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IlepBbIi cemecTp

3ajaua 1.

Teopemuueckue ceedenus.
B mpsMmoyronbHOM aexapToBoi cucteme koopauHaT OXYZ MOJOKEHUE JH0O0OW TOUYKH

3a1a€TCSl TPEMS YUCIIAMU — KOOPOUHAMAMU A(X A YarZ A) (pucyHok 1).

Pucynok 1.

PaccrosiHue Mexay AByMs TOYKaMH A_L(Xl, Y1, 21) u A (XZ, y2,22) OIPENENSAETCs 110

bopmyie

d = (% = %)% + (Y2 = y1)? + (25— 22)2. (1)

[Mpu pemieHMH 3a7ay aHAJIMTHYECKOW TEOMETPHHM Ha IJIOCKOCTH HEOOXOJUMBI
CIIC/TYIOIIUE CBEACHUS O MPSIMOi JIMHUU:

1) ecniu Touka M(X; y) aenut otpe3ok MiMy (Mi(x1, y1) v Ma(x2; y2)) B OTHOLICHHUH A,
TO KOOPAMHATHI 3TO TOUKH BhIpAKar0TCsA (hopMyIaMu

X_x1+ﬂ,x2 Yt Ay,

, , 2
1+ 4 y 1+ 4 @)

eci ke Touka M(X; Y) - cepeauna otpeska MiMo, To

x=X1*t% o _N*Ys. (3)

2 2



4

2) ypaBHEHHE IPSIMOM, Mpoxojsied depe3 Touky Mi(Xi; Y1) ¥ MMEIOIIEH JTaHHbIH
yIJIOBOM KO3 GHUIMEHT K, 3aITUChIBACTCS B BUJIC

Y=y =k(x=x); (4)

3) ypaBHEHHE MPSMOU, MPOXOASINEH Yepe3 ABe JaHHbIe TOUKU Mi(X1; Y1) 1 Ma(X2; Y2),

WMEET BU

X4 _Y=h , Ipu 3TOM K = Ya= ¥ yl (5)
X=X Y2— )1 Xy =%

4) OCTpBI YroJ MEXAy ABYMs MPSMBIMU C YriaoBbIMEH Kodddurumentamu Ki u Ky

onpenensiercs mo Gopmyiie

_ke =k

6
1+ keks | (©)

IIpun 3TOM YCIOBHC IIAPAJUICIIBHOCTH IIPAMBIX HMCCT BHI k]_:kz, a YCIOBHC

HepHeHUKYIApHOCTH K, = _ki (7)
2

5) ecnu mpsiMasi Ha TIOCKOCTH 3aaHa oowum ypaenenuem Ax+By+C=0, To k; =—

- €€ YII10BOM KO3 UILIUEHT;
6) ecau B OOIIEM ypaBHEHHH TPSAMOU TMOACHUTh Bce wWieHsl Ha C # 0, moaydum
YpPaBHEHHE NPSIMOU B OTPE3KAX:

X Yy C C.
. .S a=——,b=——; 8
a b HeEETA B (®)

7) Touka mepecedeHus 1ByX NpsMbiX A1x+B1y+Ci1=0 u Ax+Byy+Cr=0 onpenensercs

U3 PEILLICHHS CUCTEMBI YPABHEHUM

Ax+By+C; =0 ©)
A2X+ Bzy+C2 :O .

Vpaenuenue okpyscnocmu ¢ uentpom B Touke E(a,b) m pammycom R umeer Bup
(x—a)* +(y—b)* =R2. (10)
Ilpumep évinonnenusn 3a0anus.

Jlaubl Bepimabl TpeyroiabHuka ABC: A(—4;8), B(5;-4), C(10;6).
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Haiitu: 1) nnuny croponst AB; 2) ypaBHeHust cTOpoH AB u AC B 00111eM BHJIE U UX
yIJ10BbIE KO3 PUIHMEHTHI; 3) BHYTPEHHUN yroil 4 B paguaHax ¢ TOYHOCTBIO 10
0,01; 4) ypaBHenue BbicoTbl CD B o00mem Bujae U ee AIUHY; 5) ypaBHEHUE

OKPYXHOCTH, JIJIs1 KoTopoil BhicoTa CD ectb nuamerp.

Pewenue:
1) Paccrosaue d MexXIy IByMs TOUYKaMH Ha IUIOCKOCTH oIpeaesseTcs mo ¢opmyie (1), B

KOTOPYIO TIOJICTaBJICHBI 3HAUYEHUS KOOPJUHAT To4Yek A u B (monoxum Z; =z, =0), Torna

AB = /(5 (~4)) + (- 4—8)? =/81+144 =15.

2) YpaBHEHHE PSIMOH, MPOXOASIIEH Yepe3 JABe 3aaHHbIe TOUKH uMmeeT BU (5):

[ToxctaBuB B (9) KOOpAUHATHI TOUEK A U B, MOIy4uM ypaBHEHHE NpAMon AB:
Xx—(-4) y-8 X+4 y-8 X+4 y-8

5-(-4) -4-8" 9  -12 3 -4
3y-24=-4x-16, wm 4x+3y—-8=0 (4B).

JIJIs HaXOXJICHUS YriIoBOro KoddduimeHTa Kag NpSIMON AB pa3pemuMm MOJIydeHHOE

YpaBHEHHUE OTHOCUTEIIBHO Y: Y = 3 X+ g Orcrona Kag = —g . IToacraBus B popmyny (5)

x—(-4) y-8
10-(-4) 6-8'

koopauHatel Touek A u C, HaligeM ypaBHeHue  mpsmoud AC:

Xx+4 y-8 x+4 y-8
14 -2 7 -1

7y_56:_x_4 Wiu X+7y—52:0 (AC)

Orcrona K :—%.

3) Yron Mexay AByMs MPSIMBIMH, YIJIOBbIe KOI(D(UIIMEHTHI KOTOPBIX paBHBI Ki U Kz,

onpeaensercs o Gopmye (6). Yron A, oOpaszoBanubiii npsiMeiMu AB 1 AC, HaiijieM 10

dopmyie (6), moncraBus B Hee Ky =K, g = —%, Ko =Kpc = —%.



_1_[_4j 4 1 25
7 3 3 7 21
1+ _Lh(4 1+i 2

7 3 21 21

/A =arctgl=45" ~ 0,79 pan.

=1,

4) Taxk kak Bbicota CD neprnienauKyssipHa CTopoHe AB, TO yriioBbie KOA()OUITUSHTH 3TUX

NPSIMBIX CBSI3aHbI COOTHOIIIEHUEM (7), TOATOMY

. 1_ 1.3
0 kAB _ﬂ 4
3

YPaBHeHI/Ie HpHMOﬁ, HpOXOIISIHI@ﬁ 4cpe3 3aJaHHYI0O TOYKY B 3aJaHHOM YIJIOBBIM

koapdurmenToM K Hanpapinenuu, umeeT Buj (4). [ToacraBuB B (4) KOOPAWMHATHI TOYKH

Cu Kep = % , IOJTy4uM ypaBHEeHHE BbICOTHI CD:

y—6=%(x—10), 4y -24=3x-30, 3x—-4y-6=0 (CD).

Jns Haxoxkaenus aauael CD ompenenum koopauHatel Touku D, pemms cucreMmy
ypaBHeHwUi (AB) u (CD):

{4x+3y—8:0

3X_dy_6=0’ orkyna x=2,y=0, Toecrp D (2;0).

[ToacraBus B hpopmyny (1) koopaunatsl Touek C u D, Haxoqum:

CD =+/(10-2)? + (6-0)% =/64+36 =10.

5) Tak kak CD sBisieTcsl [MaMETPOM MCKOMOM OKPYKHOCTH, TO €€ LIEHTP £ ecTh cepeauHa

otpeska CD. Bocnonbs3oBaBmmcs hopmyoii (3) meneHus: oTpes3Ka momnojam, moTydrM:

_Xc +Xp _1O+2:6 yE:yC+yD :6+O:3.

X
E 2 2 2 2

CnepoBarenbHo, E (6, 3) u R:%:%:S. Ucnonb3ys popmyny (10), momyuaem

ypaBHEHHE UCKOMOW OKPYXHOCTH: (X — 6)*+(y — 3)?= 25.



3agaua 2.

Teopemuuecmte cBe0eHUsl.

Ecnu wm3BecTHbl Hauano Bektopa Mi(X(,Y1,z) um komernm My(X,,Y,,2,), To

%
KOOpAnHaThI BekTopa d = M;M, HaxonsaTcs no gpopmysiam

X=Xy =X, Y=Yo— V1, 2=2, — 71, (11)

a Cr'o AJIMHA OIIPCACIEICTCA BBIPAKCHUCM

\é\:\/x2+y2+22 . (12)

Bekrop @ ¢ koopauHaramu (X, Y, Z) MOJKET OBITh MPEICTABIIECH PA3JIOKEHUEM 10 OPTaM B
BUJIC

d=Xi +Vj+2K. (13)

Ecnu a, B, Y — yrJibl, KOTOpBIE BEKTOp a 00pa3zyeT C MOJIOKUTEIIbHBIMU HAITPABICHUSIMU

ocell KOOpAUHAT, TO COSM, COS[, COSY Ha3bIBAIOTCS HANPABIAIOWUMU KOCUHYCAMU BEKTOPA

a (pucynok 2). Torja uMEIOT MECTO COOTHOIIICHHUS

x=|d|-cosa,y=|a-cos B, z=la|-cosy, cos’c+cos’P+cos’y=1.

—

Jlns BextopoB a=(X,Y1,%) u b=(Xy,Y,,2,) BBOMATCS Omeparmu cirodcenus u
YVYMHOINCEHUA HA HUcjio TaKHue, qTo
Axb=(X £X,, Y1 £VY,,21£2,) u A8 =(Ax, Ay, 17;),

rae A — JIr000€ YHUCIIO.

2l

v

l
~.ly

Pucynoxk 2.
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Cransipuvim npouseedenuem AByX BeKTopoB & u b (é : b) HAa3bIBAETCS YUCII0, PABHOE

IMPOU3BCACHUIO JIINH OTHUX BCKTOPOB Ha KOCHUHYC YyIjla @ MCXKIY HHMU,

a-b :\é\-‘b‘-COS(p WM, €CTM BEKTOPHl 3aJaHbl CBOMMH KOOPIMHATAMH, TO

—

a-b=xX + 1Y, +742;. (14)

BGKTOpBI, JCXKamue  Ha OI[HOﬁ WK  MMapaJuICIIbHBIX  IIPAMBIX, HA3bBIBAIOT

—

konmuneapuvimu.  [IpU3HAK — KOJUTMHEAPHOCTH BEKTOpOB a4 W b sBisercs

IMPpONOPHUOHAIBHOCTb UX KOOPAWHAT:

A _N_4a (15)
X Yo Ip
Eciu BekTops! & 1 b B3auMHO mepneHAUKYISPHBI, TO XX, + ;Yo + 22, =0.  Vron

—

MEXIy BeKTopamMu a u b ompenensercs COOTHOLIEHHEM:

a-b_ X1 X2 + V1Yo + 4429
6l (w2 2 L o2 [v2 L, 2, o2
\a”b‘ \/Xl +Y +4 \/X2+Y2 +1;

VYpaBHEHUE IJIOCKOCTH, MPOXOIAIIEH YEpe3 TOUYKY MO(XO,yO,Zo) MEePIEHANKYISIPHO

COSQ = (16)

BEKTOPY N = (A, B, C), UMeEET BUJ
A(X—Xg)+B(y—-Yq)+C(z—124) =0. (17)

Ilpumep evinonnenus 3a0anus.

Janbel koopauHathl Tpex Touek: A(3; 0; -5), B(6; 2; 1), C(12;-12; 3).

- -
TpeOyetcs: 1) 3anucats BekTopsl AB u AC B cucteme opT U HAUTH MOJTYJIA STUX

- -
BEKTOPOB; 2) HailTh yroa Mexay Bektopamu AB u AC; 3) cocTaBuTh ypaBHEHUE

%
MJIOCKOCTH, TIPOXO Isiiei uepe3 Touky C neprneHauKysipHo BekTopy AB.

Pewenue:
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_)
1) Haiinem koopaunatel Bektopa AB, moncrtasus B popmyity (11) koopauHaThl TOYEK A U

B, n 3anmieM pasnokeHue 3Toro BekTopa 1o opram (13):
- - - -
AB=(6-3)i +(2-0)]+(1+5k =3 +2] +6Kk.
[Tono6HBIM 00pa3zoM

— — - . —
AC=(12-3)i +(-12-0)j +(3+5)k =9 —12] +8k .

- -
Mopynu BektopoB AB u AC HaiineM, moacTaBiisist ©X KOOpAUHATHI B hopmymy (12):

- -
‘AB‘: 32 122,62 =7, ‘AC‘:JgZ 4+ (~12)2 + 8% =17.

- -
2) Haiinem xocuuyc yria ¢ mexay Bektopamu AB u AC. JIjis 3TOro BBIYMCIMM HX

CKaJIIpHOE Mpou3BeneHue mno dpopmyse (14):

- -
AB-AC=3-9+2-(-12)+6-8=51.

Torna no popmye (16)

COSQ = 7517 ~0,4286, ¢ = 6437 =1,13 pan.

3) Ilo ycnoBuio 3amauM MCKOMasl IUIOCKOCTh MPOXOauT depe3 Touky C(12; —12; 3)

5
nepreHaukysspHo Bekropy AB=(3,2,6). Iloacrasmsst B (17) A= 3, B= 2, C= 6,

Xo= 12, yo=—12, 2,= 3, NOIy4uM:
3(x-12) +2 (y +12) + 6(z—3) =0,

wi 3x + 2y + 62 — 30 = 0 — uckomoe ypaBHEHHUE TIOCKOCTH.

3anaua 3.

Teopemuueckue ceedeHus.
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BCKTOpr HA3bIBAIOTCA KOMILJIAHAPHBIMHU, €CJIM OHHU JICKAT B OI[HOﬁ IINTIOCKOCTH HJIN B

NMapasenbHEIX IIOCKOCTAX. YCI0BHEM KOMILTAHAPHOCTH TpeX BEKTOpoB d; =(X,Y1,Z;),

d, =(X,,Y,,2,), 83 =(X3,Y3,Z3)5IBIsIETCA  PABEHCTBO HYII HX  CMEIIAHHOTO
HpOI/I3B€I[eHI/I5{:
XX Y1 7
(a,,8,,85)=[x, Yy, Z,/=0. (18)
X3 Y3 Z3

Tpu BekTOpa 00pa3yIoT Oa3uc B TOM CIIydae, €CI OHU HeKOMNIAAHADHYI.
Ecinu mns BekTopoB &;,8,,8; BbIonmHsercs ycuosue (d;,d,,d;3)#0, To oHE 06pasyior
Gasuc, 1 TF6OH YeTBEPTHIHA BekTop b = (by,b,,b3) Moxer GbITh NpencTaBICH pa3noKeHHEM
10 3TOMY 0a3uCy B BUJIE

b =ad, + fd, +a,, (19)
rie a, f, y — KOOpAUHATHI BEKTOpa b B Gasuce, 00pa30BaHHOM BEKTOpamHu aj,d,,ds.

KoopauHatel a, £, y HaXOAATCSA U3 CUCTEMbI YPABHEHHIA:

Xy + Xy + pXg =y
ayy + By, + W3 =b,. (20)
azy + L, + y23 =by

Ilpumep evinonnenus 3a0anus.

[Tokasate, uto BekTopsl §;(3; 1; 4), a,(2; 1; -1), d;(1; —1; 5) obGpasyror Gazuc

TPEXMEpPHOTO MpocTpancTBa. Haliti koopauHatel Bektopa b (5; 0; 3) B aTOM Oasuce.

Pewenue:
BbruuciuMm cMmemanHoe Npou3BeIeHHE BEKTOPOB aj,d,,d3
3 1 4
(8,,d,,8;)=2 1 -1=-11=0.
1 -1 5
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Tak kak cMelIaHHOE MMPOU3BCACHHUC OTIMYHO OT HYJIA, TO BCKTOPbI HCKOMILIAHAPHBI U

-

obpasyror 6asuc. KoopmuHatel BekTopa D B 3TOM 0a3mce HaijeM, pasjoXHB €ro Io

BEKTOpaM dj,d,,d; CIeAyroluM o0pa3oMm:

a KOOpJMHATHI BeKTopa b B HOBOM 0a3uce HaiijieM U3 cucteMbl ypaBHeHHi (20)

a-3+[-2+y-1=5 3a+2+y=5
a-1+p-1+y-(-1)=0 WIN a+p-y=0
a-4+p-(-)+y-5=3 4o — f+5y=3

Pemum 9Ty CUCTCMY AJIA 3aJaHHBIX BCKTOPOB MCTOAOM Faycca.

[lomensieM MecTamMu IEPBOE U BTOPOE YPAaBHEHUS

a+p-y=0
3a+2p+y=5.
da— f+5y=3

[Tocne aToro yMHOKHM IEpBOE YpaBHEHUE Ha (—3) U CI0KUM CO BTOPHIM. Jlasiee yMHOKUM

nepBoe ypaBHeHUE Ha (—4) U CII0XHUM ¢ TpeThuM. [lomyunm:

a+p-y=0
-p+4y=5.
-54+9y=3

3aTeM yMHOXaeM BTOpOE€ ypaBHEHHUE Ha (—5) U CKJIaJbIBaAEM C TPETHUM:

a+p-y=0
- [ +4y=5.
—11y =-22

N3 nocneanero ypaBHeHnus umeem y= 2. [loficraBisieM 3TO 3Ha4€HHE BO BTOPOE YpPaBHEHHUE,

noyiyuaem = 3 1, HaKOHEl, U3 IEPBOr0 YpaBHEHUs HaXoauM a= —1.
Takum oOpazom, nojctaBuB B ypaBaenue (19) koopauHaThl BekTopa b, momy4nm

6:—514‘332 +2§3
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3anaua 4.

Teopemuueckue c6eoeHusl.
HeoHopoaHas cucTeMa TPeX yPaBHEHUM C TPEMs HEM3BECTHBIMU B OOLIEM CIIydae UMEET
BUJI
1% +apXy + 13X =hy
81X +8ppXp + BxgX3 =y
31X +Agy X, + 8g3X3 = g
U MOXECT 6BITB 3alluCaHa B ManI/ItIHOM BUIC
AX=H, (21)
a1 A Q3
rie A=|a,; a,, a,; |-MaTpuna Ko3UIMEHTOB PH HEUZBECTHBIX,
dg; dzp dg3
X1

X=| X, | - MaTpuua-cTonoer HeN3BECTHBIX,

H =| h, | marpuna-cronder cBOOOAHBIX YWICHOB.

Ecnu matpunia A — meswipooicoennas, T0O €CTb UMEET ONPEACNIUTENb, OTIUYHBIA OT
HyJIA, TO CymiecTByeT marpuua A, obparnas k A, Tak uro AA=E (E - eaunnunas
MaTpuia). YMHOXHM 00€ 4acTu ypasHeHus (22) na Al u momyuum

ALAX=A1H,
WIH
X=AlH, (23)
nockoibKy Al A-X=E-X=X,
PaBencTBO (23) siBRsieTCs pellieHHeM CUCTEMbI ypaBHEHH (22).

Marpuiia, oOpaTHasi K HEBBIPOXKIEHHON MaTpuile A, HAXOIUTCs o0 popMyJie
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1 Ar An Ag
A_lZZ Ao Ayp Ag |, (24)
Az Az Agg

rne A; (1=1, 2,3; j=1, 2, 3) — anreOpanueckoe AONOJTHEHHE JIEMEHTA djj, KOTOPOE
ABJISIETCA TPOU3BEICHUEM (-1)  ma MuHOp (OmpenenuTenb) BTOPOrO MOPAIKA,
IIOJTy4EHHBIA BBIYEPKUBAEM I-ii CTPOKH M J-TO CTOJIONA B ONPEICITHTEIE MATPUIIBI A; A —

OIIPCACIINTCIIb MATPHUIIbI A.

Ilpumep evinonnenus 3a0anusi.

JlaHHyIO0 cHucTeMy YpaBHEHHMIl 3amucaTb B MaTpU4HON (opMe U pEelIuTh €€ ¢
MOMOILIbIO OOPaTHOM MaTPHUIIBI:

2X1 +3X2 - X3 :8

Xg —Xo +2X3=-1

Peuwenue:

BelinuimeM 151 JaHHOM CUCTEMBbI YpaBHEHH MaTpUIly KO3(P(PUIMEHTOB MPU HEU3BECTHBIX

A u cTosioerr cBOOOHBIX wieHOB H:

1 -2 1
A=12 3 -1|, H=
1 -1 2 -1

Boruncnum onpenenurens A v anredpandeckue JOMOIHEHUS A j 3IEMEHTOB MaTPHLIbI

A
1 -2 1
A=2 3 -1=10=«0,
1 -1 2

CIIEZI0BATENLHO, MaTpula A UMeeT obpaTHyro MaTpuiy AL,

3 -1 L2 -1 b
A11:(_1)1+1'_1 2:5’ A12:(_1)12‘1 2:—5, A13:(—1)13'1 3:—5,
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a2 1 L, L1 L -2
Aa=(D7 ) 2‘:3’ An =D 2‘:1’ An =D —1‘:_1’
-2 1 1 -2
A31 = (_1)3+1 ) 3 _ =-1 A32 — (_1)3+2 ) ; ]‘.IZB’ A33 _ (_1)3+3 1 3= 7

Torna o popmyre (24) oOpaTHas MaTpuila paBHa

5 3 -1
A"l—% -5 1 3
-5 -1 7

[To popmyne (23) Haxonum pelieHNE TaHHOW CUCTEMBbl YpaBHEHUI B MaTPHUHOM

dbopwme:
. 5 3 -1|[ 1 5.1+3-8+(-1)- (-1) . 30
X:A‘l-H:E- -5 1 3| 8 :11- ~5.1+1-8+3-(-1) 0 0|=| 0.
-5 -1 7||-1 -5-1-1-8+7-(-1) -20| | -2

Orcrona x1= 3, x,= 0, x3= —2.
3anaua S.
Teopemuuecxue ceedenus.
Yucno A HaswiBaroT npeneiaoM ¢yHkiuu Y=f(X) B Touke a , ecnum 3Ta QyHKIUA
orpezesieHa B HEKOTOPOW OKPECTHOCTH TOYKH & , 32 UCKITIOYCHHEM, OBITh MOXKET, CaMOK

TOYKHU & , 1 s Kakjaoro &0 Haitnercs takoe 0>0, 4To /Uit BceX X, YIOBICTBOPSIOIINX

ycioButo 0 < ‘x — a‘ < 0, BHITIOJIHAETCS HEPABEHCTBO ‘ f (x) — A‘ <eg:

limf(x):A, eciu Ve>0 35>0:Vx:0<‘x—a‘<5:>‘f(x)—A‘<g.

xX—a

Brruucnenue IIPEEIIOB apu(PMETUIECKUX  BBIPAKEHUUN f1 (x)/ /7 (x),

f1(x)- fo(x), f1(x)= f>(x) mno mpenenam ¢ymxumii f7(x) u f>(x), u3 KoTOpHIX OHH
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COCTAaBJICHBI, HC BCCraga BO3MOXKHO. B »a1nx ClIydasax TOBOpAT, YTO BO3HHUKAIOT

HCOIPCACICHHOCTHU CIICAYIOIINUX BUIOB!:

2] (2] ) fo-0) 7).

I[JBI HaXO0XXACHUA ITPCACIIOB TaKNX HCOIIPCACIICHHBIX BBIpa)KeHI/Iﬁ HY>XHO

YUUTHIBaTh KOHKPETHBIN BUJT QYHKIIUN [ (x) u f> (x) Hanpumep,

IimE:O; (25)

X—0 X

0, ecau n>m

. by (x ) 0 ay )
pezeN OTHOIIEHHS IBYX MHOTOYICHOB |im =| — |={" ectu n=m ;
x—0Yn (x ) 0 m

0,eciu n<m.

. . . sinx (0
NIepPBBIN 3aMevarebHbIi npenen lim——=| — |=1; (26)
x—>0 X 0
X
BTOPOH 3aMevaTeNIbHbIN Tpeaen lim (1 + —j =(1)” =e. (27)
X—>00 X

Benuunna o (X) HaspBaeTcs beckoneuno manou npu X —a, ecau lim a(x)=0. [Ise
X—a

OCCKOHEYHO MaJjible BEJIMYMHBI HA3bIBAIOTCS IKeuedajleHmHbimu, CCINU IMPCACII UX OTHOIICHHA

paBer 1, To ectb a(X)~ S(X), ecnu )!i_rg%:

0
(6 =1. [lox 3HakoM mpenena Jiroodas
OCCKOHEYHO Mallas BEIMYMHA MOKET OBITh 3aMEHEHA Ha SKBHBAJICHTHYIO eil. [IpuBenem
Ta0JIUITy SKBUBAJEHTHBIX OECKOHEUHO MaJIbIX NpU X —> 0 BeIM4uH:
sinx ~ X, arcsin X ~ X, a*-1~x-Ina e” -1~Xx,

2
tgx ~ X, arctgx ~ X, 1—cosx~x7. (28)

Ilpumep evinonnenusn 3a0anus.

Boerauciauth npcacibl:

2
a) lim ax: +1lx=3 6) lim (\/x2+3x—x),

x>-33x2 +10X+3 x—>c0
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2X _(2x=3)"®
B) lim r) lim :
x—0 arctg5x x—o | 2X+1

Pewenue:

a) HOI[CTaHOBKa MNpcaAcJibHOIO 3HA4YCHUA apryMCHTA x=-3 IMPUBOAUT K HCOIIPCACICHHOMY
0
BBIPAXXCHHUIO B A 6 .

Jlnist ycTpaHeHUs 3TOM HEOIPeIeIEHHOCTH Pas3iIoKUM YUCIUTENb M 3HAMEHATEINb Apo0Hu Ha
MHOKHUTENIA U COKPAaTUM Jp0o0b Ha MHOKHTENb (x+3). Takoe cokpauieHue 31€Cb BO3MOKHO,

TaK KaKk MHOXUTEJNb (X+3) OTJIMYEH OT HYJIsI IpU Xx— — 3.

4x2 +11x -3 4-(-3)° +11-(—3)—3:£9j:

lim

x>-33x%2 +10x +3 3-(=3)2+10-(=3)+3 \0

(4x D(x+3) _ lim 4x-1_4-(-3)-1 13
x—> 3(3x+1)(x+3) Cx>-33x+1 3-(-3)+1 8’

0) [Ipu x— oo BeIpakeHuE X2 +3X — X naer HEOIpeIeIeHHOCTh Buia (oo — 00). [ls ee

YCTpAaHCHUA YMHOXKUM U pa3gCcIuM 3TO BBIPAXKCHUC HA V X2 +3X + X , HOCJIC YCT'O pa3aCiInM

YUCJIUTEIb U 3HAMEHATEIIb MOTYYEHHOM 1poOu Ha x , yuuThiBas popmyiy (25):

i (V2 + 3x — x )= (60 — 00 ) = [im (\/x2+3x—xX\/x2+\3x+x)
XI_’“’O( ’ )_( - XI_’“’ (m + x)

X% +3x — X° . 3
= |lim —

\/x +3x+x X \/x +3X+ X *7® /1+ +1

B) [Ipn X — 0 monyunm HEONpeaeIeHHOCTh (gj . O6o3nauum arctgox =Y. Toraa Sx=tgy

u y— Onpu x — (. [Ipumenss coiicTBa npeesios u Gpopmyiy (26), umeem:

2im SNy gim ot 29922
y—0 Y 5y—>0 y y-0cosy 5

x—oarctgbx \0

o (g)z.imzﬁ_@y) :
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9Ty 3aJa4y MOXKHO pPCIINTb, HCIIOJIb3YySA JKBHBAJCHTHBIC 3aMCHBI OECKOHEYHO MaJIbIX

BenuuuH (28). [Tockonbky npu X — 0 sKBUBaJIGHTHBI arctgSx ~ 5X, MOXKHO 3amucath

. 2X 0 . 2X 2
lIim———=| - |=lim—=—.
x—oarctgbx (0/) x—-05x 5
2X—3
2x +1

4x+5
F) HpH X —> 00 BBIPAXKCHHUC ( ) ABJIACTCA HCONIPCACICHHOCTBIO BHIA (100). I[JIH

YCTpaHEHUsI 3TOM HEONPEJEICHHOCTH MPEJACTABUM OCHOBAHUE CTETICHU B BUJIE CYMMBI | U
OECKOHEYHO MaJIol (IpU X —> ©0) BEIUYMHBI; TOCIE Yero MpUMEHUM (POpMYIly BTOPOTO

3aMevaTelIbHOTO mpezena (27):

_ 2% 3 4x+5 _ ox+1_4 4x+5 _ _4 4x+5
lim =lim| ——— =lim|1+ =
x—o\ 2X+1 X—>00 2X+1 X—>00 2x+1

2x+1 -4
. . _4 ~16X-20
) -4 ( —4 j (2x+lj (4x+5) . 5 1-(4x+5) ) ot
=lim|1+ = |lim e4X+ =lime 2x+1 =
X—>0 2Xx+1 X—>00 X—>0
16
) — ] _ 1
—lime 2 =lime ==

X—o0 X—>00 e8
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Bropoii cemecTp

[TPUMEPBI PEHIEHWA 3AJTIAY

3ajaua 1.

Teopemuqecmte ceeoenus.

IIpouseoonou ot ¢pynkuu Y = f(X) mo aprymeHTy X Ha3bIBaeTCs IMPEAES OTHOIICHHUS

npupaieHus GyHKIUA Ay K IpUpPAlIEHUIO apryMeHTa Ax, KOrjaa nocjieJHEe CTPEMUTCS K
HYJIIO:
Ay

y'=lim —.
Ax—0 AX

[TpousBoaHAas €CTh CKOPOCTh UBMEHEHUS (PYHKLIUU B TOUKE X.
OTbICKaHKE TPOU3BOJHON Ha3bIBaeTCs nudpepeHupoBaHueM QyHKIUH.

Ocnosnvie npasuna dugdepenyuposanus:

1. (C)' =0, rne C=Const.

2. (x)'=1

3. (U(X)£Vv(x))' =u'(x)£V'(x)

4. (u(x)-v(x))" =u'(x)-v(x)+u(x)-v'(x), (C-u(x))'=C-u'(x)

!

c (u(x)j _u'()-v(x) —u() - v'(x) ( C j _-C-v(x) (u(x)j’zu'(x)
“Lv(x) v2(x) ©Lv(x) v(x) L C C
6. F'(u(x)) =F; -u'(x)

Tabauya npouzeo0uvix snemenmapuvix Gyuxyuil (U =U(X)):
1. u"yY =n-u"t.u, 4. (sinu)’ =cosu-u’

2. (@")Y=a"Ina-u’, (e")=e"-u, 5. (cosu)' =—sinu-u’
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3. (log,u)' = -u’, 6. (tgu)’ = 5 -u’, 7. (ctgu)' =- _12 -u’,
u-lna cos“u sin“u
8. (arcsinu)’ = u’, (arccosu)’ =-— ! -u’
1-u 1-u?
9. (arctgu)’ = ! -u’, (arcctgu)' =-— L -u’
' 1+u® 1+u?

Eciu B Tabmuie moiaoxuTsh U(X) = X, To U’ =1.

Ilpumep évinonnenus 3ad0anus.

Haiinute npous3BogHbIE PYHKIIHIA:

a) y=In(2+sin3x);  6) y= (3% 11 ) cos(xy?) -3y +4x=0.

Pewenue:
a) TOCIEAOBATENbHO MPUMEHAS NpaBwiIa AUPQPEPEHIIUPOBAHUS  CIOXKHON (YHKLHH,

npaBuia v popmyiibl AuddhepeHIuPOBaHNS, UMEEM:

y'=(|n(2+sin3x))':# (245in3X) =~ .(2'+(sin3x)) =
2 +5In3x 2 +5Iin3x
:—_.0053)(.(3)()':3L_53X;
2 +5sIn3x 2 +5sIn3x

6) y' = ((3arctgﬁ +1)4)r _ 4(3arctgﬁ +1)3 _ (3arctgﬁ +1) =
— 4(3COVX  1y3. garctoVx |n 3, (arctg&)' =

:4(3arctgﬁ +1)3 _3arctgﬁ .|n3 (\/;) _

\/_ 2

1 1 2In3 JX X 3
_4 3arctgﬁ +1)3 .3arctgﬁ In3. ) _ .garctgyx _(garctgyx | q
( : 1+ (Wx)? 24x  (@+x)/x ( )

B) B JIaHHOM ciy4yae (yHKIIMOHAJIbHAs 3aBUCUMOCTh 3aJlaHa B HesgHOM Buue. s

HAaXOKICHHS IIPOU3BOIHON Y HYXHO npoaudhepeHInpoBaTh 110 IepeMEeHHOM x 00€ YacTH

ypaBHEHUSI, CYUTAS TIPU STOM ¥ PYHKITHUEH OT X, & 3aTEM MOTYyYEHHOE YPABHEHHE PA3PEIIUTh

OTHOCHTENLHO Y':
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—sin(xy?)-(xy?)' =3-2yy'+4=0;
—sin(xy®) - (x'y* + x(y?)) - 6yy' +4=0;
—sin(xy?) - (y% + 2xyy') —6yy’ + 4=0;
— yZsin(xy?) — 2xyy'sin(xy?) —6yy’ + 4=0;
4K IMOCJICAHCTO YPABHCHUA HAXOJUM y,
2w'(xsin(xy2) + 3): 4 - y?sin(xy?);

,_ 4—y*sin(xy?)
y = : > :
Zy(xsm(xy )+3)

3agava 2.

Teopemuueckue ceedenus. VccnenoBanue (QyHKIIMM OJHOM HE3aBUCHUMOW IMEPEMEHHOMN
OyJieM MPOBOJUTH IO CIEAYIONICH CXeMe:

1. Haiinem oGnacTh onpeseneHus GyHKIUU.

2. Uccnenyem QpyHKITHIO HA HEMTPEPHIBHOCTD.

3. YcraHoBuM, SIBIAETCA JM JlaHHAs (DYHKIMS YETHOM, HEUETHOM win (yHKIHEH

oO1uiero Bua.
4. Haiinem uHTEpBabl BO3pacTaHus U yObIBaHUS (DYHKIIUU, TOYKU SKCTpEMyMa.
5. Haiinem unTEpBaIBI BHITYKIOCTH U BOTHYTOCTH KPUBOM, TOUKH €€ Meperuoa.

6. Haiimem acHMIITOTBI KPHBOM.

Ilpumep evinonnenusn 3ad0anus.

HccnenoBath GyHKIMIO Y = U TIOCTPOUTH €€ rpaduk.

(x-1)°

Pewenue.
Peanusyem npuBeneHHYIO CXeMy UCCIeOBaHUS (DYHKITUH:

1. ®yukuus onpeneneHa Npy BCeX 3HAUCHUAX apryMeHTa x, Kpome x=1.
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2. JlanHast QyHKITUS SBISICTCS SJIEMEHTAPHOM, TIO3TOMY OHA HEIIPEPhIBHA HA CBOCH 00J1aCTH
oIpeeNieHus, TO €CTh Ha HHTepBajax (—oo;l) u (1;+00).

B Touke x=1 QyHKIMS TEPIUT pa3phIB.

3. Jlns yCTaHOBJICHHS YCTHOCTH WM HEYCTHOCTH (YHKIIUH MPOBEPHUM BBITOJTHAMOCTD

paBenctB f(—x)= f(X) (trorma f(X) — uernas ¢yukumsa) wan f(—x)=-F(x) (msa

HEUYSTHOW (PYHKIUH) JUIS JIFOOBIX X U3 o0nactu onpenenenus ¢pynkuuu: f(—X) = —(_ 2x 1)12
_X —
(X)) = _2x_—12.
(x-1)

CnenoBarenbho, f(—X)# f(x) u f(—x)#—1f(X), To ecTb naHHast PYHKIMS SBIICTCS
dbyHKIHEH 00111eT0 BU/IA.
4. Jlnsa vcciaenoBanus (GYHKIIMHM HA DKCTPEMYM HaiIeM ee MEPBYIO IPOU3BOIHYIO:

, 2(x-1)°-(2x-1-2(x-1)  2x
' (x-1)° R

Omnpenenum kputuueckue Touku Gpyakmuu: Y =0 nmpu X =0, Y’ He cymectByer pu X =1
. Tem campim nmeeM nBe kputuueckue Touku: x=0, x=1. Ho Touka x=1 He mpuHAAIEKUT
obnacTu omnpeseneHus GyHKIUU, IKCTPEMYMa B HEM ObITh HE MOKET.

Pa3o0bem unciaoByro ock Ha Tpu uHTEepBana (—;0), (0;1), (1;+w).

_ min + —

\ 0 /' 1 \ X

v

B nmepBom U TperheM UWHTEpBANAX NEpBas IMPOU3BOAHAS  OTpPUIATENbHA,
CJIeI0BATENbHO, 3/1eCh (PYHKIUsI yObIBaeT, BO BTOPOM HMHTEpBaJe — MOJIOKHUTENbHA, U
nanHast GpyHkus Bo3pactaet. [Ipu nepexone uepes Touky X=0 rnepBasi Iponu3BOIHAS MEHSET
CBOM 3HAaK C MHMHYCa Ha IUIIOC, MO3TOMY B 3TOM TOYKE (DYHKIUS HMEET MUHHUMYM:

Ymin = Y(0) =—1. 3uauur, A(0;—1) sBIsIETCS TOYKOH MHHUMYyMA.

5. Jlng ompeneneHus Touek neperunda rpapuka pyHKIIMU U MHTEPBAJIOB BBIMYKIOCTH U

BOTHYTOCTHU KPUBOW HAWJIEM BTOPYIO IPOU3BOIHYIO:
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v o (x=D°-x-3(x-1)* _ 2x+1
y'=-2 1 =2 I

Jns Bropoit nmpoussoauoit Y' =0 mpu X=-0,5 u y" He cymectByeT npu x=1. PazoObem

YHCIIOBYIO OCh Ha TpH uHTEepBaia (—©;-0,5), (-0,51), (L+x).

eperud
— + +

/\ -0,5 N4 1 N4 X

v

Ha mepBoM uHTepBasic BTOpas MpOM3BOAHAS Y" OTpHUIATENIbHA U yra HCCIIeayeMoi
KPHBO# BBIMYKJIa; HA BTOPOM U TpeTheM UHTepBaiax Y’ >0, mostomy rpaduk sBisercs

BOTHYTHIM. IIpu nmepexone uepe3 Touky X =—0,5 BTOpas mpon3BojHasA MCHSIET CBOM 3HAK,
Yy

8

MOJTOMY B OTOH TOUKE KPUBAs UMEET neperud: Y,,, = Y(-0,5)=——.

9

CrnieoBarenbHoO, B(— %;—gj — To4ka neperuda rpaduka GyHKIUU.
. 2x-1
6. B touke X=1 ¢ynkumst tepmnur paspsis, npudeM |im-——— =oo. Ilpsmas x=1
x—1(X—=1)

SBJIICTCSI BEPTUKAIBHOM acUMINTOTOW rpaduka QyHkiuu. s ompeneneHus ypaBHEHUS

HAKJIOHHOM acuMnToThl Y =KX + b Bocmonbs3yemcst popmynamu:

K= tim 2, b= fim (f (9 - k).

X—>00 X X—>0
. 2x -1 . 2x-1
Torna k=||m—2=0, b=||m—2:0.
x—o (X —=1)“ X x—o (X —1)

[Tpu HalineHHbIX 3HaueHUsSX K u b mpsimas Yy =0 ecTh ropu3oOHTaNbHAs aCUMITOTA

rpaduka ucciaeayeMon GyHKIIUU, TPEACTABICHHOTO HAa PUCYHKE 1.
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-0,5

B

A

Pucynok 1. I'padux uccnenyemoit pyHkuuu.

3anaua 3.

Ilpumep evinonnenusn 3ad0anus.

PesepByap, wumerommi bopmy OTKPBITOI'O  CBEPXY MPAMOYIOJBHOIO
MapaieNIenuIea ¢ KBaApPaTHBIM JHOM, HY>KHO BbUTYUTh BHYTPH 0JI0BOM. KakoBbI

JIOJKHBI OBITH Pa3sMephl pe3epByapa Ipu ero eMkoctu 108 o3, uTobsl 3aTpaTsl Ha

ero Jy>keHue ObUIM HAUMEHbIIUMU?

Pewenue. 3atpatbl Ha TIOKpBITHE pe3epByapa OJOBOM OyAyT HAaUMEHBIIMMH, €CIU TMPHU

JAHHOM BMECTUMOCTH ILIOIIAIb €r0 MOBEPXHOCTH OyAET MUHUMAIbHOM.
O06o03naunM vepe3 a (Om) — cTopoHy ocHoBauus, b (Om) — BeicOTY pe3epByapa. Toraa

IJIOMIA[b €ro IMOBEPXHOCTH S =a® +4ab, a o6vem V =a’b, umm, cornacHo YCIIOBUS,

108 =a?b. osTomy

b=" n S:a2+4~a-¥:a2+@.
a a a
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[lonyyeHHOE COOTHOIIEHHE YCTAHABIMBAET 3aBUCUMOCTh MEXIY IUIOLIAJBIO
MOBEPXHOCTH pe3epByapa S (QyHKIMSA) U CTOPOHOM ocHOBaHus a (apryment). O6nactb
ompexaeneHus 3toit pyHkuu a > 0, Tak kak a — ctopoHa ocHoBaHus. Vccnenyem GyHKINIO
S Ha skcTpemyM. Haiiem mepByr0 MPOM3BOAHYIO S', MPHUPaBHSIEM €€ K HYIIO M PEIINM

NOJIyYEHHOE YpaBHEHHE:

432 2a°-432

a’ a’

S'=2a 0.

Otrcioga a==6. [lpousBoanas S'(a) He cymectByeT npu a=0, HO 3TO 3HAYCHHUE

apryMeHTa He IPUHAJIEKUT obsacTu onpenenenus pynkuuu. [Ipu 0 < a <6 npousBogHas

S'(a)<0, mpu a>6 S'(a)>0. CnenoBarenbHo, ipu & =6 QyHKIHS S UMEET MUHUMYM.

Ecim a=6, 10 b=3. Takum oOpa3om, 3aTpaTsl Ha JTy)KEHUE pe3epByapa eMKOCThIO 108 1

OyJlyT HAUMEHBIITUMU, €CJTU OH UMEET pa3sMephl  6(dm) x 6(dm) x 3(0m) .

3anaua 4.

Teopemuueckue ceedenus.
[lepemenHas Benmu4YnHA Z HA3BIBACTCS yHKYUEU 08YX NepeMeHHbIX X 1Y, €CITH KX 10N
nape 3HadeHud (X,y) U3 JaHHON O0O0JIACTH COOTBETCTBYET €JIMHCTBEHHOE OIPEIEICHHOE

3nauenue zZ = f(X,y).
Hius dyskmun  Z = f(X,y) BBOAATCS TOHSTHS YACMHLIX NPOU3BOOHLIX TIEPBOTO

InopsaaKa, KOTOPBIC OIIPCACIIAIOTCS BBIPAKCHUAMM:

@_”m f(x+Axy) - f(xy) g_“m f(X,y+Ay)— f(xY)
OX  Ax—0 AX Y a0 Ay ’

U 4acmHblx npous’eodelx BTOPOTO IOpsAaKa:

8_22_2(@) 0’z o'z _ofa _g(a_z) ’z_ofa
ox?> ox\ox) oxoy oyox ox\aoy) oy\ox) oy oyloy)

Oyukmust 2= f(X,y) umeer B Touke My(Xg,Yq) Maxcumym (munumym), ecnu
3HaueHue 3Tor QyHKIMH B Touke M Oosbiiie (MeHbIIE), YeM 3HaueHUs (YHKIIUH B JTF000H

TOYKE U3 OKPECTHOCTH Touku My .
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HeoOxomuMbpiMu ~ yCIIOBUSIMU ~ CYIIIECTBOBAHUS dxcmpemyma (MakCUMyMa WM
MuHuMyMa) auddepennupyeMoii GbyHkiuun Z = f(X,y) sBiIgeTcs paBEHCTBO HYIIO €€

YAaCTHBIX IIPOU3BOJHLIX IICPBOI'O ITOPAIKA:

% _g
OX
% _g
oy

TO‘-IKI/I, B KOTOPBLIX YaCTHBIC IIPOU3BOAHBLIC o6pan1a}0Tc;1 B HOJIb, HA3BIBAIOTCA

cmayuonapnvimu moukamu yakmun z = f(X,y). g Toro 94ro0s! cTarioHapHas TOYKa

ABJISLJ1AChb 3KCTpeMyMOM, B H€I71 JOJI’)KHBI BBITIOJIHATHCSA ()ocmammmble yCJZOGuﬂ. O603Ha‘{I/IM
2 2 2

07z 0°z 0°z

A ox2 _axay ' 2
XM, M, Y lu,

. A=AC - B?.

Ecnu B cranimonapHoit Touke M (X, Yo)
A>0,A>0,T0 M{ ecTb TOuKa MUHUMYMa;
A>0,A<0,10 M{ ecTb TOUKa MAKCUMyMa;
A <0, 1o BTOouke M HET akcTpemMyMa;

A =0, To TpebyeTrcs TOMOTHUTEIHLHOE UCCIIEIOBAaHUE.

Ilpumep evinonnenusn 3adanus.

HccnenoBaTh Ha SKCTpeMyM QYHKIUIO Z =2X + 4y — X2 — y2 +6.

Pewenue.
1. Haiimem yacTHble MPOU3BOAHBIC 3alaHHON (DYHKIIMH

@22—2X, @:4—2y.
OX oy
2. 3anuieM HeoOXOAUMbIE YCIOBHSI CYIIECTBOBAHUS HKCTPEMyMa
2-2x=0 x=1
= ,
4-2y=0 y=2

3Ha4uT To9ka M (1;2) sSBIseTCS CTallMOHAPHOW TOYKOW (HYHKITUH.
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3. IIpoBepuM BBINIOJIHEHHUE B TOUKE M JOCTATOYHOIO yCioBHUs. sl 3TOro HailieM BTOphIE

YaCTHBIC ITPOU3BOAHBIC (b}’HKHI/II/I

2 2 2
oz _ EZO, E:_z_
ox°? Oxoy

B tTouke M(L2) A=-2,B=0,C=-2 u A=(-2)-(-2)-0=4. TlockoabKy

1

A=4>0,A=-2<0, touka M (1,2) siBaseTcs TOUYKOW MaKCMMyMa. 3HaAYCHHE (PYHKITUU B

ADTOU TOYKE Z‘M —2.1+4-2-1> -2% + 6=11.

3agaua 5.

TeopemuquKue ceeoenusl.

@OyHKIUSA BYX HE3aBHUCHMBIX TMepeMeHHbIX Z = f(X,Yy) mnpuHMMaeT HauOomblilee H
HauMcHbIIIee 3HadeHuss B oOmact D, orpanmdenHod mmamer ¢@(X,y)=0, naubo B

CTAallMOHAPHBIX TOYKAaX, PACIOJOKEHHBIX BHYTpH obsactu D, nubo Ha rpanune 3tou
obnactu.

3amavya 00 OTHICKAHWW HAKOOJIBIIETO M HAaUMEHBIIIETo 3HaueHUH QyHkuu Z = f (X, Y)

B 3a71aHHOM obOsactu D pemaercs no cineayronieMy miaHy:
1. OnpenensieM cTallMOHAapHbIE TOYKUA (PYHKILHMHU, PACHOJIOKEHHbIE BHYTpU obnactu D, u
BBIUKCIISIEM 3HAUEHUS (PYHKIUMU B 3TUX TOUKaX.

2. Haxogum cranmoHapuble TOukd (yHKIME Ha Tpanune @(X,Y)=0 obOmactu wmm Ha

OTHETBHBIX €€ YJ4acTKaX, 3aJaHHBIX PA3IMYHBIMUA YPaBHEHUSMHU, U BBIYUCIISIEM 3HAYCHUS
(GYHKIIUU B 9TUX TOYKaX.

3. I3 Bcex BBIYUCIIEHHBIX 3HaYEHUI (YHKLIHUU BbIOMpaeM HanOObIlIee U HAUMEHbIIIEE.

Ilpumep evinonnenusn 3adanus.

Haiitu HamOonpliee U HaMMEHbllIee 3HaYeHUsd QYHKIMH Z = X2 + 2Xy —4X—-Yy B

TpEeyroJbHUKE, OTpaHUYCHHOM TpsiMbiMu X =0, y=2, y=X.

Pewenue.
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1. Halinem cranmoHapHble TOYKM (PYHKIIMU M3 YCJIOBUH pPAaBEHCTBA HYJIO YaCTHBIX

IIPOU3BOIHBIX (PYHKIIUU

0z
&_2x+2y—4_0 X=05
o “ ly=15
= _2x-1=0 y==
oy
Crammmonapuass toyka M (0,51,5) nexur BHyTpH

3amanHou oomactu OAB.

3Hadenue PyHKIMU B TOuke M paBHO

X 2|, =05°+2-05-15-4-05-15=-175.
2. Uccnenyem noBeaeHre (PyHKIMU HA TPaHUIIAX 00JIACTH:

a) Ha rpanune O4 y=x, 0<x<2, Z=X>+2X-X—4-X—X wm Z=3%x>—5X;

2'=6x-5, 2'=0 mpu ng,TOI‘I[a yzg (Tak KaK y=x).

2
B touke C(%gj 3Ha4Y€HHUE (PYHKIIUU PABHO z‘ c = 3(%) -5. % = _g.

Boruucnum 3nauenust GyHKIUKA B KpalHUX Toukax oTpe3ka OA.
B touke O(0;0) Z‘ o =0, B TOUKE A(2;2) 3nauenne QyHKIEE PaBHO
7|, =3-2°-5-2=2.
0) Ha rpanune BA y=2, 0<x<2, Z=X>+2X-2—4X-2 wm 7=X>—-2;
2'=2x,7'=0 mpu x=0,a y=2 coriaacHo ypaBHEHHUIO MPsIMOii BA.
B Touke B(O;Z) 3Ha4YCeHHUE (PYHKITUU PaBHO Z‘B =3.0°2-2=-2.
B) Ha rpanuie OB X=0, 0<y<2, z=-y,
7’=-1#0 pu BCEX Y€ [0;2] , CIeJoBaTeIbHO, CTAallMOHAPHBIX TOYEK HAa

aunuu OB HeT.
3. W3 Bcex BBIYMCIICHHBIX 3HAYEHUM 3aJaHHON (YHKUIMU BbIOMpaeM HauOoJsblliee U

HANMCHBIICC:
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Z‘ =2 — HauOoJbIlee 3HayeHne Gpynkuuu B oonactu OAB

=—— — HauMeHbllee 3HaueHue PyHKIuu B obnactu OAB

3ajaua 6.

Ypreﬂuﬂ%KWM€CB€06Hu&

Ilepsoobpasnou ¢ynxyuen s yuaxkuun f(X) HaswsiBaercs Takas ¢yHkius F(X),
gro F'(x) = f(X).
Heonpeoenennvim unmeeparom ot ¢yaknun  f(X) HaseBaercs ee  oOmas
nepBooOpazHas
[f(Qdx=F(x)+C .
Gynkius  f(X) HaspiBaeTcs mOABIHTErpadbHON (yHKIme#t, F(X) — pesynbrar

HHTGFpHpOBaHHH,(j_'HpOHBBOHBHaHIKXHDHHHaH.

Ceoticmea HeonpeOdeneHH020 UuHmezpaia.

L. [(u(x) +v(x))dx = [u(x)dx + [v(x)dx.
2. [A- f(x)dx=A- [ f(x)dx, roe 4 — nocrosHHasi.

3. Bemu [ f(x)dx=F(x)+C nu=¢(x),to [ f(u)du=F(u)+C.

Tabauya npocmeuiux uHmepaios:

1. [dx=x+C. 7. [—5—=tgx+C.
COS* X
Xn+1
2. [x"dx= +C,(n#-1). 8. [ —5—=—ctgx+C.
n+1 sin“ x
dx X
3. [—=Inx+C. Q. —arcsm—+C
[ R
X
4. jaxdx—a—+C [eXdx=e*+C.  10.] de :larctgidrc.
Ina x> +a’ a a
: dx
5. [sin xdx=—cosx +C. 11. | :—I —+C (a=0).

x2_3%2 2a x+a
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6. [cosxdx=sinx+C. 12, [——— ‘x+\/x + ‘+C (A=0).
VX2 + A

OcnosHble Memoobl UHMeZPUPOBAHUSL.
1. IlogBenenue nox 3Hak auddepeHnuana:
a) K (ynakumu, crosmed moj 3HaKoM auddepeHIMana, MOXHO MPUOABIATH WIH

BBIUMTATE JII00YI0 moctostHHyio: df (X)=d(f(X) £ A);

0) mnox 3Hak auddepeHnHransa MOXKHO TIOJBOJUTH TOCTOSHHBIM MHOXXHUTEINb:
1
df(X)=Kd(A- f(x));

B) o1 3HaK auddepeninana moasoautes Gpyukims mo npasmry: f'(x)dx =df (x).
2. I/IHTCFpI/IpOBaHI/IG 1O 4aCTAM C UCITOJIB30BAHUECM (1)OpMy.HI>I:
fudv=uv—[vdu, rze u=u(x),v=Vv(x).
C IMOMOMIBIO 9TOI0 MCTOZd BBIYUCIIATOTCA CIACAYIOINNEC MHTCTPAJIbL
a) [a*-P,(x)dx, u=P,(x), dv =a’dx.
6) [sinax- P, (x)dx, u=P,(x), dv=sinaxdx.
B) [cosax- P,(x)dx, u=P,(x), dv=cosaxdx,
r) [Inax-P,(x)dx, u=Inax, dv=P,(x)dx,
n) [arcsinax- P, (x)dx, u=arcsinax, dv=P,(x)dx,
e) [arctgax- P, (x)dx, u=arctgax, dv=P,(x)dx,
rae P, (X)— MHOro4sIeH n-oi CTeneHu.

3. UHTerpupoBanre METOI0M 3aMEHBI IEPEMEHHOM 10 hopmyie

[T )dx=[f(p)de(t) =] f (p()¢'(t)dt, rae x=p(1).

Ilpumep évinonnenus 3ad0anus.

Haittn HeonpeneneHHbIe HHTErPAJIBL:

(arcsin x)? + X x3 —17 3
a dx; 0) |————dx; B) |(Bx+4)e’"dx.
e Fe Zaeag®™ 1
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Pewenue.

a) HCIIOJIB3Ys OCHOBHBIC CBOMCTBA HCOIIPCACICHHOI'O MHTCTPaJia U BBIIIOJIIHAA ITIOABCACHHUC

dbyHkmil mox 3Hak auddepenimana, HailieM HHTETpa

I(ar(:sm x)? + Xy j(arcsm x)? dx + |
V1-x? vi- V1
1

— [ (arcsin x)2d (arcsin x) + [ (1— x?) 2d (X—;) =

1
= [ (arcsin x)*d (arcsin x) + (— %)j(l— x?) 2d(1-x?)=

1

2
:—(arcsm x)* - w :%(arcsin x)* —V1-x%+C.
2

[TpoBepum pe3ynabTaT HHTETPUPOBAHUS TUPPEPEHIIMPOBAHUEM

(%(arcsin x) —V1-x? + Cj .

1
= % -3(arcsin x)? - (arcsin x)’ —%(1— x2) 2(1-x%) +C'=

_(arcsinx)®  —2x , o (arcsin X)? + X

h-x2 2h-x2  J1i-x?

YTO COBMNAJAET C MOABIHTETPATILHON (DyHKITUEH.

0) monbIHTErpanbHas (QYHKUOUS NPEICTaBIseT COOOM HENPaBUJIbHYI pPalUOHAIBHYIO
npoOb. IlpencraBum 3Ty ApoOb B BHJIE CyMMBlI MHOTOYJIEHA M MPAaBUIBLHON apoou. Jlis
ATOTO BBITIOJTHUM JICJICHHE MHOTOYJICHA HA MHOTOYJICH:

x3 —17 ‘x2—4x+3

x3 — 4x% + 3x x+4

Ax% —3x 17
Ax% —16X +12
13x - 29

Torna
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3
x° =17 13x - 29 13x - 29
— dx=|| x+4+—"— [dx=(xdx+ [4dx+ | =——dx =
Ix2—4x+3 I( x2—4x+3) I I Ix2—4x+3
X2
:_+4 Jin 29
—4x+3

Jlnst Toro 4ToOBl HAWTHU MOCIEIHUN WHTErpaj, MpeACTaBUM NPaBUWIbHYIO JIpoOb B BHIIE

CYMMBI TIpocTeHImmx Apooeid. st 3Toro pa3iokuM Ha MHOXKUTEIHM 3HAMEHATeNb JpooH

x> —4x+3=(x-1)(x-3) u pa3iokuM JIpoOb Ha MIPOCTEHINNE

13x-29 _ A B _AKX-3)+B(x-))
(x-D(x-3) x-1 x-3  (x=1)(x-23)

sHaunT 13X —29=A(X-3)+B(x-1).
IMpu x=3 umeem 13-3-29=B(3-1), otkyna B=5;
npu X =1 umeem 13-1-29=A(1-3), otkyna A=8.

[Tonyuaem 18x=29 _ 8 + > 1 UHTETPUPYEM
7 (x-D)(x-3) x-1 x-3 PPy
i 13x — 29 dx=| 8 dx+j dx —8jd(x 1) Id(x 3)
(x=1D(x-3) x—1 X—3

=8Inx -1 +5In)x -3 +C

N OKOHYATCJIbHO ITOJIy4acM

J

[TpoBepum pesymnbTaT nudhepeHITIPOBAHUEM:

3 2
;(;ﬂdx:x—+4x+8ln\x—ﬂ+In\x—3\+C.
X —4x+3 2

!

2
(X—+4x+8ln\xﬂ+ln\x3\+cl X4 85
2 2 x-1 x-3

_(X+4)(x-1)(x=3)+8(x-3) +5(x-1) _ x> -17
(x=1)(x+3) 2 _axa3’

YTO COBIAJIAET C MOBIHTETPATBLHOU (PYHKITHEH.
3ameuanue.
WHuTerpan oT NpaBWIbHOW pPAIlMOHAIBHOM NIpoOM CBOJUTCS K CYMME HHTETPaJOB OT

npocrenmux npodeii. Hanbonee yacto BcTpevaroTes CaeAyOMNUe HHTETPAIbL:
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A A A —k+1
——dx=Alnx—a|+C; ——dx=——(x- C,(k=23..).
Ix—a x=Aln|x —a|+ I(x—a)k X (_k+1)(x a) "+ C,( )

B) IPUMEHUM METOJIOM UHTEIPUPOBAHUS IO YACTSIM.

13x

Ipumvem U=3x+4, dv=e¥dx, torma du =3dx, V= §e . o dopmye
UHTETPUPOBAHUSI [0 YACTSIM MOJTYIaeM
[(3x +4)e¥dx=(3x + 4)%e3x - j%e&‘ -3dx = %egx ~ [e¥dx=

:3X+463X —163)(
3 3

[TpoBepum pe3ynbTaT nuddepeHIIpoBaHUEM

@*(x+1) +C) =3 (x +1) + e =e>*(3(x +1) +1)=e** (3x + 4),

3X+4_163X

+C= +C=e¥(x+1)+C.

9TO COBIIAacT C HO,Z[BIHTGFpEUIBHOI?I (bYHKHHGﬁ.

3agava /.

Teopemuqecmte cee0eHUsl.

Ecnu na mnockoctu Oxy 3anana durypa,

AY
_y=/(x) OIpaHUYECHHAsA JBYMs HENPEPBIBHBIMU
maamsv - Y= fi(X), y=f,(X) wu
> - y=h0) BEPTUKATBHBIMU TpPSIMbIMH X=4a, X=D,
A ; > x TO TUIOMIAAb S TAKOH PUTYpPHI MOXKET OBITH
BBIYHCJICHA 1o dbopmyie

S= kf(fz(x) — f,(x))dx, toe f,(x)> f;(X) Ha orpesxe [a,b].

Ilpumep evinonnenusn 3adanus.

Boruucnuts miiomanb GUrypsl, OorpaHU4€HHON JTUHUSAMU Y = X2 + 4x, y=Xx+4.

Pewenue.

3ajaHHble JUHUM OTPAHMYMBAIOT HA IUIOCKOCTH OXy KPHUBOJIMHEMHYIO TPANELUIO,

M300pKEHHYIO Ha PUCYHKE.
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y=x2+4x
y=x+4

Y

Haﬁ,Z[GM KOOpOIWHATBI TOYCK IICPCCCUCHUA 3alaHHBIX HHHHﬁ, L 9TOro peuinuMm

CHUCTEMY YPaBHEHUI

{y_x2+4x

, X2+4X:X+4, X2+3X—4:0,0TKy,ua X =4, X, =1.
y=x+4

Torna HCKOMas I1omaab BEIYHUCIIACTCA 110 (i)OpMYJIe:

3 1

S= Kx+4 x* —4x)dx = [ (4 - 3x - X NX—(4X—§§——é;j

4

_4—§—1 16 + @—%—20 (ks. €0.).
2 3 2 3

3anaua 8.
Teopemuueckue ceedeHus.
OO0bembl Tes, 00pa30BaHHBIX BpaIEHWEM IUIOCKON (UTypbl, OTpaHUYECHHOW KPUBOM

y=1(x)>0, oceto Ox u mpsimeiMu X =8, X=Db,

1) Boxpyr ocu Ox, Beraucisrorest o popmyie V, = 7| f 2(x)dx;
a

b
2) Bokpyr ocu Oy, BerUCIAIOTCS 1o hopmyre V, = 27 [ xf (x)dx.
a
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Ilpumep évinonnenus 3ad0anus.

Bberuncnute 00BbEMBI TN, 00pa30BaHHBIX BpalleHHEeM BOKpyr oceil Ox u Oy
KPHBOJIMHEHHOTO TPEyroJIbHHKA, OrPAHHYCHHOr0 KpHBOil Y =3%/X, ockio Ox W

npsmMoit X =1.

Pewenue.

|/ y=3x

0

1)  oObeM Tena, MOJYYSHHOTO BpaIllCHUEM

BOKpYT ocu Ox, paBeH

1

| %
V, = 7[](%/;)2 dx = 7zx— = sz (xy6. ed.)
0 5| 5
3 o

2) 00beM Tena, oJYYeHHOT0 BpalieHueM BOKpyr ocu Oy, paBeH

3agava 1.

1
V, =2z[x-3xdx=2x
0

TeopemuquKue ceeoenusl.

7/

X/ 3

al

= 677T (rky6. ea.).

Tpernii cemecTp

[TPUMEPbBI PEIIEHW A 3AJIAY

Huddepennmansuble ypaBHEHHS, B KOTOPBIX II€PEMEHHBIE MOXHO Pa3/IeliuTh

MNoCpCaACTBOM YMHOKCHUSA o0enx yacrteu YpaBHCHHA Ha OJHO M TO K€ BBIPA)KCHHUC,

Ha3bIBAIOT AU PepeHInaTbHBIMU YPABHEHUSAMU C PA30eAI0OUUMUCT NePEeMEHHbIMU.
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dy (%) _

v () — fi(y)dy = fo(x)dx, (1)
uiu B quddepennnanbHoi popme

fi(x)- fo(y)dx+ f3(x) f4(y)dy=0. (2)

Paznienim o6e dactu ypaBHeHus (2) Ha npoussenctue Gynxuuii f,(y) f3(X)

de+Mdy:O (2)

f3(x)  fa(Yy)

U, MIOCJIE UHTErPUPOBAHUS, TIOTyUYUM OOIIMI UHTETpall (00l1ee peleHrne) ypaBHEHUS:

[Ipu nenenuu Ha fz(y) fs(X) MOXET MPOU30UTU MOTEPS HEKOTOPBIX YACTHBIX
pemenuid. Ilycts, Hanpumep, mpu Y=Y, uMeeM fz(yo)zO, Torga QyHKIus Y=Y,
sBysieTcsl pemieHneM ypaBHeHus (2'), T.k. dy =dy, =0. PemenneM MoxkeT Takxke OBITH

dyHKIUs X = Xg, eci f3(Xg)=0.

Ilpumep evinonnenus 3a0anus.

Haiitu 06muii naterpan auddepeHmaibsHOr0 YpaBHEHHs IEPBOTO MOPsIIKa

x(y+1)dx—(x2 +1)ydy =0.

Pewenue:

JlanHoe muddepeHIanTbHOe ypaBHEHUE SIBISCTCS YPaBHEHUEM C  pPa3IelisIONIUMUCS
nepemennbiMy, puueM fi(X) =X, f,(y)=y+1L f3(X)= X2 +1; f,(y)=-y. Paznenum
00¢ YacTH ypaBHCHHUS HA TIPOU3BEICHIE

fo(y) f3(x) = (y +1)(x* +1
U TTOJTyIHM

xdx  ydy
>~ =0.
x“+1 y+1
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[IpounTerpupyeM nocienHee paBeHCTBO

xadx 1
jx2+l_j(l_mjdyzc’

WCITIOJIB3YsI TTOJIBE/ICHUE TI01 3HaK Aud depeninana

1
d(X2+1) d 1
JZ X% +1 _de+-[ (yy++1):C’

MOJIyYMM OOIINI HHTErpan IudPepeHInanTbHOr0 ypaBHEHUS
%In‘x2 +]4— y+Inly+1=C.

Ipu nenennu Ha f,(y)=y+1 norepsiHo yactroe peruerne: y =—1.
3agaua 2.

Teopemuqecmte CBEOeHUS.

HuddepennmansHoe ypaBHEHHUE MTEPBOTO MOPSJIKa
y'+p(x)y=0q(x), (3)

JMHENHOE OTHOCUTENILHO UCKOMOM (YHKIIUU U €€ TIPOU3BOIHOM, HA3bIBACTCS JIUHEUHBIM.
VYpaBaenue (3) CBOAUTCS K ABYM YpPaBHEHUSIM C PA3JCSIOMIMMUCA MEPEMEHHBIMU

CIeyronMM o0pa3oM. 3amuiieM UCKoMyr (GyHKIHIO Y(X) B BHAE MPOU3BEICHHS ABYX
GbyHKIIHIA: y:u(x)-v(x). Ogna w3 9TUx QYyHKIUA MOXKET OBITh a0COIIOTHO

MPOU3BOJIBHOW, a BTOpas OMpENEseTcs B 3aBUCHUMOCTH OT TIEPBOM TaK, YTOOBI MX
MPOU3BECHUE YIOBIETBOPSIIO YPaBHEHUIO (3).

W13 paBenctBa Y =U-V HaxomuMm Y =U"-v+U-V'. Torma B coorBeTcTBHE C (3) HMeeM
uv+uv'+ p(x)uv=q(x) nm u’v+u(v’+ p(x)v)=0a(x). BeiGepem B Kauectse V(X)

KaKOe-HHOY /b YACTHOE PEIICHUE YPABHEHUS
V+p(x)v=0, (4)

TOT/Aa JJIs OThICKaHUs U(X) TOJIy4YHM ypaBHCHHE
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u'v=q(x). (5)
Hatinem Vv(X), pa3zmensst mepeMeHHbBIC B (4):
v_ —p(x)dx, otkyna Inv = —J p(x)dx u v= e 1PMgy
\"

3nas V(X), Harigem U(X) u3 ypaBHeHHS (5):

3—§v:q(x) =N du:ejp(x)dxq(x)dx,mmau:jq(x)ejp(x)dxdx+c.

OO6miee pelieHue JMHEHHOTO ypaBHEHUS (3) UMEET BUJY

y=uv= e | PO Uq(x)eI POy 4 C] .

Ilpumep evinonnenus 3a0anust.

Haiitu oOmee pemenue auddepeHnnanbHOro ypaBHEHUS

nepBoro mopsaka y' —2y =1.

Pewenue.
3anumemM uckoMmyro GyHKIU0 Y(X) B BUC MPOU3BEACHHS IBYX (DYHKITHI:
y=u(x)-v(x), rorma y'=u’"-v+u-v',
" IIOJACTAaBHM I10JIYUCHHBIC BbIPAKCHUS B 3a/ITaHHOC YPABHCHUC
uv+uv' —2uv=1,
Brinecem 3a ckoOku U(X)
u'v+u(v'—2v)=1
", IpHUpaBHUBAdA K HYJIIO BBIPAKCHUC B CKO6KaX, nojiydyuMm H©W pCluvM [ABa

nudpepeHnnanbHbIX YpaBHEHUS C Pa3ACIISIONIMMUCS IEPEMEHHBIMH:



V-2v=0 uv=1

N _oax dUgax _y
\Vi dx

Inv = 2Xx du = e 2*dx
v =e?¥ u =Je‘2xdx,

1 —2x 1 _ox
u=——|e "d(-2x)=—=-e " +C
Zj (-2x) 2

3anuinem ob1iee peneHue 3aJaHHOro Au(PepeHInanbHOr0 ypaBHEHUS B BUIE

y=uv:(—%e‘2" +Cj-e2x, Wm y:—%+Ce2X.

3anaua 3.

TeopemuquKue ceeoeHusl.

HuddepenuuansHoe ypaBHEHHE BHUIA

y'+ay +ayy=f (X) (6)
HA3bIBACTCSI HEOAHOPOIHBIM JIMHCHHBIM ypaBHECHHEM BTOPOTO TOPSIKA C MOCTOSHHBIMU
koa(duimeHTamu a; 1 a, .

OOliee pelieHHe 5TOro0 ypaBHeHHss Y=Y+Y, rme Y— oOliee pelieHue
COOTBETCTBYIOILETO OJHOPOIHOIO ypaBHEHHUS; Y — YacTHOE pelleHhe ypaBHeHHs (6).
HuddepenunansHoe ypaBHEHUE

y'+ay +a,y=0 (7)
SIBJIIETCSI OTHOPOJIHBIM U Ha3bIBAE€TCS COOTBETCTBYIOIIMM HEOTHOPOTHOMY YPaBHEHHIO (6).

OO6m1ee perieHrne OJHOPOTHOTO ypaBHEHUsI (7) HAXOJAT MO KOPHSIM XapaKTEPUCTUUECKOTO

YpaBHEHUS
2
r-+ar+a,=0.
XapakTepucTUYECKOE YPABHEHHE MOXKET UMETh TPH CiTydas JUIsl KOpHEH [ U Iy !
1) kopuu xapaxmepucmuueckoeo ypasrenus oeticmeumenvhvle u paziuynvle: I # 1, . B
3TOM ciy4dae oOmiee pemieHue ypaBHeHus (7) 3amuchiBaeTcss B BHJC

¥ =Cie" +Ce"*, rne C,, C, —npou3BOIBLHEIE MOCTOSHHBIE;
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2) KOpHU XApakxmepucmuyeckoeo ypasHenus oOelicmeumenvhvle U pagHvie. I =1,. B
3TOM ciy4dae oOmiee pemreHne ypaBHeHHs (7) 3amuChIBaeTCs B BHJIC
y=e™ (Cl + CZX), rne C,, C, —npou3BojbHbIE TOCTOSHHEIE,

3) KOpHU XAPAKMepPUCMuUYecKo20 YPABHEHUS — KOMNIEKCHbLE CONPSNCEHHbIE HUCLA
ho=atp- I, ##0. B arom cirydae obmiee pernieHre ypaBHeHHS (7) 3alIMCHIBACTCS
B Buge Y =e“*(C,cosBx+C,sin Bx), rae C,, C, —npou3BOIbHbIC IOCTOSHHBIE.

YacTHOe pemicHue Y  HEOJHOPOJHOTO ypaBHEHHs (6) MOXET OBITh HANICHO METOIOM

HEOIpeIeIICHHBIX KO3 (UIIMEHTOB B 3aBUCUMOCTH OT BHJIa MPaBoi yactu ypaBHeHus f (X)

epeviii cryuail. Tpasast wacts ypasrenust (6) umeer Bun f (x)=P(x)e™, rae P(x) —

MHOTOwWIeH. Torga ypaBHeHue (6) UMEET YaCTHOE PEIIeHUE BUAA
y*=xQ(x)e™, ®)

rae Q( X) — IOJIHBIM MHOTOUJIEH TOM %€ CTENEeHH OT X, uTo U P ( X), HO C HEOIIpeIeIEHHbIMU
ko3 dunreHTamu;

k=0, ecyii 4nci0 M He ABJISIETCS KOPHEM XapaKTEPUCTHUECKOTO YPaBHEHMUS,

k=1, ecu 4nciio M sSBJISETCS MPOCTHIM KOPHEM XapaKTEPUCTHYCCKOTO YPABHCHUS;

k=2, ecriu ynciio M sBJISIETCS IBYKPATHBIM KOPHEM XapaKTEPUCTUICCKOTO YPaBHEHHUS.

[TpaBuno coxpansieT cBoto cwty u mpu M = 0, koraa f(X)=P(X) — MHOTOWIEH.

Heomnpenenenupie kodphUMEeHTs B MHOTOYJICHE Q(X) ONPENETSAIOT MOJICTAHOBKOM

dbynkuun (8) U ee MPOU3BOJAHBIX B ypaBHEHHE (6) C MOCIEAYIONMM MpPUPABHUBAHUEM

KO2(PGULIMEHTOB TIPU OJIMHAKOBBIX CTEMEHSX X B 00€UX YaCTAX YpaBHEHUS.

Ilpumep evinonnenusn 3adanus.

Haiitu yacTHoe pemienue nudpepeHInaibHOro ypaBHEHUSI BTOPOIro MOPSIIKa,

YAOBJICTBOPAOIICC 3a/ITaHHBIM Ha4YaJIbHBIM YCJIIOBUSIM:

y'-3y'—dy=4x-1 y| =2, Y| _,=3
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2
Pewenue. Xapaxrepuctuueckoe ypaBHeHue r“—3r—4=0 wumeer ABa pa3IuyHBIX
JIeMCTBUTENBHBIX KOpHA I =—1, I, =4, cinenoBarenbHo, Y = Cle_x + Cze4x. [IpaBas 4acTh
YpaBHEHHUS MUMEET BU]] f(X) = 4X—1=(4X—1)-e0'x, rie Mm=0 u He SABJISICTCS KOPHEM

XAPAKTCPUCTHUYICCKOI'O YPAaBHCHMHA. Torz[a YaCTHOC pPCHICHUC IIPpHU k=0 HimeM B BHIC

y =x° (AX + B) 6™ = AX+B, (y* )l =A, (y*)" =0. [Tocne MO/ICTAHOBKH B
nuddepeHInaIbHOE ypaBHEHUE TIOTyYaeM
0-3A-4(Ax+B)=4x-1,
—3A-4AXx-4B=4x-1;
—4A-x+(-3A-4B)=4-x+(-1);
X' —4A=4; A=-1
x°: -3A-4B=-1 -4B=-1+3A=-4, B=1
YacTHeIM pereHneM sBiastetcst GyHkmus Y = AX+B=-1-x+1=1-x. OO6mum
peruenneM sBasercs Qyrkmusa Y=Y+ Yy =Ce " + Cze4x - Xx+1.
Haiinem 3nauenune xkoHcranT C;,C, u3 HauanbHbIX ycioBuil. s aToro ompenenum
y' =—Ce ¥ +4C,e** -1,
TOF,Z[a y|X=0 = Cl + C2 +1= 2, {Cl = 0,
y| _o=-C1+4C,-1=3 (C2=1.

W ckoMbIM 4acCTHBIM perieHueM siBJsieTcs PyHKIus Yy = e —x+1.

Ilpumep evinonnenus 3a0anust.

Haiitu yacTHOe pemenue nuddepeHInaibHOro ypaBHEHUS BTOPOTO MOPSIIKa,

YAOBJICTBOPAOIICC 3a/ITaHHBIM Ha4YaJIbHBIM YCJIOBUAM!

yn_4yr+4y :ezx’ y|X:O — 2’ y!

0 =3

Pewenue. XapakrepucTuueckoe ypaBHEHUE r?2—4r +4=0 umeer JIBYKPAaTHBI KOPEHb

L =2, cleaoBaTeIbHO, Vzezx(C1+C2X). [IpaBass 4yacTb YypaBHEHHMS HMEET BUJ
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f (X) =e®, m=2 sBugerca mBYKpaTHEIM (K=2) KOpHeM XapaKTepHCTHYECKOTO

ypaBHeHI/Iﬂ, TOTrAa 4aCTHOC peHJeHHe HIIEM B BUAC
v =x2- Ae?¥, (y*)l = x%.2Ae%* +2x- Ae®* = 2Ae2"(x2 + x),
(y*)" =4 e (x2 + x) +2Ae** (2x +1) = Ae** (4x2 +8X + 2).

*
ITocne IIOACTAaHOBKU Y H €¢C IIPOU3BOJHBIX B HCXOJHOC I[I/I(b(l)epeHHI/IaHI)HOC YPaBHCHHUC

IIojJIy4acMm

A (437 +8x+2) —4- 2% (xX° + x) + 4Ae” - X* =€,

Aezx(;l«%{+33x+278%‘(>8x+}|«%{):e2x,

2Ae2X — e2X,

2A=1, A:E.
2

2X

1
YacTHBIM peleHreM sABisgeTcs QyHKuus Yy = Ee -x%. OBLIMM pELICHHEM SBISETCS

dyskmus y =V + y* =e* (C1 + C2X) + %ezx X2,

Haiinem 3nauenune xoHctanT C;,C, M3 HauvanpHBIX ycnoBuM. [l sTtoro ompenennm
IIPOU3BOJHYIO
1 A2X 2X [ 2

y'=e"(2C, +2C,x+C,) +e (x +x),

U IIOJIyYUM CUCTEMY YPAaBHEHUH Ui OIPEAEICHUSA 3HAYEHUN ITPOU3BOJIBHBIX KOHCTAHT
—e0.c = —
y|X=0—e C1—2, C1—2
' _a0 _ —
y |x=0 =e (2C1+C2)—3, C,=-1

= 1
VickoMbIM pemennem spasercs hyrkuus Y=Y+ Yy  =e™(2-x)+ Eezx X2,

Bmopoti ciyuaii. IpaBas yacts ypaBHenus (6) umeet By f(X) =acosnx+bsinnx.
Ecnu yncna in He SBISIOTCS KOPHSAMH XapaKTEPUCTHISCKOTO YPaBHEHHUS, TO

y* = Acosnx + Bsinnx.
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Ecin umcna +in gBiasrorcs KOpHsAMH XapaKTCPHUCTUUCCKOIoO YpPaBHCHHUA, TO YAaCTHOC

PCIICHUC NMCCT BUI
y" =(Acosnx+ Bsinnx)- x.
B wactHBIX chydasix, korna a wid b paBHO Hyito, peleHne BCE paBHO HAI0 UCKATh B

yKa3aHHOM OOIIIEM BH/JIE.

Ilpumep evinonnenus 3a0anus.

Haiiti yactHOe pemienue nud@epeHnanbHOro ypaBHEHUS BTOPOTO MOPAIKA,
YIOBJIETBOPSIOLIEE 3aJaHHBIM HaYaJIbHBIM YCIIOBUAM:

" 4 i L ’ -
y"+4y"'+13y =5sin3X, y|x=0:§’ Y|X:0:§'

Pewenue. XapakrepucTuueckoe ypaBHEHHE r? +4r+13=0 umeer KOpHH

. _ —4++4*—4.13 4436 -4+6i -
12~ - - =0
! 2 2 2

Torna ¥ =e ¥ (Cycos3x +C,sin3x).
Yucna +3i He SBISIOTCSA KOPHAMH XapaKTEPUCTHYECKOTO YPaBHEHUS, TIOATOMY
y* = Asin3x + Bcos3x,

(y*)' =3Ac0s3x —3Bsin3x,

"

(y*) =-9Asin3x — 9B cos3x.

HOI[CTaBJ'IﬂeM y* " €C IIPOU3BOAHBIC B HCXOOAHOC YPABHCHHC U I10JIy4aCM

—9Asin3x —9Bcos3x + 4(3Acos3x —3Bsin3x) +13( Asin3x + Bcos3x)=C,
(4A-12B)sin3x+ (4B +12A)cos3x =5-sin3x + 0-cos 3x;

1
sin3x: 4A—1ZB:5} A=—
—

8
cos3x: 4B+12A=0 5. 3|
8

OO6ee perieHue ypaBHEHUSI UMEET BU]T

y =& 2*(C,cos3x +C,sin3x) + %sin3x —~ ECOSBX .
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Haiinem 3Hauenune xkoHctanT C;,C, u3 HauanbHbIX ycioBuil. s aToro ompenenum
IIPOU3BOJHYIO
y' =-2e7%*(C, cos3x +C,sin3x) +e > (=3C; sin3x + 3C, cos3x) +

+§c033x + gsin 3X
8 8

H 3aIIMIIEM CUCTCMY ypaBHCHI/Iﬁ AJIA OIIPCACIICHUSA 3HAYCHUH IMPOU3BOJIBHBIX KOHCTAHT

3.1
y‘x:ozeo(cl"'CZ'O)_g:é,
' 3 1
y‘x:o:_260(C1+C2'0)+90(C1-0+3C2)+§=§,
6 1,81
8 8 2
1

szl( +§j:§.
3\2 8) 8

HckoMbIM perieHreM siBisieTcst QyHKIUS

y=e% L cos3x+ 2sin3x | + Zsin3x— >cos3x .
2 8 8 8

3anaua 4.

TeopemuquKue C6eOeHUS.
CmeneHnnvim psi0om HA3BIBAIOT PSIJI BUAA
2 n - n
ag+a(x—a)+ay(x—a) +...+a,(x-a) +...= > a,(x-a), (9)
n=0

PACIIONIOKEHHEIH 110 CTENeHsM JBydIeHa (x — a).
B cootBercTBuH ¢ TeopeMoii AGens psix (9) cxoxutes Ha uHTepBane X €(a—R,a+R),

a I BCEX X, JEKAIIMX BHE DTOr0 MHTEpBaia, psa pacxomurcs. Uucio R HaspIBaroT
paouycom cxooumocmu CTeTeHHoro psaa. Ha xoHnax wHTepBana (mpu X=a—R u npu
X=a+R) Bompoc o0 cXomMMOCTM ¥ pPacXOAUMOCTH JAHHOTO psJia PpelIaeTcs
WHIMBUAYAIBHO JUIS KaXIOTO0 KOHKPETHOTO psiga. Y HEKOTOPBIX PsJI0B HHTEpBal
CXOAUMOCTH BhIpoXkaaeTcst B Touky (R =0), y apyrux oxsatsiBaet Bcio ock Ox (R =00).

CornacHo npu3Haky Jlamambepa paguyc CXOIUMOCTH ONPEICIISIOT 10 GopMyIie
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. a
R=lim|—"

N—o0 an+1

(10)

Ecau Bocnoab30BaThCs IMPU3HAKOM KOHII/I, TO

. 1
R=Iim .
n—>oonan

Ilpumep evinonnenus 3a0anust.

HaiitTu wHTEpBan CXOAMMOCTH psAla W HUCCIEAOBATH  €r0

0 Xn

CXOJUMOCTD Ha KpasiX HHTCPBAJa n

Pewenue.

Pannyc cxoaumocTu onpenenum mno Gopmyse (10):

n+1
R = lim |22 | = [im [+ D107 15 jim P+ . Iim(1+1j:10.

n—owo|d,,q| n-owe n-10"1 n—owo N n—o n

. 00 (_lo)n 00 (_1)n
Ha xonmax HHTCpBaJIA: IPU X = -10 MMOJIYYHUM YHCJIOBOH P Z— = Z—,
n=1 N 10" L

KOTOPBIN SABJISIETCS 3HAKOUEPEAYIOIIUMCS U CXOAUTCs Mo Teopeme JIelOHuIa, Tak Kak ero

. 1 1 .1
YieHbl YOBIBAIOT MO a0COJIOTHOW BeauMuuHe 1> > > 3 >.. n lim==0. Ilpu x=10
n—oo N

o0
MOJIYYUM TapMOHUYECKUMN Pl Z—, KOTOpBIN pacxoautcd. Takum o0pa3oMm, JaHHBIMI
n=1

CTeTNICHHOM psif cxoautes npu X € [—10;10).

3agaua 5.

T€0p€I71MIJ€CKM€ cee0eHUs.
OcHoBHBIE QJICMCHTApPHBIC (1)YHKLII/II/I HMCIOT IIPOCTHBIC PA3JIOKCHUA 110 CTCIICHAM X, KOTOPLBIC

NpcaACTaBJICHBI HUKC!



3 5 7 on-1
sinx=—_2 X _X (—1)n+1 X +... VXe(—w,0),
1 3t 51 71 (2n—1)!
2 L4 B U8 n
cosx=1-> 42 X X (—1)n+lx—+ VX € (—o0,),
141 6! 8l (2n)!
(1+x)m=1+mx+m(m_l)x2+.. +m(m_1)"'(m_n+1)x”+...VXe(—l,l),
2! n!
2 3 L4 5 n
In(1+x):x—%+%—%+%— .+(—1)n_1XF+... VXe(—l,l),
3 5 7 2n-1
arctgx=X—X—+X——X—+...+(—1)n_1X +... ‘v’Xe(—l,l].
3 5 7 2n-1

[Tpu npuOIMKEHHBIX BBIYUCIICHUSIX OMPEIEIEHHBIX HHTErPAJIOB TpeOyeTCs pa3ioKUTh
NOJIBIHTETPANIbHYIO (YHKIMIO B CTENEHHOM psAl, KOTOpBIM B Mpejeliax HHTepBaja
CXOJMMOCTH MOKET OBITh MOWIEHHO NpouHTerpupoBaH. Mcnonb3ys popmyny HeroToHa —
JleitOHuULa, ONIpeIeIeHHBIN UHTErPajl BBIYUCIIAIOT KaK YaCTUYHYIO CyMMY HOJTy4Yarolerocs
4yuciaoBoro psjaa. Ecnum pan  3HakodepeAyroUuiics, TO TOYHOCTh TNPUOJIMKEHHBIX
BBIYKCIICHUI HE MTPEBOCXOAUT MEPBOrO U3 OTOPOLIEHHBIX YJICHOB.

Ilpumep evinonnenusn 3ad0anus.

Brrancnuts onpeneneHHslii uHTErpai ¢ ToyHoCcThi0 10 0,001 myrem pasnoxenus

HOI[BIHTCI‘paHBHOﬁ (bYHKI_[I/II/I B pAa U IMOYWICHHOI'O MHTCTPUPOBAHUA O3TOTO psaa:

O’Ssinx
[
5 X

Pewenue.

Hcnonb3yem pasiokeHue B psi A GYHKIUK SIN X U TMOJACTaBUM €T0 B MOABIHTEIPATbHOE

BBIPAKEHHE
, : 3 .5 2n-1
J.wd :_[l x— X X (- )n+1 X dx =
;X ) X 31 5l (2n—1)!
0,5 2 4 2n-2
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0.5
NI - 21
=| X———+—+...+(-1) +...| =
313 515 (2n—1)1(2n-1)
JL + L + +(—1)n+1 L TS
2 2%313 2515 22 (2n-1)(2n-1)

~0,5-0,0069 + 0,00005~ 0,5-0,0069 ~ 0,4931~ 0,493.

B BhIuMcCIIeHHSX PUBEACHBI NIEPBBIC TPU WICHA PsAJia C COXPAHEHHEM YEThIPEX 3HAKOB
Mocje 3amsITol, Tak Kak 3agaHHas TouyHOCTh cocrtaBisgeT 0,001. Tperwit unmen psna

OTOpOIIIEH, TaK KaK OH MO BEJIWYMHE MEHBIIE 3aJaHHON TOYHOCTH (0,00005) <0,001. B

OKOHYATCIBbHOM PE3YJIbTAaTC IIPOBCACHO OKPYIITICHHUC 10 TPCX 3HAKOB IIOCJIC 3aMsaTOM.

YerBepThlil ceMecTp

[TPUMEPbBI PELHIEHW A 3AJJAY

3anaua 1.

Teopemuueckue ceeoenus.
[Tpu KTaccuyeckoM ONPEACIICHUN 8ePOSIMHOCMb COObIMUS OTIPENICTIICTCS PABEHCTBOM
P(A)=m/n,
IJIe M — YHCIIO DJEMEHTAPHBIX MCXOJO0B HCIBITAHUM, OJIaronpHATCTBYIOMIMX MOSBICHUIO
coOBITUS A, n — O0IIee YUCIIO DJIEMEHTAPHBIX UCXO/I0B UCTIBITAHUSI.
Yucnom coyemanuii w3 | dimemMenToB MO K HaA3BIBAIOT KOJIMYECTBO KOMOHMHAIIWM,
cocTaBlicHHBIX U3 | 31meMeHTOB 10 K, KOTOpBIE OTIMYAIOTCS XOTS ObI OJHUM DJICMCHTOM.

Yucito coueTaHuit

c,k:—” .
k!(I —k)!

Ilpumep evinonnenusn 3adanus.
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B simuke nmeetcs 15 aetaneii, u3 kotopsix 10 okpameHHbix. COOpImuk
HayJady U3BJEKaeT TpH JeTaiu. HaliTu BeposSTHOCTH TOTO, YTO U3BJICUECHHBIC

ACTAJIN OKAXYTCA OKpPAILICHHBIMU.

Peuwenue:

a) o011ee YMCI0 BO3MOXKHBIX 3JIEMEHTAPHBIX MCXOJOB UCIIBITAHUS PABHO YHCITY CIIOCOOOB,
3.
KOTOPBIMU MOKHO U3BJI€Yb TPHU €Tl U3 NATHAALATH, TO ecTh N=Cj:;

0) YKCIIO KUCXOJI0B, OJIATONPUSTCTBYIOIIMX WHTEPECYIOIIEMY HAC COOBITHUIO, PABHO YHUCITY

3.

CIOCO00B, KOTOPBIMU MOXHO BBIOpATh TPH OKpalleHHbIX Aetanu u3 10, To ectb M =Cjy;

B) HCKOMas BCPOATHOCTb pPdaBHA OTHOIICHHIO O6HI€I‘O qucila HCXO0I0B K YHCITY

6J'IaFOHpI/I$1THBIX HcxoaoB

10!
m Cy 3171 10v121  70.8.9.10.121 24
n c3 ! 71151 7A.121.13.14.15 91
31121

Ilpumep evinonnenusn 3ad0anus.

B maptuu u3 10 neraneit umeetcst 7 crangapTHsix. Haynagy otoOpaHs 5
netaneid. OnpeaenuTb BEpOsSTHOCTh TOTO, YTO CPEIU OTOOPAHHBIX AeTallel

POBHO TPU CTAaHJIAPTHBIX.

Pewenue:
a) o0I11ee YMCII0 BO3MOXKHBIX JIEMEHTAPHBIX MCX0JI0B UCIIBITAHUS PABHO YHCITYy CITIOCOOOB,

KOTOPBIMH MOKHO HU3BJICYD IIATh ):[eTaﬂeﬁ U3 JIECIATU, TO €CTh N = C150 ;

0) HailieM YUCJI0 UCXOJI0B, OJIArONMPHUATCTBYIOIIUX HHTEPECYIOIIEMY Hac COOBITHIO (Cpeau
OTOOpaHHBIX MATH JeTajed POBHO TPU CTAaHIAPTHBIC): TPU CTAHAAPTHBIC JCTAIM MOXKHO
BBIOpATH U3 7 CTaHJAPTHBIX JIeTajIei C73 crioco0amMu; TPy ATOM OcTaibHbIe (5—3=2) neranu
JOJDKHBI OBITh HECTAHIAPTHBIMH, KOTOPhIE MOKHO BbIOpaTh U3 (10—7=3) HecTaHIapPTHBIX

. 2
nerajged, HWMEBIIMXCS B  IMapTHH, C; cmocobamu. CnenoBarenbHO, YHCIO

0JIarOoNpUSATCTBYIOIIUX UCXOJIOB M = C73 -C§ :



48
B) HCKOMas BCPOATHOCTb paBHAa OTHOIICHUIO O6HICFO qucila HCXO0O0B K YHCITY

6HaI‘OHpI/IHTHLIX HCXO0A0B

73
3.C2 aia1 otu1 7L-5L5I .M .5.51 |
P(A):m:C7 5C3 _ 341 |2!.1!: /LSSl - M.5.5 __ 9 :§:O,375
no Cp 10! 2141101 2. 41.71.8.9.10 4.8:10 8
5151

Teopemuuecmte cBe0eHsl.
BGpOSITHOCTB COOBITHS A, KOTOPOC MOKCT HACTYIIUTD JIMIIb ITPH IMOABJICHUHU OJHOI'O U3

HECOBMECTHBIX coObITHH (THnoTe3) Hy, H,,...,H, , o6pa3yromux nonnyio rpymiy, paBHa

CyYMME€ NPOU3BEACHUN BEPOSTHOCTEN KaXKIOM U3 TUIIOTE3 HA COOTBETCTBYIONIYIO YCIOBHYIO
BEPOSITHOCTh COOBITUA A:

P(A) = P(Hy)- By, (A)+ P(H,) - Py (A) .t P(H,)- Py (A),
rne P(H,)+P(H,)+...+P(H,)=1.

[TpuBenennyo GopMyy Ha3bIBAIOT hOPMYIOU NOTHOU 8EPOSMHOCHIU.

Ilpumep evinonnenus 3a0anus.

Nmerotcsa Tpu naptuu aeraneit mo 20 neraneit B Kaxxaoi. YMciao cTaHIapTHBIX
JeTajei B IEpBOW, BTOPOM U TPEThEN MAPTUAX COOTBETCTBEHHO paBHO 20, 15,
10. 13 naynady BeIOpaHHOM NapTUX HayAady U3BJIeUeHa JaeTaib. Haiitu

BCPOATHOCTD TOI'O, YTO OHA OKAKCTCA 6paKOBaHHOﬁ.

Pewenue:
a) 0003HaYMM 4yepe3 A coObITHE — B3ATas JAeTajb ABIseTCS OpakoBaHHONH. MOXHO cAenaTh

TpHU NpeanoaoxkeHus (runotessl): H; — nerans BeiOpana u3 nepsoit naptuu; H, — neransb
BbIOpaHa u3 BTOpoi naptun; H; — netans BeiOpaHa u3 Tperheil maptuu. [TockonabKy yucio

JIETajed BO BCEX TPEX MAPTUAX PABHO, BEPOATHOCTHU THUIIOTE3 PABHBI
1
P(Hl) = P(Hz) = P(Hs) = g

0) yclioBHast BEpOSITHOCTh TOTO, YTO JITallb OyeT OpaKOBaHHOM, €CJIM OHA B35ATa U3 MEPBOU

Tapuu, PH1 (A) =0; ycmoBHast BEpOATHOCTB TOTO, YTO JeTalb OyeT OpaKOBaHHOM, €CITH OHa
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. 5 1
B3sITa M3 BTOPOH mapuu, By (A) = 20" Z; YCIJIOBHAsI BEPOATHOCTb TOTO, UTO AETallb OyAET
. . 10 1
OpaKOBaHHOM, €CJIM OHa B35Ta U3 TPEThEH Mapuu, Pa, (A) = 0" 32

B) UCKOMasi BEpPOSATHOCTb TOTO, YTO BhIOpaHHAs HayAaudy JETalb SIBISETCS OpaKOBaHHOM,

HAXOJUTCS MO (OpMYJIe MOTHONU BEPOSITHOCTH

Teopemuueckue ceedenus.
BeposiTHOCT TOTO, YTO B HE3aBUCHUMBIX HCIBITAHUSIX, B KaXKJIOM U3 KOTOPBIX
BEPOSATHOCTh MOsBJICHUs coObiThs paBHa p (0 < p < 1), COOBITHE HACTYIUT POBHO K pa3

(6e3pa3nruuHO B KaKOM MOCIEA0BATEILHOCTH), ONpeeseTcs no ¢opmyne bepuyniu
k ok 4Nk
P.(k)=Chp™a" ",

rae = 1- P — BEpPOSATHOCTH TOI'O, YTO COOBITHE B Ka>XJ10M H3 HUCIIBITAaHUN HE TTOSIBUTCS.

Ilpumep evinonnenusn 3ad0anus.

BeposiTHOCTE BexokecTu ceMsiH nieHulbl pasHa 0,9. KakoBa BeposITHOCTh

TOT'0, 9YTO U3 YCTBIPCX IMOCCAHHBIX CCMAH BSOﬁHYT HC MCHCC TPCX.

Pewenue:

a) MycTh coObITHE A — U3 4 CeMSIH B30MAYT HE MEHEE TPEX CeMsH; COObITHE B — U3 4 ceMsiH
B30MIyT 3 ceMenu; cobbiTie C — u3 4 cemsiH B3ouayT 4 ceMenu. [lo Teopeme croxeHus
BEPOSTHOCTEU

P(A)=P(B)+P(C).

0) BeposiTHOCTH coObITHIT B 1 C onpezenum o Gpopmyie bepayiu:

~ 41
P(B)=P,(3)=C}p%*? :m-0,93-(1—0,9):0,2916,

P(C)=P,(4)=Csp*q**=0,9"=0,6561.
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B) rickomast BepositHocTh P(A)=0,2916 +0,6561=0,9477.

3agava 2.

Teopemuueckue ceedenus.
Ecnu 4ucio MmoOBTOPSIIOUIMXCS MCIBITAaHUN BEIMKO, TO OIpPEACNICHUE BEPOSATHOCTH IO
dopmyne bepHymiu 3arpynHeHO H3-3a TPOMO3JIKOCTH BBIUMCICHHUA. B 3TOM ciydae

NPUMEHSIOT NMPUOIMKEHHYIO (HOPMYILY, BBIPXKAIOIIYIO JIOKAIbHYI0 meopemy Jlannaca:

Jopg

Pa(k) =

3HaueHust GyHKIUH @(X) OMPEACIIIIOTCS U3 TaOJHIIbI, TPUBEACHHON B IMPUIOKCHHUH 1.
[lpu wManpIX 3HAYEHHWSX BeposATHOCTH p i Berumcienus P,(K)  nmpumensror

ACUMIITOTHYECKYIO hopmyny [lyaccona

k
P, (k) z%oe_ﬁ, rae e=2,7182...; A=np.

Ota ¢popmyna ucnonb3yercs mpu A <10, mpuyem 4emM MEHbIIIE p ¥ OOJIBIIE 72, TEM PE3YJIBTAT

TOYHCC.

Ilpumep evinonnenus 3a0anust.

BeposTHOCTh BCXOKeCcTH ceMsiH mieHuIbl paBHa 0,9. Haittu
BEPOSATHOCTH TOTO, 4TO U3 400 mocesHHbIX ceMsH B3ouMAyT 350

CCMH.

Pewenue.
a) u3 YCIIOBUS 3a/1a4u p=0,9,0=1-0,9=0,1;, n=400; k =350. Tornma

,_350-400-09 10
J400-0,9-01 6

-1,67;

0) u3 Tabmuiel B mpuiokenun 1 Haxoaum ¢(—1,67) = ¢(1,67) =0,0989;



51

B) UCKOMas BEpOSITHOCTh paBHA

P, (350) ~ .0,0989 ~ 0,0165.
i00(350) 400-0.9-0,1

Ilpumep evinonnenus 3a0anus.

Cpenu cemstH menuirspl 0,02% cophsikoB. KakoBa BEpOsITHOCTh

TOro, 4to npu chaydaitHom otoope 10000 cemsH Oyner

0OHapyXEHO 6 CEMSIH COPHSKOB?

Pewenue.

W13 ycmoBus 3amaun p =0,0002; n=10000;k =6. Torma 4 =10000-0,0002=2.
Hckomast BEpOATHOCTh paBHA
2° _ 64

Ploooo(6) zg'e %-0,1353z0,012_

3anaua 3.

Teopemuqecme CBEOCHUS.
Ecan BCPOATHOCTb HACTYIIJICHUA coObITHS A B Ka>XJ10M H3 n HCIIBITAaHUN MOCTOSIHHA U

paBHa p, To BepositHocTh P, (K, <k <k,) Toro, uro cobbitme A4 B TakMX HCIBITAHUIX
HACTYNUT He MeHee K; pa3 u He Oonee K, pas, ompenernsieTcs: 0 MHTErPaIbHOI TeopeMme

Jlarnaca popmyoii:

1 £ X
P (ki <k<k,)~r——-|e 2dx,
n(l 2) \/Zi
ky—np k, —np
e g =———u f= , q=1-p.
vpPq v/ npq
x t?

OyHKIUSA CD(X):T-J‘e_Zdt Ha3biBaeTcsl ¢yHkumen Jlamnaca. B mpuioxeHnn 2
T
0

naHbl 3HadeHus dtor pynkmmm s 0<X<5. [lpu x>5 ¢ynkuus P(x)=0,5. Ilpu



52

OTPHUIATENIbHBIX 3HAYCHHAX X B CHIy HeueTHocTH ¢yHkiuu Jlammaca ®(—x)=-P(X).

Hcnonws3ys ¢pynkuuto Jlamnmaca, umeem

P, (ki £k <k,) = D(B) - D().

Ilpumep évinonnenus 3ad0anus.

[IpotieHT BcXoxkeCcTH ceMsiH IiieHuIbl paBeH 90%. Haiitu BeposiTHOCTH TOT0, YTO

n3 500 mocessHHBIX ceMsH B30iayT ot 400 1o 440 cemsH.

Pewenue.
a) 3 ycnous 3anaun P=0,9;q4=1-0,9=0,1; n=500; k; =400; k, = 440.

400-500-0,9
/500-0,9-0,1

440-500-0,9

= ~-1,49.
/500-0,9-0,1

Torma o =

—7,45; p

0) 13 TaOIMITHI B IPHIIOKEHUH 2 HAXOUM
®(-1,49) =-D(1,49) ~ -0,4319; D(-7,45)=—-D(7,45)~-0,5.
B) UCKOMasl BEpPOSITHOCTh paBHA

P,,, (400 < k < 440) ~ d(~1,49) — ®(~7,45) = —0,4312 + 0,5=0,0681.

3anaua 4.

Teopemuueckue ceedenus.

Jluckpemnotii Ha3bIBAIOT CAVYAUHYIO GEIUYUHY, BO3MOXXHBIE 3HAUEHUS KOTOPOU €CTh
OTAEIbHBIE N30JIMPOBAHHBIE YUCIIA, KOTOPHIC 3Ta BEJIMYMHA IPUHUMAET C ONPEAECTICHHBIMU
BO3MOXXHOCTSIMU. 3aKOHOM pacnpeodeiieHusi TUCKPETHON CIIydyallHOM BEJMYUHBI Ha3bIBAOT
nepeyeHb €€ BO3MOKHBIX 3HAYEHUM M COOTBETCTBYIOIIMX UM BEPOATHOCTEW. DTOT 3aKOH

MOXET OBITh 3a/laH B BUJIE TaOJMIbI, MepBas CTPOKa KOTOPOH COAECPKHUT BO3MOXKHbBIC

n
3HAYEHHUs X;, a BTOpas — BEPOATHOCTU P;, IpAYEM Z p; =1:
i=1



P Py ) e Pn

XapakTepuCTUKOM  CpeJHEro  3HA4YeHHsl  CIy4yallHOM  BEJIMYMHBI  CITY>KHUT

MaTeMaTU4YeCKoe OXuaaHue. Mamemamuyeckum o0xcuoaHuem ITUCKPETHON CiydyalHOU

BCJIMYMHBI HA3BIBAIOT CYMMY HpOI/IBBeI[eHI/Iﬁ BceX €€ BO3MOJXHBIX 3HAYCHHUM Ha HX

BCPOATHOCTHU:

n
M(X):X1p1+x2p2+'"+xnpn:inpi' (1)
i—1

CBolicTBa MaTeMaTUYECKOTIO OXUAaHHA:

1)

2)

3)

4)

MAaTEMATHYECKOE OXHUIAHHE IIOCTOAHHOM BEJIMYMHBI PAaBHO CaMoOM
MTOCTOSIHHOMM;

MMOCTOSIHHBI MHO>KHTEIb MOKHO BBIHOCHUTH 3a 3HAK MaTeMaTH4YECKOTrO
OKUJaHMS,

MAaTEMaTUYECKOE OXKHUJAHUE TMPOU3BEACHHUS B3aUMHO  HE3aBUCHUMBIX
CJIy4YaWHBIX BEJIIMYMH PABHO IPOU3BEICHUIO MATEMAaTHYECKUX OXUIAHUMN
COMHOKHUTEJICH;

MaTEMaTUYECKOE OKHUIAHUE CYMMbI CIyYalHBIX BEJIWYMH PABHO CYMME

MaTEMAaTH4YCCKUX O)KI/II[aHI/Iﬁ cJlaraCMbIX.

Jlucnepcueti ciydailHOM BEIMYMHBI HAa3bIBAIOT MaTEMAaTHYECKOE OXKUIAHUE KBajpaTa

OTKJIOHCHU CHy‘I&ﬁHOﬁ BCIINYHHEI OT €€ MaTCMaTU4YCCKOI'O OKUJaHMA:

D(X)=M[X =M (X)]. (2)

Jlucriepcuio y100HO BBIYUCIIATE 1O hopmyJie

D(X)=M (X% -[M(X)]. (3)

CBoiicTBa IucnepCcun:

1) nucnepcus MOCTOSTHHOW BEJIMYMHBI PAaBHA HYJIIO;

2) MMOCTOSIHHBIM MHOHUTEJIb MOXXHO BBIHOCHUTH 3a 3HaK AUCIICPCHUH, BO3BOJA €TO B

KBaJpar;
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3) amcriepcusi CyMMbl HE3aBUCHMBIX CIyYalHBIX BEJIMUYMH PaBHA CyMME JTUCIICPCHIA
ClIaracMbIX.
Cpednum Keadpamuyeckum OMKIOHEHUeM CIIydallHOW BEJIWYMHBI Ha3bIBAIOT

KBa,HpaTHLIﬁ KOPCHb U3 JUCIICPCUU:

o(X)=+D(X). (4)

Cpez[Hee KBaAPaTHYICCKOC OTKIIOHCHHUC cnyqaﬁﬂoﬁ BCIIMYUHBI XapaKTCPU3YCT PACCCAHUC

BO3MOKHBIX 3HAUCHUI cnyqaﬁﬂoﬁ BCIIMYMUHBI BOKPYT ec CpCOHCTO 3HAYUCHUA.

Ilpumep evinonnenusn 3ad0anus.

3a71aH 3aKOH pacHpeaeCHUs] TUCKPETHON CIIy4allHOW BEIWYUHBI
X. Haiitu ee maTeMaTH4e€CKOE OXKUJIAHUE, TUCIIEPCUIO U CPEAHEE

KBaAPaATHUUICCKOC OTKIIOHCHHUC.

X 40 42 41 44
P 01 03 02 04

Pewenue.
a) BplumciauM wMaTeMaTHUYeCKO€ OXHJAHME I10 3aJaHHOMY 3aKOHY paclpeaciieHus

JUCKPETHOM CIIy4aifHOW BETUYMHBI, TTOJIB3YsICh hopmyoi (1):

M(X)=40-0,1+42-0,3+41-0,2+44-0,4=42,4;
0) BBIYHUCIIMM JUCIIEPCUIO, BOCIIOIB30BaBIINCH (hopmyiion (3). JIjist 3TOro coCTaBUM 3aKOH
pacnpeneneHus KBaapara CiliydaiHOW BEJIMYMHBL:

X2 402 422 412 44

P 01 03 02 04

Torma M (X?)=407-0,1+42%.0,3+41%-0,2 +44%.0,4=1799,8;
D(X)=1799,8—42,4% =2,04.

B) CpeHee KBaIpaTUIECKOE OTKJIIOHEHUE BBIYUCIUM 10 Gopmyre (4):
o(X)=+/2,04 ~1,43.

3ajaua 5.
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Teopemuueckue ceedeHus.
Dyuxyueii pacnpeoenenus (MHTETpaibHOW (GYHKIIMEH pachpenesieHus]) Has3bIBaloT

¢ynknuto F(X), ompemensioniyro Uisi KaXJIOTo 3HAYCHHS X BEPOSTHOCTh TOTO, YTO
cnyqaﬁHaﬂ BeanunHa X MNPpUMCT 3HAYCHUC, MCHBIIICC X, TO CCTh

F(x)=P(X <X).

CBolicTBa MHTETpaIbHOU (DYHKIIMH pacIipe/iesICHUs

1) 3HaueHUs QyHKIUH pacTpeleeHUs TPUHAIICKAT OTPE3KY [0;1] ;

2) (yHKIUS pacrpeeacHus eCTh HeyObIBaroIas (GyHKIIHS,

3) BEepOATHOCTH TOTO, YTO CIyJaiHasl BeIWYMHA X TPHUMET 3HAYCHHE, 3aKIIFOUCHHOE B
untepsane (a;b), paBHa npHpaleHMIO (YHKUMM pPAaCHpPEACICHUS Ha 3TOM
untepBane: P(a< X <b)=F(b)-F(a);

4) BEpOATHOCTh TOTO, 4YTO Cly4yaiiHas BeJWYMHA X TPUMET OJHO OIPEACICHHOES
3HAYEHUE, HalIpUMeEDp, X;, paBHA HYJIIO;

5) ecnu Bce BO3MOJKHBIC 3HAUCHUS CIYYalHOM BEIMUYUHBI X MPHUHAJICKAT HHTECPBAITY
(a;h), To

F(x)=0 Vvx<a; F(x)=1 Vvx>b.
Huppepenyuanvnoni  ¢ynxyuei pacnpeoenenus f(X) HempepblBHON ciydaitHON
BEJTMYMHBI HA3bIBAIO TIEPBYIO MIPOU3BOIHYIO OT QYHKIIUU PACTIPEICTICHUS:
F(x)=F'(x). (5)
Ecnu 3agana muddepennuansuas Gyakius pacapeneiacaus f(X), BepoSTHOCTH TOTO,

YTO Clly4alHas BeJIWYMHA X MPUMET 3HAYCHUE, 3aKJIIFOYEHHOE B MHTEPBAJIE (a;b), paBHa
b

P(a< X <b):jf(x)dx.
a

Mamemamuueckoe odrcudanue HENPEPHIBHON CIIydalHONM BETUYUHBI X, BO3MOXHBIE

3HAYEHUS KOTOPOU NMPHUHAJIEKAT BCEU YUCIOBOUW OCH, ONPEAEISAETCS PABEHCTBOM

M(X):Txf (x)dx.

—00
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Ecan Bce BO3MOKHBIE 3HAUCHMS cnyqaﬁHoﬁ BEJIMYMHBI X IIPpUHAAJICKAT WMHTCPBATY

(a;b),To
b
M(X)= jxf (x)dx. (6)

Jlucnepcueu Henpepwvl8HOU CIy4aUHOU 6enuyuHbl X, BO3MOXKHBIE 3HAUYEHUS KOTOPOU

MIPUHAJIEKAT BCEN YMCIIOBOU OCH, ONPEIEIISIETCS PABEHCTBOM

D(X):T[X—M(X)]Zf(x)dx W D(X)=Tx2f(x)dx—[M(X)]z.

—0 —00
Ecau Bce BO3MOKHBIC 3HAUCHMUS CHY‘-I&ﬁHOI?I BEJIMYUHBI X IMpUHAAJIC)KAT HHTCPBAIY

(a;b), To

b b
D(X)=[[x-MX)] f(x)dx  wm  D(X)=[x*f(x)dx-[M(X)]. (7)

Ilpumep evinonnenus 3a0anus.

HemnpepoiBHast cinyuaiiHas BenuunHa X 3a7aHa  WHTErpalibHOM  (yHKIMEH
070de x<0,

pactpenenenus F(X)={x31088 0<x<1,
17 de x>1.

TpeOyetcs HalTH muddepeHnnansHy 0 byHKIHIO pacrpeeneHus

MAaTCMaTHYCCKOC OXKUIaHUEC U JUCIICPCHUILO.

Pewenue.
a) ITo onpeaenenuto (5) Harigem quddepeHnmranbuyo Gyuaknuto pacnpeaeneuus f(Xx) kak
MIPOM3BOIHYIO OT 3aJaHHON MHTErPaJbHOM (DYHKIIUN pacIpeIeICHUS:
070é x<0,
f(x)=43x*786 0<x<1,
07de x>1.
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0) MaTeMaTH4YECKOE OKMIaHue BhIYUCIUM 110 (opmyite (6). Tak kak ¢pyukmus f ()

npu X<0 u X>1 paBHa HyII0, TO UMEEM

1
3

4

i p 3x*
IV'(X):Ixf (X)dx=J‘x-3x2dx=T
0 0

0

B) BBIYUCIIUM JucIiepcuio 1o ¢opmyre (7)

1 3 2 1 3 9
D(X):j(x——j -3x2dx=3j(x4——x3+—x2de=
AR 772" T
1

x° 3x* 38 [1 3 3} 3
_3 | X X g1 3,31 3
5 8 16 0 5 8 16] 80

3ajaua 6.

TeopemuquKue ceeoenus.

Ecnu 3amana muddepennmanshas GyHkus pactpeneiacHus f(X), BeposTHOCTH TOTO,

qTo0 cnyqaﬁHaﬁ BCIIMUMHA XHpI/IMCT 3HAa4YCHUC, 3aKJIIIOYCHHOC B I/IHTepBaJ'Ie (a, b) ) paBHa
b
P(a<X<b)=jf(x)dx. (8)
a

BeposiTHOCTh BBITIOJIHEHUSI CTPOTMX HEpPaBeHCTB a< X <D ompenpensiercs Tol ke
dbopmyIoii.

Hopmanonvim Ha3pIBalOT pacnpeieieHUe BEPOSITHOCTEW HENMPEPBIBHOW CIyYalHOU
BenuuuHbl X, nuddepeHunanbHas (QyHKIUS paclpeiesieHus KOTOpPOro  HMMEET BHJI

(x-a)°

2
e 20" | rmea— MareMaTUYecKoe OKUJAHUE, O — CPENHEE KBAIPATHIECKOE

1
f(x)= gy
OTKJIOHEHUE X.
Ecnu ciiyyainas BenmmurHa X pacrpenesieHa o HOpMajabHOMY 3aKOHY, TO BEPOATHOCTh
TOT0, YTO X MPUMET 3HAYECHUE, 3aKJIIFOUEHHOE B NHTEPBAJIE (a; S ) , paBHa

P(a < X <ﬂ)=®(?j-@(“—‘aj, )

(o}
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{2

1
rae O(x) = > -J'e 2dt — ¢ynkmmsa Jlamiaca (mpuBeieHa B MIPUIOKEHHH 2).
0

¥l

BCPO}ITHOCTI) TOro, 4To a0COJIFOTHAS BEJIMYMHA OTKJIOHCHHUS MEHBIIIC IOJIOKUTEIIHHOTO

yucia o , onpeaensercs mo Gopmyse

p(X —a/<5) :ch(ij. (10)
(o2

Ilpumep evinonnenus 3a0anus.

JlnuHa AeTanu MpeCTaBisIET COOOM HOPMabHO PacCHpe/eICHHYIO CIydailHyro
BEJIMYMHY C MaTeMaTU4YeCKUM oxkuaaHueM 40 MM U CpeaHUM KBaJIpaTUYECKUM
OTKJIOHEHVEM 3 MM. HalTu BEpOATHOCTH TOTO, YTO JJIMHA MPOU3BOJIBHO B3STOM
neranu Oyner Oosbine 34 MM U MeHbIne 43 mMm. OnpeaeauTh BEpOSTHOCTD TOTO,

4YTO JUIMHA JECTAJIM OTKJIOHUTCS OT €€ MaTeMaTHUYECKOTO OKUIAHUS HE 0osee uem

1,5 mm.

Pewenue.

a) Ilo ycnoButo 3anaun a =40, « =34, f =43, 0 =3. Toraa no popmye (9)
43—34)_(1)(34—40

P(34< X <43):c1>( )=<D(1)—q>(_2):

=®(1) + P(2) ~0,3413+0,4772~0,8185.
0) BEPOATHOCTh TOro, 4ro a—-o0< X <a+o, rae a=40,6 =15, BBIUUCIUM IO

dbopmyie (10):

P(X —4o\<1,5):zq{%):z-@(o,s)z2-0,1915zo,383.

3ajaua /.

TeopemuueCKue ceeoeHsl.
Komnnexcrvim yuciom Ha3pIBaeTCs BBIPAKCHUC BHU A
Z=X+1y, (11)

re X, Y - BEIIECTBEHHbIE (J€HCTBUTENBHBIC) YHCIIA,
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| =+/—1 - MEUMAA eIUHULIA.
Yucno X Ha3BIBAIOT O0eUCMEUMENbHOU YACMbl0 KOMIUIEKCHOTO YHUCIa Z 1 0003HAYAIOT

x=Rez,auucnoy - muumoii vacmoio uncia z. y = Im z . MHMMas eIMHALIA | IPEICTABIISACT

c000i1 KOpeHb KBaJAPaTHOTO YPaBHECHUS 22+1=0, 10 ecTb i =—1. 3aMKCh KOMILIEKCHOTO
gyucia B ¢popme (11) Ha3bIBAIOT aneebpauveckum npedcmasieHuem KOMIICKCHOTO YHCa.

Yucno Z = X —1y Ha3bIBAIOT CONMPSHKEHHBIM KOMIUIEKCHOMY uuciy (11).

2 2
Mooynem KOMIUIEKCHOTO YHCJIa HA3bIBAIOT BEIUYUHY ‘Z‘z«/X +Yy°, apeymenmom

KOMIIJICKCHOI'O qucia Ha3bIBAIOT BCIIMUYNHY @Q=argz TaKy1o, qTo

X . y
COSQ=——v; SiNp=—=ou
[X2+y2 /X2+y2

IIPpOTHUB YacoBOM CTPCJIKH, CUHHTACTCA IIO0JOXUTCIbHBIM, B IIPOTHBHOM ClIydac —

, @=argz=arctg y , TJIe YTOJ ¢, OTCUUTHIBAEMBIiA
X

oTpuniateabHbiM.  KoMmmuiekcHoe  4yucino  z=x+iy  MOXHO  TMpPEIACTaBUTh B
mpucoHoMempu4eckou ghopme

z=|z|cosg +iz[sinp = ‘z‘(cosgo +ising) . (12)

O6o3HaunMm €'Y =CcoSe +iSing, Torma MOKXHO INEpedTH OT TPUTOHOMETPUYECKOM

dbopMBbI npeicTaBiICHUs KOMIUIEKCHOTO uncia (12) k noxazamenvuou gpopme:
z=|ze'?. (13)
PaccMoTprM OCHOBHBIE anreOpandeckue OINepanud HaJ KOMIUIECHBIMH YHCIIAMH
=X +1y; B Zy =Xy +1Ys.
1. Cnoxenne: 73+ = (X + X ) +i(Yp + Yo ).
2. Borauranue: 7 -2, =(X —Xp ) +i(y1—Y»).
3. YMHOKeHHE: 7y -Zp = (X +iyp ) (Xo +1Yo ) = (XXo = Y1Y2 ) +i (X Yo + Xo V1 ).

Z 77, XX+ YiYo +i( VX — XY
4.JleneHHe:—1: 1°%2 _ 7172 122 (2}2 12)
I I7D X5 + Y5

5. Bo3BeneHHME KOMIUIEKCHOI'O YHCIa B CTENEHb: B O3TOM CiIy4yae YJIOOHO OT

anreOpanueckoir (HOpMBI TPENICTABICHUS YHCIA z =X +iy TEpPerTH K IMOKa3aTeIbHOU
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Gopme: z= ‘z‘ei ?. Torma z" = ‘z‘nein(p, W, 3alMChIBasi PE3yJIbTaT B TPUIOHOMETPHUECKOI
(opme, monyunm Tak HaspIBaeMyo gopmyry Myaspa:
2" =|7|" (cosng +isinng). (14)

6. 3BieucHue KOPHA U3 KOMIINIICKCHOT'O YHCJIa: KOpPHEM N-0l1 CTENEHHU U3 KOMIIJIEKCHOT'O

4HCJiia Z Ha3bIBACTCs TAKOC KOMIIJICKCHOE YHCJIO W, YTO IIPHU BO3BEIACHUHU €0 B N-YIO CTCIICHb

nonyuum . Nz =W, ecmu W' = Z.
JI1s KaXKI0ro KOMILIEKCHOTO YMCJIa MOKHO HAaUTU N 3HAYEHUN KOPHS N-OW CTENEHU 110
bopmyre
+27k . . @+27K
:”|z|(cos¢—+|sm¢— . k=012,..,n-1. (15)
n n

Ilpumep evinonnenusn 3ad0anus.

3ajaHbl KOMIUIEKCHblE 4ucia. TpeOyercs a) BBINOJHUTh JEHCTBUS HaJ
KOMILJIEKCHBIMU YHCIIaMU B anreOpandeckoil popme; 0) HalTH BCe 3HAUECHHSI KOPHS
U TIPEJCTaBUTh OTBET B aJireOpandeckoit popme:

N2
a) (EJ -i%; 6) 4.

1+1

Pewenue.
2

2) (1_4)243: (1-i)(2-i) Z_i.iz_ 1-i—i+i® il

1+i (1+i)(1-i) 1=

. 2 N2
— w _i-(—1)=(_—2'j +i==1+1,
1-(-1) 2

B npeobpazoBaHusx UCOIL30BaIU TOT (DAKT, U4TO i2=-1.

6) 178 BBIUMCIEHHS X—i TpeACTaBUM YHCIO —i B TPUTOHOMETPHUECKOH (opme.

Tockombky |-i|=1, COS(0=%=0,Sin(o:_T1:—1,¢:27O°, To —i=C0s270° +isin270°.

Haiinem ¥—i mo dbopmyre (15):
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(5_1) =§’/i[c05270 +360°k . . 270" +360 kj’ (01234
k+1 5 5

()

~1. (cos(54° +72°K) +isin(54° + 72°k)), k=0,12,3,4,

k+1

mpu k =0 (§/—_1)1=cos54° +isin54°,

npu k =1 (E’/—_l)2 = c0s126° +isin126°,

=

3

_1)4

mpu k = 4 (%3/—_1)5 — c0s342° +isin342°,

o1

npu k=3 c0s270° +isin270°,

npu k=2 ( - ) =05198° +isin198°,
(

IlepeyeHb OCHOBHOM M IONOJTHUTEJIbHON Y4eOHOM JIUTEPaTYyPbl, HEOOXOAMMOM 11l OCBOCHUS
AU CHUILIMHBI (MOAYJII0)

OcHoBHas JIUTEepaTypa

. bexnemuiues, J[. B. Kypc ananuTrueckoi reoMeTpuu M JTMHEWHOU anreOpsl : yueOHUK Juist By3o0B / 1.
B. bexnemumies. — 18-e uzn., nepepad. — Cankt-IlerepOypr : Jlanb, 2021. — 448 c. — ISBN 978-5-
8114-4916-3. — TekcT : ayekTpoHHbIN // JlaHb : 31eKTpOHHO-OMOMMOTeuHass cuctema. — URL:
https://e.lanbook.com/book/152643. — Pexxum moctyma: i aBTOPH3. MOJIb30BATEIICH.

. Knerenuk, /I. B. CoopHuK 3a/1a4 0 aHATUTHYECKON reomeTpuH : yueOHoe nocodue / 1. B. Knerenux ;
noxa penaknuei H. B. Epumoa. — 17-e uszn., crep. — Cankr-IletepOypr : Jlans, 2020. — 224 ¢. —
ISBN 978-5-8114-1051-4. — Texkcr : anekTpoHHbIH // JIaHb : 31eKTpOHHO-OMOINOTEeYHAs cUCTeMa. —
URL: https://e.lanbook.com/book/130489. — Pexum poctyma: 1jist aBTOpHU3. TOIH30BATENEH.

. Ky3nenos, JI. A. COopHuk 3a7aHuii o BeICIIEH MaTeMaTHKe. THIIOBbIE pacyeTsl : yuebHoe nmocoodue /
JI. A. Ky3uenoB. — 13-e usn., crep. — Cankrt-IlerepOypr : Jlans, 2021. — 240 c. — ISBN 978-5-
8114-0574-9. — TekcT : aneKTpoHHbIH // JIaHb : anekTpoHHO-0MOMMoTeuHas cucrema. — URL:
https://e.lanbook.com/book/168472. — Pexxum moctyma: it aBTOPH3. MMOJIB30BaTEIICH.

. ®uxrenronsl, I'. M. Kypc muddepeHianbHOro 1 HHTErpaabHOro HCUUCICHUS | y4eOHUK AJIS BY30B :
B 3 Tomax / ['. M. ®uxrtenronsil. — 15-e uzn., crep. — Cankr-IletepOypr : Jlans, [6.1.]. — Tom 1 —
2021. — 608 c. — ISBN 978-5-8114-7061-7. — Tekcr : 21neKTpOHHBIH // JIaHb : 3JE€KTPOHHO-
oubnuoreunas cucrema. — URL: https://e.lanbook.com/book/154399. — Pesxum poctyma: s
aBTOPH3. MOJIb30BATENCH.

. @uxrenronsil, . M. Kypc nuddepeniimanbHOro 1 HHTErpaabHOTO UCYUCIIEHUS © YY€OHUK /1JIsl BY30B :
B 3 Tomax / I'. M. @uxrtenronsil. — 15-e uzn., crep. — Cankrt-IlerepOypr : Jlans, [6. 1.]. — Tom 2 :
Kypc muddepennmansaoro n uaTerpansaoro nucuncienus — 2021. — 800 ¢. — ISBN 978-5-8114-
7377-9. — Tekcr : 2nekTpoHHbIH // JIaHb : 37eKTpoHHO-0MbOaoTeuHas cuctema. — URL:
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