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Conepxanue NpaKTHYECKUX 3aHATHH
1. MmuoxecrBa. Onepanuu HaJl MHOKECTBAMU

[ToHsATHE MHOXKECTBA B MaTeMaTHKE OTHOCHUTCS K HeompeaensieMbiM (IT0100HO
MOHSATHUSAM YHUCIIa U TOUKH).

MHO0XXECTBOM SIBIISIETCS COBOKYITHOCTh OOBEKTOB, 00bEIMHEHHBIX KaKUM-JIHO0
MIPU3HAKOM.

OOBEKTHI — AIEMEHTHI MHOKECTBA — 0003HAYAIOTCS CTPOUHBbIMU OykBamu. Ca-
MH MHOXKECTBa 0003HAYarOTCS 3aryIaBHBIMHU (MPOMKMCHBIMH) OYKBaMH JIATHHCKOTO
andaButa. Tor (akT, 4TO A SBIACTCS DIEMEHTOM MHOXecTBa A 0003HayaeTcs
al A(roopsaT, uToa mpHHAMISKHT A); To, uToa HE ABIACTCS IEMEHTOM MHOXKeE-
crBa A,0603nauaercs al A (roBopsT, uroa He NpUHALIEKHUT A).

CuuTaercsi, YTO MHOXKECTBO 3aJaHO, €CIU TMEPEUYUCIICHBl BCE €ro JJIEMEHTHI
WM HAa3BaHO XapaKTEPUCTUYECKOE CBOWMCTBO, MO KOTOPOMY MOJKHO OMPEISIUTh,
MIPUHAJICKUT JAHHBINA AJIEMEHT MHOXKECTBY WJIM HET, HAIIPUMED:

M ={1,2,34,5 mmM ={x: xI N,1£ x£5}

[pumep: Haiitn snementsr maoskectBa: A={x: x| N, 2x*- 7x+3=0}.

1. ~
PemuB kBagpaTHOE ypaBHEHHE, HAXOIUM €0 KOPHU X = EI N, x,=31 N,

snaunt A={3}.

: MHO)KGCTBa, COCTOAIIME U3 OJHUX U TEX KE O6L€KTOB, HAa3bIBAIOTCA paB-
HbIMHU

[Mpumep: A={0,2,3} ,B={3,2,0}
A=B

Ecnu kaxaslil syiemMeHT MHOKecTBa B sBisgercs snemenTom MHOXkecTBa A,
to B HassBaercs nogMuoxectsoMm mHoxkecta A: Bl A

Hpumep: B={3,2 1 A={3,2,0
/E — I0IMHOXKECTBO JTF000T0 MHOXECTBA; A moaMHOKecTBO A

NI Zz1 QI R
N —MHOXECTBO HaTypaJbHbBIX YHCEIl
Z —MHOX€ECTBO LIEJIBIX YUCEI
Q — MHOKECTBO paIlMOHATIBHBIX YHCE R
R — MHOECTBO JIEHCTBUTEIbHBIX YHCEI Q



N306pa3zum mHokecTBa A u B xpyramu Ha miockoctu (auarpammel Ditnepa-
Benna)

- MuoxectBo C, 2j1eMeHTaMH KOTOPOTO SIBIITFOTCS BCE DJIEMEHTHI MHOKECTBA
A, He npuHaIIeKaIIe MHOKeCTBY B, HaswiBaeTcs pasHocThio MHOKeCTB A 1 Bu
sanuceiBaercs C = A\ B.

[Tpumepsl

1) A={123,B={12 b A\B={3

2) A={12,3,B={34Pb A\B={12
3) A={12,3, B={1,234 P A\B=£A

- Ecm Bl A, to A\ B — nononaenune maokectBa B 1o muoxkectBa A

MuoxectBo C, cocrosinee M3 BCEX DJIEMEHTOB, MPHHAMIEKANINX Kak
MHOXKECTBY A Tak U MHOKeCTBY B( M TOJIBKO M3 3THX 3JIEMEHTOB), Ha3bIBAETCS
nepeceuenuem muoxkects Au B:C=A1 B.

Mpumep: A={1,2,3}, B={2,3,4}
C=AIB={23



- MHoecTBa, nmepecedyeHrue KOTOPhIX €CTh MyCTO€ MHOXECTBO, HA3BIBAIOTCS
nenepecekarommmucs: {0, 1{2} = /.

[Tpumep.
I X*+4x+4=0
)i fE
1x20

1 X200 Cany i) =(y
i x30

MmuoxectBo C, cocrosiliee U3 BCEX M TOJBKO TEX AJIEMEHTOB, KOTOPHIE
HpUHAUIeKAT XOTsS Obl ogHOMY M3 MHOKeCTB A u B, HasbiBaercst oObennHeHHEM

muoxects Au B:C=AUB

Mpumep. A={1,2,3}, B={2,3,4}
C=AUB={1234}

[Ipumep:
1) (x+1D(x* - 4) =0{- 2,- 1,2} —COBOKYITHOCTb pEILECHHIi
é x>5
gx>-3 éx>5
2) (x- 5(x+3)>0U % P a U (-¥;-3)U(5+¥)
& x<5 &x<-3
&
& X<-3



CocTaBuTh MHOKECTBA!
1) A—mnarypaibHble JeTUTENH Yrcia 12.

2) B\ A,eciu A={-5-4,-3 B={-5-4,-3-2,

3) R\Q, Z\N

2) LTIVIS8], [L7]1[58] [L7I\[58] [58\[L7]
6) (O:3IU[57), (B3 1[57) (O;3\[57) [57)\(0:3]
5) O0beMHEHHE U TTIePECeUCHNE KOPHEH ypaBHEHUI
X +9x-10=0y X - 3x+2=0

6) 3ammumTe pemenne Hepaserncraa (X- D)(X- 6)3 0

7) A—natypanbHble aenuTend yncia 18,
B— narypanbusie nexurenu uucia 45. Haittu Al B,

8) Haittu Al B ecniu A={x: xI Z,|{<5 B={x: xI N,|x-1<7}
9) Haittn AUB eciu A={x: X*- 6x+9£0} B={x: xI Z|{£]

- MHOxecTBO AHa3bIBacTCs 3KBHBaJICHTHBIM MHOXecTBy B (A B), eciu
MEXTy 3JeMeHTaMu MHOXeCTB A n B MOXHO yCTaHOBUTH B3aMMHO OJJHO3HAYHOE
COOTBETCTBUE.

Pa3nn4aroT KOHEYHbIC 1 OECKOHCYHBIC MHOXECTBA.

- YUCmo 35IeMEHTOB MHOKecTBa A Ha3bIBACTCS €r0 MOIIHOCTHIO MJIH Kap.Iu-
HAJTBHBIM YHCIIOM (|A|I/IJH/I cardA).

KoHeuHOe MHOXKECTBO, COCTOSIIEE U3 N3JIEMEHTOB HMEETMOIIIHOCTh |A| =n.

Ecim A - N, To MmHOXecTBO A cueTHOE.
Ecmu A: R, To A- KOHTHHYyalIbHOE€ MHOXECTBO HIIH MHOXECTBO MOIIHOCTH
KOHTUHYYM.

3axayu 15 CaMOCTOSITEIbHOTO PEeIICHUS.
N300pa3ute quarpammel Diinepa-BeHHa AJist ClieIyIomnX MHOKECTB:
a) (A1 B)\C

6)(AU B)\C

B)(AIB)IC

r) (A\B)IC

n (A\B)UC

e) (A\B)\C
x) (A1 B)UC



2. MHO0)KeCTBO KOMILICKCHBIX YHCeJI

Onpenenenne. KomniekCHbM 4ucioM HA3BIBAIOT BCIKYIO — YIOPSIOYCHHYIO Tapy
(X, y) IEMCTBUTEIILHBIX YUCEI.
Ero o6o3nagaror z=X+Vi, X,yl R,tmei=+-1mwmi’>=-1.

[pumep. Pemuth ypaBHeHHE X° + 6X + 25 = O Ha/T MHOKECTBOM KOMIUIEKCHBIX YHCEIT
Berarcnum quckpumunadt: D =b® - 4ac =36- 100 = - 64.

Torma VD =+- 64 =+/- 1564 =+/- 1x/64 =8i

Haiinem kopHU ypaBHEHHUS:
_-b+JD _-6+8 _2(-3%4i)
2" 0a 2 2

3anuch z = X+ Yi Ha3pIBaeTC aneebOpauieckou ¢Hopmot 3alucu KOMILIEKCHOTO

yuca./[eficTBUTenbHbIE YCaX U Y Ha3bIBAIOT COOTBETCTBEHHO OeliCMBUMENbHOU U
MHUMOU YaCmbl0 KOMIUIEKCHOTO YUCHIA Z = X+ Vi !

Rez=x ulmz=y.
Cymmoui JIByX KOMIUIEKCHBIX 4YHcenl Z =X +Yji ®u Z =X, +Y, Ha3bBaIOT
KOMILIEKCHOE YHCIIO Z = Z + Z,, NEUCTBUTENbHAS YaCTh KOTOPOIo paBHa X =X, + X,,
a MHUMas paBHa Y=Y, +Y,, T.C.
2=+, = (Xt %) (Yt Y,)
Pasnocmolo ByX KOMIUIGKCHBIX 4Yucenl Z =X +VY,i u Z =X, +Y, Ha3bpBaIOT
KOMIUIEKCHOE YUCII0 Z = Z - Z,, NCHCTBHUTENIbHAS YacTh KOTOPOTrO paBHa X=X - X,,

a MHUMas paBHa Y=Y, - V,, T.C.

Z=1- 22:()(1' X2)+(y1' yz)i

IIpoussedenuem NBYX KOMIUIEKCHBIX YHcel Z =X + VY| U Z, =X, +Y,| Ha3bIBacTCs

KOMIUIEKCHOE YHCIIO
=2, = (X:LXZ B ylyz) + (X1y2 + X2y1)i .

Yucno Z=x- yi Ha3bIBaeTCs conpsxicerHviM (KOMIUIGKCHO COTPSDKEHHBIM) YUCITY
Z=Xx+yi.OTMeTuM, uTo ZXZ =X + Yy,
Yacmuvim (omnowenuem) IByX KOMIUICKCHBIX 4Hcel Z =X +VYi U Z, =X, +V,i
npu z,* 0 (t.e. 10, y,* 0) Ha3pIBarOT KOMIUIEKCHOE YK CIIO

Z:i:)ﬁxg*'yl)z/z +x2y21- )(132/2i_

L, X 1Y, X tY,




[pumep. Berauconts (2- 31)° + 27

(2- 3)°+2°=2- 223 +(3)*+ 2% =4- 121 +9* + 2(1*)" % =
=4-12i +9°+2(1>)" % =4-12i - 9+2X-1)"i=-5-12i - 2i =-5- 14
7+3i

3-1

7+3 _ 7+3 _ (7+3)(-1-3) _-7-2%i-3i- 9% _
3-1 -1+43 (-1+3)(-1-3)  (-2)°+3

[Tpumep. Berunciaurs

_-T7-24+9 _2-241 _1-120 _1 12

1+9 10 5 5 5

[Ipumep. 3anucarh 4UCIIO Z = - B anreOpandeckon popme.

1+1
Yuco z B anredbpanueckoit hopme umeet Buj z = X + yi . [Ipeodpazyem apo0sb,

YMHOXHUB YHUCJIMTECIIb U 3HAMCHATC/Ib Ha YHMCJIO, COIPSKECHHOC 3HAMCHATECIIIO.

_o2¥2_ 2J2(-0) . 2J2@-i) _ 2J2(1-i)
Co1+i @+i)a-i) 1-ir 2
=-2(1-i)=-v2+2

Anrebpaunyeckas popma: z = - V2 +/2i 3necs Rez=x=-+/2 u lmz= y= J2.

3analm AJIA CAMOCTOATEIbHOI'O PCINCHUSA

1. Boraucnuts (4+5i)%(5- 4i) Ortser: 115+ 236i
2. BUHCINTD — - 2P +iP - M+ 28 Ortsert:1
S+4
2. 5 _ .
3. Brruncints 31 OtBeT:0,1- 1,7i
3. DJIeMeHTHI MATEMATHYECKOI JOTHKHU

Jloruka Bo3HuKNa B KyabType JpeBHeu ['peruu. IlepBoe momeniee no0 Hac
COYMHEHUE TI0 JIOTUKE - «AHAIMTHKU» Apuctotens (384-322 rr. 1o H.3.). Dopmaib-
Hasl JIOTHKA MPOCYIIeCTBOBala 06€3 cephE3HBIX U3MEHEHUH O0iee IBaAIaTH CTOICTHH.
BYJIb JIxopmx (1815-1864) - aHTuiiCKUiT MaTEeMaTHK, KOTOPBIA CYMTACTCSI OCHOBO-
MOJIO)KHUKOM MaTEeMaTHUECKOH JIOTUKH.

Pa3BuTre MaTeMaTHKU BBISIBIIIO HEIOCTATOUHOCTH JIOTUKU APHUCTOTENS U TO-
TpeboBano nanbHelmero e€ pa3sutus. HezaBucumo pasBuBasiack OyanucTckas Jio-
I'MKa, HO JIOCTOSIHUEM €BPOIEHCKON HayKH OHa CcTajla HEJJaBHO, I0ATOMY MaTeMaTu-
yeckas JIoruka OepeT Hauyajao U3 JIOTMKU ApucTtorens. MaremaTuueckas JIOTUKA sIB-
JsieTCsl HAyKOW O 3aKOHaX MareMarudeckoro mbluuieHus. [Ipenmerom matemaruue-
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CKOU JIOTMKU SIBIISIFOTCSI MaTeMaTUYECKUE TECOPHUM B 1I€JIOM, KOTOPBIE H3Yy4arOTCS C
MIOMONIBI0 MAaTEMATUUYECKUX S3BIKOB. [Ipu 3TOM B MEpBYIO ouepelb UHTEPECYIOTCS
BOIPOCAMU HEMPOTHBOPEUYMBOCTH MATEMATUUYECKUX TEOPUM, UX PA3BA3HOCTH U TOJI-
HOTBHI.

MaremaTnyeckasi JIOTMKa OTJIMYAETCS TEM, YTO IMOJb3YETCs SI3bIKOM MaTema-
TUYECKUX U JIOTUYECKUX CUMBOJIOB, UCXOAS U3 TOTO, YTO B MPUHIIUIE OHU MOTYT CO-
BCEM 3aMEHUTH CJIOBA OOBIYHOTO SI3bIKA M MPUHSTHIE B OOBIUYHBIX JKUBBIX SI3bIKAX CIIO-
coObl 00bETMHEHUS CIOB B MpeaioxkeHrs. OCOOEHHOCTH MAaTeMaTUYECKOrO MbIIILIe-
HUSI OOBACHSIOTCS OCOOCHHOCTSIMU MaTeMaTHYECKUX aOCTpakIuii 1 MHOrooOpa3uem
UX B3auMOCBsI3eil. OHM OTpa)katoTCsl B JJOTUUECKOM CUCTEMAaTU3allui MaTEMAaTUKH, B
JI0Ka3aTeIhLCTBE MaTeMaTHYECKUX TEOpeM. B CBS3M C 3TUM COBPEMEHHYIO MaTeMaTH-
YECKYIO JIOTUKY OMPEACIISIIOT KaK pa3/iesl MaTEMaTUKH, TIOCBSIIEHHBIN U3yYEHUIO Ma-
TeMaTUYECKUX JIOKAa3aTEIhLCTB U BOMPOCOB OCHOBAHUI MaTeMAaTHKH.

B akcmoMaTtnueckoM MOCTPOEHUHM MATEMaTUYECKOW TEOPUHU MpPeIBaAPUTEIBHO
BBIOMPAETCSI HEKOTOpasi CUCTEMa HEOIPEAC/IIeMbIX MOHSATUN W OTHOIICHUS MEXIY
HUMU. DTH TOHSATUS ¥ OTHOIIIEHHUS HA3bIBAIOTCS OCHOBHBIMU. Jlanee 6e3 mokazaresb-
CTBAa MPUHUMAIOTCS OCHOBHBIC TOJIOKEHHUSI PACCMATPUBAEMON TEOPUM - AKCHOMBI.
Bcé manbHeliiee coaepkaHue TEOPUM BBIBOAUTCS JOTHMYECKU M3 akCHMOM. BriepBbie
aKCHMOMAaTHUYECKOE MOCTPOCHUE MAaTEMATUYECKON Teopuu ObUIo Tpeanpuuaro EBkiu-
JIOM B TIOCTpPOEHUH reoMmeTpuu. M3noxxenue 3tor Teopuu B Hauanax He 6e3ynpedHo.
EBkiup 37ech mbITaeTcs JIaTh OMNPEICIICHUE HMCXOTHBIX MOHSATHHA (TOYKH, MPSIMOH,
IJIOCKOCTH). B JToKa3areabCcTBE TEOpeM HMCIONB3YIOTCS HUTIEC IBHO HE chopMysIupo-
BaHHBIC MOJIOKEHUS, KOTOPBIE CUMTAIOTCS OYEBUIHBIMU. TakuM oOpa3oMm, B 3TOM I0-
CTPOCHUHU OTCYTCTBYET HEOOXOMMas JIOTUYECKasi CTPOTOCTh, XOTSI UICTUHHOCTh BCEX
TMOJIOKEHHUI TEOPUHU HE BHI3BIBAET COMHEHUM.

OTMeTHM, YTO TaKOM MOJAXOJ K aKCMOMATHYECKOMY MOCTPOCHUIO TEOPUHU OC-
TaBaJICSl €AMHCTBEHHBIM 110 XIX Beka. bosblyto poiab B U3MEHEHUH TaKOTO MOAX0/a
ceirpanu padotel H. . JlobaueBckoro (1792-1856). JlobaueBCcKuit BIICpBbIC B IBHOM
BUJIC BBICKa3aJl yOeXJICHUS B HEBO3MOXKHOCTH JI0OKa3aTeNIbCTBAa MATOTO TOCTYyjaTa
EBxinnia u mojkpenui 3To yoexieHre co31aHrueM HOBOM reomeTpu. [lozxe Hemerr-
kuii Mmatematuk ®. Kieiin (1849-1925) nokazan HEMPOTHBOPEYHUBOCTH T'€OMETPHUH
JloGaueBckoro, yeM (hakTHUECKU ObLIa JI0Ka3aHa U HEBO3MOXKHOCTh JIOKa3aTeJIbCTBA
naroro nocrynara EBkimna. Tak Bo3Hukiu u Osutn pemieHsl B padborax H. WM. JloGa-
yeBckoro u @. KieitHa BniepBbie B HICTOPUM MAaTEMATHUKUA MPOOIEMbI HEBO3MOXHOCTH
JI0Ka3aTeIhCTBA U HEMPOTHBOPEUMBOCTH B aKCHMOMaTUueckoi Teopuu. HempoTtusope-
YUBOCTh AKCMOMATUYECKOW TEOpUU SBISIETCS OJHUM U3 OCHOBHBIX TpeOOBaHUH,
MPEIBSIBIAEMBIX K CUCTEME aKCMOM JaHHOW Teopuu. OHa O3HAYAET, YTO U3 JAHHOU
CHUCTEMBl aKCHOM HEJIb3sl JIOTMYECKUM MYTEM BBIBECTH JBa MPOTHBOPEUYUBBIX IPYT
JPYTy YTBEPKICHUS.

Jloka3aTenbCTBO HENPOTHBOPEUYUBOCTH AKCMOMATUYECKHX TEOPUHA MOKHO
OCYIIECTBUTh pa3auyHbIMM MeTojamu. OnuuM u3 Hux sBisiercs METOJl MOJIE-
JIMPOBAHMU I nin I/IHTEPHPETALII/Ifl. 31ech B Ka4YeCTBE OCHOBHBIX IOHITHU U
OTHOIIECHUHN BBIOUPAIOTCS SJEMEHThI HEKOTOPOTO MHOKECTBA M OTHOIICHUS] MEXKITY
HUMH, a 3aTEM MPOBEPSIETCS, OYYT JIU BHIMOTHATHCS JJIs1 BBIOPAHHBIX MOHSATUN U OT-
HOILICHUN aKCUOMBI JaHHOU TEOPHUH, TO €CThb CTPOUTCA MOJEINb JJIsI JAHHOW TEOPUH.
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Tak, aHanuTHYecKasi TeOMETpUs SIBISAETCS apudMETHUECKOW HHTEpIpeTanuend reo-
Metpuu EBkimaa. SIcHO, 4TO METOA MOJEIMPOBAHUS CBOJIUT BOIIPOC O HEMPOTHUBOPE-
YUBOCTH OJIHOM TEOpUU K TpoOJieMe HEMPOTUBOPEUYUBOCTU JIPYroil Teopuu. bosb-
[IMHCTBO UHTEPIPETAIMN JII1 MaTeMaTHIECKUX Teopui (M, B YaCTHOCTH, JJis apud-
METHKH) CTPOUTCS Ha 0aze Teopun MHOXkecTB. OnHako B KoHIe XIX Beka B TCOpUH
MHOYECTB ObUTH OOHAPY)KEHbI MPOTHBOpEUHs (MMapagoKChl TEOPUU MHOXKECTB). SIp-
KUM IIPUMEPOM TaKOro napajaokca siBisercs napagokc b. Paccena.

[Ipumep. HazoBEM MHOXKECTBO HOPMAJIBHBIM, €CJIM OHO HE COACPIKUT ceOsl B
Ka4eCTBE CBOETO AJIEMEHTA U HECHOPMAJIbHBIM B IIPOTUBHOM CITy4ae.

Hanpumep, MHOXECTBO BCEX KHHUI - HOpPMaJIbHOE MHOKECTBO, 4 MHOKECTBO

BCEX MBICIMMBIX BeIIEeH - HEHOpMajabHOE MHOXecTBO. Ilycth L - MHOXECTBO
BCEX HOPMaJIbHBIX MHOXeECTB. K KakoMy Kiaccy oTHocuTcs MHOKecTBO L? Eciu L -
HOPMAJIbHOE MHOKECTBO, TO L1 L, T.C. COIEPKUTCS B KJIac-

C€ HOPMaJILHBIX MHOKECTB, HO TOT/Ia OHO COJIEPKHUT ceOsT B KayecTBE CBOErO dJe-
MEHTa, ¥ M03TOMY HeHOpMaJibHO. Eciiu L - HeHopManbHOe MHOKeCTBO, To LI L, T.c.
HE COJIEPKUTCS CPeIu HOPMAJLHBIX MHOXKECTB, HO Torja L He comepxut ceOs B Ka-
YeCTBE CBOEr0 DJIEMEHTa, W IMOTOMY OHO HOpMaibHO. Takum o00pa3oM, MOHS-
THE HOPMaJIbHOI'O MHOKECTBA MIPUBOJIUT K MPOTUBOPEUHIO.

[TonbITKU yCTpaHUTH MPOTHUBOPEYHS B TEOPUH MHOXKECTB MPUBEIIA K HEOOXO-
JAMOCTH ITOCTPOUTHh aKCHOMATHUUYECKYIO TEOPUI0 MHOXKECTB. [locneayromue Buons-
MEHEHHSI U YCOBEPIICHCTBOBAHUSA 3TOM TEOPHUU MPHUBEIM K CO3IAHUIO COBPEMEHHOM
TEOpUH MHOKECTB. OTHAKO CPEJICTBA ITOM AKCHOMATUYECKOW TEOPUU HE MO3BOJSIOT
JI0Ka3aTh €€ HEMPOTUBOPEUYUBOCTD. [[pyrue MeToasl 000CHOBaHMS MaTeMaTUKHU ObLIN
pa3suthl 1. TMJIBBEPTOM (1862-1943) u ero mikosoii. OHM OCHOBBIBAIOTCS Ha I10-
CTPOEHUM MATEMATUYECKUX TEOPUN KaK CUHTAKCHYECKUX T€OPUH, B KOTOPHIX BCE aK-
CHUOMBI 3alUCHIBAIOTCS (POpMYJaMHU B HEKOTOPOM ajipaBUTE U TOUHO YKa3bIBAIOTCS
MpaBujia BbIBOIA OJHUX (GOPMYI U3 IPYTUX, T.€. B TEOPUIO KaK COCTABHAs 4aCTh BXO-
JUT MaTeMaTU4eCKast JIOTHKA.

Takum oOpa3zoM, Maremaruueckass Teopusi, HEMPOTUBOPEUYMBOCTh KOTOPOM
TpeOOBaJIOCH J0Ka3aTh, CTaja MPEIMETOM JAPYrod MaTeMaTUYecKOW TEeOpuH, KOTO-
pyto T'mnbepr massan METAMATEMATUKOW, wmmu TEOPUEN JTOKAB3A-
TEJIbCTB. B cBsi3u ¢ 3TUM BO3HHMKAaeT 3ajaya MOCTPOCHUS CUHTAKCHYECKOM, T.€.
dhopMaIM30BaHHON aKCMOMATHYECKOM TEOPHUH CaMOM MaTEMaTHYECKOM JIOTUKHU. BEI-
Oupasi o-pa3HOMY CHUCTEMbl aKCMOM U TIPaBHJIa BBIBOJAA OJHUX (DOPMYN U3 JIPYTHUX,
MOJy4aroT Pa3JUyHbIe CHHTAKCUYECKUE JIOTHYECKUEe Teopun. Kaxayro u3 HUX Ha3bl-
BaroT JIOTMUYECKUM NCUYUCJIEHMEM.

OcHOBHas Uesl MATEMAaTHYECKOU JIOTUKH - (popMaIn3alus 3HaHUI U paccyx-
nenuii. 3BecTHO, 4TO Hanbosee Jierko opMaauzyeMblie 3HaHUS - MaTeMaTUYECKUe.
Takum oOpa3om, MaTeMaTHUeCKas JIOTHKA, IO CYIIECTBY, - HAyKa O MaTeMaTHUKe, WU
MeTamareMaThka. [{eHTpaibHbIM MOHATHEM MaTEMAaTUYCCKOM JIOTHKH SIBJIIETCS — Ma-
TEMaTUYECKOE JI0Ka3aTeNIbcTBO". JIeHCTBUTENBHO, — J0Ka3aTebHble" (HHAUYe TOBOPS,
JCTyKTUBHBIC) PACCYXKIACHUSA - CAMHCTBCHHBIN BHJ MPHU3HABACMBIX B MaTeMaTHKE
paccyxaeHun. PaccyxaeHUsT B MATEMaTUYECKON JIOTUKE U3YYalOTCSI C TOYKHU 3PCHUSA
(dbopMmBbl, a HE CMBICTIA.
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ITo cyIiecTBy, pacCy aeHHUsI MOACTUPYIOTCS YUCTO ~ MEXaHHMYECKUM'' TpoIiec-
coM nepenucbiBanus Tekcta (popmyi). Takoit mpoiiecc Ha3bpIBAIOT BBIBOAOM.I OBOPSIT
elle, YTO MaTeMaTH4ecKasl JIOTUKa ONEPUPYET TOJBKO CHHTAKCUYECKHUMH IMOHSITHS-
MU.O1HaKO OOBIYHO BCE )K€ Ba)KHO, KAK COOTHOCATCS PACCYXKJEHUS C ACUCTBUTEIb-
HOCTHIO (WJIM HAIIUMHU TIpesicTaBicHusMu). [loaToMy, Ha/lo BCE e MMETh B BULY He-
KOTOPBIN CMBICIT (OPMYJT U BbIBOJA. [Ip 3TOM HCHONB3YIOT TEPMHUH CEMaHTHKA (CH-
HOHHUM CJIOBa ~ CMBICI") M YETKO pa3ieisaioT CHHTAKCUC M ceMaHTHKY. Koraa xe neit-
CTBUTEIILHO HHTEPECYIOTCS TOJBKO CHHTAKCUCOM, YaCTO MCIOJIB3YIOT TEPMUH  (hop-
MajpHasg cucrema'. Mpl OyJeM HCNOIb30BaTb CHUHOHMM 3TOrO0 TEpMHHA -
TucuncneHue”  (MCMONB3YIOTCS €€  TEPMHUHBI  (OpMaibHas Teopusi W
“akcromaruka'). O0ObeKTOM (OPMABHBIX CHCTEM SIBJISIFOTCSI CTPOKH TekcTa (mociie-
J0BaTEIbHOCTH CHMBOJIOB), C TIOMOIIBIO KOTOPBIX 3aITUCHIBAIOTCS (POPMYJIBI.

dopMasbHas cucTeMa OnpeJiesieHa, eCllu:

3anaH angaBut (MHOKECTBO CUMBOJIOB, HCIIOJIB3YEMbIX JJISl IIOCTPOSHHUS (Op-
MYII).

OrmpeniesieHo, Kakiue UMEHHO CTPOKU CUUTATh popMynamu (OCTaIbHbBIC CTPOKH
CUUTAIOTCS MPOCTO OECCMBICIICHHBIMM).

BriaeneHo MHOXKECTBO (pOpMYJ1, HA3bIBAEMBIX aKCHOMaMU. DTO - CTapTOBbIE
TOUYKU B BBIBOJIAX.

3a/1aHO0 MHOKECTBO IPaBUJI BBIBOJIA, KOTOPBIE MO3BOJISIOT U3 HEKOTOPOH (hop-
MyJIbl (MITH MHOXKECTBa (OPMYII) TOTy4aTh HOBYIO (JOPMYITY.

OTpuuaHmne JOTMYECKOTO BBICKA3bIBAHUS - JIOTMUECKOE BBICKa3bIBaHUE, MPU-
HUMAIOII[ee 3HAUYEHUE 'WCTUHHO", €CJIM UCXOIHOE BBICKA3bIBAaHUE JIOKHO, U HA000-
poT. DTO clienuanbHas JOTUYecKas onepaius. B 3aBUCUMOCTH OT MECTOIOJIOKEHUS
paszIuMyaloT BHEUIHEE U BHYTPEHHEE OTPHUI[AHUE, CBOMCTBA U POJIU KOTOPBIX CYILECT-
BEHHO Pa3JINYarOTCs.

BHemHee oTpuiianue (IpoOno3uIMOHATBHOE) CIYKHUT JJIsi 00pa30BaHUS CIIOXK-
HOT'O BBICKa3bIBaHUs U3 JIpyroro (He 00s3aTebHO MPOCTOr0) BhICKAa3bIBaHHS. B Hem
YTBEPKAAETCSI OTCYTCTBUE MOJIOKEHUSI /1], ONMCHIBAEMOI0 B OTPUIIAEMOM BBICKA3bl-
BaHUU. TpaJMIMOHHO OTPUILIATEIHHOE BBICKA3bIBAHUE CUMTAETCS UCTUHHBIM, €CIIH, U
TOJIBKO €CJIM, OTPUIIAEMOE BbICKa3bIBaHUE JIOKHO. B ecTeCTBEHHOM sI3bIKE OTpHUIIAHKE
OOBIYHO BBIpAXKaeTcs 0OOPOTOM «HEBEPHO, YTO», 32 KOTOPBHIM CIEAYET OTPULIAEMOE
BbICKa3bIBaHUE.

B s3b1kax (hopMalIbHBIX TEOPH OTPULIAHKWE Ha3bIBaeTCA 0co0asi yHapHas Mpo-
MO3ULIMOHAbHAS CBA3KA, UCIOJIb3yeMasl Il 00pa30BaHUs U3 OJHON (POpMyIIbI Apy-
roii, 6osiee ciaoxkHOM. [l 0003HaUECHUN OTpUIIAHKE OOBIYHO MCHOJIB3YIOTCSI CUMBO-
b1 «\OTPUTIAHHUE, «-» HIH «- 1». B Kjlaccnyeckol JIoTnke BhICKa3bIBaHUI Gopmyiia -
A uCTHMHHa TOrJa ¥ TOJIBKO TOraa, koraa popmyna A J10xkHa.

OpHako B HEKJIACCHMYECKOW JIOTMKE OTpHUIIAaHUE MOXKET He 00yaaTb BCEMH
CBOMCTBAMHU KJIACCUYECKOI'O0 OTpULAHMs. B 3TOW CBA3M BO3HMKAET BIIOJHE 3aKOHO-
MEpHBIN BOIPOC O MUHUMAJIbHOM HaOOpe CBOMCTB, KOTOPOMY JOJKHA YOBJIETBO-
PATh HEKOTOpasi yHapHas oreparysi, YToObl €€ MOKHO ObLIO CUMTATh OTPULIAHUEM, a
TaKXKe O MPUHIMIAX KJIacCU(UKALMU DPA3JIMYHBIX OTPULAHUSX B HEKIACCUYECKUX
(hOpMaJIbHBIX TEOPHSIX.
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MdaKkTHYECKH YKa3aHHOE BBIIIE TPATUIIMOHHOE MOHMMAaHKE BHEMIHEro (IpoIo-
3UIMOHAJIBHOIO0) OTPHIIAHUSA MOXET OBbITh BBIPAKEHO YepPe3 CHUCTEMY CICAYIOIINX
tpeboBanuii: (1) Ecin A - uctunHo (J105kHO), TO He-A - n0xHO (ucturHO); (I1) Ecnu
He-A - HCTUHHO (JI0%KHO), TO A - JTI0)kHO (MCTHHHO). OTpHUIlaHKe, YI0BICTBOPSIOIICE
ycnoBuio (1), MpUHATO Ha3bIBATH MUHUMAJIbHBIM OTPHIIAHUEM. .

BHyTpeHHEe OTpHIIaHUE BXOJIUT B COCTaB MPOCTOrO BhICKa3biBaHUs. Pasznmuya-
10T OTPUIIAHUE B COCTABE CBS3KM (OTpHIIATE/IbHAS CBSI3KA) M TEPMUHHOE OTPHIIaHHUE.

OTpullaHre B COCTaBE CBSI3KU BBIPAKACTCS C MOMOIIBIO YACTHIIBI KHE», CTOS-
IIei Tepe/T IIaroJIoM-CBsI3KOM (€CITM OH UMEETCSI) WK MEePEel CMBICTIOBBIM TJIar0JIOM.
OHO CIY)KUT IS BBIPAKEHUS CYKICHHH 00 OTCYTCTBHH KAKUX-TO OTHOIICHHM
(«MBan He 3Haetr [leTpa»), uiuum 1si 00pa30BaHUs OTPHUIIATEIBHON MPEIUITUPYIOIIEH
CBSI3KM B COCTaBE KaTErOPUYECKUX aTPUOYTHBHBIX CY:KICHHI. TepPMUHHOE OTPUIIAHHE
UCIOJIB3YETCS ISl 00pa3oBaHMs HETATHBHBIX TepPMHUHOB. OHO BBIpaXkKaeTcsl depes
NPUCTABKY «HE» MK OJIM3KHUeE el 1o cMbIciy («Bce Hecmelnble s0JI0KH - 3eJICHBIE).

KOHBIOHKIMS JBYX JIOTHYECKMX BBICKA3bIBAHUN - JIOTMYECKOE BbICKA3bIBa-
HUC, WCTUHHOE TOJBKO TOTJa, KOIJa OHM OJHOBPEMEHHO HCTHHHBI (OT JIaT.
conjunctio - coro3, CBsI3b), B IIHUPOKOM CMBICJIE - CJIOXHOE BbICKa3bIBaHUE, 00pa3o0-
BaHHOE C TIOMOIIIBIO COI03a «U». B MpHUHIIMIIE MOKHO TOBOPUTh O KOHBIOHKIIMU Oec-
KOHEYHOTO YMCJIa BBICKA3bIBaHM (HAIIpUMeEp, O KOHBIOHKIIUM BCEX UCTUHHBIX MPEI-
JOKEHUN MaTeMaTukH). B JOruKe KOHBIOHKIHEH Ha3bIBAIOT JIOTHUYECKYIO CBS3KY
(omepanmto, (GyHKIHIO; 0003HA4YAOT: &,); 00pa3oBaHHOE C €€ MOMOIIBIO CIOXKHOE
BBICKa3bIBAHNE MCTHHHO TOJIBKO IPH YCAOBHU OAMHAKOBOM MCTHMHHOCTH €0 COCTaB-
JstroIuX. B Kiaccuueckoil TOTuKe BHICKA3bIBAHUN KOHBIOHKIIMS BMECTE C OTPHIIAHHU-
€M COCTaBJSIOT ()YHKIIMOHAILHO-TIOJHYI0 CHCTEMY IIPOMO3UIIMOHATIBHBIX CBS30K.
DTO 03HAYAET, YTO Yepe3 HUX MOXKHO OMPEIC/IUTh JIIOOYIO APYrYIO MPOIMO3UIHO-
HAJIBHYIO CBsI3KY. OHMM U3 CBOMCTB KOHBIOHKIIMHU SIBJISIETCS KOMMYTaTUBHOCTS (T. €.
sKkBUBaJIeHTHOCT, A& B n B & A). OxgHako, MHOTIa, TOBOPSAT O HEKOMMYTATHBHOM,
T. €. YIIOPSI0OYCHHON KOHBIOHKINHU (IIPUMEPOM BBICKA3BIBAHHS C TAKOW KOHBIOHKITUH
MOJKET CIYXKHTh:«SIMIIIMK CBUCTHYJI, U JIOIIA M TOCKAKAIN).

JM3bIOHKIUS IBYX JIOTHYCCKUX BBICKA3bIBAHUH - IOTHUECKOE BBHICKA3bIBAHHE,
HUCTMHHOE TOJIKO TOTJa, KOTJa XoTsA Obl 0J1HO M3 HUX mcTuHHO(OT siar. disunctio -
paso0iienue, 060co0IeHne), B IIMPOKOM CMBICIIE - CIIOKHOE BBICKa3bIBaHKHE, 00pa30-
BaHHOE U3 JIBYX WJIM 00Jiee MPEIOKEHUH ¢ IIOMOIIBIO COI03a «HJIHM», BBIPAKAIOIIETO
Al TEPHATHBHOCTH, WM BHIOOP.B CHMBOIIMYECKOI JTOTHKE AM3BIOHKIMEH HA3bIBAIOT
JIOTUYECKYIO CBs3KY (omepanuio, GyHKIINI0), 00pa3yrolyo U3 mpeaaoxenuit A u B
CIIO’KHO€ BBICKa3bIBaHue, 0003HauaeMoe 00bIYHO Kak A V B, koTopoe sBIsieTCS HC-
TUHHBIM TP UCTUHHOCTH 10 KpaHEH Mepe OAHOIO M3 JBYX MU3BIOHKTHUBHBIX YIle-
HOB.

MMnimKamus IByX JIOTHYCCKUX BbICKa3biBaHuil A u B - mormdeckoe BbICKa-
3bIBaHKE, JIOKHOE TOJIKO TOraa, Koraa B moxHo, a A ucturno (ot yat. implicatio -
crutereHue, ot implico - TeCHO CBSA3BIBAIO) - JIOTMYCCKAs CBS3KA, COOTBETCTBYIOIIAS
rpaMMaTHYECKONH KOHCTPYKIMH «ECJIH.., TO...», C TIOMOIIBI0 KOTOPOH M3 JABYX MpO-
CTBIX BBICKa3bIBaHUI 00pa3yeTCsl CI0KHOE BbICKa3bIBaHWE. B MMILTMKATHBHOM BbI-
CKa3bIBAHUU PA3IMYAIOT aHTeIeleHT (OCHOBAaHHE) - BBICKA3bIBAHUE, MIYIIEE TOCIE
CIIOBA «eCJIM», W KOHCEKBEHT (CJCICTBUE) - BbICKA3bIBAHWE, MJIYIIEE 3a CIOBOM
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«T0».VIMIUTUKaTUBHOE BBICKA3bIBAHHUE MPEJICTABIACT B SI3bIKE JIOTUKU YCIIOBHOE BbI-
CKa3bIBaHUE OOBIYHOTO si3bIKa. [locnennee urpaet ocoOyro poJib, KaKk B MOBCEIHEB-
HBIX, TaK ¥ B HAYYHBIX PACCYXKICHUSIX, OCHOBHOU ero (pyHKIHEl sBsieTcss 000CHO-
BaHUE OJTHOTO IIyTEM CCBUIKMA Ha HEYTO APYTOE.

BripakaeMyt0 yCIIOBHBIM BBICKAa3bIBAHHUEM CBSI3b OOOCHOBBIBAIOIIETO U 000C-
HOBBIBAEMOTO TPYJHO OXapaKTepU30BaTh B OOIIEM BHUJE, U TOJIBKO MHOTIIA IPUPOIA
€€ OTHOCHUTEJIBHO SICHA.

DTa CBSI3b MOXET OBbITh, B YaCTHOCTH, CBSI3bIO JIOTHYECKOTO CJICIOBAHMUS,
HMMEIOIIEH MECTO MEXY MOCBUIKAMH U 3aKJIFOYEHUEM MPABUIBHOTO YMO3AKIIOUEHHUS
(«Ecimu Bce )KUBbIE MHOTOKJICTOYHBIC CYIIIECTBA CMEPTHBI M MEy3a SBIISCTCSA TaAKUM
CYIIICCTBOM, TO OHA CMepTHa»). CBsI3b MOXKET MPEACTABIIATh COOOM 3aKOH MPUPOIBI
(«Ecimu Tenmo MoABEPrHYTh TPEHHUIO, OHO HAYHET HArpeBaThCs») WM MPUYHHHYIO
cB3b («Eciau JIyHa B HOBOJIyHHE HAaXOIHUTCS B y3ji€ CBOSH OpPOMTHI, HACTYIAET COJI-
HEYHOE 3aTMEHHE»). PaccmarpuBaemas CBsI3b MOXKET MMETh TaK)Ke XapaKTep COIH-
aJIbHOW 3aKOHOMEPHOCTH, MpaBWIIa, TPAaUuIKUKA U T.01. («Eciau MeHseTcs SKOHOMHMKA,
MEHSIETCS U MOUTHKaY», «Eciu oberanue 1aHo, OHO JOHKHO OBITh BBITTOJIHEHOY).

CBs13b, BbIpakaeMasi YCIOBHBIM BBICKAa3bIBAHHEM, MPEANOJIAraeT, YTO KOHCEK-
BEHT C OTPEJICIICHHON HEOOXOUMMOCTBIO «BBITEKACT» U3 aHTEIEJCHTa U YTO €CTh He-
KOTOPBIN OOIIUI 3aKOH, CyMEB C(HOPMYIHPOBATH KOTOPHIHA, MBI MOKEM JIOTMYECKH
BBIBECTH KOHCEKBEHT M3 aHTeleAeHTa. Hampumep, yciioBHOe BbicKa3biBaHue «Ecin
BUCMYT- METaJlI, TO OH IJIACTUYEH» MIperoiaraeT oonmi 3akoH «Bce MeTasibl mia-
CTUYHBI», JETAIONIMNA KOHCEKBEHT JAHHOTO BBICKA3bIBAHUS JIOTUUYECKUM CIIEICTBUEM
€ro aHTEeICACHTA.

N B 0OBIYHOM SI3bIKE, M B SI3bIKE HAYKU YCJIOBHOE BBICKA3bIBAaHUE, KPOME
(GyHKIIMM 00OCHOBaHUS, MOXET BBHIMIOJHATh TaKXKe MENbIA psan Apyrux 3agad. OHO
MOXeT (OpMYyJIMPOBAThH YCIOBUE, HE CBSI3aHHOE C K.-JI. TOJIpa3yMeBaeMbIM OOIIUM
3akoHOM WM npaBuwioMm («Eciu 3axody, pa3pexy CBOHM Iam»), GUKCHpPOBATh Ka-
KYIO-TO TocienoBaTeabHOCTh («Eciu mporuioe JIeTo ObLI0 CYyXHM, TO B 3TOM IOy
OHO JOXJIMBOE»), BhIpakaTh B cBocoOpasHoil (opme HeBepue («Eciu BbI pemute
3a7a4y, s JOKaxXy BEIHKYI0 TeopeMy Depma»), mpoTrBomnocrasienue («Eciau B oro-
poJie pacTeT KamycTa, TO B Caay pacTeT sOJIOHI») U T.I. MHOTOYHCICHHOCTD U pas-
HOPOJHOCTh (DYHKIIMI YCIIOBHOTO BBICKA3bIBAHUS CYIIIECTBEHHO 3aTPYIHSET €Tr0 aHa-
3.

B normdeckux cucremax abCTparupyrTcsi OT 0COOEHHOCTENH OOBIYHOTO YIIOT-
pebiieHusT YCIOBHOTO BBICKA3bIBAHUSI, UTO BEJAET K Pa3IMUHBbIM UMIUIMKausaM. Hau-
0oJiee U3BECTHBI U3 HUX MMIUIMKAIUS MaTepuUalibHasi, CTporas UMILIUKAIUs U pelie-
BaHTHAas (YMECTHas) UMILIMKAIHS.

Mamepuanvras umniukayus - OHA U3 OCHOBHBIX CBSI30K KJIACCHUYECKOW JIOTH-
k. OnpejenseTcss oHa TaKUM 00pa3oM: UMIUIMKAIMS JIOKHA TOJIbKO B Ciydae Hc-
TUHHOCTU AHTELEJCHTAa U JIOKHOCTU KOHCEKBEHTA U HCTMHHA BO BCEX OCTAIBHBIX
ciaydasix. YcilIoBHOE BbicKasbiBaHue «Ecimu A, To B» mnpenmnosiaraer HEKOTOPYIO pe-
aJbHYIO CBSI3b MEXKJIy TEM, O YEM rOBOpPUTCSA B A U B; BbIpaxkeHne «A mMaTepuaibHO
AMIUTMOHAPYET B» Tako# CBsI3U HE MPEAINOJIaraert.
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Cmpoeast umnauxayust ONIpeeIsIeTCs Yepe3 MOJATBHOE MOHITHE (JIOTHYECKO#)
HEBO3MOXKHOCTH. «A cTporo umruuiupyer B» o3znauaer «HeBo3MoxkHO, 4TOOBI A
OBLJI0O UICTUHHO, a B J10KHO».

B peneBaHTHOU JIOTMKE MMIUIMKALKS [MIOHMMAETCS KaK YCIOBHBIA COIO3 B €0
OOBIYHOM CMBICIIE.

B ciiydae peneBaHTHOW MMIUTUKAIUS HEb3s CKa3aTh, YTO HCTUHHOE BHICKA3bI-
BaHHE MOXET ObITh OOOCHOBAHO MYTEM CCHUIKM Ha JII000€ BBICKA3BIBAHUE U YTO C
MTOMOIIBIO JIOXKHOTO BBICKA3bIBaHUSI MOYKHO OOOCHOBAaTh KaKOE YTOJHO BBICKA3bIBa-
HUE.

IKBUBAJEHTHOCTD JIBYX JIOTHYECKHUX BBICKA3BIBAHUN - JJOTHYCCKOE BBHICKA3bI-
BaHHE, HCTUHHOE TOJILKO TOTJIa, KOT/Ia OHU OJTHOBPEMECHHO MCTHHHBI WJIH JIOXKHBI (OT
no3aHenaT. equivalens - paBHOIEHHBINH) - POJOBOC HAMMEHOBAHHE BCEBO3MOXKHBIX
OTHOIICHUH THIA PaBEHCTBA, T.€. PEICKCUBHBIX , CAMMETPUYHBIX U TPAH3UTUBHBIX
OMHApHBIX OTHOIICHUH. [IprMephI: SKBUITOJIEHTHOCTh (COBMACHHUE TTO CMBICITY, 3HA-
YCHHUIO, COACPIKAHUIO, BHIPA3UTEIbHBIM U (HMJIH) JACIYKTHBHBIM BO3MOYKHOCTSAM MEXK-
Ny TIOHATUSMH, KOHIICTIIUSMHU, HAYYHBIMU TEOPUSIMH WA (DOPMATU3YIONIUMU UX
(dbopMaJIbHBIMU CHCTEMaMH) KOHTPYEHTHOCTh WJIM MM0100ue reoMeTpusi, GUryp; m3o-
MOP(U3M; PAaBHOMOIIHOCTh MHOKECTB U JIPyTrHe YKBUBAJICHTHOCTh KAKUX-JTM00 00b-
CKTOB O3HAYaeT MX PaBEHCTBO (TOXIECTBO) B KAKOM-THOO OTHOIICHUH(HAIIpUMeEp,
M30MOpGHBIE MHOKECTBA HEPA3IMUUMBI 110 CBOEH "CTPYKType", eciu moja " CTPyKTY-
poii" MOHUMATh COBOKYITHOCTh T€X MX CBOMCTB, OTHOCHTEIHHO KOTOPBIX 3TH MHOXe-
cTBa u3oMop(HbI). Bcskoe OTHOIIEHHWE SKBHBAJICHTHOCTH ITOPOXKIACT pa30OHCHHE
MHOKECTBa, Ha KOTOPOM OHO OTPE/IEICHO, Ha TOMApHO HE TEPECEKAONMINECs ""KIIACChI
AKBUBAJICHTHOCTH " B OJIMH KJIACC OTHOCST TPHU ATOM J3KBHUBAJICHTHBIC APYT JIPYTY
AJIIEMEHTHI JJaHHOTO MHOKECTBA.

PaccMoTpeHue KacCoB 3KBUBAJICHTHOCTH B KaueCTBE HOBBIX OOBEKTOB MPE/I-
CTaBIISICT COOOM OZMH M3 OCHOBHBIX CITOCOOOB MOPOXKAeHUs (BBEICHUS) aOCTPAKTHBIX
MOHATUH B JIOTMKO-MaTeMaTHUeCKuX (M BOOOINE €CTECTBCHHO-HAYUYHBIX) TCOPHSX.
Tak, cuuTast SKBHBaJIeHTHBIMH ApoOu &b 1 C/d ¢ meapIMu YHCIUTEIIIMHA U 3HAMCHA-
TEeNsAMH, ecii ad=bC, BBOJAT B PACCMOTPEHUE paI[MOHAIbHBIC YHCIIa KaK KJIaCcChl K-
BUBAJICHTHBIX JPOOCH; CUMTass SKBUBAJICHTHBIMA MHOXECTBA, MEXIY KOTOPBIMH
MOHO YCTAHOBUTH B3aUMHO-OJTHO3HAYHOE COOTBETCTBHE, BBOJST MOHSTHE MOIIHO-
cti (KapAMHAJIBHOTO YKCJIa) MHOXeCTBA (Kak KiacC SKBHBAJCHTHBIX MEXIY COOOM
MHOJKECTB); CUMTas SKBHBAJICHTHBIMH JIBa KyCKa BEIIECTBA, BCTYIAIONIUEC B PABHBIX
YCIIOBHSIX B OJJMHAKOBBIE XMMHYECKUX PEAKIINH, PUXOJIAT K a0CTPAKTHOMY ITOHSTHIO
XUMHUYECKOTO COCTaBa M T.II.

TepmuH " SKBUBaJIEHTHOCTH' YNOTPEOJSAIOT YACTO HE KaK POJIOBOM, a KaK CH-
HOHUM HEKOTOPBIX M3 €r0 YacCTHBIX 3HaueHWH ('IKBHUBaJICHTHOCTh TEOPHH" BMECTO
"SKBUBAJIEHTHOCTh"', " IKBUBAJICHTHOCTh MHOXECTB" BMECTO 'PaBHOMOIIHOCTH ,
9KBUBAJICHTHOCTH CJIOB" B a0CTPAaKTHOM anredpe BMECTO "TOXIECTBO" M T.II.).
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Maremarndeckasi JOTMKAa SBISIETCA HAyKOW O 3aKOHaX MaTeMaTHUYE€CKOro
MbllLIeHUs. [I[puMeHeHne MaTeMaTUKU K JIOTHKE MO3BOJIIIO IPEACTABUTH JIOTHYE-
CKHE€ TEOpUU B HOBOU y/OOHON (hopMe W MPUMEHUTH BHIYUCIUTENBHBIN amnmapar K
PELICHUIO 3a7a4, MAJIOJOCTYIHBIX YEJIOBEYECKOMY MBIIUIEHUIO, U 3TO, KOHEYHO,
pacmupuiio o0JacTh Joruyeckux ucciegaoBanuii. Cpepa nmpuMEeHEHUs MaTeMaTuye-
CKOHM JIOTMKUA OY€Hb MUPOoKa. C KaKIbIM TOJOM PacTeT ITyOOKOE MPOHUKHOBEHHE
UJel U METOJI0B MAaTEMATUYECKOM JIOTUKU B MH(DOPMATUKY, BHIYUCIUTEILHYIO MaTe-
MAaTHKY, JIUHTBUCTUKY, Qriiocoduro. MOIHBIM UMITYJILCOM JJIS Pa3BUTUSI U PACILIHU-
peHust 00JIacTH MPUMEHEHHUSI MaTEMAaTUYECKON JIOTUKU CTAJIO MOSBJICHUE DJICKTPOH-
HO-BBIUUCJIHUTEIBHBIX MallMH. OKa3ajaoch, 4TO B paMKax MAaTE€MaTHYE€CKOW JIOTHKH
YK€ €CTh TOTOBBIM amnmapar JJis TPOCKTUPOBAHUS BEIYUCIUTEIIBHON TEXHUKU. MeTo-
Ibl ¥ TIOHSTHSI MaTEMAaTUYECKOW JIOTUKHU SABJISIETCS. OCHOBOM, SIIPOM HHTEIUIEKTYaJIb-
HBIX UH(POPMAIMOHHBIX cucTeM. CpelcTBa MaTEMAaTHUYECKON JIOTUKH cTaiu 3¢ dek-
TUBHBIM Pab0YMM HHCTPYMEHTOM /I CIELUATUCTOB MHOTHUX OTpaciel HayKu H
TEXHUKUA. MaTreMaTuuecKkyro JIOTUKY HEOOXOJIUMO 3HATh BCEM CIEIHAINCTaM, He3a-
BHCUMO B Kako# cpenie oH paboraeT (Oyap TO HHXKEHEp, MpenoaBaTeib, FOPUCT WK
Bpau).

4. Jj1eMeHTDbI TCOPHUHU NIPCIAC/IOB

Omnpenenenue. Ilycte GhyHKIms Yy = f(X) ompesienieHa B HEKOTOPOH OKPECTHOCTH
TOUKU X,. Yucno A HazpiBaeTcs npeoderom GyHKIMU npuX® X/, ecin ais J1ro00ro

e >0, cKoJb YrogHO MAaJloro, MOKHO yka3aTh Takoe umcio d >0, uro mis Bcex
X1 X, W yAOBIETBOPSIOIIUX HEPABEHCTBY |X- X0|<d BBITIOJTHSCTCS HEPABEHCTBO

1(x)- A<e.

Ecim A ects mipenen QyHKIUH f(X), TO TIHIIYT Ii®m f(X)=A num f(X)® Arnpu
X® X

X® X,.

Onpenesienne. [lycTe apryMeHT X CTpeMHTCS K TOUKE X,, MPHUHUMAs BCE BpeMs

3HAYEHUs X > X, (X< XO). Torma yucio A(Az) K KOTOPOMY CTPEMUTCS IPU 3TOM

dynxuus T (X), HassiBaercs npederom dynxumn f(x) B Touke X, cnpasa (cresa)

VI TIPaBOCTOPOHHUM (JIEBOCTOPOHHUM).

3anmuCceIBAETCS CIEMYIOIMM 00pa3oM: x!@Iero f(x)=A k!@l m f(x)=A )

JlokazaHo, 9TO eCJIH Mpeaes I!@m f (X) = A cyIecTByeT, TO CYIIECTBYIOT B 3TOM TOUKE
X® %o

1 00a OTHOCTOPOHHUX IIpeAea U OHU paBHbl, T.e. A = A = A. O0patHo: eciu cye-

CTBYIOT OJJHOCTOPOHHHE IMPEAEIIbl U OHU PaBHbBI, TO CYUIECTBYET U mpeaen QyHKIMH.
Ecnu xe X0oTst 661 OJUH U3 OJTHOCTOPOHHUX MPEJENIOB HE CYLIECTBYET WJIM OHU 00a
CYLIECTBYIOT, HO HE PaBHBI MEX1y COOOM, TO mpeed PyHKIMU HE CYLIECTBYET.
Teopema 1. [Ipenen anredpanueckoil CyMMbl HECKOJIBKUX (DYHKIMI, UMEIOIIMX KO-
HEYHBIE MPEEIIbl, PABEH aNreOpanyecKkoi CyMMe MpeaeioB 3TUX QYyHKUIUNA:
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lim(f,(x)+ f,(x)+..+ f (x))=lim f(x)+lim f,(x)+..+lim f (x)

X® X X® X X® %o X® Xo
Teopema 2. Ilpenen mpow3BeneHUS HECKOJBKUX (PYHKIIUHA, UMCIOIMHUX KOHEYHBIC
MIpEJIeIibl, PAaBEH MPOU3BEICHUIO MPEEIOB dTUX (QYHKITUN:

lim(f,(x)> f,(x)>..> f (x))= lim fl(x)>lxi®rxr3 fz(x)>..>lxi®rxr3 f (x).

X® X
CaeacrBue. [IoCTOSHHBIN MHOKHUTEIbL MOKHO BRIHOCHTD 3@ 3HAK IIpesena

lim(C> f (x))=C>lim f ().

Teopema 3. IIpenen yacTHOTO NBYX (QYHKIIUNA, UMEIOIIMX KOHEUHBIE TIPEIEIIbl, PAaBEH
YaCTHOMY MX MPENEIIOB, ECIU MIPEAEN 3HAMEHATENS HE PABEH HYJIIO:

im0 2 ()
00 im0

ecinu ngrxrg f,(x) 0.

B paccMmoTpeHHBIX Teopemax O Ipenenax pedb A O CYIIECTBOBAHWM KOHEYHBIX
MPEAEIIOB CJIara€MbIX, COMHOKHUTEJIEH, YACIUTEIIEH U 3HAMECHATEIICH.
B cnydae HecoOmoneHust 3TUX TPeOOBAaHUN TEOPEMBI YK€ HEIPUMEHUMBI, U CKa3aTh
cpa3y O CYIeCTBOBAHUHM Tpejiesia U TeM O0Jiee €ro BEJIMYMHE ISl TAKUX BBIPAKCHUM
Henb3s. Takue BBIpaKCHHUS HA3bIBAIOT HEONPEAEICHHBIMU (MM HEOIPEICICHHOCTS-
Mmu). Mcxoms U3 TeopeM, MOXKHO CIEiaTh BBIBOJ O CYIIECTBOBAHUHU YETHIPEX BUIOB
HEONPEICIICHHOCTEN :
0 ¥
0" ¥
T.x. TeOpeMBI O MpeIeSIax B ATUX CIydassX HENPUMEHUMBI, TO UCXOAS U3 KOHKPETHO-
ro BUJA MEPEMEHHBIX B KaXJOM OTJIEILHOM IpUMEpe, MPOBOAIT MpeoOpazoBaHus,
no3BOJIAIOIIKEe HalTH npeael. (OTu npeoOpa3oBaHKs HA3BIBAIOTCS PACKpblmMUeM He-
ONpeoeieHHOCUL).
[Mpumepsl. HaiiTi nipenensl (He mMoyb3ysach npaBuiioM JlomuTas):

, 0¥, ¥-¥,

281 20 1.2
X X-2 _a¥0O_ & X Xg_,. ~ x x _1
P exs S¥p W m 1 59 W, 1 5 4
X2@+*'7+ 4+*'72
& x X X X
5 80 2 5 80
X'el+— - — = Xcl+— - — =
. 2x*+5x-8_a¥ o_ . ? X xXg_ gi X X'g_¥ _
> M a0 sxrl g Y @ 5 1o MV 5.1 3 "
XooXTL et e x@3- 2+ =2 3- "+
& x Xg X X
3 fim X T X 2 _agi_j_”m(x-l)(x+2)_| X+2 _3
e x2+6x- 7 &0g ot (x- Y(x+7) wix+7 8
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4. lim =c—=+=Iim =lim =
¥ [y2 _ 4 ¥ g ¥ ng[ 46 X® ¥ “x 1. 4
€ Xg X2
41+ —
_ 1 x2 _ado_
S T S0,
X*x1- —
X
F=0- 0 _,
qO2X X i cthé’;- 2 ctalp - 20
e Ll el e
X®fcg X [} . t o) t o)
2 + ctg3c— - t= ct - 3=
(L@ 0 + 9382 2 % 2 g
S
=lim- ctg2t :|im-—1:a3_19=_¥.
wo g3t wotg2t4g3t &0 g
& 160 18
. a@x-1p . ng _;;_ . 882'*9 »
6 Moy THME e TAME 5T =) =
€X+2g s §1+$
e Xgg Xg
7. lim VA+ X+ X - 2_8@6_“m(\/4+x+x2,— 2Xx/4+x+x‘2 - 2)_

@1 x+1 RIVEE (x+1Wa+x+x* +2)

—lim (x/4-j-x+x2)2- 2° = lim 4+x+x° -4
=1 (x+ )Va+x+xE +2] 1 (x+1)Va+x+x +2)
=fim— XFX  =lim— X+ x)

W () arxrx +2) L (x+)arxe +2)

X -1

M Jaexrxr2) 242

R
7

. . . sinx
llepeviii 3ameuamenvublil npeden |I®rgl— =1.
x X

X

. . : 16 : 1
Bmopoii sameuamenvhbiil npeden IImgi+ —< =ewmli m(1+ t)t =e.
xX® ¥ e X 1] t®0

[Ipumepsl.
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sin5x

. . ———bX
1 lim sin5x __a@o sm5x__Iim 5x ... 5x 5
" x®0 S'n(p' 2x) eoﬂ x®Osn2X x® 0 SnZX)QX x®0 2y D
2X
[Ipu pernienny BOCHOIB30BATHCH (DOPMYIION IPUBEACHUS Sin(p - 2X) =8N 2X u nep-
sin5x . 2X
BBIM 3aMeYaTeIbHBIM IpeaeaoM: lim =1wulim— =1.
x® 0 5X x® 0 anX
. ¥ 51
2. lim -———1 —QQ§+———:UQ§ +———. =€ ==
e - X@ g e
3x
. aX-10 axX+2-2-10 axX+2-30
3.limg hcd —(¥):|Img + =limg = =
X®¥eX+2ﬂ x®¥e X+2 g x®¥e X+2 g
4 X+2 N ~ ox 9
- 03X € - 3 0-73 l,JX+2 - 9X xa'_lz_+39 E 9
=lim¢cl+ < =lim&l+ - u —Ilmex+2 lime¢ **=lime * =e
X® ¥ X+2ﬂ X® ¥ A X+2ﬂ L,l X® X® ¥ X® ¥
e u

4, 1im(t- 2x) = (1) =lim(L+ (- 2x)) =lim(L+ (- 2x)) "2 =

X® 0 x® 0

HenpepbIBHOCTL PYHKIIUU

Onpenenenne. Oynknus y = f (X) Ha3bIBACTCS HEeNnpepvl6HOU B TOUKE X, €CIIH
OHa OIIpeJIeJIeHa B TOUKE X, U HEKOTOPOH €€ OKPECTHOCTH, U €CIIH Ipeien (PyHKIUU

npu X® X CylecTByeT U paBeH 3HaYeHUIO (DYHKIIMH B 3TON TOUKE:

limf(x) = f(x,)

X® X

Onpepgenenne. Eciu B Touke X, pyHKIUS HE ABISAETCS HENPEPBIBHOM, TO TOY-
Ka X, Ha3bIBae€TCA MOUKOU pa3pwiéa 3TON (QyHKIMH, a caMa (PYHKLUS — Pa3phIBHOM B
ATOM TOUKE.

ITpu 3TOM IpeanonaraeTcs, YT0 B HEKOTOPOU OKPECTHOCTH TOUKHU X, (pyHKLHA
OIIpEJIENIEHa, B CAMOM K€ TOUKE X, OHAa MOKET OBbITh KaK OIpe/eIeHa, TaK U He oIpe-

JeJICHA.
W3 onpenenenns HENpephIBHOCTH CIEAYET, UTO pa3pbiB B TOUKE X, OyIeT B

CJIEYIOIIUX CIIydasX:
f (XO) HE CYLIECTBYET, T.€. (YHKIIUS HE OIPEEIICHA B TOUKE X, ,

HE CYIIECTBYET Ipee I!@m f (X), T.c. HE CYIIECTBYIOT OAHOCTOPOHHHE IMPEICIIbI
X® X

HpI/I X® XO’ NJIINn OI[HOCTOpOHHI/IG Hpe,Z[CJ'IBI CYH.[@CTBYIOT, HO HC paBHBI Menq:[y CO-
ooii,
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CYILECTBYET IIpee I!@m f (X), Ho on He pasen f(x,).
X® X

Paznuyaror pa3pbIBbI JBYX BUJOB:
Touka paspeiBa X, ABiIA€TCA moukoi pazpeiéa | pooa, eciii OTHOCTOPOHHUE

Mpeiesbl CYIIECTBYIOT, KOHEUHBI, HO'
a) 1100 OHM HE paBHBI MEXy COOOM, T.€.

l[im f(xX)* lim f(x) (B aToM cirydae umeem Tou- y4
X® Xy- 0 X® %+0

Ky pa3pbiBa THIa "'ckauka");
0) 160 OHM paBHBI MEXKy COOOM, HO HE paB-
HbI 3HaueHUIo QyHKuuu f (XO) WIN B 3TOM TOUYKE <0 1 X

v

byHKIUS He onpeiesieHa (B 9TOM Cilydae HMeeM
TOUYKY YCTPAHHUMOTI'O pa3phiBa).

OcrajbHbIC TOUKH pa3pbiBa IBIAIOTCS moukamupaspwiea | pooa. J{nst Hux nu-
00 mpeaen GYHKIHKA B TOUYKE HE CYHIECTBYET BOBCE, TMOO0 OMH WK 00a OTHOCTO-
pOHHUE TIpeebl 0€CKOHEYHBI.

B nocneaHeM ciaydae ToUKa pa3pbiBa Ha3bIBACTCS TOUKOM OECKOHEYHOTO pa3-

phIBa.
ITpumep. Omnpenenurs, npu KaKHX 3HAYCHUSIXA byHKIUSA
2 +x-1 X1 -1
f(X)=1 x+1 HEIpepbIBHA HA BCEH YMCIIOBOH OCH.
fa, x=-1.
Oynxius f(X) HenpepsiBHA B Touke X = X, , eciu i m f(x)= li m f(x)=f(x).
2x° +x-1
Ecmu x*! -1, To ¢ynkums f ( ) il HenpepbiBHA. MccnenyeMm moBeneHue
X
(YHKLIMH B OKPECTHOCTH TOUKH X = - 1.
2 +x-1_of 2xr1)gk- 2 3
=202 |im € —2I|m8§<-——— >§—9=- ,
x®-1-0 X+1 eog x®-1-0 X+1 x® - 10e ﬂ e g
2x*+x-1_ a8 2(X+1)§(_ ;9 1 33
lim 22 T2 2802 |im P=21im&x- 22=2- 29=.
x® - 140 X+1 eOﬂ X® - 1+0 X+1 X® - 1+0& 2@ e 2@

JIJIsl BBITIOJTHEHUST YCIOBHUS HETPEPBIBHOCTH (PYHKITMU B TOYKE HEOOXOIUMO, YTOOBI
OJIHOCTOPOHHUE TIPEIeIIbl ObLIN PaBHbI 3HAYEHUIO (DYHKIIUU B TOYKE. 3HAUUT, A = - 3

I 2x*+x-1 X1 -1

u pyuknus f(X) = x+1 OyIeT HepephIBHOM HA BCEH YUCIO-
-3 x=-1.

BOU OCH.

[Ipumep. MccnenoBaTh GyHKINIO HA HEIPEPHIBHOCTD!
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X* +4x+4
T
X“ - 3x-10
Haiiném oOnacthb onpeeneHus JaHHOW (PYHKIIUN:
x* - 3x- 101 0, (x- 5)(x+2)* 0.
D(f): xT (- ¥;-2)U(- 25)U(5,+¥)
Htak, nMeeM J1Be TOUKH pa3pbiBa: X, =-2 U X, = 5.
OnpenenuM xapakTep paspbiBa GYHKIMH B KaXKJA0W U3 3TUX TOYEK.
Touka X =-2 sBIsSETCS TOYKOW YCTPAaHMMOTO pa3pbiBa (IIEPBOTO pojia), TaK Kak:
X+ . ’ .
im XAy raf o (xe2) g
@2y 3x-10 ®-2(x+2)(x-5) >2(x- 5)
Touka x, =5 sIBIsETCS TOYKOH OECKOHEUHOTO pa3pbiBa (BTOPOTO poja), Tak Kak:
Hax+4 _ (x+2)" 96
IM———=1IM =c—:=
x5 %2 - 3x- 10 *®5(x+2)(x-5) &0 g
OxoHuYaTeIbHBIN OTBET: (DYHKIIMS HENMPEPBIBHA MTPH
x1 (- ¥;- 2) U (- 2, 5) U (5; +¥ ); TOUKU X, =-2 U X, =5 ABIAIOTCS TOUKAMU pa3pbl-

Ba.

S. OcHoBbI T (PepPEeHHATBLHOI0 HCYHCICHUS

Iycrs Df = f(x, +Dx)- f(x,) — npupamenue dpyuxmm y= f(x) B Touke X,, co0T-
BETCTBYyIOIlee Mpupamienuto aprymenta Dx. [lpowsBognoil ¢yHkuuu Y= f(X) B
TOYKE X, Ha3bIBaeTCs IMpeaes oTHomeHus npupamenus pyakmun Df k mpuparie-
HUto aprymenTa DXnpuDx® O:

. Df
f =lim—.
G) =lim—

[Ipouiecc HaXOXKIEHUS MPOU3BOJHON HA3bIBAIOT TaKkKe TU(DPEepeHINPOBAHUEM.

Tabimua npou3BOAHBIX OCHOBHBIX 3JIEMEHTAPHBIX (PYyHKIMT

1|(c)=0, C=const 8 | (cosx) =-sinx
2 (x”)( =nx", nt 0 9 (tgx)¢: coizx
3 (ax)(=ax>4na, a>0,at1l 10 | (otgx)’=- 12
sin®x
4| () =e 11 | (arcsinx)’= 1
V1- %
5 | (log, x)*= ,a>0,atl 12 | (arccosx)’=- 2
! xX{na 1- ¥
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6 (Inx)¢=§ 13 | (arctgx)’=

2

1
1+ X

1+x

7 | (sinx)' = cosx 14 | (arcctgx)®=-

IIpaBuna qudgpepeHuupoBanus GyHKUUM

ITIycte C—mnocTosiHHAA, u(X) 17} V(X)—zln(pq)epeHquyeMHe ¢bynkuuu. Torpa:

1 | () =Cout
2 V) = utHve

(u+
3 | (uw) =ubv+uxne

o

(
4 | @0 _ubv-uxe

—+ viO.
8\/ @ v
HuddepenumpoBanue crodcHol PyHKINN:
y§(u(x)) = ys(u(x))>u(x).
) i x=x(t),
IIpon3sBonHas QyHKLUMH, 3aJaHHOH napamempuyecku, T.¢. | y= y(t) , HAXOJTUTCS TIO
1y =
y(
dopmyre y¢= =L,
x¢

[Ipumepsl. HaliTu mpousBoaHble (QYHKIIHIA:
1. y=arcsin’5 ++/x+2

: ( : ( (
ye= (arcsln2 5 +/x+ 2) = (arcsin®5*) + («/x+ 2)
MO3KHO NPEACTaBUThL MIEPBOE claraeMoe Kak Y =U’, rae U =arcsin5”. IIpu stom

v@

( - ;
(uz) = 2u>ut B cBoro ouepens U=arcsinv, rae V=5, u (arCS'nV)¢: 1.2
-V

Torma

. . ( 1 ) 1 ( 1
¢=2arcsin5*(arcsin5*) + —— =2arcsin5* ——— 5" + =
Y ( ) 2\ X+2 V1- 52x( ) 2 X+2

_ 2arcsinb 5 In5 + 1

J1- 5% 20x+2
2. y=tg*(sin2x)+ 2"

y¢=(tg*(sin2x) + 2*)( = (tg*(sin 2x))( + (2*)(
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MO3KHO NPEACTaBUTh NIEPBOE ClaraeMoe Kak y = u°, rae U =tg (Sin 2X). IIpu 3TOM

( .
(u®) =3u?>ut. B cBoto ouepens U=tgv, rae V=sin2x, u (tgv)¢= Ve, Jlasee

2

CoS Vv
. . (
V=8Sinw, roe W=2X, (smw) = cosw>xwe

Torna

y6=3tg?(sin2x)(tg(sin2x)) + 2*In2=

= 3tg?(sin 2x) (sn2x)®+ 2 In2=

cos?(sin 2x)
of = 2 [~
_39 (S'_”ZX)COSZX>Q+2X |n2:MCOSZX+ 2In2.
cos?(sin2x) cos’(sin2x)
cos8x

-— - arccos3x
X

3. y=

( (
0 0S8X
- arccos3x = &0 _ (qreeos3x)®

%
g é X g

E0S8X
¢=
y g N

B nepBom ciaraemom BocmosibzyeMcst mpaBuiioM AudPepeHImpoBaHus 4aCTHOTO

C—~ = —— . Bo BTOpOM cniaraemom (GyHKIHMIO MOKHO MPEICTaBUTh KaK
&vg v
y =arccosu, rie U =3x. Mpu srom (arccosu)’=- o uc.
-u
Torpa
(
Y= (cos8x) ¢ - cos8xX{x°) N e
X V1- 9x?
_ - 8sin8xxx’ - cos8x>6x" N 3
X’ V1- 9x?
- x‘(8xsin8x+5c0s8x), 3 _ 8xsin8x+5c0s8x , 3
X" J1- 9% X° V1- 9x%
1. y=sin3xAg7x’
. (
y¢=(sin3x%g7x?)

(
Bocnons3yemcs mpaBuiioMm nudepeHInpoBaHus MPOU3BEICHUS (uv) =u® +uve.

Torna
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ye=(sin3x) Ag7x’ +sin3x g7’ =

=3c0s3xAg7x* +sm3xx; X7 XX =

7x*In10
=30053x>497x2+sin3xxL=30033x>497x2+2$m3x.
xIn10 xIn10
5 vy= a%x +——sm6x
&7 " Uxa
0 4 o ¢
y¢—@x +——S|n6x—:a% T Qgnex+&7x+ - S|n6x
NP SN P -fq

=§’i4x- ioS|n6x+a%x +i—>6>cos6x—

e \/?ﬂ e \/;ﬂ

§4x - ——s noex+ 6a%x + ——cos6x

g 3 JIxg
6. y = arcctgIn(5x* +3)
1
1+1n%(5x° +3

y¢=(arcctgIn(5x® + 3))( =-

)(I n(5x* + 3))( =

— 1 % 1 3 ¢:
~ 1+In*(5x +3) 5x3+3(5X +3)
=- 1 1 X5x* = 15x
1+1n°(5x +3) 5x +3 (5x° +3){L+In*(5x° +3))’
i Xx=3tg5t,
i
jy=t+8t+1

(
DyHKIUS 33aaHa apaMeTPUUECKH, mo3Tomy Y¢= l‘q: . Berancimm X( 1 Y(OTAENbHO:

15
¢= , y(=5t"+8,
X cos’st’
rorza yo= (5t +g): 15 - (BUHBloOSS 1 gy g
cos® 5t 15 15

['eoMeTpUUECKUN CMBICII IPOU3BOIHON

3Ha4yeHUe MPOU3BOAHON QyHKImu Yy = f (X) B TOUKE X, PaBHO yIJIOBOMY KO3 puuu-

€HTY KacaTeJIbHOU, MpOBeAEeHHON K rpaduky GyHKIHHU B Touke M (XO; f (X0 )), TO €CTh
f{x)=tgi .
Ypasnenue xacamenvroti ipoBefeHHOW K rpaduky GyHKIUU Y = f(x) B TOUYKE C

abcuuccon x,:
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y=(%)+ O )(x- x).
VYpasuenue nopmanu, npoeneHHou k rpadpuky GpyHkiuu y = f (X) B TOUKE C a0CIuc-

y=1f(x)- @(x- X,).

[Ipumep. CocTaBUTh ypaBHEHUE KacaTelbHOM K rpaduky GyHkmunm Yy =X +2e” B
Touke X, =0.

Vpasrenue kacatensuoit: y = f(x )+ f(x )(x- x,).

Haiinem f(x,)= f(0)=0°+2e* =2.

Haiinem npoussoanyo f ((X) =3x* + 4e**.

BeruncnymM 3HaueHre IpOU3BOAHOM B Touke X, . f ((O) =0+4e’ =4.

CocTaBuM ypaBHeHHe KacaTenbHOM: Y = 2+ 4(x- 0) mwm y =4x+2.

DuU3NYSCKUN CMBICI HDOH?;BOI[HOﬁ

Ecimu x= X(t)— GyHKIMS, OMUCHIBAIOINIAS 3aKOH JIBMKEHUS MATEPUAIBHOM TOYKH, TO
repBasi MPOU3BOIHAS X((t) €CTh CKOPOCTb, a BTOpAsk MPOU3BOIHASA X(((t) — YCKOPEHUE

ATOM TOYKU B MOMEHT BPEMEHHU 1.

MaTepBansl Bo3pacTaHus U YObIBAHUS (OVHKIIAH

Ecmn dynxmmst f (X) muddepenmupyema ma nrrepsane (a;b) u f(x)>0 (f(x)<0)
st Beex X1 (a; b), TO (hyHKIMS Bo3pacTaeT (yObIBacT) Ha MHTEPBAJIC (a; b).

DKCTPEMYMBI (D YVHKIITHHU

Omnpenenenne. Touka x, HasbIBaeTCsA mouxou maxcumyma (munumyma) QyHKIUINR
f(X), ecrmu cymmecTByeT Takas OKPECTHOCTh TOUKH X,, YTO JUIs BCEX TOUEK X1 X, M3
310 OKpecTHOCTH Bhimommsiercs Hepasenctso f(x)< f(x,) (f(x)> f(x,)).

Touku, B KOTOPBIX MPOU3BOJHASA (PYHKIIMM paBHA HYJIO WJIM HE CYLIECTBYET, Ha3bl-
BaloTCa Kpumuueckumu. Touku skcTpeMyMma (YHKIUU HAXOASATCS CPEedu KpUTHYe-
CKHMX TOYEK.

J10CTaTOYHOE YCIOBHE AKCTPEMYMA.

Teopema. [Tycts ¢pynkims f (X) muddepeHurpyema B HEKOTOPOH OKPECTHOCTH KPH-
TUYECKOM TOYKH X = X,, 32 MCKJIIOYEHUEM, OBITh MOXKET, CAMOW 3TOM TOYKH, IIPU
9TOM caMa (PYHKIIHS f(X) omnpezeeHa B HEKOTOPOW OKPECTHOCTH 3TOM  TOYKH,

BKJIFOYas 3Ty TOUKy. Toraa:
1) ecm pu nepexoie yepes TOUKy X, ciieBa HampaBo f ((X) MEHSIET 3HAK C IUTI0CA HA

MHHYC, TO X, — mouka maxcumyma yHkun f (X);
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2) ecny Ke TIPH TIepexoJie Yepe3 TOUKY X, f((X) MEHSET 3HaK ¢ MUHYCa Ha IUIIOC, TO

X, —mouka munumyma dynximn f (x).

HauGosbiiiee u HauMeHsblee 3HaueHus: QYHKIMH.
UrtoOsl HaliTH HaOOJIbIIEE M HAUMEHbIIIEE 3HAUYCHUS (PYHKIIUHU, HETIPEPHIBHON Ha He-

KOTOPOM OTpPE3KE [a; b], HY’KHO BBIUMCIIUTH 3HAYCHUS (PYHKIIMU B KPUTHUYECKUX TOY-
Kax, JIeXKaIIUX B UHTEPBAJIC (a; b), Y Ha KOHIaX OTPE3Ka, a 3aTEM U3 MOJYYEHHBbIX Ta-

KUM 00pa30oM 3HaYeHUM BbIOpATh HAaUOOJIbIIIee U HAMMEHBIIIEE.

HampaBieHue BOTHYTOCTH KPUBOM M TOUKH neperuda

[lycte QpyHKuMs Y= f(X) UMEET B TOYKE X, KOHEYHYIO IPOM3BOJHYI0. Torma oHa
AMEET B  OJTOM  TOYKE  KAacaTEJIbHYIO, YpPaBHEHHE  KOTOPOW eCTb
y=f0g)+ F{x)(x- x).

B HexoTopoil OKpecTHOCTH (X0 -d,x, +d ) rpaduk QYHKIIUHA MOXKET pacrloJiaraTbCs

100 BBIIIE KacaTeJIbHOM, TN00 HUXKE, IMOO ¢ 00€MX CTOPOH OT KacaTeJbHOM.
Omnpenesienue. ['oBopsT, uto B Touke M (Xo, yo) KpuBas Yy = f(X) 802HymMa BHU3 WIIH
POCTO BOrHyTa (BOTHYTa BBEPX WIIH 6bINYKIA), €CIIH I BCEX X U3 HEKOTOPOU OKpe-
CTHOCTH (XO -d,x, +d ) TOYKH X, BCE TOYKM KPHUBOHM PACIIOJIOKEHBI BBIIIE Kaca-
TEJIbHOW (HYDKE KacaTelbHOH).
Eciu B Touke M xpuBas nepexoauT ¢ OJJHOU CTOPOHBI KaCaTEIbHOM HA IPYIYIO, TO
TO4Ka M Ha3bIBACTCS MOUKOU nepeeuba KpuBoil. B Touke meperuba KpuBas MEHSET
BBIMTYKJIOCTh HA BOTHYTOCTh WJIM HaoOopoT. Touka mepernda - morpaHuvHas TOYKa
MEXAY YYaCTKaMH BBIITYKJIOCTH U BOTHYTOCTH KPUBOM.
UccnenoBanne Qynkuun Yy = f (X) Ha BBIMYKJIOCTb, BOTHYTOCTh, TOUKH Ieperudoa
MIPOBOJIAT MO CIEAYIOLIEMY IUIaHY:
1. HaxoasT Bce KpUTUYECKHE TOUYKU BTOPOU MPOU3BOAHOM. [{J1s1 3TOTO:

a) HaXOJIAT BTOPYIO MPOM3BOIHYIO, IPUPABHUBAIOT €€ K HYJIIO U HAXOJAT JACHCTBH-
TEJIbHBIE KOPHH MOJYYEHHOTO YPABHEHHS.

0) HaXOAAT TOYKH, I/Ie KOHEUHAs pou3BoaHas f (((X) HE CYILIECTBYET.

2. Uccnenyrot f«(x) Ha U3MEHEHHUE 3HaKa IpHU MEepexoJie Yepe3 KaKIyr KpuTude-
cKyto Touky. Eciin mpu mepexoze depes Touky x, f «(X) MEHSET 3HaK, TO X, — TOUYKa
neperuba rpaduka pyakuuu y = f (X), €CJIM 3HAaK HE MEHAETCS, TO B TOYKE X, Iepe-
ruba HeT, Ipu 3ToM cama QyHkius f (X) J0JIKHA OBITH OIpEZeIeHa B HEKOTOPOH OK-

PECTHOCTH 3TOM TOYKH, BKJIIOUYAS ITY TOUKY.

Haxoxnenne acuMmnToT kpuBoi (rpaduka dyHKIMN)

Ecmu pynkuus y = f(X) ONpEJCTICHA U OrPpaHUYE€HA HA KOHEYHOM MPOMEXKYTKE, TO

rpaduK €e MOKHO IMOCTPOUTH IO HECKOJBKUM TOYKaM, COSAMHSSA WX IIJIaBHON KpH-
Boi. Ho ecnu obnacte omnpenenenus GyHKIIUA OECKOHEYHO BEJIMKA WM (PYHKITUS HE
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OTpaHUYCHA, CYIUTh O rpaduKe MO HECKOJbKUM TOYKaM TPYIHO, T.K. BETBU rpaduka
yXOJAT B OeCKOHEYHOCTh. Ha momols B 3TOM cily4ae 4acTO HMPUXOAST aCUMIITOTHI
KpUBOH rpaduka.

Omnpenesenune. [Ipsmas TMHUSA HA3bIBACTCA ACUMNMOMOU JUIsI KPUBOU Y = f(X), ec-
JI1 PacCTOSIHUE OT TOUKU M, nexalnen Ha KpUBOM, 0 3TOM NPSIMOU CTPEMHUTCS K HY-
JIIO TPU JIBYXKEHUU TOYKU MBJ0JIb KPUBOM B 0€CKOHEYHOCT.

3amerum cpasy, 4to kpuBas Yy = f (X) MOXET NMPUOTUKATHCS K ACUMIITOTE KaK HE Tie-

pecekasi, Tak U nepecekas ee. PaznmuuaroT Ba BUJAa aCUMIITOT: BEpTUKAJIbHbIE, Ha-
KJIOHHBIE.
Bepmuxanvuvie acumnToTsl (mapaiensasie ocu Qy).

13 onpesenenus acHMITOTH crexyeT, uto ecmu lim f(x)=¥ wm lim f(x)=¥,
X® Xy +0 X® Xy- 0

TO IpsiMasg X = X, €CThb BEPTUKAJIbHAS ACUMIITOTAa KPUBOU Y = f(X). Bepno u o6part-
HOE: €CJIM NIpsAMas X = X, - BEpTUKaJIbHAs aCUMITOTA, TO XOTS Obl OJIMH U3 OJHOCTO-
POHHUX TIPeeNioB (GYHKIMU B TOYKE X, paBeH OECKOHEYHOCTH (BO3ZMOYKHO U 00a).
Taxum oOpa3zom, KpuBas Yy = f(x) MMEET BEPTUKAIBHYIO aCUMIITOTY B TOYKaX, IPH-
OJIMKasACh K KOTOPBIM (PYHKIUSI CTPEMUTCS K OECKOHEYHOCTU. JTO JIMOO TOUYKU pa3-
phiBa GYHKIUH, TUOO TPAaHUYHBIE TOYKU OOJIACTHU ONPEIECICHHUS.

3aMeTHM, 4TO BEPTUKAIbHBIE ACUMITOTHI rpaduK (PYHKIIMU HE MOXKET MepPECceKaTh.
Haxnonnvie acumnmomul 3a1at0Tcs ypaBHeHueM Y = KX +b, rie

c=timf &)

X® ¥ X

b=lim(f(x)- kx),

X® ¥

MIPH YCJIOBUH, 4YTO 00a mpejiesia CymecTBYIOT.

X* - 9x+17
[Ipumep. Uccnenoath GyHKIIUIO Y = .8 Y TIOCTPOUTH €€ TpaduK.
1) Haiinem obnacte onpenenenus GpyHknuu: X1 8.
2) IIpoBepuM Ha YETHOCTH, HEYETHOCTh
v )= (- x) +9x+17 _ X* +9x+17 _ X’ +Ox+17

- X- 8 - X-8 X+8
Bugno, uro y(-x) 1 y(x), y(-x) 1- y(x). 3HaYwuT, y(x) - (pyHK1Ms 001IEro BUIA.
3) Haiinem nmpoMexyTKu MOHOTOHHOCTH, SKCTPEMYMBI (DYHKITUH

< - 9X+l79'( _ (2x- 9)(x- 8)- (x - 9x+17)

y¢_§ X-8 g (x- 8) -
_2X%- 9X- 16X+72- x*+9x- 17 _ x*- 16x+55
- (x- 8) - (x-8)
y(=0 mpu
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X° - 16x+55=0.

.2
2:8@9 -ac=64+55=9,
4 e2¢g
b \F
27a
)(1’2: a :813,
x, =11, x, =5.

y(=¥ B TOUKE X =8, KOTOpasi HE MPUHAJICKHUT 00IaCTH OIpeaesieHus PyHKITUN.

CraBuM Ha OCH 3HAKU IEPBOM TPOU3BOTHOM:

W‘
5 8 11 > X
— ma T min — y
Tpux1 (- ¥;5)U (1% +¥) dynxuus Bospacraer, mpu X1 (5,8)U (8;11) - y6risaer.

Torga X =5 - Touka makcumyma, X =11- Touka MuHUMYyMa.3HaueHUs QYHKIIUU B

ATHUX TOYKAX.
y(5)=1, y(11)=13.

4) HaiineM npoMeXyTKH BBIMYKJIOCTH, BOTHYTOCTH, TOYKH Ieperuoa

_axt - 16x+559'( _ (2x- 16)(x- 8)° - (x*- 16x+55)x2xx- 8) _
(x-8f & (x- 8) )

_(2x- 16)(x- 8)- 2(x* - 16x+55) _

(x- 8f

_2x°- 16x- 16x+128- 2x"+32x- 110 _ 18

(x- 8f (x- 8f
y€t O nns mr06s1x X u3 OO®, yC=% B TOUKE X =8, KOTOpask HE MPUHAITICKUT

y@

OO®, cnenoBarenbHO, TOYEK Iepernda HeT. OnpeaeauM 3HaKu BTOPOI ITPOU3BO/I-
HOWU:

- + A

8 >x

pu X1 (- ¥;8) rpaduK GyHKIHH BBITYKIBIH, Ipu X1 (8; +¥) - rpaduK QYHKITUN

BOTHYTBIU.
5) Haiinem acuMnTOTHI TpaduKa GyHKIIUU
2 2
X7 - 9x+17 X - 9x+17
Beprukanpupie: lIMm————=-¥ | lim———=+¥ .
X® 8- X-8 x® 8+ X- 8
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Takum oOpa3om, X =8 BepTHUKaIbHAS ACHMIITOTA.
HaxkioHHBIC aCHMIITOTHI 331a0TCst ypaBHeHHeM Y = kX +b . Halinem k u b:

2 _ 2
c=tim O =i X X7 D& X Xy
X® ¥ X X® ¥ X(X‘ 8) X® ¥ Zg_ §9
& Xg
2 e
b=lim(f (x)- ke = lim@&~ X7, 0.
X® ¥ x®¥e X - 8 g
2 2 - .
:“mga Ox+17- x +8X9=Iimge x+1179=_
x®¥e X - 8 g x®¥e X - 8 g

Haknonnas acumnrora y = X - 1.

Crtpoum rpaduxk:
85 - - e

30 f
7

04—
< T —

04+ ——

y =X-
5+—————- 777{, — = —
-
-
-
A
0 / T
) 2 4

-0+ ——— — — — —- —- 71—7 _—— —
154+ -]

o N

o5 -

30+ - -



6. OcHOBHbIE EPHOABI PA3BUTHA MATEMATHKH H HX 0COOEHHOCTH
1. M3ydyeHne KOHCIIEKTA JICKIUH (TeMbl — 0030p HCTOPHH MAaTEMATHKH)
2. TloaroroBka u Hanucanue pedepara Mo BHIOPAHHON TEMe

3. TloaroroBka mokiana mo reme pedepara
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