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IlepBbIi cemecTp

3anauva 1.

Teopemuueckue ceedeHus.
B npsimoyronbHO# nekapToBoil cucteme koopauHaT OXYZ TOJOKEHUE 000U TOYKHU

3a/1a€TCsl TPEMS YUCTIAMU — KOOPOUHAMAMU A(X A YasZ A) (pucyHok 1).

,A:(XA,YA,ZA)

1
I
& »
o >

7

Pucynok 1.

PaccrosiHue Mexny NByMs TOYKAMMU Al(xl, Y1, 21) u A (XZ, y2,22) OIIPENENSAETCs 110

bopmyie

d= \/(Xz - )(1)2 +(y, - y1)2 +(z, - 21)2 - (1)

[Tpu perieHMM 3a7a4 aHAJTUTHYECKOH TEOMETPUM Ha IUIOCKOCTH HEOOXOIUMBI
CJICYIOIIMUE CBEAEHHUS O NPSIMOU JINHUU:

1) ecau Touka M(X; y) nemut otpe3ok MiM, (Mi(x1, yvi) u Ma(xz, y2)) B OTHOIICHUU A,
TO KOOPJIMHATHI ATOW TOYKU BBIPAXKAIOTCS (OopMyIaMu

:x1+/1x2 y:y1+/1y2 2)
1+4 1+4

ecim ke Touka M(X; Y) - cepeauna otpeska MiMa, TO

2 2

2) ypaBHEHHE IPSIMOM, MpOXoasied depe3 Touky Mi(Xi; Y1) ¥ MMEIOIIEH JTaHHbIHI

x=21*t% _N*Ya. (3)

yIII0BOM KO3 GHUIMEHT K, 3aITUChIBACTCS B BUIC
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Y=y =k(x=x); (4)
3) ypaBHEHHE MPSMOU, MPOXOASINEH Yepe3 ABe JaHHbIe TOUKU Mi(X1; Y1) 1 Ma(X2; Y2),

WMEET BU

X=X — Y-V k:yZ_yl. (5)

) HpI/I 9TOM
Xo=X Yo— ) Xy =X

4) OCTpBIA YroJ MEXAy IABYMs MPSMBIMH C YriIoBbIMH Koddduimentamu Ki u Kz

ompenenseTcs mo Gopmyiie

Ko =k

, 6
1+kqk, (©)

gy =

IIpun 3TOM YCIOBHC IIAPAJUICIIBHOCTH IIPAMBIX HMCCT BHI k]_:kz, a YCIOBHC

NEepHEeHIUKYIApHOCTH K = —ki; (7)
2

A
5) ecau mpsMasi Ha IUIOCKOCTH 3a/iaHa oowum ypasneruem Ax+By+C=0, To K, = B

- €€ YTII0BOM KO3 DUIIUEHT;
6) ecau B OOIEM ypaBHEHUM MPAMON MoAenuTh Bce wieHsl Ha C # 0, moaydum
YpPaBHEHHUE NMPSIMOW B OTPE3KAX:

X Yy C C.
_+_:1, a:——’b:——’ 8
a b A A B ®

7) Touka nepecedeHus 1ByX NpsMbiXx A1x+B1y+Ci1=0 u Ax+Byy+Cr=0 onpenensercs

W3 PELIEHUS] CUCTEMBI YPABHEHU M

A o ©)
2X+By+C, =0

Vpasnenue oxpysxcnocmu c¢ uentpom B Touke E(a,b) m pagmycom R wmmeer BuA
(x—a)* +(y—b)* =R2. (10)
Ilpumep évinonnenusn 3a0anus.

Jlaubl BepimHbl Tpeyroiasauka ABC: A(—4;8), B(5;-4), C(10;6).

Haiitu: 1) nmuny croponst AB; 2) ypaBHeHUs: cTopoH AB u AC B 00111eM BUE U HX

yTI0Bble KO3(PGUUMEHTHI; 3) BHYTPEHHHUM yroi A B paJiuaHax ¢ TOYHOCThIO 10
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0,01; 4) ypaBHenue BbicoTbl CD B o0mem Bujae U ee AIUHY; 5) ypaBHEHUE

OKPYXHOCTH, JIJIsl KoTopoil BhicoTa CD ectb nuamerp.

Pewenue:
1) Paccrosaue d MexXIy IByMs TOUYKaMH Ha IUIOCKOCTH orpeaesseTcs mo ¢popmyie (1), B

KOTOPYIO TOJICTaBJICHBI 3HAUEHUS KOOPJUHAT To4Yek A u B (monoxum Z; =z, =0), Torna

AB =/(5—(-4))? + (- 4—8)? = /811144 =15.

2) YpaBHEHHE TIPSIMOMA, IPOXOIAIICH Yepe3 JABe 3a/laHHbIe TOUKH uMeeT Bu (5):

[ToncraBuB B (9) KOOpAUHATHI TOYEK A U B, MOIy4YuM ypaBHEHHE NpAMOn AB:

Xx—(-4) y-8 Xx+4 y-8 Xx+4 y-8

5-(-4) -4-8° 9 -12 3 -4
3y—24=-4x-16, wm 4x+3y—-8=0 (4B).

Jlnsg HaxoaeHus yrioBoro koddduimeHta Kag mpsMoit 4B paspeuiiM MOJyYCHHOES

YpaBHEHHUE OTHOCUTEIIBHO Y: Y = 3 X+ g Orcrona Kag = —g . [ToacraBus B popmyiny (5)

Xx—(-4) y-8
10-(-4) 6-8'

koopauHatel Touek A u C, HaligeM ypaBHeHue  npsimoud AC:

x+4 y-8 x+4 y-8
14 -2 7 -1

7y-56=-x-4 wm x+7y-52=0 (AC).

OTCIOI[a kAC — _% '

3) Yron Mexay AByMs MPSMBIMH, YIJIOBbIe KOI(D(UIMEHTBI KOTOPBIX paBHBI Ki U Ky,

onpeaensercs o Gopmyie (6). Yron A, oOpa3zoBanHbiii npsiMeiMu AB u AC, HaiiieM 10

dopmyie (6), moncraBus B Hee Ky =K,z = —g, Ko =Kac = —%.



_1_[_4j 4 1 25
7 3 3 7 21
1+ _Lh(4 1+i 2

7 3 21 21

/A =arctgl=45" ~ 0,79 pan.

=1,

4) Taxk kak Bbicota CD neprnienauKyssipHa CTopoHe AB, TO yriioBbie KOA()OUITUSHTH 3TUX

NPSIMBIX CBSI3aHbI COOTHOIIIEHUEM (7), TOATOMY

. 1_ 1.3
0 kAB _ﬂ 4
3

YPaBHeHI/Ie HpHMOﬁ, HpOXOIISIHI@ﬁ 4cpe3 3aJaHHYI0O TOYKY B 3aJaHHOM YIJIOBBIM

koapdurmenToM K Hanpapinenuu, umeeT Buj (4). [ToacraBuB B (4) KOOPAWMHATHI TOYKH

Cu Kep = % , IOJTy4uM ypaBHEeHHE BbICOTHI CD:

y—6=%(x—10), 4y -24=3x-30, 3x—-4y-6=0 (CD).

Jns Haxoxkaenus aauael CD ompenenum koopauHatel Touku D, pemms cucreMmy
ypaBHeHwUi (AB) u (CD):

{4x+3y—8:0

3X_dy_6=0’ orkyna x=2,y=0, Toecrp D (2;0).

[ToacraBus B hpopmyny (1) koopaunatsl Touek C u D, Haxoqum:

CD =+/(10-2)? + (6-0)% =/64+36 =10.

5) Tak kak CD sBisieTcsl AMaMETPOM MCKOMOM OKPYKHOCTH, TO €€ IIEHTp £ ecTh cepeauHa

otpeska CD. Bocnonbs3oBaBmmcs hopmyoii (3) meneHus: oTpes3Ka momnojam, moTydrM:

_Xc +Xp _1O+2:6 yE:yC+yD :6+O:3.

X
E 2 2 2 2

CnepoBarenbHo, E (6, 3) u R:%:%:S. Ucnonb3ys popmyny (10), momyuaem

ypaBHEHHE UCKOMOW OKpYXHOCTH: (X — 6)*+(y — 3)?= 25.



3agaua 2.

Teopemuuecmte cBe0eHUsl.

Ecnu wm3BecTHbl Hauano Bektopa Mi(X(,Y1,z) um komernm My(X,,Y,,2,), To

%
KOOpAnHaThI BekTopa d = M;M, HaxonsaTcs no gpopmysiam

X=Xy =X, Y=Yo— V1, 2=2, — 71, (11)

a Cr'o AJIMHA OIIPCACIEICTCA BBIPAKCHUCM

\é\:\/x2+y2+22 . (12)

Bekrop @ ¢ koopauHaramu (X, Y, Z) MOJKET OBITh MPEICTABIIECH PA3JIOKEHUEM 10 OPTaM B
BUJIC

d=Xi +Vj+2K. (13)

Ecnu a, B, Y — yrJibl, KOTOpBIE BEKTOp a 00pa3zyeT C MOJIOKUTEIIbHBIMU HAITPABICHUSIMU

ocell KOOpAUHAT, TO COSM, COS[, COSY Ha3bIBAIOTCS HANPABIAIOWUMU KOCUHYCAMU BEKTOPA

a (pucynok 2). Toria UMEIOT MECTO COOTHOIICHUS

x=|d|-cosa,y=|a-cos B, z=la|-cosy, cos’c+cos’P+cos’y=1.

—

Jlns BextopoB a=(X,Y1,%) u b=(Xy,Y,,2,) BBOMATCS Omeparmu cirodcenus u
YVYMHOINCEHUA HA HUcjio TaKHue, qTo
Axb=(X £X,, Y1 £VY,,21£2,) u A8 =(Ax, Ay, 17;),

rae A — JIr000€ YHUCIIO.

2l

v

l
~.ly

Pucynoxk 2.
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Cransipuvim npouseedenuem AByX BeKTopoB & u b (é : b) HAa3bIBAETCS YUCII0, PABHOE

IMPOU3BCACHUIO JIINH OTHUX BCKTOPOB Ha KOCHUHYC YyIjla @ MCXKIY HHMU,

a-b :\é\-‘b‘-COS(p WM, €CTM BEKTOPHl 3aJaHbl CBOMMH KOOPIMHATAMH, TO

—

a-b=xX + 1Y, +742;. (14)

BGKTOpBI, JCXKamue  Ha OI[HOﬁ WK  MMapaJuICIIbHBIX  IIPAMBIX, HA3bBIBAIOT

—

konmuneapuvimu.  [IpU3HAK — KOJUTMHEAPHOCTH BEKTOpOB a4 W b sBisercs

MpONOPHUOHAIIBHOCTb UX KOOPAWHAT!

A _N_4a (15)
X Yo Ip
Eciu BekTops! & 1 b B3auMHO mepneHAUKYISPHBI, TO XX, + ;Yo + 22, =0.  Vron

—

MEXIy BeKTopamMu a u b ompenensercs COOTHOLIEHHEM:

a-b_ X1 X2 + V1Yo + 4429
6l (w2 2 L o2 [v2 L, 2, o2
\a”b‘ \/Xl +Y +4 \/X2+Y2 +1;

VYpaBHEHUE IJIOCKOCTH, MPOXOIAIIEH YEpe3 TOUYKY MO(XO,yO,Zo) MEePIEHANKYISIPHO

COSQ = (16)

BEKTOPY N = (A, B, C), UMeEET BUJ
A(X—Xg)+B(y—-Yq)+C(z—124) =0. (17)

Ilpumep evinonnenus 3a0anus.

Janbel koopauHathl Tpex Touek: A(3; 0; -5), B(6; 2; 1), C(12;-12; 3).

- -
TpeOyetcs: 1) 3anucats BekTopsl AB u AC B cucteme opT U HAUTH MOJTYJIA STUX

- -
BEKTOPOB; 2) HailTh yroa Mexay Bektopamu AB u AC; 3) cocTaBuTh ypaBHEHUE

%
MJIOCKOCTH, TIPOXO Isiiei uepe3 Touky C neprneHauKysipHo BekTopy AB.

Pewenue:
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_)
1) Haiinem koopaunatel Bektopa AB, moncrtasus B popmyity (11) koopauHaThl TOYEK A U

B, n 3anmieM pasnokeHue 3Toro BekTopa 1o opram (13):
- - - -
AB=(6-3)i +(2-0)]+(1+5k =3 +2] +6Kk.
[Tono6HBIM 00pa3zoM

— — - . —
AC=(12-3)i +(-12-0)j +(3+5)k =9 —12] +8k .

- -
Mopynu BektopoB AB u AC HaiineM, moacTaBiisist ©X KOOpAUHATHI B hopmymy (12):

- -
‘AB‘: 32 122,62 =7, ‘AC‘:JgZ 4+ (~12)2 + 8% =17.

- -
2) Haiinem xocuuyc yria ¢ mexay Bektopamu AB u AC. JIjis 3TOro BBIYMCIMM HX

CKaJIIpHOE Mpou3BeneHue mno dpopmyse (14):

- -
AB-AC=3-9+2-(-12)+6-8=51.

Torna no popmye (16)

COSQ = 7517 ~0,4286, ¢ = 6437 =1,13 pan.

3) Ilo ycnoBuio 3amauM MCKOMasl IUIOCKOCTh MPOXOauT depe3 Touky C(12; —12; 3)

5
nepreHaukysspHo Bekropy AB=(3,2,6). Iloacrasmsst B (17) A= 3, B= 2, C= 6,

Xo= 12, yo=—12, 2,= 3, NOIy4uM:
3(x-12) +2 (y +12) + 6(z—3) =0,

wi 3x + 2y + 62 — 30 = 0 — uckomoe ypaBHEHHUE TIOCKOCTH.

3anaua 3.

Teopemuueckue ceedeHus.
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BCKTOpr HA3bIBAIOTCA KOMILJIAHAPHBIMHU, €CJIM OHHU JICKAT B OI[HOﬁ IINTIOCKOCTH HJIN B

NMapasenbHEIX IIOCKOCTAX. YCI0BHEM KOMILTAHAPHOCTH TpeX BEKTOpoB d; =(X,Y1,Z;),

d, =(X,,Y,,2,), 83 =(X3,Y3,Z3)5IBIsIETCA  PABEHCTBO HYII HX  CMEIIAHHOTO
HpOI/I3B€I[eHI/I5{:
XX Y1 7
(a,,8,,85)=[x, Yy, Z,/=0. (18)
X3 Y3 Z3

Tpu BekTOpa 00pa3yIoT Oa3uc B TOM CIIydae, €CI OHU HeKOMNIAAHADHYI.
Ecinu mns BekTopoB &;,8,,8; BbIonmHsercs ycuosue (d;,d,,d;3)#0, To oHE 06pasyior
Gasuc, 1 TF6OH YeTBEPTHIHA BekTop b = (by,b,,b3) Moxer GbITh NpencTaBICH pa3noKeHHEM
10 3TOMY 0a3uCy B BUJIE

b =ad, + fd, +a,, (19)
rie a, f, y — KOOpAUHATHI BEKTOpa b B Gasuce, 00pa30BaHHOM BEKTOpamHu aj,d,,ds.

KoopauHatel a, £, y HaXOAATCS U3 CUCTEMbI YPAaBHEHHIA:

Xy + Xy + pXg =y
ayy + By, + W3 =b,. (20)
azy + L, + y23 =by

Ilpumep evinonnenus 3a0anus.

[Tokasate, uto BekTopsl §;(3; 1; 4), a,(2; 1; -1), d;(1; —1; 5) obGpasyror Gazuc

TPEXMEpPHOTO MpocTpancTBa. Haliti koopauHatel Bektopa b (5; 0; 3) B aTOM Oasuce.

Pewenue:
BbruuciuMm cMmemanHoe Npou3BeIeHHE BEKTOPOB aj,d,,d3
3 1 4
(8,,d,,8;)=2 1 -1=-11=0.
1 -1 5
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Tak kak cMelIaHHOE MMPOU3BCACHHUC OTIMYHO OT HYJIA, TO BCKTOPbI HCKOMILIAHAPHBI U

-

obpasyror 6asuc. KoopmuHatel BekTopa D B 3TOM 0a3mce HaijeM, pasjoXHB €ro Io

BEKTOpaM dj,d,,d; CIeAyroluM o0pa3oMm:

a KOOpJMHATHI BeKTopa b B HOBOM 0a3uce HaiijieM U3 cucteMbl ypaBHeHHi (20)

a-3+[-2+y-1=5 3a+2+y=5
a-1+p-1+y-(-1)=0 WIN a+p-y=0
a-4+p-(-)+y-5=3 4o — f+5y=3

Pemum 9Ty CUCTCMY AJIA 3aJaHHBIX BCKTOPOB MCTOAOM Faycca.

[lomensieM MecTamMu IEPBOE U BTOPOE YPAaBHEHUS

a+p-y=0
3a+2p+y=5.
da— f+5y=3

[Tocne aToro yMHOKHM IEpBOE YpaBHEHUE Ha (—3) U CI0KUM CO BTOPHIM. Jlasiee yMHOKUM

nepBoe ypaBHeHUE Ha (—4) U CII0XHUM ¢ TpeThuM. [lomyunm:

a+p-y=0
-p+4y=5.
-54+9y=3

3aTeM yMHOXaeM BTOpOE€ ypaBHEHHUE Ha (—5) U CKJIaJbIBaAEM C TPETHUM:

a+p-y=0
- [ +4y=5.
—11y =-22

N3 nocneanero ypaBHeHnus umeem y= 2. [loficraBisieM 3TO 3Ha4€HHE BO BTOPOE YpPaBHEHHUE,

noyiyuaem = 3 1, HaKOHEl, U3 IEPBOr0 YpaBHEHUs HaXoauM a= —1.
Takum oOpa3om, nojicTaBuB B ypaBHeHue (19) koopanHaTel BekTopa b , momyuum

6:—514‘332 +2§3
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3anaua 4.

Teopemuueckue c6eoeHusl.
HeoHopoaHas cucTeMa TPeX yPaBHEHUM C TPEMs HEM3BECTHBIMU B OOLIEM CIIydae UMEET
BUJI
1% +apXy + 13X =hy
81X +8ppXp + BxgX3 =y
31X +Agy X, + 8g3X3 = g
U MOXECT 6BITB 3alluCaHa B ManI/ItIHOM BUIC
AX=H, (21)
a1 A Q3
rie A=|a,; a,, a,; |-MaTpuna Ko3UIMEHTOB PH HEUZBECTHBIX,
dg; dzp dg3
X1

X=| X, | - MaTpuua-cTonoer HeN3BECTHBIX,

H =| h, | marpuna-cronder cBOOOAHBIX YWICHOB.

Ecnu matpunia A — meswipooicoennas, T0O €CTb UMEET ONPEACNIUTENb, OTIUYHBIA OT
HyJIA, TO CymiecTByeT marpuua A, obparnas k A, Tak uro AA=E (E - eaunnunas
MaTpuia). YMHOXHM 00€ 4acTu ypasHeHus (22) na Al u momyuum

ALAX=A1H,
WIH
X=AlH, (23)
nockoibKy Al A-X=E-X=X,
PaBencTBO (23) siBRsieTCs pellieHHeM CUCTEMbI ypaBHEHH (22).

Marpuiia, oOpaTHasi K HEBBIPOXKIEHHON MaTpuile A, HAXOIUTCs o0 popMyJie
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1 Ar An Ag
A_lZZ Ao Ayp Ag |, (24)
Az Az Agg

rne A; (1=1, 2,3; j=1, 2, 3) — anreOpanueckoe AONOJTHEHHE JIEMEHTA djj, KOTOPOE
ABJISIETCA TPOU3BEICHUEM (-1)  ma MuHOp (OmpenenuTenb) BTOPOrO MOPAIKA,
IIOJTy4EHHBIA BBIYEPKUBAEM I-ii CTPOKH M J-TO CTOJIONA B ONPEICITHTEIE MATPUIIBI A; A —

OIIPCACIINTCIIb MATPHUIIbI A.

Ilpumep evinonnenus 3a0anusi.

JlaHHyIO0 cHucTeMy YpaBHEHHMI 3amucaTh B MaTpU4HON (opMe U pElIUTh €€ ¢
MOMOILIbIO OOPaTHOM MaTPHUIIBI:

2X1 +3X2 - X3 :8

Xg —Xo +2X3=-1

Peuwenue:

BelinuimeM 151 JaHHOM CUCTEMBbI YpaBHEHH MaTpUIly KO3(P(PUIMEHTOB MPU HEU3BECTHBIX

A u cTosioerr cBOOOHBIX wieHOB H:

1 -2 1
A=12 3 -1|, H=
1 -1 2 -1

Boruncnum onpenenurens A v anredpandeckue JOMOIHEHUS A j 3IEMEHTOB MaTPHLIbI

A
1 -2 1
A=2 3 -1=10=«0,
1 -1 2

CIIEZI0BATENLHO, MaTpula A UMeeT obpaTHyro MaTpuiy AL,

3 -1 L2 -1 b
A11:(_1)1+1'_1 2:5’ A12:(_1)12‘1 2:—5, A13:(—1)13'1 3:—5,
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a2 1 L, L1 L -2
Aa=(D7 ) 2‘:3’ An =D 2‘:1’ An =D —1‘:_1’
-2 1 1 -2
A31 = (_1)3+1 ) 3 _ =-1 A32 — (_1)3+2 ) ; ]‘.IZB’ A33 _ (_1)3+3 1 3= 7

Torna o popmyre (24) oOpaTHas MaTpuila paBHa

5 3 -1
A"l—% -5 1 3
-5 -1 7

[To popmyne (23) Haxonum pelieHNE TaHHOW CUCTEMBbl YpaBHEHUI B MaTPHUHOM

dbopwme:
. 5 3 -1|[ 1 5.1+3-8+(-1)- (-1) . 30
X:A‘l-H:E- -5 1 3| 8 :11- ~5.1+1-8+3-(-1) 0 0|=| 0.
-5 -1 7||-1 -5-1-1-8+7-(-1) -20| | -2

Orcrona x1= 3, x,= 0, x3= —2.
3anaua S.
Teopemuuecxue ceedenus.
Yucno A HaswiBaroT npeneiaoM ¢yHkiuu Y=f(X) B Touke a , ecnum 3Ta QyHKIUA
orpezesieHa B HEKOTOPOW OKPECTHOCTH TOYKH & , 32 UCKITIOYCHHEM, OBITh MOXKET, CaMOK

TOYKHU & , 1 s Kakjaoro &0 Haitnercs takoe 0>0, 4To /Uit BceX X, YIOBICTBOPSIOIINX

ycioButo 0 < ‘x — a‘ < 0, BHITIOJIHAETCS HEPABEHCTBO ‘ f (x) — A‘ <eg:

limf(x):A, eciu Ve>0 35>0:Vx:0<‘x—a‘<5:>‘f(x)—A‘<g.

xX—a

Brruucnenue IIPEEIIOB apu(PMETUIECKUX  BBIPAKEHUUN f1 (x)/ /7 (x),

f1(x)- fo(x), f1(x)= f>(x) mno mpenenam ¢ymxumii f7(x) u f>(x), u3 KoTOpHIX OHH
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COCTAaBJICHBI, HC BCCraga BO3MOXKHO. B »a1nx ClIydasax TOBOpAT, YTO BO3HHUKAIOT

HCOIPCACICHHOCTHU CIICAYIOIINUX BUIOB!:

2] (2] ) fo-0) 7).

I[JBI HaXO0XXACHUA ITPCACIIOB TaKNX HCOIIPCACIICHHBIX BBIpa)KeHI/Iﬁ HY>XHO

YUUTHIBaTh KOHKPETHBIN BUJT QYHKIIUN [ (x) u f> (x) Hanpumep,

IimE:O; (25)

X—0 X

0, ecau n>m

. by (x ) 0 ay )
pezeN OTHOIIEHHS IBYX MHOTOYICHOB |im =| — |={" ectu n=m ;
x—0Yn (x ) 0 m

0,eciu n<m.

. . . sinx (0
NIepPBBIN 3aMevarebHbIi npenen lim——=| — |=1; (26)
x—>0 X 0
X
BTOPOH 3aMevaTeNIbHbIN Tpeaen lim (1 + —j =(1)” =e. (27)
X—>00 X

Benuunna o (X) HaspBaeTcs beckoneuno manou npu X —a, ecau lim a(x)=0. [Ise
X—a

OCCKOHEYHO MaJjible BEJIMYMHBI HA3bIBAIOTCS IKeuedajleHmHbimu, CCINU IMPCACII UX OTHOIICHHA

paBer 1, To ectb a(X)~ S(X), ecnu )!i_rg%:

0
(6 =1. [lox 3HakoM mpenena Jiroodas
OCCKOHEYHO Mallas BEIMYMHA MOKET OBITh 3aMEHEHA Ha SKBHBAJICHTHYIO eil. [IpuBenem
Ta0JIUITy SKBUBAJEHTHBIX OECKOHEUHO MaJIbIX NpU X —> 0 BeIM4uH:
sinx ~ X, arcsin X ~ X, a*-1~x-Ina e” -1~Xx,

2
tgx ~ X, arctgx ~ X, 1—cosx~x7. (28)

Ilpumep evinonnenusn 3a0anus.

Boerauciauth npcacibl:

2
a) lim ax: +1lx=3 6) lim (\/x2+3x—x),

x>-33x2 +10X+3 x—>c0
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2X _(2x=3)"®
B) lim r) lim :
x—0 arctg5x x—o | 2X+1

Pewenue:

a) HOI[CTaHOBKa MNpcaAcJibHOIO 3HA4YCHUA apryMCHTA x=-3 IMPUBOAUT K HCOIIPCACICHHOMY
0
BBIPAXXCHHUIO B A 6 .

Jlnist ycTpaHeHUs 3TOM HEOIPeIeIEHHOCTH Pas3iIoKUM YUCIUTENb M 3HAMEHATEINb Apo0Hu Ha
MHOKHUTENIA U COKPAaTUM Jp0o0b Ha MHOKHTENb (x+3). Takoe cokpauieHue 31€Cb BO3MOKHO,

TaK KaKk MHOXUTEJNb (X+3) OTJIMYEH OT HYJIsI IpU Xx— — 3.

4x2 +11x -3 4-(-3)° +11-(—3)—3:£9j:

lim

x>-33x%2 +10x +3 3-(=3)2+10-(=3)+3 \0

(4x D(x+3) _ lim 4x-1_4-(-3)-1 13
x—> 3(3x+1)(x+3) Cx>-33x+1 3-(-3)+1 8’

0) [Ipu x— oo BeIpakeHuE X2 +3X — X naer HEOIpeIeIeHHOCTh Buia (oo — 00). [ls ee

YCTpAaHCHUA YMHOXKUM U pa3gCcIuM 3TO BBIPAXKCHUC HA V X2 +3X + X , HOCJIC YCT'O pa3aCiInM

YUCJIUTEIb U 3HAMEHATEIIb MOTYYEHHOM 1poOu Ha x , yuuThiBas popmyiy (25):

i (V2 + 3x — x )= (60 — 00 ) = [im (\/x2+3x—xX\/x2+\3x+x)
XI_’“’O( ’ )_( - XI_’“’ (m + x)

X% +3x — X° . 3
= |lim —

\/x +3x+x X \/x +3X+ X *7® /1+ +1

B) [Ipn X — 0 monyunm HEONpeaeIeHHOCTh (gj . O6o3nauum arctgox =Y. Toraa Sx=tgy

u y— Onpu x — (. [Ipumenss coiicTBa npeesios u Gpopmyiy (26), umeem:

2im SNy gim ot 29922
y—0 Y 5y—>0 y y-0cosy 5

x—oarctgbx \0

o (g)z.imzﬁ_@y) :
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9Ty 3aJa4y MOXKHO pPCIINTb, HCIIOJIb3YySA JKBHBAJCHTHBIC 3aMCHBI OECKOHEYHO MaJIbIX

BenuuuH (28). [Tockonbky npu X — 0 sKBUBaJIGHTHBI arctgSx ~ 5X, MOXKHO 3amucath

. 2X 0 . 2X 2
lIim———=| - |=lim—=—.
x—oarctgbx (0/) x—-05x 5
2X—3
2x +1

4x+5
F) HpH X —> 00 BBIPAXKCHHUC ( ) ABJIACTCA HCONIPCACICHHOCTBIO BHIA (100). I[JIH

YCTpaHEHUsI 3TOM HEONPEJEICHHOCTH MPEJACTABUM OCHOBAHUE CTETICHU B BUJIE CYMMBI | U
OECKOHEYHO MaJIol (IpU X —> ©0) BEIUYMHBI; TOCIE Yero MpUMEHUM (POpMYIly BTOPOTO

3aMevaTelIbHOTO mpezena (27):

_ 2% 3 4x+5 _ ox+1_4 4x+5 _ _4 4x+5
lim =lim| ——— =lim|1+ =
x—o\ 2X+1 X—>00 2X+1 X—>00 2x+1

2x+1 -4
. . _4 ~16X-20
) -4 ( —4 j (2x+lj (4x+5) . 5 1-(4x+5) ) ot
=lim|1+ = |lim e4X+ =lime 2x+1 =
X—>0 2Xx+1 X—>00 X—>0
16
) — ] _ 1
—lime 2 =lime ==

X—o0 X—>00 e8
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[TPUMEPDBI PEIIEHW A 3AJIAY

3ajaua 1.

TeopemuquKue cBe0eHsl.

Ipouzsoonoii ot pyukuuu Yy = f(X) mo aprymMeHTy X Ha3bIBaeTCs Mpeaei OTHOIICHHUS

npupaiieHus GyHKIuu Ay K IpUpaIieHuro apryMmenTa Ax, Korjaa mocjieHee CTpEMUTCS K

HYJIIO:

[TpousBoaHAas €CTh CKOPOCTh U3MEHEHUS (YHKIIUU B TOUKE X.

OTpIicKkaHue NTPOU3BOIHOM Ha3bIBaeTcs qudpepeHnpoBaHueM QyHKIHIH.
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OcHoenble npasuia ouggheperyuposanusi.
1. (C)' =0, rae C=Const.
2. (x)' =1
. (U(x)xv(x)) =u'(x)V'(x)
4. (U(X)-v(x)) =u'(x)-v(x)+u(x)-v'(x), (C-u(x)) =C-u’(x)

! !

(u(x)j _U'()-v(x) —u() - v'(x) ( C j _-C-v(x) (u(x)j’zu'(x)
“Lv(x) v2(x) " Lv(x) v(x) L C C

. F'(u(x)) =F; -u'(x)

w

o1

»

Tabnuya npouszeoonvix snemenmapnux gyuxyutl (U =U(X)):

1. u"Y =n-u"t.u, 4. (sinu)’=cosu-u’
2. (@")Y=a"-lna-u", (e")=e"-u, 5. (cosu)’ =—sinu-u’
! !/ !/ !/ ! 1 !/
3. (log, u)' = -u’, 6. (tgu)' = S—-u’, 7. (ctgu)' =—— >—-u’,
u-lna cos“u sin“u
8. (arcsinu)’' = > -u’, (arccosu)' =-— ! -u’

1-u 1-u?

9. (arctgu)’:1 ! -u’, (arcctgu)' =-— 5

u? 1+u

Ecnu B Tabmuie momoxuth U(X) = X, To U' =1,

Ilpumep evinonnenusn 3ad0anus.

Haiinute nmponsBoiHbIe GYHKITUN:

a) y=In(2+sin3x);  6) y=(3"9* 11 ) cos(xy?)-3y? +4x=0.

Pewenue:
a) TOCIEOBATEIIbHO TMPUMEHAS TpaBwia IUPPEpeHIUPOBAHUS  CIOKHOW (YHKIINH,

npaBuia v popmyiibl AuddhepeHIupOBaHMs, UMEEM:
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) 1 ) 1 i
"=(n(2+sin3x)) =— - (2+sin3x) =—— - (2" + (sin3x)") =
y' = (In( ) 2 +sin 3x ( ) 2 +sin 3x ( ( ))
:—_.0033)(.(3)()':3L_S3X;
2 +sIn3x 2 +sIn3X

6) y, _ ((3arctgﬁ +1)4)r — 4(3arctgﬁ +1)3 . (3arctgﬁ _|_1), _
= 4(32019YX 1 1)3. 329X |03, (arctg/X)' =

1
_4 3arctgﬁ+13_3arctgﬂ.|n3_—. \/; r_
( ) 1+(x/§)2( )

1 1 2In3 Jx JxX
iy 3arctg«&+13.3arctg«&_|n3_ ) _ _garctgVx _ qarctgyx | 1)3
( ) 1 ()2 20K @ ( )

B) B JAHHOM ciyyae (yHKIHMOHaJbHAas 3aBUCUMOCTbH 3aJlaHa B HesgHom Buue. Jid

HaXO0KICHUSI TIPOU3BOIHOM Y’ HYKHO MpoandGpepeHIIMPOBaTh IO IEPEMEHHOM X 00€ J4acTH

ypaBHEHMUSI, CUUTAs IPU 3TOM ) (DYHKIIUEH OT X, a 3aTEM MOJYyYEeHHOE YPaBHEHHE Pa3pelInTh

OTHOCHTENBHO Y':
—sin(xy?)-(xy?)' =3-2yy'+4=0;
—sin(xy?) - (X'y% + x(y?)") —6yy' +4=0;
—sin(xy?) - (y% + 2xyy') —6yy’ + 4=0;
— yZsin(xy?) — 2xyy'sin(xy?) —6yy' + 4=0;
W3 mocieaHero ypaBHEHHS HaX0auM Y’ :
2yy’(xsin(xy2) + 3): 4 - y2sin(xy?);

. 4—y?sin(xy?)
y = : > :
Zy(xsm(xy )+3)

3ajaua 2.

Teopemuueckue ceedenusi. ViccnenoBanue (QyHKIMM OJHOW HE3aBUCUMOUN TEpEeMEHHOMU
OyzieM TPOBOIUTH TIO CIAEAYIONICH CXeMe:
1. Haiinem oGnactb onpeeneHus PyHKIIUN.

2. Uccnenyem (pyHKINIO Ha HEPEPHIBHOCTb.
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3. YcraHoBuM, sBISE€TCA JU JaHHAs (PYHKIMS 4YETHOW, HEYETHOW Wiau (GyHKIUEH
o0111eTO BHIA.
4. Haitnem uHTEpBaJIBI BO3pacTaHUs M YObIBaHUS (DYHKIIMH, TOYKH IKCTPEMyMa.
5. Haiinem unTEpBaIBI BHITYKIOCTH U BOTHYTOCTH KPUBOM, TOUKH €€ Meperuoa.

6. Haiinem acuMITOTBI KPUBOH.

Ilpumep évinonnenus 3ad0anus.

HccnenoBate GyHKLUIO Y = 2 U TIOCTPOUTH €€ rpaduK.

Pewenue.

Peanuzyem npuBeeHHYIO CXeMY UCCleOBaHUS (DYHKIIUH:

1. ®yHKIMS ompe/iesicHa TIPU BCEX 3HAUCHUSAX apryMeHTa X, Kpome x=1.

2. JlanHast QyHKIIHS SBISIETCS DJIEMEHTAPHOM, TOITOMY OHa HETIPEPhIBHA HA CBOEH 00J1aCTH
OTIpEJICIICHUS, TO €CTh Ha HHTepBanax (—oo;1) u (1;+0).

B touke x=1 QyHKIUS TEPIUT pa3phIB.

3. JIma ycTaHOBIEHUS YETHOCTH WJIM HEYCTHOCTH (YHKIIMH TPOBEPHM BBITTOJIHUMOCTD

paBenctB f(—x)= f(X) (rorma f(X) — uernas ¢yukums) wmaun f(—x)=-TF(x) (asa

HEUeTHOM DyHKIMN) IS TFOOBIX X U3 o0actu onpeaencuus pyukuun: f(—X) = —(_ 2X 1)12
_X —
o f(X)= _2x_—12.
(x-1)

Cnenosatenbro, f(—X)# f(x) u f(—x)#—1f(X), To ecTb naHHast GYHKIMS SBIIETCS
dbyHKIIMEH 00111eTO BHIA.
4. JIns uccnenoBanus (PyHKIIMU Ha SKCTPEMYM HaleM ee TIEPBYIO MPOU3BOIHYIO:

, 2(x-1)°-(2x-1-2(x-1)  2x
' (x-1)° e
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Omnpenenum kputnueckue Touku Gyukmumu: y' =0 npu X =0, Y’ He cymectByer pu X =1

. Tem cambiM uMeeM aBe kputndeckue Touku: x=0, x=1. Ho Touka x=1 He MpHUHAJICKUT
obnactu onpeaeneHust GyHKIIUN, IKCTPEMyMa B HEW OBITh HE MOJKET.

Pa3zo0bem uncioByio ochk Ha Tpu uHTepBana (—0;0), (01), (L+x).

min +

\ 0 /' 1 \ X

v

B nepBoM u TperkeM HHTEpBalax IepBas I[POU3BOJHAS  OTPULIATEIbHA,
CJIeIOBATENbHO, 3/1eCh (PYHKIIMS yOBIBae€T, BO BTOPOM HHTEpBaJe — TOJOXKHUTEIbHA, U
naHHast yHKIus Bo3pactaet. [Ipu nepexone uepes Touky X=0 nepBasi Iponu3BOIHAS MEHSET
CBOMl 3HaK C MMHycCa Ha IUIIOC, MIO3TOMY B 3TOM TOYKE (PYHKIMS UMEET MUHUMYM:
Ymin = Y(0) =-1. 3naunt, A(0;—1) sBIIIETCS TOYKOW MHHUMYMA.

5. Jlns ompeneneHust Touek nepernda rpapuka GyHKIUH U UHTEPBAJIOB BBITYKIOCTH U
BOTHYTOCTH KPMBOM HaWJIEM BTOPYIO MPOU3BOIHYIO:

oo (X=1)°-x-3(x-1)* | 2x+1
Y =2 e =2

Jns Bropoit nmpoussoauoit Y =0 mpu X=-0,5 u y" He cymectByer nmpu x=1. PazoObem

YHUCIIOBYIO OCh Ha TpH uHTepBaia (—©;-0,5), (-0,51), (L+x).

eperud

v

/\ -0,5 A4 1 N4 X

Ha nepBoM mHTEpBajie BTopasi MPOM3BOAHAs Y" OTpHIATEIbHA M Jyra HCCIIEAyeMOit

KPHBO# BBIMYKJIa; HA BTOPOM U TpeTheM UHTepBaigax Y’ >0, mostomy rpaduk sBisercs
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BOrHyThIM. [Ipu nepexoje uepe3 Touky X =-0,5 BTOpas mpou3BoOJHAs MEHSET CBOU 3HAK,

. 8
MOJTOMY B 9TOH TOYKE KpUBas HMeeT neperud: y,,, = y(-0,5)=——.

9

CrnenoBatenbHO, B(— %;—gj — Touka neperuda rpaduka GyHKIUH.

6. B Touke X=1 QyHKIMSA TEpHnUT pa3pbiB, MpuUdeM |im 2x~1

——— =0o. [lpamas x=1
x—1 (X —1)2

SBIJIACTCS BEPTUKAIBHON acMMNTOTOM Trpaduka (GyHKuuuU. s onmpeneneHus ypaBHEHUs

HAKJIOHHOM acuMIToThl Y = KX + b Bocmonbs3yemcs popmynamu:

k= 1im % b= fim (f (60 - kx).

X—>00 X X—>0
. 2x -1 . 2x-1

Torna k:||m—2:0, b:||m—2:0.
x— (X —=1)“ X x—o0 (X —1)

HpI/I HElfI,[[GHHBIX 3HayeHusax K u b npsmas 'y =0 ecth TOPHU30HTAJIbHAA ACHUMIITOTA

rpaduka ucciaeayeMoi GyHKIUU, TPEACTABICHHOTO HAa PUCYHKE 1.

-0,5

B

A

Pucynox 1. I'paduk uccinenyemoit GpyHKIuu.

3ajaua 3.
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Ilpumep évinonnenus 3ad0anus.

PezepByap, umeronmit bopmy OTKPBITOTO  CBEPXY MPSMOYTOJIHHOTO
napasuiesienunesa ¢ KBaapaTHbIM JHOM, HY>KHO BBUTYUTh BHYTPHU 0J10BoM. KakoBbl
JIOJKHEI OBITH Pa3Mepsl pe3epByapa Ipu ero eMkoctd 108 oS, uTo6bI 3aTpaThl Ha

€TI0 JIY)KCHHUC OBLIM HAMMEHBIITUMMU ?

Pewenue. 3aTpatbl Ha TOKPBITHE pe3epByapa OJIOBOM OyAyT HAWMEHBIIUMH, €CIU MPH
JTAHHOW BMECTUMOCTH IUIONIAh €r0 MOBEPXHOCTU OyAET MUHUMAIIBHOM.

O0603HaunM vepe3 a (Om) — cTOpoHy ocHOBaHHUs, b (0m) — BeICOTY pe3epByapa. Torma
IJIOIIA/Ib €r0 IMOBEPXHOCTH S =a’ + 4ab , a o0peM V = azb, WJIM, COIJIaCHO YCJIOBMS,
108 =a®b. [osromy

b="—" u S:a2+4-a-¥:a2+4—32.
a a a

[lomyyeHHOE COOTHOIICHHE YCTAHABIMBAET 3aBUCUMOCTh MEXIY IUIOMIAJBIO
MTOBEPXHOCTH pe3epByapa S (QyHKIHSA) U CTOpOHOW ocHOBaHWsA a (aprymeHt). O0macThb
onpeneneHus 3Tol pyHkiuu a > 0, Tak Kak a — CTopoHa ocHoBaHus1. Mccienyem QpyHKIuio
S Ha skcTpeMyM. Haiimem mepByro MpOM3BOAHYIO S', MPHUPaBHAEM €€ K HYIIO W PEIINM

MOJIYYCHHOE YPaBHECHUE:

432 2a°-432

a’ a’

S'=2a 0.

Orcioga a==6. IpousBoanas S'(a) He cymectByeT npu a=0, HO 3TO 3HAYEHHUE
aprymMeHTa He pUHAIeKUT obnactu onpenenenus pyakuuu. [Ipu 0 < a < 6 npousBogHas
S'(a)<0,mpu a>6 S'(a)>0. CnemoBarenbHo, ipu & =6 (yHKIHS S UMEET MUHUMYM.

Ecin a=6, 10 b=3. Takum oOpa3om, 3aTpaTsl Ha JIy)KEHUE pe3epByapa eMKOCThIO 108 1

OyIyT HAUMEHBIIIMMH, €CJTH OH UMEET pa3Mephbl  6(dm) x 6(om) x 3(om).

3anaua 4.

TeopemuquKue ceeoenusl.
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[lepeMeHHas Benu4YMHA Z HA3bIBACTCS yHKYUEU 08YX NepeMeHHbIX X U Y, €CITH KaX 101
nape 3HadeHuid (X,y) W3 JaHHON O0O0JIACTH COOTBETCTBYET €JIMHCTBEHHOE OIPEICICHHOE

3HauyeHue z = f(X,Yy).
Jus ¢yakmun Z = f(X,y) BBOAATCS TOHATHS UYACMHbLIX NPOU3BOOHLIX TIEPBOTO

opsaKa, KOTOPbIC OIIPCACIIAOTCA BRIPAKCHUSAMMU

@_”m f(x+Axy) - f(xy) g_“m f(x,y+Ay)— f(xY)
OX  Ax—0 AX ’ Y A0 Ay ’

U 4acnHrblx np0u3600Hblx BTOPOTO IMOpAAKaA:

8_22_3@ 0’z oz _ofa _g(a_z) z_o(a
ox?> ox\ox) oxey oyox ox\aoy) oy\ox) oy oyloy)

Oyakuust z= f(X,y) ummeer B Touke My(Xo,Yo) Maxcumym (munumym), eciu
3HaueHue 3Tor QyHKIMH B Touke M Oosbliie (MEHbLIE), YeM 3HaueHUs (PYHKIIUH B JTFOO0H
TOYKE U3 OKPECTHOCTH Touku M.

HeoOxoaumbIMH  YCIIOBUSIMUA ~ CYIIECTBOBaHUSL 9okcmpemyma (MakCUMyma WM

MUHEMYMa) auddepeHimpyemoin GyHkmmn z = f(X,y) sBIsSeTCS paBEHCTBO HYIIO €€

YAaCTHBIX IIPOU3BOJHBIX IICPBOTO MMOPAAKA:

az_,
OX
a_,
oy

Toukn, B KOTOpPBIX YaCTHBIC IPOU3BOJIHBIC OOpAIAIOTCS B HOJb, HA3BIBAIOTCS
cmayuonapruvimu moukamu Gyakuun Z = f(x,y). s Toro 4roObl cTalimoHapHas TOYKa
SIBJISTIACH SKCTPEMYMOM, B HEH JOJIKHBI BBIIIOJIHATLCS docmamounwle ycaosus. O003HauYuM
_ 8_22 B 0%z _ 8_22

ox>

A ===, -
M, OXy M, oy M,

. A=AC - B?.

Ecnu B cratmonapuoii Touke M (Xg, Yo)
A>0,A>0,10 M{ ecTb TOUKAa MUHUMYMa;
A>0,A<0,1T0 M{ ecTb TOUKa MAaKCUMyMa;

A <0, 10 BTOUKE M HET 3KCTpEeMyMa;
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A =0, To TpedyeTrcsa TONOJHUTEIBLHOE UCCIIEJOBAaHUE.

Ilpumep evinonnenus 3a0anus.

HccnenoBaTh Ha SKCTpeMyM QYHKIUIO Z =2X + 4y — x> —y? +6.

Pewenue.
1. Haitnem yacTHbIC MpOU3BOAHBIC 3aJaHHON (PYHKIIUU

QE:Z—Z& 95:4—2y
OX oy

2. 3anuniemM HeoOXOIMMBIE YCIIOBUS CYIIECTBOBAHUS IKCTPEMyMa
2-2x=0 x=1
= :
4-2y=0 y=2
3HaunT Touka M (L;2) sBisiercs cTaimoHapHON TOYKOW (DYHKIIHU.
3. IIpoBepuM BBINOJIHEHHUE B TOYKE M JOCTATOYHOIO yCJIOBHS. JlJIs1 3TOTO HAMAEM BTOPBIE
YaCTHBIE IPOU3BOJIHBIE (PYHKIIUU
0z 0%z
—— =2
OX

oz _, 92
ooy oyl
B tmouke M(L2) A=-2B=0C=-2 wu A=(-2)-(-2)-0=4. TlockoibKy

=-2.

A=4>0,A=-2<0, touka M (1;2) sBusieTcsi TOukoii MakcuMyMa. 3HadueHue (PYHKIUH B

s10M Touke 7|, =2-1+4-2-1° - 2° +6=11.

3ajaua 5.

Teopemuqecmte c6eoeHsl.

@OyHKIUSA TBYX HE3aBUCHMBIX TepeMeHHbIX Z = f(X,Yy) mnpuHMMaer HauOosbilee u
HauMcHbIlIee 3HadeHuss B obOnmact D, orpannmdyenHod mnmumerr ¢@(X,y)=0, naubo B

CTAallMOHAPHBIX TOYKAaX, PACMOJIOKEHHbIX BHYTpU obOsiactu D, nubo Ha rpanune sToi
oOnactu.

3agaya 00 OTHICKAHMHM HAHOOJIBIIIETO U HAaMMEHbIIEro 3HaueHui GyHkiun Z = (X, Y)

B 3aJ1aHHOM obOnactu D permaeTcs o cneayroomemy miaHy:
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1. OnpenensieM cTaliMOHApHbIE TOYKU (YHKIMHU, PACIOJIOKEHHbIE BHYTpU obnactu D, u
BBIYHCIIIEM 3HAUCHUS] QYHKIIUU B 3TUX TOUYKAX.

2. Haxogum cranmonHapuble TOukd (yHKIME Ha Tpanune @(X,y)=0 obmactu wmm Ha
OTZIETIBHBIX €€ Y4acTKaX, 3aJaHHbIX Pa3jIM4YHbBIMUA YPABHEHUSMHU, U BBIYMCIISIEM 3HAYEHUS

(GYHKIUU B 3TUX TOUYKaX.

3. 13 Bcex BBIYMCIIEHHBIX 3HAYeHUN (DYHKIIMK BIOMpaeM HauOoJbllIee 1 HauMEHbIIIEE.

Ilpumep évinonnenus 3a0anus.

Haiitn HamOomnpliee U HaMMEHbIlIee 3HaYeHUd QYHKIMH Z = X2 + 2Xy —4X—-Yy B

TpPEeyroJbHUKE, OTpaHUYCHHOM IpsiMbiMu X =0, y=2, y=X.

Pewenue.

1. Halinem cranMoHapHble TOYKM (PYHKIUU M3 YCJIOBUI pPAaBEHCTBA HYJIO YaCTHBIX

MPOU3BOIHBIX (PYHKITUU

A az
y —= — =
x 2x+2y—-4=0 {X=0,5
% %10 y=15

Crammonapuass touka M (0,51,5) nexur BHyTpH

3aganHou oonactu OAB.

3nadenue QPyHKIMU B Touke M paBHO

~05%+2-05-15-4-05-15=-175.

[
»

X

i
2. Uccnenyem noBefeHue pyHKINUN HA TPaHUIIAX OOIACTH:

a) Ha rpaaune O4 y=X, 0<x<2, Z=X>+2X-X—4-X—X mm Z=23x% —5X;
' ' 5 S)
2'=6x-5,2"=0 npu X=E,Tor;1a y:E (Tak KaK y=x).

2
55 5 5 25
B touke C| —;— | 3Ha 2l.=3—-| -5-—=——.
TOYK [6 6) HadyeHUE QYHKIIUHA PaBHO \C (6) 6 0
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Berancnum 3HavueHns QyHKIIMK B KpaHUX TOYKax oTpe3ka OA.
B touke O(0;0) Z‘ o =0, B TOUKE A(2;2) 3HauYeHHUE (PYHKITMU paBHO
7, =3-2°-5-2=2,
6) Ha rpannne BA Y=2, 0<X<2, 7=X> +2X-2—4X—2 w1 7=X>—2;
2'=2Xx,2'=0 mpu x=0,a y=2 cormacHo ypaBHEHHIO IPsAMOii BA.
B touke B(O;Z) 3Ha4YeHUE (QYHKIIUH PaBHO Z‘B =3.02-2=-2.
B) Ha Tpanuie OB X=0, 0<y<2, z=-y,
2'=-1=#0 npu  Bcex Y€ [0;2] , CIeJIOBaTebHO, CTAIIMOHAPHBIX TOYEK Ha

maauu OB Her.

3. W3 Bcex BBIYUCIICHHBIX 3HAYEHUW 3aJaHHON (YHKIMU BbIOMpaeM HauOoJiblliee U

HauMEHbIIIEE:
Z‘ A=2 — HauOoJibliee 3HaueHue PpyHkuu B odnactu OAB
25
Z‘ c= BT — HauMeEHbllIee 3HaueHne PyHKuuu B oonactu OAB
3agaua 6.

Teopemuqecmte c6eoeHsl.

Ilepsoobpasnoti ¢yuxyuent nus pyakiun f (X) HaspiBaercs takas ¢yHkuus F(X),
gro F'(x) = f(X).
Heonpeoenennvim  unmeeparom ot ¢yaknuu  f(X) HaseiBaetcs ee  oOmast
nepBooOpazHas
[f(Qdx=F(x)+C .
Oyukums  f(X) HaspBaeTcs moabiHTErpanbHOW (yHkmmen, F(X) — pesymbrar

uHTerpupoBanus, C — NPOU3BOJIbHAS TOCTOSTHHAS.

Ceoticmea HeonpeoeneHH020 UHmMe2paa.

L. [(u(x) +v(x))dx = [u(x)dx + [v(x)dx.

2. [A- f(x)dx=A- [ f(x)dx, roe 4 — nocrosHHasi.
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3. Bemu [ f(x)dx=F(x)+C nu=¢(x), to [ f(u)du=F(u)+C.

Tabauya npocmeuiux uHmMepaios:

dx

1. [dx=x+C. 7. [—5—=tgx+C.
CoS” X
Xn+1
2. [x"dx= +C,(n=-1). 8. [—5—=-ctgx+C.
n+1 sin“ x
dx X
3. |—=Inx+C. Q. _arcsm—+C
1% i IJ—
X X 1 X
4. [a dx——+C jeXdx=e*+C.  10. [ 57— ="arctg=+C .
Ina x°+a° a a
5. [sin xdx=—-cosx+C. 11. | dx :—I —+C (a=0).
x> —a? 2a x+a
6. [cosxdx=sinx+C. 12. [—— ‘x+\/x + ‘+C (A=0).

\/x2+A

OcHosHble MemoObl UHMEe2PUPOBAHUSL.
1. [TonBenenue nmox 3Hak auddepeHnuana:

a) K (QyHKUMH, CTOSIIEH moj 3HakoM auddepeHimana, MOXKHO MNPUOABIATh WIH

BbIUUTATH MOOYI0 moctosiHayro: df (X) =d(f(X) £ A);

0) moxm 3Hak auddepeHnrana MOXKHO IOJBOJIUTH TOCTOSHHBIM MHOXKHUTEIb:
1
df(X):Kd(A- f(x));

B) moJ1 3HaK auddepeninana moasoaures Gpyukims mo npasury: f'(x)dx =df (x).
2. IHTerpupoBaHKe 110 YaCTSIM C UCIOIb30BaHHEM (POPMYJIBL:

fudv=uv—[vdu, rze u=u(x),v=Vv(x).
C MOMOIIIBIO 3TOTO METO/1A BEIYHCIISIFOTCS CJIELYIOLIME HHTErPAIIbI

a) [a*-P,(x)dx, u=P,(x), dv =a’dx.

6) [sinax-P,(x)dx, u=P,(x), dv=sinaxdx.
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B) [cosax- P, (x)dx, u=P,(x), dv=cosaxdx,

r) [Inax-P,(x)dx, u=Inax, dv=P,(x)dx,

) [arcsinax- P, (x)dx, u=arcsinax, dv=P,(x)dx,
e) [arctgax - P,(x)dx, u=arctgax, dv=P,(x)dx,
rae P, (X)— MHOro4sIeH n-o CTeneHu.

3. NHTerpupoBanre METOI0M 3aMEHBI IEPEMEHHOM 10 popmyie

[T O)dx=[f(p)de(t) =] f (p()¢'(t)dt, rre x=p(t).

Ilpumep evinonnenus 3a0anust.

Haittun HCOIIPCACICHHBIC HHTCTPAJIbI:

(arcsin x)? + X x3 —17 3
a dx; ©0) | ———dx; B) [(Bx+4)e*"dx.
A~ e ™ P 1ed

Pewenue.

a) HCIIOJIB3Ys OCHOBHBIC CBOMCTBA HCOIIPCACICHHOI'O MHTCTPalJia U BBIIIOJIHAA ITIOABCACHHUC

bynkuuii nox 3Hak qudpepennnana, HailieMm HHTerpa

I(a\rcsin X)% + X i j(arcsm x)? d X
V1— X2 V1— X2 \/1—x2

1
— [ (arcsin x)2d (arcsin x) + [ (1— x?) 2d (é) =

dx =

1
= [ (arcsin x)*d (arcsin x) + (— %jj(l— x%) 2d(1-x?) =

1

—x2y2
:%(arcsin X)* —%-ijC :%(arcsin x)} —V1-x? +C.

2

[TpoBepum pe3ynbTaT UHTETPUPOBAHUS TU(PPEPEHIIMPOBAHUEM

(%(arcsin x)® —V1-x2 + C) .
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1
= % -3(arcsin x)? - (arcsin x)’ —%(1— x2) 2(1-x%) +C'=

_(arcsinx)®  —2x , o (arcsin X)% + X

V1-x? B oi-x2  J1-x?

YTO COBIIAJIAET C TOJBIHTETPATBHOU (PYHKITHEH.

0) moabIHTETrpaibHasg (YHKIUS MPEICTaBIsIeT COOOM HEMpPaBUIBHYIO PAIMOHAIBHYIO
npo6sb. IlpencrtaBum 3Ty ApoOb B BUJI€ CyMMbl MHOTOWIEHA U MpaBHIIbHON npobu. s

9TOT'O BBIIIOJIHUM ACJICHUEC MHOI'OYJICHA HA MHOI'OYJICH:

x3 —17 ‘x2—4x+3
x> —4x* +3x  [x+4

4x? —3x-17

4x? —16x+12

13x—-29

Torna

x3 —17 ( 13x—29j 13x — 29
2= dx= — dx={xdx+ [4dXx+ | —=——dx =
Ix —4x+3 I x2—4x+3 I I Ix2—4x+3

2
:x_+4 Ii3x 29
4x+3

Jnst Toro 4ToObl HAWUTH MOCJIEAHUN MHTErpall, MPeACTaBUM MPABUIBHYIO IpOOb B BUE
CyMMBI MpOCTEUINX JIpobeit. JIJIsl ATOro pa3noKUM Ha MHOXKHTEIHM 3HaMEHATellb IpoOu
X2 —4x+3=(x-1)(x-3) u pa3jIokuM JIpo0b Ha MPOCTEUIIIHE

13x —29 A N B  A(X-3)+B(x-1)

(x-D(x-3) x-1 x-3  (x=1)(x-23)
3HauuT 13x—29=A(x-3)+B(x-1).

[Mpu x =3 umeem 13-3-29=B(3-1), otkyna B=5;
npu X =1 umeem 13-1-29=A(1-3), otkyna A=8.

IHomyuaem 13x - 29 = 8 + > U UHTETPUPYEM
7 (x-D(x-3) x-1 x-3 TPHpY

13x-29 . 8 d(x 1)
I(x—l)(x—B)dX_Ix—ldX+Ix dx =8 +5

d(x 3)
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=8Injx -1 +5In)x -3 +C

M OKOHYATCJIbHO ITOJIydacM

3 2
j—;—:lz—dx:z—+4x+8mV—u+WMX—$+C.
X~ —4x+3 2

[TpoBepum pe3yibTaT nuddepeHIIIPOBAHUEM:

!

2
[é;+4x+&dx—ﬂ+Wx—3+C):%;+4+

8 5
—+—
x-1 x-3
(X +A)(x-1(x-3) +8(x-3)+5(x-1)  x*-17

B (X —1)(x +3) x2—4x+3’

YTO COBIAJAET C MOABIHTErPAIbHON PYHKIMEH.
3ameuanue.
WHuTerpan oT NpaBWIBHOW pPAMOHAIBHON NpOoOU CBOJUTCA K CYMME HHTETPAJIOB OT
npocteimux napodeii. Hanbomnee yacto BCTpedaroTcs Caeayoue HHTErpaibl:

A A A
[——dx=Alnx-al+C; [——dx=
X—a

(x_a)k (—k+l)(

B) IPUMEHUM METOJIOM MHTEIPUPOBAHUS IO YACTSIM.

x—a) "t +C, (k=23..).

Mpumvem Uu=3x+4, dv=e¥dx, torma du = 3dx, V= %egx . Tlo Qopmyne

HHTCTPUPOBAHUA 110 YaCTAM I10JIy4acM

[(@x+ 4)e¥dx=(3x + 4)%e3X _ j%e3X 3dx= 3X3+ o3 _[e¥dx=

:3)(_;‘4e3x _EGSX

[TpoBepum pe3ynbTaT tudpepeHIIpOBaAHUEM

@*(x+1) +C) =3 (x +1) + e =e>*(3(x +1) +1)=e** (3x + 4),

_3x+4-1 5

+C +C=e*(x+1)+C.

YTO COBIAJIAET C MOABIHTETPATBLHOU (PYHKITHEH.

3agava /.

TeopemuquKue ceeoenusl.
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y Ecu Ha mockoctu Oxy 3aaana purypa,
_y=/ (%) OrpaHUYCHHAs JBYMs HENPEPHIBHBIMH
maamsva - Y= fi(X), y=f,(X) wm

S L y=A(()

BCPTUKAJIBHBIMH MNPSIMBIMH X =4a, X= b )

Y

A x TO TUIOWIAAb S TAKOH (PUTYyphI MOXKET OBITH
b

BBIYHCIICHA 1o bopmyie

S = kf(fz(x) — f,(x))dx, toe f,(x)> f;(X) Ha orpesxe [a,b].

Ilpumep evinonnenusn 3ad0anus.

Boruucnuts miomanb GUrypsl, OrpaHU4€HHON JTUHUSAMU Y = X2 + 4x, y=Xx+4.

Pewenue.

3ajaHHbIe JUHUM OTPAHMYMBAIOT HA IUIOCKOCTH OXy KPHUBOJHMHEMHYIO TPANELUIO,

U300pKEHHYIO Ha PUCYHKE.

y)\

y=x2+4x
y=x+4

Y
=

Havimem koopauHaThl TOYEK IIEpECECUCHUs 3aJaHHBIX JIMHUHW, JJISI A3TOTO PEUIUM

CHUCTEMY ypaBHEHUU

2
y =X +4X' X2 +Ax=x+4. X2+3x_4:0,0TKyJIa X, =-4, X, =1.
y=Xx+4

Torna nckomasi MJIoIIaab BEIYUCISIETCS IO hopmyJie:
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1

3x% X3
S= j(x+4 x2 — 4x)dx = [(4-3x- x2)dx = 4x—7—_3 _
4
=4—§—1+16 —48——64—20 (k8. €0.).
2 3 2 3

3ajaua 8.

Teopemuueckue ceedeHus.
OObembl Tesl, 00pa30BaHHBIX BpALIEHUEM IUIOCKOM (Urypbl, OrpaHUYEHHON KpPUBOH

y=1(x)>0, ocero Ox u mpsimeiMu X =a, X=h,

1) Bokpyr ocu Ox, Beraucistotest mo hopmye V, =7z | f 2(x)dx;
a
b

2) Bokpyr ocu Oy, BeMUCIsIOTCS 110 hopmyie V= 27 [ xf (x)dx.
a

Ilpumep evinonnenus 3a0anust.

Breruncnute o0beMbl Tell, 00pa3oBaHHBIX BpalieHueM BOKpyr ocedt Ox u Oy
KPUBOJIMHEMHOTO TPEYrOJIbHUKA, OIPAaHUYECHHOTO KPUBOU y=3 X, ocbl0 Ox H

npsiMond X =1.

Pewenue.
A
y | / y=3x 1)  oObem Tena, NOMyYEHHOIO BPAlIEHHEM
BOKpYT ocu Ox, paBeH
1
5
LR XA
V, = ﬂj(%/;) dx = s =3§ (xy6. ed.)
> 0 e
0 1 g 3 1

2) 00beM Tena, IOYYeHHOTO BpalieHueM BOKpyT ocu Oy, paBeH
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3agava 1.

TeopemuquKue ceeoenusl.
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Huddepenunansuble ypaBHEHHsS, B KOTOPBIX IEPEMEHHBIE MOXHO pa3/ieliuTh
MOCPEJICTBOM YMHOXEHHUsI O0€HUX YacTeld ypaBHEHHMS HAa OJHO M TO >K€ BBIPAKEHHUE,

Ha3bIBAIOT AU PEepeHIINATBHBIMU YPABHEHUSIMH C PA30eNAI0OUUMUC NePEMEHHbIMU.

dy f

o= fi((;(;% f(y)dy = f(x)dx, )
wii B quddepeHnnanbHon hopme

fi(x)- fo(y)dx+ f3(x) f4(y)dy =0. (2)

Paznienim o6e dactu ypaBHeHus (2) Ha npoussenetue Gynxuuii f,(y) f3(X)

A0 gp oW gy 2)
fa(x)  fa(y)
¥, TI0CJI€ MHTErPUPOBAHMS, ITOJTyYMM OOIIMi HHTErpai (00mIee pelIeHNE) YPaBHEHHMS:
[ fi(x) e+ | faly)
f3(x) f2(y)

[lpu nenenuu Ha fz(y) f3(x) MOXET MPOU30UTU TMOTEPS HEKOTOPBIX YACTHBIX

dy=C.

pemienuil. Ilycts, Hampumep, npu Y=Y, uMeeM fz(yo):O, Torga QyHKIUs Y=Y
sSBIsIeTCs pelneHneM ypaBHeHus (2'), T.k. dy =dyy=0. Pemennem moxer Takxke OBITH

dyHKIUS X = Xg, ecau f3(Xg)=0.

Ilpumep evinonnenusn 3ad0anus.

Haiitu 06muii naterpan auddepeHmaisHOr0 YypaBHEHUS TIEPBOTO MOPSIKa

x(y+1)dx—(x2 +1)ydy =0.

Pewenue:

JNannoe auddepeHraIbHOe ypaBHEHHE SBISETCS YPaBHEHHEM C Pa3IeiIsIFOIIAMUCS
nepemenubiMy, npuueM f;(X) =X, f,(y)=y+1L f3(x)= X2 +1; f,(y)=-y. Paznenum

00€ JyacTh ypaBHEHUS Ha MPOU3BEICHUE

fo(y) f3(x) = (y +1)(x* +1
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H I10JIy4YUuM
xdx ydy
x2+1 y+1

[IpouHTErpUpyEM MOCHETHEE PABEHCTBO

Xax 1
IX2+1—I[1—mjdy=C,

UCIIOJIB3Y4 MOJIBEICHUE 101 3HaK nuddepeHimana

1d(X2+1) d(y+1)

cra A A e et

HOJYYHM OOIIHA HHTErpai TudGepeHIINATEHOTO YPaBHEHHUS
%In‘x2 +]4— y+Inly+1=C.

Ipu nenennn Ha f,(y)=y+1 norepsiHo yactHoe pemenue: y =—1.
3ajaua 2.

Teopemuqecme CBEOCHS.

HuddepennmansHoe ypaBHEHHUE MTEPBOTO MOPSIKA
y'+p(x)y=a(x), (3)

JMHENHOE OTHOCUTENIbHO UCKOMOM (DYHKUMHU U €€ IPOU3BOIHOM, HA3bIBACTCS JIUHECUHBIM.
VYpaBaenue (3) cBOOUTCS K JBYM YPAaBHEHMSIM C DPa3ACSIOLIMMUCS NEPEMEHHBIMU

clenyrommuM o0pa3oM. 3amuiieM UCKoMyr (GyHKnuoo Y(X) B BHIE MPOU3BEACHHS IABYX
byHKIIHIA: y:u(X)-V(X). Omna w3 9Tux QYyHKIUA MOXKET OBITh a0COIIOTHO

MIPOU3BOJIBHOW, a BTOpasi OMPENENSeTCs B 3aBUCHUMOCTA OT TEPBOM Tak, YTOOBI HX
MIPOU3BEICHUE YIOBJICTBOPSIIO ypaBHEHUIO (3).

W13 paBerctBa Y =U-V HaxoguM Y =U"-vV+U-V'. Torma B coorBercTBHE C (3) nMeeM
UV+uv'+ p(x)uv=g(x) mwm uv+u(V'+p(x)v)=q(x). BeGepem B xauectse V(X)

KaKoe-HUOYy/Ib YaCTHOE PELlIEHUE YPaBHEHUS



38

v+ p(x)v=0, (4)
TOTJa JIUIS OTBICKaHUS U(X) TOJyYuM YpaBHEHHUE
u'v=q(x). (5)
Hatinem v(X), paznmensis mepeMeHHbIe B (4):
dv_ —p(x)dx, otkyna Inv = —J p(X)dx u v= e 1PMgy
\Y

3nas V(X), Harigem U(X) u3 ypaBHeHHS (5):

3—§v:q(x) = du:ejp(x)dxq(x)dx,mraau:jq(x)ejp(x)dxdx+c.

OO6miee pelieHue JMHEHHOTO ypaBHEHUS (3) UMEET BUJ

y=uv= e | PO Uq(x)eI POy 4 C] .

Ilpumep evinonnenus 3a0anusi.

Haiitu oOmee pemenue auddepeHnnanbHOro ypaBHEHUS

nepBoro mopsaka y' —2y =1.

Pewenue.

3anuiemM uckoMmyro GyHKIU0 Y(X) B BUC MPOU3BEACHHS IBYX (DYHKITU:
y=u(x)-v(x), rorma y'=u’"-v+u-v',
" IIOACTAaBHM ITOJIYUCHHBIC BbIPAKCHUS B 3aJTaHHOC YPABHCHUC
u'v+uv'—2uv=1.
Brinecem 3a ckoOku U(X)
u'v+u(v'—2v)=1
", IpHUpaBHUBAdA K HYJIIO BBIPAKCHUC B CKO6KaX, moJIydyuM MW pCliuM JBa

nudepeHnnanbHbIX YpaBHEHUS C PA3ACIISIONIMMUICS IEPEMEHHBIMHU:



V-2v=0 uv=1

N _oax dUgax _y
\Vi dx

Inv = 2Xx du = e 2*dx
v =e?¥ u =Je‘2xdx,

1 —2x 1 _ox
u=——|e "d(-2x)=—=-e " +C
Zj (-2x) 2

3anuinem ob1iee peneHue 3aJaHHOro Au(PepeHInanbHOr0 ypaBHEHUS B BUIE

y=uv:(—%e‘2" +Cj-e2x, Wm y:—%+Ce2X.

3anaua 3.

TeopemuquKue ceeoeHusl.

HuddepenuuansHoe ypaBHEHHE BHUIA

y'+ay +ayy=f (X) (6)
HA3bIBACTCSI HEOAHOPOIHBIM JIMHCHHBIM ypaBHECHHEM BTOPOTO TOPSIKA C MOCTOSHHBIMU
koa(duimeHTamu a; 1 a, .

OOliee pelieHHe 5TOro0 ypaBHeHHss Y=Y+Y, rme Y— oOliee pelieHue
COOTBETCTBYIOILETO OJHOPOIHOIO ypaBHEHHUS; Y — YacTHOE pelleHhe ypaBHeHHs (6).
JuddepenunansHoe ypaBHEHHE

y'+ay +a,y=0 (7)
SIBJIIETCSI O/THOPOJIHBIM U Ha3bIBAE€TCSA COOTBETCTBYIOIIUM HEOHOPOITHOMY ypaBHEHUIO (6).

OO6m1ee perieHrne OJHOPOTHOTO ypaBHEHUsI (7) HAXOJAT MO KOPHSIM XapaKTEPUCTUUECKOTO

YpaBHEHUS
2
r-+ar+a,=0.
XapakTepucTUYECKOE YPABHEHHE MOXKET UMETh TPH CiTydas JUIsl KOpHEH [ U Iy !
1) kopuu xapaxmepucmuueckoeo ypasrenus oeticmeumenvhvle u paziuynvle: I # 1, . B
3TOM ciy4dae oOmiee pemieHue ypaBHeHus (7) 3amuchiBaeTcss B BHJC

¥ =Cie" +Ce"*, rne C,, C, —npou3BOIBLHEIE MOCTOSHHBIE;
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2) KOpHU Xapakxmepucmuyeckoeo ypasHenus oeticmeumenvhvle U pagHvle. I =1,. B
3TOM ciy4dae oOmiee pemreHne ypaBHeHHs (7) 3amuChIBaeTCs B BHJIC
y=e™ (Cl + CZX), rne C,, C, —npou3BojbHbIE TOCTOSHHEIE,

3) KOpHU XAPAKMepPUCMuUYecKo20 YPABHEHUS — KOMNIEKCHbLE CONPSNCEHHbIE HUCLA
ho=atp- I, B#0. B arom ciydae obmiee pernienne ypaBHeHUs (7) 3aIMUChIBACTCS
B Buge Y =e“*(C,cosBx+C,sin Bx), rae C,, C, —npou3BOIbHbIC IOCTOSHHBIE.

YacTHOe pemicHue Y  HEOJHOPOJHOTO ypaBHEHHs (6) MOXET OBITh HANICHO METOIOM

HEOIpeIeIICHHBIX KO3 (UIIMEHTOB B 3aBUCUMOCTH OT BHJIa MPaBoi yactu ypaBHeHus f (X)

epeviii cryuail. Tpasast wacts ypasrenust (6) umeer Bun f (x)=P(x)e™, rae P(x) —

MHOTOwWIeH. Torga ypaBHeHue (6) UMEET YaCTHOE PEIIeHUE BUAA
y*=xQ(x)e™, ®)

rae Q( X) — IOJIHBIM MHOTOUJIEH TOM %€ CTENEeHH OT X, uTo U P ( X), HO C HEOIIpeIeIEHHbIMU
ko3 dunreHTamu;

k=0, ecyii 4nci0 M He ABJISIETCS KOPHEM XapaKTEPUCTHUECKOTO YPaBHEHMUS,

k=1, ecu 4nciio M sSBJISETCS MPOCTHIM KOPHEM XapaKTEPUCTHYCCKOTO YPABHCHUS;

k=2, ecriu ynciio M sBJISIETCS IBYKPATHBIM KOPHEM XapaKTEPUCTUICCKOTO YPaBHEHHUS.

[TpaBuno coxpansieT cBoto cwty u mpu M = 0, koraa f(X)=P(X) — MHOTOWIEH.

Heomnpenenenupie kodphUMEeHTs B MHOTOYJICHE Q(X) ONPENETSAIOT MOJICTAHOBKOM

dbynkuun (8) U ee MPOU3BOJAHBIX B ypaBHEHHE (6) C MOCIEAYIONMM MpPUPABHUBAHUEM

KO2(PGULIMEHTOB TIPU OJIMHAKOBBIX CTEMEHSX X B 00€UX YaCTAX YpaBHEHUS.

Ilpumep evinonnenusn 3adanus.

Haiitu yacTHoe pemienue nudpepeHInaibHOro ypaBHEHUSI BTOPOIro MOPSIIKa,

YAOBJICTBOPAOIICC 3a/ITaHHBIM Ha4YaJIbHBIM YCJIIOBUSIM:

y'-3y'—dy=4x-1 y| =2, Y| _,=3
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2
Pewenue. Xapaxrepuctuueckoe ypaBHeHue r“—3r—4=0 wumeer ABa pa3IuyHBIX
JIeMCTBUTENBHBIX KOpHA I =—1, I, =4, cinenoBarenbHo, Y = Cle_x + Cze4x. [IpaBas 4acTh
YpaBHEHHUS MUMEET BU]] f(X) = 4X—1=(4X—1)-e0'x, rie Mm=0 u He SABJISICTCS KOPHEM

XAPAKTCPUCTHUYICCKOI'O YPAaBHCHMHA. Torz[a YaCTHOC pPCHICHUC IIPpHU k=0 HimeM B BHIC

y =x° (AX + B) 6™ = AX+B, (y* )l =A, (y*)" =0. [Tocne MO/ICTAHOBKH B
nuddepeHInaIbHOE ypaBHEHUE TIOTyYaeM
0-3A-4(Ax+B)=4x-1,
—3A-4AXx-4B=4x-1;
—4A-x+(-3A-4B)=4-x+(-1);
X' —4A=4; A=-1
x°: -3A-4B=-1 -4B=-1+3A=-4, B=1
YacTHeIM pereHneM sBiastetcst GyHkmus Y = AX+B=-1-x+1=1-x. OO6mum
peruenneM sBasercs Qyrkmusa Y=Y+ Yy =Ce " + Cze4x - Xx+1.
Haiinem 3nauenune xkoHcranT C;,C, u3 HauanbHbIX ycioBuil. s aToro ompenenum
y' =—Ce ¥ +4C,e** -1,
TOF,Z[a y|X=0 = Cl + C2 +1= 2, {Cl = 0,
y| _o=-C1+4C,-1=3 (C2=1.

W ckoMbIM 4acCTHBIM perieHueM siBJsieTcs PyHKIus Yy = e —x+1.

Ilpumep evinonnenus 3a0anust.

Haiitu yacTHOe pemenue nuddepeHInaibHOro ypaBHEHUS BTOPOTO MOPSIIKa,

YAOBJICTBOPAOIICC 3a/ITaHHBIM Ha4YaJIbHBIM YCJIOBUAM!

yn_4yr+4y :ezx’ y|X:O — 2’ y!

0 =3

Pewenue. XapakrepucTuueckoe ypaBHEHUE r?2—4r +4=0 umeer JIBYKPAaTHBI KOPEHb

L =2, cleaoBaTeIbHO, Vzezx(C1+C2X). [IpaBass 4yacTb YypaBHEHHMS HMEET BUJ
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f (X) =e®, m=2 sBugerca mBYKpaTHEIM (K=2) KOpHeM XapaKTepHCTHYECKOTO

ypaBHeHI/Iﬂ, TOTrAa 4aCTHOC peHJeHHe HIIEM B BUAC
v =x2- Ae?¥, (y*)l = x%.2Ae%* +2x- Ae®* = 2Ae2"(x2 + x),
(y*)" =4 e (x2 + x) +2Ae** (2x +1) = Ae** (4x2 +8X + 2).

*
ITocne IIOACTAaHOBKU Y H €¢C IIPOU3BOJHBIX B HCXOJHOC I[I/I(b(l)epeHHI/IaHI)HOC YPaBHCHHUC

IIojJIy4acMm

A (437 +8x+2) —4- 2% (xX° + x) + 4Ae” - X* =€,

Aezx(;l«%{+33x+278%‘(>8x+}|«%{):e2x,

2Ae2X — e2X,

2A=1, A:E.
2

2X

1
YacTHBIM peleHreM sABisgeTcs QyHKuus Yy = Ee -x%. OBLIMM pELICHHEM SBISETCS

dyskmus y =V + y* =e* (C1 + C2X) + %ezx X2,

Haiinem 3nauenune xoHctanT C;,C, M3 HauvanpHBIX ycnoBuM. [l sTtoro ompenennm
IIPOU3BOJHYIO
1 A2X 2X [ 2

y'=e"(2C, +2C,x+C,) +e (x +x),

U IIOJIyYUM CUCTEMY YPAaBHEHUH Ui OIPEAEICHUSA 3HAYEHUN ITPOU3BOJIBHBIX KOHCTAHT
—e0.c = —
y|X=0—e C1—2, C1—2
' _a0 _ —
y |x=0 =e (2C1+C2)—3, C,=-1

= 1
VickoMbIM pemennem spasercs hyrkuus Y=Y+ Yy  =e™(2-x)+ Eezx X2,

Bmopoti ciyuaii. IpaBas yacts ypaBHenus (6) umeet By f(X) =acosnx+bsinnx.
Ecnu yncna in He SBISIOTCS KOPHSAMH XapaKTEPUCTHISCKOTO YPaBHEHHUS, TO

y* = Acosnx + Bsinnx.
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Ecin umcna +in gBiasrorcs KOpHsAMH XapaKTCPHUCTUUCCKOIoO YpPaBHCHHUA, TO YAaCTHOC

PCIICHUC NMCCT BUI
y" =(Acosnx+ Bsinnx)- x.
B wactHBIX chydasix, korna a wid b paBHO Hyito, peleHne BCE paBHO HAI0 UCKATh B

yKa3aHHOM OOIIIEM BH/JIE.

Ilpumep evinonnenus 3a0anus.

Haiiti yactHOe pemienue nud@epeHnanbHOro ypaBHEHUS BTOPOTO MOPAIKA,
YIOBJIETBOPSIOLIEE 3aJaHHBIM HaYaJIbHBIM YCIIOBUAM:

" 4 i L ’ -
y"+4y"'+13y =5sin3X, y|x=0:§’ Y|X:0:§'

Pewenue. XapakrepucTuueckoe ypaBHEHHE r? +4r+13=0 umeer KOpHH

. _ —4++4*—4.13 4436 -4+6i -
12~ - - =0
! 2 2 2

Torna ¥ =e ¥ (Cycos3x +C,sin3x).
Yucna +3i He SBISIOTCSA KOPHAMH XapaKTEPUCTHYECKOTO YPaBHEHUS, TIOATOMY
y* = Asin3x + Bcos3x,

(y*)' =3Ac0s3x —3Bsin3x,

"

(y*) =-9Asin3x — 9B cos3x.

HOI[CTaBJ'IﬂeM y* " €C IIPOU3BOAHBIC B HCXOOAHOC YPABHCHHC U I10JIy4aCM

—9Asin3x —9Bcos3x + 4(3Acos3x —3Bsin3x) +13( Asin3x + Bcos3x)=C,
(4A-12B)sin3x+ (4B +12A)cos3x =5-sin3x + 0-cos 3x;

1
sin3x: 4A—1ZB:5} A=—
—

8
cos3x: 4B+12A=0 5. 3|
8

OO6ee perieHue ypaBHEHUSI UMEET BU]T

y =& 2*(C,cos3x +C,sin3x) + %sin3x —~ ECOSBX .
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Haiinem 3Hauenune xkoHctanT C;,C, u3 HauanbHbIX ycioBuil. s aToro ompenenum
IIPOU3BOJHYIO
y' =-2e7%*(C, cos3x +C,sin3x) +e > (=3C; sin3x + 3C, cos3x) +

+§c033x + gsin 3X
8 8

H 3aIIMIIEM CUCTCMY ypaBHCHI/Iﬁ AJIA OIIPCACIICHUSA 3HAYCHUH IMPOU3BOJIBHBIX KOHCTAHT

3.1
y‘x:ozeo(cl"'CZ'O)_g:é,
' 3 1
y‘x:o:_260(C1+C2'0)+90(C1-0+3C2)+§=§,
6 1,81
8 8 2
1

szl( +§j:§.
3\2 8) 8

HckoMbIM perieHreM siBisieTcst QyHKIUS

y=e% L cos3x+ 2sin3x | + Zsin3x— >cos3x .
2 8 8 8

3anaua 4.

TeopemuquKue C6eOeHUS.
CmeneHnnvim psi0om HA3BIBAIOT PSIJI BUAA
2 n - n
ag+a(x—a)+ay(x—a) +...+a,(x-a) +...= > a,(x-a), (9)
n=0

PACIIONIOKEHHEIH 110 CTENeHsM JBydIeHa (x — a).
B cootBercTBuH ¢ TeopeMoii AGens psix (9) cxoxutes Ha uHTepBane X €(a—R,a+R),

a I BCEX X, JEKAIIMX BHE DTOr0 MHTEpBaia, psa pacxomurcs. Uucio R HaspIBaroT
paouycom cxooumocmu CTeTeHHoro psaa. Ha xoHnax wHTepBana (mpu X=a—R u npu
X=a+R) Bompoc o0 cXomMMOCTM ¥ pPacXOAUMOCTH JAHHOTO psJia PpelIaeTcs
WHIMBUAYAIBHO JUIS KaXIOTO0 KOHKPETHOTO psiga. Y HEKOTOPBIX PsJI0B HHTEpBal
CXOAUMOCTH BhIpoXkaaeTcst B Touky (R =0), y apyrux oxsatsiBaet Bcio ock Ox (R =00).

CornacHo npu3Haky Jlamambepa paguyc CXOIUMOCTH ONPEICIISIOT 10 GopMyIie
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. a
R=lim|—"

N—o0 an+1

(10)

Ecau Bocnoab30BaThCs IMPU3HAKOM KOHII/I, TO

. 1
R=Iim .
n—>oonan

Ilpumep evinonnenus 3a0anust.

HaiitTu wHTEpBan CXOAMMOCTH psAla W HUCCIEAOBATH  €r0

0 Xn

CXOJUMOCTD Ha KpasiX HHTCPBAJa n

Pewenue.

Pannyc cxoaumocTu onpenenum mno Gopmyse (10):

n+1
R = lim |22 | = [im [+ D107 15 jim P+ . Iim(1+1j:10.

n—owo|d,,q| n-owe n-10"1 n—owo N n—o n

. 00 (_lo)n 00 (_1)n
Ha xonmax HHTCpBaJIA: IPU X = -10 MMOJIYYHUM YHCJIOBOH P Z— = Z—,
n=1 N 10" L

KOTOPBIN SABJISIETCS 3HAKOUEPEAYIOIIUMCS U CXOAUTCs Mo Teopeme JIelOHuIa, Tak Kak ero

. 1 1 .1
YieHbl YOBIBAIOT MO a0COJIOTHOW BeauMuuHe 1> > > 3 >.. n lim==0. Ilpu x=10
n—oo N

o0
MOJIYYUM TapMOHUYECKUMN Pl Z—, KOTOpBIN pacxoautcd. Takum o0pa3oMm, JaHHBIMI
n=1

CTeTNICHHOM psif cxoautes npu X € [—10;10).

3agaua 5.

T€0p€I71MIJ€CKM€ cee0eHUs.
OcHoBHBIE QJICMCHTApPHBIC (1)YHKLII/II/I HMCIOT IIPOCTHBIC PA3JIOKCHUA 110 CTCIICHAM X, KOTOPLBIC

NpcaACTaBJICHBI HUKC!



3 5 7 on-1
sinx=—_2 X _X (—1)n+1 X +... VXe(—w,0),
1 3t 51 71 (2n—1)!
2 L4 B U8 n
cosx=1-> 42 X X (—1)n+lx—+ VX € (—o0,),
141 6! 8l (2n)!
(1+x)m=1+mx+m(m_l)x2+.. +m(m_1)"'(m_n+1)x”+...VXe(—l,l),
2! n!
2 3 L4 5 n
In(1+x):x—%+%—%+%— .+(—1)n_1XF+... VXe(—l,l),
3 5 7 2n-1
arctgx=X—X—+X——X—+...+(—1)n_1X +... ‘v’Xe(—l,l].
3 5 7 2n-1

[Tpu npuOIMKEHHBIX BBIYUCIICHUSIX OMPEIEIEHHBIX HHTErPAJIOB TpeOyeTCs pa3ioKUTh
NOJIBIHTETPANIbHYIO (YHKIMIO B CTENEHHOM psAl, KOTOpBIM B Mpejeliax HHTepBaja
CXOJMMOCTH MOKET OBITh MOWIEHHO NMpouHTerpupoBaH. Mcnonb3ys ¢popmyny HeroToHa —
JleitOHuULa, ONIpeIeIeHHBIN UHTErpajl BEIYUCIAIOT KaK YACTUYHYIO CyMMY HOJTy4Yarolerocs
4yuciaoBoro psjaa. Ecnum pan  3HakodepeAyroUuiics, TO TOYHOCTh TNPUOJIMKEHHBIX
BBIYKCIICHUI HE MTPEBOCXOAUT MEPBOrO U3 OTOPOLIEHHBIX YJICHOB.

Ilpumep evinonnenusn 3ad0anus.

Brrancnuts onpeaeneHHslii nHTErpai ¢ ToyHOCTh0 10 0,001 myrem paznoxeHus

HOI[BIHTCI‘paHBHOﬁ (bYHKI_[I/II/I B pAa U IMOYWICHHOI'O MHTCTPUPOBAHUA O3TOTO psaa:

O’Ssinx
[
5 X

Pewenue.

Hcnonb3yem pasiokeHue B psi A GYHKIUK SIN X U TMOJACTaBUM €T0 B MOABIHTEIPATbHOE

BBIPAKEHHE
, : 3 .5 2n-1
J.wd :_[l x— X X (- )n+1 X dx =
;X ) X 31 5l (2n—1)!
0,5 2 4 2n-2
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X x° n+l x2n-1 o
=| X———+—+...+(-1) +...| =
313 515 (2n—1)1(2n-1)
JL + L + +(—1)n+1 L TS
2 2%313 2515 22 (2n-1)(2n-1)

~0,5-0,0069 + 0,00005~ 0,5-0,0069 ~ 0,4931~ 0,493.

B BhIuMcCIIeHHSX PUBEACHBI NIEPBBIC TPU WICHA PsAJia C COXPAHEHHEM YEThIPEX 3HAKOB
mocje 3amsITod, Tak Kak 3afgaHHas ToyHOCTh coctaBisgeT 0,001. Tperuii uneH psga

OTOpOIIIEH, TaK KaK OH MO BEJIWYMHE MEHbBIIE 3aJaHHON TOYHOCTHU (0,00005) <0,001. B

OKOHYATCIBbHOM PE3YJIbTAaTC IIPOBCACHO OKPYIITICHHUC 10 TPCX 3HAKOB IIOCJIC 3aMsaTOM.

BUBJINOTPA®UYECKH CIIUCOK
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2. Asepun B.B. Marematuka: kypc Jekuuil: yue0. mocodue/ B.B. Apepun, M.FO. Coxkomnosa,
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— M. : ®usmatiut, 2003 .— 240c.

YerBepThlil ceMecTpP

[TPUMEPHI PEHIEHUA 3AJJAY

3ajaua 1.
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Teopemuueckue ceeoeHusi.
[Tpu KiTaccu4eckoM ONpeACICHUN 8ePOSIMHOCMb COObIMUS OTIPEIICTACTCS PAaBEHCTBOM
P(A)=m/n,
IJIe M — YHCIIO AJEMEHTAPHBIX HMCXOJ0B UCIBITAHUM, OJIarOMpHUATCTBYIOMIMX MOSBICHUIO
cOOBITHS A, n — 00IIIEe YNCIIO AIIEMEHTAPHBIX HCXOI0B UCIIHITAHUS.
Yucnrom couemanuii u3 | »>aeMeHTOB 1Mo K Ha3pIBAIOT KOJIMYECTBO KOMOMHAIWH,
cocTaBlicHHBIX U3 | 31meMeHTOB 10 K, KOTOpBIE OTIMYAIOTCS XOTS ObI OJHUM 3JICMCHTOM.

Yucito coueTaHuit

cko__ "
(Y

Ilpumep evinonnenusn 3adanus.

B smuke umeercs 15 geraneid, u3 koropsix 10 okpameHHbix. COOpIuk
HayZa4y U3BJIEKAeT TpU AeTaiu. HaiTu BEpOATHOCTH TOTO, YTO U3BJICYECHHBIE

ACTAJIN OKAKYTCA OKpAIICHHBIMMU.

Pewenue:

a) o011ee YMCII0 BO3MOXKHBIX dJIEMEHTAPHBIX MCXOJ0B HCIIBITAHUS PABHO YMCITY CIIOCOOOB,
KOTOPBIMUA MOKHO M3BJI€Ub TPH JETANIM U3 MATHAALATH, TO €CTh N = C135;

0) YMCIO KUCXOJI0B, OJIATONPUSTCTBYIOIIMX MHTEPECYIOIIEMY HAC COOBITHUIO, PABHO YHUCILY
Croco00B, KOTOPBIMU MOKHO BBIOPATh TP OKpallleHHBIX AeTanu u3 10, To ectb M= Cf’o;

B) HCKOMasi BEPOATHOCTh paBHA OTHOIIEHWIO OOIIEro 4YHcla HCXOJAOB K YHUCIY
0JIarONPUSITHBIX UCXOJI0B

10!
m CY 3171 100121 71.8.9.10-121 24
n c ! 71151 7A.121.13.14.15 91

31121

0,26.

Ilpumep évinonnenus 3ad0anus.
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B maptuum u3 10 neraneit umeercst 7 crangapTHeix. Haynaay otoOpaHsr 5
netaneir. OnpeaenuTb BEpOsSTHOCTh TOTO, YTO CPEIr OTOOPAHHBIX JeTalien

POBHO TPH CTaHIAPTHBIX.

Peuwenue:

a) o011ee YMCI0 BO3MOXKHBIX 3JIEMEHTAPHBIX MCXOJOB UCIIBITAHUS PABHO YHCITY CIIOCOOOB,
. 5 .
KOTOPBIMU MOKHO U3BJI€Yb IIATh JeTajiel U3 aecartu, To ectb N =Cyy;

0) HaiiIeM YUCJI0 UCXOJI0B, OJIArONPHUATCTBYIOIIUX HHTEPECYIONIEMY Hac COOBITHIO (Cpeau

OTOOpaHHBIX IATU JeTajlel POBHO TPU CTaHAAPTHBIE): TPU CTaHJAPTHBIE JETAIU MOKHO
BBIOpATh U3 7 CTaHJAPTHBIX JIeTaei C73 croco0aMu; TPy 3TOM OcTaibHbIe (5—3=2) neranu
JOJKHBI OBITh HECTAHJIAPTHBIMH, KOTOPbIE MOKHO BbIOpaTh U3 (10—7=3) HecTaHIapTHBIX

o 2
ACTaJIC, HWMCBIIUXCA B IIapTHH, C3 crocodamu. CJIC,ZIOB&TGJIBHO, YucCJIo

0JIarONPHUSATCTBYIOIIUX UCXOJIOB M = C73 -C32 :

B) HCKOMas BCPOATHOCTb pdBHA OTHOIICHHIO O6HI€I‘O qucila HCXO0I0B K YHCITY

6J'IaFOHpI/I$1THBIX HcxoaoB

73
3.C2 aia1 otu1 755l .M .5.51 |
P(A):m:C7 5C3 _ 3141 |2!.1!: /LSS A M.5.5 _ o :§:O,375
no Cp 10! 2141101 2. 41.71.8.9.10 4.8:10 8
5151

Teopemuueckue ceedenus.
BeposiTHOCTH COOBITHS A, KOTOPOE MOXKET HACTYMHTH JIUIIb TP TOSIBJICHUH OJTHOTO U3

HECOBMECTHBIX coObITuii (rumnore3) Hi, H,,...,H,, oOpa3yromux nonnyo rpymmy, paBHa

CyMME MPOU3BEICHUNA BEPOSATHOCTEUN KaXKI0M U3 TUIIOTE3 HA COOTBETCTBYIOIIYIO YCIOBHYIO

BEPOSTHOCTH COOBITHS A:

P(A)=P(H,)- Py (A)+ P(H,) - Py (A) +...+ P(H,) - Py (A),
rne P(H,)+P(H,)+...+P(H,)=1.

[TpuBenennyo GopMyy Ha3bIBAIOT hOPMYIOU NOTHOU BEPOSIMHOCHIU.

Ilpumep evinonnenusn 3ad0anus.



50

Nwmerorest Tpu maptuu aeraneid no 20 neraneid B kaxaoil. Yuciao craHaapTHBIX
JIeTaJIel B IIEPBOi, BTOPOM M TPEThEH MapTUSIX COOTBETCTBEHHO paBHO 20, 15,
10. I3 Hayaady BbIOpaHHOM NapTHH HayAady U3BJIeUeHa AeTailb. Haltu

BCPOATHOCTDH TOI'O, YTO OHA OKAKCTCA 6paKOBaHHOﬁ.

Pewenue:
a) 0003HaYMM 4yepe3 4 coObITHE — B3ATas JeTajb ABJIseTCs OpakoBaHHONW. MOXHO cAenaTh

TPHU MPENNOI0XKEHH (runoTessl): H; — nerans BeiOpaHa u3 nepsoit naprtuu; H, — neransb
BbIOpaHa U3 BTOpoi naptun; H; — netans BeiOpaHa U3 Tperbeil naptuu. [lockonabKy 4mncio

JIeTajed BO BCEX TPEX MAPTUAX PABHO, BEPOATHOCTH THUIIOTE3 PABHBI
1
P(Hl) = P(Hz) = P(Hs) = g
0) yciIoBHast BEPOSATHOCTH TOTO, UTO JAETallb OyAeT OpaKOBaHHOM, €CJIM OHA B3sITa U3 IIEPBOI

napu, Py (A) =0; ycioBHast BEpOATHOCTB TOTO, YTO JETaIb OyeT OpaKOBaHHOM, €CITH OHA

. 5 1
B3siTa U3 BTOPOii napun, By (A)= 20" Z; YCIIOBHAsI BEPOSTHOCTH TOTO, YTO JETalb OyIeT
. . 10 1
OpakOBaHHOM, €CJIM OHA B35Ta U3 TPEThEH Mapuu, Pa, (A) = 032

B) MCKOMasi BEPOSITHOCTh TOTO, YTO BHIOpaHHAS Hay/auyy JETalb SBJISETCS OpaKOBaHHOM,

HaxoAuTCs 1o (hopMyJie MOTHON BEPOSTHOCTH

1
P(A)==-0+—--—+
(A 3 4

Teopemuueckue ceeoenusl.

BeposTHOCT TOro, YTO B HE3aBUCHUMBIX HCHBITAHUAX, B KAXKIOM U3 KOTOPBIX
BEPOSATHOCTH MOsiBICHUs coObiThs paBHa p (0 < p < 1), cOOBITHE HACTYIUT POBHO K pa3
(6e3pa3nyHO B KaKOW MOCIIE10BATEIBbHOCTH), ONIPEAeIseTcs 10 ¢popmyne bepuynu

k <k Nk

Pn (k) = Cn p q '

rae q= 1- P — BEpPOSATHOCTH TOI'O, YTO CcOOBITHE B KaXXJI10M H3 HWCHOBITAHUN HE MOSBUTCS.
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Ilpumep évinonnenus 3ad0anus.

BepositHOCTE BCxOkecTH ceMstH nineHulbl pasHa 0,9. KakoBa BEposITHOCT

TOT'0, UYTO U3 YCTBIPCX IMOCCAHHBIX CCMAH BSOﬁHYT HC MCHCC TPCX.

Pewenue:

a) MycThb coObITHE A — U3 4 CeMsIH B30MAYT HE MEHEE TPEX CEMsH; COObITHE B — 13 4 ceMsH
B30UIyT 3 ceMeHu; coobiTue C — U3 4 cemsiH B3oWayT 4 ceMeHu. [lo Teopeme croxeHus
BEPOSTHOCTEU

P(A)=P(B)+P(C).

0) BeposiTHOCTH coOBITHI B 1 C onpenenum 1o Gopmyine bepryiim:

~ 41
P(B)=P,(3)=C}p%*? :m-0,93-(1—0,9):0,2916,

P(C)=P,(4)=C;p*g**=0,9"=0,6561.
B) ickomast BeposiTHocTh P(A)=0,2916 +0,6561=0,9477.

3ajaua 2.

Teopemuueckue ceedenusi.
Ecin 4ucio moOBTOPSIFONIMXCS MCMBITAHUM BEJIMKO, TO OIPEACICHUE BEPOSITHOCTH IO
dbopmyne bepHymin 3aTpymHEHO H3-3a TPOMO3JKOCTH BBIUMCICHHM. B 3TOM ciydae

MPUMEHSIIOT NPUOTMAKEHHYIO (POPMYITY, BRIPAKAIOILYIO I0OKANbHYI0 meopemy Jlannaca:

Jnpg

Pa(k) ~

3nadyenus GyHKIHKA @(X) OMPEAEISIOTCS U3 TaOIHUIbl, IPHUBEACHHON B IPUIOKEHUH 1.
[lpu wManpIx 3HAYCHHWSX BeposTHOCTH p i Beiumcienus P,(K)  nmpumenstor

ACUMIITOTHYECKYIO ghopmyny [lyaccona
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k
P.(k) z%-e—ﬂ, rae e=2,7182...; A=np.

Ota popmyna ucnosb3yercs npu A <10, mpuyem 4emM MEHBIIIE p ¥ OOJIBIIE 72, TEM PE3YJIbTAT

TOYHCC.

Ilpumep évinonnenus 3ad0anus.

BepositTHOCTh BexokecTu cemsiH mnuieHuns! paBHa 0,9. Haiitu
BEpPOSITHOCTH TOro, 4yTo U3 400 mocessHHBIX ceMsH B30MAyT 350

CCMH.

Pewenue.
a) u3 YCIIOBHS 3a/1a4yu p=0,9,0=1-0,9=0,1, n=400; k =350. Torma

,_350-400-09 10 ., .
J400-0,9-01 6

0) u3 Tabmuiel B mpuiaokenun 1 naxogum ¢(—1,67) = ¢(1,67) =0,0989;

B) HCKOMasi BEPOATHOCTh paBHa

P, (350) ~ .0,0989 ~ 0,0165.
i00(350) 400-0.9-0,1

Ilpumep evinonnenus 3a0anus.

Cpenu cemstH nenuirst 0,02% cophsikoB. KakoBa BEpOsITHOCTh
TOro, 4ro npu ciydaitHom otoope 10000 cemsan Oyner

0OHapY)EHO 6 CEMSH COPHSIKOB?

Pewenue.

W13 ycmoBus 3amaun P =0,0002; n=10000;k =6. Torma 4 =10000-0,0002=2.
Hckomast BEpOSITHOCTh paBHA

6
Poo0o (6) = % el = % .0,1353~0,012.
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3agaua 3.

Teopemuqecmte ceeoeHusl.
Ecan BCPOATHOCTb HACTYIIJICHHA coObITHS A B KaXXJ10M U3 n WUCIILITAHUN MOCTOSIHHA U

paBHa p, To BepostHOCTh P,(k; <k <k,) Toro, uro coObiTe 4 B TaKMX HCIBITAHHSIX
HacTynuT He MeHee K; pa3 u He Oonee K, pas, ompezensercs Mo UHTErpalbHON Teopeme

Jlanumaca gpopmyiioi:

Pa(ky <k <kp) »—=—-[e 2dx,

k,—np K, —np
rae a = upf=——,q=1-p
\/Npq \Npq

x 2
OyHKIUA CD(X):F-IG 2dt maseiBaercs Qynkuuen Jlamnaca. B npunoxenun 2
/4
0

naHbel 3HadeHUS 3Tod QyHkmuM miad 0<x<5. Ilpu x>5 dynkuus ®(x)=0,5. IIpu
OTPHIIATENIBHBIX 3HAYCHHUSIX X B CHIy HeueTHocTH (GyHkimu Jlammaca @(—X)=-D(X).

Ucnonb3ys ¢pynkiuio Jlamnaca, umeem

P (ki <k <k,) = ®D(B)-D(e).

Ilpumep evinonnenusn 3ad0anus.

IIponeHT Bcxoxkectn ceMsiH nueHnnsl paseH 90%. Haiitu BeposiTHOCTB TOTO, 4TO

u3 500 nocessHHbIX cemsiH B3oUayT oT 400 no 440 ceMmsH.

Pewenue.
a) u3 ycnosus 3anaun P=0,9;q4=1-0,9=0,1; n=500; k, =400; k, =440,
Tomaa:400—500-0,9~ _440—500-0,9~_1’49.

~-7,45, B= ~
/500-0,9-0,1 / J500-0,9-0,1

0) 13 TaOIUIBI B MPUIIOKEHUN 2 HAXOIUM
®d(-1,49) =—d(1,49) = —0,4319; d(-7,45)=—-Dd(7,45)~-0,5.

B) HCKOMasi BEPOATHOCTh paBHa
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P,,, (400 < k < 440) ~ d(1,49) — ®(~7,45) = —0,4312 + 0,5=0,0681.

3anaua 4.

Teopemuueckue ceedenus.

Jluckpemnoii Ha3bIBAIOT CAYYAUHYIO GeIUYUHY, BO3MOXKHbBIE 3HAUEHUS] KOTOPOU €CTh
OT/ICJIbHBIE U30JIMPOBAHHBIE YK CIIA, KOTOPHIE 3Ta BEJIMYMHA PUHUMAET C ONPEACICHHBIMU
BO3MOXHOCTSIMU. 3AKOHOM pachpedeiieHus TUCKPETHOW CIydyallHON BEJIMYMHBI HA3bIBAIOT
nepeyeHb €€ BO3MOYKHBIX 3HAUYEHUN U COOTBETCTBYIOIIMX UM BEPOATHOCTEW. DTOT 3aKOH

MOKET OBITh 3a/laH B BUJIE TAOJIMLBI, MEepBas CTPOKa KOTOPOM COAEPKHUT BO3MOXKHBIE

n
3HAYEHHUsA X;, a BTOpas — BEPOATHOCTH [, IPUUEM Z p; =1:
i=1

X X]_ X2 o Xn

P P ) s Pn

XapakTepuUCTUKON  CPEOHEr0  3HAYEHUsA  CIIyYalhHOM  BEJIMYUHBI  CIIYXKHUT
MaTeMaTH4YeCcKoe OXxuaaHue. Mamemamuyeckum odxcuoarHuem ITUCKPETHON CiydyalHOU
BEJIMYMHBI Ha3bIBAIOT CYMMY IIPOM3BEACHUN BCeX €€ BO3MOXXHBIX 3HAUYEHHN Ha UX
BEPOSTHOCTHU:

n
M(X):X1p1+X2p2+'"+ann:inpi- (1)
i=1

CBolicTBa MaTEMaTHUYECKOTO OKUJAHUA:

1) MAaTEMATHYECKOE OXHUIAHUE IIOCTOAHHOM BEJIMYMHBI PpPAaBHO CaMoOu
MMOCTOSIHHOM;
2) MOCTOSIHHBI MHOX>KMTEIb MOKHO BBIHOCHUTH 3a 3HAaK MaTeMaTUYECKOTO

OKUJaHMS,;
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3) MaTeMaTHYECKOe OXHUJAHHUE TMPOU3BEJCHUS B3aMMHO  HE3aBHCHUMBIX
CITy4yalHBIX BEJUYMH PABHO IMPOU3BEICHUIO MAaTEMAaTHYECKUX OXKHMJIAHUI
COMHOKUTEJICH;

4) MaTeMaTHYECKOE OXKUJAHUE CYMMBI CIIy4alHBIX BEJIWYHUH PaBHO CyMMeE
MaTeMaTUYECKUX OXKUJIAHWH CllaracMBbIX.

Jlucnepcuer C1yd4ailHOM BEJIMYMHBI HA3bIBAIOT MATEMATUYECKOE OXKUIAHUE KBaJpaTa

OTKJIOHEHUS CIIy4ailHON BEJIMYMHBI OT €€ MAaTEMAaTHUYECKOTO OKHUIaAHNS:
D(X) =M[X =M (X)F. 2)

Jlucriepcuio y100HO BBEIYUCIIATE 1O hopmyJie

D(X) =M (X*)-[M(X)]*. (3)

CBolicTBa TUCTIEPCUU:

1) nucrepcus MOCTOSHHON BEJIMYUHBI PaBHA HYIIIO,

2) TIOCTOSTHHBI MHOKUTEJIb MO’KHO BBIHOCHTH 3a 3HAaK JWCIICPCHH, BO3BOJISI €ro B

KBaJpar;

3) mucrepcusi CyMMBbI HE3aBUCHUMBIX CIIYYaWHBIX BEJIMYUH PaBHA CyMME JTUCIICPCHI

cllaraeMbIX.

Cpeonum xeadpamuyeckum OmMKIOHeHUeM CIy94alHOW BEIWYMHBI  Ha3bIBAIOT

KBaJpaTHBIM KOPEHB U3 TUCIIEPCHUMU:

o (X)=/D(X). (4)

CpenHee KBaJpaTU4YeCKOE OTKJIOHEHHE CIIy4allHOM BEJIMYMHBI XapaKTEPU3YeT PACCEsHUE

BO3MOYKHBIX 3HAYEHHUU CITy4YallHON BEJIMYMHBI BOKPYT €€ CPEAHErO 3HAUCHUS.

Ilpumep évinonnenus 3ad0anus.

3a7aH 3aKOH pacHpeiesIeHUs] TUCKPETHON CIydailHON BEJIMYUHbI
X. Halitn ee mateMaTH4eCKOe OKUJIAHWE, TUCIIEPCUI0 U CPEIHEE

KBaJpaTHICCKOC OTKIIOHCHUC.

X 40 42 41 44
P 01 03 02 04

Pewenue.
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a) BpluncnuM MaTeMaTHYeCKOE OXKMJAHUE 10 3aJaHHOMY 3aKOHY pachlpeeieHus
JTUCKPETHOM CIIydaltHON BEJIMYMHBI, TTOJIB3YSCh (popmyroit (1):
M(X)=40-0,1+42-0,3+41-0,2+44-0,4=42,4;
0) BBIUMCIINM JUCTIEPCHIO, BOCIIOIB30BABIIUCH popmyiioit (3). [l 3Toro coctaBuM 3aK0H
pacrpeeneHus KBaipara Ciy4ailHOM BETUYUHBI:

X2 402 422 412 44

P 01 03 02 04

Torma M (X?)=40%-0,1+42%.0,3+41%-0,2+44%.0,4=1799,8;
D(X)=1799,8—42,4? =2,04.

B) CpeiHEee KBaApaTUYECKOE OTKJIIOHEHUE BBIUUCIUM 110 Gopmyre (4):

o(X)=4/2,04 =1,43.

3agaya 5.

Teopemuueckue ceedeHus.

Dyuxyueii pacnpeoenenus (MHTErpaibHOW (GYHKIIMEH pachpelesieHus])) Has3bIBaIloT
¢ynkuuto F(X), ompemensioniyro Uisi KaXJIOTO 3HAYEHHS X BEPOSTHOCTH TOTO, YTO
ciy4dainiHas BeJInurHa X MPUMET 3HAYEHUE, MEHBIIIEE X, TO €CTh

F(x)=P(X <Xx).

CBoiicTBa MHTErpaibHOW (DYHKIIMM paclpeiesIeHUs:

1) 3HaueHus QyHKIUM pacTpeieICHUs TPUHAJICKAT OTPE3KY [0;1] ;

2) GyHKIHS pacrpeesieHus €CTh HeyObIBatoas (QyHKIHS,

3) BEpOSATHOCTH TOTO, YTO CiydaiiHas BelnvnHa X MPUMET 3HAYCHUE, 3aKIFOUCHHOE B
WHTEpBaje (a;b), paBHa TPUPALIECHUIO (YHKIIMU paclpeiesieHus Ha 3TOM
untepBane: P(a< X <b)=F(b)-F(a);

4) BEpOATHOCTh TOTO, 4YTO Cly4aiiHas BeJu4MHAa X TPUMET OJHO OTPEACICHHOC
3Ha4YE€HHE, HAIIPUMED, X; , PABHA HYIIIO;

5) eciu Bce BO3MOXKHBIC 3HAUCHHS CIyYallHOW BETUYMHBI X TPUHAICKAT UHTCPBATY

(a;b), To
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F(x)=0 Vvx<a; F(x)=1 Vvx>b.

Hughgpepenyuanvroni  @ynxyueti pacnpeoenenuss f(X) HenpepbIBHONW CIIy4aiHOU
BEJIMYMHBI Ha3bIBAIO TICPBYIO MPOU3BOIHYIO OT (DYHKIIMH PACIIPEICIICHUS:

F(x)=F'(x). (5)

Eciu 3amana muddepennumansras ¢Gyakmus pacnpeneiacHus f(X), BeposTHOCTH TOTO,

qTo CJ'Iy‘—I&ﬁH&H BCIIMYHMHA XHpI/IMCT 3HAa4YCHHUC, 3aKIIIOYCHHOC B I/IHTepBaJIe (a,b), paBHa
b

P(a< X <b)=jf(x)dx.
a

Mamemamuueckoe odrcudanue HENPEPHIBHON CilydallHON BeNUYUHBI X, BO3MOXKHBIE

3HA4YCHMUA KOTOpOﬁ IIpUHAAJICKAT BCEM YMCIIOBOM OCH, OIIPCACIIACTCA PABCHCTBOM

M(X):Txf (x)dx.

—00
Ecan Bce BO3MOKHBIE 3HAUCHMS CJIY‘-I&ﬁHOfI BEIIMYUHBI X IMPpUHAAJICKAT HMHTCPBAILY

(a;b), To
b
M (X)= jxf (x)dx. (6)

Jlucnepcueu nenpepwvignou cayuaunou eeauyursvl X, BO3MOXKHBIE 3HAUYEHUS KOTOPOU

IIPUHAJIEKAT BCEN YUCIIOBOU OCH, OIPEIEIISIETCS PABEHCTBOM

D(X):T[X—M(X)]Zf(x)dx W D(X):szf(x)dx—[l\/I(X)]z.

—0 —00
Ecnn Bce BO3MOKHBIE 3HAUEHMS CIIyYalHOM BEIWYMHBI X NPUHAICKAT UHTEPBAILY

(a;b), To

b b
D(X)=[[x-MX)] f()dx  wm  D(X)=[x*f(x)dx-[M(X)]. (7)

Ilpumep evinonnenusn 3a0anus.
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HenpepeiBHast ciydaiiHas BenuuumHa X 3aJaHa  MHTErpaibHOM  (PyHKUIMEH

070dé x<0,
pacmpenenenus F(X)={x3 1688 0<x<1,
170e x>1.
Tpebyercs HaWUTH nuddepeHuanbHy0 GyHKITHIO pacrpeeneHus

MAaTCMaTUICCKOC OKUJIaHNC U JUCIICPCHULO.

Pewenue.

a) [To onpenenenuto (5) Harinem muddepeHnranbayo GyHknuo pacnpeaeneHus f (Xx) kak
TIPOM3BOIHYIO OT 3aJJaHHON MHTETPATbHOW (DYHKIIUN PaCIIpeICICHUS:
0ide x<0,
f(x)=43x* 786 0<x<1,
0i1dée x>1.

0) MaTeMaTHYECKOE OXKHJIaHue BBIYUCIUM 10 hopmyie (6). Tak kak ¢pyHkmus f (X)

npu X <0 u X>1 paBHa Hy/IO, TO UMEEM

3

1 1
|\/|(X)=jxf(x)olx:jx-sxzdx:T 3
0 0

rh

0

B) BBIYUCIIUM JUcCIIepcrro 1o ¢opmyie (7)

1 2 1
D(X) =I(x—§j -3x2dx=3j(x4 —§x3+gx2jdx:
0 4 5 2 16

E 3t 33| 1 3 3 3
N SIS N O P
5 8 16 0 5 8 16 80

3agaua 6.

Teopemuqecmte c8e0eHUs.

Ecnu 3anana nuddepenimansias gyakuus pacnpeneneHus f(X), BeposTHOCTH TOTO,

qTo cnyqaﬁHaﬂ BCINYNHA XHpI/IMeT SHAYCHHUC, 3aKIIIOYCHHOC B HHTCPBAJIC (a, b) , paBHa
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b
P(a<X<b):J'f(x)dx. (8)

BeposiTHOCTh BBITIOJHEHUSI CTPOTMX HEPaBeHCTB a< X <D ompenmensiercs Tol ke
bopmyIion.

Hopmanouvim Ha3pIBalOT pacnpeieieHUe BEPOSITHOCTEW HENMPEPHIBHOW CIIyYaWHOU
BenuuuHbl X, nuddepeHnnanbHas (YyHKIHUS pacnpenesieHuss KOTOpPOro  MMEET BHJ

_(x-a)°
2052

, II€C d — MaTCMATUICCKOC O KMIAHUC, & — CPCAHCC KBAJAPATUICCKOC

1
f(X)=——¢e
o~ 2rx
OTKJIOHEHUE X.
Ecnu cnyyaiinas BennunHa X pacnpenesieHa o HOpMaJlbHOMY 3aKOHY, TO BEPOATHOCTb
TOTO, 4TO X MPUMET 3HAYCHHUE, 3aKIF0YECHHOE B HHTEPBAJIE (a; S ) , paBHa
—a a—a
Pa<x <p)=o L8] o €2, ©
o o)

2
1 F
rae O(x) = E : J.e 2dt — pynxuus Jlamaca (npuBeaeHa B IPUIOKEHHUH 2).
0

BeposTHOCTB TOro, 4TO a0COJIIOTHAS BEIMYMHA OTKJIOHCHHS MCHBIIIC MTOJIOKHTEIBLHOTO
yuciaa o , onpeaensercs no Gopmyse

p(X —a/<5) :zqn(éj. (10)
(o2

Ilpumep evinonnenus 3a0anus.

JlnuHa neTany MpeacTaBisieT co00M HOPMabHO paclpeeeHHYIO CIydaiHYro
BEJIMUYMHY C MaTeMaTH4YeCKUM oxuaaHueM 40 MM U CpeaHUM KBaJIpaTUYECKUM
OTKJIOHEHUEM 3 MM. HailTu BEpOSATHOCTH TOTO, YTO JJIMHA MPOU3BOJIBLHO B3SITOM
netanmu Oynet 6ombie 34 MM 1 MeHbine 43 MMm. OnpeenuTh BEpOSITHOCTh TOTO,
YTO JJIMHA JETadd OTKJIOHUTCS OT €€ MaTeMaTHYECKOro OKHAAHUS He 0ojee yeM

1,5 mm.

Pewenue.
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a) Ilo ycnosuro 3amaun a =40, a =34, f =43, 0 =3. Toraa no popmye (9)

P(34 < X <43) =®£¥)—®(gj =01)-D(-2)=

=®d(1)+D(2)~0,3413+0,4772 ~0,8185.
0) BEpOATHOCTh TOro, 4To a—-o0< X <a+o, rae a=40,6 =15, BbIUUCIUM IO

dbopmyne (10):

P(X —4o\<1,5):2@(%):2-@(0,5)z2-0,1915zo,383.

3ajaua 7.

Teopemuueckue ceedenusi.
Komnnexcrnvim wuciom Ha3bIBaeTCsl BEIpAXKCHUE BUJIA
Z=X+1Iy, (11)
TJIe X, Y - BeIIeCTBEHHBIC (ICHCTBUTEIBHBIC) YHCIIA,
i =+/—1 - MHHMas SJIMHUIIA.
Uuncao X HA3BIBAIOT O0elcmEumeibHoll Yacmvplo KOMIUIEKCHOTO 4Hucia Z U 0003HAYaIoT

x=Rez,ayqucno y - mnumoit vacmoio uncna z. y = Im z . MHAMas eIMHALIA | TPEICTABIISACT

co00l KOpeHb KBaJIpaTHOTO ypaBHEHUS 22+1=0, 10 ecTb i =—1. 3aMKUCh KOMILIEKCHOTO
yucia B popme (11) Ha3bIBaIOT areedOpauueckum npeocmasienuem KOMIUIEKCHOTO YKCTA.

Yucino Z = X — iy Ha3bIBaIOT CONMPSHKCHHBIM KOMILIEKCHOMY duciy (11).

2 2
Mooynem KOMIUIEKCHOTO 4YHCJIa HA3bIBAIOT BEJIIMYUHY ‘Z‘zwlx +Y°, apaymenmom

KOMIIJICKCHOT'O quciia HaA3bIBAKOT BCIIMYHNHY @Q=argz TaKYy1o0, qTo

_ X o cinen y . _ y .

COSPp =——=; SINp=—————=; @=argz=arctg—, rae yroi ¢, OTCUUTHIBAEMbII
X+ y? X2+ y? X

IIPpOTUB 4acoBOM CTPCJIKH, CHHUTACTCA IIOJIOXKUTCIbHBIM, B IIPOTUBHOM CJIydac —

OTPHULATCIIbHBIM. KommiekcHoe YHCJIO zZ=X+ ly MOJKHO npeaAcTaBUTh B

MpucoHoOMempuiecKou ghopme

z= ‘z‘ cos@ + i‘z‘ sin @ = ‘Z‘(COS¢ +ising) . (12)



61

OGosHaunm €'? = COS@ +iSing, TOrma MOXXKHO NEPEeUTH OT TPUTOHOMETPUUECKOU

dbopMBbI MpeicTaBICHUS KOMIUIEKCHOTO uKcia (12) kK noxazamenvuou gpopme:
z= ‘Z‘ew : (13)

PaccMoTpuM OCHOBHBIC anreOpandeckue OmNepaluyd HaJl KOMIUIECHBIMH YHCIAMU
=X iy 1 2y =Xy +1Y,.

1. Cnoxenne: 73+, = (X + X ) +i( Yy + Yo ).

2. Borantanue: 7 -2, = (X —Xp ) +i(y1—Y»).

3. YMHOKeHHE: 7y -Zp = (X +iyp ) (Xo +1Yo ) =(XaXo — V1Yo ) +i (X Yo + Xo V1 ).

2, -2, XXo+ +i( Y% — X
4. Jlenenne; L =122 172 y1y22 (VX2 = %1Y2)

2
22 22 . 22 X2 + y2

5. Bo3BeneHHe KOMIUIEKCHOTO 4YHCJIa B CTENEHb: B JTOM Ciy4ae YAOOHO OT
anreOpanyeckol (GopMbl TPEACTaBICHUS YHUCIA z =X +i)y MNEPEUTH K TMOKa3aTeIbHOU
dbopwme: z = \z\ei(p. Torma z" = \z\nei’w, W, 3aIMChIBAsI PE3yJIbTaT B TPUTOHOMETPUUECKON
(dbopme, MOTYyYUM TakK Ha3bIBaeMyro gopmyny Myaspa:

2" =|7|" (cosng +isinng). (14)

6. MI3BnedyeHne KOpHS U3 KOMITJIEKCHOTO YHCIa: KOPHEM N-0¥ CTENEHHU U3 KOMITJIEKCHOTO
YuCIa Z Ha3bIBAETCS TAKOE KOMITJIEKCHOE YUCII0 W, YTO TIPU BO3BEICHUH €TO B N-YIO CTENIEHb

nonyunm Z; Yz =w, ecorm W" =z,
JIns KaXKIOro KOMILIEKCHOTO YUCJIa MOKHO HAaUTU N 3HAYEHUN KOPHSI N-OW CTETNEHU 110
dbopmye
+27k . . @+27k
—n|z|(cos(/)—+|sm¢— . k=0,12,...n-1. (15)
n n

Ilpumep évinonnenus 3ad0anus.

3amaHbl KOMIUIEKCHbIE 4YHcla. TpeOyeTrcss a) BBINOJIHUTH JEUCTBUS HaJ
KOMILJIEKCHBIMU YHCIIaMU B ajreOpandeckoil popme; 0) HalTH BCe 3HAUCHUS KOPHS

Y TIPEJICTaBUTh OTBET B ajredpandeckoit hopme:
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Pewenue.

a) G—;:Ti3=(%Ti-#:(%Jzi.izz

_[M]Z_i .(_1):£_72ij2+i:—1+i,

1-(-D)

B npeobpazoBaHusx UCMOIB30BaNU TOT (DAKT, U4TO i2=-1.

6) IS BBIUMCIEHHS X—i TPEJCTaBUM YHCIO —i B TPUTOHOMETPHUECKOH (opMe.

Iockonsky |-i|=1, cose= % =0,sinp = _Tl =-1,¢=270", To —i=c0s270" +isin270°".
Haitzem ¥—i o dbopmyiie (15):

()

, k=012,34,

:%(COS 270°+360°k . . 270" +360 kj

1)
mpu k =0 (?/—_1)1=cos54°+isin54°,
_1)2
(Y1),
mpn k=3 (3~ )4
(

_1)5

:1-(cos(54° 1+72°K) +isin(54° +72°k)), k=012,34,

k+1

(&2

mpn k =1 ( C0s126° +isin126°,

npu k =2 c0s198° +isin198°,

N

c0s270° +isin270°,

ol

c0S342° +isin342°,

npu k=4
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