIBAIOTCS KpUMUYECKUMY MouKamu 2-20 poda. Kputndeckas Touka 2-ro poja

X, SBISETCS abCIMCCON TOUKHM eperuda, ecnu [ ”(x) COXpaHSIET MOCTOSIHHBIE

o
3HAKH B HHTEpBaTaX X, —0<x<X, H X, <x<Xx,+0, Tae O — HEKOTOpoe
TOJIOKUTENLHOE YHCIIO, TIPHYEM 3TH 3HAKU ITPOTHBOIIOJIOKHEI, U HE SIBISETCS TOYKOM
neperuda, ecim 3HaKu  f "(x) B YKa3aHHBIX BBIIIE HHTEPBAIAX OJINHAKOBEI.

[lpumep. Omnpenenute UHTEPBAIBI BOTHYTOCTH U BBIITYKJIOCTH, @ TAKKE TOUKU
2
9} —X
neperuda KpuBot y = e
2

X

2
Umeem: y'=-2xe " ; y"= (4x2 — 2)e_x . IIpupaBHsIB BTOPYIO IPOHU3BOIHYIO

1 1

K HYJIIO, HAalIEM KPUTHYECKUE TOYKH BTOPOIO poJa: X; = ——=, X, = —=. OTH

V2 V2

TOYKHU pa30MBAIOT BCIO 00JIaCTh CYHIECTBOBAHUSA (PYHKIIUU (— o; + oo) Ha TpH
MHTEpBaJIa.

IR
0

EPIFIEE
y" * - 0

y N neperuo a neperuo U

1
[lonmyunnu: KpuBas BOTHyTa BBEPX IIPU  x e (_ 0, — ij u X e(—' + ooj 17}

V2 V2’

1 1 1 1
BOTHYTa BBEPX IIPH x € (— _;_) . Toukn (i — _j — TOYKH Teperuoa.
J2'\2 V27 e

2.4. IOCTPOEHUE I'PA®UKOB ®YHKIUK IO
XAPAKTEPHBIM TOYKAM

[Tpu noctpoennu rpaduka PyHKIIUU CIEYET, MPEXKIE BCEro, HANTH 00JIacTh
CYIIIECTBOBAHMSI 3TON ()YHKIIUU U BBISICHUTH MTOBeJeHNE (DYHKIIMUA HA TPAHUIIE €€
obnacTu cymiectBoBanus. [1one3H0 Takxke MpeIBaprUTEILHO OTMETUTh HEKOTOPHIC
0COOEHHOCTH (PYHKITUU (€CIIM OHU UMEIOTCSA): YETHOCTh, IEPUOIUYHOCTH U T.1I.

Jlanee Hy»KHO HaliTH TOYKHU Pa3pbIBa, ACUMIITOThI, TOUYKH IKCTPEMyMa
byHKIIMH, TOYKH Tiepernda u 1.1. HaiineHHbIe 271eMEHTHI TTO3BOJISIOT BHIICHUTD
oOmruit xapaktep rpaduka GyHKIIHH.

[Tpumep 4.1. ITpoBecTu NMOIHOE UCCIAEAOBAHUE U MIOCTPOUTH IPaPUK PYHKIIHH

y=x-,3/(x+2)2.
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OO0acTb CYIICCTBOBAHUA: X € (— oo, + OO)

y(x) * y(— x) —=> ¢yHKIUA 00I1IeTro BHUA.
Tak kak GyHKIMS ONpesesieHa Py BCeX X, Uy Hee HEeT TOUEK pa3pbiBa, TO
BEPTUKAILHBIX aCUMIITOT HET. HakIOHHBIE aCUMIITOTHI TP X —>+ 00 UINEM B BUJIE:

y=kx+b.

,/ X+ 2
k= lim = Ilim \/ x+2 = +00, CJIEIOBATEJILHO, HAKIIOHHBIX

xX—>*too x—>*oo

ACUMIITOT TAaKXX€E HET.
HccnemyeM QyHKITHIO IO IEPBOM MPOU3BOIHOM.

y,:[x.3(x+2)2} (x +2)2/3 i_(x+2)—1/3 _ 3(X3+2)+2x: 35x+6

=0 = 5x+6=0, x=-12;
y' He cymecteyer = x+2=0, x=-2.

x+2 x+2

X (— w; — 2) -2 (_ 2; — 1,2) -12 (— 1,2; + oo)

V' + HE CYIII. — 0 +

yo|_ max ~ min 7

Vmax = y(— 2) = (0 (xacarenbHas B 3TOM Touke NepreHauKyIsapHa ocu Ox ).

| VA Vin =M= 12)=-12-30,64 ~ ~1,06
| (kacaTenpHas B 3TOM TOUKE MapasenabHa OCH
| Ox).

: HUccnenyem QyHKIUIO O BTOPOi

| IPOU3BOTHOM.

-1 —-12 O X
_24I ! - yrr:|: 5X+6 jlz

A L1106 2/3
7 ~1.30 (x+2)

| 5-Yx+2—(5x+6)- 1
3.3(x+2)?

l Y2y l
_15(x+2)-(5x+6)  10x+24

3(x+2)\/3x+2 3,3[(x+2)4 ‘
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"

v"=0 mpu x=-2,4; y" HecymectByer npu x =—2.

x | (o —24) =24 | (-24; -2) —2 (-2; +x)
y" — 0 + HE CYIIECT. +
y M neperuo - -

Vnepecusa = V(= 24) = -24-Y(-24)> =130,  »(0)=0.

[Tpumep 4.2. TIpoBecTH MOJIHOE UCCIICAOBAHKUE U IOCTPOUTH Ipaduk QyHKINN
~ (2x + 1) ?

r= x+2/)

OO0nacTh CyIIECTBOBAHUS: X # —2.

y(x) #* y(— x) = ¢yHKUIUA 00111ero BUIA.
X =—2 — TOYKa pa3phiBa, T.K. B HeW (DYHKIUS HE OIpeiesicHa.

C(2x+ D\ (441 o (2x+1) (4+1)?
lim = ——| =+4ox; lim = —| =4
x—2-0\ x +2 -0 x—>2+0\ X +2 +0

= x=2 — BCPTHUKAJIbHAaA aCUMIITOTA.

Hak/ToHHBIE aCUMIITOTHI TP X —>+ 00 wHIeM B Bujge: ) = kx + b.

2
ke tim 79 _ i l(ﬂj =0

x>+t X x>+oox \x+2
2x +1)°
b= li k)= Ui ( j=4.
x—l>’?_|-/loo[f(x) ] x—l>’:}_lr/loo x+2

[lpu x -t oo momydaem acumnrory y = 4.
HccnenyeM pyHKIMIO IO EPBOM TPOU3BOAHOM.

, (2x+l) 2Ax+2)—(2x+1) 6(2x+1)

y'=2 - = >
x+2 (x+2) (x+2)

=0 = 2x+1=0, x=-05;

y' He cymectByer = X =-—2.

X (— 0; — 2) (_ 2’ — 0,5) - 0,5 (— 05 + OO)

' + — 0 +

yo_ ™~ min "
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[

: Ymin =y(—0,5)=0.

| Uccnenyem pyHKITHIO 11O BTOPOI

: , MIPOU3BOHOM.

—————— H i i ——— g o 2r+2) —3(x42)” (2 4)
i A4 /; (x + 2)6
-2

05 0,&5 > _6.2(x+2)—3(2x+1)_6(1—4x).

(x+2)* (x+2)*

y'=0 = 1-4x=0;, x=0,25

"

y" He cymectByer = x=-2.

x | (= =2) | (=25 029 025 1 (025; +)

4 + + 0 -

y N W neperud a

2
L5 4
s =(029)=(555) =5 =084

b

[Tpumep 4.3. IIpoBecTu MOIHOE UCCIEAOBAHUE U IOCTPOUTH rpaduK PyHKITUU

Oo0nacts cymectBoBanust: X —3#0; x# 3.

y(x) #* y(— x) — (yHKUHUA 0011Iero BUAA.
B Touke x =3 QyHKIHS TEPIUT pa3phiB, T.K. B HEW OHA HE OTIpe/Ie/ICHa.

‘ ex—3
lim = —00,
x—>3-0x—3
3 = X =3 — BepTUKaJbHAs aCUMITOTA.
e
lim = 400
x—>3+0x —3
HaxktoHHbIE aCUMITOTHI UIIIEM B BHIE: Y = kx + b.
1) x — oo,
!
_ x-3 _
' f(X) ‘ o~ 3 . (e ) ' & 3
k= lim —= [lim ———= lim —————= [im ——=

!

x>+ X x—>+wo x“ — 3y x—>+oo( o) x—+0 2x — 3

X —3x)
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!/

= [lim - = [lim —— =400, cienoBaTeNbHO, IPH X —> +00
X—> 400 (2x . 3) X—>+00
HAKJIOHHBIX ACUMIITOT HET.
2) x —> —o0,
-3
o fx e 0
k= Ilim (_): lim 3 = =0;
X—>—0 X x—-o x“ —3x + 00
ex—3
b= lim |f(x)-kx]= lim =0,
X—>—00 x—>-—wox—23

npu X —> —oo0 mony4daeM acumnrory y = 0.
UccnenyeM pyHKIMIO TTO IEPBOM TPOU3BOTHOM.

3) _3)—* 3 ~3-1 —4
, (e j:e (x-3)-e _ 3 X 3 _ 3, X

Yy = ,
X3 (x-3)° (x-3)° (x-3)°

V=0 = x-4=0, x=4; y' He cymectByer = x=3.

x | (moo33) | (3 4) 4 (4, +o0)

y' - - 0 ¥

y | O | > | min |
Vomin = y(4) =e~ 272
Uccnenyem QyHKINIO IO BTOPOIl MPOU3BOIHOM.

2
yrr:ex—3_ x_42+ex—3_(x_3) —(X—42'2(X—3):
(+-3) (+-3)
e X Tx+12-x+5 ex_3-(x2—8x+17)

(x—3)2 x—3

(x-3)’
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/\y |
| y" HecymectByer = x=3.
|
|
: X (— 00; 3) (3 ; +oo)
e b—-— :_ — " _ +
— >
Y | 4 oy A U
|
|
| -3 1
e
l 0)= =— ~—,02.
: 7 (0) -3 3e3
IIpumep 4.4. TIpoBecTH MOJIHOE UCCICIOBAHUE U TIOCTPOUTH rpaduK GyHKIMN
x+6
y=In -1
X
x+6
OO05acTh CyIIeCTBOBAHUS: > 0.
X
x>0, x<—6. = — +

_ 6 0 x
@yHKIMs 001IEro BUA.

, x+6
lim |In —1|=—-0 = x=-6 — BepTUKaJIbHAS ACUMITOTA.
x—>—6-0 X

. x+6
lim | In —1|=40 = x=-0 — BepTUKaIbHAs ACUMIITOTA.
x—>—+0 X

HaxktoHHbIC aCUMIOTOTHI UIIIEM B BHIE: YV = kx + b.

mx+6_1
k= Ilim @2 lim —*—— =0;
X—>*o X X—>+0o0 X
b= lim [f(x)-kc|= lim [1#*6_1}:_1,
x—>to0 x—>to0 X

[lpu x -t oo mosmyuaem acumnTory p = —l.
UccnenyeM pyHKIMIO IO EpBOM TPOU3BOAHOM.

X (—oo; —6) (0; +o0)

, X x-x—6_ -6
v T T Txre  awe)
y ™~ ™~ DKCTPEMyMOB Yy (DYHKITUHU HET.

= 0.
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Hccnenyem QpyHKIINIO 110 BTOPOM MTPOU3BOTHOM.
" g —(x+6+x) 6(2x+6) 12(x+3)
y'=—6- = = :
xz(er6)2 xz(x+6)2 xz(er6)2

y"'=0 = x+3=0; x=-3 — He BXOJAUT B 00JIACTh CYIIIECTBOBAHHS.

Va
: X (—o0; —6) (O; —I—oo)
: yn _ +
[
[ Yy N U
6, O x
________ Q- —J__—————2-
: -1 Touek neperuda Her.
: lnx+6—1=0 = x= 6 :
[ X e—1
[
S
' =0.
} y(e—l
2 cemecTp

1. MaTerpanbHoe ucuncjaenne GyHKIMHA OJHON MepeMeHHOM
1. HeompeneeHHbIH HHTErpaJl

Ilepsoobpasnou gyuxyuen nns Gyaxiun T (X) HaswiBaeTcs Takas ¢ynkius F(X),
gyro F'(X) = f(X).

Heonpeoenennvim unmeepanom ot ¢yukiuu f(X) HaspiBaeTcs ee oOras
nepBooOpazHas

[f(x)dx=F(x)+C .

®dynkuus f(X) Has3pBaeTcs moabIHTErpayibHON (ynkmmen, F(X) — pesynerar

uHTerpupoBanus, C — NPOU3BOJIbHAS TOCTOSTHHAS.

Ceoticmea HeonpeoeieHH020 UHmezpala.
L. [(u(x)+v(x))dx= [u(x)dx + [v(x)dx.
2. [A- f(x)dx=A-[ f(x)dx, rae 4 — nocrosHHasL.

3. Ecin [ f(X)dx=F(x)+C u u=¢(x), o [ f(u)du=F(u)+C.
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Tabruya npocmetiuiux UHmMe2panos:

1. |dx=x+C. 7. =tgx+C.
I Jcoszx :

n+1

2. jx”dx:x +C,(n=-1). 8. | _d>2< =—ctgx +C.
n+1 Sin“ x

3. jgzln\xhc. 9. [—— _arcsm X,ic.

X 4/

a® « 1 X

4. [a%dx=——+C, [e"dx=e*+C. 10.[5——="arctg-+C.
Ina x°+a® a a

5. [sinxdx=—cosx +C. 11. [— 2:ilnX_‘Fjl+C,(a;ars0).

X —a- 2a X+a
6. [cosxdx=sinx+C. 12 [——— ‘x+\/x + ‘+C (A=0).

\/x2+A

OcHogHble MemoObl UHMe2PUPOBAHUSL.
1. ITonBenenue nmox 3uak auddepenHuana:

a) Kk QyHKUUHU, CTOSALIEH Moj 3HaKoM auddepeHnnana, MOXHO TPUOABIATh WIH

BbIUMTATh JIIOOYI0 moctostHHyro: df (X)=d(f(X) = A);
0) mox 3Hak auddepeHnrana MOXXHO TOJBOJUTH ITOCTOSHHBIA MHOXKUTEIIb:
df (x) = £ d(A- £ (x);
A
B) moa 3Hak guddepeHnrana MOABOAUTCA  (PYHKUHUS TIO  TMPABHILY:
f'(x)dx =df (x).
2. HTETprpOBaHKE 1O YaCTSIM C UCIIOIB30BaHUEM (DOPMYIIBI:
fudv=uv—[vdu, rze u=u(x),v=v(x).
C MOMOIIIBIO 3TOTO METO/a BBIUMCIISIOTCS CISAYIOIINE HHTETPATBI
a) [a* - P,(x)dx, u=P,(x), dv =a*dx.

6) [sinax-P,(x)dx, u=PR,(x), dv=sinaxdx.
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B) [cosax- P,(x)dx, u=P,(x), dv=cosaxdx,
r) [Inax- P, (x)dx, u=Inax, dv=P,(x)dx,
) jarcsin ax- P,(x)dx, u=arcsinax, dv=PR,(x)dx,
e) jarctgax- P, (x)dx, u=arctgax, dv=PR,(x)dx,
rne P, (X)— MHOrO4IeH n-0i CTETeHH.

3. UHTerpupoBaHre METOA0OM 3aMEHBI IEPEMEHHOM TI0 popMmyIie

[ F(dx=]f(p®)de(t) =] f (V)¢ (t)dt, rae x =p(t).

Ilpumep evinonnenusn 3ad0anus.

Haittu HCOIIPCACIICHHBIC HHTCT'PAJIbI:

; 2 3
j(arc\s/%”dx; 6) j%dx; 5) [(3x+4)edx.
1—X —4ax+

Pewenue.
a) HCIMOJIb3ysl OCHOBHBIC CBOWCTBA HEOINPEJCICHHOIO HWHTErpajga M BBITOIHSS

nojBeeHre PYyHKIUHN o1 3HaK AuddepeHnmana, HailieM HHTerpa

I(arcsin X)? + X dx—| (arcsin x)? dx + |
V1-x? \/7 \/7
1

= [(arcsinx)*d (arcsin x) + [ (L - x?) 2d (x_22) =

1
= [ (arcsin x)*d (arcsin x) + (— %jj(l— x?) 2d(L-x?)=

1

—x2y2
=%(arcsin X)* —%-%+C:%(arcsin x)2 —V1-x% +C.

2

[TpoBepum pe3yibTaT HHTETpUPOBaHUS AU(HEPESHITUPOBAHUEM:

4

(%(arcsin x)® —V1-x% + Cj =
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1

:%-3(arcsin x)? - (arcsin x)’ —%(1— x2) 2(1-x?)' +C'=

_(arcsinx)®  —2x , o (arcsin X)? + X
Vi-x2  241-x? i-x2

YTO COBMHAJAET C MOABIHTETPAIbHON (QYHKITHEH.

0) moabIHTErpanbHas GyHKIUS MPEACTaBIsIET cO00M HEMPaBUIIbHYIO PallMOHATIBHYIO
npoOb. IlpencraBum 3Ty ApoOb B BHJIE€ CyMMbl MHOTOYJICHA W MPaBWIBHOWU JPOOHU.

I[JISI 9TOTI'O BBIIIOJIHUM JCICHUC MHOI'OYJICHA HAa MHOTI'OYJICH:

x3 17 ‘x2—4x+3
x3 — 4x% + 3x X +4
4x% —3x —17
4x° —16x +12
13x - 29
Tornpa
3_ J— J—
sz 17 dx:j(x+4+i3x—29]dx:jxdx+j4dx+ji3x—29dx:
X —4x+3 X°—4Xx+3 X —4x+3
2 J—
=X—+4x+j—%gx 29 dx.
2 X5 —4Xx+3

Jns Toro 4toObl HAWTH TOCIEIHMA WHTErpas, MpeICcTaBUM NPABUILHYIO JpOOb B
BUJIE CYMMBbI TMpocTedux ApoOeil. g 3Toro pasiokuMm Ha MHOXKHUTENIU

3HaMeHarelb Apo6u X° —4X + 3= (X —1)(X — 3) u pasnokuM ApoOb Ha IpOCTeliiie

13x-29 _ A B _A(x-3+B(x-))
(x-D(x-3) x-1 x-3  (x=-1(x-3)

3HaunT 13x—29=A(Xx-3)+B(x-1).

[Tpu x=3 umeem 13-3—-29=B(3-1), orkyna B=5;
npu X =1 numeem 13-1-29=A(1-3), orkyna A=8.

13x - 29 8 3)
[lonyuaem = Y UHTETPUPYEM

(x—l)(x—3)_x—1+x—3
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13x - 29

. 8 d(x 1)
f(x—l)(x—3) I dx+j =8

d(x 3)

+5]

:8In\x—ﬂ+5ln\x—3\+c

N OKOHYATCJIbHO ITOJIydacM

J

[TpoBepum pesynbrat audhepeHInPOBAHUEM:

3 2
;(;ﬂdx:x—+4x+8ln\x—u+In\x—3\+C.
X°—4x+3 2

!

2
[X—+4x+8ln\x—ﬂ+ln\x—3\+cl X4 8 S
2 2 Xx-1 x-3

_ (X +4)(x-1)(x—3)+8(x—3) +5(x—-1) _ x3 —17
- (X -1 (x+3) X2 —4x+3

YTO COBNAJAET C MOABIHTETPATILHON (DYHKITUEH.
3ameuanue.
WHuTerpan oT npaBWIbHOW pallMOHAIBHOW IpOOU CBOJUTCS K CYMME MHTErpajoB OT

npocTeimmx apooeit. Hanbosee yacto BCTpeuaroTes CAeayIONNe UHTETPaIb:

A A A
dx=AlInx—a +C,; dx =
Ix—a x= Alnlx—a]+ I(x—a)k ” (~k+1)

B) IPUMEHUM METOJOM UHTETPUPOBAHUS 10 YACTSIM.

(x—a)™ ™M +C,(k=23..).

Ipuvem U=3x+4, dv=e¥dx, tormra du=3dx, V= %eg’x. ITo dopmyne

HHTCTPUPOBAHUA 110 YaCTAM I10JIy4aCM

[(3x +4)e¥dx = (3x + 4)%e3x —j%e?’x 3y = X o3 ~ [e¥dx=
= 3X;4e3x —1e3x +C —3X+—41 ¥ic=e¥x+1+C.

[TpoBepum pesynbTaT nuddepeHIIpOBaHIEM
@ (x+1)+C) =3 (x+1) + ¥ =e>*(3(x +1) +1)=e**(3x + 4),
YTO COBMAAAET C MOABIHTETPAILHON (QYHKITUEH.

1.2 OnpeneneHHbId HHTETPaJ
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AV Ecnu na mmockoctu Oxy 3amaHa
y = f5(x) durypa,  orpaHWdYCHHas  JABYMs

HeTpepbIBHBIMU JInHUsIME Y = f;(X),

> - Y= 1) y = f5(x) u BEPTUKAITLHBIMU

N ; > x npsMbIME X =a, X=Db, To mIomaib

S Takoil Qurypel MOXET OBITh

BBIYHCIICHA 10 (hopMyIie

S= ?(fz (x) — f1(X))dx, rre f,(x)> f,(X) Ha oTpeske [a, b].

Ilpumep 2.1 Boruucnute  minomans  (GUrypel, OTpaHUYEHHON JIMHUAMHU

y=x>+4x, y=x+4.

Pewenue.
3ajaHHbBIE JIMHUM OIPAHUYMBAIOT HA IUIOCKOCTH OXy KPHUBOJIMHENHYIO

Tpalcuuro, I/I306pa)KeHHy10 Ha PUCYHKC.

A
y

y =X +4x
y=x+4

Y

Halinem xoopauHaThl TOYEK MEPECEUCHUS 3aJaHHBIX JUHUHW, JJIS1 3TOTO PEIIUM

CUCTEMY YPABHECHUU

2
y=xX +4& x? +4x=x+4, x*+3x—4=0, otkyna X; =4, X, =1.
y=Xx+4

Torna nckomasi MIoIIaab BEIYUCISIETCS IO hopmyJie:
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1

S= j(x+4 x> —4x)dx = [(4—3x - x)dx_(4x—3%—x—;J

4—§—1 16 + 4—8—6—4—20 (ks. €0.).
2 3 2 3

OObeMbl Ten, 00pa30BaHHBIX BpAIICHUEM IJIOCKON (DUTYpBI, OTPAHUYECHHON KPUBOM
y=f(x)>0, ocsto Ox u ipsiMmeiMu X =a, X=bh,

b

1) Boxpyr ocu Ox, BeMHCIAIOTCS 1O popmyre V, = nj f2(x)dx;
a
b

2) Bokpyr ocu Oy, BeraucisioTes 1o hopmyse Vy =2z xf (x)dx.
a

Ilpumep.2.2 Bouruncauth 00BEMBI TEJ, 00pa30BaHHBIX BpPAIIEHUEM BOKPYT OCEi
Ox 1 Oy KPHBOJHHEHHOTO TPEyroJbHUKA, OrPAHUIEHHOTO KPUBOH Y =3/ X , 0CBIO

Ox u nnpsimoit X =1.

Pewenue.
A
y / y = 3/x 1) oOBeM Tena, MOJTY4EHHOTO BpallleHHEM
BOKpYT ocu Ox, paBeH
1
5
Lo—\ XA 3
= ﬂj(%/;) dx= T = —ﬂ (kv6. €0.)
> 0 e
0 1 3 g

2) o0beM Tena, MOJIYyYeHHOTO BpalleHueM Bokpyr ocu Oy, paBeH

7 1

—27zj x-3/xdx = 27— —67”(;<y6. €d.).

3
l
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2 Paabl
Cmenennbim psi0om HA3BIBAIOT PsJl BUJIA
e 0]
a +a1(x—a)+a2(x—a)2 +..+ap(x—a) +...= > a,(x-a)", (9)
n=0

PACIIOJIOKEHHBIN MO CTETICHSIM JBYWICHA (x — a).
B coorBercTtBUM ¢ TeopeMmort AOenss psan (9) cxomuTcs Ha UMHTEpBae

XE(a— R,a-i- R), a U1 BCEX X, JICKaAIMX BHC 3TOrO MHTCpBAJIA, PAL pacXOOUTCH.

Yuco R Ha3bIBAIOT paduycom cxooumocmu CTEIEHHOTO psiaa. Ha KoHIax uHTepBaia
(mpu X=a—R u npu X=a+ R) Bonpoc 0 CXOIUMOCTH U PACXOAMMOCTH JaHHOT'O
psiia pelraeTcss MHIMBUAYAIbHO I KaXKIOr0 KOHKPETHOTO psiga. Y HEKOTOPBIX
PSIIOB MHTEPBAJ CXOIUMOCTH BhIpokaacTes B Touky (R =0), y Apyrux oxBaThIBacT
BCi0 ock Ox (R=00).

CornachHo npusHaky JlamamOepa paanyc CXOIUMOCTH OMPEICISIOT 1Mo hopmyIie

R=1lim

n—oo

. (10)

an +1

Ecnu Bocnionbk3oBarbes npusHakoM Komm, To

n—)OO,"

Ilpumep. HaiiTu uHTEpBan CXOAUMOCTH Psla M HCCIEAOBATH €ro CXOAWMOCTh Ha
0 XI’]
Kpasix MHTEepBaja

= n-10"

Pewenue.

Pannyc cxoaumocTu onpenenum o popmyse (10):

n+1
R = lim |2 = im | HD-1077 g gim ML g0 |im(1+£)=10.
n

n—w|dy,q| N—o® n.j|_0n_1 n—owo N N—o0

Ha  konmax wHTepBama: mnpu X=-10 momyunmm  dYHUCIOBOH  psiA

S (= 10)n (= )
z Z , KOTOpBII/I ABIICTCA 3HAKOUCPCAYIOMIUMCA H CXOAUTCA I10
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Teopeme JleilOHuIa, Tak Kak €ro 4ieHbl yOBIBAIOT MO aOCOMIOTHOW BEIWYHHE

1>£>%>... u |im£=0. IMIpu Xx=10 mnoayYrMM TapMOHUYECKHU PSII E—,
n—o N
n=1

KOTOPBIM pacxoauTcs. TakuM o00pa3oM, JaHHBIM CTENEHHOW PsJ CXOJUTCS IIPHU
x €[-10;10).
OcHOBHEIE QJICMCHTApPHBIC (I)YHKHI/II/I HMCIOT IIPOCTBIC PA3JIOKCHHUA IIO CTCIICHAM X,

KOTOPLIC IIPCACTABJICHBI HUKC:

2 3 n
L AR N R I Vx € (—o0,0),
1 21 3! n
3 5 7 on-1
SINX =— S S (_1)n+1 X + VX e (—oo,oo) ,
TRETI TR T (2n-1)!
2 L4 B U8 n
cosx=1- 4% X X (—1)”+1X +... Vxe(-o,0),
21 41 6l 8l (2n)!
(1+x)m:1+mx+Mx2+...+m(m_l)"'(m_n+l)x”+...VXe(—l,l),
2! n!
x> x2 x* X n-1 X"
In(1+x):x——+?—7+€—...+(—l) R VXE(—l,l),
3 5 7 2n-1
arctgx:x—X—+X——X—+...+(—1)n_1X +... VXE(—l,l].
3 5 7 2n-1

[Ipr npuUOIMIKEHHBIX BBIYUCICHUAX OIPEICICHHBIX HHTErpaioB TpeOyercs
Pa3JIOKUTh MOJBIHTErPATbHYIO (DYHKIIMIO B CTEMEHHOW psii, KOTOPHIA B Mpesesiax
HHTEpBAJIa CXOAUMOCTH MOXKET OBITh IMOYJICHHO NPOMHTErpupoBaH. Mcmonb3ys
dbopmyny Hprorona — JleliOHuIla, OmNpeaeaeHHBIH MHTETpal BBIYHCISIOT Kak
YACTUUYHYI0O  CyYMMY  MOJIYYalOIIErocs  YHWCIOBOrO  psja. Ecmu  psan
3HAKOUYEPEAYIOIMMICI, TO TOYHOCTh MPHUOJMIKEHHBIX BBIYUCICHUN HE MPEBOCXOIUT

NEePBOTO U3 OTOPOIICHHBIX YJICHOB.

Ilpumep. BoraucauTe onpeneneHHblid uHTerpan ¢ TouHocteio 10 0,001 myrem

Pa3NOoXKEeHUsI TIOJBIHTETPATHHON (DYHKITMH B PSIT ¥ TIOWICHHOTO UHTETPUPOBAHUS
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05 .
sinx
9TOTrO psija: J.—dx.
y X

Pewenue.
Hcnonmp3yeM pas3iokeHne B P Ul (QYHKOUM SINX W TOJCTaBUM €ro B

IMOABIHTCTPAJIbHOC BBIPAKCHHUC

i 0 3 S 2n-1
J-wdxzj. 1 X—X—+X__|_”._|_(_1)n+lX—+m iy
;X ) X 31 5l (2n-1)!
0o 2 A 2n-2
=J 1—X—+X—+...+(—1)”+1X_+m dx —
oL 3t o (2n-1)!
3 X5 1 X2n—1 0’5
= Xmgpt et (YT oo =
313 515 (2n-1)Y(2n-1)
2 2%313 2%I5 20 tian 1)

~0,5-0,0069 +0,00005 ~ 0,5—-0,0069 ~ 0,4931~0,493.

B BpIuMCIIEHUAX NPUBEIECHBI NIEPBBIE TPU WICHA PsAla ¢ COXPAHEHHUEM YETBIPEX
3HAKOB TIOCJIE 3aIISITOM, TaKk Kak 3amaHHas ToyHOCTh cocrasiuser 0,001. Tperui
YleH psaa OTOpOIIEH, TaK KAaK OH IO BEJIMYMHE MEHbIIE 3aJaHHOW TOYHOCTU

(0, 00005) <0,001. B okoH4aTenbHOM pe3yJIbTaTe MPOBEACHO OKPYTICHUE A0 TPEX

3HAKOB T10CJIE 3aIISITOH.

3. DyHKIUHN HECKOJIbKHUX MepeMEeHHbIX

[lepemeHHas BelMYMHA Z HA3bIBACTCS (YHKYUel 08YX nepemeHHulx X U'Y, eclu
KXol mape 3HadeHWil (X,y) W3 JaHHOW 00JACTH COOTBETCTBYET CIUHCTBCHHOC

omnpenaencHHoe 3HadeHue zZ = f(X,Yy).
Jns ¢ysakmun Z = f(X,y) BBOASATCS NMOHATHS YACMHBIX NPOU3BOOHBIX TICPBOTO

mopAaaKa, KOTOPBIC OIIPCACIIAIOTCS BEIPAXKCHUAMM:

O _ i S Y) = TO0y) -z oGy +AY) = T(xY)
OX  Ax—0 AX ’ O  Ax—0 Ay ’

U 4aCMHBIX NPOU3B0OHBIX BTOPOTO TOPSIKA:



55

5_22_2(@) 0’z _0°z2 _od(a _2(@] z_ofa
ox?> ox\ox) oxay oyox ox\ay) oy\ox) oy? oyloy)

GOyukmusa z = f(X,y) umeer B Touke My (Xg,Yo) Makcumym (munumym), eciu
3HaYeHue ITOU QpyHKUMH B Touke M Oosblie (MEHbIIE), YEM 3HAUCHUS (PYHKIMU B
110001 TOUKE U3 OKPECTHOCTH Touku M.

HeoO0xoauMbIMU  YCIIOBUSIME  CYIIECTBOBAHHS dKcmpemyma (MaKCUMyMa WIIH
MuHEMyMa) auddepermupyemoii hpyakum Z = f (X,Yy) sSBiIseTcs paBeHCTBO HYJIIO €€

YAaCTHBIX IIPOU3BOJIHLIX IICPBOI'O ITOPAOKA:

% _g
OX
% _g
oy

TO‘-IKI/I, B KOTOPBIX Y4aCTHBIC ITPOU3BOIHBLIC 06pan1a10Tc;1 B HOJIb, HA3BIBAIOTCA

cmayuonaprvimu mouxamu Gyakuuu Z = f(X,y). Jag Toro 4roObl CTalMOHApHAs

TOYKa ABJIAJIACHh OKCTPEMYMOM, B HEH JOJDKHBI BBITTOJIHATBHCA docmamoynbie YCao8u-l.

o 2| oz

OGosmaunm A=——| ,B=——| , C="- . A=AC - B?.
axayM0 oy M,

2
OX M,

Ecnu B cranmonapHoit Touke M (Xg, Yo)
A>0,A>0,T0 M, ecTb TOUKa MUHUMYMa;
A>0,A<0,T0 M{ ecTb TOUKa MAaKCUMYMa;
A <0, 10 BTOUKE M HET 3KCTpEeMyMa;

A =0, To TpebyeTcs TOMOTHUTEIHHOE NCCIEAOBAHHE.

Ilpumep. Hccnenosars Ha DKCTPEMYM byHKIIIO

7=2X+4y—x>—y? +6.

Pewenue.
1. Haiimem gacTHBIC TPOU3BOAHBIC 3aIaHHON (DYHKITHH

g:2—2x, @:4—2y
X oy
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2. 3anuieM HeOOXOAUMBIE YCIOBHS CYIIECTBOBAHUS IKCTpEMyMa
Nt ,
4-2y=0 y=2

3HauuT Touka M (1;,2) sBisercs cTallMOHAPHON TOYKOH (DYHKITHH.
3. IIpoBepuM BBINOJHEHHE B TOYKE M NOCTATOYHOTO yCioBHs. 11 3TOro Hanaem
BTOPBIC YAaCTHBIC IPON3BOAHBIC (PYHKITHH

i, on_, o

ox? X0y oy>
B touke M(L2) A=-2B=0,C=-2 u A=(-2)-(-2)—-0=4. TIlockoabKy

—2.

A=4>0,A=-2<0, Touka M(L2) sBaseTcs TOYKOM MakcUMyma. 3HAYCHUE

GyHKIUU B 9TOM TOUYKE Z‘M =2-1+4-2-1> -2* + 6=11.

®OyHKIUS 1BYX HE3aBUCHMBIX TiepeMeHHbIX Z = f (X,Y) npuHuMaet HanbombInee
Y HaWMEHbIIee 3HaYeHus B obnactu D, orpannyeHHoi ymaued ¢(X,y)=0, mubo B

CTAI[MOHAPHBIX TOYKAX, PACIONIOXKEHHBIX BHYTpU obnactu D, nmubo Ha rpaHuiie 3Ton
o0nacTu.

3amauya 00 OTHICKAHMHM HAWOOJBIIETO0 U HAMMEHBIIEro 3HAYCHUN (YHKIIMH
z=f(X,y) B3ananHoii obmactu D perraercs mo cieayroeMy rmiaHy:
1. OnpenenseM craloHapHBIE TOYKH (DYHKIMH, PacToIOKCHHBIC BHYTpH 00J1acTh
D, u BeruncisieM 3Ha4eHUS QYHKIIUA B TUX TOUKAX.
2. HaxonuMm crarmoHapHbie TOUKH GyHKIMU Ha rpanuiie ¢(X,Y) =0 obmactu win Ha
OTIIEJIPHBIX €€ Yy4YacTKaX, 3aJlaHHbIX pPAa3JIMYHbBIMU YPaBHEHUSMH, U BBIUYHUCIISIEM
3HaYCHUS (PYHKITUU B ITHX TOYKaX.
3. W3 Bcex BBIUMCICHHBIX 3HAYeHUW (YHKIIMU BBHIOMpAeM HaWOOJbIIEE U

HAaNMMCHBIIICC.

Ilpumep. Haittm Hambonpiiee W  HAUMEHbIIEE 3HAYCHHUS  (YHKIIUHA

z=x%+ 2Xy —4X — Y B TpEyroJIbHUKE, OTpaHUYCHHOM MpsiMbiMu X =0, y=2,
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y=X.

Pewenue.

1. Haiinem cranioHapHbie TOYKM (DYHKIIMM U3 YCIOBHM paBeHCTBA HYJIIO YaCTHBIX

MIPOU3BOJIHBIX (PYHKIIMH

0z

&=2x+2y—4=0 X=05
0z < =15
£ —2x-1=0 y==4

oy

Crarnmonapuas touka M (0,5;1,5) nexut BHyTpH

3aganHon ooactu OAB.

3Hadenue QPyHKIMU B TOUuke M paBHO

2|,, =05°+2-05-15-4-05-15=-175.

2. Uccnenyem noBeneHne PyHKIIMU Ha rpaHUIIAX 00IaCTH:

a) Ha rpanune O4 y=X, 0<SX<2, 2=x>+2X-X—4-X—X wm Z =3x> —5X;

2’=6x-5,2'=0 npmu ng,TOFJ:[a yzg (Tak KaK y=x).

2
B touke C(%gj 3HaueHHUEe (PYHKIIMU paBHO Z‘ c= 3(—) -5.—=

5 5 25
6 6 12

Boeruncnum 3nadenust GyHKIUMA B KpaHUX TOYKax oTpe3ka OA.

B touke O(0;0) Z‘ o =0, B TOUKE A(2;2) 3nauenne GyHKIMH paBHO

7], =3-2°-5-2=2.

6) Ha rpannue BA Y=2, 0<X<2, 2=X*+2X-2—4X—2 wm 2=X°-2;

2'=2x,72'=0 mpu Xx=0,a y=2 coriacHo ypaBHEHHUIO PIMOit BA.

B Touke B(O;Z) 3Ha4YCeHHUE (PYHKITUU PaBHO Z‘B =3.0°-2=-2.

B) Ha rpanuiie OB x=0, 0<y<2, z=-y;
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2’=-1#0 nmpum Bcex ye[O;Z], CJIeIOBaTEeIbHO, CTAIIMOHAPHBIX TOYEK Ha

maauu OB HerT.

3. U3 Bcex BBIUMCIICHHBIX 3HAUYCHUU 3a/laHHOM (YHKIIMH BbIOMpaeM HauOobIIee U

HalMEHbIIIee:
Z‘ A=2 — HanOoupiee 3HaYeHue GyHKIHU B o0nactu OAB
25
‘ c= BT — HaUMEHbIIIee 3HauYeHue QPyHKIMH B 0onactu OAB

Cemectp 3
1. Indpepennuaibabie ypaBHeHUS
Huddepenunanbuble ypaBHEHHUS, B KOTOPBIX MEPEMEHHBIE MOKHO Pa3AECIHUTh
MOCPEICTBOM YMHOKEHHUSI 00€MX YacTel ypaBHEHHS Ha OJHO M TO K€ BBIpAXKECHHE,

Ha3bIBAIOT MU dEepeHITNATBHBIMU YPABHEHUSIMU C PA30eI0OWUMUCS NepeMEHHbIMU.

dy _ H(x) _
B () — f(y)dy = f,(x)dx, (1)
iy B quddepeHnuanbHon popme
fi(x)- fo(y)dx+ f3(x) f4(y)dy=0. (2)

Pasnennm o6e yacTu ypaBHerus (2) Ha npoussezenne Gpynkuumit f,(y) f3(X)

f1(x f
1) g, fa) g g 2)
fs(x)  fa(y)

U, TIOCJIE HUHTETPUPOBAHUS, TIOJIyIUM OOIIMIM MHTErpas (o01iee penieHrue) ypaBHeHUS:

o]

f4(y)dy:C.
fz(y

)
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[Ipu nenennu Ha fz(y) f3(x) MOJKET MPOU30UTH MOTEPS HEKOTOPHIX YACTHBIX
pewenuii. Ilycts, Hanpumep, npu Y = Yy umeeM fz(yo) =0, Torga ¢pyHKIMS Y =Y,
SBJIsIeTCSl penieHueM ypaBHeHus (2'), T.x. dy =dy, =0. Pemenuem MoxeT Takke

OBITH GYHKIUA X = X, ecnu fa (XO) =0.

Ilpumep. Haittu oOumii unrerpan nuddepeHanibHoro ypaBHeHHsT IEPBOTO

nopsaaka X(y+1)dx —(X2 +1) ydy =0.

Pewenue:
Hannoe nuddepeHnnanbHoe ypaBHEHNE SBISIETCSl YPABHEHUEM C Pa3eisIOUIMMUC
nepemennsivu, npuaeMm  f(X) =X, f(Y)=y+L () =x*+1L f,(y)=-y.

Pa3znenum 06e yacTu ypaBHEHUS Ha POU3BEICHHE

fo(y) f3(x):(y+1)(x2 +1)

" IIOJIy4YHM

xdx  ydy
x2+1 y+1

[IpounTerpupyeM nocienHee paBeHCTBO

xdx 1
IX2+1—I£1—mjdy:C,

UCIIOJIB3Y4 MOJIBeICHUE 1101 3HaK auddepeHimana

Jéd(szrl)

d 1
X2 +1 _-[der.[ (y+):C’

y+1

MOJIyYHM OOITNi HHTETpan TudepeHInaTbHOTO ypaBHEHUS
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1In‘x2+]4—y+ln|y+]J:C.
2

[pu nenennu Ha f, ( y) =Y +1 notepsHo yacTHOe pemienue: Y =—1.

HuddepennmanbHoe ypaBHEHHE TIEPBOTO MOPSIKA
y'+p(x)y=0a(x), (3)
JUHEWHOE OTHOCHUTEIIPHO HCKOMOM (QYHKIMM U €€ TNPOU3BOIHOM, Ha3bIBACTCA
JUHEUHBIM.
VYpaBuenue (3) cBOAUTCS K IBYM YPaBHEHUSIM € pa3AC/ISIIOIIMMHUCS TEPEMEHHBIMU
CIIEAYIOIKUM 00pa3oM. 3amuiineM HCKOMyo (yHKIHI0 Y(X) B BHAE MPOU3BEIACHHUS

JIBYX (DYHKITUH: y:u(x)-v(x). Opna u3 >TuX QyHKIUI MOXKET OBITh a0COIIOTHO

MPOU3BOJIBHOM, a BTOpas OMPENESETCS B 3aBUCUMOCTH OT MEPBOM TakK, YTOOBI MX
MPOU3BEICHUE YIOBJIETBOPSIIO YpaBHEHHUIO (3).

W3 paBenctBa y=U-V HaxomuMm Yy =U'-V+U-V'. Torma B cootBercTBHE C (3)
nmeem  UV+W' + p(X)uv=q(x) mm  UV+u(V+p(x)v)=q(x). BeiGepem B

KadecTBe V(X) Kakoe-HUOY/Ib YaCTHOE PEUICHUE YPaBHCHHUS

V'+ p(x)v=0, (4)
TOT/1a JUTs OThICKaHUs U(X) MOJydnuM ypaBHEHHE
u'v=q(x). (5)
Haitnem v(X), pa3aensis nepeMeHHbIC B (4):
@_ —p(x)dx, orkyna Inv = —I p(x)dx u v=eTPMgx.
\Y

3nas V(X), Haiigem U(X) u3 ypaBHeHus (5):

%v:q(x) = du:ejp(x)dxq(x)dx,romau:_[q(x)ejp(x)dxdx+c.

OO1iee perieHne TMHEHHOTO ypaBHEHUS (3) UMEeT BU
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y=uv= e_J P(x)ax UQ(X)GJ IO(X)dxdx + C} .

Ilpumep. Haiitu oOuiee pemienue auddepeHuaibHOr0 yYpaBHEHUS  MEPBOTO

nopsiaka Yy —2y=1.

Pewenue.
3anumieM uckoMyto QyHKIuo Y(X) B BHIE MPOU3BENCHUS IBYX (QYHKIIHNA:
y=u(x)-v(x), Torma y'=u’"-v+u-v,
H I1I0ACTAaBUM IIOJIYYCHHBIC BBIPpAKCHHUA B 3aJTaHHOC YPABHCHUC
u'v+uv' —2uv=1.
Briecem 3a ckoOkm U(X)
uv+u(v'—2v)=1
H, IIpUpPAaBHHBAA K HYJIIO BBIPAXKXCHHUC B c1<o61<ax, I[IoJy4uM H pCIIuM [OBa

mu(pepeHInanbHbIX YPAaBHEHUS C PA3ACIISIONIMMUCS IEPEMEHHBIMH:

V—2v=0 uv=1

du
d_V:2dX d_eZX =1
v X
Inv =2x du = e Xdx
v =e?¥ u :je‘zxdx,

1. —2x 1 _ox
u=——=|ed(-2x)=—=e " +C
2I (=2%) 2

3anuiiem ob1iee penieHre 3aJaHHoro 1udpepeHImanbHOro ypaBHEHUS B BUJIE

y:uv:(—%e‘zx +CJ-e2X, Wi y:—%+Ce2X.

JuddepenunansHoe ypaBHeHHE BUIA
y'+agy'+agy="f(x) (6)
HA3bIBAETCSI HEOJAHOPOJIHBIM JIMHEWHBIM YpPaBHEHMEM BTOPOrO TMOpsAKa C

HOCTOSIHHBIMU KOA(Q(ULIMEHTaAMH &; U @, .
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OOriee pelmieHHE 3TOr0 ypaBHEHUST Y=Y+Y , rae Y- oOlee pelieHue

COOTBETCTBYIOIIETO OJHOPOIHOTO YpaBHEHHMsS; Y — YACTHOE PENIEHUE YPaBHCHHS
(6). AuddepenimanbHoe ypaBHEHHUE

y'+ay' +a,y=0 (7)
SBJIICTCSI OAHOPOJHBIM ¥  HA3bIBACTCS COOTBETCTBYIONIMM  HEOJHOPOIHOMY

ypaBHeHuto (6). O01iee pelieHue 0JHOPOJHOTO ypaBHEHHUs (7) HAXOAAT MO KOPHSIM

XapaKTePUCTHYECKOTO YpaBHEHUS
r2+alr+a2 =0.
XapakTeprUCTUYECKOE YPaBHEHNE MOKET UMETh TPH CIIydas JJisi KOpHEH I} U Iy |

1) xopuu xapaxmepucmuuecko2o YpasHeHUs OelCmEUmenbHble U PA3IUUHbIE.
I #I,. B 3TOM ciydae oOuiee pemieHue ypaBHeHus (7) 3aluchIBaeTCsa B BUJIE
¥y =Ce"™ +C,e"?*, e C,, C, —npou3BONIBHbBIE TOCTOSHHEIE;

2) KOpHU Xapakxmepucmuieckoeo ypasHeHus Oelicmeumenbtvle U paguvle: 1 =r,.
B stom cnydae oOmiee pemieHue ypaBHeHUs (7) 3amuChIBaeTCS B BUJC
y=e" (C1 + CZX), rne C,, C, —mpou3BOJIbHBIC TOCTOSHHBIE;

3) KOpHU Xapakmepucmuyecko2o YpaeHeHus — KOMNJIEKCHble CONPSNCEHHbLE
uucna ho=axpf- I, ##0. B stoM ciydae obiee perieHue ypaBHeHus (7)
3aIMChIBACTCS B BU/JIC y =e** (Cl cos Sx +C,sin ﬂx), rae
C,, C, —1pou3BoJIbHbIE NOCTOSIHHBIE.

YacTHOEe pemicHHe Y  HEOJHOPOIHOTO ypaBHEHHS (6) MOXET OBITh HaMICHO

METOZOM HEONpPEICIICHHBIX KOA(P(QUIIMCHTOB B 3aBUCIMOCTH OT BHJIA TIPABOM 4acTH
ypaBHeHust f(X).

Ilepgwiii cnyyau. 1lpaBas yacTh ypaBHEHUS (6) UMEET BUI f(X) = P(X)emx, e

P(X) — MHoroujieH. Torna ypaBHenue (6) UMeeT 4aCTHOE pelIeHrEe BUIa

y* =x*Q(x)e™, (8)
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rac Q(X) — MOJHBIM MHOTOYJIEH TOM € CTEIEHM OT X, UTO H P(X), HO C

HEONpe/IeIICHHBIMI KO PHUIIMCHTAMH;

k=0, eciii uncio M He SABJISIETCS KOPHEM XapaKTEPUCTUIECKOTO YPaBHEHUS;

k = 1, ecnmu 4Wcno M sBISETCS MPOCTBIM KOPHEM XapaKTEPUCTHUYECKOTO
yYpaBHCHHS;

k = 2, ecnmim 4yucimo M sBiseTCs ABYKPATHBIM KOPHEM XapaKTEPUCTHUECKOTO
ypaBHEHHUSI.

[TpaBuno coxpansieT cBoto cmiy u mpu M = 0, koraa f(X)=P(X) — MmHOTOUIIEH.

Heonpenenennbie  kodppuuMeHTHI B MHOTOYJICHE Q(X) ONPENCTISIOT

MOJICTaHOBKOM (hyHKIMH (8) M ee MPOM3BOJHBIX B ypaBHEHHUE (6) C MOCIEAYIOMUM
npupaBHUBaHUEM KOX(G(OUIIMEHTOB TPU OJMHAKOBBIX CTEMEHSIX X B OOCUX YacTsX
ypaBHEHUSI.

IMpumep. Haiitu o6muii uaterpan auddepeHuaibHOro ypaBHeHUS
3(x*y + y)dy ++/2+ y*dx =0 (1)
Pemenue

JlanHOE€ YypaBHEHWE [IOIYCKaeT pa3JelICHUE IMEepIEeMEHHbIX. JIeHCTBUTENBHO,

3y(x* +1)dy +/2+ y?dx =0 (2)
nIJIn

ydy  dx
J2+y? 3(x*+1)

Haxons kBagpatypsl JI€BOM 1 npaBoi yacteil ypaBHeHUs (3), TOTydum

(3)

1
%(2+ y?)?2 .2 :%arctgx+c, C =const

I +J2+ Y° :%arctgx+c 4)

CootHomenue (4) sBuseTcs oOmMM HHTETpasioM ypaBHeHus (1), mpencraBieHHOE B
HESIBHOM BHJIE (HE pa3peIieH0 OTHOCHTEIBHO Y).

3ameuanue. B nmaHHOM ciydae ypaBHeHue (4) JOMycKaeT pa3pelieHHUe €ro
OTHOCHUTEJBHO Y; B Apyrux (001eM ciydae) ciiydasix 3TO cliejaTh He BCET/ia yaacTcsl.

IIpumep. Haiitu 001muii uaterpan auddepeHunaibHOro ypaBHeHUS
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Xy =42x* +y* +y (5)

Pemrenue
JlaHHOe ypaBHEHHUE SIBJIICTCS OJTHOPOJHBIM, T.K. OHO MOXET OBITh IPEJCTABJICHO B

BUAC

y'=4 2+(lj J (6)
\} X X
y

BBeneM 3aMeHy mepeMeHHbIX Z ==, Y =XZ, Y =Z + XZ'
X

[Toacrasus (7) B (6), mosrydum

Z+X2' =42+ 7% +2

501041

%_4\/2+22:> dz  dx @
dx X WN2+7% X

Haxons kBagparypsl B ypaBHeHHH (7), TIOTYIHM
In ‘ Z++2+12°

501041

Z+~2+12° =Cx* (8)

Bo3sBpamascs k nepeMennoit Yy u3 (7) x (8), moayunum

2
Iy 2+(lj =Cx* (9)
X X

=4In|x|+InC, C >0, C =const

50)0%1

y+42xX°+y*=Cx* (10)

(10) — nckombIit 00wt maTerpan, C=const.
Hpumep. Peumits 3anauy Ko

dx + (2x+sin2y —2cos’ y)dy =0, y(-1) =0 (11)
Pemenue

JlaHHOE ypaBHEHHE SIBISCTCS JTMHEHHBIM OTHOCUTENBHO (yHKIHH X(Y).
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JlelicTBUTENLHO, TIOJCTUB 00¢ ero yactu Hady # 0, moyunm

%+ 2x =2c0s*y—sin2y (12)
dy

NN

dx .
—+2X=1+c0s2y—sin2y
dy

Breném 3ameny (coriacHo Metoay bepHyiin) B Buje
x=u(y)-v(y) (13)
[Toncrasinsst (13) B ypaBHenue (12), monyuum

u'v+v'u+2uv=1+cos2y—-sin2y (14)
wm UV +u(Vv' +2v)=1+cos2y—sin2y (15)

Bribepem ¢yHkimoo V(Y) Tak, 4TOOBI YIOBICTBOPSITH YpaBHCHHE

V'+2v=0 (16)
17001 av =-2V=> v =-2dy (17)
dy '

Haxons kBagpatypsl aid (17), nomyunm

Injv|=-2y=>v=e® (18)

[MoacraBum Teneps HalaeHHy0 GyHkiuio V(Y) u3 (18) B ypaBHenue (15), momydum:
u'e™® =1+cos2y—sin2y

wm U’ = (1+cos2y —sin2y)e” (19)

Wurerpupys (19) no y, Haiiném
u :%e2y +J'(c052y—sin 2y)e*dy +C

Haiiném otnenbHO

dt = 2e*’dy

j(cosZy —sin2y)e?dy +C =

t=e
dS =(cos2y —sin2y)dy

S :%(sin 2y +C0S2Y) B

e?Y

1 dt = 2e*dy
:Eezy(sin2y+c052y)—J'ezy(sin2y+0052y)dy: =

dS =(sin2y + cosZy)dy‘S :%(—cosZersin 2y)
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= %ezy(sin 2y +C0s2y) + %ezy(sin 2y +C0s2y) + Iezy(—COSZy +sin2y)dy =

:>j(0032y—sin 2y)e2ydy:%e2yc:032y+c
CnenmoBarteibpHO,

1, 1,
u :Ee y +§e Ycos2y +C, = x=u(y)-v(y) =

Bezy(1+ cos2y) + C]e‘2y =Ce ™ +cos’y

Omeem: x =Ce ™ +cos’y (20)
IIpumep. Haiitu 00muii uaterpan auddepeHunaibHOoro ypaBHeHUS

lz-cosidx—(lcosx+ 2yjdy =0 (21)
X X X X

Penienue

JlaHHOE ypaBHEHUE €CTh ypaBHEHUE B NOJHBIX AU depeHnuanax . 3anuiieM 370
ypaBHEHUE B KAHOHUYECKOU (hopme

M (X, y)dx+ N(x,y)dy =0, (22)

rae

M(x,y):x—yz-cosl

. (23)
N(x,y)= —(—cosl + 2yj

X X
[Tposepum ycnoBus Komm-Pumana ™M = N (24)

oy OX
Haiiném
oM :izcosl—l2 : (sinl) = :izcosl —%sini (25)
X X X X" X X X X X
Teneps Haliem
N Leosy LaindyLy=Leosy Lsind (26)
OX X X X" X X X X
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N3 Beipaxkenuit (25) u (26) cnenyer, uto ycnoBue (24) BBINOJHEHO, TOTOMY TaHHOE

ypaBHEHUE €CTh YPAaBHCHHE B MOJTHBIX Au(depeHImanax. 3ammiieM ero B BUIE:
du=0, (27)

rae

du:a—udx+au dy:l2
OX X

cos L dx — (1 cos Y + 2y)dy (28)
X X X

CpaBuuBas kod3pduuuentel npu guddepennmanax dX u dy, MOJIyduM CHCTEMY

ypaBHEHHI OTHOCHTENBHO PyHKIUH U(X,Y) B BHIE:

1.a—u:l2cosl
oX X X

ou

(29)
— 1 l
2.—= (Xcos » +2Y)

HNHuTterpupys no x nepBoe ypaBHEHUE cUCTEMBI (29), noaydum
u(x,y)= J.lzcosldx —sind 4 C(y) (30)
X X X

[ToncraBuB Beipakenue (30) Bo BTopoe ypaBHEHHE cUcTeMbI (29) HailieM ypaBHEHUE

y

—(cosX)1+C'(y):—lcos——2y:>C’(y)=—y2+const
X~ X X X

CrnenosarenbHo, u3 (30) npu noactanoBke (31) momyuum

y

u(x,y)=-sin v y® +CoNnst, TOITOMY OTHOCHTENIHHO pelieHne ypaBHeHHs (21)

NMEET BU]T

y

sin=+y®+C, =0 (32), rae C,- npou3BosibHAas KOHCTAHTA.
X

Ilpumep. Haittu yactHoe perenue nuddepeHImaibHOr0 ypaBHEHUS BTOPOTO

nopsaka, yioBJICTBOPAKOIICC 3a/ITaHHBIM Ha4YaJIbHBIM YCJIIOBUSIM!

y' -3y —dy=4x-1 y| =2, Y| _,=3

Pewenue. XapakTepucTHUE€CKOE ypaBHEHUE r>—3r—4=0 wumeer 1Ba

Pa3IAYHBIX JIENCTBUTEIILHBIX KOPHS h=-1r,=4, CJIeIOBATENIBLHO,
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y=Ce "+ C264X . [IpaBas 4acTh ypaBHEHUS UMeeT BUJL
f(x)=4x-1=(4x-1)-¢™, rme m=0 wu He sBIIETCS  KOpPHEM

XapaKTepUCTHUECKOTO ypaBHeHHs. Torma yactHoe pernierne npu K =0 uimem B Buje

y =x '(AX+ B)'eo'x = AX+ B, (y*), =A, (y*)” =0. Ilocne mOACTAaHOBKH B

mudepeHnransHoe ypaBHEHHE MTOTydacM
0-3A-4(Ax+B)=4x-1,
—3A-4Ax—-4B=4x-1,
—4A-X+(-3A—4B)=4-x+ (-1);
X' —4A=4; A=-1
x%: -3A—4B=-1, —4B=-1+3A=-4, B=1

YacTHbeM pemienueM siBisieTcst pyHkmust Y = AX+B=-1-x+1=1—x. O6umm

pelenneM sipnsiercs pyHkuus Y =y +Yy =Ce * + C2e4x - X+1.
Haiinem 3Hauenue koHctanT C;,C, W3 HavanpHbIX YyciaoBuH. /[l 3TOrO
r_ —X 4x
onpeznemuM Yy =-Cie " +4Ce™" —1.
Torma Y| _,=C;+Cp+1=2, {Cl =0,
yl,_o=—Ci+4C,-1=3, Co=1.

W cKOMBIM YacCTHBIM pEIIEHUEM SIBIIsieTCA PYHKIMS Y = e —x+1.

Ilpumep. Haiitn yactHOe pemieHue AuddepeHuanbHOr0 ypaBHEHU BTOPOro

IopAaKa, YAOBJICTBOPAIOIICC 3aJaHHBIM Ha4aJIbHBIM YCIIOBUAM:

y' -4y’ +4y=e>y| =2 y| =3

Pewenue. XapakTepucTUYECKOE ypaBHEHHUE r>—4r+4=0 umeer JIBYKPATHBIM
KOpEHb I} =2, cleloBaTelbHO, Y = e (Cl + CZX). [IpaBast yacTh ypaBHEHUSI UMEET
BT f(x)= e, m=2 SIBIISICTCS JIBYKPATHBIM (k=2) KOpHEM

XApaKTCPHUCTUICCKOTO YPAaBHCHH:, TOT'Id YaCTHOC PCHICHNC UIIICM B BU/JIC
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y* =x%- Ae%, (y*)' =x2-2Ae? +2x- Ae?* = 2Ae2"(x2 + x),
(v) =4me™ (52 +x)+ 2> (2x+1) = Ae?* (4x% +8x+ 2).

[Toce MOACTAaHOBKM Y M €€ HMPOM3BOAHBIX B MCXOAHOE AH(depeHIranbHOE

ypaBHCHUE TIOJTydaeM
Ae®* (4x2 +8x + 2) —4.2Ae% (x2 + x) +4Ae% . x% =%,

Aezx(}lf%{+?3x+278f‘(>8x+}|«%{)=e2x,
2A62x:e2x’

1

2A=1 A=

1
YacTHBIM pelleHueM sBseTca GyHKIus Y = Ze® x4,

* 1
OGLyM pereHneM sBisiercs GyHkuust y =y + Yy =e?* (CL+Cyx)+ —e?X . %2,

Haiinem 3nauenme koHctanT C;,C, wu3 HavanpHbIX YycioBud. [l 3TOro

OTIPEJICIIUM ITPOU3BOIHYIO

y' =e?(2C, + 2C2x+CZ)+e2X(x2 + x),

YU TOJy4YUM CHCTEMY YpaBHEHUW Ul OINPENCIICHUsS 3HAYCHUM IPOU3BOJIBHBIX
KOHCTAaHT

y|,_,=€-Ci=2 C =2
y| _,=€"(2C;+Cy)=3 C,=-1

_ 1
VckoMBIM permennem sBasercs dyrkmus Y=Y+ Yy =e”* (2—x)+ Eezx X2,

Bmopoii  cmyuau.  IlpaBas  yacte  ypaBHeHuss  (6) umeeT  BUJ

f (x) =acosnx +bsinnx.

Ecnu uncna +in He SABISIOTCS KOPHIMH XapaKTEPUCTHYCCKOTO YPABHEHHUS, TO

y* = Acosnx + Bsinnx.
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Ecmu ymcna +in  SBASIOTCS KOPHSMH XapaKTEPUCTHUECKOTO YPAaBHEHUS, TO

YaCTHOC PCIICHUC NMCCT BU

y" =(Acosnx+ Bsinnx)- x.

B gacTHBIX ClIy4asX, Korja a Hjiu b PaBHO HYJIIO, PCIICHUC BCE PaBHO HAAO0 UCKATh B

yKa3aHHOM OOIIIEM BH/JIE.

Ilpumep. Haiitu yactHoe pernenue quddepeHInaIbHOro ypaBHEHU BTOPOTO
NIOpsJIKa, YAOBJIETBOPSIOIIEE 3a1aHHBIM HAYAJIbHBIM YCIIOBUSM:

" 4 i 1 ' 1
y _|_4y —}—13y:58|n3xa y‘xzozg’ y‘x=0:E.

Pewenue. Xapaktepuctuueckoe ypaBHEHUE r? +4r +13=0 numeer KOpHU

r 4z 42_4,13_—41\/—36_—4i6i_ 243
12~ B - S
: 2 2 2

torma ¥ =e 2*(Cycos3x +C,sin3x).
Uncna £3i He SBISIOTCS KOPpHAMHU XapaKTCPUCTHYICCKOI'O YPABHCHHUA, IIO3TOMY

y* = Asin3x + Bcos3x,

(y*) =3Acos3x —3Bsin3x,
(y*)” =-9Asin3x —9Bcos3x.

HOI[CTaBJ'IﬂeM y* " €C IIPOU3BOAHBIC B UCXOAHOC YPABHCHHUC U I10JIy4aCM

—9Asin3x —9Bcos3x + 4(3Acos3x —3Bsin3x) +13( Asin3x + Bcos3x) =C,
(4A—-12B)sin3x+ (4B +12A)cos3x =5-sin3x + 0-cos3x;

1
sin3x: 4A—1ZB:5} A=§

cos3x: 4B+12A=0 B__>|
8

OO6ee perieHue ypaBHEHUSI UMEET BUJT

y =& (C,cos3x+C,sin3x) + %sin 3x —%cosBx .
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Haiinem 3nauenne koHctant C;,C, u3 HavanbHbIX YycioBWil. [ns »TOro
OIIPEIENUM IPOU3BOIHYIO
y' =-2e%%(C, cos3x + C,sin3x) + e 2* (~3C; sin3x +3C, cos 3x ) +

+§c033x + gsin 3X
8 8

H 3allmmeM CHCTCMY ypaBHCHI/Iﬁ HJIA OIIPCOCIICHUA 3HAYCHUH IIPONU3BOJIbHBIX

KOHCTAaHT

y'|X:O:—2e0(C1+C2-O +e%(C,-0+3C,)+

| w
N~

C1:1+§:l’
8 8 2

3\2 8) 8
VIcKOMBIM pelIeHHeM sIBISIETCS QyHKLIUS

y =g 2 (ECOS3X + §sin3xj + Lsinax—3cosax.
2 8 8 8

2. KPATHBIE UHTET'PAJIbBI

JIBOWHOW MHTErpaJ

Ha miockoctd paccMOTpUM HEKOTOPYHO 3aMKHYTYHO0 oOjiacTh D, orpaHnueHHYIO
3aMmkHyToM nuaner L. ITycth B oOmactu D 3amana ¢yskims z = f (X, y) . /leotinou

unmezpan ot 3Toi GyHkIuu 1o odjmactu D o6o3Hauvaercs
” f(x,y)dxdy.
D

OcHOBHBIE CBOMCTBA JBOMHOIO UHTETpaa:
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1. Hcf x y dxdy cﬂ x y dxdy

2. ” xy+f xy)dxdy _U xydxdy+”f xydxdy

3. Ilycte D=D,UD,, Torna
” f (x,y)dxdy:” f(x, y)dxdy+” f (x,y)dxdy.
D D, D,

I IpunoxeHus TBOMHOTO MHTETpaJIa

1. Ilnowaows obnactu D Beuncasercs no popmyne S, = H dxdy .
D

2. Obwvem MUIMHAPUYCCKOI'O TCJIa, HMXHHM OCHOBAHHUCM KOTOPOI'O ABJICTCA
0011aCTh D, JCXKalasa B IINIOCKOCTH XOy, BCPXHUM — YaCTb ITOBCPXHOCTHU

Z= f(x,y), npoekTupyromascs B obmacte D, OokoBas MOBEPXHOCTh —
HUWIMHApPUYECKas, ee oOpasyromue napamienbhsl ocu Oz u mpoxonmst uepes

rpanuity L obnmactu D, Beramcnsercs mo popmyne V = I I f (X, y)dxdy .
D

3. Macca mnnockor  tmactuHbel D,  uMeromeld MOBEPXHOCTHYIO TUIOTHOCTh
p:p(x, y), HENpPEphIBHYI0O B  00J1acTU D, BbIUKCISAETCS 10  (opmyie

M :”p(x, y)dxdy.

Brluncienne IBOMHOT0 MHTErpasia

1. [Tycte obnacts D orpannveHa nByMs BEpTUKAIBHBIMH MPSAMBIMA X =a, X=D
(a<b) u mByms kpuBbIMH y=¢(X), y=0,(x), npugem ¢, (X)<g,(x)
@ (X)<@,(X) mms Bcex Xe [a,b]. Torma MBOWHOW HMHTETpall MOKHO CBECTH K

MOBTOPHOMY (JIBYKpaTHOMY) CIEIYIOIIUM 00pa3oM:

[ rceos 1 T et T e

a q)l X
2. Ilycte obGmacte D  orpanwueHa [ABYMS TOPH30HTAIbHBIMH  IPSIMBIMH
y=c, y=d (c<d) n aeyms kpussnn X=@,(y), X=p,(y), npuer ¢,(y)<p,(y)
s Bcex Ye[c,d]. Torma nBoiiHOW HHTErpajl MOXHO CBECTH K TOBTOPHOMY

(IBYKpaTHOMY) CIEAYIOIINM 00pa3oMm:

P, (Y) d ()
jj f (X, y)dxdy_j { j f(x,y)dx]dy_ j dy j f (X, y)dx.

c\ay) c a)
3. Ilyctp obmactb D He saBnsiercst anemeHtapHoil. Torga ee ciemyer pa3OuTh Ha
KOHEYHOE YHUCJIO OJJIEMEHTapHbIX 00JlacTeld NPSIMBIMH, MapaUICIbHBIMU OCSAM
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koopauHaT. [lpy BBIYMCIEHUM TaKUX JBOWHBIX MHTETPAJIOB CJEAyeT NPUMEHUTH
CBOWCTBO 3.

[Ipumep. 3anucarth ABOMHON MHTErpA ” f (x,y)dxdy B Buze moBTOpHOrO
D

HHTCTpaJla ABYMS CHOCO6aMI/I, ecii 00J1acTh HHTCTPUPOBAHUSA D OI'paHUYICHA

4
JUHUSIMHU Y =—, Y =X, X=4.
X

Ctpoum 001aCTh:

YA

|

|

y=

>

[Tepserit cioco6 3amucu. [Ipu npoekTupoBanuu Ha ock OX aHHAs 00JIACTh SBISICTCS

" 4
aneMeHTapHoi. Tak kak mpu 2<X<4 umeem — <y <X, TO

J.J. f (x,y)dxdy :idx f(x,y)dy.

> \_b'—-.x

Bropoit cnoco6 3ammcu. Ilpu mpoektupoBanuu Ha ock Oy naHHas o0jacTh He

ABJISIETCA AeMeHTapHol. HalineM KoopaAnHAThl TOYKU NepeceyeHus npsmMon X =4 u

4 4
BETBU TUNEPOONBI Y =—: y:Z:]” Takxe MOHaTOOUTCS KOOpJIUHATA ) TOYKHU
X

nepecedyeHuss mpsMbIX y=X U X=4, 10 ectb Y =4. IlonydeHnywo urypy

HE0OXO0MMO pa3OWTh HA JIBE C TIOMOIIBIO MpsMON Y = 2, mapamieiabHo ocu OX u

BOCMOJb30BaThCsl MyHKTOM 3. [lns mepBoit obmactu: 1<y<2 —<x<4, s

BTOpoi: 2<y<4, y<x<4. B pesynbTaTe UMeeM
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2 4 4 4
” f (x,y)dxdy =J.dyJ. f(x, y)dx+deI f(x,y)dx.
D 1 4 2 y
y
[Tpumep. Berauciuth ABOWHON HHTETPA _U xdxdy 1o o6sactu D, orpaHUYeHHOM
D

muHEsIMA Y =4,y = X2
CrenaeM uyepTex U ONpeIesIUM NPeiesibl THTErPUPOBAHUS:
—2<Xx<2,

2
X°<y<4, "

3/

dexdy = .2[ xdxi dy = j xdx(4— x2) = i(4x - x3)dx =
-2 X2 -2

D -2

:[4%2_%4}22 :(zxz_xﬂzz —(8-4)—(8-4)=0.

[Ipumep. Beruucauth 00BEM TEJa, OrPAHMYEHHOTO TMOBEPXHOCTAMH X+ Y =1,
z=xX"+y*+1, x=0, y=0, z=0.
N306pa3um Ha mmockoctd XOY IpoeKIuo Tea:
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YA

V =[[2(xy)dxdy = jdxlj X* +y° +1)dy = jfd [x y+y—+yj“:
D 0

[Xz(l—X)ﬁ-@ de _:[x X +1- x+@}dx:

Il
O ey

1
3 4 2 1
X ox ¥ (%) X) 1101 0111 2

3 4 2 3 4 2 12 6 2 3

[Tpumep. Haiftu Maccy TIacTUHKY, OTpaHUYEHHOU JTUHUSIMU X =9y, X=0, Yy=2 u
UMEIONIEH MePEMEHHYIO TOBEPXHOCTHYIO TUIOTHOCTh P =2X+3Y .

Maccy nmaacTUHKU BBIYUCTUM 110 (hopMmyJie

m =”p(x, y)dxdy .

CtpouM 0061aCTh:
YA

y=2

X;BV X

Haiinem aGcriccy TOuku nepecedeHus mpsMbIX X =5y u Yy =2, momydaem X =10.
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Torma 0<x<10, gs y<2mu

10 2

m=”p(x,y)dxdy:jj(2x+3y)dxdy=Idxj(2x+3y)dy=de(2xy+gy2j =
D D 0 X 0
5

s
10 2 10 10
=Idx 4x+6—gx2—§-x— :I(4x+6—§x2jdx:(2x2+6x—£x3J =
5 225) 1 50 150" ),
23 460 320

=200+60—-—-1000=260 - ——=—.
150 3 3

[Ipumep. BeraucanTs MOMEHT MHEPLIMU OAHOPOJHOM TUIACTUHKH, OTPAHUYEHHON

y

X
JIMHUSIMU — + — = 1, x=0 y Y= 0 oTHOCHTEJIFHO Hadaia KOOpAHUHAT.
a

B cHity 0JHOPOHOCTH IIACTHHKH, IIOJIOXKHUM €€ IIIOTHOCTh paBHoii p(X,y)=1.
X

YpaBHEHUS TPAHMUII INTACTUHKH Y = b(l— —) , Xx=0, y=0. MsI norygaem
a

. . of1-2)
Iozgp.(x%yz)dxdy:!dx I (x2+y2)dy:-|ix2y+y§] dx =

0 0

3
a bs(l_xj a 3 2 3
= | be(1 §j+ a dx:bj(xz—x—ﬁb{l—ﬁ 3X—2—X—3Ndx:
5 a 3 ) a a a a
_bj Xz_x_s b® xb® x*b* xb’ dx —
) a 3 a a 3

VR

2.1 TpoiiHoii HHTErpaJI
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[IycTh B mpOCTpaHCTBEHHOW NHMIMHApPUYECKOW oOmacth V' 3amaHa (QyHKIHA
u=Tf(x,y,z). Ilycts obnacte D sBasieTcs mpoekiueit oomactd V Ha IIOCKOCTh

XOy, cama obmacth V CHH3Y OrpaHMYeHa MOBEPXHOCTBIO Z =/, (X,Y), CBEpXy -
HOBEPXHOCTBIO Z =/, (X,Y), mpuueM ais Bcex Todek obmactu Dy (x,y) <y, (x,y).

Torma tpotiHoii uaTerpan ot Gynkuuu U= f(X,y,z) nmo obractu V oOo3HauaeTcs

_U I f(X,Y,z)dxdydz u MoxkeT OBITH IIPeOOpPA30BaH CIECAYIOIIUM 00pa3oM:
\%

WZ(Xry)

m'f(x,y,z)dxdydz:”dxdy I f(x,y,z)dz.

u/l(XYY)
Eciu mpu stom oOmacte D orpaHuueHa AByMsI BEPTUKAJIBHBIMUA MPSIMBIMH
X=a, X=Db (a<b) u nByms kpuBbiMu Y =¢@,(X), Y=¢,(X), rne ¢,(X)<e,(X) ms
Bcex X e[a,b], To TpoiiHoii HHTETpaT MOYXKHO CBECTH K MMOBTOPHOMY (TPEXKPATHOMY)

CJIEAYIOIINM 00pa3oMm:
?,(X) w2 (X.Y)

b
”If(x,y,z)dxdydz:J'dx I dy J' f(x,y,z)dz.
v a o) wmxy)

AHanornyHo, ecnu  ob6mactb D orpannyeHa nByMsl TOpU30HTAIBHBIMU IPSIMBIMU

y=¢, y=d (c<d) u mByms kpusbiMi X=¢;(y), X=@,(y), mpmaem ¢;(y) <¢,(y)
mis Bcex Ye[c,d], To TpoiHOH WHTErpajl MOXHO CBECTH K IOBTOPHOMY

(TpeXKpaTHOMY) CIEAYIOIUM 00pa3oM:
d P, (Y) w2 (X.Y)
m. f(X,Y,z)dxdydz = Idy j dx I f(x,y,z)dz.
v ¢ al)  wixy)
[Tpumep. Haiitn 00beM Tena, OrpaHUYEHHOTO MOBEPXHOCTAMHU

10
x*+y?=18, x=./3y, x=0, z=0, z:l—ly.
[ToBepxHocTh X’ + Yy? =18 - nmnmHApHYeckas, ¢ 0Opasyromel, mapamienbHOH ocH
Oz; B cedeHUM, NMEPHEHAUKYJIIPHOM OOpa3yIOIIeH, - OKPYKHOCTh C LIEHTPOM B
Hayaje KOOpJAWHAT pajinyca 32;

MOBEPXHOCTh X =4/3Y - IMIWIMHJIpUYECKas, ¢ oOpa3yromiei, napamenbHoi ocu Oz; B

CEUYCHUH, TIEPIICHIUKYIISIPHOM 00pas3yrolieii, BETBb apaboiisl X =4/3Y,

noBepxHOCTh X =0 - mrockocts Oz,
noBepXHOCTh Z=0 - TIockocTh Oxy,

1
IIOBEPXHOCTh Z = 1—]?/ - INIOCKOCTB, COoACpIKalIasa OChb Ox.

OO0beMm Tena BeIIHcIsgeM 1o Gopmysie:

V:I\./“-dxdydz.
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=y

|
|
I
|
0 3 32

I[HH PaCCTaHOBKU IIPCACIOB Haﬁ,[[eM Ha IIJIOCKOCTH Oxy TOYKY IICPCCCUCHUA
OKPY>KHOCTH M 1apadoJibl. J{jst 3TOro penmm cucTeMy ypaBHEHHIA:
2
x* +y® =18,

‘= 3.
[ToxcraBisist BTOpoe ypaBHEHHE B TICPBOE, MOTYIHM
3y +y?=18;
y>+3y-18=0;
oTkynga y, =3, Yy, =—6.
Tak xak B obnactu y >0, To 3HaueHue Yy, =—6 He noaxoaut. [loxcraBum B
X =4/3y 3Hauenne y, =3, momyunm X(3)=3.

Torz[a AJI1 IPOCKIHUU TEJIa Ha IIJIOCKOCTDh Oxy MMoJIy4acM CICAYIOIHMEC HEPABCHCTBA!

0<x<3,
2

X?Sy§\/18—x2,

10

COOTBETCTBEHHO TSI IepeMeHHol Z umeeM 0<z< E y.

PaccraBuM npenenbl HHTETPUPOBAHUS M BBIYMCIUM TPOMHOW UHTETpal:

3 m gy 3 m 10
V:jﬂdxdydz:jdx j dyjdz:jdx J dy(z)?y:
\ 0 x? 0 0
3

XZ

3
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2.2 KPUBOJIMHEMHBIE UHTET PAJIBI

Kpusosmseinbpii nHTerpai 1 poaa (o JUIMHE AYIH)

1. Ilycte rmaakast kpusas L miockoctu XOy 3amnana dynkmumeit Yy = y(x), X €[a,b],
bynem npennonaratse, uro pynkuus f(X,y) HempepbiBHa BO BceX TOUKax KpuBoi L,
TOT/Ia KPHUBOJMHEHHBIA WHTETpaj MepBOro pojaa (MO JJIMHE TYTH) 3alHCHIBACTCS

CJIICOYIOIIIHUM obopasom: | f X, ¥ dl u BerumcCIgETCS 110 q)OpMy.He
y Y
L

jf(x,y)dl :jlf(x,y(x)) 1+(y'(x))2dx.

L a

2. ITyctp Ha TTOCcKOCTH XOY MapaMeTpUyecKH 3aaHa TIIaiKasi KpuBas

L:{X:X(t),te[a,b],

y=y(t)
T.e. OyneM mpeanonarath, 4To Gyskimu X(t),y(t) - HempepbiBHO
muddepennmpyemseie; mycth Gyuknus f(X,Yy) HenmpepbIBHA BO BCEX TOUYKAX KPHUBOH

L, Torma KpuBOJMHEWHBIM MHTErpAJI IEPBOro poAa (IO AJIMHE AYTH) BBIUUCIAETCS
o ¢hopmyiie

b

[ 0uy)a =] £ (x(0)y(0) (X ©) +(y () Jo

L a

Ecnu kpuBas L 3aaHa B TpEXMEPHOM TPOCTPAHCTBE, T.€.
x=x(t)
L:qy=y(t),te[ab],
z=1(t),

TO COOTBCTCTBCHHO MMCCM
b

j f(xy,2z)dl :j f(x(t), y(t),z(t))\/((x'(t))2 +(y' (t))2 +(z'(t))2)dt.

L a

[IpunoxeHust KpUBOJIUMHENHOTO HHTErpaia 1 poaa

1. I'eomempuueckoe npunosicerue: BHIYMCICHUE ITTUHBI KPUBOM 1O (popMyie
L|=[dI.
L

2. Mexanuueckoe npunodicenue: BBIMACICHUE MAaCcChl KPUBOM.
[Tycts L - mmockast kpuBasi v O (X, y) - IJIOTHOCTH Ha KpuBoH L. Torma macca

BBIYHUCIIsICTCS 110 popMyrie

m, :Ié(x, y)dl
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B cnyuyae mpocTpaHCTBEHHON KPUBOM MOJIy4aeM COOTBETCTBEHHO

mL:j5(x,y,z)dI.

X
[Ipumep. Beruuciauth uHTErpa J—dl, rie L - myra mapabomer Yy° =2X,
L

3aKJIIoueHHas MeK Iy Toukamu A(2,2) u B(8,4).

Beraucmum nuddepentman mast gyru dl - st kpuBo# Y =+/2X

1 1 1+2x
'=——— dl=\1+ 'zdx=,/1+—dx:/ dx.
y 2% () 2X 2X

CJ'ICI[OB&TCJILHO, ,Z[aHHBIfI HHTCI'pAJI paBCH

8 8
X X [1+2Xx 1 1
Zdl= —,/ dx = | =1+ 2xdx = = (1+ 2x)*?
JL. y JZ. v2x V' 2X JZ- 2 2( )
[Tpumep. Haiitn Maccy OTHOPOIHOM JyTH TUKIOUIBI

I_:{x:a(t—sint)

y =a(1—cost)

2=%(17J1_7—5J§).

te [0,27[]

Tak xak KpuBast OTHOPOHAS, TO INIOTHOCTh O (X, y) =1. Haiigem X', ¥y’ u dl:
x'=a(l-cost), y' =asint,

dl :\/az(l—cost)2+azsin2t dt = av/1— 2cost + cos’t +sin’t dt = a/2—2cost =

=a./2(1-cost) =a, /2-23in2% dt = 2asin%dt :

CnenmoBarteibHO,

2z 2
m, =JL‘5(X, y)dl = £2asin%dt :—4acos% (;[=8a.

Kpusoausaeinplii nHTErpaa 2 poaa (Imo KoopauHaTam)

1. ITycte  AB - myra rmagkoit kpuBoii L, 3amannoii Ha mimockoctu XOY  QyHKIuen

y=Yy(X), xe[ab], Bymem mupemnonararb, urto ¢yukuuu P(Xx,y), Q(X,Y)
HETMpephIBHA BO BCEX TOYKAaX KpUBOWM L, TOrna KpUBOJMHEHHBIN MHTErpajl BTOPOTO
pona (o KOOpANHATaM) 3aIUCHIBACTCS CIEAYIOIIUM o0pazom:

IP(X, y)dx + Q(X, y)dy u Beraucisercs mo dpopmyie:
L

J PO y)dx+Q(x, y)dy = [ (P(x, y(x)) + Q(x, Y(x)y (x))dx .

BaxHbIM CBOWCTBOM WHTErpajga sBISE€TCS TO, YTO OH 3aBUCUT OT OpPHUEHTAIUU
KPUBOW, UIMEHHO,
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[ POGy)dx+Q(x, y)dy == [ P(x, y)dx+Q(x, y)dy

AB
Ecnu kpuBast 3aMKHYyTa, TO HHTETpaji 0003HAYAIOT CIEAYIONUM 00pa3oM:

[ﬁde+Qdy.
L

B cnydae 3aMKHYTOM KpUBOM pa3ivyaiOT MOJOXKHUTEIbHYI0O U OTPUIATENIbHYIO
OpPHUEHTAIIMIO: MPOTUB YaCOBOM CTPEJIKH U 110 YaCOBOU CTpPEJIKE.

x=x(t)
y=y(t)

bynem npeanonarate, uro ¢pyakiuu P(X,y), Q(X,Y) HenpepbIBHBI BO BCEX TOYKAX

2. Ilycts L: ,te[a, ,B] - TJajKas KpuBas, 3ajJaHHas MapaMEeTPUUYECKHU.

KpUMBOM L, TOrJa KPHUBOJMHEWHBIA MHTErpan BTOPOro pojaa (Imo KoOpAHHATaM)
BBIUUCIISIETCS 110 (hopMyJIe:

B
[ PO Y)dx+Q(x, y)dy = [ (P(X(®), ()X (X) + QEx(1), y(©) y'(t)dt .

AHQJIOTMYHO 3alUChIBA€TCSI W BBIYUCISETCS KPHUBOJHMHEUHBIM HWHTETpaid Mo
IIPOCTPAHCTBEHHON KPUBOM.

[IpunoxeHns KpUBOJMHEMHOIO MHTErpaja 2 poaa

OyHKIMHU P(X, y),Q(X, y)B 3aIIMCH HWHTErpaja MOKHO CYMTAaThb KOOPAMHATAMH

BEKTOpA a:(P(X, y),Q(X, y)) Ero HasbpIBalOT 6ekmopHubiM nonem, 3aJaHHBIM Ha
kpuBoit AB=L.
O0o03HaYNM F:(X, y), dr :(dx,dy).

KpuBoymHelHbIli ~ WHTErpaj _[ Pdx + Qdy = I (E,dF) omnpenensieT  pabomy
AB AB

BEKTOPHOTO (CUJIOBOTO) MOJII @ BAOJbL KpuBoii AB B HampaBieHuH OT TOUKH A K
Touke B.

PabGoTy BekTOpHOTO (CHJIOBOTO) TOJII & MO 3aMKHYTOW KPUBOM YacTO HA3bIBAIOT
YUpKyaayueu.:

C:[ﬁde+Qdy
r

[Ipumep. Boruancnute paboTy cuiibl (BEKTOPHOTO TIOJIS) F :{COS y,sin X} BJIOJIb

orpe3ka AB ot Toukun A(0,0) A0 TOUKHM

B(_g,ﬂ).

PaGota cunel F Beluncisercs mo GopMyie:
A= [ Fdx+F,dy,
AB

| #
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3anuiieM ypaBHEHHE TPsIMOi (AB)

xﬂ—O :y—O, 2x:l’ x:—ly
_7_o -0 -T T 2
2

A= I Fdx+Fdy= J' cos ydx + sin xdy :J'cos y(—ldyjmin(—E y)dy =
AB AB 0 2 2

——CO0S —sin(— j dy =| —=sin +2COS(— j
2 y 2 y y 2 y 2 y
1

:—lsinn+ 2C0S| =7 +lsinO—ZCosO: -2.
2 2 2

T

O t—y

0

[Ipumep. Beauciauth MUPKYISIUIO BEKTOPHOTO MO d = {xy +X=Y, =Xy +X-— y}

1o KOHTYpY /', cocToseMy U3 yacTeil KpuBbIX Y =—-X, X=1 u y =0 (HanpaBneHue

00X0/1a MOJIOKUTEIHHOE).
dopMmyita ISl BBIYACICHUS ITAPKYIISITIH:

C:[ﬁde+Qdy VA -
I
I" — xoutyp Tpeyrompuuka ABC, mpoxonnMsrii )
IIPOTUB ~ YacOBOW  CTPENKU.  Bprauciaum 1 C ot
LUPKYJISIMIO [0 KAXKIOH M3 CTOPOH. i
AB: y=-x,dy=-dx, 0<x<1.
B
_L*i\
P

Cus = j(xy+ X—Yy)dx+(—xy+x—y)dy :j(—x2 + X+ x)dx +(x2 + X+ x)(—dx)z
AB 0
1

3"

Il
O'—.I—‘

1 X3
(—x2 +2X - X2 — 2x)dx = j(—ZxZ)dx = —2[;)

0

BC:. x=1, dx=0, -1<y<0.

0
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0

Coc = .[(xy+x—y)dx+(—xy+x—y)dy=I(—Y+1— y)dy =
BC

- i(—Zy +1)dy =(-y* + y)‘o1 =—(-1-1)=2

CA: y=0, dy=0, 0<x<1.

0 2
CCA=j(xy+x—y)dx+(—xy+x—y)dy:dex=[X—j __L
CA 1 2 1 2
2 1 5
C=Ch+Co +Cor=—2+2-==2,
AB+ BC+ CA 3+ 2 6

[Ipumep. BerancinuTe HHTErpaI j y’dx + xdy + ydz , rae AB - myra KpuBoit
AB

XZ
2 _
Lz YT —a -0

z=2
3anumeM ypaBHEHHE KPUBOU B MIAPAMETPUUECKOM BHJIE:
X = 2cost
L:qy=sint , t,=x, t;=0.
z=2
Torma X' =-2sint, y'=cost, z'=0 u MbI moMyyaem
0

J' yZdx + xdy + ydz = J'(—sinzt -2sint + 2cost - cost +sint - O)dt =
AB

g 0 Vg 0
= stinzt -sintdt + jZCosztdt =2J(coszt —1)d cost + j(1+ cos 2t)dt =
0 V4 0 T

0
=2-ﬂ—7z=§—7z.
3 3

cos’t sin 2t

+(t+
0

=2( )

—cost)

T

3. Teopusi BeposiTHOCTEl

[Ipu KJIaccM4ecKOM ONpPEACNIEHUU BEPOSMHOCHb  COObIMUS

PaBEHCTBOM

P(A)=m/n,

OTpeIeIIsIeTCs
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A€ m — YHCIO DJJIEMEHTAPHBIX WCXOJOB WCIBITAHUN, OJIarompusITCTBYIOIINX
MOSIBJICHUIO COOBITUA A, 1 — O0IIEe YHUCITIO STIEMEHTAPHBIX UCXOI0B UCTIBITAHMS.
Yucnom cowemanuu w3 | smemeHTOoB mo K Ha3BIBAIOT KOJIMYECTBO KOMOWHAIIWIMA,
cocTaBlicHHBIX M3 | ayeMeHTOB 1o K, KOTOpBIE OTIMYAIOTCS XOTS OBl OJHUAM
aJiIeMeHTOM. Uncio coueTaHuim

cko__ "
'Kk —K)!

Ilpumep. B smuke nmeercs 15 neranei, n3 KoTopsix 10 oKpaleHHbIX.
COopmuk Hayaauy U3BJIEKaeT TpH AeTanu. HallTu BeposITHOCTB TOTO, 4TO

H3BJICUCHHBIC IC€TAJIN OKAKYTCA OKpAIlICHHBIMU.

Pewenue:

a) o0IIee YMCIO BO3MOXKHBIX AJIEMEHTAPHBIX HCXOJOB HCHBITAHUS PABHO YHUCITY
crioco00B, KOTOPBIMU MOYKHO M3BJIEUb TPU JI€TANIM U3 MATHA/ATH, TO €CTh N = Cf’s;

0) 4KCI0 MCXOAO0B, OJIArONMPUATCTBYIOIIUX HHTEPECYIOLIEMY HAc COOBITHIO, PABHO

YUCJIy CIOCO0OB, KOTOPHIMH MOXHO BBIOpAaTh TPHM OKpAIICHHBIX aerand u3 10, To
_ (3.

ectb M=Cjy;

B) HMCKOMas BEPOSTHOCTh paBHA OTHOIIECHHUIO OOIIEro 4Yucjiaa HMCXOJIOB K YHCITY

6HaFOHpI/I$ITHBIX HCXO0A0B

10!
m Cy a1 10t12t  7A.8.9.10-12f 24
n c 3|1i!2| 7v15!  71.121.13.14.15 91

P(A)= 0,26.

Ilpumep. B naptuu u3 10 neraneit umeercs 7 crangaptHeix. Haynauy
otoOpansl 5 neraneid. OnpenenuTb BEpOITHOCTh TOTO, YTO CPeId OTOOPaHHBIX

JEeTAJIEN POBHO TPU CTaHIAAPTHBIX.

Pewenue:
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a) ofImiee 4YMCIO BO3MOXKHBIX AJIEMEHTApPHBIX HCXOJOB HCIBITAHUS PABHO YHUCIY
CHI0c000B, KOTOPBIMU MOKHO HU3BJI€Yb ISTh I€TaNeH U3 JECATH, TO €CTh N = C150;

0) HaiileM YMCIO MCXOMOB, OJAroMpUATCTBYIOIIUX MHTEPECYIOIIEMY HAC COOBITHIO

(cpemu oTOOpaHHBIX MATH JETajJed POBHO TPU CTaHIAPTHBIC): TPU CTaHIAApTHHIC
. A3

JIeTaJl MOXKHO BbIOpaTh M3 7 cTaHAapTHhIX Aetanei C; cmocobamMu; mpu 3TOM

octanbHble (5-3=2) nertanu JOJKHBI OBITh HECTAHAAPTHBIMHU, KOTOPBIE MOXKHO

. 2
BbIOpaTh M3 (10-7=3) HecTaHmapTHBIX neTajei, uUMeBIIUXcAd B maptuu, Cj

criocoGamu. Clie0BaTeNbHO, YHCIO ONArONpUATCTBYIOMMX Hexonos M=C3 -C3;

B) HCKOMasl BCPOATHOCTb pPaBHA OTHOIICHHIO 06HIGFO quciia HUCXOOOB K YHCITY

6J'IaI‘OHpI/IHTHI->IX HCXO0A0B

71 3l
3.C2 i ot 1.51.51 .M .5.51 |
P(A):m:C7 5C3:3!.4! '2!.1!: 7L5LS! . M.5.5 L :§:0’375
n  Cp 10! 2141100 2. 4.71.8.9.10 4.8-10 8

515!

BeposiTHOCTh COOBITUS A, KOTOPOE MOXKET HACTYNHUTh JIHIIb MNPU TMOSIBICHUH

OJTHOTO U3 HECOBMECTHBIX coObITHH (runore3) Hy, H,,...,H,, obpasyronux noianyro
IpyINny, paBHA CyMME€ MPOMU3BEACHUM BEPOATHOCTEM KaXIOM W3 TUIIOTE3 HA
COOTBETCTBYIOILYIO YCIOBHYIO BEPOATHOCTH COOBITHS A:

P(A)=P(Hy)- Ry (A)+P(Hy)- By, (A) ...+ P(H,) - By (A),
rne P(H,)+P(H,)+...+ P(H,) =1.

[TpuBenennyo GopMyy Ha3bIBAIOT (hOPMYIOL NOTHOU EPOSMHOCHIU.

Ilpumep. Nmerotcs Tpu naptuu aeraneit o 20 geraneit B kaxaou. Yucio
CTAHJAPTHBIX JE€TAJIEN B IIEPBOM, BTOPOM U TPETHEN MAPTUAX COOTBETCTBEHHO
paBHo 20, 15, 10. 13 Haynauy BeIOpaHHON MapTUX Haynayy U3BJICUYEHA J1€TaNb.

Haiitu BeposITHOCTH TOTO, YTO OHA OKAKETCS OpaKOBaHHOM.

Pewenue:
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a) 0o0o3HaunM yepe3 A coObITHE — B3siTasl JeTaub SBISETCS OpakoBaHHOW. MOXHO

clieNaTh TPY MPEATNIONOKEHUs (TunoTe3sl): H, — netanp BeIOpaHa U3 NEpBOM NapTHUH;
H, — nerans BeiOpana n3 Bropo naptuu; H; — nerans BeIOpaHa U3 TpeTbel MapTHH.

[TockonbKy 4YMCIO JeTajedl BO BCEX TpPEX MNAapTHUAX PABHO, BEPOATHOCTU THIIOTE3
paBHBI

1

3

0) yciioBHasi BEpOSATHOCTh TOTO, YTO JCTadbh OyJIeT OpakOBaHHOM, €CJIM OHA B3fATa U3

P(Hy)=P(H,) =P(H3) =

nepsoit mapun, Py (A)=0; ycnoBHas BEpOATHOCTH TOro, 4ro JAerans Oyxer

. y 5 1
OpakoBaHHOW, €Clli OHAa B3ATa W3 BTOPOW TMapuH, PHz(A):%:Z; yCIIOBHAs
BEPOSITHOCTh TOTO, YTO JeTallb OyneT OpakoBaHHOHW, €CIM OHa B3sTa M3 TpPEThei

10 1
napuu, Py (A)=—==.
s 20 2

B) MCKOMas BEpPOATHOCTb TOTO, 4YTO BbIOpaHHAs Hayjnady JeTajb SBIETCA
OpaKOBaHHOW, HAXOUTCA MO (POPMYJIE MOTHOU BEPOSTHOCTH

1111 1
34 32 4

1
P(A)==-0+
(M)=3

BeposiTHOCTH TOTO, UTO B HE3aBHUCHMBIX HCHBITAHUSIX, B KWKIOM U3 KOTOPBIX
BEPOSATHOCTH MOsiBIIeHUs1 coObITHs paBHa p (0 < p < 1), coObITHE HACTYIUT POBHO K
pa3 (0e3pa3nmMyHO B KakKOW IMOCJIENOBATEIBLHOCTH), OMNpENeNsieTca Mo gopmyne
bepnynnu

P (k) =Cppa™™,
rne q=1-p — BEpOATHOCTH TOTO, YTO COOBITHE B KAKIOM W3 HCIBITAHWNA HE

ITOSABHUTCA.

Ilpumep. BeposTHOCTb BCXO0KECTH CeMsIH mieHuIlsl paBHa 0,9. Kakopa

BCPOATHOCTL TOI'O, YTO M3 YCTHIPEX MOCCAHHBIX CEMSH B3OI>'IJIYT HC MCHEC TPCX.
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Pewenue:

a) mycTh coObITHE A — U3 4 CeMsH B30MAYT HE MEHEe TpeX CeMsH; coobiTue B — u3 4
ceMsiH B3oUayT 3 cemenu; cobbitne C — u3 4 cemsH B3ouayT 4 cemenu. [lo Teopeme
CJIOEHUSI BEPOSITHOCTEN

P(A)=P(B)+P(C).

0) BeposiTHOCTH coObITHI B 1 C onpeenum 1o Gpopmysie bepHyu:

- 4
P(B)=Py(3)=Cip’q* " =

_m’o,gs'(l_o,g):012916’

P(C)=P,(4)=C;p*q**=0,9"=0,6561.
B) rckomas BepositHocth P(A)=0,2916+0,6561=0,9477.

Ecin 4ncio nmoBTOPSIOMMXCS UCTIBITAHUN BEJIMKO, TO OINPEICIEHUE BEPOSITHOCTH T10
dbopmynie bepHyum 3aTpyaHEHO M3-3a TPOMO3JIKOCTH BhIYMCIICHUN. B 3TOM ciydae
MPUMEHSIIOT NPUOIMIKEHHYIO (OPMYIy, BBIPAKAIOUIYIO JIOKAIbHYIO Meopemy
Jlannaca.

1

m'@(x),

P (k) =

——-e 2 px=

rae ¢(X) = Tor \/@ .

3HadyeHuss GyHKIUU @(X) ONPEACIAIOTCS U3 TAOJHIIbI, MPUBEACHHON B MIPHUIOKCHHH

1.

[lpn wmanbIXx 3HAYEHUSX BepOATHOCTH p s BbraucieHus P,(K) npuMenstor

aACUMITOTHYECKYIO ghopmyny [lyaccona

k
P. (k) z%.e—l, roe e=2,7182..;A=np.

Ota dopmyna ucnoiszyercs npu A <10, nmpudem dem MeHbIIE p W OOJIBIIE /1, TEM

pE3yJIbTAaT TOYHCC.
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Ilpumep. BeposATHOCTb BCXOKECTH CEMSIH MILIEHUIIBI paBHa 0,9.
Haiitu BepositHOCTh TOro, uro u3 400 MNOCESHHBIX CEMSH

B30MayT 350 ceMsH.

Pewenue.
a) ©3 YCIOBHA  3aJayud p=0,9,9=1-0,9=0,1,n=400; k =350. Torna
~350-400-09 10

X = =
\/400-0,9-0,1 6

0) u3 Tabmuiel B mpuiokenun 1 Haxogum ¢(—1,67) = ¢(1,67) =0,0989;

~-1,67,

B) HCKOMasi BEPOATHOCTh paBHA

1

Fieo(350) = JJ400-0.9-0,1

-0,0989 ~ 0,0165.

Ilpumep. Cpenu cemsan nmeHunnbl 0,02% copuskoB. KakoBa
BEPOSITHOCTh TOr0, YTO NpH ciiydaitHoM otoope 10000 cemsH

OyzeT 0OHapy>KEHO 6 CEMSH COPHSIKOB?

Pewenue.
W3 ycmosus 3agaun P =0,0002; n=10000; k =6. Torma A =10000-0,0002 = 2.
Hckomast BEpOATHOCTh paBHA

6
Poooo (6) z%-ez z%-o,1353z 0,012.

Ecnu BepoATHOCTH HACTyIUIEHUSI COOBITHS A B KaXJAOM W3 1 UCHBITAaHUHN
TIOCTOSTHHA U paBHa p, TO BeposiTHOCTh P, (K, <K <K,) Toro, 4ro cobbiTHe 4 B Takux
UCTIBITAaHUSAX HACTYNHT He MeHee K, pa3 u He Oomee K, pa3, ompenmensieTcst o

UHTErpaibHOM Teopeme Jlamnaca hopmynoit:

2

1 £ X
Pn(klskskz)zﬁ.je 2 x,
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=np o ko —mp

TIe o =
\JNpq np

, q=1-p.

O

t2

Oynkus O(X) = e 2dt nHasbiBaeTcs dbynkmuent Jlamnaca. B npunoxxenuu

O gy <

1
N2
2 nmanbl 3HadeHus 1o QyHkuu s 0<X<5. [lpu X>5 ¢yskmaus P(x)=0,5.

[Ipu oTpumaTenbHBIX 3HAYEHHUAX X B CHIy He4YeTHOCTH ¢yHKuuu Jlammaca

O (—X) =—D(X) . Ucnoas3ys ¢pyukiuro Jlamiaca, umeem

P (ki <k <k,) = O(B) - D().

Ilpumep. ITpoLIeHT BCXOXKECTH CEMSIH TIIIEHUITBI paBeH 90%. Haiitu

BEPOSITHOCTH TOTO, 4TO U3 500 mocesHHbIx ceMsH B30uayT oT 400 no 440 cemsiH.

Pewenue.
a) u3 ycnous 3agaun P=0,9;q9=1-0,9=0,1; n =500; k; =400; k, =440.
400-500-0,9 _ ~440-500-0,9 _

~-7,45; fB= ~
/500-0,9-0,1 b J500-0,9-0,1

0) 13 Ta0IUIBI B MPUIIOKEHUH 2 HAXOIUM

®(-1,49) = —D(1,49) ~ -0,4319; D(~7,45) =-D(7,45) ~-0,5.

-1,49.

Torma o =

B) HCKOMasl BEPOATHOCTh paBHa

P,,, (400 < k < 440) ~ ®(-1,49) — d(~7,45) = —0,4312 +0,5 = 0,0681.

Jlureparypa

1. bexnemumes, J[.B. Kypc anamuthdeckoii reoMeTpuuM W JIMHEHHOMU
anredpsl. [DnekTpoHHBIN pecype| — Onextpon. gad. — CII6. : Jlanp, 2017. — 448
c. — Pexxum nocrymna: http://e.lanbook.com/book/91080 — 3aru. ¢ skpaHa.

2. Knerenuk, JI.B. COopHuK 3amad 10 aHAIMTHYCCKOH T'COMETPHH.
[DnexkTponHbIi pecypc] — OnekrpoH. man. — CII6. : Jlans, 2017. — 224 c. —
Pexum noctyna: http://e.lanbook.com/book/92615 — 3aru. ¢ skpaHa.



91

3. Kysznemnos, JI.A. COOpHHK 3aJaHWil 1O BBICIICH MaTreMaTuke. THUIOBBIC
pacyeTsl. [DnekTpoHHbIN pecypc] — OnekrpoH. nqaH. — CII6. : Jlans, 2015. — 240
c. — Pexxum noctyna: http://e.lanbook.com/book/4549 — 3aru. ¢ s3xpana.

4, [Tuckynos, H. C. JuddepennmanbHoe U UHTETpaIbHOE MCUUCICHUSA :
yuebHoe mocobue s BTy30B. T.1 / H.C.IluckynoB. — U3n. crep. — Mocksa :
Nuterpan-IIpecc, 2010 .— 416 c.

S. [Tuckynos, H. C. JuddepennuanbHoe U UHTETpaIbHOE MCUUCICHUS :
yuebHoe mocobue st BTy30B : B 2 1. T. 2 / H. C. IluckynoB. — U3na. crep. —
Mockga : Unterpan-IIpecc, 2009 .— 544 c.

6. Jlakepuuk A.P. Bricas maremaruka. Kparkuit kypc [DI1eKTpOHHBIN
pecypc]: yuebHoe mocobue/ JlakepHuk A.P.— DneKTpoH. TEKCTOBBIC JaHHBIC.— M.:
Jloroc, 2008.— 528 ¢.— Pexum noctyna: http://www.iprbookshop.ru/9112.html.—
OBC «IPRbooks»

7. I'mypman, B. E. Teopust BEpOATHOCTEN U MaTeMaTUYECKasl CTATUCTUKA :
yue0. mocodue s By30B / B. E. I'mypman .— 12-e uzja., nepepad. u gon .— M. :
FOpaiit, 2011 .— 480 c. : wi1. — (OcHoBbI Hayk). — [Ipeam. ykas.: c. 474-479 .—
ISBN 978-5-9916-1163-3 (MU3p-Bo HOpaiit) — ISBN 978-5-9692-1122-3 (U]
FOpaiir).

JlonoJiHUTEIbHASI JINTEPaTypa

1. ABepuH, B. B. Maremaruka. Y. 1 [31€KTpOHHBIN pecypc] : KypC JEKIUN:
yuebHoe ocodue/ B. B. Apepun, M. 0. Coxonoga, /1. B. Xpuctuu; Tynl'VY. - Tyna:
Nzn-Bo Tyal'V, 2010. - 254 c. : un.- ISBN 978-5-7679-1748-8. — Pexxum nocrtyna :
https://tsutula.bibliotech.ru/Reader/Book/ 2014100214370663049600009433, mo
MapoJIro

2. AgepuH, B. B. Maremaruka. Y. 2 [371€KTpOHHBIN pecypc] : Kypc JICKIUM:
yaeoHoe nocodue/ B. B. Asepun, M. 10. Cokomnoga, JI. B. Xpuctuy; Tyal'V. - Tyna:
N3n-Bo Tyal'V, 2010. - 275 ¢. : un. - ISBN 978-5-7679-1749-5. — Pexxum mocrtyma 1o
napomo  :  https://tsutula.bibliotech.ru/Reader/Book/201410021441294315510000
8498, o mapouto

Ilepeyens pecypcoB HHGPOPMALMOHHO-TEJIEKOMMYHUKAUMOHHON CeTH
«HTEpHET», HEOOXOAMMBIX /111 OCBOCHUS AN CIUILIUHBI (MOMLYJIA)

1. Huddepenuumansuple  ypaBHEHUs [PNEeKTpOHHBIN  pecypc]
€KEMECIYHBIN MaTeMaTUYECKUI KypHAIIL: xypHan/  PAH. . M.:
Hayxa/Uutepnepuonuka, 2014 - . - ISSN 0374-0641.- Pexum pgocryna
http://elibrary.ru/issues.asp?id=9677, co Bcex kommbroTepoB Hb Tynl'V, mo maposto

2. Ycnexu matemaTnueckux Hayk/ Poccuiickas akagemus HayK. - M.
Hayka, 1995-1SSN 0042-1316

3. OnexkrponHbld yntansHbil 3a1 “BUBJIMOTEX” : yueonukn aBropos Tynl'Y 1o BceM AucIMIUIMHAM. -
Pexxum moctyna: https://tsutula.bibliotech.ru/, mo mapouto.- 3arm. ¢ axpaHa

4. 3BC IPRBooks yruBepcansHas 6a30Bast KOJJISKIHMA H3JaHUN.-Pexxum noctyma:

http://www.iprbookshop.ru/, mo maposro.- .- 3ari. ¢ skpana



http://library.tsu.tula.ru/cgi-bin/zgate.exe?ACTION=follow&SESSION_ID=4272&TERM=%D0%93%D0%BC%D1%83%D1%80%D0%BC%D0%B0%D0%BD,%20%D0%92.%20%D0%95.%5B1,1004,4,101%5D&LANG=rus
https://tsutula.bibliotech.ru/Reader/Book/%202014100214370663049600009433
https://tsutula.bibliotech.ru/Reader/Book/201410021441294315510000%208498
https://tsutula.bibliotech.ru/Reader/Book/201410021441294315510000%208498
https://tsutula.bibliotech.ru/
http://www.iprbookshop.ru/

92

5. Hayunas Dnextponnas bubnuoteka elibrary — 6ubmioreka 3eKTpOHHO# HEPHOIUKH, PEXKUM
nocryna: http://elibrary.ru/ , no maposto.- 3aru. ¢ skpaHa.

6. HO3b KI/I6epﬂeHI/IHKa Hay4Hasi JJIEKTPOHHas OMOJIMOTEKAa OTKPBITOTO JOCTYIA, PEXHUM JOCTyIa
http://cyberleninka.ru/ ,cBo6oambIii.- 3ari. ¢ skpaHa.

7. Enunoe okHO noctyma kK oOpa3oBaTeNIbHBIM pecypcam: HopTanl [DIeKTpOoHHBIH pecypc]. - Pexum
nmocryma : http: //window.edu.ru. .cBo60AHBIN.- 3ari. ¢ 9KpaHa.

8. EnnHoe okHO mocTyma K 00pa3oBaTeNBHBIM pecypcaM: MmopTan [DIeKTpOHHBIH pecypc]. - Pexum

nocryma : http: //exponenta.ru. ,cBOGOIHBII. - 3ari1. ¢ 3KpaHa.



http://elibrary.ru/
http://cyberleninka.ru/
http://window.edu.ru.-/
http://window.edu.ru.-/

	При делении на  потеряно частное решение: .

