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Cemecrtp 1

1. AHaguTu4ecKkasi reOMeTpPUs B MPOCTPAHCTBE R3
BexTopHas ajareopa

HekoTopele CBeICHUS U3 TEOPUU

BekTop — HanpaBiIeHHBIA OTPE30K.

PaBeHncTBO
a= (x, v, Z) (1)
03HAYAET, YTO X, ), Z — MPOEKIIUH BEKTOPA Ha OCH KOOPIMHAT MJIU €r0 JI€KAPTOBbI
KOOPIUHATHI.
dopmyna
@] =x? 47 +22 @
H03BOJISIET 10 KOOPAMHATAM BEKTOPA OPEIEIUTH €10 MOAYJIb.
4z - Ecmu o, 3, Y — yriiel, KOTOpbIE BEKTOp 00pa3yeT ¢
i TOJIOXKHMTEIBHEIM HAIIPABJIEHHEM OCEM KOOPAMHAT, TO
B COSQL, COS[3, COSY Ha3BIBAIOTCS HAMPABISIIOIIUMH
a KOCHHYCaMH BEKTOpa d .
0 >y x=|d|cosa, y=|d|cosB, z=|d|cosy, (3)
d cos® o+ cos” B+ cos’ v =1 4)

Eciu u3BecTHbI Havano Bektopa M,(xy, v, z) u
xonen M, (x2 , Vo, 22) , TO KOOPAMHATBI BEKTOpa HaXoAsATCs 1o popMyiam
X=Xy =Xy, Y=V —V), Z=2 -7 ()
Berm d=(x), y,,2;) u b =(x3, 15, 25), 10
Gtb=(x;£xy, ¥ £y, 2,2 2,) 6) n
ad = (ox, oy, 0z)), TaE o — Mo6oe YucIo.
BeKTOpBI, JIeKaIie Ha OJHOM WM MapaJUIENbHBIX TPSIMbIX, HA3bIBAKOTCS
KOJUIMHeapHbIMH. [IpH3HAK KOJUIMHEAPHOCTH BEKTOPOB 4 U b :
n_n_a -
Xy V2o 2

Tpotika BekTopoB I, j, k Ha3bIBacTCS KOOPAMHATHBIM OA3HCOM:

—

BekTopsl i, j, k HampaBiensl o ocsiMm coorBerctBeHHo Ox, Oy, Oz B
MIOJIOKUTEIEHYIO CTOPOHY.
JIro0oii BeKTOP a= (x, V, Z) MOXKET OBITh MPEJICTABIICH B BUIC

a=xi+y +zk. (8)
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CKansApHbIM OIPOU3BENCHUEM BEKTOPOB d = (xl, Y1 Zl) u b= (xz, V2, 22)

Ha3bIBACTCA YU CJI0, paBHOC ITPOU3BCACHUIO MOI[}U'I@IZ 9THUX BCKTOPOB HAa KOCUHYC YyIJIa
MCKIAY HUMU.

ﬁ-l;:|c7|-‘l;‘-coscp, 9)
c?l;=|c?| npagz‘g -np[;c?, (10)
i-a=a’=|al’, (1) Te.

CKaJIIPHBINM KBaJpaT BEKTOPA PaBEH KBAAPAaTy €ro MOMYJI.

C_i . b = X1X2 +y1y2 +2122' (12)
Ecmu alb, o
x1x2 +y1y2 +2122 = O (13)
+ +

cosp = XXy T V1Vy T 2123 ' (14)

\/xlz 3 +z) '\/xzz +3, +2)°

Ecmu Bektop F m300pakaeT Cuily, TOUKa MPHIIOKEHUST KOTOPOM
nepeMeIaeTcs U3 Hadana B KOHeIl BEeKTopa S , To paboTa 3TOi CHIIBI ONpeersieTCs

—

W=F-S. (15)

-

BekTOpHBIM IIPOM3BEICHUEM BCKTOpa C_i Ha b HasbIBaeTcs Takoi BCKTODP

¢ = a x b, KOTOpbIil yIOBIETBOPSET CIEIYIOIUM TPEM YCIOBUAM:

-

1. |E|=|Zz|-‘b‘-sin(p, rae (p — yroia MexIy BEKTopaMu d u b

2.¢la wn clb;

3. BeKTOp ¢ 00pa3yeT ¢ BEKTOpaMH @ U b «IIpaByro» TPOUKY.
BeKTOpHOE MPOM3BEIEHHUE 3aBUCHUT OT TOPSIIKA COMHOKMTENIEH

axb=-bxa. (16)
Mo1yIib BEKTOPHOTO TIPOM3BEIEHHS PaBEH LIOIIAIH MTapasliesorpamMma,
IIOCTPOEHHOI'O Ha BEKTOpax d W b:

S:‘szlg, 17)

1. -
SA={axbL (18)
2
Ecmu BexkTopel @ ¥ b kommHeapHsl, To @ X b = 0, B uactHOCTH,
axa=0.

Eciu BEKTOPbI 33/1aHbl KOOPJUHATAMA  d = (xl, 2E Zl), b= (x2 , Vo, 22),

aXB: xl yl ANE (19)
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Ecmu Bektop F - m306paskaert CHULy, IPHIOKEHHYIO B KaKOii-HUGYIb TOUKE
M, aBexkTop 4 wWIeT U3 HEKOTOpoil Toukn O BTOouKy M, T0 BekTop a X F
NPeJCTABISET COGOI MOMEHT CHIIBL F OTHOCHTEBHO Toukn O
mF=axF. (20)

—

CMeIaHHBIM IPOU3BEIEHUEM TPEX BEKTOPOB d, b, ¢ Ha3bIBaeTCs YUCIIO,

PaBHOE BEKTOPHOMY IIPOU3BEAEHUIO d X b , yMHOKEHHOMY CKAJISIPHO Ha BEKTOP C,
T.C.

zwzz{axbyaza(bxa) (1)
CMenranHoe npousseneHre abc paBHO 00bEMY HapajuleleNuIeNa, IOCTPOEHHOIO

Ha BEKTOpax d, b, ¢, B3ATOMY CO 3HAKOM «ILIKOC», ECIIM TPOlKa a, b, ¢ 1pasas, co
3HAKOM «MHUHYCY», €CJIM 3Ta TPOUKa JIeBas.

V =+abc. (22)
Ecnu BeKTOpBI KOMIUIaHAPHBI (JIEXKAT B OJTHOM IJIOCKOCTH), TO
abc =0. (23)

Jnst Bextopos d = (X1, ¥1,21), b =(xy, ¥5,2), ¢ =(x3, ¥3,23) cMemannoe
IPOM3BE/ICHHE OmpeeNsieTcs: HopMyJIoit

S Y B O T
abc=\|x, y, z,| (24)
X3 V3 Z3

3agava 1. Ha mareprnanbHyr0 TOUKY JEUCTBYIOT CHJIBI:
F=02-11), KH=(-1,22), F=(11-2).
Haiitu paGoTy paBHOAECHCTBYIOIIEH 3TUX CUIT R [IpY NIEpEMELEHUN TOUYKH U3
MOJIOKEHUS A(Z, -1, 0) B MIOJIOXKEHHE B(4, 1, — 1).
Pemienune. Halimem paBHOAEHCTBYIOIIYIO
R=F+F,+F=02-1+1L-1+2+1,1+2-2)=(2,2,1).
Bekrop nepemenienus no gpopmyne (5)

= —>
S= AB =(4—2, I1+1, —1—0)
Hckomyro paboty Haxoaum 1o ¢opmyre (15)
W=R-§=2-2+2-2+1-(-1)="7.

3amagya 2. Jlana cuia F= (3, 4, —2) ¥ TOYKA €€ MPUIOKECHUS A(2, -1, 3).

(2,2,-1).

Halitu MOMEHT CHJIbI OTHOCUTEIILHO HaJalia KOoOpAauHAaT U yIJjbl, COCTAaBJIICMBIC UM C
KOOPAWMHATHBIMHA OCSIMHU.

—

Pemenue. Ilo hopmyne (20) moﬁ =FxF. Bekrop 7 = OA mo gopmyne
(5) uMeeT KOOpAMHATEL 7 = (2, —1, 3), no popmyrne (19)



k
FxF = 1 3 |=-10/ +13] +11k.

W N~y
»

-2

Hrak, moﬁ = (— 10, 13, 11). Momyns MOMeHTa HaxoauM 1o hopmyie (2):
| m,F | = (- 10)> +(13)% +(11)* =390 ~ 19,748,

Hanpasinsroniue kocuaychl 1o hopmyne (3):

CosO. = _—10 =—0,506, cosP = i =0,658, cosy = L =0,557,
19,748 19,748 19,748

a yTrJIbl, COCTABJISIEMBIC MOMEHTOM CHJIBI C KOOPJIMHATHBIMU OCSIMH, CJICTYIOIIHE
o =120°24, B=48°51, Y =569
KoHTposb: [0MKHO OBITH COS2 o+ COS2 B+ COS2 vy =1 VY Hac:
(- 0,506)° +(0,658)” +(0,557)% = 0,999.
3azaya 3. Hamucars pasjiokeHue BEKTOpa X = (5, 16, 2) 10 BEKTOpaM
p=(210), 4=(0,-2,0), F=(-152).

Pemenue.
1. Pasnoxenue BeKTOpa X 10 Oa3uCy p, g, ¥ HMEET BHJL

X =0p+0,q+0sr
WJIU B KOOpAMHATHOM hopme
Xp =0y pp +0sq) +03h
Xy =0 Py T 0aqy + 037
X3 =0 p3 +0pq3 +0s7s.
2. C y4eToM YHCIIOBBIX 3HAYEHUH KOOPAMHAT BEKTOPOB P, ¢, F WU X
TOJTy4MM CHCTEMY YPaBHEHHIl OTHOCHTEIbHO HEM3BECTHBIX Oly, Oy, Ol3:
2-00;+0-a,—-1-a3=5 200 =5+ 03 o =3
lray =20, +5-03=16 = <20, =0;+503;-16 = 0, =-4
0-0y+0-0y) +2005 =2 oz =1 oz =1
3. PasnokeHue BEKTOpa X IO BEKTOpaM p, ¢, ¥ UMEET BUL:
Xx=3p—-4q+r.
OtBer: X =3p—4q+7.
BN
3agaua 4. B mapamnenermunene ABCDA|B|C|D, Bextopsl AB = p,

— — >

AD =g¢q, AA; =r obpasyiwot 6a3uc. Paznoxuts Bektoper AG, AP, AN,
110 BEIOpaHHOMY 0Oasucy, ecnmu Touka G nemut pedbpo DD, B oTHOMIe-
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HuM 1:2; Touka P — Touka nmepeceueHus auaronaneii rpanun DD, C;C; touka N,
— cepenuHa pedpa B C;.

Penienue.
[ToctpouMm ueprex. HemocpencTBEHHO U3 YepTexKa CIEAYET:

AG = AD+ DG :é+§?,

AP API+APz+R2P—

c AN, = AB+BN+NN1 p+—q+r.

— 2. —— 1
OtBer: AG =g+=r, AP ==
3 2

- - 1. _

AN, =p+5q+r

1.2 llpsimast ¥ IUIOCKOCTH
Ilnockocth. Ee ypaBHeHus1

Ax+By+Cz+D=0 - (25)
o0l1ee ypaBHEHHUE TIOCKOCTH.

A(x—xo)+B(y—yo)+C(z—Zo):O — (26)
ypaBHEHHE [IOCKOCTH, IPOXOIAIIel uepes Touky M. (xo, Ve, zo)
neprenuKyiApHo sektopy 7 = (4, B, C).

Tpdedon - (27)
a b c
ypaBHEHHE IIOCKOCTH «B OTPE3Kax». 31ech d, b, ¢ — BETMYHHBI OTPE3KOB,

OTCEKACMbIX IINIOCKOCTBIO Ha OCAX KOOpPJAHWHAT.
Ax+By+Cz+D:0_ (28)
+ \/ A% + B + C?

HOPMAJIbHOC YPaBHCHUC IINJIOCKOCTH.
g | Ax, + By, + Cz, + D| -

\/A2 +B? +C?
paccrosiHue OT Touku M, (xo, Vo ZO) 1o wiockoctht Ax+ By+ Cz+ D=0,
X=X  Yy=)Y1 Z—Z
Xp=X| Yo—=V1 Zp—2z1|=0 - (30)
X3—=X1 V3=V 23721

(29)
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YpaBHEHHE TIOCKOCTH, IPOXOAAIIEH Yepe3 TPU TOUKH Al(xl, Vi, Zl) :

Azl(xzyhyzz)’ A3(X3’y3,z3)-

1.3 IIpsimas. Ee ypaBHeHus

Ax+By+Ciz+D;, =0
{1x 1y bizT o B (31)

A2X+B2y+ C22+D2 =0
oOl1ee ypaBHEHUE MPAMOM (MpsMasi 3a/1aHa TIepeceueHUEM JIBYX TIIOCKOCTEN).
x - xO — y - yO Z - ZO

= — (32)
m n p

KaHOHHMYECKOE ypaBHEHHE MpsiMoid, rie M, (xo, Vo, Zo) — TOYKa, IpUHAJIeKaIIas

npsMoit, a = (m n, p) — HANpPaBJISIOLNNA BEKTOP MPSAMOM (BEKTOP, MapajlieabHbIid

psIMONA ).
X =Xx,+mt
y=y,+nt - (33)
z=2z,+pt

IapaMeTPUUYECKUE YPABHEHUS MIPSIMOU.

X=X _ Y—=M" _ zZ—2Zz (34)

Xo =X VYo—=V1 2272
ypaBHEHHE MPSIMOH, TPOXO/IAIIEH Yepes ABe JaHHbBIC TOUKH A (xl , V1 Zl) ,
Az(xz: Va2, Zz)-

+ +
cosP = Tty T "ty 7 FiPo - (35)

2 2 2 2 2 2
\/ml +n + P '\/mz +n, +p
YTOJI MEXKIY IBYMS NPAMBIMM, TE ] = (ml, ny, pl) U dy = (mz, n,, pz) —
HaITPaBISAIOIINE BEKTOPBI MTPSMBIX.

|Am+Bn+ Cp|

\/A2 +B? +C? -\/m2 +n?+c?
YTOJI MEXKTy IPSAMOM U IIIOCKOCTBIO, TAE N = (A, B, C) — HOpPMAaJIbHBIA BEKTOP

siny = (36)

IUIOCKOCTH, d = (m n, p) — HAMpaBJISIOMIUNA BEKTOP IPSIMOM.

:é A1 A, AjAy A Ay | — oobem mupamunsl A; A, A3 Ay, Toe

|4

nupamuobl

Al(xl, Y1 21), Azl(xz’ Y2 Zz), A3(x3, V3, Z3), A4(x4, Va4, 24) — KOOPJIMHATHI
BEPIIUH TUPAMU/IBL.
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[[¥2=%1 V271 27 #
—|X3—=X; Y3—y1 Z3—Zp| (37)
Xg =X VYa—=I1 2472
3amada 5. JlaHBI KOOPAWHATHI BEPITUH THPAMHUIBI A1(2, 1, — 1), A4, (3, 0, 1),
A5(2,-1,3), 44(0,8,0). Haiirn:
1) yron mexny peobpamu Ay A, u A; Ay,

v

nupamuobl

2) yron mexnay peobpom A; A, u rpansio A, A, As;
3) oobeM mupamMuabl V'
4) paccrostHue OT TOUKH A, 110 miockoctd Ay A, As;

5) TouKy Aj, CAMMETPHYHYIO TOYKE A, OTHOCHTENIBHO INIOCKOCTH
Ay Ay Az,
6) Touky A,', CHAMMETPHYHYIO TOUKEe A, OTHOCHUTENBHO NpsMOil A Aj.

Pemienue.
1) Yron mexnay pedpamu Haxoaum 1o popmymne (35).

a, = AI—A; = (3 -2,0-1,1- (— l)) = (1, —1, 2) — HAIPaBISIOMINAI BEKTOP MPIMOM

A A4y;

—>

Gy = Ay A3 =(0-2,2-1,0—(-1))=(-2, 7, 1) — Hanpasmsiommit BekTOp
npsamont Ay A,
1-(=2)-1-7+2-1 ~7 7

J2 (=12 422 (-2 + 72412 Yo-U54 18
2) CocraBuM ypaBHEeHHE MIOCKOCTH  A; A5 A5, npoXonsiieit yepes Tpu
toukn A;(2,1,—1), 4,(3,0,1), 45(2, -1, 3), no popmyne (30)

cosQ =

x=2 y—-1 z+1 x=2 y-1 z+1
3-2 0-1 1+1|=0, | 1 -2 2 |=0,
2-2 —1-1 3+1 0 -2 4

-1 2 12 1 -1
(=2) 73 3-0-1g 3[+E+nls T3|-o

(x=2)-0-(y—1)-4+(z+1)-(-2)=0,
—4y+4-2z-2=0,
4y +2z—2=0 — ypasaenue maockoctu A A4, As;

1 =(0, 2, 1) — HOpMaNbHBI# BEKTOp MIOCKOCTH;

—>
a= A4, = (— 2,7, l) — HAIpaBJIONMI BeKTOp NpsiMoit Ay Ay .
Haxomum yron y wmexny npsmoit 4 A, u miockoctsio Ay A, Ay 1o dopmyie
(36)
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0-(-2)+2-7+1-1 IRE
\/02+22+12-\/(—2)2+72+12 V5.4/54

3) Haxomum o6bem nupamusl o Gopmyse (37)

=0,9114.

siny =

e —_—> Em—
A1A2 :(1,_1, 2), A1A3:(0,_2, 4), A1A4 :(_2, 7, 1)

V=t—| 0 -2 4|=2—(-2+8-8-28)=-—(-30)=15.
6|-2 7 1| 6 6

4) Paccrosnue ot Toukn A, 1o minockoctd Ay A, Ay Haxoxum 1o dpopmyie

(29).
g 2-8+0-1| 15
Jarl 5

5) YroOs! HaiiTH TOUKY Aj, CUMMETPUYHYIO TOUYKE A, OTHOCHTEINIBHO

= 3/5 ~ 6,69.

nnockocTu Ay A5 Az, cienaem crnenyromiee.

CocTaBuM ypaBHEHHE NIPAMOM, NEPIEHANKYIAPHON MockocTH Ay A5 A5,
IpoxofsIel uepe3 Touky A, 1o ¢popmyne (32). 3a HANPABIAIONINI BEKTOP
npsamoit d =7 =(0, 2, 1) Gepem HOPMATbHBIH BEKTOp TUIOCKOCTH, T.K. IpsMas

MNCPIICHANKYJLIPHA IINIOCKOCTH !

x-=0 y-8 z-0 x_y-8_z
0 2 1 o 2 1
CocTaBuM napameTpuyecKue ypaBHEHHUs 3TOM npsamoil no popmyre (33):
x=0
y=2t+8
z=1.

Haxonum Touky nepecedeHus 3Toi npsAMoii ¢ miIockocTeio Ay A5 As

(x=0 0
X =
y=2t+8
t = qy=—6+8=2 = 2(2+8)+1—-1=0,
Z =
=t
2y4+z—-1=0 :

5t+15=0, t=-3.
[Tonyuaem Touky M (O, 2, — 3); T.K. TO9Ka Aj CHMMETpUYHA TOUKe A
OTHOCUTENBHO MIockocTH Ay A, A3, To Touka M sBiseTcs cepeMHON OTpe3Ka
Ay A}, mosTOMy

X4+ X, O+x
xM:u, 0= 4 x4 =0;
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Z4 2z 0+2z,
Z = —3: R
M= 2

A4(0,—4,-6).

6) UroObl HaiiTH TOUKY A, CUMMETPUUHYIO TOYKE A, OTHOCHTEIILHO

~

= -6.

A

npamoil A; Ay, cocTaBMM ypaBHEHME IUIOCKOCTH, TPOXOJALICH Yepes TOuKy Ay
TIEPHEHANKYIAPHO npaMoil A} Ay 1o dopmyne (26). 3a HOpMaJILHEIN BEKTOP
IUIOCKOCTH N =d = (0, -2, 4) OepeM HanpapJIAIOIMI BeKTOp NpsAMoi A4 A5, T.K.
TUTOCKOCTh TICPIICHIUKYJISIPHA TIPSMOM.
0-(x=0)—2-(y—3)+4:(z=0)=0, —2y+16+4z=0, y=2z-8=0.
VpasHenne npsamoil 4, A; cocrasnsiem o gopmyne (34).

x=2 y-1 z+1 x=2 y-1_ z+1

2-2 —1-1 3+1 0o -2 4
ITapamerpuyeckre ypaBHeHHs pAMOi A Ay
(x=2
qy=-2t+1
z=4t-1
Haxonum Touky N mnepeceuenus npsamoil A; A; ¥ II0CKOCTH:
(x=2
y==-2t+1
lz=4t-1
y—2z—-8=0,
—2t+1-2(41-1)-8=0, —10t-5=0, r=—%,
x=2, y=—2(—l)+1=2, 224(—1)— = -3.
2 2

Wrak, Touka N (2, 2, — 3). Tak Kak To4ka Aj CHMMETpHYHA TOUKEe Ay

OTHOCUTENBHO HpsiMoit  A; A3, To Touka N sIBIsIeTCst CepefnHO oTpeska Ay Ay,

TOraa
+ " O+ "
.xN :%’ 2: 2x4’ xZ:4,
y +y” 8+y” 17
YN = 42_4’ 2= 24’ Vg =4,
+ " O+ "
Zy = %) —3= 2Z4 ,  z4 =-6, Touka AZ{(4, —4, — 6).

1.4 AnaauTn4yeckasi reoMeTpUs HA IUIOCKOCTH
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Hekotopsie cBeieHUs U3 TEOpUU
IIpavas Juausa. Ee ypaBHeHHe

Ax+By+C=0 — (38)
o011iee ypaBHEHUE TIPSIMOA.
X=X Y=Y
= — 39
- » (39)

ypaBHEHUE TPSIMOH, IPOXOIAIICH uepe3 Touky M, (xo, Vs ) a= (m n) — BEKTOD,
MapasseabHbIU MPSIMOM.

A(x—xo)+B(y—yo):0 — (40)
ypaBHEHHE TIPSIMOM, TPOXOAIIeh yepe3 Touky M, (xo, yo) C IEPHEHAUKYISIPHBIM
Bektopom 7 = (4, B).

X—x _JV=n»n _ (41)
Xop =X Vo= N
ypaBHCHHE TIPSIMOM MPOXOAsIICH Yepe3 ABe Touku M 1(x1, yl) u M, (xz, y2) :

Xy
Zis=] - 42
% (42)

ypaBHEHHUE MPSIMOM B «OTPE3Kax», TAe d, b — BETMUUHBI OTPE3KOB, OTCEKACMbIX
MPsIMOM Ha OCSX KOOPJIMHAT.

yv=kx+b — (43)
ypaBHEHUE MPSIMOM C YIIIOBBIM KOIQGUIIMEHTOM K = {2 | OTpe3KoM b —
oTcekaeMbIM Ha ocu Oy .

y=y,=k(x-x,) - (44)
ypaBHEHHUE TPSIMOM, MPOXOAIICH uepe3 Touky M (xo, yo) C YIJI0BBIM

ko3 dunueHTom k.
d_|AxO+ByO+C|

VA? + B?
paccrosiHue oT Touku M o(xo , yo) no npsimoit Ax + By+C =0.
Ax, + By, +C
VA? + B?
OTKJIOHEHHE TOuKkH M, (xo, yo) OT MPSMOM.
A

k== - (46)

yrioBoi kodddunueHT npsmord Ax + By +C =0.
kl = k2 - (47)

YCJIOBHUC IT1apaJUICIIbHOCTH ITPAMBIX.

(45)

o=

(452)
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1
kj=—— — (48)
1 k2
YCJIOBUE NEPHEHAUKYISIPHOCTH TIPSIMBIX.
k2 — kl
T Tk, )
YTOJI MEXKy IBYMSI IPAMBIMH C YTJIOBBIMHU Kodddurmentamu k; u k.
3agaua 6. JlaHbI cepeIlMHbI CTOPOH TPEYTrOJIbHUKA
P(l, 2), Q(S, 1), R(— 4, 3). CocTaBuTh ypaBHEHHS €TI0 CTOPOH.
B(x:, v,) 1 cioco6. Tak kak Toukn P, O, R saBustoTcs
cepenuHamu otpeskoB AB, AC, BC, To
P 0 x1+x2:1’ X2+X3:5’ X1+X3:_4’
2 2 2
ACTT R Oy DLY2 o S22V o NtV 4
2 2 2
Pemaem nBe cucteMsbl ypaBHEHUN
X +xy =2 yi+y, =4
X2+X3:10 %) +y3:—2
xl+X3:—8, y1+y3:6,
noJiy4yaem
xp=-8 y1=06
X, =0 ¥, =0  A(-86), B(10,-2), (0,0).
X3 = 10, V3 = —2,

Teneps cocTaBisieM YpaBHEHHS CTOPOH TPEYTOJIbHUKA, KaK TPSIMBIX, TIPOXOSIIIIUX
yepe3 JABe TOUKH, 1o popmyne (41).
VYpaBHenue AB:

x+8 y-6

= ,  4x+9y-22=0.
10+8 —-2-6
VYpasuenne BC:
x—lO:y+2’ X+ 5y =0,
0-10 0+2
VYpauenne AC':
x+8:y—6) 3x+4y=0.
0+8 0-6

2 crioco6. He ompenensist koopaunar Touek A, B, C', cOcTaBUM ypaBHEHHUE KaX 0K

U3 CTOpOH TpeyronbHuka ABC, xak nmpsaMoii, mpoxoasiiel 4yepes3 OaHy U3 BEpPIINH
tpeyroibHuka PQOR mapamieibHO MPOTUBOJICKAIICH CTOPOHE.

VYpaBuenue AB: npsmas AB npoxoguT uepe3 TOUKy P mapaiieabHO BEKTOPY

—>
OR = (— 9, 4). Hcnonb3yem ypaBHenue (39).
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2l ym2 o siop-m=0
-9 4
VYpasuerne BC: npsmas BC npoxoaut yepe3 TOUKy () MapauieibHO BEKTOPY
—>
PR =(-5,1).
x—5:y+1 = x+5y=0.
-5 1
VYpaBuenune AC: npsmas AC TpOXOAWT yepe3 TOUKy R mapaieabHO BEKTOPY
—>
PO =(4,-3).
XHE_IT3 o 3xi4y-=o
4 -3

OtBer: 4x+9y—-22=0, x+5y=0, 3x+4y=0.
3agaya 7. CocTaBUTh ypaBHEHUS KaTETOB MPSIMOYIOJILHOIO
pPaBHOOEIPEHHOTO TPEYTOJIbHUKA, 3Hasl ypaBHEHHE TUIIOTeHY3bl 2X +3y—5=0 u

BEPIIMHY MPSIMOTO yIiia (2, — 1).
B

N AB = BC (no ycnosumw), nostomy ZABC = ZACB =45,
457 kpc = —% ( mo popmyie (46)). Vpasuenus karetoB 4B u BC
45°
A2 C coctaBisieM 1o gopmyne (44): y+1= k(x — 2).
k+ 2
(g45" =|—>|. (49)
1-—k
3
k + 2
—23 = 4.
1-—k
3

Perrast 5Tv ypaBHEHUS, TOTYUHM:
1 1
k:g, y+1:g(x—2), Sy+5=x-2, x=5-T7=0.

k =-5, y+1=—5(x—2), y+1==-5x+10, 5x+y-9=0.
Oter: x—5y—7=0, 5x+y—-9=0.
3amaga 8. B TpeyronbHHKE C BEpIIMHAMHA A(3, — 2), B(— 1, l), C(S, — 7)
HaiiTu OuccekTpucy BHyTpeHHero yria ZABC.
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B_x 1) CocraBum ypaBHeHus cTopoH yrima ZABC,
BOCTIOJIb30BaBIIKMCH hopmymoi (41).
5102 Cropona BA:
+1 -1
YTV 3x—dy+l=0
341 —-2-1
Cropona BC(C:
+1 -1
Y _8x—6y-2=0.
4 C 5+1 —-4-1
\ N 2) Touku OMCCEKTPHUCHI PABHOYAAJIEHBI OT CTOPOH yrja.

[IpupaBHsieM pacCTOSHUS OT MPOU3BOJIBHONW TOUKHU
ouccektpucelt M (x, y) 1o cropoH yria BA w BC, BerYHCss UX M0 popMyIie
(45).

|—3x—4y+1| |—8x—6y—2| |—3x—4y+1| |—8x—6y—2|
e Avee 3 10
W3 mocnenHero paBeHCTBA MOJTyJaeM CIIeIYIONIIe JIBa:
2(— 3x—4y+1) =—8x—-6y—2 u 2(—3x—4y+1) = —(—8x—6y—2).
[Tocne mpeoOpa3oBaHmsI MOTyIaeM YPaBHEHUS ABYX MPSIMBIX, KOTOPBIC SBISIOTCS
OucceKkTprcaMy BHYTPEHHET0 M BHEIIHETO YIJIOB MPH BEpIIMHE B TpeyrojbHUKA

ABC:

x—y+3=0 (a)
u x+y=0. 0)
J171st GMCCEeKTpUCH BHYTPEHHETO YIila TpeyrojibHUKa BN OTKIOHEHUS BEPIIUH
tpeyronbHrka A u C WMEIOT pa3Hbie 3HAKH, a JUII OMCCEKTPUCHI BHEIIHETO yIiia

BK — 3HaKu OTKIIOHEHWH OJMHAKOBBI.
Haiinem otkiionenust touek A u C ot npsmoii (a) mo ¢popmyre (40,a):

3-(-2)+2 7 5-(-7)+2 14 0

= = = >
Jizs2 V2 V22 V2
ClleZIOBaTeNbHO, ypaBHEHHE (a) — 3TO ypaBHeHHe npsimoit BK. Torma ypaBHeHue

OMCCeKTpHCHl BHYTPeHHETO yria TpeyronsHuka ABC mnpu BepumHe B
x+y=0.

0 4

>O, 8C=

Otget: x+y = 0.

1.5 JInauu BTOPOro NopsiIka

OKpYKHOCTb. Y paBHEHHE
(x—a)2 +(y—b)2 = R? (50)

OIpeleisieT OKPYXKHOCTD pajguyca R ¢ IEHTpOM C(a, b). Ecmu nieHtp

OKPY)KHOCTH COBITAJa€T C HA4YaJIOM KOOpAUHAT, T.c. a =b =0, To ypaBHCHUE
OKPYKHOCTH MPUMET BU/T
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x? +y* =R (51)
O6u1ee anredpanyeckoe ypaBHEHHE BTOPOU CTETIEHU
Ax? +2Bxy+ Q2 +2Dx +2Ey+ F =0
ecTh ypaBHeHHE OKpykHOCcTH, eciii A= C#0, B=0, T.c.

Ax® + Ay* +2Dx +2Ey+ F =0. (52)
DJLIHIIC.
2 y2
—2 + —2 - 1 - (53)
a” b
ypaBHEHHE 3JUIUICA (KAHOHUYECKUN BUJ).
b* =a® -2, a>b. (54)
B atom citydae pokychl aiutuIca UMEIOT KOOPAUHATHI
Fi(=¢ 0) u Fy(c,0). (55)

Hauano xoopauHar O — LEHTP CHMMETPHH JJUIUIICA, @ OCH KOOPIMHAT — OCH
CUMMeTpuH unnca. Touku Al(— a, O), Az(a, 0), BI(O, —b), B, (0, b)
Ha3bIBAIOTCS BEPIIMHAMY JUIAICA, @ W b — OoJjbluas U Manas HOJIYOCH.

Bemunuuna

=<1 (56)
a

Ha3bIBACTCA SKCUCHTPHUCUTCTOM J3JIJIMIICA. 3KCI_[€HTpI/ICHTCT XapaKTCPU3yeCT
BBITAHYTOCTD OJIJIMIICA, T.K. BBIPAXKACTCA Y€PC3 OTHOLICHHUEC €TO HOHyOCGfI

8_3_ Va’ - b? B 1_([7)2
a a

(57)
a

OKpY»XHOCTh MOXHO CYMTATh YAaCTHBIM CIy4aeM JJUIHIICA, Y KOTOporo a = b,
T.e. £€=0.

x=t— — (58)

M

YpaBHEHHUS JUPEKTPUC.
Ecnu doxychl amurica pacmonokensl Ha ocu (Jy, TO ypaBHEHHUE 3JUTHTICA

umeeT ToT ke Bua (58), Ho b > a. DOoKychl HIMEIOT KOOPAMHATHI: Fl(O — c) u

F (0, C). YpaBHEHUST TUPEKTPUC

y== (59)

m | S

['unepbora.

[\
[\

=1- (60)

2%
%
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KaHOHWYECKOE YPAaBHEHHE TUTICPOOITHI.

br=c*-a*, a<ec (61)
DOKyChl UMEIOT KOOPAUHATHI Fl(— c, O) u I, (c, O). Ocu KoOpAWHAT SIBIISIIOTCA
OCSIMM CUMMETPHH TUTIEPOOIIBI, a Touka () — TeHTp cuMmMmeTpun. [ umepboma

riepecekaeT ock abcuuce B Toukax A (— a, O), A4, (a, 0) , KOTOpBIE Ha3bIBAIOTCS €€

I[CP'ICTBHTCJIBHBIMH BCpHIMHAMM, a BCIIMYNHA d — I[Cf/'ICTBHTCHBHOﬁ IMOJIYOCBIO

runepOonsl. Touku Bl(O, — b) u B, (0, b) Ha3bIBAIOTCS. MHUMBIMU BEPIINHAMU, A
b — MHMMAas moyock. [IpsIMOYTrONBHUK C IEHTPOM B Ha4ajie KOOPIUHAT U CO

CTOpOHAMHU, MMapaJluICIIbHbBIMU KOOPAWMHATHBIM OCAIM M IIPOXOAAIIMMHA 4€PE3 BC PIIMHBI
FI/IHep60JIbI, Ha3bIBACTCA OCHOBHBIM IIPAMOYTOJIbHUKOM FI/IHep6OJ'II>I. Ero JAuaroHain

y== éx (62)
a
ABJIAKOTCA aCUMIITOTaMU FI/IHep60HbI, T.C. IPAMBIMH, K KOTOPBIM HCOTPAHUYICHHO
IpUOIMKAIOTCS BETBU THIIEPOOITBL.
DKCIEHTPUCUTET THIIEPOOIIBI

C

e=S51. (63)
a
2 2 2
gzﬁzﬁﬁ_iéﬁ=1+($]. (64)
a a a

Ecnu a = b, runiepbosia Ha3pIBaCTCS PaBHOCTOPOHHEH. B 3TOM ciiydae 0CHOBHOM
IPSIMOYTOJILHUK MIPEBPAIACTCS B KBAAPAaT, @ SKCIIEHTPUCHUTET paBeH 2 .

x:ig-— (65)

JTUPEKTPUCHI THUTIEPOOITBI.

Eciu ypaBHeHME TUnepO0JIbl UMEET BU/T
2 2

X Y
——+=—==1, (66)
a’ b’
TO ACHUMIITOTHI THUITEPOOITBI:
x=x= b Vv, (67)
a
boKycChI FI(O — C), Fz(O, C).
y=t2 (68)
€

YpaBHEHUS JUPEKTPUC.
[Tapa6oua.
Kanonnueckoe ypaBHEHHE TapadoJIbl

y2 =2px (p > O), (69)
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re p — paccTosiHue oT (oKyca 10 JUPEKTPUCHL. Y paBHEHHE JUPEKTPUCHl X = —g,

KoopauHathl pokyca F (g, j . Hagyasio xoopauHar siBnsieTcst BEpIIMHON napadolibl,

a 0Ch a0CIIMCC — €€ OChI0 CHMMETPUU. DKCIICHTPUCUTET Mapaboisl € = 1.
B psine cinydyaeB paccMaTpuBaroT napadoibl:

2) y2 - 2px, F(— g , Oj —dokye, x = g — ypaBHenue qupekrpucer;,  (70)

6) X2 =2 Dy, F(O, gj —dokyc, y = —g — YpaBHEHHE TUPEKTPUCHI; (71)

B) x2==2 pv, F (0’_§j —dokyc, y = g — YpaBHEHHE TUPEKTPUCHI. (72)

7151 Bcex ciydaeB  p > 0.
yd p
3amada 9. Cpeau mpsMbIX TapaJUIeIbHBIX MpsiMoi  2x + y = 0, BeLIEHTH

KacaTelIbHbIC K OKPYKHOCTH x? + y2 =1

Pemienue. YpaBHeHHE BCAKOU NMPSAMOU, MAPAJUIEIHON JaHHOW, MOYXKHO
3arncarTh B BUJE
2x+y+c=0.
KacarenbHast K OKpY>KHOCTH UMEET C HEW TOJILKO OAHY OOIIYIO TOUKY, TO3TOMY
COBMECTHOE PEIICHUE YPABHEHUN NPSAMOUN U OKPYKHOCTH JOJKHO UMETH TOJIBKO
OJIMH OTBET.
W3 ypaBHEHUS IpsIMOil Y = —2X — C.

y=-2x-c

x2—|—y2=1, x2+(—2x—c)2=1, 5x2 +dcx+c?—1=0.
KBagpaTHOoe ypaBHEHHE MMEET TOJIBLKO OAHO PEIIEHHE, KOTr1a JUCKPUMHHAHT PaBeH
HYJTIO: (40)2 — 4-5-(02 — 1) =0, otkyna c¢=#/5.

I/ITaK, HCKOMBIC KaCaTCJIIbHBIC UMCIOT YPABHCHHA
2x+y++/5=0, 2x+y—+/5=0.

Samaua 10. Jan swmnc 9x° +2Sy2 = 225. Haiitu: 1) ero momyocu; 2)

(GOoKyChI; 3) 3KCUEHTPUCHUTET; 4) ypaBHEHUS AUPEKTPUC.

Pewienne. Jlenum Ha 225, nomydaem

2 2
X
LY

259
Orcroma caenyer mo hopmyine (53),uro a=1>5, b=3. U3 popmyasr (54):

c2=a>-b*=25-9=16, c=+4.
Tlo dopmyne (55): Fi(—4,0), F,(4,0).
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4
Okcuentpucurer (56): € = €_ g
VYpaBHe e c cormacHo (58): x == +25
BHCHUS JUPEKTPUC COTIIACH CX=rF—=1t—.
P PP 4/5 4

4 25

Otser: a=5, b=3; Fl(—4, O), F2(4, O); €= g; x=*x—.

3amaua 11. CocTaBUTh KAHOHHYECKOE YPaBHCHHE DILIMIICA, Y KOTOPOro Majast
MOJTyOCh 276, a paccTosiHue Mexay Gokycamu [, = 8.

Pemenne. b=26, FF,=2c=8, c=4

2
ITo popmyne (54): a’>=b*+c%, @’ = (2\/6) +4% =40, a=+/40 =210.

2 .2
Y

—+—=1
40 24

3amada 12. Acumnrotsl runepOoibl umMeroT ypaBHeHust 4y +3x =0, a

VYpapuenue suuica coriacHo (53):

paccrosiHre Mexay gpokycamu paBHo 20. HanmucaTh ee kaHOHUYECKOE YpaBHEHHE.

Pemienue. YpaBHeHUS acCUMITOT ) =t Zx, corytacHo hopmyie (62):

b 3
—= 7 Kpome toro /15 =2¢ =20, ¢=10. Ilo popmyne (61): 2 =a’+b%
a
MOJIy4aeM CHCTEMY YpaBHCHHIA
b 3
a 4
a® +b* =100.
Perras ee, monyqaem a =8, b= 6. CnenoBareibHO, KAHOHHYECKOE ypaBHEHHUE
2 2
THIepOOITBI: — — Y 1
64 36

2 2

3agauya 13. Jlana runepOomna ? - yT = —1. Haiiti koopauHaTel HOKYCOB U

BEPILHH, KCIIEHTPUCHUTET, YPABHEHUSI ACUMIITOT U JUPEKTPHUC.
Pemenne. ®okychl TaHHOM TUTIEPOOITBI pacoiokeHbl Ha ocu Oy .

a=1,b=3, c=va’ +b> =J/9+1=410. (61)
3HauuT (POKYCHI UMEIOT KOOPIHHATEHI FI(O, — \/E) FZ(O, \/E) BepimHb
Al(O, — 1), Az(O, 1), Bl(— 3, O), 32(3, O). DKcHeHTpHUCHTET 110 hopMmyite (64):

=<0 WS
3
b

VpaBHEHUS aCUMNTOT: X =+t—) = x =13y.
a
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3
V10
3agaua 14. Ilapabona c BepIIMHON B Hauajae KOOPAUHAT IPOXOAUT Yepe3
TOUYKY A( 1, - 2) ¥ CUMMETpPUYHA OTHOCUTeNbHO ocu (Jy. Hamucartsb ee

b
YpaBHEeHMS qupekTpuc: y =+*— = y==%
c

ypaBHeHue. Haiitu Qokyc u qupexrpucy.
Pemenue. YpaBHeHHe HCKOMOI mapadosibl o ¢popmyne (72) umeeT BU

x? = —2py. Touxa A(l, — 2) nexuT Ha napabone. IloacraBisieM KOOpIUHATHI

1
TOYKH A BypaBHeHme: 1= -2p- (— 2) = p= rk CrnenoBatenbHO, HCKOMOE

|
ypaBHEHHUE Oyzer x? = 3 Yy um y = —2x2.

1 1
®oky napabomnsr: F (0, — g) . YpaBHeHue qupeKkTpucel cornacHo (72): y = 3

2 .
3agada 15. Ha nmapabone y~ =4x HalTH TOYKH, PACCTOSHUS KOTOPBIX OT
JUPEKTPUCHI PABHO 3.

. P
Pemenue. YpaBHeHHE TUPEKTPUCH TAHHOM Mapaboibl X = —y

2p=4, p=2, x=—1. Torga paccrosaue ot ocu (Jy 10 HCKOMOH

r=4-P_5_ 1= 4 TOYKHM W TO PACCTOSHUE OMPEACTUT KOOPAUHATY X JTaHHON

touku, T.e. X =4. Koopaunary y Haiigem u3 ypaBHEHHs MapaboIbL:
y:=4x, y*=4.4=16, y=14.
Urak, M,(4,4), M,(4, —4).

2. BBegenue B aHAJIN3
1. Ipenennl

[lycth KaxIOMy HaTypajlbHOMY YHCITY n=12, ... NPUBEICHO B

COOTBCTCTBUC B CHIIY HCKOTOPOIro 3aKOHa 4YHCIO u TOFI{& roBOpAT, YTO

n-
OIIpCACICHA IIO0CICAOBATCIIBHOCTL  YHUCCII Uy, Uy, Uz, ... HIJIIM, KOpOoYc,

IIOCJIICAOBATCIBHOCTD {l/ln} OTI[CJ'IBHBIG qucia U, Ha3bIBAIOTCA €€ 3JICMCHTAMHU.

Onpenenennie 1.1. Yucno a HazbIBaeTcs MPEAEIoM IMOCIEA0BATEILHOCTH {un},

€CIM I JIIOOOr0 TOJIOKUTEIBHOTO YHCIa €  Halaercs 3aBHUCSIIEE OT HEro
HaTypallbHOe 4ucio /N Takoe, YTO JUIsl BCEX HATypalbHBIX uucen n> N

BBITTOJIHSIETCS. HEPABEHCTBO: | u, —a |< . Ilpu atom mumyt:  [lim u, = a.
n—» o0
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Ompenenenne 1.2. ToBopsat, uro GyHKIMS [ (x) crpemutcs kA

( f (x)—)A) IpU CTPEMIICHHH K (x—)a), rne A u a—4ucia, WK

lim (x) = A, ecmu mias moboro € >0 cymectByer O = 6(8) >0 Takoe, 4TO
x—>a

| f(x)—4|<e npu |x—a|<8.
Awnanoruyso, [im f(x):A, eciu |f(x)—A|<8 pu |x|>N(8) u
X—> 0

lim f( ) 0, eciu |f |>M npu | x—al< 6( ), rae M — mpou3BOIBHOE
xX—>a

ITOJOKHUTCIBbHOC YHCIIO.

[Ipy BBIYKCIICHUH TIPEIEIOB MOKHO HCIOJIb30BaTh CIICAYIOIIHE TEOPEMBI.
1. Ecnu cymiecTByIOT KOHEUHbBIE [im fl(x), lim fz(x), TO
xX—>a x—>a

a) hm[fl )£ fo( )]:)fi’z/éfl(x)i)gz'zfz(x)
6) lim[ fi(x)- f2(x) ]= lim fy(x)- lim f3(x).
£i(x) )gi’gﬂ(x) (

) xh—>nZz f(x) B xlinzlfz(x)

2. Ecnom lim f(x) =A#0, [limf, (x) =0 (4 — koHEYHO), TO
x—>a

xX—>a

i f5()#0).

xX—>a

e
ecmn  lim f(x) =A, limf, (x) =00 (A — KoHEYHO), TO
x—>a xX—>a

Ji f 1(x)
mm

x—a f2 (x)
DTH YTBEPXKICHUS CIPABEUINBBI, €CIIM BMECTO ABYX (GyHKIUH  f) (x) 51

=0.

fz (.X) B34ATHb COOTBCTCTBCHHO JIBC IIOCJICAOBATCIIbHOCTH {un} 151 {Vn } .

B mpocreiimux cinydasx HaxXOXKIACHHUE NpeAesa CBOAUTCA K IOJACTAHOBKE B
AaHHOC BBIPAKCHHC IIPCACIBHOI'O 3HAUYCHUA apIryMCHTA, 4aCTO, OAHAKO, ITPUXOJUTCA,
MpeXae YeM MepelTr K Mpesiely, IPOBOJIUTh MPeoOpa3oBaHUE TAHHOTO BBIPAKECHUS.
910 CJICAYCT JcJlaTb B TCX ClIydadaX, Koraga HWMCIOT MECTO TaK HAa3bIBaCMbIC

0 o0 0

. . . . n0. 1.
HeomnpeneiaeHHocTu: —; —; 0.00; oco—o00; 07; 17; oo,
o0
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I[Ipumep 1.1. Ilpu oThICKaHUMM Mpeaena OTHOLIEHHS JBYX ILEJIBIX MHOTOYJIEHOB
OTHOCUTEIIBHO X IIPU X —>00 WIM A HpU K1 —>00 I IOCIEN0BATEIbHOCTEN

0
(HGOHpGIIGHCHHOCTB —) o0a YjeHAa COOTHOIICHHS ITOJIC3HO MMpcaABapruTCIbHO
0

pa3leauTh Ha X' WM, COOTBETCTBEHHO, 71" TJ€ 71 — HAMBBICHIAs CTENEHb STHX
MHOT'OYJIEHOB.

AHAJIOTUYHBIA MpPHUEM BO MHOTHX CIy4dasiX MOXXHO MPUMEHUTh U JUIsl ApOoOeEH,
CoZlepKaIUX UPPALUOHAIBHOCTH.

. 201 2 1
4,02 X (3+—2‘—4 3+ 57
a) lim 3x4+2x 1=(fj= lim XX i —X X~
x—=o 5x7 +3x+2 0 x—)oox4(5+i+i) x—>005+i i
3 4 3 4
x7 x
2 1
lim 3+ lim —— lim —
T T iy 34040 3

— 3 5 = 5010 = g crapimiasi creneHb m =4,
. . . + U+
lim 5+ lim —+ lim —
X—> 0 X—>0 x X—> x

4
JCJIINTCA HA X .

Caont — 203 + 2+ 43803 + 21
0) [lim =

noo 4 3 oMan® £ op

3-\/n4(9——+i4) +4-3 n3(8+ 21

= [lim

im
— 0
" n-4(1—i4)+2n2- (4+%)
n n

. 4. 004 04
° 1 /1__ / )  0-41-0+2-Y4+0

(HCOHpCI[@J'IeHHOCTB —, CTapiias CTeneHb 7 = 2, JCIUTCSA Ha N )
o0

_2
4
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6) lim(3x+1)

\/x2+4x+5—\/x2+4x+7]=[oo-(oo—oo)]:

X—> 0
(3x+l) \/x2+4x+5—\/x2+4x—7]- \/x2+4x+5+\/x2+4x—7l
= [im _
X0 \/x2+4x+5+\/x2+4x—7
(3x+1)(x” +dx+5-x7 —4x+7)
= lim =

=0 Jx2 pdx+ 5+x? +dx—7

(3x+1)-12 (:x)
= lim ==
x_)oo\/x FAx+5+x2 +dx—7
12(3+1) 12-3
= lim al = 2-18.

xX—>00 4 5 4 7 I+1
I+—+—=+ l+———
X x X X

[Ipumep 1.2. Ecmm P(x) U (x) — IIeJbl€ MHOTOWIEHBI X, P(a);t 0 wm

Q(a) # (0, TO mpemen pauuMoHaNbHOM Apodbu P/ (O mnpm x —>a HAXOAUTCA
0
HerocpeacTBeHHo. Eciu ke P(a) = Q(a) =0 ("eompeneaeHHOCTH 6), TO ApoOb

P/ Q pexomeHnmyercsi COKpaTUTh OJIMH M HECKOJIBKO pa3 Ha (x - a).

CxP-3x+2 (0) , (x—l)(x2+x—2) X2 +x-2
lim———"==| Z| = lim = lim —
x>1xt —4x+3 \0 x—>1(x—1)(x3+x2+x—3) solxd 4x? 4x—3
:(Qj:lim (x—1)(x+2) gy X*2 142 3 1

0 Hl(x_l)(x2+2x+3) —>1x242x+3 14243 6 2

[Ipumep 1.3. OpHuM K3 NPUMEPOB HAXOXKICHUS Mpeaera OT HUPPaAlUOHATBLHOIO
BBIPAXKEHHUS ABJISIETCS MIEPEBOJI UPPALMOHAIBHOCTH U3 YUCIUTEISI B 3HAMEHATENb WU

0

HA000POT (HEONPEACACHHOCTh — ).

| 3o _f5tx (Qj_ Zm(3—ﬁ)(3+ﬁ)_
C BT, o) %4(1—%/ﬁ)(3+ S+v)

= lim 9->5- =

AT

4 —
=lim———" lim —— _ T

1
= lim — =
x>41-3/5—x x—>43+\/5+x x>41-3/5—x 6
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:l[ (4—x)(1+3 5—x+,3/(5—x)2j )

6H4(1_m)(1+Q/E+W)

| (4—x)(1+3 5—x+3 (S—x)zj

=—lim =
6 x—>4 I-5+x
(4-x) 1+ 55 +3f(5-2))
=l lim =—l lim(1+3\/5—x+3,/(5—x)2j =
6 x—>4 x—4 6 x—>4

=—é(1+1+l)=—%.
(%/}—2)(%/x7+2%/§+4)

6) lim%—_z — (9) = lim =
bt = Tr-8 N0 a2 —7x—8)(%/x7+2%/§+4)
_ x—-8 : 1
— Iim = [im =
x_’g(x—S)(x+l)(%/x72+2§/§+4) )Hg(x+l)(%/x72+2§/§+4)
__ 1 _ 1
9.-12 108

[Tpumep 1.4. Ilpu BeIMHUCIEHUH TIPEIEITIOB BO MHOTHUX CIy4YasiX UCHOJb3YIOT «II€PBBIH
3aMeyvaTeNbHbIN Ipene»:

SInx _

lim =1,
x—0 X
CIICZICTBUEM KOTOPOTO SIBJISIFOTCS ITPE/ICIIbI:
. tox . arcsinx . arxtex
lim 18X _ 1, lim =1, lim gx _ 1.
x>0 Xx x—0 X x—0 X
2 )
i te“4x - arcsin® x
a) lim ctg2 3x—cz‘g2 Sx]- & 3 =
x—0 X
2 . 2
tgdx > [ arcsinx )
) ) =1 -16x~°- X
.| cos®3x cos® Sx 4x X
= lim| ————————1 2 -
x—>0 sin“ 3x  sin” Sx X

2 2 2 . \2
— Jim 1652 .{COS 3x cos Sx}‘ lim(tg4x) . lim(arcsznxj _

x—>0 sin®3x  sin®Sx | x>0\ 4x x—0 X
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| cos?3x-16x? cos® 5x - 16x> )
— lln’é) 2 _ 2 . 1 . 1 =
x— / ]
(sm 3x) 9x2 (Sll’lS)C) 95,2
'\ 3x 5x
= lim Ecos3x——cos 5x —256.
x—0 225

(arcszn 3x) 3y

10?25 JT—cosdx (0 (z‘gij -4x? N 2sin® 2x
e ——— (—
x>0  x*.gresin3x 0 x—>0

3x
2 )
. [ tg2x sin2x
lim (—j 4.2 ( ) - 2x
x—0\ 2x 4\/5 sin2x ) 2x 8\/5
= Aim ———— = lim = )
_oaresin3x x>0 3x x—0 3x 3
lim ————
x—0 3x
I[Ipumep 1.5. [Ipy BLIYKCIEHHUH IMpelela BBIPAKEHHS, COIEPKAIIEro

TpUTOHOMETpUYeckne (QyHKIMH, korma x—>a u  a#0, pexomeHmgyercs
IIPEABAPUTEILHO IIPOBECTU 3AMEHY X — A = ).

T-X
cos—— g
lim 6 =(—)=(x—3=y,y—>0 npu x —>3) =
=3 x—3 0
w-(y+3 _
COSM . . , i Y
= lim 6 = lim —-cos(—y+—j = lim 6 6 _
y=0 y y—>0y 6 2/ y50 WYy
6
sin—2 . i
=——lim 6 __Tq=-I
6y—>0 Ty 6 6
6
[pumep 1.6. Tlpu BHIYUCICHUU TPEICIOB BHIA llm[ f ](p =C Heo0X0IUMO
XxX—>a

UMETH B BHLY, YTO
1) ecim cymiecTBYIOT KOHEUHbIE Tpeaensl A = lim f (x) B = lim (p(x),

Xx—>a x—>a
10 c=A4" (4>0);

2) ecim lim f (x) =A+#1, [im q)(x) = 100, TO BOIPOC O HAXOXKIAECHUHU
Xx—>a Xx—>a

npeacia ¢ pemacTCsa HENMOCPCACTBCHHO,
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3)ecu lim f (x) =1, [lim (p(x) = 00, TO CIEIYeT BOCIIOJIb30BATHCS
xX—>a x—>a

1

«BTOPBIM 3aMeUaTelbHBIM IpeaeaoM»: [im (1 + g(x)) g(x) = e, rae
X—>a

g(x)—)O npu x >a u e=2718....

2
X

2 1 o0
o tin[ (T
x>0\ 2x“ +x+1 2 3\ 7

. 3x2—x+1 3 . x2
im ————=—, lim —— = —oo0.
x>0 2?4 x+1 2 x—wx — 1
. x+3 . .
6) Iim(sm 4x) _ 43— 64tk lim S h’m(”" 4’“) 4=4,
x—0 X x—0 Xx x—0 4x
lim (x + 3) = 3.
x—0
2x 2x
6) lim(3x+l) =(1°°)= lim (1+ ! j -
x—oo\ 3x —1 X—>00 3x—-6
. 14x
3376 T oy 36715
= lim(1+ / j 7o lim(l+ / ) ! —e!¥3
X—>00 3x—6 X—> 0 3x—6
3 3
&) lim(7-2x)v5 = (17) = lim[1+ (6 2x)]3 =
x—3 x—3
(6-2x)3 . 18-6x
1 =3 lim
= lim{[1+(6—2x)]6—2x} — eI 3 _ o6
x—3

2. beckoneuHo Majbie 1 6€CKOHEYHO OOJbIIe PYyHKITUH

Ompenenerve  2.1. Ecmu  [lim f (x) =0, T1o Qymkuus f (x) Ha3bIBACTCS
xX—>a

OECKOHEYHO MaJION B OKPECTHOCTH TOYKH X =a (Ipu X —> a).
CyMMa U mpou3Be/ileHHe KOHEUHOro uuciaa OECKOHEUHO MalblX (QYHKIUN Ipu
X — a ecThb TaKke 0ECKOHEUHO MaJiasi ipu X —> d.
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Omnpenenenne 2.2. Ecm  f (x) 51 g(x) — OECKOHEYHO Majble MPpU X —>ad U

X
lim & = ¢, TA€ C — HEKOTOPOE YUCIO, OTIIMYHOE OT HyIs, TO QyHKIuu [ (x)
x—>a g(x)

u g(X) Ha3bIBAIOTCI OCCKOHEYHO MAaJILIMHU OJHOIO ImopsaKa Impu X —> a, €ClIU

c=0, T0 ToBOpAT, YTO [ (x) — OECKOHEYHO MaJasi BBICIIETO MOpsiAKa IO

CPAaBHEHUIO C g(x) nmpu x = da.

BeckoHneuno mamas f (x) Ha3bIBAe€TCA OCCKOHEYHO MAJION TOpsiAKa 7  TI0

CPaBHEHHIO C g(x) npu X —> a, eciu

lim&:c, 0<|c|< +ow.
x—)ag (x)

[pumep 2.1. Tlpu x — 0 onpenenute NOPSAIOK MaJOCTH (QYHKLUUH 1gX — SiNX
OTHOCHUTEJIBHO X.

) 1
, ' sinx -1 ) (1 )
) X —SInx . CcCOSX . Sinx\1—cosx
lim XTSIy lim = lim =
x—0 xn x—=0 xn x—0 xn COS X
. ] X . 3X X .1 X X
2sinx-sin’® = Asin’ = cos= sin° = COSE
= [im = [im =4 [im—=- [im—= =
x—0 xn COS X x—0 _xn COSX x—0 xn x>0 cosx
3 X 31X LA X
sin’ 5 sin> 5 4 sin> =
x>0 x x—)O(fj o 2% x>0 (zj
2 2

OtoT npexpen Oynaer paBen koncrante c#(0 mpu n =3, cluenoBaTeIbHO,
byHKUIMSA  fgX —SINX WMEEeT MOPAIAOK MAlIOCTH # =23 OTHOCUTENBHO X IIpH
x—0.

CYMMa ABYX OCCKOHEUHO MaJIbIX PA3JINYHBIX ITOPAOKOB PABHOCHUJIbHA TOMY U3
CJIaraCMhbIXx, IMOpAJ0K KOTOPOI'O HHUIKC.

Ipumep 2.2. Omnpenaennth MOPAAOK MaJOCTH OTHOCHTENbHO X mpu X —> 0

CYMMBI %/XT-F\/XT

3.2
Cnaraemoe X HUMCCT IIOPAAOK MAJIOCTH  — OTHOCHUTCIIBHO X, a

3

[.3
ciraracMoc€ X — MHOpsAAOK 5, CJICOOBATCIIbHO, CyMMa UMECT MOPAAO0K MaJIOCTH

2

3 oTHOCHTENbHO X Tipu X —> 0.
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/(%)

Omnpenenenne 2.3. Eciu  [im =—— =1, TO GeckOHEUHO Manbie f (x) 7 g(x)
x—a g(x)

Ha3bIBAlOTCs DKBUBAJICHTHBIMU IIPU X —> A . f()C) "‘g(.X).

Hanpumep, mpu x — 0 Oyaem umeTh:
sinx ~x, Igx~X, arcsinx~ Xx,arctgx ~ Xx,
2
X
ln(1+x) ~X, COSX~ 1—7, e —1~x, a ' —1~x-lna (a;t 1).

Hpezxen OTHOHICHHA IBYX OECKOHEUYHO MAJIBIX HE HU3MCHUTCs, €CJIHN YJICHBI
OTHOIICHUA 3aMCHHUTH DKBUBAJICHTHBIMU UM BCIMYMHAMU.

IIpumep 2.3.
2 . 2
34tg2x _ 53arcsin2 3x (34tg Y- 1) - (53arcsm Y- lj
a) lim 5 = lim 5 5 =
x>035in° 4x + Tarctg“x x>0 3-(4x) +7-(x)
 4tg’x-In3-3arcsin® 3x-In5 4in3-x* - 3ln5-(3x)2
= lim 3 = lim 3 =
x—0 55x x—0 55x
_ 4In3-27In5
55 '
ln(l+3x) 3y

. ( 4arcsin2x x (4-2x) x N 1
6) lim| —— = lim =|—-] =—.
x—0 3tg8x x—>0\3-8x 3 27

(3-S50~ In(3+7%) l”[3(1‘§"ﬂ‘1”[3(1+§xﬂ

6) lim = [im =
x>0 2sinx x—0 2x
ln3+ln(1—§xj—ln3—ln(1+%x) _§x_Zx
= lim = lim—3_3 -3
x—>0 2x x—>0 2x

Ompenenenvie 2.4, Ecmun  lim f (x)=00, to QyHkuus f (x) Ha3bIBACTCS
xX—>a

OECKOHEUHO OOJBIION TP X —> d.
[TonoOHO TOMYy, Kak .TO cAesaHO JUisi OECKOHEUYHO MallbIX, BBOAUTCS MOHSITHE
OECKOHEUHO OOJIBIINX PA3TUYHBIX TOPSIKOB.

[pumep 2.4. Ilyctb x —> 0. OmnpenenuTh NOPSAJIOK OCCKOHEYHO OOJBIION
5

X
f (x) = 10 CPAaBHEHHIO C X .
x+2
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5 5 5 5
. . X . X . X
lim x| = lim —— = lim - = lim -=1
x>0 X+ 2 x—)oox”(x_|_2) x—oo xy™ L "2 x>0 M
npu n=4.

Onpenenenue 2.5.
1) Tlycts dynkmus f (x) — 0ecKOHEYHO OoJiblIasi WM OECKOHEYHO Majas
. S)
npu x—>© u [im—-=%=1 THe ¢ W o — KOHCTaHTHI, TOrAa (YHKIHSI
X—>0 . xa

y= cxa Ha3bIBACTCS ACHMMIITOTUKOM MJIM aCUMIITOTUYECKH SKBHBAJICHTHOU

byukpa  f (x) Ipd X —> 00,
2) Ilycts pyHKmus f (x) — OeckoHeYHO Ooublnas Wik OECKOHEYHO Mauiast

npu X —>a #u limﬂ

=1, e ¢ W o — KOHCTaHTHI, TOraa (PYHKIIHS
X—>» 0 a
C: (X — Cl)

(04 9 )
y= C(X — Cl) Ha3bIBACTCA ACHMIITOTHKOM HWJIM ACHUMIITOTHYCCKH 3KBHBAJICHTHOH

byukun [ (x) npu X —> d.

[Tpumep 2.5.
a) HaiiTn acuMnToTUKY (ACUMOTOTHYECKOE peAcTaBieHue) PyHkuuu vx +1 — Jx

npu X —> 00,
(VrT-VETTT+v5)  xelos

Jx+1-+x= — _
Jx+1++/x Vx+1++Jx
1 1 1
_\/x+1+\/; 2\/;_2-x1/2,

CJIeI0BATEIbHO, ACHUMITOTHKOW (yHKIMH  f (x) =Jx+1-+/x opu X —>

| Y2 1 1
SIBIISICTCSI Kk —X 3 Cc=—; O =——.
by 2 2
0) HaiiTi acuMnTOTHKY QyHKIUU [ (x) = % opu x —> 1.
I-x
X

SABJIAETCA OCCKOHEYHO OOJIBIION:

I[lpu x—>1 dyskuun [ (x)

1 1

V- i 3\/(1—x)(1+x+x2) ) %/3(1—x) B §/§(1_x)1/3'

(l—x)_m.

ACHUMNTOTUKON B JAHHOM CJIy4dae SBisieTcs] QYHKIUA ) = 3

Sl
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¢) Haiitn acumMnToTuKy GyHKIMHA [ (x) =x>—3x+2 npu x —> 1.

B nannoMm ciydae npu x —> 1 Qynkumus f(x) sBasercs GeckoHedHO Maloii;
f(x)=x3 —3x+2 =(x—1)2(x+2) ~3(x—1)2.

[Tonydyaem acUMIITOTUKY ) = 3(x — 1)2; c=3 o=2

3. HenpepbIBHOCTH GyHKIIUU.

Onpenenenne 3.1. Ecom x<a w Xx—a, To ycnoBHO mumyr x —> a—0,
aHAJIOTUYHO, eci X >a X —a, o x —>a+0. Yucna

f(a — O) = x_l)iT_Of(x) u f(a + 0) = liniof(x) Ha3bIBAIOT COOTBETCTBEHHO

IpeIesioM ciieBa GyHKIUU | (x) B TOYKE @ W MPEAEoM cripaBa GyHKIUH [ (x)
B TOUKE @ (€ClId 3TH YKClia CYIIECTBYIOT).
Jlnst cymiectBoBaHus mpenena QyHKIun  f (x) mpu X —> a HEo0XoauMo U

JI0CTAaTOYHO, YTOOBI MIMEJIO MECTO PABEHCTBO: [ (a - 0) =f (a + O).

Ompenenenne 3.2. ®Dynkius y = f (x) Ha3bIBAECTCS HEMPEPBHIBHOW B TOYKE d,

eciu
1) oHa ompe/esieHa B 3TOM TOYKE;

2) lim_of(x)z lim Of(x)z lim f(x)zf(a).

ToukH, B KOTOPBIX HAPYIIAETCA YCIOBUE HEMPEPBIBHOCTH, HA3BIBAKOTCA TOUYKAMHU
pa3phbIBa.

Ilpumep 3.1.

1

a) Haiitu Touku paspeiBa QyHKIMU ) = 327%  mpenennl clIeBa U CIpaBa B DTHX

TOYKax, CACIaTb CXeMaTHU4YECKUM YEPTCIK.
1

®ynkupsa y = 327X pMeeT pasphiB B TOYKE X = 2, T.K. OHA B OTOM TOYKE HE

Y a onpeneneHa. [Ipu stom:
1 1

|
| 44
: lim 32-% =340 =3%° = jo0;
| x—>2-0
|
!
|

1 1
lim 327 =370=3""= : ZL:O.
. ' x X240 3"+

O 2

0) HaliTu TOukM pa3pbiBa U BEJIMUYHMHY CKayKa B 3TUX TOYKAX (PYHKIUU
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1
2443 +4x -8
Y= 1 .
243 4 4
Touxoii pa3ppiBa maHHOW (YHKIIMU SBISETCA TOYKa X =—3, T.K. B Hel
GbyHKIIUS HE onpeiesieHa.

V03 pax—g 27°-12-8 0-20

lim = = = -5;
x—>-3-0  olx+3) L 4 27% 4+ 4 0+ 4
1/(x+3) _
lim 2 tAx -8 I, tx.mpu x > -3+0 umeem:

x—>-3+0  olx+3) 4
21/(x+3) L4y —8 ~ 21/(x+3) .

b

21/(x+3) L4~ 21/(x+3).
Bemnuuna ckauka A =1-— (— 5) = 6.

6) HaiiTu TOukM pa3phiBa, BEIMYMHY CKadyka A U MOCTPOUTHh rpaduk QyHKIUU

Jannast GyHKIMS HETIpEpbIBHA I X € (— 0; O) U(O; gj U(g, + ooj.

I/Iccne,uyeM TOJIBKO TOYKH Xl =0 u Xy = —, T.K. B HUX MCHAICTCS aHAJIUTUYCCKOC

BbIpaKeHUE () YHKIIUH.

lin_dof(x) = lim (— 3x) =0; lim f(x) = lim (4sinx) =0;

x—-0 x—+0 x—+0

f (O) =3x 0= 0, cmemoBarensHO, B Touke X =0 ¢ynkmus f (x) HETpEpPhIBHA.
X=
. . . T . T
lim f(x) = [im (4 sin x) =4; f(—j =4sin—=4;
x>0 x>0 2 2
2 2
2
Y lim f(x) = [lim (x2 + 1) L 1=3,467,cn
y=-3x m 4
4 x—>5+0 X—)E-FO
A T
€I0BaTEIbHO, TOYKA X = 5 TOYKA pPa3phiBa.

BennuynHa ckauka
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2 2
A=4—| T 11]=3-T_~0533.
4 4

2.1 InddepenuuaibHoe ucuucjieHue (PyHKIUU OHOH MepeMeHH O

1. DKCTPEMYMBI ®YHKIIMU OJHON NNEPEMEHHOH

Oyukrus y = f (x) Ha3bIBAETCs BO3pacTarolieil (yobIBaroIei) Ha
HEKOTOPOM MHTepBaJie (OTPe3Ke), ECIN JUIsl JIOOBIX TOYEK X, X,, HNPHHAJIEKANINX
JAHHOMY MHTEpBase (OTPE3KY), U3 HEPABEHCTBA X < X, CIIENYET HEPABEHCTBO

f(xl) < f(xz) (f(xl) > f(x2 )) Ecnu f(x) HETpephIBHA HAa OTPE3KE [a; b] u
f(x)>0 ( f(x)< O) npu a<x<b, To f(x) Bospacraer (y6uiBaer) Ha
OTpe3Ke [a; b].

B mpocreiinimx cirydasx 001acTh CyIecTBOBaHUS QYHKIMA | (x) MOYXHO

pa30oUTh HA KOHEYHOE YUCIIO IPOMEKYTKOB BO3pacTaHUs U yObIBaHUS (PyHKIUU
(MpOMEXKYTKOB MOHOTOHHOCTH). DTH MPOMEXYTKH OIpaHUYEHbI KPUTUY €CKUMU

AV Toukamu Xx (Tze f’(x) =0 wm xe f’(x) HE
y=f(x1) CYLIECTBYET).

Ecim cyImecTByeT Takas IBYCTOPOHHSIS
OKPECTHOCTb TOYKH X ,, YTO JUISL BCSIKON TOYKH

X # X, OTOH OKPECTHOCTH MMEET MECTO

HEPABEHCTBO [ (x) > f (xo), TO TOUKA X,
HA3bIBAETCS TOUKOM MUHUMYMA (DYHKLIUU
y=f (x), auucio f (xo) — MUHHMYMOM

byukpn y = f (x) . AHAJIOTUYHO, €CJIU JIJIs BCAKOW TOYKU X # X| HEKOTOPOH

0

X1 Xo

OKPCCTHOCTH TOYKHU X BBIIOJHACTCSI HEPABCHCTBO f(X) < f(xl) , TO X4

Ha3bIBAETCS TOUKON MaKCUMyMa QYHKIUH ) = f (x) ,a f (xl) — MaKCUMyMOM

dbyakiuu. Touka MUHUMYMa UM MakCUMyMa (DYHKIIMHM Ha3bIBAETCS €€ TOUKOU
IKCTPEMYMaA, 4 MUHUMYM WJIM MaKCUMYM QYHKIIMH — SKCTpeMyMoM ¢yHkiuu. Eciu

X, — TOYKa 3KCTpeMyMa (yHKIHH f(x), TO f'(xo) =0 wm xe f'(xo) He
CyIIECTBYET (Heobx00uMmoe ycnosue cyuwecmeosanus sxkcmpemyma). O0paTHOE
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YTBEPIKIACHHE HE BEPHO: TOYKH, B KOTOPBIX [ '(xo) =0 wm f '(xo) HE
CYIIECTBYET (Kpumuueckue mouxu), He 0053aTeIbHO SBISIOTCS TOYKAMH 3KCTpEMyMa

byuknun [ (x)
Llocmamounbiii npusHax cyujecmeoganusi i OTCyTCTBUS SKCTpEMyMa
HENPEPBIBHON QYHKIMH [ (x) CIEAYIOLINN: €CITU CYIIECTBYET TaKasi OKPECTHOCTh

(xo -3, x, + 8) KPUTHYECKOH TOUKH X,, YTO f’(x) >0 mpu x, —0<x<x, H
f'(x) <0 mpm x, <x<x,+9d, TO X, — TOYKa MAKCUMyMa (YHKIINH f(x);
€CIIH XK€ f'(x)<0 mpu x,—0<x<Xx, " f'(x)>0 npu x, <x<x,+90, To
X, — Touka MuHuMyMa QyHkumn f(x).
Eciu, HaKoHell, HailIeTcs Takoe NMoJokuTeNnbHoe uncno 8, uro f'(x) coxpauser
HEM3MEHHBIH 3HaK IpH X, —0 <X <X, +O, TO TOYKa X, HE ABIAETCA TOUYKOH
skcTpeMyma QyHKIHUU (x)

Haumenvwee (naubonvuiee) snauenue nenpepbisHoii Gynkiun f(x) Ha
JTaHHOM OTpE3Ke [a; b] JIOCTHIAETCs WM B KPUTHYECKHUX TOYKAX (PyHKIMHU, WK HA

KOHIIaX OTpe3Ka [a; b].

[Ipumep 1.1. HaliTu s3kcTpeMyMbl U HHTEPBAJIBI MOHOTOHHOCTH () YHKLIMH
y=x-+-5x.

OoOnactpb cymectBoBanuss: —5x >0 = x <0.

4 HaxoguMm KpuTHYECKHE TOUKH:

ol X N 1 S5x
> '=N=5x4+x ———(—-5)=+v-5x - —
7 2~/ —5x ( ) 24/

—5x=
~10x-5x  —15x  3-(-5x) 3 5

= = = ==.J-5x>0.
2+/—5x 2v=5x  2+-5x 2

Ilpn x <0 ¢yHKOHUS Bceraa BO3pacTaeT U MPUHUMAET HauOOJbIlIee 3HAYCHUE B

N

KpuTH4YeCKOi Touke X = 0: y(O) =0.

[pumep 1.2. HaliTu skcTpeMyMbl U HHTEPBAJIbI MOHOTOHHOCTH (PYHKITUU

y=3Ya+1)2-x).

OO6nacTh CyIIeCTBOBaHUS: X € (— 00; + oo) .

HaXOILI/IM KPUTHYCCKHUC TOUYKHU:

, (2—x)2—2(2—x)(x+1)_(2—x)(2—x—2x—2) —X

33Ya+122-2) 3 Y+ 2-x)t Y1)} (2-x)
y'=0 = x =0,
»' He cymectByeT = X, =—1; x5 =2. Tlomydmi Tpu KPUTHIECKHE TOUKH.

)
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X (— 0; — 1) -1 (— I O) 0 (0; 2) 2 (2; +o)

y' + HE CYIII. + 0 - HE CYIII. +
yo| _ 7 max ~ min e
lim y’(x) = lim Y =+o0; [lim 1 = —00.
x—>2+0 x—>2+0 %/(x " 1)2(2 —x) x—>2-0 %/(x n I)Z(Z—x)
P Jim ()= lim () = o

KO3 PUITUEHT KacaTeapbHOU, TO Ipn X =—1 u
X =2 KacarenbHas K rpaguky QyHKIUNA
nepreHauKyspaa ocu  Ox.

W=1)=0; »0)=%4; y2)=0

] |

] |

: : Tak KaK y'(x): k, rne k — yrmosoii
] |

| [

]

—1

O

[Ipumep 1.3. HaiiTu riryOMHY OTKPBITOrO OacceiiHa ¢ KBaApaTHbIM JTHOM U 00bEMOM

3
256 M~ Takoro, 4ToObl Ha OOJIMIIOBKY €0 CTEH U JIHA MO0 HAUMEHbIIIEe
KOJINYECTBO MaTepuaa.
[lycts a — cropoHa KBaapaTa OCHOBaHUs, /h — riyOuHa OacceiiHa,

2 2 256 16
a“h=25% = a"=—, a=—, h>0;
h Jh
16 256 256
S=S8. +8, =4ah+a* =4 — h+===64Jh+===F(h);
oo 59 7" 7~
32
NV SN h h

TN L F'(h) =0 = h*=8 h=4 [lpu h=4 Benuuuna
~~ 41 7 CF (h) =S Oyner HaMMEHBIIIEH.
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IIpumep 1.4. JIBe npsmble kene3Hble 1oporn A4, u BB; nepneHauKynspHbI

Ipyr K Apyry u nepecekatorcs B mynkre C, mpuuem AC =800 km u BC =700
kM. VI3 nyakToB 4 u B 1o Hanpasieanio K C OJIHOBPEMEHHO BBIXOAT JBa
roeszia co ckopoctsiMu cootBeTcTBeHHO 80 KM/ m 60 km/4. Uepes CKOIBKO 4acoB
TIOCIIE OTIIPABIICHHS PACCTOSHHE MEX Y IOe3JaMK OyIeT HaMMEHBIIUM ?

OTMETHM TOJI0KEHHE TIOE3I0B B MOMEHT y
t>0 toukamu K u M. I
AK =80t; BM =60t 4,

CK = AC— AK =800—80¢; 20

CM = CB— BM =700 - 60¢; Ag [ViTOVKMA

(KM)* =(CK)* +(CM)* = K¢ 0 e
Vo= KM/Y

— (800—80r)* +(700—60¢)*; KM Pl

MHUHHUMAaJIBHO, €CJIM MUHHUMAaJIbHA BEJIMYHWHA C ¢ * X

! ! , M B B
(KM)* = F(¢) = (800 —807)” +(700 — 60¢)°;

F(r)=2(800—80¢)-(—80)+2(700 - 60¢)-(— 60) =
= —128000+ 128007 — 840007 + 7200z = 200007 — 212000 = 0; ¢ =10,6;

T~ 1= 10,6 — Touka MuanmMyMa GyHKIUU [ (t) Yepe3 10,6 gacos

~.1 O' 6/' IIOCIIE OTIIPABIICHHS PACCTOSHHUE MEX Y IOe3aMu OyIeT
’ HAUMEHBIIIHM.

2.2. ACUMIITOTBI

Ecnu Touka (x; y) HETIPEPBIBHO TEPEMENIAETCS TI0 KpUBOH V = f (x) TaK,

YTO XOTsI OBbI O7JHA 3 KOOPJUHAT TOYKH CTPEMUTCS K OECKOHEUYHOCTH, W TPU ITOM
PacCTOSTHUE TOYKH OT HEKOTOPOU MPSIMOI CTPEMUTCS K HYJIIO, TO 3Ta MpsiMast
Ha3bIBAETCS aCUMNMOMOU KPUBOMU.
Ecnu cymecTByer unciio a Ttakoe, 9ro [im f (x) =00, TO IpAMas X = d
xX—>a
SIBJSIETCSL aCUMITTOTOU (8epmMUKAIbHAS ACUMNIMOMA).

X
Ecimn CyCCTBYIOT KOHCYHBIC ITPCIACIIbI llm Q = kl J5!
X—>4+0 X

lim [ f (x) - klx] = b, Tonpsmas y = k;x + b, Oyner acumnroroii (npasas
X—>+00

HAKJIOHHAS ACUMNIMOMA).
S(x)
Eciu cylecTByIOT KOHEUHBIE NPeaensl  [im =k, m
X—>—0 X

lim [ f(x)- k2x] = by, TonpsimMast ) =k,x+b, Oyaer acumnToToii (resas
x—>-2

HAKJIOHHAA acwwnmoma).
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['paduk pynkiuu y = f (x) HE MOXET UMETh OoJsiee 0JTHOM mpaBoi u 6olee
OJTHOU JIEBOM aCUMIITOTEIL.

[Ipumep 2.1. HaiiTu acuMOTOTHI M TOCTPOUTH rpaduK QPyHKIIUU
3 cos(x = 1)

x—1
OO0macTh CylIecTBOBaHHS: X # 1.
Niem BepTUKAIBHBIE ACUMIITOTHI.
DyHKIMS UMEET Pa3pbiB B TOUKe X =1, T.K. B HEW (QPyHKIIUS HE OnpeeieHa.

y=2x+

3 -1 )
lim (2#) P ) VPSR
x—1-0 x—1 —

3 —1 )
lim (2x+mj :2+£=2+oo:+oo;
x—>140 x—1 +0

CJIICAOBATCIIbHO, X = 1 - BCPTUKAJIbHAA ACUMIITOTA.
I/IHIGM HAKJIOHHBIC ACUMIITOTBHI B BUIIC ) = kx +b.

CrietoBaTeNbHO, IPH X —> 100 CYIIECTBYET aCHMIITOTA
y=2x.

4V / 3 -1
: )/ k= lim ﬂz lim l(Z}H—Mj:
| / x—>to X xX—>+oo X x—1
I\ /
i// =2+0=2; bzxiz)iiioo[f(x)—kx]:
f 3 ~1

//: = lim {2x+m—2x}=

Ol | . x—*o0 x—1

| >

"\:1 X — Iim 3c0s(x—1):0.
| X—>*o0 x—1
|
|
|
|
!

[Mpumep 2.2. HaiiTu acHMNTOTHI ¥ MOCTPOUTH rpaduk
2x2 -9
x2-1
O06acTh CyIIeCTBOBAHMUS: x2—1> 0; x2 > I, x>1 u x<-1L
2x2 -9 2(-x)"-9 2x2-9
y="——; (-x)= =

N JexP-1 V-

CIIeIOBATENbHO, TaHHAast (PYHKIMS YeTHAst, U MOKHO IIOCTPOUTH €€ TpaduK TOIBKO
npu X > 1, a 3aTeM 0Tpa3uTh €ro CHMMETPUYHO OTHOCHTEIBHO ocu Oy.

byHKIHE Y =

= yx)=y(=x)



37

2x2% — 2
\\%\\ | 17 // lim al 9= 9=—oo = x=1-
Wol |5, x>0 21 +0
\\%: : %// BepTUKaIbHasA acuMirora mpu x —> 1+0.
\l : / IMycte x —> 1+ 0.
{ v 2
:\\ /! k= lim /(%) = lim 2x -9
! \/ : X X—>+0o X X+ 5., m
i*l/\ 1l x 9
:// \\: 0 2 9 2__2
i ‘ = lim r — — lim X~ _»o
| : \ X>+0 9 1 xo+w 1
i 1A x“e l=— I-—
/ 1B B N
// : I \\ )
oo b= lim [ f(x)-kd]|= lim | 22 _ox |-
x—>+oo[f( ) ] Y3400 m
2 2 2(.2
. 2x2—9—2x-m . (2x —9) —4x (x —1)
= [lim = [lim _
xX—>+00 x2 1 X—>+00 x2 _ 1(2)62 _94 ZX-M)
2

X400 4 f 1 9 ’ 1
X - 1——2(2——24—2 1——2j
X X X

[lpu x —+o0 momyyaem acumMnToTy y = 2x. I'paduk maHHON QyHKINMN

nepecekaer ocb Ox TIpu 2x2-9=0, T.e. BTOYKAX X =+——.
J2
[Ipumep 2.3. HaliTu acUMITOTHI M TOCTPOUTH TpaduK QPYHKIIUU
x> —=2x% =3x+2
4—x*

O0JacTh CyIIEeCTBOBAHUS: 4-x*#20 = x#2 u x#-2.

y:

B roukax x; =-2 u X, =+2 (QyHKIUS TEPIUT pa3pbiB, T.K. B HUX OHA HE
OIpe/eIIeHA.

X3 —2x?-3x42 —8-8+642
lim — —
Xx—>-2-0 4 — 2 -0

~+00;

b
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o oxP-2x?—3x+2 —8-8+6+2
lim = —
Xx—>-2+0 4 — x? +0

| 2y X = —2 — BepTUKaJIbHAs aCHMIITOTA.
|
N\ Cox?=2x*-3x+2 8-8-6+2
! lim 3 = = —o0;
\\: x—2-0 4 —x +0
AN
N x> =2x?—3x+2 8-8-6+2
N lim = = +00;
N2 x—2-0 4 — x2 -0

X =2 — BepTHKaJbHAs aCUMIITOTA.

|
|
|
|
|
_2: N > HaknoHHbIE aCUMIITOTHI IIPU X —> 1+ 00 UIIEM B
: AN Buge: y=kx+b.
| BN f(x) x> —2x% =3x+2
| *x‘;\ k= lim = lim =
| x—>too X x—>+o0 x(4—x2)
!
2 3 2
li l_g_x_z x_3 1 1 b= 1 kx
Py S
——1
2
X
(X =2x*=3x+2 o =2xt4x+2
= lim +x|= lim =2.
X—> %o 4—x? Xx>to  f— 2

[lpu x —>+* oo momydaem acUMOTOTYy V = —X + 2.
2.3. HAITPABJIEHUE BOI'HYTOCTHU. TOYUKHA IIEPEI'UBA

ToBopsT, uTo rpaduk aupdepeHnupyemoit pynkuuun y = f (x) B02HYM BHU3

Ha UHTEPBAJIE (a ; b) (602Hym 66epx Ha UHTEpBAJIE (a B bl)), €CJIM TIpH
a <x <b nyra kpuBO#l pacroyio)KeHa HUKE
2y (MM COOTBETCTBEHHO IIPU @y < X < b; BbIIIE)
KacaTeJIbHOM, MPOBEICHHOU B JIFOOOM TOUYKE

y=f(x) JlocTaTOYHBIM YCIIOBHEM BOTHYTOCTH BHH3
| (BBepx) rpaduka y = f (x) SBJISIETCS

: BBITIOJTHEHUE HA COOTBETCTBYIOIIEM MHTEPBAJIC
, | X HEpaBeHCTBa

f’(x)<0 (f’(x)>0).

Touxa (xo, f (xo )), B KOTOpPOI M3MEHSIETCS HaIpaBJieHWEe BOTHYTOCTH Tpaduka

0

b -
=
(=}
<
S

I
I
I
I
I
a

(GyHKIMH, Ha3BIBAETCA MOuKOU nepe2uda. JInsa abcumccel TOYKU neperuda x,,

UHTEpBaIa (a; b) (vM uHTEpBaIa (al; bl)).
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rpaduka Gy Y = f (x) BTOpast pou3BoaHAs [ "(xo) =0 wm f "(xo) HE
) 4]
cymectsyet. Touku, B kotopix f"(x)=0 wm f"(x) me cymecrsyer,
Ha3bIBAIOTCS KPUMUYeCcKumMu moukamu 2-20 poda. Kpuruueckas Touka 2-ro poja
X, ABIseTes abcuuccoit Touky neperu6a, ecm f”(x) coxpaHseT NOCTOAHHBIE
3HaKM B MHTepBanax x, —0<x<Xx, U X, <x<x, +0, rie O — HEKOTOpoe
TOJIOKUTEILHOE YHCIIO, IPHYEM 3TH 3HAKH TIPOTUBOIIOJIOKHBI, U HE SBJIICTCS TOYKOU
nepern6a, ecm 3uaku f"(x) B yKkasaHHBIX Bbillle HHTEpBaNaX OJIMHAKOBLL.

[Tpumep. OmnpenenuTs HHTEPBAIBI BOTHYTOCTH M BBIITYKJIOCTH, a TAKKE TOYKH
2
neperu6a Kpupoit y = e

2 2
Umeem: y'=-2xe ™ ; y"= (4)62 — 2)e_x . IlpupaBHSIB BTOPYIO MPOU3BOIHYIO

K HYJIIO, HaliIeM KPUTUYECKHE TOYKH BTOPOTO POAA: X| = —

1
J2

,XZ:

1

—. O1H
J2

TOYKH pa30MBAIOT BCIO 00JIACTh CYIIECTBOBAHUS (PyHKIIHH (— 0o; + oo) Ha TpH

VMHTEpBAJIA.
X (_Oo. _Lj L (_L. L) 1 ( L. +OO)
s \/5 \/5 \/E s \/E \/5 \/5 .
y" + 0 - 0 -
Y N neperuo M neperuo W

1 1
[Mosyunmu: KprBasi BOTHYTa BBEPX MPH  x (_ 00; — _j U X e(—; +oo) "
J2 V2
BOTHYTa BBEPX IIPU x € (_ 1. Lj Touku (+ 1.
V272 2

)

— | — Touku meperuoa.
Je

2.4. IOCTPOEHUE I'PA®UKOB ®YHKIMH 11O

XAPAKTEPHBIM TOUKAM

[Tpu nmoctpoenuu rpaduka PyHKINU CIETYET, MPEXkae BCEro, HAWTH 00JIacTh
CYIIECTBOBAHUA 3TOW (PYHKIIUU U BBIICHUTH MOBEICHUE (PYHKIIUH HA TPAHUIIE €€
obnactu cymiectBoBanusl. [lone3Ho Takxke MpeaBapuTeIbHO OTMETHTD HEKOTOPhIE
0COOEHHOCTU (DYHKLIMH (€CIIM OHU UMEIOTCS): YETHOCTh, IEPUOJUYHOCTD U T.1I.

Jlanee HY»KHO HAl'TH TOUKH pa3pbiBa, aCUMITOTHL, TOUKH SKCTpEMyMa
(GyHKIMM, TOUKH neperuda u T.1. HaiineHHble 371eMEeHThI TO3BOISIOT BBISICHUTD
o0t xapakrep rpaduka QyHKIUU.

[Ipumep 4.1. [IpoBecTu MoIHOE UCCIENOBAHUE U TOCTPOUTH Tpaduk QyHKIIUU

y:x-3(x+2)2.
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OO6nacTh CyllIeCTBOBAHUS: X € (— ©; + oo).

y(x) *= y(— x) = (¢yHKIMs 001Iero Bua.
Tak xak QyHKIIMS ompenenieHa Mpy BCEX X, M Y HEE HET TOUYEK pa3phiBa, TO
BEPTHUKAJIBHBIX aCUMIITOT HET. HakIIOHHBIE aCUMIOTOTHI pU X —>+ 00 UIIEM B BUJIE:

v =hkx+b.

\/ X+ 2
k= lim = [lim W/ x+2 = +00, CJIEI0BATEILHO, HAKIIOHHBIX

xX—>too X—> *o0

ACUMIITOT TAaKXe HET.
Hccnenyem GyHKIMIO IO TEPBOM MPOU3BOJHOM.

R R N R R

x+2 x+2
=0 = 5%+6=0, x=-12;
y' mecymectByer = x+2=0, x=-2.

~

—00; — 2) -2 (_ 2; — ]’2) -1,2 (— 12; + o)

y' + HE CYIII. — 0 +

yo_ max ~ min e

Vinax = y(— 2) = 0 (kacarenbHast B 3TO# Touke neprneHauKysipaa ocu  Ox ).

| Va Vomin = y(— 1,2) =—1,2-3/0,64 ~ —1,06
: (kacarenpHasi B 3TOM TOUKE MapajlieJIbHA OCH
| Ox).

: Uccnenyem QyHKIHIO IO BTOPOI

: MIPOU3BOJHOM.

-1 —-12 O X
28 N 1 06 o] 2XE0

—1,30

5-3\/x+2—(5x+6)- !
3-3 (x+2)2

) Yx+2) )
_15(x+2)—(5x+6) _ 10x+24

r+2¥x+2 3 Y2t

y"=0 mpu x=-24; y" wuecymecrsyer npu x =—2.
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X (— 00; — 2,4) -24 (— 24, - 2) -2 (— 2; + OO)
y" — 0 + HE CYIIIECT. +
y M neperut Y ~

ynepezu6a = y(_ 2,4) =-24- \3/(_ 2,4)2 ~ —1,30; y(O) =0.

[Ipumep 4.2. I[IpoBecTH MOITHOE UCCIENOBAHUE U MOCTPOUTH Tpapuk QyHKIHUU
_(2x+lj2

y= x+2/)

OO0nacTh CyIIeCTBOBAHUS: X # —2.

y(x) % y(— x) = (yHKUIHA 001Iero BUAA.
X =—2 — TOYKa pa3pbIBa, T.K. B HEH (PyHKIIHS HE OIpeeeHa.

2+ 1) (4+1)? C (2x+1\ (4+1)?
lim =|——| =+ lim = ——| =4
x—2-0\ x + 2 -0 x—>2+0\ x +2 +0

= x=2 — BCPTHUKAJIbHAA aCUMIITOTA.

HakJIoHHBIE aCUMIITOTHI IPU X —>+ 00 wWieM B Buue: y = kx + b.

2
ke gim T _ hm-l(gfiij _0;

x>+t X x>toox \x+2

b= Ilim [f(x)—kx]: lim (2x+lj2 =4,

x—> oo x—>+o\ x + 2
[lpu x —>* oo momyuaem acumnTory y = 4.
Uccnenyem GyHKIUIO MO MEPBOM MPOU3BOTHOM.
2'(2x+1j.20r+2)—(2x+1)_612x+1).
x+2 (x+2)2 (x+2)2’
y'=0 = 2x+1=0, x=-05;
y' He cymecTByer = Xx=-2.

’

y:

(-0 =2) | (-2 -05) | =05 | (<05 +=)

y' + — 0 +

yo|_ ™~ min -
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[ Y

| Vmin = ¥(=0,5)=0.

| Hccnenyem QyHKITHIO IO BTOPOM

: MIPOU3BOJHOM.

______ 1| R . S 3 2
| y”=6-2(x+2) —3(x+2) -(2x+1):
i 44 /; (x + 2)6
-2

=03 ¥E > _6.2(x+2)—3(2x+1)_6(1—4x)-

(x + 2)4 (x + 2)4 ,

y'=0 = 1-4x=0; x=025

rn

y'" He cymecTByer —> Xx =—2.

x | (—o5 —2) (-2; 025 0,25 (025; +x)

y/, + + O _
Y ~ e neperud N
2
L5 4
Ynepeauba = y(O’ZS) = (2,25j = 5 ~ 0,44.

[Tpumep 4.3. [IpoBecTu MoOIHOE UCCIENOBAHUE U MTOCTPOUTH Tpaduk QyHKIIUU

O6macts cymectBoBanust: x —3#0; x#3.

y(x) # y(— x) — (QyHKUHA 0011ero BUAA.
B Touke x =3 ¢QyHKUMS TepnUT pa3peiB, T.K. B HEW OHA HE ONpeIeTcHa.

. ex 3
lim = —o0,
x—3-0x—3
5 > => X =23 — BepTHKAJIbHAs aCHMIITOTA.
. e
lim = 400
x—>3+0x — 3

HakJioHHBIC aCUMIITOTHI UILEM B BUuae: y = kx + b.
1) x — 40,

x=3 ex_3 x=3
k= lim &x): lim L - lim u: lim © =

X—>+0o X x>+ x“ —3x x>+ o)
(x —Sx)
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!

= [lim - = [im —— =400, clenoBaTeNbHO, IPH X —> +00
X—>+00 (2x_3) X—>+00
HAKJIOHHBIX aCHMITOT HET.
2) x — —0,
-3
: x e 0
k= lim M: lim 3 = =0;
xX—>-0 X x—>—wox“ —-3x +®©
ex—3
b= lim [f(x)-kx]= lim =0,
X—>—00 x—>-0oX—3

npu X —> —o0 monydaem acumnrory y = 0.

Uccnenyem GyHKIUIO MO MEPBOM MPOU3BOTHOM.
!/

x=3 x=3 ) ,x3 o _
y,{e_j _ e (x 3)2 7 2 ET3ml e xmd
r-3 (-3) -3 =3
=0 = x-4=0, x=4; y' He cymecTtByer = Xx=3.
x | (Fo33) | (3 4) 4 (4, +0)
y' - - 0 *
y ~ ™~ min e
Vonin = y(4) =e~2,72.
Hccnenyem GyHKIMIO IO BTOPOM MPOU3BOAHOM.
2
yr!:ex—:’). x_42+€x_3'(x_3) —(x—42-2(x—3):
(-3) (x-3)
e X2 —Tx+12-x+5 ex_3-(x2—8x+17)
= - = ; y"#0;

x—3

(-3 (-3
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Ay

| y" HecymectByer = x=23.

|

: X (=05 3) (3; +o)
e ___:__ . . " - +
o 3, 4 X

!

| -3 1

e
| 0)=—=——=~—,02.
: H0) -3 3¢3

[pumep 4.4. TIpoBecTH MOJHOE UCCIAEIOBAHUE U IIOCTPOUTE IpaduK PyHKIUH
x+6

y=In — 1.
X
xX+6
OG61acTh CYIIECTBOBAHUS: > 0.
X
x>0, x<-—6. = — 1
6 0 x

DyHKIMS 00IIEro BUA.

_ x+6
lim |In —1|=—00 = x=-6 — BepTUKaJbHAS ACUMIITOTA.
x—>—6-0 X

, x+6
lim | In —1|=+00 = x=-0 — BepTuKaibHAs ACUMITOTA.

x—>—+0 X
HakJioHHBIC aCUMIITOTHI UILEM B Buae: y = kx + b.
x+6
In -1
k= Ilim @z lim —*— =0:
x—>*o X xX—>*oo X
b= lim [f(x)—ke|= lLim [lnx+6—1} -1
X—>Foo X—>+o0 X

[lpu x —>+ oo momyyaem acuMnToTy y = —l.
Uccnenyem GyHKIHIO MO MEPBOM MPOU3BOTHOM.

x | (=5 =6) (6 o) , x x—-x-6 -6

' y = : = = 0.
Y B - x+6  x?2 x(x + 6)
y ~ N DKCTPEMYMOB y (DYHKIIMU HET.

Uccnenyem pyHKIMIO IO BTOPOM MPOU3BOAHOM.
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"o g —(x+6+x) 6(2x+6) 12(x +3)
y =-0 = = ;
xz(x+6)2 xz(x+6)2 xz(x+6)2

y"=0 = x+3=0; x=-3 — He BXOAUT B 00JIACTH CYIIIECCTBOBAHHUSL.

ya
: X (o0 —6) (O; +oo)
: " . +
|
| y N U
6, O ¥
________ _|_________¥—_
: -1 Touek neperuda Her.
: lnx+6—1=0 = XxX= 6 :
| X e—1
|
=
| =0.
l y(e—l
2 cemecTp

1. MaTerpanbHoe ucuuciaeHue GyHKIIUN OJHOM MepeMeHHO0il
1. HeonpeaesieHHbII HHTETPaJI

Ilepsoobpasnon ¢ynxyuen nna ¢yakuun f(X) HaspBaercs Takas ¢yHkius F(X),

gyro F'(X) = f(X).

Heonpeoenennvim unmeepanom ot ¢yakmuun f(X) HaspBaeTcs ee oOmas

nepBooOpaszHas

[f(x)dx=F(x)+C .

Gdynknus f(X) HaspiBaeTCs MOABIHTErpalbHOM (YHKIIUEH,

uHTerpupoBanus, C — IpOU3BOJIbHAS TOCTOSHHAS.

Cesotiicmea HeonpeOdeneHH020 unmezpaia.

L. [(u(x) +v(x))dx = [u(x)dx+ [v(x)dx.

2. [A- f(x)dx=A-[ f(x)dx, rae 4 — nocrosHHas.

3. Bemu [ f(x)dx=F(X)+C n u=¢(x), o0 [ f(u)du=F(u)+C.

F(x) — pesymbraT
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Tabnuya npocmetiuiux uHmMe2panos.

1. |[dx=x+C. 7. =tgx+C.
j Icoszx :
Xn+1
2. [x"dx= +C,(n=-1). 8. =—Ctgx+C .
I n+1 ( ) Isin2x :
3. j%zln\xhc. 9. [—— _arcsm X.ic.
X N
X a” X 1 X
4. [a dx=2_4c, [e*dx=e* +C. 10. [ 5——="arcig=+C .
Ina x>+a® a a
5. [sinxdx=—cosx+C. 1. [ zzilnx 24C,(ax0).
Xc—a° 2a Xx+a
6. [cosxdx=sinx+C. 12, [—— ‘x+\/x + ‘+C(A¢O).

\/x +A

OcHogHble MemoObl UHMe2PUP OBAHUSL.
1. IlonBenenue nox 3Hak nuddepeHnuana:

a) Kk GyHKIMHU, CTOAMIEH 1o 3HakoM AuddepeHiirana, MOXKHO TPUOABISATh WA

BbIUKTATh MOOYI0 moctossHuyto: df (X)=d(f(x)+ A);

0) mox 3Hak auddepeHIraga MOXKHO ITOJBOJUTH ITOCTOSHHBIA MHOMKHUTEIIb:
df () = L d(A- f (X))
A
B) mnox 3Hak jauddepeHnrana  MOABOAUTCS  (PYHKIUS 1O  MIpaBUILY:
f'(x)dx =df (x).
2. aTerpupoBaHue 1Mo 9acTsM ¢ UCTIOIh30BaHUEM (DOPMYITHI:
fudv=uv—[vdu, rae u=u(x),v=Vv(x).
C OMOIIIBIO ATOTO METOIa BBIYUCIISIOTCS CICIYIOIINE HHTETPATBI
a) [a* - P,(x)dx, u=P,(x), dv =a*dx.
6) [sinax- B, (x)dx, u=P,(x), dv=sinaxdx.

B) [cosax- P, (x)dx, u=P,(x), dv=cosaxdx,
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r) [Inax-P,(x)dx, u=Inax, dv=P,(x)dx,

m) [arcsinax- P,(x)dx, u=arcsinax, dv=P,(x)dx,
e) [arctgax- P,(x)dx, u=arctgax, dv=P,(x)dx,
rae P,(X)— MHOrouseH 7-0i CTEeTeHH.

3. UHTerpupoBanue METOJIOM 3aMEHbBI IEPEMEHHOM 110 hopMyIie

[T )dx=[f(p(t)de(t) =] f (p()¢'t)dt, rre x = p(t).

Ilpumep évinonnenus 3aoanus.

Haiitn HeonpeneneHHble HHTErPaIbL:
f N2 3
a) [N T X gy 6) |1 ax; ) [(3x+ 4)e¥dx.
V1= x2 X®—4x+3
Pewenue.

a) HCIIO0JIb3Yysd OCHOBHBIC CBOMCTBA HCOIIPCACIICHHOTO HHTCrpaja W BbIITOJIHAA

noaBeseHrne PyHKIUM o1 3HaK auddepeHiinana, HaiieM HHTerpal

I(arcsin X)? +xdx_j(arcsm X)2 dx+ |
V1-x? Vi-x2 \/7
1

= [(arcsin x)*d (arcsin x) + [ (1 - x?) 2d (X—ZZ) =

1

= [ (arcsin x)d (arcsin x) +(— %jj(l— x2) 2d(1-x%) =
1

—x2)2
:%(arcsin x)* —%-¥+C =%(arcsin x)> —V1-x% +C.

2

[IpoBepuM pe3ynbTaT UHTETpUPOBaHUs TUDPepeHInpOoBaHUEM:

!

(% (arcsinx)® —v1-x2 + Cj =

1
:%-3(arcsin x)? - (arcsin x)’ —%(1— x?) 2(1-x%) +C'=
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_(arcsinx)®  —2x . o (arcsin X)% + X

%2 212 N

YTO COBIAJIACT C MOJBIHTErPAILHON (PYHKIIUEH.

0) moabIHTErpaibHas GyHKUHUS MPEACTABIAET COOOM HEMPAaBMIbHYIO PallMOHATBHYIO
npoOb. IlpeacraBum 3Ty ApoOb B BHUJIE CYMMBI MHOTOYJICHA M TPaBUILHON JIPOOH.

I[J'IS[ 9TOT'O BBIITOJIHUM ACJICHHUC MHOI'OYJICHA Ha MHOT'OYJICH:

x3 —17 ‘x2—4x+3
x> —4x*+3x  [x+4

4x? —3x —17

4x% —16x+12

13x—29

dx —jxdx+j4dx+ji3x—29dx:

13x - 29 j
+—
X°—4x+3

X% —4x +3

2
X 13x - 29
=—+4x+ jz— dx.
2 X®—4x+3
st Toro 4ToOBl HAMTH TOCIEAHUN WHTErpajl, MPEICTaBUM NPaBUIBHYIO JApOoOb B

BUJIE CYMMBbI HpocTeHmmux napoOeid. Jlns 3Toro pasnokuM Ha MHOXHUTEIU
3HaMeHaTeNb Apo0H X° — 4X + 3= (X —1)(X — 3) u pasnoKuM Apobb Ha IPOCTEHLIHe

13x-29 A N B  A(X-3)+B(x-1)
(x-D(x-3) x-1 x-3  (x=1(x-3)

sHauuT 13X —29=A(Xx-3)+ B(x-1).

H

IMpu X=3 umeem 13-3—-29=B(3-1), orkyna B=5;
npu X =1 nmeem 13-1—-29=A(1-3), orkynga A=8.

[Honyuaem 13x - 29 = 8 + U UHTETPUPYEM
o (x-D(x-3) x-1 x-3 PHpY
i 13x —29 _I dx+j dx 8jd(x 1) Id(x 3)
(Xx=D(x-3)

=8In|x -1 +5Injx -3 +C

N OKOHYATCJIbHO IMoJIydacM
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3 2
jzx;ﬂdx:x—+4x+8ln\x—ﬂ+In\x—3\+C.
X —4x+3 2

[IpoBepuM pe3ynbrar qudQepeHIrpoBaHueM:

!

2
(X—+4x+8In\x—u+ln\x—3\+C] S g 8 S
2 2 Xx-1 x-3

_ (x+H(x=D(x=3) +8(x —3) +5(x 1) _ x3 —17
(x=D(x+3) X2 —4x+3’

YTO COBMAAACT C MOABIHTErPATLHON (YHKITUCH.

3ameuanue.

WuTterpan oTr npaBUIbHON pallMOHANBHON APOOM CBOAMTCA K CYyMME HHTETPAjOB OT
npocreimux apodeil. Haubomnee yacto BcTpeyaroTes Caeyrolue HHTErpaibl:

A A A k41
——dx=AlInjx—a +C; dx= — C,(k=23..).
Ix—a x=Aln|x —a| + J(x—a)k X (_k+1)(x a) " +C,( )

B) IPUMEHUM METOJIOM UHTEIPUPOBAHUS 110 YACTSIM.

IMpumem u=3x+4, dv= e¥dx, torna  du=3dx, V= %esx. [To dopmyne

HHTCTPUPOBAHMA 110 YACTAM IIOJTy4acM

3X_+4e3x _ jegxdx=

[(3x +4)e¥dx=(3x + 4)%e3x - j%e?’x .3dx =

3Xx+4
3

[IpoBepumM pe3ynbrar quddepeHnrnpoBaHueM

€ (x+1)+C) =3 (x+1) + ¥ =e>*(3(x +1) +1)=e**(3x + 4),

3X+—4_1e3x+C:e3X(x+1)+C.

e _Lle¥ c-
3

YTO COBITQJIACT C MOJBIHTErPAILHONU (PYHKITUEH.

1.2 OnpeneneHHblid MHTErpaJ

AV Ecmn na mnmockoctn Oxy 3anaHa
_y="1(x) ¢durypa,  OrpaHUYCHHAs  JABYMS
HenpepbiBHbIME JHUAMEU Y = f;(X),

S L y=f(X)

y = f,(X) u BEPTUKAILHBIMH

A b
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npsMBIME X =a, X=Db, To mwiomans S Takoi (GUrypsl MOXKET OBITH BBIYUCIICHA IO

bopmyre

S = ?(fz(x) — f,(x))dx, rme f,(x)> f;(x) Ha orpeske [a,b].

Ilpumep 2.1 Beruncnute  mmomanas  GUTyphl, OTPaHUYEHHOM JTHUHUSMHU

y=x*+4x, y=x+4

Pewenue.
3ajaHHbIE JIMHUM OTPAaHUYMBAIOT HA IIOCKOCTH OXy KPUBOJWHEUHYIO

Tpanenuio, N300paKEHHYIO Ha PHCYHKE.

y =X +4x
y=X+4

Y

Haitnem koopauHaThl TOYEK MEPECEUEHUS 3aJaHHBIX JIMHHUHU, JJIS1 3TOTO PEIIUM

CUCTEMY YpaBHEHUI

{y:x2+4x

. X2 +4Ax=x+4, X2+3X—4:0,0TKy)1a X, =—4, X, =1.
y=Xx+4

TOFI[a HCKOMas 1iomaab BEIYHUCIEICTCA 110 (bOpMYJIe:

1

T 2 3x? X3
S=[(x+4—-x"—4x)dx=[(4-3x—x 2Ydx = 4X__E__?;
4

:4_§—1+16 @—%_20 (ks. €0.).
2 3 2 3
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OOBeMbI Tell, 00pa30BaHHBIX BpallleHHUEM IJIOCKOW (DUTYPBI, OrpaHHUCHHONW KPUBOM
y = f(x)>0, ocbro Ox u mpsiMeIMu X =a, X=b,
b

1) Bokpyr ocn Ox, BerucHsTOTCA M0 hopmyne V, =7z f2(x)dx;
a

b
2) Bokpyr ocu Oy, BeIMHCIAIOTCS 110 hopmyre V, =27 [ xf (x)dx.

a

Ilpumep.2.2 Bpauciuth 00beMbI TeJ, 00pa30BaHHBIX BpAIllEHHEM BOKPYT Ocei

Ox n Oy KpUBOJIMHENHOIO TPEYrOJbHUKA, OTPAHUYEHHOIO KPUBOM Y = 3/x, ochio

Ox u nipsimoit X =1.

Pewenue.
A
y / y = 3/x 1) oObeM Tena, MOJy4EeHHOTO BpalllcHHEM
BOKpYT ocu Ox, paBeH
1
5
V, :ﬂf(?{/;) dX=7Z'X— =3—7[ (rky6. eo.)
SN 0 > 5
0 1 3 |

2) 00beM Tena, MOJYYEeHHOr 0 BpallleHueM BOKpyr ocu Oy, paBeH

s

1 3
V, =27 x-Yxdx= 27ZX7— =67”(Ky5. ¢0.).
0 23
2 Paanl
Cmenennvim p}ZOOM HAa3bIBAIOT PAJd BUA
ag +a1(x—a)+a2(x—a)2 +..tay(x—a) +...= > a,(x-a)", (9)
n=0

pacnonomeHHmﬁ 10 CTCIICHAM ABYYJICHA (x - a).
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B cootBerctBUM Cc Teopemoit AGens psaag (9) cxoawTcs Ha HWHTEpBAJe

X E(a— R,a+ R), a IJI1 BCEX X, JICKallUX BHC 3TOrO MHTCpBalIA, psa pacXOgUTCA.

Yucno R Ha3bIBaIOT paduycom cxooumocmu cTeneHHoro psigaa. Ha koHIlax mHTEepBaia
(mpu X=a—R u npu Xx=a+R) Bompoc 0 cXOAUMOCTH U PACXOJUMOCTU JTAHHOTO
psafa pemaeTcs WHAWBHUIYATbHO I KaXJI0T0 KOHKPETHOTO psaa. Y HEKOTOPBIX
PSIIOB MHTEPBAI CXOAMMOCTH BhIpoxkaaercst B Touky (R =0), y npyrux oxsaTbiBacT
BCI0 0cb Ox (R =0).

Cornacno npusHaky Jamam6epa paauyc cX0IUMOCTH OMPEEISIOT 1Mo GopMyiie

. a
R=lim|-—"

N—o0

(10)

an +1

Ecau Bocmionp30BaThCs IMPU3HAKOM KOHII/I, TO

R= lim %

n—oo 1 an

Hpumep. Haiitu HHTCpBAJI CXOAUMMOCTH pPsiaga M HCCICOAOBATL Cro CXOAHMMOCTb Ha

00 Xn

Kpasx UHTepBajla -
=1 Nn-10

Pewenue.

Pannyc cxonumoctu onpenenum mo ¢opmyie (10):

n+1
(+D-10771 19 jim "t _q0. |im(1+1)=10.

. a .
R=lim—|=Ilim -
n+1| N n-10"" n—o N n—o0 n

n—owo|a

Ha xonmax wHTepBama: mnpu X=-10 moaydum  d9uCIIOBOW  psin

o0 n 0 n

(-10) (-1 .
Z 10n = Z , KOTOpBIU SBJIICTCSA 3HAKOYCPCAYIOIIMMCSA M CXOOMTCSI IIO
n=1 N" n=1 n

TCOPEMC H€ﬁ6HHHa, TaK KaK CIro 4YJICHbI Y6BIBaI-0T 10 a0COJIIOTHOM BEJIUYHMHE

1>—>1>... u Iimle. [lpu x=10 mnomydyumM TapMOHWYECKUU ps Z—,
2 3 n—w N nzln

KOTOpBIM pacxoauTcs. Takum oOpa3oM, NaHHBIA CTENEHHOW psJ CXOOUTCS MpH

x €[-10;10).
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OCHOBHBIE AJI€MEHTapHbIE (PYHKIIMH MMEIOT MPOCTHIE PA3JIOKEHUS O CTEMEHSM X,

KOTOPBIC IIPCACTABJICHBI HUKC!

2 3 n
X =142 X X VX & (—00,0),
nm 21 3 n!
3 5 7 on-1
sinx=~-2 4+ X % (—1)n+l X +... VXxe(-o0,0),
3 57l (2n-1)!
2 4 6 8 n
cosx=1- 4% X X (—1)”+1X +... VXe(—o0,0),
21 41 6l 8l 2n)!
(1+x)m—1+—x+m(m_1)x2+.. +m(m_1)"'(m_n+l)x”+...VXe(—l,l),
2! n!
x> x3 x* X n-1 X"
In(1+X)=x-— Tt +(-1) e VXE(—].,].),
3 5 7 2n-1
arctgx=x—X—+X——X—+...+(—1)n_1X ¥ VXe(—l,l].
3 5 7 2n-1

[Ipy npUOMMKEHHBIX BBIUUCICHUSX OMNPEJCICHHBIX HWHTErpajioB TpeOyeTcs
Pa3NoXUTh MOJBIHTErPAILHYIO (PYHKIIMIO B CTEMEHHOW Psiji, KOTOPBIA B Mpeaeiax
WHTEpBAJIA CXOJUMOCTH MOKET OBITh MMOWIEHHO NPOUHTErpupoBaH. Mcmomnb3ys
dbopmyny Hpiorona — JleliOHuIla, oONpeaeaeHHBI MHTErpal BBIYUCISIOT Kak
YaCTUYHYK0  CYMMY  MOJYYarOLIErocss  YUCIOBOrO  psija. Ecrm  psan
3HAKOYEPEYIOIMMUICS, TO TOYHOCTh MPUOJUIKEHHBIX BBIYUCICHHUN HE MPEBOCXOJUT

NEPBOT0 U3 OTOPOIICHHBIX YJICHOB.

Ilpumep. Beraucnuth onpenenaeHHblid nHTErpai ¢ ToyHoctbro a0 0,001 myrem

Pa3I0KEHHS MOABIHTEIPATbHON (PYHKIIUH B PSA M MTOYIEHHOIO HHTCTPUPOB aHHSI
05 .
sin x
3TOTO psija: j —dx.
0 X

Pewenue.
Hcmonb3yeM pasioxeHne B psax s (QyHKOuM SINX M [OACTaBMM €ro B

MOABIHTCIPAJIbHOC BBIPAKCHUC



0,5 sin x 0,5 1 X3 X5 N4l X2n—1
j—dXI — X——+—+...+(—1) ——+... 0X=
X P x(© 3t sl (2n-1)!

0,5 2 4 2n-2
= 1—X—+X—+...+(—1)n+1x—+... dx =
! (2n-1)!

0,5

XX n+l x2n

= x—3z gt (D) +...
313 515 (2n-1)}(2n-1)

2 2%313 2%515 2" (2n-1)Y(2n-1)

~0,5-0,0069 +0,00005 ~ 0,5—-0,0069 ~ 00,4931~ 0,493.

0

B BBIYMCIICHHAX NPUBENCHBI NIEPBBIC TPU YWICHA Psifia C COXPAHEHHUEM YEeThIPEX
3HAKOB IOCJIE 3aIATOM, TaK Kak 3amaHHas ToyHOCTh cocrasisier 0,001. Tpernii
YIEH psAa OTOPOIIEH, TaK KaK OH IO BEJMYHMHE MEHbIIE 3aJaHHOM TOYHOCTH

(0,00005) < 0,001. B oxoHYATEIBHOM Pe3yJIbTATE IPOBEACHO OKPYIICHHE 10 TPEX

3HAKOB I10CJIC 3aIISITOM.

3. q)YHKIII/II/I HECKOJ/JIbKHX II€EPEMECHHDBIX

IlepeMenHas BenMUMHA Z HA3bIBACTCS (DYHKYUEU 08YX NepemMeHHbIX X U 'Y, eCcld
KaXa0d mape 3HaueHui (X,y) M3 JaHHOW OO0JIACTH COOTBETCTBYET CIUHCTBEHHOC

omnpenencHroe 3HaueHne Z = f(X,y).
Js dyakmum Z = f(X,y) BBOAATCS MOHATHUS YACHHLIX NPOU3B0OHLIX TIEPBOTO

nopAaKa, KOTOPLIC OIIPEACIAIOTCA BbIPAXKCHUAMMU:

@_“m f(x+Axy) - f(xy) @_“m fOy+4y)-T(xy)
OX  Ax—0 AX ’ N  Ax—0 Ay ’

U 4acmHbvlx I’lpOMS’GO()Hblx BTOPOroO IopsaKa:

a_zz_g@ P21 o2 _ofa _g@ P’z_ofa
ox2 ox\ox) oxoy oyox ox\ay) oy\ox) oy? oylay)

@Oyukuus z= f(X,y) umeer B Touke M (Xq,Yo) Mmakcumym (munumym), ecnu
3HaueHue 3ToM PyHKUUHU B Touke M, Oosblie (MeHbIE), YeM 3HaYeHUs (PYHKIUU B

110001 TOUKE U3 OKpECTHOCTU TOUKU M.
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HeobxomuMpIMu  yCITOBUSIMH CYIIIECTBOBAHUS dKcmpemyma (MakCUMyMma WITH
MuHUMYMa) auddepeniupyemort Gyakimu z = f (X, y) sABISETCS paBEHCTBO HYIIIO €€

YJAaCTHBIX IMPON3BOAHBIX IICPBOIO IMOPAIKA:

a_,
OX
% _g
oy

TO‘IKI/I, B KOTOPBIX YaCTHBIC IIPOU3BOJHBLIC o6pama}oTcs1 B HOJIb, HAa3bIBAKOTCA

cmayuonaprvimu mouxamu GyHkun Z = f(X,y). s Toro 4rodsl crarmoHapHas
TOYKA SIBIISUIACH SKCTPEMYMOM, B HEM JIOJDKHBI BBITOJIHITHCS 00CHAMOYHbIE YCLOBUSL.
0°z 0%z 9%z

O0o3HaYUM A:—2 , B=—+ >
Ox M, axay M, ay M,

, A=AC -B?,
Ecnu B crarmonapsoit Touke My (X, Yo)
A>0,A>0, 10 M| ecTh TOuKa MUHUMYMZ;
A>0,A<0, 0 M{ ecTh TOUKa MaKCUMyMa;

A <0, To B TOuke M HET FKCTpEMyMa;

A =0, To TpedyeTcs AONOTHUTEIBHOE UCCIICIOBAHUE.

Ilpumep. HccnenoBath Ha AKCTPEMYM byHKIMIO

Z2=2X+4y—x*—y? +6.

Pewenue.
1. Haitnem gacTHbIe TPOM3BOAHBIC 3aJaHHON () YHKITUU

QE:Z—Z& QE:4—2y
OX oy
2. 3anuiiemM HeoOXOAUMBIE YCIOBHUS CYIIIECTBOBAHUS SKCTPEMyMa
2-2x=0 Xx=1
< ,
4-2y=0 y=2

3HauuT Touka M (1,2) siBisieTcst cTarioHapHOW TOYKOM ()YHKITHH.
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3. IIpoBepuM BBIIOHEHME B TOYKE M 1OCTaTOYHOrO ycioBus. 1A 3TOro Haumaem
BTOpBIE€ YACTHBIE POU3BOIHbIE (PYHKIIUU
2 2 2
i, Pz, 2
OX OXoy oy
B touke M(2) A=-2,B=0,C=-2 u A=(-2)-(-2)-0=4. TIlockombKy

—2.

A=4>0,A=-2<0, touka M(L2) sBusieTcs TOYKOW MaKCUMyMa. 3HauCHHUE

byHxmm B o10i TouKe 2|, =2-1+4-2-1° 2% +6=11.

OyHKIMS 1BYX HE3aBUCHMBIX IepeMeHHbIX Z = f (X,Yy) mpuHUMaeT HauboubIiee
¥ HanMEHbIIee 3HaueHus B obnactu D, orpannyenHoi mmuued ¢(X,y)=0, mmbo B

CTallMOHAPHBIX TOYKAX, PACHOJIOKEHHBIX BHYTpU obsnactu D, mnbo Ha rpanuie 3Ton
o0JacTH.

3agaya 00 OTBHICKAHWU HAWMOOJIBIIETO W HAUMEHBIIEro 3HAYCHHN (QyHKIUU
z= f(X,y) B3amanHo obsacTu D permaercs 1o cieayromeMy IiaHy:
1. OnpenenseM cTallMOHapHbIE TOYKH (DYHKIMH, PACIIOIOKEHHbIE BHYTpU 00JaCTH
D, u Beruncisiem 3HaueHus1 GyHKIIMH B TUX TOUKAX.
2. Haxogum crarrioHapHble Toukd QyHKIuH Ha rpanuie @(X,Yy)=0 obmacTu wim Ha
OTACNBHBIX €€ YYacTKaX, 3aJaHHbIX pa3UYHBIMA YPAaBHCHUSIMH, W BBIYUCIAEM
3HAaYeHUs] PYHKLUHU B ITUX TOUKAX.
3. W3 Bcex BBIYHCIEHHBIX 3HAa4eHWH (GYHKIUU BbIOMpaeM HauOonblee U

HanMMCHBIIEC.

Ilpumep. Haittu Haubomnbiiee W  HaUMEHbIIEE 3HA4YCHHUS  (PYHKUUU

z=x2+ 2Xy —4X —Yy B TpeyrojbHUKE, OrpaHHYCHHOM MpsAMbiMH X=0, y=2,

y=X.

Pewenue.
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1. Haiinem craniioHapHbIe TOUKH (PYHKIIMHU U3 YCIIOBUI PAaBEHCTBA HYJIO YAaCTHBIX

IPOU3BOJIHBIX (PYHKITUU
y 25:2x+2y—4:0

X x=0,5
0z < =15
—=2x-1=0 y=4

Crammmonapnast Touka M (0,5;1,5) nexur BHyTpu

3aganHoi ooiactu OAB.

3Hadenne PyHKIUHU B TOUYKe M paBHO

* Z‘M =05°+2-05-1,5-4-05-15=-1,75.
2. Uccnenyem noBeaeHue GyHKIMU HA TPAHULIAX OOJIACTH:

a) Ha Tpanune O4 y=x, 0<x<2, Z=X*+2X-X—4-X—X wm Z=3%x> —5X;

2'=6x-5,2'=0 npu X:g,Torﬂa y:g (Tak KaK y=x).

2
5.5 5 5 25
B Cl == Zl.=3 —-| -5 —=—.
TOUKE (6 6] 3HauYeHUE (PYHKIIMU paBHO ‘c (6} T

Boruucnum 3naueHust GyHKIMU B KpallHUX ToYKax otpe3ka OA.
B touke O(0;0) Z‘ o =0, B TOuKe A(2;2) 3HaYeHHUE (DYHKIIMHM paBHO
7], =3-2"-5-2=2.
0) Ha rpanune B4 y=2, 0<x<2, Z=X°+2X-2-4X—2 um z=X°>-2;
2'=2x,7'=0 npu X=0,a y=2 cornacHo ypaBHEHHIO MPIMOii BA.
B touke B(O;Z) 3HaYeHHE (DYHKIIMHU PaBHO Z‘B =3.0%2-2=-2.
B) Ha rpanuiie OB X=0, 0<y<2, z=-y;
2/=-1#0 mpu Bcex Yye[0;2], cmemoBaTenbHO, CTAIMOHAPHBIX TOYEK HAa

muauu OB HeT.

3. W3 Bcex BBIUMCICHHBIX 3HAUYCHUM 3aJaHHON (DYHKIIMH BbIOMpaeM HauOoibllee u

HAaNMMCHBIIICC:

z|, =2 — HauboJbllee 3HadeHne GpyHKIUK B 0bnactu OAB
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=—— — HauMeHblllee 3HaueHue GyHkuuu B oonactu OAB

Cemectp 3
1. TuddepenuuaibHbie YpABHEHHSA
HuddepennanbHple ypaBHEHHS, B KOTOPHIX MEPEMEHHBIE MOXKHO pa3ieiuThb
IIOCPENICTBOM YMHOXEHHSI 00€UX YacTell YpaBHEHHMS Ha OJHO U TO )K€ BBIPAXKECHHE,

Ha3bIBAIOT 1 (PepeHNaIbHBIMU YPABHEHUAMH C PA30eIiouuUMUcs nepemeHHbIMU.

dy _ f(x)

() — fi(y)dy = f,(x)dx, 1)
WK B tupdepeHnraibHon hopme
fi(x)- fo(y)dx+ f3(x) f4(y)dy=0. (2)

Pasnennm o6e uactu ypasHenus (2) Ha npoussegerne dynxuuii f,(y) fa(x)

009 gy fa0) gy 2)

fs(x)  fa(y)
Y, TOCJIC UHTETPUPOBAHUS, TIOJIYUYUM OOIIMK UHTErpall (00Iee pelieHHEe) YPaBH CHHUSL:
Iydx+JMdy:C.
3(%) f2(y)
Ilpu nenennn Ha f,(y)f3(X) Moxer mpousolith moreps HEKOTOPBIX aCTHBIX
pewennid. Ilycts, Hanmpumep, pu Y = Yy UMeeM fz(YO) =0, Torma pyHkIMA Y =Y,
sBJIseTCS perieHreM ypaBHenus (2'), T.x. dy=dy, =0. Pemenuem Moxer Takke

ObITh QyHKIMS X = X, ecin f5(Xg)=0.
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Ilpumep. Haiitu oOumii uaterpan nuddepeHnnanrsHOro ypaBHEHHs TIEPBOTO

HOpSIIKa X(y+l)dx—(x2 +1) ydy =0.

Pewenue:
Hannoe nuddepeHnnanbHOe YpaBHEHHUE SBIICTCS YPAaBHEHUEM C PA3ACISIOMINMUCS
nepemennsiMy, npuaeM [ (X)=Xx  f,(y)=y+1 f3(x)= X2 +1; f (y)=-

Paznenum 00e yacTu ypaBHEHUs Ha IPOU3BEICHUE

f,(y) f3(x):(y+1)(x2+1)

" IMoJIy4YuM

xdx  ydy
x2+1 y+1

[IpouHTErpUpyeEM NOCIIETHEE PABEHCTBO

d
fxéfff[l‘m]dy c,

UCIIOJIb3YS MOABECHUE 10T 3HAK AuddepeHInana

d(x +1)

J‘ 2

1
_Idy+j yy++1 =C,

NOJTy4uM OOIIHi nHTerpan quddepeHnnalbHOro ypaBHEHUS
1
EIn‘x2 +4— y+Inly+1=

Ipu nenennn Ha f,( y) =y +1 motepsino yacTHOE perienue: Yy =—1.

HuddepenunanbHoe ypaBHEHUE IEPBOTO MOPSIKA

y'+p(x)y=0a(x), 3)
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JUHENHOE OTHOCUTEIBHO HMCKOMOM (YHKIMUM M €€ MNpPOU3BOJHOM, HA3BIBAETCSA
JIUHEUHBIM.
VYpaBHenue (3) CBOAUTCS K JBYM YPaBHEHHUSIM C pa3JIESIOMUMUCS IEPEMEHHBIMU

crenyromuM o0pa3oM. 3amuiieM UCKOMYI0 (QYHKIUIO Y(X) B BHUIE NMPOU3BEIACHUS
nByx dymkuomit: y=u(X)-v(x). OnHa u3 51X QYHKIHHA MOXeT GbITH aGCOTIOTHO

MIPOM3BOJILHOM, a BTOpasi OMpEEsieTCs] B 3aBUCUMOCTH OT TEPBOM TakK, YTOOBI WX
MPOU3BEJICHUE YIOBJIETBOPSIIO YpaBHEHUIO (3).

W3 paBenctBa y=U-V HaxomuMm Y =U'-v+uU-V'. Torma B coorBercTBHE ¢ (3)
umeeM UV+UV'+ p(x)uv=0(x) wm u’v+u(v’+ p(x)v):q(x). BriGepeM B

KadecTBe V(X) Kakoe-HUOY/b YaCTHOE PEIICHNE YPaBHEHUS

v+ p(x)v=0, (4)
TOra JIUIs OThICKaHHS U(X) TOJIyYHM YpaBHCHHE
u'v=q(x). (5)
Haiinem v(X), pa3mensisi mepeMeHHbIC B (4):
v__ p(x)dx, orkyma Inv = —j p(x)dx u v= e Py
v

3nas V(X), Hariaem U(X) u3 ypaBHeHHS (5):

g—iv: q(x) = du _el IO(X)dxq(x)dx, Torza U :J.q(x)eI Py 4 C

OO6miee pellieHre JIMHEMHOTO ypaBHEHUS (3) UMEET BUJL

y—uy =g I PO UCI(X)GI POy 4 C} .

Ilpumep. Haittn oOmee pemieHne IuPPepeHIMATBHOIO YpaBHEHUS IEPBOTO

nopsinka y' —2y=1.

Pewenue.
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3anuiem uckoMyro GyHkuio Y(X) B BUE MPOU3BEACHUS IBYX (YHKIUI:
y=u(x)-v(x), Torma y'=u"-v+u-V,
¥ TIO/ICTABUM ITOJTyYCHHBIE BRIPAXKCHUS B 33JaHHOC YPaBHEHHE
u'v+uv' —2uv=1.
BrrHecem 3a ckoOku U(X)
uv+u(v-2v)=1
W, TPUPABHUBAS K HYJIIO BBIpOXCHHE B CKOOKax, IOJy4UM U pEIIUM JBa

nuddepeHIranbHbIX YPaBHEHHS C Pa3AeIISIOMIUMUC IEPEMEHHBIMH:

vV —2v=0 uv=1

du
LUPRN —e¥ =1
\i dX
Inv =2x du = e Xdx
v =g u =Ie‘2xdx,

1¢ - 1 _
u :——je 2Xd(=2x) =— =X +C
2 2
3anuiiemM odllee pelieHre 3a1anHoro AuddepeHunaabHOro ypaBHEHHs B BUIE

y:uv:(—%e_zx +CJ-82X, WIH y:—%+Cezx.

JuddepenunanbHoe ypaBHEHHE BUAA

Y'+ay +ayy= f(X) (6)
Ha3bIBa€TCsl HEOJHOPOAHBIM JIMHEHHBIM ypaBHEHHEM BTOpPOro MOpsiKa ¢
HOCTOSIHHBIMU KOA((UIIMEHTaAMH &) U 8, .

OOmiee perreHde 5TOro0 ypaBHeHHs Y=Y+Y , rae Y— oOmiee pelreHne

COOTBETCTBYIOIIETO OJHOPOJHOTO YpaBHEHHS; Y — YaCTHOE PELICHHE YPaBHEHUS
(6). IuddepennmaibHoe ypaBHEHHE

y'+ay'+a,y=0 (7)
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ABJISIETCS. OJAHOPOAHBIM UM  HA3bIBAETCSI COOTBETCTBYIOIIMM  HEOJHOPOIHOMY
ypaBHeHHI0 (6). OO1ee peeHrne 0AHOPOJHOr0 ypaBHEHUs (7) HAXOAAT MO KOPHSIM

XapaKTepPUCTUYECKOI0 YpaBHEHUS
r’+ar+a,=0
1 2=V
XapaKTepUCTUIECKOE YPAaBHEHUE MOXKET UMETh TPH CiIydasi Il KOpHER [ U I, !
1) kopHu Xxapakmepucmuuecko2o YpasHeHus OelicmeumenbHvie U pa3iuyHble.
I #I,. B aTOM ciyuae ob1iee pemieHue ypaBHeHHs (7) 3alMChIBAETCS B BUJIE
y =Ce" +C,e"?*, rue C,, C, —npou3BONLHBIE MOCTOSHHBIE;
2) KOpHU XapaKxmepucmuieckoeo ypasHeHus oelcmaumenvhvle U pagrvle. I =1r,.
B »stomM crnyyae obmee pemienue ypaBHeHus (7) 3amMchiBaeTcs B BHJE
— nX
y=¢! (Cl + CZX), rae C,, C, —mpou3BOJIbHbBIE IOCTOSIHHBIE;

3) KOpHU XxapakmepucmuiecKkoco YpaeHEHUSl — KOMNIEKCHble CONPANCEHHbLE

uucna hpo=a*B-i, B#0. B aTom ciydae obmee pemenue ypapHenus (7)
3aIMACHIBACTCS B BUJIE y =e** (Cl cos Sx+C,sin g X) , 9IS
C,, C, —npou3BOJIbHBIE IOCTOSHHBIE.
YacTHoe pelieHHe Y HEOAHOPOTHOro ypaBHeHHs (6) MOXET ObITh HalJACHO
METOJIOM HEOMNPEAEIEHHbIX KO3(P(GUIUEHTOB B 3aBUCUMOCTH OT BUJA MPABOW YaCTH
ypaBHenus f(X).
Ilepsviii cnyuau. 1lpaBas yacte ypaBHEHHUs (6) UMeET BUJ f(X) = P(X)emx, rae
P(X) — MHoroujieH. Torja ypaBHeHue (6) MMeeT 4aCTHOE PEIlICHHE BUa
y*=x“Q(x)e™, ®)
rae Q(X) — TMOJIHBI MHOTOWJIEH TOW € CTeNEeHH OT X, YTO U P(X), HO C

HEONpPEEICHHBIMU KO3((PULIUEHTAMH;
k=0, ecru 4nciio M He SABJISAETCS KOPHEM XapaKTEPHCTHUECKOTO YPaBHCHUS,

kK = 1, eciim 4yucio M SBISETCS IMPOCTBIM KOPHEM XapPAKTCPUCTHUYCCKOI'O

5

YpaBHEHUS,;
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K = 2, ecnmim 4ucimo M SBISIETCSl JABYKPATHBIM KOPHEM XapaKTEPHUCTUYECKOTO
YPaBHEHUS.

[TpaBuiio coxpansiet cBoro cwry u ipu M = 0, korna f(X)=P(X) — MmHOTOUIIEH.

Heomnpenenennsie ko3 PUIMEHTHI B  MHOTOYICHE Q(X) OTIPEACTSIOT

nojcraHoBkor QyHKIuu (8) M ee MpPOM3BOMHBIX B YpaBHEHHUE (6) ¢ MOCIECIYIOIIUM
MpUpaBHUBAHUEM KOI(PUIIMEHTOB MPU OJUHAKOBBIX CTEMEHSIX X B O0EUX YacTsIX
YpaBHEHHUHI.

IMpumep. Haiitu o6muii uaterpan auddepeHIInaibHOT0 YpaBHESHUS
3(x°y + y)dy ++/2+ y*dx =0 (1)
Pemenue

JlaHHOEe ypaBHEHHME JIOMYCKaeT pa3JelieHue TNeplieMeHHbIX. [lefcTBUTENBHO,

3y(x* +1)dy ++/2+ y?dx =0 (2)
NN

ydy  dx
J2+y? 3(x°+D)

Haxozns kBaapatTypsbl JIeBOW U MpaBoii yacTel ypaBHeHHs (3), TOTydyuM

3)

1
%(2+ y?)2-2 :%arctgx+C, C =const

WIH 2+ yZ:%arctgx+C (4)

CootHomenue (4) siBisgercs oOUM HMHTETpajaoM ypaBHeHus (1), mpeacTaBieHHOE B
HESIBHOM BHJIC (HE Pa3perieHo OTHOCUTENBHO Y).

3ameuanne. B nganHoM ciyyae ypaBHeHue (4) J[ONyCKaeT pa3pellieHue €ro
OTHOCUTEJILHO Y; B Ipyrux (00I1ieM ciiydae) ciiydasix 3TO CAelaTh He BCeria yIacTcsl.

Ipumep. Haiitu o6muii unterpan auddepeHImaibHOro ypaBHESHUS

xy' =42x* +y> +y (5)

Pentenue
JlaHHOe ypaBHEHHE SBJISICTCS OJHOPOIHBIM, T.K. OHO MOXXET OBITh IIPEJICTABICHO B

BUJIE
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y'=4 2+(X]2 +X (6)
\/ X X
y

BBenem 3aMeHy MepeMeHHbIX Z ==, Yy =XZ, Y =72+ XZ'
X

[ToacraBus (7) B (6), motydum

Z+X2' =4J2+7% +12

0)0%1

dz  4v2+7° dz dx
= = =— (7)
X

dx X 42+ 77

Haxons kBagparypsl B ypaBHEHUH (7), TOTy4YUM
In ‘z +/2+7°

NI

z+2+2°=Cx* (8)

BozBpamasice k nepemennoit Y u3 (7) k (8), moryunum

2
Yy 2+(lj =Cx* (9)
X X

=4In|x/+InC, C >0, C =const

0)0%1

y+4/2X2 +y? =Cx* (10)

(10) — uckomplit oomuii uaTerpan, C=const.

IIpumep. Pemmts 3anauy Komm
dx + (2x+sin2y —2cos’ y)dy =0, y(-1) =0 (11)
Pemenue

JlaHHOE ypaBHEHHUE SBJISICTCS JIMHEHHBIM OTHOCUTENLHO QyHKITUH X(Y).

JleiicTBuTENBHO, TIOJEMB 00¢ ero yactu Hady # 0, moryaum

%+ 2x=2c0s’ y—sin2y (12)

dy

NN
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dx :
— +2Xx=1+c0s2y—-sin2y
dy
Breném 3ameny (cornacHo metony bepHysin) B Bue
x=u(y)-v(y) (13)

[loncrasnas (13) B ypaBHenue (12), noaydum

u'v+Vv'u+2uv=1+cos2y—-sin2y (14)
wim U'vV+u(v' +2v)=1+cos2y—sin2y (15)

Bribepem ¢pynkmmo V(Y) Tak, 9TOOBI YAOBICTBOPSATH YpaBHEHHUE

V'+2v=0 (16)
WIH av =-2V=> av =-2dy (17)
dy v

Haxons xBaaparypsl ajis (17), moaydum

Injv|=-2y=>v=e® (18)

[MoncraBum Teneps HaineHnyo Gyakuio V(Yy) u3 (18) B ypaBHenwue (15), momydnm:
u'e™® =1+cos2y—sin2y

wm U' = (L+cos2y —sin2y)e”’ (19)

WNuterpupys (19) no y, Haliiém

U= %ezy + _[(cosZy —sin2y)e®’dy +C

Haiiném otneisHO

t= e2y dt = ZeZYdy

cos2y —sin2y)e?’dy + C = -
I( y y)e~dy ds =(cosZy—Sin2y)dY‘S :%(sin 2y +C0s2Y)

t=e% ‘ dt =2e*dy }

1 2y H 2 .
==e“(sin2y +cos2y) — e (sin2y +cos2y)dy =
2 (sin2y y) J. ( y V)dy [ds—(sin2y+c052y)dy

S =%(—cosZy+sin 2Y)
= %ezy(sin 2y +c0s2y) + %ezy(sin 2y +c0s2y) + Jezy(—COSZy +sin2y)dy =

= j(cosZy —sin2y)e?dy = %ezy cos2y +C
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CnenoBaTennbHO,
u :%ezy +%e2y0052y+C, = x=u(y)-v(y)=

Bezy(u cos2y) + C} e =Ce™? +cos’y

Omeem: x=Ce ™ +cos’y (20)

Ipumep. Haiitu o0muii uarerpan auddepeHImanbHOro ypaBHEeHUS

1
lz cosXdx—| Zcos + 2y |[dy=0 (21)
X X X X

Pemenne

JlaHHOE ypaBHEHHUE €CTh YPaBHEHHE B MOMHBIX AuQdepeHInanax . 3amuiieM 3T0
ypaBHEHHE B KAHOHMUYECKOHN hopme

M (x,y)dx+ N(x,y)dy =0, (22)

rac
M (X,Y) :lz-cosx
" (23)
N(x,y)= —(—cosl + 2y)
X X
[TpoBepum ycnoBus Komm-Pumana oM = N (24)
oy oX

Haiiném
M _ %cosl —lz : (sinl) = :izcosl —lssinl (25)

X X X X" X X X X X
Tenepp HaliiemM
N _ —(—%cosl—l(sin X)(—lz) = izcosl —lssinl (26)
OX X X X X" X X X X X

N3 Boipaskenuit (25) u (26) cienyert, 4To yciaoBue (24) BBIMOIHEHO, TOTOMY JIAHHOE
ypaBHEHHUE €CTh ypaBHEHHUE B MOJHBIX TUdPepeHiranax. 3anuiieM ero B BUJE:

du=0, (27)

rac
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ou ou’ y

y 1 y
du=—dx+—d cos=dx —(=cos 2y)d 28
W > dx— (s> +2y)dy  (28)

X X
CpaBuuBas koddduruentsl npu muddepennmanax dx m dy, momydum cucremy

ypaBHCHHI OTHOCUTENILHO QyHKIMH U(X,Y) B BHJIE:

.a—uzlzcosl
OX X X

ou

(29)
_—_i X
2. (Xcosx+2y)

HNuTerpupys 1o x neppoe ypaBHeHHE CUCTEMBI (29), monydum
u(x,y) = jlzcosldx —sind + C(y) (30)
X X X

[ToacraBuB Beipaxkenue (30) Bo BTOpoe ypaBHEHHE cUCTEMBI (29) Hailiem ypaBHEHUE

y

—(cosz)lJrC’(y):—Ecos——Zy:C’(y)=—y2+const
X~ X X X

CnenoBatensHo, u3 (30) mpu nmoacranoBke (31) nmomydum

y

u(x,y)=-sin v y® +CoNst, TO’TOMYy OTHOCHTENBHO pelieHue ypasHeHHs (21)

UMeEET BUJ

y

sin=+y*+C, =0 (32), rae C,- mpou3BojibHas KOHCTAHTA.
X

Ilpumep. Haiitu yactHOe penienue AuddepeHnaIbHOro ypaBHEHU BTOPOTO

nopAaaka, yaoBJIICTBOPAIOIICE 3aJaHHBIM Ha4YaJlbHBIM YCJIOBUAM!

y' =3y —4y=4x-1 y| =2, Y| _,=3

Pewenue. XapakTepucTUYecKOe ypaBHEHUE r’-3r—4=0 wumeer gBa

Pa3IMYHBIX JCWCTBUTEIBHBIX KOPHS n=-1r=4, CIICIIOBATEINBHO,
y=Ce *+ Cze4x : [IpaBas 4acTh ypaBHEHHUSI uMeeT BU/T
f(x)=4x-1=(4x-1)-¢*, e m=0 u He sABIAETCA  KOpHEM

XapaKTEPUCTHYECKOro ypaBHeHus. Toraa yactHoe pemenue npu K =0 uiem B Buge
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"

y*:xo-(Ax+B)-e°‘X:Ax+B, (y*)':A, (y) =0. TIlocime TIOACTAHOBKH B

nuddepeHmanbHOe ypaBHEHHUE MOTydaeM
0-3A—-4(Ax+B)=4x-1,
—3A-4Ax-4B=4x-1;
—4A-x+(-3A-4B)=4-x+(-1);
X' —4A=4; A=-1
x': -3A—4B=-1 -4B=-1+3A=-4, B=1

YacTtapM perrenueM siBisgercss ¢yHkinus Y = Ax+B=-1-x+1=1-x. OOmmm
peutennem sBiseTcst pynkuus y=y+Yy =Ce " + C264X —X+1.
Haiinem 3nHauenme xoHctanT C;,C, wu3 HavanpHbIX ycnoBuil. [t artoro
onpenenum y' =-Cie " + 4C284X -1.
Torna y|x=0 =C+C, +1=2, C, =0,
Y| _o=-C1+4C,-1=3, {Cz =1

HckoMbIM 4acCTHBIM perieHreM SBIsieTCs QyHKIUS Y = e _x+1.

Ilpumep. Haiitu yactHoe penienne nudpepeHnnaibHoro ypaBHEHUSI BTOPOTO

nopAaaKa, yaoBJICTBOPAIOIICE 3aJdaHHBIM HaYaJIbHBIM YCJIOBUAM!

y" — 4y + 4y =e?¥, Y 0=2 Yl|_,=3

Pewenue. XapakrepucTuueckoe ypaBHEHHUE r>—4r+4=0 nmeer JIBYKpPATHBIM
o 2X
KOpeHb I} =2, cieoBaTeNbHO, Y =€ (Cl +C2X). [IpaBas yacTh ypaBHEHUS UMEET
BU/T f (X) =e*, m=2 ABIIIETCA JBYKpPaTHBIM (k=2) KOPHEM
XapaKTEPUCTUYECKOTO YPaBHEHHUS, TOTJIa YACTHOE PELLICHUE UILIEM B BUJIE

y*=x2. Ae?X, (y*), = x?.2Ae® +2x- A = 2Ae2x(x2 + x),

14

(y*) - 4Ae2"(x2 + x) +2Ae%*(2x+1) = Ae* (4x2 +8X + 2).
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[Moce MOACTAaHOBKM Y* M €€ IPOM3BOAHBIX B MCXOAHOE aud(epeHIuan-Hoe
ypaBHEHHE MOTy4aeM

Ae?¥ (4x2 +8Xx+ 2)— 4. 2Ae2"(x2 + x)+ 4Pe®* . x? =e®,

Aezx(;l«%{+?3x+278f‘(>8x+;|«%{):e2x,

2Ae2X — e2X,

2A=1, A:E.
2

YacTHEIM peleHneM aBiseTcs QyHKIus Y = Eezx X2,

O6wmM petennem seasercs Gyuxuus Y=Y+ y* =™ (C, +C,X)+ %ezx X2,

Haiinem 3nauenue koHctanT C;,C, wu3 HavanbHbIX YycnoBuid. /[lnsg 3Toro
OIIPEJIEIUM IPOU3BOIHYIO
1 A2X 2X [ 2
y'=e”(2C, +2C,x+C, )+ X" + X,
U TOIy4YMM CHUCTEMY YPAaBHCHUH IJIA OIpPEACIICHUS 3HAYCHUH I[POU3BOJIBHBIX

KOHCTaHT
Y, —e’.c;=2, C=2
y| _,=€%(2C;+Cy)=3, C,=-1

_ 1
VickoMBIM periermeM sBrseTest Gyrkuusa Y=Y + Yy =e**(2-x)+ Eezx X2,
Bmopoti  cnyuain.  llpaBas  uyacth  ypaBHeHust  (6) uMeeT  BHUI

f (x) =acosnx+bsinnx.
Ecnu uucia iin HC ABJIAIOTCA KOPHAMHU XAPAKTCPUCTHYCCKOI'O YPaBHCHUA, TO
y" = Acosnx + Bsinnx.
Ecnu uucma +in  SBIAIOTCS KOPHAMH XapaKTEPUCTUYECKOTO YPaBHEHHS, TO
JaCTHOC PCUICHUC UMECCT BU/I

y" =(Acosnx+ Bsinnx)- x.
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B yacTHBIX citydasx, Korja a wiv b paBHO HYITO, pelieHre BCE paBHO HA/I0 MCKATh B

yKa3aHHOM 00111eM BH/IE.

Ilpumep. Haiitu yactHoe perierne 1u@hepeHinaibHOro ypaBHEHUS BTOPOTO

IopAaKa, YAIOBJIICTBOPAIOIMICC 3alaHHBIM Ha4aJIbHBIM YCJIIOBHUSM!

1

!

y

x=0 2 '

y"+4y +13y =5sin3x, y| = %

Pewenue. XapakrepucTuueckoe ypaBHCHHE r? +4r +13=0 umeer KOpHU

—4+\42-4.13 —4+-36 -416i i3

L, =
12 2 2 2

torna ¥ =€ 2*(C cos3x +C,sin3x).
Yucna +3i He SBIAIOTCS KOPHAMH XapaKTEPUCTHYECKOTO YPABHEHHMSI, [I0DTOMY
y* = Asin3x + Bcos3x,
(v )' =3Aco0s3x — 3Bsin3x,
(v )” =—9Asin3x — 9B cos3x.

HOI[CTaBJ'IHeM y* H €C IIPOU3BOAHBIC B HCXOJHOC YPABHCHUC U I10JIYy4adaCM

—9Asin3x —9Bcos3x + 4(3Acos3x —3Bsin3x) +13( Asin3x + Bcos3x)=C,
(4A-12B)sin3x+ (4B +12A)cos3x =5-sin3x + 0- cos3x;

1
sin3x: 4A—1ZB=5} A=§
f—

cos3x: 4B+12A=0 B=_2
8

O6HI€C pPeUICHUC YPABHCHUA NMCCT BH
y =& 2%(C,cos3x+C,sin3x) + %sin 3X— gCOSBX :

Haiinem 3Hauenue koHctanT C;,C, wu3 HauanpHBIX YycioBuid. [l storo
OIIPENIENUM IIPOU3BOIHYIO
y' =-2e72*(C,cos3x +C,sin3x) + e 2* (~3C; sin 3x + 3C, cos 3x ) +

+§0053x + gsin 3x
8 8
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U 3alnmeM CHUCTEMY ypaBHeHI/Iﬁ AJs1 - OIIPCACIICHUS 3HAYCHUM ITPONU3BOJIbHBIX

KOHCTaHT

OOIoo
I\)|H

e%(C,-0+3C, )+

C1:£+§ E’
8 8 2
1(1

sz_(_+§j:§.
3\2 8) 8

HckombIM perieHueM siBisieTcs QyHKIus

y=e ¥ (lcos3x + gsin3xj + %sin 3X — gcos3x .

2. KPATHBIE UHTEI'PAJIBI

JIBOWIHOM MHTErpaJl

Ha miockocTtu paccMOTpUM HEKOTOPYIO 3aMKHYTYIO oOsiactb D, orpaHudeHHyro

3amkHyTOM smHueit L. [Tycts B oonactu D 3amana ¢ynkius z = f (X, y) . Heounotu

unmezpan ot 3Toil GyHKIMU 1o obnactu D obo3Havaercs

” f(x,y)dxdy.
D
OCHOBHBIE CBOMCTBA I[BOﬁHOFO HHTCI'pajia:

1. ”cf X,y )dxdy = c” xy dxdy
2” xy +f xy dxdy ” xydxdy+”f xydxdy

3. lycte D=D,UD,, Toraa
ﬂf(x,y)dxdyzﬂf(x,y)dxdy+”f(x,y)dxdy.
D D D,
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I puioxxkeHust IBOMHOTO HHTErpaja

1. ITnowaow obnactu D Berancisercs no popmyne Sp = H dxdy .
D

2. Obvem UMIAMHAPUYECKOIO Teja, HWKHUM OCHOBAaHHMEM KOTOPOrO SBISIETCA
obomactb D, newxamas B miockocth XOY, BEPXHUM — 4YacTh MOBEPXHOCTH

z=f (X, y), npoekTupyromasics B o0mactb D, OokoBas TMMOBEpXHOCTh —
WIMHIpAYECKas, ee oOpasyromme mapamiedpHsl ocu Oz u mpoxomsaT dYepes

rpanuiy L o6mactu D, Beramcisercs no gopmyne V = ” f(x,y)dxdy.

3. Macca mnnockoil  mmactuHel D,  uMeromield MOBEPXHOCTHYIO IJIOTHOCTh
,0=,0(X, y), HEINPEPBIBHYIO B  00JacTH D, BBIUUCIIETCA TI0  (opmylie

M :”p(x, y)dxdy.

BeruucieHne JBOMHOrO MHTErpaia

1. TTyctp obmacte D orpaHndeHa ABYMSI BEPTHKAJIbHBIMH HPAMBIMH X =a, X=Db
(a<b) wu mByms KpuBbIMH y=0,(x), y=¢,(x), mnpmem ¢ (X)<@,(x)
?,(X) <@,(X) mmsa Beex Xe[a,b]. Torma nBoifHONW WHTErpall MOXXKHO CBECTH K

MOBTOPHOMY (JIBYKPATHOMY) CJIGI[YIOIHI/IM oOpa3zom:

X

” xydxdyJ' f(x,y)dy _[dx f(x,y)dy

X
2. Ilyctp obmacte D  orpanuueHa AByMsl TOPU3OHTAIBLHBIMU — TPSIMBIMH

y=c, y=d (c<d) u nsyms kpusbivu X =¢,(y), X=9,(y), npudem ¢,(y) < p,(y)
s Bcex Ye[c,d]. Torma mBOWHON WHTErpajs MOXXHO CBECTH K ITOBTOPHOMY

(IByKpaTHOMY) CIICYIOLIUM O00pa3oM:
d( o(y) d P (Y)

jj f(x,y)dxdy:J' j f(x,y)dx dy = jdyj f (X, y)dx.

c\ a(y) ¢ aly)
3. Ilycte obmacte D He sBnserca anemeHTapHoi. Torma ee cieayer pa3douTh Ha
KOHEUYHOE YHUCJIO DJJIEMEHTApHbIX o00JacTeld MpsSMBIMHU, NapaJUICIbHBIMUA OCSM
KoopauHar. [Ipu BBIUMCIEHWM TakKMX JIBOMHBIX MHTETPAJIIOB CIIEYET NPUMEHUTH
CBOMCTBO 3.

[Ipumep. 3anucarh ABOMHON MHTETpal J.J. f (x,y)dxdy B BHze moBropHOro
D

WHTErpaja IByMs Criocodbamu, eciiu o0JacTh HHTerpupoBanus D orpannyena

4
JUHUSIMU Y =—, Y =X, X=4,
X

Ctpoum 00J1aCTh:
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YA

|

[

>

[TepBerit cioco0 3ammcu. [Ipu nmpoektupoBannu Ha ock OX aHHAs 00JIACTH SBISICTCS

. 4
aneMeHTapHoi. Tak kak npu 2<X<4 umeem —< Y <X, TO
X

4 X
”f(x, y)dxdy:jdxjf(x,y)dy.
D 2 4
Bropoii cmoco6 3ammcu. Ilpum mpoektupoBanuun Ha och Oy nmaHHas o0jacTh He

ABIIICTCA DJIEMEHTapHOM. HalieM KoopuHaThl TOUKH MepecedeHus npsiMot X=4 u

4 4
BETBU THUMEPOOSBI Y =— yzzzl. Taxxe MoHaAOOUTCS KOOpAWHATA ) TOYKH
X

nepeceyeHuss NpsAMBIX y=X U X=4, 10 ectb Y=4. llonyuennyo urypy

HE0O0X0MMO Pa30UTh Ha JIBE C MOMOIIbIO MpsAMON Y =2, mapauieiapHoi ocu OX u

BOCIIOJIB30BaThcsl MyHKTOM 3. Jlms mepBoit obmactn: 1<y<2, —<x<4,

BTOpoil: 2<Yy<4, y<x<4.B pe3ynbraTe uMeeM

2 4 4 4
H f(x,y)dxdy = Idyj f(x,y)dx +jdyj f(x,y)dx.
D 1 4 2 y
y
[Ipumep. BeaucinTh JBOWHOW MHTETPA ” xdxdy o o6sactu D, orpaHu4YeHHOMN
D
muHEAME Y =4,y = X7
CrenaeM 4epTex U OIPENeInuM IIpelesibl HHTETPUPOBAHMS:
—2<X<L2,
x*<y<A4,
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=Y

|
|
|
:
|
|
|
|
I
|
|
|
|
|
|
-2 0 2

”xdxdy :_J.szdxjdy:jzxdx@— xz): J%(4x— x3)dx=

D 2 -2

| (5 (o2 toony-o-e0

[lpumep. Beruucauth 00bEM TeNa, OrPAHUYEHHOTO TMOBEPXHOCTAMH X+ Y =1,
z=x*+y*+1, x=0, y=0, z=0,
N300pa3um Ha mmockocTu XOY MpOEKIUIo Tena:

YA

&//

1-x

1-x
HZ(X,y)dxdFjdXI (X +y? +1)dy=jdX(X2y+y§+ y] =
0 0

D 0

:i(xz (1- x)+@+(1— x)de:ﬂxz —x+1-X+ (1‘3X)3de:

\Y
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1
3 4 2 (1—x)*
(X LI S N VPR S N W

3 4 2 12 0"3 4 2 12

[Tpumep. Haiitu maccy miiacTuHKH, OrpaHndeHHON THHUSIME X =5y, X=0, y=2u
MMEIOILEH NTEPEMEHHYIO IOBEPXHOCTHYIO INIOTHOCTh P = 2X +3Y .

Maccy ninacTUHKH BBIYUCIUM 10 (hopmyrie

m =”p(x,y)dxdy.
D
Crpoum 001aCTh:

YA

=5

Haiinem abcrmccy TOUKM TIEpecedeHus MpsAMBIX X =5y u Yy =2, nmomydaem X =10.

Torma 0<x<10, éﬁ y<2mwu

= [ () = (25 3y) 60y = [en] (2 3y)ay =1I0dx(2xy+gy2]i _
D D ) i O

5
10 10 10
:_[dx 4x+6—gx2—§ X— I(4x+6—§x ]dx:(2x2+6x—§x3j =
) 5" 225) 3 50 150" ),

=200+ 60—E 1000 = 260—@:@
150 3 3

[Ipumep. BeIuucanTh MOMEHT UHEPLIUM OJHOPOJHOMN IUIACTUHKHU, OTPAaHUYE€ HHOU

X
JAHASIMA — + Y 1, x=0, y=0 oTHOCHTEIHHO HaYajga KOOPIUHAT.
a

B cuny 0THOpOAHOCTH MIIACTUHKHU, MOJIOKUM €€ TJIOTHOCTh PABHOM p(X, y) =1.

X
YpaBHEHUs IPaHUI] TUNIACTUHKH Y = b(l— gj , X=0, y=0. MsI momygaem

JJ x +y° dxdy J‘dxb(ljaj X? + yz)dy = E(xzy + ygjb[l) dx =

0 0
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3
a ba(l_xj a 3 2 3
= | x2b(1—5j+ a dx:bj[x?-x—ﬁbz[l—sf 3X—2—X—3Ddx:
) a d a a a a
:bjl Xz_x_3+b_2_xb2 x’b®  x’’ iy
. a 3 a a 3&°

a® ab® a* ab® ab® ab®) a®
S B oL
3 3 4 12 3 2 12

2.1 TpoitHo# MHTErpaJa

[lycTe B TpOCTpAHCTBEHHOM NMIMHApUYECKOM obOnact V  3amaHa (QyHKUMsS
u=f(x,y,2). Ilycts obmacte D sBisgeTcs npoeknueit odmactu V Ha IIOCKOCTh
XOy, cama obmacte V CHH3y OrpaHHYeHa MOBEPXHOCTBIO Z =1/, (X,Y), CBEpXy -
MIOBEPXHOCTBIO Z =/, (X,Y), mpudeM s Bcex Todek obmacth Dy, (x,y)<w,(xy).

Torma tpoiiHo#M uHTerpan ot pyakmuu U= f(X,y,z) mo obnactu V o0o3HauaeTcs

HI f (X,y,z)dxdydz u moxeT ObITH TPeoOpa3zoBaH CIICAYIOIUM 00pa3oM:
\%

U/Z(va)

J'Hf(x,y,z)dxdydz:ﬂdxdy I f(x,y,2)dz.

‘//l(Xry)
Ecnmu npu stom obOmacte D orpaHuueHa AByMs BEpTHUKaJbHBIMU MPSIMBIMH
X=a, x=Db (a<b) u nByms xpuBsiMu Y =¢,(X), Y=¢,(X), rre ¢,(X) <¢,(X) m
Bcex X €[a,b], To TpoitHOI MHTErpar MOXHO CBECTH K IOBTOPHOMY (TPEXKPATHOMY)

CJICAYIOIUM 06pa30M:
?,(X) v (X,Y)

mf(xiyiz)dxo'ydhidx [ay [ fxy.2)d

a o) )
AHanoruyHo, ecau ob6nacte D orpaHnueHa AByMsI rOpU3OHTAIBHBIMU TPSIMBIMU

y=c, y=d (c<d) u gByms xpusbiMu X=@,(y), X=0¢,(y), npuaem ¢,(y) <@,(Y)
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st Bcex  Ye[c,d], To TpoiHON WHTETrpanm MOXHO CBECTH K TIOBTOPHOMY

(TpeXKpaTHOMY) CICOYIOIIIUM 06pa30M:
d ?2(Y) w2 (X,Y)

Hj f(X,y,z)dxdydz =Idy I dx I f(x,y,z)dz.
v ¢ al)  wxy)
[Tpumep. HaliTu 00beM Tena, OorpaHuyE€HHOr0 OBEPXHOCTSIMU

10
x?+y?=18, x=.,/3y, x=0, z=0, z:l—ly.
IToBepXHOCTH X% + y2 =18 - nunuHApUYEcKas, ¢ 00pa3yromiel, mapajuieIbHONH OCH
Oz; B ceyeHUH, NMEPHCHAMKYIIPHOM OOpa3yromiel, - OKPYKHOCTh C IIGHTPOM B
Hayajie KOOpJuHaT pajanyca 3W2;
MOBEPXHOCTh X =4/3Y - IIWIMHApPUYECKas, ¢ oOpasyromiei, napamienbHoi ocu Oz; B

CEeUYEHHH, TEPICHIUKYISPHOM 00pa3yrolieii, BETBb mapaboisl X = /3y,

noBepxHocTh X=0 - miockocts Oyz,
noBepxHOCTh Z=0 - miockocTs Oxy,

10
MOBEPXHOCTh Z = =y . IUIOCKOCTh, coJieprkaias och OX.
11
OObeM Tena BbIUUCISAEM 110 PopMYyIIe:

V= j\_/” dxdydz.

}ll

i

|
|
|
I
0 3 [32

Jlns paccTaHOBKM TpeeNioB HaiineM Ha miaockocT OXYy  TOYKYy MepecedeHHs

OKPY>KHOCTH U 1apadosbl. JJis 3TOro pemmum CUCTEMY YPaBHEHUH:
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X~ +y- =18,
e
[ToncTarssist BTOpOE ypaBHEHHUE B MIEPBOE, MOTYIHM
3y +y?=18;
y>+3y-18=0;
oTkyza y, =3, Y, =—6
Tak kak B obnactu y >0, To 3HaueHue Y, =—6 He noaxonut. [loncraBum B
X =4/3y 3HaueHue Y, =3, momyunm X(3)=3.
Torma s TPOEKITMY Tea Ha TJI0OCKOCTh OXY IOTydaeM CIICIYIONTUE HEPaBeHCTBA:
0<x<3,
X? <y<18—x%,

10
COOTBETCTBEHHO I IepeMeHHo Z mMeeM 0<7 < T y.

PaccraBum npenensl HHTETPUPOBAHKS U BBIYUCIUM TPOMHOM MHTETPA:

10
Jisx® 1) 3 J18-x2 0

V:m.dxdydz:j}dx j dy'[ dz:'[dx '[ dy(z Ly:
Vv 0 X2 0 0 X2
B 3

0 10F [ y?
=vldv==|dx| -
(nyj y 11{ X(z)
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2.2 KPUBOJIUHEWHBIE UHTEI' PAJIBI

Kpuponuueiinbii naTerpai 1 ponaa (o JUIMHE JIVIu)

1. [yctp Tnaakas kpusas L miockoctn XOy 3amana ¢ysakmmen y = y(x), X €[a,b],
bynem npenmonarars, uto ¢pyaknus f(X,y) HenpepblBHA BO BCEX TOYKax KpuBou L,
TOrJla KPHBOJIMHEWHBIA WHTErpall MepBOro pojaa (Mo JUIMHE JYrH) 3aluChIBACTCS

CIIELYOIMM OOPa3OM: J f (x,y)dl u Beraucmsiercst mo popmyie
L

jf(x,y)dl :i f (x,y(x))«/1+(y'(x))2dx.

L a
2. ITyctb Ha miockoctu XOY mapaMeTpuyecKd 3ajjaHa IJaJikas KpuBas

L:{X:X(t),te[a,b],

y=y(t)
T.e. Gyzem mpeamonarars, 9to GpyHkuun X(t),y(t) - HempepsBHO
nuddepennupyembie; mycth (Gynkunus f (X, y) HempepblBHA BO BCEX TOUKAX KPUBOM

L, Torna KpuBOJHMHEWHBIA UHTErPAJ IEPBOIrO pojia (10 JIMHE AYTH) BEIYUCIISAETCS
o ¢hopmyne

b

I ()= 1 (x(0yO)y (O + (v () ot

L a
ECJ’II/I KpI/IBaﬂ L 3a/1aHa B TpeXMepHOM HpOCTpaHCTBe, T.C.

x=x(t)
L:qy=y(t),te[ab],
z=1(1),

TO COOTBETCTBCHHO UMCCM
b

[f(xy.z)di=[f (x(t),y(t),z(t))\/((x'(t))z+(y'(t))2+(z'(t))2)dt.

L a

I IprinoxxeHust KpUBOJIUMHENHOT0 HHTErpaga 1 pomaa

1. I'eomempuueckoe npunodicerue: BEIYUCICHUE IJIMHBI KPUBOU 10 (popmyiie
L|=]d.
L

2. Mexanuueckoe npunodicerue: BHIYUCICHIE MACChl KPUBOIA.
[Tycts L - mumockast kpuBast U O (X, y) - IJIOTHOCTH Ha KpuBoit L. Torma macca

BBIYUCIISIETCA 110 (opMyrie

m, =_[5(x,y)d|
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B cnydae npocTpaHCTBEHHOM KPUBOM MOJY4a€M COOTBETCTBEHHO

mszcS(x,y,z)dI.

X
[Ipumep. Beruucants wuHTErpat I—dl, rie L - gyra mapaGomsr y® =2X,
L

3aKIIOYCHHas MEXKIy Toukamu A(2,2) u B(8,4).

Beruncium auddepentman amuasl ayru dl - i kpuBoi Y =+/2X :

1 1 1+ 2X
'=—, dl=y1+ ’2dx:‘/1+—dx:,/ dx.
y [2x ) 2X 2X

CrnenoBaTenbHO, JaHHBIN UHTErpaJl paBeH

X & X ,1+2x 21 1
Zdl = | ———, [—=2dx = [ =1+ 2xdx = = (1 + 2x)*?
!y ‘!\/ZX 2X '2[2 2( )

[Tpumep. Halitn maccy OqHOPOAHOM AyTH LIUKJIOW B

I_{x:a(t—sint)

“|y=a(l-cost)

2=%(17J1_7—5J§).

te[0,27]

Tak kak KpuBasi OJJHOPOJIHAS, TO INIOTHOCTh O (X, y) =1. Haiigem X', y' u dl:
x'=a(l-cost), y' =asint,

dl :\/az(l—cost)2+azsin2t dt = av1— 2cost + cos?t +sin’t dt =a/2—2cost =

=a./2(1-cost) =a, /2 : 25in2% dt = 2asin%dt .

CraenoBaTenbHO,

2n 2
m, :{5(x,y)dl = £2asin%dt =—4acos% (;r=8a.

KpuBojmHeHHBIN HHTErpal 2 poaa (1o KOOpAUHATaAM )

1. [lycte  AB - myra rimagkoit kpuBoi L, 3aganHoii Ha miockoct XOY dyHKuuen

y=y(x), xel[ab], Bymem mnpennomarate, uro ¢ynxmun P(X,y), Q(X,Y)
HENpephIBHA BO BCEX TOYKAX KPUBOW L, Torma KpUBOJMHEWHBINH MHTETpaj BTOPOTO
pona (o KOOpANHATaM) 3aIMChIBACTCS CJIETYIOIITUM o0pazoM:

j P(x, y)dx+Q(X, y)dy u Beramcsiercst mo ¢popmyire:
L

[P(x,y)dx+Q(x, y)dy = [ (P(x, y() +Q(x, Y(x))y' ()ax.

BaxxHbIM CBOMCTBOM WHTErpajia SIBISIETCS TO, YTO OH 3aBUCHUT OT OpPHUEHTALMU
KpPHUBOM, UMEHHO,
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[ PO y)dx+Q(x,y)dy =— [ P(x, y)dx+Q(x,y)dy

AB
Ecnu xpuBas 3aMKHYTa, TO HHTErpajl 0003HAYAIOT CIEIYIOIIUM 00pa3oM:

[Jdex+Qdy.
L

B cnydae 3aMKHYTONH KpUBOW PA3IMYalOT TOJIOKUTEIbHYI0O W OTPUIATEIBHYIO
OpPMEHTALINIO: MPOTUB YaCOBOW CTPEIKH U 10 YaCOBOM CTpPEJIKE.

x=X(t)
y=y(t)

bynem npeanonarats, uro ¢pyHkmun P(X,Yy), Q(X,y) HenmpepbIBHBI BO BCEX TOUKaX

2. Ilycrs L: ,te[a, ,B] - TJaJKas KpuBas, 3aJaHHAs IapaMETPUYECKH.

KpUBOW L, TOTJa KPUBOJIMHEHHBIA WHTErpal BTOPOro poaa (Mo KOOpAHHATAaM)
BBIYHCIIICTCS 110 OpMYIIE:

B
[ PO y)dx+Q(x, y)dy = [ (P(X(1), y(1)X'(t) + Q(x(t), () y'(t))dt .

AHQJIOTUYHO 3aMKCBHIBAETCS U  BBIUMCIACTCS KPUBOJIMHEHHBIA UWHTETpal 10
MPOCTPAHCTBEHHON KPUBOM.

IpuinoxxkeHnst KPpUBOJIUHENHOTO MHTErpaia 2 poaa

OyHKITUH P(X,y),Q(X,y)B 3aMMCU HWHTErpajla MOXKHO CYHUTaTh KOOpJAMHATaAMU

BEKTOpa a =(P(X, y),Q(X, y)) Ero HaswIBalOT 6ekmopHbiM nojem, 3aJaHHBIM Ha
kpuBoid AB=L.
0603Ha4YUM I = (X, y), dr = (dx, dy).

KpuBonmuueiHblli  WHTETpas I Pdx +Qdy = J (ng) ompenenser  pabomy
AB AB

BEKTOPHOI0 (CHUJIOBOTO) MOJIsi A BAOJL KpuBoM AB B HampaBJIeHHH OT TOUYKH A K
Touke B.

PaboTy BekTOpHOr0 (CHJIOBOTO) MOJII Q@ IO 3aMKHYTOM KPHUBOWM 4YacTO HA3bIBAIOT
YUpKynayueu.

C:[ﬁde+Qdy
r

—

[Mpumep. Berauciute paboty cumbl (BekTopHOro mois) F :{COS y,sin X} BJI0JIb

orpeska AB ot Touku A(0,0) mo TOYKH

B(_g,ﬁj.

Pabora cuibl F BeIMHCIIAETCS 110 QOPMYIIE:
A= [ Fdx+Fdy,
AB

| #
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armurem ypasHenue npsmoii (AB)

x—0 :y—O, ZXZX’ x:—iy
_Z_g 70 -T T 2
2

A= J' Fdx+F dy= I Ccos ydx +sin xdy = .[cos y(—idyjmin(—1 y)dy =
AB AB 0 2 2

:]i —Ecosy—sin(lyj dy = —Esiny+2cos(lyj
L2 2 2 2
1

:—lsinn+ 2C0S| = +lsin0— 2c0s0=-2.
2 2 2

T

0

[Ipumep. BpaucanTe TUMPKYIAIUIO BEKTOPHOTO MOJSA a = {xy +X=Y, =Xy +X~— y}

1o KOHTYpy /', cocTosiieMy u3 yacteid KpuBbix Y =—X, X=1 u y =0 (HanpaBnenue

00X0/1a MOJIOKUTEIBHOE).
dopMyra AJi BBIYUCICHUS IUPKYJIISLINN:

C:Ddex+Qdy v
r
I" — xoutyp Tpeyronbarka ABC, mpoxoanMebrit )
IIPOTUB  YacOBOW  CTPEIIKHU. Brraucioum 1 * >
LUPKYJIALHIO [0 KAKIOW U3 CTOPOH. i
AB: y=-x, dy=-dx, 0<x<1.
B
_LQ}K
.

Cup= J.(xy+ X—y)dx+(—xy +x— y)dy:j'(—x2 + X+ x)dx+(x2 + X+ x)(—dx)z

AB 0

(=5 + 2% x* - 2x)dx = [(~2x7 ) = 2| £
- J{o s 2w 2= [ (-2 [Ej

BC: x=1, dx=0, -1<y<0.

1

2

3"

0
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0
Coc = | (y+x=y)dx+(—xy+x—y)dy= [ (-y +1-y)y=
-1

BC

:j(—2y+1)dy :(—y2 + y)‘: =—(-1-1)=2

CA: y=0, dy=0, 0<x<1.

0 2
CCA:CJ;(xijxy)dx+(xy+xy)dy:.lfxdx=(%}1:%
2 1 5
C=Cp+Coc +Ceu=—o+2-Z==.

AB+ BC+ CA 3+ 2 6

[Tpumep. BeraucanTs HHTErpal I y?dx + xdy + ydz , rie AB - qyra KpuBoOii
AB

XZ

Rt A A
2=2
3anumeM YpaBHCHHUC KpHBOﬁ B IIapaMCTPUICCKOM BHAC:
X = 2cost
L:sy=sint , t,=x, t;=0.
z2=2

Torma x'=-2sint, y'=cost, z'=0 u MBI morygaem

0
J' y%dx + xdy + ydz :I(—sinzt -2sint + 2cost - cost +sint-0)dt =
AB

T

Vs 0 Vq 0
= ZIsinzt -sintdt + .[2cosztdt :Zj(coszt ~1)d cost + I(1+ cos 2t)dt =
0 T 0 V4

0
Iz-ﬂ—ﬂ'zg—ﬂ'.

3 3

cos’t sin 2t

+(t+
0

=2( )

—cost)

T

3. Teopusi BeposiTHOCTEH

[Ipn kmaccuueckoM OMPENEICHUU B8epOAMHOCMb  COObIMUSA  ONPEACIIAETCS

PaBEHCTBOM
P(A)=m/n,
rI€ M — YKUCJIO DJEMEHTAPHBIX HCXOJIOB HCIBITAHUM, OJaronpusiTCTBYIOIIUX

MTOSIBJICHUIO COOBITHS A, n— 06mee YHCJIO0 3JICMCHTAPHBIX UCXOJ0B UCIIBITAHHA.
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Yucnom couemanuti w3 | saemMeHTOB MmO K Ha3pIBalOT KOJIMYECTBO KOMOMHAIUH,
COCTaBJCHHBIX W3 | o»ieMeHTOB MO K, KOTOphIE OTIMYAIOTCS XOTS OBl OJHHM

3JIEMEHTOM. YHCIIO cCOUueTaHUU

Cl=—"—.
kI(l —k)!

Ilpumep. B suuke nmeercs 15 neraneid, n3 kotopbix 10 okpalieHHBIX.
COopruk Haymady u3BIeKaeT Tpu AeTanv. HallTu BeposiTHOCTh TOTO, 4TO

H3BJICYCHHBIC ACTAIM OKAXXYTCs OKpAIICHHBIMU.

Pewenue:

a) 06[[166 YUCJIO0 BO3MOXHBIX 3JICMCHTAPHBLIX HMCXOAOB HCIIBITAHUA PABHO YHNCITY
CHOCO6OB, KOTOPBIMHM MOXHO HU3BJICYb TPU ACTAIA U3 IIATHAAATH, TO €CTh N = C135 ;

0) 4MCIIO MCXOAOB, OJArONPUATCTBYIOUIMX HMHTEPECYIOIIEMY HAc COOBITHIO, PaBHO

YHCITy CIOCOOOB, KOTOPBIMH MOYHO BBIOpPaTh TPH OKpAIEHHBIX AeTand u3 10, To
_ 3.

ectb M=Cy;

B) HCKOMAas BEPOSTHOCTh paBHA OTHOLIEHUIO OOLIEr0 YHUCIIa HCXOAOB K YHCIY

6HaFOHpI/I$ITHI)IX ncxoaoB

10!

m CY ai71 10t121  74.8.9.10-12 24

P(A)=—="3="T51 = - =91~ 020
n ci I 71151 74.121.13.14.15 91

31121

Ilpumep. B naptuu u3 10 geraneit umeercs 7 crangapTHbix. Haynauy
oToOpansl 5 geraneir. OnpeaenuTb BEPOSTHOCTh TOTO, YTO CPEAN OTOOPAHHBIX

,Z[eTaJIeﬁ POBHO TPH CTaHIAPTHBIX.

Pewenue:

a) oOuiee 4Yuciao BO3MOXKHBIX 3JIEMEHTApPHBIX HCXOJIOB MCHBITAHHUS PABHO YHCIY

CIIOCO00B, KOTOPBIMU MOKHO M3BJICUb IISTh JIeTaliel U3 IECATH, TO €CTh N = Clso :
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0) HaliIeM YHCIO0 UCXOAO0B, OJMArONpUATCTBYIOIIMX MHTEPECYIOIIEMY HAc COOBITHIO

(cpenn OTOOpAaHHBIX MATH J€Taleld POBHO TPU CTAHJAPTHBIE): TPU CTAaHAAPTHHIE
JIeTaTl MOXHO BBIOpaTh W3 7 CTaHIAPTHBIX JeTajeit C;’ crocobamu; MpU STOM
octaibHble (5—3=2) neranu JOJKHBI OBITh HECTAHAAPTHBIMHU, KOTOPbIE MOKHO

BbIOpaTh u3 (10—7=3) HecTaHIapTHBIX JAeTaliel, WMEBIIUXCS B NapTHH, C32

cnocobamu. CiegoBaTeabHO, YUCIIO OJIArONPHUSATCTBYIOIUX UCXOJ0B M = C;’ -C32 :

B) HCKOMas BEpOSITHOCTb paBHA OTHOMIEHHIO OOIIEro 4Yucia HMCXOAOB K YHCIY

6HaFOHpI/I$ITHI)IX ncxoaoB

713l
3.C2 it L5L5I .M .5.51 I
p(a)="_Ci 5(33 _ 34 a1l TESES! A58 Bt 8 o
n o ch 10! 2141100 2- 4. 71.8.9.10 4.8-10 8
5151

BGPOHTHOCTL COOBITHS A, KOTOPOC MOKCT HACTYIIUTH JIMIIb IIPU ITOABJICHHH

OZJHOTO U3 HECOBMECTHBIX COObITHH (runore3) Hy, H,,...,H,, oOpasyromux nomxyro
IpYIIly, paBHAa CyMM€ IMpPOU3BEACHUN BEPOATHOCTEW KaXJOM W3 THUIIOTE3 Ha
COOTBETCTBYIOIIYIO YCIOBHYIO BEPOSTHOCTh COOBITHS A:

P(A)=P(H,)- PHl(A) +P(H,)- Pa, (A)+...+P(H,)- Pa, (A),
rne P(H,)+P(H,)+...+P(H,)=1.

[TpuBeneHHy0 GOpMYITy Ha3BIBAIOT POPMYIOU NOJHOU BEPOSMHOCTU.

Ilpumep. Nmerorcs Tpu naptuu neraneit mo 20 geraneil B kaxaon. Yucio
CTaHJAPTHBIX JACTAJIEH B IIEPBOM, BTOPOM U TPEThEH MAPTUSIX COOTBETCTBEHHO
pasHo 20, 15, 10. 13 Haynauy BEIOpaHHOM NAapTUH HAy[ady U3BJIEUYEHA JETab.

Haiitu BCPOATHOCTD TOI'O, YTO OHA OKAKCTCA 6paKOBaHHOﬁ.

Pewenue:
a) 00o3HaunM uepe3 A coObITHE — B3siTas AETallb SIBISETCS OpakoBaHHOW. MOXKHO

c/ieNlaTh TP MPeanosoxkeHus (runoresbl): H; — Aetans BbIOpaHa U3 MepBOil NapTUH;

H, — nerans BeIOpaHa u3 Bropoil maptuu; H; — nerans BeIOpaHa U3 TpeThEN MapTHUH.
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[TockonbKy 4YMCIIO JA€Tajeil BO BCEX TPEX MAPTUSAX PAaBHO, BEPOSTHOCTH THIIOTE3

paBHBI
P(Hy) = P(H;) =P(Hy) .

0) ycllOBHAsi BEPOSITHOCTh TOTO, YTO JIETalbh OyJeT OpaKOBaHHOM, €ClIM OHA B3siTa U3

IIEpBOM MapuHu, PHl(A):O; YCIIOBHAs BEPOSTHOCTh TOTO, YTO JETallb OyneT

. . 5 1
OpakOBaHHOH, €CIIM OHAa B3fATa W3 BTOPOW IApHH, PHz(A):_:Z; yCIIOBHAs

20
BCPOATHOCTb TOI'O, 4YTO ACTAJIb 6y,Z[€T 6paKOBaHHOI>’I, €CJIM OHa B3dTa M3 TpeTBCﬁ

10 1

napuu, Py (A)=—=—.
8 20 2

B) HCKOMas BEpOSATHOCTh TOrO, 4YTO BBIOpPaHHAs Haynady JeTaldb SBIIICTCS

OpakoBaHHOM, HAXOJUTCS MO POopMYJIe MOJHON BEPOSITHOCTH

3 34 32 4

BeposTHOCTE TOTO, 9TO B HE3aBUCHUMBIX HCIIBITAHUAX, B KaXKIOM M3 KOTOPBIX
BEPOSITHOCTD MOsIBIICHHs coObITHs paBHA p (0 < p < 1), coObITHE HACTYMHUT POBHO K
pa3 (0e3pa3inMyHO B KakOW [OCIIEIOBAaTEIbHOCTH), OMNpENEsieTcs Mo gopmyne
bepuynnu

P(k)=Cyp“a™™",
rie q=1-p — BEpOATHOCTH TOTO, YTO COOBITHE B KAKIOM M3 HCIBITAHUNA HE

IIOABUTCA.

Ilpumep. BepoATHOCTb BCXOKECTH CeMsH muieHuIbl paBHa 0,9. Kakosa

BCPOATHOCTDL TOI'O, YTO U3 YCTBIPCX ITOCCAHHBIX CCMAIH B3OI>’I,Z[YT HC MCHCC TPCX.

Pewenue:
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a) MycTh coObITHEe A — U3 4 ceMsiH B30OMIYT HE MEHEe TpeX CeMsiH; coObITHe B — 13 4
ceMsH B3ouayT 3 cemeHu; coobitie C — u3 4 ceMmsH B3oUayT 4 cemenu. [To Teopeme
CJIOKEHUSI BEPOSITHOCTEN
P(A)=P(B)+P(C).

0) BeposiTHOCTH coObITHIA B 1 C onpenenum 1o ¢hopmyie bepHyiim:

) 41
P(B)=P,(3)=C;p%q*? :m-o,g3 .(1-0,9)=0,2916,

P(C)=P,(4)=C/p*q**=0,9*=0,6561.
B) ickoMas BeposiTHOCTh P(A)=0,2916+ 0,6561=0,9477.

Ecnu 4yncino noBTOpSAIONIUXCS UCOBITAHUN BEIUKO, TO OMPEICICHUE BEPOSITHOCTU 11O
dbopmyre bepHyIM 3aTpyIHEHO M3-3a TPOMO3JIKOCTU BhIUMCIeHUN. B 3TOM ciyuae
NPUMEHSIOT MPUOIKEHHYI0  (OpMYIly, BBIPAKAIOIIYIO JIOKAILHYIO  MEopemy

Jlannaca:

Pa(k) =

L o)
Joog

3naueHus GyHKIUA @(X) ONpeAesaoTCs U3 TaOJMIIbI, IPUBEACHHON B MPUIIOKCHHH
1.

[lpn MmanbIX 3HAYCHUSX BEPOSTHOCTH p i Bbruucnenus P,(K) mnpumensror

ACUMITOTHYECKYIO popmyny [lyaccona

K
P. (k) z%-e‘l, rae e=2,7182...; A =np.

Ora popmyna ucnonbiyercs npu A <10, npuyem yem MeHbIIE p U OONBIIE 7, TEM

pE3yIbTAT TOUHEE.

Ilpumep. BeposTHOCTb BCXOKECTH CEMSIH MILIEHUIIBI paBHa 0,9.

Haiitu BepositTHocTh TOro, 4to u3 400 MOCESHHBIX CEMSH
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B30uayT 350 ceMsiH.

Pewenue.

a) ®3  YCIOBUSA  3aJauH p=0,99=1-0,9=0,1;n=400;k =350. Torma

,_350-400009 10, ..
\400-0,9-01 6

0) u3 Tabmuiel B puiioskenuun 1 Haxogum @(—1,67) = ¢(1,67) =0,0989;

B) HCKOMasi BEpOSITHOCTh paBHA

1

Py (350) ~
i(350) JJ400-0.9-0,1

-0,0989 ~ 0,0165.

Ilpumep. Cpemun cemsH mmeHuusl 0,02% copasko. Kakosa

BEPOSITHOCTh TOrO, 4TO mpu ciydailHoM otbdope 10000 cemsiH

Oyznet oOHapyx eHO 6 ceMsIH COPHSIKOB?

Pewenue.
N3 ycnosus 3amaun p =0,0002; n=10000; k =6. Torma A =10000-0,0002=2.
HckoMast BEpOATHOCTh paBHA

6
Pooo00 (6) = % el % .0,1353~0,012.

Ecau BCPOATHOCTb HACTYIIJICHHA cobpiTiss A B KaXa0M H3 n HUCIIBITAHUM

IIOCTOSIHHA U paBHa p, TO BepositHocTh P, (K, <k <K,) Toro, 4ro codbitne 4 B Takux
UCIBITAaHUSAX HACTYymHUT He MeHee K; pa3 u He Oomee K, pas, ompenensercs IO

WHTErpajgbHOM Teopeme Jlammaca hopMynoii:

1 8 X
Pn(klgkgkz)zﬁ-je 2 x,
k,—np B k, —np

= = =1-p.
roie o mn \/ﬁ,q p
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{2

Oynknus O(x) = 2dt naswiBaeTCs dbyukuuent Jlannaca. B npunoxxenun

1 7
_.J'e
27 g
2 nanel 3HaueHHs 3Tor yHkmmm mit 0<X<5. I[lpu X>5 ¢ynkmus d(x)=0,5.

[Ipy oTpuLaTeNbHBIX 3HAYEHHUSIX X B CUJIy HedeTHocTd ¢GyHkuuu Jlammaca

O (—x) =—-D(X) . Ucnionb3ys pynknuro Jlamiaca, nmeem

P.(k <k <k,) = D(B)-D().

Ilpumep. ITponieHT BCX0KECTHU ceMsIH MieHUIbI paBeH 90%. Haiitu

BEPOSITHOCTB TOr0, 4To U3 500 mocestHHbIX cemsiH B3ouayT oT 400 no 440 cemsH.

Pewenue.
a) m3 ycnosus 3anaun P =0,9;,9=1-0,9=0,1; n=500; k; =400; k, =440,
400-500-0,9 ~440-500-0,9 _

~-7,45; fB= ~
J500-0,9-0,1 / J500-0,9-0,1

0) 13 TaONHITBI B IPHIIOKEHUN 2 HAXOIUM

®(~1,49) = —D(L,49) ~ -0,4319; (~7,45) =—-D(7,45) ~-0,5.

Torma a = -1,49.

B) UCKOMasi BEPOSITHOCTh paBHA

P,y (400 < k < 440) ~ d(~1,49) — (~7,45) = —0,4312 + 0,5=0,0681.
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