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BBEOAEHUE

CamocTtosaTenbHass paboTa MpeaycMaTpuBaeT H3yuY€HHE TEM OCHOBHOTO
collepKaHUsl pa3[eloB AUCIUIUIMHBI, KOTOpPbIE HE BKJIIOYEHBI B JIEKIIMOHHBIN
Marepuasl. Pe3ynbTaThl BBINOJHEHHUS CaMOCTOSITEILHOM pPaOOTHI OIEHUBAIOTCS B
X0/JIe TPOMEKYTOUHOM aTTecTallui — TeMaTHKa 3aJlaHuid BKIIOYEHA B OUIIETHI.

TeMbl A CAMOCTOATEJIBHOIO U3YICHUA

8. ctopust reomeTpum.

8.1 Co3anne aHATUTUYECKON T€OMETPHUH.

8.2 T'eomerpus JlobGaueBckoro. Bompoc 0 HENpOTHBOPEUHUBOCTH
HEEBKJIMJOBOI T€OMETPHH.

8.3 DOpnanreHckass mnporpamma KieiiHa. CHCTEMBI TE€OMETPHUECKUX
TEOPUH.
9. MareMartuka cIiy4aiiHbIX COOBITHIA.

9.1 IlepBbie yecniexu no cratuctuke X VII B.

9.2 Ycnexu KOMOMHATOPUKH, BEPOSATHOCTHBIC 33J]a4l U TIEPBBIC MOHITHS
TEOPUU BEPOSTHOCTEN: 4acTOTa, BEPOATHOCTh, MATEMATUYECKOE OKUAHUE.

9.3 CiyuaitHple BEIMYHMHBI M CIIy4alHbIE NMPOLECCHl. BO3HMKHOBEHHE U
pa3BUTHE MAaTEMATUUYECKON CTATUCTUKU U €€ TPHUIOKEHHUS.
10. Hcropuss  pa3BUTHS  BJIEKTPOHHO-BBIYMCIUTEIBHOM  TEXHUKH H

IIPOrpaMMUPOBaHUS
10.1 PaHHsis  wcropuss  pa3BUTHA  BBIYHMCIHUTEIBHOW  TEXHUKH,
BBIYUCIIUTEILHON MaTE€MaTUKH, IIepBbIE marv KOMIIBIOTEPHOIO

Mo ieupoBanusi, Metoa Mounrte-Kapio.

10.2 PanHs1s1 ucTopus COBETCKOM KUOEPHETUKH.

10.3 KoMmnbroTepHast IUHTBUCTHKA.

10.4 KubepHeTnueckre BOIPOChl OMOJIOTUH.

10.5 DxoHomuveckas KubepHeTuka.

10.6 CucreMbl TPOrpaMMHUPOBAHHMS ¥ MPOOJIEMBI JOCTOBEPHOCTH
MPOTPaMMHOTO 00€CTICUEHUSI.



TEOPETU4HECKUE CBEOEHUA

BapuanuoHHoe uc4ucIeHNe U TEOPHsI ONTHMAJIBHBIX poneccos (1687-1994)

OpxHO#l M3 BaXKHEMIIMX 3a7ad MPUKIAJIHOW MATEMaTHKHU SBISIETCS IOMOIIb B BBIOOpE U
CO3JIaHMM HAWIYUIIUX KOHCTPYKLMH, HAUIYYIIUX IPOTHO30B OYyylIero, Hauidy4IlluX TEXHUYECKUX,
HSKOHOMHYECKUX U (PMHAHCOBBIX PEIICHUH.

[ToHATHO, YTO BHUMaHHUE, KOTOPOE YAEISAETCS PEIICHUIO DKCTPEMAIBHBIX 3a7ad, 3a4ad o
[IOMCKE «MAaKCUMYMOB M MHUHUMYMOB». OTH 3aJauyd CTaJId MPEIMETOM CHCTEMaTH4YECKOTO
UCCIIEIOBAHMs €1 B CEMHAILIaTOM BEKE.

Ecnu mnoanexamiasi HMCCIEIOBAaHUIO BEIWYMHA SIBISIach (QYHKIHMEH OT HEKOTOPOH
IIEPEMEHHOM, TO IyTh K PEUICHUIO OTKPHIBAJIO IIPOCTOE MPABWJIO, KOTOPOE TEHEPb MBI BBIPAXKAEM B
BUJIE: «3HAUEHUS MEPEMEHHOMW, JOCTAaBIISIIOIIME IKCTPEMYM (MAaKCUMyM WJIM MHUHHUMYM) Pa3yMHO
UCKaTh Cpelu TOYEK, B KOTOPBIX MpOU3BOAHAs (YHKIMU oOpaiiaercs B Hylb». OpHaKo eme B
CEMHAJLIaTOM BEKE MaTeMaTHKaM CTajd BCTPEYaTbCsi 3aJaud, [J€ MaKCUMyM WIM MUHUMYM
HCCIIElyeMOro CBOWCTBA 3aBUCEIM HE OT BbIOOpa TOr0 WJIM HHOTO 3HA4YEHUs HE3aBUCUMOMN
MEPEMEHHON, a OT BBIOOpa (YHKIMHM B II€JIOM. ECTECTBEHHO, YTO HOBBIC 3a/Ja4d TPeOOBAaIU H
COBEpLICHHO HOBBIX METOJOB pemeHus. IIpuMepoM 3amaun Takoro TUma, paCCMOTPEHHOW BIIEPBbIE
eme HprotoHom B 1687 1., ObIT BBIOOP (GOpPMBI KOpITyca Kopaliisi, KOTopas obOecmeunBaia Obl
HauMEHbIIIEE CONPOTUBIICHNE BOJABI. DTO — TUIINYHAsI BapualMoOHHas 3anada. OJHAKO, IEPBbIM, KTO
MOIMETHI CHenru(UKy HOBOTO THIA 3a1a4 Ha OSKCTpeMyM ObUT MIBeHmapckuii marematuk M.
Bepuysmutu (Bernoulli, 1667-1748). B uronbckoM HOMepe KypHaia «Acta eruditoriumy 3a 1696 rog
BepHymnu mpemtokmin MareMaThkaMm 3anady o OpaxucToTpoHe. 3amada (opMyIHpoBajach Tak:
Cpely BCEX JIMHUM, COCIUHAIOINX JBE 3aJaHHbIE TOUYKH, HAMTH KPUBYIO, JBUTASICh 110 KOTOPOU MO,
NEHCTBUEM CHJIbI TSXKECTH, MaTE€pUaJbHOE TEJIO MPOLLIO Obl MyTh MEXAY HUMM 3a KpaTdaiiiee
BpeMsl.

JleiiOHUIl pemnsa 3Ty, MO €ro ONpeAeNIEHUI0, «IPEKPacHY0, 10 CUX IOp HECIIbIXaHHYIO
3a1ady» M NONpocui bepHy/uM mpenocTaBUTh MaTeMaTHKaM IOJ BPEMEHHM I COCTS3aHUS B €€
pemenun. bepryiu cornacuics U B ssHBape 1697 1. BHOBb OITyOJIMKOBaJI CBOIO 3ajaudy, COIIPOBONB
€€ CIEQYIOINM Bo33BaHueEM: «OCTpOyYMHENIINX MaTEMaTUKOB BCETO MUPA NPUBETCTBYIO 51 — Morann
bepnymnu! Jlrogeil BbICOKOrO ymMa HUYEM HeNb3sl Oousbllle NpUBIEYb K paboTe, Kak yKazaB UM
TPYAHYIO U BMECTE C TEM MOYETHYIO 33Jauy, peHIeHueM KOTOPOH BO3MOXKHO U CJIaBy NMPHOOPECTH U
OCTaBUTbH 110 ceOe BEUHbIN NaMATHUK. S HaJeI0Ch, UTO 3acily>Ky OJIaroJapHOCTh BCET0 YYEHOI0 MUpa,
ecin no npumepy [lackansa, @epma U Apyrux NpEeAsoKy Jy4IIMM MaTeMaTHKaM Hallero BPEMEHU
3ajjauy, KOTOpas JacT UM BO3MOXKHOCTb HMCIPOOOBaTh, XOPOLIM JM T€ METOJbl, KOTOPHIMH OHH
BJIQJICIOT U KaK BeJIMKa cuija ux yma. Eciu kTo-nmubo Haljer pelieHue Mpe/UIoKeHHOM 3ajadd U
coOOHIUT 00 3TOM MHE, TO 51 OOBSIBIIIO €My IyOINYHO 3aCITy>KEHHYIO XBaly».

Eme 1o ucreueHus cpoka ObUTM JaHbl TPU PELICHUS: OJHO MpuHaiexano Sxkoy bepnymim,
apyroe — JlonuTanio, TpeTbe ObUIO OMyOIuMKOBaHO Oe3 mojmucu aBTopa. MoranH bepHymmu y3Han
aBTOpa «II0 €ro JLBUHBIM KOTTSIM», KaK OH BbIpazuics. Pemenue npunamiexano M. Hetotony.

B nocnenyromme roaet U. bepuymnu, ero crapumm Oparom SkoBom, JleiOnumnem u np.
peliagnuch OTIeNbHbIE BapHallMOHHbIE 3afaud. OJHAKO YeCcTh CO3JaHUs €AMHOI0 MeToja
BapHUALlMOHHBIX NMPOOJIEM HCKIIOUUTENbHO U Oe3pa3fenbHo mpuHauiexkuT Jleonapay Oitnepy (L.
Euler, 1707 — 1783).

Eme B 1732 1. (1.€., Kora Diinepy O0bu10 Beero 25 jieT) uM ObuIa BhiNoJIHeHa pabota «O01ee
pellleHrne H30MepUMEeTPUYECKON 3amadyu, B3STOM B caMoM oOmeMm cmbicie». B Helt Oiinep
paccMaTpuBaeT YK€ HE OTJENIbHBIE YacTHbIE NMpOOJIEeMBbl, a BOOOIIE «3a/aud, I7I€ OTBHICKUBAIOT
KpHUBbIe, 00J1a1a1011Ie MaKCUMaIbHbIM WM MUHUMAJIbHBIM CBOMCTBOMY.

B nocnenyromme roxer JI. Diinep He pa3 Bo3Bpallalcs K BapUAlMOHHBIM IpobiiemMaMm H,
HakoHeIl, B 1744 . moaBen uToru cBoe paboThl B OOJBIIIOM TpakTaTe «MeTo ] HaXOXKIEHUS KPUBBIX
JUHUKA, ~ OOJIafjalomMX  CBOMCTBAMHM  MakcMMyma  JHOO  MHHUMyMa, HWJIM  pELICHUE
W30MEPUMETPUYECKO 3a/1auu, B3ATOM B CAMOM IIUPOKOM CMBICIIE.



B omimume oOT CBOMX TPEAIIECTBEHHUKOB, OWIep paccMaTpUBAET KOHKPETHBIE
BapUAIlMOHHBIC 33J]a4ll KaK YacTHBIM ciay4aid oOmieli npoOiembl: «HaiiTh KpuByo Y(X),
JOCTABJISIFOLLYIO SKCTPEMYM HEKOTOPOMY «UHTETPAIIBHOMY BBIPAKEHHUIO» BUA!
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Ha3BaHHOE BIIOCJICICTBUHM ypaBHeHHEM Oiepa. J[ms obmiero cimydvas, Korma Z 3aBUCHT HE

TOJBKO OT J, HO OT ;" M BOOOLIE OT IPOM3BOAHBIX JIHOOOTrO MOpsAAKa, Diliep aHAIOrUYHBIM

IIyTEM BbIBEI YypaBHEHHE (2), 3a KOTOpPBIM, OJHAKO, B JAJbHEHIIEM 3aKpPENWIOCh Ha3BaHUE
«ypaBHeHue Oinepa-Ilyaccona». Mcropudyecku 310 HENPaBUIBHO, MOCKOJIBKY ypaBHEHHE (2) ObLIO
BBIBEJICHO U HccienoBano Ditepom B 1744 r., 3amonro g0 poxiaeHus [lyaccona (Poisson, 1780-
1840).

B nanbHeiinem, npu pemieHU KOHKPETHBIX IPUMEPOB, DWUiIep HEOCPEACTBEHHO IOJIb3YETCS
¢dopmynoit (2), cBoas TeM caMbIM BapHallMOHHYIO MpoOieMy K 3ajauye MHTErpUpPOBAHUA
muddepeHIManTpHOr0  ypaBHEHUsA. Takum  oOpasoM, Diyiep co3main  aldropuT™M  PelIeHHS
BapHallMOHHBIX 3a/1a4.

B tom xe Tpaktare 1744r. Dilep ykasajl Te 4yacTHbIE Cily4ad, (C T€X IOP HEU3MEHHO
IPUBOAMMBIE B y4eOHMKAaX BapUAIllMIOHHOIO HMCYHUCICHMs) KOTJAAa MHTErpupoBaHHe ypaBHEHUs (5)
YIPOIIAETCS U BBITIOIHIETCS B KBaJparypax, (a UMeHHO: 1. Z He 3aBHCHUT SIBHO OT X, 2. Z HE 3aBHCUT
SIBHO OT Y, 3. Z 3aBUCHUT TOJIBKO OT V , 4. Z 3aBUCHUT OT ) JIMHEWHO).

[Momumo ¢ynxmmonanoB Buga (1) Diep uccrnemayer Takxke (GyHKIMOHATBI, SBISIOMIMECS
IIPOU3BEICHNEM, YACTHBIM HJIM BOOOILE IPOU3BOJIbHON (DyHKIMEH OT ornpeneneHHbIX nHTerpaioB W.
(MHTEpEeCHO OTMETHUTH , UTO 3TU BAXKHBIE ISl IPUIOKEHUN (DYHKIIMOHAIBI YK€ HE pacCMaTPUBAIHChH
B OoJiee O3IHUX y4yeOHUKaX 110 BapHallMOHHOMY HcuuciieHuto. Koryia MHe MpHUIuIoCh CTOJIKHYTHCS C
MPAKTUYECKUMH 33]ja4aMy, IPUBOSIIAMH K TIOJJOOHBIM (YHKIIMOHATAM, TO CYIIECTBEHHYIO TIOMOIIh
B PEILICHUH 3TUX 3a]a4 IPUHECIIO OOpaleHUE K IIEPBOUCTOYHHKY, K TpakTary JI. Diinepa).

Hakonen, Ditiep paccMOTpesl Takxe 3adadd, B KOTOPHIX (GyHKUMS Y(X) , JAOCTaBISIOIIAs
sKcTpeMyM ¢yHKumoHany (1), momxHa OBUIa YAOBJIETBOPATH JIOTIOJIHUTEIBHBIM  YCIOBHSM,
HanpumMmep, JUIMHA KpUBOH (T.€. ee mepuMeTp) JoJDKHA ObITh paBHA 3aJlaHHOM JuMHe L u nan o6muit
QITOPUTM pPEUIeHUs MOAOOHBIX (M30MIEPUMETPUIECCKUX) 3a1a4.

Boobme, OorarctBo coaepikaHus TpakTara, omyOnuMkKoBaHHOro Oiiepom B 1744r.,
U3YMUTENBHO, XOTS CTWUJIb HW3JIOKEHHUS, pa3syMeeTcsl, CHJIBHO OTJIMYaeTcs OT COBPEMEHHBIX
crangaptoB. [IpenenbHblil mepexoa oT ycnoBus (4) K ypaBHeHHio (5) Dilep He 0OOCHOBBIBAET,
JIOCTATOYHBIX YCIOBUH He paccmartpuBaeT. Jlake mnpocToe ycnoBue (3HaK BhIpakeHus Z ),

MO3BOJISIONIEE OTJINYATh — JIOCTUTACTCS HA PEIICHUSX ypaBHEHHs (5) MaKCUMyM HJIM MHUHHUMYM
byHKIMOHAIA — DHIepoM He HCIOJIB30BaoCch U ObLTo HaiaeHo Jleskanapom (Legendre, 1752-1833)
ik B 1786r. BMecTo 3TOro ycnoBust Diijiep KakIbli pa3 uccieayetr GU3nIecKuil CMbICH 3a7aud U
U3 aHajgu3a (U3NYECKOTO CMBICTA 3aKI0YacT, OyaeT JH pa3bICKHBacMas MM KpHBas JIOCTaBISATH
MaKCUMyM WJIM MUHHMYyM. BooOriie, Ha/lo MOA4epKHYTh, YTO Dilliep CMOTPHUT Ha ypaBHEeHHUe (2) He
KaK Ha q)OpMaJ'II:HI:IfI AJITOPUTM, KOTOpI:vII\/'I MO3BOJCT MO3ry OT- JOXHYTb U 3aMCHHUTH Pa3MbIIIJIICHUC
W aHaM3 KOHKPETHOW 3amadd 4ucTo (GopmaibHbIMH oneparusmu. s Diinepa ypaBHeHue (2)
TOJIbKO TIOMOTaeT JayMmMaTh, W ILIEHHO TE€M, YTO TIO3BOJIIET CHUJIBHO COKpPaTUTh Kpyr (yHKUIUI
«TOJIO3PUTENIBHBIX» B OTHOIICHHWH 3KcTpemyma ¢yHkinuonana (1). Konb ckopo ypaBHenue (2)
HaiIeHo, TO (YHKIIMH, JOCTABJISIOIINE SKCTPEMYM (€CTH pa3yMeeTcsl, OH CYIIECTBYET M TOCTUTAETCS
B KJIacC€ KYCOYHO-TJAIKUX (YHKIMH) MOXHO HMCKAaTh TOJBKO CPEIM €ro pEeHIeHHuH. DTO Pe3Ko
COKpaIlaeT Kpyr MOMCKOB, HO HE 3aMCHSIET HETMKOM COJEPKATEIBHOTO UCCIICTOBAHMS 3a1a4l YUCTO
dbopmanbHBIMU BhIYHCIeHUIMUA. K 3TOMY Diiniep U He cTpeMuics; (I03TOMY KPUTHKY ypaBHEHHS
Diisiepa HeNb3s MPU3HATH CIIPABEIJTUBOM ).

Bo3Bpamasich kK BbIBOY ypaBHeHHs (2), MOTUYEpPKHEM elie pas, uro (aktudecku Diiep
CBOJIUT BAapUAllMOHHYIO 33/Jayy K 3aJaye Ha OOBIYHBIA 3KCTpeMyM GYHKIUU N TMEPEMEHHBIX C
MOCJICIYIOIIUM TIEPEX0JIOM K TMpenelny. 3aKOHHOCTh MPEICNIbHOTO TMepexoia DWiepoM He
000CHOBBIBAIACH.

Henocratku merona Dityiepa, rpoMO3IKOT0 Jake JUIsl (PYHKIIMOHAIOB, 3aBUCSIIUX OT OJIHOU
MEPEMEHHON, OCOOEHHO PE3KO OIIYIIAJUCh MPH HCCIACIOBAHMM 3a7ad Ha JKCTPEMyM KPaTHBIX
HUHTETPAJIOB.



Coznanue Meroaa HUCCleNoBaHMs, CHelu(UYEcKOoro JUisl BapUAllMOHHBIX 3alad — METoja
Bapuanuii — cBs3aHo ¢ umeHem Jlarpamka (Lagrange, 1736-1813). IlepBoe u3nokeHHE CBOETO
Meroaa Jlarpanx gan B mucbMe K Oiepy oT 12 aBr.1755r. Dinep yke Obul TOrja BCEMHPHOE
M3BECTHBIM Y4eHbIM, Jlarpamxy Obuio 19 5ieT, u oH elie He OImyOJuKOBaJl HM OJHOW HAyYHOH paboTHI.
Dliniep HEMENJIEHHO OTBETUJI Ha MuchMo Jlarpanxka, ropsiuo ogoOpsisi HOBBIM METOMI, U MEXIY HUMHU
YCTaHOBHJIACH MEPENHCKa, IpoaoipKaBInascss MHoro Jjet. [To pexkomenganun Diinepa Jlarpanx Obi1 B
1756r. n36pan HHOCTpaHHBIM WieHOM bepimuHckoit Akanemuu. B mucemax roHoro Jlarpanka Dumep
HaIIeJl TO, YTO OH JAaBHO MCKaJl — IPOCTON U YJOOHBIN aHATUTUYECKUN METOJ] UCCIIEA0BaHNUS.

B mnocnenyroomue roasl Diiiep HMHTEHCUBHO paboTan HaJ YCOBEPIICHCTBOBAHHEM U
pazButueM Metona Jlarpawxka. OnpHako Oiinep He myONIMKOBaJl CBOMX pE3YyJIbTAaTOB, OXKMJIAs
nyosmkanuu padot Jlarpanxka. 2 okTsa6pst 1759r. Diinep numer. Jlarpawky: «TBoe aHanuTHueckoe
pelIeHre N30NePUMETPUIECKON MPOOJIEMBI COEPKHUT, HACKOIBKO S BUXKY, BCE, YTO TOJIBKO MOXKHO
JKellaTh B 3TOM 00JacTH, W S YPE3BBIYANHO paj, 4TO 3Ta TEOPHs, KOTOPOW IOCIE MOUX HEPBBIX
IIOTIBITOK 5 3aHUMAJICS €/1Ba JIM HE OJMH, JOBEJIEHA TOOO0 /10 BeIMYaiIlero COBepLUICHCTBA.

Baxxnocts Bompoca moOynauia MeHS K TOMY, YTO s C MOMOIIbIO TBOErO OCBEIICHHS cam
BbIBEJI aHAJIMTUYECKOE PEIICHHUE; sI, OJJHAKO, PELINJI CKPbIBAaTh 3TO, I1OKA Thl CaM HE OIyOJIMKYElIlb
CBOHM pe3yJIbTaThl, TAK KaK s HUIKOMM O00pa30oM He X04y OTHHMATh Y Te€0s 4acTh 3aCiIyKE€HHOU TOOOIO
CIIaBbI».

Pabots1 Jlarpamka Obut omy6iukoBanbl B 1760-1762r.r. B vHux Jlarpanx BBOIUT MOHSTHE O
MIPOU3BOTHOM MHTETPATLHOTO BHIPAXKEHHUSI (B COBPEMEHHBIX TEPMHUHAX — (DYHKIIMOHAJIA) U BBOAMT I10

b
ananoruu ¢ auddepennuanom d HOBbIA 3HaK O. Ecam dyHKImoHan J‘F (x;y;y)dx pocturaer Ha

a

KPHBOii y(X) 9KCTpeMyMa, TO, CYMTAECT OYEBUAHBIM Jlarpamnx, uMeem
b b
5IF(x;y;y)dx =0 ,uTorma Ié‘F(x;y;y)dx =0.

[To aHanoruu ¢ cooTHOIIEHHUEM AJis AUQHEpEeHIINaT0B:
dF = F,dy + F,dy, (6)

Jlarpanx numer

OF = F,op+ F,0p, (7)

H TOTJa

S[ F(xsy: p)dx = [ (F,0 + F,p)dx . (8)

Ko Bropomy uneny B popmyie (8) Jlarpanx npuMeHsieT HHTErPUPOBAHUE IO YACTSIM:
b b

. d
[ Fycpdx = F, 3] —I@EF}.,dx ,

" TOorja nmojydact OKOH4YaTCJIbHO!
b

b
S | Fax = j[F) —%ij@/dx+F}.@/|Z . (9)
a

[IpupaBHsB HYJIO MMOJABIHTETPABHOE BhIpaKeHUE, JlarpaHxk moixydaeT ypaBHeHHe Ditiepa, a
BHEMHTETPAIbHBINA YJI€H MO3BOJISIET HANTH YCIOBUS HA KOHLIAX KICKOMOM KPUBOIA.

Taxkum oOpazom, Merona Jlarpamka mo3BomMs 0oJjiee MPOCTO BBIBECTH ypaBHEHHE Jiiepa,
pacnpoCTpaHUTh €r0 Ha KpaTHbIE MHTErpajbl, a TaKKe MO3BOJWI peuiaTh 33aJladyd Ha SKCTPEMYM He
TOJIBKO C 3aKPETUIEHHBIMH, HO U CO CBOOOHBIMH KOHIIAMH UCKOMOM KPHUBOA.

Onnako HOBBIM MeToj JlarpaH:ka BCTPETHII XOJIOJHOE OTHOIIEHHE COBPEMEHHUKOB M HE
Cpa3y MOJy4mJl Mpu3HaHWe. YaCTUYHO 5TO OBLIO CBSI3aHO W € TeM, 4yTo Jlarpamk BaKHEHITYIO
dopmyiry (7) BBOAWUI MPOCTO MO AHAIOTHH C W3BECTHOM M3 IU(HEpeHIHATHLHOTO HCYUCICHUS

a



bopmyioii (6) 1 cripaBeTMBOCTh HOBO# (hopmyJibl (7) OTHIOAB HE OblIa OYEBUIHA; TIOATOMY HOBBIM
METOJl M BCTPETWIN C HenoBepueM. [l ero pa3BUTHA W MOMYJIPU3aLMU CHOBA MHOIO CreJall
Diliep, KOTOpPbIA, B YaCTHOCTH, W MPEIJIOKHUI Ha3BaThb HOBBIM anroputm Jlarpanka MeToaoM
BapHalllii, a MaTeMaTU4yeCKyl JUCLUUIUIMHY, M3Yy4YalOU[yl0 OKCTPEMYMbl HHTEIPajoB —
BapHAaIlMOHHBIM HCcYUCIIeHneM. Tak oHa ¢ TeX Mop U Ha3bIBaeTCsl.

B cBoux pabotax, omyOiuMKoBaHHBIX B 1766r. Diinep pa3biCHWI, YTO B BapUAIlMOHHOM
MCYMCIICHUU HCKOMasi KpUBasi, JOCTABIISIONIAs SKCTPEMYM CpaBHUBAETCS ¢ OECKOHEYHO OJM3KOM K
HEH KpUBOH, MpUYeM BapHUallud Oy U Oy €CTh HE YTO WHOE, KaK OCCKOHEYHO Majbie MPUPALICHUS
y(x) 1 ee MPOU3BOIHOM MPHU TEPEX0Ae OT UCKOMOM KPHBOW K COCETHEH. BBIACHHIIOCH, UTO B METO/IE
BapuallUi M3Y4yaeTcsi pa3HOCTh MEX]y 3HAYCHUSIMU HHTETPAJIOB, B3STHIX HAa MCKOMOW KPHUBOW U
KPHUBOM, OJIM3KON K HEM:

b b
AJ = [F(x,p+ 833+ &)dx — [ F(x; y; 9)dx . (10)
Paznaras sty paznocts B psa Teinopa, noaydaem:
b b
: 1 : :
AT = [(F,8 + F,69)dx + > [(F,0 +2F, 60 + F, 6" )dx,

MPUYEM BEJIMYUHBI TIEPBOTO MOPSAIKA MAJOCTH OTHOCUTEIIBHO Oy U O) COCTaBISIOT MEPBYIO
BapHUalMIO UHTErpaa:

& = j(Fygy + F,6)dx, (12)

a BEJIMUHMHBI BTOPOTO MOPSIKA MATOCTH — BTOPYIO BAPUALIHIO .

Jiis  CylIecTBOBaHUSI JKCTpeMyMa HEOOXOJIMMO, YTOOBI TEepBas BapualMs WHTErpaya
paBHs1ach HyI0. U3 yenoBust 6J=0, HHTErpupys 10 4acTsM BTOpou wieH B Gopmyre (9), momydaem
cHoBa ypaBHeHHe (5). Tak Diinep pa3bsCHUI OKOHYATENbHO CYIIECTBO METOJOB BapHAIIMOHHOTO
ucurciieHus. M3ydeHne 3HaKa BTOPOW BapwWallMM ITO3BOJIIIO B JAIBHEUIEM TPOAHATU3HUPOBATH
JIOCTATOYHBIE YCIOBUS IKCTPEMyMa.

Bropast Bapumarus (¢yHKIIMOHAJIa IOABEPIIIACh JCTALHOMY HCCIICOBAaHUIO B padoTax
M3BECTHOTO (PpaHIly3CKOTO MaTeMaTHKa, wieHa Axajgemun Hayk Apnpuana Mapu Jlexanmapa
(Legendre, 1752-1833).

C TIOMOIIBIO MHTErPHPOBAHMUS 110 YACTSIM, OH TIPUBE BTOPYIO Baphanmio &J (GyHKIMOHATA

b
JZJF(x;y;y')dxi

1% . .
5% = 3 j (F, " +2F, 00 + F, 5 )dx (12)
K CIEIYIOMIEMY BUIY:

8%J = [(P&” + R&y")dx , (13)

1 d 1
rae PZE Fyy—aFy'y ’R:EFW'
st Toro, 94To0Bl QYHKIUS Y(X), YAOBIETBOPAIOIIAs YpPaBHEHUIO Diiniepa U, CIeI0BaTEIbHO,
oOparmarorasi B HyJIb NIEPBYIO BapUaIlHIO, JOCTABIIsIIa MUHIMYM (YHKIIMOHATY, HEOOXOIMMO, YTOOBI
BTOpas Bapuaius ObUIa MoJoXuTelnbHa. OHAKO MEXIy Bapuanueil uckomMou (yHKUIUU Oy U
BapHalliei ee IpOU3BOJHON Oy BCErJa MOXET OKa3aThCsl BHITOJIHEHHBIM HEPABEHCTBO

& <<’ (14)



(3Tr0 MOXxeT OBITh B TOM ciydae, eclnd Oy — (YHKIHMS Majasi, HO JIOCTaTOYHO OBICTPO
KoseOuoasicss; Torra oy MOXeT ObITh B Jt00oe umucio pasz Ooinbiie, yeM oy). Ho pas tak, To

H606XO,I[I/IMBIM YCIIOBHUEM IIOJOKUTEIIBHOCTHU BTOpOfI Bapuanuu 6y,HCT YCJIIOBUE
F, >0, (15)

MU 3TO YCIIOBHE TEM CaMbIM HEOOXOJMMO IJII TOTO, YTOOBbl Ha (DYHKIMH )(X) ITOCTUTAIICS
MUHUMYM (QyHKIHOHaMa. HeoOXoaumMbIM yCIOBHEM MakKcuMyma OyleT HEpaBeHCTBO OOpaTHOTo
3HaKa.

Jlexxanap mblTasics 10Ka3aTh, YTO BBINOJHEHHE YCWJIEHHOro ycioBus (15) — HepaBeHCTBa
F,, >0 — yxe HEe TONbKO HEOOXOAMMO, HO M JIOCTATOMHO Il MUHUMyMa GyHKIMoHana. Pasbepem

noJipo0Hee 3Ty NOyUYUTENbHYI0 omuoOKy Jlexanapa. [TockonbKy Ha KOHIIAX KPUBOM, pu y=a u y=b,
Bapuanus oy odpamiaercs B HyJib, TO s 0001 nuddepeHmupyemon GyHkImu o(x) Oyaer:

b b
J@o+ 20501 = [£-(370) 0. (19)
X
[Toatomy, mpubaBuB K mpaBoil uyactu paBeHcTBa (13) BbIpaxenue (16), paBHOEe HYyIIO,
MIPUBEIEM BTOPYIO BaPHAIIHUIO K BUIY:

57J = [[RF* + 25w +(P+)d dx, (17)

1 norpoOyeM 1moaoopats GYHKIUIO @(X) TaK, YTOOBI U3 BBIPAKEHHUS B KBaJPATHBIX CKOOKaxX
MOXHO OBUIO OBl BBIICIUTH TOJNHBIA KBaapaT. Ilycth QYHKIMS @(X) YAOBICTBOPSET
muddepeHInaTbHOMY YPaBHEHUIO

R(P+o)=w" (18)

Torna, HOI{CTaBI/IB (18) B (17), momy4um:

5T = jRﬁy +25y5ya)+§yR dx = jR[@v 2, DO }dx
(19)

®opmyna (19) cBunerenscTByeT, cuntan JlexaHnap, yTo 3HaK BTOPOM BapHalldd COBIAAAET
CO 3HAKOM BbIp@KEHHs R = F;, W MO3TOMY BBINOJHECHHE HepaBeHCTBa Fj; >0 m0CTaTO4HO A

TOro, 4TtoObl (DYHKIUS )(X), YIOBJIETBOPSIONIAsS YpaBHEHHIO OJiisiepa, IOCTABIsLIa MUHUMYM
(byHKIMOHATY.

Pemaronue Bo3paxeHust npoTus yTBepkaeHUs Jlexannpa BeictaBui Jlarpanx B 1797r. On
3aMeTUJI, 4YTO JOKa3arenbCcTBO JleskaHIpa OCHOBAaHO Ha JOMYLIEHWM: €CIU IOJBIHTErpajbHast
(GyHKIUS Ha HEKOTOPOM MHTEpBAJIE MOJOKUTENIbHA, TO U OINPE/IeJICHHbIN NHTErpa, B3SThIi HAa 3TOM
’Ke MHTepBaje, OyJeT MoJIOKUTENbHBIM. OHAKO 3TO JOMYUIEHWE BEPHO JIMIIL B TOM Cllydae, eciiu
MOJbIHTEerpajibHass (QYHKIMS Ha paccMaTpUBaeMOM HHTepBaje KOHe4YHa (T.e., €ClIM HHTerpail —
«coOcTBeHHbII»). Ecnu ke moasiHTerpanbHast (yHKIMS XOTS Obl B OJHOM TOUKe oOpariaercst B
0ECKOHEYHOCTh, TO MHTErpai oT Hee (Temephb 3TO yke OyneT «HecOOCTBEHHBI» MHTErpan) MOXKET
ObITh 1 oTpuLaTeNbHBIM. M Jlarpanx mpuBes NpuMep UHTErpajia OT MOJIOKUTENbHON (DYHKIUU:

j’- dx _ X |b
a(l—x)z 1-

KOTOpBIfI CTAHOBUTCH OTPULATCIIBHBIM IIPU a = OS,b =2. CJ'ICIIOB&TCJ'ILHO, AJI1 YBECPCHHOCTHU

, (20)

a

B IIOJIOKUTEIBHOCTH BTOPOM Bapuallld HAI0 YAOCTOBEPUTHCS, YTO (GYHKIHUS @(X) — pelieHue
ypaBHeHus (18) — koHEeUHa Ha BceM MHTepBajie a < x < b, a 3T0 CIPaBEUIMBO JAJIEKO HE AJis Bcex P

u R . Tak, ecrm R=—1 u P=1, To ypaBHenue (18) npuaumaeT BuA @ + 1+ @’ = 0, oTkyna w=tg(c-x),

1 .
U B TOUKAX X =C+ 7 GyHKIMA @(x) obpamaercs B OeckoHeyHOCTb. Ilocie Bo3paxeHHi



Jlarpamxa ctano sicHo, yTo ycnoBue Jlexxanapa camo 1o cede emie He TapaHTUPYET CYIIeCTBOBAHUS
HKCTpEMyMa.

Crnenyromuii BaKHbII [Iar B UCCIIEJOBAHUM BapHAllMOHHBIX 3a7ad ObUI CellaH HEMELKUM
matematukoM Kapmom Slkoou (Jacobi, 1804-1851). SIko6u poauics B [lorcaame, B cembe OaHKHpa,
yunsicsi B bepnuHckoM yHHUBEpCUTETe, cpasy MOCiie OKOHYaHHs €ro Hayal paboTaTh B YHUBEPCUTETE
KenurcOepra, criepa JOIIEHTOM, 3aTeéM dKCTpaopAuHapHbIM (¢ 1827r.), n opaunapubiM (¢ 1831r.)
npodeccopom. Takum o6pazoM, SAxkoOu ObLT HUCKIIOUUTENBHO MpenojaBaTesneM. Mbl yke OTMeuaiu
paHee, 4TO 3TO XapakTepHo i 19 Beka; marematukd 18 Beka, Kak NPaBWIO, COEIUHSIIN
IpernojaBaHue C MPAKTUYECKON MeATeIbHOCThI0O B O0JacTH MPHUKIAJHON MaTeMaTUKH. ITO
W3MCHEHUE OBITUS MAaTEeMAaTUKOB HE MOTJIO HE OTPAa3UThCS HAa M3MEHEHUU MX CO3HAHUS M B 3TOM
OTHOIIICHWU OYEHb XapaKTepHa MoJeMUKa MexIy SkoOu W mpeacTaBUTENEM MPEAIIeCTBYIOUIETO
nokosieHus XK.B. @ypoe (Fourier, 1768-1830): «I'ocnogun ®ypee, — roBopui SIkoOu B cBoei peyn B
1830r., — cunTan, 4TO IJIaBHOM LIETBI0 MAaTEMATUKU SIBJISETCS OOIIECTBEHHAS MOJb3a U OOBSICHEHHE
SIBIICHUW TIPUPOJIBI; HO Kak (ritocod OH JOKEH ObLI 3HATH, YTO €AMHCTBEHHAS II€Jh HAYKH — ITO
CIy’)KHTb JOOJECTH YEIOBEUYECKOr0 YMa U YTO MOATOMY KaKOH-HHOYIb BOMPOC TEOPUU YHCET CTOUT
HE MEHBIIIE, YeM BOIIPOC O CHCTEME MUPAY.

SAxobu oTnMYANCs TMBUIKUM U CTPAacTHBIM XapakTepoM. «Ero wuszbpanme mpodeccopom
Kenurcbeprckoro yHuBepcuTeTa, — pacckazbiBaeT o HeM @Denukc KiellH, — HaTONKHYIOCh Ha
W3BECTHBIC 3aTPYAHEHUS, MOTOMY, YTO Ka)XXJIOMy W3 WICHOB (haKyibTeTa OH YCHeN CKa3aTh YToO-
HUOYIb HEmpusATHOE. B KOHIlE KOHIIOB, Bce K€ MOOETUIO HEOCTIOPUMOE 3HAUYECHHE €r0 HAYYHBIX
TPYIOBY.

B Kenurcoepre SAxobu ObIcTpo cTanm TIJIaBOH MaTeMAaTUYECKOM IIKOJIbI — KpYyXKKa
TaJAHTIUBBIX YYCHUKOB, CTUIOTUBIINXCS BOKPYT YUUTENS U ero uaeid. Mel emie OyJeM yIOMHHATH B
HacTodlel rnaBe o0 yudeHukax Skxobu — I'ecce u Knebme — mpomomxaBmux paboty Sxkobu B
o0yacTh BapHAIIMOHHOTO WCUYUCICHUS. «BnusHme, koTtopoe nMen SkoOM Ha CBOMX YYCHHKOB,
COBEpIICHHO HCKIIUUTENbHO, — cBuaeTenscTByeT . KneitH. — Camble ymopHble HaTyphl
MOJYUHSUTACH €ro 00pa3y MEBIIDICHUS,, OH YBJICKAJ BCSIKOTO K BEpIIMHAM MaTeMaTHYECKOTO
4eCcTONI00US, K MJIAMEHHOMY MHTEpECY K yKa3bIBaeMOW UM MIOCTAaHOBKE OYEPETHOM MPOOTIEMBI JHS.

C Toif ke cTpacTHOCTbIO fIKOOM MpHHSI ydacTue B OypiKya3HO-IEMOKPATUYECKOU
peBomtoninu B I'epmannu B 1848r. [lopakeHue peBOMIONMHM OMPAYHIO IMOCIETHUE Tojbl Skoowu,
HEHAJI0JITO TIEPEKUBIIIETO €€; OH CKoHuascs B 1851r.

Baxxnocts Bkiama, BHeceHHoro K. fkoOu, B BapHallMOHHOE HMCUWCICHHE, 3aKIIOYAETCs B
TOM, YTO OH BIIEPBBIC TIEPEIIENT OT UCCIICIOBAHMS H30JUPOBAHHBIX KPUBBIX — PENICHUN ypaBHEHUS
Diinepa — (B JanmpHEHIIeM A3TH KPHUBBIE CTalld HA3BIBATHCS JKCTPEMAsIMU) K HCCIEIOBAHUIO
CEMEMCTB TaKMX KPUBBIX, BBIXOSIINX U3 OJHON TOYKH, K UCCIICIOBAHUIO TTOJISL.

Sxobu moamerun (u omyOnukoBan B 1837r.), UTO Ha IKCTpEMaNsSX MEPecTaeT JOCTUTAThCS
IKCTPEMYM HHTETpaJIa

b
J = [F(xy;3)dx,

eciii OECKOHEYHO OJIM3KHE IKCTPEMalld, BBIXOJAIINE W3 TOYKH d, MEPECEKAIOTCS MEXIy
coboit panee Touku b. Takum obOpasom, SIkoOM MOKa3ay, YTO JIOKAJIBHBIX YCJIOBHUH — YCIIOBHUH,
MPOBEPAEMBIX B KXKIOH TOUKE IKCTPEMAIIU, TAKUX YCIOBHI, KaK ypaBHEHHE Diilfiepa U HEPaBEHCTBO
Jlexaunpa F; >0 — HEZOCTATOYHO [UTst OOECIEYCHHS IKCTPEMYMA U HEOOXOAMMO JOTIOIHUTENBHOE

yCIIOBUE, OTHOCAIIeecs K OTpe3Ky a < x < b B ILeJIOM; 3TO ycloBHE (HA3bIBAEMOE C TEX MOp
yciaoBrueM SIKoOM) 3aKjIF0o¥aeTcss B TOM, YTO SKCTPEMallb, COCIUHSIONIAs TOUYKH a U D, HE J0mKHA
nepeceKkaTbes ¢ 0ECKOHEUHO OIM3KUMU K HEl SKCTPEMANISIMH, BBIXOSIIUMHU U3 TOUYKH d .

HBaamare ner cmycts, B 1857r. yuenuk SAxoou ['ecce (Hesse, 1811-1874) mpuman yciaoBHIO
Sxobu aHanuTHUYECKyIO (HOpMY M TIOKa3al €ro CBs3b ¢ MPOOJIEMON MOJOKUTEIHHOCTH MHTETpala

(19).



JleiicTBuTenbHO, 0003HAaYMM Yepe3 h(x) pasHOCTH OpAMHAT MEKIY ABYMS OECKOHEYHO
Omu3kuMu  skcTpemansimu y(x) u  Y(X)+h(x). Tax kak Yy(X)+h(x) sBisercs SKCTpeMaibio H
YJIOBJIETBOPSAET YpaBHEHHUIO Dilsiepa, TO

Fy(x;y+h;y+h)—diFy.(x;y+h;y‘+h):o. (21)
X

Bocnons3oBaBmiuce popmynoi Teiimopa W coxpassisi WIEHBI TOJBKO TEPBOTO IMOPSAKA
MaJOCTH, MOTYYUM

Ph— i(R/é) =0.(22)
dx

J10 ecth nuHeHOE MuddepeHIranbHoe ypaBHEHHE OTHOCHUTENIBHO paccTosHus h mexmy
AByMsi OECKOHEYHO OJM3KUMH dKcTpemansMu. Ero HaswiBaroT ypaBHeHueM SkoOu. YcinoBue SIkodu
MEPECEYCHUS] IKCTPEMaiell MOKHO TENeph BHIPA3UTh aHAIUTHYECKH — KaK yCJIOBHUE, YTO PEIICHHE

ypaBHeHust Slko6u (22) ¢ HauadbHBIMU YCIOBUAMHU fi(a) = O,fz(a) =1 He oOpaiiaercsi B HyJb BHyTpHU

oTpe3ka a < x < bh.
3aMeTuM, 4TO eciu B ypaBHeHUU Jlexanapa (18) npoussectu 3aMeHy EPEMEHHBIX

h
ow=——R (23
TR (23)

TO ypaBHeHue (18) npumer BuA:
Ph— i(Rh) =0, (24)
dx

T.e. mepeiiaer B ypasHenue SIko6u. Eciu h(X) He oOpariaercs B Hysb Ha oTpe3kea < x < b, TO
Ha 3TOM OTpE3Ke CyIIecTBYeT U KoHeuHo (pu R>0) pemienne @(X) ypasaenus (18), a 3To u siBisieTcs
(kak yxe OBIIIO HAaMH TI0Ka3aHO) JJOCTATOYHBIM YCIIOBUEM ITOJIOXKHUTESILHOCTH BTOPOH BapHAIIUH.

Vuenuk Skoou Pynonsgd Kiebmr (Clebsch, 1833-1872) uccienoBan BTOpYHO BapHAIHIO y
(YHKITMOHAJIOB, 3aBUCSIINX OT HECKOJLKHUX MMEPEMEHHBIX M HAIIEN YCIOBHE Pa3TUYCHUS MaKCUMyMa
0T MUHUMYMa, obobmaromiee ycnosue Jlexanapa.

Bapuannonnbie NpUHIMIIBI

VYcnoBue SIkoOM MO3BOJNIMIIO  CYIIECTBEHHO YTOYHUTH IMOHMMaHUE BapHallMOHHBIX
MIPUHIIMIIOB, BAKHOCTh KOTOPBIX JUIsl IOCTPOEHUS MEXaHUKU Obuta oco3HaHa B 18 Beke. Brpouewm,
eme B 17 Beke Ilbep Pdepma moaMETHI, YTO 3aKOH IPETOMIICHHMSI CBETa MOXHO BBIBECTH, €CIIU
NPUHATH OOIIMK TPHUHIMUIT: «IIPUPOJA NEHCTBYeT HamOojee JETKMMU W JOCTYIMHBIMH TYTSIMW»; B
COOTBETCTBUH C 3TUM NPHHIMIIOM JIyd CBETA IpPU JBHKEHUU B Pa3IMUYHBIX cpefax OyleT BhIOWpaTh
TAaKOW IyTh, JBWKCHHE 10 KOTOPOMY 3aHMMAaeT KpaTdaiIiiee BpeMs; OMpeNeNsis ITOT IMyTb, MBI
MIOJTyYUM 3aKOH MPEJIOMIICHHS CBETa.

B 18 Beke Ilbep Momeption (Maupertuis, 1698-1759), npesunent bepiuHcko# akagemun
HayK, BBLIBHHYJ Oojiee oOmuit npuniun: «KonmdyectBo neicTBus, HeOOXOAMMOE JIJIsl TOTO, YTOOBI
MPOU3BECTH HEKOTOPOE HW3MEHEHHE B TMPHUPOJE, SBISETCS HAMMEHBIIMM BO3MOXKHBIM»d. OTOT
NPUHIUN, JEHCTBUTEIBHO, IO3BOJMI BBIPAOOTAaTh OOLIYI0 TOYKY 3pEHUS Ha MHOTHE 3aKOHBI
npuposl. B HacTosiee Bpems Mol «IEWCTBHEM» IMOHUMAIOT MPOM3BEICHUE YHEPTHU HA BPEMs H
«IPUHLMI HAMMEHBIIETO JeMCTBUS» 3alMCHIBAIOT B cleayiouied (GopMynupoBke (HECKOIBKO
OTJIMYHON OT TmepBOHaYalbHOW (QOpMYyIUPOBKM MorepTion), NpeanoKeHHO ['aMuiIbTOHOM
(Hamilton, 1805-1865): «mpu OBM)XEHUM Tela B MOTEHIIMAJIBHOM I0JIC Ha TPACKTOPUU JIBUKCHUS
JTOCTHTAeT MUHIMYMa «UHTETPAN JCHCTBUS):

TLdt , (25)

g



rae L=T-U, npuuem T — kuHeTnueckas sHeprus tena, a U - ero noreHuuanbHasi SHEPIHSL.
Tak, B 4aCTHOCTH, [yl Tea ¢ MacCOM M, JBMXKYILErocsl B OJTHOPOJHOM IoJie Tsrorenus U=mgx, rae

m .,
J — yCKOpEeHHEe CBO6OI[HOFO ImaacHuA, a T = Ex , 1 HHTErpal (25) IIPUHKUMACT BU

i
m
J. — x> —mgx)dt |. (26)
"\ 2
1
PemB ypaBuenue Oitnepa miis uHTerpana (26), HailileM H3BECTHBIM 3aKOH H3MEHEHUS
2

OpAHHATBI X CBO6OI[HO 6p0H_IeHHOl"O TCIAa: X = vOt_gE. TouHO Tak XK€ MOXHO HAaMTH 3aKOHBI

JBUKCHHSI T B CaMBIX Pa3HOOOPa3HBIX CHIIOBBIX TOJSX. Bce OHM BBITEKAIOT M3 OJHOTO OOIIEeTo
npuHiuna. OgHaKo nNpu Takod (HOpMyIHPOBKE MPHUHIIMIIA HAUMEHBIIIETO JEUCTBUSA B HEM OCTaeTCs
W3BECTHBII HAJET TEOJOTMU U MHUCTHKU: MOJYydYaeTcs, YyTo OpOIIEHHOE TeJI0 YK€ B HadaJIbHBIN
MOMEHT BpeMeHH, mpu t=ti, «3HaeT» Kak HY>KHO €My JBHUIaThCs, YTOOBI «HMHTErpaj JCUCTBUA» B
npeaenax ot t1 mo t2 oOparwics B munumym. Cam MonepTion HE UMEJ HUYEro MPOTHUB TaKOTO
UCTOJIKOBaHUs; Ha000poT, MomepTion cuuTal, 4TO OH Hallled «MaTeMaTHYecKoe) J0Ka3aTelIbCTBO
ObITHSI OOXKHS: KTO ke Kpome bora, mokassiBan MomnepTion, MOT yKa3aTh KaxjaoMy Tely npu t=tp
TaKoe JBM)KEHUE, KOTOPOE IPUBEIET K MUHUMYMY «ICHCTBUS» HA BCEM MHTEpBaie ¢, <t <t,.

«He B Menkux aetansix, HE B 4acTAX BceneHHON, OTHOMIEHUSI KOTOPOM Mbl CIMIIKOM Majo
3HaeM, Hy»XHO uckatb BepxoBHoe CymectBo, — nucan Moneprion B 1746 ., — a B SBICHHUIX,
BCEOOILIHOCTh KOTOPBIX HE MOABEP)KEHA HUKAKUM HCKIIIOUEHUSM, a IMPOCTOTAa HX IOJHOCTHIO
MOJIIAETCS HalleMy 0003pEHHUIO. .. »

«S51 ocMentock ckazath — npooskan MonepTion, - YTO OTKPbUT YHUBEPCaIbHbIA IPUHLIMII, HA
KOTOPOM OCHOBBIBAIOTCSI BCE 3aKOHBL... 3TO — IPUHLUI HAUMEHBIIErO JCHCTBUS; NPUHLMII TaKON
MyJpbIi, Takol aocTolHblil BepxoBHoro CymecTBa... 3akoHbl JIBuxxenus u [lokos, BbIBEJCHHbIE U3
3TOr0 MPUHIMIA, SBJSIOTCS TOYHO TeMH, Kakue Halmonatores B [Ipuposie; Mbl MOKeM BOCXHUILATHCS
pe3yibTaTaMud [PUMEHEHHsS 53TOr0 MpPHUHLMIA KO BCEM SBICHUAM. J[BUXKeHHE >KMBOTHBIX,
IIPOU3pACTaHUE PACTEHHM, BpALEHUE 3BE3] SABISAIOTCA TOJIBKO €ro CIEACTBUAMM U 3pEIINILE
Bcenennoii craHoBuTCs emie 0OoJjiee BEIMYECTBEHHBIM, €IIe Oojiee MPEKpacHbIM, eme Oosee
JOCTOMHBIM cBoero TBoplia, KOrja CTaHOBUTCS M3BECTHBIM, YTO HEOOJIBLIOE YHMCIO 3aKOHOB,
HauboJjee MyJpo yCTaHOBJIEHHBIX, TOCTaTOUHO JJIsi BCEX €€ ABM)KEHUM... Kakoe ynoBonbcTBHE [T
4eJI0BEYECKOI0 YMa, pacCMaTpHuBasi 3TH 3aKOHBI, sBIsIOIIMecs npuHuunoM J[Brxenus u [lokos Bcex
Tes1 BeeneHHow, HallTh B HUX JIOKA3aTEIbCTBO CYIIECTBOBAaHMS TOro, KTO €10 yIpaBJsieT».

JoBonsl Momneption Bbi3BanM B 18 Beke Oousbliyro mosneMuky. Pemarommii ygap mo
MOCTPOCHUSIM MornepTion HaHecau pe3ysbTaThl SkoOM, MOKa3aBIIEro, 4YTO JIEHCTBUTEJIHHOE
JBM)KEHUE MOXKET He JIOCTaBIIATh HU MaKCUMyMa, HI MUHMUMYyMa HUHTerpaity (25), (a nmumb obpamaTh
B HyJb €ro NEpBYIO BapHalllio), €CIU Ha JCHCTBUTEIbHOM JBH)KEHUU HE BBINOJHSETCS YCIOBUE
SIxo6u. PaccmoTpuM, U1 mpuMepa, ABMXKEHHsI Tell, OPOIIEHHBIX C OJTHOW U TOH XK€ CKOPOCThIO, HO
MO/ Pa3IMYHbIM YTJIOM K ropu3oHTy. Eciu 3ToT yron Gomnbiie 45°, To NeMCTBUTENbHOE ABHKEHHE
TeNa Mo 3KcTpeMaiu (mapabose) He AOCTaBIsSeT HM MAaKCUMyMa, HU MHHMMyMa HMHTerpany (25),
MTOCKOJIbKY SKCTpEMallb B 3TOM CIIy4yae MepeceKkaeTcs ¢ SKCTpeMassiMu, OECKOHEYHO OJIM3KUMHU K Hel
U ycioBue SIkoOu He BBINOIHAETCS.

[TpuHIMIT HAUMEHBIIETO EHCTBUS O0Jiee MPaBIIIbHO Ha3bIBaTh «IIPUHIIUIIOM CTAllMOHAPHOTO
AelcTBUS» U (POpPMYyJIMpOBaTH CIEAYIOIIMM 00pa3oM: Ha JEMCTBUTENIBHOW TPACKTOPUHU IBHIKEHHS
oOpamiaercsi B HyJdb IHepBasg Bapuanus wuHTerpana (25). Ilpu Takoil TpakTOBKe NpUHIUNA
HAaUMEHBIIETO JEHCTBUS B HEM HE OCTAETCS HUYETO TEOJIOIMUECKOT0. MBI 3HaeM, UTO MHOTHE 3aKOHBI
MPUPOABI MOTYT OBbITH 3amucaHbl B (opme nuddepeHunanbHbIX ypaBHeHHH. Ho 3Tu ypaBHeHUs
MOXKHO paccMaTpuUBaTh KakK ypaBHeHHMA Oilnepa g Hekotoporo ¢QyHkuuonama. W torma
NeHCTBUTENBHOE JABW)KEHHE TeJ, MOoAUYMHSIoleecss »ToMy auddepeHnalbHOMY YpaBHEHUIO,
00s13aTeNIbHO OOpaTUT B HYJb MEPBYIO BapHaluio (yHKIMOHadIa. A eciau BIO0ABOK OKa3aloch



BEITIOJTHEHO yclioBUE SKoOu u Fyy. > (0, TO NEHCTBUTENbHOE ABM)XECHHUE IOCTAaBUT (yHKIHOHATY

MHHHMYM — 0€3 BCAKOro BMemaTenbctBa Bepxosnoro Cymecrtsa. Tak, ABMKEHHE Tela B
OJTHOPOJTHOM II0JIE TATOTEHHS [TO{UUHSIETCS YPABHEHUIO
mX =mg , (27)

KOTOPOE SIBIISIETCS — KaK JIETKO IMPOBEPUTH — YpaBHEHHEM Diiniepa it GpyHKInoHana (26).

Takum 00pa3oM, 3aKOHBI IPUPOABI MOKHO 3alUCHIBaTh B JBYX PABHOCHIBHBIX (hopMmax: B
dbopme muddepeHInATBHBIX YpaBHEHUH U B (opMe BapHANMOHHOTO MPHHIIMIIA, U3 KOTOPOTO ITH
ypaBHeHUsI OyayT cienoBaTb. Bropas ¢opma 3anmucu sBIseTCs BO MHOTHX Cilydasix Oosee yJ0O0HOMH.
Tak, Hanpumep, npu 3anucu B Buae auddepeHIuaNbHBIX ypaBHEHUH (hopMa 3aKoHa 3aBUCHUT OT
BbIOOpa CHCTEMbl KOOPAMHAT, B TO BpeMs KaK BapHallMOHHBIA IPUHIUI COXPaHSET CBOIO (OpMYy B
MOOBIX KOOpIMHATAX, 4TO Oo4YeHb ynoOHo. Tak, ecnu, HampuMmep, KHHETHYECKass U MOTCHIUAIbHAS
SHEeprus CHUCTeMbl (a ¢ HUMHU M uX pasHocTh L=T-U), 3aBuCAT OT HEKOTOPHIX O0O0OOIIEHHBIX
KOOpAMHAT ¢, U 00OOILIEHHBIX CKOPOCTEH ¢,, TO U3 ypaBHEeHMI Dilnepa AJsl «MHTEerpana JIeiCTBUDY

(25) HenmocpeACTBEHHO CIIEAYIOT 3HAMEHHUThIE «ypaBHeHus Jlarpamxkay:

ERAN AN

dt 0q, 0q,

(YpaBHEHHS BTOPOTO IOPSIIKA), CHITPABIIUE CTOJb OOJIBIIYIO POJIb B UCTOPUU TEOPETUICCKOM
MEXaHUKH.

BapuarnuonHbple TPUHIAIIBEI 001a1al0T OOJIBIION 3BPUCTUYECKON IIEHHOCTHIO. B wacTHOCTH,
OHH TOCITY>KUJIU ITyTE€BOJIHON HUTHIO MPU pa3padOTKEe OCHOB KBAHTOBON MEXaHUKH.

B 3akimtouenue paccMOTpUM OAMH BapUALMOHHBIN MPUHIIUIL, UCTOPUIO KOTOPOT'O €IIE HENb3s
CUMUTATh 3aKOHYEHHOW. M3BECTHO, Kakytlo OOJBIIYI0O POJb B MOHMMAaHUU MIPUPOAHBIX IMPOIECCOB
UTpaeT BTOPOE HAYAIO0 TEPMOAWHAMHKH, KOTOPOE MOXHO c(HOpMyIMpoBaTh CIEAYIOUIMM 00pa3oM:
M30JIMPOBaHHAsi CUCTEMA CTPEMMTCS C TEUEHHEM BPEMEHM K MOJIO)KEHHIO PABHOBECHUS, B KOTOPOM
SHTPONHS CHCTEMBI S MaKCUMaJIbHA, a CKOPOCTh BO3pacTaHus ee oOparaercs B HyJb. OTHaKO BTOpoe
HA4yaJl0 TEPMOJMHAMUKH CIPABEUIMBO JIMIIb A M30JUPOBAaHHBIX cucteM. HeusonnpoBaHHbIE
CUCTEMBI — CUCTEMBbI, KOTOpble OOMEHMBAIOTCS C OKPY KalOUIeH cpeioil sHepruel Wi BEleCTBOM —
HE UMEIOT PaBHOBECHOI'O COCTOSIHMSA, B KOTOPOM CKOPOCTh BO3pacTaHUs SHTPONUHU oOpaianach Obl B
HyJb. C T€UeHHEM BPEMEHHU OHM CTPEMSTCS HE K PaBHOBECHOMY, a K CTAllMOHAPHOMY COCTOSIHUIO.
EcTecTBEHHO  NPENIONIOKHUTH, YTO  CTAMOHAPHOE  COCTOSHUE  HEPABHOBECHOM  CHCTEMBI
XapaKTepU3yeTcsl TEM, YTO CKOPOCTh BO3PACTaHMS SHTPONUU B HEM HAaMMEHbIIAs MO CPABHEHUIO C
HECTAllMOHAPHBIMU PEXMMAMH — T.€. C TEUEHHUEM BPEMEHH CKOPOCTb BO3pAaCTaHUS JHTPOIHU B
HEU30JIMPOBAHHON CHCTEME CTPEMUTCS K MUHUMYMY. DTO IPEANOI0KEeHNE OblI0 BBIIBUHYTO B 40-x
rogax 20 Beka OenbruiickuM yuyeHbIM (poauBmmmcs B Mocke B 1917r.) Unbeit PomanoBuuem
[IpuroxxunsiM. B Hacrosiee Bpems npezanosnoxenue [lpuroxxnna cuntaeTcsi T0OKa3aHHBIM U UTPAET
BaXXHYIO pOJIb B COBpeMeHHO! (usuke. OnHako, eme B 1966r. mpoTus npeanoioxenus [Ipuroxxnna
ObUT BBICTAaBIIEH KOHTp-ipuMmep. KoHTp-mpuMmep OTHOCHTCS K MpolleccaM TeIronepeHoca, e
CKOpPOCTh BO3pacTaHUs SHTPOINUU (B OTIMYME OT Oosiee CIOXKHBIX (PU3UUECKUX MPOIIECCOB) MOXKET
OBbITh BBIYMCIICHA aHATUTUYECKHU.

PaccMoTpuM HM30TpONMHYIO IUTACTHHY, B KOTOpPOW TemmepaTypa sBisercss (QyHKIHeH
KoopauHaThel x. OJHA CTOpOHA IJIACTHHBI (X=()) HAXOIWUTCS B KOHTAKT€ C HCTOYHHKOM TeIUla C
abcomoTHON TemmepaTypoit 71, BTopasi cTopoHa (x=[/) — B KOHTaKT€ C HCTOYHHMKOM TeIUla C
temnepaTtypoid 72. DBOKOBbIE CTOPOHBI TEIUIOM3OJHUPOBAHBI. BpIAENMM BHYTPU IUIACTUHBI
ANIEMEHTapHBbIH cioii Tommuoi dX. Toraa yepe3 cioi OyaeT mpOXOUTh MOTOK TEIUIa

P

dx



rae A — K03(pPUIMEHT TerIoNpOBOAHOCTH. BceiencTBue TOro, 4ro MOTOK TeIjia BXOAWT B

o oT
ciol mpu Ttemmneparype 7, a BbIXOOAUT — Opu 1 ——dx, TO HMHTEHCUBHOCTb BO3HHUKHOBEHHMS

Oox
SHTPONHUH B JIEMEHTAPHOM CJI0€, KaK U3BECTHO, paBHA
1 1 1(dTY
o :Jq T—— =ﬂ,—2[—j dx ,
7Ly T T\ dx
ox

a CKOPOCTb BO3PACTaHMsI SHTPOIIUU BO BCEH IUIACTUHE PABHA UHTETPAILy
X3 X3 TZ

J = [odx = A[—dx. (29)
X b T

Teneppr HETpyAHO TPOBEPUTH, YTO MHUHMUMYM uHTerpana (29) npocturaercs mnpu
pacnpeneneHuy Temnepatypsl 7(x) = c,e””, OTIMYHOM OT CTAl[HOHAPHOI'O paclpeeeHus, Koria

T(x)=cix+ca.

Tak, ecmu x1=0, x2=1, T(0)=1, T(l)=e, TO0 B cranmmoHapHOM pexume I(x)=I1+(e-1)x n
CKOPOCTHh BO3HUKHOBEHHS SHTPOIIHUU

-2
J = ig =1.0874, B TO BpeMss Kak B HecTallMOHapHOM pexume T(x)=¢",
e

YAOBJICTBOPAROLICM TEM KC I'PAHUYHBIM YCIOBUAM, CKOPOCTb BO3HUKHOBCHUS SHTPOIIUN 6y,£[eT paBHa

1
J= J. Addx=A — wumm Oomee yem Ha 8% MeHbIIE, 4YeM B cTandoHapHOM. O4YeBUIAHO, YTO
0

npeanonoxenue [IpurokuHa o MUHMMyME CKOPOCTH BO3pacTaHUsl SHTPONMU B CTAllMOHAPHOM
COCTOSIHUY HEU30JIMPOBAHHON CHCTEMBI HEBEPHO M HY)KJAETCS B IOTIOJIHEHUH U YTOUHEHHHU.

[TprynHa ommOKK 3aKiIOYaeTcss B TOM, YTO, IPOM3BOJS PacdyeThl CKOPOCTH NMPOU3BOJACTBA
SHTPONHHU cpa3y Ui ropaszfo Oojiee CIOKHOTO Ciydas TPEXMEPHOTO paclpeesieHus TeMIeparyp,
W.P. IIpurosxus mpeHeGper ais yIpoIeH s MalbiM OTINYHeM 3HaMeHatens T2(x) B gopmyie (29) oT
MOCTOSTHHOM BEJTMYUHBI ¥ 3TO TIPUBEJIO €T0 K HEBEPHOMY Pe3yJIbTaTy.

[Tonynsprocts mnpuHuuna IlpuroxuHa cBsi3aHa ¢ TeM, YTO OH J@eT O4YeHb OOIIYIO
XapaKTePUCTHKY BBIICIICHHS CTAIIMOHAPHBIX IMPOIECCOB M3 HECTAIIMOHAPHBIX B CAMBIX CIIOKHBIX
cucTeMax, JUIsl KOTOPBIX CKOJIbKO-HHOY/b TIOJHYK MAaTeMaTHYeCKyl0 MOJeNb WIH CHCTEMY
ypaBHEHHH BBHIMHCATh HEBO3MOXKHO. [loaTomy «mpuHIMT [IpUroxnHay MUPOKO UCHOIB30BAJICS KaK
B OOIIMX pacCyXJIEHHUsIX O MPOTEKaHUH MPOLECCOB B CIOXKHBIX (PU3NYECKUX WM OMOIOTHYECKUX
cucTeMax, TaK WM IS PEIIeHHs HEKOTOPBIX CIOKHBIX TEeXHWYeCKHX 3amady. OIHAKO WMEHHO B
TEXHUYECKHX CHUCTeMax OOHapy)XWUjachb HEBEPHOCTh PEIIEHUH, MOJYYEHHBIX NPH HCIHOJIb30BAHUHU
«mpuHnuna [IpuroxkuHa», 9TO ¥ 3aCTaBUIIO TIPOU3BECTH €TO THIATEIEHYO TPOBEPKY.

PesynbraThl mpoBepkH, omyOiMKOBaHHBIE B 1966r., moka3zanu He YHHBEpPCAJIbHOCTh
npuHOMNA. BpUTO MOKa3aHO, YTO Ui CHCTEM, BKIIIOYAIOIIMX TEIJIONEPEHOC, OH HE CIIPaBEUINB.
[TyGnukanus 3Ta BbI3BaJla OKUBJIEHHYIO TUCKyccuto. Hanbonee unrepecHsiM 061 0TBET camoro M.P.
[Ipuroxxuna, omnyOnukoBaHHBIH B MoHorpaduu. IIpusHaB, yTOo B mpoleccax TeIUIoNepeHoca
MUHUMYM TIPOM3BOJICTBA SHTPONMUU S JEHCTBUTEIBHO HE JOCTUraeTcsi, aBTOPbl MOHOTrpaduu
MIOTIBITAICH CHACTH YHUBEPCAIBHOCTh «MpHUHIHWIA [IpurokmHa» yka3aHHEM Ha TO, 9TO B ITHX
mporeccax B CTAllMOHAPHOM pEeXHMME JOCTHUTaeT MHUHHUMYMa IPOHM3BOJICTBO TaK Ha3bIBAEMOM
«B3BENIECHHOH YHTPONUMY, ST?, paBHOI IPOM3BEAECHHIO HACTOSIIEH YHTporuH S (0OBIYHOM SHTPOIHH
¢u3ukn) Ha KBajapaT abconmoTHON Temmeparypsl 7. Uccnenys unrerpai (29), HeTpyIHO IPOBEPUTD,
9YTO TPOU3BOJICTBO «B3BEIICHHOW OSHTPONHMH» JICHCTBUTENFHO MHHHMAIBHO B CTal[IOHAPHOM
pexume.

OpnHako «B3BEIICHHAss OSHTPONHS» HWMEET W JIPYTYI0 pa3MEpHOCTh W COBCEM JIPYrou
¢u3nveckuil CMBICI, YeM HacTosmas >HTponus. Tak, B Mpolecce BBHIPABHUBAHUS TEMIIEPATYpPh



COIIPUKACAIOIUXCA TN B IPOLECCe MEPEeXoJa TeIla OT TOPSYero Teja K XOJOJHOMY, HacTOSAIas
SHTpomHs S, KaK M3BECTHO, PAcTeT, a B3BeIIeHHas dHTponus ST2 — yowrBaeT. Kpome Toro, ocraercs
HESICHBIM, B KaKHX IIPOLIECCaX U B KAKUX CHCTEMAaxX B CTALMOHAPHOM PEXUME JOCTUracT MUHUMYyMa
MIPOU3BOJICTBO HACTOSIIIEH SHTPONUU S, U B KAKUX — «B3BEIICHHON SHTponum». IloaTomy mepexon k
«B3BEILIEHHON SHTPONUN», O3Ha4yaeT (pakTHyeckoe NMpPU3HAHUE HE YHUBEPCAIbHOCTH «IIPUHLUIA
[TpuroxuHa», KOTOPHIA MO3TOMY HE UMEET IBPUCTUYECKOHN cuibl. OHAKO 3TO HE OBUIO MPHU3HAHO
SBHO M IIO3TOMY /IO IOCJIEJHEro BPEMEHH BCE €llle IIMPOKO paclpoCTPaHEHO YyOexIeHue B
YHHBEPCAILHOCTH MPUHIMIA. MHOTHE UCCIeI0BaTEeNN ONUPAIOTCA Ha HETO U MPUXOAAT K OIIHOKaM.
Tak, ucxonst U3 3TOro MpPUHLMUIA, BBIBOJWIOCH PACIPEACICHUE TEMIIEPATyp NPH INOBEPXHOCTHOM
s dexre. BeiBox HEZOCTOBEPEH, TOCKOIBKY HE JOKA3aHO, YTO B PACCMaTPUBAEMOM CITy4ae MPUHIUI
ITpuroxuna crpasemue. Kak jerko mpoBepuTh IyTeM HccieloBaHMA HHTerpaia (29), nmpuHuun
IIpurokxvHa He yYHMBEPCAJIECH Na)Ke JUIA JUHEHWHBIX CUCTEM M JaXke IPU MAJbIX OTKJIOHEHHSX OT
pPaBHOBECHS.

Y cJI0BHBIH IKCTPEMYM

Bo mHoOrux ciydasx skcTpeMyM (YHKIMOHAjJa OTBICKMBAETCS HE CPEAM IMPOU3BOJIBbHBIX
¢byHKuMi (KpUBBIX), a B Kiacce (yHKUUI, YyJOBIETBOPSAIOLUIMX JONOJHUTEIbHBIM YCIOBHUSIM.
[TonoOHbIe 3a1au HA3BIBAIOT 33/1a4aMH Ha YCJIOBHBIM SKCTPEMYM U MEPBbIE U3 HUX OBLIM U3BECTHBI
eme B JIpeBneit ['perun. OqHa u3 Hanbosiee 3HAMEHUTBIX — 3TO W30IEpUMETPUUECKas 3ajaua, Korjaa
M3 BCCX KPHUBBIX, UMCIOIUX OJHY M Ty XC AJIHMHY, OAWMH M TOT K€ NCPUMETP, — T.C. U3 BCEX
M30MEPUMETPUUECKUX KPUBBIX — UILIYT Ty, KOTOpasi OrpaHUYMBAET HAMOOJIBIIYIO IJIOLIA/Ib.

Kak 310 "acro 6bu10 B [IpeBHeil ['peninn, HOBYIO 3a7auy CONPOBOAMINA KPAaCUBOM JIETE€HI0M —
pacckasbiBany, 4to Hapuua Junona, ocHoBeiBasg KapdareH, mokynana y MECTHBIX KUTEIEH 3eMII0
g Oynyiuero ropoaa. Eif cornamanuch npojarh JHUIIb yY4aCTOK 3€MJIM, KOTOPbI MOKHO OXBaTHUTh
obrubelt mkypoil. Torna JluaoHa paspesana IIKypy Ha TOHKHE IOJIOCKH, CBs3aJla U3 HUX JJMHHBINA
pPEMEHb M PAcIOJIOKUIIA €ro TakK, 4TOObl OXBAaTHTh HAMOOJBIIYIO IJIOLIAAb - T.€. pellajJa UMEHHO
M30IepUMETPUUECKYIO 3a]1auy, KOTOPYIO T'PEKH HAa3bIBAIM MOTOMY TaKxke «3anadeit J(uaoHs».

MeTto peuieHus] U30MEPUMETPUUECKON U el MoJOOHBIX 3a1ad ObL1 pazpaboTaH DiepoMm.
Ditnep paccMaTpuBai U30MEPUMETPUUECKHE 3a7aud OOIEero BUAa — KOrja Hy»KHO HaWTH (YHKIHIO
Y(X), TOCTABISIOIILYIO SKCTPEMYM (QYHKIIHOHAITY

b

Jy = [ Fi(xy:9)dx

IPY yCJIOBHMH, YTO APYTOW (yHKIIMOHAI
b

J, = [F,(x; 3 9)dx

pPaBeH 3aITaHHOMY 3HAYCHHIO J20.

Jns pemeHus 3ToM 3aaauu Difyep MpeuIokuil U 000CHOBAI MHEMOHHYECKOE IPAaBHIIO:
uckoMasi (QYHKIMS JOJDKHA YyIOBJIETBOPSATh YpaBHEHHMIO Oisiepa [UIsl  BCIIOMOTaTeNIbHOTO
¢dbyHKIMOHANA:

J=J1+40d2,

rae Ao — HEKOTOpasl MOCTOSIHHAs BeJIMYMHA, KOTopas MOoToM ompexaensercs. s «3anauu
JIM10HBI» HYKHO HaWTH MaKCUMYM IUIOLIA/IH, T.€. UHTETpaa

b
J, = J. ydx
a
IpY 33JaHHOM 3HAYEHHH JTTMHBI KPHBOIL:

b
J, = [+ dx.



CocraBysisg u perias ypaBHeHHE Disiepa sl BCIOMOTraTeIbHOTO (yHKIIMOHAA

J = i(y+ Aoy 1+ 37 )dx

IIOJIyYUM ypaBHEHHUE dKCTpEMaIeH
2 2 2
Y—a) +(x—c) =4,
rne C1 U Cz —IOCTOSIHHbIE MHTETPUPOBAHUS, U YOEIUMCS, UYTO 3TO ypaBHEHHE OKPYKHOCTH
panmyca Ao. Ecnm mnmna xpuBoi paBHa So, TO HamOoJbIIas IUIOIMIAAb, OXBaThIBaeMas €10, paBHA

S,
p= 4—0 U JJOCTUTaeTCs B TOM CIIy4ae, €CJIM KpUBas SBISCTCS OKPYKHOCTBIO.
T
Tenepp MOKHO OLEHHMTb, KaKOrO pa3Mepa y4acTOK 3emid Moria Kynuth /lunona. Ecim

CUMTATh, YTO ILIOMA/b MIKYpPHI ObIKA paBHANAch 4 M2 n Jlu0Ha pa3pesana ee Ha peMHH MHpPHHO 0,5
800’

V2
nwiu npumepHo 5,01 rexkrap. Ha takoii mionianu, AedCTBUTENBHO, MOKHO OCHOBAaTh FOpPOJI, TaK 4TO
rpedeckas JIereHJa, BO BCAKOM ciiyyae, npaBjonoo0Ha. Eciu 661 /lunona pacnosnarana peMeHb 1o
KOHTYPY KBaJpara, TO OHa IOIy4Ynaa Obl y4acTok miomansio 40000 m? nmm Ha 21,5% MeHbIe.

[Tomumo npocTeiiell N30NEPUMETPUUYECKON 3alayd C OJHMM MHTErPajbHBIM YCIOBHEM,
Oinep paccMaTpuBaeT M 3aJadd, KOTJa 3aJaHO HECKOJIBKO IMOJOOHBIX YCIOBUM — T.€. KOrJa
TpeOyeTcsi, YTOObI HECKOJIBKO MHTErpaJIoB BHIA

b
J; = [ (s 9)dx

2
CM, TO JuiMHa peMHs coctaBuia 800 MeTpoB, a MIoWAAb KYIUIEHHOTO y4acTKa p = =50100m",

COXpaHsJIM 3aJaHHOe 3HaueHue. B 3ToMm ciiydae ypaBHeHue Oijepa coOCTaBlsieTcs s
BCIIOMOTATEIILHOTO (PYHKIIOHATA

n
J=Jy+D J,.
i=1
He menee wacTo, ueM MHTErpajbHbBIE YCIIOBUS, B MPAKTHUYECKUX 3ajadax BapHAI[HOHHOTO
WCYHCIICHUS BCTPEYArOTCS (PyHKIIMOHATBHBIE CBSA3H — KOT/Ia, HAaIPUMeEp, HY>)KHO HalTH Be QyHKIIUU
y(X) 1 Z(X), TOCTaBIAIOIINE SKCTPEMYM (PYHKITMOHAITY

b
J = [F (oy;;72)d

IIPH YCJIOBUH, YTO 3TU (QYHKIIMH CBSI3aHbI MEXAY CO00I ypaBHEHHEM

P(x;y;2)=0

Ha3bIBACMbIM YPAaBHCHHUEM CBA3U.

B 1788r. Jlarpanx, B cBOeM TpakTare «AHaJIMTHYECKas MEXaHHUKa» Jlal MHEMOHHYECKOe
NpPaBUJIO pELIeHUs STOW 3aJaud: HAJA0 COCTaBUTh YypaBHEHHs Oiliepa i BCIIOMOTaTEebHOTO
¢byHKIIMOHANA

b
J = IFl.(x;y;y;z;z')dx +@(x; y;2)A(x) , (30)

rae A(x) — HeKoTopasi, moyIeXxanias onpeneacHuto, PyHKIus oT x (MHOXuUTENb Jlarpanxa).
Bcero st onpesenenus Tpex HeM3BECTHBIX GyHKIHA Y(X), Z(X) U A(Xx) MOIYYarOTCS TPU ypaBHEHUS —
1Ba ypaBHeHus Oiinepa mis ¢QyHkiumonana (30) ¥ ypaBHEHUE CBSI3M, MO3BOJISIOIIME PELIUTh
MOCTaBJIEHHYIO 3ajauy. B Toit xke pabore 1788r. «AHanuTuyeckas Mexanuka» Jlarpanx paccMoTpen
1 00001IeHNs 9TON 3a/aud — KOrJa 3aJaH0 HE OJIHO, a HECKOJIbKO YpaBHEHM CBSI3M WJIM KOIJa B
YPaBHEHUS CBS3M BXOJMAT HE TOJIBKO caMu QyHKIHHU Y(X), Z(X) U T.I1., HO U UX IPOU3BOIHBIC

JIto0OMBITHO OTMETUTh, YTO [E€PBOHAYAIBHO 3HAMEHUTOE «IIPABUJIO MHOXKUTEIEH
Jlarpanxa» ObU10 CHOPMYIMPOBAHO MMEHHO AJIS BapUAIMOHHBIX 3a]ad, W JHUIIb 9 JIET CIyCcTs, B
«Teopun ananuTHdeckux QyHKIMI» Jlarpamk GopMynIupyeT ero A 3aJaud OTHICKAHHs YCIOBHOTO



KCTpeMyMa (QYHKIMHM N TEPEMEHHBIX: JUIsl OTBICKAHHMS YCJIOBHOIO JKCTpeMyMa (QYHKIHUU N
IIEPEMEHHBIX

fo(X1, X2, ...Xn)

IIpU YCIIOBUAX

fi(x1, X2, ...xn)=0; 1=1,2, ....m,

HA/I0 COCTaBUTh BCIIOMOTATEIbHYIO (PYHKIIUIO

L=fo+Asf1+... Amfm,

rae A1, A2... Am -4UCIIOBbIE MHOXXUTeNU Jlarpanka v Ui 3TOH (YHKLUMHU peliaTh 3aaady Ha
0€3yCIIOBHBIN KCTPEMYM.

Bot noanuunas gpopmynuposka Jlarpanxa uz «Teopun aHaIuTHYECKUX QYHKLIUI»: «MOKHO
BbICKa3aTh CICAYIONMHA OOmui mpuHuun. Eciau uimercss MakCUMyM WM MHHMMYM HEKOTOPOM
(GYHKIIMH MHOTHX IEPEMEHHBIX IPU YCIOBHM, YTO MEXIY 3THUMU NEPEMEHHBIMH HUMEETCS CBS3b,
3aaBaeMasi OJIHUM WJIM HECKOJIbKHMHU YypPaBHEHUSMH, TO HY)KHO K MUHHUMH3UPYEMOH (YHKIUU
npubaBUTh QYHKINH, 3aJal0IIME YPAaBHEHUS CBSA3M, YMHOXKCHHbIE Ha HEOIPEeICHHbIC MHOKUTEIH,
M HCKaTh 3aT€M MAKCUMyM WJIM MHHHMYM TIOCTPOCHHOW CYyMMBI, KaK €ciii Obl TIepeMEHHBIC OBLIH
He3aBUCHMBI. [loimyuyeHHble ypaBHEHMs, [0OABIEHHBIE K YPaBHEHUSM CBSI3M, IOCIYXaT s
ONPEJIETICHUS BCEX HEU3BECTHBIXY.

«IIpaBuno MHoOxuTenelW» JlarpaHka BXOIWUT BO BCE KypChbl MaTeMaTH4ECKOIO aHaJIN3a,
LIMPOKO IPUMEHSJIOCHh U IPUMEHSETCS JUI PELIEHUs CaMbIX Pa3HOOOpa3HbIX 3ahay onTuMu3anuu. 1
TOJIBKO B Hayajie 20 Beka ObUIO 3aMEUEHO, YTO 3TO 3HAMEHHUTOE MPaBHJIO HYKIAETCS B YTOUHEHMHU.
PaccmoTpuM mpocTyro 3ajady: HaWTH MHUHUMYM QYHKUMM f) =X, +X, HIOpH YCIOBHH, YTO
x] +x; =0. 31€eCh cpasy BUIHO, YTO €IMHCTBEHHBIM peuleHneM spisercs x1=0 , x2=0. B 10 xe
BpPEMs COCTABJISISI BCIIOMOTATENbHYIO (PYHKIIUIO

L=x+x+A4(+x2),

Y IIPUPABHUBAS HYJIIO IIPOU3BOIHBIC

oL =14+24,x, =0
Ox,

a—L=1+2/11x2 =0,
ox,

MBI HE IMOJTYYHM HPaBUJIBHOTO PCIICHUA HU IMPU KaKUX KOHCYHBIX }\.]_.
[IpuunHa JOCTATOMHO SICHA: YXKE CaMO YPaBHEHHE CBS3M X, + Xi = 0 1a€T EIMHCTBEHHOE

pemenue x1=x2=0 u BOIIPOC 0 MUHUMYM€ CYMMBI X1+X2 T€PS€T CMbICII.

Jl1si BOCCTaHOBJIEHUS CHPABEUIMBOCTH «IIpaBWJIa MHOKMUTENEH» Jlarpanika Hy>KHO NUCATh
BCIIOMOTATENbHYI0 (DYHKIUIO B BHJIE

L=Aofo+af1+... Amfm,

U paccMmarpuBath ciydail Ao=0 Kak 0coOBIi, HO BO3MOXKHBIH. TO ke camoe CIpaBeTuBO U
OTHOCHUTEJIEHO N30IepU-METPUYECKON 3a7aui: €CIM MbI HIIIEM SKCTPEMYM OJHOTO (PyHKIIMOHATA MIPH
3aJJaHHOM 3HAUY€HUHU JIPYroro, HO 3TO 33JJaHHOE 3HaU€HUE SKCTPEMAIIbHO JJIsl BTOPOro (pyHKIIMOHANA,
TO BapHalys UCKOMOW KPUBOW HEBO3MOYXKHA, MHEMOHUYECKOE MPABUJIO B €T0 NEPBOHAYAILHOM BUJE
TEpsIeT CMBICI, HO €r0 MOYKHO BOCCTAHOBUTH, €CJIM BCIIOMOTAaTeNbHbIN (DYHKIMOHAN 3aliChIBaTh B
BUJIE!

J=A0d1+A1d>

¥ He HCKIouaTh ocoboro cimydas Ao=0. Ha atm obcrosTenbeTBa ykaspiBam Beliepmrpace B
1877 u 6onee nmoapodbHo Hemenkuit matematuk A. Kuaesep (Kneser, 1862-1930) B cBoem y4deOHUKe
10 BapUALMOHHOMY MCYHUCIICHHIO, Bbieauemy B 1900r.



CuibHbIH 3KCTpeMyM. Pa3pbIBHBIE IKCTPEMAJIN M IKCTPEMAJIH € BEPTUKAJIbHBIMHA
OTpe3KaMu

HoBplii 3Tan pa3BuTHs BapUallMOHHOTO MCUUCIIEHUS BO BTOpOW IoJjioBHHE 19 Beka cBsi3aH C
umenem Kapna Betiepmpacca. Jlo Beiiepmpacca He pa3audaivch MOHATHS CHUIBHOTO M CIaboro
SKCTpeMyMa, XOTs (hakTWYecku oOpalleHHe B HyJIb NEPBOH BapHalMU SBISLIOCH HEOOXOIWMBIM
YCIIOBUEM CJIa00r0 OTHOCUTENIBHOTO 3KCTpEMyMa, IIOCKOJbKY 3HaueHue (QYHKIMOHajIa Ha
HKCTpEMalIi CPaBHUBAIOCH C €0 3HAYCHUEM Ha KPHUBBIX, OJIM3KHX K SKCTPEMAJId B CMBICIIE OIU30CTH
nepBoro nopsijaka (0JIM30CcTh MEPBOTo MOPSAIKA — ITO MATOCTh MOJYJISL PA3HOCTH, KaK MEXAYy CAMUMU
(GYHKIMAMH, TaK U MEXJIy HUX MEPBBIMH HPOU3BOJHBIMH; OJM30CTh HYJIEBOTO MOPSIKAa — MOMIYJb
pa3HOCTH MEXIy caMUMH (QYHKUUMSIMHA Majl, HO MaKCUMyM MOJYJS pPACCTOSHUS MEXKIY
MIPOU3BOTHBIMUA MOKET ¥ HE OBITH MAJIBIM).

Beliepiirpacc BepBble Haual UCCIEI0BaTh HE TOIBKO CIa0bIi, HO U CHUJIBHBIN SKCTPEMYM —
HKCTPEMYM IO CPAaBHEHHIO C KPUBBIMHU, HAXOAAIIMMHUCS B OJM30CTH HYJIEBOTO MOPSIKA.

Kpome toro, no Beiiepmitpacca cyuTanyd OYE€BHAHBIM, YTO €CIM (PYHKIIMOHAN OrpaHUYEH
CHU3y U CYLIECTBYeT OJKCTpeMallb, JIOCTABIAIOIIA] MHUHUMYM, TO HauWMEHbIIEE 3HAYCHHE
GbyHKIIMOHANMa KaK pa3 M JOCTUTaeTcs Ha JKcTpemanu. BeiepmTpacc mokasan, 4To €Cld Jlaxke
(GyHKIIMOHAN OTpPaHUYEH CHHU3Y, TO €ro HauMEHbIee 3HAYeHHE MOXKET JIOCTHraThCsi BOOOIIE 3a
npenenaMi  paccMaTpuBaeMoro kiacca (GyHkouwid. BeiiepmTpacc mpuBen NpPOCTOM mpumep —
GbyHKIIMOHAT

+1
J= j jtdx (31)
-1

C ycIoBUsIMH Ha KoHUax: y(-1)=—1; y(1)=1.

OT10T (YyHKIMOHA HE OTpULATENeH U OTPAHWYEH CHHU3Y 3HadeHHeM Hyib. OJHAKO HU Ha
KaKoW HeNpephIBHOW (PYyHKIMHU, coequHsAomerd Touku x=-1; y=-1 u x=I; y=] MHUHUMaIbHOE
3Ha4YeHUE, paBHOE HYNI, HE JOCTHraeTcs, IOCKOJIbKY Ha J1000i HenpepbIBHONW (YHKINH,
COEAMHAIOLIEH 3TU TOYKH, OyayT ydwacTku, rae npu x=0 Oyzer y # 0, U mosTomMy Ha 000
HenpeppIBHOW (YHKIUMU MHUHMMYM O¢yHKIuoHana (31) mocturatbes He Oyaer. Munumym Oyner
JOCTUraThCs 3a MpeJesiaMu Kiacca HEeNmpepbIBHBIX (DYHKIMH — a MIMEHHO Ha pa3pbIBHON (DyHKIMM:
y=-1, mna —1<x<0n y=1 nna 0<x<1, 1.e. Ha GyHKIMHU, cOBepLIaAIONIEH cKayoK mpu x=0.

Pabotsr Beiiepirpacca, npogosmkendsie B KoHie 19 Beka JI. T'misoeprom (Hilbert, 1862-
1943) 3aBepmMiaM B OCHOBHOM ITOCTPOEHHME 3[aHUS KJIACCMUYECKOTO BAPUAIIMOHHOTO HCUUCIICHUS.
JlanpHeiimue padoThl ObLIH HANPABJICHBI HA YTOYHEHHE U JIOTIOJIHEHHE OTJENIbHBIX YaCTHOCTEH.

Tak, nampumep, [lro0ya-Peitmon (Du Bois-Reymohd, 1831-1889) yTouHHI BBIBOJI
ypaBHEHHs Diijepa; OH MOKa3all, YTO MPH €ro BBIBOJIE HET HEOOXOAMMOCTH AeNaTh JOMYIICHHE O
HENPEPbIBHOCTH BTOPOIl MPOM3BOJHOM HKCTpEMajM; MCIONb3Yys JIeMMYy, JOKa3aHHyio /[[ro0ya-
PeliMOHOM, MOJKHO I10Ka3aTh, 4TO Ha T€X UHTEPBalaX, rae Fj, COXpaHseT 3HaK, BTOPas NPOU3BO/IHAs

JKCTpPEMAaJI HENPEPbIBHA.
B 1958-61r.r. Bagum ®emopouu KporoB (pommics B 1932 romay) yTOYHHII BOMPOC O
KJIaccaX KPUBBIX, HA KOTOPBIX MOXKET JOCTUTAThCS SIKCTPEMYM MPOCTeiiero GpyHKiroHama

b
JZJF(x;y;y')dX-

[Tpumep ¢ynkumonana (31), paccmorpenHoro emie BeifepmTpaccom, mHOKa3bIBaeT, 4TO
HKCTPEMYM MOJKET, BOOOIIE TOBOPS, TIOCTUTATHCS HA Pa3phIBHBIX (DYHKIUSIX WIM (€CNIU JOMOJHUTH
GYHKIMIO B TOYKE pa3pblBa BEPTUKAIBHBIM OTPE3KOM) MOMKET JOCTUTaTbCs Ha KPHUBBIX C

BCPTUKAJIBHBIMU OTPEC3KAMU. B.®. KpOTOB MMOCTaBUJI BOIIPOC, — KOIr'/la, B KAKUX CIIydassX 9KCTPEMYM
b

¢dbynkimonana J = IF (x;y;y)dx Oyner mocTUTaThCs B KJacce KyCOUHO-TIIAAKUX (YHKIIMH, U KOTJaa

a



i

— B KJacce (QyHKIMH KyCOYHO-HETIPEPHIBHBIX, UMEIOIMNX pa3pbiBbl. B.®. KpoToB mokasai, 4To OTBET
Ha 3TOT BOIPOC OMPECIIIETCS TOBEeIeHUEM (QYHKITUH:

: 1
Pﬂmﬁ=ggF@ww%;J%)

KOTOPYIO IIPAaBHILHO OyJIeT Ha3BaTh KputepueM KporoBa. Bo3MOXKHBI CieIyIONIHe Clydyan:
1. He cymiecTByeT HU IpaBOro, HU JICBOIO KOHEUYHBIX MpenenoB Kputepus (32) — T.e. mpu
y — o0 O0yner W—+oo, aipu y — —00 — cooTBeTcTBeHHO W——00, 111 Ha000pOT.

B sTOM ciyuae 3KCTpeMyM MOKET AOCTHraThCs TOJIBKO HAa KYCOYHO-TJIAAKUX (YHKIHUSX,
BEPTUKAJIBHBIX OTPE3KOB Y KPUBBIX, JOCTABIISAIOIINX SKCTPEMYM, ObITh HE MOXKET.

2. IlpaBblif 1 NEBBIA Mpeaenbl CyIIECTBYIOT B KOHEYHOM YHUCIE TOYEK BHYTPH HMHTEpBaia
a <x<b.B srom ciayyae KpuBas, JOCTaBJIAIOLIAsl SKCTPEMYM, MOKET B 3TUX TOYKaX — M TOJIBKO B
HUX — UMETh BEPTUKAJIbHBIC OTPE3KH.

3. IlpaBblii 1 JIEeBBI TpeAeNbl CYIIECTBYIOT B 000K TOuke MHTEpBasia a < x <b. B saTom
Cllyyae 3KCTPEMyM MOXKET JIOCTUraTbCs Ha KpPUBBIX, UMEIOIIMX B OOLIEM ciydae J1r000e YHCIIo
BEPTUKAJIBHBIX OTpe3KOB. Takue KpuBble MOI'YT HMHOIJa HOCHUTh HEOOBIYallHO IpHUYYIJIMBBIHI

XapakTep. OcHoBHas nacsa A0Kas3aTrciibCTBa MOXKET OBITH H3JI0’KEHA CJICOAYIOIUM 06pa30M:
b

MPEIIOI0KHIM, YTO dKCTpeMyM (yHKIHoHana J = J F(x;y;y)dx nocturaercst Ha KpUBOM, UMEIOIIEH
a

P X = X0 BEPTHKAIbHBIA OTPE30K OT y=y1 IO Y=)2; €r0 MOXHO paccMaTpuUBaTh, KaK Ipenes

HAKJIOHHBIX NPSAMBIX OpU y — Foo (puc. 11). [ng BbluMciaeHHs 3HaueHHs (QYHKLHMOHAJIa Ha

BEPTUKAJIHLHOM OTPE3KE JOCTATOYHO MOMEHSTh POJISIMU X U Y, M TOT/Ia 3HaYeHue J1 GyHKIMOHATa Ha

BEPTUKAJIBHOM OTpe3Ke OyJeT paBHO

. p o 1
J, = Im IF(x;y;y)dx: I Im F| x;y;—— —dxdy
x]—>x2x yJ}_’iw % dy
1 1 y

Y2
= [W(x;)dy . (33)
N
Tenmeps cpa3dy BuUOHO, UYTO €cCliM, HampuMmep, MpaBblidi mpeaen kpurtepus Kporosa (32)
CTPEMHUTCSI K OCCKOHEYHOCTH, a JIEBBIM — K MHUHYC OECKOHEYHOCTH, MBI MOXEM CKOJb YTOJHO
OnMu3Ko OT (PYHKUIMHU C Pa3pblBOM B TOYKE X=Xg MPOBECTH KYCOUHO-TJIAJIKHE KPUBBIE (C Y4aCTKOM
HAKJIOHHOM NPSMOM, KPYTO TIPO

XOIA1en BOJIM3H
A X=X0), Ha KOTOPbIX 3HAa4YEHUE
¢dbyHkroHana OyAeT U CKOJb
YIOAHO BEJIMKO, MU CKOJb
YTOIHO MaJio.
CnenoBarenbHO, €ciu  HE
CYILIECTBYEeT HU NPaBOro, HU
JIEBOTO TPEAEIOB KPUTEPHS
(32), TO IKCTPEMYM
¢byHKIMOHATA MOKET
JIOCTUTATHCS TOJIBKO B KJlacce
KYCOYHO-TJIaKUX (DyHKITHIA.
Pesynbrarsl B.®.
KpotoBa ynayHo nONMONHUIN
M3BECTHBIE KJIAaCCHYECKHE
TEOPEMBI O  IPOCTEUILIEM




b
byukuonane J = I F(x;y;y)dx, cornacHO KOTOPBIM H3JIOMBI AKCTPEMaIl BO3MOXHBI JIUIIb TaM,

a

rae Fyy =0,anpu F,

iy # 0 9KCTpeMasb MMEET HENPEPBIBHYIO BTOPYIO NPOU3BO/IHYI0. Terneph MOXKHO
JIOTIOJTHATEIBHO YTBEPKIATh, UYTO Pa3phiBbl Ha (DYHKIMH, JOCTABISIONMIEH IKCTPEMYM, BO3MOXKHBI
JIUIIL B TOYKaX, rae kputepuid (32) cymectByer. Ecnu xe kputepuii (32) He CyIIeCTBYET IIPH JIFOOBIX

X, IOKAIMX B MHTepBae a < X < b, a QyHKIMOHAI OTPAHUYEH CHU3Y, TO MUHUMYM €ro 1pu £, > 0

OyIeT JOCTUTAThCS Ha TIIAJKON (YHKIIMH, UMEIOIICH HEITPEPHIBHYIO BTOPYIO MMPOU3BOIHYIO.

Bnepseie pesynprarel B.®. KporoBa Oblmu 1mookeHBI MM Ha Bcecoro3HoM cbesze
MareMatukoB B Jlenunrpage B 1961r. OHU BCTpeTWIM SIPOCTHYIO KPUTHUKY YYaCTHUKOB ChE3]a,
JIPYKHO OTBEpPraBIIMX HX, KaK HECTPOrHMe, HEIOCTATOYHO JIOKA3aHHBIE, a HEKOTOpbIE Jaxe
yTBEp)KIaJld, 4TO pe3yjbTaThl OWMOOuYHBL. bnaroxkenarenbHo otHeccs k B.d. KpotoBy smmb
npejacenarenb cekuuu, Ha kotopoil B.®. KporoB penan nokman. «HampacHO Bbl Tak SIpOCTHO
Hanajaere Ha KporoBa, — cka3an oH, 00pamasch K y9aCTHUKAM CEKIMH, — BElb MMPOUIET HECKOIBKO
JIET, U BBl caMH OyJieTe CTyJeHTaM Ha JIEKLUAX PacCKa3blBaTh €ro pe3yipTaThl. M Beab coBceM He Tak
OTHECIIUCh K HeMy Diiep u Jlarpanx, eciiv Obl OHU MOTJIM CETOAHS MPUCYTCTBOBATH B HAILIEM 3aJie.
Onu ckazanu Obl: «Monogen, xomera KpoToB, Tel Hac mpoaosnKumy. W NeHCTBUTENBHO, yKe B
1965r. pesynbrarsl B.®d. KpoToBa Bouwiu B rpenoiaBaHue.

3KCTpeMyMBI B 3AMKHYTBIX 00JacTaX

Haubonee cymectBeHHBIM M3 TOr0 HOBOro, YyTo BHeC 20 BEK B pa3BUTHE BapHallMOHHOTO
UCUUCIIEHUs, OBbUI Mepexoj K HCCIeIOBAaHUIO 3KCTPEMyMOB B 3aMKHYTHIX OOJacTAX, ydeT
OTpaHUYEHUI B BUJE HEPABEHCTB, KOTOPHIM JOJDKHBI YJIOBIETBOPSITH HCKOMBbIE (YHKIMH U HUX
npou3BojHble. be3 yuera mo100HBIX OrpaHUdeHuil ObLIO KpaifHe TPYAHO MPUMEHSATh BapHallMOHHOE
HCYMCIICHUE K PEIICHUIO IPUKIAIHBIX 3ajia4, TJIe 0I00HbIE OTPaHUUYEHUS BCTPEUYAOTCSI OUYEHB YacTo
— MOKHO CKa3aTh, — Ha Kaxa0oM miary. [IpakTuueckue moTpeOHOCTH CTaBWIIM Tepe]l BapHallMOHHBIM
MCYMCIIEHUEM HOBBIE 3a/1a4H, TpeOOBaIKM pa3pabOTKU HOBBIX METOJAOB PEIIEHUS — U HOBbIE METO/IbI
Obutn pazpabotanbl. Marematuku 18 Beka He paccMaTpUBalIM 3aJady C OrpaHUYEHHUSIMU B BUJE
HepaBeHCTB. BmepBeie 3amaua ¢ orpanndeHneM Obuta paccMmorpeHa B 1831r. Tompammuarom,
KOTOPBIM paccMaTpuBajll CTapylo, M3BeCTHyIo euie bepHymnmum u Dinepy, 3agauy 00 OTbICKaHMU
KpUBOH y(X) 3a/laHHOM JJIMHBI C 3aKPEIUIEHHBIMM KOHIIAMM, KOTOpasl MpPU BPAIIEHUU BOKPYT OCH
abcrucc obpa3zoBasia Obl TeNO BpallleHHs C HauMEHBIIEH MOBEPXHOCThbIO. B 3TOl cTapoii 3amaue
['onpAIIMUAT 3aMeTUI, TO, YTO YCKOJIB3HYJIO OT BHUMaHuUs Dijepa: Ajs Toro, yToObl 3a/1a4a uMena
CMBICJI, ICKOMasi KpHBasi y(X) HE JOJDKHA 3aXOJIUTh HMXKE OCH alCIMcC, TO €CTh MpPH OTHICKAaHUU
KpUBOW HYXXHO YyuHUTbhIBaTh orpaHudyenue y=>0. Hamumuume mogoOHBIX HEpaBEHCTB PE3KO OCIIOKHSET
3aJlauy OTBICKaHHUS 3KCTpeMyMa (pyHKIMOHa/Ia, IPUBOAUT K TOMY, YTO OCHOBHOW METOJ| pELICHUS —
CBe/IeHHE K MHTETPUPOBAHUIO ypaBHEHHUs Diiiepa — mepectaeT paboTarb. J{efCTBUTENbHO, HATHYNE
JF000TO JTOTTOJHUTENILHOTO HepaBeHCTBAa ¢(x,y)>0 NPUBOIUT K TOMY, YTO 3KCTPEMYM HAJ0 MCKATh
Tenepb B 3aMKHYTOM 00JacTH M3MEHEHHUs MepeMeHHOW y(X), BKItoyaromeil B ceOs CBOIO I'paHMILy
¢(x;y)=0. ITycTh Ha HEKOTOPOM y4YacTKE KpHBasi, JOCTABIISIOIIAs SKCTPEMYM, IIPOXOAUT I10 T'PAHULIE.
Torga nns Hee nomycTuMoi OyjaeT JUIIb OAHOCTOPOHHSIS Bapuauus, 0y>0, a Bapuanus O0y<O He
J0MycTUMa, 100 BBIBOJUT HCKOMYIO KPUBYIO 3a Mpenenbl AonycTuMoi obmactu. [lepByto Bapuaruio
¢dbyHkunonana 0J eme Ditnep u Jlarparx ymenu npuBOAUTh K BUAY

b
d
§1=_£ Fy—aij@/dx.(34)
Ecnmm skcTtpemyMm paccMarpuBaeTcs B OTKPBITOM 00JacTH, TO Bapualus Oy SBIACTCS

. . d
NPOM3BONLHON (yHKUHMEH 1 Torna u3 ycnosus 8J=0 cuenyer F, —d—Fy =0 — T.e. BBINIOJHSIETCS
X



ypaBHeHHE Diijiepa, IMO3BOJISIONICE MOCIEC WHTETPUPOBAHUS (HAKTUUECKU OIPEIEIUTh HCKOMYIO
¢byuknuo y(x). OmHako B 3aMKHYTOW oO0jacTH, mpu oy>0 u3 ycinoBus oJ>0 yxke He ciemyer

ypaBHEHHE Diiiepa, a cieayeT TOIbKO, YTO

d
F, == F, 20 (3)

— T.€. IIOJy4acM BMECTO YPaBHEHUS BCErO JIMIIb HEPABEHCTBO, HE MTO3BOJISIOIIEE ONIPEIEIUTh
OJTHO3HAYHO UCKOMYIO (DYHKIIHIO y(X).

Jis Toro 4yToObl OOOHTH BO3HMKIIYIO TPYAHOCTb, [ OJBALIMHUAT 3aMEHOM NEpEeMEHHbIX
npeoOpa3oBai 3aMKHYTyI0 o6macte y>0 B OTKphITYyI0. B nmanpHeiieM Tak ke MOCTyHalld JApPYTrHe
MaTeMaTUKu 19 Beka, KOTOpbIE BpeMs OT BPEMEHH CTAJKMBAJINACH C 3aJadyaMd HAa JKCTPEMYM C
orpanndeHussMH. OTHAKO KaKIBIH pa3 mpeoOpa3oBhIBaTh 3aMKHYTYIO O0JIACTh B OTKPHITYIO - BEChbMa
I'POMO3/IKO, IPUYEM TPYIHOCTH BO3PACTAIOT IO MEPE YCIOKHEHUs CTPYKTYpPbl 3aMKHYTOW 00IacTH.
TpeboBasicst eAMHBIN aNTOPUTM PEIICHUS 33ad ¢ OTPAHUYCHUSMH U 3TOT aIrOPUTM ObLI pa3paboTan
Hanexnoit HukonaesHoit ['epuer (1877-1943). OcraHoBUMCS HECKOIBKO MOApOOHEe Ha ee
ouorpadun, mockonsKy xku3Hb H.H. ['epHeT n3BecTHa ropa3o MeHee, HeXKellu OHa 3aCTyKUBAeT.

Oreny Hapexnel Hukxomaeswsl, H.A. I'epHer, mnpeacraBurenb JOBOJIBHO H3BECTHOIO
JBOPSHCKOTO poja I'epHeroB, ObUI AKTUBHBIM YYAaCTHUKOM PEBOJIIOIMOHHOTO JIBU)KEHUS,
npusiekancs no aeny Kapako3oBa B 1866 1., orcuaen HekoTopoe Bpems B IlerpomnaBioBckoit
KperocTH, 3areM Obul BhICTaH criepBa B Bomoroackyro, a 3atem B CumOupckyroo ryOepuun. B
Cumbupcke 23 ampens 1877r. u ponunace Hanexna HuxonaeBna. Ilo marepu, ypoxaeHHOI
@unatoBoid, oHa Obuia poactBeHHuueil A.H. KpeuioBa u A.M. JlsnyHoBa. Bo3MoxHO, 4TO HX
npuMep okaszalsl BiMsHUe Ha BeIOOp Hanexnoit HukomnaeBHoi xu3HeHHoro mytu. [locie okoHuaHUs
Cumbupckoii tTumHazuu B 1894r., ona nepeesxaer B [lerepOypr, rae yuurcs Ha Beicmmx jKeHCKUX
Kypcax, a nocie okoHuaHus ux B 1898 r. mpopomkaer obpasoBanue B ['epmanuu, B '@ TTUHI€HTCKOM
yHHBepcHuTeTe, moa pykoBoactBoMm J[. I'mnpbepra. B 1901r. ona mpexacraBmiia auccepTanuio,
MOCBAILIEHHYIO BapUallMOHHOMY MCYHMCICHHIO, 32 KOTOPYIO ObUla YJOCTOEHa CTENEHU JOKTopa
¢dunocopun c «HauWBBICIIEH TOXBAJIOW», M B TOM K€ roay BepHydach B Poccuio, rme crana
IpenojaBaTh MaTeMaTUKy Ha Beicimux xkeHckux Kypcax. ViMeHHO B noktopckoi auccepranuu H.H.
I'epuer (Tema kotopoii, Oe3ycnoBHO, OblTa ToJIcKa3zaHa ee pykoBoauTenem, . ['mipbeprom), ObLIO
HAyYaTo UCCIIEI0BaHUE IKCTPEeMyMa /sl (PyHKLHMOHAIOB, 3a/laHHBIX B 3AMKHYTBIX 001aCTsX.

B 1913r H.H. T'epner omnyOmukoBana kHury «OO OCHOBHOW mpocTeWineil 3anaue
BapHAllIOHHOTO MCUUCIICHUS» U NPEICTaBWIIA €€ K 3alUTE Ha CTENEeHb Marucrpa B MOCKOBCKUI
yHuBepcurteT. 3amutuB B 1915r. muccepramuto, H.H. I'epner crama Bropoil B uctopum Poccum
KEHILUHON — MaruCTpOM MaTEMATUKH PyCCKOTO YHUBEPCUTETA.

B 1915r. H.H. I'epner uzbpanu npodeccopoM Bricmux jxeHCKHX KypcoB, a B 1917r. mocne
ciusHus ux ¢ yHuBepcureroMm, H.H.I'epuer crama mpodeccopom Ilerporpanckoro (¢ 1924r. —
Jlenunrpanackoro) ynusepcuteta. B JleHuHrpajackom yHuBepcuTeTe oHa padortana no 1929r., a c
1930r. u no camoii cmepTH B 610kagHOM Jlenunrpazae B 1943r., ona npenoaasana B JIeHUHrpaacKkoM
MTOJINTEXHUYECKOM MHCTUTyTE. Bes xkm3np H.H. I'epHeT — keHIMHBI OAMHOKOM M HE3aMy)KHEH —
ObUIa OTJaHA HayKe U MPETo1aBaHuIo.

OcHoBHble HayuyHble pe3ynbrathl H.H. ['eprer (momumo paboT mo wuccienoBaHUIO psaa
Jlarpanxa) OTHOCATCS K BapHalMOHHOMY HcuHcieHuto. B atoit obmactu H.H. I'eprer ynanoch
JNOOUTHCS BBIIAIOLIUXCS PE3YJIHTATOB, KOTOPbIE HE OBUIH 110 IOCTOUHCTBY OLIEHEHBI IIPH €€ )KU3HU.

B ee yxe ynomuHaBiueiics kHure «OO0 OCHOBHOW mpocTeifiieil 3agaye BapUallMOHHOTO
WCYMCIICHUS) MPUBEJCH OOIIMI aJrOPUTM pPELIeHHs 3aJady Ha SKCTPEMYM B 3aMKHYTOM 00sacTu.
H.H. T'eprer paccyxknaana cielylomuM o0pa3oM: MycTb TpeOyercss HaWTH (QyHKUIu0 Y(X),
JOCTaBJISIOUIYIO SKCTpEMYM (QYHKIIMOHATY

J = [F(xy:3)dx (36)

IIpHU HAIMYHUU OTPpaHUYCHUS



y2p(x). (37)

PaBeHCTBO y=¢(x) ouepumMBaeT TpaHUIly AOIMYCTUMOU oOnacTu. J{ims nckoMmoi GyHKIHH y(X)
Teopema Dinepa HecnpaBeuBa. H.H. 'epHeT npemioxuina U3Hy0 3aMeHy IepeMEHHBIX: BMECTO
MepEeMEHHON y(X), OHa MpPEJIOKKMIAa BBECTH HOBYIO MEpeMEHHYIO Z(X), CBA3aHHYIO C MpeXHEH
PaBEHCTBOM:

72=y—¢(X). (38)

Ha HOBy10 mepeMeHHyt0, Z(X), HE HAIOKEHO Y€ HUKaKuX orpaHuuycHuil. ['panuiie obiaactu
y=¢(X) coorBeTcTBYeT mnpocTo 3HaueHue z=0; ciemoBaTenbHO, st GyHKIMHA Z(X), TOCTaBIISIOIICH
aKCcTpeMyM (yHKIHOHATY (36), IepenucaHHOMY K HOBOHM MIEpEeMEHHOM Z, TeopeMa Ditsiepa OyIeT yxe
CIpaBeTHBON. B TO e Bpems, Mmociie 3JIeMEHTapHbBIX MPeo0pa3oBaHU HETPYAHO YCTAHOBUTH, YTO
ypaBHeHUE Dilnepa

OF _dOF o
0z dx oz
s pyHKnroHana (36), nepenucanHoro K nepeMeHHo# Z(X), MpUHUMAET BH/T
4N o, 40)
oy dx oy

T.e. pacmaaaercss Ha naBa ypaBHeHus: Z=0 (rpaHuma JOmMyCTUMOH 0O0JIaCTH) M ypaBHEHHE
Diinepa s ucxogHoro ¢ynkuuonana. U3 ypaBuenus (40) cnemyet, uyto ans GyHKIHOHAIOB (36)
py HAMYUU orpaHudeHus (37) cmpaBeymBa o000ImeHHAs TeopeMa Diepa, chopMyrpoBaHHAS
H.H. I'epHeT: ecnu sKcTpeMyM CYIIECTBYET U JIOCTHTaeTCs B KJIAcCe KyCOYHO-TIAIKUX (PYHKIIHHA, TO
OH JIOCTHTACTCSI HA COCTABHBIX KPUBBIX, COCTABICHHBIX M3 OTPE3KOB IKCTPEMAJICH U KYCKOB IPAHHUIIBI
JOMYCTUMON 00JIacTH (pa3yMeeTcs, B YaCTHBIX CIy4asX JIMHA OTPE3KOB HKCTpeMalieil WM KYCKOB
rpaHulbl 00JaCTH MOXKET W O00pam@arhCs B HYJb). DTy BaXHYK TEOopeMy OYIEeT CIpaBeIINBO
Ha3bIBaTh «Teopemor I'eprer». OOoOmIEeHHas Teopema Oinepa Obuia aokazana H.H. I'epuer He
TOJIBKO JUJISl TIpOCTeifiero HepaBeHcTBa (37), HO M HEPABEHCTB 00IIero Buaa: @(x,;y)=0, a Takxe —
YTO OCOOEHHO BaXXHO — s nuddepeHmaIbHBIX HepaBeHCTB: @(x;y;y)>0. H.H. T'epuer

YCTAHOBMJIA TAK)KE YCIOBHSI B TOUKAX Mepexo/ia OT HKCTpEMali K IpaHuIe o0IacTH U MoKas3asa, 4To
B TOUKE Mepexo/a s BeeX (yHKIMOHANOB, KPOME BHIPOJKIEHHBIX (T.€. TAKUX, y KOTOPbIX £, =0),

KacaTelbHble K JKCTpEMalld M TpaHHIle 00JacTh JOJDKHBI COBIAAaTh. JTO YCJIOBHUE IO3BOJSET
ONPENEINTh HEAOCTAIOIINE IMOCTOSIHHbIE MHTETPUPOBAHUS B YPABHEHMSX OTPE3KOB SKCTPEMAJICH.
Pacnionarast 06001eHHOM TeopeMoi Diisiepa U yCIOBUSAMH B TOYKAX COMPSDKEHUS, MOXKHO YK€ HE
peoOpa3oBhIBATh B KAXKI0H KOHKPETHOMW 3a/1a4e 3aMKHYTYIO 00JIaCTh B OTKPBITYIO — MIOUCK KPUBOH,
JIOCTaBJISIIOLIEH 3KCTpEMyM, CBOAMTCS TEMEpb B OCHOBHOM K MOMCKY TOYeK compsbkeHus. Hakowner,
H.H. I'epuer Ha ocHOBe mpeoOpa3oBaHHs HEpaBEHCTBa Dilfiepa, YCTAaHOBUJIA BaKHOE HEPABEHCTBO
(KpuBH3HA SKCTpEeMalM, IPOBEJEHHOW KacaTeJbHO K TpaHUIEe 00JIaCTH, HE MEHbIE KPUBU3HBI
TpaHUIBI B TOYKE KacaHHs), IOMOTaioliee YCTaHOBHUTHb CTPYKTYpY KpHUBOH, JOCTaBISIOLIECH
AKCTPEMYM, B CITydae CI0KHON I'paHUIlbl 00JaCcTH.

Taxum obpazom, H.H. I'eprer paspaborana B 1913r. o6muii u ya00HBIH aaropuTM penieHus
3a/1a4 Ha HKCTpeMyM (DYHKIIMOHAJIOB MPH HAIMYWU MPOCTHIX WK U] epeHIInaIbHbIX HEPaBEHCTB,
HAJIOKEHHBIX Ha UCKOMBIC (DYHKIIMU ¥ X TPOU3BOHBIC.

Nurtepecna cynpba HayuyHoro Haciemus ['eprer. Hambomee mpocTeie M3 ee pe3ysbTaToB
(cmyuali KOHEYHBIX HEPAaBEHCTB U HEBBIPOKACHHBIX (PYHKIIMOHAIOB) BOIUIM B YYEOHHKH
BapHAIlIOHHOTO HCYHCIEHUS; OCTaJbHbIE IMPOJOJIKAIM OCTaBaThCs Majlou3BecTHbIMU. Hanbomnee
moIpoOHO TIpobIIeMa SKCTpEMyMa B 3aMKHYTHIX 00JIACTSAX C BKJIFOUEHHEM MHOTHX pe3ynbratoB H.H.
I'epuet ObuTa paccmoTpeHa B yueOunke H.M. T'tontepa (1871-1941), HO OH BBIIIET B CBET BCErO 3a
JIBa MecsIa 10 Hadaja cTpamrHoi BoMHBI 1941-1945 r.r., B orHe KOTOpOii morudia Oonblias 4acTh
Tupaxa ydeOnmka. Jla m cama kHMra «OO OCHOBHOW MPOCTEHIIEH 3amaue BapHAIMOHHOTO
WCYHCIICHUSY, U3aHHAs MaJIbIM THpaxoM B 1913r., 6picTpo cTana Oubnuorpaduyeckoil peaKoCcThIo.
B 1937r. mexotopsie u3 pe3ynbratoB H.H. ['epHeT ObIH TEpEOTKPHITH aMEPUKAHCKUM MaTEMaTUKOM



Bannenrtaiitnom, HO W paboTel BamieHTaliHa HE TOJIB30BAIUCH OOJBINOW HM3BECTHOCTHIO 10 S50-X
rogoB 20 Beka, Korjma MOTPEOHOCTH OBICTPO pa3BUBAIOLICHCS TEOPUM YIPABICHUS IOCTaBHIN
BapHallOHHbIE 33/1a4d B 3aMKHYTOM 00JacTH B LIEHTP BHUMaHHUS MaTeMaTUKOB. TOJBKO TOTrAa
O00HapY’KUIJIOCh, YTO TaKHe Ba)KHbIE MPOOJIEMbl, KaK OTHICKAHWE HAWIYYIINX 3aKOHOB JIBUKCHUS U
MpPOrpaMM YTpaBJiCHUS JUISI PAKET, UCKYCCTBEHHBIX CIIyTHHUKOB 3e€MJIM U JAPYTUX TEXHHUYECKUX
O00BEKTOB, MOTYT pacCMaTpHBAaThCA KaK BapHAIlMOHHBIC 33/Ja4M, HO TMPH O0s3aTEIHHOM YyYeTe
OrpaHUYEHUI Ha caMM UCKOMBbIe (DYHKIIMU U UX MPOU3BOJIHBIE. UTO ke KacaeTcsl MepBOil MOJIOBUHBI
20 Beka, TO METOAbl BAPUALMOHHOIO HCYMCIEHUS OYEHb PEIKO HCIOJIb30BAINCh B TEXHHKE.
BapuanuonHoe ucyucieHHE H3Yy4alloCh B YHUBEPCHUTETaX B OCHOBHOM i HYXJ (U3MUKH, B
TEXHUYECKUX YYEOHBIX 3aBEACHUSAX OHO HE NPENoJaBaJioch M JUISL 3ajad BBIOOpA HAMIYUIIAX
KOHCTPYKLUH, 3aKOHOB YyMpaBiIeHUS U T.II. TOYTH HUKOIJAa HE HCIOJBb30Bajoch. Vcmonb3oBaHue
BapHAllMOHHOTO MCUHCIIEHHUS, MPEXJE BCEro, 3aTPyJHSUIOCH TEM, YTO TEXHUYECKHE 3aJaud IOYTH
BCErJa NPHUBOIWIM K HEOOXOOUMOCTH TIOMCKAa OJKCTpeMyMa B 3aMKHYTOM oOiactu; B
pacnpoCcTpaHEHHBIX YUEOHHKAX METO/AbI PELIEHUS TAaKUX 3ajay [OYTH HEe M3jaraiuch, a padotsl H.H.
I'epuet u BannenTtaiina ObUIM MPaKTUYECKU HEU3BECTHBI HE TOJIBKO MH)KEHEpaM, HO M OOJIBIIUHCTBY
MaTeMaTUKOB. Bo-BTOpBIX, CYyLIECTBOBI W TPYAHO IPEOJOJUMBIA ICUXOJIOTHYECKU Oapbep,
MPEMSITCTBOBABIINN MPOHUKHOBEHUIO COBEPIIEHHO HOBBIX METOJOB pacueTa B LIMPOKHUE KPYTH
WHXEHEepoB. B0O3MOXKHO, 4TO Gapbep ATOT OBbLT CBSI3aH C TEM, YTO BAapUAIMOHHOE HCYHCIICHUE
M3JIarajioch JIMIIb B YHUBEPCUTETCKUX YUeOHHKaX HA BeChbMa aOCTPaKTHOM YPOBHE; WHXKEHEPaM OHO
4acTO Ka3ajJoCh HEIMOHSATHOM 4YMCTOM MaTeMaTuKou. JlocTtaTouHo cka3zarb, 4to Koraa B 1950r.
npodeccop B.JI. JIaBpiioB B KypHaJIe «YTOJNb» OIyOJIMKOBAJl CTaThi0, B KOTOPOUW OH, MOJB3YSCh
BapHAIIIOHHBIM HMCYHMCIIEHHUEM, Hallle]l HAaWBBITOAHEHIYIO0 AMarpaMmy CKOPOCTH TMOJbEeMa KIIETH B
maxrte, (UCHOJIb30BaHUE OSTOM JuarpaMMmbl MOIJVIO TPUHECTH CYIIECTBEHHBIH 3KOHOMUYECKUI
a¢(deKT), TO Ha CIEeAYIOIINIA FOJl B TOM K€ )XypHalie ObUTH, OIyOJIMKOBAHbI OTKIIMKH ISITH aBTOPOB HA
3Ty CTaTbhlO0, B KOTOPBIX CaMbIM HENIPUMUPHUMBIM 00pa3oM oTBepraiuch pesyiabraTtsl b.JI. JlaBbinoBa.
HcuepnaB TexHUueckue aprymeHTtbl, omnmnoHeHTbl b.JI. JlaBeimoBa mepenuim K A0BOJaM
MOJINTUYECKUM: «MeTadu3nueckoe oTHomeHue mpod. JlaBpigoBa NpPUBENO €ro K HaJyMaHHOH,
a0CTpaKkTHOM Teopuu, KOTopas NMpUMEHMMa Kak OyJITO Be3le, a B JACHCTBUTEIBHOCTH — HUIJE.
Mapkcu3M y4uT, 4To abCTpaKTHOM MCTHHBI HET, UCTHHA BCEr/la KOHKPETHa», — TaK MHUCaIl OHU B
ceoeM otkiauke. Ilocne omyOnukoBanust 3TuUX pe3kux otr3biBoB b.JI. JlaBBIOB mpekparuia
JalbHENITYI0 paboTy B 00JaCTH IPUMEHEHHS BApUALMOHHBIX METO/IOB.

C TpyIHBIMU MICUXOJIOTHUECKUMHU OapbepamMu MPUILIOCHh CTOJNIKHYTHCS U aBTOPY ITUX CTPOK B
KOHIIE MATHAECATHIX T0JI0B B X0J/i¢ pabOThl M0 MPUMEHEHUIO METO/I0B BAPHALIMOHHOTO MCUHUCICHUS
JUIS ONITUMU3AIMU PabOThl ANEKTPUYECKUX MPUBOAOB. ONTUMHU3ALNS MMO3BOJMIA HAWTH CHOCOOBI,
CYILLECTBEHHO MOBBIIIAIONINE ObICTPOIEHCTBUE U MPOU3BOAUTEIBLHOCTD 3JIEKTPOIIPUBOAA, (U3JI0KEHO
B MOHOrpaduu) HO BHEAPEHHUE ITHX CHOCOOOB 3aTSHYJIOCh HA MHOTO JIET U MPOXOAMUIIO JAIEeKO He
TJIAJIKO.

[Tcuxonornueckuit 6apbep MEHbILE OIIYIIAICS B COBEPIIEHHO HOBBIX OOJIACTSIX TEXHUKH —
TaKMX KaK pakeTHas U KocMuyeckas TexHuka. He ciayyaiiHo, YTO IMEHHO B 3TUX 00JIacTsAX, HAaUWHas
¢ 50-x rojoB, cTanu OCOOEHHO LIMPOKO NMPUMEHATHCS HOBBIE BapHALIMOHHBIE METOJBI, pa3paboTka
KOTOPBIX CBsA3aHa, MPEKIE BCETro, ¢ UMeHeM akajeMuka JIbBa CemenoBuya [lortpsruna (1908-1988).
CTONKHYBIIUCH C HEOOXOJMMOCTBIO (XapaKTEPHOM ISl TEXHUUYECKUX 3a]1a4) OTHICKaHHsI SKCTpeMyMa
B 3aMKHYTbhIX obnacTsx, JI.C. IlonTpsirun paspaboran ocoOblil METOJ, MOTYYUBIINNA B JalbHEHIIEM
IIMPOKYI0 M3BECTHOCTBH IIOJ HE COBCEM YJAuHBIM Ha3BaHUEM «IPUHIMUN MakcuMyma». Ha3Banue
ObUIO CBsI3aHO C TeM, 4To QyHKIWMs U(t), mOcTaBisromas SKCTpeMyM (YHKIIMOHATY B 3aMKHYTOM
obmnactu, ompenensercs B meroauke JI.C. IloHTpsiruHa W3 YyCIOBUS MaKCUMyMa T'aMUJIbTOHOBOM
¢bynkuuu H no nepemeHHoii U.

Otmetum, uto pabotsl JI.C. TIoHTpsITHHA MO «IPUHIUIY MAaKCHUMYyMay BBIPOCIIH B XOJ€ €ro
COBMECTHBIX HCCJEIOBAaHUN C BBIIAIOIIMMCSA TEOPETUKOM U MPAKTUKOM CHCTEM YIIPaBJICHUS
Anekcanapom AponosuueM Denprdoaymom (1913-1969). A.A. @enpadaym Brepsbie B 1953-55 r.r.
oOpatuil BHUMaHHe Ha crneur(uky 3amad ONTUMHU3ALMU AJI JIMHEWHBIX CHCTEM, MOIMETHII, YTO



yIOpaBI€HUE B 3TOM Cilydae MPOXOAMUT LEIMKOM IO TpaHUIAM JOMYCTUMOM O0O0NacTH, CKaukoM
nepexoAst OT HIDKHEH TpaHMIbl K BEPXHEW, JTOKa3all JISKAIIyl0 B OCHOBE NMPHIIOKEHUH TeopeMmy O
qucie NMepeKsItoueHui («reopemMa o0 «N» HMHTEpBajiax»), U MPHUBIEK K 3TOHW IpobiemMe BHUMaHHE
MaTEeMaTHKOB.

«IIpuHuun Makcumymay Obul BriepBble BbIIBUHYT JI.C. IIOHTpATMHBIM B Ka4eCTBE I'MIIOTE3bI
B 1956r., u cpasy ke nojydui IIUPOKOE NMPUMEHEHHE B PELIEHUU PA3HOOOPA3HBIX TEXHUYECKHX
3aJja4 ONTUMM3ALMHU. JJoKa3aH «IPUHIMII MAaKCUMYMay ObLIT HECKOJIBKO MO3XKE.

[TpuHIMNHATBHBIX Pa3IMYMi MEXAy METOAaMH BAapHAIIMOHHOTO HCYMCICHUS (C y4eToM
pesyabTaroB H.H. I'epHeT) u «IIpyMHIMIOM MakcuMyMa» HeT. Pasinuus 3akiarodaroTcsi cKopee B
0003HAYCHHAX U B METOJIUKE JOKa3aTEJIbCTB, KOTOPBIE B «IIPUHIIUIIE MAKCUMYyMa» MHOTO CIIOKHEH.
TeopeMbl «IpuUHIMIA MakCUMyMa» OTHOCSTCS K OO0bekTaM, AudQepeHIuanbHble ypaBHEHUS
KOTOPBIX 3aIlMCaHbl B HOpMabHOU popme Komu:

X, = f,0;5.0x,5u)

X, = 1,00 .x,5u),

rme u - (I)yHKLII/ISI, KOTOPYHO HA3bIBAKOT YIIPABJIICHUCM. OFpaHI/IIIeHI/I}I HAJIOKCHBI TOJIBKO Ha
yIIpaBJICHUE:!

u|<1, (42)

a (YHKIIMOHAJIOM, MUHUMYM KOTOPOTO Pa3bICKUBAETCS, SBISETCS BpeMs Iepexojnia 00beKTa
(41) w3 onpsHoro 3amanHoro coctostHusi B Apyroe. JI.C. TIoHTpArMH mNpemyioKWI BBECTH
MIPOMEKYTOUHYO (DYHKITHIO

H=Ywf @)

rae yi(t) - BcromorarenbHble IEPEeMEHHbIC, TIOTYNHCHHbBIC YPABHCHUSIM

dy, oH

Wi _ 9T (44)

dt Oox;

U J0Ka3aj, YTO MUHUMYM BpPEMEHHU Iepexoaa 00ecneduT yrpaBlieHHe, KOTOPOe JOCTaBIIseT
MakcuMyM ¢yHkiuu H (Teopema o makcumyme). B oOmiem ciiydae u3 TeopeMbl O MaKCHUMyMe
CIIEyeT, YTO BHYTPHU JOIYCTUMON 00JacTH, OUepUYEHHON HEepaBEHCTBOM (42), JOIKHO BBIOIHATHCS
ypaBHEHUE

oH
“L=0,(45
W (45)

KOTOpOe BMecTe ¢ N ypaBHeHUsMH (41) u N ypaBHeHUssMHU (44) TIO3BOJISET ONpenenuTh 2n+1
byHKIMA (9KcTpeManeit) Xi; ...Xn, ¥i,... ¥h 1 U(t), TOCTaBIAAIOMIMX SKCTPEMYM BHYTPH JIOITYyCTHMOM
obmactu. [l TOYEK COMPSIKEHUs SKCTpEMalM M TpaHHUIBl MPHUBEICHBI «YCIOBUS CKaukKay,
aHaJIOTUYHbBIEC YCIOBUM, HalIeHHbIM panee H.H. ['epHer.

Haubonee nnTepecen ciyuail, korga B ypaBHeHHs (41) ynpaBieHue BXOJIUT JHMHEHHO, T.e.
OHU UMEIOT BUJ]

X, = g,(x;5...x,) +uh(x;;...x,) . (46)

B sToM cityuae, 04eBHIHO, YTO NMPH HAJMYUU OTpaHUYEHHUs (42) MaKCUMyM MPOMEXKYTOUHON
¢bynkuun H nocturaercst Ha rpanuie 001acTi, a KOHKPETHO — Ha (pyHKIMU

u= SignZI//ihi . (47)

i=1
Bce pesynbrarhl jerko 0000mMAOTCS W Ha CIydail HECKOJIBKUX YIPABISIFONIUX BO3EHCTBUN
uiz, Uz, ...Un.
CoO6CTBEHHO, MMEHHO YaCTHBIN cllydail yIpaBJIeHUH, BXOASIIUX B ypaBHeHUs (41) nuHelHo,
KaK pa3 U NPUHEC U3BECTHOCTh U INMOMYJSPHOCTh «IIPUHLHUIY MAakKCHUMyMa». DTOT YacTHBIN ciydail
4acTO BCTPEYAETCsl HA IMPAKTUKE W B TO XK€ BpeMs I HErO0 «TeopeMa O MaKCUMyMe» cpasy



MIO3BOJISIET OINPENENINUTh CTPYKTYpY yIpasieHus (47), a 3aTeM U TOYKHU MEpeKtodeHus oT U=+1 k
u=-1 u Ha0OOPOT.

Uro ke kacaeTcst o0miero ciydasi, Korga ypaBHeHus (41) He TUHEHHBI MO U, TO «IIPUHIHII
MaKCHMMyMay» He BHOCUT HHUero Ooisiee yj00HOro, ueM ucnonb3opanue reopemsl H.H. ['epHer: Toukn
nepexojia OT IKCTpeMajell K TpaHuile AOMYyCTUMOW oOmacth U=#1 Hago HaXOAWTh C TOMOIIBIO
«yCJIOBUI CKa4yKay, a 3TO CII0KHEE, YEM HCII0JIB30BAHNE YCIOBUI CONPSIKEHUS.

[ToapoOHBIi CpaBHUTENBHBIN aHATU3 TOCTOMHCTB W HEJOCTAaTKOB METOJOB PEIICHHS 3a7ad
ONITHMH3ALMK, OCHOBAHHBIX HA BAapHAallMOHHOM HCYMCIEHUM W Ha «IPUHLMIIE MAKCUMyMa» C
YKa3aHMSIMM, B KAKUX CIIy4asX IPeJIOYTUTENIbHEE UCII0Ib30BaTh TOT WIH APYTON METO/,.

Pazpabotka JI.C IIOHTpATMHBIM M €ro COTPYAHMKaMH «IPUHIMIIA MAKCUMyMa», SBUJIACh
BaXHBIM U BBICOKO OLIEHEHHBIM BKJIaJJOM B HayKy. OTpHULIaTENbHYIO POJIb CHITPAJIO YTBEPKACHUE O
HEIPUTOJHOCTH METOJOB BapHALlMOHHOIO MCYMCICHHUS [UId pELICHWS 3aJad ONTHMHU3AlMUHM B
3aMKHYTBIX 007acTax, mockoibKy auccepranus H.H. I'epuer u yuebnuk H.M. I'tonTepa ocranucs,
no-suanMomy, HeusBecTHeIMU JI.C. [lontpsaruny. Hago otmeruts, uro JI.C. IlonTpsruny MHOrue u
HEOJIHOKPaTHO YKa3blBaJli Ha OUIMOOYHOCTH €ro YTBEP)KJIEHUH O BapUallMOHHOM HCUYHCIICHUU.
OpnHako, HECMOTPs Ha BCE 3TU BO3PAXKCHMsI, YTBEPKACHUE O HEBO3MOXHOCTHU JUIsl BapUALIMOHHOTO
MCYMCIIEHUS PEILNTh 3a/1a4l Ha HKCTPEMYM B 3aMKHYTOH 00JacTU B HEU3MEHHOM BHUJIE IOBTOPSUIOCH
BO BTOPOM M BO BCe€X MOCIENyHOIUX HU3laHusaX MoHorpaduu. A Benp aBropurer JI.C. [ToHTpsiruna
OBLT BEJTUK U BITOJIHE 3aCITYXKEH.

Boznukaer untepecHsiii Bonpoc: noyemy JI.C. IIoHTpsAruH OTKa3bIBAICS HUCIPABUTH CBOE
HEBEPHOE CYXACHUE O BO3MOXHOCTSIX BAPHUALMOHHOI'O MCUMCIEHHUs, HECMOTPS. HA TO, YTO MHOTHE
3HAIOIIME JIIOJM YKa3blBaauM eMy Ha omuOKy? CoriacHO OJHOMY M3 YCTHBIX pPaccKa3oB, Ha
npeiokeHust ucnpaBuTh omuoOky, JI.C. IloHTpsAruH oTBedan: «MoHoOrpagust — 3TO Kiaccuka. A
KJIACCUKY HE HUCIIPABIISIOT).

B pesynsrare B CCCP wnMen MeCTO H3BECTHBIM IEPEKOC: METOJUKON «IIpUHLIUIA
MaKCUMyMa» MOJIb30BAINCh Ja)Xe IMPU PEHICHUH TeX 3a7ad, B KOTOPBIX METOJbl BapHALIMOHHOIO
VICUHCIIEHUS BEJIU K 1IeJT ropa3io ObIcTpee U Mpolie.

Tax, Hanpumep, B 1965r. B xkypHane «IIeKTpuuecTBo» Oblla OIMyOJIMKOBaHA CTaThsl, aBTOP
KOTOPOM Ul OTBICKAHUS ONTUMAJIBHOIO YIIPABJIEHUS DJJIEKTPONPUBOJAMHU IIPOKATHOIO CTaHa
MIPUMEHMJI CIIOKHBIN anmnapaT «[IPUHIMIIA MAaKCUMyMay, HE CIPABUJICS C HUM U JIOMYCTHII OMHUOKY. S
Hamucaa TOrja MUCbMO aBTOPY CTAaTbH, IJie yKa3blBal HA OMIMOKY M MOKa3al, Kak MPOCTO U JIETKO
MOKHO TOJyYUTh IPAaBWIBHBIM pe3ynbTaT, UCIOIb30BaB 0ojiee MPOCTOM ammapar BapHaIllMOHHOTO
ucuMcieHus. ABTOp CTaTbU ¢ HerogoBaHnueM oTBeTw MHe: «Ho Benp akanemuk [loHTpsAruH nokasain,
YTO JUIsl 33]]a4 C OFPaHUYEHUSIMU BapHaIlMOHHOE UCUNCIeHHE HenpurogHoy». Omubka Tak U He Oblia
ucnpanieHa. Takum o0pa3om, MBI elle pa3 yoexxaaemcs, YTo Ype3MepHOe MPEKIOHEHUE JaxKe Mepes
camMbIMU 3aciykeHHbIMU aBTopuTeraMu (aBroputeT JI.C. [loHTpsArmHa BIIOJIHE 3aCiTy’KE€H) MOXKET
PUHOCUTH Bpe. s n3bexanus olMOOK Hy’KHO BHUMATelIbHEE N3y4aTh HCTOPUIO MaTEMaTHKH.

B CIIA Bce npoucxoaumio npoue: pe3yibtarsl H.H. I'eprer, kak yxe roBopuiock, Obuin B
1937r. nepeoTKphITh aMepUKaHCKUM MaTeMaTukoMm Bamnentaiinom. Ilo-Bunumomy, Bannenraiin He
6bu1 3HakoM ¢ pabotamu H.H. I'eprer. OH Takke BBesl 3aMEHY MEPEMEHHBIX AJIs MPeoOpa3oBaHUs
3aMKHYTOM 00JacTH B OTKpPBHITYIO, MCIOJb30BAaB 3aMEHYy, OYEHb IOXOXKYI0 Ha mpeoOpa3oBaHUeE,
ucnosibzoBanHoe H.H. I'epuer. [loaTOMy amepukaHCKHe MCCIEIOBATEIN C CAMOT0 Hayajla yCIEIIHO
HCIOJIb30BaJIM METOJIbl BapUAllMOHHOTO HCYMCIEHUS Ui PEIIeHUs 3ajad ONTUMHU3alUU, KaK B
OTKPBITBIX O00JIaCTAX W3MEHEHMs IEPEeMEHHBIX, TaK U B 3aMKHYTBIX O00JIacTAX, IpU YyyeTe
OTPaHUUYEHUI B BHUJIE€ HEPABEHCTB, a «IIPUHIUIIOM MAKCUMYMa» IOJIb30BAJIUCH TOJBKO TaM, I'Zle OH
NEHCTBUTENBHO BBITOJIEH U YI00€H.

Heckonbko nmozxe JI.C. [Tontpsiruna, amepukanckuii Marematuk Puuapn bemuivan (Bellman,
1920-1984) paszpabotan emie OJUH HWHTEPECHBIM METOJ| ONTHUMHU3AIMH B 3aMKHYTBIX OO0JIACTSX,
MOJYYHMBIINI Ha3BaHUE «IMHAMUYECKOE MporpamMmmupoBanuey. Monorpadus P. bennmana noa stum
Ha3BaHWEM BbIILIA B cBET B 1957T., a B pycckom nepesone — B 1960r. Meroner JI.C. IlonTpsiruna, P.
beanmvana ©W WX  MHOTOYHCICHHblE MOAM(UKAMM B  JaJbHEHIIEM CTald  Ha3bIBaTh



«HEKJIACCHYECKUMH BapUAMOHHBIMH METOJAMHU», WM «TCOPUCH ONTUMAIBHOTO YIIPaBICHU,
IMPOTHUBOIIOCTABJIAA UX «KIACCHMYCCKOMY BapUallMOHHOMY HCYHCIICHHIO». OcHoBaHUH JJIs1 TaKOoro
NPOTUBOIOCTABIICHUST HET: Mbl YOCIWIHCh, YTO M B paMKaxX KJIACCHYECKOTO BapUAIlMOHHOTO
MCYHUCIICHHUS ObUTH Pa3paboTaHbl METO/IbI, TO3BOJISIOIINE PEIIATh 3a/1a4l Ha SKCTPEMYM B 3aMKHYTOM
00JIaCTH U JAPYTHe 3a7a4y ONTUMAIBHOTO yrpasieHus. J[pyroe neno, 4to crernuduka npakTHIeCKuX
3ala4 ONTUMHU3AlMK 3acTaBuia Oosiee mMOAPOOHO pa3paboraTh Te pas3ieibl BapHAIMOHHOTO
HCUHUCIICHUS, HAa KOTOpPbIE [0 BTOPOW TIOJIOBHHBI JBAJIATOrO BeKa He oOpamaid OOJbIIOro
BHUMAHUA.

Tak, HampuMep, B M3BECTHBIX YyuYeOHHKAX JIMIIb OYCHb KOPOTKO M IOBEPXHOCTHO
paccMaTpUBAIKCh BBIPOKACHHBIE (YHKIIMOHABI — T.€. T¢ (PYHKIIMOHAIBI, KOTOPHIE OT MEPBOH (WU
OT BTOPO1) MPOU3BOTHON HCKOMOW (YHKIMH 3aBUCAT JIUHEHHO — T.€. UMCIOT BUI:

J = [[M(x; )+ IN(x; p)ldx, (48)
NI ’
J = [IM (3 9) + N (x; y; 9)]dx, (49)

a MEXJy TeM MHOTHE Ba)KHbIE MPAKTUYECKUE 3a/Ja4d MPUBOJSAT MUMEHHO K BBIPOKICHHBIM
byHKIIMOHAIaM, 00J1aAaI0IIUM OCOOBIMU CBOMCTBAMH.

Metoapl, TO3BOJSIONIME PEIIaTh MPAKTHUYECKUE 3aJa4d ONTUMH3ALUU W ONTUMAIBHOTO
yHOpaBiIeHUs, TOMOJIHSIIONINE KJIACCUYECKOe BapUAIlMOHHOE HMCUYUCICHUE, C HauOOIbIIeH MOTHOTOU
M3JI0KEeHBI B MOHOTpaduu (rmo maunmatuee P. bemmMana Obll cliemaH ee MepeBoOJ] HAa aHTIMHCKUI
s3bIK, onyOnukoBaHHbId B CLIIA B 1968r. u B Anriuu B 1969r.).

Tak, Hampumep, TaM OTMEYEHO, UYTO MHOTHE 3a/Jaud ONTUMH3ALUU TPUBOIIT K
GbyHKIIMOHATIaM BHIa

.17 .
J = lim ! F(t;x;%)dt , (50)

T.€. K YCpeAHseMbIM (DYHKIIMOHATIAM C TIPEAETbHBIM MepexoaoM. Mexay TeMm Jyisl oJ00HbBIX
(bYHKHHOHaHOB HECIIpaBCJIMBa OCHOBHAasA TCOpEMa BaApHWAIIUOHHOTO HCYUCIICHUA W IJSKCTPEMYM
MOKET JOCTUTATBCA HE HA DKCTPCMAJIAX. TaK, HarmpuMmep, ajid HpOCTGﬁHIGFO nu3 (i)yHKIII/IOHaJ'IOB BUIA
(50):

T

J = im + [ x%r, (51)
T—)ooTO

ypaBHeHUe Jilsiepa NpUHUMAET BUI: 2x =( U eMy yJIOBJIETBOPSIET €IMHCTBEHHAs dKCTPEMaIIb
x=0, Ha KOTOpO¥ HyHKIIMOHAT

JIOCTUTAeT CBOET0 MUHUMAJIBHOIO 3HAYEHUS, pPaBHOTO HYJ0. OJHAKO TO K€ 3HAYECHUE HYJIb
(QYHKIIMOHAT NPUHMMAET U HA MHOTHX JAPYIUX (YHKIMAX — Hampumep, Ha GyHKIUAX x =t'e ™,
st m00eix K20, >0, To ecTh Ha (YHKIMSAX, KOTOPHIE 3aBEJOMO HE YAOBIETBOPSIOT ypaBHEHUIO
Diinepa u ycnoBusiM MakcumyMa [lontpsiruna. @ynkuunonans! Buaa (50) TpedyroT oco6oro moaxona.

C nosiBlIeHMEM METOJOB, MO3BOJSIONIMX OTBICKMBATh SKCTPEMYMBbI B 3aMKHYTOH 00jacTu u
OocHOBaHHBIX JuO0 Ha Teopeme H.H. T'epuer, nubo Ha «mpuHIUNE MakCUMyMay, WIA Ha
JMHAMUYECKOM IPOrpaMMHUPOBAaHUH, 3a/1a4d ONTUMHU3ALUHU CTaJI0 MOXKHO PEIIaTh HA OCHOBE BIIOJHE
a/IeKBaTHOTO MaTeMaTHYecKOoro ammapara. [[is ycmemHoro mowcka onTuMyma CTajio TpeGoBaThCs
y’Ke€ HE CTOJIBbKO HCKYCCTBO MaTeMaTHKa, CKOJIBKO XOpolllee 3HaHUE OCOOCHHOCTEN paccMaTprBaeMoil
TEXHUYECKOM 3a/layd, NOHMMAaHHE TOro, KakuMH (akTopamMu MOXKHO MpeHeOpeub, K KaKUM
MIOCJIEACTBUAM 3TO NPUBEIET U T.II.

OnTumanbHble 3aKOHBI YIpaBlIeHHUs ObUIM HaWIEHbI CHadajga A OObEKTOB KOCMHYECKOM
TEXHUKU U D3JIEKTPOIPHUBOJOB IOCTOSHHOTO M IEPEMEHHOI0 TOKa, a 3aTEM M JUIsl OYE€Hb MHOIMX
APYTUX CUCTEM M YCTPOUCTB.



Kaxnplii pa3 mepexol Ha ONTUMAIBHOE YNPAaBJIECHUE MO3BOJIAI MOBBICUTH 3(P(HEKTUBHOCTH
ONTUMHU3UPYEMBIX CUCTEM, COKPATUTh PACXOJ SHEPTUHU U TOIUIMBA.

B 10 ke Bpemst HaJl0 3aMETUTh, YTO BapUallMOHHBIE METO/IbI CaMU 110 ce0e MO3BOJISUIN HallTn
JUIIG 3aKOH YIIPaBJICHHs, MPOTPpaMMy M3MEHEHHs €ro Kak (QyHKIMH BpPEMEHH, HO 3Ta Mporpamma
YyBCTBUTEJIbHA K IIOMEXaM, K HEU30EKHBIM IMOIPEIIHOCTAM HM3MEPEHHH, NpU HAJIMYUU KOTOPBIX
IIPOrPaMMHO€E YIIPABJIEHUE OYEHb TPYIHO MCIIOJIb30BAaTh.

Jli1st TOro 4To0Obl peaan30BaTh ONTUMAIbHOE YIPaBIEHUE HA MPAKTHKE, CO3aTh YCTPOMICTBO,
ABTOMATUYECKHU PEATU3YIOLIEE ONTUMAIBHOE ABM)KEHHUE ITPU HAJIMYUM MOIPEUTHOCTEN U3MEPEHUs, HE
MOJTHOCTBIO M3BECTHBIX BO3MYULIAIOIUX CUJI U T.II., TPEOOBAIUCH UHBIE, O0OJIEE CIOMKHBIE TOAXO/bI, O
KOTOPBIX MBI PaCCKa)kK€M B CJIEYIOLIEH I1aBe.
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