MunucrepcTBO 00pa3zoBaHus U Hayku PO

denepanabHOE TOCYJAPCTBEHHOE OIOIKETHOE
00111e00pa3oBaTeIbHOE YUPESHKICHUE BBICIIET0 00pa30BaHUs
«TynbCkui roCy1apCTBEHHBIA YHUBEPCUTET

NHCTUTYT NPUKIATHOW MATEMATUKU U KOMITBIOTEPHBIX HAYK
Kadenpa BeIYMCINTENHHON MEXaHUKU U MAaTEMATUKU

VYTBepkIeHO Ha 3aceaHuu KadeIphl
«BpraucnurenpHas MEXaHUKa U MaTeMaTHKa»
« 21 » saBapsa 2022 r., mpoTokon Ne 5

3a3€aymmnﬁm1§&i§;ﬁ

(/ %f’” B.B. I'marones

METOJINYECKHUE YKA3AHUA
10 NPOBEIECHUI0 MPAKTHYECKHUX 3aHATHIA M0 JUCHHUILIHHE (MOTYJIIO)
«MeToabl MATEeMATHYECKOH (PU3UKHN»

OcHoBHOM npodeccuoOHAIBLHOM 00pa30BaTeJIbHOM IPOrPaMMbI
BbICIIETr0 00pPa30BaHUA — IPOrpaMMbl DaKaJIaBpuaTa

10 HAMPABIICHUIO ITOJTOTOBKH
01.03.03 Mexanuka 1 MaTeMaTH4YecKoe MO/IeJIMPOBaHe

C HaIPaBJICHHOCTHIO (TTpoduIeMm)
Mexanuka aegpopmMupyemMoro Teepaoro reja

®dopma 00ydeHUS: OUHas

Wnentuduxanmonssiii Homep oOpa3oBaTtenbHoi mporpammel: 010303-01-22

Tyna 2022



Pa3padoTyuk MEeTOAMYECCKHUX YKA3aHUH

g __/’f
Ky3nenos A.B.k.b.-M.H., JIOIIEHT / ,-"f '

(DPHO, oondxcrocmo, yuenas cmenetn, yueHoe 386aHue) (nodnucw)



HexoTopblie mpuMepsl pelieHus 3aj1ad MaTeMaTUH4eCKOn (PU3UKH.

1.
Pemienue 3a1aum 0 K0J1e0aHUSIX CTPYHBDI.
2 2
Tu — 2 T°u

qt? 2 M2 )

Kak u Bcsikoe muddepeHnmanbsHoe ypaBHeHHe, ypaBHeHue (*) numeer Oec-
KOHEYHO MHOTO pEIICHHWI M Ui HaXoxaAeHus ¢yHkuuu U(X,t), omuceiBaromien
KOJIeOaHMST HEKOTOPOU KOHKPETHOM CTPYHBI, HYKHO BBIJICIIUTH U3 3TOTO CEMEH-
CTBa OJIHO, UMEHHO U 3TON CTPYHBI. JJIsi 3TOT0 HY)KHO MCXOJHUTh U3 HEKOTO-
PBIX UCXOIHBIX YCIOBHIA.

Bo-nepBbix, B HalleM cirydae CTpyHa 3aKperjieHa 3a JiBa KOHIIA B TOUKAX X
=0wu x =|. Torga cMernieHus B 3TUX TOYKAX B JHOO0H MOMEHT BPEMEHHU PaBHO
0:

u0,t) =0; u(l,t)=0 (1)

OtH ycioBus (1) Ha3pIBAIOT KPacBhIMU (TPaHUYHBIMU) YCIOBUSMH 32Ia4H.

OOBIYHO 337aI0T €Ille HEKOTOPhIe HavajbHBIC ycioBus. Hampumep, B Ha-
JabHBIA MOMEHT BpeMeHH t = O U3BECTHO CMEIleHHe JTF000H TOYKH CTPYHBI U
W3BECTHA HadaJbHAs CKOPOCTH JIFOOOW TOYKH CTPYHBI, YTO BBIPA3UTCS PABEHCT-
BOM:

u(x,0) =f(x) (2)
é‘[u udl .
8ﬁgtzo =] (X) (3

rae f(X) u @(X) — u3BecTHBIC QYHKIINH, % - CKOPOCTb.

Taxum 00pazom, perieHue 3a1adu 0 KoJeOaHUU CTPYHBI CBOJUTCS K pelie-
auto auddepernuanbHoro ypapHenus (*), T.e. K HaXOXKICHHIO (PYHKIIUU 2-X
nepeMeHHbIX U(X,t), yaoBieTBopsIonuii KpacBbiM yciaoBusM (1) M HayaIbHBIM
ycnoBusaM (2) u (3). CymiecTByeT HECKOJIBKO CITOCOOOB perieHus ypaBHeHHs (*).
Paszbepem meton @ypre (pasaeneHrne NepeMeHHBIX ).

Bynem nckathb peleHre B BUC MPOU3BEACHHS IBYX (HYHKITUH

u(x,t) = F(x) - o(t) (4)

F(x) —3aBucuT TONBKO OT X, D(t) — TONBKO OT t.

2 2
Moncrasum (4) B (*). Tk % = F'(x) - O(), %: F)®D" (1), To F(X) -
X
D"(t) = o F'(x) - () =>
o) _ 2 F'(®)
() F(x)

()



JleBas vacth (5) 3aBHCHT TOJIBKO OT t, paBas — TOJIBKO OT X, HO T.K. OHH
paBubl 1pu J100bIX t > 0 1 m00bIX 0 < X <, TO (haKTUYECKU OHM HE 3aBHUCAT HU
oT t, HU OT X, T.€.

o'(t) _F"(x)
a’dt)  F(x)

Yucno C MoxeT ObITh TONBKO oTpunareabHbiM C < 0.

Ecmu C > 0, To HUKaKOTO KOJIeOaTeIbHOTO Mpoiiecca He OyIeT.

JleiictBurensro, mpu C > 0 mokem cuutats C = b°. Torma mveem us3 (6)

F™ _ 2 o F(x) = b2 F(x) =0 (7)
F(x)
70 IHHEHHOE OHOPOAHOE ypaBHeHHe 2-ro mopsiaka. k> —b? = 0 — ero xa-
PaKTEPUCTUYCCKOE YPaBHECHHE.
k]_ =b }
ko = -b ero kopuu. Torna pemrenue (7) umeer Bu
F(x) = C,™ + C.e™ (8)

=C =Congt (6)

Hcnonb3yem kpaeBbie ycimoBus, T.¢. 9to U(0,t) = 0; u(et) = O npu irodom t.
Torna u3 (8) umeem
0= Cj_ebo + Cze_bo OC+C,
0= Clebl + Cze_bl 501051 0£ C]_ebl + Cze_bl

C, =-C,. U3 2-oro C]_ebl — C]_e_bl =0=> Cl(ebl — e_bl ) =0=>C;=0Torma
C2 =0=
F(x) =0.
Ho toraa u u(X,t) = 0 (npu nrodom t), T.e. KoJacOaHU HET.
Ecmu C =0, to F'(x) = 0. F(x) = C. F(x) = Cyx + C,. 13 kpaeBbIX ycioBuid
= C2
0=Cie+C,=>C=0
Cuosa F(x) =0, u(x,t) = 0 => kosnebOaHuit HET.
Nrak, Bo3moxxHo juih C < 0. O6o3Haunm 11 yaooctsa C = b
Torna u3 (6) umMeeM aBa MuHEHHBIX AU(DHEPEHINATBHBIX YPaBHEHHUS 2-0T0
MOPSIJIKA C MOCTOSTHHBIMU KO3 dUITMEHTAMU:

F'(x) + b* F(x) = 0 (9)
@"(t) + a’b® d(x) =0 (10)

9)—-10) =>k*+b*=0 Kip = % bi }
k*+ (ab)>=0 ki, = + abi KOPHHU XapaKTePUCTHU-

YECKUX YPAaBHEHUM.

[ToroMy pereHnss KMEIOT COOTBETCTBEHHO BU/I:
F(x) = C, cosbx + C; sin bx (11)
®(t) = 11; cos abt + /I, sin abt (12
[Moacrasnsas (11) u (12) B (4), mostydum perieHne ypaBHeHUs CTpyHbI (*)
u(x,t) = (Cy cosbx + C, sin bx)( [ cos abt + /1, sin abt) (13)



D10 obmiee pemenue ypaHenus (*). MeTo pemeHus
nudepeHIMaTbHOTO YPaBHEHUS 2-0T0 MOPsAKa B YACTHBIX MPOU3BOIHBIX (*)
IIyTEM €T0 CBEACHHMSI K PEIICHUIO 2-X OOBIKHOBEHHBIX JIMHEHHBIX
nudepeHnanbHbIX YpaBHEHUH BTOPOTO MOpsiaKa 011 mpuMeHeH dOypbe u
HOCHT €ro Ha3zBaHue — MeTo1 Pyphe pasneneHus nepeMeHHbIX. OH IMHUPOKO
IIPUMEHSETCS B YPABHEHUSX MaTeMaTHICCKON (DU3HKHU.

[Tponomkum pemieHue. Hama KOHKpeTHast CTpyHa 3aKpervicHa U B pelie-
aun (13) aTo HyxHO yuecTs, T.€. U(O,t) = 0, u(l,t) = 0. U3 (13) BumgHO, 4TO B TOU-
kax X =0u X =| gomkeH paBHATHCA O MHOXKHTEb, COIEPIKAIIUH X, T.C.

Cicosbx +C,sinbx=> C;-1+C,-0=0=> C;=0
Cicosbl +C,sinbl=0 == C,snbl =0
3neck C, # 0, T.k. nHave cHOBa U(X,t) = 0 1 konebanus He ObLIO OBI.
Torna
sinbl =0 (14)

(14) MokeT OCYIIECTBIATHCS TOJIBLKO IS OIPEACICHHBIX 3HaUYeHui b, T.K. |

(mmnHa ctpynsl) —noctostHHas. Torma bl = kn(k =0, £ 1; £ 2, ...). Otkyna

h= k. -0,+ P + P 4 P P,
I _I’_I’_I’m’_l’
b = 0 caeBa mpuBoaut Kk pemrenuto (X,t) = 0 — IBMIKEHUS HET.
Ecmu B (13) moacraButh 3HaueHus b = % ub= —m, TO paszHHIla OyJIeT

I
JIMIIb B 3HAKE

y Sin bx, HO HamM4Me MPOU3BOJILHOW MOCTOSTHHOW C, JenaeT 3T JBa pe-
IICHUS OJJMHAKOBBIMH.

3HauuT, 1octatouHo opars b >0, T.c.

=" n=123..) (15)

JIJ1s KaXI0r0 N MOJyYUM COOTBETCTBYIOIICE pelicHre ypaBHeHHS (*).
Un(X,t) = C5¢ cospal1 + J,sin pallnt gsm% (n=12,..)
e g

ITonaras Cz - 11 = An, C, - 2 = By, MOkeM 3anucaTh
pan, Ogn, P (16)
[} |
T.x. B coctaB A, u B Bxogsar C,, 11 u Cyp, /12 , TO OHU €CTh TPOU3BOJIBHBIE
ITOCTOSIHHBIC.
W3 (16) BuauM, 4TO Kakjias TOYKAa CTPYHBI C aOCIHCCOM X C TEYCHHEM

BpeMeHHU t coBepIiaeT KoJjieOaTeNbHbIE ABUKEHUS C YaCTOTON W = pl_ Y aMILIN-

Un(X,t) = cospl—t +B, sin

Tyno A=+/An® + Bn? sin@ (oOmmii BHJ KOJCOATEIHHOIO JBIKCHHUS y =

Cicost + Cosinot = /€7 + CZ sin(wt +a) ). OTcroga BUAMM, YTO YacToTa Kojeoa-

an
HHU OJJMHAKOBA AJIs1 BCEX TOYCK CTPYHBI (W = pl_ - HC 3aBHUCHUT OT X), aMIIIIUTyaa

KoaeOaHus JJIIsA KEl)I(I[Oﬁ TOYKH pa3Hasd. T.K. 4acCTOTHI OJIHMHAKOBBI, TO MAaKCH-
MaJIbHOI'O OTKJIOHCHHS BCC TOYKH JOCTHUIalOT B OJHWH W TOT XK€ MOMCHT BpEMC-
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HU. Bce xonebarenbHbie nBUXEeHUS Un(t) HOCAT Ha3BaHUE COOCTBEHHBIX KoyeOa-
HUW WIM CTOSYMX BOJIH. DTO TapMOHUYECKHUE KOJIEOAHUS U TIOTOMY UMEIOT BU]I
CHUHYCOHUIBI B JIIOOOH MOMEHT BpeMeHHu. B 3aBucuMocTd OT N (HOMepa CTosdei
BOJIHBI) 3aBUCHUT €€ BHU/I.

Hanpumep, npu n =1,

uy(x,t) = QA cospI at, B smp?tz pl Amrmutyga A=, A’ + B} smpI , IoC-
TUTACT HAHOOJBIIIETO 3HAYCHHS TPU sin% =1, T.C. px_P P x= L nocepearHe.

I I 2 2

[Mpu mpubmmwkennn k X = 0 u x = | ammnTyna

ymenbinaetrcs 10 0. Ctosuas BoiHA MMEET BUI,

pu n = 2, Uz(X ,t) = ;\

—QA c052p|a +B, n@og 2II)X GI\T—-——/’ x
g 2
A=,/AZ +B? sin?. Haunbonrwinee 3naueHue A npu
@=R+2kp . 2:1+4k. k=0 x= I—; k=1, x
I 2 I 2 4
_5 .
=—1 - HET TakoH.
4
| _Ipx 3
I[lpu x = — sn—=0, mOpu XxX=—
P 2 I P 4
sn%ﬁl—sm:gp =-1 HauMeHblllee 3HadeHue. B

I
TOYKE X = E Y3CII. Touka ocTaeTcsi HE MECTe IIpu

kosebanusx. Crosiyast BOJHA UMEET BU/J, YKa3aHHbBIN Ha BTOPOM PHUCYHKE.
CoBepIlieHHO aHaJOTHYHO CTOsYas BOJIHA MpH N = 3 UMEET yke 2 y3ia u

T.J.

Taxk xak ypaBHeHHE (*) €CTh OJHOPOIHOE JIMHEHHOE, TO CYMMa €¢ PEIICHHIA
TOXKE CCTB pemeHHe U 1moTtoMy (YHKIUS MpeACTaBICHA  PSIOM

u(x,t) = au (x,t) = 8/AhcoerT—HB sin P Ug, P X (17)
n=1

n=1 I‘II I

TOXKE €CTh pelieHne ypaBHeHus (*), TOJIBKO HYKHO TPeOOBATh, UTOOBI ATOT PS
MO>KHO OBLIO MOYIEHHO ABaXIbl TudPepeHnpoBath. JleicTBUTENBHO, TOT A

Pu_ oTu_f Tu, % Tu, £ TPy, Ty,
- o Td o mad =adé 5 -a-—u=0,
L ™ ng Tt n-1 IIX n=16 IIt % 0

T.c. U(X,t) pemrenue (*).
Oto pemeHue U(X,t) yIOBIETBOPSET KPACBbIM yCIOBHSM, T.K. UM YAOBJIC-

TBOpSET J1r00ast 3 pyHkimid Un(X,t): u(Ot) = 5 u,(0,t)=0, u(l,t) = 5 u,(l,t)=0.

n=1 n=1



B cocraB pemenus (17) BxoasaT mpousBosbblie Kod(hdUIMeHTH A, 1 Bi.
Bri6epem 3Tu K03 PUIUEHTHI TaK, YTOOBI BHIMOIHSIINCH U HAYaJIbHbBIE YCIOBHS

(2) u (3): u(x,0) = f(x) n 2%9 =i (9.
t=0
J11s1 3TOTO HY)KHO, 4TOOBI pyHKIMsA U(X,t) u3 (17) ymoBieTBopsiia uM.

Ux,0) =3 Ansin¥ = f(x) (18)
¥ "
I/ITK.Ezé_ae—@Aqsinm—at+@Bncosmatgsinnpx,To
it = | | | | o |
au g 0 npa . npx _.
i = B —sn——=1 (X 19
St gt_o a B~ | J (%) (19)

Bcnomunas o pasnokenusnx B psaasl Oypee pynkiuit f(X) va [0,1], u3 (18)

u (19) BuauM, 4TO MOKHO CUHNTATh
|

A =|3c‘)f (x)sin@dx (20)
0
an?:%@ ()sinPX oy
2 ! . NpXx
B.=— —/—d 21
= a0 (T ox 1)

Taxum o0OpazoM, pyrkius U(x,t) u3 (17) ¢ kosdduruentamu A, u By, om-
penemnsiembim 1o (20) u (21), u ecTh pemieHre aAuddepeHIHaIbHOrO ypaBHEHUS
CBOOOIHBIX KOJCOAHHH CTPYHBI, YAOBICTBOPSIONINX 33JaHHBIM KPacBbIM U Ha-
YaIbHBIM YCIOBHUSM.

Crnoco0 penieHus: Ha3bIBAECTCS "HAJIIOKEHUEM CTOSIMMX BOJH', T.K. MMOJTyYa-
eTCS CJIOKECHUE OTICIbHBIX CTOSYUX BOJIH.

Eciu peus uIeT 0 CTpyHE My3bIKaIbHOTO HHCTPYMEHTA, TO CTOSTYHE BOJIHBI
MUMEIOT OIPEe/ICICHHBIN CMbICT. Ka1as cTosiuasi BOJIHA €CTh KOJIeOaHUsT CTPYHHBI,

BBI3BIBAIOIIAS ONpEEIeHHOE 3By4yaHue. UeM Ooubllle 4acToTa 3BYyYaHUS O =
P& " rem Gombie BBICOTA 3ByKa (3BYK TOHBIIIEC), YeM OOJIbIIIC aMILTUTYa KoJie-
I

OaHus A, TeM CUIIbHEE 3BYK.

OxkassiBaetcs, uto npu N — ©, A, — 0 u B, — 0, T.e. ¢ Bo3pacranuem U
aMIUTUTYyAa A W, 3HAYUT, CUJIa 3ByKa YMEHBIIIAETCS, & BBICOTA YBEINYUBAETCS.

HauGomnbiyro cuimy uMeeT 3BYyK, HOCTaBlsieMbld 1-0¥ CT. BOJHOM mpu N =
1.

OH Ha3bIBaE€TCSI OCHOBHBIM TOHOM CTpPYyHBI. YacTtoTa KojeOaHus ®; Hau-
MEHbIIIasl, 3ByK caMblii HU3KUK. YacTOTHI wy, M3, ... - KOJEOAHUN CTPYHBI Ha3bI-
BAIOTCS YaCTOTaMU 00EPTOHOB.



T.x. HacTosMIee KoJeOaHWe CKIaIbIBacTCS M3 OCCUMCICHHOTO YHCNa Tap-
MOHUYECKUX KOJEOaHWil, TO ¥ 3BYK CKJIAJbIBA€TCSI U3 OECUMCICHHOTO YHUCIa
3BYKOB — OCHOBHOTO TOHA U 00€PTOHOB.

OO6epTOHBI BIUSIOT HAa TEMOpP 3BYKa, OKPACKy OCHOBHOTO TOHA.

VY pa3nuuHbIX MY3bIKaJbHBIX WHCTPYMEHTOB OCHOBHOW 3BYK U OOEPTOHBI
no0UPAIOTCA M0 pa3HOMY. B 3TOM CekpeT uxX pa3aTudHOro 3By4aHUs.

2.

KoneyHasi cTpyHa -- cxema pelueHust

Uy = au,, + f(x,1),0 < x <1

Ule=o = Uy ()

Ug|i=o = U2 (X)

+ I'paHUYHLIE YCII0BUSA

JIBe rpanunpl X = 0;x = [

Ha xaxx0i 3 rpaHull MOTYT OBITH CIEAYIONIUIA TPAHUYHBIE YCIOBUS:
| U= = @(1)

I u,|,.- = w(t)

I (w,, + Au)|,— = p(t)

[Iar 1. O6HyNIeHNE TPAHUYHBIX YCIOBHIA.

U=v+uw

HyxHo HaliTH QyHKIIHIO ¢, KOTOPAA MMeeT TaKue e I'paHNYHbIC YCIOBHS, KaK
u QyHKIHS U.

Torna mis yukimu ¥ ycnous Ha rpanuie oyayt = 0.

ar 2. IMomyunts 3amavy aia GyHKIuU V. B ncXoqHyr0 3a/1a4y MOACTaBISETCS
U =V + o (w-HaligeHHas QyHKIINA)

(v+wlp=a’(v+w),, +fxt),0<x <l

(V+ @)= = us(x)

(¥ + @ )i|i=0 = U2(X)

+ HyJIeBble rPaHHYHbBIE YCI0BHUA HA QYHKIHIO U

TO €CTh

Ve = A7V + f(1.1),0 < x <[ roe %(x,t) =atw,, — Wy + f(x, 1)
V|t=o = Uy (X) — @ |¢=p = ﬁ1[1’]
Ve limo = Up (X)) — @ | == U, (X)

+ HyJIeBble TPaHMYHLIE YCI0BHSA HA OYHKIHIO U,
[Iar 3.
[Mony4yenHas 3afaJa el pa3OMBaeTCs Ha JBE 3a1a4H.
A UMEHHO, pellieHie HUINEeTCs B Buje V=V, +V,, TJic HOBbIC (GYHKIIUH SBIISIOT-
Cs1 pelIeHUEM CACIYIOIINX 3a/1ad.

1:1tt=a,21:1 ,0<x <1

Xx

V1|t:0 = 0J_(X)



Vi ‘t=0 =%

+ HyJIeBble TPDaHHYHbIE YCI0BHA HAa QYHKIHIO V;.

u
v, =a*v, + fx.h),0<x <1,
tt xx
V2|t:0 =0
V2t ‘t:O =0
+ HyJleBble 'PaHHYHbIe YCI0BHSA Ha QYHKIHIO V,,
Llaz 4

3amava Juis GYHKIMHU V, penIaeTcs METOJIO0M pa3IelieHUs TepEeMEHHbIX (M
uHadye MeToioM Dypbe). Perienre uiercs B BiJie MPOU3BEICHUS
v =T (1) XX ()
[ToncraBmss 3T0 Belpa)kKeHHUE B ypaBHEHHE )i (QYHKLIUU V,, IOJIydaeM
TEt) XX (X) = a’T (t) XX €&x) .
[onmennm 06e yacTi Ha a°T XX
T&t) _ X®&x)
a’T(t)  X(x)
JlanmpHenee CBA3aHO CO CIEAYIOIUM YTBEPKICHUEM.
Jlemma 1.
Eemn f(X)=9(Y) " X=(%,K.x).¥=(%.K.,Y,), 10 f =g=const
JoxkazarenbcTBo: Pukcupyem Y =Y, , Toraa
f(X) =y (y,) =C =const.
Ho
g(y)=f(X)=C p f =g=const.Y.r.xu.
Kak cnencrsue Jlemmnl 1
' _ X'(%)
a’T(t)  X(x)
OTcroa rmoyiydaeM ypaBHEHHUE OTHOCUTENIbHO GyHKImH T (t)
I;: T"=a*CT =0
¥ OTHOCUTENIBHO QyHKIHU X (X)
II,: X'—-CX=0
W3 HyJIeBBIX IPaHUYHBIX YCIOBUH K YpaBHEHUIO [ [y 100aBISIOTCS YCIOBHS Ha
¢ynknuto X Ha rpaHuiax —ito 3ajaa4a Ll rypma-JInysumis.
Pemmnts 3amauy Itypma-JInyBuiuist 03Ha4aeT, 4YTO HY)KHO HAllTH HETPUBUAJIb-

Hoe pemeHre X(X) u onpeaeauts L mpu KOTOPO# CYIIECTBYIOT HEHYJICBBIC pe-
IICHUSI.

=(C =const



3anaua lllTypma-JIMyBUILIS IMEET CYETHOE YMCIIO Pa3INYHbIX pemenuii {X,} u
KaJI0My PELICHHIO COOTBETCTBYeT KoHcTanTa (.

Jlanee Vn pemaem ypasuenne Ir:T — a?C,T =0

T,(0) = a, T () + b, T ()

=>Vnv,, =T,X

n'n
YpaBHEHUE TUHENHO = IEMCTBYET IPUHLNI CYNIEPIIO3ULUU:

V= Z Tan

Koaddunuents! a,,, b, HaxoasTcs U3 HaYaIbHBIX YCIOBUI
7 |i=
1lt=0 E
1 | _ =1V = T'HX‘H
1¢lt=0
[ar 5.

Vz = Z Yu(B)X,

I[J'I?I BBITIOJIHCHHU A HYJICBBIX Ha9aJIbHBIX YCJIOBI/Iﬁ Ha T-?g

JOCTaTouyHo moTpedorats ¥,,(0) =1y, (0) = 0.

Hamaaue QyHkmEH X, o0ecriedHBaeT HyJIeBbIC YCIIOBHS Ha TpPaHUIIAX.
V, YIOBIIETBOPSET YPaBHEHUIO

Vs, =Q°V, + fx,t)

D @, | =@ ) nox, | +fao

tt '

D WX, =0 ) v+ fan)

> 0 — @) X = fG51)

f (x, t) packmanpBaeTcs B psj o X, (x)

fx,t) =3, f,(0)X,(x).
Torna 3amaya Komm Ha

]"'T{I - azcﬂ}{n = ﬁl(tj
n t :{ I
" (} }{n(ﬂ):}’(n(ﬂ):{j
U =uw + T:"j_ + vz

O 3agaue HI.-JI.
Paccmotpum Gosiee ob1ryto cutyaruto:3anaqy 11.-JI cienyromiero Buaa:
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[ Xep +p(0)X, +qg(x)X=CX,0<x <
@ npa x = 0¥ x = [ 04HO M3 rPpaHHYHLIX YCIOBHH
IX(0)=0unu X(1) =0

HX'0)=0uwmX'(1)=0
L HI (X' + AX)|yzo =0 umunmpu X =1

[Mpenmonoxkum, uro X; u X, — pemenne 3amaun L11.-J1.

[Tycts X; — pellleHHe COOTEBeTCTEYIOLee KOHCTaHTe C = (;

X, — peleHHe COOTBETCTRYHIee KoOHcTaHTe C = (,, torpal * | *

Xi' +pX; +qX, = CGX,

X)) +pX, +qX, =CX,.

YMHOXHUM TIEpBOC ypaBHEHHE HA X, * elpdx 4 BTOpOE Ha X * el PAX i ppraTem
13 MEPBOTO BTOPOE.

el Pax (XU X, — X' X))+ pel P(XIX, — X1X,) = (C, — C,)el P& X X,
HeBy}o qacThb MOXHO Hpe):[CTaBI/ITB KaK HpOI/I3B0)1Hy}O HpOI/ISBeJIeHI/I}I

(efpdx‘:X{XE - XEIX:L])J = (G- Cz)ef PR X

[MpounTterpupyem o6e yactu paseHnctra ot 0 110 |

el P& (X1 (X, () — X5 (X, (D]]5 = (€ — Co) J’Iﬂf’“dxXin dt

el PELX 00X () = ()X, (D)~ [X1(0X, ©) — X (OX, (O]
=(C,—GC,) L el P X, X, dt

HPH JIH00BIX YVCIOBHAX HAa TPAHHIAX JT€BdAd H4CTh IIOJTYHEHHOI'O pPABEEHCTEA
PABHA HYJIHK, CIIe10BaTENILHO

f elpixy ¥ dt=0
o

Baenem dynkmmio el P4 = p(x), KOTOpsI Ha3bIBaeTCs BECOBOM PpyHKIUEH. B
pe3ynbTaTe MBI MOJTYYHIH, 4To GyHKIMKH Xy U X, SBISIOTS OPTOrOHAIBHBIMU B
HUHTErPajJbHOM CMBICIIE ¢ BecoM p(x).

®dynkumio V(x) MoxkHO paznoxkuts B psaj o Gpyskumsam X, (x). TIpeanonoxkum,
YTO MBI HMEEM ITOJJ0OHOE Pa3JIOKEHUE

V(x) = Zaﬂxﬂ x).

n
VMHO)uM 00¢ yactu Ha X, (x) p(x)u mpommTerpupyem ot 0 o | . Torga

[ [
Jo VOOP(IX, () = T 1 [y pX Ko,
WuTerpaisl B mpaBoit uactu mpu MY N paBubl 0. Octaercs TOJBLKO OHO clia-
raeMoe npu M=n, oTKyaa
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f; V(x)pX,dx
" [y pXzdx

D10 obmras popmyra HaX0xKACHHS KOIPHUIIUSHTOB pa3IoKeHUus PyHKITUU

V(x) B psan no Gpynxumsm X, (x) na otpeske [O;l].
[Tpumep B 0O1IEM BUE:

U = A% U, + g(x,1),0 < x <

Ule=o = U; (¥)

Ug|i=o = U2 (X)

u|x=ﬂ = U
Uy|,—; =0
U=V,+V,

— 2
Vj—tt =a Vj-xx

Vili=o = U1 ()
Vi lt=o = U (%)
Vll.?r::ﬂ = V:Lxlt:ﬂl =0
V; = T(x)X(x)
T"X = a’TX":a*TX
T”' B X”’ B C
a?T X
[:T" —a*CT =0
II..X"—CX=0
Vilp=o =T(x)X(0)=0=X(0)=0
Vi e =T(@X0)=0=X"(D)=0
C>0:C=27A1=0)
X'—2X=0
k2 — 22 = 0;k,, = +4
X = C,ch(Ax) + C,sh(Ix)
X(0)=C, =0
X'(D)=2C,ch(A) =0 = C, =0
X = O(ue unarepecyer)
C=0
X"=10
X=Cx+CGC,
X0)=0C=0
X'(1) =C, =0 = X = 0 (ue unTepecyer)
C<0C=-AUA1=0)

X"+ 22X =0

K2+ 22 = 0;ky, = +Ai

X = C; cos(Ax) + C, sin(Ax)
X(0)=C, =0

12



X’ (I]—JLC cosAl=0=

- cc:s}I,I={]
M=§—|—1m,ﬂ= 0,1,...,00
Tl
A=A, =?(E+H)Jn=0,oo

X(x) = E‘gsin Anx
X, (x)=sind,x =sin—

[
IIT:T” —QECT: 0
T"+a* 43T =0
k*+a*2, =0
ki, =Zxad,i
T.(t) = a, cos a;{nt + b, sin ad,t
vnT, (t]X (x) =

=
—_—
B | =
_I_
=
"

l—ZTX Z(a cosal, + b, sinad,t) sin ,x

W3 HayaIbHBIX YCIIOBUM!
L==a)

o0

Vile=o = Z A, SinAd,x = u,(x) = Z ulﬂsinlﬂx
n=0 n=0
2 [* _
Uy, = TJ; u,(x)sin 4, x dx

o0

Viplimo = ) ab,2, sind,x = u,(x)

n=i
) L
ab, A, = —J' U, (x)sind, xdx

b, = ?f u, (x) smlﬂx dx = V,Haiineno

v, = Z’Vn(ﬂ (x) = Z}fﬂ[t] sin A, x
Yn ‘:G} = ]’{n({]] =0
flxt) = Zﬁl(t] sin A, x

L) = ff(:lr: t)sin X, xdx

{ "+ a’ By = fu (0

Y@ =@ =0 = (0=

13



[Mpumep 1(KOHKPETHBIH):
u, =4u,, —8t+t’cos3x,0<x<m
U|peg = Sin®x
Up|eep = X% + cosdx

ux|x=ﬂ = ﬂ
uxlx:rr = ETEE
U =1

M:mx|x=0 =0
Wy | e = 2Tt = @ = X7t
u="V+x°t
Ve +0 =4(v,, + 2t) — 8t + t? cos 3x
Vie = 4V +t?cos3x
Ulemo = (V + x%t)| o = sin’x
Uglpg = (V + x%t),|p—p = X% + cos 4x
Vilizg = cosdx

Vie = 4V +t?cos3x
1 1

X =—— —cos2x

2
Vilt=g = cos4x
Vele=o =0
Vely=r =0
V = Vl + Vz

Vilezo = E_ECGS 2x

Vi, lt=o = cos4x
le|x=uzg
V1x|x=rr=':]

V, = T(O)X(x)

T"X =4TX":4TX
TH' B XH' B C
AT X

I;,T" —4CT =0

X'—-CX=0
1,1 X'"(0)=0
X'(m)=0
C>0:C=2#(1>0)
X'—2X=0
ki, =*x4
X = C;ch(ix) + Cysh(Ax)
X0)=6GA=0=( =0
X'(n) = C,Ash(Am) = 0 = C, = 0 = X = 0 (ue unrepecyer)



C=0X"=0

X=Cx+0C,
X'0)=C=0
X(m) =C, =0
X(x) = €, = 1 (Ipou3BOIBHO)
X,=1
C<0:C=—2(>0)
X"+ 2X=0
ki, = +Ai

X =€, cosAx + C, sin Ax
X'(0)=1,=0=C, =0

X'(0) = —AC,sinAr=0= 2 =0=>X=0
sinAmr =0
AT =1
l=;{m:?’1;ﬂ=1,—m
C=C,=—22 =—n?
X(x) =

Creosh,x(Ci=1)=
C=0=X,(x)=cosnx
C=-n*=X,=1
X,=cosnx,nz=z1=X,=cosnx,n=1,m
[;:T" —4CT =0
—n? =_’;|-Evn'= ]-Jm
T" +4n°T = 0
T" +422T =0
kis=t2ni
T.(t) =a,cos2nt + b, sin2nt
C=0
T" =10
T, =a,+ byt
Oo01iee pemerue Vy:

VI—ZTX —ZT cnsnx—TﬂXﬂ—l-ZTX

¢

= ay + byt + Z (a,, cos2nt + b, sin 2nt) cosnx

n=1

OnpenensieM @y, by,
[}

1 1
Vilg=p =y + a,, COs nx =§_§CGS 2%
n=1
1 1
a0=§;a2=—§;an={]n 1,3,45,..

15



Vilg=g = by + Z b, 2Zncosnx = cos4x

n=1

n=4pb2n=1

by==:b,=0n+4n=>10

=00 =

Vi(x,t) = = — —cos4tcos 2x + % sin 8t cos4x
Ve = 4V, _+t*cos3x

Vz|t=0 = 0

VEtlt:D =0

szlx:u =0

szl.x':rr =0
Leal

Vv, = Z ¥, (t) cos nx
n=0

P | =
[

y(0)=y'(m) =0
Y, =0n+3
Vs = Y3 (£)X;(x) = y5(£) cos 3x
{}’3!!"'4*32}’3 =t’
Y2(0) =7'(0)
T" +4n*T =0
Y2 =Vagm T72
V3 ome = C1 €086t + C; sin 6t
V2 = At*+Bt+C

}i=2ﬂf+f}
]"'3”:21:1
2A+4+=32(At* + bt +C) = t*
1
36A=1=4=—
~ 4736
E=0
2A+36C=0=C = °
VT M T T3e
—_ — 1 2
Vs = C; cnsﬁt—;—-ﬂ‘z smﬁt—i—%tz 3@
Ya(ﬂ)=fiﬁ=i=’cl=@
¥ (0)=6C,=0=C, =0
2

2 1
t) =-——cosbt+—t%——
(0 =35 36" 362

v, = E(cos 6t +18t%— 1) cos3x
u=w+lV, +7,

16



[Tpumep 2(3-e rpaHrYHOE YCIOBHUE):
U =9, 0=x <2

XX

u=T([t)X(x)
T"X =9TX" (:9TX)
T."." XH C
oT X
I.T" —9CT =0
X'"—CX=0
HXL X(0)=0
(2)—X'(2)=0
1 cayyait € > 0;C = 22(1 > 0)
X"—2X=0
X = C,ch(Ax) + C,sh(ix)
X(0)=¢C, =0
X(2) — X'(2) = C,sh(22) — AC,ch(22) = 0
Co(sh(22) — Ach(22)) =0 =

C,=0=X=0
sh(21) — Ach(21) = 0 (: ch(24)) =
th(21) =1

Hamace Touka (MOXKHO TOCMOTpPETh rpaduuecku) A, yIoBIeTBOpsIONIas
ypaBuenuio th(24) = 4

X =0Csh(Ax)

C, = 1(camu)

X'(x)=sh(Xx) (th(2A" = 1")

C=(1)?

2anyqai:C=0=X"=0

X=0Cx+GC

X(0)=C =0
X2)-X(2)=2C-C,=C,=0=X=0
3cnyuait: C < 0;C = —A2(1>0)

X”+fj,_2X:{] .
X = (;cosAx + (; sin Ax
X(0)=¢C,=0

X(2)=X'(2)=C,sin24A—AC, cos 21 = 0

17



Otcrona 6o E; = 0, 9yTO NPUBOAUT K TPUBUAIIBHOMY PELICHUI0, KOTOPOE HAC
He uHTEepecyeT, 1uoo sin 24 — A cos 24 = 0. [TogenuB Ha KOCHHYC, ITOTYIUM
cleyIolee ypaBHEHHE

tg2i= A
['padprueckn MOXKHO TMOKa3aTh, YTO ITO ypaBHEHHE UMEET OECKOHEYHOE YMCIIO
pelieHuii, KOTOpble HENb3sl HAWTH aHATIMTUYECKU. MBI X MPOCTO 0003HAYaEM
A, 1 manee paboraeM ¢ 3TUM OYKBCHHBIM 0003HAYCHUCM.

Takum 06pazom:
X =0Csind, x
C; =1 (camu)

X, (x)=sin,x

Jlanee pemaecM ypaBHEHHE OTHOCUTENBHO (yHKIHH T (1)
Hna C = (17)?

T" —9(X)’T=10

T = a*ch(3A*t) + b*sh(3A"t)

Ans € = —15;
T" +9A2T =0
T,=a,cos3A,t+ b, sin34,t

u=TX +Zrﬂxﬂ
= (a’ch(BX°t) + b*sh(32°t) )sh(x'x)

+ Z[an cos 34,t+ b, sin3A,t)sind, x
n=1

Up|sep = 327 D"sh"(Ax) +Z 3A,b, sind,x =0=b"=h, =0

. n=1
U|ieq = a*sh(Ax) +Z @, sind,x = x
n=1

2
: fu xo(x)X, dx

B f; p(x) X2dx
X'"+px)X +qgX =—-CX
p = 0 B HalleM cay4ae

n

BecoBas dynkmust (Bec) p = el pix =1
2 .
fu x sinA, x dx
" f; sin? A, x dx
J.z_ P IJ’EEI 232 1( 1_2 )E
sinA, xdx == —cos 21, x)dx=-|x ———sin24,x
sindpxdx = | Au)dx =3 (x = -sin22,x) I
2sin2A, cos 4, 1

1
=1—msin3,1n=1— v 1—§ms?21ﬂ

18



2 1 @ X 1
X sin Xdﬂc:——f xd cos x=—(ﬂ:cos X ——sin x) 2
fo n o | xacos, it = sin 2, )

= _l_im 2,1?1+%isin 24, = [sin24,, — 4, cos 21, = 0]

= —%cns 24,

—i cos2A4,

Ay

1— %cc-s2 22,
AHaJIOTUYHO MOKHO HAWTH
1 .
[ xsh(xydx  =ch(2X)
E =
J, sh*(rxydx 1 — % ch? (227)
Tenepb MOXKHO HaIMCATh OTBET:

u = (a"ch(3x°t))sh(X x) + Z (a, cos3A,t)sind, x
3, "

IIpumMep 1151 pE30HAHCHOIO CJy4as.

Du=r®sing , 2<r<3

u|r=2 = 4

u|r=3 =S nJ
Ecnu uckate peieHne Tak ke, Kak B MpeIbIAyIIeM IpuMepe, TO TIOTyYUTCs
clemyronee:

u, =w=Ar*sny A=const
Jliig sToi pyHKIMU TOTpeOyeM BBIIIOJIHEHUE YPaBHEHUS
1 1 3 .

D\N=Wrr+?Wr+FW” =r’singy (2
Toraa noxyunm

Aa(a - )ri’sing +Aar*?sing - 25Ar* ?dn2 =r’sing
Jlanee, cokpaTuB Ha SSNS  nMeem

Ar??(@?- 25)=r3,
Otkyna r* % =r®

a-2=3

a =b>.
CoxkpaTus Ha I'° momydaem

A@?*- 25 =0xA=1

EcTecTBeHHO, UTO MOIyYEHHOE COOTHOIIIEHUE HE UMEET cMbIciia. To ecTh 3Ha-
yeHus A He CyIIeCTBYET.
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Ho 310 He 03Hauaer, 4To 3a7a4ya He penaeTcsa. EMMHCTBEHHBIN BBIBOM, KOTOPBII

OTCIOJIa CIIEYET, YTO pELICHUE w HY>KHO UCKaTh B PYTrOM BH/IE.

[IpocTo MbI cunTanu, 4To A KOHCTaHTa. B pe3ynbraTe MOJIyYuiu, 4To TaKou
KOHCTaHThI HE CYIIIECTBYET.

3HAYUT UIIEM TENEPb PEUICHUE B BUE

u, =w=A(r)r*sing

HailinenHoe 3HaueHne & =5 UCIOJIb3YEM, TO €CCTh

u, =w=A(r)r’sing

Ocraetcst onpeaenuTs PyHKIIUIO A(r).
Boruncsiem npou3BoiHbIE

w, = A€r)r’sing +5A(r)r*sing

w, = A%r)r°sing +10A€r)r*sing +20A(r)r’sing
W, =-25A(r)r’sing

¥ MOJICTaBJISIEM BCe B ypaBHeHUE (2).

A%r)r°sing +10A4r)r*sing +20A(r)r’sing +

+%(A((r)r55in5j +BA()rsing ) - %25A(r)r5sin5j —r*sing

CokpaTuB Ha SN w '’ momy4um

A®r)r? +10A€r)r + 20A(r)r? + (A%r)r +5A(r)) - 25A(r) =1

uin AKr)r? +11A¢r)r =1

YT0oOBI MPOUHTETPUPOBATH 3TO YPABHEHHE IOMHOXKHUM 00€ €ro 4acTH Ha I‘9_

Torma A% +11A€r)r™ =r° u neByro yacTh MOKHO CBEPHYTH KaK TIPOH3-

BOJIHYIO ITPOU3BEICHUS
(Agr)re=r°.
HNuterpupyem

10

AGr)r = §%dr = +C,.
€& )r- =g 10

Tak Kak Mbl XOTUM HalTH XOTh KaKoe-HUOYIb PELIEHUE, TO CaMblil MPOCTOM
croco0 B35Th KOHCTAHTY KaK MOHO IPOIIIE.

A umenno 6epem C, =0. Torya, cokpatus Ha I'’ nomy4um

11
Ar) =—x—.
) 10 r

Eme pas uHTErpUpyeM | mosryyaem
1
A(r)=—Anr +C,.
D=7 2
Ornsath xe 11t npoctoTsl Buaa pynknuu A(r) 6epem C, =0 u Toraa mosryyaem

1
A(r) =—MAnr , otkyna
(r) 0 ya
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u, =w=A(r)r’sing :%Xﬁlnr ShER

Jlanee nencTByeM Takxke, KaK U B MPEIbIAYLIEM IIPUMEPE:
UIIEM PELICHNE UCXOAHOM 3a/1a4i B BUJIE

u=v+w.
DOyHKIMSA VBISIETCS PEIICHUEM CIICAYIOIIECH 3aaun
Dv=0, 2<r<3
1 ¢ .
Vi, =U| - w|_, =4- —2°In2>sing
= = 10
v _,=ul_-w|_ =sinj - i35In3>¢sin5
r=3 r=3 r=3 10

Jlanee Bocmonb3yemcs TeM, 4To olliee penieHue ypapHeHus Jlamnaca st
KOJIbIIA YK€ MOIYYEHO

¥
v(rj)=Alnr+B,+§ (Ar"+C,r")cosrj +
n=1

n -Nn H H
+(Bnr +D,r )smr]
HNimem KOB(i)(l)I/IHI/IeHTBI. OHM HAXOAATCS U3 CICAYIOUIUX CUCTEM:
iAIn2+B;=4

{AIN3+B,=0
iB2+D,2"'=0
|

iB3+D,3'=1

i 5 -5 1 5
«B.22+D.2°=-—-2In2

o 1
IB.3*+D.3°=-—3°In3
) B, > 10

CucTeMbl MOKHO PEIIUTh U HAWTH 3Ha4YCHHS KOA(DPHUIIUCHTOB.

Hanesich, 9To KaXkaplii U3 Bac MOJO0HBIE CHCTEMBI MOXKET PEIIUTh M TIOCKOJIBKY
BBIpaXKEHUS 7151 KO3(PPUIIMEHTOB MOIy4YaTCs TOCTATOYHO IUIOXHUE, TO MPHU pe-
IIEHUHU MOJOOHBIX 3a/1a4 KOHTPOJIBHOM U 3a4eTa I0CTaTOYHO OyJeT 3amucaTh
CHUCTEMBI JIJIsl HaxX0XKIeHUs Kod(phULIMEeHTOB, He peltas uX. To ecTh To, 4TO yxkKe
y Hac HanucaHo. VI y4uThIBas, 4TO BCe OCTaIbHbIE KOA(PPUIIMEHTHI paBHBI HY-
JI10, 3aMKUCHIBAEM PE3YJIbTAT.

Pemenne ncxoaHoi 3a1aumn

u=v+w=AlInr+B,+

+(Blr + Dlr'l)sinj +(Bsr5 + D5r'5)sin5' +1—10r5lnr >sing

Ha xoHTpoapHOI 3a/1a4a OyAeT coepIKaTh JiBa ClIaraéMbIX B IPAaBOM YacTH, Ha-
MpuUMep:
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Du=rsing +r’sing , 2<r<3

ul_,=sin3

u| _, = cosj

OnHo caraemoe -- pe30HaHCHBIN CITy4ail, a IPyroe -- He PE30HAHCHBIN.
CootBeTcTBeHHO QYHKIIUA W OyJIeT MPeACTaBISITH COOO0I JIBa CllaracMbIX.
W =W, +W, Ka)KI[OC u3 KOTOpBIX umieTcs oTaeabHo. OMHO A ypaBHEHUS

(W )rr +— (Wl) +— (Wl)j j =r S n a
Ipyroe s ypaBHeHmI
(W )rr +— (WZ) +— (WZ)” =r Sna

COOTBeTCTBeHHo W, HaXOQUTCS KaK B IPUMEpE IPEAbIIYIIEHN JIEKIIUH, a W, KaK

B HACTOSIIIEM MPUMeEpE.
Jlanee Tak ke Kak B 000UX mpuMepax padoTaem ¢ GyHKITUEH W .

UYro kacaeTcs 3a7a4 B KPyre ¥ BHEIIHOCTU Kpyra, TO Ha KOHTPOJIbHOU UX HE Oy-
JIeT, HO MOTYT TonacThes Ha 3a4eTe. Ha nmpakTuke A TpeHUPOBKU OyJeT He-
CKOJIbKO IPUMEPOB C HEPE3OHAHCHBIM citydyaeM. [I[puHIuI pereHus Takoi xe,
KaK ¥ JJIs1 KOJIbIA: C TOMOIIbI0 PYyHKIIMU W ypaBHeHHe [lyaccona cBoauTCS K
peuieHuto ypaBHeHus Jlamnaca, Ajist KOTOPOro BUJ OOIIETO pEeLIeHUs yKe Haii-
neH. 1 ocraercs TONbKO ONpeAenuTb KO3()pPUIUMEHTh U 3a1caTh OTBET.

YpaBHenue Jlamnaca:
Du=0e6 W
Ypasuenue Ilyaccona:
Du=- (X,t) e W
[Tmroc rpaHUYHBIE YCIIOBHSL.
Ecam Ha rpanmie o0sacTu 3agaHO 3HAYCHUE (PYHKIIUH: U‘."W = Uy (X) TO 3ajaya

uMeHyeTcs 3anadeit Jupuxite aus ypasaenus Jlamnaca (ITyaccona)
Ecnu Ha rpanuie oOjacTd 3ajaHa MPOM3BOIHAS IO HOPMAIM K TpaHHIIE:

Tu
¢
plla] v
naca (ITyaccona).

Ecnu Ha rpaniie 3aaHo 3-¢ TpaHUYHOE YCIIOBHUE, TO 3a/1a4a HE KMEET CBOEro Ha-
3BaHUA.

Pemenue mo0oit u3 3aga4 Ayig ypaBHenus [lyaccoHa MOKHO MpeCTaBUTh B BU-
Je cyMMbl (DYHKLMIA: TIepBasi U3 KOTOPBIX SBISETCS PEUICHUEM COOTBETCTBYIO-

= U, ( X) , TO 3aj1aua HasbIBaeTcs 3amaueki Heiimana s ypasaenus Jlam-
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nieil 3agaun A ypaBHenus Jlammaca, a Bropas peuienueM ypaBHeHus Ilyacco-
Ha C HYJIEBBIM COOTBETCTBYIOIIUM yCIIOBHEM Ha IPpaHULIEe 00JIaCTH.
Ho peanbHO ynoOHee yka3biBaeTcs pemiath ypaBHeHHe I[lyaccoHa HECKIBKO

MOJIPYTOMY.
Wnest cocTouT B TOM, YTO Haisd Kakoe-HUOYIb perenrue ypaBHenus Ilyaccona
W MOXHO CBeCTH pernieHue ypaBHeHHs [lyaccoHa k pemeHnto ypaBHeHus Jlamn-
jaca.

Ecmu  pemas ypaBHeHme DU =- f(X,t) Mbl HaiJieM HEeKyl (yHKIH-

ror DW = - f(X,t), to mpeacraBuB U=V +W mnomyunm, uto Dv=0. I'pa-

HUYHBIEC YCIIOBUS Ha HOBYIO HeM3BeCTHYIO (pyHkiuio V=W - U MOXHO HalTH,
nockoybKy ¢pyHkuust W M3BecTHaA, a TpaHUYHbIE yclioBUs Ha GyHKIHIO U MOX-
HO B34Tb U3 YCJIOBUS 3aJa4M.

Crnenyer OTMETUTH, UTO MOJyYE€HHUE 00ILIEro penieHus: ypaBHenus Jlamnaca Hu-
KAaK HE CBSI3aHO C YCJIOBUSAMM Ha TPAHHUIIE.

VYpasHenue Jlamaca 1t Kpyra, KOJaplia M1 BHEIITHOCTU Kpyra.

Bo Bcex ciydasx Oyjaem paccMaTpuBaTh PEIICHUS TaKue, 9TO ‘U(X)‘ <M - orpa-

HH4Y.

Koubno: Ilepexoaum K MoJIIpHBIM KOOPAUHATAM:

1 1
Du=u, +-u +—u, =0
r r

u‘r:R1 = ul(j )

Ul =2 (1)
Niem pemieHne B BUAE!

u=R(r)F()
1

R +1RE + L RF€=0 /FR

r r
rzgeR@+1R09

& r o_

—1 2
R P
u(rj )=ulrj +2p)
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|.LF@+1?F =0, F(j +2p)=F(j )

| =n,n=0,¥%

F(j )=C,cosn +C,sinn

ITpu Nn=0 umeem ogHo pemenue F (j ) =1, npu N3 1 umeercs 1Ba HE3aBU-
CHUMBIX PEIICHHUS

F&(j )=cosn

F(i )=sinn

OO6iee perreHre Ipu 3TOM OyIeT UMETh BUJT

F.( )=Acosn +B,sinn

II. r’R&+rR¢- | ?R=0 -- ypaBHerue Diinepa

| =0 rRE¢+ RC=0, R¢=y

d 1
YT y=C,—=>R=CInr +C,

y r r
JBa He3aBucuMbIX pemienus R =Inr, R, =1
IIpu | =n umem pemenue B Buge R=r?.
a(a-1r*+ar*-nr*=0
Cokpamiast ° momydaeM a’=n”a =N, To eCTh HIMEEM J[BA HE3ABUCHMBIX
pelieHus

— N — - N

Ry=r" Ry =r.
OO6miee perieHre noTy4aeTcs Kak JUHEeHass KOMOMHAIMS STUX HEe3aBUCUMBIX
pemeHun

Rn:C:lnrn-l-(:an_n

Hrtak nmeem

F.( )=Acosn +B,sinn mpun31

Fo(j ):A) mpu N=0

Rn(r)zclnrn+C2nr-n’n3 1

n=0 Ry)(r)=CylInr+C,

COOTBETCTBEHHO MPU KXKIOM NIIOIydaeM peiieHre un(r,j )

Uy(r,j ) =@y R, =Cplnr +C, = Allnr + B,

[Ipu n31

u,(r.j )=(Acosn +B sinn )r"+(C cosr +D,sinn )r".

OO6miee pelrieHrue UMeeT BT
Y ¥

u(rj )=au,(rj )=Alnr+B,+3 (Acosn +Bsnn "+
n=0 n=1

+(C,cosrj +D,sinnyj )r "
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MoxHO 3anmcaTth UHAUE

¥
. o] - .
u(r,j )=Alnr+B,+q (Ahr” +C.r ”)cosry +
n=1 (1)
+(Bnrn + Dnr'”)sinrj
[To cytr -- oHO U TO e. CMBICT B TOM, YTO PAaCKPBIB CKOOKH MBI MTOJTyYHM U B
TOM , ¥ B IpyTOM JIMHEIHYI0O KOMOMHAIINIO MPON3BEICHUI HE3aBUCUMBIX pellie-
Huit @ u R. Oxna u apyras ¢opma 3ammcu CBsi3aHbl TOJIBKO CO CIIOCOOOM
TPYIITUPOBKH CIaraeMbIX.

3anaua [{upuxiue nis ypaBHeHus Jlannaca B KOJIbIIE.

Du=0, R<r<R,

1 1
Du=u, +-u +—u, =0
r r

u‘rzl'—?SL - ul(j ) P

Ve

y - KOIbyo

u‘r:Rz —U; (J )b

Jl1s KoJb1ia:

¥

U, =B,InR+A +3Q R'(Acosnj +B,sinn )+
n=1

+R"(C,cosni +D;sinn )=u,(j )
¥

U|r=R2:Bo|”Rz+'°b+é R (A,cosn +B,sinnj )+

n=1
+R,"(C,cosn +D,sinn )=u,(j )
Ecnu BcmoMHHTE paszioxeHue pyHKIun Ha oTpeske [- P;P] B psag Dypoe

fi)=ul)=

¥ ¥
=%fo(c)+é:l(fn(c)cosrj +fsinn )=%+é:l(a\1cosrj +b,sinny ),

TO JJIs1 HAXOXKJAEHUS KO (PHUIIMEHTOB UCTIOIB3YIOTS U3BECTHBIE (hOPMYJIbI
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10
==0Of (i )cosn d
P.p

19 = ic‘) f(j )sinn di

-p

AHanorI/Iqu ¥ Ha JPYroii rpaHuile

g(i )=u,(; )=§gé)+a}l(g£)cosr1 +g'%sinn

Koappunuentsr A ,B,,C ,D, Haxonum U3 CHCTEM, IIPUYEM IIPH ITOM yJOOHEE
I/ICHOJ’IBSOB&TL pemenue B opme (1)

% BInR1+Ab
T%go BINR A,
{f Y=R'A+R"C,
toy =RA +R"C,
i :Rlan-l-Rl-nDn

|

= ~(S) — pn -n

10, = RZ Bn + RZ Dn

Haiins koadduimenTs! 3anuceiBacM pereHue B Bujae (1) ¢ HaiiieHHBIMU KOH-

KPETHBIMHU KO3 (HUIIUEHTAMH.
B o6miem cityuae mosydaem perienue B Buge psia (1)

¥
u(rj )=Alnr+B,+§ (Ar"+C,r")cosn +
n=1

+(Bnrn + Dnr'”)sinrj

s kpyra:

Du=0, r<R,

u|r=R2 =Uy (J )

Pewienne i Kpyra MOXHO IOJIYYUThb U3 PELICHUS Il KOJIbLA, YCTPEMUB
MEHBIINHA pajinyc KOJbIA K HYJIIO U YUYUTBIBASI, YTO PELICHUE JTOJKHO OBITH OT-
PaHUYECHO.

[Ipu R ® OB 001eM pereHuu Uist Koblia UMEIOTS caraeMble, CTpeMsIecs
K 0€CKOHEYHOCTH. B cuily OrpaHM4eHHOCTH PEIICHMS 3TH ClIaraéMble JOJIKHBI

VCYE3HYTh.
A BO3MOXHO 3TO TOJBKO B CIIy4ae, €CJIM 3TUX CJIAra€MbIX B PEIIEHUU ITPOCTO HE

OyJer, TO €CTh
B,=C,=D, =0.
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Torna obuiee pemenue ypapuenus Jlamnaca g Kpyra npuMeT cieayomun
BH/I:

G(rj )= A+ 8 1" (Acosrj +B,sinn )

n=1

u

I

-
o

|

|r=

¥

f(i )=A+a R(Acosr +B,snn )=
n=1

(fn(C) cosnj + f&sinn )=>

£, A =10
) R; n

BHemHoCTh Kpyra.

Du=0, r>R

u|r=Rl = uO (l ) :

AHQJIOTUYHO PEIICHHIO ISl KpyTa PellIeHHe /111 BHEITHOCTH KpyTra MOTy4rM

yCTpEeMJIsist OONBIIHNI panyC KOJIbIa K OECKOHEYHOCTH.
CootBeTcTBEHHO IIpU R, ® ¥ B 00111€M pelIeHnn A KoJblia OyayT cilaraeMble

cTpemsiyecs K 0ECKOHEYHOCTU. B CHUITy OrpaHMYE€HHOCTH pEIIEHUs OHU 10K~
HbI HCUE3HYTh. ITO IIPOU30UJIET, €CIIH ATUX cllaraeMbIxX He OyaeT. To ecTh

B,=A =B =0
U peIlIeHUe JIsl BHEIITHHOCTU KpyTa Oy/IEeT BBINJISIIETh CIAEAYIOIUM 00pa3om
¥
u(r,j )=A +a r"(C,cosnj +D,sinn )
n=1
COOTBETCTBEHHO
¥
U, =U%=f( )=A+a R"(C,cosn +D,sinn )=
n=1
¥
:%ffﬁ+é(ffhma1-+ﬂ$gnq)

n=1

fO(C)7 Cn = Rin fn(C)7 Dn = Rln fn(S)

N |

Ab:

[Ipumep pemeHus 3a1aun
Du=rsing , 2<r<3

ul_,=sing
u| _, =cosj
Haitnem vactHoe pemenue ypasHenus [lyaccona.

1 1 o
Du=u, +?ur +r_2u“ =rsin?
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13 cTpykTyps! oneparopa Jlamiaca B HOIAPHBIX KOOpAUHATAX CIELYET, YTO 3TO
pelIeHre MOKHO UCKATh B BUJIE

u, =w=Ar*sng .

IToxcraBuB 310 BhIpaXkeHue B ypaBHeHue [lyaccoHa noiryyum
Aa(a - Dr*?sing +Aar*?sing - 4Ar*’sin2 =rsing
Janee, COKpaTuB Ha SN mosy4uM

CArtP@c- 4)=r.

Otkyna r* 2 =r

a-2=1
a =3.

Takum o6pazom A@°*- 4)=AF - 4)=1u A= %

3HaYUT W=%r3sin2j :

Jlanee uiieM pereHne uCXOAHOM 3aa4u B BUJIE
u=v+w.

OyHKIUA VIBISIETCA PEIICHUEM CIEAYIOLIEH 3a/1aun
Dv=0, 2<r<3

V., =sind -w|_,=sing - %23sin2j
V| _,=cosj -w|_ =cog - %?sian
Oo1ee perieHre ypaBHeHus Jlamiaca i1 KoJbIia yKe MOJIy4eHO
v(r,j )=Alnr+B, +§ (AJ” +Cnr'”)cosr]' +
n=1

+(Bnr”+Dnr'”)sinr]'

Octaetcst HaiiTu KoddduireHTsl. OHU HANAYTCA U3 CIEIYIONTUX CUCTEM

i . 2
-,I[-8222+D222=—€
'B,3+D,3%=- 3
f 5

1B,2°+D,2%=1
1BF+D,3°=0
} A2+C21=0
tA3+C3'=1

Bce octanbHbie KO3(DPUITMEHTHI paBHBI HYJIIO.
Pemenne nucxomHou 3amaun
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u=u(r,j ):(Ar +C1r'1)cosj +

+(Bzr2 + Dzr'z)sian +(BSr3 + D3r'3)sina' +%r3sin2j

.
YpaBHenue Jlamiaca B miapoBoM cJioe ISl CJIydasi paauMajibHOM CHMMeT-

pUH.

YpaBHeHueM Jlamiaca Ha3bIBACTCS YPABHEHUE

Du=0,
u=u(r) RErER,
_ u  _

u|r=R1 =A ﬂ_E =A U|r:Rl A ﬂ_ﬁr—Rl A

a) 6) Mi-r 6) fu 2)
-B T
u|r=R2 - =B A =B E =B
u|r:R2 ﬂn r=R, ﬂﬁ
r=R,

V=u,

A +Zv:0
r

y:_gdr

Vv r

Inv{ = - 2Inr| +C,

v:%lb u:&+C2
r r

Otcro/1a BUIHO, YTO BBITIOJHEHUE YCIOBHUs (2) HEBO3MOIKHO.

[Ipumepsr:

u _ =2

a) - u:&+C2

u|r=2:3 r

1C*+C, =2 ¢ =2 2

i C, P Pu=-—+4
i TC73 G =4 r
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6)ﬂ_ﬁr-1_ LE:_E_CZI
B q i r

u|r=2_

I 19

T 1~ C, =2

ic ! b % pu=242

iZtc,=3 &7 r

I 2

l"I|r1=2

B 1 fu_fu_ C

ﬂ—E =3 I 9 r?

ﬂnr-Z

jC +C, =2 C. =-12

? 'Cl . u:_g+14
= C,=14 r



