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Ha mpaktudeckux 3aHaTHsaX M0 Kypcy «VccaemoBanue omnepaimiing 00-
Cy>KJAl0TCsI BONIPOCHI, 3aKPEILIIOIINE U PACIIUPAIOIINE MaTepUall, U3J0-
YKEHHBIN Ha JIKIUAX. PaccMaTprBarOTCa HEKOTOPBIE pACUETHBIE 3a1a4H I10
PEIICHUIO0 TPAKTUUECKUX 3a/1a4 U3 COOTBETCTBYIOIIUX Pa3/esioB y4eOHOTO

Kypca.

Pelienne TUMOBBIX 3a/1a4 Kypca 0a3upyeTrcs Ha y4eOHBIX MTOCOOUSIX !

1. Bopoorsé C.A. Teopusi urp m uccjeaoBaHue onepamuii.: YueoO.
nocobue. Tyna, U3n—so Tynl'V. 2012. — 100 c.

2. Bopobsér C.A. Mogeaun U MeTOAbl HUCCAEIOBAHUS ONEPAIHIA.:
VYu4eb. mocodue. Tyna, U3ng—Bo Tynl'V. 2007. — 148 c.

B 5Ty mocobusix mpuBeAEHBI pEUICHUS MPAKTUYECKU BCEX OCHOBHBIX
M3y4aeMbIX BOMPOCOB. B KOHIE Ka)X0# IJ1aBbl MpeIararoTCs WHIUBHTY-
aNbHBIC 3a7a9M JIUIST KaXKJI0TO CTYJICHTA.

JIOTIOTHUTEIIBHO B KA4eCTBE CaMOCTOSATCIBHBIX (aTTECTAI[MOHHBIX)
MIPEAJIaraloTCs TUIOBBIC 3aJIaHUsI ¢ MHAWNBUIYTBHBIMU HCXOJIHBIMH JaH-
HBIMU.

DTH 3aaHNs BKIIOYAIOT B CE0S CIEAYIONMINE TEMBI:

1. Tloctpoenue mMojeneid, MPUBOASIIMX K 3a/1auaM JMHEHHOTO MPOrpaMMHUPOBAHMS

2. Iloctpoenne Mozeneil, MPUBOIAIINX K TPAHCTIOPTHBIM 33/1a4aM

3. Pemenue 3ama4 11e109MCIEHHOTO MTPOTPAMMHUPOBAHUS METOIOM OTCEUCHUIA

4. Pemenue 3a7a4 LEJIOYHMCICHHOTO MPOTPaMMUPOBAHUS METOJOM BETBEU U rpa-
HUII

5. Pemenue 3agady HEIMHEHHOro MNPOTPAMMHUPOBAHUS METOJOM JIOIYyCTHUMBIX
HanpaBJICHUIN

6. Iloctpoenne MapKOBCKHX CETEBBIX MOJIETICH

7. Tloctpoenue cuctemsl nuddepennmanbubix ypaBuenuii Konmoroposa. [lonsarue
MPEICTbHBIX BEPOATHOCTEN COCTOSTHUM

8. IloctpoeHue Mojienu U ONpeiesieHne OCHOBHBIX XapakTepuctuk CMO

9. HaxoxaeHue onTUMaJIbHBIX PEIICHU MAaTPUUHBIX UTP

10. TIlouck Touek paBHOBecHs Mo HoIIly, MAaKCUMHUHHBIX CTpPATETMil W CTpaTeruit
yIpo3

11. Tlouck ontumyma no Ilapero

12. Haxoxnenue pelieHust apouTpa U COOTBETCTBYIOUIUX €MY ONTUMAJIbHBIX HA0O-
POB 4acTOT



COIEPKAHUE

Homep npak-

TUYECKOTIO 3a- HanmMeHnoBaHMe MpakKTHUECKOTO 3aHATUS CTp.
HATUS

1 [TocTpoenue Mopenei, IPUBOAAIIMX K 33a/1a4aM JIH- 4
HEHWHOTO MPOrPaAMMHUPOBAHUS

2 [TocTpoeHnne Moaenel, TPUBOAAILIMX K TPAHCIOPT- 6
HBIM 3a71a9aM
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HEWHOTO TPOTPAMMHUPOBAHMS C IOTIOJTHUTEILHBIMU
OTpaHUYCHUSIMU

4 MHorokpuTepuaabHblie 3a1aun. [loctpoeHue 0600- 15
MIEHHBIX KpUTEpHUEB. MeTo| OCIeI0BATEIbHBIX
yCTYNoK. MeToJ1 naeaqsbHON TOYKH.

5 Pemenue 3a1ay 11€104MCIEHHOTO MPOrpaMMHUPOBa- 19
HUSI METOJIOM OTCEUECHHI

6 Pemenne 3ama4 1eI09MCICHHOTO MMPOTPpaMMHUPOBa- 30
HUS METOJIOM BETBEH M TpaHUI]

7 MeTo1pl TPaTUEHTHOTO TTOMCKA 32

8 Pemienue 3a1a4 HEMTMHEMHOTO IPOTrPAMMUPOBAHUS 35
METOJIOM JOIYCTUMBIX HallpaBJICHUMN

9 [Toctpoenne MapKOBCKHX CETEBBIX MOJEIEH 42

10 [TocTpoenue cucteMsl nuddepeHIInaIbHbIX YpaB- 45
HeHui Kosnmoroposa. [lonsitue npenenpHbIX BEpoO-
SITHOCTEU COCTOSIHUU

11 [TocTpoeHnre Mozenu 1 onpeeIeHUe OCHOBHBIX Xa- 47
pakrepuctuk CMO c oTkazamu

12 [TocTpoeHue MoeM U OTpeIeSieHHe OCHOBHBIX Xa- 49
paktepuctuk CMO ¢ KOHEYHBIMU U OECKOHEYHBI-
MHUOYEpEISIMU

13 [TocTpoeHne MoIeIHN U OTIpe/ielIieHe OCHOBHBIX Xa- 52
paKkTepucTUK 3aMKHYThIX CMO, perieHne onTuMu-
3aIIMOHHBIX 33/1a4

14 ITocTpoenne Moaene MaTpUYHBIX U, IIOUCK OII- 54
TUMAaJIbHBIX CTPATETUH

15 [TocTpoenue mozeneit OGMMATPUUHBIX UTP, TOUCK 57
TOYEK paBHOBeCHS 10 Hamry, MaKCUMUHHBIX CTpa-
TETUN U CTPATETUMN yIPO3

16 ITouck ontumyma no Ilapeto, monsiTME KOOMEpA- 64
TUBHBIX UTP

17 Haxosxnenue pemienust apoOuTpa u COOTBETCTBYIO- 67

X CMY OIITUMAJIbHBIX Ha60pOB qaCToOT







IIpakTn4yeckoe 3ansaTue Ne 1.
«Iloctpoenne monenen, IPUBOAAILMX K 3a7a4aM JIMHEHHOTO MMPOrPAMMUPOBAHUS

BoT HECKOIbKO THTUYHBIX 3a71a4, MPUBOASAIINXCS K 3a7a9aM JIMHEHHOTO TTPOrpam-
MHUPOBAHUS:

= EcTb npenmnpusitie, KOTOPOE MOXKET BBIMYCKATh MPOAYKITUIO HECKOIBKHUX pa3yidd-
HBIX TUMOB. JIJIs TPOM3BOICTBA SAUHUIIBI KAKIOTO U3 HUX TPeOyeTcs: onpeneneéHHoe
KOJIMYECTBO CHIPhsI M TMPOYUX PECYpPCOB, 3alachl KOTOPHIX OrpaHWYeHbI. 3BecTHa
PBIHOYHAST CTOMMOCTH 3THUX TOBAapOB M OTPAHUYCHHS Ha BO3MOXKHBIH 00BEM Tpoja-
xu. TpebyeTcsl Tak COCTaBUTH IJIaH MPOU3BOJICTBA, YTOOBI MOIYIUTh MaKCHMAILHO
BO3MOKHYIO TIPHOBLITE.

= M3BeCTHO KOJMYECTBO OCJIKOB, JKUPOB, YIIICBOJIOB U MPOYNX BEIIECTB, HEOOXOIH-
MBIX YEJIOBEKY B TCUCHHH CYTOK. JlaH CIIMCOK MPOIYKTOB, JJIS KAXKJIOTO U3 KOTOPHIX
yKa3aHO COJIEpP)KaHHME BCEX ITHX BEMIECTB. TpedyeTcsl COCTaBUTh CYTOUYHBIM PalliOH
MUHHAMAJIbHON MacChl (MM CTOMMOCTH).

= EcTb rpymnmna npeanpuatuii, pa3MemeHHbIX B pa3HbIX MecTax. UM TpeOyeTcs Chl-
pbe, UICTOYHUKH KOTOPOTO (CKJIAJbl) TOKE HAXOATCS B pa3HbIX MecTax. EcTh cucre-
Ma TPaHCHOPTHOTO cooOIIeHus (Tapudbl Ha MEPEBO3KY TOXKE pasHbie). Tpedyercs
TakKUM 00pa30M pa3MeCTUTh 3aKa3bl Ha CBHIPHE, YTOOBI OOECIIEUUTHh 3aBOJBI CHIPHEM
P MUHUMYME PacX0JI0B.

O1u 3a1a4u He0OXOIUMO 3aMKcaTh B BUJE MaTeMaTHYECKUX Mojienel. PaccMoTpum
ATOT MPOIIECC Ha MPUMEpPE MEepBoO U3 HUX. BBeaEM N mepeMeHHbIX X1,X2,...,Xn — KO-
JUYECTBO MPOAYKIIMH KaXKJI0TO BHJIA, YTO B COBOKYITHOCTH 00pa3yeT IJIaH BBIMYCKa.
OueBHUIHO, ATU TIEPEMEHHBIE YJOBIETBOPSIOT YCIOBUIM X120, X220, ..., Xn=0 — He-
BO3MOYKHO BBIITYCTUTH OTPUIIATEIILHOE KOJIMYECTBO MpoayKiuu. [TycTs umeeTcss m
orpaHu4eHuii mo pecypcam. O603HaYMM MaKCUMAaJIbHOE JOCTYITHOE KOJMYECTBO
KaXI0T0 U3 HUX Kak D1,02,...,0m. BBenéMm xoadduiineHTs! pacxoma 3TUX pecypcoB. aij
MOKa3bIBACT, KAKOE KOJMYECTBO pecypca BUaa | MONWAET Ha M3TOTOBJICHUE CTUHHIIBI
NPOAYKIIUH BHA |. [l onpeieieHrsT HAauIydIlero TiaHa UCIOb3yeM BeTHUHHbBI
C1,C2,...,Cn — MPUOBLIB, MOJIYIAEMYIO OT PEATU3AINN SAMHUIIBI IPOTYKIIMHA KaXKIOTO
Buja. O01Iast mpuOBLTE IPH peaTu3alui KOHKPETHOTO MJIaHA COCTABUT BEITMUUHY
L=C1X1+CoX2+...+CnXn. OUEBUHO, UTO ONTUMATBLHBIM pPEIICHUEM 3a7a4u Oy1eT Ha0op
MePEMEHHBIX, JOCTABIIIONINX MaKCUMaIbHOE 3HAYCHHE dTOM QyHKIMU. Kpome Toro,
ATOT HA0OP JOJDKEH YIOBICTBOPATH OTPAHUUCHUSIM

a,, X, +a,,x, +a;x;+..+a,x, <b,
Ay X, + X, + Ay Xy +..4a,, x, <b,

a, X, +a,,x, +a, x;+.+a, x <b

n - m

T.€. CYMMapHBI pacxo/1 JI000T0 pecypca He TOJDKEH MPEBOCXOIUTh €r0 UMEIOIINUXCS
3aracos.

Jliist ynoOcTBa METO b1, TPUMEHSIEMBIE JIJIS PEIICHHS KaKOTo-TH00 Kiiacca 3a/1a4 uc-
CJIEIOBAHUS OTEpaIlfii, 00BIYHO pa3paldaThIBAIOTCS VIS 33]]a4l HEKOTOPOTO CTaH-
JApTHOTO BHJIa, K KOTOPOW B CBOIO OYEPEIb MOKHO CBECTH JIFOOYIO 3a/1a9y TaHHOTO
kiacca. COOTBETCTBEHHO U JIJISl TMHEHHOTO MPOTpaMMUPOBaHUsS (HOPMYITUPYETCS OC-



HOBHas 3amada, cokpaménno O3JII1. E€ rmaBHass 0COOCHHOCTD 3aKITIOYAETCS B TOM,
YTO BCE OTPaHUYECHHUS 3aMCHIBAIOTCA B BHUIE paBeHCTB. [103xe Oyner moka3aHo, 4To
U 33]1a4d C OTpaHUYCHUSIMIU—HEPaBEHCTBAMH MOT'YT ObITh cBeeHbl K O3JII1.

Wtak, nmeercs pa NEPEMEHHBIX X1,X2,...,Xn. TpeOyeTcss HallTH Takue HEeOTpULIATENb-
HbIE 3HAYEHUS ITUX NIEPEMEHHBIX, KOTOPBIE YIOBIETBOPSIIA ObI CUCTEME JTMHEHHBIX
YPaBHEHUI

a, X, +apXx, +a;x;+.. +a;,x, =b
Ay X + Ay Xy + Ay3X5+..4a,,X, =b, (1)
A,y Xy +Ayp Xy + a3 X5+ 4a,,x, =b

U, KpOM€ TOro, oOpaliaiyi Obl B MUHUMYM JIMHEHHYIO (DYHKIIHIO

L=CiX1+CoXa+...+CnXn. (2)
Ycnoumcs cuntats donycmumoim peuienuem O3JII 100yr0 COBOKYITHOCTH TEpe-
MCEHHBIX

X120, X220, ..., Xn20. 3)

YAOBIIETBOPSIOILYIO ypaBHEHUSM (1). Onmumansvnvim penieHueM OyJ1eM Ha3bIBATh
TO U3 IOIYCTUMBIX PELICHUH, TPU KOTOPOM JInHeHHas GyHKIMs (2) oOpariaercs B
MUHHMYM.

3ameTuMm, 4To raneko He Bce aBTopbl npuBoAiIT O3JIII umenHo B TakoMm Buae. Cyie-
CTBYIOT Pa3jM4HbIE B3IJISAbl HA TO, KAK OHO JOJDKHO BBINIAAETh. Hanpumep, yacto
“cTaHAapTHBIM” CUMTAIOT MOUCK MaKCUMyMa (PyHKITUH (2), ObIBAIOT U UHBIE OTIIU-
yust. Ho, 3Hast MeToabl pemenus s Jiro0oil U3 “crangapTHBIX popM™ 3a7auu, He
NpEJICTaBISIET TPYa HAMNTU pereHue s 1000l 1pyroit (opMsl.

O3JIIT He obOs13aTenbHO UMeEeET pereHre. Bo3MoxxHo, ypaBHeHus B cucteme (1) mpo-
THUBOpEYAT IPYT APYTY, WIH K€ OHU UMEIOT PEIIEHHE TOJILKO BHE 001aCTH HEOTPHIIa-
TEJIbHBIX 3HAYEHUU MEPEMEHHBIX, YTO MPOTUBOPEUYUT YCIOBHIO (3), UIIH K€ pelIeHUs
CYILIECTBYIOT, HO CpPE€IM HUX HET onTuMaibHoro. [locneanuii ciyyail BO3MOKEH, eCliu
oOnacTh gonyctumbix pemenuii (O/IP) He 3aMKHYTa B CTOPOHY YMEHbILIECHHUS LIeJIe-
BOM (DYHKIIMM — B PE3YJIHTATE YETO JUIs JIFOOOT0 PEIICHUs 3aa4d MOKHO HAUTU JPY-
roe peleHue ¢ enié MeHbIIUM 3HaUeHUEeM 3TON (PYHKIUH, T.€. PEIICHUS, JTyYIIero
BCEX OCTAJIbHBIX, HE MOXET OBITh B IPUHIIMIIE.

NuauBuayaabHbie 3a1aHuda mo teme Ne 1.
«Iloctpoenne moaenen, NPUBOAALIMX K 3a/1a4aM JJMHEWHOTO MPOTrpaMMUPOBAHUS)

KaxxnoMy cTyneHTy BBIIAIOTCS YCIOBHS 3aJladd: MaTPHIlA PACXOOB ChIPbsS Ha BHI-
MyCK MPOJYKIINU, BEKTOP 3aITaCOB CHIPhS M MTOKA3aTEH JJOX0/1a OT €ro MPOIaKH.
TpeOyetcs:

1 — cocTaBuTh 3a/a4y JTUHEHHOTO TPOTPAMMHUPOBAHUS IO OTPEICIICHUIO ONITHMAJIb-
HOTO IJIaHa BBIMTYCKa MPOIYKIIUH;

2 — IPUBECTH 3Ty 3a/a4y K CTaHIapPTHOMY BHUY.



IIpakTuyeckoe 3ansitue Ne 2.
«IlocTpoenne moaeneu, MPUBOASIIMX K TPAHCIIOPTHBIM 3a1a4am)»

Kak y»e roBopuiiochk patee, Jr00as 3a1a4a JMHESHHOTO IPOrPaMMHUPOBAHUS MO-
KeT OBITh IPUBEIEHA K CTAHAaPTHOMY BUAY U pellieHa CUMILIEKC-MeTogoM. OTHaKO
HE KaXKIyI0 3a7a4y MMEET CMBICI PELIAaTh BCErla MMEHHO TaKUM criocobom. Hekoro-
pBIE 3aaUi UMEIOT CIENUAIBLHBINA BUI, TO3BOJISIONIMIA PEMIUTEL X 00jIee OLICTPOIEH-
CTBYIOIIUMH METOIAMHU.

B yacTtHOCTH, K TAKMM OTHOCHTCS TpaHCIIOpTHas 3amada. OHa omrcaHa B Havaje
BTOPOU TJIaBBl — TPETHUH 110 MOPSAKY IIPUMEP. DTO OE3yCIOBHO 3a1a4a THHEHHOTO
IPOrpaMMHMPOBAHHKsI, HO OHA UMEET JOCTATOYHO CHENU()UIECKUIN BUI:

B M nyHKTax OTHpaBIeHHs HMEIOTCS 3aIackl HEKOTOPOI'O IPy3a B KOJIMYECTBE ai,
az, ..., @m €JAUHKI] COOTBETCTBEHHO. DTOT IPy3 TPEOYETCs TOCTABUTh B N IIyHKTOB
Ha3HAYEHMs, B KaXKIbII U3 IIyHKTOB — COOTBETCTBEHHO D1, by, ..., bn emunun rpysa. as,
a2, ..., am HA3BIBAIOTCA 3amacamu, a b, b, ..., bn — 3asgBkamu. B knaccuueckoii nmocra-
HOBKE 3a/1a4¥ CyMMa 3asiBOK paBHa CyMME BCEX 3aI1acoB

Z}:ai = Z_;bf (1)

Ecnu 5T0 paBeHCTBO HE BBIMOJIHAETCS, TO IPUMEHSIIOTCSI METObI MPUBEACHUS 3a7a4
K cTanjapTHoit popme. OHU pacCMOTPEHBI HIKE.

Takke 1aHa CTOUMOCTb IEPEBO3KU €IMHULIBI TOBAPa C KAXKIOT0 CKIaga KaxKaIoMy
noTpeduTeNnto (pU3MIECKuil CMBICT TaHHOW BETUYMHBI MOXKET ObITh HE CTOUMOCTHIO,
a pacCTOSIHUEM WJTM BPEMEHEM NIEPEBO3KH, ITO JIJIs PACCMOTPEHUS OOIIIUX METOJIOB
penieHus 3aa4i HeMpUHIUMUAIBbHO). OHa 3a1aHa MaTpUIIEH

Gy Cp e ,
Gy Cpy o e G,
Cpi Cpp ooeee Con

Heo0xoaumo HallTH TakoM IJI1aH MEePEeBO30K, UTOOBI BBITIOJHUTH BCE 3aBKU U TIPH
TOM MUHUMHU3HUPOBATH OOIIYI0 (CYMMapHYI0) CTOMMOCTb BCEX MEPEBO3OK.

Pelenue 3aauum npencrabigeT co00i HAOOp NEPEMEHHBIX Xij — KOJIUMYECTBO IPy-
3a, OTHPABISIEMOT0 U3 I—0r0 MyHKTA OTIIPABIICHUS B |—bIi ITYHKT HA3HAYEHUS — BCETO
MXN IEpEMEHHBIX, U BCE OHU HEOMPUYamenbHbl.

Ha nepemeHHbI€ Xij HAJ0KEHBI CIIETYIOLIUE YCIOBUS:

CyMMapHO€ KOJIMYECTBO T'PYy3a, BBIXOIAIIETO U3 KaKI0TO ITyHKTa OTIPABIICHUS,
pPaBHO 3amacy rpysa B 3TOM IyHKTe. Bcero nosydyaem m orpaHnyeHUR—paBEeHCTB:

Zxki =a,, k=1..m (2)
i=1

CyMmapHO€e KOJIMYECTBO Tpy3a, MPUXOISIIETO Ha KaX /bl yHKT HAa3HAYEHUs, PABHO
3asBJICHHOMY 3THM IIYHKTOM KOJIMUY€CTBY. Bcero nomydaem N orpaHn4eHu—
PaBEHCTB:



ij, =b, I=1,.,n (3)

Jj=1

[eneBast pyHKIHSI, KOTOPYIO HAI0 MUHUMHU3UPOBATH — CTOMMOCTB BCEX MEPEBO30K
L= ZZcﬁxﬁ = min (4)

i=1 j=1
DT0 TUNWYHAS 337a4a JUHEHHOTO IPOrPAMMHUPOBAHHUSL, TIOCKOJIBKY BCE OTPAaHUYECHUS
u 11enieBas QyHKUUS TUHEWHBI.

Ho y nannoii 3a1auu ectb psiag ocoOeHHOCTel. [ 1aBHOE U3 HUX — 3TO TO, YTO KO-
3¢ GULMEHTHI TP BCeX MepeMeHHBIX B yciaoBusx (2) u (3) paBubl 1 (equnmuiie). Kpo-
M€ TOT'0, OJJTHO U3 YPAaBHEHHI B 3TOM CUCTEME HE SIBISETCS HE3ABUCUMBIM M MOYKET
ObITh TporymieHo. Beero momyyaercst cBoOomHbIX iepeMeHHbIX (N-1)(M-1). Umenno
TaKO€ KOJIMYECTBO 3HAYEHUH Xij JOJKHO 00paliaThCs B HyJlb B ONTUMAJIbHOM IIJIaHE
(unu OoJblIE B CIIy4ae BBIPOXKIECHHOTO IJIaHA, HO HE MEHBLIE). DTU IIEpEMEHHBIE OY-
JIeM Ha3bIBaTh I€PEBO3KAMHU, U IO MIPEKHEMY MBI UCIIOIb3YEM MOHATHUS 00Ny Cmu-
M020 TIaHA, ONOPHO20 U ONMUMATLHOZO0.

JJ1g moucka ONTUMANIBHOTO TUIaHa HE TPeOyeTCsl MPUMEHSATh CUMILIEKC-METO,
BCE MaHUIYJISIIUH BBIIIOJIHAEM HEMOCPEACTBEHHO B Ta0JMIIE, HA3bIBAEMOW TpaHC-
NOpTHOM Tabnuieil. B He€ 3anucanbl Bce yCIIOBUA 3a/1a4: ITyHKTHI OTIIPABICHUS
Y HAa3HAYEHUS, 3aachl U 3asiBKU, CTOUMOCTb [1EPEBO3OK.

B: B | ...... Bn 3amacel
ai
A1 C11 c12| ...... Cin ai
A> C21 c2| ..., Cin az
Am Cml Cmi | ...... Cmn dai
3aaBKH b1 b | ..., bn Ya =Y
bJ i=1 j=1

CTtouMOCTh MEPEBO3KHU E€UHUIIBI TOBApPA MTOMEIIAEM B KaXKJ0M KJIETKE BBEPXY CIpa-
Ba. Te siueiiku, B KOTOphIE TOMENIaeM OTJIMYHBIC OT HYJISI 3HAUYCHUS TIEPEBO30K,
Ha3bIBaeM 0a3MCHBIMU, a OCTaJIbHbIE — CBOOOIHBIMU. [Ipr 3TOM CymMMa 3TUX AJIeMEH-
TOB IJIaHA MIEPEBO30K Xijj B KAXKOU CTPOKE paBHa i, a B KaK10M cToJj01e — bj. Sueii-
Ky, COJIEpIKaIyIo Xij, OyeM 0003Ha4aTh koopauHaTamu (1,j). 3aMeTHM, YTO B OTJIH-
gyue ot O3JII, pemenne T3 scecoa cywecmayem.
B siaeiikax OCHOBHOM 4acTH TPAHCTIOPTHOM TAaOIHUITBI MCIIOIB3YIOTCS BCE 4 yTiia — B
KQKJIbIN M3 HUX MIOMENIAETCSl KaKoe-HUOY b 3HAUCHHUE, UCTIOTh3yEeMOE TIPU HaX 0K Ie-
HUU ONITUMAJIBHOTO TJIaHA IEPEBO30K.

Haxoxnenue onopHoro njana. CaMplii IpoCTO# CIOCOO MOCTPOCHHUSI OTTIOPHOTO
IJ1aHa — ““‘MeTOJI CeBEPO-3aMagHOro yria’ . DTOT ““Hay4yHbId TEPMHUH 1O CYTH O3Ha4da-
€T, 4TO JIBUTaThCs MBI OyJIeM clieBa HalpaBo M CBEPXY BHU3. e CTBUTEILHO, €CIIH



MPEACTaBUTH OCHOBHYIO YaCTh TPAHCTIOPTHOM TaOIHUITHI B BUIE TeorpaduuecKoi Kap-
ThI, TO stuerika (1,1) OyneT e€ ceBepo-3ammaHbIM yTIIoM, a sueiika (M,N) — e€ roro-
BOCTOYHBIM yriioM. Haunnaem c stueiiku 1,1 1 ynoBieTBopsieM NOTpeOHOCTH MTEPBOTO
noTpeduTeNs 3a CYET MepBOro ckiana. Eciii Ha ckitafe emé yTo-To mocie 3TOro
OCTaJIOCh, OHO WAET HA MMOKPBITHE 3asBKU BTOPOTO MOTPEOUTENS, T.€. HAIPaBO (STUeh-
Ka 1,2), ecu ke 3asBKa MOJHOCTHIO HE YIOBJIETBOPEHA, TO OCTATOK MOTPEOHOCTH
YAOBJIETBOPSIETCA 3a CUET CIEAYIONIETO CKIIAaa, T.€. ABWKCHHUE BHU3 K AUehke 2,1 —u
TaK Jajee.

BaxHo 3aMeTHUTBh, UTO JBUTAEMCS MbI Ha Ka)KJIOM LIare CTPOro rOpU30HTAIBHO
WM BEPTUKAIBHO, HUKAKUX JIMarOHAIbHBIX MepeMEIleHU ObITh He JoJkHO. Ecnu y
Hac OJHOBPEMEHHO 3aKaHUYMBAECTCS U 3aIlaC Ha JAHHOM CKJIaJI€ U MOJIHOCTBIO y/IOBIIE-
TBOPSIETCS 3asiBKA JAHHOTO NMOTPEOUTENsI, TO MBI CHauasa JieJlaeM IIar BIpaso, K cie-
IyIOIIeMy MOTPEOUTEIO, YIOBIETBOPSIEM €T0 3asBKY C IAaHHOTO CKJaja (MepeBO3KU
PaBHBI HYJIIO), U JIUILb MTOCJIE 3TOTO JAEJIaeM LIar BHU3, K CIEAYIOLIEMY CKIIaay. TeM
CaMbIM MbI 00€CTIEYMBAEM TTOCTOSIHHO OJTHO Y TO YK€ YHUCIJIO Oa3UCHBIX AYEEK — MMYCTh
Jla’K€ HEKOTOPBIE U3 HUX, BEIPOKICHHBIC, COACPKAT HYJIeBbIe 3HaUeHUsA. MBI ux 0y-
JIeM MPUHIMIHATBHO OTJINYATh OT OCTaBIIMXCS AUYEEK, HA3bIBAEMbIX CBOOOIHBIMU U
10 OIPEICIICHUIO BCETa COJCPKAIINX HYJICBbIE 3HAUEHUSI IEPEBO30K, TAK YTO B HUX
HOJIb JIa’K€ U HE TUILIETCS.

PaccMoTpuM 3TOT METO1 HAa IPUMEPE — COCTABUM ONTUMAJIbHBIN TUTaH JIJIs Ta0-
JIULIBL:

B: B> Bs B4 Bs 3ama-
ChI 4
A 10 8 5 6 9 48
18 27 3
A, 6 7 8 6 5 30
30
As 8 7 10 8 7 27
9 12 6
A 7 5 4 6 8 20
20
3ass- 18 27 42 12 26 125
K D

MBI cpa3y moy4uiiy IjIaH NepeBO30K, YIOBIETBOPAIONIMMA yciaoBusaM (2) u (3). On
SIBJISICTCS OTIOPHBIM, T.K. 0a3uCHBIX (He paBHBIX () MepeMEHHBIX POBHO I' =N+M-1=8.
OcTainbHble “IycThle” KIETKH COOTBETCTBYIOT HYJIEBBIM IEPEBO3KaM, T.€. CBOOO/I-
HBIM TIepeMeHHbIM. Takux y Hac moxyumiaock (N-1)(m-1)=12.

DTOT IUIaH HE SABJIIETCS ONTUMAJIBHBIM. /[eiCTBUTENIBHO, €T0 CTOUMOCTD ITOJIy4a-
ercsa 1039. Ecnu, x mpumepy, neperectu 18 enununi u3 sueviku 1,1 B 1,2 — a nis to-
ro, YTOOBI COXPAaHUTh OanaHc, Te ke 18 eauHuI] nepenectu u3 sueiiku 2,3 B 1,3. — 10
MTOJIYYUTCS TUIAH, UMEIOIIMI CTOMMOCTB yxke 913.

Yucio HEHYJIEBBIX IEPEMEHHBIX MOXKET ObITh MEHbIIE, UeM =N+m-1, T.e. B 1aH-
HOM CJly4yae MeHbIIE §, T.€. YaCTh OA3UCHBIX EPEMEHHBIX Takxke paBHa 0. DTO 6bi-



poorcoennvil naH. OH BO3HUKAET, KOTJ]a OJJHOBPEMEHHO 3aKaHYMBAETCS U 3arac Ha
OUYEPETHOM CKIIAJIE, U 3a8BKa OT OUEPETHOTO MOTPEOUTEINA, U CIEAYIONIAs 3aII0THEH-
Has sueiika OyaeT pacmoJiaraThes He Huxke (“rokHee”) u He mpasee (“BocTouHee”), a
“roro-BocTo4Hee” mocyeaHel 3anoiHeHHon. Ho Mbl mpeAmnoiaraem, 4To cHavyana
CZ€JIaH LIar HalpaBo, 3all0JIHEHA KJIETKA (BEJIMYMHA [TEPEBO3KH paBHA HYJIIO) U MOCIIE
3TOrO CHIeJIaH Iiar BHU3. B nanbHeiineM gcezda OyaemM CUUTATh, YTO B IJIAHE IEPEBO-
30K '=N+Mm-1 6a3uCHBIX KJIETOK, JaXke €CJIM B KAKUX-TO U3 HUX U MOMEMIAIOTCS “HY-
JIeBbIe” 3HaYEHUS IEPEBO30K. ITO YOOHO JJIs MIOCTPOCHHUS alrOpUTMA.

Meroabl TpUBEACHUS K CTAHAAPTHOMY BUY OYEBUIHO 3aBUCAT OT TOTO, KaKOE
oTJinyre ObUIO y PUBOJUMOM 3aauH.

TpancnopTHas 3a7a4a ¢ H30BITKOM 3aMaCOB

PaccMoTpumM cutyaruio, Korja moJaHHBIX 3asBOK MEHBIIIE, YeM 3aracoB Ha CKJa-
nax. PaBencTBo (1) He BbITIOTHSACTCS.

m n
Z a; > Zb_;
i-1 =

B arom ciyuyae BBoauM ei€ oauH (PUKTUBHBIN) MyHKT Ha3HAYEHUS, ‘‘3asBKa’ KOTO-
pOro paBHa OCTaTKy Ipy3a, HEBOCTPEOOBAHHOMY ITOTPEOUTEISIMU:

n

bn+1 = Z;ai - Z;b;
i= Jj=

PeanbnO nepesosxu n3 storo 11H 03Ha4aroT, 4T0 TakOE€ KOIUYECTBO IPy3a OCTA-
HeTcsl Ha JaHHOM ckJiazie. CTouMocTh epeBo3ok Aiist nanHoro [TH B o6mem cinydae
Oyxer paBHa HYIIO (Cin+1=0, I=1,...,M), XOTS MOXHO BBECTH IIeHY U OTJINYHYIO OT HY-
Js1: CTOMMOCTb MJIM YOBITKU OT XpaHEHUs1 equHULbI rpy3a. [locneqnee umeeT cmbicd,
€CJIM 3Ta CTOMMOCTb Ha Pa3HbIX CKJIaAax (MyHKTaxX OTHPaBJIEHUs) CYIIECTBEHHO pa3-
JUYHA.

TpancnoprHas 3aga4ya ¢ U30bITKOM 3aIBOK (C HEJOCTATKOM 3aI1aCOB)

DT0 3a7a4a NpsiIMO MPOTUBOIIOI0KHA PAHEE PACCMOTPEHHOM. 3/1eCh 3a11acoB HE
XBaTaeT Ha BCEX MOTPEOUTENEH, TO €CTh

m n
>a <3,
= J=

EcTp HECKOIBKO CITOCOOOB pelieHus: TAKOW 3a/1auu.
Ilepsviii — BBOgUTCS “OUKTUBHBIN M+1-bIi1 CKIaa, 3amackl HA KOTOPOM PaBHBI

m

n
am+1 = ij - Zai
Jj=1 i=1

¥ CTOMMOCTH MIEPEBO30K C ATOTO CKIaja JTrodoMy moTpedurenio paBHa Hymo. Ha ca-
MoM Jiene nudpa nepeBo3ok ¢ 3toro [10 kakoMy-To MOTPEOUTENO 03HAYAET, YTO
MMEHHO TaKO€ KOJUYECTBO Ipy3a U3 3asBJIICHHOTO He Oyoem 00cmasieHd TaHHOMY
MOTPEOUTETI0. DTOT METOJI MPUMEHUM TOT/Ia, KOTJa HE BaXKHO, KAKUM MTOTPEOUTEIIM
1 B KAKOM KOJIMYECTBE HEJIOTPY3UTh TOBAp. MOXKHO PEIIUTH 3Ty 3a7a4y U C yIETOM
CTETICHU BaYXHOCTH IOJTydaTeNel rpy3a. B aToM ciydae BBOASATCS pa3IuvHBIC CTOU-



MOCTH MEPEBO3KU €ANHHULIBI TPy3a K KaXKIOMY U3 OTPEOUTENEH, NMEIOIIUE CMBIC
mrpada 3a HeAONOCTaBKy €IUHMIIBI 3aKa3aHHOT'O TOBapa TOMY NOTPEOUTETIO.
Bmopotu cnocob — “uctipaBisieM” 3asiBKU, YMHOXKHB KaXIyl0 Ha Ko3(ppuiment

k= Zm:ai Z”:b/ .
i=1 j=1

Tem caMbIM MBI B paBHOM IPONOPIIMH HEAOTPY3HIN MoTpeOuTenei. Bo3MokHbBI HHBIE
BAPHUAHTBI, HO BCE OHU CBOJATCS K YMEHBILIEHHUIO 3a5BOK J0 BBIIIOJHEHHUS PABEHCTBA
(1) u pemienus 3a1a4 ¢ “HOpMaTBHBIM OATTAHCOM.

NuauBuayajabHble 3aaHus 110 TeMe Ne 2,
«HOCTpOGHI/IG MOHGHGﬁ, IMPUBOIAIINX K TPAHCIIOPTHBIM 3agadyam»

KaxxioMy cTyAeHTY BBIAAIOTCS YCIOBHS 3aJadd: MaTpUIla CTOUMOCTEH TPaHCIIOPTH-
POBKH, BEKTOpa 3aKa30B U 3asBOK. Bce 3a1aun He cOalaHCHPOBAHBI.

Tpedyercs:

1 — cocTaBUThH TPAHCHOPTHYIO 33J1a4y JIMHCHHOTO IPOrpaMMHUPOBAHUS 10 OIpEACIIe-
HHUIO ONITUMAJILHOTO TUIaHA BBIITYCKA MPOTYKIIHH,

2 — IPUBECTH 3Ty 3a7a4y K CTaHIAPTHOMY BHUTY.



IIpakTuyeckoe 3ansitue Ne 3.
«IlocTpoeHne moaenen, MPUBOASAIIMX K 3a/1a4aM JIMHEMHOTO MPOrpaMMUPOBAHUS C
JOTIOJIHUTEIbHBIMU OTPAHUYCHUSIMI)

B nanHOM paszene paccMaTpUBAIOTCS METObI, KOTOPBIE TaKKe MOTYT ObITh OTHECE-
HBI K METOJIaM TUCKPETHON ONTUMH3AINN. XapaKTePHOU 0COOCHHOCTHIO TUX METO-
JIOB SIBJIACTCS HAIMYHUE JTOTIOJHUTEIFHOTO TPEOOBAHMUS O TOM, YTO BCE JTHOO TOIBKO
4acTh NEPEMEHHBIX B ONITHMAJIIBHOM PEIICHUH JOJKHBI 00J1a/1aTh CBOMCTBOM LIENO-
YHCIEHHOCTH, HJIM KaK BApUAHT — OBITh KPATHBIMU HEKOTOPOMY 3a/IaHHOMY YHCITY.
WNHorna BcTpeyaroTcss M MHbIE OrpaHuyeHus. JlaHHbIe METOBI TECHO CBSI3AHBI C 3a]1a-
YaMu JIMHEMHOTro MPOrpaMMHUPOBAHUs, OJIHAKO JTOTIOJHUTEIbHBIE TPEOOBAHUS Jielia-
10T 3a7a4y HeJMHEHOM. [1l03ToMy cTaHIapTHBIE METOABI IMHEWHOTO IPOTrPaMMHUPO-
BaHMS JJIsI PELICHHS 3TUX 3a7a4 HEMPUTOJIHBI, XOTA B PSIJI€ CIIy4aeB UCIIOJIb3YOTCA B
KauyecTBe ‘“BCIIOMOTATENIbHBIX B COCTaBE 00JIee CIOKHBIX aJITOPUTMOB PEILICHUS 1ie-
JIOYMCIIEHHBIX 33]1a4.

B kadecTBe npuMepa LEI0UMCIEHHON 3a1a4l MOKHO ITPUBECTU CTAaHAAPTHYIO 3a/1a4y
COCTABJICHHSI ONITUMAJILHOTO 1O MPUOBLIN ITUIaHA BBIITYCKA MPOAYKIIMH NPEATPUSITH-
€M B YCIIOBUSX OTPAaHUYEHHBIX PECYPCOB — €CIM BCIIOMHUTB, YTO JIFOOON BUJI IIPO-
OYKIMU Mbl MOYKEM BBIITYCTHUTb JIMIIb B IEIOM KOJMYECTBE IK3eMIUISIPOB. [Ipu 3TOM
OKpYTJIEHHE J10 OJIMKANIIEro 1[eJI0ro YMciia JajleKo He Beerjaa JaéT HauIyyllee u3
LEJTOYMCIICHHBIX PEIICHU, 8 MOXKET BOOOIIIE 0Ka3aThCsl BHE 00JIaCTH JOMYCTUMBIX
PELIEHUI — TOrJa KaK HAWIy4YIlee U3 LeJIOYUCIICHHBIX PEIICHUI MOYKET 0Ka3aThCs
BECbMa JIAJIEKO OT HELEJIOUYHUCIEHHOTO ONTUMYMa, HAJIEHHOTO METOIaMH JIMHEHHOTO
MIPOTPaMMHUPOBAHUSI.

C npyroit CTOpOHBI, CTaHAapTHAsI TPAHCIIOPTHAS 3a/laya HE COJIEPKUT B cede Tpedo-
BaHMSI LIEJIOYHCIEHHOCTH, OJJTHAKO, ECJIM BCE TPAHUYHBIC YCIOBUS LIETIOYUCIEHHBI, TO
MOJTY4YEHHBIA CTAHAAPTHBIMA METO/IAMH ONITHUMAJIbHBIN IJIaH IEPEBO30K TaKKE OKa-
3BIBAETCS LIEJIOYHUCIEHHBIM, HECMOTPS Ha TO, YTO JUISl TOCTHKEHUS 3TOTO HE MpuUIia-
rajioch HUKAKUX CHEUHUAIBHBIX YCUIHI.

K TpaHcniopTHOM 3aa4e MOKET OBITh MPUIIOKEHO JOMOJHUTEIBHOE TPEOOBAHUE HE
LEJIOYUCIEHHOCTH, & JUCKPETHOCTH, TO €CTh KPATHOCTU OJAHOMY WJIM OJHOMY U3 He-
CKOJIBKUX 1eNbIX uncen. [IpeacraBum cede TpaHCIOPTHYIO CETh, CBSA3BIBAIOIIY IO
CKJIabpl U oTpeduTenei. [lepeBo3Kku 1o 3TOM CETH OCYIIECTBIISIET TPAHCIOPTHAS
¢upma, UMeroIas TPy30BUKH OJTHOTO WJIM HECKOJIBKUX HOMUHAJIOB TPY3010IbEMHO-
cTU. B TakoM cityyae cTOUMOCTh IEPEBO3KH OT JAHHOIO CKJIAa/la JAHHOMY MOTpeOu-
TEJI0 JOJDKHO 337aBaThCs HE I €IMHULBI IPY3a, a Il OJTHOTO peiica rpy30BUKa
(v u1st perica o OTAENBHOCTH KaKI0T0 HOMUHAIIA rpy3onoabéMHocTh). Ham npu-
NETCS N0 KaXKI0My MapILIPyTy OTIPABISATH KOJUYECTBO IPy3a, KPATHOE IPy30I01b-
émHocTU. Bo3MoskeH BapHaHT OTIIPaBKU HE TOJTHOCTHIO 3arpyKEHHOTO aBTOMOOMIIS,
HO CTOMMOCTb perica (apeHbl) OyIeT TOYHO TaKOH ke, KaK y MOJHOCTBIO 3arpyKeH-
HOTO.

Ectb e psa nenouncieHHbIX WK JUCKPETHBIX TPAHCIIOPTHBIX 3a/1a4, Ha3bIBAEMbIX
3aj1aueit o prok3ake (paHie), 3agaueit o0 6oMOapaupoBIMKe U T.11. B Hanbosee ciiox-
HBIX CIy4asx “KOHTEHHEP” MOXET ObITh Pa30UT Ha OTCEKH ONpPEAEIEHHON EMKOCTH,



MpeHa3HaYeHHBIC JJIsl IEPEBO3KU Pa3HbIX BUAOB rpy3a. Hanpumep, “6eH30B03” ¢
OTCEKaMU JJIsl IEPEBO3KU TOPIOYETO C PA3TUYHBIM OKTAHOBBIM YHCIIOM.

MOHO BCTPETUTHh U HECKOJIBKO MHOM THII 33]1a4, TAKKE HA3bIBAEMbIN B HEKOTOPBIX
y4ueOHHKaxX “‘3a7adeid 0 prok3ake”. JTo 3aja4a, BHEIIHE CXOIHAs € 3a/1a4yel JIMHEHHO-
ro MPOrpaMMHUPOBAHHUSI, UMEIOIIAS JIMHEHHYIO 1IeJIeBYI0 (DYHKIUIO U JIMHEHHBIE Orpa-
HUYEHUS BHUJIA — HAUTH MaKCUMyM (yHKIIAN

n
max(min)Z = Zlc X
=

C JIMHEWHBIMHA OTpaHUYICHUAMHU

IIPYA 3TOM Ha BCE NIEPEMEHHBIC HAJI0KEHO CTAHIAPTHOE IS 3a7a4 JUHEHHOTO MPO-
rpaMMHUPOBAHMS YCJIOBUE HEOTPUIATEIILHOCTH
X >0, j=1L...,n

U, KPOME TOT0, HA BCE NMEPEMEHHBIEC HAJIOKEHO JOIOJIHUTEIBHOE YCIOBUE
X, 6{0;1}, j=L...,n

TakuM 00pa3oM, Jito0as mepeMeHHas MOXET MPUHUMATh TOJIbKO OJTHO U3 ABYX 3Haue-
Huii — 0 wm 1, T.e. MBI Kak ObI peliaeM, “KJIacTh B PIOK3aK’ JaHHbBIM IPEeIMET Uu
HET, HO MOJIOXKHUTh MOKEM TOJIBKO OJIHY IITYKY JIFOOOTO BUAA.

Teneps paccMOTPUM HEKOTOPYIO Kiaccudukanuio. MoXHO BBIICIHUTH:

1. 3amauyum TMHEHHOTO NPOrPaMMHPOBAHUS C JOMOJIHHUTEIbHBIM TPeOOBAaHUEM LIENO-
YUCJIEHHOCTH, MPUYEM OHU PA3IEISAIOTCS HA MOJTHOCTBIO LEJIOYMCICHHBIE U Ya-
CTUYHO IIeJIOYHCIICHHBIC (TpeOOBaHUE IIEIOYUCICHHOCTH KacaeTcsl He BcexX mepe-
MEHHBIX, a TOJIbKO YacTH);

2. TpaHCHOPTHBIE 3a/1ayd (OPMaiIbHO K IEJIOYHUCICHHBIM HE OTHOCATCS, HO €CIIU

UCXOJHBIE JTaHHBIE LIEJIOYHMCIICHHBI, TO MOJYYUM M LIEJIOYUCICHHBI ONTHUMAJIb-

HBIN TJIaH;

3amaun ¢ HEACTUMOCTBIO (C KPAaTHOCTBIO HEKOTOPOMY YHCITY, OOBIUHO LIEJIOMY);

KoMbOunaropssle 3agaun (Harpumep, 0 KOMMHBOSDKEPE) UCIIONIB3YIOTCS AJIsl pe-

LIEHU 33724, B KOTOPBIX YHACIIO BO3MOKHBIX PEHIEHUN 3aBe1I0MO KOHEUHO. Croza

€ OTHOCATCSA 3a/layu ¢ OyJIeBBIMH MEPEMEHHBIMU, T.€. IPUHUMAIOIIUMHU TOJIHKO

3HaueHus 0 u 1. Hanpumep, kakoe-To AEHCTBHUE WM Ha3HAYEHHE MOXKET JTMOO

COCTOATHCS, TMO0 HEeT. XOTsI MHOIIa KOMOMHATOPHBIE U OYJIEBbI 3a/1a4l OTHOCSIT

K pa3HbIM TPYIINaM U NPUMEHSIOT METOJIbI PEIICHUS] OTAEIbHO — TOJIBKO KOMOMU-

HATOPHBIN WK TOJIBKO OYyJIEBBIN.

JIro6as kmaccudukaius B HEKOTOPOU Mepe YCIIOBHA, T.€. KaKylo-Ir00 3a1a4dy 1 Me-

TOJ MOKHO 0€3 00JIbIIION HATSHKKU OTHECTH K HECKOJIBKUM Pa3HbIM rpynmnam. Tak,

CUMILIEKC-METO/] MIIET ONTUMAaJIbHOE pelieHue He Ha Bceil OJIP — MHOTOrpaHHUKE C

OECKOHEYHBIM YHCIIOM TOYEK, & HA KOHEYHOM MHO>KE€CTBE BEPIIUH 3TO0 MHOTOTpaH-

Huka. [loaTomMy ero uHOr/a OTHOCAT K KOMOMHATOPHBIM METO/IaM U UCTIOJIb3YIOT KakK

COCTaBHYIO 4YaCTh KOMOMHATOPHBIX aJTOPUTMOB.

B~ w



Jnis pemieHust oqoOHBIX 33714 UCIIOJIB3YIOTCS METO/IbI: OTCEUEHUs1, BETBEH U rpa-
HULI, TPUOIMAKEHHBIE U P Ipyrux. Jamee paccMOTpUM HEKOTOpbIe Haubosee yro-
TpeOUTEeNbHBIE U3 IIEIOUUCICHHBIX U JUCKPETHBIX MOJIEICH 1 METOIOB.

NuauBuayaiabHble 3a1aHus 10 Teme Ne 3,
«llocTpoenne mozaenen, MPUBOASIIIMX K 3aa4aM JIMHEUHOTO MPOrpaMMHUPOBAHHS C
JOTIOJIHUTEIbHBIMU OTPAHUYCHUSIMI)

PaccmarpuBaercs 3amava, noxydeHHasi ctygeHToM npu u3ydeHuu tembl Nel. EE tpe-
OyeTcsi IOMOJHUThH YCIOBHEM LEJIOYUCIeHHOCTU. [IoCKONMbKY TIaH MOKET COCTaB-
JISATh JIMIIB 11€JI0€ KOJTMYECTBO BHITYyCKa JIIDOOT0 BU/Ia MTPOAYKIUH.



IIpakTn4yeckoe 3ansaTue Ne 4.
«MHorokputepuanbabie 3a1aud. [loctpoenne 0000mIEHHBIX KpuTepreB. MeTos mo-
CJICOOBATCIIbHBIX YCTYIIOK. MGTOII HﬂeaHLHOﬁ TOYKHU.»

BriBaroT nmpakTuyeckue CUTyaIruu, Korjga BMecTo ogHoro nokaszaresns W tpebyercs
orieHuBaTh 3 (HEKTUBHOCTH OTepaIuy 1o 1eaou rpynmne nokazareiaeid Wi, Wa,...,W.
HexoTophle n3 HUX Ha/l0 yBEIWYUTh, HEKOTOPBIC YMEHBIITUTD. Perenus o0bI4HO
HECOBMECTHUMBI, TO €CTh €CJIM MAaKCUMHU3UPYEM OJIUH KPUTEPUM, IPYyTON MOMKET
CUJILHO YXYIIIUTHCA U T.11. KoMuecTBEeHHBIN aHaIu3 MOXKET 371€Ch TIOMOYb BBIOPO-
CUTH SIBHO HEPAIIMOHATLHBIC BAPUAHTHI. JTH CUTYAIMH TAKKE HA3bIBAIOTCS 3aJa9aMHu
MHOTOKPUTEPUATHFHOU ONTUMHU3AIINH, TAK)KE OHA PACCMATPHUBAIOTCS B 3a1a9aX BbI-
00pa U MPUHSATUS PEIICHUH.

PaccMoTpuM reoMeTpriecKyr0 HHTEPIPETAIHIO: MyCTh TPEOYETCs COCTaBUTh CYyTOU-
HBIN palioH, COJEPKAIINNA BCe HEOOXOAMMBIC JIJIS YeJIOBEKA MMUTATEIILHBIC BEIe-
CTBa, U3 33TaHHOTO Habopa MpoaykToB. I1ycTh 3Ta 3amaya pemena. O4eBUIHO, YTO
Ha0OPOB MPOYKTOB, OTBEUAIOITUX 3TOMY TPeOOBaHHUIO, OyIeT HeCKOIbKO. [1o Kakum
KpUTEPUSIM BBIOpaTh U3 HUX HawTydIuii? st mpumepa BO3bMEM JBa KPUTEPHUS:
CTOMMOCTB parioHa S u ero Bec M. O6a 3T KpUTepusl JKeJIaTeIbHO MUHUMU3UPO-
BaTh. Ho, Kak BUUM, DKCTPEMYMBI 3TUX KPUTEPUEB HE COBIIAJIAlOT, CaMbIi JIETKUM 13
HUX HE SBJISICTCS CaMbIM JICIIEBBIM. TakuM 00pa3oM OKOHUYATEIIbHBIA BBIOOD CIEIaeT
YEJIOBEK, U ATOT BBHIOOP OyIET KOMIPOMHUCCOM MEXK/TYy ITUMHU JBYMS KPUTEPHUSIMH.
Bo3Mmo3xHO, Ha BBIOOD MOBIUSIOT U IPYTHE COOOpakeHUs. TeM He MeHee OYeBUIHO,
YTO MPU ITOM B JIFOOOM citydae OyJIeT BbIOpaH OJMH U3 YETHIPEX PallMOHOB, Pacio-
JIO’)KEHHBIX clieBa BHU3Y. OHM pa3InyaroTcs U MacCOd, 1 CTOMMOCTBIO, HO TI0 000UM
ATUM KPUTEPHSAM TPEBOCXOISIT OCTaIbHBIE 15, KOTOPBIE MBI OTOPOCHUM KaK 3aBEIOMO
HEBBITOJIHBIC, TOCKOJIBKY JJIS KQXKIOTO U3 HUX MPH TOM e Bece CYIIEeCTBYIOT Ooee
NELIEBBIE, a TIPU TOM Ke CTOMMOCTH — 0oJiee NErkue.
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Pucynok 1.1. Onepanus ¢ nByMs nokaszarteisiMu

ITosmyyeHHOE MOAMHOXKECTBO PELICHUN Ha3biBaeTCs MoBepxXHOocThIO Ilapero. UneHs!
9TOT0 MHOXKECTBA YIOBIECTBOPAIOT CICAYIOLIEMY YCIOBUIO: HEBO3MOXHO YIIyYIIUTh
3HaYeHUE OAHOI0 U3 ITOKa3aresie 6e3 Toro, YTo0bI IPU ITOM HE YXYIIIHIOCH 3HaUe-
HUE XOTsI Obl KAKOTO-TO M3 OCTABIIUXCA MMOKa3aTesei.

Paccmotpum em€ ogun npumep. Ilycts ecth 2 mokazaresns — BEpOATHOCTb BBIIIOJIHE-
Hus 3a7aun P u croumocts S. Hac nHTEpecyeT MakCuMyM MEepPBOTO KPUTEPHsI IPU
MHUHUMYME BTOPOT0, HO OHU SIBHO He coBmnaaatoT. [IycTh ecTb HaOOp KpUTEPHUEB.



N306pa3um ux Ha MIOCKOCTH, B ocsix koopauHaT W u P. OueBuHO, 4TO npeamno-
YECTh HAJI0 BBIJCIICHHBIE PEIICHUs. 1€, 4TOo JIeKaT CieBa OT HUX, UMEIOT IIPU TOM XKe
CTOMMOCTH 00Jiee HU3KYIO BEPOATHOCTD BBITIOMHEHUS 3a1aun. OcTaéTes mpoaHaiu-
3upoBatTh 3TU 6 BapuanToB BMecTO 30. HukHUI — caMblii A€IIEBBIA, HO C HEOOJIBIION
BEPOATHOCTHIO. BepxHuii — 6osiee BEpOSITHBIN, HO camblil 1oporoi. TyT yxke Oynet
pa3OoMpaThCs IPUHUMAIOIINI PEIICHNUS YETOBEK.

>

Pucynok 1.2. BapuaHTsl onepanuii Ko BTOpOMy IpUMeEpy

Pazymeercs, kputepreB MOXKET ObITh U O0Jblle ABYX. [IpuHIUN yaaneHus 3aBeJoMO
HEONTUMAJIbHBIX PEIICHUN MTPU 3TOM HE UBMEHHUTCS, HO IIPU 3TOM HE OyJeT TaKUX
HAarJsJHbIX T€OMETPUYECKUX HHTEPIPETAMI. MaTeMaTu4ecKux METOA0B AJIsSl 3TOTO
CYILIECTBYET JOCTATOYHO MHOTO, OHH U3BECTHBI KaK ‘“TeopHsi BEIOOpA™ U “Teopus
npuHATUSA pemennii”. KopoTko paccMoTpuM Hanbosee 4acTo MPUMEHSIEMbIE METOIbI
OKOHYATEJIbHOTO BbIOOpa. [Ipy 3TOM HAMMOMHHUM, YTO JOCTATOYHO YacTO 3aJauH,
IIPUHAJIEKANTUE K OJHON U TOM K€ TPYNIE, MOKHO PEIIaTh Pa3IMYHBIMUA METOIAMM.
MBI 5TO YBUAMM 110 MEPE U3YUYEHUSI COOTBETCTBYIOLIUX PA3AEIOB.

[TocTpoenue 0000IIEHHBIX KPUTEPUEB

[Tocne Toro, Kak MHO>KECTBO BapMAHTOB COKPAIIEHO, HAaJI0 BHIOPATh U3 HUX OJMH.
OT0 MOXKHO C/IeNIaTh ABYMsI CIOCOOaMM — JIMOO MPUHUMAET PELIEHUE YETO0BEK, PYKO-
BOJICTBYSICh MHTYHUIIHEH U PSAIOM JIOTIOTHUTENBHBIX COOOPaKEHHIA, HE BKIIFOUEHHBIX B
MOJIEIIb, TUO0 CTPOUTCS 0000w EHHBIU KpUumepuil, KOTOPBINA BKIIIOYAET B ce0s Bce
YacTHbIE KpUTepHH. PaccMOTpuM 3TOT citydaid mojipoOHee.

[Tycts umeercs k xpurepues W1, Wa,...,Wk, 4acTb U3 KOTOPBIX TpeOyeTCs MaKCUMU-
3UpOBaTh, & YaCTb — MUHUMU3UPOBATh. [IyCTh MAaKCUMU3UPOBATH HAA0 MIEPBBIE M
KPUTEPUEB, a OCTATbHBIE MUHIMH3UPOBAThH (MHAYE KPUTEPUH MOXKHO TIPOCTO TIepe-

HYMEpPOBAaTh. B kauectBe O606H_IéHHOFO KPUTCPUA UCIIOJIB3YEM )Ip06b
W]x...x%

W . x. . xW,

m+1

31ech B YHCIUTEIIE T MOKA3aTeNIN, KOTOPhIE HYXKHO YBEJIIMUUTh, 3 B 3HAMCHATEIIC —
T, KOTOPBIE HY)KHO YMEHBIINUTH. HeMOCTaTOK Takoro Moxo1a — pa3HOPOIHBIC MTOKa-
3aTejIi MOTYT B3aHMHO KOMIICHCHPOBATHCS, HAIIPUMEP, 110 0000IIEHHOMY KPUTEPHIO
OyZeT BBIOpaH BapHaHT C MAJIOH BEPOSTHOCTHIO OCYIIECTBIICHHUS, HO 3aTO OYCHb JIC-
IIEBBIN.

Cy1iecTByeT u dpyeou cnocob MOoCTpOeHUs] 0000MIEHHBIX MTOKa3aTeneu, boee ruo-
KUI ¥ TIO3BOJIAIONTUHN yuecTh 00Jibliie 0cCOOCHHOCTEH 3a1aun. Tak, mpu BeIOOpE paru-
OHa KpOME PaCCMOTPEHHBIX KPUTEPHEB — MACChl U CTOUMOCTH — MOXHO HUCIIOJIb30-
BaTh U s/l APYTUX, HAIPUMEP, IJIUTEILHOCT XpaHEHUs, BpeMs U TPYA0EMKOCTh



MPUTOTOBJICHUSI, CTOMKOCTD K TPAHCTIOPTUPOBKE U MOTOAHBIM YCIOBUSM H PSI IPY-
rux. O4eBUIHO, ITH KPUTEPUH UMEIOT HEOIUHAKOBOE 3HAUCHHE, HO UX CPABHUTEIb-
Hasl 3HAYMMOCTh CHJIBHO 3aBUCHUT OT psfa ¢paktopoB. Hanmpumep, ecnu paiiioHsl Ha
J0CTATOYHO OOJIBIIION CPOK TpeOyeTcs HECTH Ha cebe, TO HauOOIBIIYI0 BaXKHOCTD
UMEIOT BEC M CTOMKOCTh K TPAaHCHIOPTHUPOBKE. ECii MX MCIONB3YIOT HE MEpEMEIIasch
— Ha MEPBBIN MJIaH BBIXOAT APYTUE KPUTEPHUH.

B Takux cirydasx o00OIIEHHBIN MOKa3aTellb CTPOUTCS KaK JTMHEHHAsT KOMOMHAIIHS:
U=aat W1+, Wo+...+aWk. 31ech ko3 PuIueHTs! ai,az,...,ak MOI0KUTEIIBHBI PU
TeX MOKa3aTeNsiX, KOTOPhIE HAZ0 YBEIUYUTh, U OTPUIIATEIBHBI IIPH TE€X, KOTOPHIE
HaJ0 yMeHbIINTh. CTENEeHb BAXKHOCTHU MTOKA3aTels ONpeaeseTcs adCOIIOTHON BEI-
YHHON COOTBETCTBYIOMIIEro eMy kodddunuenta. Hemocrarok y storo croco6a — ToT
e, YTO U Y paHee PacCCMOTPEHHOTO.

B psiae npakTudeckux ciiydaeB 3aJaqyy MHOTOKPUTEPUATBHOTO BEIOOpA CBOST K 3a-
Jade ¢ OJJHUM TMOKa3areneM. Brinensercs riaBHbIi Moka3aTelb, 10 KOTOPOMY H Mpo-
BOJAMUTCS ONTUMHU3AIIMSL, IPU 3TOM OCTaJIbHBIE NOKA3aTEIN MPEBPAIlaloT B OTpaHHye-
HUS1, KOTOPBIE BXOAAT B KOMILJIEKC 3aJaHHBIX YCIOBU.

MGTOI[ IMOCJICAOBATCJ/IBHBIX YCTYIIOK

3T0 cocob MOCTPOCHUSI KOMIIPOMKUCCHOTO PEIICHUS /I MHOTOKPUTEPUATIBLHOM 3a-
nauu. [Ipenqnonaraercs, uro nokazarenu Wi, Wz, Ws,..., pacrionoxensl B yObIBaromen
MOCJIEIOBATEILHOCTH 10 3HaYMMOCTH. CHavasa uaeT caMblii OCHOBHOM MOKa3aTesb
W31, 3atem W2, Ws,... o crenieHu yObIBaHus 3HAUMMOCTH. [Ipeamnonoxum, 4To Bce
9TU KPUTEPHUH HAJI0 MAaKCUMHU3UPOBaTh. ECN 3TO HE Tak, TO COOTBETCTBYIONTUE KPH-
TepUu YMHOXaeM Ha —1.

Ha nepBom miare pemiaercs 3aiada ¢ oHUM KpurepueM ¢ dextuBnoctu Wi,
OCTaJIbHBIE TIOKA3aTeu TI0Ka HE paccMaTpuBaroTcs. HaxoauTcs pemenne, KoTopoe
MaKCUMU3HUpPYET riaaBHbIi nokasarens Wi. Teneps, Korja oHO HallJIeHO, Ha3HAYAETCs
BenmuuHa yemynku AW1, TO €CTh BeTUYMHA, Ha KOTOPYIO MBI COTJIACHBI OTKIIOHUTHCS
0T MakcuMyMa B noka3zareisie Wi, 9To0b1 MaKCUMU3UPOBATh Moka3arenb W2, BBoaum
ATO OrpaHUYEHHUE B KAUECTBE €I1IE OJTHOTO yCIOBUSI OTEpaIiu.

Ha cnenyromem mare ¢ 100aBJICHHBIM OTPAaHUYCHUEM PEIIaeM 3a/1ady ONTHMU3AITUN
JUTSI HaXOJIUM pEIIeHHE, 00SCIICUNBAIONee MAKCMYM BTOPOTO MOKa3aTes, 3aTeM
onpenensercsa Beauunaa yemynku AW> B mokazarene Wo, 9To0bI 3a CUéT He€ MaKCH-
MU3HUPOBaTh nokazatenb Ws. [Ipoiiecc npomomkaercs 10 Tex mop, moka He 0yayT
PacCMOTPEHBI BCE KPUTEPHUH.

HamomMuuM, 4T0 BCe 3TH CIOCOOBI OCTAIOTCS HE JIO KOHIIA (POpMaTu30BaHHBIMU, TO
€CTh OKOHYATEbHBIN BRIOOP BCE PABHO CBS3aH C BOJICBBIM PEIICHUEM YEJIOBEKA.
JlaHHBIE METOIBI IPEAOCTABIIAIOT JIUITH BO3MOXKHOCTH OIICHUTH MPEUMYIIIECTBA U HE-
JOCTAaTKH KaXKJ0TO BapraHTa BBIOOpA.

MeTtona naeanbHON TOYKH

DTOT METOJT BEIOOpA OKOHYATEILHOTO PEIICHUS U3 BCETO MHOYKECTBA TTIOBEPXHOCTH
[TapeTo, OH Takke Ha3bIBACTCS METOJIOM TOYKH YTONUU. METOI IPUMEHUM, €CIIH B
npoctpancTBe kpurepue Wi, Wz, Wi,...,Wh Bce «ocu KoopiuHaT» MOKHO CUMTATh
PaBHOIIEHHBIMH, TO €CTh B 3TOM IPOCTPAHCTBE MOYKHO OIPEACIIUTH (BBECTH) METPH-
Ky, T.C. IOHSATHE PACCTOSIHUSA. Takum 00pa3om, Mbl HE TOJIBKO MOTyYaeM JJIs KaXK]10-



ro UCXOJa ONepalru Y€TKO ONpeAeNEHHYIO TOUKY B IPOCTPAHCTBE MPU3HAKOB, HO
eni€ u 3a1aéM Mepy OJM30CTH ITUX UCXOJIOB.

B npou3BoasHOM Citydae MbI JOJKHBI JIJIs1 K&XKIOTO KPUTEPUS BHIOPATh COOTBET-
CTBYIOIIMKA MacIITad TakuM 00pa3oM, 4TOObI OJJUHAKOBOE PACCTOSHUE M0 JTI000H U3
ocell COOTBETCTBOBAJIO ObI PaBHOM CTENEHN 3HAYUMOCTH YIIyqIIeHUs (WK yXyalie-
HUs1) o01mel cutyanuu. [[puMeHUTENbHO K TEOPUU UTP CUTYaIUsI HECKOJIBKO yIpO-
maeTcs. 37eCh KaXKIblid U3 KPUTEPUEB COOTBETCTBYET OJJHOMY U TOMY K€ MOHSTHIO —
BBIUTPBIIILY, IPOCTO OTHOCSTCS 3TH BBIMTPHIIIN K PA3HBIM UTpOKaM. Takum oOpazom
METpPHKA B MIPOCTPAHCTBE KPUTEPUEB ONpeiesieTcs 6e3 KaKux-In0o T0MOJIHUTEIb-
HBIX JECHCTBUM.

Teneps paccMoTpuM cam MeTOJ. Mbl 3HaeM, 4TO «Y TOMMEN» Ha3bIBAIM rOCY1apCTBO,
MMEBIIIEE MHOYKECTBO IOCTOMHCTB M TOJBKO OJIMH HEJOCTATOK: B PEAJbHOCTH OHO HE
cyiiecTBoBalo. Takxke U «ujeanbHas TOUKa», OHA K€ «TOYKA YTOIUM -- SIBIISIETCS
UJCATHHBIM, HO HEIOCTHKUMBIM JIJISl JAHHOW CHCTEMBI OTIepaIiuii UCXO0M.

[IycTh nMeeTcss MHOTOKpUTEpHalbHas 3aa4a ¢ HabopoM kputepueB Wi, W,
WS3,...,Wh, npruéM Ha mpocTpaHCTBE ATUX MOKa3aTelel onpeaeneHa Merpuka. He
OrpaHMYuBas OOUTHOCTH BOMpPOca, OyIeM CUUTATh, UTO BCE ITH IMOKA3aTENHU CIEAYET
MaKCUMU3HpOBaTh. Halii€m Mo oTaeIbHOCTH MAaKCUMYMBI KaXKIOTO M3 3THX MOKa3a-
TeJel, He oOparast BHUMaHus Ha octanbHbie: W1 max, Wz max u 1.1. OueBuaHo,
YTO ITU 3HAYEHUSI HECOBMECTHBI.

Touky ¢ koopaunatamu (W1 max, W> max, Wz max,...,Wn max) OyaeM Ha3bIBaTh
uJeanbHON TOUKOM 1 0603Hauath Ut. OueBHIHO, UTO pEIlICHUEM 3a/1auu TaKkas TOUYKa
HE SIBJIIETCSA, TOCKOJIbKY HE MPUHAJJICKUT 00JIaCTH JOIMYCTUMBIX PEIICHUH — KaK U K
noBepxHoctu Ilapero. OqHaKo OHa MO3BOJISAET JIETKO CAENaTh BEIOOP U3 TOCTHKU-
MBIX BapUAHTOB: OKOHYATEJIbHBIM PeIIeHreM OyeT Ta Touka moBepxHocTH [lapero,
KOTOpas OJIMKe BCETO K UJIealbHON TOUKE.

PaccmoTpum aBymepHyto 3aaauy (puc. 1.3.):

W,
W, max A .Ut
B
D
C
Wi max W,

Pucynok 1.3. Touka yronuu Ut u Onwkaiiiast kK Heil Touka Ha moBepxHoctu [lapeto

TpeOyercs makcumuzupoBath kputepun Wi u Wa. ['eomerpudeckas urypa Ha pu-
CYHKE — 00JIaCTh IOMYCTUMBIX pelieHui. Mbl BUIUM, YTO MAKCUMyMaM 10 IEPBOMY
u BTopomy kputepusaMm W1 max u W2 max cooTBETCTBYIOT pa3iIMUHbIE TOUKH -- A U



C. [loBepxuocts [1apeto cocrout u3 n8yx orpe3koB — AB u BC. Touka yronuu Ut
He npuHamiexut OJ[P. Nmem 6mmkaiinryro k Hel Touky moBepxHoctH [Tapero. Kak
BUIUM, 7TO Touka D Ha otpeske BC. OHa 1 Oy1eT OKOHYATEIbHBIM PEIICHUEM.

NuauBuayaabHble 3a1aHus 10 Teme Ne 4,
«MHorokputepuanbshble 3a1a4n. [loctpoenne 0000MEHHBIX KpuTEepreB. MeTo no-
CJIEIOBATENbHBIX YCTYNOK. MeTo1 N1eaabHONU TOUKH.)

PaCCManI/IBaeTCH MHOXXCCTBO pCHICHI/Iﬁ Ha IINIOCKOCTH. I[JUI HCTO CTPOUTCS IMOBCPX-
HOCTBb HapeTo U HAXOOUTCA pCHICHUC MCTOIOM HﬂeaﬂbHOﬁ TOYKH.



IIpakTn4yeckoe 3ansaTue Ne 5.
«Pemrenne 3a1a4 NETOYUCICHHOTO IMTPOrPAMMHUPOBAHUS METOJIOM OTCEUECHUID)

[TycTh mMeeM cTaHAApTHYIO 33/1a9y JIMHEWHOTO MTPOTPAaMMHUPOBAHUS - TIOUCK MaKCH-
MyMa (PyHKITUH

n
max(min)Z = Zij ;@
j=1
C OTpaHUYCHUSIMU (JTMHEHHBIMU)

Z}:aijxl. =b, i=1....m (2)
F

IIpU 3TOM Ha BCE MepEMEHHBIC HAJIOKEHO CTaHIapTHOE JIS 33/1a4 JJUHEHHOTO Mpo-
rpaMMHPOBAHMS YCJIOBHE HEOTPULIATEIIHHOCTH
x;20, j=1...,n(3)

U, KpOME TOT0, Ha BCE MIEPEMEHHBIE HAJIOKEHO JIOTIOJIHUTEIBHOE YCIOBHE

Xj — uensie, j=1,...,n 4)

J11st OONBIIMHCTBA “TIETIOYUCIICHHBIX METOI0B TpeOyeTCsl, 4TOOBI BCE AJIEMEHTHI B
CUCTEME ypaBHEHH (2) ObUIH LIETOUUCIEHHBI. DTOT0 HETPYAHO JOOUTHCS YMHOXeE-
HUEM COOTBETCTBYIOIINX YPaBHEHUH Ha TIOIXOIAIIEE IEI0€ YUCIIO, TaK YTO B MIPUH-
ITUTIC JTFOOYIO CUCTEMY JTUHEHHBIX YpaBHEHU MOYKHO TIPUBECTH K COOTBETCTBYIOIIIEC-
My BHUY.

Pemienue 3Toi 3a1a4M HAXOAUTCS CIEAYIOIIUM 00pa3oM:

1. CHaauana pemraeM OOBIYHYIO 33729y JUHEHHOTO TPOTrPAMMHUPOBAHUS ISl yCIIOBUN
(1)—(3), urHopupyst TpeOOBaHHE ILEIOYUCICHHOCTH (4) — HapUMEp, CTaHIAPTHBIM
CUMIIJICKC-METOIOM.

2. TlomyuyuB onTUMaIbHOE pelieHue (€CIM OHO CYIIIECTBYET), IPOBEPSEM €ro Ha Iie-
JIOYUCTIEHHOCTH (4). BO3MOXHO, MOTyYeHHOE pelieHue “caMo’” 0Ka3ajloch IeI0YHrC-
JICHHBIM, U HaM He TpeOyercs mpuberaTh K KaKUM-JIHOO TOTOJHUTEIHLHBIM MEpaM.
Ecnu nnst Becex nmepeMeHHBIX OHO BBITTOJIHSAETCS, TO MOJYYEHO ONTUMAIBHOE PEIICHHUE
3anaun. Ecim 3amada (1)—(3) He uMeeT pelieHus, TO ero He uMmeeT u 3aaayda (1)—(4).

3. Ecam x0Tk 07Ha U3 MEPEMEHHBIX B MOJYYCHHOM ONTHMAIILHOM PEIICHUH — HE Tie-
JI0O€ YHCIIO, TO CTPOMUTCS IOTIOJHUTEIHHOE OTPAaHMYCHHE, KOTOPOE OTCEKAeT YacTh
00J1acTH, B KOTOPOM COAECPKUTCS onTUMaibHOEe perieHue 3amauu (1)—(3) u He co-
JEP>KUTCS HU OJIHOTO JOMYCTUMOTO 3HaueHus 3a1auu (1)—(4), T.e. HU OTHOTO LIEJIOTO
«BEKTOPa.

4. Bosspamaemcs k 3agade (1)—(3) u pemaem e€ ¢ y4€ToM MOSBUBIIETOCS AOTOTHU-
TEJIBLHOTO OrpaHnyeHus. Eciau onsaTh moaydeHo ApoOHOE penieHre, TO ONATh BBOJIUM
JIOTIOJTHUTEJIPHOE OTPAaHUYCHHE W TaK JI0 TEX IMOp, MOKa He OyJeT MOJydYeHO IeJo-
YUCJICHHOE PEIICHHE.

D710 Tak Ha3bpIBaeMbIi anroput™ ['omopu. OH MO3BOJISIET 32 KOHEYHOE YMCIIO I1aroB
MPUATH K ONTUMAIBHOMY TIEJIOYUCIICHHOMY PEIIEHUI0, €CIIM OHO CYIIECTBYET.
OcHoBa ATOTO0 METOJ]a — COCTABJICHUE JIOTIOJIHUTEIILHOTO OTPAaHUYCHUS, TaK Ha3bIBa-
€MOro “TipaBUIBHOTO OTCeYeHUs . OHO JIOIKHO:

a — OBITH JINHEHHBIM;

0 — orcekath oT OJIP HalilecHHOE ONTUMAJILHOE HEIICJIOUUCIIEHHOE PEIICHUE 3a/1a4H;



B — HE 3aTparuBaTh HU OJHOM U3 LENBIX “TOYEK’ MCXOJHOM 3aJa4yu.

[TycTh 3amava 6e3 yu€ra ycnoBus nejaouncieHHoctu pemena. O6o3naunm B MmHOXKe-
CTBO MHJIEKCOB NIEPEMEHHBIX, COOTBETCTBYIOILUX OA3UCHbIM TIEPEMEHHBIM OITH-
MaJIbHOTO petieHusi. COOTBETCTBEHHO 0003HAYMM R MHOXKECTBO MHJIEKCOB |, KOTO-
pBIE COOTBETCTBYIOT €80000HbIM TIEpeMEHHBIM. [loce kax a0l nTepanuu cuctema
OrpaHUYEHMI, KaKI0€ U3 KOTOPBIX COOTBETCTBYET CTPOKE TAOIUIbI CUMILIEKC-
METO/1a UMEET BU]T

xi:bi—Zal.jxl., ieB (5)
<5

B ClIydac, €CJIM BBIIIOJHACTCA YCIIOBUC OIITUMAJIBHOCTHU, HAXOJUM OIITUMAJIBHOC pC-
IMCHHUC, B KOTOPOM BCC CBO60I[HBIC IICPCMCHHBIC PABHBI HYJIIO, @ BCC Oas3ucHbIC paB-

HBI COOTBETCTBYIOIIMM CBOOOJHBIM uieHaM X, =0, j€R; x;, =/, i€B.Ecmu

MOJTy4YEHHOE pellleHue TIeIOUNCIICHHO, TO 3ajjada pemieHa. PaccMoTpumM cutyanmro,
KOTJIa 3TO HE TaK, T.€. XOTS OBbI OJIMH AJIEMEHT PEIICHUS MPUHUMACT HEIIeJIOUNCIICH-
HOC 3HAUCHHUE.
[TycTh kakue-To bi — Henensie. Hanpumep, bio.
PaccmoTpuM o — oe paBeHCTBO cucTeMbl (5). [Tpr 5TOM MBI IOMHHM, YTO JUISI JAHHOM
CUCTEMBI BBIITOJTHEHO YCIOBHE ONTHMAILHOCTH.
X, = bl.o —Zaiﬂjxj (6)

JjeR
O003Ha4MM IIeNTyI0 U ApoOHYI0 YacTh uncia a kak [a] u {a}.
HarmomuuM cBoiicTBa 1ienoit u 1poOHo# yactu. [{enas yacTh MOXKeET ObITh KaKoi
YTOIHO, HO IpoOHas Bcera HeotpuiaTenbua. Hanpumep [7,3]=7 u {7,3}=0,3. Ho [-
7,3]=——8wu{-7,3}=0,7. -8+0,7=-7,3.
OueBunHo, uyto a=[a]+{a}. Cinaraemple B ypaBHEHHH (6) pa3aeiiiM Ha IIEJIbIC U APO0-
HBIC YacTH U rpynnupyem. [lomyunm

v (b ]-Zeu - Zeu)x | @

BripakeHre B IEBBIX KPYTJIBIX CKOOKAX — II€JI0e, a JJIsl TOTO, YTOOBI Xio OBLIIO IEJIBIM,
HEO0O0XO0IMMO, YTOOBI ObLIa IIE€JION U BEJIMYNHA

L, = {bio } - ;{az‘&/ }xj

Taroke OblIa ENOH. A MMOCKONIBKY Xio — KOOPAHMHATA 00Ny CMUMO20, T.€. IeIOYNCIICH-
HoOro permenus 3ana4u (1)—(4), To L, — Bceraa nenoe uncno. OueBuHO, 4T0 L, <0.

B camomMm pnene, BennunHa Z{a% ; }x , HE MOXeT OBITh OTPUIIATEIIBHOM, 0 < {b%} <1. Tak
jeR

Kak Lio — [IeJI0€, TO U3 MPCAIIOJIOKECHHUA L s 0 cienyer {b,.o} >1, 4YETO HE MOXET

OBITB, T.K. 3TO APOOHAs 4acTh yncia. Mrak, modoe 1oImycTUMOe pelieHne 3a1a9u
(1)~(4) nOMmKHO yIOBJIETBOPATH HEPABCHCTBY

{bi}_é{aij}xj <0

J
DTO COOTHOILICHUE U ONPEIESET MPAaBUIIbHOE OTCeueHne ['omopu (ero Ha3bIBalOT
TaKXXe nepavim NMPaBUIIbHBIM OTceueHueM ['omopn).



[Ipu3HaKoM OTCYTCTBUS IIEJIOUUCICHHOTO PEIICHUS CITY)KUT TOSIBJICHUE B TaOIHIIe
XOTs ObI OJTHOM CTPOKH C APOOHBIMU CBOOOTHBIMU WICHAMH U IIEITBIMH OCTATHLHBIMU
Kod(hpuIMeHTaMu, max Kax 8 Smom ciyiae coomeemcmayrouee ypagHeHue He ume-
em peuleHusl 8 Yeawblx YUCiax.

Teoperndecku Bc€ MomydaeTcsi JOCTATOYHO HAAEKHO, HO BOT MPHU MPAKTHIECKOM pe-
aNHM3alliy aJrOPUTMOB, PEATH3YIONTUX TAHHYIO0 CXEMY METO/a, BO3HUKAET PsiJ] IIPO-
osieMm.

llepsas npobiema COCTOUT B TOM, YTO KakoBa ObI HM OblJIa TOYHOCTh BBIYUCIICHHH, B
T000M clTydae KOJIUYECTBO pa3psI0B MO/ 3alKCh YKCIIa “‘C TUIaBaoIMe TOUKOn”
OTPAHUYCHO, BHIYMCIICHHUS BBIMOJHAIOTCS ¢ HEKOTOPOH KOHEUHON TOYHOCTBIO, MO~
ATOMY JAPOOHOE YHUCIIO MOXKET BOCIIPUHUMATHCS Kak 11ejioe U Hao0opoT. Criocod
OOpBOBI C TAKMM HEJOCTATKOM — IIpeAcTaBieHne K03 OUITMEHTOB B TaOJIUIIE CUM-
IJICKC-METO/1a B BUJIE TPOCTHIX APOOEH, T.€. KaXK/10€ YMCIIO0 3allMChIBACTCS B BUJIC
JIBYX IEJBIX YUCEJ, OTACILHO YUCIUTES M 3HAMCHATEJIS.

Bmopas npobiema cOCTOUT B TOM, YTO TOCJIE PEIICHUS HEIETOUYNCICHHON 3a1a9n
MBI MOKEM ITOJTYYUTh HE OJTHO, @ HECKOJILKO HEIIETIOUYNCICHHBIX 3HAUCHNUN B CTOJIOIE
CBOOOIHBIX WICHOB. OHAKO HA KaXKJOM IIare aJirOpUTMa MbI JIOJDKHBI BBECTH TOJIb-
KO OJTHO MOBOE OTCEUEHHUE, T.€. BHIOPATh U3 BCEX CTPOK TAOJMIIBI C HELIEIBIM CBOOO/I-
HBIM YJIEHOM TOJBKO OJIHY CTpoKy. Kak sydiie cienats Takoil BeiOop? Ha npaktuke
OKa3bIBAETCS, YTO OT TAKOTO BHIOOPA CYIIECTBEHHO 3aBUCUT CKOPOCThH CXOJIUMOCTH
anroput™Ma. ['oMopu npeyIoKuII 1Ba croco0a BeIOOpa CTPOKH TaOIUIIBI IS TTOCTPO-
€HHUS OTCEUCHHSI.

ITepBrlii cioco6. Eciu onTuManbHBIN TUTaH COIEPKUT HECKOJIBKO APOOHBIX KOMITO-
HEHT, TO JOMOJHUTEILHOE OTPAaHNYCHUE PEKOMEHIYETCS 3alliChIBATh JIJIST KOMITO-
HEHTBI C HAUOOJIbIIIEeH IPOOHOM YaCThIO (T.€. IJIsi CTPOKHU C HaOObIIIeH TpoOHOI Ya-
CTBIO CBOOOJTHOTO YJICHA).

max{bi }

Bropoii cioco6 — BeIOMpaeTcs Ta CTpoKa, B KOTOPOM TOCTUTHYT MAaKCUMYM JPOOHOM
JaCTH OTHOIIICHUS CBOOOHOTO WICHA K CyMMe BceX KO3 (DHUITMEHTOB JaHHOK CTPO-
KH.

maxy b, Zaii
jeR

BTtopoii crioco6 obecneunBaeT 60Jiee OBICTPYIO CXOJIUMOCTb.

3aMeTUM Takxke, 4To TpeOOBaHUE IIETOUNCICHHOCTH B JAHHOM aJTOPUTME PaCIIpo-
CTpaHsIeTCsl Ha BCE MEPEMEHHBIE — KaK TIepEeMEHHBIC UCXOIHON 3a7]a4i, TaK ¥ BHOBb
n00aBIIieMbIe B TIPOIIECCE PEIICHHUS.

IIpumep. PaccmoTpuM npuMeHeHHE 3TOr0 METO/1a Ha MPaKTUYECKOM MpUMepe, pac-
CMOTPEHHOM B pazzene 2.4. — TOIbKO JOMOJIHUM €ro TpeOOBaHHEM LIETIOYUCICHHO-
ctu. B urore nomyuum 3anauy:

Haiitn makcumyMm nieneBoit GyHKIUU

z = 70x1 + 30X, — max

IIPY OTPAHUYCHHUSX



10x, +4x, <40
6x, +4x, <36
X >0, j=12

x, —yenvle, j=12

BunHo, 4To 3aa4a MMeeT HeCTaHIapTHBIN BU — 1ieeBast (PYHKIHS CTPEMUTCS K
MaKCHUMYMY, OTpaHUYEHHUs 3allMCaHbl B BUJE HepaBeHCTB. [IpuBeaém 3anauy k cran-
naptHoMy Buay. CHavana mpeobpasyem IiefeByIo (YHKIUIO TaK, YTOObI OHA CTPEMU-
J1aCh K MUHUMYMY

L =-2z=—(70x; + 30x2) — min

Teneps mpeodpa3yem orpaHUYCHUs U3 HEPABEHCTB B PABEHCTBA, JIJIsl YETro K MpaBoit
YaCTHU KAXKXI0T0 U3 HCPABCHCTB ,ZIO6aBI/IM 110 AOIIOJIHUTCIIBHOMY HCOTPHUILATCIIBHOMY
epEMEHHOMY

10x, +4x, +x; =40

{6)61 +4x, +x, =36

x,; 20, j=1...4
Tenepb HaJa0 pCHINTD 9Ty 3aJa4y CHMIIIICKC-MCTOI0M 0e3 yqéTa Tpe6OBaHI/IH ociao-
YUCJICHHOCTHU. JTa 3ajJiaya Obljia pemieHa B pazzene 2.4. B urore Obuia noixydyeHa tao-
JIMIA BUIA

Tabmuna 5.1
basucueie | CBoOon- | CBoOoaHbIE EpeMEH-
HBIE
[ICPEMEHHbBIE| HBIM YIEH X3 X4
L —295 —25/4 —5/4
X1 1 1/4 -1/4
X2 15/2 -3/8 5/8

Halinennoe ontuManbHOE pEICHUE UMEET BU:

CB0OOOHBIE IEPEMEHHBIE PAaBHBI HYJIO X3=X4=(0, 0a3MCHbIE IEpEMEHHbIE PABHBI CO-
OTBETCTBYIOIIUM CBOOOTHBIM uiieHaM X1=1, Xo=7,5. [leneBas pynkmms L = —295.
Bcnomuanm teneps TpeOGoBaHME 1IETOUYUCICHHOCTH U IPOBEPUM MOJIyUYEHHOE pellie-
Hue. TpeboBaHue HE BBINOJIHAETCS, TaK KaK IepeMEHHas X2=7,5 Helen0YuciIeHHa.
CrnenoBaTesbHO, MBI TOJKHBI IOCTPOUTH JTIOMOJIHUTENBbHOE OTceueHue. BribepeM B
TabNMIe KaKyt0-HUOYIb CTPOKY C HELIEJIOUHCIIEHHBIM CBOOOIHBIM ujieHOM. OHa Tam
0JIHa, camasi HIKHsIS (BbICJIEHA), CO CBOOOAHBIM WieHOM 15/2. COOTBETCTBEHHO MO
PacCMOTPEHHOMY MPaBUITy CTPOUM IpaBUIIbHOE OTceueHue ['omopu

1 (5 5 ) 5 5 1
5 g% +§x4 <0 wm g% +§x4 > >
3aMeTHM, 4TO XOTS B CTPOKE IMPHU NIEPEMEHHBIX X3 U X4 pa3TUIHbIC KOI(DPHUIIHMCHTHI --

—3/8 u 5/8, HO B OTCEUEHUH TTOTy4aeM OJIMHAKOBBIE KOIDPUITMEHTHI 5/8. DTO CBSI3aHO
CO CBOMCTBOM JPOOHOM YacTH OTPHUIIATEIILHOTO YUCIIA — IIeJIas U IPOOHAs 9acTh YHC-
na —3/8 COOTBETCTBEHHO PaBHBI
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[TonyueHHOE IOMOIHUTENLHOE OrPaHUYEHHUE 3alIMCAHO B BUJIE HepaBeHcTBa. Heoo-
XOJMMO Npeobpa3oBaTh €ro B CTAHAAPTHOE OTPAHMYEHHE - PABEHCTBO. [l 3TOro
BBEIEM JOTIOTHUTENILHYIO HEOTPHUIIATEIbHYO IEPEMEHHYTO Xs. [Tomydnm

5 5 1
§x3 +§x4 —Xs = 5
BripasuM 0TCI0/1a HOBYIO IEPEMEHHYIO , KOTOPYIO OyI€M HCIIOIL30BaTh B KAYECTBE

0Oa3ucHOI
1 5 5
XSZ—E— —§x3—§x4

3amMeTuM, 4TO 3Ta MepeMEHHas BhIpaKECHA uepe3 Te K€ CBOOOIHbIC TIEPEMEHHBIC X3 U
X4, 9TO U OCTaJIbHBIE TIEpeMeHHbIe B Tabnuiie 5.1. Takum o6pa3zom HaMm He TpedyeTcs
BO3BpAIATHCA K CAMOMY Hadally peIlIeHUs, JOCTATOYHO JIUIIb I00aBUTh HOBYIO
CTpOKY K Tabmuie 5.1. B pe3ynbrare moryuum

Tabnuma 5.2
basucueie | CBoOon- | CBoOoaHbIE EpeMeEH-
HbIE
[ICPEMEHHbBIE| HBIM YIEH X3 X4
L —295 —25/4 —5/4
X1 1 1/4 -1/4
X2 15/2 -3/8 5/8
Xs -1/2 -5/8 -5/8

Paccmotpum nosydyennyro Tadauiyy. Cpasy 3aMeTuM, 4TO CTOJI0El] CBOOOIHBIX Jie-
HOB COJIEP>KUT OTPULIATEIIBHBIN 2JIEMEHT —1/2, TO €CTh 3TO pelleHrue HE SIBISETCS J10-
MTyCTUMBIM. DTOTO H CIAEAOBAIIO OKUIATh, TOCKOJIBKY JOTIOJHUTEIHPHOE OTPaHUUYCHUE
otcekaetr ot O/[P HaliieHHOE Ha MPEAbIIYIIEM IIare ONTUMAIbHOE HELIETOUHCIIEH-
HOE pelICHUE.

Omnsath pemmm 3a7a4dy, He oOpaiias BHUMaHUs Ha YCIIOBUE IEeJI0YUCcIeHHOCTU. BhiOe-
peM B TabJHIle pa3peniaroniuil aIeMenT. [IJist 5Toro paccMoTpuM CTPOKY € OTpHUlia-
TEJILHBIM CBOOOIHBIM WICHOM —1/2 1 HaliaéM B HElt oTpUIIaTeIbHBIC KO OHUITUSHTHI.
Wx nensix nBa, 00a —5/8. PaccMoTpuM 00a cT01011a, CoaepIKaIMX 3TH KO3 (UIIHEH-
ThI, B KAYECTBE KaHIUJATOB B pa3pEIIAOIINE CTOIOIIBI.

B xaxmoMm u3 cton0110B HaliaEéM K0d D PUITHEHTHI, UMEIOIINE OJTMHAKOBBIN 3HAK CO
CBOMMU CBOOOHBIMH UjieHaMU. Takux Bcero 4eThipe (BbIeIeHBI B Ta0auIE 5.2). B
CTpOKe X1 3T0 Ko duniueHt 1/4, B ctpoke X2 3T0 Ko3PdUieHT 5/8, 1 HaKOHEIl B
CTpOKe Xs 3T0 00a koapduirenta —5/8. Haiiném teneps OTHOIIEHHUE COOTBETCTBYIO-
ITUX CBOOOJIHBIX YWJICHOB K KXKJIOMY U3 3TUX K03 duiireHToB. B nepBoii cTpoke mo-
ayuum 1/(1/4)=4, Bo BTopoii (15/2)/(5/8)=12, B TpeTheii i 060ux KO3 HUITUCHTOB
(—1/2)/(-5/8)=4/5, T0 ecTh HaMMEHBIIIEE OTHOLICHHUE TIOIYYCHO It 000X K03 Du-
IIUEHTOB mnoclieHen cTpoku. [lockonbky 06a 3Tu K03 duIMeHTa “paBHONPABHBI, TO



MPOU3BOJIBHO BBIOEPEM, HAIIPUMEDP, BTOPOM U3 HUX — COOTBETCTBEHHO IMOJIYyYUM pa3-
PEIIAOIIYI0 CTPOKY U pa3pelaroluil cronder.

Tabnuma 5.3
basucusie | CBo6oa- | CBoOonHbIe mepeMeH-
HBIC

MepeMEHHbIE| HBIN YJIeH X3 X4 —> Xs
L —295 —25/4 —5/4
X1 1 1/4 -1/4
X2 15/2 -3/8 5/8
X5 —> X4 -1/2 -5/8 -5/8

[Tepemennyto X4 OysieM nepemeniaTh B 6a3ucHele, a Xs HA000poT — B cBOOOIHEBIE. [1e-
pecunTaeM K03 GUIUEHTHI IO U3BECTHOMY HaM (paccMOTpEeHHOMY B paznene 2.4.)
AITOPUTMY, B PE3YJIHTATE MOTYUYUM

Tabnuma 5.4
basucueie | CBoboxn- | CBoOoaHbIe EpeMeEH-
HBIE

[IEpEMEHHbIE| HBIN YJICH X3 X4 —> X5
L —295 —25/4 —5/4
X1 1 1/4 -1/4
X2 15/2 -3/8 5/8
X5 —> X4 -1/2 —5/8 —5/8

[lepemenHyto X4 OyzieM nepemeniaTh B 0a3ucHble, a Xs HA000poT — B cBOOOIHEBIE. [1e-
pecuntaeM K03 GUITMEHTHI IO U3BECTHOMY HaM (pacCMOTpEHHOMY B pazjerne 2.4.)
ITOPUTMY, B PE3yJIbTaTe MOIYIHM

Tabnuna 5.5
basucuasie | CpobGox- | CBoOomHBIC TEpEMEH-
HBIC

[IEpEMEHHbIE| HBIM YIEH X3 Xs

L —294 -5 -2

X1 6/5 1/2 -2/5

X2 7 -1 5/8

X4 4/5 1 -8/5

[Ipoananusupyem pe3ynbrar. B cTon0iie cBOOOAHBIX UJIEHOB (HE CUUTAs LIEIEBOM
(GYHKITUHN) BCE YKClia HEOTPHUIIATEIbHBI, 3HAYHUT PEIICHUE OCTaJIOCh JOMYCTHMBIM
(omopubIM). B cTpoke 1eneBoi pyHKIMM (HE cuuTasi CBOOOJHOTO ujieHa) Bce KOd (-
(bUIMEHTHI OTPHUIIATETBHBI, 3HAYUT PEIICHNE ONTUMAaIBHO. [I0CKOIBKY B 3TO# CTpOKe



HET HYJIEBBIX 3JIEMEHTOB, JIeJIaeM BBIBOJ] — HAlJICHHOE ONTUMAJILHOE PEIICHNE eINH-
CTBEHHO.

3anmmiem 310 onTuMalibHOE pemeHne. CBOOO HbIC TIepEMEHHBIE PABHBI HYITIO
X3=X5=(0, 6a3uCHBIC IEPEMEHHBIE PaBHBI COOTBETCTBYIOIINM CBOOOIHBIM YjICHAM
X1=6/5, X2=7, X4=4/5. lleneBas pynkuus L = —294.

OnsTh MPOAHAIM3UPYEM PEIICHUE C TOYKH 3PCHHUS IEJIOYNCICHHOCTH. MiMeeM 1ienpIx
JIBa HEIEJIOYNCICHHBIX TIEPEMEHHBIX, X1=6/5 u X4=4/5. Hamo BeIOpaTh U3 3TUX IBYX
CTPOK OJHY, IT0 KOTOPOH MPOBECTH OTceueHre. B mepBom cirydae 1poOHas 4acTh
cB0O0OIHOTO WJieHa paBHa 1/5, Bo BTopoMm 4/5, To ecTb Oosbliie. Beioepem 3Ty cTpoky
(B Tabmurie 5.5. BeigeneHa). [loctpoum otrceueHue. Y cioBpue Oy1eT UMETh BU/T

4 2
g— 0x3+§x5 <0

[Tpu nepemMeHHOH X3 B CTpOKE KOOPPUIMEHT 1, T.€. 11€JI0€ YUCII0, 3HAUYUT B HEPABEH-
CTBO X3 BXOJIUT C HyJIeBbIM Koa(unrienToM. [TpeoOpa3yem orpanndenue-
HEPaBEHCTBO B PaBEHCTBO, JJI YETO BBOJUM JOMOIHUTEIBHO HEOTPULIATEIBHYIO T1€e-
PEMEHHYIO X6. B pesynbrare nosyuum

4 2
5 Ox, +gx5 +x,=0

WJIM B IPE0OPa30BaHHOM BUJIE

4 2
Xg=—35~ Ox —5%s

JloGaBnsiem k mocneaHeit Tabnure en€ ogHy crpoky. [lomyuaem



Tabmauma 5.6

basucusie | CBo6oa- | CBoOonHbIe mepemMeH-
HBIS

MepeMEHHbIE| HBIN WieH X3 Xs
L —294 -5 —2
X1 6/5 1/2 —-2/5
X2 7 -1 5/8
X4 4/5 1 -8/5
Xs —4/5 0 215

OTy 3a7a4y OISTh HAJ0 PELINTh CUMILJIEKC-METOI0M 0e3 yuéTa TpeOOoBaHus 1eJI0-
YHUCIEHHOCTU. PaccMOTpUM mostydeHHy10 Tabauily. 3aMeTuM, 4yTo cToja0er cBoOo1-
HBIX YWICHOB COAEPKUT OTPULIATEIbHBIN 3J1IeMEHT —4/5, TO €CTh 3TO PEIICHHE HE SB-
JsIeTCs JOIMYCTUMBIM, KaK M MOCJe T00aBIeHUS NPEIbIIyLIIEr0 OTCEUCHHUS.

Tak e, Kak U B IPEJBIIYIIEM CIIydae, BHIOEPEM pa3pelIarolInii JJIEMEHT U COOTBET-
CTBEHHO Pa3pellaoUIy0 CTPOKY U pa3pelIaroIni CTOJI0EL.

Tabmuma 5.7
basucasie | CpobGox- | CBoOoIHBIC ITEpEMEH-
HBIC

[EPEMCHHBIC| HBIA YWICH X3 X5 —> X6
L —294 -5 -2
X1 6/5 1/2 -2/5
X2 7 -1 5/8
X4 4/5 1 -8/5
X6 —> X5 —4/5 0 -2/5

[Tepemennyto Xs OyieM nepemeniaTh B 6a3ucHbie, a X HA000pOT — B cBOOOIHEKIE. [1e-
pecunTaeM K03 GUIMEHTHI IO TA0JIMYHOMY aJITOPUTMY MpeoOpazoBaHus Kodhduim-
€HTOB, B pe3yJIbTaTe MOJIy4YUM

Tabauma 5.8
basucurie | CBoOoOn- CB0OOIHBIE TIEPEMEH-
HEIC

[IEPEMEHHbIE| HBIN YWICH X3 X6

L -290 -5 -5

X1 2 1/2 -1

X2 5 -1 52

Xa 4 1 -4

Xs 2 -5/2




[Ipoananusupyem pe3ynbrar. B cTona01e cBOOO HBIX YJICHOB (HE CUMTAs 11EJIEBOM
(GyHKIIMH) BCE YUCIIa HEOTPHUIIATENIbHBI, 3HAYUT PEIIEHUE OCTAIOCH Oy CTUMBIM
(omopHbIM). B cTpoke neneBoit ¢pyHKIMM (He cunTas cCBOOOAHOTO 4ieHa) Bce KO3 (-
(UIIUEHTHI OTPUIATENBHBI, 3HAYUT PEIICHUE ONTUMaIBHO. [I0CKOTBKY B 3TOM CTpOKE
HET HYJIEBBIX DJIEMEHTOB, J€JIa€M BbIBOJ — HAIJICHHOE ONTUMAJILHOE PEIICHUE EAUH-
CTBEHHO.

3anuieM 3To onTuManbHoe pemeHre. CBoOO HbIE TIEPEMEHHbBIE PaBHBI HYJIIO
X3=Xs=(, Oa3uCHbIE TIEPEMECHHBIC PABHBI COOTBETCTBYIOIIUM CBOOOHBIM WICHAM
X1=2, X2=5, X4=4, Xo=2. llenenas ¢pynkuus L =—-290.

PaccMoTpum noydeHHOE pelieHHe ¢ y4ETOM yCI0BUS IIETOYUCIEHHOCTH. Bee cBo-
0OJIHBIC YJICHBI IICJIOYMCICHHBI, TaK YTO Mbl HAKOHEI IMOJTYYHIIN 1IETOYMCICHHOE pe-
IeHne UcxoaHou 3aaaun. C yuy€ToM TOro, 4To UCXOIHAs 3ajaya CoAeprKaia BCEro
JIBa MIEPEMEHHBIX U NMPE0OPA30BAHHYI0 HAMH IIEJIEBYIO (DYHKITHIO, MOYKHO 3aIIUCaTh
HalJICHHOE PELICHNE B BUJIE:

X1=2, X2=5, nenenas pyukmusa Z = 290.

3HayeHue 1efeBo PyHKIUM Ha 5 €TMHUL] MEHBIIIE, YEM Y ONITUMAJILHOTO HEle0-
YUCJIEHHOTO PEIIEHUs — 3TO Ta IIeHa, KOTOPYIO MPUIILIOCH YIIJIATUTh 3a BHITIOJIHEHUE
yCJI0BUSA LIeJI0UUCcIeHHOCTH. [lomyuenHas Touka (2; 5) 10CTaTOYHO AaJIEKO OTCTOUT
OT TOYKH ONTUMAIBHOTO LETOUHUCICHHOTo pemeHus (1; 7,5), Tak 4To Moay4uTh pe-
IIIEHHE MPOCTHIM OKPYTICHUEM JI0 OJIMKAKMIIIETO 1IEeJI0Or0 YKCa SBHO HE MOJYYHIIOCH
OBI.

3aMeTUM TaKXe, YTO B ITAHHOM MPUMEPE BTOPOE OTCEUEHUE Mbl CTPOUIIH O CTPOKE
JUTSL IEPEMEHHOM X5, KOTOpas B MICXOJIHYIO 3a7a4y He BXOJInJa, a Obliia Jo0aBIcHa
IIpHU IIpeoOpa30BaHUU YCIOBHUS IIEPBOTO OTCEUYCHUS K CTaHAAPTHOMY BUAY. TeM He

MeEHee K DTOU HepeMeHHOﬁ TAaKKC IMIPCABABILAIOTCA Tp€6OBaHI/I$I OCSJIIOUYNCIICHHOCTH.
X2

Pucynok 5.1. 'eomeTpruueckas UHTEpIIpETALNS PACCMOTPEHHOM 3a/1auu U €€
pELIEHNUS] METOAOM OTCEYEHU M

Ha pucyHke mana reomeTpudeckas HHTEpIIPETaIUs pelIeHus 3aaaun. [Toka3aHsl
TOYKA X *y; HEIEJTOUNCICHHOTO ONTUMAJILHOTO PEIICHHUSI, TUHUS, OTCeKaromas eé, u
TOYKA X *; ONTUMAJIBHOTO IEJIOYMCIICHHOTO penieHus. BUuaHO, 94TO 3Ta TOYKa HE MOT-
J1a OBITH TIOJIyYeHA OKPYTIICHUEM X ¥y 10 OJIMDKAMIIETo 11eJI0T0 3HAaYCHUSI.



NuauBuayaiabHble 3aaHus 10 TeMe Ne 5,
«Perienue 3a1a4 HCJIOYNCICHHOI'O IMTPpOrpaMMHPOBAaHUA METOAOM OTCEUECHUIN

38,,[[&‘{3, COCTAaBJICHHAsA B pPa3JcCiIiC 3, pemacTCsa METOA0M OTCCUCHMHU. HOHY‘IGHHOC
peUICHUC CPABHUBACTCA C OIITUMAJIbHBIM PCIICHHUCM HGHGJIOIII/ICHGHHOﬁ 3aJa4H.



IIpakTuyeckoe 3ansitue Ne 6.
«Pemienue 3a1a4 NETOYUCIECHHOTO TPOTPAMMHUPOBAHUSI METOJIOM BETBEN U FPAHULD)

[TycTh mMeeTcst cTaHAapTHAS 3a7a4a [EeJI0YHNCISHHOTO JIMTHEWHOTO MPOTrpaMMHUPOBa-
HUS — TpeOyeTCs HAUTH SKCTpeMyM (JIUIS OpeIeAEHHOCTH ITyCTh OYJIET MAaKCHMYM)
1eaeBor PyHKIMU

n
max Z = chx ;
j=1
C JIMHEWUHBIMU OTPAaHUYCHUSIMU
n
Zaﬁxi =b, i=1....m
=1

IIpU 3TOM Ha BCC IICPCMCHHBIC HAJIOKCHO YCJIOBUC HCOTPHULATCIIBHOCTHU

X; >0, j=1...,n

U YCJIOBHE LEI0YUCIIEHHOCTH
Xj — mensle, j=1,...,n

Bynewm pemiats 3Ty 3a7a4y ¢ UCHOJIB30BaHUEM OOIIEH CXeMbl METO/1a BETBEH U rpa-
HUll. B 0OCHOBY MeTO/1a MOJI0KEH TOT YK€ 3aMEUYEHHBII HAMU [IPU PACCMOTPEHUN Me-
TOJIOB OTCe4YeHUH (HaKT, YTO 1esieBast GyHKIUS IS HETOUUCICHHOTO PEIICHUS TPHU-
HHUMaJa “Xyzamee” 3HaYCHUE, YEM JJIS1 HEIIETIOUYHMCIIEHHOTO — 3TO MO3BOJISIET HAXOAUTh
BEPXHHUE IpaHUlIbl HA TOJAMHOXKECTBax. Kak u mpu pemieHnu 3aj1ad MeToJaMu OTce-
YEHUI, CHavaja periaeM 3a1auy JMHEHHOTO MPOTrpaMMUPOBAHUSI, UTHOPUPYS TpeOo-
BaHUE IEJIOUYUCICHHOCTH, KAKUM-HUOY b CTAaHAAPTHBIM METOIOM PEIICHUS — HApHU-
Mep, CUMILIEKC-METOIOM.

Ecnu B pe3ynbrare Mbl MOTYUYUIN MOJTHOCTBIO HEIOYUCIIEHHOE PEIICHUE, TO J1alb-
HeWImX maroB He Tpedyertcs. Eciu 3a1a4a He iMeeT ONTUMaIBHOTO PEIIeHus, TO U
[[EJIOYMCIICHHAs 3a/laya TaKKe HE UMEET ONTUMANIbHOTO petieHus. Eciu sxe xoTs Obl
OJIHA U3 KOMIIOHEHT IJIJaHA UMEET OTIUYHYIO OT HYJISI IPOOHYIO YacTh, TO OyIeM Hc-
KaTh LEJOYHUCICHHOE PEILICHHE.

[TycTh B HAliZIECHHOM ONITUMAJILHOM HEIICJIOYUCICHHOM TJIaHe X* UMeeTCsl HEKOTOPOe
HEIlEeJI0e Yyucio X*j, st kotoporo {X*i}>0. [lockonbky u camo 3HaueHue X*i>0, To
OYEBHUHO, UTO ATOT HEIEJIOUNCICHHBIN 2JIEMEHT PELICHUSI 3aKIIFOYEH B TPOMEKYTKE
Mexay aByMs tenbivu unciaamu Ki<x*i<Ki+1, raoe Ki=[x*;] — nenas gactp uncia X*
OueBHIHO, YTO B IEJIOUYMCICHHOM PEIICHUH JTaHHOM 3aJ1auu ATa IepeMeHHas IPUMET
60 3Hauenue K; u mensiie, mu6o 3Hauenune Ki+1 u 6omnbiie. pyrux nemodncieH-
HBIX 3HAYEHUW IPOCTO HE CYLIECTBYET. Pazeemeum Halle MHOXKECTBO perieHuit. Jlo-
0aBUM K CHCTEME OIpaHUYEHUI B OJTHOM ciydae yciioBue X*i<Kj, a BO BTOpOM —
ycnoBue x*i >Ki+1. B 1Byx nmojiy4yeHHbIX 3aJja4ax JIMHEHHOTO MPOrpaMMUPOBAHUS HE
OyJeT HU OJTHOTO OOIIETO IEIOYUCICHHOTO PEUISHUs, TIPH 3TOM HU OJTHOTO I1eJI0-
yuciieHHoro peureHus u3z OJIP ucxoaHoi 3agaum Mbl HE OTEPSIEM, T.€. OCHOBHOE
ycioBHe pa3OueHus Ha MOAMHOKeCTBa BhIoaHeHO. [Ipu aTom, ipaBaa, u3z OJIP uc-
XOJIHOM 3amaun Oyaet yaanena nonoca Ki<x*; <Ki+1, Ho oHa HE COIEPKUT HHU OHO-



ro nenourciaeHHoro pemenus. C 3Toi moaocon OyeT yaaaeHo TakKe HalICHHOe Ha
MPEABIAYIIEM IIare ONTUMAILHOE HEIIEIOYUCIICHHOE PeIeHrne, TAKUM 00pa3oM
Ha0JI10/1aeéM HEKOTOPOE CXOCTBO C METOJaMU oTceueHuil. OTHaKO Hapsy C OTceue-
HUEM HEIEJIOUYUCIICHHOTO pellieHus Mbl 1euM octasirytocs OJIP Ha ne wactu. Ho
Kakoe-HUOYAb U3 JIBYX MOJAMHOKECTB MOXKET 0Ka3aThCs ITYCThIM.

Tenepp pemmM yxe B MOJIyUYEHHbIE 33/1a4d JIMHEUHOTO TPOTrpaMMHUPOBAHUS Ka-
KUM-JIMOO CTaHJIapTHBIM METOJIOM, HE YUUTHIBAs YCIIOBHS IieiounciieHHocTH. [Ipo-
aHAJIM3UPYEM MOJIyUYCHHBIE pelieHus. Bcero BO3MOKHBI IECTh BAPUAHTOB UCXO0/1A:

1. O0e moJy4yuBIIHMECs 3aJa4d HE MMEIOT ONTHMAJILHOTO perieHus. BbIBOa: MCXo-
Has 3aja4a uMea ONTUMAJIbHOE HEIEIOYUCICHHOE PEIIEHUE, HO ONTUMAJIBLHOTO Iie-
JIOYMCIICHHOTO PELICHUSI OHA HE UMEET.

2. OnHa U3 3a7a4 HE UMEET PEIICHUS, Ipyras UMEeT LEeJIOYMCICHHOE ONTUMAIbHOE
peuenue. [locnennee u ABISETCS PEIICHUEM UCXOIHOM 3a7auH.

3. OaHa u3 3a7a4 HE UMEET PEUICHUs, pyras UMEeT ONTUMAJIBHOE, HO ONSITh HeElle-
JIOYMCIICHHOE pelieHue. BriOupaem kakyro-1ub0 U3 HEIEJIOYUCICHHBIX KOMIOHEHT
ATOTO PEILICHUS U ONATH pa30MBaeM 3a7ady Ha JBE 3aJlay, aHAJIOTUYHO ONMKMCAaHHOMY
panee. Pemraem ux 0e3 yuéra yCcinoBUs 1IEJIOYUCIECHHOCTH U aHATIU3UPYEM pe3yJibTarT.
4. O0e 3aauv UMEIOT pelieHrue, U 00a pelieHus IeJI0YUciieHHbl. B aToM ciyyae
CpaBHMBAeM HaWJICHHbIC 3HAYCHHUS 11€JIEBOM (DYHKIMU U BHIOMpPAEM TO, Y KOTOPOIO
OHO OOJIBIIIE.

5. O0e 3a/aun UMEIOT pelieHrue, U 00a PerIeHUsS UMEIOT HEIEI0YHCISHHBIE KOMIIO-
HeHThl. CpaBHUBaEM IiejieBble (PYHKIIMM MOJYyYSHHBIX pelieHuid. Beibupaem 3amauy,
JUIS KOTOPOM OHa OOJIbIIIE — ¢ Haubobuell 8eposIMHOCMbI0 ONITUMAIBLHOE PEIICHUE
HaxoauTcs TaM. Pa3BeTBisieM €€ Ha JIBE 3a/1a4M U PEIIAeM HX.

6. O0e 3a/1aun UMEIOT PEIICHHUE, OJTHO U3 KOTOPBIX IIEJIOYUCICHHO, a IPyroe MMeEeT
HEIIeJIOYMCIICHHBIE KOMITIOHEHTH. CpaBHMBaeM IieieBble (DYHKIIUU TOJYUYCHHBIX pe-
meHuid. Eciin 6omblie neneBast GyHKIUS 1ETOYUCICHHOTO PEIISHUsI, OHO U SIBJISIETCS
pelieHueM ucxoaHou 3anaun. Ecnu ke Oonblie meneBas GyHKIUS HEIET0UYNCISHHO-
ro PEIICHUS, TO BO3MOMCHO WCKOMOE PEIlIeHUE HaxoauTcs TaM. BriOupaem onHy u3
HEIICJIOYMCIICHHBIX KOMIIOHEHT IJIaHa U MPOU3BOJANM Pa3BETBICHUE ITOM 3a/1auHu.
3aMeTHUM, 4TO B CIy4ae BapUaHTOB 3, 5 1 6 mociie Moayd4eHus UEJI0UYUCICHHOTO pe-
IIEHUSI HaM He00XO0UMO OYJI€T BBIMOJHUTD MPOLETYPY 00paTHOTO X0/1a, TO €CTh
CPaBHUTH 3HAYCHHUE IIEJICBON (PYHKIIMN HAHEHHOTO IIEJIOYMCICHHOTO PEIICHHMS C T1e-
JIeBBIMH QYHKIMSAMHU paHee OTOPOIICHHBIX 3a/1a4. Bo3MokHO, MpUIETCS BEPHYTHCS K
KaKOM-TM00 M3 ATUX 3aJ]1a4 M Pa3BETBIIATH yxKe €.

NuauBuayaiabHble 3aaHus o Teme Ne 6.
«PelieHue 3a1a4 1EI0YMCIACHHOTO TPOrPAMMUPOBAHUSI METOJIOM BETBEH U IpaHUID»

3agady U3 NpeapIAyLIed TEMbI PEIIAEM METOIOM BETBEU M rpaHull. CpaBHUBAEM pe-
3yJbTaThl U TPYIOEMKOCTD PEIICHUSI.



IIpakTn4yeckoe 3ansaTue Ne 7.

«MeTtoabl TPaIueHTHOTO TTOUCKa»

Benymee mMecTo cpeau mpsSMBIX METOJIOB PEIICHHS SKCTPEMAaIbHBIX 3a7ad 3a-
HUMAET 2paoueHmuslii Memood (TOUHEe, CEMEUCTBO I'PAJAUEHTHBIX METOJI0B) MOKCKA
CTaIlMOHAPHBIX To4ek auddepeHnupyemMorr ¢GyHkiuu. HamomuuMm, 410 cmayu-
OHApHOU HA3BIBAETCS TOUKA, B KOTOPO Vf(x)=0 M KOTOpas B COOTBETCTBHH C HEOO-

XOJIUMBIM yCJIOBUEM ONTUMAIBHOCTH SIBJSICTCS «IOJ03PUTEILHON» HAa HAIMYUE JIO-
KaJIBHOTO JKCTpemMyMma. Takum 00pa3oMm, MPUMEHsS IpaJueHTHBIA METOJ, HaXOMIAT
MHOKECTBO TOYEK JIOKAJhHBIX MAaKCUMyMOB (WUJII MUHHUMYMOB), CPEIH KOTOPBIX
OTpeIeIISIETCS MAKCUMYM (MM MUHUMYM ) TJI00QJIbHBIN.

WNnes nanHOrO METOMAa OCHOBaHA HA TOM, YTO TPAgUEHT (YHKIUHA yKa3bIBaCT
HaIpaBJICHUE €€ Hauboiee bbicmpo2o 603pACMAHUs B OKPECTHOCTU TOW TOUKH, B KO-
TOpoil OH BBIUMCIEH. I103TOMY, eciM U3 HekoTopoill Tekymed Touku xY mepeme-
aThCsA B Hampasjienuu Bektopa Vf(x)=0, to ¢ymkuus f Oymer BospacraTh, mo
KpaiiHelt Mepe, B HekoTopoii okpectHoctu x. CnemoBarenbHO, U TOUKM
x? = xW 4 avf (x(l)), (1>0), nexaieil B TakOil OKPECTHOCTH, CIIPAaBEIIMBO HEPAaBEH-
CTBO f(xl)s f((z)). [Ipooikas 3TOT MPOIECC, MBI MOCTENEHHO OyJIeM MPUOIMKATHCS
K TOYKE HEKOTOPOTO JTOKAIBLHOIO MakcuMyma (cM. puc. 2.1).

OnHako Kak TOJBKO OMPEACNISICTCS HaIlpaBJICHHWE JIBMKEHUS, Cpa3zy e BCTaeT
BOIIPOC O TOM, KaK JAJIEKO CIIEyeT ABUTATHCS B 9TOM HAIPABICHUU WJIH, APYTHUMHU
CJIOBaMH, BOSHUKAET Mpo0JeMa BbIOOpa 111ara A, B peKyppeHTHOM (popMmyie

X = x@ 4 2vf (x) (2.8)
3a/IAI0IIeH ITOCIeI0BATEIBHOCTh TOUCK, CTPEMSIIUXCS K TOUKEe MAKCHUMYyMa.
B 3aBucuMocTH 0T crioco0a ee peleHus pa3inyaioT pa3InyHble BapHaHThI Ipa-
AUEeHTHOro MeTona. OcTaHOBUMCS Ha HanOoJee U3BECTHBIX U3 HUX.

MeTtoa HauCKOperero cnycKa

HaszBanue meTo1a MO>XkHO OBLIO OBl MOHMMAaTh OYKBaJIbHO, €CJIM OBl pedb IIIa O
MUHUMU3AIWH 11e71eBoi GyHKIMU. TeM He MeHee, M0 TPAJAWIINKA TaKOe HAa3BaHHUE WC-
MOJIB3YETCS ¥ TIPU PEIICHHUH 33]1a9l Ha MAKCHUMYM.

[Mycts f(X) = f(x1,X),...Xn) — muddepenupyemas ¢pyHkmus, 3ananHas Ha R", a
x@ = (x@ x@ _ x@) — mekoTopas Tekymas Touka. OrOBOPHMCS, UTO KaKHX-THOO
001X PEKOMEHIAINM, KaCaroIIMXCs BbIOOpA UCXOJHOM TOYKH (WUJTH, KaK eIIe rOBO-
pat, HauansHOro npubmmxenns) X, e cymecTByer, oMHAKO 110 BO3MOKHOCTH OHA
JIOJKHA HAXOMUThCA OJU3KO OT MCKOMOTO ONTHMAJILHOTrO IUaHa x . Kak yxke roso-

punock Beiime, e X@ — Hecraunonapuas Touka (1. €. [Vf (x(qq >0), TO IIPH JBUKE-

nuu B Hanpasiennu Vf(x@) Gyrxims f(X) Ha HEKOTOPOM MPOMEXyTKe 06A3aTETHHO

Oyner Bo3pacTtaTh. OTCIOJa BO3HHMKAET €CTECTBEHHAs HJEs TaKOro BbIOOpa Iara,
YTOOBI JIBIDKCHUE B YKAa3aHHOM HAIpaBIEHUU TMPOJOJKAJIOCh IO T€X MOp, MOKa BO3-
pacTaHue He mpekpaTtutTcs. JlJis 3TOro BeIpa3suM 3aBHCUMOCTH 3HaueHus f(X) ot maro-
BOTO MHOXMHTENS A > 0 , monarast x = x¥ + Avf (x(f‘))

f(x)=f(x@ + AV (x))= p(4) (2.9)



WM, B KOOpAUHATHON hopMme,

o(1)= f( maf(x(q)),...,x(q)mMJ (2.10)

OX, " OX
Yr1o6Bl JOOUTHCS HAHOOJBINETO M3 BO3MOYHBIX 3HAUYCHHH f MpH IBMKEHUH IO
HaIpaBIICHUIO Vf( ) HY’KHO BBIODaTh TAaKOE 3HAYEHHE A , KOTOPOE MAKCHMU3UPYET
GyHKIHIO P(4) (go(ﬁ):rgggw(ﬂ)). JIns BEIYHCIEHHUS A, MCIONB3yeTcs HeoOXOmMMOe

YCIOBHE DKCTpEeMyMa dq)(/-f )/ dA=0. 3amerum, 4to ecau g Jwoodoro A >0
dgo(z )/d/l >0, To pynkmus f(X) He orpaHnyeHa CBepxy (T. €. HE HIMEET MakcuMyMa). B

MIPOTUBHOM cltydae, Ha ocHoBe (2.10) monydaem
dp_ai() by arb) o,

_ (2.11)
di ox, da ox, da
9TO, B CBOIO OYEPE/b, T
() ()
do _ot(x) of (t )+...+ of(x), of (x )= vf (x)vf (x@) (2.12)

di ox, o, X X

Ecnu cumTath, 4To cieaytomas Touka XY cooTBETCTBYeT ONTUMAILHOMY 3Ha-
YEHHI0 A=A, TO B HEH JOJDKHO BBINIOJHATHCA yCIOBUE d(p(/l )/ di=0, nu A caenyer
HaxoUTh U3 ycrnosus Vf (x4 W (x@)=0 wm

Vi (X + 2V (x@ ) (x (2.13)

VYcaosue (2.13) o3HayaeT paBEHCTBO HYJIIO CKAJSIPHOTO MPOMU3BEICHUS TPau-
entoB pynxiuu f Toukax x@*Y u x@ Ieomerprueckn OHO MOKET OBITH MHTEPIPETH-
pPOBaHO KaK MEPHEHIUKYJISIPHOCTh BEKTOPOB TpaaueHTOB (yHKIMH f B yka3aHHBIX
TOYKaX, 4TO ¥ MOKAa3aHo Ha puc. 2.2. IIpogomkas reOMETPUUECKYIO HHTEPIIPETALUIO
METO/la HAUCKOPEHIIEro CIycka, OTMeTUM, 4to B Touke xU*D pektop Vi (x(‘“l)), oy-
Ay4Yd TPaJWEHTOM, NMEPHEHIUKYISIPEH JUHUU YPOBHS, MPOXOASIIEH depe3 JaHHYIO
Touky. Crano ObITh, BEKTOp Vf (x(q)) SBJISIETCSL KacaTelbHbIM K 3TOW JuHuUU. WTaKk,
IBUKCHHUE B HAIIPABJICHUU TpagueHTa Vi (x(q)) CJIeyeT MPOOJIKATh 10 TeX TOop, MOKa

OH TIEpeCceKaeT JIMHUKM YPOBHS ONTHUMHU3UPYEMOU (PYHKITUH.

[Moce Toro kak Touka x9*Y Haiinena, oHa cTaHOBHUTCS TEKYILEH IS OYEPEITHON
ureparuy. Ha npakTuke npu3HaKoM JOCTHIXKEHHUS CTAIlMOHAPHOW TOUYKHU CITYKHUT J0-
CTaTOYHO MaJio€ M3MEHEHHE KOOpJMHAT TOYEK, pacCMaTpUBAEMbIX Ha IOCJIEI0Ba-
TENbHBIX uTepanusx. OJHOBPEMEHHO C 3TUM KOOPJWHATHI BekTopa Vf (x(‘”) JTOJKHBI
OBITH OJIM3KU K HYJIIO.

Metoa apodJieHus mara

JIns HaxoXkAeHUS 11ara A, B METOJ€ HaAUCKOPEHIIIEro cnycka Tpedyercsl pelmTh
ypaBHeHHUe (2.13), KoTopoe MOKET 0Ka3aThCs A0CTATOYHO CI0KHBIM. [ToaToMy vacTo
OrPaHMYMBAIOTCH «IIOAOOPOM» TAKOTrO 3Ha4YeHus A, uTo ¢(1)>¢(0). dus sroro 3ana-



IOTCSL HEKOTOPBIM HAYaJIbHBIM 3HaueHHEM Aj (Harmpumep, A1 =1) ¥ POBEPSIOT YCIIO-
Bue ¢(4,)> ¢(0). Ecim OHO He BBIOJIHSETCS, TO TI0JIaratoT

1
A==
=5
U T. I. A0 TEX II0pP, IIOKAa HC YAAaCTCA HaWTU HOI[XOI[HH_II/Iﬁ mar, ¢ KOTOPbIM IICPCXOJAT

K cienymomeii Touke x*Y, Kputepuii 3aBepuieHns aaroputMa, 04eBHIHO, OyIeT Ta-
KHMM e, KaK ¥ B MeTOJie HauCKOpelilero crycka.

NuauBuayanbHble 3a1aHus 110 Teme Ne 7,
«MGTOI[BI I'paduCHTHOT'O IIOUCKa»

Crynenrty npennaraercsa (yHKIUS ABYX NEPEMEHHBIX, SKCTPEMYM KOTOpOIl TpeOyeT-
Csl HAUTH. ITO TpeOyeTcs MpoJIeaaTh J0ObIM U3 U3YUYCHHBIX TPaIUCHTHBIX METOJIOB —
Ha BBIOOD cTylieHTa. CaenaHHbIi BEIOOP TpeOyeTcst 000CHOBATD.



IIpakTuyeckoe 3ansitue Ne 8.
«Pemenue 3aga4dy HEJIMHEHMHOT O mporpaMmMupOBaHrs MCTOJIOM OOITYCTUMBIX HAIlpaB-
JICHUID)

MeTtop 10ImyCTUMBIX HalpaBJIeHUU. JlTaHHBIM METOJ TaKK€ HA3bIBAETCSI METOAOM
BO3MO>KHBIX HAIPaBJICHUI WK € M0 UMEHU aBTOpa — METOJI0M 30UTEHJICHKa, CM.
[16]. Ero ocHoBHYIO Haeto OyaeT yao0HO mpoaeMoHCcTpupoBaTh Ha mpumepe 3UII ¢
OrpaHUYCHUSAMHU B (hOpME HEPABEHCTB:

f(x)—> max, D= {x e R"|g, (X, Xy, X, )< 0,i e1:m} (2.16)

B yKka3aHHOM MeTOJie TaK ke, KaK U B IpaJHEHTHBIX METOaX, HAXOAUTCS MO-
cnenoBarenbHocTh Touek x© xW, .. x® . Takux, uTo f(x(q”))z f(x(‘”)l. ITpu sTOM TIE-
pexon or Touku x@ K Touke MPOMCXOMUT MO HEKOTOPOMY BHIODAHHOMY HaIpaBJie-
Huto S ¢ waroBbIM MHOXHUTENEM 4,

(@) _ (@) +lq5(Q) (2.17)

[To oTHOLIEHHUIO K BEKTOpaM, 3aJal0IUM HAIIPABJICHUS IEPEMEIICHHUS, BBOISTCA
nBa PyHIaMEHTAIbHBIX IIOHSITHS.

» Hanpaenenue S nazvieaemcs NOMYCTHMBIM (603M0dCHbIM) 6 mouke X9 eD,
ecnu cywecmgyem maxoe A>0, umo XY =x94+seD.

» Hanpasnenue S Hasvléaemcs NPOTPecCUBHBIM ¢ mouke X9 eD, eciu cywe-
cmeyem maxoe >0, umo f(X@ +1s) > f(x@) ona 3a0auu maxcumyzayuu u F(x@ +15s)
< f(x@) ona 3a0ayu munumuzayuu.

Ha ocHOBe maHHBIX ompeneseHui T0CTaTOYHO MPOCTO CPOPMYTUPOBATH KPUTE-
pUii MPOBEPKHU ONTUMAIBLHOCTU TOYKH (TaK Ha3bIBAEMBIN KPUTEPUM ONITUMATbHOCTH B
TEPMUHAX JIOMyCTUMBIX U TIPOTPECCUBHBIX HATIPABJICHUI):

» mouxa x~ sensiemcsa onmumanvHoiM nianom 3aoaqu (2.16), eciu 6 neii Hu 00-
HO 00NYyCmMumMoe HanpaegieHue He sA61emcs nPocPecCU8HbIM.

B anroputMme MeTosia JOMYCTHMBIX HalpaBJIeHHii MpaBuia BeIoopa Toukn x % K
KOTOPOI IIPOUCXOAUT OYEpPEHON MEepexos, pa3IudaroTcs B 3aBUCUMOCTH OT TOTO,
r7ie HaxoauTcs TeKyinas Touka x'¢, [[pUHIMIMATEHO BO3SMOKHBI JIBE CHUTYAIHH.

1°. Touka x9 jexut BHyTpH o6aactu D, T. e. it Beex | € 12 m g,(x@)<0

(c™m. puc. 2.4). OueBuaHO, YTO JUIsl BHYTPEHHEH TOUKM J1I0OO€ HaIpaBlieHHE OyaeT
JTOMYCTUMBIM (MpU BBIOOpPE JIOCTAaTOYHO MAJIOrO Ilara), MO3TOMY €CTEeCTBEHHBIM
MIPEICTABISICTCS JABM)KCHUE B CTOPOHY «TapaHTHPOBAHHOTO» BO3pACTaHUS 3HAYCHUS
(QYHKIUM, 2 IMEHHO B HaNpaBJIeHUH IpajdeHTa. 3HAUNT, [/ BHyTpeHHeil Touku x¢
nesecoobpasso BeIGpath 5@ =vf (@),

! Tak kax B JTaHHBIX METOZAX IPHU HEPEXOJIe K OUePETHOI PACCMATPUBAEMOl TOUKE IIPOUCXOAUT yIydIIeHHE 3HAUYEHUS
1esIeBoi (GyHKIMHU (B YACTHOCTH, [UIS 337a4d MUHUMH3AINN — YMEHBIICHHUE), UX TAK)KE HA3BIBAIOT PelaKCAyUOHHbIMU
Memooamu.



IIlaroBeIi MHOXKHUTENL A, BBIOMPAETCA TaK, YTOOBI, C OJHOH CTOPOHBI, HOBas

touka XY mpuHamnexana D, a ¢ apyroii — 3HaueHue LeneBodl (QYHKLIUM B He
f (xY) 6BLIO KaK MOXKHO OOJIBIIUM.

Xoh

> §(4)

g3(x)=0

A

0 X%
Puc. 2.4
Xoh
0 "y
Puc. 2.5

C oroil Lempl0 CHavaga HalineM IPOMEKXYTOK [0,A] u3  ycioBus
[0,A]= {ﬂ,‘(x(q) + 259 )e D}, JUIS 4E€r0 HEOOXOAUMO PELIUTH CUCTEMY HEPABEHCTB:

gi(x(q>+ﬂs(‘*))£0,iel:m (2.18)
3Hasi IPOMEXYTOK [0,A], ompezensieM 3HadYeHHE MIATOBOTO MHOXKHTEIS A, U3
YCIIOBMSI MAKCHMU3ALUHU 3HaYeHUs (PYHKIUK B HanpasieHuu s'V:

f(x© +ﬂqs(“))= max {f (x@ + 4s@ )} (2.19)

2€[0,A]
BHOBb HaiifieHHas Touka XY MOkeT HaXOAUThCSA WU BHYTpH obnactu D, umm
~(a+1)
Ha ee rpanuiie. B nmepBom ciyuae (Ha puc. 2.4 eMy COOTBETCTBYET TOUKa X ) Mepe-



XO0OAUM K HadaJly AJaHHOI'O IIYHKTa WM IIOBTOPACM BbIIICOIINMCAHHBIC HCﬁCTBHH, a BO

BTOPOM (TOUKa >=<(q+l) Ha puc. 2.4) — nefcTByeM o paccMaTpuBaeMoOH jajiee CXeMe.
2°, Touka x¥ maxoauTcst Ha rpaHuue o6JaacTu (cM. puc. 2.5). DTo 03HAYAET,

YTO OJHO WJIM HECKOJbKO HEPaBEHCTB M3 CUCTEMBbI OorpaHuveHuil 3agaun (2.16) BbI-

MOJIHAIOTCSL KaK CTPOTHE PaBEHCTBA! gi(x(q))=0. Hanpuwmep, Ha puc. 2.5 gl(x(q))=0 u

gs(x(“)) =0.
Orpanuuenue, KOTOpOe B TEKYIIEH TOYKE BBINOJIHAETCA KaK PAaBEHCTBO, HA3bl-

BAIOT aKMu6HbIM. MHOKECTBO HOMEPOB aKTUBHBIX OrpaHUdeHMi B Touke x@ Oymem
o6o3Hauath kak N(x'¥). B mpumepe, uzodpaxkenHoM Ha puc. 2.5, 1(x@) = {l, 3}.
Taxoke U3 pUCYHKA BUIHO, YTO BCE JOMYCTHMBbIE HAITPABICHHUS, HCXOISIINE U3 TOYKH
XM\ 10KHBI 00Pa30BBIBAThH TYIIBIC YIUIBI ¢ BEKTOPAMHU I'paJueHTOB (DYHKIUH, 3a/1a-
IOIIMX aKTHBHBIC OIpaHUYCHHUS B JaHHOW Touke. IlocieaHee ycliOBHE MOXET OBITH
BBIPAKEHO Yepe3 3aJaHhe OrpaHMUYCHHH Ha 3HAYCHUS CKAISIPHBIX MPOU3BEICHHM
BEKTOpA HAINPABJICHUS S HAa TPAJUCHTHI (DYHKIIMN OTPaHUYCHUI:

svg,(x)<0,ie 1(x@)A1, (2.20)
ngi(x(q))< 0,ie I(x(‘”)m I, (2.21)

riae |, — MHO)ecTBO HOMEPOB UHJEKCOB JIMHEWHBIX OTpaHUYeHui, |, — MHOXe-
CTBO HOMEPOB HHJIEKCOB HEJIMHEHHBIX OrpaHndeHuil. COOTBETCTBEHHO, I(x(‘”)m I, —

HOMEpA JIMHEWHBIX aKTUBHBIX OTPAaHUYECHUH, & I(x(‘”)m |, — HOMEpa HEJIMHEUHBIX aAK-

TUBHBIX orpanudeHuil. Otnuune ycnosuit (2.20) ot ycioswuii (2.21) 3akimtouaercs B
TOM, 4TO B CJIy4ae JIMHEHHOTO OrpaHHuYEHUs] HaIpaBjeHHEe, oOpasyrolee MpsSMOi
yToJ ¢ TPAAUEHTOM OrpaHWYMBaronie pyHKIUM (T. €. UX CKAJISIPHOE MPOU3BEICHUE
paBHO HYJI0), Oy/I€T 3aBEIOMO JOMYCTUMBIM, a B CITydae HETMHEHHOTO OrpaHUYCHHS
— BO3MOXHO, HET.

Bce BO3MOXKHBIE HanpaBleHus B Touke x¢ o6pasyroT Tak Ha3bIBAEMbIH KOHYC
00Ny CMUMbIX HANPAGIeHutl, 1 U3 HAX IS CIEAYIOIIEro Mepexoaa, OYeBUIHO, HYKHO
BBIOpaTh IporpeccuBHOE. Eciii TakoBOTO HE CYIIECTBYET, TO COTJIACHO CHOpMyITHpO-
BAHHOMY BBIIIIE KPUTEPUIO Touka X sBIseTca onTuManbHOM! J{/Is yCKOpeHHsT MaK-
cUMH3aIuu (QYHKINHU KEeTaTeTbHO, YTOOBI YTOJI MEKAY MCKOMBIM JOMYyCTHMBIM MPO-
rpeccHBHBIM HampapiienneM s'@ u rpajuentoM renesoi dynkmmu Vf(x@) Gbur Kak

MOYKHO MEHBIIIC WJIH, YTO TO YK€ caMoe, KaK MOXKHO OOJIbIIIeH Oblia ObI MPOEKIIHS S Ha
Vf(x@) (pu ycnosusx Hopmuposku BekTopa ). HBIME CITIOBAMH, eJaTelbHO,

4TOOBI HepaBeHCTBO s YVf (x("))+o-20 BBIIOJIHAJIOCh IIPY MUHHMMAJIbHO BO3MOKHOM

oceR. Torma 3agadyy OTBICKAHUS HAWIYYIIEro JOIyCTUMOTO IPOIPECCHBHOIO
HanpaslieHus s MOKHO CBECTH K 3a7aue MUHUMU3ALUK IapaMeTpa o :

o — min (2.22)

IIPU YCIIOBUSAIX



sVf (x@)+ o >0,
svg, (xV)<0,ie 1(x)1

S:{seR",0eR - 2.23
svg, (x®)+zo<0,ie 1(x@)A1,, (2.23)
SZ+S2+..+87<1
rae s’ +s)+..+82<1 — yCIIOBHE HOPMHPOBKH, OOECICUHBAONICE OIPaHH-

YEHHOCTH PEIICHUS;
T — HEKOTOPOE€ JIOCTaTOYHO MaJIO€ YHUCJIO, XapaKTepU3YIOIIEe «CTPO-
TOCTh» BBITIOJIHEHUS] HEPABEHCTB.
B otnuuune oT Bcex oCTalbHBIX, MTOCIEAHEE YCIOBHUE B cucteme (2.23) aBisieTcs
HEJTMHEWHBIM, YTO CYILIECTBEHHO YCJIOXKHSET Mpoliecc peieHus 3aaayu (2.22)-
(2.23). IToTOMY Ha MpaKTUKE JUIsl onpeieleHus Hanpasienus s (BO3MOKHO, He
JYYIIEro) MepeXo AT OT JaHHOM 3a/1auu K 3a7a4e JIMHESHHOTO MTPOrpaMMHUPOBaHUS
MyTEeM 3aMEHbI YKa3aHHBIX BBIIIEC YCIOBU HOPMUPOBKM HA OrpaHUYCHUS BUJA
—-1<s, <I:

o — min (2.24)

C,S; +C,8, +...+C,S, +0 =0,

i (Q))
S )seRr" oeR aiylsl+ai’252+...+aiynsngo,leI(x al

3 (2.25)

a;,S; +;,5, +...+a; ;S +ms0,iel(x((‘))mlﬁ,

i,n°n

-1<s; <l jel:n

rae  (cuCpn,)=VE(X?), (a,,8,5,..a;,)= Vg, (x?).

ITocne TOro Kak mporpeccuBHoe HampasieHue S@ HaiineHo, maroBblii MHOXY-
TEJIb ONPEAENSAETCA 110 METOLY, OITUCAHHOMY B 1I. 1°.

B 3akitoueHue OTMETUM, UYTO IPH MPAKTUYECKUX pacyeTax ajJrOPHUTM 3aBeplla-
€TCSl PU JOCTUKEHUU TAKOW TOYKH X, B KOTOPOM ‘Vf (xl <&, TI€ & — HOCTAaTOYHO

MaJIo€ 4YHCJIIO.
HpeI[CTaBJIHeTCH MOJIC3HBIM OﬁpaTI/ITL BHUMAaHHUEC 4YUTATC/JIA U HA | TO, 4YTO

NPUMEHsIeMbIH ISl PpelleHusl 3a4a4 JHMHEHOro NporpaMMHpPOBAHUS
CHUMILUICKC-METOl MOkKeT ObITh PACCMOTPEH KAK YACTHBIN CJy4ald MeToaa
JAOMYCTUMBIX HanpaBJjeHuil. B yacTHOCTH, 3TAanl BHIOOPA CTOJI01A, BBOAMMOIO
B oYepeaHOil  0a3MC, COOTBETCTBYET  OIPEAEJEHUI0  IOMYCTHUMOIO
NMPOrpecCMBHOIO HampasJjieHusi. bojiee moapoOHO 0 Takod KOHUENIMHU

CHUMILIEKC-MEeTO0/1a MOKHO mpo4ecTh B [1].



2.1.6. Ilpumep pemienuss 3HII mMeTrogom nomycTuMbIX HanpasJjeHuii. Pac-
CMOTPHUM MPOIECC MPUMEHEHUSI METO/Ia JIOMYCTUMBIX HAIMpPABICHUN HA KOHKPETHOM
npumepe. [lycte gana 3HII:

f(x)= X, + X, — max (2.26)

D:{XGRZ,

9,(x)=x +x2 -25< O,} (2.27)
g9,(x)=x,-3<0 '

Hrepanusi 1. B kayecTBe HAayaIbHOTO NPUOIMKEHHs Bo3bMeM Touky xU) =
(0,0). HerpyaHo 3aMeTUTh, YTO OHA YAOBJIETBOPSIET CUCTEME HEpaBeHCTB (2.27), T. €.
x¥eD. Jlna x» Bce HepaBeHCTBA BBINONHAIOTCA KaK CTPOTHE, T. €. MHOKECTBO HH-
JIEKCOB aKTUBHBIX OTpaHUYEHUUN I(x(l)): . CnenosarensHo, B x) moboe Hampasie-
HUE SIBJIETCA TIOMYCTUMbBIM, U HaM OCTAE€TCsl OMPEEIUTh, C KAKUM IIaroM 4, , MOYKHO
JIBUTAThCS BIOJb Tpajmenta nenesoi dynkmmu s® =vf(x¥)=(11). Cucrema Hepa-
BeHCTB Tuma (2.18), U3 pelieHus KOTOPhIX OMpPENeseTcs WHTEPBaT JOIYCTUMBIX
3HAUYCHUM JIsT A, JUIsl TaHHOM 3aJ1avul IPUMET BUI:

A+ 27-25<0 |[A<4125
1-3<0 <! 1<3 =1¢[03]
220 220

Torma

max f(x® + 25 )= max (x® + 259 )+ (x& + As )= max ((0+ A x1)+(0+ A1) = max (24)

2€[0,3] 2€[0,3] 2€[0,3] 2€[0,3]

nocruraercsa npu A, =3. OTcro1a Noay4aeM CIEAYIOIY0 TOUKY

0+3x1 3

Urepanus 2. [lytem noxcraHoBku koopauHar Touku x? B (2.27) onpenenum
MHOYECTBO aKTHBHBIX orpanmueHuii B Touke x?:1(x?)={2}. CootBercTBEHHO, 3a1a-
ya (2.24) - (2.25), koTopyto TpeOyeTcs peluTh AJisl ONPEAeIICHUs JOMYCTUMOTO MPO-
rpeccusroro manpasienus s@ ¢ yuerom Toro, uro Vf(x®)=(11) u vg,(x?)=(01),
IPUMET BHI

o — min,

sVf(x?)+ o =s, +5, +0 >0,

§ Se R2 oc R SVgZ(X(Z))=OXSl+lXSZ SO,
-1<5s, <1,

-1<s,<1



B nmanHoMm ciydae ontumanbHbi 1i1aH 3JIIT HaxoauTes JOBOJIBHO MPOCTO U pa-
BeH (o,5,,5,) =(-~110). OTOPOCHB JOIOJHUTENLHYIO IEPEMEHHYIO G, MOJTyYaeM BEK-
Top $@ = (1,0), T. €. ouepeaHas ToUKa OyET ONPEENATHCI KaK

3+4Ax0 3

JIeHcTBysI 110 aHAJOTHUU C MPEbIAYIIEeH UTepalueu, 1l onpeaeseHus mpome-

KYTKa JOIYCTHUMBIX 3HAUYCHUH IIarOBOr0 MHOXKHUTENS A COCTaBIsieM CHCTEMY Hepa-
BEeHCTB (2.18):

g, (x? +5?)=3-3<0

120

9, (x? +45?)=(3+ A1) +32 —25<0
:{(
A>0 420

3+,1)2 <16 {—433+/1s4
=

OKOHYATENLHO UMeeM A € [0;1].
Torma
e f (x2 + s%)= /rlre%f]((xl(z) + 252 )+ (x?) + 1s?))= %]((3 +A)+(3))= Ere%)i](ﬂ +6)

joctUraeTcs mpu 4, =1. Otciozia nosydaem cienyronryio Touky X& = (3,4).
Hrepanus 3. B Touke x® MHOXeCTBO aKTHBHBIX OrpaHHYeHHIl OyJeT UMETH
BU]I I (x(3)): {,2}. Haiinem 3HAYEHUS IpaUEHTOB: vf (x(s)): (1L1),
v, (x®)=(2x%,2x%)=(86) u Vvg,(x?)=(01).
3aaua onpenesieHUs J0MyCTUMOTO IPOTPECCUBHOTO HampaBieHus (2.24)-(2.25)
OyzleT UMETh BU/I:

o — min,
sVi(x¥)+o =5, +5,+ 020,
§: seR? ¢ Rsvgl(x(a))+fo':831+652 +70 <0,
1 Ssz(X(g))ZOXSl+1><s2 <0,
-1<s,<1-1<5s,<1

3HaueHue T U3 MPAKTUIECKUX COOOPAKEHUH ClielyeT OpaTh JOCTATOUYHO MAJbIM,
Hanpumep T = 0,001 . Omyckas penieHne TaHHOM 3a/1a4u, IPUBEAEM MHTEPECYIOIINE
Hac KOMIIOHEHTHI ee onTumanbHoro miana: & = (0,0). Mrak, He cyliecTByeT Hpo-
IPECCUBHOTO HANpaBleHHus, ucxoasmero u3 Toukd xO&), Takum 06pa3oM, ONTUMAIb-
HBII TIaH paccMmaTpuBaeMoi 3anaum (2.26)-(2.27) x* = (4,3), a MakcuMalbHOE 3Ha-
uenwue nenesoit pynxmun f=x +x =7.

['padmyeckas WITIOCTpanys MPOBEAESHHOTO TMPOIecca PEUICHUs MpecTaBlieHa
rpaduyuecku Ha puc. 2.6.

x-3<0 3 x®  x@=




Puc. 2.6

I/IHI[I/IBI/I)IyaJILHBIe 3agaHud mo reme Ne 8.
«Pemenne 3aa4 HEJIMHEMHOTO IPOrPaMMUPOBAHUS METOIOM JOIYCTUMBIX HAIPaB-
JICHUN)

Boeinaércs 3amada HemMHEWHOro nporpammupoBanusi. LleneBas ¢yHKuus auHeiHa,
OJIHO U3 OIpaHMYEHHUN JTIMHEIHO, BTOpOE HEIUHENHO (KBagpaTtuyHo). Tpedyercs pe-
IIUTh 3aJa4y METOJIOM JOIyCTUMBIX HampasieHud. [Ipu sToM mpenmnosaraercs uc-
M0JIb30BAaTh KOMITBIOTEP C JIFOOBIM M3BECTHBIM CTYJEHTY IAKETOM Uil MaTeMaTu4e-
CKOI'0 aHaJIN3a.



IIpakTuyeckoe 3ansitue Ne 9.
«ITocTpoenne MapKOBCKUX CETEBBIX MOJEIICH

[lepexoapl cUCTEMBI U3 COCTOSIHUS B COCTOSIHUE MOKHO paccMaTpuBaTh Kak
MIPOUCXOISIINE MO BIUSIHUEM HEKOTOPBIX TOTOKOB COOBITHH.

[ToTOoK CcOOBITMI HA3bIBAETCS PeryJSApPHBIM, €CIU COOBITUS CIEAYIOT OJHO 3a
JOPYTUM 4€pe3 CTPOro ONpPEAEIICHHbIE TPOMEKYTKHA BPEMEHHU.

[ToToK COOBITHII HA3BIBAETCS CTAMOHAPHBIM, €CIIM BEPOATHOCTH IOSBIICHUS
TOTO WJIM MHOTO YHCJIa COOBITUI HA YYAaCTKE BPEMEHH JJIMHON Al 3aBUCHUT TOJIBKO OT
JUIMHBI YYaCTKa U HE 3aBUCHUT OT TOT'O, IJI¢ IMEHHO Ha OCU ! pacrosoKeH 3TOT yya-
crok. Ecan o0o3Haunth P, (t, t + At) BeposTHOCTH HOsIBICHHS N TpeOoBaHMU (3a-

SIBOK, COOBITHI) B TIPOMEXYTOK BpeMeHHu (t,t+ At), TO CBOHCTBO CTaIllMOHAPHOCTH
MO’KHO 3anucathb Tak: P, (t,t + At) = P, (At). CranuoHapHOCTb IOTOKa COOTBETCTBY-

€T HEU3MEHHOCTH YCJIOBUM, MOCTOSIHCTBY pabOThI cucTeMbl. B 3ToM ciyyae mioT-
HOCTh (MHTEHCHUBHOCTB) IMOTOKa (CpeaHee Yuciao TpeOOBaHUU B €IMHUIY BPEMEHH)
nocrosinHa: A(t) =const.

[ToTok coOOBITHII Ha3bIBaeTCs MOTOKOM 0e3 MOocJedelCTBHUS, €CIIU BEPOST-
HOCTh TIOSIBJICHUSI Ha JIIOOOM ydacTKe BPEMEHHU TOTO WJIM MHOTO YHCIlia COOBITUN He
3aBUCHUT OT TOTO, KAKO€ YMCIIO0 COOBITHH MOMajo Ha JPYrue y4acTKH, HE TIepeceKaro-
IIMecs C JaHHBIM. JTO CBOWCTBO COCTOUT B TOM, YTO BeposiTHOCTH P, (t,t+ At) He

3aBUCHUT OT MOPSAAKA U MHTEHCUBHOCTH MOCTYTUICHHs TpeOOBaHUHM 1O MOMEHTA 1, T.e.
B TaKOM ITOTOKE TEKYIIHE TPeOOBaHUS MOCTYIIAIOT B CHCTEMY HE3aBHCHMO OT TIPE/I-
IIIECTBYIOMTUX.

[ToToK cOOBITHIF HA3BIBACTCS OPAMHAPHBIM, €CITH BEPOSATHOCTH TOIAIaHUS Ha
AJIEMEHTapHbIH y4acToK At 1Byx wiam Oojee COOBITHH TpEeHeOpeKuMo Maia TIo
CPaBHEHUIO C BEPOSITHOCTHIO MOMAIaHUS OJHOTO COOBITHS. DTO CBOMCTBO COCTOWT B
TOM, YTO TIPAKTUYECKA HEBO3MOKHO OJIHOBPEMEHHOE MOCTYIUICHHWE Ha 00CITyKHBa-

HUe JByX WK Gonee TpeGoBanmii. Eciu 0603HaunTh P (At) BEpOATHOCTH MOCTYII-
JIeHUs B cuUCcTeMy 3a BpeMs At Ooyiee 0fHOTO TpeOOBaHUs, TO ITO CBOMCTBO MOKHO

. P(At)
BBIPA3UTh CleAyOIMM obpazom: |jm———=0
A0 At

OpauHapHbIi MOTOK 0€3 MOCIeACHCTBHUS HA3bIBACTCS MyacCOHOBCKUM. Eciu
coOBbITHSI 00pa3ylOT MyacCCOHOBCKUW IMOTOK, TO YUCIO COOBITUHA M, MaJarouIux Ha
mo0oi  yuactok Bpemenu (t,t+ At), pacnpenmeneno mo 3akoHy Ilyaccona:

m

a _
P, (At) :—Ie 8 rme a — MareMaTH4ecKoe OKHIAHWE YUCIa TOYEK, MOTAIAtOIINX
m!
t+At
Ha y4dacTok (f,t+ At): a= [A(t)dt.
t

Ecnu mnotHocTs motoka A(t) =const, To myacCOHOBCKHI MOTOK Ha3bIBAETCS

“CcTalMOHAPHBIM TyaCCOHOBCKUM ™~ WJIM MPOCTEHIINM MOTOKOM.
B mapkoBckoM ciaydaiiHOM mpomecce BCe MOTOKUA COOBITUH, MEPEBOISAIINE
CUCTEMY U3 COCTOSIHUSA B COCTOSIHUE, SIBIISAIOTCS IIyaCCOHOBCKUMU.



Jlyis mpocTeiiero moToka 4uciao COOBITHM, MOMalalomuX Ha J000H y4acToOK
UMHBL At, pactipeneneno no 3akony Ilyaccona ¢ mapamerpom a = AAt.

Paccrossane T Mexay ABYyMsl COCETHHUMH COOBITUSMHU B MPOCTEHIIEM MOTOKE
€CTh HEIpEepbIBHAS CIIydalHas BEIMYMHA, PACIPEICICHHAs 0 MOKa3aTelIbHOMY 3a-

-t (

KOHY C IUIOTHOCTBIO f(?) = e ¢t >0) u napamerpamu M, = o, = —.

A

[Ipn cymmupoBaHny (B3aMMHOM HAJIOKEHHH) OOJBLIOTO YHCIA OPAUHAPHBIX
CTAallMOHAPHBIX MOTOKOB (TMPU YCIOBUH, YTO CKJIAJBIBAEMbIE MOTOKH OKa3bIBAIOT HA
CYMMY NpPHUOJU3UTEIBHO PABHOMEPHO MajloO€ BIIMSHUE) C MPAKTUYECKU JIIOOBIM IO-
CJIEICHICTBUEM MOIYyYaeTCs IOTOK, CKOJIb YTOJHO OJIM3KUI K POCTEUIIEMY.

Ecnu npoMexyTok BpeMeHu T pacupenelieH IO ITOKa3aTeIbHOMY 3aKOHY, TO
JM00BIE CBEIEHUS O TOM, CKOJIBKO BPEMEHHU YXKE JUIUJICS 3TOT MPOMEKYTOK, HE BIMS-
I0T Ha 3aKOH paclpeleeHus ocTaBuerocs BpeMenu. [lokazaTenbHblid 3aKOH — €IUH-
CTBEHHBIHN, 00J1a/1aI0IIUIA TAKUM CBOMCTBOM.

Ecnu noTok coObITHII HECTALIMOHAPEH, TO €T0 OCHOBHOW XapaKTEPUCTUKOM 5B-
JSIeTCST MTHOBEHHAS TUIOTHOCTh A(1), SIBJISIOMIAsCS MPeNeoM OTHOIICHHS CPEIHETO

qrciaa COOBITHIA, TPUXOSIICTOCS Ha DIIEMEHTAPHBIN ydacTok BpemeHnu (i,t+ At), k
JUTUHE 3TOTO y4acTKa, KOTJa MOCIEIHSS CTPEMUTCS K HYJIIO:
. m(t+ At) —m(t)
A(t) = lim =m'(t),
At—0 At
rae M(t) — MaremaTHyecKoe OXKuIaHue yuciia coobiThii Ha ydactke (0,t).

OpIII/IHapHHﬁ IIOTOK OJHOPOJHBIX COOBITHHM HAa3bIBACTCSA MOTOKOM C orpaHnm-
YCHHBbIM HOCHEHEﬁCTBHeM (I/IJII/I MMOTOKOM HaJ'II)Ma), CCJIN IIPOMCIKYTKH BPCMCHHU
MCKIY IOCICA0BATCIIBHOCTAMUA COOBITHI Tl’ T2, ... IpCaACTaBJIAIOT c0o00li HEe3aBHCH-

MbI€ CIy4YalHbIC BeIMUYNHbI. OUE€BUIHO, IPOCTEUILINAN MTOTOK SABJISECTCS YACTHBIM CIY-
gaeM notoka [lanema, B HeM paccTossHMs T; NPEICTaBIIIOT cO0O HE3aBUCHMBIC

ClIy4ailHple BEJIMUMHBI, PacCIpelesIEHHbIE MO IOKa3aTeJIbHOMY 3akoHy. Hecranuo-
HAPHBIN IyaCCOHOBCKUM ITOTOK HE sBJIsieTCs NOTOKOM [lanbma.

Jlis HecTauMOHApHOro MOTOKa (OpAMHapHOro, 0e3 MmocleAeucTBUs, C mepe-
MEHHOH TUIOTHOCTBIO A(t)) 3aKOH pacmpeneicHus MPOMEXyTKa BpeMeHU I MEexIy

COCETHUMH COOBITUSIMU BBIpAXaeTcsl MJIOTHOCTHIO pacIpeleIeHUs B BUJIE
to +t
fi, (1) =A(to +t)exp| — [A()dt| (t>0).
to
IMoToxkoM DpJanra K-ro mopsiika Ha3bIBacTCs IMOTOK, MOJTy9IaeMbIi U3 MPO-
CTEUIIero myTeM “‘pa3pexeHus’, T.e. eciau coxpaHuTh kKaxayw (K +1)-1o Touky, a

ocTajbHbIe yAATUTh. O4eBUIHO, TPOCTEHIIINI MOTOK MOYKHO paccMaTpuBaTh KakK IO-
TOK DpJiaHra HyJIEBOTO MOPSIKA.
[Tpu yBenuuenuu nopsiaka kK (k=0,1,2,...) (1 OZTHOBPEMEHHOM yMEHBIIIE-

HUU MaciiTaba 1o ocu t, gemenuem Ha K +1) moTok DpiraHra NpuOIMmKaeTCs K pery-

1
JEIPHOMY IMOTOKY C MMOCTOSIHHBIMH MHTCPBAJIAMH, paBHBIMU ;



Ecan P”(k) — BEPOATHOCTHh MEPEXOJa CUCTEMBI U3 COCTOAHUA X; B COCTOAHUE

Xj Ha K -M mare, To BEpOATHOCTDb TOIro, 4T0 CUCTEMA X 6y,H€T HaXOOdHUTBCA ITOCJIC k

IIaroB B COCTOAHUU X; BbIpaXXacTCHd q)OpMy.IIOI/I:

4 k
Pik)=YP(k-)PY; i=1n.
j=1

I/IHI[I/IBI/II(yaJILHLIe 3aganud mo teme Ne 9.
«IloctpoeHrne MapKOBCKUX CETEBBIX MOAEIICH

[To onmcanuto cUCTeMbl (Mara3uH, 3alpaBoOYHasl CTAHIINS, PEMOHTHOE MPEINPHUITHC)
U JTAHHBIM TI0 CpETHEMY BPEMCHH TEX WJIM MHBIX IMPOIIECCOB TPEOYEeTCs CTCTaBHTH
Mapkosckyto mozaenb CMO.



IIpakTuyeckoe 3ansitue Ne 10.
«[loctpoenune cucremsl quddepeHunansHbix ypasHeHuit Konmoroposa. [lonsarue
IIPENEIBHBIX BEPOATHOCTEN COCTOSTHUI)

JIJis onrcaHusl CIy4YaifHOro Tporiecca, MPOTEKAIOIIero B CUCTEME C JTUCKPET-

HBIMH COCTOSHUSAMU Z,...,Z,, YacCTO IOJB3YIOTCA BEPOATHOCTAMHU COCTOSHUU

Py (t), R (), ..., P,(t), toe B (t), (k :ﬁ) — BEPOSATHOCTh TOTO, YTO B MOMEHT t cu-
creMa OyJieT HaXOJUTHCS B COCTOSIHUH Z .

n
OueBugno, uto Y R (1) =1.
k=0

Ecnm nipouiecc, mpoTeKaeMblid B CUCTEME C JUCKPETHBIMH COCTOSIHUSIMU U HeE-
MPEPBIBHBIM BPEMEHEM, SIBISICTCS MAPKOBCKHM, TO i1 BEPOATHOCTEH COCTOSIHUU

P, (t), (k=0,n) MOXHO COCTAaBUTH CHCTEMY JHHEHHBIX AU(PQEPEHIHATBHBIX yPaB-

Henuii Konmoroposa.

Ecnu umeercs pasmeueHHbll Tpad coctostHuil (puc.4.3) (371ech HaJ Kaxaou
CTPEJIKOM, BEAYyLIEH U3 COCTOSTHUS B COCTOSIHUE, IIPOCTaBIEHA NHTEHCUBHOCTD MOTO-
Ka COOBITH, MEPEBOJAIIETO CUCTEMY U3 COCTOSIHUS B COCTOSHUE 1O JAHHOM CTpel-
Ke), To cucreMy auddepeHnnanbHbIX ypaBHEHUN Ui BepositHocTe B (1) MoxxHO

Cpa3y HaIMCaThb, IMOJIL3YACH CICAYIOIIUM IIPOCTHIM IIPABUJIOM.

B neBoi yactu KaXXIO0I0 YpPaBHCHHUA CTOUT IIPOU3BOAHAA ,dB HpaBOfI

dR (t)
dt
YaCTH — CTOJIBKO YJIEHOB, CKOJIBKO CTPEJIOK CBSI3aHO HEITOCPEICTBEHHO C JIaHHBIM CO-
CTOSIHUEM; €CJIM CTPEJIKa BEIET B JIAHHOE COCTOSHHE, YWIEH UMEET 3HAK IUIIOC, €CIIN

BEJIET U3 JAHHOTO COCTOSIHUS, YJIEH UMEET 3HaK MUHYC.

Kasx b1t usieH paBeH MIIOTHOCTH TTOTOKA COOBITHIA, EPEBOISAIIETO CUCTEMY
10 JTAHHOW CTPEJIKE, YMHOKEHHON Ha BEPOSTHOCTH TOTO COCTOSIHMSI, U3 KOTOPOIO MC-
XOJIUT CTpPEJIKA.

HavanbHble ycrnoBus s HHTETPUPOBAHUS OTPAXKAIOT COCTOSIHUE CUCTEMBI
B HavyaJbHbIM MoMeHT. Ecnu, HanpuMmep, cucreMa npu t =0 Oblna B cOCTOSIHUU Z;

TO MOJIATal0T
P(0)=1 R (0)=0 (k=i).

IIpeneabHBIM peXMMOM JIJI1 CUCTEMbl X Ha3bIBACTCS CIy4ailHBIN MpoIlecc,
YCTAHABIIMBAIOIIMKCS B cucteme npu t —oco. Ecnyu B yuciie COCTOSHUN CUCTEMBI
HMMEIOTCSI COCTOSIHUSI 0€3 BbIXOJa, TO MpU t —> o0 cucTtemMa ¢ MPaKTHYECKOU JOCTO-
BEPHOCTHIO OKXKETCS B OJTHOM M3 HHUX.

Ecnu Bce NOTOKH COOBITUM, IEPEBOJIAILIME CUCTEMY U3 COCTOSIHUSI B COCTOSIHUE,
craioHapHbl (A; =Const), o01ee Y1cao COCTOSHII KOHEYHO U COCTOSTHHN 0e3 BBI-

XO/la HeT, TO MPENEeNbHBIA PEeXUM CYIIECTBYET U XapaKTepPH3yeTcs MpeaebHBIMH
BeposiTHocTsimu B, (k =0,n).



NuauBuayaabHblie 3aaanus mo teme Ne 10.
«IToctpoenune cuctembl auddepenimaibubix ypaBHeHut Kommoroposa. [lonstue
MMpCaACIbHBIX BepOHTHOCTGﬁ COCTOSTHUI

Jlns nonmyueHHoi B mpeasiaymieit Teme mogaenun CMO coctaButh cuctemy nudde-
peHIHAIBbHBIX ypaBHeHUN Konmoroposa. Haitu npenenbHble BEPOSITHOCTH COCTOS-
1502078



IIpakTnueckoe 3ansaTue Ne 11.
«IlocTpoeHne MOJENH U ONpeiesIeHne OCHOBHBIX Xapakrepuctuk CMO ¢ oTkazamm»

Knaccudukanuio mupokoro paznooopasusi CMO MOXHO MpPOBECTH MO pas-
JUYHBIM TIpU3HaKaMm (1adm.4.1).

CucremMbl MaccoOBOTO OOCIYKMBAHMS C OKHJIAHMEM OBbIBAIOT PA30MKHYTBHIE U
3aMKHYyThIe. Pa30MKHYyTas1 (OTKpPBITasi) CHCTEMA — 3TO CUCTEMA C HEOTPAHUYEHHBIM
MCTOYHHUKOM MOTOKa TpeOOBaHMI (Hampumep, MOKyIMaTeId B Mara3uHax, acCcaxuphbl
B METPO | T.1.).

3amMKHyTasi — 3TO CHUCTE€Ma, B KOTOPOW MOTOK TpeOOBaHWUN OrpaHuyeH. 3a-
MKHYTBIE CUCTEMbI OOCITY>KMBAIOT KOHEUYHOE uncio TpeboBanuii. Kak Tonpko Tpedo-
BaHMSI OOCITY>KEHbI, OHU BO3BPAILAIOTCS B HICTOYHUK (pHc.4.2).

3agauM Takoro THUIAa YacTO BCTPEUAIOTCA MPH AKCIUTyaTalluu MaiiuH (00opy-
JIOBaHMs), KOTJa OTPEMOHTHPOBAHHbBIE MAIIMHBI BO3BPAILAIOTCS B LIEX U CTAHOBSTCS
MCTOYHHKOM HOBBIX TPEOOBaHUM.

VICTOUHUK KaHagker

TpeGoBanuA Ouepensb oBCHyXMBaAHUS

A 4
A 4

BbIX0aHOH MOTOK TPeOOBAHMA

Puc. 4.2. Cxema paboThl 3aMKHYTBIX CHUCTEM

CMO mna3bpIBacTCsS CHCTEMOI ¢ 03KHJIaHHUEM, €CJIM 3asBKa, 3acTaBIlas BCE Ka-
HaJIbl 3aHSATHIMH, CTAHOBUTCSA B OYEepedb W JKJET, MOKa HE OCBOOOJUTCS KaKOM-
HUOYIb KaHA.

Ecnu oxxupanue 3asBKU B OY€pEId HUYEM HE OTPAHUYEHO, TO CUCTEMA HA3bI-
BAETCAd “4HCTOM CHUCTEMOM C OXKHMJAAHMEM WIM C HEOrPAaHWYCHHBIM OXKHIAHUEM.
Ecnu oxuganve OorpaHMY4eHO KaKUMH-TO YCIIOBHSIMHM, TO CUCTEMa Ha3bIBACTCA ‘‘CH-
CTEMO# CMEMIAHHOI0 THIA . DTO NPOMEKYTOUYHBIM CIydaill MEXKIy YMCTOM CHUCTeE-
MO C OTKa3aMHu U YMCTON CUCTEMOM C OKHMJIaHUEM.

OrpanuyeHusi, HAJIO)KEHHbIC HA OXXHJIAHUE, MOTYT OBITh PA3JIMYHOTO THIIA.
YacTo ObIBaeT, 4TO OrpaHMYCHUE HAKIAABIBACTCS HA BpeMS OXKHIAAHUS 3asIBKH B O4e-

penu, T.e. OHO OIPAaHMYEHO CBEPXY KAKMUM-TO CPOKOM 7',,,., KOTOPBI MOKET OBbITh

KaK CTPOro OMNpeAeTCHHBIM, TaK U CIydalHbIM. [Ipu 3TOM OorpaHUyYMBaETCs TOJBKO
CPOK OKHMJIaHUS B OYEPENIH, a HaYaToe 0OCITyKMBAHUE JOBOJIUTCS /10 KOHIIA, HE3aBU-
CUMO OT TOTO, CKOJIbKO BPEMEHM MPOJ0JDKAIIOCh OXKUJaHUE (HAmpuMmep, KIUEHT B
MapuKMaxepCcKoM, CEB B KPECI0, OOBIYHO yKE HE YXOIUT A0 KOHIA OOCITYyKUBAHUSA).



B npyrux 3agagax BO3MOYKHO OTPAaHWYEHHE HE HA BPEMsI OKHUJIAHUS B OUEPEH,
a Ha o0uiee BpeMs NpeObIBaHUs B cUCTeME (HanmpuMep, BO3AYLIHAS II€JIb MOXKET Mpo-
OBITH B 30HE CTPENbOBI JIMIIL OTPAaHUYEHHOE BpPEMs U MOKUAAET €€ HE3aBUCHUMO OT
TOT0, KOHYMJICS 00CTpen WK HeT). YacTo BCTpevaroTcss OrpaHUYEHUs Ha JUIMHY OYe-
penu, T.e. 3asiBKa CTAHOBUTCS B OYEpEb TOJBKO B TOM CIIy4ae, €CJIM JUIMHA OYepeau
HE CJMIIKOM BEJHMKa (TOProBbI€ MPEANPUATHS, PEMOHTHBIE MACTEPCKHE C OTpaHU-
YEHHBIMU TUIOIIASAMU U T.I1.).

NuauBuayanbHblie 3aaanus mo teme Ne 11,
«IlocTpoeHne MOJEeNH U OnpeiesieHne OCHOBHBIX XapakTepuctuk CMO ¢ oTkazamm»

JI1st nocTpoeHHOM B pazzaene 9 moaenu Haltu xapakrepuctuku CMO ¢ oTkazamu.



IIpakTuyeckoe 3ansitue Ne 12.
«IlocTpoeHne MOJENH U ONpeieSIEHuE OCHOBHBIX XapakTepucTuk CMO ¢ KOHEUHBI-
MH 1 OSCKOHECYHBIMH o4uepeasiMn»

Ecnu o6cnmy)uBanue Npou3BOAUTCS MOITAIHO HEKOTOPOH MOCIEA0BATEIIbHOCTHIO
KaHaoB, TO Takyto CMO Ha3bIBatoT MHOTO()a3HOM.

B CMO co «B3anMONOMOIIBIO» MEXIy KaHAJIaMHU OJIHA U Ta K€ 3asBKa MO-
KET OJJHOBPEMEHHO O0CIIy)KMBaThCsl ABYMs M Oosee kaHanamu. Hampumep, onuH u
TOT 7K€ BBILLIEAIINN U3 CTPOsI CTAHOK MOTYT OOCIIy>)KUBaTh JiBa pabouux cpasy. Takas
«B3aMMONIOMOIIIbY» MEXAY KaHaJaMHU MOYKET MMETh MECTO KaK B OTKPBITBHIX, TAK U B
3aMKHYThIX CMO.

B CMO c¢ omn0kamu 3asiBKa, IpUHSTAs K 00CITyKMBaHUIO B CUCTEME, 00CITY-
JKUBAETCS HE C MOJIHOM BEPOSATHOCTBIO, 4 C HEKOTOPOM BEPOATHOCTBIO P #1; npyru-
MU CJIOBaMH, MOTYT UMETh MECTO OIIMOKHU B OOCIYKMBAHHUH, PE3YIHTATOM KOTOPBIX
SBJISIETCS TO, YTO HEKOTOpbIe 3asiBKH, nomeAnre CMO u SKoObl «00CTY>KEHHBIEY, B
JEMCTBUTENBLHOCTH OCTAIOTCS HE O0CITYKEHHBIMU U3-3a «Opakay B pabore CMO.

[TpumepaMu TakUX CUCTEM MOTYT OBITh: CIIpaBOYHBbIE OIOPO, MHOI/IA BBIIAIO-
1€ HENPaBWIbHbIE CIIPABKU U yKa3aHUs; KOPPEKTOP, MOTYLIUI MPOIyCTUTh OLIUO-
Ky WIM HEBEPHO €€ UCIPaBUTh; Teie(OoHHAs CTaHLUsA, UHOT/Aa COequHsIomas ado-
HEHTa HE C TEM HOMEPOM; TOPrOBO-IIOCPETHUYECKHE (PUPMBI, HE BCET/1a KAU€CTBEHHO
U B CPOK BBITNOJHSIONINE CBOU 0053aTeIbCTBA, U T.JI.

Jnsa ananmusa mpouecca, nporekaromero B CMO, cyniecTBEeHHO 3HATh OCHOB-
Hble MapaMeTpbl CHCTEMbI: YUCJIO KaHAJIOB N, HHTEHCHUBHOCTh MOTOKA 3a8BOK A,
MIPOU3BOAUTENILHOCTh KaXJI0r0 KaHana 4 (CpelHee Ynciio 3asBOK, OOCIYKUBAEMOE B

EAMHUITY BPEMEHU KaHAJIOM), YCIIOBUS 00pa3oBaHus OYepeld, MHTEHCUBHOCTh yX0/1a
3asBOK U3 OUYE€PEAUN MU CUCTEMBI.

A«
OtHomenne K, =—=— Ha3bBaloT KO3Q(PULMEHTOM 3arpy3Ku CHCTEMBI.
un n

YacTo paccMaTpUBarOTCs TOJIBKO TAKUE CUCTEMBI, B KOTOPbIX K, <1.

Bpewms oO0cnyxkuanusi B CMO MoeT ObITh KakK CIIy4ailHOM, TaK U HE CIy4ai-
HOW BennuuHOW. Ha mpakThke 3TO BpeMsl 4alle BCEro MPUHUMAETCS PACIPEICIICH-

_ 1
HBIM I10 TTOKa3aTelIbHOMy 3aKkony f(t) =™ (t>0), pu=—

06¢
OcHoBHbIe XapakTepucTukd CMO CcpaBHUTENBHO MAJIO 3aBUCAT OT BHJIA 3aKO-
Ha pacnpeiesieHUs] BpeMEHH OOCITYy>KMBaHHUSI, a 3aBUCST TJIaBHBIM 00pa3oM OT Cpe/l-

Hero 3HaveHus f,;.. [109TOMy 4acTo MoJB3yHOTCS NOMYIIEHHEM, YTO BpeMs o0ciy-

YKUBaHUSA PACIIPEIEIICHO I10 [T0KA3aTEIbHOMY 3aKOHY.

JlonymeHuss 0 MyacCOHOBCKOM XapakTepe IOTOKA 3asBOK M IOKa3aTeJIbHOM
pacrpe/ieieHud BpeMEeHH OO0CIyXHBaHHMsI (KOTOpble MbI OyJeM Mpearnoiararh
BIIPE/b) LEHHBI TEM, YTO MO3BOJIAIOT MPUMEHUTH B TEOPUU MACCOBOIO OOCITY>KHBa-
HUs annapaT TaKk Ha3bIBa€MbIX MAPKOBCKHUX CIyYalHBIX ITPOIIECCOB.



O¢ddexTuBHOCTH cucTeM 00CTYKHMBAaHUSA B 3aBUCHUMOCTH OT YCJIOBUH 3a1ay U
LeJIe MCCIEeNOBaHMUsI MOXKHO XapaKTepHU30BaTh OOJBIIMM YHCIOM Pa3HBIX KOJIWYe-
CTBEHHBIX ITOKA3aTEIIEH.

Hanboinee 4acTo MPUMEHSIOTCS CIEIYIOIIUE MOKA3ATEIH
1. BeposTHOCTB TOr0, 4TO OOCIIy)KUBAaHUEM 3aHATH K KaHa)IOB — B .

YacTtHpIM CIIy4acM ABJIICTCA PO — BCPOATHOCTDL TOI'0, YTO BCC KaHAJIbI CBO6OIIHI>I.

2. BeposTHOCTB 0TKa3a 3as4BKH B 00cimykuBanuu P, . .

n
3. Cpennee uucno 3aHAThIX KaHamoB N, = ) kP, Xxapakrepusyer cTeneHb 3a-
k=1
I'PY3KH CHCTEMBI.

4. CpeaHee 4uCIIO KaHAJIOB, CBOOOIHBIX OT 00CTY>KUBaHUS:

n-1
Ny=2(n—-k)P,=n-N,.
k=0

N
5. KosgpuumeHt (BeposiTHOCTh) IPOCTOs KaHaios P, , = —
n
6. Koapumuent 3arpy3ku 060pynoBanus (BEpOSITHOCTh 3aHATOCTH KaHAJIOB)
N
P,=—".
n

7. OTHOCHUTEIBHAS IIPOITYyCKHaA CITOCOOHOCTH q — cpeansa q0J11 MOCTYIIMBIINX

3asiBOK, 00CITyKHUBaeMasi CHCTEMOH, T.€. OTHOIIIEHNE CPEAHETO YHclia 3asBOK, 00CIy-
’KUBAEMbIX CUCTEMOH B €IMHUILY BPEMEHHU, K CPEHEMY YHUCITY MOCTYHAIOUX 3a ATO
BpeMs 3asBOK.

8. AOcotoTHasi MPOIMYyCKHAas CIOCOOHOCTh A, T.e. YMCIO 3asBOK (TpeboBa-
HUI), KOTOPOE MOXKET OOCTY>KUTh CUCTEMA 32 €IMHUILY BPEMEHHU:

A=11-P,,.)=1q.
9. Cpennee BpeMst POCTOs KaHaa
£, == 1>
HP,
JIJ1s cHCTEM € 03KMIAHMEM HCTIONB3YIOT IOMOJIHUTEIFHO XapaKTEPUCTUKH:

10. Cpennee BpeMs oxxuaanus TpeboBaHUM B ouepenn

ooic*

11. Cpennee Bpems npeObiBaHus 3asi8ku B CMO 1, =1, +1,5,.
12. Cpennsist nnuHa ouepenn N, =Af ..

13. Cpennee uucio 3asBok B chepe odcayxkuBanus (B8 CMO)

o0
N.=> kP =N, +N, =Af. .
k=1
14. BepoaTHOCTh TOTO, YTO BpeMsi NpeObIBaHUS 3asiBKM B O4Yepenud HE Mpo-
JUTATCSI OOJIBINE ONIPEICTICHHOTO BPEMEHHU.
15. BeposiTHOCTh TOTO, YTO YKCIIO TPEOOBAHUM B OUEPEIU, OKUIAIOIIUX Hava-
Ja 00CITyKMBaHUs, OO0JIbIIIE HEKOTOPOTO YHCIIA.
Kpome mepednciieHHbIX KpUTEPUEB MPU OICHKE 3(PPEKTUBHOCTH CUCTEM MO-
T'YT OBITHh UCIIOIH30BaHbI CTOUMOCTHBIE MOKA3aTeJIN:
C,; — CTOMMOCTB OOCITy’KMBAaHUS KaKIA0T0 TPEOOBAaHHS B CHCTEME;



C ooe — CTOUMOCTD IOTEPb, CBA3AHHBIX C OXKUAAHHUCM B CIMHUILY BPCMCHHU,

C,, — CTOMMOCTb YOBITKOB, CBSI3aHHBIX C yXOJIOM TPEOOBAHMI U3 CUCTEMBI,

C x — CTOMMOCTD SKCIUTyaTalluu KaHajla CUCTEMbI B CIMHUIY BPEMCHU,
CnK — CTOMMOCTDb CAUHUIBI IIPOCTOA KaHaJ1a.

[Tpu BBIOOPE ONTUMAIBHBIX IAPAMETPOB CUCTEMBI I10 SKOHOMHYECKHM MOKa3a-
TEJISIM MOKHO UCIIOJIb30BATh CIEAYIOIYIO (DYHKIMIO CTOUMOCTH NOTEPh:
a) AJIsl CUCTEM C HEOIPAaHUYEHHBIM OXKHJAHUEM
¢, =C,N,,+C, Ny+C.N )T, rne T —uHTEpBaJI BPEMECHHY,;
0) s cucrem ¢ otkasamu C, =(C N, +C, N, +C P, )T,

y* omk

B) st ememansbx cucreM C, =(C, Ny +C,,.N,, +C N, A+C N )T .

0JiHC™ " o4
BapuanTsl, B KOTOpBIX MpEAyCMaTpUBAECTCS CTPOUTEIHCTBO (BBOJA) HOBBIX
AIIEMEHTOB CHCTEMBI (HampuUMep, KaHaJoB OOCITYXHMBaHHUs), OOBIYHO CPAaBHUBAIOTCS
10 HpuBeACHHBIM 3atpatam C,, .

[IpuBeneHHbIE 3aTpaThl O KAXKIOMY BAapUAHTY €CTh CyMMa TEKYLIUX 3aTpaT
(ce0ecTOMMOCTH) U KalUTalIbHBIX BJIOKEHUW, IPUBEIEHHBIX K OJAMHAKOBOM pa3mep-
HOCTU B COOTBETCTBUU C HOPMATUBOM 3(PPEKTUBHOCTH, HAIIPUMED:

C,p =Ch + E,Cy,, (IpHBEICHHBIC 3aTPATHI 32 TOL);

C,, =CyT, + Cy, (IpHBECHHBIC 3aTPATHI 33 CPOK OKYITaeMOCTH),

Kan
rie  C, — TeKylue 3aTpathl (CE0ECTOMMOCTD) 110 KaXI0My BApUAHTY, P.;
E, — oTpacneBoii HOpMaTUBHBIN K03(pPULIMEHT 3KOHOMHYECKON 3((PEKTUBHO-
CTH KalMTaNbHBIX BIOKeHu (00brano E, = 0,15 - 0,25);
CKCZ
T, — HOpMaTUBHBIN CPOK OKYIIAEMOCTH KaIIUTAJIBHBIX BJIOKCHUH, JIET.

n — KAlIUTAJIBHBIC BIIOKCHUS 110 KAXKIAOMY BapHUaHTY, D.;

Beipaxenne C,,, +C, T, ecTh CymMMa TEKyIIMX M KalUTAIbHBIX 3aTpar 3a

ompeeeHHbIA Tiepuol. X Ha3pIBalOT MPUBEIEHHBIMH, TaK KaK OHM OTHOCATCS K
(UKCUPOBAaHHOMY OTpPE3Ky BpEMEHH (B JAHHOM ClIy4ae K HOPMAaTUBHOMY CPOKY OKY-
MMaeMOCTH).

Hokazarenn C, u C,, MOTYT NPUMCHSTBCS KaK B BU/IC CyMMBI KallUTaIbHBIX

BJIO)KEHHM M ce0eCTOMMOCTH TOTOBOM MPOAYKLHMHU, TAK U B BUJAE yAeJbHBIX KANH-
TAJbHBIX BJIOKEHMI Ha €IMHULY NPOAYKIUU U CEOECTOMMOCTU €IUHULbI MPOAYK-
LIAH.

NuauBuayaabHbie 3a1aHusi o Teme Ne 12,
«ITocTpoenne Mozeny u onpeaeIeHue OCHOBHBIX XapakTepucTUK CMO ¢ KOHEUHBI-
MU 1 0€CKOHEUHBIMHOYEPEIIMU

JI1st nocTpoeHHOM B pazaene 9 monenu Halitu xapakrepuctuku CMO ¢ ouepeasimu.



IIpakTuyeckoe 3ansitue Ne 13.
«IlocTtpoeHne MOJENH U ONIPENEIEHNE OCHOBHBIX XapaKTEPUCTUK 3aMKHYThIX CMO,
PCIICHUE OIITUMU3AIIMOHHBIX 3a4a9»

IIpumep Ha cranuuio Tekyiiero peMoOHTa aBTOMAlIMH MOCTYIAET MPOCTEH-
M TOTOK 3asiBOK ¢ UHTEHCUBHOCTHhIO A =0,5 Mamuubl B yac. Umeercst oiHO T10-

MEILIeHHE ISl peMOoHTa. Bo IBope cTaHIIMK MOTYT OJJHOBPEMEHHO HAXOJIUThCS, OXKHU-
nast B oyepeu, He Oosee Tpex MamuH. CpegHee BpeMs peMOHTa OJTHOM MaIluHEL 2 4.
JItst yydmieHus: o0Cy>KUBaHuS ObBUTH CIIeTIaHbI IBa MPEIOKCHUS:

1) TOMOJHUTENBHO MOCTPOUTH OAHO MOMEIICHHUE JJIsl PEMOHTA;

2) IOMOTHUTEIBHO TOCTPOUTH JIBa MOMEIICHUS JJIsl PEMOHTA.

CTpoHTENbCTBO OJHOIO NMOMEMICHMS Uil peMOHTa aBToMamuH ctouT 200
ThIC.p. [loTepu OT 0TKa3a B CBOEBPEMEHHOM OOCITYKHBAaHUHU OJTHOM MAaIlTMHBI COCTaB-
ast0T 400 p./rox. IToTepu oT mMpocTost OHOTO MOMeEIIeHUs (KaHaaa) cocTaBisoT 20
p./4. I3 Tpex BO3MOXXHBIX BapHaHTOB CHCTEMbI (OJHO, JBA, TPH MOMEIICHHUS) HEOO-
XOJIUMO BBIOpATh JYUIIMH IO KPUTEPHUI0O MHUHUMAJIBHBIX IPHUBEACHHBIX 3aTpaT
(Ey =0,2).

Pemrenne. Bce BenmumHbI IpUBEAEM K TOJAOBOMY HEpUOAY BpeMeHH. Mmeem
0,5 moctyruieHuit (3aBOK) B 4ac, CIe0BaTeNbHO, 3a CYyTKH ux Oyaet 24-0,5=12, a 3a
roa 12:365=4380. Imeem CMO cMmeniaHHOTO THUIIA ¢ OTPAHUYECHUEM I10 JIJIMHE OYe-
peau. Ee xapakrepuctuku: A=0,5; u=0,5 a=A/u=1;, m=3; n=1.

1. Onpene.JmM BEPOATHOCTH OTKA30B B paCCMaTpUBaCMbIX CIIydasiX:

n ml o, k nom s
a) n=1: PomK:Pn+m:a_(g) Za_-l'a_Z(gj # 092;

T 14143

n! \ n i—o k! n! ;S\ n
116 1
6) N=2:P =P, .= — — —0,021:
) ome T A3 T 141412 +14+18+116 47
1/162 1

B)n=3: P, =P;4= 0,0022.

1+1+22+16+1/6(1/3+1/9+1/27) T a5

2. OnpeaesuM MPOCTON CUCTEMBI:

-1
n X " e’

ayn=1:P =P =|>—+—>|— =0,2.

: O PN T zl(nj

I"onoBoii honx paboyero BpemeHu coctaBut 7, = 36524 =8760.

[Ipocrtou 3a rox coctaBsat 8760-0,2 = 1752 u.
06) N=2. 3aech MpoCTOM MOMENIEHUN 3a TOJ OyJIyT CKIIaIbIBATHCSA CIEIYIO-
wum obpasom: T, = (2P, + P)T,,.
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Mveew Py=_2=034; B = %R) =0,34.

[Totepu 3a rox coctaBsat 8760-(2:0,34 + 0,34) = 8760-1,02 = 8935 u.
B) N =3. [Ipoctou 3a roja B 3TOM ciy4yae OyayT paBHBI

445 1% 445
2
=% R =B 1 760 .(3 162 2-162 81 ): 891-8760 .,
2" 445 445 445 445) 445

Koneunsie pe3ynbTaThl pacyeToB cBeaeM B Ta6:.4.10.

Pe3ynbraTel penienus 3aaadu

Tabnumua 4.10

Kon-Bo | Bepo- |IIpoctom | Komu- |Ilorepu |Ilorepu | domon- | [Tpuse-
rnome- ATHOCTbH | IOMENIE- | YECTBO | OT OTKA- | OT MPO- | HU- JICHHBIE
HIEHUA | OTKa3a | HUM 3a OTKa30B | 30B 3a CTOEB TE€Ib- 3aTpa-
Uit pe- | B 00- rom, 4. 3aron | rox, pyo. | mome- HBIE 3a- | THI,
MOHTa CITYKH- HIeHW#, | TpaThl, | pyo.
BaHUU pyo. pyo.
1 0,20 1752 876 350400 35040 0 385440
2 0,021 8935 93 37200 178700 | 200000 | 255900
3 0,0022 | 17540 9,64 3856 350800 | 400000 | 434656

B]:IBOII: ueﬂecoo6pasH0 HMCTD JIBa IOMCIICHUA IJIA PCMOHTA.

NuauBuayaabHbie 3a1aHusi mo Teme Ne 13,
«ITocTpoeHue Moaenu U ONpeaeICHUE OCHOBHBIX XapaKTepUCTUK 3aMKHYThIX CMO,

PCIICHUEC ONITUMHU3ALIMOHHBIX 3a1a9)»

JJist paHee pacCMOTPEHHOMU 3a/layi BHIOpaTh ONTUMAILHOE KOJWYECTBO KaHAIOB 00-
CITYKUBaHUSI



IIpakTnueckoe 3ansaTue Ne 14,
«IlocTpoenne monener MAaTpUYHBIX UT'P, IIOUCK ONITUMAJIBHBIX CTPATETHIDY

Kaxxap1it u3 urpokoB BMeeT cBOi HaOOp cTparteruil. PaccMoTpuM cuTyanuio B 00111emM
Bujie. Ilycts urpoky A 1OCTYmHO M cTpaTeruii, KOTopsle 0003HaYuM Kak Az, Az, ...,
Am. CoOTBETCTBEHHO UTPOKY B mocTyImHO N cTpareruii, KOTopeie 0003HaYMM Kak Bi,
B2, ..., Bn. Takum 06pazom nepBbIil HTPOK MOKET BHIOPATh OJJHY M3 CBOMX CTPATETHil
Ai, 1<i<m, a BTOpoO#i — 01HYy U3 cBomx crpareruit Bj, 1<j<n. Mcxom urpst Takum 00-
pa3om OyJIeT 3aBHCETh OT Maphl CTpaTeruid, BEIOpaHHBIX Hrpokamu — (Ai, Bj).
PaccmotpumM Bce Bo3MoskHBIE Maphl cTparerwit (Ai, Bj), i=1,...,m, j=1,...,n. Kaxnou
U3 HUX [IOCTaBUM B COOTBETCTBUE BBIUTPBILI IEPBOTO UTPOKA aij, BRIUTPHIII BTOPOTO
BCETJ1a MOYKHO HalTH Kak bjj=aij, Habop Mxn Takux 3HaueHMi U 00pa3yeT MaTPHUILy
UTPbI, KOTOPYIO TaK)KE€ HA3bIBAIOT IUIATEXHON MaTpULIEH.
Martpuiia Urpsl MOKET OBITh MPECTaBIICHA MO0 B BUJI€ TAOIUIIbI, JIMOO B BUJIE MaT-
punpl. Tabnuia UCTIONB3YETCS B OCHOBHOM TOT'/1a, KOT/IA UTPY VIS pEeUIeHUs Ipeo0-
pPa3yloT U YNPOIIAKOT, T.€. HOMEpPA CTPATETMd MOTYT UJITH HE 110 OPsAAKY. OHa BbI-
[JISIAUT CJIEAYIOIM 00pa3om

Tabsuua 2.1. O6mumii BUA MaTpuLbl UTPBI

Bi| B: B> B

Ai
A1 all ai2 v din
A2 az1 azo ee aon
Am am]_ amz coe amn

Jist yripoliieHus, HapuMep NPy 3alicy YCIOBHM 3a1a4uu, Ta )K€ UTPa MOXKET ObITh
3amnucaHa B BUJE OOBIYHON MaTPHUIIbI, HATPUMED:

a; Q, -
Ay 8y Ay,
Apy  Qpp Qg

PaccMOTpUM HECKOJIBKO MPUMEPOB UTP.

Ipumep 1. «B kaxoii pyxke? ». Urpok A 6epET MOHETY U MpsUeT e€ B IPaBOM UJTU
neBoM Kyiake. Urpok B noipkeH yranars, B Kakol pyke MoHera. Eciu oH yragani, To
BbIUTpall 1 pyOsb (a Urpok A 3TOT pyOIib poUrpai), eciv He yragan, To 1 pyonb Bbl-
urpait urpok A. CTpoum Iu1atexHyro MaTpuiy. Mirpa cocTouT Bcero u3 AByX JUYHBIX
XOZIOB. Y UTpoKa A aBe cTpareruu: A1 — B3sTh MOHETY B IIPaBYIO PyKy; A2 — B JIEBYIO.
VY urpoka B Toxxe nBe crparerun: B1 — Iokasarb Ha IpaBylo pyKy; B2 — Ha jeBylo.
[Tomywaem urpy 2x2, e€ Marpuia UMEET BU:

Bj B B>

Aj
A1 -1 1
A2 1 -1




Ilpumep 2. «Kamenw, Hoorcnuyst, 6ymaeayr. Kaxapiii u3 urpokos A u B onHoBpe-
MEHHO U HE3aBUCUMO OT JIPYTOT0 MOKAa3bIBAET PYKY, CIOKEHHYIO B OJJHY U3 YIIOMSIHY-
THIX BbIIIE GUTYP. BEIUTPHINT onpenenseTcs mo CIeAyIoIe cxemMe: KaMEeHb TyITUT
HOXKHUIIBI, HOXKHUIIBI PEXYT Oymary, Oymara 3aBopaurBacT KaMmeHb. BeIMrphIn 1aét
urpoky +1, mpourpsi —1. Ecau 06a urpoka mokasaim olMHAKOBEIE (GUTYPBI, TO «HU-
4bs», TO ecTh 0. Takum 00pa3oM Kak/Iplii UTPOK UMEET 1o Tpu cTpaterun. O603Ha-
YUM UX OJIMHAKOBO: A1 M B1 — KaMeHb, A2 1 B> — HOXHUILIBI, A3 1 B3 — Oymara. Mart-
pHLIa UTPBI B UTOTE TPUMET BHI:

B;j B B> Bs
Aj
A1 0 1 -1
A> -1 0 1
A3 1 -1 0

IIpumep 3. «Ilamwb nanvyes». Kaxapiil u3 UrpokoB A u B oqHOBpEMEHHO U He3a-
BHCHUMO OT JPYTOro nokKa3blBae€T OT OJTHOTO A0 IMATH najbleB. [logcunTeiBaeTcs ux
CyMMa, TToKa3aHHasi urpokaMu. I1o uucio ot 2 0 10. Ecnu obmiee uncno manbiies
YETHOE, TO BBIUTPHIBAET UTPOK A, €clid HeYETHOE, TO B. UNCIIEHHO BBIUTPHIII PABEH
CyMMapHOMY YMCITy MOKa3aHHBIX NaJiblieB. [TocTpouM Marpuily urpsl. Y KaxxJI0ro
WTPOKA IO IATh CTPATETUi — MOKa3bIBaTh 1, 2, 3, 4 wimn 5 mansues. [lycte HOMED
CTpAaTETUH PABHAECTCA KOJWYECTBY NaJbIIEB, TOKa3bIBAEMOMY JaHHBIM UTPOKOM. [1o-
Jy4aeTcs urpa Sx5, MaTpuia KOTOpOrd UMEET BUL:

Bj B B> B3 By Bs

Ai
A 2 -3 4 -5 6
A -3 4 -5 6 -/
As 4 -9 6 —/ 8
Aq -9 6 —/ 8 -9
As 6 7 8 -9 10

Teneps paccMoTpuM OoJiee CIOKHYIO CUTYaIMIO, KOT/Ia KPOME JIMYHBIX UMEIOTCS U
ciy4daiHble Xoabl. [Ipu 3TOM Mcxon onepaunu il KaK10W napbl CTPaTerui He Mo-
&KeT OBbITh ONpPeACNIEH OIHO3HAYHO. J1JIsT MOCTPOEHUST MOJIETN MOTPEOyeTCsT BCIIOM-
HUTH TEOPUIO BeposTHOCTEN. [Ipumep B34t n3 [1].

Ilpumep 4. Hepa «0ea bombapouposwux u ucmpeobumensy.

CropoHa A MocChUTaeT B pailoH pacmoioXeHUs: HEKOTOPOro 00beKTa MpOTUBHUKA B
nBa oomoOapauposimka — | u Il. | nerur cnepenu, 1l czagu. Onun n3 GomMOGapAMPOB-
IIMKOB (3apaHee HEU3BECTHO KaKoi) HECET OOMOY; IPYroil BBIMONHSIET TOJBKO (PyHK-
1y conpoBoxkaeHus. [Ipu noanére k 00bEeKTY 00MOAPAUPOBIIUKY BCTPEUAET UC-
TpebuTenb npoTuBHUKA. Eciu uctpeOuTenb arakyer 3aaHuii 00MOapIMPOBIIUK, TO
M0 HEMY BEJIyT OTOHb ITYITKHA TOJIBKO 3TOTO OOMOApAMPOBIIUKA, TOPAKAIOIINE HC-
TpebuTtens ¢ BeposTHOCTHIO 0,3. Ecnu e uctpeduTesns aTakyeT nepeaauii bomoap-
JUPOBIIKK, 10 HEMY BEIYyT OTOHB MYIIIKH KaK MEPEHETO, TaK U 3aJHero bomodapu-
POBLINKA; COBMECTHO OHHU MOPAXAIOT €ro ¢ BepoarHocTeio 1-(1-0,3)?=0,51.



Ecnu uctpebutenp He cOUT OTBETHBIM OTHEM OoMOapiu-
POBIIMKA TO OH TTOPAXKAET BEIOPAHHYIO UM IIE]Th C BEPOSIT-
HoCcThIO 0,8. YV ncTtpedurenst ecTb BpeMsl TOIbKO Ha OJIHY

BombapanpoBLLMKK
aTaky. 3agada CTOPOHBI A — JOHECTH 00MOY 10 OOBEKTa.
@ 3agada ctopoHsl B — BocnipensitcTBoBaTh 3TOMy. Tpelyer-
Vierpeturens Cs1 HATH ONITUMAIIBHEBIE CTPATETUH CTOPOH. PaccMoTpuM 1
Pucynok 2.1.1. 0003Ha4YUM YHUCTHIE CTPATETUN UTPOKOB. ISl CTOPOHBI A
K pumepy 4 JIBa BapHaHTa — Kakol 00MOapAUpOBILUK CIENAaTh HOCUTE-

aem. A1 — 00oMOy Be3€T nepBblid caMOJIET; A2 — BTOPOU. Jisi CTOPOHBI B — kakoi 6oM-
OapAMPOBIIMK aTaKoBaTh. B1 — aTakoBaTh NEPBBIit; B2 — BTOPOIA.
CocTaBUM MaTpUILy UTPBIL, UIsl 4YETO HAWIEM CPEHUI BBIUTPHIII IEPBOTO UTPOKA MIPU
KaXKJI0M 13 BO3MOKHBIX KOMOMHAIMI CTpaTeruii. BeIUrpeiiieM B JaHHOM city4ae 0y-
JIET SIBJSITHCS BEPOSITHOCTH TOTO, 4YTO O0MOa OyJIeT JoCTaBiIeHa K O0BEKTY, T.€. 00b-
€KT OyJIeT YHUYTOXKEH.
1. (Ay,B1) — nocurens |, atakyercs |.
BeposTHOCTB yclexa CKIaabIBaeTCs U3 ABYX HE3aBUCUMBIX cOObITHH. JINOO ucTpe-
ouTtenb cOUT — Torna bomba nocrasisieTcs K 00beKTy. JInOo He COUT, HO MPU ITOM B
CBOIO OYepeb MPOMaxHyJIca. BeposSTHOCT mepBOTO COOBITHS, TOTO, UTO 00a OOM-
OapIMpOBIIIUKA BMECTE NOPA3AT ucTpeduTens paBHa 0,51. BeposTHOCTB, UTO HU
OJIvH He nonaaéT, paBHa +(1-0,51). BeposTHOCTD, 4TO UCTPEOUTENH TPOMAXHETCS,
paBHa (1-0,8). B urore
a;1=0,51+(1-0,51)(1-0,8)=0,608
2. (A2,B2) — Hocurens 1, arakyercs 1. Paccyxmas aHaIOrHYHO, IOTYYUM
a2,=0,3+0,7x0,2=0,44
3. Paccmotpum cpasy obe cutyaruu (A1,B2) u (A2,B1) — Hocutensb |, atakyercs |l u
Hocutenb |1, atakyercs |. T.e. uctpeburens aTakyeT HE TOT OOMOAPIUPOBIIHK, KOTO-
phIif Be3¢T 6oMOy. DTOM citydae Juisl ycrexa onepaluuy He MPUHUUIINAIBHO, COUT JIU
UCTpPEeOUTENb U COUT JM TOT OOMOApANPOBIIMK, KOTOPBIM OH aTakoBasl. bomba B Jto-
O0M citydae JOCTaBISETCS K OOBEKTY.
ax=1 map=1
Martpuria urpsITakuM 00pa3oM HMEET BUJ

Bj B B>
Ai
A1 0,608 1
A 1 0,44

HarmmoMHuM, 4TO 3IeMEHTBI JaHHOW MAaTPHIIBI — BEPOSATHOCTH. B Ka)K0M KOHKPETHOM
ciydae ucxoj 0yner TouHo onpeaenéH. bomba nubo OyaeT nocraBiieHa K 00bEKTY,
160 He Oyner.

NuauBuayaabHble 3aanus mo teme Ne 14,

«IlocTpoeHue moaenen MAaTPUYHBIX UT'P, IOUCK ONITUMAIIBHBIX CTPATETUI
[To umeromeMycsi ONMUCaHUIO TPEOYETCs] COCTABUTH MOJCIIh MAaTPUYHOW UTPHI U €€
ONTHUMAaJIbHOE PELICHHUE.



IIpakTnueckoe 3ansaTue Ne 15.
«IlocTpoenne Mozeneit OMMaTPUUHBIX UTP, OUMCK TOYEK paBHOBecHs 1o Hamry, mak-
CUMUHHBIX CTPAaTErHi U CTPATETHH yIpo3»

JlocTaTOYHO YacTO Ha MPAKTUKE BOSHUKAIOT CUTYAI[UH, KOT/1a BEIMTPBILI OJTHO-
IO UT'POKa HE paBEH B TOYHOCTHU NpOUTpsily apyroro. Hanpumep: 2 ¢pupmsl u3Bie-
KatoT MPUOBLIb U3 HECKOJIBKUX PHIHKOB, U €CJIU OJJHA (PMpMa CBOMMH JICHCTBUSIMU
[OMEIIAET APYrol MOJYyUUTh KaKOH-TO JOXO[, TO 3TO BOBCE HE O3HAYAET, UTO OHA
cama 3TOT JOXOJ1 OJy4uuT. Takue urpbl Ha3bIBAIOT TAK)KE HEAHTATOHUCTUYECKUMU
WJIM UTPaMU C HEHYJIEBOM CyMMOM.

[Tycts urpoky A 10CTymHO M cTpaTeruit, KOTopbie 0003HaunM Kak Ag, Az, ...,
Am. CoOTBETCTBEHHO UTPOKY B moCcTyIHO N cTpareruii, KOTopbie 0003HaUMM Kak Bi,
B2, ..., Bn. Eciu urpox A BeiOepert ctpareruto Ai, a B —ctpareruto Bj, To 31a nmapa
ctpareruii (Ai, Bj) onpenensieT BEIMTPHILI KaKIOTO U3 UTPOKOB.

all a'12 cee a'1n

a a ... a
A— 21 22 2n

aml am2 amn

Martpuiia A ornpeaenseT BBIMIPHIIT UTPoKa A I KaXK10M Tapbl CTpaTeTruu.

b, b, .. b,
b,y by, ... Dby,

B:
b, b b

Martpuia B onpenensier Beurpsii urpoka B npu Toit sxe nmape crpareruit. B psae
UTP STU MATPHUIIBI 3AUCHIBAIOTCS B BUJIE OOIIEH MaTPHIIBI:

(k) (@gby) oo (anby)
(@y0,021) (8. b5) . (Bg0,05)

ml m2 mn

(am1’ bml) (amZ!me) (ammbmn)

O4eBuHO, YTO BCe OMMATPUYHbBIE UTPHI MOKHO PacCMAaTPUBATh KaK YAaCTHBINA Ccliydai
MaTPUYHBIX, e Dij=—aj. COOTBETCTBEHHO €CJIM XOTs ObI IS OJTHOW Maphl CTPATETUi
(Ai, Bj) aT0 ycioBre He BBITIOJIHSICTCS, TO HTPY MOXKHO pACCMAaTPUBATh TOJIBKO KaK
OMMaTPUUHYIO.

Oco0eHHOCTh OMMATPUYHBIX UTP — B OTJIMYKE OT MATPUYHBIX, HET KHETIPUMUPUMOTO
IMPOTHUBOPCHUUA» MCIKAY UTPOKaAMHU. HOBTOMy B IIPUHIMUIIC BO3MOKHBI UX COIJIaCo-
BaHHBIC I[CﬁCTBHH. B cBs3u ¢ aTIM HUI'PBI ACTIAT Ha KOOIICPATUBHBIC, B KOTOPBIX UI'PO-
K1 MOTYT JOTOBApHUBATBCA O COBMCCTHBIX I[GﬁCTBPIHX H OCYHICCTBJIATH UX, U HCKO-
OIICPATUBHBIC — KOTI'JIda BO3MOKHOCTDH JOTOBAPHUBATHCA HC IIPCAYCMOTPCHA. I[J'IH Haya-
Jla paCCMOTPHUM HCKOOIICPATHUBHBIC UTPHI.



BTopoii BaskHON 0COOEHHOCTBIO SBIAETCS TO, YTO JUISl OMMATPUYHBIX UTP HET €UHO-
IO MOHUMAHUS TOTO, YTO MMEHHO CYUTATH «ONTUMAIBHBIM pEmeHneM». EcThb He-
CKOJIBKO PAa3HBIX TIOIXOI0B, KOTOPHIE MBI M PACCMOTPHUM.

TpeThst 0COGEHHOCTD 3aKIIIOYAETCS B TOM, YTO HAJIMYUE PENICHUS B YUCTHIX CTPATE-
THAX HE OTPHIIAET BO3MOKHOCTH PEIIEHNS U B CMENIAHHBIX cTpaTerusx. [loaTomy He
BBIIEIAETCS OTAENBHBIM DTAIIOM MOMCK PENIEHHS B YMCTHIX cTparerusx. Cpasy
HMILEM B CMEIIAHHBIX, TO eCThb B BUAC S," =(p,,.... Py )s Sg” =(qy,....q, ). YUCTBIE CTpa-

TEruu TakuM 00pa3oM OyJeM UCKATh TOJBKO KaK YaCTHBIM Cily4ail cMentaHHbIX. [Tape
CTpaTeruii 0yJIeT COOTBETCTBOBAThH TaKXKE Mapa BBIUTPHIIICH. MBI OTIENBHO pac-
CMAaTpUBAEM BBIUTPBIIIN IIEPBOTO U BTOPOTO UTPOKOB:

HAZZZaupiqj, HB:_

i=1j=1 i

M=

Zn:bij Piq; - 1)

j=1

Il
N

o o * *
Onpeoenenue. Touxoi paBHOBecus 1o Haury HassiBaeTcs nmapa crpareruit S, u Sg

o0Jasarolme CIeAyoIUM CBOMCTBOM: €CJIM UTPOK OTCTYIAeT OT CBOEH paBHOBEC-
HOM CTpaTeruu B CUTyallluH, KOTJa APYTOM UTPOK NPHUAECPKUBAETCS CBOEW paBHOBEC-
HOM CTpPaTEruu, TO 3TOT UTPOK HE MOJIYyYAET HUKAKUX IPEUMYILECTB, OTKIOHSACH OT
CBOEH PAaBHOBECHOM CTPATErWH, BEIMTPHIII YMEHBIIAETCS WIIN B JIyUIIEM CIIy4ae
OCTAETCA TEM XK€E.

Takoi KpUTEPUI HA3BIBAIOT €IIE KPUTEPUEM «UHUCTOTO 3rousman. Urpok, orcrynas
OT TOYKHU PABHOBECHSI, TEPSET B CBOEM BBIUTPHILIE. UTO MPU 3TOM ITPOUCXOJINT C BBI-
UTPBIIIEM IPYTOr0 UTPOKA, BOOOIIE HUKAK HE YUYUThIBAETCA. OH MOXKET YMEHBIIUTh-
Csl, OCTaThCsI MPEKHUM UJIU BOOOILE YBEINUUTHCS. B TaHHOM cily4ae 3To HE UMeeT
3HAYCHUS.

JUJ1g moucka TOYeK paBHOBECHS CHauajaa pacCMOTPUM HauboJiee IpOoCTON BapHaHT —
UTPBL, B KOTOPBIX Y KaXJA0T0 UT'POKA TOJIBKO JIBE CTPATETUH.

bumatpuunsie urper 2x2

A G 3-12’ B:(bll blz]

8y Ay by By
B nanHom cityuae r00yr0 CMEIIaHHY0 CTPATErHI0 UTPOKA MOXKHO OJHO3HAYHO 3a-
JaTh OJTHAM YHUCJIOBBIM TOKa3zaTeneM. st mepBoro urpoka 3to oynetr A:0< p <1.
CoOTBETCTBEHHO BEPOSTHOCTH OyAyT paBHbI P, = P, U P, =1— p. Kpaiinue 3naue-
Hus n1aayT HaMm P =0 = A (umucras ctpaterus), p =1= A,(uucrtas crparerus). Eciu
xe 0< p <l=cmemanHas cTpaTerus.
AHanmornyHo 117151 BToporo urpoka 3to oyzer B:0<q <1. 3xecs moiydaem BeposT-
HOCTU () =0, u , =1—q. IIpu 3Hauenusx g =0= B,(uucras crparerus),
q=1= B, (uncras crparerus), u 0 <  <1=>cMemnianHas cTpaTerus.

JIro6as mapa cTpaTeruii urpokoB 3aJa€TCsl TAKUM 00pa30oM Mapoil KOOPAUHAT TOUKH
(p, ). Bc€ MHOXKECTBO AOMYCTUMBIX CTPATETUH COCTABIISACT CAUHUYHBINA KBApAaT.
Ero BepmmHbl — 4 mapsl YUCTHIX CTpaTeruid. BHyTpeHHUE TOUKM — apbl CMEIIAHHBIX
cTpareruii. PEOpam cOOTBETCTBYET CUTYyallMs, KOT/Ia Y OJTHOTO U3 UTPOKOB UKCTas
CTpaTerus, y Ipyroro CMENIaHHas. . .



A
gq
(Az, Bl) (Alr Bl)
(A2, B2) (A1, B2)

Touku paBHOBecust Oyaem uckath B Buae (P*, *). CpeaHuil BRIMTPHIII UTPOKOB
MOKHO BBIYUCIIHTD 1O (HOpMyIIaM:

Ha(P,q)=a,pq +a, p(L—q)+a,(1- p)g +a,([L-q)1-p) (2)

Hg(p.a)=byap +bi, p(L-0)+ by (1 p)g + by, (1- p)1-1)
3anuiieM B MPUBEIEHHBIX TEPMUHAX TpeOoBaHUE paBHOBecHs o Hory.
Onpeodenenue. byneM roBopuTh, 4To mapa uucen (p*, q*), 0<q <1, 0<p <1, ompe-
IeNsieT PAaBHOBECHYIO CTPATEruIo, ecliu V(p, q) MOAYUHEHHBIX ycnousaMm 0< p <1,
0< (<1 OHOBPEMEHHO BBITIOIHSIIOTCS CIEAYIOIINE PABCHCTBA:

Ha(p.a")<HA(p". ") (3)
He(p".q)< Hg(p".q") (4)

Hepasenctsa (3)-(4) oueHb ci1ab0 MPUTOIHBI 17151 TOCTPOEHUS aIrOpUTMa IMOUCKa
pelIeHus], MOCKOJbKY CIUIIKOM MHOTO HaJI0 CPABHUBATb.

Onnako, eciu paccMoTpeTh (popmysl (1), (2), MOKHO 3aMETUTh, UTO OHU 3aBUCAT OT
p u q «moutu JuHEHHO». MeeTcs emé nmpousBenenue p . OTcroga MOKHO BBIBECTH
0oJiee IpOCThIE YCIOBUS.

Teopema. TpeGOBaHUS

Halp.a" )< HA(p" a), Ha(p" )< Hg(p".0"),

PaBHOCHUJIIbHBI BBITTIOJITHCHUIO HCPABCHCTB!

{HAEO, q")<H.(p"q") (5)
( )

{HB p 10)3 B(p*lq* (6)
Ha(p" 1)< Hg(p".07)
DTH HEpaBEHCTBA MO3BOJISIOT MOCTPOUTH YKE BIIOJIHE PAOOTOCTIOCOOHBIN aITOPUTM
MOMCKA PEIICHMS, ITOCKOJIBKY TPEOYETCsl BCETO YeThIPEe CPAaBHEHUS.
Aaroputm noucka pemenuss CpeaHuil BEIMTPHINI UTPOKOB 11 2 3amuiieM B y100-
HOl hopme:
H (P, )= (au1 — 81, — 8y +85 )P + (81, — 5 )P + (85 — 85 )4 + 8y, (7)
Hg (P, q)= (b1, —by, — by +b,, )pg + (b, — by, )+ (b, —by, Ja +10y, (8)
Ecnu B HepaBeHcTBax (5)-(6) U3 MpaBoii 4aCTU BBIUECTH JIEBYIO, TO MOJYYEHHBIE pa3-
HOCTH JIOJDKHBI OBITH OOJIbIIE HYJIS.



Ha(p,a)=H (L a)=(ay, —a, —ay +a,)pa +(8y; —ay, )P +(ay — a5 )q +ay, 0O0o03HaUUM

—(ay; @y, — 8 + 8 )0+ 8y — 8y, — (85 — 8 )~y

Q=85 =85

C=ay—a,-ay +ay

C y4€ToM 3TUX 0003HAYECHHI MTOTYyYUM

H.(p.a)-H,La)=(p-1fCq-a)20

H.(p.9)-H,(0.9)=p(Ca-a)20

Ecnu ananornuHslil BEIBOA ofenaTs it Hy , BBeAs 0003HaYeHU:

D=b,-b, _b21+b22’

f =D, =y,

TO TIOJYYUM:

Hg(p.q)—Hg(p1)=(q-1)(Dp- )= 0

Hg(p.q)—Hg(p.0)=q(Dp-5)=0

Takum 00pa3om, Ju1st TOro, YToObl B OMMATPUYHOM UTpe Mapa cTpaTerun (p, q)
olpeensiiga paBHOBECHE HEOOXOIUMO U JOCTaTOUHO, YTOOBI OJTHOBPEMEHHO BBIIIOJI-
HSUJTHCH CIIEAYIOIUE HEPABEHCTBA!

(p-1fCa-a)=0

p(Cq—a)>0

(a-1)Dp-)=0, (9)
q(Dp-8)=0

0<p<1

0<g<1

C=ay—ay,—ay+ay
I'ne |a=a5,—a;,

D=b;, —by, —by +b,,

b= b22 - b21

BeiBoa: eciu C u D He paBHBI HYJIIO, TO JIETKO BHJCTD, YTO TOYKH PaBHOBE-
CHs ompeAensatoTcs GopMyJIaMHu:

p:ﬁ, q=% p= by — by , q= 8y ~ &

D C by, — by, —byy +0y, &1~ —8y tay
TakuM 00pa3oM, PaBHOBECUE KAXKIOIO UIPOKA ONPEAEIAETCS dJIEMEHTAMHU MATPULIbI
€TI0 IIPOTHUBHHKA. 3aMeTI/IM, YTO TAKOI'O Tpe60BaHI/I$I MBI HE BBOAWJIIN, HO B UTOI'C I10-
JIYYHIIOCH, YTO PABHOBCCUC UT'POKOB OIIPCACIIACTCA HC KCIIAaHUECM MAaKCUMHU3HUPOBATH
CBOﬁ BBH/IFpBIH_I, aB HepBy}O Oqepe):[b KCIIaHHUEM y):[ep>KaTB nong KOHTpOJIeM BbBIUT -
PBIII TPOTHBHHKA.

Kak BusnM, CTpaTeruy, COOTBETCTBYONIME TOYKAM paBHOBecHs 1o Houy, ompe-
ACIAIOTCA IO «UYXXHUM» MaTprullaM U PCHIAlOT BOITPOC MAaKCUMAJIbHOTO OIrpaHUYCHUA
BBIMTPHINIA MPOTUBHKKA. OIHAKO Y KayKIO0TO UTPOKA €CTh M «CBOW» MaTpPHIIbL. UTo
€CJIM HAMTH CTpaTeru UIPOKOB 1o HUM? OKa3bIBacTCs, 3TO OYAyT CTPaTErnuu, Aaro-
MUe MAKCUMAJIbHO BO3MOZKHBIC BEIMI'PBIIIN UI'POKAM. HOLIeMy K€ MBI UX HC HAIIlJIH,
Koraa uCKaJIu TOUKHN paBHOBeCI/Iﬂ? Ha camom ACJIC OTH CTPATCIUH HC O6H3I[3IOT
CBOMCTBOM yCTOMUMBOCTH. T.€. €CIIM UIPOK UCIIOIB3YET CBOK «BBIUTPBIIIHYIO» CTpPa-
TCTHUIO, TO IIPOTUBHUK MOXKCT OTKIIOHHUTLCA OT CBoeﬁ " HOquI/ITB I[OHOHHHTGHBHBIﬁ
BBIATPBIII. A HTPOK MOIYYUT MEHBIINN BHIMTPHIILL.




Tem He MeHEee X04eTCsl KaKHUM TO 00pa30oM MaKCUMHU3HPOBATH CBOU BHIMTPHIIIIH.
[Ipu 5TOM MBI TOMHHMM, YTO UTPa HEKOONEPATUBHAS, T.€. JOTOBAPUBATHCS UTPOKAM
Helnb3d. Uto xe nenate. [Ipeanaraerca cienyromuyid NOAX0: KaXIbli U3 UTPOKOB
HMMEET HE OJIHY, a JIBe cTpareruu. [lepBast mapa crpareruil — CTpaTeruu yrpos (S,: S;)
OHHU MO3BOJISIIOT UTPOKAM MaKCHUMAaJlbHO OTPAaHUYMBATH BBIMTPHILI CONIEPHUKA BEJIU-
YUHAMU (H; H;) [IpumeHsI0TCS, KaK 3TO CHO U3 Ha3BaHMUS, JJIsl HAKa3aHUs IIPO-
THBHHKA 32 TO, YTO OH HE XOYET COOII0aTh 0000 JHYIO BhIroAy. Bropas napa — mak-
CUMHHHBIE CTPATErun (Sf\, Sg) — KakK pa3 Taky U IO3BOJIAET UTPOKAM M0JIy4aTh TOT

caMblil MAaKCHMAaJIbHbIM BBIMTPBILI (H o HY )

Crpareruu yrpo3 COOTBETCTBYIOT TOUYKaM paBHOBecHs 110 Haury u HaxoasTes no
«Uy’)KUM» MaTpuliaM. MakCUMHUHHBIE — HAXOASTCA 110 COOCTBEHHBIM MaTpULIaM HT-
pokoB. PaccMoTpuM criocoObl HaX0XKJI€HUS 3TUX cTpaTeruil B oduiem Buze. Ilycts
uMeeM urpy pasmepHoctd mxn. Kak u B ciaydae ¢ MaTpUYHBIMU UTPAaMU, IIPEIBapH-
TEIbHO NPeodpazyeM MaTpuULlbl TAKUM 00pa3oM, UTOObI OHU HE COAEP KU HU OJHO-
I'0 OTPULIATEIILHOTO 3JIEMEHTA.

Ilepen Hamu deThIpe 3a1aun. byeM pemars X MOCIen0BaTENBHO.

1. [Touck MakcMMUHHOM cTpateruu urpoka A. Tpedyercs HallTH CTPATEruIo
S% =(p,, Pyr-r P,,) TAKUM 0Opa3oM, 4T00BI V = H? — max . ITycTs urpok B npumenser

YUCTYIO CTpaTeruto crpareruto Bj. B atom ciyuae Beurpoi A qoikeH ObITh 00JIb-
1€ WJIU paBeH V =H}.
[Tomydaem cucteMy HEPAaBEHCTB
&P, +ay P, +.tay P, 2V j=1..,n
BBeném HOBBIE IEPEMEHHBIE X ;=P /V j=1...,n. Pa3nenuB Bce HEPABEHCTBA CH-
CTEMbl Ha HEOTPULIATENIbHYIO BETUUUHY V, OJIyYUM
X +a, X, +...+a,; X, 21 j=1..n (1)

[ToCKOBbKY BCE 3IEMEHTHI MATPHIIBI A HEOTPHUIIATEIIbHBI, V TOXE HEOTPHUIIATEITh-
Ha. BeposITHOCTH HEOTPHUIIATEIBHBI IO OTPeIe/icHN 0. TakuM 00pa3oM BBEIEHHBIC
HIePEMEHHBIC IOJDKHBI YIOBICTBOPSITH YCIOBHIO

X; 20 j=L..n (2)

N3 p,+p, +...+ p, =1 CAEQYET, UTO X, + X, +...+ X, =}\//. V =H} — max . Takum 06-

pa3zoM MoJiy4yaeMm 1eNeBYI0 (QyHKLIHUIO
L:x1+x2+...+xm:}\//—>min (3)

Mp1 nonyunnu 3agady auHeitHoro nporpammupoBanus (1), (2), (3). Pemmws e€, no-
Jaydum V = %_ Haiiném crpareruto Sj =(py, Pyress P )y P; =X, %V j=l..,n. H3=V.

2. Ilouck crpareruu yrpo3 urpoka A. Tpebyercst HaliTh cTpaTeruio
S, =(p,, Pprees P, ) TAKAM 0OpazoMm, yTo6sI W = HJ — min . ITycTs urpok B mpumensier
YHUCTYIO CTpaTeruio crpareruto Bj. B aTom ciydae npourpsii B He 1okeH ObITh
MeHbIIe, 4eM W = H .

[TosryyaeM cucteMy HEpaBEHCTB

b;p, +b,;p, +..+by P, <W  j=1..,n

Beeiém HoBBIE TIEpeMEHHBIE X; = p; /W  j=L..,n. Pa3ienuB Bce HEPaBEHCTBA CH-
CTEMBbI Ha HEOTpHIIaTeNIbHYI0 Beinunny W, nosydum



by X +b, X, +...+bx, <1 j=1..,n 4)

mj*m —
ITockosbKY Bee DJIeMEHTHI MaTpHIbl B Heorpuiarensubl, W ToXe HEOTpHIIATEb-
Ha. BeposTHOCTH HEOTpHIIATEIBHEI 110 OrnpeeaeHuio. Takum 06pa3oM BBEIEHHBIE
TIEPEMEHHBIE JIOJDKHBI YIOBJIETBOPSATE YCIOBHUIO
X; 20 j=L..n (5)

U3 p,+p,+...+p, =1 CHEQYET, YTO X, + X, +...+X,, =%v . W =Hg —min . Takum 00-

pa3oM IMoTydaeMm MeJeByo QyHKITIO
L:x1+x2+...+xm:%v—>max (6)
MBI osTyuniIu 3a/1avy JMHEHHOTO MporpaMmupoBanus (4), (5), (6). Pemus e€, mo-
Jayaum W =%_. Haiiném crpaternto S, =(py, Pyross P )y P; =X xW  j=L..,n. Hy =W .
Kak BuanM, mosrydeHHbIC 33ja4d TUHSHHOTO IPOTPaMMHUPOBAHHUS COBEPIIICHHO
He3aBUCHMBI. Tenepb HalAEM cTpaTeruu BTOPOTO UTPOKA.

3. [ouck makcuMuHHOM cTpateruu urpoka B. TpeOyercs HaiiTu cTpaTeruio
Se =(q,,9,,....q,) TakuM 00pa3oM, 4To0bl W = H? — max . [IycTh Urpok A mpuMeHseT
YUCTYIO cTpareruto crpareruto Ai. B aTom cityuae Beiurpsiil B gomxen ObITh 0071b-
IIe WiIu paBeH W = HJ.

[Tonydaem cucteMy HEPAaBEHCTB

b,q, +b,,0, +...+b,q, =W i=1...m

Bseném HOBbIE IepeMeHHBIE Y, =q, /W i=1...,n. Pa3nenus Bce HEpaBEHCTBA CU-
CTEMBI Ha HEOTpHUIATEIbHYI0 BennuuHy W, monyuum

b,y, +b,Y, +..+b,y, =21 i=1..,m (7)

[TockonbKy Bee 3ieMeHThl MaTpuiibl B HeoTpumarensusl, W TOXE HEOTPHIIATE b~
Ha. BeposATHOCTH HEOTPHUIIATEIBHBI IO ONpeaeIeHN0. TakuM 00pa3oM BBEIEHHBIC
MIEPEMEHHBIC TOJDKHBI YIOBJIETBOPATH YCIOBHIO

y, >0 i=l..,m (8)

N3 q,+q,+...+09, =1 CIeQyeT, 4TO Y, + Y, +...+Y,, =%V . W =HJ — max . Takum 00-
pa3oM Moy4yaeMm LEeJIeBY0 QYHKIIIO
F:yl+y2+...+yn:%v—>min 9)
Mp1 nonyunnu 3aady JuHeitHoro nporpammupoBanus (7), (8), (9). Pemms e, mo-
ayaum W :%: . Haiinéwm crpareruto Sg =(q,,d,,...0,), 9, =y;xW j=L..n. HJ=W.

[Tocnenuss 3anaya (7), (8), (9) cummerpudHO-ABOIICTBEHHA 3anaye (4), (5), (6).
CocraBuM 3a/1a4y TIOUCKA CTPATETUU YTPO3 BTOPOTO Urpoka. OHa OyieT CMMMeTpuy-
HO-JIBOMCTBEHHA 3aJlaue MOMCKa MAKCUMUHHOW CTpaTeruu neporo urpoka (1), (2),

(3).



NuauBuayaabHble 3a1anus mo teme Ne 15,
«IlocTpoenue moenel OMMaTPUYHBIX UTP, TTIOMCK TOUEK paBHOBecHs no Hamry, Mak-
CHMHMHHBIX CTPATETUM U CTPATETUM yTrpo3»

Jlana OumaTtpuuHas urpa pazmMepHocTH 2x2. TpeOyeTcs HalTu Uil He€ TOUKU PaBHO-
Becus 1o Homry, MaKCHMUHHBIE I MUHUMAKCHBIE CTPATETUH U COOTBETCTBYIOIIUE UM

BBIMTPBIIIN UTPOKOB. CpaBHUTH MOJIyYEHHBIE PE3YJILTATHI.



IIpakTuyeckoe 3ansitue Ne 16.
«Ilouck ontumyma no Ilapero, noHATHE KOONIEPATUBHBIX UTPH

Kpurepnii [1apeTo npuHIMnuansHo otimyaercs ot kpurepus Homa. Eciom tam kax-
I UTPOK, IEHCTBYsSI caM 110 cebe, T0OMBaJICs MaKCUMaJIbHO BBITOJAHOIO AJIs Ce0sl
UCXO0Ja, TO 3/1€Ch UTPOKH, IEHCTBYSI COBMECTHO, CTAPAIOTCS HAUTH PELICHUE, MAKCH-
MaJIbHO YCTpauBalollee UX 000uX.

B maHHOM paszese Mbl IO NIPEKHEMY PacCMaTpPUBAEM CUTYAILUIO, KOT' 1A IEPETOBOPHI
HEBO3MOXHBI, T.€. €CJIA UTPOK IPUMEHSIET CMEIIAHHYIO CTPATETHIO, TO ATO JCHCTBH-
TEJIbHO KaXIBIM pa3 X0 HEOKUIAHHBIN I IPOTUBHUKA.

OTnuune cuTyanuu ONTUMAIBHOCTH 110 [IapeTo BOT B 4éM: €ciu B CUTYallMd paBHO-
Becus 1o Hanry HM OIMH U3 UTPOKOB IENCTBYS B OJIMHOYKY HE MOT YBEJIUYUTH CBOU
COOCTBEHHBIN BBIMTPHILI, TO B CUTyallMH ONTHUMaJbHOM 110 [lapeTo urpoku aencTBys
COBMECTHO HE MOTYT YBEJIMYHUTH BBIUTPHILI XOTS ObI OJHOTO U3 HUX 0€3 TOT0, 4YTOOBI
BBIMTPBINI JIPYTOTr0 HE YMEHbIIWICA. [[puMeHuTenbHO K OUMaTpuyHOM Urpe 2x2 cu-
Tyatuio (p*,q") Ha30BEM ONTUMAIBHOM 110 [1apeTo, eciu U3 TOTo, YTO [l HEKOTOPOH

TOYKH (P, (). OTHOBPEMEHHO BBITIOJIHSAIOTCS YCIOBUS H A(p*,q*)s H,(p.q) n

HB(p*,q*)g Hg(p,q) cremyer, uTo (p,q):(p*,q*).
JIJ1st HaxX 0K ICHUSI PEIICHUS UCTIOJIb3yeTcsl KoopauHaTHas miockocte VOW, rae
V=H,, W=H,. To ecTb N0 KOOPANHATHBIM OCSIM OTKJIAJbIBAIOTCS BEIUTPHIIIH TIEP-

BOT'0 ¥ BTOPOT'O UTPOKA COOTBETCTBEHHO.

OueBuHO, YTO JF00As TIapa CTpaTEruii UTPOKOB (S N SB) OJIHO3HAYHO MPOEKTUPYT-
Csl B HEKOTOPYIO TOUKY 1ockoctu ¢ koopauHatamu (V,W). CooTBeTCTBUE HE SIBIISI-
€TCs B3aMHO OJTHO3HAYHBIM, TO €CTh MPou3BoJibHOU Touke (V,W) 3T0# miockocTu
MOXET COOTBETCTBOBATh OJIHA TIapa CTpaTeruit (S 1 Sg ), HECKOJIBKO Tap — UM BOOOIIE

HE COOTBETCTBOBATb HA OJHOM U3 JOIyCTUMBIX IIAp CTPATETHUM.

Tenepp ClIpOEKTUPYEM HA INIOCKOCTh BCE MHOXKECTBO JTOIIYCTUMBIX CTPATETHM.
Ecnu paccMatpuBath Urpbl Pa3MEPHOCTH 2X2, TO POEKTUPYETCS paHEE PACCMOT-
PEHHBIN eIMHUYHBIN KBasipaT. s urp 60mbIeit pa3sMepHOCTH 3TO 00JIee CII0KHOE
MHOKECTBO. B uTore nosjaydaem Ha IUIIOCKOCTH HEKOTOPYIO CBSI3aHHYIO T'€OMETpUYE-
CKy10 ¢urypy. XapakTepHo, 4TO JJisi HEKOOIIEPaTUBHBIX U 3Ta PUrypa BOBCE HE
0053aTENbHO SABJISAETCS BBITYKIIOMH.

Ha stoit purype Boiaensiem noBepxHocTh [lapero Tak, Kak 3TO OMUCAHO B MEPBOM
riase. Ecnu oHa copepkut 6ojiee 4eM OJHy TOUKY, TO OKOHYATEIbHOE pEelIeHUE
MIPUHAMAEM, HAI[pUMEP, METOOM UAEATbHON TOUKH.

B urore nonyuyaem touky ¢ koopaunaramu (V*,W*). Ha nocneanem srane Ham
TpeOyeTcs HallTh napy cTpaTeruu (SA S;), IIPOEKLIHUEN KOTOPBIX U SABIIAETCS 3Ta TOY-

ka. Pemienre MoXeT ObITh €TMHCTBEHHBIM UJTM HE €TMHCTBEHHBIM.

[IprurHa, 10 KOTOPOM B HEKOOIIEPATUBHBIX UI'PAX MOJYYAIOTCS HEBBITYKIIBIE MIPOCK-
MK 00JIACTH AOMYCTUMBIX CTPATETUM, 3aKIIFOYAOTCSI B TOM, YTO MPU CMEITaHHBIX
CTPATETUSAX UTPOKHU CITy4alHBIM 00pa3oM BBIOMPAIOT KaXKIbIi CBOIO cTpaTeruto. [1o-
3TOMY PEAIU3YIOTCSI BCE BO3MOXHBIC MMapbl AKTUBHBIX CTPATETUi, B T.4. U T€, KOTO-
pbI€ HE BBITOJIHBI HU OJTHOMY U3 UTPOKOB.



B ciryyae koonepaTuBHBIX UI'P TAKOTO HE MPOUCXOAUT. Irpoku 1o B3anMHOM J10-
TOBOPEHHOCTH B HA3HAYEHHOE BPEMS PEATM3YIOT COTJIACOBAHHBIE MAPbI CTPATErUH.
He BpIrogHpie MM napbl HUKOI/IA HE PEAIU3YIOTCS.

Ha0op YacToT

B koorepaTUBHBIX UTPpax BMECTO OTIEIbHBIX CTPATErnii NTPOKOB HAXOIUTCS COTJIa-
coBaHHbIN HaOop yacToT. [lycTe urpoky A goctynHo m crpareruid Az, Az, ..., Am.
Urpoky B — n ctparerwii, By, B, ..., Bn.

HabopoMm yacToT Ha3biBaeM MaTpuily R = {rij} pazMepoM MXN, MOKa3bIBAIOIILYIO,

KaK 4acTO UCIOJIb3yeTcs Kaxaas napa crparerui (Ai, Bj). OueBunno, uro cymma
BCEX YacTOT paBHA €AMHUIIE, U J100as U3 3TUX YaCTOT HEOTPULATEIbHA.
Vi=1..m,j=1..n r, =20 izn:rij =1
i=l j=1
[To mpexxaemy ucmoabp3yemM npoekiuio Ha miaockocts VOW. Ho Teneps MbI mosty-
YaeM Ha IIOCKOCTHU BBINYKIYIO JIMHEHHYIO0 000J0UKY, HATSAHYTYIO KaK Ha BEKTOpPa
0a3nca Ha IPOEKIIMHU BCEX BO3MOKHBIX IMAp YUCTBIX CTPATErHil, T.€. HA TOUYKH C KOOP-

OUHATaAMU (aij,bij) i=1..mj=1..n.

Takum O6p2130M MpoCKuus BCCraa ABJISICTCA BBIITYKJIBIM MHOTOYI'OJIbHUKOM. Hexo-

TOPBIC N3 TOUYCK (aij ) bij) MOT'YT OKa3aTbCd BHYTPCHHUMHU TOYKAMHA 3TOTO MHOI'OYTI'OJIb-

HHKA.
CJ'IGIIYI-OIHI/Iﬁ 9Tall — BBIACIINTL IIOBECPXHOCTDH HapeTo. O‘-ICBI/IIIHO, 9TO OHa COCTOUT

N3 OJHOT'O UJIN HECCKOJIBKHUX OTPC3KOB, COCAUHATOMNX BCPIIMHBI (aij ) bij ) Kamz[oﬁ Ta-

KO BEPIIMHE COOTBETCTBYET «BBIPOXKICHHBII» HA00p YaCTOT, B KOTOPOM YacTOTa
JIaHHOM Iapbl CTPATETrui r; =1, a BCe OCTaIbHbIE YaCTOTHI PaBHbI 0.

Ecnu oTpe3ok coenuHseT Be BepiInHbl, cooTBeTcTBYIoMmMUE (Ai, Bj) 1 (Ak, Bi), TO

UM OyJIeT COOTBETCTBOBATh MaTpPHIIA, B KOTOPOW OTJIMYHBI OT HYJIA TOJIBKO JIBa 3Jie-
MeHTa — I; ¥ r,. X cymma paBHa 1, ciie10BaTeIbHO BECh OTPE30K MOKHO OIMCATh

Kak I =a U Iy =1-a, 0<a<1.
IToBepxnocTh [IapeTo COCTOMT M3 OHOTO MIIM HECKOJIBKUX TAKUX OTPE3KOB. X

BCC HAJ10 OIIPCACINUTD. O‘-IGBI/II[HO, YTO IIPHUHATOC PCIICHUC TOJIKHO OBITH DJIEMEHTOM
JaHHOI'O MHO>KCCTBA.

NuauBuayanbHble 3a1anus mo teme Ne 16.
«Ilouck ontumyma no Ilapero, noHATHE KOONIEPATUBHBIX UT'PH

Jy1st panee pacCMOTPEHHON OUMaTpUIHOM UTphl HalTH pemenue 1o [lapeto. Cpas-
HUTbH PE3YJIbTATHI.

PaccmoTtpets 3Ty nrpy kak koonepatuBHyto. [loctpouts OJIP u noBepxnocts [lape-
T0. CpaBHUTH C pe3yJIbTATOM JJIsl HEKOONIEpaTUBHON UTPphl. OOBSCHUTD Pa3HUILY.



IIpakTnueckoe 3ansaTue Ne 17.
«Haxoxnenue pemienns apOuTpa U COOTBETCTBYIOIIMX €My ONTUMAaJIbHBIX HA0OPOB
qacTo™

Ha cnenyromiem sTane HaM HaJ0 BBISICHUTD, BCE JIM TOUKH 1oBepxHocTu [lapeTo
MOTYT OBbITh KaHJIUJJATAMU Ha OKOHYATeNbHOE perieHrne. OKa3bIBaeTCsl, 4TO HE BCE U
HE BCerja.

BBoautcs nonstue Touku Status quo (Ha pucyHke ob6o3HadaeTcs kak Sg). 1o
TOYKa ¢ KoopauHaTtamu ¢ koopauHatamu (V* W*), 00bIYHO COOTBETCTBYIOIIMMHU
TOYKEe paBHOBecus 1o Hoamry. T.e. Te BBIUTPBIIIM, KOTOPBIE KAXKIBIA U3 UTPOKOB MO-
’KET rapaHTUPOBATH ceOe MPHU HE3aBUCUMBIX EHCTBUSAX. OUYEBUIHO, UTO KK U3
WTPOKOB MOMJET a COBMECTHBIE ACHUCTBUSA JIUILb B TOM CIIy4ae, KOTIa 3TO MPUHECET
€My BBIUTPBIII OONBIINHN, YeM IPU CAMOCTOSITENBHBIX JEHCTBUIX. DTO YCIOBUSA IJIs
NepBOTO MrpoKa V >V, a st Broporo W >W ™. BeibepeM Ty dacTh moBepxHocTH [la-
pETO, KOTOpast YAOBIETBOPSET JAHHBIM YCIOBUSIM. DTO MOXKET OBITh BCS TOBEPX-
HocTb [lapeTo miun kakas To e€ yacThb. B mocnennem ciydae BMecTo 0<a <1 Oyaer
M3MEHEHHUE B KaKUX TO JAPYTHUX, MEHBIINX Npefenax. M BeIpoxkAeHHBIN ciydai, Koraa
Touka Status quo siexxuT Ha noBepxHocTu [lapero — Toraa neperoBOpHOE MHOXKECTBO
BBIPOK/1a€TCS 10 OJJHOU ITON TOUKH.

B npunnune pemienue Ha 3ToM OKOHYeHO. OT MaTeMaTHKHU O0JIblle HUYEro He 3a-
BUCHUT. ITPOKHM HAUMHAIOT «TOPrOBaTHCS» U B UTOTE OCTAHABIMBAIOTCSA Ha KaKOM TO
U3 TOYEK BBIJCIIEHHOTO MHOYKECTBA.

Pemenue apoutpa

PaccMmoTpum cutyaiuio, Korja urpokd He MOTYT OCTAHOBHUTBCSI HA KAKOM TO O/I-
HOM pElIEHUH, T.K. 00a XOTAT «CIPaBEeIIUBOCTH». [[J1s1 3TOM 1enu npuriamarT Tpe-
Th€ JIUI0 — «apOUTPa», KOTOPBIHN TOJKEH OBITh COBEPIIIEHHO HE3aBUCUMBIM. ApOUTp
MIPUHUMAET CIPABEAJIMBOE U OECIPUCTPACTHOE PELIEHUE, KOTOPOE JOJIKHO YCTpau-
BaTh 0OOUX UTPOKOB. 3/1€CH Mbl IOMBITAEMCS BBECTH MAaTEMATUYECKOE OIPEIEICHHE
«CTIpaBEAJIMBOCTI MPUMEHUTENBHO K MaTeMaTH4eCcKol Moenu Teopuu urp. K ap-
OUTPY MOJKHBI OBITH TIPEABSBIICHBI CIIEYIONNE TPEOOBAHMS:

1. ApOutpaxkHoe pelieHue JOMKHO OBITh 3JIEMEHTOM TEPErOBOPHOIO MHOXKE-
CTBA.

2. ApOutpakHas cxema JOJKHA OBbITh HE3aBUCHMOM OT UMEH WM 0003HAUYCHHIM
UTPOKOB.

3. Ecnu nBe urpsl OJU3KH MEXy COOOM B KAKOM-TO CMBICIIE, TO U apOUTPaKHbIE
pelieHus T0KHBI ObITh OJIM3KH.

4. ApOutpaxHoe pelieHHe T0JKHO OTpaXaTh IeMCTBEHHOCTh YIPO3 UTPOKOB.

B Teopun urp nomnoOHbie TpeOOBaHUS MbITatOTCA (HOpMaAIU30BaTh B BUJIE MaTeMa-
THYECKUX akcMoM. OJIHy U3 TaKUX CUCTEM akcUoM mpenoxui Jx. Ham.

ITycts urpoky A nocrynHo m crpareruii Ai, Az, ..., Am. Urpoky B — n crpareruii,
Bl, BZ, ceey Bn.

Uepes S Mbl OynieM 0603HaYaTh BHITYKIYHO 000JI0YKY TOYeK (a;

ib;), S - mepero-

BOPHOE MHOeCTBO, (V' ,W " )- Touka Status quo, (V°,W°) — perienue apoutpa.
p q p



Axcuoma 1. (Onmumanvrocme no Ilapemo). Touka (V °,W°) JOJHKHA OBITH dJIe-
MEHTOM MEPETOBOPHOTO MHOKECTBA, TO €CTh

1. (V "W° e S)

2. V°>2v', w>w’

3. B S HET TOYKH (V,W), OTJIMYHOM OT TOUKH (\/O,WO), TaKou, uro V>V°, W>W°

Axcuoma 2. (Cummempus). Ilyctb urpa oomagaet cieayroOmuMu CBORCTBAMHU:

1. Vvi=w";

2. ecnm touka (V,W eS), To 1 Touka (W,V €S).

Torna 10KHO BBITOTHATHCS ycioBue Vo =W°.

To ecnu UrpoKM HAXOAATCS B COBEPIICHHO OJIMHAKOBOW CUTYAIlMH, TO U apOUT-
pa)XKHOE PEIICHUE AOJKHO AaBaTh UM OJIMHAKOBBIEC BHIMTPHIIIIH.

Crnenyrouye 1IB€ akCHOMbI MEHEE OUEBHUIHBI, KaK MMPEIbIAYIIHE.

Axcuoma 3. (Uusapuanmunocmv OMHOCUMENbHO JUHEUHO20 NPeodpa308aHUsL).
IlycTbh UMEIOTCS IB€ UTPhI OJUHAKOBOM pa3sMEPHOCTHU U C IJIATEKHBIMU MAaTPUIIAMU,
CBSI3aHHBIMH COOTHOIICHUSMU

aij =8, + 4 Bij =a2bij +4, i=L..m j=1..n

Torna apbutpaxxHbie pelieHus A1 HUX TaKXKe JOJDKHBI ObITh CBSI3aHbI COOTHOIIIE-

HUSIMU

Vi=aVo+p8 W' =a,W°+p5,

Axcunoma 4. (Hezasucumocmo necsszannvix anvmepnamue). Ecim k urpe moda-
BUTb HOBBIE XOJIbI JIJII UTPOKOB C JOOABJICHUEM HOBBIX AJIEMEHTOB IJIATEKHBIX MaT-
pHIl TaKUM 00pa3oM, UTO TOYKa status quo He MEHsETCs, TO JTUOO apOUTpaKHOE pe-
IIEHHE TAaK)Ke HE MEHAETCS, JIMOO OHO COBMANAET C OJHON U3 J0OABICHHBIX CICIOK.

JIx. Hoam mokasan, 4ro CymiecTByeT €IMHCTBEHHAs: apOuTpa)kHasi cxema, yIOoBJie-
TBOPSIOIIASA STUM YETBHIPEM akcuoMaM. ApOUTPaKHOE PEIICHUE JIOKHO BHIHOCUTCS
U3 YCJIOBHS
max (v -V Jw -w")

(VW)es
TO €CTh pelIeHUe apouTpa (V O,WO)I[OJ'DI(HO yIIOBJICTBOPATH YCIOBHIO
VoV W -w")= (v -V w-w")
ns Beex Touek (V,\W), mpuHaIeKaIux meperoBOpPHOMY MHOKECTBY.

NuauBuayaabHble 3a1anus mo teme Ne 17,
«Haxoxnenue perieHus: apouTpa 1 COOTBETCTBYIOIIUX €My ONTUMAJIbHBIX HA0OPOB
qacTom»

JIns1 pacCMOTPEHHOM B IPEABIAYILEM Pa3/ielie KOOIIEPATUBHOW UI'PHI BBIJICIIUTH TIEpe-
TOBOPHOE MHOKECTBO, HANTH pelieHue apOuTpa U COOTBETCTBYIONTUN eMy HaOOp OrI-
TUMaJIbHBIX 4acTOT. CpaBHUTH PE3YJIBTATHI C PAHEE MOJTYYEHHBIMHU.



