MHNHOBLPHAYKHN POCCHUA

®denepanabHOE TOCYIAPCTBEHHOE OIOIKETHOE
00pa30BaTeNbHOE YUPEHKICHUE BBICIIETO 00Pa30BaHUS
«TynbCKHUM TOCYJapCTBEHHBIA YHUBEPCUTETY

I/IHCTI/ITYT HpHKHaHHOﬁ MAaTCMATUKHU U KOMIIBIOTCPHBIX HAYK

Kadenpa «IIpuknagnas matematuka u nHOOpMaTHKA»

VYTBepxAeHO Ha 3acelanuu Kadeapbl
«IIpuxnannas MaremMaTuka U1 THHOPMATHUKAY
24 suBapsa 2022 r., npotokos Ne 5

3aBeTy oMU ;ﬁe ot
//f M.B. I'psizeB
) N :

o=

METOINYECKHUE YKA3ZAHUSA
10 BHINMOJHEHHUIO MPAKTHYECKHUX (CEMUHAPCKUX) 3aHATHII 1O
AUCHUIINHE (MOTYJIIO)
«BapuanuonHoe ucYHCIeHNEe U ONITUMAJIbLHOE YIIPaBJIeHHE)

OCHOBHOI1 MPo(ecCHOHATBHOI 00pa30BaTeIbHOI MPOrPaMMbI
BbICIIEr0 00Pa30BaHUA — IPOrpaMMbl 0aKaJIaBpuarTa

10 HANPABJICHUIO MOArOTOBKH
01.03.02 IIpukiaagHas MaTeMaTHKA U HH(pOPMaTHKA
C HaIpaBJIEHHOCTHIO (Mpoduiem)
IIpukaagHass MaTeMaTHKAa U HHPOPMATHKA

®dopma oOydeHus: OUHas

Nnentuduxanmonasiii HoMep o0pazoBaTenbHO porpammsel: 010302-01-22

Tyna 2022 ron



Pa3paboTyuk MeTOAUYECKUX YKAZAHU U

T'op6aues JI.B., npodeccop xad. [IMuld, n.¢.-Mm.H. Q 7@{(}_&(// f/
vy

(DHUO, donxcHocmy, yueHas cmeneHs, yueHoe 36anue) (noonucwv)



OI'/TABJIEHHUE

BBEmEHHUE . . . o

Saustue 1. HMszonepumerpuueckas 3anaua. JuddepeHunanbHble ypaBHe-
HHS BAPUALMOHHOTO MCUHCTIEHMS « o vttt et et et e e e

SausitTue 2. PelieHue npocTeHIIUX 3a1ad BapUALMOHHOTO MUCUUCIEHHS .

3ausatue 3. Peuenue BapuaHTOB NpocTeiiledl 3agaud. 3agayd O MHUHH-
MaJIbHOH MOBEPXHOCTH M PACTIPOCTPAHEHHH JIyUel CBETa . . ... ........

3ausatue 4. Pellenue npocTelInX BEKTOPHBIX 3a/au. 3a/laud CO CTapLIU-
MU TPOU3BOIHBIMHE . . . v vt ettt ettt et e et

3anstue 5. 3agayd Ha JOCTATOUHBIE YCJOBHUS 3KCTPEMYMA . ... .......
3ausatue 6. Pemenue 3amau bBoabua. ... oL
3ausTue 7. PelleHre U30MEPUMETPUUECKHUX 3AHAY « « o o v ovvv v vnen e

3aunstTue 8. PerieHue 3anady ¢ MOABMXKHBIMH TPaHUIIAMHU U IHPPepeHIH-
AJBHBIMH CBSISSAME . . . v ot ot et e e e e e e e e e e e e e

Saustue 9. Pemenue 3agau Jlarpanxka .. ........... .. ...
Gaustue 10. Pemenue 3amay onTUMaJbHOTO YIIPABJEHHUS . .. ... ......
3austue 11. PemeHune BapualMOHHBIX 33124 MPSMBIMA METONAMH. . . . . .

CIIHCOK JIUTEPATYPBL. « « « v ot ettt et e e e e e e e e e e e e e e

13

16

17

18

20

21

24

27

28



BBEAEHHUE

[lesnblo ocBoeHUMS AUCLUMUIMIKHBI «BapualuoHHOe HCUMC/IeHHe U OITH-
MaJibHOE yTIpaBJieHHe» SIBJISeTCS M3yueHHe TEOPUM 3KCTPeMaJibHBIX 3ajay
BapUAILMOHHOTO THMA, 3HAKOMCTBO C YHUCJEHHBIMM METONAMH WX pelleHHs
U TIPUJIOKEHUSIMHU.

3agauyaMy OCBOEHMSI NUCLUMIIIUHBI ABJSIOTCS:

— M3y4YeHUEe TEOPHUH M METOMOB pellleHUs BapHAllMOHHBIX 3a/ay;

— OCBOEHHE YUCJIEHHbIX METOMOB pPelleHHs MPOCTEHIINX BapHALIHOHHBIX
3ajay;

— 3HaKOMCTBO C MPUKJATHBIMU 33ladaMH BapUallMOHHOTO THIA.



SaHgartue 1

N30IIEPUMETPUYECKAY 3AJAYA.
JUPPEPEHIIUAJIBHBIE YPABHEHUA
BAPUAIIMOHHOI'O NCHUCJIEHHUA

1.1. Beegenue

[Ipennaratoress 3afaud BapHALMOHHOTO MCUHCJEHHWS M ONTHMAaJbHOTO
yTpaBJeHUsl [Js1 TMPaKTHYeCKUX 3aHSATHH. Teopuio W TpUMepbl pelleHUi
3ajad CM. B KOHCIIEKTe:

lopbaues J[. B. KoHcreKT geKUMd mo AMCUUIIKMHE <«BapuanuonHoe
UCUHCJIeHWe W ONTHMaJbHOe yrpaBJjeHue». — Tyma, 2013.

Takxe MHOro 3agau ¢ ykazanuem (PU3NYECKOrO CMbICJA W MOAPOOHBIMU
MpUMepaMy pelleHUH UMEITCs B CJIeAYIOUINX UCTOYHHUKAX:

Kpacrnos M. JI.. BapuaunoHHoe ucuucieHrne. 3ajaud U NpUMephl ¢ MO-
OpoOHBIMU pelleHUsMU. 2-e usf., ucnp. — M.: YPCC, 2002;

larees 3. M., Tuxomupos B.M. Ontumusauus: Teopusi, MPUMEPHI,
3apaun. — M.: dmuropuan YPCC, 2000; cm. TakxkKe CIIHUCOK JUTEPATYPHI K
KOHCITEKTY JIeKLIHH.

OTmMeTHM, 4YTO MHOTHe aBTOpPbl 0003HAYAlOT HEHW3BECTHBIE (DYHKLHH
uepe3 y(x). Mbl npunepxuBaemcsi 0603HaueHus z(t).

1.2. IlpenBapuTtesibHble CBeIeHMS

HN3onepumerpuueckas 3amaya. Cpenu BceX 3aMKHYTBIX IJIOCKHX
KPUBBIX (PUKCHPOBAHHOH [IJIMHBI (MepUMeTpa) HAHTH KPUBYIO, OTpPaHHUH-
BAIOLLYI0 HauOOMbILIYIO MJOLIAMb.
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d. reliHepa ObLIO MPENJNOKEHO 3JeTaHTHOE pellleHHe, COCToslee U3
CJeYIOLIUX MPOCTBIX yTBEPKAEHUU:

1) uckoMasi KpuBasi BBINyKJIas;

2) nobast xopaa, Aensiasi epuMeTp UCKOMOH KPHBOH TIOMOJIAM, JEJUT
NJI0LAAb IONO0JAM;

3) Bce XOpOBI, Hefslliye MEePUMETP HCKOMOH KPHUBOH IOIMOJAM, Tepece-
KaloTcsl B OfHOM Touke W paBHbl. OTClofa cjenyeT, 4TO UCKOMasl KpUBasi —
OKPY2KHOCTb.
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Pemenrie 060bIKHOBEeHHBIX nHdepeHInaTIbHbBIX
ypaBHeHu#, BcTpeyaomuxcsa 8 BU

Hanee z(t) — HensBecTHasi PyHKUUS, =/, ” ¥ T. 1. — ee MPOU3BOAHBIE.
1.2"7=0, z(0)=0, z(1)=1;
2. 2" +x=2cost, x(0)=uax(r/2)=0;
3. 2" —x=2sht, 2(0)=0, 2(2) =2ch2;
4. %" + 2ta' — 120 =0, 2(0)=0, z(1) = 1;
5. 271422 =C, rne C — MPOU3BOJIbHAS MIOCTOSIHHAS;
6. V1 +22 =C,
7. W — 242 = 0;
8. {x/{ T2 =00 0) = 9(0) = 0, 21(1) = —ma(1) = sh 1
xy + a1 =0,
9. Haiitu npousBogHyto no 7' ot hyHKIUH
T

FT) = T2 + J (T — t)(t) dt + 2(=T).

-T



3aHgaTue 2

PEIIEHUE NMPOCTEUIINX 3AJIAY
BAPUAIIMOHHOI'O UCHUCJIEHUA

Haiitu akcTpeManau B cieayomux 3agadax.
2

1. F($’2 + 222’ + 2?)dt — extr, (1) =1, 2(2) = 0;
1
2. [(z? — 2% +4xcost)dt — extr, x(0) = z(r) = 0;

0
1

3. p(x’Q + 2?2 +4rsht)dt — extr, x(0)=0, z(1)=1;
0
I

4. F(t%/2 + 122?) dt — extr, z(0) =0, z(1) = —1;

0

1

5. [(e* +ta) dt — extr, x(0)=0, x(1)=2.
0

IIpunuun 'amuabToHa B mpocreiimem caydae. [lycTe Touka ¢ mac-
COH M MOKeT JBHUTaThbCs 110 OCH x, IPUYeM B Npoliecce IBUKEHHUS B MOMEHT
BpeMeHU ¢ Ha TOYKy JnelcTByer cuna f(xz,t). B HauaqbHOM M KOHEUHOM
MOJIOXKEHHUSAX

:E(to) = X9, $(t1) =XT.

Torna 3akoH z(t) NBUXKEHHsI TOUKH yIOBJETBOpsieT ypaBHeHHI0 HbioTOHA

mz" = f(x,1).
O6osHaunm U(x,t) = —Jf(y,t) dy — TOTeHLHas] CHJIOBOTO IOJS,
12 Zo

mx

T = — KHMHeTHYEeCKYI 3Hepruiro Touku. Torma ypaBHeHHe HbloToHa
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MO2KHO 3allucaTb B BHU]E
d
Cdt
HOCKOJIbe U He 3aBHUCHUT OT .1',, al — or X, TO TlocJiefHee YypaBHEHHE
MO2KHO 3allMCaTb B BHUE

T, —U,=0.

d
_% Lx/ + Lx = O,
rie L(t,z,2') =T — U — ¢ysxkuus JlarpaHxka MexaHHUeCKOH CHCTEeMBI

(B maHHOM cJiyyae cocTosiiied W3 omHOH TouKH). [IpulliM K ypaBHEHHIO
t

Ailnepa ns pyHKLIHOHAA JLdt, Ha3blBaeMOro B MeXaHHKe NeHCTBHEM.

to
Takum obpasom, nuddepeHuna bHbIH 3aKOH NBUXXeHHS HploToHa pas-

HOCHJIEH CJIeVIOILEeMY: eCJM 3aJaHbl HayajJbHOE U KOHEUHOe COCTOSIHUSA
CUCTEMBl, TO CpPeiAu BCeX 3aKOHOB [BHXKEHWUS peasn3yeTcsl 3aKOH, OTBe-
YAoK AONYyCTUMOH 3KCTpeMadu AeHcTBHA. B 3TOM COCTOMT MpHUHLUN
['amusnbTOHA B mpocTeiilleM cayuae.

JInHeldHB ! ocuuaasatop. B atom cayuae f = —kz, roe k —
Koa(ppuuneHT ynpyroctd. Cuurasi, 4To B HadasibHblii MoMeHT z(0) = 0
kx 1
nosyuaem, uto U = =o— u L = 5 (ma'”? — kx?).

3 ajgaya. Haiitu IKCTpeMaJu AJisd JIMHENHOTO OCLHUJIJIATOPA.



3aHgaTue 3

PEIIEHUE BAPUAHTOB INPOCTEUIIEN 3AJAYU.
3AJAYM O MUHUMAJIBHOM IIOBEPXHOCTHU
U PACIIPOCTPAHEHUMU JIYUYEHN CBETA

[Tpumep 1. PaccmoTpum 3amady o HaWMeHblIeM CONPOTHBJEHHH MO-
Toky. OHa 3akJj4daercs B OnpefiesieHHH (OpMbl TBEPIOro Tesa BpallleHHS,
UCTIBITBIBAIOILETO NPH [IBUXKEHUM B ITOTOKe ra3a HavWMeHblllee MPOTHUBO-
neiictBue. [nuHa Tesa [, paguyc ocHOBaHHS r. DTa 3agada Ha3bIBAETCS
aspoauHaMHu4yecKol 3anaueid HeloToHa.

Pemenune. [lycte Teso mosyuaercs BpalleHHeM KpUBOH x(t) BOKpPYT
ocu t, (0), z(l) = r, npruem npousBogHas &’ AOCTATOYHO Maja (T.e. Teso
MMeeT MaJjlyio KpuBHU3HY). Ec/iM cumTaTh, UTO MJIOTHOCTh Ta3a MaJja U MoJle-
KYJIbl OTPakarTcst OT MOBEPXHOCTH TeJsia 3epKaJsibHO, TO (popMasM30BaHHAS
MOCTAHOBKA 3aJa4d CJefylollasi: HalTH

l
Jx’gx dt — min, z(0)=0, z(l) =r.
0

Wnrerpaut L = L(x,z') = 2>z e 3asucut siBHo ot t. Heob6xomumoe
yCJI0BHe — HMHTerpaJs SHepruu

'Ly —L=const & 2 3272 —122r=C & 22"z =0C.

Orciona HaxoauM, uto 243 = Oyt + Cy v o = (Cyt + Cy)**%. s rpanuunbix
yeqoBuit cienyer, uto Cy = r*/3/1, Cy = 0.

. t 3/4
OTBerT. x:r<i> .

TouHoe pelleHHe asponMHamMuuecKod 3anauu HpioToHa 6e3 mpepnmnosio-
’KEeHUs] MaJIOCTH KPUBHU3HBI Tesa OyneT HalJeHO B pasjesie ONTUMajJbHOrO
yTpaBJeHHS.
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[Ipumep 2. PaccmoTpuMm 3amady 0 MUHHMAJbHOHM TMOBEPXHOCTH Bpa-
uieHusi. Pabounii Ha TOKapHOM CTaHKe BbITauuBaeT neTanu. linvHa netanu
2Ty, panuycel ocHOBaHUH &y. Kakyio ¢opMy HOMKHB UMETb AeTajH, YTOObI
Ha WX MOKPACKY TOIIJIO HaHMeHbIllee KOJHUUeCTBO KPACKH?

[Ipennonaraercsi, 4T0 HEOOXOAMMOE KOJUUECTBO KPAaCKH MPOMOPLUO-
HaJIbHO TJIoIIaau 6OKOBOH MOBEepXHOCTH TeJsa. [locKo/bKy neTasnb siBaseTcs
TeJIOM BpalleHHUsl, TO UMeeM 3KBUBAJEHTHYIO TMOCTAHOBKY 3aJauM: HaWUTU
TeJI0 BpalleHUsl 3aJaHHBIX Pa3MepoB C HaWMeHbLIeH MJouanbio GOKOBOH
TIOBEPXHOCTH.

Pemenwue. I[lycTb Teso mosydeHO BpalleHHeM KPUBOH z(t) BOKPYT
ocu t, x(£Tpy) = &. Torna nsowans ero 60KoBOH MoBepxHOCTH (6e3 yuera
OCHOBaHMH) paBHa

Ty
S =27 J V1 + 2% dt.
—Tp

MUHUMU3KPYS 3Ty BeJUUUHY, IPUXOAUM K 3anade BU

1o
J eV 1+ 2% dt — min, 2(£Tp) = &.
—Tp

WUnterpant L = L(x,2') = v/ 1 + 2/ e 3aBucut siBHO 0T . Heob6xonumoe
yCJIOBHE IKCTPEMyMa — HHTerpas SHepruu

2Ly — L = const & \/12_0 = r=CV1+27?,
1+

rie C) = —C. Ionoxum 2’ = shp, rne p — napamerp. Torna
x=C)chp, dxr=C;shpdp,
d
dt="2=Cyrdp = t=Cip+ Cs.

x

Orcrona
t —
o(t) = Cych =2,
1
[TockosibKy rumepGoONHUeCKHH KOCHHYC — deTHasi (YHKLHs, TO U3

rpanuuHoro ycqoBus x(+7p) = & Haxomum, yto Cy = 0. UroObl HalTH
KoHCcTaHTy ('} BOCIMOJIb3yeMcsi IpaHUUHBIM ycaoBueM x(7p) = &p:
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[Tonoxkum a = Typ/Cy. Torna pelieHue 3anauu

_ ch (at/Ty)
t) = &gt
x( ) S0 cha
rge KOHCTAHTA a HAXOOUTCHA K3 ypaBHeHHH
h
) (3.1)
a To

HOJIy‘-IeHHOG TPaHCLUEHAEHTHOE YpaBHEHHE HE BCerga MMeEET pelIeHHd.

cha
Yrobbl 3T0 MoKa3aTb uccaenyem GyHkiuio f(a) = — npu a > 0. Ee npo-
a

M3BOJIHAsI PaBHA N |
f'(a) = C—a<tha — 7).
a a

YpaBuenue tha = 1/a npu a > 0 uMeeT eIUHCTBEHHOE DEILEHHE a,, B UeM
Jerko ybenurcs, ecad HM300pa3uTb Ha OAHOM rpaduke QyHKUUU tha u
1/a. Tpubnuxento a, ~ 1.2. Takum obpaszom, f'(a) < O npu a € (0, a,)
u f'(a) >0 npu a > a,. 3HaUUT PYHKUHUS f 1O TOUKH a, YOBIBAET, a IOTOM
Bo3pactaert, npuueM f(+0) = f(4+00) = +o0o0. B Touke a, ¢yHkuusa f(a)
npu a > 0 uMeet r06aMbHBIH MUHHUMYM, NMPHOJMKEHHO PaBHBIH f(a,) &
~ 1.5.

Takum o6pas3oM, OKOHYATEJNbHO TOJNydaeM, 4To ypaBHeHHe (3.1) umeer
pelieHue, ecau oTHoweHue &/ Ty > f(a.) ~ 1.5. [Ipuyem eciv HepaBeHCTBO
CTpOroe, TO HMeeTCsl [Ba pelleHHs a; < a, < ag, U3 KOTOPHIX TOJbKO
nepBoe COOTBETCTBYeT MUHUMyMY B 3apaue. [lpu & /Ty < f(a.) pemeHuint
B 3ajaye HeT. B 3TOM cJ/ydae sKCTpeMalsibHOe TeJIO BBIPOXKIAETCS B Tapy
IMCKOB panuyca &y, CKperIeHHbIX 0 [eHTPY OCblo NJIUHOU 27j.

PacnipocTpaHeHue cBeTa B HEOTHOPOAHOI cpene. PaccmoTpum 3ana-
4y 0 MyTAX, M0 KOTOPBIM PACIPOCTPAHSIETCS CBET B MJIOCKOH HEOXHOPOAHOH
cperne.

Eciu nyTh 3apmaercs ¢yHKuue#d z(t) ¢ HayajioM B Touke (tg, 7o) H
KOHLIOM B (tj, 1), @ MTHOBEHHAsl CKOPOCTb CBeTa B TOYKe (t,x) paBHa v, TO
BpeMsl, 3aTpaudBaeMoe CBETOM, PaBHO

T_]l\/l—i-x’Q

v(t, ) di

to

(sTa popMysia BEIBOIUTCS TOUHO TaK ke, KaK B 3ajade 0 OPaxXHUCTOXPOHE).
OtmeTuMm, 4To BesnuuMHa n = A/v, rne A — HeKoropas (u3uyeckas Mo-
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CTOSIHHAs, Ha3bIBAeTCs ONTHUECKOH MJIOTHOCTBIO cpelbl (UeM IMJIOTHOCThb
BBIIIE, TEM MeHbIllE CKOPOCTb CBETa).

®epma chopMynupoBas MPUHLHKI, COMJIACHO KOTOPOMY CBET PacIpo-
CTpaHsieTCs MO TYTSM, HAa KOTOPbIX BpeMmsi 1 TPUHUMAEeT IKCTpPeMaJjibHOe
3HaueHHe. JTO O3HayaeT, 4yTO (opMa MyTH SBJSETCS NONYCTUMOH 3KCTpe-

MaJIblo B 3ajade
T — extr, z(t;) = z,.

Takum 06pazom, MoJydaeM, YTO €CJIH CKOPOCTb ¥ ~ /T, TO CBET HAYMHAeT
pacrmpocTpaHsieTcsi Mo GPaxHUCTOXPOHAM, T.e. KPHBOJHHEHHO.
[IpoBepuM, UTO B ONTHYECKH-OAHOPOAHOH cpefe (v = const) cBeT pac-
MPOCTPaHsIeTCst MO MPsIMBIM. B aTOM caiyuae
t

J\/l—l—x’Q dt — extr.

to

3mech uHTerpant L = v/1 + 22 He 3aBHCHT $IBHO OT t U X, CJIEIOBATE/b-
HO, B KauecTBe HEOOXOAUMOI0 YCJIOBHS KCTPEMYyMa MOXKHO HCIOJb30BaTh

HHTErpaJ UMIlyJbcCa:

/
X

VA

PemnmM Takxke chaenyomyio 3agady. Ha#ith nyTtu pacrnpocTpaHeHHs
cBeta B cpelie (HampuMmep, atmocdepe), MIOTHOCTb KOTOPO# n ~ 1/x, T.e.
v~

L, = const < =C & =0 = 2=Ct+C,.

t

T = J dt — extr, x(ty) = xo, x(t;) = z.
t g
Pewenue sToil 3amaun 00bSACHSAET TaKWe M3BECTHLIE ONTHUUYECKHE sIBJIe-
HHsI, KaK MHpaxk (Korma CTaHOBHTCS BHIHO, UTO MPOHUCXOAMT 3a JIMHHEH
FOPU30HTA) W «ONTHYecKas Jy»Ka» (KOrga Ha ropsiyeM CyXOM TEMHOM ac-

(asbTe BUIHO OTpakeHHe Heba).
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PEIIEHUE NMPOCTEUIINX BEKTOPHBIX 3AIAY.
3AJAYA CO CTAPIIMMHU ITPOU3BOJHBIMHU

Ha

Sie

TH IKCTpEeMaAJHn B 3aJayax.

1 |(@) + 2)® — 2zy39) dt — extr, 21(0) = 29(0) = 0, z;(1) = sh1,

| S ——

—shl.
w/2

2. J(a:”Q — 2?)dt — extr, x(0) = 2/(0) = 1, x(x/2) = 7/2,

.%2(1)

0
2 (m/2) = 0.

3. JlavHHas crasbHas JMHeHKa 3aKpersieHa Ha IockocTd (f,x) B
toukax (1, 1) (mom yrnom 45°) u (2, —1) (mox yriom —45°). B kakoii Touke
oHa OyleT UMeTb rOPU3OHTAJNbHYI0 KacaTeJbHYIO.

4. Beinucatb ypaBHeHHe Dijiepa—OcTporpanckoro U HauTH SKCTPeMasH
B CJenylollel 3aiaue:

I(z) = JJ((%)Q + (g;;)? — )\x2> dt| dty — extr, :L“‘S =0,

B
rie B — ennHUYHBbIH KpyT, S = 0B — eIUHUYHAs OKPYXKHOCTb.

3ana-m Ha CaMOCTO4ATEJbHOE pelHIeHHE.

e—1
1. J (t + DFa"dt — extr, x(0) =0, 2/(0) = 1, z(e—1) = e,

0
e—-1)=2,k=-1,0,1.

a

2. Jxa\/l + 22 dt — extr, £(0) =0, z(a) =a, a =1,-1,0.
0
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Ilpumep Ousera Ha mpocTellve 3aauyn

1. [(z? + 2% +4xsht)dt — extr, z(0)=—1, z(1)=0.

1

2. (2" — 24tx) dt — extr, x(0)=2/(0)=0, z(1) = 5 (1) = 1.

— o

2
VA

T

dt — extr, z(0)=1, x (%) = \f

w
o @
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Pa300p THNUYHBIX OMIUOOK
Ha npumepe 6usera.
1
1. J(x’Q + 22 +4xsht)dt — extr, 2(0)=—1, x(1)=0.
0
( 1
2. J(x”Q — 24tx) dt — extr, z(0)=2'(0)=0, z(1) = 5 (1) =1

2
dt — extr, z(0) =

2

5 -

V1+ 22 1,x<1)_\/§

T

w
o °
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3AJAYHU HA NOCTATOYHBIE YCJIOBUA
AKCTPEMYMA

L1CCHEHOBaTb 3aJauH.
w/2

1. J (2”2 — 2® + 4z cost)dt — extr, x(0) = x(7/2) = 0.

0
37 /2

2. J (2" — 2? — 4wsint) dt — extr, x(0) = 2(37/2) = 0.
0

3. |(2" + 32%)e?t dt — extr, x(0)=1, z(1) =e.

4. |(2® +42”?)dt — extr, x(0)=0, z(1)=1.

O — - O — —
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PEHNIEHHUE 3AJJAY BOJIBIIA

1. HaiitTu nepByto Bapuauuio QpyHKIHOHAAA
1
B(z) = J(a:’2 + 22 dt + 22(0) — 2z(1).
0

e—1

2. J (t+ Da"dt + 22(0)(x(e — 1) + 1) — extr.

1
3. J(mg 4 aiae) dt + 21(0)z5(1) + 21 (1)as(0) — extr.
0
4. Ha pacctosHuu [ oT ryaza HaOJonatesnsi HAXOOUTCS TOUYEUHBIH HC-
TOYHMK cBeTa. Mexy ry1a3oM U HCTOYHUKOM MO LEHTPY MepreHANKYISIPHO
OCH HMCTOYHHK-TJ/1a3 HaxoAuTcsi OeCKOHeuyHasl MOJyNpo3payHas MJacTHHA
IIUPUHOHA h < | ¥ ONTHYECKOH MJIOTHOCTBIO N = a/r, Tle r — pPacCTOsHHe
OT UeHTpa miaacTuHbl. OnTHYecKass MAOTHOCTb CPeAbl BHE MJACTHHBI IO-
CTOSIHHA U paBHa ng. Mcrounuk 3axuraiooT. CrnpaiinBaercs, yepe3 Kakoe
BpeMsl HabJtonatesb y3HaeT 06 3TOM.
3agauu Ha caMOCTOSITeJIbHOE pellleHHe.
w/2
5. J (@2 — 22 — 22) dt + 2(—1)*22(0) — 22(w/2) — extr.

0
1

6. Je(_l)k“”x’Q dt + 4(—1)ke*©® 4+ 32¢=(1) — extr.

0
Specy kK =0,1.



3aHsaTue 7

PEHIEHHUE U3OIIEPUMETPUYECKHUX 3AJAY

ret dt = 627—’_1

1. (2 + 2?) dt — extr, 2

, (0) =0, z(1) =e.

o —

1 1

O - O —

2. | 2" dt — extr, Ja:dt =1, Jtmdt =0, z(0) =z(1) =0.
0 0
3. Ilpumep MHOroMepHOIl H30MepUMeTPUYECKON 3amaum. Pelunm

3ajmauy

(.1'1 +.CL'2) dt = %, Jtl‘l dt = 1,

1
J(x’IQ + 24%) dt — extr, =
0

S o0—m ~

£L'1<O):$2(0): y 5L'1<1):$2(1):1.

Pewenwue. Jlarpanxuan
L= Xo(#)” +257) + M (21 + 29) + Moty

HeoOXOQUMOe YCJIOBHE — CHUCTeMa yYpaBHeHUH DuJepa:

@ L+ Ly =0
Tt T =0 o [l At =0, [2h0a] = ot + A,
—iL/—i—L/:O —2/\01‘/2/4—/\1:0 2)\01',2/:/\1
dt "o Ty

1. Ecniu A\g = 0, To U3 BTOpPOro ypaBHeHHUsI CUCTEMBI cyefiyeT, uto A\; = 0,
a u3 nepporo — Ao = 0. Bce mHOoxuTenu Jlarpanxka — Hyau. IDTOro He
MOXeT OBITb.

2. Tonoxum Ay = 1/2. Torma obluiee pelieHWe CHCTeMbl ypaBHEHHH
diinepa:

ottt At

1y T—FT—f‘Clt—i—CQ, x2—7+03t+04.



3. 7. Pewerue uzonepumempuyeckux 3adau 19

W13 rpanuunsix ycaouil x1(0) = 29(0) = 0 Haxomum, uto Cy = Cy =

=0. Us YC.HOBI/Iﬁ B Touke | u U30MEPUMETPHUUECKUX YCJOBUA HAXOOHUM
OCTaBlIHeCd KOHCTAaHTHI:

r(l)y=1= %+%+Clzl,
1

_3 )\2 )\1 CQ )\1 03_3
0

1

IR VA
0

Pewas sty cucremy, nonydaem Ao =6, A\; =0, C; =0, C3 =1

3a11aq1/1 Ha CaMOCTOATEJbHOE pelHieHue.
2k 2k

4. J thz? dt — extr, J thlpdt =1, (1) =0, x(2k) =
I 1
k k
5. J x dt — max, J- V1+a2? dt =rk, x(£k)=0.

“k “k
Sneck k=1,2,3.



3andatue 8
PEHIEHUE 3AJJAY C IIOABU2KHBIMH
IT'PAHUIIAMU U JUPPEPEHIIUAJDBHBIMU
CB4A39MHN

[Tpumepsl 3anau.
1

1. J(I’Q +x)dt — extr, x(1)=0.
0
T
2. Jx’z dt — extr, x(0)=0, T+z(T)+1=0.

0
T
3. Jx’Q dt — extr, #(0)=0, (T — Da*(T) +2 = 0.

dt — extr, z(0)=1, z(T)=T - 1.

0
T

4 J V1 +a?
0
Haiitu paccrosinue ot Touku (1,0) mo annumnca ¢ noayocsimu 3 u 2.

(2" — 24tx) dt — extr, x(0) =2'(0)=0, x(1)=1/5, 2/(1) = 1.

7. |(t+ Dt dt — extr, 2(1)=0, 2/(1) =1, z(e) =¢, 2'(e) = 2.



3aHgaTtue 9

PEIIEHUE 3AJJAY JATPAHXKA

1. Jx’th — extr, stintdt: 1, z(0)=0
0 0
T T
2. Jx’Q dt — extr, det = %, z(T) =1
0 0
3. J(x”Z — 2% dt — extr, 2/(0)=2/(7) =0, z(r) = 1.
0
1
4. J(w”g +a")dt — extr, x(0)=0, x(1)=shl, 2/(1)=chl.
0

T
5. T — extr, Jx”gdt: 1, z(0) =2'(0) =0, 2/(T) = 1.
0

1
6. 2/(1) — extr, Jx”Q dt =4, z(0) =2'(0) = z(1) =0.
0



3. 9. Pewenue 3adau Jlacparica

22

—_
o

Ilpumep OueTa KOHTPOJBHONU PabOTHI

2% dt — extr, x(0)=1, z(1)=0.

I
2" dt — extr, det:(), z(0)=1, z(1)=0.
0



3. 9. Pewenue 3adau Jlacparica 23

Pa300p THNUYHBIX OMIUOOK

Ha npumepe 6usera.

I
1. Jx’th —extr, z(0)=1, z(1)=0.
0

2. J(:E(S))Q dt — extr, xz(0) =2/(0) =2"(0) =0, z(1) =1, 2/(1) =
0
/(1

=3, 2(1) =6.
1 21
3. J(x’Q—x)dt—xé)ﬁextr.
0
1 1
4. Jx’thﬁextr, detzO, z(0) =1, z(1)=0.
0 0



Saugartue 10

PEIIEHHUE 3AJAY
OIITUMAJIBHOI'O YIIPABJIEHHUA

[Tpumepsl 3anau.
1 1

l. Jx’th—>extr, Jt:cdt =0, z(0)=1.
0 0

2. J xsintdt — extr, |2/| <1, z(£7) =0.

1
6. J:cdt—>max, J\/l + 22 dt = 2,

0 0
3agaua o MArkouM mocaake. KocMuueckHil ammapar IBHXKETCS II0

NPSIMOJIMHEHHON TPAEKTOPHUH, MepHeHAHUKYJISPHOH MOBEPXHOCTH HeOeCHOro
Tesa. TpebyeTcs MATKO IOCAAUThb anmnapar, 3aTpaTUB MUHMMYyM TOIJIHMBA:

mo —m(7T) — max,

7" = % — ", m = —u, 1:(0) = x0 > 0, II(O) = 1, m(O) = my.



3. 10. Pewenue 3a0au onmumarbHoeo ynpasieHus

25

Ilpumep OueTa KOHTPOJBHONU PabOTHI
0
1. J(z’2 +x)dt — extr, |2'| <1, z(—4)=0.

4
2.T —-min, 0<2”" <1, z(0)=2, 2/(0)=-1, z(T) =

2 (T)=0.



3. 10. Pewenue 3a0au onmumarbHoeo ynpasieHus

26

Pa300p THNUYHBIX OMIUOOK

Ha npumepe 6usera.
0

1. J(x’Q +z)dt — extr, || <1, z(—4)=0.
4

2. T —-min, 0<2"<1, 2(0)=2, 2/(0)=—1, 2(T)=2'(T) =0.



Saudarue 11

PEINIEHUE BAPUAIIMOHHBIX 3AJAY ITPIMBbIMHU
METOJAMH

1. Ilpumep 3amaun Ha npuMeHeHHe MPSIMBbIX METOIOB:
1
J(gﬂ — 2?4 %) dt — min, 2(0) = z(1) = 0.
0

Hcrnonb30Bath 1Be CHCTeMbl KOOpAMHATHBIX (GyHKuMi: (1 — t)tF, sin(mwkt).
CpaBHHUTb C TOYHBIM pelLeHHEM.

2. [puMep 3a1auu AJIsi CAMOCTOSITEIBHOTO PElleHHSI:
I
JtQ(x’Q +2%)dt — min, x(0)=0, (1) =shl.
0
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